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PHUONG PHAP BIEN POI PAI SO
thrng phdp:

Bién d6i hai vé nho cac phep toan dai s6 co ban; nhém nhan tir chung; quy dong; dua vao gia tri
tuyét dbi;... sau d6 néu c6 dung cac bat ddng thic co ban

(x+y)2 >0 va (x—y)2 >0
X2+ y2+ 28 —(xy+ yz+zx):%((x—y)2+(y—z)2+(z—x)2)20

(x+ y+z)2—3(xy+ yZ+2X) =X +y +2° —(xy+yz+2x)=0 (*)
Tir (*) ta c6 mot bat dng thirc khac hay duoc sir dung:
(xy+yz+ zx)2 > 3(Xy.yzZ + yz.2X+ 2X.XY ) = XYz ( X+ Y + Z)

BAI TAP MAU

Bai 1. Cho x, y, z1a c4c s6 thuc thoa man x* + y? +z% =1. Chiing minh ring

—%s Xy+yz+zx<1.

Loi gidi:

Taco

2(xy+yz+2x)+1=2(Xy+yz+2X)+ X* + y* +2° =(x+ y+z)2 >0
:>xy+yz+zx2—%

Laico

1-(xy+yz+2zx) =X +y* +2° —(Xy + yz + 2X)

:%((x—y)z +(y—z)2 +(z—x)2) >0

=>Xy+yz+zx<1
T do suy ra dpem.

Bai 2. Cho x, y, z1a c4c s6 thuc duong théa man x <y < z. Chting minh rang

y(%+%)+%(x+z) s[%+%j(x+ z)
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Loi gidi:

BDT tuong duong voi
oo
<:>(§+%j(x+z—y)+%(x+z) >0

& x+z)(%+ X+>fz_yj20

(

(x+2)(y=x)(z-Y)
XyZ

Ta c6 diéu phai chang minh.

Ping thuc xay ra khi va chikhi x=y=1z.

f—

>0.dung vi 0<x<y<z.

Bai 3. Cho 2 s6 thuc x = 0, y # Othay ddi vao thoa man diéu kién:

Xy(X+y)=x>+y>—xy.
Tim gi tri I6n nhat caa biéu thic

1 1
A:F+F
Lol giai:
Taco
A Xty Y)Y ) (xey) () (xeyY
- X3y3 - X3y3 - x3y3 - Xy

Theo gia thiét ta c6
xy(x+y):x2+y2—xy:(x+y)2—3xy2(x+ y)z—%(x+ y)2 :%(x+ y)2 >0.
2
—0<2 Y <y A{ﬂ] <16.
Xy Xy
Ping thuc xay ra khi va chi khi x=y = —%. Vay gid tri I6n nhit cua Abang 16.

Bai 4. Cho x, y, z 1a cac sé thuc thuoc doan [0;1]. Tim gia tri I6n nhét cua biéu thic

P= 2(x3 +y° +z3)—(x2y+ y2z+ zzx).

Lo gidi :
1- 2 1- 1- 2 1-— 1-— 2 1-x)>0
Tacéx,y,ZE[O;l]:( X)( ¥)+( y)( 2)+( Z)( X)
X<xP<xy <y <y 2<% <z

T dé suyra X+ y+z+x2+y2+zz—(x2y+ y22+22x)£3
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:>P:2(x3+y3+z3)—(x2y+y22+zzx <3.
Vay gia tri I6n nhat caa P =3khi x=y=2z=1.

Bai 5. Cho a,b,c >0 thoa man a® +b? +c? :% Chirng minh réng

e

Loi gidi :

Do a,b,c >0 nén bat dang thic twong duong véi
bc+ca—-ab<1
Theo bat dang thirc co ban ta co6

(a+b-c)’ 20:>bc+ca—ab§%(a2+b2+cz):§<1 luén dang

Tir do ta c6 dpem.

Bai 6. Cho a,b,c>0 théa min a+b+c=1. Tim gia tri 16n nhit cta biéu thirc

Loi giai :
Taco
2 2 2 2
a+—(b ‘) —(a+ﬁj =a(a+b+c)+(b J —(a+ﬁJ
4 2 4 2
2 2 2
=(b—c) _(b+e) =bc<0= a+(b_c) £a+b+c
4 4 \ 4 2
Tuong tu

2
/b+(c—a) cpoCra
4 2

2
+(a—b) coy Ath
4 2

Cong theo vé cac bat dang thirc trén suy ra

Ping thirc xay ra khi va chi khi a=b=0,c =1 hoic cac hoan vi

C
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Gia tri 16n nhat cta P bang 2.

Bai 7. Cho a,b,c €[0;1] thoa min a+b+c :g . Tim gi4 tri 16n nhat, nhé nhat cua bicu thirc

P =cos(a’ +b’ +cz)

Loi gidi :

Do a,b,ce[0;1]nén 0<a’®+b*+c’<a+b+c =g<%

vdy P 16n nhat( nho nhat) khi a* +b? +¢? nhé nhit ( 16n nhét)

- Tim gia tri nho nhét cia a® +b® +¢?

Tacd a® +b*+c* > %(a+ b+c)’ =§ . Suy ra GTLN cuia P bang cos% ; xay ra khi

a=b=c==
2

- Tim gia tri 16n nhét ciia a? +b? +¢?
gia su :
3 1
aSbSC:a+b+C:§S3CDCZE.
3 ) 5
Vay a2+b2+c2:(a+b)2—2ab+czS(a+b)2+czzc2+(§—c] sz
Do (c-1)(2c-1)<0

Suy ra GTNN cia P bang COS% ; xay ra khi (a,b,c) = (0, O%) hodc cac ho4n vi

Bai 8. Cho x,yla cac s6 thuc khong am. Tim gia tri lon nhét, gia tri nho nhét cta biéu thic
o (x=y)A-xy)
(x+1)2 ( y+1)2

e

Loi gidi :

racs p - (X0)0) L)y
(x+1)"(y+1) (x+1)"(y+1)
:x(y+l)2—y(x+1)2 Xy
(x+1)2(y+1)2 (x+1)

Véi x,y>0 thi 0<
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Tur d6 suy ra GTLN cua Pbéng% khi x=1,y=0

GTNN cua P bang —% khi x=0;y=1.

Bai 9. Cho a,b,c>01a cac sb d6i mot khac nhau. Chirng minh ring

1 1 1 S
(e0+? )La—bf ooy <c—a>2}‘4

g

01l gidi :

Gia st ¢=min(a,b,c), khidé do a,b,c>0 tasuyra
ab+bc+ca>ab

Vay ta chi can chirng minh

ab[;z 12+12J>4@ D 2.5 4
(a-b)” b° a (a-b)’

(abb) (aab 2200 |2 ) ,/a b)’ >0 Tuon ding
a a

Vay ta c6 dpcm.

Bai 10. Cho a,b,c >0 va 1.1 % . Tim gi4 tri nh6 nhit cta biéu thirc

a ¢
at+b c+b
= +
2a-b 2c-b
Loi gidi :
a+—2ac C+_2ac
TacészEE-ﬂmyvm)P_ atc ,_ _ a+c :a+3c+c+3a_1 §(3+E)_4
a+c 0q_ 28C ,._ 2aC 2a 2c 2lc a
a+c a+c

Bai 11. Cho a,b,c €[1;3] théa mén a+b+c=6. Tim gia trj 16n nhat cla bicu thic
P=a’+b’+c?
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e

Loi gidi :

Céch1:

bat a=x+Lb=y+Lc=z+1Lx,y,z€[0;2]

Khi d6 P:a2+b2+cz:(x+1)2+(y+1)2+(z+1)2
=X +y’+2°+2(x+y+2)+3
:(x+y+z)2—2(xy+yz+zx)+2(x+y+z)+3
=—2(xy +yz+12x)+18

Tu x,y,2€[0;2]=(2-x)(2-y)(2-2)>0

S 8-4(X+y+2z)+2(xy+yz+2x)—xyz 20

= -2(xy+yz+2x)=-4—xyz<—4 do xyz >0

T d6 suyra P<-2(xy+yz+2x)+18<14

Ding thic xdy ra khi va chi khi (a,b,c)=(1 2,3) hodc céc hoan vi

Binh luén : )
bat a=x+Lb=y+1c=1z+1 dé chung ta tan dung tich xyz >0
Néu khong abc s& rat kho danh gia

Céch 2 : Xem phuong phap sir dung tinh don diéu ctia ham s

Bai 12. Cho x,y, z 1a cac s6 thyuc thoa man x? +y?+2° =5 va x—y+z =3. Tim gi4 trj I6n
nhét, gia tri nho nhat cia biéu thirc
X+y-2
p=X*Y
z+2

Loi gidi :

L 1 2 2y 1 2 2
Taco x2+y2:5—22:§((x+y) +(x-y) ):E((x+y) +(3-2) )
(x+ y)2:1+6z—322
Taco:

P(z+2)+2=(x+y)= (x+y)’ =(P(z+2)+2)
c>(P2+3)22+(4P2+4P—6)z+4P2+8P+3:0
Coi day la phuong trinh bac hai v6i an 13 z , d@é phuong trinh c6 nghiém thi

A, =(2P? +2F>—3)2 —(P?+3)(4P*+8P+3)>0 < —i—gs P<0
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- Véi x=2;y=0;z=1thi P=0 la gia tri 16n nhat cta P .
- Voi Xzé;y:—@;Z:l thi P:—ﬁ 14 gia tri nho nhét cia P .
31 31" 31 23

1 1
+ +
2-a 2-b 2-c

Bai 13. Cho a,b,c €[0;1]. Ching minh rang > 3abc

e

Loi gidi :

1
2-a

(a-1)'>0=a(2-a)<1l= >a

Cong theo vé cac bat dang thuc trén ta suy ra

1 + 1 + >a+b+c>33abc >3abc do abc<1
2-a 2-b 2-c

Ding thirc xay ra khi va chikhi a=b=c=1.

Bai 14. Cho a,b,c[0;1] va a+b+c=0. Chimg minh ring
1 1 1 5
+ + <
ab+1 bc+1 ca+l a+b+c

Loi gidi :
Khong mit tinh tong quat ta gia sir 1>a>b>¢>0
Khi do6
c .a b Sa+b+cS1+b+c+(1—b)(1—c)+bc=2
ab+1 bc+1 ca+l bc+l bc+1
Mat khac
a+b b+c c+a _(a+b ) (b+c ). c+a_lj+3
ab+1 bc+1 ca+l (ab+1 bc+1 ca+l
1-a)(1- 1-b)(1- 1-c)(1-a
__(-a)a-b) (1-b)ao) (@-o-a)
ab+1 ~ bc+1 ca+l
Cong theo vé cac bat dang thuc trén ta suy ra dpem.
Dang thuc xay ra khi va chi khi a =b =1,¢ =0hodc cac hoan vi.

Bai 15. Cho a,b >0 thoa man a®+b? =1. Chirng minh rang
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§+%22ﬁ+[\/%_\/ng

Loi gidi :
Bt déang thirc can ching minh twong dwong voi
11

—+622\/§+%+9—2<:>a+b+2ab22\/§ab+1
a a

2
oa+b+(a+rb) -1 Z\EL(aLZ)_l}rl

& (1-V2)t +t442-220(%) 5 véi t=a+be (L2

(Vi (a+b)’ =a?+b*+2ab>a’*+b*=1=>a+h>1

Va (a+b)’ £2(a2+b2)=2:>a+b£\/§

Suyrate (1; \/E] ). Bit déng thitc (*) luon ding véi t € (1; \/E] .

Bai 16. Cho a,b,¢ > 0. Ching minh ring (a’ +b”+¢*)>4(a+b+c)(a-b)(b-c)(c-a)

Loi gidi :

Khong mat tinh tong quat ta gia sir b nam giita ava ¢, ta xét hai truong hop
- Néu a>b>c=VT >0>VP, ta c6 dpcm.

- Néu c>b>a, khi d6 vé phai

VP =4(a+b+c)(a-b)(b-c)(c-a)

=4(a+b+c)(b—a)(c-b)(c-a)

<((a+b+c)(b—a)+(c-b)(c-a))

Ta chi can chiing minh
(a+b+c)(b-a)+(c-b)(c-a)<a’+b* +c’
That viy bat ddng thirc ndy tuong dwong véi
—a(2a+2c-b)<0, ding

Vay ta c6 dpcm.

Bai 17. Cho a,b,c e [0;1]. Chung minh réng
a(l-b)+b(1-c)+c(l-a)<1

e

Loi gidi :

Bt dang thirc can ching minh twong dwong voi
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a+b+c—(ab+bc+ca)<1

Lam ta nghi dén :
(1-a)(1-b)(1-c)20<1-(a+b+c)+(ab+bc+ca)—abc>0

= (a+b+c)—(ab+bc+ca)<l-abc<l

Tir d6 ta c6 dpem. Dang thire xay ra khi va chi khi a=b =0,¢ =1hodc cac hoan vi.

Bai 18. Cho a,b,c >0 thoa man a+b+c=3. Chang minh ring
4 4 4 a b c
o+ -+ - > + +
(a+b) (b+c)” (c+a) b+c c+a a+b

Lol giai :
a+b=x a=3-y
bat <b+c=y do a,b,c>0vaa+b+c=3nén x,y,z>0va<b=3-z
c+a=1z c=3-X
Khi d6 bat dang thuc tré thanh
4 4 4 3-y 3-x 3-2
—+t—=+=2 + +
Xy oz y X 4
Q(is_’o’—_XHia_i’»—_y} %—Ejzo
X X y y 4 z
x+1)(x=2)" (y+1)(y-2) (z+1)(z-2)°
o U0 (y)y-2) (ze)(z=2)
X y z
Bat dang thirc cudi luén ding, tir d6 ta c6 dpem.
Bai 19. Chirng minh rang véi moi a,b e[0;1] thi ta ludn c6 ~+ 123 2
1+a° 1+b° 1+ab

Loi gidi :
Bat dang thire twong dwong véi
(1+ab)(2+a*+b*) <2(1+a”)(1+b?) < (ab-1)(a-h)" <0, bat dang thirc cudi luon ding. Ta

c6 dpem.

Bai 20. Cho X, Y,z €[0;1]. Tim gia tri I6n nhat cua biéu thic
1 1

P=(1+xyz)(1 TR j

1+x° 1+y® 1+7°

Loi gidi :
Str dung bai 19, ta ¢
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1 N 1 < 2
1+x° 1+y° _l+\/x3y3
1 1 2
12 1+ Xyz 14 \/xyz“

2 2 4

4
+ < =
Ly 1+yxyzt 14Xty 1z
Cong theo vé cac bit dang thic trén ta suy ra
13+ L -+ 133 3 = P =(1+xyz) 13+ 13+ 13 <3
1+x° 1+y° 1+42° 1+xyz 1+x° 1+y° 1+z
Ding thirc xay ra khi va chikhi x =y =z
Vay gia tri I6n nhat caa P =3.

Bai 21. Cho a,b,c >0 thoa min a<b <c. Ching minh rang

(a—b+c)(l—l+1j21
a b c

Loi gidi :

Bt dang thuc can chimg minh twong dwong voi
1 1 1 1 1 1 1 1

+ S+=>—+
a b ¢ a-b+c a ¢ b a-b+c

a+c a+c 1 1

> S —

ac b(a-b+c) ac b(a-b+c)

<b(a-b+c)zacea(b-c)-b(b-c)20<(a-b)(b-c)=0

Bat dang thire cudi ludn dang do a<b<c. Ta c6 dpem.

Bai 22. Cho céc sb thuc a,b,c théa mdn a+b+c =1. Tim gia tri nhd nhat cua biéu thuc

P=+a?+ab+b? ++b%+bc+c? ++/c? +ca+a>

Loi giai :

, 2 2 3 2 1 2 3 2
Taco a+ab+b :Z(a+b) +Z(a—b) zz(a+b)
— +Ja? +ab+b? 2§|a+b|2§(a+b)
Tuong tu ta co

vb%+bc+c? > \/§|b+c|2§(b+c)

2

601
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




GTLN-GTNN VA CHUNG MINH BAT PANG THUC

Jet+ac+a’ 2§|c+a| 2§(c+a)
Cong theo vé ba bét dang thuc trén ta suy ra

P>+3(a+b+c)=+3

Ping thuc xay ra khi va chi khi a=b=c :%.
BAI TAP DE NGHI

1.1.  Cho ab>0. Chimg minh ring (az + b+%j(b2 + a+%j > (2a+%j(2b +%j

1.2. Cho x,y,ze [O; 2] thoa man X+ y+z =3. Tim gia tri lon nhét cta biéu thic
P=x"+y*+12°
1.3.  Chirng minh rang vai moi x, y, z khdng &m ta lubén cé
(x+2y+z)(x+ y+z)2 >4(x+y)(y+2)(z+Xx).
1.4.  Cho a,b,ce[L2]. Chang minhring 3(ab+bc+ca)>2(a+b+c)+a’h+b’c+c’a
11

1.5.  Cho a,b,c>0 va b=min(a,b,c). Ching minh rang (a—b+c)(§—6+gj£l

3 2
1.6. Cho a,b,c>0. Chimg minh rang ,[1+ (Ej < 1+£(Mj , tir d6 chirg minh ring
a a

2
a’ § c’
3 T o 7 =1
a’+(b+c)” \b’+(c+a) \c’+(a+h)

3 3
1.7.  Cho x,y> 0. Tim gié tri nho nhét cita biéu thitc P:\/ LY .
X" +8y y +(x+Y)

1.8.  Cho a,b,c 1a do dai ba canh mot tam gidc. Chirng minh ring

a+c N a+b N 2a
3a+b 3a+c 2a+b+c
1.9.  Cho xy>0 va x*+2y?=1. Chirg minh ring

V142X +,1+2y 21441442

1.10. Chung minh ring véi ba s6 thuc a,b,c ta ludn co
(a+1)(b*+1)(c® +1) 2 (ab+bc+ca-1)°

<2

PHUONG PHAP KHAO SAT TiNH PON PIEU CUA HAM SO
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Dua bai toan nhiéu bién vé bai toan mot bién, khao sat tinh tinh don diéu cia ham sb suy ra gia
tri 16n nhét, nho nhat cua ham sb.

Cac hu:ong g|a| quyét bai toan loai nay

+ Néu trong biéu thirc c¢6 xuat hién biéu thirc d6i xing cua x,y dat t=x+y hoic t = xy.

+ Néu khdng biéu dién céc bién vé mot bién dugc co thé coi biéu thire d6 1a ham mot bién va céc
bién con lai la hang sé.

BAI TAP MAU

Bai 1. Cho x,y, z1a ba s thuc thudc doan [L4]va x> y,x>z. Tim gia tri nho nhat cua biéu
thirc

X y z
= + + :
2X+3y Yy+Z Z+X
Loi gidi:
Taco
p__ X ¥y .z _ 1 N 1 N 1
2X+3y y+z z+X 5.3¥ 1.7 ¢, X
X y z
y z
bat a==,b=—,c - X tacé abc= 1bc_—e[14]
X y z y
Khi d6 ta co
1 1 1

= + +
2+3a 1+b 1+c
Mait khac ta co

1 1 2+b+c 1-bc 1-bc
+ = =1+ >1+ = ,do bc>1. Suyra
1+b 1+c 1+bc+b+c 1+bc+b+c 1+bc+2vbec  bec+1
> 1 .t 1 —f(t)—L+i voi t=+be e[1;2]
“2+3a e+l 5, 3 Jbc+1 2t° +3 t+1° Y
bc
Taco f'()=2(—r 1 |co
(2t2+3) (t+1)

t+3

Vi Bt (t+1)" - (2t +3)<T(t 1)°—(2t* +3)

<¥(t+1) —(2t* +3) =—(4t;;(t_l)s0

Do d¢ f (t) nghich bién trén doan [1;2], suy ra
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sz(t)zf(Z):%.

Piang thuc xay ra khi x=4,y=1,z=2.

Vay gia tri nho nhit caa P bing 2—:

Bai 2. Cho cac sb thuc duong X, y,z € (0;4] va x<y;x <z vathoamin xyz =1.Tim gié tri nhd
nhat cua biéu thirc
P=x*+y*+2° +X+y+z-2(Xy+Yyz+2x).

Loi gidi:

Xét

P=1f(xy,z)=X+Y +2° +X+y+2-2(xy+yz+12X)

Taco

f(X,y,2)— f(x+[yZ,A[y2) = Y+ +y+z2-2(yz+xy+2x)-2(yz +4x\yz

=(y-2f +(y ) ~2x({/y )
:(\/y_ﬁ)z(y+z—2x+1+2\/ﬁ)20,v‘| X<y, X<z,

pit t=ﬁ:x=tlz,t=%z%. Khido f(x,\yz,\/yz) = f(tiz,t,t)zt%+tiz+2t—§= f(t)
X

Taco
f'(t) =(2+tizj(1—tlsj, f't)=0=t=1.

Lap bang bién thién ta suy ra
minP=min f(t)= f(1)=0. Xayrakhi x=y=z=1.

Bai 3. Cho %s x<1;y,z>1sa0 cho xyz =1. Tim gia trj nh6 nhat caa biéu thac

1 1 1
=y 4=

1+x 1+y 1+z
Loi gidi:
Tacél+12 2 :>P_1+ 2__ 1+ 2

1+y 1+z 1+ yz Lex 1+yz 1, 1 1+yz

yz
Pit t= Yz 1<t =L <25 P = f (1) =+ 2
. Jx t?+1 1+t
Taco f()=—2 2
(t2+l) (1+1)
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22
f)>f(2)=—
0 =1(2) T
Suyra minP:gkhix:l;y:z:Z.
15 4

Bai 4. Cho hai s6 thuc x, y thay d6i va thoa mén hé thuc x? + y* =1. Tim gia tri I6n nhét va gia
tri nho nhat cua biéu thirc.
2(X* +6xy)
S 1+2xy+2y?

Loi gidi:
Vi x> +y? =1, nén
2(x +6xy) 2(X +6xy)
X2 +yra2xy+2y? X243y +2xy
+Néu y=0=>P=2.

2(t* +6t
ACHB) | x g
t°+2t+3 y
Xét ham s f (t)trén R. Ta co

—4(2t* -9
f '(t)=(—)2=0<:>t=irﬂ.

(t2 +2t+3) 2
Lap bang bién thién ta suy ra

32| _48y2-18 | . 311 2
2 17 1 7

+ Xeétvéi yz0=>P=

maxP = max f (t) = f[

minp:mi”f(t):f[—?’\f]:_m;;&ﬁ,khi x=¢3‘/1_1 L |2

b a
Bai 4. Cho a>b>0. Chirng minh rang: (25‘ +2ij s(zb +—j .

Loi gidi:
Léy logarit co s ty nhién 2 vé BDT can chirng minh tré thanh

1 L In(2a+21a) In(2b+21bj
bln(2a+§)£aln(2b+§j<:> < » < f(a)< f(b).

a
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1
2! +tj

In(
Trong d6 f(t) = %,t >0. Do vay ta chi can chirng minh ham  f (t) nghich bién trén

(OH—oo).
Thay vay, ta cd
)
Find—(4+2)In(4+1) (4 +1)(41”)
(4 +1)0° T (4P
Ping thuc xay ra khi va chi khi a=b.

f(t) =

<0. Tac6 dpcm.

Bai 5. Cho a,bla cac s6 thyc duong thoa man 2(a”+b)+ab =(a+b)(ab+2).Tim gi tri nho

nhat cua biéu thirc
3 3 2 2
poa| & D) of2 B
b° a b a

Loi gidi:
Theo gia thi
2(a’ +b?)+ab=(a+b)(ab+2), chia ca 2 vé ciia ding thirc nay cho ab ta dwoc
2(E+9j+1=a+g+b+g.
b a a b

St dung BDT C6 si ta co

a+2ib+2>202 \E+\ﬁ ,suy ra
b a b a

2(E+Ej+122x/§ \/§+\/E , dat
b a b Va

t:(%+9j 2t+1> 22t +2 :>4t2—4t—1520:tzg.
a

Vaytacd P = f(t)=4t>-9t> -12t +18
Taco f'(t)=12t>-18t-12= f'(t):0c>t:2>g.

Lap bang bién thién suy ra min f (t) = —?, khi t:g.

. . a=1 |a
Vay gia tri nho nhat cia P bang —%, khi { {

2
v :
b=2 |b=1

Bai 6. Cho x, y, z1a c4c s6 thuc khong &m c6 tong bang 1. Tim gia tri 16n nhat, gia tri nho nhat
cua biéu thirc
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P =Xy + yz+zx—2xyz.

< - -

Loi gidi:
Gia su x:min(x,y,z):>3x£x+y+z:1:>xs%.

Khi do ta co
P=xXy+yz+zx—2xyz=yz(1-2x)+ xy+zx >0.
Ping thuc xay ra khi va chi khi x=1,y=z=0.
Mat khéc ta lai co

2
P =yz(1-2x)+x(y +2) < x(1-x) +(1_ij (1-2x) = f(x)
Ta tim gia tri I6n nhit cua f (x) trén doan [Oﬂ
, ' 3 l , A e A l
Taco f'(x)= EX(E— Xj >0, do d6 f(x)dong bién tréndoan [0;5} .

Vay max P =max f(x)=f 1 =l. Khivéchikhix:y:z:l.
3) 27 3

Bai 7. Cho x,y, z1a c4c s6 thuc khong &m c6 tong bang 3. Ching minh
P=x*+y*+2°+xyz>4.

Loi giai:
Khong mét tinh tong quét ta gia st x=min(x,y,z) =>3Xx<x+y+z=3= xs%.
Khi d6 ta co

P—4:x2+(y+z)2—2yz+xyz—4:(x—2) yz+x2+(3—x)2—4

2 2
= f(t)z(X—Z)t+2X2—6X+5,0£t:yzg(y‘gzj :(3;() |

2
Vay ta tim gia tri nho nhét cua f (t) trén {0(?) } taco f(t)1a ham sé nghich bién do
Xx—2<0.
A 3-x Y 1 2 ,
Vay P—-4=f(t)> f — :Z(X_l) (x+2)20= P>4. Taco dpem.

Ping thuc xay ra khi va chi khi x=y=z=1.

Bai 8. Cho a,b,cla cac s6 thuc dwong thoa mdn a+b+c=1. Chang minh
5(a’+b*+c”)<6(a’+b’+c*)+1.

Loi giai:
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Khong mét tinh téng gia st a =min(a,b,c)=a S%.

BDT dé cho tuong duong véi
5(a +(b+c) —2bc)<6( b+c 3bc(b+c))+1

< 5(a’ +(1-a) —2bc) <6(a’ +(1-a)’ ~3bc(1-a)) +1

()

l1-a

f(t)=(9a-4)t+(2a-1)°>0,te {0 (T”

& (9a-4)bc+(2a-1)" >0.

Tadatt—bC:>0<t<(b;C]

Vay ta chi can ching minh

Do f(t)1a ham nghich bién nén f(t) > f {(l Zaj ] %a(3a—l)2 >0. Ta c6 dpcm.

[

Ping thuc xay ra khi va chi khi a=b=c=

w |

Bai 9. Cho a,b 1a c4c sb thuc duong théa man ab+a+b =3. Tim gia tri Ion nhat cua biéu thic
_3a + 3 + ab —(a2+b2).
b+1 a+l1 a+b

Loi giai:

Détt=a+b:>ab:3—t;a2+b2=(a+b)2—2ab:t2—2(3—t)=t2+2t—6
) a+b’ 1,

Taco ab< — :3—tgzt St>2.

—(a®+b?) =’ stp223
t 2

3(a’+b*)+3(a+b) ap
+

Suyra P=
ab+a+b+1 a+b

Xét ham sb f (t) = —t° +t+%—g Vol t>2
Taco f'(t)= —2t+1—t—22 <0,t>2.Suyrahamsb f(t) nghich bién trén

[2,+0)=> P=f(t)< f(2)=2

bang thirc xay ra khi va chi khi a=b=1.
Vay gia tri I6n nhat caa P bang 1 khi a=b=1.

. . s . | X+y+z=4
Bai 10. Cho x, y, zla cac so6 thyc thoa mén { y 5
Xyz =
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Chung minh ring 183-165+5 < x* + y* + z* <18.

Loi gidi:
Taco P=x"+y*+z* :(x2 +y° +22)2 —2(x2y2 +y7h+ szz)

:((x+ y+z)2 —2(xy+ yz+zx))2 —2(xy+ yz+zx)2 +2xyz(Xy + yz + 2X)
X+y+z=4

,dit t=xy+yz+2x= P:Z(t2 —32t+144)

Theo gia thiét ta c6 {
Xyz =2

Taco (y+ z)2 24yz:>(4—x)2 zg, giai bt phuong trinh nay tasuy ra 3—/5<x<2.
X

Tacd t= x(y+z)+yz:x(4—x)+3, xét ham sé f(x) = x(4—x)+E trén doan [3—«/3,2} ta
X X

dugc t e {5, 55 _l}
2
Tuong tu xét ham sé f (t) = 2(t2 —32t +144) trén doan {5, 5\@_]} ta suy ra dpcm.

Bai 11. Cho a, b, c 1 cac sé thuc duong. Tim gia tri I6n nhat caa biéu thac
1 2

i JaZ+b?+c? +1 _(a+1)(b+1)(c+1)

Loigidgi: ’
Str dung bat dang c0 si cho 3 s6 duong ta c6 :

(a+l)(b+1)(c+1)£(%)g

. D4u bang xay ra khi va chi khi a=b=c
Mt khac sir dung bat dang thic Cauchy sharvart ta co
a? +b? +¢? +12%(a+b+c+1)2. DA4u bang xay ra khi va chi khi a=b=c=1.

Dit t=a+b+c+1>1. Khi dé két hop véi cac bat ding thirc trén ta suy ra
2 54

<Z- = f(1).
t (t+2)3
Xét ham sb f(t):z— >4 - trén khoang (1,+o).
t(t+2
Taco f'(t):-%+L24 s ft)=0ct=4= f(4)=1;|im f(t)=0:f()=0
t ('[+2) 4 to+o

tur do suy ra rplax) f(t)=1(4) :%. Tir d6 suy ra gia tri I6n nhat caa P :% khi va chi khi
te(l,4+o0

a=b=c=1.
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Bai 12. Cho céc sb thuc a,b,c thoa min a>b>c; a?+b® +¢? =5. Ching minh rang
(a-b)(b-c)(c—a)(ab+bc+ca)>-4

Loi gidi :

Bt dang thirc can ching minh twong dwong voi :
(a—b)(b-c)(a—c)(ab+bc+ca)<4 (*)

it vé trai clia bat dang thirc (*) 1a P

Néu ab+bc+ca<0= P <0, tacd dpcm.

Xét ab+bc+ca>0,tadat x=ab+bc+ca

Taco: (a—b)(b—c)s(a_b;b_cjz :[agcjz = (a-b)(b—c)(a-c) <1 (a~c]

Mat khac lai co

a® +b*+c?—ab-bc—ca=>(a-b) ﬁL%(b—C)2 +%(a—c)2

N, N -

> (a—c)2 +%(a—b+b—c)2

Suy ra 5—x2%(a—c)2 =a-c< %(5—X);OSXS5

Suy ra PS%X( %(S—X)J =2—\fx1/(5—x)3

/ 2\/§ 3
Xétham so f(X) =——Xx/(5—X) trén doan |0:5],tasuyra max f(x)=f(2)=4.
thim b 109 =257 \[5-0) wen dogn [05] tasuy ra ma 19 1(2)
Dau bang xay ra khi va chi khi a=2;b=1;c=0. Ta c6 dpcm.

Bai 13. Cho X,y >0 thoa min x+2y—xy = 0. Tim gi4 tri nho nhét cia biéu thirc

X2 y2
= +
4+8y 1+x
Loi gidi:

Theo gia thiét ta co :

1 1(x+2yY
x+2y:xy:§.x.2y£5( > yj = X+2y>8

Theo bat dang thirc Cauchy sharcs ta c6
X2 . y> X N (2y) . (x+2y)’ _ (x+2y)’
4+8y 1+x 4+8y 4+4x 4+8y+4+4x 8+4(x+2y)
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2
Vay dit t = x+2yva xét ham sé f (t) = t t>8
8+ 4t
2
Taco f'(t)=—% S0 vsit=8.
(8+4t)

] 8
Suyra min f(t)= f(8)=—.
y t€[8;+w) () () 5

Tir d6 suy ra gia tri nho nhit cua P bang % khi x=4,y=2.

Bai 14. Cho x,y,z >0 théa min x+y+z=9. Tim gi4 tri nho nhét cua biéu thirc

3 3 3 3 3 3
p Xty Y+ T +X
Xy+9 yz+9 zx+9

e

Loi gidi :

Theo bat dang thirc Cauchy schwarz ta ¢6

o1 1, 4x° _ 4x°
xy+9 2x+9) x(y+z)+18 x(9-x)+18
Tuong ty :

of 1 1 4y° 4y°
y + > =
xy+9 yz+9) y(z+x)+18 y(9-y)+18

A1 1) 47° _ 47°
x+9 yz+9) z(x+y)+18 z(9-2)+18
Do do

s 1 1 i 1 1 i 1 1
P=x + +y + +1z +
Xy+9 zx+9 Xy+9 yz+9 X+9 yz+9

4%3 4y° 473
2 2 + 2 + 2
—X“+9x+18 -y"+9y+18 -z°+9z+18
__ e
} -x* +9x+18
D¢ chirng minh duogc rang :
W u
-x*+9x+18 4 4
4y° 11 21
7 oviia=a’
-y*+9y+18 4 4
47° >11 21

-7°+9z+18 4 4

Xét ham sé f (x) =
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Tir 46 cong theo vé cac bt dang thic trén ta suy ra P > %(X+ y+2) —3.% =9

Ding thirc xay ra khi va chikhi x=y =z=3.

Bai 15. Cho a,b,c 1a @6 dai ba canh mot tam giac. Chirng minh ring

3(a b C)>2(a+3+9j+3.
b ¢ a c b a

Loi gidi :

Gia st a=max{a,b,c}
- Néu a>c=>b thi

E+9+£23+E+323:>3(E+9+£)23(E+E EJ 2(3 E+Cj+3
b ¢ b c¢c a c a b

- Néu a>bh>c thi
Xét ham sb f(a)=3(a+9 3)-2[E+E+9j—3
b ¢ a

c b a
a’-bc)(3c-2a
Taco f(a)_B—¥_§+2? ( a)ZE)c )

Doa>b>c=a’>hc
Neéu 3c > 2a ham so dong bién suy ra

fFa)s f)="+C-250
, ¢ a ,
Neéu 3c < 2a ham so nghic bién suy ra

f(a)zf(b+c)=(bt_)c) -2 _2(b-2¢) +¢(b=)
c b+c (b+c)

>0

Ta c6 dpem.

Bai 16. Cho ba sb thuc a,b,c [1;2]. Tim gia tri nho nhat ciia biéu thic
2
(a+b)
~c?+4(ab+bc+ca)

Loi giai :
St dung bat ding thuc cd si ta c6 4ab < (a+b)’
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BH|
2 +)
Khidé P> (a+b) c ¢

c +4(a+b)c+(a+b) 144 a+b)+(a+bj

(@]
(@]

Ta @it t:—+9 thido a,b,ce[L,2]=t=
c

a
C C

A s t? e 4% + 2t
Béy gio ta xét hamso f(t) =———— c6 f'(t)=———— >0,Vte[L;4]
1+4t+t (t? +4t+1)

o . _ 1
Tir do suyra trer[lm] f(t)="71Q =5

Tir d6 suy ra gia tri nhd nhat cia P bang % khia=b=1c=2.

BAI TAP PE NGHI

1.1. Cho x,y,z2>0 théaman x+Yy+2z=1. Tim gia tri nhd nhét cta biéu thic
P= 2(x2 +y° +zz)—4xyz—9x+2012.
1.2.  Cho x,y,zlabaso thuc thudc doan [19]va x=max(x,y,z). Tim gia tri lon nhat va gia
tri nho nhat cua biéu thirc
X y z

P= + + .
X+2y Y+Z 74X

1.3, Cho céc sb thuc x, y thay dbi va thoa man (x+y)’ +4xy > 2. Tim gid tri nho nhat cia
biéu thuc
P :3(x4 +y! +x2y2)—2(x2 + y2)+1
1.4.  Cho x,yla cac sé thuc thay d6i. Tim gia tri nho nhat cua biéu thirc

A:\/(x—l)2 +y? +\/(x+1)2 +y? +y-2.
1.5.  Cho céc sb thuc khdng &m théa man a+b+c =1. Tim gi4 tri nho nhét cua biéu thirc
M =3(a%’ +b’c’ +c%a’ ) +3(ab+bc+ca) + 2va’ +b? +c’.
1.6.  Cho céac sb thuc khéng am x, y thay d6i va thoa mdn x+ y =1. Tim gié tri lon nhét va gia
tri nho nhat cua biéu thirc
S = (4x2 +3y)(4y2 +3x) + 25Xxy.
1.7.  Cho x,y la cac sb thuc thay d6i thoa man diéu kién x> +y? =1.Tim gia tri I6n nhit, gia
tri nho nhat cua biéu thirc
A+ 2xy -1
C2xy-2y?+3
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1.8.

1.9.

1.10.
1.11.

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

Cho x,y >0 théa man x?y+xy® = x+ y+3xy. Tim gié tri nho nhat cua biéu thic

1+2xy)* -3

P:x2+y2+&.
2Xy

Cho a,b,c > —% thoa man a+b+c=3. Chirng minh ring

26— 5a 26—-5b 26 50
"B’ 42 5’12 507 +2
Cho x,y €(0;1);x+y=1. Tim gia tri nhd nhét cta biéu thic P = x*+y’.
Cho x,y>0Vvé6i x+y=2. Ching minh ring
x2y? (x2 + y2) <2.
Cho x, Y, z1a cac s thuc duong c6 tdng bing 1. Ching minh
7(xy +yz+2x) < 2+9xyz.

Cho cac s thuc duong a,b, ¢ thude doan [1;2]. Ching minh ring

a’ +b’ +c® <5abc.
Cho x,y la 2 sb thuc thay dbi thoa mdn x* + xy + y2 < 3. Tim gié tri I6n nhat, gié tri nho
nhat cia biéu thirc

P=x>—xy+2y%
Cho céc s6 thuc a,b,c thay doi théa mdn a® +b* +¢? =1. Tim gia tri Ion nhat, gia tri nho
nhat cua biéu thirc

P=a’+b’+c’—3abc.
Cho 0<a<b<1. Ching minh rang

a’Inb—b’Ina>Ina—Inb.
Cho céc so thuc khdng am a,b,c cd tong bang 1. Tim gia tri lén nhat, gia tri nho nhat

cua biéu thic
=(a-b)(b-c)(c-a).
Cho 3 s thuc duong a,b, cthoa man 21ab+ 2bc+8ca <12. Chirng minh rang

Cho x,y la 2 sb thuc théa médn 0 < x s%,og yS%. Ching minh ring

COSX +€0s y <1+ cos(xy).
Cho a,b,c 1a do dai 3 canh ciia mot tam giac cé chu vi bang 3. Chirng minh rang
3(a’ +b”+c)+4abc 213,
O<x<y<z<l

Cho céc s6 thuc x, y,z théa man . Chtrng minh rang
3X+2y+2<4
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3x* +2y® +7° s%.
1.22. Cho céc sb thuc khong &m x, y, z ¢6 tong bang 1. Ching minh rang
x(y—z)4 + y(z—x)4 +2(x— y)4 S%.
1.23. Cho céc sb thuc x, y khdng nho hon 1. Tim gia tri nho nhit caa biéu thac
(x+ ys)_(xz+y2)
(x=1)(y-1)
1.24. Cho céc sé thuc x,y e[-3;2]va théa man x*+y® =2. Tim gia tri I6n nhat, gia tri nho
nhat cia biéu thirc
P=x"+y~
1.25. Cho céc sb thuc khong &m a,b,c va khong dong thai bang khong. Tim gia tri 1on nhat,
gi4 tri nho nhat cua biéu thic
_a’+b’+16¢°

(a+b+c)
1.26. Cho bdn s6 nguyén thay ddi thoa mén 1<a <b <c<d <50. Chirng minh
a c_ 53
Zi 2>
b d 175

1.27. Cho ba sé dwong x, y,zthéa min x+ y+z <1. Chang minh ring
\/xz +i2+\/y2+i2 +\/22+i2 >/82.
X y z
1.28. Cho céc sé duong a,b,c cé tich bang 1. Ching minh rang
a b c 32
+ + >
Vi+a 1+b l+c 2
1.29. Cho a,b,cla ba sb duong thoa man a’ +b? +c? = 3. Chang minh ring
1 1 1
+ +
’ 2-a 2-b 2-c ‘
1.30. Cho céc so thuc duong a,b,c. Chirng minh rang
(2a+b+c) N (2b+c+a)’ N (2c+a+b)’ <8
22’ +(b+c)’ 20*+(c+a)’ 2c®+(a+b)’
1.31. Cho céc sb thuc duong a, b, ¢ c6 tong bang 3. Chirng minh rang
iz+i2+i22 a’ +b*+c?.
a r b C 2 A A
1.32. Cho a,b,cla céc so thuc duong co6 tong bang 1. Ching minh rang
a b C 9
et ——F——<—,
) 1+a® 1+4b° 1+c” 10 .
1.33. Cho céc so6 thuc duong a,b, ¢ cé tich bang 1. Chirng minh rang
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1 1 1
2 + 2 + 2
) a-a+l b°-b+l c°-c+l , Q
1.34. Cho hai so duong x, y cd tong bang 1. Tim gia tri nho nhat cua biéu thac
X y
A= + .
ViI-x  J1-y

1.35. Cho céc sb thuc x,ythéamin 0<x<y<r.

>1.

Chieng minh réng (x° —6x)siny <(y*-6y)sinx.
. . 2 . . |X+y+z=4
1.36. Cho x,y,zla cac so thuc thoa mén {
Xyz =2

Chung minh ring 183—165+5 < x* + y* + z* <18.

1.37. Cho a,b>11a cac s6 thuc duong thay dbi va thoa man = +

® |

= g Tim gié tri nho nhat

T

cua biéu thirc

1,1 @i

pP=
1+a*> 1+b°

. s Xy exy—yz—x=1
1.38. Cho céc so thuc X, Y, zthoa man di€u kién ,
Yyo+z2°+yz=2

Tim gia tri 16n nhét, gia tri nho nhat ctia biéu thirc P = x? + y? + 22

1.39. Cho a,b,c 1a ba s thuc duong théa man (a+c)(b+c)=4c’. Tim gia tri 16n nhat cua
a b C

+ + .
b+3c a+3c bc+ca ’
1.40. Cho a,b,cla ba so thyc thoa man ab+bc+ca=21%a+b+c>0. Tim gia tri 16n nhat cua

4 N a®+b*+c®—3abc
a+b+c (a2+b2+c2)(a+b+c)'

biéu thitc P =

biéu thirc P =

1.41. Cho cac s6 thuc X, y,Z¢€ [0;1] . Tim gia tri nho nhét cta biéu thic
P=(xy— y+l)2 +(yz— z+1)2 +(zx—x+l)2
1.42. Cho x,yla hai s thyc duong thoa min X2+ y? = 2. Chiing minh ring

3 2
X—2+ 9%y >4
y© X+4+2y
1.43. Cho a,bla cac sb thuc thoa man a> —%% >1. Tim gia tri nho nhat cta biéu thirc
- 2a° +1 |
b(a-b)
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. —x*>1 . .
1.44. Cho x,yla hai so thuc thoa man y . Tim gid tri 16n nhat cta biéu thuc
3x*—2x+y<1
P=y*-3x* +2x.
1.45. Cho x,yla cac sé thuc khong am. Tim gia tri nho nhat cua biéu thirc
P=x"+ x3y3‘(x3 +2y° —3)+(y3 —2)2 -1

1.46. Cho ba sd thuc a,b,c (a=0);a>bsao cho hamsb y = 2ax® +3bx* +6¢cx +12(a+b—c)

A 2} A A . s a3 A o 3.2 , a+b+c
luén dong bién trén R . Tim gia tri nho nhat cta biéu thie P = -
a —
1.47. Cho céc sb thuc duong a,b,c c6 tong bang 3. Tim gia tri nhd nhat cta biéu thirc

a’+b® . b®+c? . c+a’
b(3a2—4ab+1]b2) c(3b2—4bc+1lcz) a(302—4ca+11a2)

1.48. Cho a,b,c>0 thoa man abc(a+b+ c)2 =(ab+bc+ ca)2 . Tim gi4 tri nh6 nhit cua biéu

thirc
4a%+1 4b3+1 4cd+1
P= + + .
b c a

1.49. Cho ba s thuc a,b,c thoa man a® +b? +c? :g(ab+ bc+ca) va khdng c6 hai sé nao

N . o . 2 a-2c)’
dong thoi bang 0. Tim gid tri I6n nhat, gia tri nho nhat caa biéu thirc P :u.
ab+bc+ca

1.50. Cho ba s thuc a,b,c thoa man a® +b? +c? :g(ab+ bc+ca) va khdng c6 hai sé nao

a—2c
Jab+bc+ca

1.51. Cho a,b,ce[L;2]. Tim gia tri I6n nhat, gia tri nho nhét cua bicu thic

ddng thoi bang 0. Tim gia tri nho nhit cua biéu thac P =

2
P :(a+b+c)(l+l+1j :

a b c

1 , s a b c a c b
1.52. Cho a,b,ce|=;2|.Ching minhrang 8 —+—+— [>5| —+—+— [+9.

2 b ¢ a c b a
1.53. Cho a,b,c 1a do dai ba canh mot tam giéc. Chang minh rang

3(E+9+£j22(2+2+9j+3.
b ¢ a c b a
1.54. Cho a,b,c>0théamin a+b+c=1. Tim gi4 trj nho nhit cua biéu thic
P= ! >+ 12+ 12.
1+a° 1+b° 1+c
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1.55. Cho X,V,z >0 théa mian x>+ y2+2z%=3. Tim gi4 trj 16n nhét cta biéu thic
y y g

P=Xy+yz+zx+

X+y+2
1.56. Cho x,y>0 théa man x+2y—xy =0. Tim gi4 trj nhé nhit cta biéu thic
X2 y2
= +
4+8y 1+x
1.57. Cho a,b,c>0 théa min a+b+c=1. Tim gi4 tri nhé nhit cta biéu thic
2 3

= 2 7T
a‘+b“+c- ab+bc+ca

1.58.  Cho bén sb thuc x,Y,z,t thuoc doan Eﬂ . Tim gi4 tri 16n nhit, gia tri nho nhét caa

2 2
bidu thitc pg(_] +16(X_+t]
X+t X+Y

PHUONG PHAP SU DUNG BAT PANG THUC CO S|
BAT PANG THUC CAUCHY - SCHAWARS VA HOLDER

BAT PANG THUC cO SI

Trong Dé thi TSPH cac bai toan BDT thuong cho 3 bién sé , nén ta chi can st dung chic 2 két
qua sau.
Véi 2 s6 khdng am a,bta co

a%bz Jab
Déu bang xay ra khi va chi khi a=b.
Véi 3 s0 khdng am a,b,cta ¢

a+b+c
> 3/abc

DAu bang xay ra khi va chi khi a=b=c.
Ngoai ra ta cé céac két qua sau

1.1, % @bso.
a b a+b

1 N 1 S 2
1+a 1+b 1++ab
(a+b+c)2 >3(ab+bc+ca),va,b,ceR.

(a+b+c)(l+l+1jz9.
a b c

(a,b>0).
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BAI TAP MAU

Bai 1. Cho x, y, z1a ba s6 thyc dwong thay ddi. Tim gia tri nho nhét cua biéu thirc
Loi giai:

x 1 (y 1) z 1
P=X|=+—|+Yy| =+— |+Z| =+—|.
2 yz 2 X 2 Xy
Taco

x 1 (y 1) z 1
P=X|—-+— |+Y| =+— |+Z| =+—
2 yz 2 X 2 Xy

2 2 2

2 2Xxy 22X 2 2
Ping thuc xay ra khi va chi khi x=y=z=1.
Vay gié tri nho nhat cia P bang %khi x=y=z=1.

Bai 2. Cho x, y, z1a c4c s6 thuc duong thoa man E+1+1 =4 . Chung minh ring

X y z
! + ! + ! <1
2X+Y+Z X+2y+Z X+y+2z
Loi giai:
Taco
1,1, 4
X X X+X
11 4
—+=>
y 7z y+z

Cong theo vé 2 bat dang thuc trén ta suy ra
E+1+124 i+ 1 > 16

X Yy z 2X y+7) 2X+Yy+1z
Mot cach tuong tu, ta cd
2

L1116

Yy Z X 2y+z+X
E+1+12L
Z X Yy 27+X+Yy
Cong theo vé ba bat dang thic ta co diéu phai chirng minh.
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Ping thuc xay ra khi va chi khi x=y =1z :%

Bai 3. Cho cac sé duong X, y, zthéa man xyz =1. Ching minh ring

3 3 3 3 3 3
\/1+x +y +\/1+y +7Z +\/1+z + X 23\@.
Xy yz ZX

Loi giai: ,
Str dung BDT C6 si cho 3 s0 duong ta co

1+ x> +y* >331.x°.y* =3xy, suy ra
3 3
J1+X+y S \/3Xy

Mot cach tuong tu ta c6 2 bat dang thirc

w/1+y+z \/W
\/1+z +x° «/37

zX ZX
Cong theo vé 3 bat dang thie trén, va dé y

A/ 3xy N \J3yz N 32X Z?)i/«/3xy .\/Syz .\/3zx ~3J3. Ta co dpem.
Xy yz ZX Xy yz ZX

Ping thuc xay ra khi va chi khi x=y=z=1.

Bai 4. Chang minh ring néu 0< y < x <1 thi x/y — yv/x S%.

Loi giai:

BDT dé cho tuong duong vai

%+y\/§2x\/§
2 .1 1 ) 1 ., ,
Do 0<x<l=/Xx2x ,vayz+y\/§2—+yx >2 Z.yx :X\N. Ta c6 dpem.

Ping thuc xay ra khi va chi khi x=1,y =

-l>||—\

Bai 5. Cho 2 s6 duong thay doi thoa man x+y > 6. Tim gia tri nho nhat cua biéu thuc
3X+4 2+y°
+ :

P—
4x y’

Loi giai:

Taco
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Ping thuc xay ra khi va chi khi x=2,y =4.

Vay gia tri nho nhit caa P bing %

Bai 6. Cho x, y la cac s6 thuc khdng am . Tim gid tri I6n nhét, gi4 tri nho nhat caa biéu thic
o (x=y)(A-xy)
(1+ x)2 (1+ y)2

Loi gidi:

Vi x,y>0nén tacd

‘(x— y)(l—xy)‘ s‘(x+ y)(1+ xy)‘ =(x+y)(1+xy).
(x+y)2d+xy) (x+y)(L+xy)

Tu do suyra|P|£ > = >
(1+x)° (1+y)"  (x+y+1+xy)

Mat khéc ta lai co
(x+y+1+xy)° 2 4(x+y)(L+xy)=|P| s%.

Tir do suyra —ES PSE.
4 4

. s 1

Voi x=1,y =0 thi P:Z.

Véi x=0;y=1 thi P:—%.

Bai 7. Cho cac sb duong a,b,cthéa min a?+b?+c? =1. Tim gié tri nho nhat cua biéu thic

p_ab_ca_ bc
c b a
Loi gidi:
Taco
a’b® b’c* a’c?
PP=Z+—+ = +2(a"+b* +C)
¢c a b i ,
Str dung bat dang thirc C6 sic ho moi b hai s6 duong ta co
a’h® b’c? b’c* a’c? a’h® a’c?
—+—— 220" ——+ = >2¢h——+ o2 >2a’
c a a c
Cong theo vé cac bat déng thirc trén ta dugc
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p2 24(a2+b2+c2):4<:> P>2.

Ping thuc xay ra khi va chikhi a=b=c :g.

Vay gia tri nho nhit caa P bing 2.

Bai 8. Cho ba s6 thuc duong a,b, ¢ co tong bang 1. Tim gia tri 1on nhat cua biéu thic

P= x+\/x_y+€/x_yz.

< - -

Loi gidi:
Taco

1 1
P= X+E\/x.4y +Z§/x.4y.16z
Str dung BDT Co sita co

P< x+%(x+4y)+%(x+4y+162) :g(x+ y+12)=

w|

Ping thuc xay ra khi va chi khi

16

X==—

X=4y 241
X=4y=16z &{y=—
y y 21
X+y+z=1 1
I1=—

21

Vay gid tri I6n nhat caa P bang %

Bai 9. Cho cac s6 khong am a,b, ¢, d chirng minh ring
16(abc +bed +cda +dab) < (a+b+c+d)’

< -

Loi gidi:

Tacd

16(abc +bcd + cda + dab) =16ab(c+d) +16cd (a+b)
<4(a+b)’ (c+d)+4(c+d) (a+b)
=4(a+b)(c+d)(a+b+c+d)

<(a+b+c+d)’.
DA4u bing xay ra khi vachi a=b=c=d.

Bai 10. Cho céc sb thuc khdng &m a,b,c,d,e c6 tong bang 5. Ching minh ring
abc+bcd +cde+ dea+eab <5.

< - -

Loi gidi:
Khong mit tinh tong quét ta gia sir e = min(a,b,c,d,e)
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Taco
abc+bcd +dce+cea+eab=e(a+c)(b+d)+bc(a+d—e)

(a+b+c+dj2 (b+c+a+d—ej3 (S—ejz [5—29}3
<e + =e|—| +
2 3 2 3

Ta chi can chirng minh

e(tejz +(5_326j3 <5 (e—1) (e+8)20.

DA4u bing xay ra khi va chikhi a=b=c=d =e=1.

Bai 11. Cho céc sb thuc khdng &m a, b, ¢ ¢d téng bang 3. Chang minh rang

Ja++b+c>ab+bc+ca

Loi gidi:

Taco a+b+c=3= 2(ab+bc+ca)=(a+b+c)’ —(a® +b” +¢?)
=9-(a*+b”+c?)

Vay ta chi can chitng minh

2(«/§+\/B+\/E)+(az+b2 +c?)29

Str dung BDT Cb si cho mdi bo 3 s duong ta co

a?++Ja++/a>3ab’++vb++b>30:c?+vc++/c>3c
Cong theo vé cac bat dang thirc trén ta dugc

2(\/§+«/5+\/E)+(a2 +b* +¢%)23(a+b+c)=9.
DAu bing xay ra khi va chikhi a=b=c=1.

Bai 12. Cho x, y, z la cac s thuc duong thoa man xyz > xy + yz + zx. Ching minh
Xyz23(X+y+2).

Loi gidi:

Theo gia thiét ta c6

(xyz)2 >(xy+yz+ zx)2 , mat khac ta lai c6

(xy+yz +2x)° >3(xzy? + yxz* + y2x* ) = 3xyz(x+ y+2)

Tu2 bat dang thirc trén ta co dpem.
bang thuc xay ra khi va chikhi x=y=z=3.

Bai 13. Cho x, y, z la cac sb thuc dwong. Chirng minh ring

X y z 2(Xx+y+2)
[1+;](1+;](1+;j2 2+W.

Loi giai:
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BDT dé cho tuong duong vai
(LL&HLLXJZM
y 7 X zZ Yy X 3/xyz

2
Péy =3~

Pz \yz

Str dung BDT Cb si cho mbi bo 3 s duong ta co

5+5+123 'l+l+123i;5+£+123 Z

X
y z 3xyz 2 x Ixyz Xy 3xyz
Cong theo vé 3 bat ding thire trén ta duoc

(§+X+E]+£§+E+1j+323(x+y+z)
y z X Z y X 3xyz

X+Yy+1z

DAu bing xay ra khi va chikhi x=y=z.

Laico

>3, tur do ta c6 dpem.

Bai 14. Cho a,b,c1a d6 dai 3 canh cua tam giac c6 tong bang 3. Chang minh ring

1 1 1 9
+ ¥ >
Ja+b-c +b+c-a +Jc+ra-b ab+bc+ca
Loi gidi:

Pit x=+a+b-c;y=+b+c-a;z=+/c+a-b.
Thitacox’+y*+z°=a+b+c=3.

BDT tuong duong véi

1 1 1 36

—t—t-2 202 | 252, 522
X Yy z 94Xy +yzo+2°x

& (9+ X2y? +y2zt + zzxz)(xy+ yz +2x) > 36Xyz
Str dung BDT Co sita co
Xy + Yz +2X >3} (xyz)2

9+ X°y* + y?z° + 2°X? 212112/(xyz)4

Nhan theo 2 vé cuia 2 bat dang thire trén, ta c6 dpem
bang thuc xay ra khi va chi khi a=b=c=1.

Bai 15. Cho céc sb thuc duong a,b,c. Chirng minh rang

1 1 1 1
3 3 + 3 3 + 3 3 S
a+b°+abc b°+c’+abc c’+a’+abc abc
Loi giai:
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Taco a’+b’>ab(a+b)=a’+b’+abc>ab(a+b+c)=— a?c < ¢
a’+b°+abc a+b+c
Tuong tu ta cling co

abc < a abc < b
b®+c®+abc a+b+c'c®+a’+abc a+b+c
Cong theo vé cac bat dang thuc trén ta c6 dpem.
DAu bang xay ra khi va chi khi a=b=c.

Binh luan: Mot bai twong tw

Cho céc s6 thuc a,b,c thoa man a+b+c=0. Ching minh rang
1 1 1

a b + b c + c a

824+82+1 82+82+1 82+82+1

<1

a b c a+b+c

Bai toan nay dwoc giai quyét bing cach dat x=22,y=22,7=22 = xyz=2 2 =1

Bai 16. Cho ba s6 thuc duong X, y, z théa man E+1+1:1. Chung minh

Xy z
X+ Yz +Jy+2x+ 7+ xy 2 xyz +x + [y +4z.
Lol giai:
Détazi;bzl;c:1:a+b+c=l.

x' oy oz

Bt dang thuc can chimg minh twong dwong voi

Joc+a++/ca+b++ab+c >1++/ab++/bc ++/ca

Taco

Jbe+a=,jbc+a(a+b+c)=,/(a+b)(a+c) 2,/(a+\/R)2 =a+/bc

Mot cach tuong tu ta ¢

Jca+b 2b+«/a
Jab+c 2c+\/£

Cong theo vé 3 bat dang thuc trén, va dé y a+b+c=1. Ta suy ra dpcm
bang thuc xay ra khi va chi khi x=y=2z=3.

Bai 17. Cho céc sb thuc khéng &m a,b,c théa mdn ab+bc+ca=1. Chirng minh
Vi+a2 +41+b? +4/14¢? < 2(a+b+c).

Loi gidi:

Taco

J1+a? =+ab+bc+ca+a? =\/(a+c)(a+b) SLZ{Hb
625

Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




GTLN-GTNN VA CHUNG MINH BAT PANG THUC

Mot cach tuong tu ta ¢

W< 2b+a+c
B 2

\/“7< 2c+a+b
B 2

Cong theo vé cac bit dang thire ta co diéu phai chirng minh.

Ping thuc xay ra khi va chi khi a=b=c _ L

Nk

Bai 18. Cho céc sb thuc dwong a,b,c. Chirng minh rang

a b c 3
+ + >, [=(a+b+c).
Jb+c Jec+a +a+b VZ( )

Loi gidi:
DE thay bat dang thirc diing voi bo 3 s6 (a,b,c) thi ciing dung véi b 3 sb (ka, kb, ke),k > 0.
Vay khdng mét tinh tong quét ta ching minh bat dang thic véi a+b+c=6.
Ta phai chirng minh bat dang thuc
a b c
+ + >3.
J6-a 6-b 6-c
Piat x=+6-a;y=v6-b;z=v6-Cc=>x*+y* +2° =12= X+ y+2<6.
Ta can chirng minh
2 2 52
6-x +6 y +6 - 23@6(1+1+Ej—(x+y+z)23.
X y z X y z
That vay bét ding thirc nay ludn dung.
Do 6(£+l+lj—(x+y+z)2
X y z X+ y+12
Ping thuc xay ra khi va chi khi a=b=c.

—(X+y+2)29-6=3.

Bai 19. Cho céc sb thuc khdng &m a, b, c khong dong thai bang khéng. Tim gié tri nho nhat cua

biéuthfrcP:\/ X +\/ y +\/ z_
y+z Vz+x \x+y

Loi gidi: =~
Str dung bat dang thac C6 sita co

X 2X
>2 2
X+y+z22x(y+2)= /y+z vz

Mot cach tuong tu ta ¢
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y o 2y | z S 21
Vz+X  X+y+z2 \Xx+y X+y+2

Cong theo vé ba bat ding thuc trén tasuy ra P> 2. Nhan thiy x =y =1,z =0 ddu bing xay ra.
Vay gia tri nho nht cua P bang 2 khi 2 s6 bang 1 va mot sé bang khong.

Bai 20. Cho céc s6 thuc duong X, y,zthéa man x(x+y+z)=3yz. Tim gia tri Ion nhat cua bicu
thurc

3 3 2
3( X+ XY+ yzZ+2zX
P:(x+y] +[X+ZJ N ( y+y )

y+2 y+2 (y+z)2
Loi gidi:
2 2
Déta=X+y,b=X+Z:>a2+b2—ab:(x+y] +(X+Zj _XEY Xz g
y+12 y+12 y+2 y+2 y+z y+z

Suyra (a+b)’ =1+3ab sl+%(a+b)2 —a+h<?2

Taco P:a"‘+b3+3ab:a+b+3ab£2+%(a+b)2 -5

DA4u bang xay ra khi va chikhi a=b=1=>x=y=z=1.

Bai 21. Cho x,y,zlacac s6 thuc khong am théa man X+ y+z =2. Tim gia tri lon nhét cta biéu
thirc P =5xy +7yz +8zx.

e

Loi gidi :
Taco P=5xy+7yz+8zx=3x(y+2)+2y(z+Xx)+5z(x+Y)
=3x(2-x)+2y(2-y)+52(2-2) =1=10—(3(1-x)’ ~2(1-y)’ ~5(1-2)")

340 2 300 2 450 2 180
_——(3(1—x) +ﬁ+2(1—y) +ﬁ+5(1_2) - J

31 961

340 (60 60 60 340 60 280
< 2 (1-X)+—(1-y)+—(1-2) |= == (3=x—y-7) ==
31 (31( X)+31( y)+31( Z)j 31 31( x=y-1) 31

Déu bang xdy ra khi va chi khi X:E; y:E;z :ﬁ,
31 31 31
Vay gié tri 16n nhit cua P = 280 .

Binh luin : Dé c6 dugc bién dbi & (*), ta tim cac s thuc a,b, ¢ thoa min
5Xy+7yz+8zx=ax(y+z)+b.y(z+x)+c.z(x+y)

627
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




GTLN-GTNN VA CHUNG MINH BAT PANG THUC

Bai 22. Cho a,b,c¢ 1a cac s thuc duong thoa man abc =1. Ching minh rang
3 6
>

1+ >
a+b+c ab+bc+ca

o1 giai:
Cach 1:

Taco (ab+bc+ca)2 >3abc(a+b+c)=3(a+b+c)=ab+bc+ca>,/3(a+b+c)

Suyra 6 <2 / 3
ab+bc+ca a+b+c

Vay ta chi can chirng minh

2
1+ 3 —2/ 3 >0 S _ >0 luon dung
a+b+c a+b+c a+b+c

Vay ta c6 dpem. Dang thirc xay ra khi va chikhi a=b=c=1.

:

Cach 2:

bat a=£;b =l;c =1 do abc=1= xyz=1
X y z

Bt dang thirc can ching minh tré thanh
3 6

1+ >

XY+ VYZ+IX X+Y+12
Theo bat dang thirc ¢o si ta ¢6
(x+y+z)223(xy+yz+zx)
Suyral+ 3 >1+ J 5

Xy + yzZ+ X (x+y+2)
Vay ta chi can chirng minh
1+ J > 2 6 c{l—
(x+y+z)" X+y+z

Viy ta c6 dpem. Pang thic xdy ra khi va chi khi a=b=c=1.

2
j >0 luon dung
X+Y+12

Bai 23. Cho a,b,c > 0. Chtig minh ring
a b c 1(1 1 1)
+ + <l =4+=+=

3a?+2b*+c® 3b*+2c*+a® 3c’+2a’+b> 6la b c

e

Loi gidi :

Ap dung bét dang thirc ¢o sita co
3a2+2b2 +¢2 = 2(a2 +b2)+(a2 +c2) > 4ab +2ac = 2a(2b +c)
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a 1 1
= <=,
3a°+2b*+c* 2 2b+c
Laico
1 1 1(2 1
2b+c > 33/b%c 33/_: - . <= ( i )
( )(b j 2 2b+c 18\b ¢
Suyra

a 1 (2 1)
— = <2y
3a*+2b°+c* 18\b ¢
Tuong tu ta ching minh dugc :

b <1[2 1)
3b*+2c*+a®* 18\c a

N E 1
3c+2a’+b?> \a b

Cong theo vé cac bat ding thirc trén ta suy ra dpem.
bang thirc xay ra khi va chi khi a=b=c.

Bai 24. Cho X,y,z >0 théa midn x+y+1=z. Tim gi4 tri 1on nhit cta biéu thirc

P_ X3y3
(x+yz)(y+ zx)(z+xy)2
Loi gidi :
Taco

x+zy=zy+z-1-y=(y+1)(z-1)=(y+1)(x+Y)

y+zx=2x+z-1-x=(z-1)(x+1) =(x+1)(x+Y)

Z+Xy =Xy +X+Yy+1=(x+1)(y+1)

Vay P = X3y3 2 2 X3y3 3 3
, (>f+yz)(y+zx)(z+xy) (x+y) (x+1) (y+1)

Theo bat dang thirc c6 sita co

X+Yy 224xy
(x+Y)

2 2
x+1:1+5+12313fx— :>(x+l)3 > 21X
2 2 4

y. Yy ;yz 3 27y2
+1=24+241>332-=(y+1) >

Tu do suyra:
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X’y 4
< .
(x+y) (x+1)’(y+1)° 729

Vay gié tri 16n nhit cua P bang % Ding thirc xay rakhi x=y =2,z =5.

Bai 25. Cho a,b,c > 0. Chiing minh ring
\/(azb +b%c+ cza)(ab2 +bc? + caz) > abc +§/( a’+ abc)(b3 + abc)(c3 + abc)

e

Loi gidi :

Chia hai vé bat dang thirc cho abc bat ding thirc can ching minh twong dwong voi

(E+E+EJ(E+E+EJ21+3(1+b—gj(l+a—gj(l+a—gj
c a aJlc a b a b C

2 2 2
= \/3+b—g+%+a—?+a—+b— +C— 21+§/(1+b—2)(1+a—5j(1+a—?j
b a b C

a c° bc ca ab
Dén day ta dit
bc ca__ ab
:?,y:F,z:?:xyz:l

Vay ta can ching minh

1 1 1
3 —+—+—21+3(1 1 1
\/+X+y+z+x+y+z +\/(+x)(+y)(+z)

S A3 XY+ Z XY +YZ X 2L Y24 X+ Y+ 24+ XY + Y2+ 2X

Dit t=32+X+y+z+xy+yz+2x >38YxX’y’z® =2

Ta can ching minh :

VE+12l+t ot +121+2t+t o ' -t -2t 20 t(t—2)(t+1) 20 ludn ding
Vay ta c6 dpcm.

Bai 26. Cho a,b,c 1a cac sb thuc duong thoa man (1-a)(1-b)(1-c)=8abc
Chirng minh ring a+b+c¢>1

Loi gidi :
- Néu c6 mot s6 16n hon 1, khi d6 do a,b,c>0nén a+b+c >1, ta co ngay diéu phai
chirng minh.

- Vay xét ca 3 s6 nho hon 1

Gia thiét ¢4 :
(1-a)(L-b)(1-c)=8abc =2 1P 1=C_

a b ¢

8
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Ta dat x:l_a;yzl_b;z:l_c:x,y,z>0;xyz:8
a b c

Bt dang thirc can ching minh twong dwong voi

L + L + L >1< X+Yy+226 luén dung
X+1 y+1 z+1

Do x+Yy+2z>33/xyz =6. Ta c6 dpcm.

Ding thirc xay ra khi va chikhi a=b=c =%.

Bai 27. Cho a,b,c >0 théa min a® +2b® +3c? = 3abc . Tim gia tri nho nhat cia biéu thirc
P= 3a+2b+c+§+§+ﬂ
a b c

Lo gidii :
Theo gia thict ta c6
a + 2b? +3c¢® = 3abc < 3abc = a% + ¢? +2(b2 +cz) > 2ac +4bc = 2¢(a+ 2b)

= 3ab>2(a+2b)

P=3a+2b+c+§+§+ﬂ=a+9+2 a+i +E b+ﬂ +c+ﬂ
a b c 2 a) 2 b c

2a+9+2.4+§.4+4:2a+b+18
2 2 2
T1‘J:3ab22(a+2b)<:>§23+22 J <2a+b>6
2 b a 2a+

Tird6 suyra P >21.
Dbang thic xay ra khi va chikhi a=b=c=2.

Bai 28. Cho a,b,c >1 théa mian a+b+c=abc. Tim gia tri nhé nhat cia biéu thirc
a-2 b-2 c-2
+ +

i b? c? a’
Loi gidi :
Tac P:(a—l)t(b—l)_1+(b—1)+2(c—1)_1+(c—1)+2(a—1)_1
b b c c a a
1 1 1 1 1 1 1 11

:(a_l)(?er_szr(b_1)(F+?J+(C_l)(g+?j_[5+5+5]
22(a—1)+2(b—1)+2(c—1)_(£+1+lj= l+£+Ej—2(i+i+ij

ab bc ca a b c a b c ab bc ca
Lai co theo gia thiét
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a+b+c:abc:>i+i+i=1
ab bc ca
2
Vay pxiii los 3(i+i+ij —2=4/3-2
a b c ab bc ca

Déng thirc xay ra khi va chikhi a=b=c=+/3.

Bai 29. Cho x, y la cac sb duong thoa min 2x+3y =5. Tim gia tri nho nhét ciia biéu thirc

\/(l+ xz)(1+ y2) -~ \/(1+ xg)(1+ y3) -

P= + >
2y 3X

Loi gidi :

TacéP>1+Xy 1 1+4x%y® - y\/_
2y a2 3(

Theo bat dang thirc c6 — si ta ¢0

X WY _x {yfyf]
23\/_366\/_\/_
5

LK g X WY WY _
=376 6vx 6Yx 3 2 6(2X+3y)_6

Vaiy gi4 tri nho nhit cua P bing g khi va chikhi x=y=1.

Bai 30. Cho a,b,c 1a cac sb thuc khong am théa mdn a+b+c =+/5. Ching minh

‘(a2 —b?)(b?*—c?)(c? —az)‘ <\5.

rang

Loi gidi :

Gia st a=min(a,b,c)=b+c=5-a<+/5
Va dat P :‘(a2 —b?)(b?*-c?)(c? —az)‘

=P’ =(a’ —bz)z(b2 —02)2(02 —a2)2
<b'c*(b?—c?)’ =b'c* (b—c)’ (b+c)’
<5b*c*(b—c)’

Str dung bét ddng thirc c6 si ta suy ra
5b'c* (b— c)2 =5bc.bebebe(b- 0)2
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5 5

Suyra P<5

Ding thirc xay ra khi va chikhi a=0,b =

hodc cac hoan vi.

1++/5 C_\/5—1
2 2

Bai 31. Cho ba sé duong X, y, zthéamin x>1,y>2,z>3va E+E+§2 2. Tim gia trj 16n nhat
X y z

ca biéu thae P =(x-1)(y-2)(z-3).

Loi gidi:

T gia thiét va st dung bat dang thc ¢ si ta suy ra

—21-—+1-—= + >2

X y z y z y  z
321_1 ]__E:X__]'_,_LZz x-1z-3
y X z X z X  z

3511 2 X2 y=2 5 %2l y=2
z X y X y X y
Nhan theo vé ba bat ddng thirc trén ta suy ra

3

P:(x—l)(y—Z)(z—B)SZ.

BAI TAP PE NGHI

1.1. Cho a,b,c>0. Ching minh réng (a+b)(a+c)22 abc(a+b+c)

1.2.  Chang minh ring véi moi sb thuc a,bta ludn cé i/%+ 2 < §/2(a+b)(£+1)

1.3.  Cho x,y>0. Tim gia tri nho nhat ctia biéu thirc
XX+ Y +Txy( X+
o XY +Txy(x+y)

Xy 2(X* +y?)

1.4.  Chtng minhvéi a>b>0,taco
4

a+t————23.
(a-b)(b+1)

1.5.  Cho céc sb thuc duong a,b,c thoa mén ! + L + ! > 2.

1+a 1+b 1+c
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Chirng minh 8abc <1.

1.6. Cho a,b,c>0 va a2+b2+c2:3.Ch1'rngminhr5ng%+E+£+a+b+cz6.
c a

1.7.  Cho céc s6 thuc duong a,b,cthoa man a? +b? +c? +(a+b+c)2 <4 . Chang minh ring
ab+1 bc+1 ca+l

=+ >+ >2>3
(a+b)" (b+c)” (c+a)

1.8. Cho a,b,c>0 thoa man 1+%+1 =1. Tim gi4 tri nh6 nhit cua biéu thic
a c

b+c c+a a+b
- 2 + b2 + 2
1.9.  Cho a,b,c>0 théa min a+b+c=3. Tim gi4 tri nho nhét cua biéu thic
P=a’+b’+c’+a®+b*+c” +abc. ‘
1.10. Cho céc so6 thuc duong a,b,c. Chirng minh rang

1 1 1 4( 1 1 1 jz
—t—t—2>— + + :

a+b b+c c+a
1.11. Cho x>2,y>3,z>4.Tim gia tri I6n nht cua biéu thirc

3 xy\/z—4+yz\/x—2+zxw/y—3
B Xyz '
1.12. Cho a,b,cla d6 dai ba canh mot tam giac. Chirng minh rang
a b c
- + >
3a-b+c 3b-c+a 3c-a+b ‘
1.13. Cho bon so6 thuc duong a,b,c,d . Chirng minh rang
a-d d-b b-c c-a
- + + .
a+b b+c c+a a+d ‘
1.14. Cho ba s6 thuc duong a,b,ccé tich bang 1. Chirng minh rang
1 1 1 1
2 2 T3 2 T 2 <<
a“+2b°+3 b"+2c"+3 c"+2a°+3 2
1.15. Cho céc so thuc a,b,c cd tong bang khdng. Chirng minh
8" +8" +8 >2"+2°+2°
1.16. Cho céc so thuc duong a,b,c cd tong bang 1. Chirtng minh
a_, b 4 SE.
a+l b+l c+1 4 ‘
1.17. Cho a,b,c 1a d6 dai 3 canh mot tam giac. Chirng minh rang
1 11 1 1 1
—+—+=-Z + + .
a b ¢ a+b-c b+c-a c+a-b ‘
1.18. Cho a,b,c 1a d6 dai 3 canh mot tam giac. Chirng minh rang

P
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1 11 9 ( 1 1 1 J
—+—+—+ >4 + + .

a b c a+b+c a+b b+c c+a
1.19. Cho x,Y,z la c4c sb thuc dwong c6 tich bang 1. Tim gia tri I6n nhat cua biéu thirc

o X+y+1 y+z+1 Z+x+1
X4y +1 Y477+l P+ xi+l

1.20. Cho ba s thyc duong a,b,c¢théa min abc =1. Chirng minh ring

1+ab® 1+bc® 1+ca’ 18

+ + 2

c? a’ b® al+bi+cd , v
1.21. Cho a,b,c >0 thoa man ab-+bc+ca=7abc. Tim gia tri nhé nhat cta biéu thic
8a’+1 108b°+1 16¢°+1
P=—s—+ o’ + e
a

1.22. Cho a,b,c>0 théaman a+b+c =% . Tim gié tri nho nhit cua biéu thuc

P:\/ (a+b)(b+c) +\/ (b+c)(a+c) +\/ (a+c)(a+h)

(a+b)(b+c)+a+c \(b+c)(a+c)+a+b \(a+c)(a+b)+b+c

xyz(x+ y+z+‘/x2+y2+22)<3+\/§

(x2+y2+22)(xy+ yz+zx) 9

1.23. Cho x,Yy,z>0. Chang minh ring

1.24. Cho céc sb thuc duong X, Y,z théa mdn X+ y + z = xyz . Chirng minh rang

(x2 —1)(y2 —1)(22 —1) < \/(xz +1)(y2 +1)(z2 +1)
1.25. Cho céc sb thuc khong 4m X, y, z théa man Xy + yz+ zx = 3. Tim gi4 tri nho nhit cua bicu
thae P = xy® + y?z® + 2°x° +(x—1)2 +(y—1)2 +(z —1)2
1.26. Cho cac s6 thuc duong X, Y, zthoa man 13x+5y+12z2=9. Tim gia tri 16n nhét cta biéu
thie P = Xy + 3y2 + bz
2X+Yy 2yYy+7 27+X
1.27. Cho a,b,c>0. Chimg minh ring

(a+b+c)2+ 83 !

abc Ja?ib?+c? a+b+c

1.28. Cho a,b,c>0 thoa min a+b+c=1. Ching minh ring

ab bc ca 32
+ + <
Ja-c)P(+c) (1-a)(1+a) |(1-b)’(1+b) 8
2 2
1.29. Cho a,b>1. Tim gi4 tri nho nhat ctia biéu thirc P = ba Tt ab .

1.30. Cho X,Y,z>1 thoa man Xy +yz +zx>2xyz . Tim gia tri 16n nhét ciia biéu thirc
P=(x-1)(y-1)(z-1)
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1.31. Cho X,Y,z>0 thoa min X+ Yy+z=1. Chirng minh ring
Oxyz +12> 4( Xy + yz + 2X)

BAT PANG THUC CAUCHY - SCHAWARS

Bat dang thirc nay cd dang
(al2 +a,’ +...+an2)(bl2 +b,’ +...+bn2) >(ab, +ab, +..+ab,)" ,va,b eR.
Pé chirng minh bét ding thirc nay ta xét tam thirc bac 2

f(x)=2(ax-b)’
i=1
=(a12 +a,’ +...+anz)x2 —2(ab +ab, +...+anbn)x+(b12 +b,? +...+bn2) >0, VX

o A'=(ab +a,b, +..+ahb,) —(a12 +a) +...+an2)(bl2 +b)? +...+bn2) <0(dpem). trong d6 c6
it nhat mot s6 khac 0. ,
Mot dang dac biét cia BPT nay rat hay duoc ap dung la

2 2 2 2
i+i+...+i>(q+az+...+an)

b, b, b, b+b,+..+b

, trong d6 cacso b, >0.

BAI TAP MAU

Bai 1. Cho X, Y,z 1a cac s6 thyc dwong thay dbi va thoa man diéu kién xyz =1. Tim gié tri nhd
nhat cua biéu thic:

_ X (y+2) . y*(z+x) .\ 2?(x+Y)

- y y+22\/f 237 + 22X x\/;+2y\/7

P

< - -

Loi gidi:

Str dung BDT Cb si cho 2 sé duong ta c¢6
1

X2 (y+2)>2x2[yz = 2x%.—= = 2xJ/x
(y+2) y T

Mot cach tuong tu ta ¢
y2(z+x)22y\y; 22 (x+y)> 22z

Pit a=xvXx,b=y\/y,c=2Jz,tacé abc=1.
Khi d6 ta can tim gié tri nho nhat cua
2a 2b 2C

= + +
b+2c c+2a c+2b
Taco

a2 b2 c? (a+b+c)2
P=2 + + >2
a(b+2c) b(c+2a) c(c+2b) a(b+2c)+b(c+2a)+c(c+2b)
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Vay gia tri nho nhét cua P bang 2 xay ra khi x=y=z=1.

Bai 2. Ching minh riang véi moi sb thuc x, y,z >1 thoa mén diéu kién 1.1 Chuang
X y z

minh rang

JX+y+z2Ux=1+y-1+z-1.

Loi gidi:
Theo gia thiét ta c6
x-1 y-1 z-1
+ + =
X y z
Str dung BPT Cauchy — Schawars ta ¢

2
1 vt o1 (VWx=1+y-14+z-1
_X 1+y 1+z 12( \/ )
Xy oz X+ Y +2
S Vx=1+y-1++z-1</x+y+z.Taco dpem.

1

1

Ping thuc xay ra khi va chikhi x=y=z= g

Bai 3. Cho céac sb thuc duong a,b,c 6 tong bing 1. Chirng minh rang

a b c>g

+ + >,
l1+bc 1+ca 1+ab 10

Loi giai:
Taco
2 2 2 a+b+c)’
o & b | . 1 .9
a+abc b+abc c+abc a+b+c+3abc 1 (a+b+c)” 10
_{_7
9
Ping thuc xay ra khi va chi khi a=b=c 1
- T ro s 1 1 1 .
Bai 4. Cho x,y,zla cac so thuc duwong théa man ————+————+————=1.Tim
X+y +1 y +z2°41 z2°+x"+1
gié tri lon nhét cua biéu thuc P=Xy+yz+2x

Loi gidi: =~
Str dung bat dang thic Cauchy shart ta cé

1 2+ 2°
2+ v +1)(141+2%) > (1x+1y+z2) = <
( Y )( ) ( y+2) x> +y?+1 (x+y+z)2

Mot cach tuong tu ta ¢
1 . 2+x> 1 - 2+y?
Y+l (x+y+2) XL (x+y+2)
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Cong theo Vé cac bat dang thirc trén ta dugc
1 1 1 6+ X2 +y*+12°

1= 2 7 AT 7 o Atz w2 S J 2
X“+y +1 y +z2°41 z2°+x°+1 (x+y+z)

Suyra
(x+ y+z)2 <6+X*+y +2° =6+(x+ y+z)2—2(xy+ yZ+2X) = P=Xy+Yyz+2x<3

Bai 5. Cho a,b,c>0 thoa min a+b+c=3. Chirng minh ring
a b C

> +— +— > abc
2a°+bc 2b“+ca 2c“+ab

Loi gidi:
Chia c4 hai vé bat dang thuc cho abc, bdt twong duong voi
1
+ + >1
2a’bc + bzrc2 7 2b*ca+a’c® 2c’ab+a’h®
Str dung bat dang thirc Cauchy- shacwar cho vé trai ta dugc
1 1 1
2 2.2 + 2 2.2 + 2 212
2a‘bc+b°c® 2b°ca+a‘c® 2c“ab+a‘b
9
a’b? +b%c? +c?a’ + 2a’bc + 2b%ca + 2c%ab
_ 9 s 9 4

(ab+bc+ca)’ (1

3(a+b+c)2j2

Tir d6 ta c6 dpem. Pang thirc xay ra khi va chikhi a=b=c=1.

>

Bai 6. Cho a,b 1a cac sb thuc thoa man a® +b* <a+b. Tim gi4 trj 16n nhit cia biéu thic
P=a+2b.

Loi giai:
Taco
2 2
a’ +b? £a+b<:>(a—lj +(b—1j sl
2 2 2

Vay P=a+2b= (a—%) + Z(b —%j +g , theo bét déng thirc Cauchy-shawar

((a-2)2{o-2)) star+2)(a-3] (o-2] <3
3+4/10

2

Tirdo suyra P <
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Ding thirc xay ra khi va chi khi (a;b) = [ 0 1

5+\/E_5+2JEJ

Bai 7. Cho a,b,ckhong am théa mdn a+2b+3c =4 va khdng c6 hai sé nao ddng thoi bing 0.
Tim gia tri nho nhét cua biéu thirc
1
Jab+bc+ca  /ab+bc+c?

Loi gidi:
2 2 22

> > =
(Xz+y2) \/x2+y2
1 1 2J2

xy\/
>

= + >
Jab+bc+ca Jab+bc+c®  +ab+bc+ca+ab+be+c?
~ 242 _ 2J/2
Je? +ca+2bc+2ab  f(a+c)(c+2b)
> 2\/5 > 4\/5 =
“a+c+c+2b T at+2b+3c
2
D4u béng xay ra khi va chi khi a=2;b=1c=0. Suy ra gi tri nhé nhat cia P =+/2 .

Vi hai sb duong X,y ; sir dung bdt c6 sita co =+

< | =
< |~
N |-

Str dung bat déng thirc nay ta c6

Bai 8. Cho a,b,c théamin a+b+c=1ab+bc+ca>0. Tim gia tri nho nhit cua biéu thic
2 2 2 5

P= + + + -
la=b| |b—c| |c-a +ab+bc+ca
Loi giai:
Giastr a>b>c khidd
P= 2 + 2 + 2 + >
a-b b-c a-c +ab+bc+ca
Taco
2 N 2 22( 1 N 1 jz 8 _ 8
a-b b-c a-b b-c/ a-b+b-c a-c
Vay P>10 ! + ! > 20
a-c J4(ac+ab-+be) \/(a—c)\/4(ac+ab+bc)
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20 2072

\/;((a—c)z +4(ac+ab+bc)) \/(a+c)(a+c+4b)

o2 2096 . 206 o
J@-b)(1+30) f3(1=b)(1+3b) 3(L-b)+(1+30)
2
Déu bing xay ra khi va chi khi b=—,a = 2+\/E,c= 2-6
3 6 6
BAI TAP DE NGHI
1.1. Cho a,b,c >0 thoa man §+§+E =1. Tim gia tri nho nhat cta biéu thic P =a+b+c
a c
1.2.  Cho X,y,z>0 thoa min X+ y+z=1. Tim gia tri nho nhit cua biéu thirc
2 2 2
po1sX DY 247
z 36 x 25y
1.3.  Cho a,b,c>0 théa min a+b+c=3. Tim gi4 tri nho nhét cua biéu thic
1 1 1
P= >+ >+ >
(1+\/£) (1+\/E) (1%/5)
1.4.  Cho a,b,c>0. Chimg minh ring
2 2 2 2
9(a+b+c
(1+2—aj +(1+2—bj +[1+£J 2u
b C a ab+bc+ca
1.5.  Cho a,b,c>0théa min a+b?+c’ =3. Ching minh ring
a’b*+7 b’c’+7 cfat+7
~+ =+ =2
(a+b)” (b+c)” (c+a)
1.6. Cho a,b,c>0 théaman a+b+c Sg. Tim gia tri nho nhat cta biéu thic
1 1
P :(a+b)\/l+ 7 +\/c2 t2
1.7.  Cho X,y >0 thoaman x*+ y? =1. Tim gia tri nh6 nhét ciia biéu thirc
1Y 1Y
P=(1+ xz)(1+—] +(1+ yz)(1+—]
y X
1.8.  Cho céc sb thuc duong a,b,c thoa min a +b? +c? = 3. Tim gi tri nho nhat cta biéu

2 2 2
thirc P:(3a+ij +(3b+ij +(30+ij
b+c c+a a+b
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1.9.  Cho x,Y,z la cic sd thyc duong thoa min X+ Yy +2 =3xyz. Tim gia tri nho nhét cia biéu

thirc P = l+1+1 2 X + Y’ + A
Ax oy z (xy+1)(xz+1) (yz+1)(xy+1) (zy+1)(2x+1)

BAT PANG THUC HOLDER

Ta chi xét mot dang ciia bt dang thirc nay,dé hiéu cach van dung bét dang thic nay,n6 thuc sy 1a
mot cdng cu hitu hiéu khi giai toan bat dang thirc.

Cho a,b,c, X, Y,z,u,v,tla cac sé thue dirong. Chiing minh rang
(a®+0°+¢%)(X*+y° + 2°)(u° +v° + %) 2 (axu +byv +czt)’

Chitng minh: ’
Str dung bat dang thac CO si cho 3 s6 duong ta co
a® X3 u® 3axu

a3+b3+c3’+x3+y3+z3+u3+v3+t3 2i/(a3+b3+cs)(x3+y3+z3)(u3+v3+t3)

Mot cach tuong tu xay dung tiép 2 bat dang thic

b’ y® v? S 3byv
X +C KAV AL VAL A il e s v 2 2 0 v ot
y g/(a +b°+%) (X + Y+ 2°)(uP + V0 +t°)

c? z° t? 3czt

3 b3 3+ 3 3 3+ 3 3 tSZ 3 3 3 3 3 3 3 3 3
a’+b’+c” Xy +z7 UV + g/(a +b°+%) (X + Y+ 2°)(uP+ V0 + )
Cong theo vé 3 bat dang thtc trén ta ¢ dpem.

Do véy khi lam toan dé van dung bét ding thirc nay, ta c6 thé sir dung ludén BPT C6 si theo nhu
cach chirng minh trén.

BAI TAP MAU

Bai 1. Cho céac sb thuc duong a,b,c. Chirng minh rang

(L+a)(1+b)(L+c)= (1+¥abc) .

Loi gidi:
Str sung BDT C6 si cho bo 3 s duong ta co
1 1 1 3
+ + >
1+a 1+b 1+c g(1+a)(1+b)(1+c)
3
a_ . b L C 3/abc

l+a 1+b 1+c  g(1+a)(1+b)(1+c)
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Cong theo vé 2 bat dang thirc trén. Ta c6 dpem.
bang thic xay ra khi va chi khi a=b=c.

Bai 2. Cho a,bla hai s6 thyc duong. Chirng minh rang
(1+a’b)(1+b?)
<2
(a2 —a+1)(l+ b3)

Loi gidi:

Str dung bét déng thirc & bai toan 1
Ta co:

(1+2°)(1+a°)(1+b%) 2 (1+a b)

(1+1)(1+1)(1+a%) = (1+a)’
(1+1)(1+b%)(1+b%) 2 (L+b%)
Nhan theo vé ba bat dang thuc trén ta suy ra
8(1+ a‘°’)3 (1+ b"’)3 2(1+ azb)3 (1+ a)3 (1+ bz)3
Suy ra:

(1+a’b)(1+b?) 3
(a2 —a+1)(l+b3) -

KY THUAT CO SINGUQC DAU

K§ thuat duoc khai thac dé sir dung BPT C6 si cho mau s cua cac phan s, do vay can ¢ budc
chuyén phan so6 vé tong cia mot so duong va mdt so am.

BAI TAP MAU

Bai 1. Cho cac sb thuce duong a,b, ¢ cd tong bang 3. Ching minh rang

a b c 3
2T 7 T 725
1+b® 1+4c¢° 1+a° 2
Loi giai:
Taco
2 2
aZ:a— abZZa—ab =a—£ab
1+b 1+b 2b 2

Mot cach tuong tu ta ¢
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b =D —Ebc; >
1+c 2 l+a
Cong theo ve 3 bat dang thic trén ta duoc

a2+ b2+ 022a+b+c—l(ab+bc+ca)z
1+b° 1+c° 1+a 2

Do a+b+c=3va 3(ab+bc+ca)<(a+b+c) =9.
Ding thuc xay ra khi va chikhi a=b=c=1.

1
2Cc——cCa
2

N | w

Bai 2. Cho cac sb thue duong a,b, ¢ cd tong bang 3. Chang minh rang
a’ b? c?

>+ >+ > >1.
a+2b- b+2cc c+2a
Loi giai:
Taco
2 2 2
a ~=a- 2ab ~>a-— 2ab =a—33a2b2
a+2b a+2b 3¥ab* 3

Mot cach tuong tu ta ¢

b? 2 2
>h— \S/b2 2 >c—=3/c%a’
b+ 2¢? 2a2 3
Cong theo vé 3 bt dang thirc trén ta dugc
a’ b? c?

2
o i T orod 2a+b+c—§(§/a2b2 +3b%c? +\3/c2a2)21
That vay vi
3(ab+bc+ca)<(a+b+c) =3(a+b+c)=ab+bc+ca<a+b+c
:>3(§/a2b2 +3b%c? +i‘/cza2)32(ab+a+b) <3(a+b+c).
Ding thuc xay ra khi va chi khi a=b=c=1.

Bai 3. Cho a,b,cla céc sb thuc khéng &m théa man a? +b? +¢? =3. Chang minh
1 N 1 N 1
a*+2 b*+2 c*+2

Loi giai:

Taco
1 11 & >1 1a° 1 a°

a®+2 2 2a%+2 2 23a 2 6
Mot cach tuong tu ta ¢

11b211C

bBP+2°2 6'c*+2 2 6
Cong theo vé céc bét ddng thirc trén ta c6 dpem.
bang thuc xay ra khi va chikhi a=b=c=1.
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BAI TAP AP DUNG

1.1. Cho a,b,cla céc sb thuc khdng &m cé tdng bang 3. Chang minh
a b c 3
—+ —+ —>—.
1+b°c 1l+c’a 1l+a’b 2
1.2.  Cho céc so thuc duong a,b,c. Chirng minh
a b* c?
+ +
a®+b* b’+c® c*+a’ o
1.3. Cho a,b,cla céc so thuc khéng am c6 tong bang 3. Chirng minh
a’ b? c?
+ + >1.
a+2b® b+2¢® c+2a’
1.4, Cho céc so thuc duong a,b,c,d cé tong bang 4. Chirng minh
a+l b+1 c+1 d+1
=+ =+ =+ =>4,
1+b° 1+c¢° 1+d° 1+a

1
>— b )
2(a+ +c)

PHUONG PHAP LUQNG GIAC HOA

Mot sb bai toan BPT c6 diéu kién rang budc ta c6 thé quy vé dang luong giac, khi d6 BT dé
chimg minh hon.
Mot s6 dau hiéu nhan biét dua bai toan BPT vé dang lugng giac
+ Neéu céac so thuc duong a,b,cthoa mdn ab+bc +ca =1thi ludn ton tai 3 goc cua tam giac ABC
A B C

sao cho a=tan—,b=tan—,c=tan—.

2 2 2
+ Neéu céc so thuc duong a,b,cthoa mén ab +bc +ca = abc thi luén ton tai 3 goc cua tam giac
ABC sao cho a=tan A,b=tan B,c =tanC.
+ Néu céc sb thuc duong a,b,cthéa man a? =b? +c? —abc(a € (0;2))(*) thi tdn tai 3 goc cua
tam giac ABC thoa man diéu kién (*).
+ Néu a’ +b*+c? +2abc =1,a,b,c e [-L1] thi ludn ton tai
a=cosAb=cosB,c=cosC;A+B+C =x.

BAI TAP MAU

Bai 1. Cho X, Y, zla céc s6 duong théa man x(x+ y+z)=3yz. Ching minh rang

(x+ y)3+(x+ z)3+3(x+ y)(y+2z)(z+x) 35(y+z)3.

< - -

Loi gidi:

Pit a=x+y,b=y+2z,c=2z+xthi a,b,clacac sé duong va

644
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam




GTLN-GTNN VA CHUNG MINH BAT PANG THUC

‘o c+a-b _ a+b-c - b+c—a
o2 2 2
Dbiéu kién bai toan tro thanh
(c+a—b)(a+b+c) :3(b+c—aj(a+b—cj©(a+c)z b2 =30” ~3(ac)’
2 2 2 2
< b? =a? +c? —ac(*). Tuday coi a,b,cnhu 1a 3 canh cia mat tam giac thi c6 géc B = 60°.
Ta can chirng minh bt dang thirc
a’+c® +3abc <5b°
BDT nay duong duong voi
(a+c)(a” —ac+c?)+5abc =h’(a+c)+3abc <5b° < a+c+3ac <5b’
Sir dung B =60°;a=2Rsin A,b=2RsinB,c=2RsinC
Ta can chirng minh bt dang thirc
24/3(sin A+sinC)+12sin AsinC <15
Mait khac ta co

sin A+sinC = 2sin AJZFC oS A-C < 2sin A;C =3

2
. . 2
sin AsinC S(—sm A+S|an s%

Ta c6 dpem.
bang thuc xay ra khi va chi khi x=y =z.

Bai 2. Cho céc sb thuc khdng &m a,b, ¢ va théa man diéu kién a? +b?+c? +2abc =4 . Chang
minh ring a+b+c > abc+2.

< -

Loi gidi:
Theo gia thiét suy ra a,b,c €[0;2], nén tén tai 3 goc A B,C e [O;%} sao cho
a=2cosAb=2cosB,c=2cosC. Theo gia thiét suy ra

cos® A+cos’B +cos’C +2cos AcosBcosC =1, suy ra A, B,C la cac dinh caa tam giac nhon

ABC. ‘
Vay ta can chitng minh
cosA+cosB+cosC >4cos AcosBcosC +1

& sin?singsin% >cos AcosBosC .

Mat khéc ta lai co

cosB+cosC) . — }
cosBcosCé( 2 ) =Sln2§COSZ(BZCj£SIn2§

Mot cach tuong tu ta ¢

cosAcosC < sinzg;cos AcosB < sinzg
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Nhan theo vé céc bat ding thirc trén, ta co dpem.
bang thic xay ra khi va chi khi a=b=c=1.

BAI TAP PE NGHI
1.1.  Cho ab#0 théa min %+9 = %—3 . Tim gi4 tri nho nhét, gia tri 1on nhit cua biéu thic
a a
P=a’+b*-a+3b
1.2. Cho x,y lacac ) thuc théa man x°y® +2yx*+1=0. Tim gia tri lon nhét, gia tri nho
nhét cta biéu thirc

P :%+1+ y(y+£+2)
X X X

1.3.  Cho a,b,cla cac sé thyc dwong thoa mén diéu kién a® +b* +¢®+abc=4. Chang minh
ring a+b+c<3. ‘
1.4.  Cho céc so thuc khdng am théa man diéu kién ab +bc +ca =1. Ching minh rang
1 1 1 5
+ >—
a+b b+c c+a 2

1-16xyz

1.5.  Cho céc sb thuc duong X, Y, zthéa mdn x* +y* +2° = . Chtrtng minh rang

X+Y+Z+4xyz >E
1+4(xy+yz+2x) 28
1.6.  Cho céc sb thuc khong &m x,y. Tim gié tri I6n nhat, gia tri nho nhét caa biéu thirc
o (X=y)(A-xy)
(1+ x)2 (1+ y)2
1.7.  Chocac sé thyc a,,a,,...,a thoa man —2<a, <2,Vi=1,n va cac sé thyc nay c6 tong
biang khong. Chirng minh ring
‘af’ +a’ +..+a°[<2n.

1.8.  Cho xy>0 va x*+2y?=1. Chimg minh ring

V1+2x +41+2y 21+m
1.9. Cho a,b 1a céc s6 thuc thoa man a?+b*<a+b. Tim gia tri 16n nhét cta biéu thuc
P=a+2b.
1.10. Cho a,b,c>0 thoa man abc+a+c=b. Tim gia tri I6n nhat ctia bi€u thirc
2 2 3

= - +
a’+1 b*+1 c*+1

1.11. Cho ae [—1;%} . Tim gi4 trj 16n nht, gia trj nho nhat cua biéu thic

p_ v5-4a-+l+a

- J5—4a+21+a+6

646
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



GTLN-GTNN VA CHUNG MINH BAT PANG THUC

647
Dang Thanh Nam
Auditing 51a, National economics University, Ha Noi, Viet Nam



