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CHUYEN DE

&% 50 CAU PHAT TRIEN DE MH 2023

Danc 1. DIEM BIFU DIEN SO PHUC

KIEN THI'C CAN NHG

1. Biéu dién hinh hoc ctia sb phirc

Biéu dién hinh hoc ctia s6 phtic z = a + bi (a,b € R). y

a) M(a;b) la diém biéu dién ciia z.

b) OM =r = +v/a?+ b? la mé-dun cua z.

BAI TAP MAU

CAU 1. Trén mit phing toa do, diém biéu dién s6 phiic z = 7 — 6i ¢6 toa do 1a

A) (~6;7). (6;7). (© (7;6). (D) (7; -6).

& Loi gidi.

Dié¢m biéu dién s6 phiic z = 7 — 6i c6 toa do 1a (7; —6).
Chon dép &n (D) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 1.1.
Sé phitc nao dudi day c6 diém bidu dién trén mit phing toa do 1a diém M Yy

nhu hinh vé bén? 1
‘

(A)1-2i. B)i+2. ©i-2 D)1+ 2i. O

& Loi gidi.
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© Trang 2/472

Vi M(1;—-2) = M la diém bicu dién ciia s6 phitc z = 1 — 2i.

Chon dép an (A) O
Cau 1.2
Diém M trong hinh bén 1a diém biéu dién ctia s6 phttc z. Ménh dé nao sau y
day dtng? - 3 3
@ S6 phitc z c6 phan thuc 1a 3 va phan ao la —4. i
S6 phitc z ¢6 phan thuc 13 3 vA phin &o 13 —44. i
(C)Sé phitc z c6 phan thyc 1a —4 vi phan &o 13 3. »
(D)S6 phitc = c6 phan thie 1a —4 va phan o L 3i. M
& Loi gidi.
S6 phitc z ¢6 phan thuc 1a 3 va phan 4o 14 —4.
Chon dap 4n (A) O
Cau 1.3.
Diém nao trong hinh vé bén 14 diém biéu dién sé phtc o y
z=—1+27 Tiﬂf N
@A) N. B) P. ©) M. D)Q. P ”””” 2
—2 —10 i
e
& Loi gidi.
Diém bicu dién s6 phitc z = —1 + 23 1a Q(—1;2).
Chon déap an @ O
Cau 1.4.
S6 phitc nao dudi ddy cé diém biéu dién trén mit phang toa do 1a diém M y
nht hinh v& bén? Mo 1
Azm=2+i. Bn=1-2 ©zn=-2+i Dzn=1-2. |
9 @
& Loi gidi.
Diém M(—2;1) biéu dién s6 phiic z3 = —2 + .
Chon déap an @ O
Cau 1.5.
Cho sb phitc z = (1 +4)(2 — 7). Diém nao trong hinh vé dudi day la N Yy3 M
diém biéu dién ctia 2? ir i
(A M. ®) P. (©N. D Q. } 1 ,,,,, ¢
e
1‘; 77777777 -1

& Loi gidi.
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Tacoz=(1+1i)(2—1i)=3+1.
Vay diém biéu dién cho sb phitc z 1a Q(3;1).
Chon dép an (D)

Cau 1.6. Trén mit phing toa do, diém biéu dién sb phiic z = (142i)? 1a diém nao duéi day?

(A) P(—3;4).
& Loi gidi.
Ta c6 2z = (1 + 2i)? = —3 + 4i c6 diem biéu dién 1a P(—3;4).
Chon dap 4n (A)

Q(5:4). (©) N(4;-3).

Cau 1.7. Biét M(1;—2) la diém bicu dién sé phiic Z, sb phiic z bang

(A)2+i. B) 1+ 2i. ©2—i.

& Loi gidi.

(D) M (4;5).

D)1 - 2i.

Vi M(1;—2) 1a diém biéu dién ctia s6 phttc Z nén z = 1 — 2. Tit d6 suy ra z = 1 + 2i.

Chon ddp 4n

O

Cau 1.8. Goi M va M’ 1an luct 1 céc diém biéu dién cho céc sb phitc z va Z. Xdc dinh ménh dé

dung.
@ M va M’ d6i xtng v6i nhau qua truc hoanh.
M va M’ d6i xtng v6i nhau qua truc tung.
@ M va M’ d6i xtng v6i nhau qua gbc toa do.
@Ba diém O, M, M’ thing hang.

& Loi gidi.

Viét z =a+bi = Z = a — bi, v6i a,b € R.

Suy ra céc diém biéu dién cho cic s6 phtic z va z lan lugt 1a M(a;b) va

M'(a; —b).

Vay M va M’ d6i xting v6i nhau qua truc hoanh.

Chon dap an @

Cau 1.9.

Trong hinh vé bén, diém P bién dién sb phtic 21, diém @ biéu dién sb phiic

zy. Tim s6 phitc z = 21 + 257
(A)1+ 3. B) -3 +i. (©) —1+2i. D)2 +i.

& Loi gidi.

Nhin vao hinh vé trén ta thdy 2z, = —1 4 2i, 2o = 2 + 1.

Khi dé z; + 29 = 1 + 3i.

Chon dap 4n (A)

Cau 1.10. Cho s6 phtic z = 1 + v/3i. Nghich ddo ctia z ¢6 diém biéu dién 1a

,,,,,, ‘M/
U
Y
P 9
Q
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DD ov(L) er() el

& Loi gidi.
Ta o 1 1 1—V3i 1 /3.
a Co — = = = — — —7.

z  14++/3i 4 4 4

e e ) 1 . 1 3
Vay diém biéu dién cho sb phic = 13 diém Q <4; —‘4[)

z

Chon dap an @ O
Cau 1.11. Cho sb6 phiic z; = 1 — 24, 2o = —3 + i. Diém nao duéi day la diém biéu dién cta sb

phitc w = 21 + 2 trén mit phang toa do?
(A) N (4; -3). M(2; =5). (©) P(-2;-1). D) Q(-1;7).
B Loi gidi.
Tacow=2z +20=(1—-2i)+ (-3+1i)=—-2—1.
Vay diém biéu dién cho s6 phitc w 1a P(—2; —1).
Chon déap an @ O

Cau 1.12. Cho s6 phiic z = 1 — 2i. Diém nao dudi day la diém biéu dién clia sd phitc w = iz trén
mit phing toa do?
(A)Q(1;2). (B) N(2;1). (© M(1;-2). (D) P(—2;1).
& Loi gidi.
Ta co w=1iz=1(1—2i) =2+1.
Vay diém biéu dién cho s phitc w 1a N(2;1).
Chon d4p 4n O

Céu 1.13. Cho sb phitc z = 3 — 2i. Khi d6 s6 phiic w = z 4 iz ¢6 diém biéu dién trén mit phang
foa d6 1a didm nao duéi day?
(A) H(1;-5). G(5;—5). (©) E(1;1). (D) F(5;1).
& Loi gidi.
Tacow=z+iz=(3—2)+i(3+2)=3—2i+3i—2=1+i.
Vay diém biéu dién cho s6 phitc w 1a E(1;1).
Chon dép én (C) O

Cdau 1.14. Cho s6 phiic z théa man iz + 2 — i = 0. Khoang cach tit diém biéu dién ctia z trén
mit phang toa do Ozy dén diém M (3; —4) bang
(A)2V/5. V13. (©) 2v/10. (D)2v2.
& Loi gidi.
2 g
Khi d6 didm biéu dién cho = 1aZA<1; 2) = MA = (—2:6).
Vay khodng cach tit A dén M 1a [MA| = /(—2)2 + 62 = 2V/10.

Tacoiz+2—i=0& 2=
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Chon dép 4n (C) O

Céu 1.15. Trén mit phang phiic, cho diém A biéu dién sb phitc 3 — 24, diém B biéu dién sb phitc
—1 4 6i. Goi M la trung diém ctia AB. Khi d6 diém M biéu dién sb phitc nao trong cic sb phiic
sau?
(A)1—2i. B)2 — 4i. (©)2+ 4i. D)1+ 2i.
& Loi gidi.
Ta c6 A(3;—2) va B(—1;6).
LY

Vi M 1a trung diém AB nén L i 6 = M(1;2).
=2

2
Vay diém M biéu dién cho s phtic 1 + 2i.

Chon dap 4n (D) O

Ym =

Cdu 1.16. Trén mit phing phic, cdc didm A, B, C lan ludt 1a cdc didm bidu dién clia cdc sb
phitc 21 = —3i v& 2, = 2 — 20, 23 = —i — 5. S phiic z biéu dién trong tdim G cta tam gidc ABC
la

(A)z=—1-2i. B)z=—-2+i. ©z=-1-i. D)z=—1+i.
& Loi gidi.
Ta c6 A(0; —3), B(2; —2), C(—5;—1).

0+2+(-5H)
rg=——"“""°-"=-—1
Vi G 1a trong tam AABC nén a4 ?_2) 1) = G(—1;-2).
Ya = 3 = -2
Vay diém G biéu dién cho s phiic z = —1 — 2.
Chon déap an @ O

Cdau 1.17. Néu diém M (z;y) la diém biéu dién hinh hoc ctia s6 phiic z trong mit phiang toa do
Ozy thoa man OM = 4 thi

(A) || :i B) |2] = 4. (©) 2] = 16. D) 2| = 2.

B Loi gidi.
Theo bai ra OM =4 = /22 +y? =4 = |z| = 4.
Chon ddp 4n O

Cdau 1.18. Cho cac sb phiic z, 2/ ¢6 biéu dién hinh hoc lan lugt 1a cdc diém M, M’ trong mit
phing toa d6 Ozy. Néu OM = 20M’ thi
@]z|:2\z’]. B) 2 = 2. @zzZz’. @|z’]:2]z\.
& Loi gidi.
Ta ¢6 |z| = OM, |2'| = OM'. Do d6, néu OM = 20M’ thi |z| = 2|2|.
Chon dap an @ O
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Cau 1.19. Goi M, N, P lan lucgt 1a cac diém biéu dién cta cdc sb phitc 21 = 1 + 14, 20 = 8 + 4,

23 = 1 — 3i trong mit phang phic Ozy. Khing dinh nao sau day 1a khing dinh ding?

(A) AMNP vudng, AMNP déu.
(C) AMNP can. (D) AMNP vuéng can.
&S Loi gidi.

Ta c6 M(1;1),N(8;1), P(1;-3).

Dé dang tinh dugc MN =7, NP = /65, MP =4 = MN? + MP? = NP2,

Vay tam giac M NP vudng tai M.

Chon dap én@ O
Cadu 1.20.

Cho tam gidc ABC nhu hinh vé&. Biét trong tAm G ctia tam gidc ABC y

14 diém bieéu dién ctia s6 phtic z. Tim phan 4o clia so6 phiic Z. 3]A

(A)1. B) 1. (©) —i. D).

& Loi gidi.

Theo gid thiét, ta c6 A(0;3), B(—2;0), C(2;0).

Toa do trong tdm G cia tam gidc ABC 1a G (0;1) nén z =i =z = —i.

Chon déap an O

BANG DAP AN

[1.1. A |[1.2. A|[1.3. D |[14. C|[1.5. D |[1.6. A ||1.7. B |[1.8. A ||1.9. A |[1.10.D |
[1.11.C |[1.12.B |[1.13.C |[1.14.C |[1.15.D |[1.16.A ||1.17.B |[1.18.A ||1.19.A |[1.20.B |
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© Trang 7/472

Danc 2. HAM SO LOGARIT

KIEN THO'C CAN NHO

1. Ham sb logarit

Véi a 1a s6 thuc duong khéc 1.

« Ham s6 logarit cho béi cong thitc: y = log, =.

« Tap xdc dinh: 7 = (0; +00).

2. Dao ham ctia ham s6 logarit

1
e Viy=Inzthiy =—.
75

e V6iy=log,z thiy =

rlna
/
e V6iy=Inu(x) thiy = Z((xx))
« Ham s6 hop y = log, [u(z)] thi 3 = )
' ¢ u(z)Ina
: v (z)
. Véiy=1 hiy = )
Véi y = log, |u(z)| thiy @) Ina

3. Su bién thién ctia ham sé logarit

4. D6 thi ciia ham sb logarit

a>1
Yy
| /
O 1 2 37
-1+
—92 4

o V6i ham s6 y = log, u(z) thi diéu kién xdc dinh 1a u(x) > 0.

e V6i a > 1 thi ham s6 y = log, # dong bién trén (0; +00).

e V6i 0 < a < 1 thi hAm s6 y = log, z nghich bién trén (0; +00).

O<axl1
Yy

2 -+

O wx
-1 +
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BAI TAP MAU

CAU 2 (Pé minh hoa BGD 2022-2023).
Trén khoang (0; +00), dao ham ctia ham s6 y = logs x 1

1 1 In2 1
@y/:; y/:xln?)' @y'=7. @y/:_xlni%'

& Loi gidi.
. 1
DPao ham ctia ham so y = log;z la ¢y = .
rn3
Chon dap an O

@© BAITAP TUONG TY VA PHAT TRIEN

Cau 2.1. Tinh dao ham ctia ham s6 y = logy(3z + 1).

3 1 3 1

I _ r_ ) I ) I )
@y(3x+1)1n3‘ By 32+ 1)In3 ©y 31 + 1 Dy 37 + 1
& Loi gidi.

3

T . :1 3 1 ,:—.
acoy=1log;(3x+1) =y Gt I3
Chon dép an (A) O

Cdu 2.2. Dao ham clia ham s6 y = log, (1 — 27) 1a

1 2 —2In3
@‘7/: 2)In3’ .y_ —27)In3 ©y/:(1—2x)1n3' Oy =17

& Loi gial.
, | (1 - 2z) 2
5 o002 ), tachy = - .
lee( °°’2>’ YOV T A T o)m3  (1-20)l3
Chon dép 4n (C) O
Cau 2.3. Dao ham clia ham s6 y = logs(2 — z) 1a
1 In 3 1 In3
r_ r_ r_ _ r_ _
@y_(ac—2)ln3' By 2 —x ©y (2—2)In3 ®y r—2
& Loi gidi.
) (2—ux) 1
T: I = = :
Gy (2—2)In3  (z—2)In3
Chon dap én@ O
Cau 2.4. Tinh dao ham ctia ham s6 y = logy(2z + 1).
@y = ®v= 513
20+ 1 2x+1)1n3'
"= (2 1) -In3. —-
@y (2z+1)-In3 @y 2x+1)1n3
& Loi gidi.
2 2
DE_LO hf\im Cﬁa hém SO Yy = 10g3(2l’ —+ ].) lgi y/ = m
Chon dap 4an (B) O
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@ Trang 9/472

Cdu 2.5. Tmh dao ham ctia ham s6 y = log;(3z + 2).

3
@y = 3x+2) By = (Br+2) ©y_3x—|—2)ln3 Dy =

& Loi gidi.

3
(3z+2)In3
Chon dap an @

Ta c6 9y =

Cau 2.6. Dao ham ctia ham s6 y = In (2% + 2 + 1) 1a ham s6 nao sau day?

N R R G IR S N W

24+x+1 24+ x+1 22+x+1
& Loi gidi.
2 1) 21 + 1
Tacéy’:@ +x+ ): z+1
2+r+1 2+z+1
Chon dép én (C)

Cau 2.7. Pao ham ciia ham s6 y = 2 + In”z 13 ham s6 nao dudi day?

@ylzl—i—Qxlna: y/:1+2111$ ©y/:1+

& Loi gidi.

21
Tacoy =1+2Inz-(Inx) =1+ nT

Chon dap an @

T

Cau 2.8. Tinh dao ham ctia ham s6 y = log .

In10 1
@y = lnl() By == ©y/:xln1o‘ Dy

T
& Loi gidi.

Ta c6 y = (logz) =

xln10
Chon dép 4n (C)

Cau 2.9. Pao ham ciia ham s6 y = log(1 — z) bang

r—1 l—=x

1 1 1
@ : (95—1)11110‘ © ' @(1—:p)m1o'

& Loi gidi.
l-zy -1 1
(1—2)In10  (1—-2)In10 (z—1)In10

Ta c6 y' = [log(l — )] =

Chon déap an

Cau 2.10. Tmh dao ham ctia ham s6 f(z) = In|z|.

@r@=m.  Bro-;  ©re--;.  Ofw@-
& Loi gidi.
Ta 6 f'(z) = ; Vo £ 0.
Chon dép 4n

Cau 2.11. Dao ham ciia ham s6 y = logy (22 — 3) tai diém 2 = 2 bang

1
(3z4+2)In3’
]
1
?+ax+1
]
]
1
-
]
1
O
1
||
]
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® Trang 10/472

2 1
2 - 2103,
In3 21113 ©:2m
B Loi gidi.
22 — 3) 2
Ta c6 ' = z—3) _ =y (2) =

(2¢ —3)In3 (22 —3)In3 In3’

Chon dap 4n (A)

Cau 2.12. Dao ham ctia ham s6 y = log; (42 + 1) 1a

4in3 4
r_ I ) I )
@y_4x+1' By (4z +1)In3 ©y (42 + 1)In3

& Loi gidi.
(4 +1) 4
(4r +1)In3 (4o +1)In3’

1
Vé6i > 7 tacody =
Chon dap an @

Cadu 2.13. Tlnh dao ham ctia ham s6 y = In (322 + 1).
6x +1 1
’_ r_ ‘
@y 3.772—|—1 y_3$2_‘_1‘ @y 3x2+1
& Loi gidi.
6x

3r2+1°
Chon dap an @

Ta c6 ¢y =

Cau 2.14. Tmh dao ham ctia ham s6 y = log; (22 + 2).
2x ,  2zlnb

x2+2
& Loi gidi.

(2% +2) B 2z

Loy 2 "=
Ta c6 y' = [logs (z° +2)] = (22 4+2)Inb B (2 +2)In5

2x
Vay oy = ————.
Wy (2 +2)Inb
Chon déap an

Cau 2.15. Dao ham clia ham s6 y = log, (x — 1) trén tap xac dinh 13
1 In2 1
@(w—l)an x—l' ©(1—a:)ln2'

& Loi gidi.

_
(x—1)In2
Chon dap 4n (A)

Ta c¢6 9/ =

Cdu 2.16. Tinh dao ham clia ham s6 y = logg (62 — 5)
! _ J—

B Lo giai.

. . 5
Tap xac dinh ctia ham so0 2 = (6; +oo).

Y/
Khi dé ta c6 ¢ = [logg(6z — 5)) = (6z—5) _ 0

D)1.

O
@/ 1n3
Y= 4wt
]
Oy
Y 3241
O

Dy 1
V= 5
(2 +2)Inb

@1112'

1—=x

L6
Dy - (62 —5)Ind’

2

(6z—5)In8 (6x—5)-3-n2 (6z—5)In2’
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© Trang 11/472

Chon dép an (A)

Cau 2.17. Tim dao ham ctia ham s6 y = log,(1 — z).
1 ;L ,  In2
Wy = i Bv= ©y=7—
& Loi gidi.
1_ !/
Ta c6 y = (1=) = L .
(1—2z).In2 (x—1)In2

Chon dép an (D) O
Cau 2.18. Tinh dao ham ctia ham s6 y = In(sin z).

@y’:tanx. .y’:—tanx. @y’zcotac. @y’:—cota:.
& Loi gidi.

: /
Ta c6 y' = (In(sinz)) = (s1'nx) = c?sx = cotx
sin sin
Chon dap én@ O
Cdau 2.19. Dao hamcuahamsoy—lnx+x la
1 1 1

@y—*ﬂLf y=E+x. @y’z;%—Zm. @y’:E—Qa:
& Loi gidi.
Tacéy’:glj—i-Zx.
Chon dap an (C) O
Cau 2.20. Dao ham ctia ham s6 y = logg (22 — 3z — 4) 1a

@ ;L 20 — 3 @ 2x—3

Y =@ =3z — D2 Y= Y
r_ 1 , 2x—3

@y (22 =3z —4)In8’ @y (22 -3z —4)In8

& Loi gidi.
, (22 — 3z — 4)’ 20 — 3
!/ —

Tacoy = (2 -3z —4)In8 (22 -3z —4)In8&’
Chon dap 4n (D) O
@© BANG DPAP AN
21. A J[22. C |[23. A ][24. B |25 C |[26. C |[27. D ][28. C |
29. B ][2.10. B |[2.11. A [2.12. C ][2.13. A |[2.14. B |[2.15. A |[2.16. A |

[217. D ][2.18. C |[2.19. C [[2.20. D |
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DanG 3. PAO HAM HAM LUY THUA - HAM MU - LOGARIT

KIEN THO'C CAN NHO

e (%) =z ' = (u*) =a-ut -

(a") =a"lna-v = (a*) =a” - Ina.

O (eu>/ — u/ et = (e:r:>/ — %,

u 1
[ ] 1 /: l /: .
(log, ) ulnai(Ogax) zlna
1 !
e (In2)' === (Inu) = —.
T

BAI TAP MAU

CAU 3 (Dé Minh hoa BGD 2022-2023).
Trén khoang (0; +00), dao ham clia ham s6 y = 2™ 1a

@y/ — ﬂ.xﬂfl. y/ — l‘ﬂ'fl. ©yl — ixﬂl. @y/ = 1",

& Loi gidi.

Dao ham ctia ham s6 y = 2™ 1a ¢ = ma™ L.

Chon dap an @ O

@® BAITAP TUONG TY VA PHAT TRIEN

Cau 3.1. Trén khoang (0; +00), dao ham ctia ham s6 y = 2° 1a

@y/:e_xe—l' y/:l,e—l. ©y/:i$e—1. @y/:e.xe.
& Loi gidi.
Pao ham clia ham s6 y = 2° la v/ = e - 2°7 L.

Chon dap 4n (A) O

Cdau 3.2. Tinh dao ham ctia ham s6 y = (22 4+ )" vi a 1a hang s6.
(A) 20 (2% 4 2)° . a(z?+ o) (20 +1).
©a (@ +2)" " 22 +1). D)o (22 4 2)* "
& Loi gidi.
Tacoy =a(@®+2)"" (2 42) =a(a®+2)"" (22 +1).
Chon dap 4n (C) O

Cdu 3.3. Pao ham ciia ham s6 y = V22 - V23 trén khoang (0; +00) 1A
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®ly ®) 507 ©1¢= D).

& Loi gidi.
’ 7 s 7 1 7
Ta c6y =x6. Do ddy ZB-xGZB-W.
Chon dap 4n (A) O

Cau 3.4. Cho ham s6 y = ™. Gi4 tri ctia 3 (1) bang
@IHZW. 7rln7T. @O. @ﬂ'(ﬂ'—l).
& Loi gidi.
Dao ham cip mot: y =7 - 2™ L.
Dao ham cap hai: ¢/ =7 - (m —1)-2"2 Do d6 ¢’ (1) = w (7 — 1).

Chon dap 4n (D) O

Cau 3.5. Tinh dao ham clia ham s6 y = 2019%.
(A)y = 201971, B)y = 2019°.
(©)y = 2019” - n 2019, D)y = 2-2019"".
s Loi gidi.
Ap dung cong thitc (a*) = a* - Ina
Ta ¢6 y = 2019° = ¢/ = 2019” - In 2019.
Chon dép 4n (C) O

Cau 3.6. Dao ham clia ham s6 y = 5% 1a

(A)5” - Inz. B) z-5"". (©)5” - 5. (D)5°.

& Loi gidi.
Ta c¢6 (5%) = 5% - Inb.
Chon déap an @ O
Cau 3.7. Dao ham ctia ham sb f(x) = (;) 1a
1 T 1 T

@f’(x) = —(2> -In2. f’(ac) = <2) log 2.

©) f'(x) = —(;) log 2. D) f'(x) = (;) In2.
& Loi gidi.

s = (L) = (1)

Ta c6 f'(x) = <2> ln2f <2) In 2.
Chon dap 4n (A) O

Cau 3.8. Dao ham clia ham sb y = 227"+ 13

(A)22"+ . 2. (4z + 1) - 222" 4= . In 2,

@ (222 + ) 22"+ In 2, @ (4z + 1) In (22% + z).
& Loi gidi.
y = (202 +x) - 22 . In2 = (dx + 1) - 227 . In 2.
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@ Trang 14/472

Chon dép 4n
Cau 3.9. Dao ham ctia ham s6 y = >3 1a

@y’ = 2e*", y = e 3,
@ y' = (2x — 3)e* 3, @y’ = 22773,
& Loi gidi.
Ta c6 i = (e2*73) = o/ = 2e?*73,
Chon dap 4n (D)

Cau 3.10. Dao ham clia ham sb y = e 17 1A
@ (22 + x) - 2L, (22 +1) - ¥, ©) 2z +1)-e
& Loi gidi.
Hoc sinh ghi cong thitc (e*) = u’ - e¥
=y =@ 4xz) T =2z +1) "t
Chon dép 4n (C)

Cau 3.11. Tinh dao ham ciia ham s6 y = e°*52%,

@y/ — sin 2 - €08 2% y/ _ ;SinQ:L‘-eCOSh_

@y’:20082x-esm2x. @y’ = —2sin2z-e

& Loi gidi.
Ta ¢6 (cosu) = —u’sin u.
=y = (cos2z) - €52 = —25in 2z - °5%,

Chon dap 4n (D)

Cdu 3.12. Ham s6 f(z) = 273741 ¢4 dao ham la

+x

U

@(2x+1)~e“"

cos 2z

@ @) = smmminy ®) f/(z) = 275+ (20 + 3) In2.

235—1—3

© '@ = s D) f'(x) = 27454 2 4 3).

& Loi gidi.

(2 8041y) = 943001 (12 4 33 1) - In2= 225 (20 4 3) 2.

Chon dap a’m
Cau 3.13. Dao ham clia hAm s6 y = 3* + 1 1a
@y’:?)‘”ln& y’:3’”. @y’zlig.

B Loi gidi.

Dao ham ctia ham s6 y = 3* +11a ¢y = 3% -In 3.
Chon dap an @

Cadu 3.14. Dao ham ciia ham s6 y = 577 13

@ 5% . In 5. cos x. @ 5107 L cos . @ peine—l . gin 2.

& Loi gidi.

@ y = x3°L.

(D) 55" - In 5.
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@ Trang 15/472

Ta cé (a*) =’ - a* - Inu va (sinx)’ = cosx
=9y =57 .In5. cosz.
Chon dép an (A)

Cau 3.15. Dao ham ctia ham s6 y = (2% — 22 + 2)e” 13

@ (22 +2) €. ze”. @ (2x — 2)e”.
& Loi gidi.

(u-v) =u-v+v-u

=y =@?—22+2) "+ () (2 =20 +2) = (22 — 2) - e + ¢® - (2% — 22 + 2) = 2"

Chon dép 4n
Cau 3.16. Dao ham ctia ham 86 y = log, (2x + 1) 13

2 2-In2
(2x+1)-1n2. @

2
@ (2z+1) -Inz

r+1°
& Loi gidi.
/
Ap dung céng thiic (log, u) = .
(20 +1) e
x
Ta 6y = — .
YOV T sy m2 (2r+1) 2
Chon dap an

Cau 3.17. Dao ham clia ham 86 y = log, (22 + 1) 1a

2x 1
@($2+1)-ln2' ©(x2+1)-1n2'

2+ 1
& Loi gidi.
/
Ap dung cong thitc (log, u)’ = L
) u-lna
(z? +1) 2z

Ta ¢6 o = _ .
vy (2+1)-In2  (22+1)-1In2

Chon dap 4n (A)
Cau 3.18. Dao ham ctia ham s6 y = log (2% — ) 1a

1 20 — 1 20 — 1
@(:L‘?—x)inl()' 2—ux ©(a:2—x)-ln10'

T T

& Loi gidi.

/

Ap dung cong thitc (log, u)’ = :
) u-lna
(2 —2) 2r — 1
(z2—12)-In10 (22 —1)-In10°
Chon dap an @

Ta c6 ¢y =

Cau 3.19. Dao ham ctia ham s6 y = log (e® + 2) 1a

v e 1
e“”+2' ©(ew—i—2)-ln10'

(§
@(efv+2)-1n1o'

& Loi gidi.

O
—2xe”.
O
O
(x+1)-In2
d
D
241
O
@ 2¢ —1
(2 —1) -loge
d
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® Trang 16/472

/
Ap dung cong thitc (log, u)’ = v

(e® +2) e”

u-lna

Ta c6 y =

Chon dap 4n (A)

Cau 3.20. Dao ham ctia ham s6 y = e® — In (3z) 1a

1 1
@ex—?)—x. e”——.

x
& Loi gidi.

3z)’ 1
Ta c6 y =e* — (3z) =e’ — —.

3z x
Chon dap an

BANG DAP AN

(" +2)-In10  (e"+2)-In10’

13.1. A |[32. C|[33. A ]|34. D][35 C|[36. C][3.7. A ][38 B |[3.9. D |[3.10.C |

13.11.D |[3.12.B |[3.13.A ||3.14.A |[3.15.B |[3.16.B ||3.17.A ][3.18.C ||3.19.A |[3.20.B |
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Danc 4. PHUONG TRINH MU — BAT PHUGNG TRINH MU

KIEN THO'C CAN NHO

1. Cong thirc nghiém cua phuong trinh mii
. Dang(l),vc’iia>()véa7é 1.

« Vé mit do thi, nghiém ctia (1) 13 hoanh dd giao diém ctia d6 thi y = a® véi dudng thang

y = b (nam ngang).

Tu hinh vé, ta cb cac két qua sau: Y
a) b>0 (1) c6 nghiém duy nhat z = log, b. b /
e
b) b< 0 (1) vo nghiém. y :yl
Ol log.b =
77777777777777777 y=b

e Tém lai: V6ia > 0vaa#1,b>0,tacocac cong thirc sau day:
a) a’@ =b & f(z) =log, b. b) @ = a9®) & f(z) = g(z).
2. Céng thirc nghiém cha bat phuong trinh mii

Minh hoa dang , veia>0vaa#l.

Y Y

y=a®
b / b y=>b

' y==>

F--m - - 4
.

O| log,b z log,b | O Z

e Néu b < 0 thi tdp nghiém ctia bat phuong trinh 1a R.
e Néu b > 0, ta c6 hai trudng hop:
a) V6ia > 1thia® >b< x> log,b (Hinh 1).

b) V6i 0 < a < 1thia” >b< x <log,b (Hinh 2).
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BAI TAP MAU

CAU 4. Tap nghiém ctia bat phuong trinh 27 < 4 13

@(—oo; 1]. (1; +00). @ [1;400). @(—oo; 1).

& Loi gidi.

Taco 2" <422 <R s r+l1<2e <.
Tap nghiém ctia bat phuong trinh 1a (—oo; 1).
Chon dép an (D) O

@© BAITAP TWONG Ty VA PHAT TRIEN

22223
Cdu 4.1. Phuong trinh (3) = 3%! ¢4 bao nhiéu nghiém?

@:2. ® 1. ©o. D)3.

& Loi gidi.
) 1 22223 ) 1 x2—22-3 1 —x—1 ) r=—1
Ta cb | = =3 s |- == SrP-2r-3=-1r-1&
3 3 3 T =2.
Vay phuong trinh c¢6 2 nghiéem z = —1;x = 2.
Chon dap 4n (A) O

Cdu 4.2. Nghiém ctia phuong trinh 4%+ = 82273 13
11 11 11 11
@We=. ®e=. ©e=. D=
2 3 4 )
& Loi gidi.
11
Ta 6 4711 = 8273 & 22042 = 23(203) 5 20 4 2 =6 — 9 = o = T

Chon dép 4n (C) O

Cau 4.3. Tim tap nghiém ctia phuong trinh 4% = 27+1,

(A)S = {0;1}. 5:{—;;1}.
@5:{1_2\/551+2\/5}- @S:{—l;;}.

& Loi gidi.
2 2 r= 1
Ta c6 47" = 2011 & 9207 — 9o+l o 92 — 4 ] & 1
. 1
Vay S = {—2; 1}.
Chon dép én (B) O

Cau 4.4. Nghiém ctia phuong trinh 32*+1 = 27 13

@sz. a:zl. @x:; @x:g
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= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 19/472

& Loi gidi.
Taco 3% =27 =32 =P o+ 1=3r=1.
Chon dap an O

Cdu 4.5. Tap nghiém clia bat phuong trinh 3°2 < 92*+7,
(A) (=5; +00). (—o0; —5). (C) (—4; +0). (D) (—o0; —4).
& Loi gidi.
Ta c6 372 < 9247 & 3742 < 320747 o p 4 2 < do + 14 & 1 > —4.
Vay S = (—4; +00).
Chon déap an @ O

Cau 4.6. Tap nghiém ctia bat phuong trinh 2190% > 4200 13

(A) (—o0; 4]. [4: +00). (©) [2; +00). (D) (4; +00).

& Loi gidi.
Ta c6 21007 > 4200 & 91002 > 9400 5 1002 > 400 < x > 4. VAy S = [4; +00).
Chon dép 4n O
1 3r—1
Cau 4.7. Nghiém ctia phuong trinh 5*7* = (25> la
6 1 7
@:1::—. :z::f. @le. @x:f.
7 3 6
& Loi gidi.

3z—1
6
Tacé5x_4:(25> <:>5x_4:5_69”+2<:>x—4:—6x+2<:>x:?.
Chon déap an @ O

Cdu 4.8. Bit phuong trinh 371 > 32¢+1 ¢4 tap nghiém 1A

@S = (—2;0). S = (0;2).

©S =R (D) S = (—00;0) U (2; +00).
& Loi gidi.
5 x> 2
Tact63® >3l e 211>+ 1e22 -2 >0
x < 0.
Do d6 S = (—00;0) U (2; 4+00).
Chon dép an (D) O

Cau 4.9. Nghiém ctia phuong trinh 5%*! = 125 13
@le. :L‘:3. @sz. @lel.
& Loi gidi.
Taco) 5% =53 s 2r+1=3 s 2=1.
Vay nghiém ctia phuong trinh la z = 1.
Chon dap 4n (A) O
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® Trang 20/472

Cau 4.10. Tap nghiém ctia phuong trinh 27°73% = = 13

4
(A)S = a. B) S = {1;2}. (©) s = {0}.

& Loi gidi.

1
Tacod 2230 = Z 2030 _ 924502 30— 9e 22 372 42=0c

4
Vay tap nghiém ctia phuong trinh la S = {1;2}.

Chon ddp 4n

2

(D) S = {1}.

O

- . NN 1
Cdu 4.11. Bat phuong trinh <2> > 3 c6 tap nghiém 1a (a;b). Khi d6 gid tri cia b — a

I
(A)-2. B) —4. (©)2.
£ Loi gidi.

2 8

2
Tap nghiém ctia bat phuong trinh 1 (—1;3).

Khidba=—-1vab=3. Vay b —a = 4.
Chondépém@

~ 1\*!
Cdu 4.12. Giai phuong trinh <25> = 125%,
1
i

®o=—3 B -

& Loi gidi.

@x:4.

x2—2x
1 Lo 2o 1 2 oy _
> - & a° — 2z <logq g Srr-2r-3<0& —-1<zx<3.

(D) 4.

1\*! 1
Ta cé <25) = 1252 = 1252 & 52042 562 oy 90 1 ) = Gp & x = T

Chon dap 4an (B)

" v 1)*
Cdau 4.13. Nghiém cta phuong trinh (\/5)2 o (2> la

1 1 1
& Loi gidi.
1

3z
z 1
Ta c6 (\/5)2 o () & 232241 :2_3$<:>x+§:—3x(:>x:——.

Chon dap an @ ’

Cau 4.14. Tiap nghiém ciia bat phuong trinh 22 < 2976 13
(A) (—o0;6). (0; 64). (©) (6; +0).

& Loi gidi.

Ta c6 22 <20 & 2r <2+ 6 <z <6.

Vay tap nghiém ctia bt phuong trinh 1a S = (—o0; 6).

Chon dap 4n (A)

1
8

D=y

D) (0;6).
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= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 21/472

Cau 4.15. Tim tap nghiém ciia bat phuong trinh 2¢°-5e+4 < 1.
(A)[1;4]. (—00; 1] U [4; 400).
(©) (—o0; 1. (D) [4; +00).
& Loi gidi.
Tac6 2050+ <1 275+ <920 o 32 54 4<0e1<a <4
Vay S = [1;4].
Chon déap an @ O

Cdu 4.16. Nghiém ctia phuong trinh 222 = 32 14

@xz?. x:8. @m:& @x:él.
& Loi gidi.
Tac6)2*?2 =322 =P o r+2=5 =3

Vay phuong trinh c6 nghiém = = 3.

Chon dép &n (C) O
1 3r—1
Cau 4.17. Nghiém ctia phuong trinh 57 = <25> la
7 6 1
@x:a x:?. @x:§ @le.
& Loi gidi.

3z—1
6
Tacé5"34:<25> @55‘*4:5*6“2@m—4:—6x—|—2(:>$:?.
Chon dap 4n (B) O

Cau 4.18. Tap nghiém ctia phuong trinh 27° o+ = 8 13

(A) {1}. B){-2; 1}. (©) {-2}. D){1; 2}.
& Loi gidi.
Ta 6 20 Totl =8 22 Hotl — 3 i 92 4 p 4 1 =312+ -2=0<
Vay tap nghiém ctia phuong trinh la S = {—2;1}.
Chon dap an O

Cdu 4.19. Nghiém ctia phuong trinh 3271 = 27

@$:1. $:2. @x:?). @x:4.

& Loi gidi.
Tact) 32 =273 1 =Pao-1=322=41=2.
Chon dap én O

~ 1
Cau 4.20. Tap nghiém ctia phuong trinh 27”737 = = 13

4
(A) S = {0}. B) S = {1}. ©)5s =2 (D) S = {1;2}.

& Loi gidi.
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= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 22/472

2 1 2 r=1
Ta c6 2% _3“":Z<:>2”” =229 3r=212-31+2=0&
=2
Véy tap nghiém ctia phuong trinh la S = {1;2}.
Chon dép an (D) O
~ . 1\*
Cau 4.21. SO nghiém ctia phuong trinh 3* = (3) la
Aa)2. B)3. (©)o. D)1.
& Loi gidi.
1 x
Tacc')3"’“"2<3> S¥F=3"sr=—ax1r=0.
Chon dap 4n (D) O

~ . 1\*
Cdu 4.22. Tip nghiém ctia bat phuong trinh 2742 < (4) la

2 2
@) (~0:0). (Zi). @Ot {). D2,
B Loi gidi.
1\* 2
Ta cb 212 < <4> SP2 W s 1 V< < —3

. 2
Vay tap nghiém cua bat phuong trinh 1a (—oo; —3) .

Chon déap an @ O

Cadu 4.23. Tap nghiém bt phuong trinh 27°3¢ < 16 1a
(A) (4; +00). (—1;4).
@(—oo;—l) U (4; +00). @(—oo;—l).
B Loi gidi.
Ta 6 2737 < 16 223 « M o 3?2 —3p <4 —1 <z <4
Chon dép 4n O

BANG DAP AN

[41. A |[42. C |[43. B |[44 B |[45. C |[46. B |47 A |[48. D |
149. A |[410. B |[411. D |[412. B |[4.13. D |[4.14. A |[415. A |[4.16. C |
[417. B |[4.18. B ][4.19. B |[4.20. D |[421. D |[422. D |[4.23. B |
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= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 23/472

Danc 5. CAP SO CONG, CAP SO NHAN

KIEN THO'C CAN NHG

1. Nhan dang cip sb cong, cap sé nhan
o Néu upy1 = u, + d, v6i d 1a hang s6 = (u,,) 1a cAp s6 cong.
o Néu upy1 = u, - g, v6i ¢ 1a hang s6 = (u,) 1a cAp s6 nhan.
2. S6 hang téng quat, sé hang thir n
o Néu (u,) 1a cap sb cong thi s6 hang tong quat ctia (u,) 1& u, = u; + (n — 1) - d.

o Néu (u,) 1 cap sb nhan, thi s6 hang tong quat ctia (uy) 13 u, = u; - "L

3. Cong sai, cong boi
o Cap s6 cong (u,) c6 cong sai la d = U1 — Uy,

£ £ A /A Ar T Un+1
« CAp s6 nhan (u,) c6 cong boi 1a ¢ = ——.
Up

4, Tong n s6 hang dau chia cip s6 cong, cap s6 nhan

« Téng n s6 hang dau tién S, ctia cap s6 cong (u,) duge xac dinh bdi cong thiic

n n
Sn:u1+u2+...—|—un:§(u1+un):§[2u1+(n—1)d].

« Tong n s6 hang dau tién S, ctia cAp s6 nhan (u,) duge xc dinh bdi cong thitc

S, =uUL +uy+ ... +u, = u -

5. Diéu kién tao thanh cap s6 cong, cip s6 nhan

« Ba sb a,b,c theo thit tu tao thanh mot cap s6 cong < a + ¢ = 2b.

e Bas6 a,b,c theo thit tu tao thanh mot cap s6 nhan < a - ¢ = b2
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7= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qdy Dén @ Trang 24/472

BAI TAP MAU

CAU 5 (Pé minh hoa BGD 2020-2021).

;2 1
Cho cap so nhan (u,) v6i u; = 2 va cong boi ¢ = 5 Gia
1 1 7
@s. ® 3 ©Z @5-

& Loi gidi.

tri uz bang

1\2
Tacé:un:u1~q”_1:>u3:u1~q2<:>u3:2-(2)

Chon dap an [l

@© BAITAP TUONG TY VA PHAT TRIEN

Cau 5.1. Trong céc day sb sau, day s6 nao la modt cap sé nhan?

(A)1;2;4;8;16;32; . . . B)2;4;6;8;16;32; . ...
@—2;—3; —4;—=5;—6;=7;.. .. @1;2;3;4;5;6;....
& Loi gidi.

Nhan thiy -2 # 22 nén cic day s6 & dép 4n B, C va D khong phéi 14 cAp s6 nhan.
Uy U2

Riéng dbi v6i day 1;2;4:8;16;32;....6 ddp 4n A thoa man: u,, 1 = 2 - u,, Vn € N*.

Vay day s6 1;2;4;8;16:32;...1a cap s6 nhan v6i u; = 1 va cong boi ¢ = 2.

Chon déap an @ O

Cau 5.2. Cho cap s6 nhan (u,) véi u; = 3 va uy = 6. Cong bdi ciia cap sb nhan da cho bang

(A)2. B)9. (©)3. @;

& Loi gidi.
L u
Goi ¢ la cong bdi ctia cap so nhan da cho, ta c6 ¢ = e —)
Uy
Chon dép an (A) O

Cau 5.3. Cho cip s6 nhan (u,) c6 u; = 2 va cong boi ¢ = 2. Tinh uz?

@’LL3:18 U3:6 ©U3:8 @U3:4

B LOi gidi.
Tacous =u;-q> =2-22=8.
Chon dép 4n (C) O

Cau 5.4. Cho cap s6 nhan (u,) théa man u; = 3;us = 48. Cong bdi ciia cAp sd nhan bang

@2 B +2 . ©16. D) -2.

& Loi gidi.
Goi ¢ 1a cong bdi clia cap s6 nhan (uy,).

uy = 3 uy = 3 Uy = 3
V6i uy; = 3;us = 48 suy ra & &

up - ¢t =48 ¢t =16 qg = +2.
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= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 25/472

Vay cong boi clia cap s6 nhan (u,) 1a ¢ = £2.

Chon dép 4n O
Cau 5.5. Cho cap s6 cong (u,) c6 u; = —2 va cong sai d = 3. S6 hang tong quat u,, ciia cap sb
cong la

@un:—Sn—i—Q. un:3n—2. @un:3n—5. @un:—2n+3.
& Loi gidi.

Ta cd: up, =u1+(n—1)d=-2+(n—1)-3=3n—5.
Viay s6 hang tong quat u, cta cap sd cong 13 u, = 3n — 5.
Chon déap an @ O

Cau 5.6. Cho cip sb cong (u,) véi sb hang dau u; va cong sai d. Tim s6 hang tong quét clia
(un)?
@un:ul—i-(n—l)d,nzz un:ul'd".
@un:ul-dn_l. @un:ul—i-nd.
& Loi gidi.
S6 hang tong quat ctia (uy,) 1a: u, = uy + (n — 1) d,n > 2.
Chon dap 4n (A) O

Cau 5.7. Cho cap s6 cong (uy,) ¢6 up = —3, ug = 27. Tinh cong sai d?
(A)d=>5. B)d=s. (©d=6. D)d="1.
& Loi gidi.
Ta c6 ug =uy +5d < 27=—-3+5d < d = 6.
Chon dép én (C) O

Cau 5.8. Cho cip s6 cong (u,) véi u; = 3 va cong sai d = 4. S6 hang thit hai ctia cap s6 cong da
cho 1a
(A)12. (B) 10. ©7. (D) 1.
& Loi gidi.
Ta c6 s6 hang thtt hai la us =u; +d=3+4=71.
Chon déap an @ O

Cau 5.9. Cho cip s6 cong (u,) cé uy = 1 va us = 3. Gié tri clia uy bang

(A)6. B)9. (©)4. (D)5.
& Loi gidi.
Cong sai d = uz — us = 2.

Vay ug =uz3+d=34+2=>5.

Chon dap 4n (D) O
Cau 5.10. Cho cap s6 nhan (u,) véi u; = 2 va up = —6. Cong bdi clia cap s6 nhan da cho
bang
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= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 26/472

@A)3. ®) 3. ©-5 OH

& Loi gidi.
P —6
Cong bdi ctia cap so nhan da cho la ¢ = b2 _ 5 = —3.
Uy
Chon dép 4n O

Cau 5.11. Cho cap s6 cong (u,) cb up = 123, ug — uy5 = 84. S6 hang u,7 bang
(A)11. B)12. (©)132. (D) 235.
& Loi gidi.
Gia sit cap s6 cong (u,) cé cong sai d.
Theo gia thiét ta c6: us — uis =84 < up +2d —u; — 14d =84 < —12d =84 < d = 7.
Vay w7 = ug + 16d = 123 + 16 - (—7) = 11.
Chon dap 4n (A) O

Cau 5.12. Cho cap sb cong véi s6 hang dau u; = —3, sb hang cudi u, = 487 va cong sai d = 5.

Hoi cap so cong c6 bao nhiéu s6 hang?

(A) 69. B) 79. (C) 89. (D) 99.

& Loi gidi.
Ta c6: cong thitc cap s6 cong u, = uy + (n —1)d = n = u";ul +1=099.
Chon dap 4n (D) O
Cau 5.13. Cho cap s6 nhan (u,) vii uy = 2 va uy = 18. Cong bdi clia cAp s6 nhan da cho
bang

(A)16. B) +3. © ;. D)9.
& Loi gidi.
Ta c6: u, = up - ¢* ! nén ta =g =2 =@ =9 q=4+3.

Ug = Up ~ q3 =18

Chon déap an O
Cau 5.14. Cho cap sb6 nhan (u,) v6i u; = 3 vd uy = —24. Cong boi clia cap s6 nhan da cho
bang

(A)2. B) —2. (C) -s. @—é
& Loi gidi.
Ta co: u4:u1-q3<:>q3:Z4<:>q3:_324<:>q3:—8<:>q:—2.
Chon dap 4n (B) 1 O

Cau 5.15. Cho cap s6 nhan (u,) cé s6 hang dau u; = 2 va cong boi ¢ = 3. Gia tri ciia ug bang

(A)729. (B) 1458. (C) 243. (D) 486.
B Loi gidi.
Ta cb ug = uy - ¢° = 2 - 35 = 486.
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Chon dép an (D) O
Cau 5.16. Cho cap s6 nhan (u,) c6 sd6 hang dau u; = 2 va cong bdi ¢ = 3. S6 hang thtt 5
bang

(A)48. (B) 486. (C) 162. (D) 96.
& Loi gidi.

1

S6 hang tong quét u, = uy - ¢! suy ra us = uy - ¢* = 2- 3* = 162.

Chon dép 4n (C) O

Cau 5.17. Cho cap s6 nhan (u,) c6 sd hang dau u; = 2 va ug = 486. Coéng boi ¢ bang

@q:?). q:5. @q:; @ng.

& Loi gidi.
N Uy = 2 uy = 2
Theo dé ra ta co: & = ¢ =243=3"=¢=3.
ug = 486 486 = uy - ¢°
Chon dap 4n (A) O

Cau 5.18. Cho cap sé nhan (uy,), biét uy = 1;u3 = 5. Cong bdi ¢ ctia cAp s6 nhan da cho bang
(A)5. (B) +4. (©)4. (D)21.

& Loi gidi.

Theo cong thitc tong quat ctia cip sd nhdn us =uy - ¢ 5=1-g< ¢=>.

Chon déap an @ O

Cau 5.19. Cho cap s6 nhan (u,) cé u; = 3, cong bdi ¢ = 2. Ta cb us bang
(A)11. (B) 48. (©)9. (D) 24.
& Loi gidi.
Cap sb6 nhan (u,) v6i u; = 3, cong bdi ¢ = 2 ¢ s6 hang tong quat 1a u, =3-2""' . n € N,n > 2.
Do dé us = 3 - 2* = 48.
Chon dép 4n O

” . 2 1 L 2 S
Cau 5.20. Cho cap so nhén (uy,), véi ug = —9,uy = 3 Cong bdi ctia cap so nhan da cho bang

1 1
@1 ® s ©s D!
& Loi gidi.
Néu (u,) 14 cap s6 nhan vé6i cong boi ¢ thi u,, = u; - ¢"1,Vn € N,n > 2.
1

N 1
Theodétacéu4:u1-q3<:>§:—9.q3:>q:_§‘

Chon dap 4n (A) O

BANG DAP AN

51. A |[52. A |[53. C |[54. B |[55. C |[56. A |[57. C |[58. C |
59. D |[5.10. B |[5.11. A |[512. D ||5.13. B ||5.14. B |[5.15. D |[5.16. C |

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 28/472

1517. A |[5.18. A |[5.19. B |[5.20. A |
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Danc 6. PHUGNG TRINH MAT PHANG

KIEN THO'C CAN NHG

1. Phudng trinh m3t phang

« Trong khong gian, véc-to 7 khac 0 1 véc-to phép tuyén ciia mit phing (P) néu gi4 ctia
né vudng gbc véi mit phang (P). Hon nita véi k # 0 ta ciing c6 k7 ciing 1a mot véc-to

phép tuyén ctia (P).

« Trong khéng gian Oxyz. Pudng thang (d) di qua diém A(zo; yo; 20) va nhan 7 = (a; b; c)
lam véc-to phép tuyén c¢é phuong trinh tong quat 1a

a(x — xo) + b(y — yo) + c(z — 2) = 0.

e Trong khong gian Ozyz. Phuong trinh
ar+by+cz+d=0

(v6i a, b, c khéng dong thoi bang 0) 13 phuong trinh ctia mét dudng thang nao dé cé

vée-to phap tuyén 1a 7 = (a; b; ¢).

2. Phuang trinh dudng thang
« Trong khong gian, véc-to @ khéc 0 1a vée-to chi phuong ciia duong thing d néu gid cia
né song song voi dudng thang d. Hon nita véi k # 0 ta cling ¢6 k7 ciing 14 mot vée-to

chi phuong ctia dudng thing d.

« Trong khong gian Oxyz Pudng thiang d di qua diém A(xo;yo; 20) va nhan @ = (a;b;c)
lam véc-to chi phuong c6 phuong trinh la

T =x9+at
Phuong trinh tham sb d: { y =y, + bt

z=2zy+ct

Phuong trinh chinh tic d: c 0y —byo _ 2 (v6i abe # 0).
a c
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BAI TAP MAU

CAU 6 (Pé minh hoa BGD 2022-2023).
Trong khéng gian Ozyz, mit phiang (P): x+y+2z+1=0 cé mdt véc-tc phap tuyén la

@ﬁf:(—l;l;l). ﬂ:(l;l;—l). @77;;:(1;1;1). @772)2(1;—1;1).

& Loi gidi.

Mit phang (P): 4+ y 4 2+ 1 = 0 ¢6 mot vée-to phap tuyén 1a 7 = (1;1;1).
Chon dép én (C) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cdu 6.1. Trong khéng gian Ozyz. Mit phang (Ozy) c6 mdt véc-to phap tuyén 1a
(A) 7 = (1;0;0). B) 7 = (0:1;0). © F = (0;0:1). D)7 = (1;1;1).
& Loi gidi.
Ta c6 Oz L (Ozy) do db véc-to ¥ = (0;0;1) 1a véc-to phap tuyén ciia mit phiang (Ozy).
Chon dép 4n (C) O

Cdu 6.2. Trong khéng gian Oxyz, cho mit phang (P): 4z — 2y + z — 1 = 0. Véc-to nao dudi day
13 mot véc-to phap tuyén cia (P)?

@it =4;-2-1). B n=421). © 3 =(4;,-2,0). Dn3(4;-21).
& Loi gidi.
Mét phang (P): 4z — 2y + z — 1 = 0 suy ra (P) c6 mdt véc-to phap tuyén 1a 73 = (4; —2;1).
Chon dap 4n (D) O

Cdu 6.3. Trong khong gian v6i hé toa dd Oxyz, cho mat phang (a): 2z —y+ 3z — 1 = 0. Véc-to
nao sau ddy 1a véc-to phap tuyén ctia mit phang (a)?

(A7 = (2:1;3). B) 7 =(—4;2;,—6). (O =(21;-3). D)7 = (-2;1;3).
& Loi gidi.
M3t phang (a) c6 vée-to phap tuyén 7 = (2; —1;3) nén (a) ciing nhan véc-to —27 = (—4;2; —6)
lam véc-to phap tuyén.

Chon ddp 4n O

Cdu 6.4. Trong hé truc toa do Ozyz, cho mit phang (P) c6 phuong trinh 3z — z + 1 = 0. Véc-to
phép tuyén ciia mit phing (P) c6 toa do 1a
(A) (=3;1;1). B) (3;0;—1). (©) (3;—1;1). (D) (3; —1;0).
& Loi gidi.
Mst phang (P) c6 mot véc-to phap tuyén 1a 7 = (3;0; —1).
Chon dap an O
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Cdu 6.5. Trong khéng gian toa dé Ozyz, mit phang (Q): = — 2y + 5z 4 2023 = 0 ¢6 mdt véc-to
phap tuyén la

(A)73 = (3;6;15). B3 =(-1;25). (©nf=(-24-10). Dnj=(-2410).
& Loi gidi.
Mit phang (Q) c6 mot vée-to phap tuyén 1a 7 = (1; —2;5) nén —27 = (—2;4; —10) ciing 1a mot
vée-to phap tuyén clia (Q).
Chon déap an @ O

Cdu 6.6. Trong khéng gian Ozyz, mit phang (P): 2z +y+32z—1 = 0 ¢6 mot véc-to phap tuyén

la
(A) 73 = (2:1;3). B3 = (-1;3;2). (O =(1;3;2). D) = (3:1;2).
& Loi gidi.
Mit phang (P) cé mét véc-to phép tuyén 1a 7 = (2;1; 3). O

Cau 6.7. Trong khong gian véi hé truc toa do Ozyz, vée-to nao sau day khong phai véc-to phap
tuyén ctia mit phang (P): z 4+ 3y — 52 + 2 = 07

(A7 = (2;6;—10). B) 7 = (—2; —6; —10).
@ﬁ): (—3;—9;15). @7{: (—1;-3;=5).
& Loi gidi.
Mit phang (P) ¢6 mot véc-to phap tuyén 1a ng = (1;;3; —5).
Ta c¢6 1 = (—2; —6; —10) khong cung phuong v6i ny vi _12 — 7é _—10
Do d6 7 = (—2; —6; —10) khong 1a véc-to phdp tuyén clia (P)
Chon ddp 4n O

Céu 6.8. Trong khong gian véi hé truc toa do Ozyz, phuong trinh mit phang nao sau diy nhan
vée-to 1 = (2;1;—1) lam véc-to phép tuyén?
@2x—|—y—z—1:0. 2x+y+z—1:0.
©4x—|—2y—z—120. @—Qx—y—z—i-lzo.
& Loi gidi.
Mit phang (P): 2z +y — 2z — 1 = 0 ¢6 mot vée-to phap tuyén 1a 7 = (2;1; —1).
Chon dap 4n (A) O

<

Cdu 6.9. Trong khéng gian Ozyz, cho mit phang (P): % + =+ ; = 1. Véc-to nao dudi day la

\)

véc-to phap tuyén clia mit phing (P)?

(A) 7 = (3;2;6). B) 7 = (2;3;6). © 7 =(3;21). D)7 = (3;—2;-2).

& Loi gidi.
Ta ¢6 (P): %—i—%%—% =1 2r+ 3y + 62 —6 =0 c6é mdt véc-to phap tuyén 1a 7 = (2;3;6).
Chon déap an O
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Cau 6.10. Trong khéng gian Oxzyz, cho cac diém A(—1;1;3), B(2;1;0) va C(4; —1;5). Mot véc-to
phép tuyén ciia mit phang (ABC) c¢6 toa do 1a

(A) (2;7;2). B) (-2;7;-2). (©) (16;1;6). (D) (16; —1;6).
& Loi gidi.
Ta c6 AB = (3;0; —3); AC = (5;—2;2).
Mt phéng (ABC) c6 cip véc-to chi phuong 1 AB va AC nén c6 mot véc-to phap tuyén la
N lr— —
=3 |AB; AC| = (2;7;2).
Chon déap an @ O
Céu 6.11. Trong khong gian Ozyz, véc-to ndo dudi day 1a vée-to chi phuong clia dudng thing
J: r—1 y+1 =2-2

2 1 =17
@@ = (1;1;2). ®@=(1-52. ©Qu=2L-1). Oa=2L),

& Loi gidi.

Pudng thang d c6 mot vée-to chi phuong 14 @ = (2;1;—-1).
Chon déap an @ O

Cau 6.12. Trong khong gian véi hé toa do Oxyz, véc-to ndo sau diy 1la mdt véc-to chi phuong

2 x 1
cua duong thang d: 5= y+1

-3 1
(A) T = (1;-3;2). B) T = (2;3;1). © W = (2;,—6;1). (D) @ = (4;—6;2).

B Loi gidi.

Dudng thing d c6 mot vée-to chi phuong 1a ¢ = (2;—3;1). Do d6 @ = 2% = (4;—6;2) ciing 1a

_ 29

mot véc-to chi phuong cua d.

Chon dap 4n (D) O
r=1-2t

Cdu 6.13. Trong khéng gian Ozyz, cho duong thang d: { y=1+¢ (t € R). Tim toa do mot
z=t+2

véc-to chi phuong ctia dudng thing d.

(A) (-2;1;1). B) (1;1;1). (©) (2;-1;-2). (D) (—2;1;2).

& Loi gidi.

Puong thing d c6 mot vée-to chi phuong 1a 1= (—2;1;1).

Chon déap an @ O

1 -2 1
T =Y :Z+ . Tim toa do
-3 2 1 i :

Cdu 6.14. Trong khong gian Oxzyz, cho dudng thing A:
mot véc-to chi phuong cua A.
(A) (—1;2; —1). (1;-2;1). (©) (3; —2; —1). (D) (—3;2;0).
& Loi gidi.
Pudng thang A c¢6 mdt véc-to chi phuong 1a @ = (=3;2;1) nén ¥ = -7 = (3; —2; —1) ciing la

véc-to chi phuong cia A.
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Chon dép 4n (C) O
=2
Cdu 6.15. Trong khéng gian Oxyz, cho duong thang d: { y =3+ 4¢ (t € R). Véc-to nio dudi

z=05—1
day 1& mot véc-to chi phuong ctia dudng thiang d?

(W) w3 = (2:3:5). ®u=04-1). ©u=24-1). @Ou=(2-4-1).
& Loi gidi.
T =2
Duong thang d: { y =3 + 4t c¢6 43 = (0;4; —1) 14 mot véc-to chi phuong.
z2=0—1
Chon déap an O

~ ) —1 2 1
Cau 6.16. Trong khong gian Oxyz, cho dudng thang (A) c6 phuong trinh * g = Y E‘; - +1 :

Véc-to chi phuong ciia dudng thang 14

AT =(23-1). B®T=(23;1). ©T=(-23-1). OT=(-2-3-1).

& Loi gidi.
Pudng thang (A) ¢6 mot vée-to chi phuong 1a @ = (2;3; —1).
Chon dap 4n (A) O
Cau 6.17. Trong khéng gian Ozyz, dudng thang d: ? ; L_v ; b _ Z_+52 c6 mot véc-to chi
phuong la

@U: (1;5;—2). 1_[: (3;2;—5). @1_[: (—3;2; —5). @1_[: (2;3; —5).
& Loi gidi.
Pudng thiang d c6 mot véc-to chi phuong 1a @ = (3;2; —5).
Chon dap 4an (B) O
Céu 6.18. Trong khong gian Ozyz, cho dudng thing d: i T 2 = y_—31 S ;— 1. Véc-t6 nao sau

day 14 mot véc-to chi phuong ctia dudng thang d?

Wit =(=21-1). ®ua=1-32. Ow=(-1;-3%2. Oul=(1;3-2)

& Loi gidi.

Pudng thing d c6 mot vée-to chi phuong 1a ) = (1;-3;2).

Chon déap an O
-~ . ” 2

Cau 6.19. Trong khong gian Ozyz, dudng thang d song song véi duong thang A: :c—i— =

1 -3
yri_z ¢6 véc-to chi phuong la

—2 1
(AT =(1;-2;1). T=(-1;-34). ©T=(-2-1;3. DT =(0;-23)

& Loi gidi.
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Ta c6 A c6 mot vée-to chi phuong 1a 7 = (1; —2;1).

Vi d song song v6i A nén ciing c6 véc-to chi phuong 1a @ = (1; —2;1).

Chon dép an (A) O
1 y—2 243

Céu 6.20. Trong khong gian Ozyz, cho dudng thing d: ? ; =g = Véc-to nao sau

day la mot véc-to chi phuong cua d?
W= (1;2-3). @®u=(T-85). ©Ou=(-1-23. Du=(-87).
& Loi gidi.
Pudng thang d c6 mét véc-to chi phuong 1a u3 = (5; —8; 7).
Chon dép an (D) O

BANG DAP AN

61. C |[62. D |[63. B |l64. B |[65. C |l67. B |[68 A |[69. B |
16.10. A |[6.11. C |[6.12. D |[6.13. A |[6.14. C ||6.15. B |[6.16. A |[6.17. B |
[6.18. B ][6.19. A ]]6.20. D |
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Danc 7. BAI TOAN LIEN QUAN PEN GIAO DIEM GIUA CAC
PO THI

KIEN THO'C CAN NHG

1. S6 giao diém cta hai dd thi

« Mubn tim sb giao diém gitta do thi ham y = f(z) va dudng thang y = a ta chi viéc vé
duong thing y = a (la duong thang song song véi truc Oz va di qua didm ¢6 toa do

(0;a)) va xac dinh s giao diém.
e Chu y: Phuong trinh ctia truc hoanh (hay truc Ox) la y = 0.

 Cho hai ham s6 y = f(z) va y = g(x), khi d6 s6 giao diém gitta hai do thi ham s6 trén
bang s6 nghiém ctia phuong trinh hoanh d6 giao diém f(x) = g(z).

o Truong hop dé cho bang bién thién ciia ham y = f(x), dé bicu dién dudng y = a ta vé

mot dudng ngang sao cho hgp li véi dé bai.

2. Tim giao diém cha hai do thi

« Dua vao do thi dé tim tao d6 giao diém.

« Tim nghiém ctia phuong trinh hoanh d6 giao diém, ta dugc hoanh do ciia giao diém sau

dé thay vao ham s6 dé tim tung do.

e Muén tim nghiém ctia phuong trinh f(u(x)) = a, ta di gidi phuong trinh u(z) = g

a).

(trong d6 x la nghiém ctia phuong trinh f(x)

BAI TAP MAU

CAU 7 (Pé tham khéo BGD 2023).

b
ar -+ " 6 db thi 1a dubmg cong trong hinh y

Cho ham s6 f(z) = m
cx

bén. Toa d6 giao diém ctia d6 thi ham s6 vé6i truc hoanh 14

@(0;-2). ® 0. ©CF20. O@©2).
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& Loi gidi.
Nhin vao hinh trén ta thay tao do giao diém 1a (2;0).
Chon d4p 4n O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau7.1.
Cho ham sb f(z) = az® 4 ba? + cx + d ¢6 dd thi nhu hinh bén. y
Phuong trinh 3f(x) + 4 = 0 ¢6 tat ca bao nhiéu nghiém?

(A)3. B)o0. ©1. (D)2.

x
& Loi gidi
)
2
2
LA
) 4
— o —— —— y = 3
, 4
Tacé3f(z)+4=0« f(z) = —3
. . ’ 4
S0 nghiém clia phuong trinh la so giao diem cua (C): y = f(x) (hinh vé) va d: y = -3
Vay phuong trinh c¢6 3 nghiém.
Chon dap 4n (A) O

Cdau 7.2.
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Cho ham s6 f(z) = az® + baz® + cx + d ¢6 d6 thi nhu hinh bén. Y
Phuong trinh 2f(z) — 5 = 0 ¢6 tat cd bao nhiéu nghiém?

(A)3. B)o0. ©)1 (D)2.

xr
& Loi gidi.
Yy
/
5
2 2
YT 2
X
, 5)
Tacé 2f(x) =5 =0« f(z) = 3
4 2 2 5
SO nghiém ctia phuong trinh 1a so giao diem cia (C): y = f(z) (hinh vé) va d: y = 7
Vay phuong trinh ¢6 1 nghiém.
Chon déap an @ O
Cau 7.3.
Cho ham s6 f(x) = az* + bz* + ¢ ¢6 d6 thi nhu hinh bén. S6 y
nghiém thuc ctia phuong trinh 4f(z) —3 =0 la )
(A)4. B)3. (©)2. D)o. A4
NG 1 x

- 4

|
T
|
-1 O 1 x
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w

Taco4f(x) —3=0<« f(z) = —.

I

S6 nghiém ctia phuong trinh 1a s6 giao diém ctia (C): y = f(z) (hinh v&) va d: y = i

Vay phuong trinh c6 4 nghiém.

Chon dap 4n (A) O
Cau 74.

Cho ham s6 f(x) = az® + baz® + cx + d ¢6 d6 thi nhu hinh y
bén. S6 nghiém thuc ctia phuong trinh f(2?) = —2 13

Aa)s. B) 4. (©)o. D)2. 2

xr
& Loi gidi.
Yy
2
1 2
0 | g
_9 }
N 2 l'z =1x9<0
Nhin d6 thi ta thay f(z?) = —2 & , o =42
x° =2
Vay phuong trinh c¢6 2 nghiém thuc phan biét.
Chon déap an @ O
Cau 7.5.
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Cho ham s6 f(z) = az® + baz® + cx + d ¢6 d6 thi nhu hinh bén. y
Phuong trinh f(z? — 2) = 3 ¢6 tat cd bao nhiéu nghiém?

(A)3. B) 2. ©)1. (D)4.

B Loi gidi.
Y
A
1 |
-2 l \ 1/
10 \/ 95 T
N [ I U
R . P —2=—-1 r==+1
Nhin do thi ta thay f(z? —2) =3 & &
2 —2=2 r=+2.
Vay phuong trinh c6 4 nghiém phan biét.
Chon dap 4n (D) O

Cau 7.6. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé.

T —00 —2 0 2 +o0
Y - 0 + 0 — 0 +

N N

S6 nghiém ctia phuong trinh 2f(z) + 3 =0 1a

(A) 4. B) 3. (©)2. D)1.

& Loi gidi.
3
Ta cb 2f(x)+3:0<:>f(x):—§. (*)
2z z 2 N 2 2 3
S0 nghiém phuong trinh (*) 1a so giao diem cia do thi ham s6 y = f(x) va duong thang y = —=.

2
Bang bién thién.
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T —00 —2 0 2 +00
Y — 0 + 0 — 0 +
+00 00
Y 1
/
N 3
-9 -9 Y= D)
C s g 1 . 3 o A
Dua vao bang bien thién ta duge phuong trinh f(x) = ) c¢6 bon nghiém phan biét.
Chon déap an @ O

Cau 7.7. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé.

;c, —00 - —H2 - iH’) - +00
’ OO/ \1/

S6 nghiém thuc ctia phuong trinh 2f(z) — 3 =0 1a

@:2. ®)1. ©)3. D)4 .

& Loi gidi.

3
Tacé2f(x)—3:0<:>f(x):§. (%)
I 4 £ 2 X Z 2 3
SO nghiém phuong trinh (*) 1a s6 giao diém cta do thi ham so6 y = f(x) va dudng thang y = 5
Bang bién thién.
x —00 —2 3 +00
’ - [ - [ +
2 +00
y e -
\ 3
—00 1 Yy = 5
< s D . 3 " A e
Dua vao bang bien thién ta duge phuong trinh f(x) = 3 ¢6 ba nghiém phan biét.
Chon dép én (C) O

Cau 7.8. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé.
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x —00 —2 0 2 +o0
Y — 0 + 0 — 0 +

N

S6 nghiém ctia phuong trinh 2f(x) —3 =0 1a

(A)4. B)3. ©2. (D) 1.

& Loi gidi.
3
Ta ¢6 phuong trinh 2f(z) —3=0< f(z) = 3" (%)
. 2 . R 2 5 3
SO nghiém phuong trinh (*) 1a s6 giao diém ctia do thi ham so6 y = f(x) va duong thang y = 5
Xét bang bién thién.
x —00 —2 0 2 +00
Y — 0 + 0 - 0 +
+00 00
Yy . 3
/ \ y= 2
—2 —2
b 2 « X [N N 3 ’ . A A [N
Dua vao bang bién thién ta duge phuong trinh f(x) = 5 hai nghiém phéan biét.
Chon dap an @ O
Cau 7.9. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé.
T —00 —1 3 +00
Y + 0 - 0 +
+00
y /
2 1
Phuong trinh f(xz) — 2 = 0 ¢6 bao nhiéu nghiém?
(A)1. B) 3. (©)2. (D)o.
& Loi gidi.
Tacd f(z) —2=0<« f(z) =2. (%)

S6 nghiém phuong trinh (*) 14 s6 giao diém ctia do thi ham s6 y = f(z) va duong thang y = 2.

Bang bién thién.
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T —00 —1 3 +o0

Taco lim f(z) =2.

Duta vao bang bién thién ta duge phuong trinh f(z) = 2 ¢6 hai nghiém phan biét.

Chon déap an @ O
Cau 7.10.
. b N
Cho ham s6 f(z) = &~ I ~ €6 dd thi nlt hinh bén. Tim toa 9 y
CT
giao diém ctia d6 thi ham s bén véi dudng thing y = —1.

@@©:1).  ®0:-1). ©(-1-1). O (-10).

|
|
|
|
|
|
|
|
|
|
1 |
|
|
|
|
|
|
|
|
|
|
|
|

-1
& Loi gidi.
Y I
,,,,,,,,, o
-1 01 @
-1 i y=—1
Nhin vao hinh trén ta thiy toa do giao diém la (0; —1).
Chon déap an O

20 +1

Cau 7.11. Giao diém ciia dd thi ham s6 y = v6i truc hoanh 13 diém

@N(—;;O). P(é;O). I+©Q(—1;O). (D) M(0;1).
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& Loi gidi.

Giao vdi truc Oy cho y =0 < 2§j11 =0&2x= —5

Vay giao diém ctia dd thi ham sb véi truc Oy 1a diém N <—;; O).

Chon dap 4n (A) O

Cau 7.12. Cho ham s6 y = 2® — 3z ¢6 dd thi (C). Tim sb giao diém ctia (C) va truc hoanh.
Aa)s. B)1. (©o. D)2.
& Loi gidi.
z=0
= =+v3.

Xét phuong trinh hoanh dé giao diém ctia (C) va truc hoanh: 2% — 3z = 0 <

Vay sb giao diém ciia (C) va truc hoanh 1a 3.
Chon dap 4n (A) O

Cau 7.13. Do thi ham séy = (22 — 1) (22 + 1) cit truc hoanh tai bao nhiéu diém phan biét?
(A1 B)2. (©)o. (D) 4.

& Loi gidi.

Tacéy=0=a =+1. Do d6 d6 thi cit truc hoanh tai 2 diém phéan biét.

Chon dép 4n O

Céu 7.14. Duong thing y = x — 1 cit dd thi ham s6 y = 3 — 22 + 2 — 1 tai hai diém phén biét.

Tim tong tung do céc giao diém do.

(Aa)2. B) —1. © -3. (D)o.

& Loi gidi.
Xét phuong trinh 22 — 22 +r—1=zv-1e P -2’ =0 2%(zr—-1)=0& x:[l)
r =
Voiz=0=y=—-1=uy.
Voiz=1=y=0=ys,.
Vay tong cac tung do clia cdc giao diém 14 gy +yo = —1 +0 = —1.
Chondép{m O
ox + 6

va dudng thing

Cdu 7.15. Tinh tong hoanh d6 ciia cac giao diém ctia do thi ham sb y = T
x

y :(5—5 B 7. (©)s. D)7.

& Loi gidi.
. N N A . .2 5 + 6 .
Xét phuong trinh hoanh d6 giao diem: Ty = ¢ (véix # —2)
x
r=-—1
Shr+6=—aw(r+2) e’ +Tr+6=0<
xr=—6
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Khi d6 téng hoanh d6 ctia cic giao diém 1a —7.
Chon dép 4n O

Cau 7.16. Do thi ctia ham s6 y = 4% — 222 + 1 va do thi clia ham sb y = 22 + 2 + 1 ¢ tat ca

bao nhiéu diém chung?

@4 ® 1. ©2. D)3.

& Loi gidi.
x=0
Phuong trinh hoanh d6 giao diém: 42* — 222+ 1 =24+ o +1 42 - 32> -0 =0« |v=1
-1
r=—.
N Z 2 2
Vay do thi hai ham so ¢6 3 diém chung.
Chon dép an (D) O
Cdu 7.17. Trong céc diém sau diém nao la giao diém ctia dd thi ham s6 y = = + 1 va duong
'Z‘ —
thing y = 2.
@) (2-9). (-2 -2). ©(-12). ©)(29)
& Loi gidi.
Ta c6 phuong trinh hoanh d6 giao diém ctia hai do thi:
r=—1
T+ =2r & —rerr-r—-2=0&
Tit d6 ta c6 2 giao diem 1a A(—1; —2) va B(2;4).
Chon dép an (D) O
Cau 7.18. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh vé.
x —00 0 1 +00
Yy — + 0 -
2| oo 400
y / \ /
— 00 —4

Tim s6 nghiém thuc ctia phuong trinh f(z) — 1 = 0?
(A)3. B) 1. (©)2. D)o.
& Loi gidi.
S6 nghiém phuong trinh f(x) —1 = 0 1a s6 giao diém ctia d6 thi ham s6 y = f(z) va dudng thang

y =1
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Bang bién thién.

Dua vao bang bién thién ta dudc két qua 14 3 nghiém.
Chon dap 4n (A) O
Cau 7.19.

Cho ham s6 y = f(x) c6 do thi trong hinh bén. Phuong trinh y
f(z)—1 =0 ¢6 bao nhiéu nghiém thuc phan biét nhéd hon 27

@1 B)2. ©)3. D)o.

-2

& Loi gidi.

-2

Tacd f(z) —1=0<« f(z) = 1.

S6 nghiém ctia phuong trinh 1a s6 giao diém ctia (C): y = f(z) (hinh v&) va d: y = 1.

Vay phuong trinh cé 2 nghiém thuc phan biét nhé hon 2.

Chon ddp 4n O

Cau 7.20.
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Cho ham s6 f(z) = az® + baz® + cx + d ¢6 d6 thi nhu hinh bén. Y
Phuong trinh 3f(z) —2 = 0 ¢6 bao nhiéu nghiém 16n hon 17

(A)3. B)o0. ©)1 (D)2. 7\

\r

LOi gidi.

\)

Taco3f(z)—2=0« f(z)==.

w

. . . 2
SO nghiém ctia phuong trinh 1a so giao diem cta (C): y = f(z) (hinh vé) va d: y = 3
Vay phuong trinh ¢6 1 nghiém 16n hon 1.
Chon déap an @ O

BANG DAP AN

71. A |[72. C |[73. A |74 D |[75. D |[76. A |[77. C |[78. C |
179. C |[710. B |[7.11. A |[712. A ]|713. B ||7.14. B |[7.15. B |[7.16. D |
|717. D |[7.18. A |[719. B |[7.20. C |
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Danc 8. TINH CHAT TICH PHAN

KIEN THO'C CAN NHO

1. Dinh nghia
Cho ham s6 f(z) lién tuc trén doan [a;b]. Gid stt F(z) 1a mdt nguyén ham ctia ham s6 f(x)
trén doan [a; b], hidu s6 F(b) — F(a) dugc goi 1a tich phan tit a dén b (hay tich phan x4c dinh

trén doan [a;b]) ctia ham s6 f(z).
b
Ki hiéu / f(z)dz.

2. Cac tinh chat

: / [f(z) £ g(a)] do = / f(a)da + / g()da.

/bf(x)dx:/cf(x)dx—i—/bf(x)dx (Vv6ia <b<c).

BAI TAP MAU
CAU 8 (D& minh hoa BGD 2022-2023).
4 4 4

Néu /f(:v)dx =2va /g(x)dx = 3 thi / [f(2) + g(x)] dz bang

-1

@15. B)6. ©1. D)7.

& Loi gidi.
4 4 4
Tacd [ [f(z)+g(x)]de = [ f(x)dx + [ g(x)de =243 =5.
/ [
Chon dap an @ [l
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@© BAITAP TWONG Ty VA PHAT TRIEN

1 1 1
2 1 s
Cdau 8.1. Biet [ f(z)dz == va [ g(x —. Khidé [ [f(x) — g(x)] dz bang
Ly e e
@g' ~1. ©)1. —5
& Loi gidi.
1 1 1 _
Tacé/[f( —g(x :/f /g )d:z::§—§:—1.
0 0
Chon dap én (B) O

ot

5 5
Cau 8.2. Cho I = /f(x)dx =4,J]= /g(m)da: =3.Khidé K = / [4f(x) — 3g(z)] dz bang
1 1 1
(A)4. B)2. ©1. (D)8.
& Loi gidi.
5

5 5

Ta c6 K = / [4f(z) — g(x)] dz = 4/f(x)d:z: — 3/g(x)d:z; =16—-9="T.

1 1 1

Chon dép an @ O
d

Cau 8.3. Cho ham s6 y = f(x) lién tuc trén [a;b], néu /f(:z:)dx =5va /f(:c)dx = 2 v6i

a

b
a<d<bthl /f(:c)dx bang

(A) 10. a B) 3. ©7. @2

& Loi gidi.
b d b d d
/f(:r;)dx = /f(yc)dx + /f(:r;)dx = /f(x)d:r; - /f(x)dx =5—-2=3.
a a d a b
Chon dép én O

Cau 8.4. Cho ham s6 f(z), g(x) lién tuc trén K va a, b, ¢ thudoec K. Cong thitc nao sau day

sai?

@ /b [f(x) + g(a)] da = /b f(x)dz + /b g(z)da
j kf(x)de = k / f(a)de

© /b f(@)da = b/ F(x)de

® /b fle)dz + b/ fla)de = / f(o)da
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B Loi gidi.

Chon dap an @ O
1

0 1
Cau 8.5. Cho /f(x)dx =3 va /g(w)dx = —4. Gié tri cla / [f(z) — 2g(z)] dz bang

(A)11. 1 7.0 (©) -1 0 (D)>5.

&S Loi gidi.
1 1 1 0

Ta Cé/[f(:v) —2g(z)]dz = /f(:r)dx—2/g(x)d /f )dz— 2/g =—3-2-(—4) =5.
0 0 0 1

Chon dép an (D) O

2 3 3
Cau 8.6. Cho ham s6 y = f(x) thda man /f(a:)dx = -3 va /f(x)dx = 4. Khi d6 /f(x)dx
1 2 1

bang

(A)12. B) —12. ©1. D)7.
B Loi gidi.
3 2
Tacé/f /f dx+/f r=-34+4=1.

1
Chon dap én (C) O
1

Cdu 8.7. Bibt / f(w)de = 3, khi do / [z — 3f(2)] dz bing

0 0
(A) -9. B) 7. (©) -5. D)11.
& Loi gidi.
1 1
T 4o — 3f(z)]dz = [ 4odz — 3 [ f(z)dz =22°] —3-3=2-9=—T.
aco/[x ()] dz = /mx / x )
Chondapan O

1

1
Cadu 8.8. Biét /f(x)dx =2, /g(x)dx = —4. Khi d6 /[f(x) + 2g(x)] dr bang

0

(A) —6. 5 © S (D)2.

& Loi gidi.
1 1
Tacod [ [f(x)+2¢(x f(x)dx +2 [ g(x)dz =2+ 2 (—4) = —6.
/ o= [
Chon dap 4n (A) O

Cau 8.9. Cho hai s6 thuc a; b tuy ¥, F(z) 1a mot nguyén ham ctia ham s6 f(z) trén tdp R. Ménh

dé nao sau day ding?
b

@ / fl@)de = F(b) — F(a). / f(@)de = F(a) — F(b).
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© / e )+ Fla). © [ @)z = f(b) ~ J(a).

& Loi gidi.

/f(x)dx — F(b) — Fla).
aChQn dap an @ U

2 2 2
Céu 8.10. Cho / fla)de = 2 va / g(x)dz = —1. Gid tri ciia / 2f(x) + 3¢(x)] dz bing

-1

1 -1
@A) -7. B 1. (©)s. D)7.
&S Loi gidi.

Ap dung tinh chit ciia tich phan ta ¢

2 2
/1 z) + 3¢g(z)] dx :2/1f(x)da:+3/g(a:)dx:4—3:1.

Chon dép én 0
Céau 8.11. Neu/f dx—2va/g r=—1 thii[f(x)—g(x)]d:c bing
@s. B)4. ©_1—3. =
& Loi gidi.
/3 [f(z) = g(z)]dz = /Sf(l“)dx - /39(56)611’ =2—(-1)=3.
_Cthn dap 4n (A) B B O

1

1 1
Céau 8.12. Cho / fla)de = 2 va / g(x)dz = 5, khi d6 / 3f(x) — 2g(x)] dz bing;

(A)11. : B) 4 (© 16, D) -3.

& LOi gidi.
1 1 1
/[3f(93) — 9g(x)] dz = 3/f(x)d:1:—2/g(x)d:p —3.2-2.5= 4
0 0 0
Chon dép 4n (B) O

2

2 2
Cau 8.13. Néu /f(x)dx =3 va /g(x)d:v = —2 thi /[f(x) — g(z)] dx bang

(A)5. O B)1. 0 @0—1. —5.

& Loi gidi.

\w

x)]dx:/Qf(a:)dx—/zg(:c)dx:3+2:5.

ChQn dap 4n (A) O
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2 4
Céu 8.14. Cho ham sb f(z) lien tuc trén R va c6 / flo)de = 9; / fe)de = 4. Tinh I =
0 2

4
[ fw)da
0

(A1 =5 IZZ. (©)1 =36 D)1 =13.
& Loi gidi.

2

Taco | f(x f(z)dx + | f(z)dez =9+ 4 =13.

s = st [
Chondapan@ O

Cdu 8.15. Cho/f(x)dx:—él Va/f )dx = 2. Khi do/f )dx bang

-2

22
A)-2. 6. (C) -8. (D) —6.
B Loi gidi.
1

Tacé/sf(cc /f )dx + /3

3

Vay/f dx—/f /3f — _4—2— 6.
1

Chon dap an @ O

Cau 8.16. Cho f(x), g(z) 1a cac ham s6 lién tuc trén R. Trong cdc ménh dé sau, ménh dé nao
sai?
@/f —/f dw-/g )dz.
./ x)+g(x dx—/f d:z:+/gx
@/ — dx:/f dx—/gzﬂ
@/Qf(:c)d:c = Q/f(:c)dx.
& Loi gidi.
Ménh dé sai 1a /f(x)g(x)dx = /f(x)dx : /g(x)dx
Chon dap 4n (A) O

Cau 8.17. Cho ham s f(x) c¢6 dao ham lién tuc trén doan [2;4] va théa man f(2) = 2, f(4) =
2

2020. Tinh I = / £(22)dz

(A) I =1009. (B) I = 2018, (©)1 =2022. (D)1 = 1011,
B Loi gidi.
Ta ¢6 [ = /f/ (2z) dz = ;f 22)| == [f(4) - f(2)] = ; (2020 — 2) = 1009.

1
Chon dap 4n (A) O
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3 3
Céu 8.18. Cho / f(w)da = 18. Khi do / 5 — 2f(x)] dz bing

1 1

(A) —26. (B) 16. (©) -31. (D) —46.
B Loi gidi.
3 3

5—2f(x)]de = [ 5dx —2 — 5z| —2-18=10—36 = —26.
/[ f(x))do = / v /f = 51|

Chon dap 4n (A) O
2 2
Céu 8.19. Cho /f(x)dx —3va /g(x)dx — 7, khi d6 /[f(x) + 39(x)] dz bing

0

(A) 10. : B) 16. 0 (©) -18. (D) 24.

£ Loi gidi.
2
O/f d$+3/g

2
Chon dap an @ 0

Ta C(’)/[f( + 3g(x

4

Céu 8.20. Cho / fla)da =5, / Flu)du = 2 va / g(x)dz = 3. Tinh [ = / [f(z) + g(2)] da .

1 4 1 1
(A1 =5 B)1 = 10. ©1=3 (D)1 =6.

B Loi giai

Taco/f u—2:>/5f

/Sf( /4f dx+/f dx:»/f /5f(x)dx—/5f(a;)dx:5—2:3.
1 1 1 4

= /4 /4f dx+/g )dz =3+ 3=6.

1

1
Chon d4p 4n @ O

@© BANG DAP AN

s1. B |[82. C |[83. B |[84. C |[85 D |[86. C |[87. B |[88. A |
18.9. A J[810. B |[8.11. A |[s.12. B ||813. A |[8.14. D |[8.15. D |[8.16. A |
(8.17. A ][818. A |[8.19. D |[8.20. D |
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Danc 9. NHAN DANG bO THI HAM SO

KIEN THO'C CAN NHG

1. Ham sb bac 3: y = ax® + bz’ +cr +d (a #0)

y' = 0 ¢6 2 nghiém phan /\ /\
biét (b? — 3ac > 0) \/ T \/ T

y = 0 ¢6 nghiém kép
hoic vo nghiém (b* — ), \

3ac < 0)

2. Ham sb trung phuong y = ar* + bz + ¢ (a #0)

) )
Phuong trinh 3 = 0 \ / \ / /\ /\
c¢6 3 nghiém phan biét x x
wrea \ \/

O\/
Phuong trinh ' = 0 c6 0 T 0O T
1 nghiém (a.b > 0)
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. . - ax +b
3. Ha 0 nhat bie = b—b 0
am so nhat bién y cx+d’(a c#0)
Khi ad — bc > 0 Khi ad — bc < 0

BAI TAP MAU

CAU 9 (De Tham khao BGD 2023).

D6 thi ctia ham s6 nao dudi day c¢6 dang nhu dudng cong trong hinh Y
bé

n
x—3
@y:x4—3x2+2. By = T /

xr —

@y:x2—4x+1. @y:x?’ 3T — 5.

O xr
& Loi gidi.
D6 thi ctia ham s6 y = - ] c¢6 dang nhu duong cong trong hinh.
l’ p—
Chon ddp 4n ]

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 9.1. D6 thi ham s6 y = —2* + 222 14 hinh nao sau day?
Yy
Yy

0] T

® | e ° |7
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& Loi gidi.
Vi d6 thi ham s6 y = —a* + 222 di qua gbc toa do O(0;0) nén chi c6 phuong 4n B thoa man.

Y

Foel e

Chon dép 4n (B) O
Cau9.2.
Dudng cong & hinh vé bén 14 do thi clia ham s6 nao dudi day? Yy

r—1

= : =% — 327 — 1.
Wy="— By==s i

T+

@y:—xg—i-?)x—i-l. @y:x—l'

& Loi gidi.
D6 thi ham s6 da cho ¢ dudng tiém cén ding x = ¢ > 0 va dudng tiém cén ngang 1a y = yo > 0.

Chon déap an @ O

A 7 N X ~ 2 7 X . N A X + 1 2 ~
Nén trong cdc ham so da cho chi ¢6 do thi ham s6 y = -1 thoa man.

Cdau 9.3.
D6 thi sau day 1a ciia ham s6 nao? (0
@y:—x3+3x2+1. B)y=a2*—3c+1.

@y:—x3—3x2—1. @y:x3—3x—1.

& Loi gidi.

Ham s6 ¢6 dang y = ax® + bx? + cx + d. Dua vao do thi ham sb ta ¢

« Hésba>0.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thun 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 56/472

« DO thi ham s6 c6 hai diém cuc tri lan lugt 1a A(—1;3) va B(1; —1).

Trong cdc ham s6 da cho, chi c¢6 ham s6 y = 2* — 32 + 1 théa man.
Chon déap an O

Cau9.4.

Dudng cong trong hinh vé bén 1a do thi ctia ham sé nao duéi day? (0
@y:$3—3x—1. y:x4—3x2—1. /\ o /
@y:—x3—3x—1. @yz—x“—{—yﬂ—l.

& Loi gidi.
D6 thi ham s6 14 do thi ctia ham s6 bac ba c¢6 hé s6 a > 0.

Nén chi c¢6 ham s6 y = 23 — 3z — 1 thoéa man.

Chon dap 4n (A) O

Cau 9.5.

Dudng cong trong hinh vé bén 1 do thi ctia ham s6 nao dusi day? Yy
@y:—x3+3x2. y:x4+2x2. M

©)y =2 — 322 D)y = —a* + 222, / 0

& Loi gidi.
D6 thi ham s6 1a do thi clia ham s6 dang y = az* + bx? 4+ ¢ ¢6 hé s6 a < 0 nén chi c¢6 ham s6
y = —x* + 222 théa man.
Chon dap 4n (D) O
Cau 9.6.
Dudng cong trong hinh vé bén 1a do thi ctia ham s6 nao dudi day? Y

@y:$4—2x2+1. y:—x4—|—2x2+1.

@y:—xg—i-?)x—i-l. @y:w3—3$+1.

VAR

& Loi gidi.
D6 thi ham s6 1a do thi ctia ham s6 bac ba c¢6 hé s6 a < 0.
Nén chi c6 ham s6 y = —2° 4 32 + 1 thoa man.
Chon dép én (C) O
Cau9.7.
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DPudng cong trong hinh vé bén 1a do thi ctia ham sb nao dudi day? (0
@y:$4—2x2+2. y:x3—$2+2.
@yzm?’—x—i—z @y:—x4+aj2+2.
0 T
& Loi gidi.

D6 thi ham s6 1a do thi ctia ham s6 dang y = az® + ba® + ¢ ¢6 hé s6 a > 0.

Nén chi c¢6 ham sé y = 2* — 222 + 2 théa man.

Chon dap a’m@ O
Cau 9.8.
Dudng cong ¢ hinh vé bén 14 do thi clia ham s6 nao dudi day? Yy
T —2 T+ 2 T+ 2 x—2
@y_a:—i—l' y_x—l' @y—$_2. @y_x—l'

,—/—/2
1
O] 1 2 T

& Loi gidi.
Do thi ham s6 da cho c¢é dudng tiém can ding = 1 va dudng tiém can ngang la y = 1.

Mit khac do thi ham s6 di qua diém (0;2).

. ) -2
Nén trong céc ham s6 da cho chi ¢6 ham s6 y = ——= théa man.
Chon déap an @ O
Cau9.9.
Dudng cong & hinh vé bén 1a dd thi ctia ham s6 nao dudi day? Y
1—-2z 20 +1
@y = - By = -
2:70 q:_ 11 21‘ + 11
x x —
©v=""1 Ov="77
2
0]
-1 x
—1
& Loi gidi.
N X 7 X . X \ . s ax + b X
Ham s6 ¢6 do thi trong de bai c6 dang y = d véi ¢ # 0, ad — be # 0.
. cr .
Dua vao do thi ta c6 duong thang x = —1 1a tiém cén ding, y = 2 13 tiém can ngang, do thi ham

% — 1
7 15 théa man.

s6 di qua diém (0; —1). Trong céc ham s6 da cho, chi ¢6 ham s6 y =
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Chon dép an (D) O
Cau9.10.
Dudng cong & hinh vé bén 1a do thi ctia ham s6 nao dudi day? Yy
T+ 2 3
= . =23 — 322 + 1.
@7 By -3+
xr— 4 2
= . =— 2 1.
@y ] @y *+ 22" +
O X
& Loi gidi.
ax +b

Nhin vao do thi ham s6 ta thay day 1a do thi ham sb y = T véi ¢ # 0, ad — be # 0.
cr
Ciing tit do thi ham sb suy ra ham sé dong bién trén moi khoang x4c dinh ctia né.

Trong cac ham so6 da cho, chi ¢6 ham so y = la thoa man.

Chon dap an @ O
Cau9.11.
D6 thi clia ham s6 ndo dudi day c6 dang dudng cong nhut hinh vé? Yy
@y:$3—2x2—2. y:x3—3a:2+2.
@y:—x4+3x2+2. @y:x4—3m2+2.
\4 O T
& Loi gidi.

D6 thi ham s6 14 do6 thi ctia ham s6 dang y = az* + bx? + ¢ ¢6 hé s6 a > 0.

Nén chi ¢c6 ham s6 y = 2? — 322 + 2 thoa man.

Chon dap 4n (D) O
Cdu9.12.
Dudng cong & hinh vé bén 1a do thi clia ham s6 nao dudi day? Y
@ _ZE—l @ _l’+2
" i
x x
©y_x+1' @y_l—a:' )

& Loi gidi.
Dua vao do thi ta cé dudng thing = = —1 1a tiém cén ding, y = 2 13 tiém cén ngang.
20 +1

la thoa man.
+1

Trong cdc ham so6 da cho, chi ¢6 ham so6 y =
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Chon dép 4n (C) O

Cdau 9.13.

Do thi sau day 1a clia ham s6 nao?
@y:x3+3x2. y:x3+3x.
@y:x3—3x2. @y:xS—Sx.

& Loi gidi.

Ta co
« D06 thi ham sb di qua diém c¢6 toa do6 (1; —2) nén loai y = 2% + 32% va y = 2% + 3z.
« Do thi ham s di qua diém c6 toa d6 (2; —4) nén loai y = 2* — 3.

Vay chi c6 ham s6 y = 2% — 322 théa man.

Chon dép &n (C) O
Cdau 9.14.
Dudng cong & hinh vé bén 1 do thi ctia ham s6 nao dudi day? Yy
r+1
@y-20
2z — 1
=23 — 32 — 1. = )
©y - - D=2,
0]
x
& Loi gidi.
D6 thi ham s da cho c6 dudng tiém can ding x = xo > 0 va dudng tiém cin ngang 1a y = 3, > 0,
< . - R s A N ’ N X ~ 2 2 N X —"_ ]'
cat truc tung tai diém c6 tung do y = y; < 0, nén trong cac ham so da cho chi ¢6 ham so y = a 1
x _
théa man.
Chon déap an @ O
Cdu 9.15.
Dudng cong trong hinh vé bén 1a do thi ctia ham sb nao dudi day? (0

@y=—$3+3x+1. y:x4—3:1:2+1.

©y=1°—3c+1. @y:x2—3:p+1.

IV
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& Loi gidi.
D6 thi ham s6 1a do thi ctia ham sb bac ba c6 hé sé a > 0.

Nén chi c6 ham s6 y = #* — 3z + 1 thoa man.

Chon dap én@ O
Cau 9.16.
Hinh vé bén 1a do thi ctia ham s6 nao? Yy
Ay =1°—3c+1. B)y = 2* — 222 + 3. N
@y:$3—3x2+3x+1. @y:—x3—3$2—1. 1 i
/ 01 z
& Loi gidi.

Vi d6 thi ham s6 di qua cc diem (0;1) va (1;2).
Nén chi c6 ham s6 y = 2* — 32% + 3z + 1 thdéa man.

Chon dép 4n (C) O

Cau 9.17. Ham s6 nao sau day c6 bang bién thién nhu hinh du6i?

T —00 —1 1 +00
f(x) + 0 — 0 +
2 +00
—00 —2

@y:—x3+3x2+1. y:—x3+3x.
@y:x?’—?)xz—l. @y:x3—3x.
& Loi gidi.
Ta ¢ xl_i)rllooy = +00 nén loai hai hAm s6 y = —2® + 322 + 1 va y = —2° + 32.
Phuong trinh 3’ = 0 ¢6 hai nghiém = = +1.
Himsby =22 -3z co6y =322 -3 =0= o = £1.

Do d6 ham s6 y = 2® — 3z thoa man.

Chon dap 4n (D) O

Cau 9.18. Ham s6 nao sau day c6 bang bién thién nhu hinh du6i?

T —00 —1 1 +0o0
f'(@) -0+ 0 -
—+00

/(@) \0/4\
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@y:x4—2m2—3. y:—x3+3x+2. @y:a:3—3x+4. @y vl

T a1
& Loi gidi.
Béang bién thién ctia ham s6 bac ba c6 hé s6 a < 0.
Nén chi c6 ham s6 y = —23 + 32 + 2 théa man.
Chon dép 4n O

Cau 9.19. Ham s6 nao sau day c6 bang bién thién nhu hinh du6i?

v | —o0 1 0 1 +00
f(z) — 0 + 0 — 0 +

/(@) +00\4/3\4/_00

@y:2|x3|—3x2—3. y:2x4—4x2—3.
(©)y = 2|2%| — 3|z| — 3. @y: ;x4—x2—3.

& Loi gidi.

T bang bién thién ta c6
1
o y(£l) = —4nénloaiy=22"—42? -3 vay= §x4—x2—3.

o Ham s6 y = 2|23 — 3|z| — 3 khong c6 dao ham tai z = 0 nén ham s6 y = 2|z®| — 3|z| — 3

khoéng théa man.

Vay ham s6 y = 2|z®| — 32% — 3 thoa man.
Chon dap 4n (A) O

Cau 9.20. Ham s6 nao sau day c6 bang bién thién nhu hinh du6i?

x —00 —1 +00
f'(x) - -
_2 —00
f@) | N S
—00 -2
—2x +3 —2xr—4 r—4 2—x
@y=—77 ®yv=—"1 ©v=5rra Oyv="71
& Loi gidi.
Dua vio bang bién thién ta 6 tiém can dimg ctia dd thi ham s6 13 duong thing = —1; tiém cin
ngang 14 dudng thing y = —2.
Ta cung ¢6 3y’ < 0,Vz # —1.
, N £ 3~ RN % —2x+3 ” -
Trong céc ham so da cho, chi ¢6 ham so y = i thoa man.
x
Chon dap 4n (A) O
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BANG DAP AN

9. B |[92. D |[93. B |[94. A |[9.5. D |[96. C |[9.7. A |[98. D |
99. D |[9.10. C |[9.11. D |[9.12. C |[9.13. C |[9.14. A [[9.15. C |[9.16. C |
19.17. D ][9.18. B |[9.19. A [[9.20. A |
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Danc 10. PHUONG TRINH MAT CAU

KIEN THO'C CAN NHG

o Mit cau (9): (z —a)* + (y — b)*> + (z — ¢)? = R? ¢6 tAm I(a;b;c), bdn kinh R.

o Mit cau (S): 22+ y* + 22 — 2ax — 2by — 2cz +d = 0 (v6i a® + b? + ¢ — d > 0) c6 tAm
I(a;b;c), ban kinh R = Va2 + b2 + 2 — d.

BAI TAP MAU

CAU 10 (P& minh hoa BGD 2022-2023).
Trong khong gian Ozyz, cho mat cau (9): #2 + y? + 22 — 22 — 4y — 62 + 1 = 0. Tam ctia (S)

c6 toa do la
@A) (-1;-2;-3). (2:4;6). (©) (—2; —4;—6). D) (1;2;3).
& Loi gidi.
—2a=-2 a=1
Goi I(a;b;c) 1a tAm clia mat cau (S), tac6 { —2=—4 & {bh=2
—2c=—6 c=3.
Do d6 tam cia (S) ¢6 toa do la 1(1;2;3).
Chon dép an (D) O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 10.1. Trong khong gian Ozyz, tAm ctia mat cau (S): 22 +y? + 22 — 42 +2y + 62 —2 =0
la
(A) B(-2;1;3). (B) D(2; —1;-3). (C) A(—4;2;6). (D) C(4; —2; —6).
& Loi gidi.
Mit cau (S) c6 tam D(2; —1; —3).
Chon ddp 4n O

Cau 10.2. Trong khéng gian Ozyz, cho mat cau (S): 22 +y? + 22 — 20 + 6y — 82 — 10 = 0. Ban

kinh R ctia mat cau (S) 1a

(A) R = 36. B) R = /6. (©R = 114. D)R = 6.
& Loi gidi.
Mt cAu (S) c6 tam I(1; —3;4) va béan kinh R = /12 + (—3)2 + 42 — (—10) = 6.
Chon dap 4n (D) O
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Cau 10.3. Trong khong gian Ozyz, mat cau (S): (x +4)2+ (y — 5)2 + (2 + 6)2 = 9 ¢6 tam va
ban kinh 1an lugt 1a

(A)I(4;—5;6), R = 81. (B) I(—4;5;—6), R = 81.

(C) I(4;-5;6), R = 3. (D) I(—4;5;—6), R = 3.
& Loi gidi.
Toa dd tAm va ban kinh mit cau lan lugt 1a I(—4;5; —6), R = 3.
Chon déap an @ O

Cau 10.4. Trong khong gian Ozyz, cho mat cau (S): (r —1)2+ (y +3)2 + (2 — 4)? = 4. Tim toa
do tam I va ban kinh R ctia mat cau (S) 1a
(A)I(1;-3;4), R= 4. B)I(—1;3;—4), R=4.
(C©)1(-1;3;—4), R=2. (D)I(1;-3;4), R=2.
& Loi gidi.
Ta c6 tam I1(1;—3;4), R = 2.
Chon dép an (D) O

Cau 10.5. Trong khong gian Oxyz, mat cau (S): 2% + y? + 22 — 20 + 4y — 22 — 10 = 0 c6 ban
kinh bang
(A)6. B)3. (©)4. D)5.
B Loi gidi.
Bén kinh ctia mdt cau 1a R = /124 (—2)%2 + 12 — (—10) = 4.
Chon dép 4n (C) O

Cau 10.6. Trong khong gian Oxyz, cho mat cau (S): (x —2)? + (y+4)2 + (2 — 1)2 = 9. Tam ctia
(S) ¢6 toa do 1a
(A) (2;4;1). (—2; —4; —1). (©) (—2;4;-1). (D) (2; —4; 1).
& Loi gidi.
Mit cau (S) c6 tam I(2;—4;1).
Chon dap 4n (D) O

Cau 10.7. Trong khong gian Oxyz, cho mat cau (S): 2% + y* + 22 — 4z + 6y — 82 — 3 = 0. Tam

cia () ¢6 toa do 1a

(A) (4; —6;8). (2; —3;4). (C) (—4;6; —8). (D) (—2;3; —4).
& Loi gidi.
Mat cau (S) c6 tam I(2; —3;4).
Chon déap an O
Cau 10.8. Trong khong gian Oxyz, mat cau (S): (x + 1)+ (y — 2)2 + (2 + 3)? = 4 ¢6 tam va

bén kinh 1an lugt 1a
(A)I(-1;2;-3), R=2. B)I(1;-2;3), R=2.
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(©)1(1;-2;3), R = 4. (D)I(~1;2;-3), R = 4.
& Loi gidi.
Toa do tAm va ban kinh lan lugt 1a I(—1;2; —3), R = 2.
Chon dap an @ O

Cau 10.9. Trong khong gian Ozyz, cho mat cau (S): (z —1)*+ (y — 2)? + 2% = 16. Tam cta (.9)
c6 toa do la
(A) (1;—2;0). (—1;2;0). (©) (-1;-2;0). (D) (1;2;0).
& Loi gidi.
Tam ctia mat cau (S) c6 toa do 1a (1;2;0).

Chon dép an (D) O

Cau 10.10. Trong khong gian Oxyz, cho mat cau (S): 22 +y? + 22 — 2z — 4y — 62 — 2 = 0. Toa
do tam I ctia mat cau (S) 1

(A) 1(2;4;6). I(-2-4-6).  (©I(1;2:3). D) 1(~1;-2;-3).
& Loi gidi.
Toa dd tam ciia mat cau (S) 1a I1(1;2;3).
Chon dép én (C) O
Cau 10.11. Trong khong gian Oxyz, cho mit cau (S): (x +3)> + (y + 1)2 + (z — 1)? = 2. Xéc
dinh toa do tAm ctia mit cau (.9).

(&) (=3;-1:1). (3 —1:1). © (-3:1:-1). @) (3:1:-1).
& Loi gidi.
Mit cau (S) c6 tam 1a I(—3;—1;1).
Chon dap 4n (A) O
Cau 10.12. Trong khong gian Ozyz, cho mit cau (S): (z — 1)+ (y +2)? + (2 —3)>=9. Tam [

va ban kinh R clia mat cau la

(A)I(1;2;3), R =3. B)I(-1;2;-3), R = 3.

(©)1(1;-2;3), R=3. (D)1(1;2;-3), R = 3.
& Loi gidi.
Mit cau () ¢6 tam I(1; —2;3), ban kinh R = 3.
Chon déap an @ O

Cau 10.13. Trong khong gian Oxyz, cho mat cau (S): 2 +y* + 2% — 62 + 4y — 82+ 4 = 0. Tim
toa do tam I va tinh ban kinh R ctia mit cau (9).
(A)I(-3;2;—4), R="5. 1(3;—2;4), R =5.
(C) 1(-3;2;—4), R = 25. (D) I(3; —2;4), R = 25.
& Loi gidi.
Mit cau (S) c6 tam I(3;—2;4), ban kinh R = /324 (—2)2 +42 —4 =5,
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Chon dép 4n O

Cau 10.14. Trong khong gian Ozyz, tam ctia mat cau (S): 2> +y> + 22 +22 —4dy +62—1=0
c6 toa do la
(A) (1;-2;3). (2;—4;6). (C) (=2;4; —6). D) (—1;2; -3).
& Loi gidi.
Tam ctia mat cau (S) 1a I(—1;2; —3).
Chon dap an @ O

Cau 10.15. Trong khong gian Oxyz, cho mat cau (S): 22 + y% + 22 — 22 + 4y + 1 = 0. TAm ctia
mit cau (S) cb toa do 1a
(A) (—1;2;0). (2;—1;0). (©) (1;—2;0). (D) (-2;1;0).
& Loi gidi.
Toa dd tam ctia mit cau (S) da cho 1a I(1; —2;0).
Chon dép 4n (C) O

Cau 10.16. Trong khong gian Ozyz, cho mit cau (S) c6 phuong trinh (S): 2% + y? + 22 + 4w —
4y + 82 = 0. Tim toa do tam I va ban kinh R.

(A)I(2;-2;4), R = 2V/6. 1(—2;2;—4), R = 24.
(©)1(2;—2;4), R = 24. (D) I(—2;2; —4), R = 21/6.
B Loi gidi.
Mit cau (S) c6 tam I(—2;2; —4) va ban kinh R = /(—2)? + 22 + (—4)? = 2V/6.
Chon dép an (D) O

Cau 10.17. Trong khéng gian Ozyz, cho mat cau (S): 22 +y? + 22 — 20 + 4y — 62 — 12 = 0, goi
I(a; b;c) 1a tAm ctia mat cau (S). Tinh T =a+b — c.
(A)2. B) —4. (©)4. (D)>5.
& Loi gidi.
Mat cau () ¢6 tam I(1;—2;3);suyraa=1,b= -2, ¢ = 3.
VayT =a+b—c=—4.
Chon déap an O

Cau 10.18. Trong khong gian Ozyz, tdAm I clia mit cau (S): 22 +y? + 22 —8r — 2y +1 =0 cb

toa do la
(A)1(4;1;0). 1(4; —1:0). (©) (—4;1;0). (D) (—4; —1;0).
g Loi gidi.
Toa dd tam I ctia mit cau (S) 1a 1(4;1;0).
Chon dap 4n (A) O

Cau 10.19. Trong khong gian Oxyz, cho mat cau (S): (z — 1)% + (y + 2)% + (2 + 3)? = 16. Toa
do tam I cua (9) la
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(A)I(—1;-2;-3). 1(—1;2:3). (©) I(1;—2;-3). (D) I(1; -2;3).
& Loi gidi.
Toa d6 tadm [ la I(1; —2;—3).
Chon déap an @ O

Cau 10.20. Trong khong gian Oxyz, cho mat cau (S): 22 +y? + 22 — 22 — 4y + 62+ 10 =0 ¢6
bén kinh R bing
AR=1. B R =2 (©R=3 DR = 4.
& Loi gidi.
Tacoa=1,b=2,c=-3,d=10.
Suyra R=vVa>+ 0+ —d=/12+22+(-3)2-10=2.
Chon déap an O

BANG DAP AN

[10.1. B |[10.2. D |[10.3. D |[10.4. D ][10.5. C |[10.6. D |[10.7. B |[10.8. A |
110.9. D |[10.10.C |[10.11.A [[10.12.C ][10.13.B |[10.14.D [[10.15.C |[10.16.D |
110.17.B |[10.18.A ][10.19.C [[10.20.B |
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Danc 11. GOC GITA HAI MAT PHANG

KIEN THO'C CAN NHG

& Trong khéng gian Ozyz, cho hai mit phing (P): ayz + by + c1z + dy = 0 va
(Q): asx + bay + coz + dy = 0. Khi d6

- |a1~a2+b1~b2+01~02|
N TR e

cos (P), (Q)) = |cos (R(p), T(0)]

® Luu §: 0° < ((P), (Q)) < 90°.

BAI TAP MAU

CAU 11 (Pé minh hoa BGD 2022-2023).
Trong khéng gian Ozyz, goc gitta hai mit phang (Ozy) va (Oyz) bang

(A)30°. B) 45°. (©) 60°. (D) 90°.

& Loi gidi.

Mit phang (Ozy) va (Oyz) vudng géc v6i nhau nén géc gitta ching bang 90°.
Chon dép an (D) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 11.1. Trong khéng gian Owzyz, cho hai mit phang (P):z — 2y — 2z 4+ 1 = 0 va
(Q): z +y+22+7=0. Tinh gbc giita hai mét phang do.
(A)30°. B) 60°. (C) 45°. (D) 120°.
& Loi gidi.
np = (1;—2;—1) 1a mdt vécto phap tuyén ciia (P).
o = (1;1;2) 1a mot vécto phdp tuyén cta (Q).
Goi o la gbc gitta hai mét phang (P) va (Q), ta ¢
p-Tigl _[1-2-2[ 1 ..

7pl-lel  V6-VE 2

Ccos =

Chon dap an O
Cdau 11.2. Trong khoéng gian Ozyz, cho mit phang (P): z — z —3 = 0. Tinh géc gitta (P) va miit
phéng (Ozy).

(A) 45°. B) 90°. (C) 30°. (D) 60°.

& Loi gidi.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thun 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 69/472

Mt phéng (P) c6 véc-to phap tuyén 7, = (1;0; —1), mit phiang (Ozy) c¢6 véc-to phip tuyén
1y = (0;0;1).
Coi a la gbc gitta mit phang (P) va mét phang (Ozy), ta ¢ cosa = \}5 = o = 45°.
Chon dap an @ O
Cau 11.3. Trong khong gian Oxyz, biét hinh chiéu ctia O lén mét phiang (P) 1a H(2; —1; —2).
S6 do gbc gitta mét phang (P) véi mét phiang (Q): z —y —5=01a

(A)90°. (B) 60°. (C) 45°. (D) 30°.
& Loi gidi.
Goi o 1a gbc gitta mat phang (P) véi mét phang (Q).
Tacé OH = (2; —1; —2) 14 mdt vécto phap tuyén ciia mit phing (P), 7@ = (1; —1;0) 1a mét vécto
phdp tuyén ctia mit phing (Q).

oo
Chon déap an @ O

Khi d6 cosa = ‘005(5]?, TL’)‘ = o = 45°.

Cau 11.4. Trong khong gian Ozyz, cho hai mit phang (P): 2 —y—6 = 0 va (Q). Biét rang diém
H(2; —1; —2) 1 hinh chiéu vuéng géc ctia gbe toa do O(0;0;0) xudng mit phang (Q). S6 do gbc
gilta m&t phang (P) va mit phang (Q) bang

(A) 45°. B) 60°. (C) 30°. (D) 90°.
& Loi gidi.
Mét phang (P) ¢6 mot véc-to phap tuyén 7 = (1; —1;0).
Vi H(2; —1; —2) 1a hinh chiéu vuéng géc ciia gbe toa d6 O(0;0;0) xudng mit phang (Q) nén (Q)
nhan OH = (2; —1; —2) 14 vecto phap tuyén.

o)
R (Eﬁ)
24 (D)) +0- (=)

VIEF (1?4 0222+ (1) + (-2)7

3. V2

:73\/522‘

VAy géc gitta mit phang (P) va mit phang (Q) bang 45°.

Ta c¢6 cos ((P), (Q)) = )cos (ﬁ’, (ﬁi)

Chon dap 4n (A) O
Cau 11.5. Trong khong gian Oxyz, gbc giita mit phang (a): v2z +y + z — 5 = 0 va mit phang
(Oxy) la

(A)90°. B) 30°. (C) 45°. (D) 60°.
& Loi gidi.

Ta c6 vec-to phap tuyén clia (a) va (Ozy) 1an lugt 1a @ = (v2;1;1) va k= (0;0;1).
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7 7ok
Goi ¢ la géc gitta mat phang (a) va (Ozxy), khi d6 cos p = ——5- = T P= 60°.
f

=
7] -

Chon déap an @ O

Cau 11.6. Trong khong gian Oxyz, cho diém H(2; —1; —2) 1a hinh chiéu vudéng géc clia gbc toa
d6 O xudng mit phing (P), s6 do géc giita mit (P) va mit phang (Q): z —y — 11 = 0 bang bao
nhiéu?

(A) 90°. B) 60°. (C) 45°. (D) 30°.
& Loi gidi.
Vi H(2; —1;—2) 1a hinh chiéu vuéng géc ciia O xudng mit (P) nén OH L (P).
Do d6 (P) ¢6 vec-to phép tuyén 1a 7 py = (2; —1; —2).
(Q) ¢6 vecto phap tuyén 1a 7o) = (1;—1;0).

ey ey [221-1-(=1)—2-0] V2

cos((P), (Q)) = |eos ((p), T )| = |‘7{(P)| 7w VEFI+4-VI+1+0 9

Suy ra ((P),(Q)) = 45°.

Chon dap 4n (C) O
Cdu 11.7. Trong khong gian Oxyz, cho hai mit phang (P): 2 —2y — 242 =0va (Q): 2z —y +
z+4+1=0. Géc gita (P) va (Q) 1a

(A) 120°. B) 90°. (C) 30°. (D) 60°.

& Loi gidi.
(P): 2 — 2y — 2+ 2 = 0 c¢6 véc-to phap tuyén 1a 7, = (1;—2; —1).
(Q): 2z —y+ 2+ 1 =0 c6 véc-to phap tuyén 1a 77, = (2; —1;1).
Ap dung cong thic
|71 - o] 1-24(=2)-(=1)+(-1)-1] 1

cos((P), (Q)) = 70 - 7o \/12 F (22 + (_1)2\/22 (12412 9

Suy ra géc gitta (P) va (Q) 1a 60°.
Chon dap 4n (D) O

Cau 11.8. Trong khéng gian Ozyz, cho hai mét phang (P): z + (m 4+ )y — 2z +m = 0 va
(Q): 22 —y+3 =0, v6i m 1a tham sb thuc. Dé (P) vuong géc véi (Q) thi gia tri ctia m bang bao
nhiéu?

@m:& m:—l. @m:—S. @mzl.
& Loi gidi.
Mit phiang (P) c¢6 vée-to phap tuyén 7, = (1;m + 1; —2), mit phang (Q) cé véc-to phap tuyén
1y = (2;—1;0).
Dé(P)L(Q)en Liyen Ha=02-m—-1=0m=1.
Chon dap 4n (D) O
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Cau 11.9. Trong khéng gian Ozyz, cho mit phang (P) di qua cdc diém A(—2;0;0), B(0;3;0),
C(0;0; —3). Miit phing (P) vudéng géc véi mit phang nao trong cic mit phang sau?

(A)3z — 2y +22+6=0. B)z—2y—2-3=0.

©2+2y—2—-1=0. Da+y+2+1=0.
& Loi gidi.
Mt phing (P) cit cic truc toa do Oz, Oy, Oz lan ludt tai cdc diém A(—2;0;0), B(0;3;0),
C'(0;0; —3).

Ap dung phuong trinh ciia mit phang theo doan chén, ta c6 phuong trinh cia mit phing (P) la

T Y z
—+ - +—=13r-2y+22+6=0.
_2—|—3+_3 x Y+ 22+

Mit phang (P) ¢6 vectd phép tuyén 7 (p) = (3; —2;2).
« Mit phang 3z — 2y + 2z + 6 = 0 tring véi mat phang (P) nén loai 3z — 2y + 2z + 6 = 0.

0

LN

o Mit phang © —2y—2z—3 = 0 ¢6 véc-td phap tuyén 7, = (1;—2; —1). Ta cé W (py- 1 = 5

nén loai x — 2y — 2z —3=0.

o Mit phang 2z + 2y — z — 1 = 0 ¢6 véc-to phép tuyén s = (2;2;—1). Ta b Wp) - B2 =0
nén chon 2z 4+ 2y — 2 —1=0.

o Mit phang x +y + 2 + 1 = 0 ¢6 véc-to phép tuyén 7 = (1;1;1). Tacb W(p)- W3 =3 #0
nén loai v +y+2+1=0.

Chon dép 4n (C) O

Cdu 11.10. Trong khéng gian Ozyz, cho mit phang  —my+ 2z —1 =0 (m € R), mit phing (Q)

chita truc Oz va qua diém A(1; —3;1). Tim s6 thuc m dé hai mét phang (P), (Q) vudng goc.
@m:—;. m:;. @m:3. @m:—B.

& Loi gidi.

Ta ¢6 OA = (1;-3;1), i = (1;0;0).

Mit phang (Q) qua diém A(1; —3;1) va chita truc Oz suy ra (Q) c6 véc-to phép tuyén

o =[04,7] = (0;1:3).

Mit phang (P) ¢ véc-to phap tuyén 7p = (1; —m;1).

-
, 1

(P)L(Q) & Rp - Rg=00-1+1-(-m)+1-3=0<m=3.

Chon déap an @ O
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Cdau 11.11. Trong khéng gian Ozyz, cho mit phang (P): z + 2y — 2z + 3 = 0, mit phang
(Q):x—3y+5z2—2=0. Cé—sin\/c@ géc gitta hai mit phiang (P), (Q) la JE
5) 35 5) 35

®-2 Y5 ©L V3,
& Loi gidi.
Ta c¢6 véc-to phap tuyén ctia mit phang (P) 1a e = (1;2;—2), véc-to phdp tuyén clia mit
phang (Q) 1a g = (15 -3;5).
Goi o 1a goc gifta hai mat phang (P), (Q) ta c6

R - 7 112—3—25 15 V35
osa— e Mol _ | + ( ) | B _

)| T VI2+22+(2)%- /124 (—3)2+52 335 T

Chon dép an (D) O

Cau 11.12. Trong khéng gian Ozyz, goi a 1 gbc gitta hai mit phang (P): z — 3y +224+1=0
va mit phang (Ozy). Khang dinh nio sau ddy ding?
(A) a = 30°. B) o = 60°. (©) a = 90°. D)« = 45°.
& Loi gidi.
Mit phang (P) ¢6 mot véc-to phap tuyén 1a n(p) = (1; —V/3; 2).
Mit phang (Ozy): z = 0 ¢6 mdt véc-to phap tuyén 1a 7 = (0;0;1).

Tacécosoz:M:—ia:%O.
GRS

Chon dap 4n (D) O

~ 2 -2 -1 —4
Cau 11.13. Trong hé toa d6 Ozyz, cho hai mat phang (P): z 3 + y 5 + & = 1 va
(Q): 4 2y + 32+ 7= 0. Tinh tan géc tao béi hai mit phang da cho.

3 3 5 3v19

@ V19 5v/19 © 3v19 ®) 5

& Loi gidi.
) r—2 y—1 2z-4 L, ,

Ta c¢6 (P): + + =1& (P): 2043y —2—9=0suy ra (P) ¢c6 mot véc-to phap

, 3 2 =6
tuyen 1a 77(py = (2;3; —1).

(Q):z+2y+324+7=0= (Q) c6 mdt véc-to phap tuyén 1a 7 g = (1;2;3).
Coi a (0° < a < 90°) 1 goc gitta hai mit phang (P) va (Q). Ta ¢6

JN (200 R 1)1 I 2-1+3-2+(=1)-3| _ 5
| T V2 +32+(-1)2-VIZ+22 432 14
T dé ta ta tim duge
1 171 3v/19
tana = —— — 1= —— = tana = .
an o cos? o 25 ana = 5
Chon dap 4n (D) O
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Cau 11.14. Trong khong gian Ozyz, cho mét phang (P): x — 2y + 2z — 5 = 0. Xét miit phang
(Q): x4+ (2m — 1)z +7 = 0, v6i m 1a tham s6 thuc. Tim tat ca gid tri ciia m dé (P) tao véi (Q)

oom
gocZ.
m=1 m=2 m = m =4
@ m:4' m:—2\/§. @ m = ' @ m:\/ﬁ‘
’.‘Lbigiai.

Mit phang (P), (Q) c¢6 véc-to phap tuyén lan luot 1 iy =(1;-2;2), Bg = (1;0;2m —1). Vi
. , T
(P) tao v6i (Q) gbc 7 hén

T _ Jeos (o )| & = ILF2Em D)
cos o = |cos (7i(p), T Q) V2 31+ (2m—1)?

& 2(4m—1)> =9 (4m® — 4m +2)

< 4Am? —20m+16=0

m=1

m = 4.

Chon dap 4n (A) O

Cdau 11.15. Trong khéng gian Ozyz, cho hai mit phang (a): 2z +y + 2 — 1 = 0 va
(B): 20 —y+mz—m+1=0, v6i m 1a tham s6 thyc. Gia tri ctia m dé (o) L (B) 1a

(A)1. B) —4. (©) 1. (D)o.

& Loi gidi.

Mt phang (a) cé vée-to phap tuyén n@) = (1;1;1) va (B) ¢6 véc-to phdp tuyén 7 (3) =
(2; —1;m).

Taco (o) L (B) & Ra) LiB)ena) nhB)=01+m=0&m=—1

Chon dép 4n (C) O

Cdu 11.16. Trong khong gian Ozyz, cho mit phing (a): 2z—y+2—3 = 0va (8): 3z—4y+5z = 0.
Cée tao béi hai mit phiang (o) va (8) bang
(A)90°. B) 30°. (©) 60°. (D) 45°.
& Loi gidi.
Goi ¢ 1a gbc tao bdi hai mit phang (o) va (5).
Ta ¢6 W) = (2;—1;1), %5 = (3;—4;5). Suy ra
) - )| 6 +4+5| V3

MCRIC] L NP R
Rl [Fol  VEFCDEFE /3 (rvs 2

Chon ddp 4n O
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Cdau 11.17. Trong khéng gian Oxyz, cho hai mit phiang (P):  —y — 6 = 0 va (Q). Biét rang
diém H(2; —1; —2) 1a hinh chiéu vudng géc ctia gbe toa do O(0;0;0) xubng mit phang (Q). S6 do
gbe gitta mit phang (P) va mit phiang (Q) bang

(A) 60°. (B) 45°. () 30°. (D) 90°.
& Loi gidi.
Taco (P):z—y—6=0= " p =(1;,-10).
Theo gia thiét diém H(2; —1; —2) la hinh chiéu vuong géc ciia gbc toa do O(0;0;0) xuéng mit
phéng (Q) nén Q) = OH = (2;—1;—2). Do d6

ney) M@ _ 1.2+ (=1)(=1) + 0 (=2)|
T[T VI2+(1)2+0% /224 (—1)2 + (—2)2

[

cos ((P).(@) =

Suy ra <(P), (Q)> = 45°.
Chon dép 4n O

Cdau 11.18. Trong khéng gian Oxyz, cho hai mit phang (P) va (Q) lan luct c6 hai véc-to phap
tuyén 1a 7 (p) vA 7 (). Biét géc gitta hai véc-to 7 (py va T (g) bang 30°. Géc giita hai mit phang
(P) va (Q) bang

(A) 30°. (B) 45°. (©) 60°. (D) 90°.
& Loi gidi.
Ta o (7 (p), Ti@)) = 30° = ((P). (@) = 30~
Chon dap 4n (A) O

Cdu 11.19. Trong khéng gian Oxyz, cho hai mit phang (P) va (Q) lan lugt ¢6 hai véc-to phap
tuyén 1a 7 (py va 7 (). Biét goc giita hai véc-td 7 (p) va 7 gy bang 120°. Géc giita hai mit phang
(P) va (Q) bang

(A) 30°. (B) 45°. () 60°. (D) 90°.
& Loi gidi.
Ta oo (7 (), i) = 120° = ((P), (@) = 180° = 120° = 60
Chon déap an @ O

Cdau 11.20. Trong khéng gian Oxyz, cho hai mét phiang (P) va (Q) lan luct c6 hai véc-to phap
tuyén 1a n(p) VA T (Q). Biét co-sin goc gitta hai véc-to wpy VA T
phang (P) va (Q) bang

(A)30°. (B) 45°. (C) 60°. (D) 90°.

s 1
(@) bang 3 Goc gitta hai mat

& Loi gidi.
Ta c6 cos ((P), (Q)> = ‘cos (W)‘ = ‘;‘ = ; = ((P), (Q)) = 60°.
Chon dép 4n (C) O
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BANG DAP AN

[11.1. B J[11.2. A |[11.3. C |[11.4. A |[115. D ||[116. C |[11.7. D |[11.8. D |
[11.9. ¢ J[11.10.C |[11.11.D |[11.12.D |[11.13.D ||[11.14.A [[11.15.C |[11.16.B |
[11.17.B_ J[11.18.A |[11.19.C |[11.20.C |
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Danc 12. CAC PHEP TOAN CO BAN CUA SO PHUC

KIEN THO'C CAN NHO

1. Dinh nghia

a) Mot s6 phitc 1a mot biéu thitc dang z = a + bi v6i a,b € R va i2 = —1, i dugc goi 1a don

vi 40, a dugc goi 1a phan thuc va b dugc goi 1a phan 4o ctia s6 phiic z = a + bi.
b) Téap hop céc s6 phitc duge ki hiu 1a C, C = {a + bila,b € R;®> = —1}.
¢) Chay

o Khiphan 40 b =0 < 2z = a 1a s6 thue.
« Khi phan thuc a = 0 < 2z = bi < 2 1a s6 thuan ao.

e S6 0 =0+ 0i vita la s6 thuc, vita 1a s6 0.

) . a=c
d) Hai s6 phtic bang nhau a + bi = ¢ + di & voi a, b, c,d € R.
b=d
e) Hai s6 phitc 21 = a + bi; 2, = —a — bi dugc goi 1a hai s6 phtic d6i nhau.

2. Sb phirc lién hgp

S6 phtic lién hop clia z = a + bi v6i a,b € R 1a a — bi va dude ki hiéu béi Z. R rang Z = =z
3. Bieu dien hinh hoc

Trong mit phang phtic Ozy (O 14 truc thue, Oy 1a truc 40), sb phitc z = a + bi v6i a,b € R

dugc biéu dién bang diem M (a;b).
4. Mo6-dun ciia so phirc

Mo6-dun ciia s6 phitc 2 = a + bi(a,b € R) 1a |z| = Va2 + b2 .
5. Cac phép toan trén tap so phirc
Cho hai s6 phitc z = a + bi; 2/ = a’ +b'i v6i a,b,a’, b/ € Rva sd k € R.
a) Tong hai s6 phtic: 2 + 2’ = a +d' + (b+ b')i.
b) Hiéu hai s6 phitc: 2 + 2/ = a — a’' + (b —b')i.
c¢) Nhan hai s6 phtic: z- 2’ = (a + bi)(a' + b)) = (a-a’ —b- V) + (a -V +d - b)i.

d) Chia 2 s6 phiic:

. 1
« S0 phtic nghich ddo: — = —
NEL
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. Z 2.z . . . .
e Néuz #0thi — = W, nghia la néu muon chia so6 phiic z’ cho so6 phitc z # 0 thi
z z

A 2 a8 X 5 z _
ta nhan ca ti va mau cua thuong — cho z.
z

BAI TAP MAU

CAU 12 (DE MINH HOA BGD 2022-2023).
Cho s6 phtic z = 2 + 9i, phan thuc ciia s6 phiic 22 bang

@A) -7 B) 4. (C) 36. D)s5.

& Loi gidi.

Ta cé 22 = (24 94)? = 4 + 36i + 8152 = —77 + 36 nén phan thuc ctia sé phic 2% bang —77.
Chon dap an @ O

@© BAITAP TUONG TY VA PHAT TRIEN

Cau 12.1. S6 phiic lién hop clia z = (2 + 44) + (1 — 3i) 1a
(A)z=-3—i. B)z=1+3i. (©z=3+i. D)z =3-i.
& Loi gidi.
Tactbz=(2+4i)+(1—-3i)=3+i=z2=3—1.
ChQndépén@ O

~ N 2 2 1+17)3
Cdu 12.2. Tim phan do clia s6 phiic zZ, biet z = w

Ao B 1. (1@_3? D) -3.

& Loi gidi.
. . .2. . .. .
To o 2 — (1—|—z).3z: (1—|—z)‘ 3 2i-3i ‘
1—1 1 —4? 2
Suy ra z = —3.

Vay phan 4o ctia sb phiic Z 1a 0.
Chon dép an (A) O

Cau 12.3. S6 phiic lién hop ciia s6 phiic 3 — 27 1a

(A)3 + 2i. B) -3 — 2i. (©) —2+3i. ~3 + 2i.
& Loi gidi.
S6 phiic lién hop ctia s6 phitc 3 — 2i 14 3 + 2i.
Chon dap 4n (A) O
Cau 12.4. Cho céc sb phiic z; = 2+ 3i, 2o = 4+ 5i. S6 phiic lién hop ctia 6 phitc w = 2(23 — 21)
1

a
(A)w =8 — 15i. B)w = 4+ 4i. (©w=4—4i, (D)w = 8 + 15i.
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& Loi gidi.
Tacow=2(zg—21)=2[4+5i) —(2+3i)|]=4+4i=>w=4—4i.
Chon dap én@ O

Cau 12.5. Cho s6 phtic z = 4 — 2i. Phan 4o clia s6 phiic 3 — 4z 13
(A) —4. B) -s. (©) 2. (D)8.
& Loi gidi.
Tac63—4z=3—4(4—2i) = —13 + 8i.
Véy phan o ciia 3 — 4z bang 8.
Chon déap an @ O

Cau 12.6. Cho sb phiic z = 2 — 3i. Tim md-dun clia s6 phitc w = 2z + (1 +4)z.

() w| = V10, ®) |w| = 4. ©|w| = V15, D)|w| = v2

& Loi gidi.
Tacéw=(2—3i)+ (1+4)(2+3i) =3 —i = |w| = /32 + (-1)2 = V10.
Chon dap 4n (A) O

Cau 12.7. Phan 4o clia s6 phitc z = (2 — 3i)% — (1 +14)? 1a

(A) —10. B) —10i. (C) —14i. (D) —14.
g Loi gidi.
Tacdz=(2—3i)*— (1 +4)? = —5 — 14i.

Suy ra, phan 4o ciia s6 phiic z 1a —14.

Chon dap 4n (D) O
Cau 12.8. Cho sb phiic z = —2 + i, (r € R) c6 md-dun bang
(A)Va? +2. (B) Va? + 4. (©) || +2. (D) |2z].
& Loi gidi.
Ta c6 |z| = | =2+ zi] = /(-2)? + 22 = Va2 + 4.
Chon dap an O

Cadu 12.9. Cho hai s6 phiic z; = 1427 va 2, = 2 — 3i. Phan 4o ctia s6 phitc w = 321 — 22, 1a
(A)1. B)11. (©)12. (D) 12i.

& Loi gidi.

Ta cé w =32 —22 =3(1 +2i) —2(2 —3i) = —1 + 12i.

Vay phan 4o ciia sb phitc w 1a 12.

Chon déap an @ O
Cau 12.10. Cho s6 phiic z théa man z(2 — i) + 13i = 1. Tinh moé-dun ciia s6 phiic 2.
5V/34 V34
@2 =— B) |z| = 34. (©) 2] = V34 D) 2| =5
& Loi gidi.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 79/472

1-13i  (1—13i)(2+4) 15— 25i

Tacdz2—i)+13i=14 2= 5 = : = =3 — bi.
Suy ra |z| = /3% + (=5)2 = V/34.
Chon dap 4n (C) O

Cau 12.11. Cho s6 phitc z = (1 +4)(1 + 2i). S6 phiic z c¢6 phan 4o la
(A) —4. B) 2i. (©)4. (D)2.
& Loi gidi.
Ta 6 2 = (1+4)%(1 + 2i) = 2i(1 + 2i) = —4 + 2i.
Do dé phan 4o ctia z 1a 2.
Chon déap an @ O

Cau 12.12. Tim s6 phtic lién hop ctia sé phiic 2 = 3 + 2i.

(A)z=3-2i B)z=-3-2i C©z=2-3i D)z =-2-3i

& Loi gidi.
Ta c6 z =3 — 2i.
Chon dép an (A) O

Cdéu 12.13. Sé phitc 2z = 4 — 3i c6 mo6-dun bang

(A)2v2. B) 25. (©)5. (D)s.

& Loi gidi.
Ta c6 |z| = /42 + (—3)? = 5.
Chon dép 4n (C) O

Cau 12.14. Cho sb phitc z = 5 — 4i. S6 phtic z — 2 ¢
@ Phan thuc bang 5 va phan 4o bang —4. Phan thuc bang 3 va phan 4o bang —4.
(C) Phan thuc bing —4 va phin o bing 3. @ Phan thuc bang 3 va phan 4o bang —4i.
& Loi gidi.
V6i z=5—4itacdz—2=>5—4i —2=3— 4i c6 phan thuc 1a 3 va phan 4o 13 —4.
Chon ddp 4n O

Cadu 12.15. Cho sb phiic z; = 2+ 3i va 2z, = 1 — 2i. S6 phiic lién hdp clia s6 phitc w = 21 + 2
la

(A)w=3+i. B w=3—i. (©w=3-2i D)w =1 — 4i.
& Loi gidi.
Vizg=24+%vaz=1—2inénw=2z1+2=2+3t+1—2t1=3+1.
Suy ra w =3 — 1.

Chon déap an O

Cau 12.16. Cho céc sb phtic z; = 2 —3i, 2o = 1 +44. Tim s6 phtic lién hop v6i sd phitc z; 2s.

(A)—14 — 5i. B) —10 — 5i. (C) —10 + 5i. (D) 14 — 5i.
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& Loi gidi.

Ta ¢6 2120 = (2 — 30)(1 + 4i) = 14 + 5i.
Vay z1z3 = 14 — 5i.

Chon dap an @

Cadu 12.17. Cho hai s6 phiic z; = 1 + 4 va 25 = 2 — 3i. Tinh mo6-dun ctia s6 phiic z; + 2.
@]21—1—22\:5. ]21+22\:\/ﬁ. ©|zl+zz|:1. @|zl—|—zg|:\/§
& Loi gidi.
Tacé 2+ 20=(14+1)+(2—3i) =3 —2i.
VAy |21 + 20| = |3 — 2i| = /32 + (-2)2 = V13.
Chon dap én
Cau 12.18. Tim s6 phiic lién hgp ctia s6 phiic z = (—3 — 4i)(2 +14) + 1 — 3i.
(A)z =1+ 14i. B)z=1-14i. (©z=1+14. D)z =—1- 14i.
& Loi gidi.
Tacoz=(-3—-40)(2+i)+1—-3i=—-1— 140
Vay sb phiic lien hop ctia z 1a 7 = —1 + 144.
Chon dap 4n (A)

Cadu 12.19. Cho hai s phitc 2 = 1 + 4 va 2o = 2 — 3i. Tinh mo6-dun ctia 2, + 2.

@|21+z2\:1. |21+22|:\/§. ©|21+ZQ|:\/1_3. @|21+Z2|:5.
& Loi gidi.
Ta cbd 21 + 29 =3 — 2.
Vay |21 + 22| = V32 +22 = /13
Chon dép én (C)

Cdu 12.20. Cho hai s6 phtic z; = 3+ v 2o = 2 — 4i. Md-dun ctia sb phiic 212, bang
(A) 10. 10v/2. (©) -10. (D) 20.

& Loi gidi.

Ta ¢6 2120 = (3+14)(2 — 4i) = 10 — 10i.

Vay |2122| = V102 + 102 = 10v/2.

Chon ddp 4n

BANG DAP AN

[12.1. D J[12.2. A |[12.3. A |[124. C |[125. D |[126. A |[12.7. D |[128. B |

[12.9. ¢ |[12.10.C |[12.11.D |[12.12.A |[12.13.C ||[12.14.B |[12.15.B |[12.16.D |

[12.17.B_ ][12.18.A |[12.19.C [[12.20.B |
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Danc 13. TINH THE TiICH KHOI LANG TRU PUNG

KIEN THO'C CAN NHG

a) Thé tich khéi lang tru V = B - h v6i B: dién tich ddy, h: chiéu cao.

b) Céc hé thic lugng trong tam gidc vudng.

Cho tam gidc ABC vuong tai A, dudng cao AH, trung tuyén ¢

AM. Khi do
H
« BC? = AB?+ AC?. M
e BH-BC = AB?* CH-CB = CA%
1 A
« AB-AC = AH - BC, AM:§BC'.
« CH-BH = AH>.
1 N 1
AH?  AB?  AC?
— AC —_— AB — AC
. SlnABC = E, COSABC = 370, tanABC = E,
cot ABC = E
c¢) Puong chéo ctia hinh vudng canh a c6 do dai bang av/2.
d) Duong cao clia tam gidc déu canh a c6 d6 dai bang a\2/§‘
e) Dién tich tam gidc bat ky
1 1 , N NN
e SaaBc = 5 a-h, = 5 b-hy = 5 ¢ - he, trong dé hg, hy, he lan lugt la duong cao

ha tu cac dinh A, B, C' cta tam giac ABC; BC =a, AC =b, AB = c.
1 . 1 . 1 .
. SAABC:i-b-c-smA:§-a-c-smB:§-a-b-s1nO.

b )
e Saipc = ZT;’ trong d6 R 13 bén kinh dudng tron ngoai tiép AABC.

e Saapc = p-r, trong d6 r 14 ban kinh dudng tron noi tiép AABC.

a+b+c

e Saapc = /pp—a)(p—"b)(p—c), trong d6 p = >
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f) Truong hop dac biét

1
o Dién tich tam giac AABC vudng tai Ala S = 3 AB - AC.

a3
T

« Dién tich ctia tam gidc déu canh a 1a S =

g) Dién tich hinh chit nhat S = a - b, trong d6 a, b lan lugt 1a chiéu dai va chiéu rong ciia
hinh chit nhat.

h) Dién tich hinh vudéng canh a 1a S = a?.
1
i) Dién tich hinh thoi S = 5 AC - BD, trong d6 AC' va BD la hai duong chéo.

(day 16n + day bé) - h

j) Dién tich hinh thang S = 5

, trong d6 h 1a chiéu cao ctia hinh thang.

k) Dién tich hinh binh hanh ABCD 13 S = AH - CD, trong d6 AH la chiéu cao ctia tam
giac ABD.

a b c

sinA sinB sinC i

1) Dinh 1i ham s6 sin:

m) Binh li ham s6 cosin

o a2 =0+ c*—2bc-cos A.
e« B> =a’+c*—2ac-cosB.

e =0a’+b*—2ab-cosC.

n) Céng thitc dudng trung tuyén

5 >+ a? 5 a?+c2 b 5 a?+b> 2
= — — . My = — —, e M = — —,

‘ 2 4

BAI TAP MAU

CAU 13 (Dé tham khdo 2023). Cho khéi ling tru cé dién tich ddy B = 3 va chiéu cao h = 4.
Thé tich ctia khéi ling tru da cho bang

A)4. B 12. (©)s. (D)6.

B Loi gidi.

* m
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Thé tich ctia khéi ling tru da chola V =B -h=3-4=12.
Chon dép 4n O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cdau 13.1. Thé tich ctia khéi hop chit nhat ¢6 dd dai céc canh lan luot 1a a, 2a, ga bang
2
@3&3. 2a3. ©6a3. %.
& Loi gidi.
Thé tich ctia kh6i hop chit nhat 14 V = a - 2a - 3a = 6a®.
Chon dap 4n (C) O
Cau 13.2. Goi h, S, V 1an lugt 1 chiéu cao, dién tich ddy va thé tich ctia hinh ling tru. Chiéu
cao khéi ling tru 1a
% S 3V 1
—. —. —. -SV.
@ > < OF
& Loi gidi.
) Vv
TacoV:S'h:>h:§.
Chon dép an (A) 0
Cau 13.3. Cho lang tru tit gidc ABCD.A'B'C'D’ ¢6 ddy 1a hinh vudéng canh a va c¢6 thé tich

bang 3a®. Tinh chiéu cao h ciia ling tru da cho.

A)h = a. B)h = 3a. (©)h = 9a. Dh=7.

& Loi gidi.

Goi S 1a dién tich day va h la chiéu cao ctia khdi lang tru ABCD.A'B'C'D’. ,

Khi d6, thé tich ctia khéi ling tru ABCD.A'B'C'D'1aV =S -h=h= ‘5{ = 3;2 = h = 3a.
Chon dap 4an (B) O

Cau 13.4. Mot khoi ling tru cé chiéu cao bang 2a va dién tich ddy bang 2a?. Thé tich khdi ling

tru da cho bE\\ilyl’g , )
@VZQ‘;. B)V = 4d®. @vz4§. ®V:4§'

& Loi gidi.

Thé tich khéi ling tru da cho bang V = 2a - 24 = 4a°.

Chon dép 4n O

Cdau 13.5. Thé tich khéi ling tru cé dién tich ddy bang 4 va chiéu cao bang 3 1a
(A)4. B) 48. (©) 16. D)12.
& Loi gidi.
Thé tich ciia khéi ling tru c6 chiéu cao h va dién tich ddy bang B1aV =B-h=4-3 = 12.
Chon dap 4n (D) O
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Cdau 13.6. Khdi ling tru cé dién tich ddy bang 24 cm?, chiéu cao bang 3 cm thi c¢é thé tich

bang
@ 8 cm?. 72 cm?. @ 126 cm?. @ 24 cm?.
& Loi gidi.
Ap dung cong thiic tinh thé tich khéi ling tru V =B-h =24-3 = 72 cm? .
Chon déap an O

Céu 13.7. Cho khéi ling tru c6 dién tich ddy bang 4a® va khodng cach gitta hai ddy bang a. Thé
tich ctia khéi ling tru da cho bang
@4a3. ;ag‘. @3@3. @a3.
& Loi gidi.
Ap dung cong thitc tinh thé tich khéi ling tru V = B - h = 4a? - a = 4a®.
Chon dap an @ O

Cdau 13.8. Khdi ling tru c¢6 chiéu cao bang h, dién tich ddy bang B cé thé tich 1
@V:;B-h. V:;B-h. @V:éB-h. D)V =B h.

& Loi gidi.

Thé tich khéi ling trula V = B - h.

Chon dap 4n (D) O

Cdau 13.9. Biét rang thé tich ctia mot khoi 1ap phuong bang 8. Tinh téng dién tich cdc mit cia
hinh 1ap phuong do6?
(A) 36. B) 27. (©) 16. (D) 24.
& Loi gidi.
Goi a 1a do dai mot canh ctia khéi 14p phuong (a > 0).
Theo gia thiét ta c6 a®> =8 < a = 2.
Dién tich mét mit ctia khéi 1ap phuong canh bang 2 1a 22 = 4.
Téng dién tich cdc mat ctia khéi lap phuong 14 6 - 4 = 24.
Chon dap an @ O
Cau 13.10. Khéi ling tru c6 dién tich ddy bang 4 cm?, chiéu cao bang 2 cm ¢6 thé tich bang
@8 cm?. 2 cm?. @4 cm?. @6 cm?.
& Loi gidi.
Thé tich khéi ling trula V =B-h=4-2 =8 cm®.
Chon dap 4n (A) O
Cau 13.11. Thé tich ctia khoi lgmg tru c6 dién tich day a® va chiéu cao a la
@a3. %. @3(13. @2@3.

& Loi gidi.
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Thé tich ctia khéi ling tru la V = a? - a = a®.

Chon dép an (A) O
Cau 13.12. Néu mot khéi lang tru dimg c6 dién tich ddy bang B va canh bén bang h thi ¢ thé
tich la

(A) Bh. ;Bh. (© ;Bh. (D) 3Bh.
& Loi gidi.
Thé tich ctia khéi lang tru 1a V = Bh.
Chon dap 4n (A) O

Cau 13.13. Cho hinh ling tru ABC.A'B'C’ c¢6 dién tich ddy 1a 15 va chiéu cao clia ling tru la
10. Thé tich khéi lang tru ABC.A'B'C’ 13

(A) 200. B) 150. (C) 100. (D) 50.

& Loi gidi.
Ap dung cong thite tinh thé tich khéi ling tru V = B - h = 10- 15 = 150.
Chon ddp 4n O

Cau 13.14. Néu canh ctia hinh 1p phuong tang lén gip 2 lan thi thé tich ctia hinh lap phuong
dé sé tang lén bao nhiéu lan?
Ao, B)s. (©)6. (D) 4.
& Loi gidi.
Ta c6 thé tich ctia hinh lap phuong canh a 1 a.
Do d6 khi tang canh hinh 14p phuong lén 2 lan thi thé tich 1 (2a)3 = 8a®.
Chon ddp 4n O
Cdu 13.15. Thé tich ctia khéi ling tru ding tam gidc déu cé tat cd cac canh bang a bang
a’v2 a’ a*v/3 a3
oEa B oY D

& Loi gidi.

Dién tich day la

a\/3
4
azy/3 _ a’\/3

4 4
Chon dép &n (C) O

= Thé tich ctia khéi lang tru can tim 1A V = a -

Cdu 13.16. Tinh thé tich ciia khéi ling tru tam gidc déu c6 canh ddy bang 2a va canh bén bang

®S oY D) a3,

& Loi gidi.

Vi ling tru ding nén duong cao bang a.

(2@)2-\/3 2
T Vs

Thé tich ctia khéi ling tru can tim 1a V =5 - h = a?V/3 - a = a*V/3.

Vi déy 1a tam gidc déu nén dién tich ddy 1a S =
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Chon dép an (D) O

Cau 13.17. Tinh thé tich V ctia khéi lap phuong ABCD - A'B'C'D’ biét AC" = 2a+/3.

AV =d. B)V = 24+/3d%. (©V =8d. D)V = 3v/3d5.

& Loi gidi.
Goi d6 dai canh hinh 14p phuong bang x. Suy ra AC’ = xv/3. A D’
Ta ¢6 2v/3 = 2aV/3 < = = 2a. i

2 2z B/ T /
Thé tich khéi lap phuong 1a V = 2% = 843, i ¢

/‘r 77777777 o D
B C

Chon dép 4n (C) O

Cadu 13.18. Cho lang tru ditng ABC.A'B'C" c6 ddy ABC' la tam gidc vuong tai A. Biét AB = a,
AC = 2a, AA’ = 3a. Thé tich khéi ling tru da cho bang

@3a3. 6a3. ©a3. @3@2.
& Loi gidi.
Dién tich tam giac ABC' la SABC—;-AB-AC—;-CL-QCL—CLQ. A B
Thé tich ctia khéi ling tru da cho 14 V = AA’ - Sype = 3a - a® = 3a°.

A B’
Cr
Chon déap an @ O
Cau 13.19. Thé tich ciia khdi hop chit nhat ABCD.A'B'C'D’ ¢6 cic canh AB =4, AD =5 va
AA" =6 la

(A)V = 200. B)V = 100. (©V = 120. D)V = 130.
B Loi gidi.
Thé tich ctia khdi hop chit nhat 14 V = AB- AD - AA' =4-5-6 = 120. A D

Chon dap 4n (C) O

Cadu 13.20. Cho khéi lang tru ditng ABCD.A'B'C'D' ¢6 ddy ABCD 1a hinh thoi ¢6 d6 dai hai
dudng chéo AC = 2a va BD = a, canh bén AA’ = 3a. Thé tich V ciia khéi 18ng tru da cho la

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 87/472

(A)V = 6a?. B)V = 12d%. (©V =3d. D)V = 2d%.

B Loi gidi.

1 1
Dién tich d4y hinh thoi 1 Sapcp = 5Ac -BD = 5@ 20 = a?. A D
Thé tich khéi ling tru da cho 1& V = Supep - AA = a® - 3a = 3a°. |
BI T C/
Al b
B C
Chon dép 4n (C) O

BANG DAP AN

[13.1. C |[13.2. A ][133. B |[134. B |[135. D |[13.6. B |[13.7. A |[138. D |
[13.9. D J[13.10.A |[13.11.A |[13.12.A |[13.13.B ||13.14.B |[13.15.C |[13.16.D |
113.17.C |[13.18.A |[13.19.C [[13.20.C |

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qdy Dén

O Trang 88/472

Danc 14. THE TICH KHOI CHOP

KIEN THO'C CAN NHO

1. Thé tich khéi chop

Trong do:
o B la dién tich da giac day.

« h la chiéu cao khdi chép.

2. Dién tich da giac

1
o Dién tich tam gidc vudng: Saapc = §AB - AC.

R AB?%\/3
o Dién tich tam giac deu: Saapc = 4\/_.

1
+ Dién tich hinh chit nhat: Sapep = ;AB - AD.

S
A B
C
C
A B
A
7 C
D C
i
A B
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1
o Dién tich hinh thoi: Sagcp = §AC -BD. A

WC— 1T — 0
Q

« Dién tich luc gidc déu: Supcper = 6 - Sroan.

WAVAN
2/

BAI TAP MAU

CAU 14 (Pé minh hoa BGD 2022-2023).

Cho khéi chop S.ABC' c6 day la tam gidc vudng can tai A, AB = 2,

E
SA vudng goc véi ddy va SA = 3 (Tham khao hinh vé&). Thé tich khoi
chép da cho bang
@A12. B 2. (©)6. (D) 4.
B

g Loi gidi.
. ) 1 1 1
Thé tich kh6i chép 1a V = 2 - Saapc - SA =25 AB-AC-SA=2-2-2:3=2
Chon dép én (B) O

A B
c
D
S
C

Wl =

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 14.1. Cho hinh chép S.ABC ¢6 ddy ABC la tam gidc vudng tai B. Canh bén SA vudng
gbc v6i mat phang ddy, SA = AB = 2a, BC' = 3a. Thé tich ctia khéi chép S.ABC' 1a

@a3. 3a3. @4@3. @2@3.
S

-AB-BC - SA = 2a®.
A C
\B
B
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Chon dép an (D) O

Cau 14.2. Cho khéi chép S.ABCD c6 dudng cao SA va ddy ABCD 1a hinh thoi. Thé tich khéi
chop da cho duge tinh theo cong thitc nao sau day?

@;S/LABQ. ;SA~AC~BD. @éSA~AC~BD. @;SA~ABQ.
& Loi gidi.
Dién tich day cua hinh chép la Sagep = ;AC -BD.
Ta c6 thé tich khdi chép S.ABCD la

1 1 1
V:§-SABCD-SA:§- -AC’-BD-SA:ESA-AC’-BD.

DN | —

Chon dép &n (C) O

Cau 14.3. Cho hinh chép S.ABC c¢6 SA vudng gbc véi mit phang (ABC). Biét SA = 2a va tam
gidc ABC vuong tai A ¢c6 AB = 3a, AC = 4a. Tinh thé tich khdi chép S.ABC theo a.

(A) 6a?. 8a?. (C) 4d?. (D) 1243.

& Loi gidi.

1
Ta c6 SAABC:§'3(I'4(IZ6CL2. S
1
Vsapc = 3 SA-Saapc = 3 2a - 6a® = 4a®.
AKL C
B
Chon dap én@ O

Cau 14.4. Cho hinh chép S.ABC c6 ddy ABC la tam gidc déu canh a, canh bén SA vuong gbc
v6i ddy, SA = a . Thé tich ctia khéi chép S.ABC bang

@y ® ©" O

B Loi gidi.

Thé tich ctia khéi chép S.ABC bang S
1 1 az\/g a3\/§
_ — . . A _ - — . — .
V=g Saape-SA =3 ——a="—5
A C

B
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Chon dép an (A) O

Cau 14.5. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong canh a. Biét SA L (ABCD)
va SA = ay/3. Thé tich ctia khéi chép S.ABCD la
oY ns) oo D
& Loi gidi.
Ta c6 h=SA = aV3; B= Sapcp = a>.
a®V3

. . 1
The tich khoi chép la V' = §Bh =3

Chon dép 4n (C) O

Cdu 14.6. Cho khéi chép S.ABC cé chiéu cao bang 3, ddy ABC cé dién tich bang 10. Thé tich
ctia khéi chép S.ABC bang
(Aa)2. B) 15. (©) 10. (D) 30.
& Loi gidi.
Thé tich khéi khép S.ABC 14V = ;Bh = ;)10 -3 = 10.
Chon dép én (C) O

Cau 14.7. Cho hinh chép S.ABC c¢6 ddy ABC 1A tam gidc vudng tai B, AB = a, BC = 2a,
SA L (ABC), SA = 3a. Thé tich ciia khéi chép S.ABC' bang
@a?’. ;a?’. @3&3. @éa?’.
& Loi gidi.
Thé tich khéi chop 1a

1
Vs.apc = gSAABC -SA=

1
BA-BC-SAZEa-2a-3a:a3.

W =
DN | —

Chon déap an @ O

Cdu 14.8. Cho hinh chép S.ABC c6 cac canh SA, SB,SC do6i mdt vudng géc véi nhau. Biét
SA=3,SB =4, SC =5, thé tich khbi chép S.ABC bing

(A) 60. B) 10. (C)20. (D) 30.
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& Loi gidi.
D& thdy SA L (SBC) A

11

on V. —-.9 SA=>.2.4.5-3=10.
nen Vs ABc 3 NASBC 3 2
C
B

Chon dap 4an (B) O

Cau 14.9. Cho hinh chép S.ABC ¢6 ddy ABC' la tam gidc vudng can tai A, AC' = 2a. Canh bén
SA vuong géc véi mit phing déy va SA = a. Thé tich khéi chép S.ABC bang

@4@3. 2?)3. ©2a3. 4§3.

& Loi gidi.
1 1
Dién tich day Sapc = §AB -AC = 3 2a - 2a = 2a>. S
2 . £ , N 1 1 2 2@3
Theé tich khoi chép 1la V = §~SA~SAABC = §~a~2a =5
a
AKL C
2a
B
Chon dép 4n O

Cadu 14.10. Cho hinh chép S.ABCD c6 ddy la hinh vudéng canh a, SA L (ABCD) va SA = a.
Thé tich khéi chép S.ABCD bang

@;a‘g. 2a3. @3(13. ®a3.

& LOi gidi.

, 1 1 ) 1 5
TaCOVS.ABCD:g'SA‘SABCng.a.a:gaj'
Chon dap an @ -

Cau 14.11. Cho hinh chép S.ABCD c6 day ABCD la hinh chtt nhat, AB = 3a va AD = 4a.
Canh bén SA vubng goc v6i mit phang (ABCD) va SA = ay/2. Thé tich ctia khéi chép S.ABC'D

bang
3 3
(A) 4v2a?. 12v/2a?, © 4\/3% . D) 2\/35“ .
& Loi gidi.
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Dién tich day hinh chit nhat 1a

Sapcp = AB - AD = 3a - 4a = 124>

Thé tlch ctia khoi Chop S.ABCD la

V= fSABCD SA = 3 21242 - a2 = 4v/26°.

Chon dap an @ O

Cau 14.12. Cho hinh chép S.ABC c¢6 SA vudng goc véi ddy. Tam gidc ABC vudng cin tai B,
biét SA = AC = 2a. Tinh thé tich khéi chép S.ABC.

®220. ®) 1. © 2 D)1

B Loi gidi.

AC  2a

Tac6 AB=BC = — = = =ay/2. S
V2 V2

Thé tlch khoi chép S.ABC 1a

1
V= fSAABc SA =

§AB2 -SA= 2

. (a\/ﬁ) -2a = ga?’.

CO\H
D =

Chon dép 4n (C) O

Cau 14.13. Cho hinh chép S.ABCD c6 day ABC D 1a hinh vuéng canh a, SA = 3a va SA vudng
g6 vOi mit phing ddy. Tinh the tich khoi chép S.ABCD.

@ 3a3. @ — @ 9a3. @ a’.
& Loi gidi.
Ta c¢6 Sapep = a?, dudng cao SA = 3a.
Vay thé tich khi chéfl) S.ABCD la

1
v:§SABCD'SA:§'a2'3a:a3-

Chon déap an @ O

Cau 14.14. Cho khéi chép S.ABC c¢6 ddy ABC 1a tam gidc vudng tai A, AC' =3, AB =4, SA
vudng goc véi mit phang (ABC) va SA = 3. Thé tich ctia khdi chép da cho bang
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(A)12. B)6. (©)18. (D) 20.

& Loi gidi.
o Dién tich tam gidc ABC la Saapc = fAB AC = ; 3=06.
o Thé tich khéi chép S.ABC 1AV = —SAABC SA = Z1)> 3 =0.
Chon déap an O

Cadu 14.15. Cho khéi chép S.ABC c6 SA vuong géc véi day, SA = 4, AB = 6, BC' = 10 va
CA = 8. Thé tich V ciia khéi chép S.ABC
AV =32, BV =192. (©V = 40. D)V = 24.
& Loi gidi.
Ta c6 10% = 82 + 62 hay BC? = CA? + AB2 S
Suy ra AABC vuong tai A.

1 1
Dién tich AABC 1 Spapc = 5 - AB- AC = 5 -6-8 = 24.
Thé tich ctia khéi chop S.ABC: ns o
1 1
V==, Sapc SA=_-24-4=32.
3 3
B
Chon dap 4n (A) O

Cau 14.16. Cho hinh chép luc gide déu ¢ canh ddy bang 1 chiéu cao bang 4. Thé tich ctia khoi
chép da cho bang
@23 B 6v3. ©2 DY
& Loi gidi.
Gia st day 1a hinh luc gidc déu ABCDEF tam O.

. 5 12V/3  3v3
Ta c6 dién tich ctia hinh luc giac deula S =6-Spoap =6 - ;/_ = \2/_
) . 1 1 3
V@ythétichcﬁakh()ichéplziV:g-S-h—g \2/_ 4 = 24/3.
Chon déap an @ O

Cdau 14.17. Cho khdi chép tam gidc déu c¢é canh ddy bang 2 va chiéu cao h = 12. Thé tich cta
khéi chép da cho bang

(A)24v/3. 12v/3. (©)6v/3. (D) 4v/3.

B Loi gidi.

1 22
5 f 12 = 43,
Chon dap 4n (D) O

Ta c6 thé tich ctia khéi chép tam gide déu la V =

Cdu 14.18. Cho hinh chép tit gidc déu S.ABCD c¢6 day la hinh vuéng canh bang av/3 va céc
canh bén bang av/2. Thé tich khéi chép S.ABCD bang
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& Loi gidi.
Goi O la tdm cia hinh vuéng ABCD.
Vi S.ABCD la hinh chép déu nén SO L (ABCD).

1
Ta c¢6 Sapcp = (a\/§)2 = 3a%; OB = §BD \/_
SO = VSBE— OB = 2 0 _ a2
Thé tich khéi chép déu S.ABCD la
1 y a\/§ V2
V= SABCD 50_33 — =
Chon dap 4n (A) O

n P N S N S 2 .
Cau 14.19. Cho khoi chép t gide deu ¢6 canh day bang a, ¢ chiéu cao bang a\z/_. Theé tich cta
khéi chép da cho bang
a3 \/§ a3 \/§ \/5 a3 \/g a3

& Loi gidi.

av/2 1 1 a2 a’\/2
h: N = 2 V:—h~ = — . 2: .
g s mV=ghS=gmmrat =
Chon dép 4n (B) O

Cdu 14.20. Thé tich khéi t dién déu cé canh bang 3 1a

@2 23, o2 ®) 3.
& Loi gidi.
Cho ABCD la tit dién déu.
Goi F 1a trung diem CD, G 1a tAm ciia tam gidc déu BCD, ta

c6 AG L (BCD); BF =+/BC? —(CF? = \/_
Xét tam giac ABG vuong tai G-
2 2
3\2/§ _ B

AB =3 BG=Z:BF="=-.
’ 3 3

AG = VAB? = BG? = /3 — (V3)" = /6.
2
TacéSABCD:;BF-CDZBf:M.

4
A 1 1 93 9V2
Vay VABCD — gAG SABCD = g . \/6 T — T

Chon dép &n (C) O
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BANG DAP AN

[14.1. D J[14.2. C |[143. C |[144. A ][145. C ||[146. C |[14.7. A ][148. B |
[14.9. B ][14.10.A |[14.11.A [[14.12.C ][14.13.D ||14.14.B |[14.15.A |[14.16.A |
[14.17.D ][14.18.A |[14.19.B |[14.20.C |
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Danc 15. PINH NGHIA, TINH CHAT, VI TRI TUOGNG DOI
LIEN QUAN DEN MAT CAU

KIEN THI'C CAN NHG

1. Dinh nghia lién quan mat cau

« Tap hop céc diéem M trong khéng gian cach diém O cho trudc mot
khodng cach luén bang R khéng d6i dude goi 1a mit cau tdm O,
ban kinh R, ki hiéu S(O, R), tic la

S(O,R) = {M | OM = R}.
e Doan thzamg ndi 2 diém phan biét trén mat cau goi 1a diy cung clia mat cau.
« DAy cung 16n nhat clia mat cau dude goi 1a dudng kinh ciia mét cau(gap doi ban kinh).

2. Cac cong thirc tinh toan

« Dién tich mat cau c6 ban kinh R 14 S = 47 R?.
2 . Ra D /12 . N 4 3
e The tich khoi cau c¢6 ban kinh R1a V = gﬂ'R .

3. Vi tri tuong d6i giira mot diém va miat cau
C6 3 vi tri tuong dbi gitta mot diém M va mat cau S(O, R), d6 1a
« M thudc S(O, R) khi va chi khi OM = R.

e M nam bén trong S(O, R) khi va chi khi OM < R.

« M nam ngoai S(O, R) khi va chi khi OM > R.

4. Vi tri tudng d6i giita dudng thang va mat cau
C6 3 vi tri tuong dbi gitta mot dudng thang A va mit cau S(O,R), do6 la

« A khong c6 diém chung véi S(O, R) khi va chi khi d(O,A) > R.

e A tiép xtic v6i S(O, R) khi va chi khi A va S(O, R) ¢6 1 diém chung < d(O,A) = R.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén @ Trang 98/472

« A cit S(O, R) tai hai diém phéan biét khi va chi khi d(O,A) < R.

Trudng hop dudng thing A tiép xdc v6i mit cau tai H ta goi A 1a tiép tuyén cia

mat cau va H la tiep diem cua A v6i mat cau.

5. Vi tri tudng d6i giita mat phang va mat cau
C6 3 vi trf tuong d6i gitta mot mit phang (P) va mit cau S(O, R), d6 1a

A

« (P) khong c6 diém chung véi S(O, R) khi va chi khi d(O, (P)) > R.

« (P) tiép xtc S(O, R) khi va chi khi (P) va S(O, R) ¢6 1 diém chung < d(O, (P)) = R.

« (P) cat S(O, R) theo giao tuyén la mot dudng tron khi va chi khi d(O, (P)) < R.

o Trudng hop mit phang (P) tiép xtc véi mat cau tai H ta goi (P) 1a tiép dién

ctia mat cau va H la tiep diem cta (P) v6i mat cau.

o Truong hop mit phang di qua tAm cia mit cau cau thi dudng tron giao tuyén
dugce goi la dudng tron 16n va mat phéng dugce goi la mat phé’mg kinh ctia mat

cau.

« Khi mit phang cit mit cau theo giao tuyén la duong tron (C) thi (C') cé tdm
H 13 hinh chiéu vuéng géc ctia tdm O miit cau lén mit phang (P), dong thoi
(C) ¢6 ban kinh r tinh theo cong thitc r = VR? — d?, v6i d = d(O, (P)).
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BAI TAP MAU

CAU 15 (Pé tham khdo 2023). Cho miit phing (P) tiép xtic v6i mit cdu S(O; R). Goi d 1A
khoang cach tit O dén (P). Khang dinh nao duéi day ding?

(A)d < R. B)d > R. (©d=R. (D)d = 0.

& Loi gidi.

M3t phang (P) tiép xtc véi mit cau S(O, R) khi va chi khi d(0,(P)) =
R < d=R.

Chon dép én (C) O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 15.1. Cho mit cau c6 dién tich bang 367 thi khdi cau tuong ting c¢6 thé tich bang
(A) 72m. (B) 187. (©) 9r. (D) 367
& Loi gidi.
V6i R 13 ban kinh mit cdu ta ¢6 S = 47R? = 36r = R = 3.
Khi d6 thé tich khoi cau tuong tmg 1a V = g - mR® = 367.
Chon dap 4n (D) O

Cau 15.2. Dién tich mat cau c¢6 dudng kinh R 1a

(A) 27 R2. ATR2. © §WR2. (D)7 R2.

& Loi gidi.

Mat cau c6 duong kinh R thi c6 ban kinh bang ];

Do dé dién tich ctia mat cau la S = 4 (];)2 = 1R

Chon dép an (D) O

Cdu 15.3. Cho khdi cau c¢6 ban kinh R = 3. Thé tich khdi cau da cho bang

(A) 1087 (B) 367. (C) 4. (D) 127.
& Loi gidi.
. R 4 4
Thé tich khoi cau ¢é ban kinh R1aV = §7TR3 =g 33 = 36m.
Chon déap an O
Cdu 15.4. Dién tich S clia mit cau ¢6 ban kinh r bang

@Sz47rr2. S:37T7“2. @S:TFT’Q. @S:27T7’2.
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& Loi gidi.
Dién tich cia mit cau cé ban kinh bang r 1a S = 4mr2.

Chon dap an @ O

Cdu 15.5. Cong thiic tinh thé tich khéi cau ban kinh R 1a

(A)V = 4rR3. BV = ;le?’. ©v = ;WR?’. D)V = 7R

& Loi gidi.
. N 4
Cong thiic tinh thé tich khéi cAu ban kinh R1a V = gwR?’.
Chon dap 4n (B) O
Cdu 15.6. Cho khdi cau c6 ban kinh R = 2. Thé tich khdi cau da cho bang
167 327
397 167. e oo
(A) 327 B) 167 ; .
& Loi gidi.
. . 4 4 32
The tich khoi cau c6 ban kinh R=21aV = §WR3 = §7T .23 = %
Chon dép an (D) O

Cau 15.7. Cho khéi cau (7)) tAm O ban kinh R. Goi S va V 1an lugt 1a dién tich mat cau va theé
tich khéi cau tuong ing. Ménh dé nao sau day 1a ding?

(A)S = 7R2. BV = §WR3. (©) S =2rR2. (D)V = 4xR®.
& Loi gidi.
Cong thitc ding 1a V = ;lWR?’.
Chon déap an O
Cdu 15.8. Khéi cau c6 ban kinh R = 6 ¢6 thé tich bang bao nhiéu?

(A) 1447. (B) 2837 (C) 487 (D) 72r.
& Loi gidi.
Thé tich khéi cau ¢6 ban kinh R =613 V = ;leﬁ = ;lﬂ - 6% = 288.
Chon dép 4n O

2

- R . 8ma
Cau 15.9. Cho mat cau c6 dién tich bang T

@R:“\f. R:"f. @R:“f. @R:“Qﬁ.

. Khi d6 ban kinh ctia mat cau la

& Loi gidi.
Goi R 1a ban kinh clia mat cau.
Dién tich mit ciu I S — 47 R? & R = = — sma* _ 20* _ p_ av6,
47 127 3 3
Vay ban kinh mat cau la R = a—\/é.
Chon dép &n (C) O

~ N 3 N s
Cau 15.10. Cho mat cau c¢6 ban kinh r = - Dién tich ctia mat cau da cho bang
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@ 3V/3r. 271’. @ V3. @ 3.

& Loi gidi.

N 3
Dién tich mit cau c6 ban kinh r = 5 1A S = 4nr? = 3r.
Chon déap an @ O

Cdéu 15.11. Mit cau cé ban kinh bang 6 thi dién c¢6 dién tich bang
(A) 367. (B) 288. (C) 1447. (D) 727.
& Loi gidi.
Mit cau ¢6 ban kinh bang 6 thi dién c6 dién tich 1 S =4 - 7 - 6% = 1447.
Chon dép 4n (C) O

Cau 15.12. Cho mat cau (S;) ¢6 ban kinh R;, mit cau (Sy) c6 ban kinh Ry, = 2R;. Tinh ti s6

dién tich ctia mit cau (Sy) va (S)).

(Aa)2. ; (©)3. (D) 4.

& Loi gidi.

. . S| = 4T R?
Goi Sy, So lan lugt 1a dién tich mat cau (S;) va (Ss). Khi d6

Sy = 4T R3.
Sy,  4AmR3 (}32)2
Vay = = = (=2) =4
VS TR T \R,

Chon dap 4n (D) O

Cau 15.13. Mit cau cé ban kinh bang 1 thi dién tich bang
@471 @ 167. 4; @271
& Loi gidi.
Mat cau c¢6 ban kinh R = 1 thi c¢é dién tich S = 47 R? = 4.
Chon dap 4n (A) O

Cau 15.14. Cho mit cau c¢6 ban kinh R = 5. Dién tich cia mét cau da cho bang

10??”. B) 50;”. (C) 1007 (D) 257.
& Loi gidi.

Dién tich clia mit cau c6 ban kinh R =514 S = 47rR? =4 - - 52 = 1007.

Chon dép 4n (C) O

Cdu 15.15. Mot mat cau cé dién tich bang 36, ban kinh ctia mit cau dé bang
(A)s3. 3V/3. (©)3v2. D)6.
& Loi gidi.
Goi R 1a ban kinh ctia mat cau.
Khi dé, ta c6 dién tich mat cau: S = 4nR? = 36mr < R? =9« R = 3.
Chon dap 4n (A) O
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Cdu 15.16. Dién tich ctia mit cau c¢6 ban kinh R = 3 bang
(A) 127, (B) 6. (C) 36m. (D) 18.
& Loi gidi.
Ap dung cong thic tinh dién tich mit cau S = 4rR? = 47 - 32 = 367.
Chon déap an @ O

Cau 15.17. S6 miit cau chtta mot dudng tron cho trude 1a

(A)o. (B) Vo . (©)2. D) 1.
& Loi gidi.
C6 v6 s6 mat cau chita mot dudng tron cho trude, cdc mat cau dé di qua 1 diém trén dudng tron
dong thoi c6 tam I thudc duong thing vudng géc voi mit phing chita duong tron tai tAm cla
duong tron.
Chon d4p 4n O
Cau 15.18. Cho hai diém A, B phan biét. Tap hop tam nhiing mat cau di qua hai diém A va B
la

@ Mit phing trung truc ciia doan thing AB.

Trung diém ctia dudng thing AB.

@ Puong thing trung truc ctia doan thing AB.

@Mét phing song song véi dudng thing AB.
& Loi gidi.

I3 tAm ciia mat cau(S)
Goi (S) 1a mat cau di qua 2 diém A, B cho truée. Khidétacd < [A = IB
&1 € (P): mit phang trung truc ciia doan

Vay tap hop tam cdc mét cau di qua hai diém A, B cho truée 1a mit phang trung truc cia doan
thang AB.
Chon dap 4n (A) O

Cau 15.19. Cho mit cau S(O; R) va diém A c6 dinh nam ngoai mit cau véi OA = d. Qua A ké
dudng thang A tiép xic véi mit cau S(O; R) tai M. Coéng thitc ndo sau ddy duge ding dé tinh
d6 dai doan thing AM?

Q) VR =2 VT @, © VI—F. (ONey=r:
& Loi gidi.
Vi A tiép xtic v6i mat cau S(O; R) tai M nén A tiép xtc véi
mot duong tron 16n ciia mat cau S(O; R) tai M.
Do d6 AOMA vuong tai M, suy ra AM = \/OAZ —OM? =
V& — R2.

Chon dép 4n (C) O
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Céu 15.20. S6 diém chung gitta mit ciu vi mit phang khong thé 13

(A)2. (B) Vo . (©)o. D)1.
B Loi gidi.

Mit cau va mit phiang ¢ 3 vi trf tuong di véi s6 diém chung nhu cdc hinh vé sau:

khong co diém chung c6 1 diém chung 6 v6 56 diém chung

Vay khong xdy ra truong hop mit phang va mét cau ¢ ding 2 diém chung.
Chon dép an (A) O

BANG DAP AN

[15.1. D ][152. D |[15.3. B |[154. A |[155. B |[156. D |[15.7. B |[158. B |
[15.9. C [15.10.D |[15.11.C |[15.12.D |[15.13.A ||15.14.C |[15.15.A |[15.16.C |
[15.17.B_ ][15.18.A |[15.19.C |[15.20.A |
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Danc 16. SO PHGC VA CAC PHEP TOAN

KIEN THO'C CAN NHO

1. Phan thuc, phan ao cta s6 phirc, sé6 phirc lién hadp

o S6 phitc ¢6 dang z = a + bi (a,b € R,i? = —1). Phan thuc ctia z 1a a, phan do cta 2z 1a b va

t duge goi la don vi ao.

« S6 phtic lién hop ctia 2 1a Z = a + bi = a — bi.

D z-zZ=a?+b? S unEtrn=2t2%
_ 21 Z1
D zZ1 29 =212 @():_
Z9 29

2 \ , 3 = A N A £
¢ Tong va tich ctia z va z luén la mot so

thue.
o Luu y: ¢4 = 1;44nF! = ;4402 = 1,443 = —4: vé6in € N.

2. Hai s6 phirc bang nhau
Cho hai s6 phitc 21 = a; + byi, 20 = ay + boi (ay, az, by, by € R).
Khi do:

a1 = ag

by = bo

21 = 29 &

3. Biéu dién hinh hoc cia s6 phirc, mddun cha sb phirc

Y
M (a:b)
plpmmmmeee ‘
|
|
|
|
|
|
0 ai iy
|
|
|
|
|
SN GRS
M (a; —b)

« Biéu dién hinh hoc ctia sb phiic

« S6 phitc z = a+ bi(a,b € R) dugc biéu dién bai diém M (a;b) trong mit phang toa do.
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o 2z va Z dugc biéu dién bdi hai diém dbi xiing nhau qua truc Oz.
« Mé dun cta sb phiic

o Mo dun ctia s6 phtic z 1a |z| = |OM| = Va2 + b2.
o Tacé: 2| =Vz- -z 2] = |z

BAI TAP MAU

CAU 16 (Pé minh hoa BGD 2022-2023).
Phan 4o ctia s6 phitc z = 2 — 3i 1a

A)-3. B) 2. (©)2. D)3.

& Loi gidi.

Phan 40 ctia s6 phitc z = 2 — 3i 13 —3.

Chon dép an (A) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 16.1. Phan thuyc va phan 4o ctia 86 phtic z = (1 + 2i)i lan lugt 1a
(A)1va2. B) -2 va 1. (©1va -2 (D)2 va 1.
B Loi gidi.
Tacoz=(1+2i)i=1+2i>=—2+1.
Vay phan thuc va phan 4o clia z lan lugt 14 —2 va 1.
Chon dap 4n (B) O

Cdu 16.2. Cho hai s6 phiic 2 = 5 — 3i, 2o = —1 + 2i. Tong phan thuc, phan 4o ctia tong hai sd
phttc da cho la
(A)S =3, B)S="1. (©)S =4. (D)S =5.
& Loi gidi.
Tacé z1 4+ 29 = (5 —31) + (=1 + 2i) =4 —i.
Vay tong phan thuc va phan éo ciia tong hai s6 phitc da cho 1a S = 3.
Chon dap 4n (A) O

Cdu 16.3. Phan 4o ctia s6 phtic z = 4 — 5i 1a

(A) —5i. B) 5. (©)s. (D) 4.
& Loi gidi.
Phan 4o clia s6 phtic z = 4 — 57 1a —5.

Chon déap an O
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Cadu 16.4. S6 phic lién hop ctia s6 phitc 1 — 2i 14
(A)—1+2i. B) -1 - 2i. (©)1+2i. D) -2 +i.
& Loi gidi.
Theo dinh nghia s6 phiic lién hop ciia s6 phitc 2 = a + bi, a, b € R 1a sb phtic z = a — bi, a, b € R.
Chon déap an @ O

Cau 16.5. Cho s6 phiic z = 2 — 3i. S6 phiic lién hop z 1a

A)z=-2-3i B)z=3-2i. (C©z=-2+3i D)z =2+ 3i.
B Loi gidi.
Tacoz=a+bi=Z=a—bi. Dod6z2=2—-3i=%zZ=2+ 3.

Chon déap an @ O

Cau 16.6. S6 phiic z théa man z = 5 — 8 ¢6 phan 4o la

(A)s. B) —8i. (©) -s. (D)5.
& Loi gidi.
S6 phitc z = 5 — 8i ¢6 phan 4o 1a —8.

Chon dép 4n (C) O

Cdéu 16.7. Mo-dun cta sb phitc z = 4 — 27 bing

(A)2V5. B) 4. (©)2v3. (D)3v2.

& Loi gidi.
Ta c6 |z| = /42 + (—2)2 = 21/5.
Chon dap 4n (A) O

Cau 16.8. Cho z = 3 + 2i. Tim mo6-dun cia z.

@]z =»5. 2 = 13. ©)z = VI3, D)2 = V5.

& Loi gidi.
Ta ¢é |z| = |3+ 2i] =9+ 4 = V13.
Chon déap an @ O

Cadu 16.9. S6 phiic lién hop ctia s6 phiic z = 6 — 8 1a
(A) —6 + 8i. B) 6+ 8i. (©) —6 — 8i. (D)8 — 6i.
& Loi gidi.
Ta c6 s6 phitc z = a + bi sé c6 s6 phtc lién hop 1a Z = a — bi.
Do dé s6 phtic lién hop ctia 2z = 6 — 8 14 Z = 6 + Si.
Chon ddp 4n O

Cdu 16.10. S6 phiic lién hop ciia s6 phtic z ¢6 phan thuc bang 4, phan 4o bang 5 1a

(A)z =4+ 5i. B)z =4 - 5i. (©z=5—4i. D)z =5+ 4i.

B Loi gidi.
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Ta c6 sb phtic z ¢6 phan thuc bang 4, phan 4o bang 5 14 z = 4 + 5i.
Dod6z=4+5 =4 — 5.
Chon dép 4n O

Cau 16.11. Cho sb phitc z = 3 — 4i. Ménh deé nao dudi day sai?
@ S6 phiic lién hop ciia z 1a 3 — 44.
Phan thuc va phan 4o ctia 2 1an lugt 1a 3 va —4.
@ Bidu dién s6 phitc z 1én mit phang toa do la diém M(3;—4).
@Mé—dun ctia s6 phitc z bang 5.
& Loi gidi.
S6 phitic lién hop ctia 2z = 3 — 44 14 2 = 3 + 4i.
Ménh dé “S6 phtic lién hop ciia z 14 3 — 44" sai.
Chon déap an @ O

Cau 16.12. S6 phtic nao dudi day 1a s6 thuan o

@22—21'. z=2—|—2i. @z:—1+\/§i. @z:—Q.
& Loi gidi.
S6 phitc thuan 4o la z = —2i.

Chon dap 4n (A) O

Cadu 16.13. Phan 4o ctia s6 phiic z = 2 4 37 1a
(A) 2. B) 3. (©)2. D)3.
& Loi gidi.
Ta c6 z = 2 + 3i. Phan 4o ctia s6 phitc z 1a 3.
Chon dép an (D) O

Cadu 16.14. S6 phiic lién hop ciia sé phiic z = 2 — 3i 1a
(A)z=2+3i. B)z= -2+ 3i. (©)z=3+2i. D)z =3 —2i.
& Loi gidi.
S6 phiic lién hgp ciia sé phitc z =2 — 3i 1a 2 = 2 + 3i.
Chon déap an @ O

Cau 16.15. Mo-dun ctia s6 phtic z = 7 — 5i bang

(A)2V/6. (B) 74. (C) 24. (D) V74.
g Loi gidi.
Ta c6 |z| = VT2 + 52 = /74
Chon dap 4n (D) O

Cau 16.16. Cho s6 phtic z = 3 + 4i. Tinh |z|.

@)z = V5. 2] = 13. ©)z = VI3, D)2 =5.

& Loi gidi.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy Dén - Ninh Thun 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 108/472

z=344i=|z| =v32+42=5.
Chon dép an (D) O

Cdau 16.17. Cho sb phiic z = 3 — 4i. Mé-dun clia z bang

) 12. B)5. ©r. D) 1.

& Loi gidi.
Mé-dun ciia z bang |z| = /32 + (—4)2 = 5.
Chon dép 4n O

Cadu 16.18. Cho s6 phiic z théa man z = 5 — 8 c¢6 phan 4o 1a

(A)-s. B)s. (©)5. (D) —8i.
& Loi gidi.
Ta ¢6 2z = 5 — 8i ¢6 phan 4o bang —8.

Chon dap 4n (A) O

Cdau 16.19. Mo-dun ciia s6 phtic 2 + 3i bang

(A)V13. B)13. (© V5. D)5.

& Loi gidi.
Ta ¢6 |2 + 3i| = v22 + 32 = /13.
Chon déap an @ O

Cau 16.20. Mo-dun ctia s6 phiic z = 3 + 4i 1a
(A)5. B)7. (©)3. (D) 4.
& Loi gidi.
2| =32 +42 =5.
Chon dép an (A) O
Cau 16.21. Goi a, b lan lugt 1a phan thuc va phan ao ctia sé phitc z = —3 + 2i. Gid tri a — b
bang
(A1 B)5. (©) 5. D) 1.
& Loi gidi.
S6 phttc z = —3 + 2i, ¢6 phan thuc a = —3, phan 40 b=2. Dod6 a —b= —3 — 2 = —5.
Chon dép 4n (C) O

Cdu 16.22. S6 phiic c6 phan thuc bang 3 va phan 4o bang 2 1
(A)3—2i. B) 3 + 2. (©)2 + 3i. (D)2 - 3i.
B Loi gidi.
S6 phitc ¢6 phan thuc bang 3 va phan 4o bang 2 1a z = 3 + 2i.
Chon ddp 4n O

Cau 16.23. Véi x, y 1a céc s6 thuc thi s6 phitc 2 = 2 — 1 + (y + 2)i 14 s6 40 khi va chi khi
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@y:—Q. le,y;é—Z. @y:—Q,m#l. @:1::1.

B Loi gidi.

Tacoz=a—1+(y+2)ilasdthuindo e r—1=0< 2= 1.
Chondépén@ O

Cadu 16.24. Cho s6 phtic z = —2 + 4. Tim phan thuc va phan 4o ctia sé phiic Z.
@ Phan thuc bang 2 va phan 4o bang 1. Phan thuc bang 2 va phan 4o bang 1.
@ Phan thuc bang —2 va phan &o bang —i. @Ph?m thuc bang —2 va phan 4o bang —1.
& Loi gidi.
Phan thuc bang —2 va phan do bang —1.
Chon déap an @ O

Cau 16.25. Mo-dun ctia s6 phiic z = 5 — 4i bang

(A)1. (B) 41. (C) v4l. (D)3.

& Loi gidi.
2| = /BT (<) = VAT,
Chon dap an @ O

Cau 16.26. Cho sb phitc z = 2 + v/3i. Mo-dun ciia 2z bang
(A)5. V5. © V7. D)7.
& Loi gidi.
Ta cb |z| = V22 +3 = V/T.
Chon dép 4n (C) O
Cau 16.27. Phan thyc ctia s6 phite (2 —4)(1 + 2i) 1a
@A)s. B)3. ©)4 D)o.
& Loi gidi.
Tacd (2—4)(1+2i) =2+4i—i— 2> =4+ 3i.
Chon dap 4n (C) O

Cadu 16.28. S6 phiic lién hgp ctia s6 phitc z = 1 — 27 1a
(A)—1+2i. B) -1 - 2i. ©2—i. D)1+ 2i.
& Loi gidi.
S6 phitc lién hgp ctia s6 phitc 2 =1 —2i 1a 2 =1+ 2i.
Chon dap 4n (D) O

Cdu 16.29. Mo-dun ciia s6 phtic z = 5 — 2i bang

(A)29. V29. (©)3. D)7.
g Loi gidi.
Ta 6 |z| = |5 — 2i| = /52 + (—2)%2 = V/29.

Chon dap 4an (B) O
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BANG DAP AN

[16.1. B ][16.2. A |[16.3. B |[16.4. C |[165. D |[166. C |[16.7. A |[168. C |
[16.9. B ][16.10.B |[16.11.A |[16.12.A ][16.13.D ||16.14.A |[16.15.D |[16.16.D |
[16.17.B_ ][16.18.A |[16.19.A ][16.20.A ][16.21.C ||16.22.B [[16.23.D |[16.24.D |
116.25.C ][16.26.C |[16.27.C |[16.28.D |[16.29.B |
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Danc 17. HINH NON, HINH TRU

KIEN THO'C CAN NHO

1. Hinh nén, khdi nén

« Cong thic tinh dién tich xung quanh ctia hinh nén Sy, = 7wrl.

« (Cong thitc tinh dién tich toan phan ctia hinh nén Sy, = Sxq+Sasy = wri+mr? = 7r(l+7).

2 ) 1
« Cong thtic tinh the tich ctia khoi nén Vg, = §7r7“2h.

« Ap dung Pitago va céc hé thic luong gidc trong tam gidc vuong SOA, ta cé

I? = h? +7"2;COSXS\O: };;sin@: ;;tan@ = %

2. Hinh tru, khéi tru

« Cong thic tinh dién tich xung quanh ctia hinh tru Sxq = 27rl.

« Cong thtic tinh dién tich toan phan ctia hinh tru Stp = Sxq + 2Sasy = 277l + 2mr2.

« Cong thitc tinh thé tich ctia khéi nén Virg = 7r2h.
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BAI TAP MAU

CAU 17 (Pé minh hoa BGD 2022-2023).

Cho hinh nén c¢6 duong kinh day 2r va do dai duong sinh ¢. Dién tich xung quanh ctia hinh

nén da cho bang
@ 2mrd. gm’ﬁz. @ mrl. @ ;7?7“26.
& Loi gidi.
Cong thiic tinh dién tich xung quanh hinh nén la Sy, = 7rf.
Chon dap an @ O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 17.1. Cho hinh nén c¢é ban kinh ddy r = a va d6 dai duong sinh [ = 3a. Dién tich xung
quanh ctia hinh nén da cho bang
@ 3ra’. ma’. @ 4rra?. @ 10ma?.
& Loi gidi.
Dié¢n tich xung quanh ctia hinh nén 1a Sy, = 7rl = 7a - 3a = 3wa’.
Chon dap 4n (A) O

Cau 17.2. Mot khéi nén ¢6 chidu cao bang 3, do dai dudng sinh bang 5. Thé tich ctia khdi nén
1a

(A) 127, (B) 167. (©) 157 Sgﬂ.
& Loi gidi.
Ban kinh ddy r = V12 — h? = /52 — 32 = 4.

. ) 1 1 1
Thétichkh()inénV:gBh:§7T~7’2~h:§7r-42-3:167r.

Chon déap an O

Céu 17.3. Cho khdi nén ¢ ban kinh ddy bang R = 1, dudng sinh | = 4. Dién tich xung quanh
ctia khoi nén 14

@8#. @ 127r. @47r. @671

& Loi gidi.
Sxq = TRl = 4m.
Chon dép &n (C) O

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 113/472

Cdau 17.4. Cho khéi nén c¢6 ban kinh ddy r = /3 va chiéu cao h = 4. Thé tich ctia khbi nén da

cho bang
(A) 4r, B) 12 (©)12. (D) 4.
& Loi gidi.
Thé tich ctia khéi nén 1a V = ;nr% = ;w(ﬁ)Q -4 = 4.
Chon déap an @ O

Cau 17.5. Cho khéi nén c¢6 do dai dudng cao bang 2a va ban kinh ddy bang a. Thé tich ciia khoi

non da cho bang
3

@ 2ma’. 47;@3‘ %. @ 27;(13‘

& Loi giéli.
. ) 1 2ra’
Theé tich khoi nén: V = 3 2a - Ta? = 7;&
Chon déap an @ O

Cau 17.6. Cho khéi nén cé ban kinh ddy r = 2, chiéu cao h = v/3. Thé tich ciia khéi nén da cho

la

®2Y V3 @ i
& Loi gidi.
Ap dung cong thitc tinh thé tich khéi nén, thé tich khéi nén da cho 1a
! V3 Gert).

1
V:§7T7’2h:§7'("22\/§: 3

Chon dap 4n (C) O

Cau 17.7. Cho khéi nén ¢6 thé tich V. Khi tdng ban kinh dudng tron ddy 1én 2 lan thi duge khoi
nén méi ¢6 thé tich bang
2V 4V
4V 2V. —. —.
®) ® . .
& Loi gidi.
2 £ X 1
Ta c6 thé tich khoi nén ban dau la V = gwhr2.
R . . 1 1
Tang ban kinh day lén 2 lan thi theé tich khoi nén méi la V,,, = gﬂ'h(QT)Q =4 (37rhr2) =4V.
Chon déap an @ O

Cau 17.8. Dién tich xung quanh ctia hinh nén ¢6 do dai duong sinh [ va ban kinh day g bang

@ ;m“l. @ mrl. @ éﬂrl. @ 2mrl.
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& Loi gidi.

Dién tich xung quanh ctia hinh nén dé la Syq = ng = iwrl )

Chon dap 4n (A) O

Cau 17.9. Mot khdi tru cé chiéu cao bang 2a va dién tich ddy bang 2a2. Tinh thé tich khdi ling

bru? 2 3 3
@v="" BV ="" ©V - 4a® Dv=""

& Loi gidi.

Thé tich khéi tru 14 V = Bh = 2a® - 2a = 4a°.

Chon dép 4n (C) O

Cau 17.10. Dién tich xung quanh ctia hinh tru c6 do dai duong sinh [ va ban kinh diy r = ;l

la
(A) 2. 2. (C) 2nl. (D) 2xl.

& Loi gidi.

Dién tich xung quanh hinh tru la S = 27rl = 27 - ;l =7l

Chon ddp 4n O

Cdau 17.11. Mot hinh tru c¢6 ban kinh ddy r = 5 cm, chiéu cao h = 7 cm. Dién tich xung quanh
cua hinh tru nay la
@ 707 cm?. 7:)?7? cm?. @ 335# cm?. @ 357 cm?.
& Loi gidi.
Dién tich xung quanh ctia hinh tru la Sy, =27rh =2-7-5-7 = 707 cm?.
Chon dap 4n (A) O

Cau 17.12. Mot hinh tru tron cé ban kinh ddy r = 50 cm va chiéu cao h = 50 cm. Dién tich

xung quanh hinh tru bang

(A) 50007 cm?. 5000 cm?. (C) 25007 cm?. (D) 2500 cm?.
& Loi gidi.
Dién tich xung quanh ctia hinh tru d6 1a Sy, = 27rl = 27 - 50 - 50 = 50007 cm?.
Chon dap 4n (A) O

Cdau 17.13. Dién tich xung quanh ctia hinh tru c6 d6 dai duong cao h va ban kinh day r bang
@ 4drrh. @ nrh. @ 2mrh. @ zl))m“h.
& Loi gidi.
Dién tich xung quanh cta hinh tru la Sy, = 27rh.
Chon dép 4n (C) O
Cdau 17.14. Cho mét khdi tru c6 d6 dai dudng sinh bang 10cm. Biét thé tich khéi tru bang 907

cm?®. Tinh dién tich xung quanh ctia khéi tru.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 115/472

@ 367 cm?. 817 cm?. @ 607 cm?. @ 787 cm?.
& Loi gidi.
Ta c6 h =1=10 cm.
V=90r&em? h=90nrsr’=9&r=23cm.
Vay Sxq = 27rl = 607 cm?.
Chon déap an @ O

Cdau 17.15. Tinh dién tich xung quanh ctia mot hinh tru c¢é chiéu cao 20 m, chu vi ddy bang 5

m.
(A) 100m m2. 100 m?. (C) 50 m?. (D) 507 m?.

& Loi gidi.

Ta ¢6 chu vi day C =27R =5 m.

Dién tich xung quanh ctia hinh tru la Sy, = 27 Rl = 5 - 20 = 100 m?.

Chon déap an O
CA&u 17.16. Cho khdi tru cé ban kinh ddy bang a va chiéu cao bang 3av/3. Thé tich ctia khéi tru
doé la

@ 3ma’. 3ma+/3. @ wa’. @ wa’\/3.
& Loi gidi.
Ta ¢6 V = nR*h = wa? - 3av/3 = 3ma®V/3.
Chon dép 4n O

Cau 17.17. Cho hinh tru ¢6 ban kinh ddy bang a, chu vi ca thiét dién qua truc bang 12a. Thé
tich ctia khéi tru da cho bang
@ mas. dmad. @ 6ra’. @ Sra’.
& Loi gidi.
Ta c6 ban kinh r = a. Goi h 1a chiéu cao ctia hinh tru.
Thiét dién qua truc ctia hinh tru la hinh chit nhéat.
Theo bai ra ta c6 2(h + 2a) = 12a < h = 4a.
Vay thé tich ctia khéi tru bang V = nr?h = ma®(4a) = 4wa®.

Chon ddp 4n O

Cdau 17.18. Cho khéi tru c6 duong sinh bang 2, thé tich 187. Dién tich toan phan cta khdi tru
bang

(A) 207. B) 107 (© 127 (D) 307
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& Loi gidi.

Ta ¢6 hinh tru l = h = 2.

Khéi tru cé: V =181 = nR?h =187 = 7mR? -2 =181 = R =9 = R = 3.
Ta ¢6 Sip = Sxq + Sodsy = 2RI+ 27 R? =27 -3-2+2-7- 3% = 307.

Chon déap an @ O
Cau 17.19. Cho khdi tru c6 ban kinh ddy bang 2, chiéu cao bang 3. Thé tich ctia khoi tru da cho
bang

(A)127. B) 6. (C) 4. (D) 18.
& Loi gidi.
TacoV=m-12-h=n-22.3=127.
Chon déap an @ O

Cau 17.20. Cong thiic tinh thé tich khdi tru tron xoay cé ban kinh 7 va chiéu cao h 14
@ V= ém’zh. @ V = arh. @ V = mr?h. @ V =2nrh.

& Loi gidi.

Cong thitc tinh thé tich khdi tru tron xoay c¢é ban kinh r va chiéu cao h 1a V = 7r2h.

Chon déap an @ O

BANG DAP AN

[17.1. A J[172. B |[173. C |[174. A ][175. D ||[176. C |[17.7. A |[178. A |
[17.9. ¢ J[17.10.B |[1711.A |[17.12.A |][17.13.C ||17.14.C |[17.15.B |[17.16.B |
[17.17.B_][17.18.D |[17.19.A [[17.20.C |
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Danc 18. PHUONG TRINH DPUGNG THANG

KIEN THO'C CAN NHO

1. Phuong trinh dudng thiang

« Dudng thang d di qua diém M(zo;y0;20) va ¢6 véc-to chi phuong (VICP) @, =
T = x9+ ait

(a1; ag; az) c6 phuong trinh tham s6 ¢ y = yo + aot , (¢ € R).

z = 2zp+ ast

e Didm M thudc dudng thing d < M (zo + atq; yo + ato; 2o + ats).

P Tr—T — 0 zZ— Z .
e Néua;-as-az # 0 thi 0 _ Y7 _ 27 guge goi la phuong trinh chinh tc cia
aq a9 as
d.

BAI TAP MAU

- 2 - 1 - 2 3 2
CAU 18. Trong khéng gian Oxyz, cho duong thang d : ’ 5 = 2 T = : +2 . biém nao

dudi day thuoc d?
(A) P(1;2;3). Q(1;2;-3). ©N(2;1;2). (D) M(2; -1;-2).
& Loi gidi.
Thay toa do diem Q(1;2; —3) vao phuong trinh d ta cé
L=1 222 =343 0oy
5= T T g - Swra :
Chon dap an @ O

@© BAITAP TUONG TY VA PHAT TRIEN

~ 2 _2 - 2
Cau 18.1. Cho dudng théng A: T2 =Y . S _ % Khi d6 A di qua didm M c6 toa do

2
(A) (2; 3, 0). (0; 0; 1). © (1; -1;2). D) (0; 2; —1).

B Loi gidi.

Dé thay A di qua diém M (2; 3; 0).

Chon dap an @ O

~ 2 - 1 - 1
Cdu 18.2. Trong khéng gian v6i hé toa dd6 Oxyz, cho dudng thang d: xT - Y _Z )

Diém nao duéi day khong thude d?

(A) N (1;0;1). (B) F (3; —4;5). (©) M (0;2;1). (D) E (2; -2;3).

& Loi gidi.
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-2 -1
2 51 thoa man nén loai £ (2; —2;3).

-1 0 1A
Thay toa do diem N (1;0;1) vao d ta dugc T =5~ "5 théa man nén loai NV (1;0;1).

. 2—-1
Thay toa do diem E (2; —2;3) vao d ta dugc =

. 3—1 -4 5-1
Thay toa do diem F'(3; —4;5) vao d ta dugc T =5 =35 théa man nén loai F' (3; —4;5).
. 0—-1 2 1-1 .
Thay toa do diem M (0;2;1) vao d ta dugc T = 5= 5 khong thoéa man nén chon
M (0;2;1).
Chon dép &n (C) O
~ 5 1 -1 3 2
Cau 18.3. Trong khong gian Oxyz, cho duong thang d: m—2|— _ 5 = : +2 . biém nao duéi

day thuodc d?
(A) N(2;3;-2). (B) M(1;1; -3). (©) Q(3;2; -2). (D) P(—1;1;-3)
& Loi gidi.
Pudng thang d di qua diém M (z¢; yo; z0) nhan véc-to chi phuong @ = (uy; ug; us) c6 phuong trinh
=% _Y—Y% _ =~ %

(75} U9 us )
Nén theo dé bai thi duong thang d di qua diem P(—1;1; —3).

Chon dép an (D) O
A~ N . .2 N PREEUN ~ N N x+2 Yy — 1
Cau 18.4. Trong khéng gian Ozyz , diem nao dudi ddy thudoc duong thang d: B

z + 2
@P 1;1;2). B) N (2;-1;2). ©)Q(—2;1;-2). (D) M (—2; —2; 1).
& Loi gidi.
s 2 —1 2
Duong thang d: xi— _ Y — = z—;— di qua diém (—2;1; —2).
Chon dap an @ O
~ « . N 2 r—1 y—2 z43 . . 2
Cau 18.5. Trong khong gian Ozyz, duong thang d: T =3 = % khong di qua diém

nao dudi day?
(A) N(0; 5; —8). B) Q(1;2; —-3). (©) M(2;-1;2). (D) P(0;2; -8).
& Loi gidi.
Lan luot thay toa do céc diém vao phuong trinh dudng thang
0—-1 5—-2 —-8+3

[ =3 = = = —1.Suyra N €d.
. 1;1:2__32:_35+3:0.SuyraQEd.
. 211:_1_;2:2—;_3:1.SuyraM€d.
. 011:2:327é_85+3.8uyrap¢d.
Chon dap 4n (D) O
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Céu 18.6. Trong khong gian véi hé truc toa d6 Ozyz cho dudng thing A ¢ phuong trinh

—1 -2 3 . 2
AL _ Y 5 = ZI . Puong thang A di qua diéem M nao bén dudi?

5 —
(A) M (5;—4; 7). B) M (—5;11;—15). (O M (=5;7;—12). (D) M (5;4; —7).

& Loi gidi.

Thay toa d6 cac diém M trong bén dép 4n A, B, C, D vao phuong trinh dudng thang A ta thiy
diém M (—5;11; —15) thoa man. VAy duong thang A di qua diém M (—5;11; —15).

Chon dap 4n (B) O
~ 2 2, 2 - ]_
Cau 18.7. Trong khéng gian Ozyz , diem nao duéi ddy thudoc duong thang d: xi— —_ =

z+2

5

(A)Q(-2;1;-2). M (=2;—2;1). (© P(1;1;2). (D) N (2;-1;2).
& Loi gidi.

2 y—1 2 :
ler :y1 ZZ;F di qua diém (—2;1;-2) .

Chon déap an @ O

Puong thang d:

r=2+3t
Céu 18.8. Trong khong gian Ozyz, dudng thang d: y = —1 — 4t di qua diém nao sau day?

z =0t
(A) M (5;5;5). B) M (3; —4;5). (©) M (2;-1;0). (D) M (8;,9; 10).
2 Loi gidi.
T =2

Thay ¢t = 0 vao phuong trinh dudng thang d ta dudc y=—1

z=0.
Do d6 diém M (2; —1;0) thuoc d .

Chon déap an @ O
~ ) S ; —1
Cadau 18.9. Trong khong gian Ozyz , diem nao sau day khong nam trén duong thang A: z 5=

y+1 Z,

13

(A) M (1;-1;0). (B) N (3;0;3). © P (-3;,-3—-6). [DQI(5:1;5).
& Loi gidi.
Thay toa dé M vio phuong trinh dudng thang A ta duge 0 = 0 = 0 (ding). Suy ra M € A.

Thay toa do N vao phuong trinh dudng thang A ta duge 1 = 1 = 1 (ding). Suy ra N € A.
Thay toa d6 P vao phuong trinh duong thang A ta duge —2 = —2 = —2 (dting). Suy ra P € A.
Thay toa d6 Q vao phuong trinh dudng thang A ta duge 2 = 2 = 15), (Vo 1y)

=Q ¢ A.

Chon dap 4n (D) O
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r=1-—t
Cdu 18.10. Trong khong gian Oxyz , cho dusng thang (d): {y =2t . Diém nao dudi day

z=2+1t
thudce (d)?

(A) M (1;2;2). B) N (0;2:3). (©) P(~1;4;2). D) Q(-1;2;1).

& Loi gidi.
Thay lan lugt toa do cc diém vao phuong trinh dudng thang (d), ta thdy chi ¢6 dép 4n N (0;2; 3)
théa man.
Chon dép 4n O
Céu 18.11. Trong khong gian Ozyz, diém nao dudi day thudc dudng thing d: $__32 =Y ;— 1_
z —; 3?

@) (3:-2:1). (2:=1;-3). ©)(-2:1;3). D) (-3:2:1).
& Loi gidi.
Do dudng thing A: a —axo _ —byo _ = _CZO luén di qua diém M (xo; yo; z) nén dudng thang
da cho di qua diém A (2; —1; —3) , céc diém con lai khéng thudc d.
Chon déap an O

r=1+4+2t

Cdu 18.12. Trong khong gian Oxyz, diém nao sau day khong thudc dudng thang d: { y = 3 — 4¢7?
z=6—05t
WP (-1;-3-6). B Q(-1T11). (©) M (1;3;6). DN G
& Loi gidi.
Diém M, N va @ thudc duong thang d. Do d6 loai Q (—1;7;11), M (1;3;6), N (3; —1;1). Piém
P(-1;-3;—6) ¢ d = chon P (—1;—-3;—6).
Chon dap 4n (A) O

Céu 18.13. Trong khong gian Ozyz, diém nao sau day thudc dudng thang d: =

z—l

@M 1;2;1). B) Q(1;—2;—1). (C) N(~1;3;2). (D) P(—1;2;1).

& Loi gidi.

Theo phuong trinh dudng thang, dudng thang d di qua diém P(—1;2;1).

Chon dép 4n (D) O
r=1+2t

Cdu 18.14. Trong khong gian Oxyz, duong thang d: { y =2 —3t, t € R khong di qua diém

z=3—t
nao dudi day?
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(A)Q(1;2;3). B) M (3;-1;2). (© P(2;-2;3). D) N (~1;5;4).

B Loi gidi.

Thay toa d6 4 diém M, N, P, Q vao phuong trinh dudng thing d ta cé:

(1=1+2
. 2=2-3t=1t=0=0Q €d.

3=3—-1t

\

(

3=1+4+2t
. —1=2-3t=t=1= M ed.

2=3—-1

\

( t:l
e {_2-9-3t=>{;_% = hevonghitm = Ped.

3

\3:3_t t=20

)

—1=1+2t
e ¢5=2-3t =t=—-1=Ne€ed

4=3—-1t

\
Chon dép én (C) O
~ N . .2 N PN ~ . 2 rz—1 y-l—l
Cau 18.15. Trong khong gian Ozyz, diem nao dudi diy thudc duong thang 5= T =

2—2?

-
(A) P (2;—1;3). B) M (—1;1; -2). (O N (1;-1;2). D)Q(-2;1;-3).

& Loi gidi.

1-1 —-1+1 2-2

Xét diem N (1;—1;2) ta cb 5 = = 3 nén diém N (1; —1; —2) thudc dudng thang

da cho.

Chon dép 4n (C) O
r=1—1

Céu 18.16. Trong khong gian Ozyz, diém nao dudi day thudc dudng thing d: y=5+t 7

z=2+3t

(A) P (1;2;5). (B) N (1;5;2). ©Q(~1;1;3). (D) M (1;1;3).

& Loi gidi.
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o Céach 1. Néu d qua M (zo;y0; 20) , c6 vécto chi phuong @ (a;b; ) thi phuong trinh dudng
thing d 1a

T =xy+ at
y = yo + bt , ta chon dap an N (1;5;2).
z2=2zy+ct
« Céch 2. Thay toa dd céc diém vao phuong trinh dudng thang d , ta c6
1=1-t t=0
2=5+t ©t=-3 (Voly).

0=2+3t t=1
Loai dap an P (1;2;5).
1=1-1¢

Thay toa do diém N vao phuong trinh dudng thing d , ta c6 { 5 =5+t < ¢ = 0. Nhan

2=2+3t
dép én N (1;5;2).
Chon dap 4n (B) O
Py A~ . se 1 A ~ . 2 z—1 Yy + 2 z—3
Cau 18.17. Trong khéng gian v6i hé truc toa do Oxyz, dudng thang d: 5 = 4 - &

di qua diém

(A) (—1;2; -3). (1;—2:3). (C) (=3;4;5). (D) (3; —4; —5).
g Loi gidi.
Chon dap an O
r=1-—t

Cdu 18.18. Trong khong gian Oxyz, diém nao dusi day thuoe dusng thang d:  y =5+¢ ?

z=2+3t
(A) P(1;2;5). (B) N(1;5;2) . (©) M(1;1;3). D) Q(-1;1;3).
& Loi gidi.
z=1
Voit=0=<y=5 = N(1;5;2) e d.
z=2
Chon dap 4n O
Céu 18.19. Trong khéng gian Ozyz, cho dudng thang d: x_—13 _ ; 2 _ zj21. biém nao sau

d4y khong thude d?

(A) P (3;2;—1). B)Q(-3;-2;1). (©) M (4;-1;1). (D) N (2;5;—3).

& Loi gidi.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 123/472

Thay lan lugt cdc toa do trén vio phuong trinh duong thang d, ta thiy Q (—3;—2;1) la diém
khong thuoc d.

Chon dép 4n O
Céu 18.20. Trong khéng gian Ozyz, duong thiang d: l‘;l = % = % di qua diém nao dudi
day?
() (3;2;3). ®) (2;1;3). ©3:1;2). D) (3;1;3).
& Loi gidi.
=3
Thay { y = 1 vdo phuong trinh dudng thang d ta dugc z = 1 = 2 (ding).
z2=23
Chon dép an (D) O
Céu 18.21. Duong thing d: L g L_Y I 2 _ Z_+21 khong di qua diém nao sau day?
(A) M (1;2; -1). B) M (1;2;1). (©) M (-1;1;1). (D) M (5;4; —5).
& Loi gidi.

Thay toa do cdc diém vao phuong trinh dudng thing d

1-1 2-2 —-1+1

R R I =0. Suy ra M € d.
1-1 2-2 141
A R + _2.SuyraM¢d.
—1-1 1-2 1+1
. = = ) M .
5 ] - Suy ra M € d
5—1 4-2 —5+1
e _er Suy ra M € d.
Chon déap an O
~ N . . 2 T+ 2 y—3 z R 2
Cau 18.22. Trong khong gian Oxyz, cho duong thang d: = = & Duong thang d

khong di qua diém nao sau day?

(A) P (3;1;5). B) Q (0;7; —10). (C) M (—2;3;0). (D) N (—1;5;-5).
& Loi gidi.
DPuong thang c¢6 phuong trinh chinh tic * —alﬂo _Y —byo _Z _CZO di qua diém M (z0; yo; 20), suy
ra dudng thang da cho di qua diém M (—2;3;0).

Thay toa do diém N (—1;5; —5) vao phuong trinh dudng thang d ta c6
—1+2_5—3_;5_1

12 =5

Suy ra diem N thuoc duong thang d.

Thay toa do diém P (3;1;5) vao phuong trinh duong thang d ta cé
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3+2 1-3
77g7

Suy ra dlem P khong thude dudng thing d.
Chon déap an @ O
Céu 18.23. Trong khong gian Ozyz, diém nio dudi day thudc duong thing
rT=—-2+1
d: Sy=2-2t ?
z =3+
(A) Q(0;1;4). B) M(3;2; -2). (©)N(1;1;2). (D) M (3;3; —6).
& Loi gidi.
Thay toa dd cla lan luot cic diém da cho vao phuong trinh dudng thing d chi thiy toa do cla
diém M théa man.
Chon dép an (D) O

N 2, - 1 — 1
Cau 18.24. Trong khong gian véi hé toa do Ozyz, cho dudng théng d: xT - % _ = —

Diém nao dudi day khong thude d?
(A) N(1;0; 1). B) F(3; —4:5). (©) M(0;2;1). (D) E(2; —2;3)
& Loi gidi.
Thay toa d6 cc diém E, N, F vao phuong trinh duong thing d ta thiy thoa mén nén E, N, F
thuoc d.
Thay toa do cdc diém Mvao phuong trinh dudng thing d ta thdy khong théa man nén M khéng
thuoc d.
Chon dép én (C) O

~ 5 -1 1 2 )
Cau 18.25. Trong khong gian toa do Oxyz, cho dudng thang d: ‘ _yrl_ 2t . biem

2 —1 —2
nao duéi ddy KHONG thuoc dudng thang d?

(AN (1; —1; —2). B) P (—1; 0; 0). ©Q(-3;1; -2). (D) M (3; —2; —4).

& Loi gidi.

Thay 1an luct toa do cdc diém vao phuong trinh dudng thang d ta thiy toa dd ctia @ khéng thoa

-3—-1 1+1 —2+2
man phuong trinh ( 5 = +1 #+ _; >
Vay diém @ khong thuoc dudng thang d .
Chon dép &n (C) O
2
Céu 18.26. Trong khong gian Ozyz, diém nao sau day khong thudc duong thang d: ;r
y—1 =z-4 0

-3 2
(A)Q(2;—5;4). B) N (0; —2;6). (©) P (4; —8;10). (D) M (—2;1;4).
& Loi gidi.
Vi khi thay diém Q(2; —5;4) vao phuong trinh dudng thang d ta dugc
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242 —5-1 4-4

5 3~ 3 (sai).

ChQndépén@ O
BANG DAP AN

[18.1. A |[182. C |[18.3. D |[184. C |[185. D |[18.6. B |[18.7. A |[188. C |
[189. D |[18.10.B |[18.11.B |[18.12.A |[18.13.D |[18.14.C [[18.15.C ||18.16.B |
[18.17.B |[18.18.B |[18.19.B |[18.20.D |[18.21.B |[18.22.A [[18.23.D ||18.24.C |
118.25.C |[18.26.A |
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Danc 19. TIM CUC TRI CUA HAM SO BIET BANG BIEN
THIEN HOAC PO THI

KIEN THI'C CAN NHG

Dua vao bang bién thién hodc d6 thi ham sé nhan biét viée ddi dau ctia dao ham f/(z) dé két

luan
« Néu f'(x) dbi dau tit Am sang duong khi qua diém zg thi 2 1a diém cue tiéu ctia ham s6.

« Néu f'(x) doi dau tit duong sang am khi qua di¢m z( thi z, 1a diém cuc dai ctia ham s6.

BAI TAP MAU

CAU 19 (P& minh hoa BGD 2022-2023).

Cho ham s6 y = ax* + ba? + ¢ c6 do thi 1a duong cong trong hinh Yy

bén. Piém cuc tiéu ctia dd thi ham sb da cho ¢ toa do 1a

@(-152. ® ). © (1;2). D) (1;0).

& Loi gidi.
Quan sét do thi ta thay diém cuc tiéu ctia dd thi ham s6 da cho c6 toa do 1a (0;1).

Chon ddp 4n O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 19.1.
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Cho ham s6 y = f(x) xac dinh trong khodng (a,b) va y
¢6 dd thi nhu hinh bén dudi. Trong cdc khing dinh

du6i day, khang dinh nao sai?
@Hém s6 y = f(z) c6 dao ham trong khoang
(a;b).
f'(x2) > 0.
@ f'(xs) = 0.
D) f'(x1) > 0.

[ T P

& Loi gidi.

Dua vao do thi ta thiy ham sé c¢6 dao ham va nghich bién trong khodng (c;d) chita x,, suy ra
f'(x2) <0.

Chon déap an O

Cau 19.2. Cho ham s6 y = f(x) c6 bang bién thién nhu sau

T —00 -2 0 2 +o00
Y — 0 + 0 - 0 +

! +00\0/3\0/%0

Chon khéng dinh sai.

@f(x) >0, Vz e R. Ham s6 f(z) dong bién trén (3; 4+00).
@ Ham s6 f(x) dat cuc dai tai x = 3. @Hém s6 f(x) nghich bién trén (—oo; —3).
& Loi gidi.

Dua vao bang bién thién, ta thdy ham sé f(x) tai diem 2 = 3 khong ddi dau nén f(z) khong dat

cuc tri tai z = 3.

Chon dép &n (C) O
Cau 19.3. Cho ham s6 y = f(x) lién tuc trén R va c¢6 bang xét diu ctia dao ham nhu hinh vé.
z —0 -1 0 2 4 400
() + 0 - + 0 - 0 +

Ham sb da cho ¢6 bao nhiéu diém cuec tri?
(Aa)2. B) 1. (©)3. (D) 4.
& Loi gidi.
Ta thdy f'(x) ddi du 4 lan, va f(z) lién tuc trén R, suy ra ham sb c¢6 4 diém cuc tri.

Chon dap 4n (D) O
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Cau 19.4. Cho ham s6 y = f(x) lién tuc trén R va c6 bang bién thién nhu bang sau.

—00 -3 -2

3  F©
v -] +0 -]+

+00 00

22
21 -3

2 7 -7 . + R 2 \ A N N
Tong cac gia tri cuc tiéu cia ham so trén bang

(A) 19. B) 18. (©)o. (D)22.

& Loi gidi.

Tong céc gid tri cuc tiéu ctia ham s6 1a 21 — 3 = 18.

Chon d4p 4n O
Cau 19.5.

Cho ham s6 y = f(x) lién tuc trén doan Y

[—4; 3] va ¢6 do thi trén doan [—4; 3] nhu hinh
bén. Hay xéc dinh s6 diém cuc dai ctia do thi
ham sb doé.
Aa)s3.
B)o0.
(©)2.
—4 -3 -2 -10| 1 2 \3

& Loi gidi.

T d6 thi bai cho ta thiy v d6i diu tit duong sang Am tai © = —3 nén ham s6 dat cuc dai tai dé.

Vay ham s6 c6 mot cue dai.

Chon dép an (D) O
Cau 19.6. Cho ham s6 y = az® + bx? + cx +d, véi a, b, ¢, d 1a céc s6
thuc va a # 0, ¢6 dd thi nhu hinh bén. Khiang dinh nao sau day sai? Yy

(A)y <0, Yo e (—2;0). 2

Ham sb dat gid tri 16n nhat tai diém = = —2. N |
(C) D4 thi ham sb ¢6 diing hai diém cie tri. N\,

r=2 2 \o| /1 =
D /@) =0 |

z=0

-2
& Loi gidi.
Khang dinh sai 1a: “Ham s dat gié tri 16n nhét tai diém z = —27. Li do: ¢6 thé thiy véi z > 1
thi f(z) > f(=2).

Stta lai ding: “Ham s6 dat cuc dai tai diem x = —27.
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Chon dép 4n O
Cau 19.7.

Cho ham s6 bac bén y = f(x) lién tuc trén R va c6 do thi la Yy

dudng cong nhu hinh vé bén. Tim diém cuc tiéu ctia do thi ham . ----45--—-
ANwA

& Loi gidi.
Di¢m cic tiéu clia d6 thi ham s 1a M (0; —2).
Chon dép 4n (C) O

Cau 19.8. Cho ham s6 y = f (z) lién tuc trén ting khoang xac dinh va c6 bang bién thién nhu

Sau.
T |—o00 1 T2 +00
Y + - +
+00 | +00 400
y y AN /
— 00 0

Khing dinh nio sau diy dang?
@ Ham s6 da cho khéng cé cuc tri.
Ham s6 da cho ¢6 mot diém cuc tiéu va khong c6 diem cuc dai.
(C)Ham s6 da cho ¢6 mot diém cuc dai va 6 mot diém cye tidu.
@Hém s6 da cho ¢6 mot diem cuc dai va khong cé diém cuc tiéu.
& Loi gidi.
Ham sb khong xéc dinh tai 21 nén z; khong 1a diém cuc tri.
Tai 25 ham s6 khong c6 dao ham nhung van xac dinh, dong thoi dao ham ddi dau khi qua x5 nén
x5 14 diém cuc tiéu.

Chon dap 4an (B) O

Cau 19.9. Cho ham s6 y = f(x) lién tuc trén (—oo;4] va c6 bang bién thién nhu hinh vé sau

T | —00 1 2 3 4
Y + o - | + o -

y 00/1\0/2\1

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108




7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 130/472

S6 diém cuec tri ctia ham sb da cho 1a

(A)4. 3. (©)2. D).
& Loi gidi.
Dua vao bang bién thién, ta thdy ham sé da cho c¢6 3 diém cuc tri.

Chon déap an O

Cau 19.10. Cho ham s6 y = f(z) lién tuc trén R va c6 bang bién thién nhu sau.

T —00 -1 0 1 400

f(x) + 0 — + 0 —

m/4\3/4\m

Khéng dinh nao dudi day sai?

@ Ham s6 ¢6 ba diém cuec tri. Ham s6 dat cuc tiéu tai diém = = 0.
@ Ham sb ¢6 gia tri cuc tiéu bang 0. @ Ham sb c6 gia tri cuc tiéu bang 3.
& Loi gidi.

Dua vao bang bién thién ta thay
o Ham s6 dat cuc dai tai o = £1. Gia tri cuc dai y = 4.
« Ham sb dat cuc tiéu tai z = 0. Gia tri cuc tiéu la y = 3.

Chon dép 4n (C) O

Cau 19.11. Cho ham s6 y = f(z) lién tuc trén R va c6 bang xét dau ctia f'(z) nhu sau

x —00 -2 1 5) 400
f'(x) + | - 0 - 0o +

S6 diém cuc tri clia ham s6 y = f(x) 1a
(A)3. B) 2. (©)o. (D)1.
& Loi gidi.
Dua vao bang xét dau ctia f'(z) ta thdy f'(z) d6i dau hai lan.
Vay sb diém cuc tri ctia ham s6 1 2.

Chon déap an O
Cau 19.12.
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Cho ham s6 y = f(z) c6 dao ham trén R. Biét rang ham s6 y = f(x) (1
c6 do6 thi nhu hinh bén. Dat g(x) = f(z) + z. Héi ham s6 ¢6 bao nhiéu 3

diém cuc dai va bao nhiéu diém cuc tiéu trén khoang (—1;3)? 21----
@ Ham s6 c6 mot diém cuc dai va hai diém cuc tiéu.

Ham s6 c6 mot diém cuc dai va mét diém cuc tiéu. —1 O/f

N X A , <R . \ ’ A - R -2
@ Ham so khong c6 diém cuc dai va ¢c6 mot diem cuc tieu.

@Hém s6 ¢6 hai diém cuc dai va mot diém cuc tiéu.
& Loi gidi.
Ham s6 f(x) c6 dao ham trén R nén ham s6 g(z) = f(z) + o cing c6 dao ham trén R va
g' (@)= f(z)+1;¢(x) =0 f(z) = -1
Dua vao do thi f'(z) ta c6 f (z) = —1 c6 ba nghiém phan biét x1, 9, 13 v6i 11 < Ty < T3.

Bang bién thién cta g(x):

Ham s6 c¢6 hai diém cuc dai va mot diém cuc tiéu.
Chon dap an @ O

Cau 19.13. Cho ham s6 bac ba y = f(z) c6 bang bién thién nhu hinh vé.

Ham s6 y = f (f(x)) c¢6 bao nhiéu diém cuc tri?

(A)5. (B) 6. (©)4. (D)7.

& Loi gidi.
Tacoy=f(f(z) =y = [f(f(z))- f(2)
Nen g = 0. (f(z)) =0

f'(z) =0.
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fllx)y)=0z=0Vr=2.
flz)=0 (1)

flz)=2. (2)
Phuong trinh (1) cho chiing ta 3 nghiém phéan biét, (2) cho ching ta 1 nghiém va khong trung véi

f'(f(@) =0

nghiém z = 0,7 = 2 nén y = f (f(r)) c6 6 diém cuc tri.
Chon dap an O
Cau 19.14. Cho ham s6 y = f(z) xéc dinh va lién tuc trén R va c¢6 dao ham
f'(x) = 23(x + 1)*(2 — ). Ham s6 da cho c¢6 bao nhiéu diém cuc tri?

(A)3. B) 2. (©)o. D)1.
& Loi gidi.
Ta c6 f'(x) = 0 ¢6 ba nghiém x =0, x = —1, x = 2. Trong d6 = = 0 la nghiém bdi 3, v = —1 1a
nghiém kép, r = 2 1a nghiém don nén ham s6 y = f(x) c6 hai diém cuc tri la 2 = 0 va 2 = 2.

Chon déap an O

Cau 19.15. Cho ham s6 y = f(z) ¢6 dao ham trén R va c6 bang bién thién nhu hinh vé sau

T —00 -1 0 2 +00
1 1
f(x) / \ / \
—00 —2 —00

Ham s6 y = f(2x) dat cuc dai tai diém nao dudi day?

@ac:;. x:—2. @le. @m:—l.

& Loi gidi.

Duta vao bang bién thién, ta suy ra bang xét dau dao ham ctia ham s6 y = f(z) nhu sau:

/@) M

Xét ham s6 y = f(22), ta c6 v/ =2 - f/(2z).

Ta suy ra
1
20 = —1 T=—3
f2)=0&2-f'2z) =0 [22=0 < |;=0
20 =12 =1
Bang xét dau ctia v’ = 2- f'(27) 1a
x —00 —1 0 1 +00
2f'(2z) n 0 - 0 " 0 -
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. 1
Tu d6 suy ra ham so y = f(2z) dat cuc dai tai z = ~3 va x = 1.
Chon déap an @ O
Cdau 19.16.
Cho ham s6 bac nam y = f(z) lién tuc trén R, ham s6 y = f'(x) Yy
R . 2017 — 2018 .
cédéthrmuhhm\é.Hmnséy::fuﬁ+~——§6ﬁf—§cés6

diém cuc tri 1a

(A)3. B)2. O (D)4

& Loi gidi.
2018
Tacoy = f(z) — =0
ne = 2017 2018 2018
Khidoy =0= f'(z) — —==0= f'(2) =

2017 2017
Dua vao do thi ta thiy phuong trinh f/(x) = 0 ¢6 4 nghiém phéan biét. Do dé ham s6 da cho c6 4

diém cuc tri.
Chon déap an @ O

Cau 19.17. Cho ham s6 bac ba y = ax®+bx? 4+ cx +d c6 d6 thi nhan hai diém A(1;3) va B(3; —1)
lam hai diém cuc tri. Khi d6 s6 diém cuc tri ctia dd thi ham sé y = |ax2 ‘ZL'| + ba? + c|x| + d! la

(A)7. B)11. (©)s. D)9.

& Loi gidi.
Xét ham s6 y = ax® + bx? + cx +d cb y = 3ax® + 2bx + c.
(y(1) =3 (a+b+c+d=3 (a=1
) y'(1)=0 3a+2b+c=0 b=—6
Theo gia thiéet, ta c¢6 hé phuong trinh &K &
y(3) =—1 27a+ 90+ 3c+d= -1 c=9
(¥’ (3)=0 (274 +6b+c=0 (d=—1.

VAy ham sb da cho 1a y = f(x) = 2° — 622 + 97 — 1 ¢6 do thi (C') nhu sau:
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Y

0 \J

Tt d6 thi (C), ta suy ra do thi (C) ctia ham s6 y = ‘x‘g — 62% + 9|x‘ — 1 gom c6 hai phan:
+ Phan 1: Giit nguyén phan do thi (C) bén phai truc tung.
+ Phan 2: Lay d6i xting clia phan 1 qua truc tung

Y

VAR RV

Tt d6 suy ra do thi (Cy) ctia ham s6 y = “x‘g — 622 + 9|m‘ — 1‘ gom c6 hai phan:

+ Phan 1: Gitt nguyén phan do thi (C) phia trén truc hoanh.
+ Phan 2: Lay ddi xting ctia phan do thi (C}) phia dudi truc hoanh qua truc hoanh.

Yy
(Cy)
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Do d6, do thi (Cy) c6 11 diém cuc tri.

Chon dép 4n

Cau 19.18.

Cho ham s bac bén y = f(z). Biét rang ham s6 y = f'(x) c¢6 do thi
nhu hinh vé bén. Héi ham s6 y = f(5 — 22) ¢6 bao nhiéu diém cuc

tri?

@4 ®)7. ©s. D).

& Loi gidi.
Xét ham s6 y = f(5 — %), ta c6

z=0 z=20
5—a2=—4 z2=9
Yy =-20-f/6-2°)=9y=0& VAN VAN
5—a?=1 =4
Hh—z“=4 =1

Do d6 ham sb6 y = f(5 — 2?) c6 7 diem cuec tri.
Chon dép 4n

Cau 19.19. Cho ham s6 y = f(z) c¢6 bang bién thién nhu sau

f(x) + 0 - 0 +

) +00
f(z) ) / \1/

D6 thi ham s6 y = |f(x)| c6 bao nhiéu diém cuc tri?
(A)2. B)5. (©)3.
& Loi gidi.
fz),  méu f(x) 20
— f(z), néu f(z) < 0
/()

Suy ra bang bién thién ctia ham s6 y =

Tac6 y = |f(z)] =

| ¢6 dang:

x=0
r =23
r==x2
|z = *1.
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T =00 To —1 3 +00

Yy’ — + 0 - 0 4+
+o0 5 +00
0 1

Do d6 d6 thi ham sé y = |f(x)| ¢6 3 diém cuc tri.
Chon dép én (C) O

Cau 19.20.
Cho ham s6 bac bén y = f(x) ¢6 do thi nhu hinh vé bén. Hoi do Y

thi ham s6 y = | f(z)| c6 bao nhiéu diém cuc tri?

(A)5. B)3. ©)4. D)2. 10 1

& Loi gidi.
Do thi ham s6 y = | f(z)].

Suy ra do thi ham s6 y = | f(z)| ¢6 5 cuc tri.
Chon dap 4n (A) O

BANG DAP AN

[19.1. B J[19.2. ¢ |[19.3. D |[194. B |[195. D |[196. B [[19.7. C |[198. B |
[19.9. B ][19.10.C |[19.11.B |[19.12.D |[19.13.B ||19.14.B [[19.15.C |[19.16.D |
[19.17.B_][19.18.B |[19.19.C [[19.20.A |
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Danc 20. PUONG TIEM CAN

KIEN THO'C CAN NHO

1. PDudng tiém can ngang

Cho ham s6 y = f(x) x4c dinh trén mot khodng vo han (13 khodng dang (a;+00), (—oo;a)
hoiic (—o0; +00)). Pudng thing y = yo 14 dudng tiém cin ngang (hay tiém cin ngang) clia
do thi y = f(z) néu it nhat mot trong cdc diéu kién sau duge théa man

lim f(z) =yo, lim f(z)=1yo.

r—r—+00

Nhu véy, dé tim tim cdn ngang ctia dd thi ham s6 ta chi can tinh gi6i han ciia ham sé d6 tai

vO cuec.
2. Dudng tiém can ding

Puong thing = = =, dugc goi la dudng tiém cin ding (hay tiém cén ding) ctia do thi ham

s6 y = f(z) néu it nhat mot trong cic diéu kién sau duge théa man

lim f(z) = 400, lim f(z) = —o0, lim, f(z) = —o0, lim f(z) = +o0.

:B*>$O 2?4)2?0 CE*}IO x%l‘o

BAI TAP MAU

CAU 20 (P& minh hoa BGD 2022-2023).

A N > X . N £ 23; + 1 \ N & , \
Tiém can ngang cua do thi ham so y = Ey— la duong thang c6 phuong trinh
x —

1 2 1 2
@y=3 ®y=-3 ©y=—3 Dy=73

& Lo gidi.
L1 ) 20 +1 2
Ta cé: a:gglooy o x1—1>I:Poo 3r—1 o g

2 R .
Suy ra y = 3 la duong tiém can ngang ctia do thi ham so.

Chon dép an (D) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 20.1. Do thi ciia ham s6 nao trong cic ham sb sau day c6 tiém cén ngang?

@y:Q_I_ y:x3—x2+x—3.

T
3z2 —1
=zt — 22— 2. = .
& Loi gidi.
Xét ddp dny =2* — 22 —2c¢6d6 lim = oo nén do6 thi ham s6 khéng cé tiém cén ngang.

r—++o00
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32 —1

c¢6 lim = 400 nén do thi ham s6 khong c6 tiém can ngang.
+1 x—+o0 ’ ’ ’

2—x

Xét dap an y =

Xét dép 4n y = 6 tiém can ngang la duong thing y = —1.

3

Xét ddp dny = 2° — 22 + 2 —3 ¢6 lim = oo nén do thi ham s6 khéng c6 tiém cin ngang.

T—F00

Chon dap 4n (A) O

A .) : , 1
Cau 20.2. Duong thang nao dudi diy la tiém cdn ngang ctia do thi ham s6 y = 10+ 10?

x JR—

(A)y = —10. B)z = —10. (©)y = 10. D)z = 10.
& Loi gidi.
Ta cé xll)lilooy = xgrinoo (10 + o 0) = 10 = y = 10 la dudng tiém can ngang cua do thi ham
s0.
Chon déap an @ O

r—2

Cau 20.3. Do thi ham s6 y =

@3::1. .xx:+—1. @yzl. @y:—l.

] c6 dudng tiém can ding la

& Loi gidi.
Tacé lim (r—2)=-3va lim (r+1)=0nén
z—(—1)* z—(=1)*

: . T —2 < , x—2

lim y= lim =—oova lim y= Ilim = +400.
z—(—1)*t s=(-D)t x+1 z—(—1)— z—(-1)-x + 1
Do d6 do thi ham s6 y = ’ _T_ 7 c6 duodng tiém can ding la x = —1.

x

Chon ddp 4n O

~ PRI e 3R i1 1s 2 20 + 1
Cdu 20.4. Tim tiém cdn ngang ctia do thi ham so y = T

x J—

@x:—l. y:—l. @mzl. @yz?.

& Loi gidi.
2z + 1 2+ 240

Vi lim y= lim 20l gy 2TE 2Ty

r—+oo z—too  — 1 z—too | — < 1—-0

L a s x a2 z+1 .

Do dé, tiém can ngang cua do thi ham so y = ] la y = 2.
Chon dép an (D) O

N . R . -1
Cau 20.5. S6 duong tiém can cia do thi ham so y = i 1 la

x

@2 ®1. ©s. Do.

& Loi gidi.
-1 R .
Tacé lim = lim = =1, suy ra y = 1 la tiém cén ngang cua do thi ham so da cho.
r—+00 z—too p + 1
-1 —1 s ax )

lim < = +o0, lim L = —o0, suy ra x = —1 la tiém can ding cua do thi ham so da
z=(-D)-z +1 (-t + 1
cho.

Vay do thi ham s6 da cho c6 hai dudng tiém can.

Chon dép an (D) O

Céu 20.6. Duong thing = = 1 1a tiém cin dimg cta dd thi ham sb nao sau day?
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222 + 31 4 2 2 — 2 1+ a2 1
@y =2 @y ©u=T1 De=it

x x+2 142

& Loi gidi.

X . N £ 1 + xz 7 LA A~ , N N &

D6 thi ham so y = 1 c6 tiém can ding la duong thang x = 1.
x

Chon dap 4n (D) O

Céu 20.7. Duong thing y = —1 13 tiém cn ngang ctia d6 thi ham sb nao sau day?

1 222 + 32+ 2 2 — 2 1+ 22
@yzltz. y:x;_f“F_ ©)y— T D)y - +a”

x r+2 1+
& Loi gidi.
1 R . 1
Ta c6 lim T —1. Suy ra y = —1 la TCN ctia do thi ham so y = —HC.
z—+o0 ] — 11—z
Chon déap an @ O
~ N . 2 1
Cau 20.8. Tiém can ding ctia do thi ham so6 y = 2&: + 1 la
x _
1 1
@e=1. fﬁzg- ©?JZ§- Dy=1.
& Loi gidi.
2 1 2 1 .
Ta c6 lim Tl 400 va lim TS —00, do d6 duong thang x = 1 la duong tiém can
(1)t 2x — 1 e—(1)- 2 — 1

ding ctia do thi ham sb.

Chon dap an ]
Cau 20.9. D thi him s6 y = —
13

a
@mzZVELy:l. levz}y:Z @szVéy:—S. @x:—Qvéyzl.

c6 cac dudng tiém can dimg va tiém cén ngang lan ludt

& Loi gidi.
3
Taco lm y— lm “5 = lm % — 1 neny = 1 1A dudmg tiom ci ia dd thi
achd lim y= lim —— = lm 2" nén y = 1 la duong tiém can ngang ciua do thi
. x
ham so.
N . +3 N . +3 A X . A N 2 N [N A /.
Va lim * = 400 va lim * = —oo nén do thi nhan duong thang x = 2 la tiém can ding.
x—=2+t x — 2 z—=2= T — 2
Chon dép an (A) O

Cau 20.10. Cho ham s6 y = Ll Dudng tiém can dtng ctia do thi ham s6 1a
x

@sz. y:2. @le. @yzl.

& Loi gidi.
- 2 - 2 2,
Ta ¢6 lim > = —o0 va lim = +00, do d6 dudng thang x = 1 la duong tiém can ding
\x—>1+£l','—1/ e—1- 1 — 1

cua do thi ham so.
Chon dép 4n (C) O

Py N PN 5 PN PRI 2 2xr — 6 N
Cau 20.11. Duong tiém ngang ctia do thi ham so y = 5 la

'I‘ —

@y—?):()- 33—2:0. @az—3:0. @(y_zzo.
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& Loi gidi.
Ta c6 xgrinooy = xglilw 2;__ 0 = 2. Suy ra dudng thang y = 2 13 tiém cin ngang ctia dd thi ham
SO.
Chon dép an (D) O
Cadu 20.12. PBudng tiém can dimg va tiém can ngang clia do thi ham s6 y = ix_fz la
@x:—Q,y:—Q. xz—?,y:—Q. @x:—Q,y:—Q. @sz,y:Z
& Loi gidi.
D6 thi clia ham s6 y = ij__ b c6 dudng tiém can ngang y = % va tiém can ding x = —Cci.
Vay do thi ctia ham s6 y = _;+ 5 c6 duong tiém can ngang y = 2 va tiém can ding z = 2.
Chon dap 4n (D) O
Cdau 20.13. Do thi ham s y = ::27:_1 c6 tat ca bao nhiéu dudng tiém cian (néu chi tinh TCD va
TCN)?
(A)3. B)2. (©o. D) 1.
& Loi gidi.
Tacé lim —— L = ( nén dudng tiém can ngang la y = 0.

z—+oo g2 + 1
Do thi ham so khong cé tiém can ding.

Chon dap 4n (D) O

~ N 2 -2
Cau 20.14. Tiém can ding cua do thi ham so y = a 3 la
T

@m:—?). yzl. @le. @y:—l.

& Loi gidi.
o T2 g T2 g 2 NN
Ta c6 lim = 4oo va lim = —00, do d6 dudng thang x = —3 la duong tiém
z—(=3)*t T+ 3 z—=(=3)- 1+ 3
can ding ctia do thi ham sb.
Chon dap 4n (A) O

Cau 20.15. Do thi ctia ham s6 nao sau day khéng c6 tiém cin ngang?

1 2 1
@y: y:e“. @y:2x2+x. @y: T

202+ r+92°

& Loi gidi.
Vi lim y = 400 nén do thi ham s6 y = 222 4+ x khéng c6 tiém cén ngang.
Chon dép 4n (C) O

~ N . 2 —
Cau 20.16. Tiém cidn ngang ctia do thi ham so y = +? la

x

@y=-1 By=2 ©uz=-1 D=2

& Loi gidi.
, . 2—x . .. 2—x
Ta c6 lim =—1va lim =—1.
z—+oo 1+ 1 zﬁfoox—f—]_\

Suy ra y = —1 1a tiém can ngang ctia do thi.
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Chon dép an (A) O
~ 2, . PN Pl 1 - 4
Cau 20.17. Duong thang nao dudi diy la tiém cdn ngang ctia do thi ham so y = 5 :i?
m —
1
@y = By=-2 ©y=2 Dy =1
& Loi gidi.
1 —
Vi zl_l}glooy = $l_1>rinoo 51— —2. Suy ra y = —2 la tiém cén ngang ctia ham so.
Chon dép 4n O

. \ R
Cau 20.18. D thi him s6 y = ———— ¢6 tiém can dimg 1

@y:z x:le ©y:_1_ @le.

& Loi gidi.
. 2 1
Ham s6 y = x—:-l c6 tap xdc dinh: 7 =R\ {—1}.
x
2 1 2 1 R
Tacé6 lim =~ R —sova lim 2 LI +00 nén x = —1 1a tiém can ding ctia do thi
z—=(-)t z+1 z—=(-1)- z+1
. ) 20+ 1
am so y = :
Y r+1
Chon dép an (B) 0

Cau 20.19. D6 thi ham sb nao sau day cé dudng tiém can ding 1a x = 1?

1 2 2 1
Ay =" By = $x2~ @yzl D)y ==

x
x 1+ —x x+1

& Loi gidi.

R . x
Do thi ham s6 y = ¢6 tiém can ding x = 0 loai dap an A.

2
1+ 22

e Hims6 y = x4c dinh véi Vo € R suy ra do thi khong cé tiém can dtng.

R . x

e Do thi ham s6 y = n c6 tiém can ding x = —1 loai dap an D.

x
Novira 22w oA .
e P06 thi ham so y = ] ¢6 tiém can ngang y = —2 va tiém can ding x = 1 (théa man).
—
Chon dap an @ O
P N 2 N se AN NEPIEN A , o X . N £ 2 — x
Cau 20.20. Duong thang nao dudi day la tiém cin ding ctia do thi ham so y = n 3?
x

@35:2. x:—3. @y:—l. @y:—3.
& Loi giéi.
TXD: 2 =R\ {-3}.

P . - . , 2—x
Taco lim y= Ilim =—00, lim y= Ilim = +4o00.
z—(=3)~ e—(-3)- x + 3 z—(=3)F z—(=3)t 4+ 3
Vay do thi ham s6 da cho c6 tiém cdn ding x = —3.
Chon déap an O
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BANG DAP AN

120.1. A ][20.2. C |[20.3. B ][204. D ][205. D |[20.6. D [[20.7. A ][208. B |
120.9. A ][20.10.C |[20.11.D [20.12.D ]|20.13.D ||20.14.A [[20.15.C ][20.16.A |
120.17.B_ ][20.18.B |[20.19.C [[20.20.B |
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Danc 21. PHUONG TRINH VA BAT PHUONG TRINH

LOGARIT
KIEN THO'C CAN NHG

1. Phuang trinh logarit

o log,x=bs z=a

« log, f(z) =log, g(z) &
(
2. Bat phuong trinh logarit
a) Néu a > 1 thi

e log,z>bs x> ad.
e log,r<bs 0<z<a.

o log, f(z) >log,g(x) & f(z) > g(x) > 0.
b) Néu 0 < a <1 thi

e log,z>b& 0<z<a.

e log,z<bs x> ad.

« log, f(z) > log, g(z) < g(x) > f(z) > 0.

BAI TAP MAU

CAU 21 (Dé minh hoa BGD 2022-2023).
Tap nghiém ctia bat phuong trinh log (z —2) > 0 1a

& Loi gidi.

bieu kién: z > 2.
Tacolog(r—2) >0 2-2>1002—-2>1 2> 3.
Vay tap nghiém ctia bat phuong trinh 1a (3; +00).

Chon dap an @

@ (2;3). (—00;3). ©) (3; +00).

(D) (12; +00).

@© BAITAP TUONG Ty VA PHAT TRIEN

Cadu 21.1. Nghiém ctia phuong trinh log, (z — 1) =4 la
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(A)z =15, B)z=09. (©x =11 D)z =2.

B Loi gidi.

Tacology(r—1)=d s r-1=2sr-1=16 =17,
Vay phuong trinh da cho c¢6 nghiém la z = 17.
Chon déap an @ O

Cau 21.2. Nghiém nhé nhat ctia phuong trinh logs (22 — 3z +5) =1 13

(A1 B)3. (©o. (D) -3.

& Loi gidi.
bicu kién: z e Rvi 2?2 — 32+ 5> 0, Vz € R.
logs (22 =3z +5) =11 -3r+5=5c122-3r=0% T
r=0.
VAy nghiém nhoé nhat ctia phuong trinh logy (z2 — 3z +5) = 1 14 0.
Chon déap an @ O

~ 1
Cadu 21.3. Tim nghiém ctia phuong trinh logg, (x + 1) = 5

@ -2 © -1 on
& Loi gidi.
Diéu kién: z > —1.
Ta c6 logg, (x + 1) = ; & 1+ 1=8« r="7 (théa dicu kién).
Chon dap 4n (A) O

~ 1
Cdu 21.4. Tim nghiém ctia phuong trinh log,s (x + 1) = 5

@$:223. a::—6. @x:6. @9524.
& Loi gidi.
bieu kién: z > —1.
Phuong trinh logys (x + 1) = ; Sr+l=5sr=4
Chon dap 4n (D) O

Cdu 21.5. Nghiém ctia phuong trinh log; (22 — 1)°=61a

(A)10. B)12. (©)13. (D) 14.

& Loi gidi.

Diéu kién: 22 —1 >0 < = > ;

logs (22 —1)° =6 & 3logs (26 —1) =6 & 2r — 1 =5% < 2 = 13.

Chon dap én@ O

Cadu 21.6. Tim céc nghiém ctia phuong trinh log, (22 — 3) = 2.
9 11
@55:5- Bz =6 ©z=5. @x:?.

& Loi gidi.
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logs (2 —3)=2<2r—-3=9< 2 =0.
Chon dép 4n (B) O

Cau 21.7. S6 nghiém ctia phuong trinh log, (22 — 2z) = 2 1a

(A)1. B)2. (©)4. D)s3.

& Loi gidi.
r=1-+5
logy (72 —21) =21 —2r=4&2*-21—-4=0&
z=1++5.
Chon dap 4n (B) O

Cau 21.8. Tap nghiém ctia bat phuong trinh log, (22 + 3z) < 2 1A
(A)[—4; =3) U (0; 1]. (0;1].
1
(©) (~00; =3) U (0; +00). © (0:4)
& Loi gidi.

Ta cod

log, (x2 + Sx) <2

& 0<a?+3x<2?

2 +32>0
=
22 4+3r—-4<0
( r< -3
& x>0
\—4§x§1
_—4§x<—3
=
0<x<l1.

Vay tap nghiém ctia bat phuong trinh 1a [—4; —3) U (0; 1].
Chon dap 4n (A) O

Cadu 21.9. Tap nghiém S clia phuong trinh logy (2 + 3) = 1.
(A)S = {1}. B) S = {3}. (©) 5 ={-1}. D) S = {0}.
& Loi gidi.
Diéu kién: 22 +3 >0 & z > —2.
logs(2x+3)=1<2x+3=3<2=0.
Vay S = {0}.
Chon dap 4n (D) O

Cau 21.10. Tip nghiém ctia bat phuong trinh logy (2x — 1) < logs (z + 2) 1a
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@S = (—00;3). S = <;;3>. @S = (—2;3). @S = (3; +00).

B Loi gidi.

. 20 —1>0 1
bicu kién: ST > -
r+2>0

Ta cé: logy (22 — 1) <log; (z+2) e 2x—1<z+2 < x < 3.

[\]

. R . 1
Két hgp dieu kién, tap nghiém ctia bat phuong trinh da cho la 3 <z <3
Chon dap 4n (B) O

Cau 21.11. Tiap nghiém ciia bat phuong trinh logz > 2 14
@ (10; +00). (0; +00). @ [100; +00). @ (—00;10).
& Loi gidi.
biéu kién z > 0.
Béat phuong trinh logx > 2 < = > 100.
Vay tap nghiém ctia bat phuong trinh da cho 1a [100; 4+00).
Chon dap 4n (C) O

Cadu 21.12. Phuong trinh log, (3z + 1) = —4 ¢6 tap nghiém la

@e. {21 © {1} ©) {5}

& Loi gidi.

Ta c6 log, 3z +1) = —4 & 3 +1—i<:>3— E@ )

a co log, (3x = x =16 T= P T= e

Chondépén O

Cau 21.13. Téap hop nghiém ctia bat phuong trinh log, z > 3 13
@ 6; +00). [9; +00). @ (8;400). @ 8; +00).
& Loi gidi.
Ta cb: logyxr >3 & x> 23 & x> 8.
Do d6, tap hop nghiém ctia bat phuong trinh log, x > 3 1a [8; +00).
Chon dép an (D) O

Cau 21.14. Tiap nghiém clia phuong trinh log, (2 — 1) = log, (22 — 1) 1a

(A) {2}. B) @. (©){0;1;2}. (D) {0;2}.

& Loi gidi.
Dicu kién: z > 1.
x=0 (loai)
logy (22— 1) =log, 2x — 1) &2’ —1=2r—-1 212 -2z=0&
r =2 (nhén).
Chon dap 4n (A) O

Cadu 21.15. Nghiém ctia phuong trinh log, (z 4+ 3) 4 log, (z — 1) = log, 5 1&

@x:2. :L‘zl. @x:4. @sz.
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& Loi giéi.
N r+3>0
bieu kién: s> 1.
z—1>0
Ta co

log, (z +3) + log, (x — 1) =logy 5
& logy [(z+3) (z —1)] =logy 5

z>1
=
(z4+3)(x—1)=5
x>1
=
2’ +22—8=0
& x =2
Vay phuong trinh c6 nghiém z = 2.
Chon dap 4n (A) O

Cau 21.16. Tiap nghiém S ctia bat phuong trinh log1 (2% — 6z +5) +logy (z — 1) > 0 1a
@A) (5:6). ®) [5:6). © (1:6). D) (1; +00).
& Loi gidi.
. 2? — 6z +5>0
bieu kién: & T > 0.
r—1>0
Véi diéu kién trén, bat phuong trinh log, (z? — 62 + 5) + log, (x — 1) > 0 tuong duong véi

—log, (2* — 62+ 5) + logy (z — 1) > 0

& log, (2% — 6z +5) < logy (z — 1)
& 2 —6rx+5<x—1

& ?-Tr+6<0

& 1<x<6.

Két hop véi dieu kién ta duge t4p nghiém ctia bat phuong trinh 1a: S = (5;6).
Chon dap 4n (A) O

Cau 21.17. S6 nghiém nguyén ctia bat phuong trinh logs (z —3) > log1 4 1a
(A)1. B) 4. (©)2. (D)3.
& Loi gidi.
r—3<4 <7

Bat phuong trinh log: (z — 3) > log1 4 & & &3<a<T.
’ ’ r—3>0 x> 3
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x €L
Vi nén ta chon x € {4;5;6;7}.
3<e <7
Vay bat phuong trinh da cho c6 tat ci 4 nghiém nguyén.
Chon dép 4n O

Cadu 21.18. Nghiém ciia phuong trinh log, (z — 2) + log1 (x—4)=11a

@x:?). :L‘:6. @x:4. @x:5.
’.‘Lbigiai.

Phuong trinh da cho tuwong duong véi

T >4

logg (x — 2) —logg (x —4) =1

¢

Tz >4
=
r—2
| =1
\ Og3x—4
.
xr >4
< —2
T _ 5
\x — 4
r >4
=
r—2=3z—12
& r=5.
Chondépén@ O

Cau 21.19. Tiap nghiém cia bat phuong trinh log = (x+1) > log = (2x —5) la
® (-1:6) (2:6) © (~o0:6). (D) (6: +o0).
& Loi gidi.
r+1>0
Ta c6 logz (x + 1) > logz (22 —5) & (22— 5> 0 & x> 6.
r+1<2x -5
Chon déap an @ O

Cau 21.20. Tap nghiém ctia phuong trinh log, (z — 1) = log, (2x) la
3
® {2+ 3} ® {2+ 3} ©1{3 ©){2- v3}
& Loi gidi.

Diéu kién: = > 1.
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Ta ¢é

log, (z — 1) =log, (2z)
& 2log, (r — 1) = log, 2x
(z—1)° =22

¢

s 22 —4x—-1=0
=243
x:2—\/§.

Déi chiéu véi didu kién ta duce: z = 2 + /3.
Chon dap 4n (B) O

BANG DAP AN

[21.1. C J[21.2. C |[21.3. A |[214. D |[215. C |[216. B |[21.7. B |[21.8. A |
21.9. D ][21.10.B |[21.11.C |[21.12.B |[21.13.D ||21.14.A [[21.15.A |[21.16.A |
121.17.B_ ][21.18.D |[21.19.D [[21.20.B |
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Danc 22. PHEP DEM - HOAN VI - CHINH HOP - TO HOP

KIEN THO'C CAN NHG

1. Quy tic cong
Mot cong viée dude hoan thanh bdi mot trong hai hanh dong. Néu hanh dong nay c6 m cach
thuc hién, hanh dong kia c¢6 n cic thuc hién khong trung véi bat ki cdch nao ctia hanh dong

thit nhat thi cong viée dé c6 m + n cich thuc hién.
2. Quy tac nhan

Mbt cong viee dude hoan thanh bdi hai hanh déng lién tiép. Néu c6 m cach thuc hién hanh
dong thit nhat va timg v6i mdi cach dé co n cach thuc hién cho hanh déng thit hai thi c6 m - n
cach hoan thanh cong viéc.
3. Hoan vi

 Cho tap hop A gdm n phan tit (n > 1). Mbi két qua clia su sap xép tht tu n phan ti

ciia tap hop A dudc goi 1& mdt hodn vi ctia n phan tit doé.

e S céc hoan vi ctia n phan tt1a P, =n(n—1)---2-1=nl

4. Chinh hgp
+ Cho tap hop A gom n phan tit (n > 1). Két qua clia viéc 1ay k phan tit khdc nhau tit n
phan t ctia tip hop A va sip xép ching theo mot thit tu ndo dé duge goi 1a mot chinh

hop chédp k clia n phan tit da cho.

o S6 chinh hop chap k clia n phan tit 14 A* = ' voi 1 <k <n.

(n—k)

5. T6 hop
« Cho tap hop A gom n phan tit (n > 1). Mdi t4p con gom k phan tit ctia A dudc goi la

mdt t6 hop chép k ctia n phan ti da cho.

. o \ n!
e S0 cac t0 hgp chap k cua n phan tir la Cﬁ:mvéiogkgn.
(n —k)!

« Mot s6 tinh chat ctia cdc s6 Ck:

i) Ck=Crkv6i0<k<n.

i) Ckl 4 Ck  =CEvoil<k<n.
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BAI TAP MAU

CAU 22 (Dé minh hoa BGD 2022-2023).
Cho tap hop A c¢6 15 phan tit. S6 tap con gdm hai phan ti ctia A bang
(A)225. (B) 30. (©)210. (D) 105.
& Loi gidi.
S6 tap con gom hai phan tit ctia A ¢6 15 phan tit 1 s6 t6 hop chép 2 ctia 15 phan tit.
Do d6, sb tap con gom hai phan tit cia A 1a C35 = 105.
Chon dép an (D) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 22.1. Véi k, n 1a hai s6 nguyén duong tity ¥ théa man k < n, ménh dé nao dudi dy sai?

@Ck Ck+1 iﬁ C’;’;:P—
@cgzﬁ. ©)Ck = C,

2 Lo gidi.
|
koo AR = AF = 1. O
O = =) k;' ~ Con:
Chon dap 4n (B) O

Cdau 22.2. Cho n 1a s6 tu nhién 16n hon 2. S6 céc chinh hgp chap 2 clia n phan tit 1a

@n(n—l). 2n. @71(712'—1) @2‘ (n—1).

& Loi gidi.
|
Ta c6 A2 = 0 2'2)! =n(n—1).
Chon dap 4n (A) O

Cau 22.3. Cho tap A = {1;2;3;4;5;6}, c6 bao nhiéu tap con gom 3 phan tit clia tap hop A?
(A) A, (B) Ps. (©)Ps. D).
& Loi gidi.
S6 tap con ¢6 3 phan tit clia tdp hop A gom 6 phan tit 1a s6 t6 hop chap 3 ciia 6 phan ti. Do do,
s6 tap con can tim 1a C3.

Chon dap 4n (D) O

Cdau 22.4. Cho n, k € N* va n > k. Tim cong thitc ding.

n! ke n!
B =G An—ww'
ON = D= G

& Loi gidi.

n!
(n—k)I'
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Chon dép 4n (C) O

Cdau 22.5. S6 tap con co6 hai phan ti ctia tdp hop gom 10 phan tit 1a
(A)20. B) 90. (C) 100. (D) 45.
& Loi gidi.
S6 tap hop con c6 hai phan tit ctia t4p hop gom 10 phan tit 1a C3, = 45.
Chon dap 4n (D) O

Cdu 22.6. Cho tap hop X gom 10 phan tit. S6 cdc hoan vi ctia 10 phan tit ctia tap hop X 1a
(A) 10, 102, (©)2v. (D) 10!.
& Loi gidi.
S6 céc hoan vi ctia 10 phan ti 1a 10!
Chon dap 4n (D) O

Cau 22.7. Cho tap A = {1;2;3;...;9;10}. Mot t6 hop chap 2 ciia 10 phan tit ctia A 14

@ {1;2}. ®)2!. (© A3, D) 3,
& Loi gidi.
Mbi tap hop con gdm 2 phan tit ciia A dude goi 13 mot t6 hop chap 2 ctia 10 phan tit cia tip A.
Ma {1;2} 1a mot tdp con gdm 2 phan tit ciia A hay mot t6 hop chap 2 ciia 10 phan tit ctia A.
Chon déap an @ O

Cadu 22.8. Cong thiic nao dudi day Ziling?)
! n—k)! n! n!
(:)Ak: n . .‘BAk: . (:)Ak:—. (::)Akzi.
"o (n—k)! " k! "k "kl (n—k)!

& Loi gidi.

Cong thitc tinh s6 chinh hgp chap k ctia n 1a AF =

(n— k)
Chon déap an @ O

Cdau 22.9. Véi n la s6 nguyén duong, cong thitc nao dudi day ding?

@Pn:n!. Pn:n—l. @Pn:(n—l)!. @Pn:n.
& Loi gidi.
Ta c6 P, 1a ki hiéu s6 céc hoan vi ctia n phan tit. Do d6 P,, = nl.

Chon dap 4n (A) O

Cau 22.10. Lép 12A ¢6 43 hoc sinh va 16p 12B ¢6 30 hoc sinh. Chon ngau nhién 1 hoc sinh ti
16p 12A va 12B. Hoéi ¢6 bao nhiéu cach chon?
(A)43. (B) 30. (C) 1290. (D) 73.
& Loi gidi.
Tong s6 hoc sinh ctia hai 16p 14 43 + 30 = 73. Do d6 sb cach chon 1a 73.
Chon dap 4n (D) O
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Cdu 22.11. Mot hoc sinh can mua mot cdy bt muc va mot cay but chi. Cac cdy but muc cé 8
mau khac nhau va cac cay but chi cling ¢6 8 mau khac nhau. Nhu vay, hoc sinh d6 ¢6 bao nhiéu
cach chon?
(A) 16. B)2. (©)3. (D) 64.
& Loi gidi.
Mua mot cay but muc ¢6 8 cach.
Mua mot cay bt chi c6 8 cach.
Theo quy tic nhan, dé mua dude 1 cdy bit muc va 1 cdy bt chi ta ¢ 8 - 8 = 64 céch.
Chon déap an @ O

Cdau 22.12. Mot hoc sinh can mua mot cdy but dé viét bai. Bt muc c6 8 loai khac nhau, bt
chi ¢6 8 loai khac nhau. Nhu vay, hoc sinh dé cé bao nhiéu cach chon?
(A)16. B)2. (©)3. (D) 64.
& Loi gidi.
Cong viéc mua but c6 2 phuong an thuc hién doc lap nhau.
Phuong an 1: Mua mot cay bt muc ¢6 8 cach.
Phuong an 2: Mua mot ciy but chi cé 8 cach.
Theo quy tic cong, ta c6 8 + 8 = 16 cdch mua mot cay bt chi dé viét bai
Chon dép an (A) O

Cau 22.13. C6 bao nhiéu cdch chon ra 3 hoc sinh tit mét nhém ¢6 7 hoc sinh nam va 3 hoc sinh

ntt?

@ci Clo. © Al ©)Ps.
& Loi gidi.

S6 cach chon ra 3 hoc sinh tit 10 hoc sinh 1a C3,.

Chon dép 4n O

Cau 22.14. T thanh phd A ¢6 10 con dudng dén thanh phé B, tit thanh phd B ¢6 7 con dudng
dén thanh phé C. T A dén C phéi qua B, héi c¢6 bao nhiéu cach di tit A dén C ma chi di qua
B ding mot lan?
(A)10. B)7. ©17. (D) 70.
& Loi gidi.
Dé di tit A dén C ta thuc hién hai hanh dong lién tiép.
Hanh dong 1: Di tit A dén B c6 10 cach.
Hanh dong 2: Di tit B dén C c6 7 céch.
Theo quy tdc nhan, di tit A dén C ¢6 10 -7 = 70 céch.
Chon dap 4n (D) O
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Cadu 22.15. Mot ngudi vao clta hang an, ngusi dé chon thuc don gom 1 mén &n trong 5 moén, 1
loai qua trong 5 loai, 1 loai nuéc uéng trong 3 loai. Hdi c6 bao nhiéu céch 1ap thuc don?
@A) 73, B) 75. (©)85. (D)95.
& Loi gidi.
Lap thuc don gom 3 hanh dong lién tiép.
Hanh dong 1: Chon 1 mén an c6 5 céach.
Hanh dong 2: Chon 1 loai qua cé 5 cach.
Hanh dong 3: Chon 1 loai nuée udng cé 3 céch.
Theo quy téc nhan, ¢6 5 -5 -3 = 75 cach 1ap thuc don.
Chon déap an O

Cau 22.16. Mot t6 ¢6 4 hoc sinh nam va 6 hoc sinh nit. Héi cé bao nhiéu céch chon ra 3 hoc
sinh trong d6 ¢6 2 hoc sinh nam?
(A)C2 +CL. B)C2- CL. (C) A2 AL (D) A2+ AL
& Loi gidi.
Dé chon 3 hoc sinh trong d6 ¢6 2 hoc sinh nam thi ta thuc hién 2 hanh déng lién tiép.
Hanh dong 1: Chon 2 hoc sinh nam ¢6 C% céch.
Hanh dong 2: Chon 1 hoc sinh nit ¢6 C{ cach.
Theo quy tac nhan, ta c6 C2 - C} cich chon théa man yéu cau.

Chon dép 4n O

Cdu 22.17. Trong mot tran chung két béng d4 phai phan dinh thing thua bang da luén luu 11
mét. Huan luyén vién ctia mdi doi can trinh véi trong tai mot danh sich sap tht tu 5 cau thi
trong 11 cau thi dé d4 luan luu 5 qué sit ludn luu. Hoi huan luyén vién ciia moéi doi sé cé bao
nhiéu cach 1ap danh sach tha tu da luan luu?

(A)C5,. (B) A3,. (©)s!. (D) 111,
& Loi gidi.
M&i céch chon va sap thit tu 5 cau thi trong 11 cau thi dé d4 ludn luu 1a mot chinh hop chap 5
clia 11 phan tit. VAy s6 cach 1ap danh sach thtt tu d4 luan luu 1a A3,

Chon dép 4n O

Cdu 22.18. C6 15 hoc sinh gidi gdm 6 hoc sinh khéi 12, 5 hoc sinh khéi 11 va 4 hoc sinh khoi

10. Hoi ¢6 bao nhiéu cach chon ra 6 hoc sinh sao cho méi khéi ¢ ding 2 hoc sinh?
(A)CZ.C2.C2 (B)A2. A2. A2 (©)C2+C2+C2 (D) A2 + A2 4+ A2,

& Loi gidi.

Chon 2 hoc sinh khéi 12 ¢6 C2 céch.

Chon 2 hoc sinh khéi 11 ¢6 C2 céch.

Chon 2 hoc sinh khéi 10 ¢6 C? céch.

Theo quy tac nhan, ¢6 C2 - CZ - C? cach chon thda man yéu cau.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 155/472

Chon dép an (A) O

Cdu 22.19. Mot cau lac bd ¢6 30 thanh vién. C6 bao nhiéu céch chon mot ban quan li gom 1
chu tich, 1 pho chu tich va 1 thu ki?

(A) A3, B) C3,. (C) 30!, (D)3!.
& Loi gidi.
M&i céch chon ra 3 ngudi va sap xép vao 3 vi trf 14 mot chinh hop chép 3 ctia 30 thanh vién. Vay
s6 cach chon thda man yéu cau la A3

Chon dap 4n (A) O

Cdu 22.20. Mot hop chita 10 qud cau phan biét. S6 cach lay ra ciing lic 3 qué cau tit hop doé
la
(A) 720. 108, (C) 120. (D) 3.
& Loi gidi.
S6 céch chon ciing lic 3 qua cau tit mot hop chita 10 qua cau phan bigt 1a C3.
Chon dép 4n (C) O

Cdau 22.21. Gia sit ta diing 6 mau dé t6 cho 4 nuée khac nhau trén ban do va khong cé mau nio
duge dung 2 1an. S6 cach dé chon ra nhitng mau can ding va t6 1én ban do la

(A) AL, B) 10. (©) . (D)6*.
& Loi gidi.
S6 cach chon 4 mau tit 6 mau va td vao 4 nude trén ban do (khéng c6 mau nao duge ding 2 lan)
la A
Chon déap an @ O

Cdu 22.22. C6 bao nhiéu cach phan céng 3 ban tit mét t6 c¢6 9 ban dé lam truc nhét?
(A) 9. B) 3. (C) Al (D) 3.
& Loi gidi.
MBbi céch phan cong ba ban tit mét t6 ¢6 9 ban dé lam truc nhét 1a mot t6 hop chap 3 ciia 9. Nén
s6 cach phan cong la C3.
Chon déap an @ O

Céu 22.23. Cho 20 diém phan biét nam trén mot dudng tron. Héi ¢6 bao nhiéu tam gidc dude

tao thanh tit cdc diém nay?

(A) 8000. (B) 1140. (C) 6480. (D) 600.

& Loi gidi.

Chon 3 diém tit 20 diém ta dugc mot tam gidc nén s6 tam gidc duge tao thanh tir 20 diém da cho
1a C3,.

Chon d4p 4n O
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Cdu 22.24. Trong mot binh dung 4 vién bi dé va 3 vién bi xanh. Lay ngau nhién dong thdi 2
vien. C6 bao nhiéu céch 1ay?
(A)18. B)21. (C)42. (D) 10.
& Loi gidi.
S6 céch 1dy 2 vién bi tit 7 vién bi 1a C2 = 21.
Chon déap an O

Cdéu 22.25. S6 cach sip xép 6 hoc sinh nit va 4 hoc sinh nam thanh mét hang doc 1a
(A)6! + 41, B) 6! - 4!. (©) ¢, - C5,. (D) 10!.

& Loi gidi.

S6 cach sap xép 6 hoc sinh nit va 4 hoc sinh nam thanh moét hang doc 14 10!,

Chon dép an (D) O

Cau 22.26. Cho tap hop X = {1;2;3;4;5;6;7}. Tit tap hop X, hdi c6 thé lap duge bao nhiéu sb
tu nhién gdm ba chit s6 d6i mot khac nhau?
(A) 35. B) 210. (C) 840. (D) 5040.
& Loi gidi.
S6 céch 1ap s6 tu nhién gom ba chit s6 khac nhau tit tap hop X 1a A2 = 210.
Chon dap 4n (B) O

Cau 22.27. C6 bao nhiéu s6 tu nhién c6 hai chit s6 khac nhau ma céc chit s6 duge lay tit tip hop
X =1{1;2;3;4;5}7

(A) 52 B)2°. (C) A2 D) 2.
& Loi gidi.
Tt 5 chit s6 ctia tdp X, ta liy 2 chit s6 bat ki rdi sap xép vi trf duoe mot sé ¢ hai chit s6. Nhu
vay c6 A2 s6 dudce tao thanh.
Chon dép 4n (C) O

Cdu 22.28. Gia st 9 van dong vién tham gia moét cude thi boi 16i. Néu khéng ké trudng hop ¢é
hai van dong vién vé dich cling mét lic thi ¢6 bao nhiéu két qui ¢ thé xay ra dbi véi cic vi tri
thit nhat, th nhi va thit ba?

(A) 84. B) 729. (C) 504. (D) 3°.
& Loi gidi.
S6 két qua cé thé xay ra dbi véi cac vi tri thit nhat, thit nhi va thit ba la A3 = 504 két qua.
Chon déap an @ O

Cau 22.29. C6 bao nhiéu tap con gom 3 phan tit ctia tap hop X = {1;2;3;4;7;8;9}?

(A) 2. (B) A3, (C) A, (D) 3.

& Loi gidi.
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S6 tap con gdom 3 phan tit clia tap hop X = {1;2;3;4;7;8;9} 1a s6 t6 hop chap 3 ciia 7 phan ti.
Vay c6 C3 tap hop.
Chon dép an (A) O

Cau 22.30. Mot hop ¢6 8 bi xanh, 5 bi d6 va 4 bi vang. C6 bao nhiéu cach chon ra 3 vién bi sao
cho ¢6 diang 1 bi do6?
@ci-cl-cl. B) AL- A2, ©ci-ci, D) AL-AL-AL
& Loi gidi.
Chon 1 bi d6 c¢6 C} céch.
Chon 2 bi con lai c¢6 C%, céch.

Theo quy tac nhan, ta c6 C} - C2, cach chon thda man yéu cau.

Chon dép 4n (C) O
BANG DAP AN

1221. B |[222. A |[223. D |[224. C |[225. D |[226. D |[22.7. A [[228. A |
1229. A [[22.10.D [[2211.D [[22.12.A [[22.13.B [[22.14.D [[22.15.B [[22.16.B |
122.17.B |[22.18.A ][22.19.A [[22.20.C |[22.21.A |[22.22.D [[22.23.B |[22.24.B |
122.25.D |[22.26.B |[22.27.C |[22.28.C |[22.29.A |[22.30.C |
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Danc 23. NGUYEN HAM

KIEN THO'C CAN NHG

1. Dinh nghia nguyén ham
Cho ham s6 f(x) x4c dinh trén K . Ham s6 F(z) dude goi 1a nguyén ham ctia ham s6 f(x)
tréen K néu | F'(x) = f(z), Vo € R.

Néu F(z) 1a mot nguyén ham ctia ham s6 f(z) trén K thi moi nguyén ham cta f(z) trén K

déu c6 dang F(z) + C véi C 1a hang s6.
2. Tinh chat cia nguyén ham

o/f’(x) dz = f(z) + C.
o/kf(:c)dx - k/f(:c)d:v véi k # 0.
o [f@) £ g@)de = [ f@)do+ [ g(x)da.

3. Bang nguyén ham cia mot sé6 ham sé thudng gap

Nguyén ham co ban Nguyén ham md rong
O/de:C
o/dx:l’-i-c
a+1 1 a+l
o/xo‘dx:$ +C, (a# —1) o/(ax—i—badxzw—l—c, (a # —1)
) a+1 ] ] a a+1
o/—dx:ln|x|+0 o/ de == -Ilnjax + b+ C
x ar + b a
N a” el 1 aaerb
o/a dz = +C, (0<a#1) o/a = — +C
In a Jna
./exdx:ex_’_o ./e(ax—&-b)dx:i‘e(azﬁ-b)_’_o
a
1
O/Sinxdx:—cosx—l—C o/sin(ax+b)dx:—gcos(a:v—l—b)—i—C’, (a #0)
1
o/cosxdx:sinx—l—C’ o/cos(aa;+b)dx:asin(az‘—i—b)—l—C, (a #0)
1 1 1
./COSQdeU:tanI‘i‘C ./de—afan<a$+b)+c7 (CL#O)
1
./Sin2xd$:—COtx+C O/de:—aco‘c(aw—i—b)—kc, (Cl?é0>

BAI TAP MAU

- 1 2
CAU 23. Cho / —dz = F(z) + C. Khing dinh nao dudi day diing ?

@ F(z) = . ®F@) =he. ©F(@) = :16 D F() = —~.

T

& Loi gidi.

Ta c6 F'(z) = </1dx> :1.
x x
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‘ Chon dap an @ Il

@© BAITAP TUONG TY VA PHAT TRIEN

Cau 23.1. Ham s6 f(z) = cos (4 + 7) ¢6 mdt nguyén ham 1a

1 1
@Zsin(4x+7)—3. —isin(4az+7)+3.
@sin(4x—|—7)—1. @—Sin(4x—|—7)+x

& Loi gidi.

1 2
Ta co /COS (4dx 4+ 7) doz = 1 sin (4x + 7) + C nén ham so f(z) = cos (4z + 7) ¢6 mot nguyén ham

1
1a zsin (dx+7) — 3.

ChQndépén@ O
~ . 1 1
Cadu 23.2. Ho nguyén ham ctia ham sb f(x):—Q—:Bz—gla:
x
3 1 —2
@%———%Jr(?. B —2+C.
X
4 2 3 _ 3
@_x+x++c. @x+x++o.
3x
& Loi gidi.
1 1 1 22 x
I
a co i 3 x e 3+C
ChQndépan@ O

Cdu 23.3. Tim /Sin 5z dx
1 1
@/sin5xdx:50085x+0. /sin5xdx:—gcos5x—l—0.

@/sin5xdx:—0085x+0. @/sin5xdx:—5cos5x+0.
& Loi gidi.
Ta cé /Sinfwdx = —;) cos bzx + C.
Chon dap 4n (A) O
Cadu 23.4. Tlm ho nguyén ham F(z) ctia ham s6 f(x) = cos (27 + 3).

@F —sm 2z +3)+C. B) F(x :—;sin(2x+3)+6’.

@F ) =sin (22 4+ 3) + C. @F )= —sin(2x +3) + C.
& Loi gidi.
F(z) = /cos(2x+3)dx = ;sin(2:r—|—3) +C.
Chon dép an (A) O
Cau 23.5. Nguyén ham ctia ham s6 f(z) = 322+ 1a:

@ 211 sgd ; 1332“1 +c.  (© ;32“1 +C. D) ;32“1 In3+C.
& Loi gidi.
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amz—i—n

Ap dung cong thic: /am”” doz = +C.
mlna
2x+1

Ta co: /32”1 der = 53 +C.
Chon dap 4n (A) O
Cau 23.6. Nguyén ham ctia ham s6 f(r) = 32% +e* + 1 1a

(A)F(z) =2+ e +x+C. B) F(z) = 2% + e + 1+ C.

(© F(x) =22%+e* + x4+ C. (D) F(z) = 62 +¢* + C.
& Loi gidi.
Ta c6 /f(x)dx:/(3w2+ex+1) dz =2 +e" +a2+C.
Chon déap an @ O

Cau 23.7. Cong thiic nguyén ham nao sau day khong ding?

@/idx:lnx%—C’. / ! dx =tanx + C.

cos? x

xoﬂrl a®
@ = —1 x == 1
@/x dz a+1+C(a7é ) @/adx lna+0(0<a7é)
& Loi gidi.
1 1
Tacc'):/—dx:ln|m|+0:/—dm:lnm+C’sai.
x x
Chon dép an (A) O

Cdu 23.8. Ho cac nguyén ham ctia ham s6 y = e 732+ 13

(A) —3e73+1 4 C. ;e—%“ +C. (© —;e—?’xﬂ +C. (D)3e 4.

& Loi gidi.
Ta ¢6 /e_3x+1 dr = —;e_?’xﬂ +C.
Chon déap an @ O
Cau 23.9. Ho tat ca nguyén ham ctia ham sé f(z) = cosz + 62 1a

@—sinm+0. —sinm—i—SxZ—i—C’. @sinx+3m2+0. @COSJZ+6I2+C.
& Loi gidi.
/f(x) dz = sinz + 32* + C.
Chon dap 4n (C) O
Cau 23.10. Ho nguyén ham ctia ham s6 f(z) = sin 2z + cos z 1a

@coszx—sina:—l—C’. sin2w+sinx+0.

@cos2x—sinx+0. @—cosQaH—sinx—i—C.
& Loi gidi.
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Ta co:
. 1 . ,
/(s1n2x+cosz) de = —§COSQ$+SIHZ’+C
1
= -3 (1—281n2a7)—|—sinx—|—0'
1
= sin’z+sinz +C (C:C'—Q).
Chon dép 4n (B) O

Cau 23.11. Ho nguyén ham ctia ham s6 f(z) =e* —11a
@—ex—x—l—C. e_””—x+C. @ex+x+0. @—e‘w—x—i—C.
& Loi gidi.
Ta ¢6 /f(x) de = e —z+C.
Chon dap 4n (D) O
Céu 23.12. Khing dinh nao day ding?
@/sinxdx:—sinx+0. /sinxdx:;siHQx—i—C.
@/sinxdx:cosx+0. @/sinxdx:—cosx—l—(].

& Loi gidi.
Ta c6 /sinxdx = —cosz + C.
Chon dép an @ O
Cau 23.13. Ho tat cd cdc nguyén ham ctia ham s6 f(z) = 2% + 4z 1A
(A) 2 In2 + 222 + C. 112:;+2x2+0. (©2°m2+C. @E;JFC.
& Loi gidi.
Ta co: /f(x)dx = /(2”” +4x) do = /Qxda:—I—/éla:dx = h21m2 +22° 4+ C.
Chon dép én O

Cau 23.14. Nguyén ham ctia ham s6 f(x) = 22% — 9 1a:

@ix4+0. 4x3—9m+C’. @;x4—9x+C’. @4x4—9x+0.

& Loi gidi.
I4 ZL‘4
Tacs [ fl@)de= [ (20°=9) do=2% — 90+ C = —9a+C.
Chon dép 4n (C) O

Cadu 23.15. Ménh dé nao sau day diung?

@/sinxdx:cosx+0. /cosxdx:sinx—l—(].

@/amdx:a‘”+C(O<a7€l). @/idx——;—l—(ﬁ'(x#O).
& Loi gidi.
Tacé/cosxdx:sinx+0.
Chon dap 4an (B) O
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Céu 23.16. Khing dinh nao sau day 1 sai?
@ Moi ham s6 f(z) lién tuc trén doan [a; b] déu c6 nguyén ham trén doan [a; b].
/emdx — ¢” + C (C 13 hing ).
1 N .
@/—dx = In|z| + C (C 13 hing s8) vdi % 0.
T

N _:Coz—l—l
®/$ da:—& 1

(C' 1a hang s6, a 1a hang s6).

& Loi gidi.
xott . . . .
/xadx: — +C (C'la hing b, o I hiing 6 vi o # —1).
o
Chon dap 4n (D) O
~ . 1 1
Cdu 23.17. Ho nguyén ham ctia ham s6 f(z) = — — ° —gla
x
rt+ 22 +3 -2 1 oz
-+ C. — ———=+C.
@-— - 32 S-gt
- +x°+ -
_ : — =2 )
& Loi gidi.
1 1 1 1 2
(R PSR PR e
a co 2T 3 dx x 3 dx e 3~|—C'
ChQndépan O

Cau 23.18. Néu ham s6 y = sinx 14 mot nguyén ham ctia ham s6 y = f(x) thi
@f(x):—sinx. f(x):—cosx. @f(x):sinx. @f(x):cosx.

& Loi gidi.

Ta c6 f(z) = (sinz) = cos .

Chon dap 4n (D) O

Cau 23.19. Nguyén ham ctia ham s6 f(z) = ¢z 1a

@ F(z) ?’x\f | F(x):;ijC.
3V/a?
(©) F(x) 3\/_ . D) F(z) = Tt

& Loi gidi.
3 3 3
1 3
/%dx:/xgdm:%—i—C':Z?’x‘leC:Z:L‘f’/f%—C’.
3
Chon dap 4n (A) O
o ) 1
Cadu 23.20. Ho nguyén ham ctia ham so f(z) = ] la
T —
@ln|m—1|+C’. —72—#0 @21n|x—1|+0. @1n(x—1)+0

B Loi gidi.

Cé/xi

Vay ho nguyén ham ctia ham s6 f(z) =

1dx:1n|x—1|+0.

1
: lalnjz — 1|+ C.
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Chon dép an (A) O

BANG DAP AN

123.1. A ][23.2. A |[233. A |[234. A ][235. A |[236. A [[23.7. A |[238. C |
123.9. C ][23.10.B |[23.11.D |[23.12.D ||23.13.B ||23.14.C |[23.15.B |[23.16.D |
123.17.B ][23.18.D |[23.19.A [[23.20.A |
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Danc 24. TICH PHAN

KIEN THO'C CAN NHG

1. Dinh nghia tich phan
Cho ham s6 y = f(x) lién tuc va xac dinh trén doan [a;b]. Gid st F(x) 1a mot nguyén ham

ciua f(x) trén doan [a;b)].
b
Hiéu s6 F(b) — F(a) dugc goi 1a tich phan tit a dén b clia ham s6 f(x). Ki hiéu 1a /f(x) dz.

b

Vay [ f(e)dz = F(z)| = F(b) - F(a).

2. Tinh chat tich phan xac dinh
Tinh chat ctia tich phan x4c dinh.

/bf(x)dx:/Cf(x)dx+/bf(x)dxvéia<c<b.

b b

. k/f(a:)dx:/k:f(m)dx véi (k # 0).

s /bf(x)dx:/bf(t)dtZ/bf(Z>dZ
b b

BAI TAP MAU

CAU 24 (P& minh hoa BGD 2022-2023).

Néu /02 f(z)de = 4 thi /02 Bf(m) - 2} dz bing
@o. B)6. ©)s. D) -2.
& Loi gidi.
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B PHAN TICH:
1. Dang toan: la dang toan sit dung tinh chat dé tinh tich phan xac dinh ctia ham sé.
2. Huéng giai:

. 211 1 r2 2
B1. Dua trén gia thiet I = /0 [Zf(x) — 2] dzx, ta tinh tich phan 5/0 f(z)dz — 2/0 dx.

1 2 2
B2. Taco I = 7/ f(m)dx—Z/ dz.
2 Jo 0

Tacé/o {f( —Q}dx—Q/ dx—?/ dx—1 4 — 2( 2):—2.

Chon dap an @ O

@© BAITAP TWONG Ty VA PHAT TRIEN
2 2 2
Céu 24.1. Cho /f(g;) dz = 3 va / 3f(z) — g(z)] dz = 10, khi d6 /g(g;) dz bing

1 1 1

(A) 1. B) —4. (©)17. D)1.

& Loi gidi.
Ta co
2 2 2
Bf(x) —g(x)]dz =10 < 3/ f(z)dz — [ g(z)dz =10
/ [rea]
2
& 33— [g(x)de =10
/
2
& [ g(r)dr=—1
!
Chon dép an (A) O

Cdau 24.2. Trong céc cong thitc sau day, cong thiic nao ding?

b b a b b
@/udv:uv —/vdu. ./udv—uv —/'Udu.
a a b
b
@/udv:uv

b b
—l—/vdu. @/udv—uv—/vdu
’.‘Lbigiai.

b b
Cong thitc tinh tich phan timg phin / wdv = uw
a

b
—/vdu.

Chon dap 4n (B) O

a
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3
Cau 24.3. Cho ham s6 f(x) c6 dao ham trén doan [1;3], f(3) = 5 va /f’(x) dr = 6. Khi dé f(1)

. 1
bang

(A) 10. B)11. @) (D) 1.
B Loi gidi.
3

Tacé/f’(x)dx:6<:>f(x) —6a fB)—f(1)=6a5—f(1)=6< f(1) = —1.

1 1
Vay (1) = 1.
Chon déap an @ O

b
Cau 24.4. Biét F(x) 1a mot nguyén ham ctia f(z) trén doan [a;b] va /f(a:) de =1; F(b) = 2.

a

Tinh F(a).

(A1 B)3. (©) 1. D)2.
& Li gidi.
Ta c6 1= /f(x) dz = F(b) — F(a) =2 — F(a). Suy ra F(a) =2 — 1 = 1.

Chon déap an @ O

2 2
Cdau 24.5. Cho /f(:c) dx = —7. Tinh /3 - f(x)da?
3 3

(A)4. B)21. (©) —21. (D) —4.
& Loi gidi.
Ta 6 /Sf(x) dz = S/f(x) dr =3 (=7) = —21.

-3

Chon dép 4n (C) O

4 4 3
Cdu 24.6. Néu / flz)de =9 va / flz)de = —1 thi / f(z) dz bing

1

(A)-8. 10, @é (D) 10.

& Loi gidi.
Ta cé
4 3 4 3 4 4
/f(x)dx:/f(x)dx—l—/f(a:)dx & /f(m)dx:/f(:r;)dx—/f(x)dx
1 1 3 1 1 3
3
< [ f(x)de=9—(—-1)=10
/
Chon dép an (D) O

Cau 24.7. Néu F'(z) = va F(1) =1 thi gid tri ctia F(2) bang

2¢ + 1
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@1+;ln5. 1—|—;ln2. @1+1n§. D)1+ 5.

& Loi gidi.

Ta ¢6 /F/(x) dz = F(x)

2 2 2
1 1 1 | 1
Métkhéc/F’(x)d :1/ dz = In[2z + 1] :21n5—21n3:21n§.

1
Suy ra F(2) — F(1) = ng
1 5 1.5
Do d6 F(2) = ~In~ = -In-+1.
o dé F(2) 21n3+F(1) 21113—1—1
Chon dép 4n (B) O

Céu 24 8. Cho ham so f, g lién tuc trén K va a, b, ¢ thudc K. Cong thiic nao sau diy sai?

@/kf ) dz /-c/f
/f(x)dx+/f(x)dx:/f(x)dxvéia<b<c.

@/b[f(l’) +g(z)]de = /bf(a;) d:c+/bg(x) dz

a

@/bf(:c)dx—/f(x)dx.

g Loi gidi. b
Ta c6 /bf(:c) dz = —/af(g;) dz nén /bf(x) dz = /af(x) dz sai.
Chon (;ép én (D) b ' b O
Cau 242.9. Cho F(x) 1a mot ngyy@n ham ctia ham s6 f(Qx). Khi dé hiéu s6 F(1) - F(2) bang
@ [-F())de. [ fa)de. © [lf@)ar. @ [F@)a
— Lbilgic"li. 1 1 2

Tacoé F(1) - F(2)=F

z) — [ f(@)do - / [ f(2)] do

2

Chon dép 4n (C) O

Cau 24 10. Véi m01 ham s6 f(z) lién tuc trén R, ta c6

@/f dx—/f if(x)dx:/f(x)dx
@/f(x)dx=—/of(x)dx- @jf(x)dx:—/f(x)dx.

B Loi gidi.
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b
Ap dung céng thic /f /f )dx, véi a < b.

Taco/f )dr = — /f

Chon dap an @ O
3

Cau 24.11. Neu/f dx—2va/g r=—1 thi/[f(:c)—g(x)]dx bang

—1 -1
(A) -3. B) —1. (©)3. (D) 4.
B Loi gidi.
3 3 3

Ta ¢6 /[f(a:)—g(m)]dx:/f(m)dx—/g(x)dsz—(—1):3.

-1 -1 -1

Chon dép 4n (C) O

0 1 1
Cau 24.12. Néu / fl@)de = —3 va / fla)de = —1 thi / f(z)dz bing

-1

(A)s. B) —2. 0 (©)2. R (D) —4.

& Loi giai
0 1
Tacd [ f(x fl)de + | f(x)de =-3—-1=—4.
Joie- i
Chon dap an @ O

3 3
Cdu 24.13. Cho /f(:v) dr=1va /f(x) dz = —2. Gid tri clia /f(:v) dx bang

1

(A)3. 1 B) 1. 2 (©) -3. (D) 1.

& Loi gidi.
3 2
Taco [ f(z)d flx)dz + | f(z -1
[ o= [ s f
Chon dap 4n (D) O

Cau 24.14. Cho f(x) la mot ham s6 lién tuc trén R va F(z) 1a mot nguyén ham ctia ham s
2

f(z) thod /f(a:) de = 5; F(2) = 11. Khi d6 F(1) bing

(A) 16. 1 B) 4. (©)6. (D)7.

B Loi gidi.
Ta cé/f(:):)dx:5<:>F(2)—F(1) —5e 11— F(1) =5 F(1) =6.
1
Chon dép 4n (C) O

2 5 5
Céu 24.15. Néu / fla)dz =2 va / f(2)dz = —3 thi / F(z) dz bing
—1 2 -1
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(A) 6. B) 1.
& Loi giéi
Taco/f /f(x)dx—i—/f(x)dx:

Chon dap én (B)

Céu 24.16. Néu / (@)

(A)-7. 1 B)3.

B Loi gidi.

c b
Ap dung cong thitc /f(x) dx + /f(x) dz =

3
[ 1@
1
Chon ddp 4n
9
Céu 24.17. Gia sfr/f(a:

0
(A) T =143,

& Loi gidi.

TacHd I = /Q[Qf(a:) + 3g(z)] dz = Q/Qf(x

0
Chon dép an (D)

3
de=5va | f(x)dx
/

/2f d:zH—/f
1

)dz = 37 va /Og(:zc)

9
B) I =58.

(C) —5. D)5.

5
Céu 24.18. Cho / f(z)dz = 10. Khi d6 / 2 — 4f(x)] dz bing

2
(A) 36. (B) —36.
&S Loi gidi.
5

Tacé/[2—4f(x)] dx:2/5dx—4/5f(x)dx: (233

2

Chon dap an @

0 1
Cau 24.19. Néu/f(x) dz = 3Vé/g(x) dz

1 0

(A)11. B) 5.
& Loi gidi.
1

Tacs [ [f(x) —29(x)] d /
Chon glép an

daz—2/g

2+ (-3)=—1.
O
3
= —2 thi /f(a:) dz bang
1
©1. (D) —10.
b
/f(a:)dx vii a < ¢ < b, ta cb
5+ (—2) =3.
O
9
dz = 16. Khi d6, I = / 2f(x) + 3¢g(x)] dz bing
0
©1=122. (D)1 = 26.
0
)dx—S/g(x)dx:
9
O
(C) 34. (D) —34.
5
) —4-10=2(5—12) — 40 = —34.
2
O
1
— _4thi / [f(x) — 29()] dz bing bao nhiéu?
0
(©) —1. D)7
=-3-2.(-4) =5
O
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Cau 24.20. Cho ham s6 y = f(z) lién tuc trén khodng K va a, b, ¢ € K. Ménh dé nao sau day

sai?
b

@/bf($)d$+/bf($)dx—/Cf(fc)dx. /bf(:c)dx—/f(t)dt.

a

@/bf(a:)dw: —/af(x)dx- @/af(x)dxzo.
— Lbiagiéi. b '
Ménh dé sai la/bf(m) dx—i—/bf(x) dx:jf(x) du.
Chon dap 4n (A) O

Cdu 24.21. Cho ham s6 f(x) lién tuc trén [a; b] va F(z) 1a mét nguyén ham ciia f(x). Tim khang

dinh sai.

@ [ f(z)de = Fa) - F (). [ @y =o

@/bf(a:) dz =~ [ f(x)da. @/bf(x) dz = F(b) — F(a).

b
B Loi gidi.
b
Khéng dinh / f(a)dz = F(a) — F(b) sai.

Chon dap 4n (A) O

7
Cau 24.22. Cho ham sb phtic f(z) va g(x) lién tuc trén doan [1;7] sao cho /f(a:) dr = 2 va
1

7

/g(x) dz = —3. Gia tri cta / [f(z) — g(2)] do bang

1

(A)-1. B) 5. (©)5. (D)6.

& Loi gidi.
Ta ¢6 /[f(x) — g(z)]dz = /f(a:) dz — /g(x) dr =2 (-3) =5.
Chon éép an @ 1 1 O

Cau 24.23. Cho céc s6 thuc a, b (a < b). Néu ham sb y = f(x) c6 dao ham 1a ham s6 lién tuc
trén R ’ghi

b
@ [ f@)dz = f(a) = £'(b). [ 7@ da = 1) - ().
© [ 1@)dz=1®) - f'(a). D) [ f'(@)de = f(a) - 1)
B Loi gidi.
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b
Ta ¢6 /f’(iﬂ)dwz () T f() = f(a).
Chon gép an ' O
Cau 24.248. Cho ham s6 y = f(x) x4c dinh va lién tuc trén R, c¢6 f(8) = 20; f(4) = 12. Tinh tich
phan T — / £(z) de

@12416. B)1 =4 ©1=32 D)1 =s.

& Loi gidi.

TacHd I = /f’(m) dz = f(x)

4
Chon déap an @ O

Cau 24.25. Cho ham s6 y = f(x) thod man diéu kien f(1) = 12, f/(z) lién tuc trén R va
4

/ f/(z)da = 17. Khi d6 f(4) bing

1

(A)5. (B) 29. (©)19. (D)9.
B Loi gidi.
4

=17T< f4)—f(1)=17T< f(4) = 29.

1

Ta ¢6 /f’(x) dr = 17 & f(z)

1
Chon déap an O
Cau 24.26. Cho ham s6 y = f(z) lién tuc trén khodng K va a, b, ¢ € K. Ménh dé nao sau day
sai?

b

@/bf(m)dx+/bf(9:)dw=/cf(x)dx. /bf(x)dx:/f(t)dt.

@/bf(m)dx:—/af(x)dx. @/af(x)dx:
& Loi gidi. b
b b c
Ménh dé sai lé/f(x)d:c—l—/f(m)dx:/f(fn)dx

Chon déap an @ O

5 7 7
Céu 24.27. Cho / h(z)de = 4 va / h(z) dz = 10, khi d6 / h(z) dz bing
1 1 5
(A6, B)5. ©. D)2.
B Loi gidi.

Ta cod

/5h d:c+/h /7h dx@/h —/7h /5h(x)dx
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7
= /h(m)dx:10—4:6.
5

Chon dép an (A) O
Céu 24.28. Cho /f —1, /f(t) dt = —4. Tinh [ = /f@) dy
(A)I=-3, B)I=-5 ©1=>5 D)1 =3
& Loi gidi.
4 2 4 2 4

Ta c6 /f(t) dt = /f@;) dz = /f(:r;) dz + /f(:r;) dz = /f@:) dz +/f(y) dy.

_24 —2 A —22 2 -2 2
Suy ra /f(y)dy = /f(t)dt— /f(x)dx =—4—-1=-5.

2 -9 92

Chon ddp 4n O

Cau 24.29. Cho ham s6 f(z) c6 dao ham f'(z) lién tuc trén [a;b], f(b) = 5 va /f’(:c) dr =1,

khi d6 f(a) bang
(A)4. B)6. (C) —4. —6.
& Loi gidi.
b
Tacs 1= [ f/(@)de = f(@)| = F(b) = fla) =5~ fla) = f(a) =4
Chon dap n @) O

Cadu 24.30. Ménh dé nao sau day ding?

@jf(rc) div+b/af(:c) dr —

/b f(x)de = F(a) = F(b) (F(z) 1A mot nguyén ham ctia f(x)).
@/ f(@)de =

o / flo)do+ / flayde = [ 1) a.

b
& Loi giai
Taco/f da:—l—/f dx—/f )dz = 0 la ding,.

b

Do/f dx—l—/f dx—/f dx<:>/f / )dx—/f(a;)dxlésai.

a

Vl/f — F(b) la sai Vl/f F(b) — F(a).
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Vi/af(:(:)dx—()lzi sai Vi/af(x)dx— <m

>—2a.

Chon dép an (A) O
2
Céu 24.31. Cho/f dx—2va/g r=—1. Tinh]z/[x+2f(x)—|—3g(x)]dx bing
-1
17 11
@1_5. 1_5 @1_? @1_?
g Loi gidi.
Ta c6
; ; 22 |? )
/:U+2f )43¢(2)] de / x+2/f dx—|—3/g (2 >+2-2+3 (-1)=>.
-1 —1 —1
Chon dap 4n (A) O
2
2 2 .
Céu 24.32. Cho / fla)de =2 v ] g(e)de = ~1. Tinh [ = | [o+2(x) + 3g(x)} o bing
-1
-1
17 11 7
@1_? 1_5 @1_? @1_5.
g Loi gidi.
, 22| ; ; 3 5
Taco)l=|— +2/f(x)dx+3/g(x)dx:f+4—3:—.
2|, J J 2 2
Chon dép 4n (B) O
1
Cau 24.33. Tinh [ = / &% da.
0
@Izef*ur1 B)I=¢ -1 Ol=c—1 @63_1
> . . .
g Loi gidi.
1 1 3r
TacéI:/e?’xda::(le?’x >:e ! O
3|, 3
0
2 1
Cdau 24.34. Néu /f(x) dz =5 thi /ﬂ'f(l‘) dz bang
1 2
m —T
B Loi gidi.
1 2
Ta c6 /ﬂ'f(l‘)dl‘z —ﬂ/f(x)dx: —5m.
2 1
Chon dap 4n (C) O

2 3 3
Céu 24.35. Cho / fla)dz = —3 va / f(z)dz = 4, khi d6 tich phan / f(z) dz bing
1

1 2

AT B)1.

(©)12. (D) —12.
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& Loi gidi.
3 2
Tacod | f(x)de= [ f(x)de+ [ f(z)de=-3+4=1.
Jrese= [ reases [0
Chon dap an O
1
Cau 24.36. Neu/f dx—?va/g dx—?)thl/[f( ) + g(x)] do bang
(A)2. 6. @5 D)s3.
& Loi gidi.

1

Ta cé/[f(:c)—irg(x)] dx:/lf(:c)da:+/19(:c)dx:2+3:5.

0
Chon dép 4n (C) O

Cau 24.37. Cho ham s6 f(z) c6 dao ham f’(x) lién tuc trén [a;b], f(b) =5 va /f’(w) dz = 3v/5.

Tinh f(a).

@) f(a) = V5 (V5 - 3). ®) f(a) =

(©) f(a) =5 (3 - 5). D) f(a) = f 3).
B Loi gidi.

Ta 6 /f’(ﬂf) dz = (f(x) ) = f(b) — f(a) = 3V5.
Suy raaf(a):f(b)—S\/5:5—3\/5:\/§(\/3—3).
Chon dap én@ O

2

Cau 24.38. Tinh tich phan [ = / (22 + 1) da.

A1 =2 1204. ©1=>5 (D)1 =6.

& Loi gidi.

2

Ta céI:/(2x+1)d$: ((:v2+$)

0

Chon déap an @ O
2

Céu 24.39. Tich phan / 3°~1dz bing

1

2 3

—. 21n 3. — 2.

s ®)2mn3 ©3 )
& Loi gidi.

2 2 142

3zt 2
7 rz—1 o rz—1 . — - =

Ta c6 1/3 dx—l/?) d(x —1) (lnB 1) 3
Chon dép an (A) O
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@© BANG PAP AN

[24.1. A ][242. B |[243. D |[244. A ][245. C |[246. D |[24.7. B |[248. D |
124.9. C ][24.10.D |[24.11.C |[24.12.D ||24.13.D ||24.14.C [[24.15.B |[24.16.B |
124.17.D ][24.18.D |[24.19.B [[24.20.A ][24.21.A ||24.22.C [[24.23.B |[24.24.D |
124.25.B ][24.26.A |[24.27.A [[24.28.B ]|24.29.A ||24.30.A |[24.31.A |[24.32.B |
124.34.C ][24.35.B |[24.36.C |[24.37.A ]|24.38.D ||24.39.A |
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Danc 25. NGUYEN HAM

@ KIEN THU'C CAN NHS

1. Dinh nghia

o F(x)1a mot nguyén ham ctia f(x) trén K néu F'(z) = f(z), Vz € K.
Ho nguyén ham ctua f(z) trén K 1a /f(x) de = F(z) +C

2. Tinh chat
. / fl(x)dz = f(z) + C.

. /kf(x)dx:k/f(a:)dx, Vk 0.

y /[f(ﬂf) +g(x)] do = /f(m) d:E:l:/g(x) dz.

3. Mét sé cong thirc nguyén ham ca ban

(az +b)"*"
n+1

+C,

xn-i—l 1
/x”dx: +C—>/(ax—|—b)"da;:—-
n+1 a

1 1 1
/—dx:ln|x|+0—>/ dz = —In|ax + b| + C,
5 axr +b a

1 1 1
/—de——f+0—>/7dx:—f' +C,
x aaz—i—b) a axr—+b

1
/sinxdx: —cosx+C—>/sin(ax+b)dx: ——cos (ax +b) + C,
a

1
/cos:vdx:sinx+0—>/Cos(aa:—l—b)dx: asin(ax—i—b)—i—C’,

1 1 1
. / dx—tanx—l—C—)/—dx:—tan(aw+b)+0,
cos? x cos? (ax + b) a
1 1 1
. / — dm——cotx+0—>/—d = —=cot (ax + b) +
sin® sin? (az + b) a
T a3 ax+b 1ax+b
-/edx:e +C—>/e = —e + C,
a
T 1 mx+n
. /axdx:a +C’—>/amx+"d$:—-a +C.
Ina m Ina

C,
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BAI TAP MAU

@/f(x)dx: —sinz + 2% + C.
© [ f(@)da :

= —sinx + % + C.
& Loi giéi.

CAU 25 (Pé minh hoa BGD 2022-2023).
Cho ham s6 f(z) = cosz + x. Khang dinh nao duéi ddy ding?

/f(x)dx:sinx+x2—|—6',
® [ 1) :

dx:sinx+%+0.

2

Tacé/f(:v)dx:/(cosx+x) dxzsinx%—%—l—C.

Chon dap an @ O
@© BAITAP TUONG TY VA PHAT TRIEN
Cau 25.1. Ho nguyén ham cta ham f(z) = sinx 1a
@/f(q:)da::cosx+0. /f(x)dx:—sinx+0.
@/f(m)dx:—cosx+0. @/f(x)dx:sinm+0.
& Loi gidi.
Ta ¢ /f(x) dz = /sinxdx = —cosz + C.
Chon dép 4n (C) O
Cdu 25.2. Ho nguyén ham cia ham f(x) = 4% 1a
@/f(x)dx:4‘”ln4+0. ./f do = 47+ 4 C.
4x+1
© [ fayde = —=+C. © [ fr)de =+
& Loi gidi.
, Y P
Taco/f(x)dx—/él dz = 1n4+0'
Chon dép an (D) O
Cadu 25.3. Ho nguyén ham cta ham f(x) = cos 2z 1a
@/f(a:)dw:2sin2m+0. ./f —sm23:+C
@/f(x)dx—;cos2x+0. @/f :——31n2x+C’
& Loi gidi.
Ta ¢ /f(x) dz = /cosQa:da: = ;sin2$+C’.
Chon dap an O

Cadu 25.4. Ho nguyén ham cia ham f(x) =2z + 3 1a

@/f(a:)dszxQ—i-Bm—l—C.
@/f(:r)dx:x2+3x+0.

B Loi gidi.

/f(x)da::x2+0.
@/f(x)dx:2x2+0.
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Tacé/f(x)dxz/(?x—i—?)) dz =2* +3x+C.

Chon dép 4n (C) O
Cau 25.5. Ho nguyén ham ctia hAm f(z) = *® — 2z 1a
I T T / Ll
@/f(x)dx_Zx—i—le x4+ C. f(x)dx—2e x4+ C.
@/f(a:)dx:ezx—x2+0. @/f(x)dx:QeQI—Z—i—C.
& Loi gidi.
Ta cé/f(x)dx:/(e%—%f) dx:;eh—a:z%—C.
Chon dap én O
~ A~ N 2 N _ 1 N
Cau 25.6. Ho nguyeil ham cta ham f(x) = 571 la
@/f(a:)dx: —§ln]2x+1\ +C. /f(x)dx: —In |2z + 1|+ C.
1
@/f(x)dx:§1n|2x+1|+c. @/f(x)dx:1n|2x+1|+0.
& Loi gidi.
, _ 1 1
Tace/f(x)dx—/2x+1dx—21n]2x+1\+0.
Chon dép 4n (C) O

Céu 25.7. Trong cic khang dinh sau, khang dinh nao sai ?

@/de:C’. /exdx:ew—FC.

N anrl
@/dx—x—l—C. @/x dx—n+1—|—C.
& Loi gidi.
:Cn—&—l
Ta c6 /x”dx: + C chi diing khi n # —1.
n+1
Chon dap én@ O
Cdu 25.8. Ho nguyén ham cta ham f(z) =sin (22 + 1) la
@/f(x)dxz—écos(Zx%—l)%—C’. /f(x)dx:2008(2x+1)+0.
@/f(x) der = —2cos(2z+ 1)+ C. @/f(x) der = ;cos(2x+ 1)+ C.
& Loi gidi.
Ta c6 /f(x) dz = /sin (2x +1)dz = —;COS 2z +1)+C.
Chon dap 4n (A) O

Cadu 25.9. Ho nguyén ham ctia ham f(x) = —4sin 2z + 2cosz — e” 1a
@/f(x)dx:élcost—Zsinx—ez—i—C. /f(:L’)dx:2COSQ$+2S1DZL’—6$+C.
@/f@)dl':—86082x+2sinx—ex—l—0. @/f(x)da::8c082x—|—25mx—ex+0.

& Loi gidi.

Ta c()/f(x)dx:/(—4sin2x+2cosx—e””) dr =2cos2z + 2sinz —e* + C.

Chon dap 4an (B) O
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Céu 25.10. Trong céc khing dinh sau, khing dinh nao ding?

ld93:111:1:+C. ! dz = cotx + C.
@/

sin® z o
@/cosxdx:—sina:—l—c. @/(ZI—Few)dx:l 2+ex+C’.
n
& Loi gidi.
Ta co

1
/—dlen|x|+0
T

1
/ dr = —cota +C

sin? z

/cosxdx =sinz +C

xT

. /(2 te)de= o e 4 C
Chon dép an (D) O
Cau 25.11. Ho nguyén ham ctia ham f(z) = 23 — 322 + 5 1
4
@/f(x)dx:%—:cs—l—Sx—l—C. /f(a:)dx:x4—a:3—|—5x—|—0.
1
@/f(w)dx:?)xZ—Ga:—l—C. @/f(x)dx:x4—§x3+5x+0.
& Loi gidi.
4
Tacé/f(x)dx:/(xg—?)xz—l—f)) dx:%—x?’—i-Sx—l—C.
Chon dap 4n (A) O
Cdu 25.12. Trong fiic khéng dinh sau, khang dinh nao sai?
e g 2 2 _1 3
@/xdx—e+1+0. /xdx—Bx +C.
@/ezdemﬂ—kC @/ Tde = Lab 4 C
T= : z'de = 2o .
& Loi gidi.
Tacé/e’”dx:ex—i-C'.
Chon dép 4n (C) O

Cau 25.13. F(x) = sin 2z 1d nguyén ham ctia ham s6 nao dudi day?

@f(x) = cos 2z. f(z) = 2cos 2. @ f(z) = —2cos2zx. @f(a:) = —;cos 2.
& Loi gidi.
Ta c6 F'(z) = (sin2x)" = 2cos 2z, nén F(x) = sin 2z 1a nguyén ham ctia f(z) = 2 cos 2.

Chon dap 4an (B) O

~ 1
Cau 25.14. Ho nguyén ham cia ham f(z) =2z + — la
x
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@/f(a:)dx—4x2—;2+0. /f(x)dx—x—;—l—C
@/f(a:)dac:élycz—l—ln\:c]—i—a @/f(x)dx=x2+ln|x|+0.

B Loi gidi.

/f(x)dx:/(%—i— )dx—x tlnlz| + C.

Chon dép an (D) O

~ 2

Cdu 25.15. Ho nguyén ham ctia ham f(z) = 23 — - + /7 13
@/f(x)dx:ix4—21n]x| —Z\/E—FC’. /f(x)dx:ix4+21n|x]+§\/§+0.
@/f(w)dx:ix4—21n|m|+§\/ﬁ+0. @/f(x)dx:ix4+2ln|x|—§\/ﬁ+0.

& LOi gidi.

Tacé/f(x)dx:/<x——l—\/_) Zm Y 2n|z|+ = \/_+C'

Chon dép &n (C) O

Cadu 25.16. Ho nguyén ham ctia ham f(z) = sin 3z + cos4x 1a
@/f(x)dx:—;cosx—i-isinx—l—C. /f(x)dx:—;c083x+isin4x+0.
@/f(a:)dx:30083x—4sin4a7+6’. @/f(x)dx:;cos3x—isin4$+0.

& Loi gidi.

Ta cé/f(x)dx:/(sini%x—l—cosllx) dx——;cos3x+isin4x+0.

Chon dap an (B) O

Cadu 25.17. Ho nguyén ham ctia ham f(z) = cos (Qx—i— ) la
@/f(x)dx:ésin(2x+g>+0. ./f dx——sm<2x+6>+0_
@/f(x)dxzsin(Qf%—%)%—C. @/fx dx:—ism<2x+g)+0.

& Li gidi.
1
Tacé/f(x)dx:/cos(Qx—i-%) dxzisin<2x+g)+0.
Chon dap 4n (B) O
Cadu 25.18. Ho nguyén ham ctia ham f(z) =22% + 2 + 1 1a
2 3 2
@/fxdx:i+x—+x+c. ®) [ fx)de = o +1+C.
3 3 2

@/f Sttt O @/f dx———l—%—l—x

& Loi gidi.

, 9 203 a?
Taco/f(x)dx:/(Qx +z+1)de = 74—?%—3:%—0
Chondépén@ O

Cdau 25.19. Ho nguyén ham ctia ham f(z) = 7* 1a
7z+1
@/f dx_—+C ./f —+C
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@/f(m)dx:7xln7+0. @/f(x)dx:7‘”+1+0,

& Loi gidi.

Ta c6 /f(x)dx = /7xd:v = 177
n

Chon dap 4n (A)

T

+C.

Cdu 25.20. Ho nguyén ham ctia ham f(z) = . —il- " 1
1
@/f(x)dx:—w—f—C’. /f(x)dlen(l—l—x)—i—C’.
@/f(x)dx:10g|1+m|+0. @/f(x)dx:1n|1+x|+0.

& Loi gidi.

) 1
Taco/f(x)dx—/1+wdx—1n|1+:v|—|—0.
Chon dap én@

BANG DAP AN

125.1. C |[25.2. D |][253. B |[25.4. C |[255. B |[25.6. C |[25.7. D |[25.8. A |

125.9. B |[25.10.D |[25.11.A [[25.12.C |[25.13.B |[25.14.D |[25.15.C |[25.16.B |

125.17.B |[25.18.A ][25.19.A [25.20.D |
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Danc 26. XET TINH DON PIEU DUA VAO BANG BIEN
THIEN CUA HAM SO
KIEN THO'C CAN NHG

Dinh ly.
Cho ham s6 y = f(z) c6 dao ham trén K.

a) Néu f'(x) > 0 v6i moi x thudoc K thi ham s6 f(z) dong bién trén K.

b) Néu f/(z) < 0 v6i moi o thudc K thi ham sé f(x) nghich bién trén K.
Ch §:

 f(z) ddong bién trén K: dd thi ham s6 1a dudng di 1én tit trai sang phai.

+ f(z) nghich bién trén K: dd thi ham s6 la duong di xudng tit trai sang phai.

BAI TAP MAU

CAU 26 (Pé tham khdo BGD 2022-2023).

Cho ham 86 y = f(x) c6 bang bién thién nhu sau

75 —00 1 3 400
f(x) + 0 — 0 +
2 400
f(z) / \ /
— 0 0

Ham s6 da cho nghich bién trén khoang nao duéi day?
(A) (0;2). B) (3; +0). (©) (—o0; 1). D) (1;3).
& Loi gidi.
Duta vao bang bién thién ta thidy ham s6 nghich bién trén (1;3).
Chon dap an @ O

@® BAITAP TUONG Ty VA PHAT TRIEN

Cau 26.1. Cho ham s6 f(z) c¢6 bang bién thién nhu sau
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r | —00 —2 0 2 +00
f(x) — 0 + 0 - 0 +
+00 3 +00
f(z) / \

Ham s6 da cho nghich bién trén khodng nao duéi day?
(A)(0; 2). (0; +00). (©) (-2;0). D) (2; +o0).
& Loi gidi.
Ta c¢6 f'(x) < 0 < Vo € (—oo; —2) U (0;2).
Suy ra f(x) nghich bién trén khodng (—oo; —2) va (0;2).
Chon dap an @ O

Cau 26.2. Cho ham s6 f(z) c¢6 bang bién thién

T |—00 1 3 +00
f'(x) — 0 + 0 —
+00 2
f(z) \ / \
-2 —00

Ham s6 da cho dong bién trén khoang

(A) (—o0; 1). (3; 400). (©) (1;3). (D) (—2; -2).
& Loi gidi.
Quan sat bang bién thién da cho nhan thiy ham s6 dong bién trén khoang (1;3).
Chon dép 4n (C) O
Cau 26.3. Cho ham s6 y = f(x) c6 bang bién thién nhu sau

T | —00 —1 0 1 +00
f(x) — 0 + 0 — 0 +

f(2) +Oo\4/3\4/+OO

Ham s6 da cho dong bién trén khoang nao dudi day?

@A) (—o0; —1). B) (0;+00). ©) (0;1). D) (~1;0).

B Loi gidi.

Tt bang bién thién ta c6 ham sb dong bién trén khoang (—1;0).
Chon dap 4n (D) O
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Cau 26.4. Cho ham s6 y = f(x) c6 bang xét dau dao ham nhu hinh bén dudi. Ménh dé nio sau
day dang?

x ‘ —00 —1 0 2 +00
()] i+ 0 - H — 0 +

@ Ham s6 dong bién trén khoang (—1;0). Ham s6 nghich bién trén khodng (1;3).
@ HAam s6 nghich bién trén khodng (—1;2). @ Ham s6 dong bién trén khoang (—2; —1).
& Loi gidi.
Dua vao bang bién thién ta cé
Ham s6 dong bién trén (—oo; —1) va (2;+00).
Ham s6 nghich bién trén (—1;0) va (0;2).
Chon déap an @ O

Cau 26.5. Cho ham s6 y = f(x) c¢6 bang bién thién nhu sau.

T | —00 -3 2 400
f(z) — 0 + 0 -
+00 3
f(x) \ 2 / \ .

Ham s6 da cho dong bién trén khoang nao dudi day?

(A)(2;3). (—3;2). (O (2; +00). (D) (—o0; —3).
& Loi gidi.
Tt bang bién thién suy ra ham s6 da cho dong bién trén khoang (—3;2).

Chon dap 4n (B) O

Cau 26.6. Cho ham s6 y = f(x) c6 bang bién thién nhu sau

x —00 —2 1 2 +00
f(x) — 0 + + 0 —
+00 +00 3
f@) ~. S SN
2 —00 —00

Ham s6 da cho dong bién trén khoang nao dudi day?

(A)(=2; 1). (—2;2). (©) (—o0; —2). D) (1; +o0).
& Loi gidi.
Duta vao bang bién thién ta c6 ham sb dong bién trén (—2; 1) va (1;2).

Chon dap 4n (A) O
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Cau 26.7. Cho ham s6 y = f(x) c¢6 bang bién thién nhu sau

r | —o0 —2 0 2 +00
f(x) + 0 — 0 + 0 -

. 00/3\1/3\00

Ham s6 y = f(x) nghich bién trén khoang nio dudi day?

@) (-2; 0). (—o0; —2). ©) (0; 2). (D) (0; +00).

& Loi gidi.

Dua vao bang bién thién ta thay ham s6 nghich bién trén cac khodng (—2; 0) va (2; +00).
Chon dap 4n (A) O

Cau 26.8. Cho ham s6 f(x) c¢6 bang bién thién sau:

T |—o00 0 2 +00
f'(x) — 0 + 0 —

) +00
f() _OO/ \3/

Ham s6 f(z) dong bién trén khodng nao sau day?

(A) (0; +00). (0;2). (C) (—o0;5). D) (2: +00).
& Loi gidi.
Duta vao bang bién thién suy ra ham sé dong bién trén khoang (2; +00).

Chon déap an @ O

Cau 26.9. Cho ham s6 y = f(x) c6 bang bién thién nhu sau

T |—o00 2 3 400
f(z) — 0 + 0 —
+00 4
f(z) \ 2 / \ -

Ham s6 da cho nghich bién trén khoang nao sau day?
(A) (2; +00). (—o0; —2). (©) (2;3). (D) (-2;3).
& Loi gidi.
Duta vao bang bién thién ta c6 ham sé nghich bién trén (—oo; —2).
Chon dap 4an (B) O
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Cau 26.10. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé bén dudi. Ham s6 y = f(x)

dong bién trén khodng

T |—00 0 1 +00
F(x) + 0 —~ 0 -
0 400
| T T~
—00 -1
(A) (0; +o0). (0 1). (©) (-3; —2). D) (~1; +o0).

& Loi gidi.

Tt bang bién thién ta thidy ham s6 y = f(z) dong bién trén cic khoang (—oo; 0) va (1;+00).
Ta c¢6 (—=3; —2) C (—o0; 0) nén ham s6 dong bién trén khoang (—3; —2).

Chon dép 4n (C) O

Cau 26.11. Cho ham s6 y = f(z) c¢6 bang bién thién nhu sau

T —00 -3 —2 -1 +00
Y’ + 0 - - 0 +
0 +00 400
—00 —00 0

Ham s6 da cho nghich bién trén khoang nao duéi day?

(A) (—o0; —3). (—3;—2). (©) (-3;-1). (D) (—1; +00).
& Loi gidi.
Tt bang bién thién ta thidy ham s6 nghich bién trén khodng (—3; —2).
Chon dap 4n (B) O

Cau 26.12. Cho ham sb f(z)cé bang bién thién nhu sau

T —00 —1 0 1 +00
f'(x) — 0 + 0 — 0 +

fiz) +00\2/3\2/%0

Ham s6 da cho dong bién trén khoang nao dudi day?

@A) (—o0; 1). (0;1). ©) (-2;3). (D) (1;+00).

& Loi gidi.

Duta vao bang bién thién ctia ham s6 f(x) ta c6 ham s6 f(z) dong bién trén (1; +00).
Chon dép an (D) O
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Cau 26.13. Cho ham s6 y = f(z)cé bang bién thién nhu sau

T —00 -1 1 +00
Y - 0 + 0 -
+00 2
—2 —00

Ménh dé nao duéi day sai?
@Ham s6y = f(x)
Ham s6 y = f(x)
@ Ham s6 y = f(x)
@Hém s6 y = f(z) dong bién trén khodng (—2;2) .

& Loi gidi.

dong bién trén khodng (—1;1).
x) nghich bién trén khodng (1; +00).

nghich bién trén khodng (—oo; —1).

Tt BBT suy ra ham s6 y = f(z) vita nghich bién vita dong bién trén khodng (—2;2).

T —00 —2 -1 1 2 +00
Y - 0 + 0 -
+00 2
Y \' / \'
\ \
—2 —00
Chon dap 4n (D) O

Cau 26.14. Cho ham s6 y = f(x) c¢6 bang bién thién nhu hinh vé

T —00 2 +00
f'(x) + +
+00 3
f(x) 1 / - /

Ham s6 da cho dong bién trén khoang nao dudi day?
@(2; +00). (1; 400). @(—00;3). @(—oo;—i—oo).
& Loi gidi.
Quan sat bang bién thién, ta thiy ham sé dong bién trén moi khoang (—oo;2) va (2; +00), viy
ham s6 dong bién trén khodng (2; +00).
Chon dap 4n (A) O

Cau 26.15. Cho ham s6 y = f(z) c¢6 bang bién thién nhu hinh bén dudi
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Ham 86 y = f(x) dong bién trén khodng nao dudi day?
(A) (—o0; 1). (—2;2). (©) (0;2). (D) (3; +00).
& Loi gidi.
Quan sat bang bién thién, ta thiy ham sb dong bién trén mdi khoang (—2;0) va (0;2), vy ham
s6 dong bién trén khoang (0;2).
Chon dap 4n (C) O

Cau 26.16. Ham s6 y = f(x) c¢6 bang bién thién nhu sau

T —00 —2 1 400
f'(x) + 0 — 0 +
1 +00
—00 -3

Ham s6 da cho dong bién trén khodng

(A) (2;3). (—2:3). (C) (=3; +0). (D) (—o0; 1).
& Loi gidi.
Theo BBT ham s6 dong bién trén khoang (2;3).
Chon dap an @ O

Cau 26.17. Cho ham s6 y = f(z) c6 bang bién thién nhu sau

T —00 -2 0 2 +00
Y — 0 + 0 — 0 +

Y +00\2/1\2/+OO

Ham s6 da cho nghich bién trén khodng nao duéi day?
(A) (—o0;0). (0;2). (©) (2; +0). (D) (—2;2).
& Loi gidi.
Theo BBT ham s6 dong bién trén khoang (0;2).
Chon dép 4n O
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Cau 26.18. Cho ham s6 f(z)cé bang bién thién nhu sau

T —00 —1 0 1 +00
Y - 0 + 0 — 0 +

Y +oo\2/0\2/+oo

Ham s6 da cho dong bién trén khoang nao dudi day?
(A) (0;1). B) (~1;0). (©) (-2;0). (D) (0; +00).
& Loi gidi.
Theo bang bién thién ham s6 f(z) dong bién trén cdc khoang (—1;0) va (1; +00).
Do dé ham sb dong bién trén (—1;0).

Chon déap an O

Cau 26.19. Cho ham s6 y = f(x) x4c dinh va lién tuc trén khodng (—oo;+00), c6 bang bién

thién nhu hinh sau

Ménh dé nao sau day ding?

@ Ham s6 nghich bién trén khoéng (1; +00).

Ham s dong bién trén khodng (—1; +oo).

@ Ham s dong bién trén khodng (—oo; —1).

@Ham s6 nghich bién trén khodng (—oo; 1)
& Loi gidi.

Duta vao bang bién thién ta thiay ham sé dong bién trén khodng (—oo; —1).
Chon déap an @ O

Cau 26.20. Cho ham s6 y = f(z) c¢6 bang bién thién nhu hinh vé bén dudi

x —00 -1 +00
Y’ + +
+00 2
Yy / /
2 —00
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Ménh dé nao sau day ding?
@ Ham s6 dong bién trén khoang (—oo; —1).
Ham s dong bién trén R\ {—1}.
@ Ham s6 dong bién trén R.
@Hém s6 dong bién trén khodng (—o0;2).
& Loi gidi.
Nhin vao bang bién thién ta thay 3’ > 0, Vo # —1.
Tt d6 suy ra ham s6 ludn dong bién trén cdc khodng (—oo; —1) va (—1; +00).
Chon déap an @ O

BANG DAP AN

126.1.A ][26.2.C ]]26.3.D ][26.4.D |[26.5.B ][26.6.A |[26.7.A ]]26.8.D ][26.9.B |[26.10C |
126.113 ][26.12D ][26.13D ][26.14A ]]26.15C |[26.16A |[26.17B |[26.18B |[26.19C |]26.20A |
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Danc 27. TIM CUC TRI CUA HAM SO DUA VAO PO THI

KIEN THO'C CAN NHG

1. Dinh nghia
Cho ham s6 y = f(x) xé4c dinh va lién tuc trén khodng (a;b) (c6 thé a la —oo, b la +00) va
diém z( € (a;b).

o Néu ton tai s6 h > 0 sao cho f(x) < f(zo) v6i moi z € (xg — h; 2o + h) va x # 10 thi ta

néi ham s6 f(z) dat cuc dai tai .

« Néu ton tai s6 h > 0 sao cho f(z) > f(x) v6i moi x € (xg — h;x¢ + h) va = # 10 thi ta

néi ham s6 f(z) dat cyc tiéu tai .

2. Chay
a) Néu ham s6 f(r) dat cuc dai (cuc tiéu) tai zo thi zo duge goi la diém cuc dai (diém cuc
tiéu) ctia ham s6; f (7o) duge goi la gid tri cuc dai (gid tri cuc tiéu) clia ham s6, ki hiéu
13 yop (yor), con diem M (zo; f (20)) duge goi 1a diém cuc dai (diém cuc ticu) clia do

thi.

b) Céc diém cue dai va cue tieu dude goi chung 1a diém cuc tri.

BAI TAP MAU

CAU 27 (P& tham khdo BGD 2022-2023).

Cho ham s6 bac ba y = f(z) c¢6 do thi l1a dudng cong trong hinh bén. Yy

Gia tri cuc dai ciia ham so6 da cho la

@A) -1. B)3. ©2. D)o.
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@ Trang 192/472

& Loi gidi.

Tt d6 thi ta thay ham s6 f(z) c6 gid tri cuc dai 1a ycp = 3.

Chon d4p 4n O
@© BAITAP TUONG TY VA PHAT TRIEN
Cau 27.1.
Cho ham s f(x) = ax® + bz* + cx + d ¢6 do thi nhu hinh vé bén. Ménh deé (1
nao sau day sai?

@ Ham s6 dat cuc dai tai z = 0. Ham sb dat cuc tiéu tai z = 2.

@ Ham s6 dat cuc dai tai z = 4. @ Ham sb ¢ hai diém cuc tri.

1/ 0 5 o

& Loi gidi.

Tt do thi ta thay ham sé f(x) dat cuc dai tai # = 0 nén ménh de “Ham s6 dat cuc dai tai x = 47

1a ménh dé sai.

Chon dap an @

Cau 27.2.

Cho ham 86 y = f(z) lién tuc trén R va c6 do thi nhu hinh bén. Héi ham

SO ¢6 bao nhiéu diém cuc tri?

@2. ®B)s3. (©) 4. D)s5.

& Loi gidi.
Dua vao do thi ham s ta thdy ham sb ¢6 5 diém cuc tri.
Chon dép 4n (D)

Cau 27.3.
Cho ham s6 y = az® + bx? + cx + d c6 d6 thi nhu hinh vé bén. Ham s6

da cho ¢6 bao nhiéu diém cuc tri?

N

(A)2. B)1. (©)3. (D) 4. / 0 g

& Loi gidi.
Tt d6 thi ta thay ham sb da cho c¢é 2 diém cuc tri.
Chon dap an @

Cau 27.4.
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Cho ham s6 y = f(z) c6 dd thi nhu hinh vé bén. Tim diém cuc dai ctia ham Yy
Sé. ‘ -492
@y:—Q. ,:1::—1. @le. @yzQ. i 1
10 E x
-9 L\
& Loi gidi.
Tt d6 thi ta thay ham sb dat cuc dai tai diém z = —1.
Chon ddp 4n O
Cdu 27.5.
Cho ham s6 y = f(x). Do thi ham s6 y = f’(x) nhu hinh bén. Tim ménh deé RY
ding.
@Ham s6 y = f(z) nghich bién trén khoang (0;2). ol )
Ham s6 y = f(x) c6 hai cuyc tri. |
@Hém s0 y = f(x) dat cuc tiéu tai x = 2. _1/ o ; A
@Hém s6 y = f(z) chi c6 mot cuc tri.
& Loi gidi.
Tt do thi clia ham s6 y = f/(x) ta ¢6 bang xét dau ctia f’(x) nhu sau
z —00 —1 2 400
(@) -0 + 0 +
Do d6 ham s6 y = f(x) chi c6 mot cuc tri.
Chon déap an @ O
Cau 27.6.
Cho ham s6 f(x) xéac dinh, lién tuc trén tap so thuc R va c6 do thi nhu hinh Yy
bén. Ham s6 y = f(z) dat cuc tiéu tai diém nao dusi day? 2
@mzo. x:—ZVéxzo. 9 /\

©x=-2 D)z = 1. \/o g

& Loi gidi.
Dua vao do thi ham s6 y = f(z), ta thidy ham s6 dat cuc ticu tai x = —2.
Chon déap an @ O

Cau 27.7.
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Tim diém cye tiéu ctia ham s6 y = f(z), biét ham sé y = f(z) ¢6 d6 thi nhu Yy

hiné@vém-:& Bz 2. ©z=1. D=2 /\

& Loi gidi.

Dua vao do thi, ta thay ham s6 dat cuc tiéu tai x = 2.

Chon dap 4n (D) O
Cau 27.8.

Cho ham da thitc bac ba y = f(z) ¢6 do thi nhu hinh vé bén. Biét ham sb Yy

f(z) ¢6 cac diém cuc tri 1a @1, z9. Tich z125 bang
(Aa)4. B)o. (©) —4. D) 2. /\

& Loi gidi.
Dua vao do thi, ta thay ham s6 f(x) c6 diém cuc dai z = 0 va diém cuc tiéu x = 2.
VAy tich cac diem cue dai va cuc tiéu clia ham s6 f(x) 1a 0 x 2 = 0.

Chon ddp 4n O

Cau 27.9.

Cho do thi ham s6 nhu hinh vé bén. Gi4 tri cuc dai clia ham s6 1a

(A)1. B) 4. (©) 1. (D) -3.

& Loi gidi.
Dua vio dd thi ta thiy dugc diém cuc dai ctia do thi ¢ toa do 1a (1;1) nén gia tri cuc dai cla

ham s6 1a ycop = 1.

Chon déap an @ O
Cau 27.10.
Cho ham s6 y = f(x) c¢6 do thi nhu hinh vé& bén. Ménh dé nao dudi day 51Y
dung?
@ Gid tri cuc dai ctia ham s6 14 0.
Gi4 tri cuc tiéu ciia ham s6 bang —1. %
. . ) 19) v x
@ Diém cuc tiéu ctia ham so la —1. —1t---- ‘

@Diém cuc dai ctia ham so 1a 3.
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& Loi gidi.

Tt do thi ta thay gia tri cuc tiéu cta ham sé bang —1.

Chon dap an

Cdu 27.11.

Cho ham s6 y = az’ 4+ bz? + ¢, (a # 0) c¢6 d6 thi nhu hinh vé bén. S6 diém

cuc dai ciia ham so la

(A)3. B) 4. ©1 (D)2.

& Loi gidi.
Tt do thi ta thady ham s6 da cho ¢6 2 diém cuc dai.
Chon dap an @

Cau 27.12.

Cho ham s6 y = f(x) c6 do thi nhu hinh bén. Gi4 tri cuc dai clia ham s6

bang

@1 B)3. (©)2. D) -1.

& Loi gidi.
Tt do6 thi ta cb gid tri cuc dai clia ham s6 1 yep = 3.
Chon dép 4n

Cdau 27.13.
Cho ham s6 c6 dd thi nhu hinh vé bén. S& diém cuc tri ciia ham sb da cho
1

a@1. B) 2. (©)3. D)o.

& Loi gidi.
Tit dd thi ta thidy ham sb f(x) c6 3 diém cuc tri.
Chon dap 4n (C)

Cau 27.14.
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Cho ham s6 y = f(z) c6 dd thi nhu hinh vé sau. Khang dinh nao sau day Yy
ding?

@ Ham s6 ¢6 hai diém cuc tri Am va mot diém cuc tri duong.

Ham sb c¢6 hai diém cuc tri duong va mot diém cuc tri Am.

| x
@ Ham sb dat cuc tiéu tai z = —2. /9 \/

@Hém s6 dat cuc dai tai z = 0.

& Loi gidi.

Tit d6 thi ta thidy ham s6 y = f(x) c6 hai diém cuc tri duong va mot diém cue tri am.

Chon déap an O
Cdu 27.15.

Cho ham s6 bac bén y = f(x) c¢6 d6 thi ham s6 nhu hinh bén. S diém curc Yy

tieu cuia ham so da cho la

Aa)2. B 1. (©)s. (D)o.

9 T
& Loi gidi.
Tit dd thi ta thay ham sb y = f(x) c6 2 diem cue tiéu.
Chon dép an (A) O
Cau 27.16.
Cho ham s6 y = az® +bx?+cx +d (a,b,c,d € R), c6 do thi nhu hinh vé bén. Yy

So diém cue tri cia ham so da cho la

(A)2. B)o. (©)3. D)1.

& Loi gidi.

Tt d6 thi ta thay ham sb da cho c¢é 2 diém cuc tri.
Chon dap 4n (A) O
Cau 27.17.

Cho ham s y = f(x) c6 do thi nhu hinh v& dudi ddy. Gid tri cyc tiéu ctia

ham so la

(A)2. B)0. (©)>s. D)1.

& Loi gidi.

Tt d6 thi ta thay gid tri cuc tiéu ctia ham s6 1 yor = 1.
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Chon dép an (D) O

Cau 27.18.

Cho ham s6 y = f(z) x4c dinh, lién tuc trén doan [—4;0] va c6 do thi y

13 dudng cong trong hinh vé bén. Ham s6 f(x) dat cuc tiéu tai diém

@x:—Q. m:—l. @m:—?). @sz. e : 7%1 w

& Loi gidi.

Tt d6 thi ta thay ham sb da cho dat cuc tiéu tai © = —1.

Chon dap 4n (B) O
Cdau 27.19.

Cho ham s6 y = f(x) lién tuc trén doan [0;4] ¢6 do thi nhu hinh vé bén. Y

Ménh dé nao sau ddy ding?

@ Ham sb dat cuc tiéu tai x = 3. Ham sb dat cuc tiéu tai « = 0. A /

N £ . . N 2 . . ! 3 !

@ Ham so dat cuc dai tai x = 4. @Ham so dat cuc dai tai x = 2. * —
ol 1 \/4 x

& Loi gidi.

Ménh dé “Ham s6 dat cuc tiéu tai z = 3” 1a ménh dé diang.
Chon déap an @ O
Cau 27.20.

Cho ham s6 f(z) c6 dd thi nhu hinh vé bén. S6 diém cuc dai ctia ham Yy

s6 da cho 1a

@o. ® 1. ©2. D)3.

Y !
& Loi gidi.
T d6 thi ta thay ham s6 da cho c¢6 1 diém cuc dai.
Chon dép 4n O

BANG DAP AN

[271. C |[272. D |[273. A |[274. B |[275. D |[276. C |[27.7. D |[278. B |
1279. A |[27.10.B |[27.11.D |[27.12.B |[27.13.C |[27.14.B |[27.15.A |[27.16.A |
127.17.D |[27.18.B |[27.19.A [[27.20.B |
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Danc 28. LOGARIT

KIEN THO'C CAN NHG

e Cho hai s6 duong a, b v6i a # 1. S6 o théa méan ding thic a® = b dude goi 1a 1dgarit co

s6 a ctia b va ki hiéu 1a log, b. Ta viét ‘a =log, b= a” =0

a) e log,a=1,log,1=0

o a°%’ =p, log,(a®) =«

b) Logarit ctia mot tich: Cho 3 s6 duong a, by, by Vi a # 1, ta co:

e log,(b1b2) = log, by + log,, bs
¢) Logarit ctia mot thuong: Cho 3 s6 duong a, by, by v6i a # 1, ta cé:
by
e log, — =log, by — log, by
)
O iar. g 1
« Dac biét: véi a, b >0, a # 1 log, — = —log, b
a
d) Logarit ctia luy thtta: Cho a, b > 0, a # 1, v6i moi a ta co:
e log,b% = alog,b

e) Cong thitc ddi co s6: Cho 3 s6 duong a, b, ¢ v6ia # 1, ¢ # 1, ta co:

f) Logarit thadp phan va Logarit tu nhién
o Logarit thap phan 1a 16garit co s6 10
Viét: log,ob = logh = lgb

« Logarit tu nhién va ldgarit co s6 e

Viét: log, b= Inb véi e ~ 2,71828 . ..

BAI TAP MAU

CAU 28 (Dé tham khdo BGD 2022-2023).
V6i a 1a s6 thuc duong tiy ¥, In(3a) — In(2a) bang

@lna. lng. ©ln(6a2). @lng.
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& Loi gidi.
Ta c6 In(3a) — In(2a) =1 (?’a) n > O
—In(2a) =In|— ) =In-.
2a 2
CdAu 28.1. Véi a 1a sb nguyén duong tiy ¥, logi a® bang
2
3
@—3log2a. 3—log2a. ©§log2a. @310g2a.
& Loi gidi.
Ta c6 log1 a® = 3log,-1 a = —3log, a.
2
Chon ddp 4n O
Cdau 28.2. Véi a la s6 thuc duong tiy ¥, logs \/a bang
1 1 1
@510&3@- §+10g3a. @210g3a. @—ilogga.
& Loi gidi.
11
Ta ¢6 logg \/a = logg a2 = 5 log; a.
Chon dap 4n (A) O
~ P 3 S
Cau 28.3. V6i a la so6 thue duong tuy ¥, logy <> bang
a
1
@1—log3a. 3—10g3a. @ . ®1+10g3a.
logs a
& Loi gidi.
3
Ta c6 log, <> = logs 3 —logza =1 — log, a.
a
Chon déap an @ O
Cau 28.4. Véi a 1a sb thuc duong khéc 1, gia tri log, (a®/a) bang
3 13
@ 1 ®7. ©12. © T
& Loi gidi.
1 1 13 13 1
Ta c6 log, (a*/a) = log, (a3 : a4> =log, a*™4 =log,a4 = 1 log, a = 43
Chon dap 4n (D) O

Cau 28.5. Véi moi a, b, z 1a cic s6 thue duong thod man log, x = 5log, a + 3log, b. Ménh dé nao

dudi day ding

@x:5a+3b. x:a5+b3. @x:a5b3. @x:3a+5b.

& Loi gidi.

Ta c6 logy x = 5logy a + 3log, b = log, a® + log, b® = log, (a°b3) = x = a’b3.
Chon dap an @

Cau 28.6. Cho 0 < a # 1. Gia tri cita biéu thitc A = log, (a®va7) la

@3 ® " = 2
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& Loi giai.
13
Ta c6 P = log, (a‘%/ﬁ) = log, <a3a%) = log, a5 — R
Chon dap an @ ]

Cau 28.7. Cho hai sb thuc duong x, y > 1 thod man y = z/z. Gid tri ctia log, (z%y) bang

@j 2 ©3. @;

& Loi gidi.
3 7
Ta ¢6 log, (22y) = log, % + log, y = 2log, z + log, /7 = 2 + log, 2% = 2 + 3= 7
Chon dap 4n (D) O

2
Cau 28.8. Vi a la s6 thuc duong tuy ¥, log, (Z) bang

@2(1—10g2a). 210g2a—1. @2(log2a—1). @2(10g2a+1).
& Loi gidi.
Ta ¢6 log, (f) = 2log,a — 2 =2(log,a — 1).
Chon dép én (C) O

Cau 28.9. Cho a la sb thuc duong a # 1 va log 33 a®. Ménh dé nao sau day ding?

AP-=1. B)P=09. @P:;. D) P =3.

& Loi gidi.
Ta c6 log gz a* = log 1 a®=9.
Chon ddp 4n O
Cdu 28.10. Vi a, b 1a hai s6 thue duong tuy ¥, log, (a*v/b) bang
@ 3logs a + ;log?) b. 3logs a + 2logy b. @ glog3 (ab). @ Z) logs (a + b).
& Loi gidi.
Ta c6 log, (a®V/b) = logs a® + logz; vb = 3logy a + ;log3 b.
Chon dap an (A) O

Cau 28.11. Xét tat ci cac sb thye duong a va b thoa man logga = logy; (a?v/b). Ménh dé nao
dudi day déng?

@a:b. a2:b. @a:bg. ®a3:b.
& Loi gidi.
Ta c6

logs a = log,, <a2\/5) & logga = ;logS (aQ\ﬂ;) & 3logy a = log, (aQ\/a

& logy a® = log, <a2\/5) sa=Vbea®=bh.
Chon ddp 4n O

Cau 28.12. Véi a la s6 thuce duong tuy ¥, log, a® bang
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@ ; log, a. 2 + log, a. @ 2log, a. @ ; + log, a.

& Loi gidi.

Vi a 1a s6 thuc duong tiy ¥ nén log, a? = 2log, a.
Chon dép én (C) O

Cau 28.13. Véi a 1a s thuc duong tity ¥, logi (9a?) bang
@—2—210g3a. —2—2logla. 3 ©2+210gla. @2+210g3a.
& Loi gidi. 3 3
Ta c6 log1(9a?) = —logz(9a?) = — (logs 9 + logs a?) = —(2 + 2logg a) = —2 — 2log; a.
Chon dépgén @) O
Céu 28.14. Cho 0 < a # 1. Gid tri cita biéu thite P = log, (a - ¥/a?) 1a

@3, ®° ©- D)

& Loi gidi.
f f 2 2 5
Ta c¢6 P = log, (G-W) = log, a + log, Va2 = 1+ log, a3 = 1—|—§ =3
Chon dap én O

Cau 28.15. Cho a la sb thuc duong tity y. Gid tri ciia log,(4a?) bang
@4+ ;log2 a. 2(log2a+ 1). @2—|—log2 a. @810g2 a.
& Loi gidi.
Ta c6 log,(4a?) = log, 4 + log, a® = 2 + 21ogy a = 2(1 + log, a).
Chon déap an O

Céu 28.16. Cho a 13 s6 thie duong tiy §, In (%) bing
@1+2lna. 1—21na. ©1+ln(2a). @1—ln(2a).
& Loi gidi.
Véi a > 0, ta cé: In <%> =Ine—Ina®>=1-2lna.
Chon déap an ! O
Cau 28.17. Cho a va b 1a hai s6 thuc duong théa man /a - b* = 27. Gid tri ctia logg a + 6logs b
bang
(A)s3. B)6. (©)o9. D)1.
& Loi gidi.

3

3 3
Ta c6 v/a-b® =27 & \Ja= (i) = logy v/a = log; <b>

1
= §1og3a: 3(1 —logy b) = logsa+ 3logs b =6
Chon ddp 4n O

CdAu 28.18. Gid tri clia log,(41/2) bang
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@Z B) 4. (©)3. @;’

& Loi gidi.

1
Ta c6 log,(4v/2) = log, (22 : 22> = log, 2
Chon dap 4n (A)

5

5
2

Cau 28.19. Vi a la s6 thuc duong khac 1, log,. (ay/a) bang

@ ®° ©3. OH

& Loi gidi.

3
Ta ¢6 log,. (ay/a) = log,2 a2 =

Chon déap an

Cau 28.20. Cho a, b 1a cic s6 thuc duong va a khac 1, théa man log,s (

N W

3
1

N | =

5

%

biéu thitc log,b bang

@i. —i. ©)4. (D) —4.

& Loi gidi.

i a’ 5 1 5) 1
Xétlogs| —=) =2 logpa’ —logsbt =2 - — —log,b=2&log,b=—4

b 312

Chon dap 4n (D)

@© BANG DAP AN

l

a
) = 2. Gia tri cla

[28.1. B |[28.2. A [[283. A [[284. D ||285. C ]|286. C ||28.7. D

[[288. C |

[289. B [[28.10.A |[[28.11.B |[28.12.C |[28.13.A |[28.14.B |[28.15.B

1128.16.B |

128.17.B |[28.18.A [28.19.B [28.20.D |

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén

0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 203/472

Danc 29. GNG DUNG TICH PHAN TiNH THE TICH VAT
THE TRON XOAY
KIEN THI'C CAN NHG

o Thé tich khéi tron xoay dude sinh ra khi quay hinh phang giéi han béi cac dudng y = f(z),

truc hoanh va hai dudng thing = = a, = b quanh truc Ox

(C):y=f(=)
Ox =0 :

2 ' (02): 9 V:w/[f(x)f dz
r=2>b

o Thé tich khéi tron xoay dude sinh ra khi quay hinh phing gi6i han béi cac dudng y = f (x),
y = g() (cting nidm mét phia so v6i Ox) va hai dudng thang = = a, = b quanh truc
Ozx:

BAI TAP MAU

CAU 29 (Dé tham khd&o BGD 2022-2023).
Thé tich khéi tron xoay thu duge khi quay hinh phéng giéi han béi hai dudng y = —22 + 2z

va y = 0 quanh truc Oz bang
16 B Lo 16 167
15 9 9" 15
& Loi gidi.

Hoanh do giao diém ctia d6 thi va truc Oz 1a nghiém ctia phuong trinh

-2+ =0%<
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5 3

2
7 g 4 3) ‘ _ 167
0 0
Chon dap 4n (D) O

2 2
KhidéV:W/fz(x)dx:W/(x4—4x3—|—4x2) dx—w(—w + - T
0

@© BAITAP TWONG Ty VA PHAT TRIEN

Cé&u 29.1. Cho hinh phang 2 giéi han bdi duong cong y = €, truc hoanh va cic duong thang
=0, z = 1. Khéi tron xoay tao thanh khi quay 2 quanh truc hoanh c6 thé tich V bang bao

nhiéu? 9 2
@V_Ll)_ V_e7—1) = @Vzeg_l-
& Loi gidi.
1
Thé tich khéi tron xoay can tinh 1a V =« / (")’ dx = (e;) 1 =2 (622_ 2
0
Chon d4p an 0 -

Céu 29.2. Cho hinh phang 2 giéi han béi céc dudng y = +/2019z + 2020, truc Oz va hai dudng
thang z = 0; z = 1. Goi V 1 thé tich ctia khéi tron xoay dugc tao thanh khi quay 2 quanh truc
Oz. Khang dinh nao sau day ding?

1

1
@v = /(201956 +2020) dz. V=n / (20192 + 2020) dzr.
0 0
1 1
©V = /\/201995 2020 da. D)V = W/\/mdx'
0 0
2 Loi gidi.

Thé tich V ctia khéi tron xoay dude tao thanh khi quay 2 quanh truc Oz dude tinh béi cong
thic

1 1
v 7r/ (V20192 +2020) " dr = 7r/ (20192 + 2020) da.
0 0

Chon dép 4n O

Céu 29.3. Cho hinh phang .# giéi han béi d6 thi ham s6 y = z - Inz, truc hoanh va hai dudng
thang « = 1; x = 2. Thé tich vat thé tron xoay sinh b6i 4 khi né quay quanh truc hoanh cé thé

tich V dugc xac dinh béi
2

@V:W/(x-lnx)dx. V:/Z(x-lna:)dx.
@V:/Q(:c~lnx)2dx. @V:ﬂi(x~lnx)2dx.

1
& Loi gidi.
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y=z-Inz
Thé tich vt thé tron xoay sinh bdi (H) : { y = 0 khi quay quanh truc hoanh dugc tinh
r=1Lz=2
2
béi cong thic V =7 / (z-Inz)” dz.
1
Chon déap an @ O

Cau 29.4. Goi Z la hinh phang giéi han béi cdc duong y = 2, y =0,z =1, 2 = 4. Tinh thé
tich vat thé tron xoay tao thanh khi quay hinh 2 quanh truc Oz.

157 21 21 15
< ® T T i
& Loi gidi.

Thé tich vat thé tron xoay tao thanh khi quay hinh 2 quanh truc Oz 1

B 21w
1 16

Chon dap an O

Céu 29.5. Cho hinh phéng % giéi han béi cic dudng y =22 +3,y =0,z =1, 2 = 3. Goi V 1A
thé tich ctia khéi tron xoay duge tao thanh khi quay . xung quanh truc Oz. Ménh dé nao sau

day dung?
3

3
@V:/(:c'2+3)d:c. V:ﬂ/(:c2+3)dx.
1 L
©V == [ (2*+3)"aw. DV = [ (22 +3) dw.
1 1
& Loi gidi.
Thé tich ctia khoi tron xoay dude tao thanh khi quay % xung quanh truc Oz 1a

3
V = 7r/x+3
1

Chon dép 4n (C) O

CAu 29.6. Cho hinh phiang 2 dugc giéi han béi cac duong f(r) = 2z + 1,0z,2 = 0,2 = 1.
Goi V 1a thé tich ctia khéi tron xoay tao thanh khi quay 2 xung quanh truc Oz. Khang dinh nio

sau day dung?
1

@V:W/Mdl‘. V:/1(2x+1)dx.

©V=r[@e+1)dr @v:/lde.

0
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& Loi gidi.
1 1
Ta c6 Vzﬂ/(\/2x+1)2d}<:7r/(2x+1) dz.
0 0
Chon dép 4n (C) O

CAu 29.7. Thé tich khéi tron xoay tao thanh khi quay hinh phing giéi han béi cac dudng y = z-€?,

y=0, =0, x =1 xung quanh truc Oz la
1 1 1

1
@V:W/xexdx. V:W/xQezxdx. @V:W/xQexdx. @V:/xQezxdx.
0 0 0 0
& Loi giai.
1

1
TacoV = 7T/ (ze")* da = W/xQezx dz.
0

0
Chon d4p 4n O
Céu 29.8. Thé tich khéi tron xoay sinh ra khi quay quanh truc hoanh hinh phéng giéi han béi

dd thi ham sb y = e2, truc hoanh, truc tung va dudng thing « = 2 bing

@71'62. 62—1. @71’(62—1). @W(e—l).

& Loi gidi.

2
TacéV:W/exda::w‘eﬂzzw(eQ—l).

0
Chon dép 4n (C) O
Cdau 29.9. Cho hinh phing 27 ducc gidi han bdi céc dudng z =0, z =, y =0 va y = — cos T.
Goi V 1a thé tich ctia khéi tron xoay tao thanh khi quay 52 xung quanh truc Oz. Khing dinh
nao sau day dang?

@V:W/COS2J}dI. V:ﬂ'

0

/ﬂ(— cosx) dz|.

@V:W/|cosx\ dz. @V:/COSQQde.
0 0

& Loi gidi.

Ta c6 thé tich V ctia khoi tron xoay tao thanh khi quay % xung quanh truc Oz dude tinh theo
cong thirc

V= 7r/ (—cosz)® do = 7r/cos2xdx.
0 0

Chon dap 4n (A) O

Cd&u 29.10. Cho hinh phing 7 giéi han béi cdc dudng y = 2° —z+1,y =0, 2 =0, z = 2. Goi
V 1a thé tich khéi tron xoay dude tao thanh khi quay . xung quanh truc Oz. Ménh dé nao sau

day dung?
2 2

@V:W/(x3—:c2+1)dx. V:ﬂ/(x?’—:c—i—l)dx.

0 0

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 207/472

2

2
@Vz/(m3—x+1)2dx. @V:ﬂ'/(l’s—l’—i—l)de.
0 0
& Loi gidi.
Thé tich khéi tron xoay dugce tao thanh khi quay ¢ xung quanh truc Oz 1

2
V:W/(x3—x+1)2dx.
0

Chon dap 4n (D) O

C&u 29.11. Cho hinh phéng . gii han béi do thi ham sb y = 1 44 che duong thang y = 0,
=1, x = 4. Thé tich V ctia khéi tron xoay sinh ra khi cho hinh pﬁz&mg JC quay quanh truc Ox
bang ; ]
™

@7 (B)21In2. (©)2rn2. o
& Loi gidi.
Thé tich V cta khéi tron xoay sinh ra khi cho hinh phing ¢ quay quanh truc Oz 14

4

1\? 1\ |* 1 37
V=mn <> dxz%(—) :W(—+1>:.
1/ x x/ |y 4 4

Chon dap 4n (D) O

Céu 29.12. Cho hinh phing 2 dugc giéi han béi cae duong z =0,z =1,y =0vay = 2z + 1.
Goi V 1a thé tich ctia khéi tron xoay tao thanh khi quay 2 xung quanh truc Oz. Ménh dé nao
sau day dung?

1

@V:W/(Zx—i-l)dx. V=/1(2x+1)dx.

0 0

1 1
@V:/\/Q:v—i—ldm. @V:W/\/2$+1d$.
0 0

& Loi gidi.
1 1
Ta CéV:ﬂ/(\/2x+1>2dx:W/(Qa:—l—l)dm.
0 0
Chon dap én@ O

CdAu 29.13. Cho hinh phang . dugc gidi han béi do thi ham sb y = \/z va cic dudng thang
x = 0; £ = 1 va truc hoanh. Tinh thé tich V ctia khéi tron xoay sinh béi hinh J# quay xung

quanh truc Oz.

®7 oON o D).

& Loi gidi.
; 2" o«
Thé tich V ctia khdi tron xoay can tim 1a V = W/a:dx =5 =3 (dvtt).
5 0
Chon dap 4n (A) O
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Cau 29.14. Goi 4 14 hinh phing giéi han béi do thi ham s6 y = ¢*, truc Oz va hai dudng thing
x =0, z = 1. Thé tich ctia khéi tron xoay tao thanh khi quay .# xung quanh truc Oz bang

@g(e2+1). 7r(e2—1). @g(ez—l). @7?(82+1).

& Loi gidi.
1
Thé tich khdi tron xoay V = ﬁ/ezx de = Ze2a| =T (e —1)
J 2 o 2
Chon dép 4n (C) O

Céu 29.15. Cho hinh phang 2 giéi han béi d6 thi ham sb y = sinz, truc hoanh va hai dudng
thang fr = 0; z = m. Thé tich k7}T1§)i tron xoay thu dugc 71§hi quay ¥ quanh truc gx bang
@5 T ©7 D3
& Loi gidi.
Thé tich khéi tron xoay thu duge khi quay 2 quanh truc Oz 1a

™ ™1 — 2 1
V:ﬂ'/ (sin x)’ dx:7r/ Cosxdmzw(x—sm%c)
0 0 2 2 2

Chon dap 4n (A) O

CAau 29.16. Tinh thé tich khéi tron xoay ducc tao thanh khi quay hinh phing giéi han béi dd

thi ham s6 y = 3z — 22 va truc hoanh, quanh truc hoanh.

417 8w 8l 85T
kB ® = T T
& Loi gidi.
x=0
Ta cé3x — 2 =0&
r =3.
Thé tich khéi tron xoay can tim 1a
3 3 3
3t 5 81
V:W/(3x—x2)2 dxz7r/(9x2—6x3+x4) de=m <3I3_x+93> i
2 571, 10
0 0
Chon dap an @ O

CA&u 29.17. Tinh thé tich vat thé tron xoay tao thanh khi cho hinh phing gi6i han béi cdc duong
paraboi y = 22, truc hoanh va iiudng thing » = 1 quay xung quanh truc Oz.
T s
@-. 3 ©-. OF
& Loi gidi.
Phuong trinh hoanh d6 giao diém 22 =0 < 2 = 0.

Thé tich vat thé tron xoay can tim la

1 1
V:W/($2)2d$:W/$4d$:ﬂ'%
0 0

Chon dép 4n (C) O
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Céu 29.18. Cho hinh phing 2 giéi han béi dudng cong y = /2 + cos z, truc hoanh va céc duong
théng = = 0,2 = g Khéi tron xoay tao thanh khi cho 2 quay quanh truc hoanh c6 thé tich V

bang bao nhiéu?

@V:(W—l)ﬂ. V:(7r—|—1)7r. @V:’]T—l. @V:w—|—1,

& Loi gidi.
Ta c6 m
3 ) 2
V:W/<\/2+Cosx) de =72z +sinz)| =n(r+1).
0 0
Chon d4p 4n O

Cd&u 29.19. Ki hié¢u 2 13 hinh phing giéi han béi dd thi ham sb y = 2z — 22 va y = 0. Tinh thé
tich vat thé tron xoay dude sinh ra béi hinh phing % khi quay quanh truc Oz.

197 177 187 167
ETR ® 5 EeR SR
& Loi giai.
z=0

Xét phuong trinh 2z — 22 = 0 &

Thé tich ctia vat thé can tinh 1a

Chon dép an (D) O

Céu 29.20. Cho hinh phing 2 giéi han béi céc duong y = cosz, y =0, 2 =0, z = % Thé tich
ctia khoi tron xoay dudce tao thanh khi quay 2 xung qganh truc Oz bang
T+ 2 m(m+2) T +1 m(m+2)
D2 ®L Tl D]

& Loi gidi.

Ta ¢é

ISE

| X

g
- X ,
Joromaar =5 (52 | =5 (5rg) =752
0 0
Chon dap 4n (B) -

BANG DAP AN

120.1. B [[29.2. B [[29.3. D |[29.4. B |[29.5. C [[29.6. C |[29.7. B [[29.8. C |
120.9. A [[29.10.D [[29.11.D [[29.12.A [[29.13.A [[29.14.C [[29.15.A [[29.16.C |
120.17.C ][29.18.B [[29.19.D [[29.20.B |

s
4
Vzw/coqu:da::
0
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Dane 30. GOC GITA HAI MAT PHANG
TRONG KHONG GIAN

KIEN THI'C CAN NHG

1. Géc giita hai mat phang
1.1. Khai niém
« Géc gitta 2 mit phing 1a gée duge tao béi hai dudng thing 1an lugt vuong géc véi hai

mat phé‘ing do.

« Trong khong gian 3 chiéu, géc gitta 2 mit phang con duge goi 14 ‘géc khéi’, 14 phan khong
gian bi giéi han béi 2 mit phang. Géc gitta 2 mit phang dude do bang géc gitta 2 dudng

thang trén mit 2 phing cé cling truc giao véi giao tuyén cia 2 mit phing.

1.2. Tinh chéit
« Goc gitta 2 mit phang song song bang 0 do;

« Géc gitta 2 mit phing tring nhau bang 0 do.

2. Cach xac dinh goc giita 2 mat phang
Dé ¢6 thé x4c dinh chinh x4c gde gitta 2 mit phing, ching ta thuong 4p dung nhiing cich sau:

Goi P 14 mit phing 1, Q 13 mit phing 2.

« Trudng hgp 1: Hai mit phang (P), (Q) song song hodc tring nhau thi géc ciia 2 mit
phang bang 0°;

« Trudng hgp 2: Hai mit phiang (P), (Q) khéng song song hodc tring nhau.

— Cdch 1: Dung 2 duong thing n v p vuong goéc lan lugt véi 2 mit phing (P), (Q).
Khi d6 goc giita 2 mit phang (P), (Q) 1a gbc gitta 2 duong thang n va p.

— Cdch 2: Dé x4c dinh géc gitta 2 mit phang dau tién ban can xéc dinh giao tuyén
A ctia 2 mét phang (P) va (Q). Tiép theo, ban tim mét mit phang (R) vudng géc
véi giao tuyén A ctia 2 mit phang (P), (Q) va cit 2 mét phang tai céc giao tuyén

a,b. Khi d6, géc gitta 2 mit phiang (P), (Q) 1a géc giita a va b.
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BAI TAP MAU

CAU 30 (P& tham khdo BGD 2022-2023).

Cho hinh chép S.ABC' c6 day la tam gidc vuong tai B, SA vudng goc
véi ddy v SA = AB (tham khao hinh bén). Géc giita hai mit phang
(SBC) va (ABC) bang

& Loi gidi.

Ta c6 SA L (ABC), AB L BC nén SB 1 BC.

Suy ra géc giita hai mit phiang (SBC) va (ABC) bang SBA = 45° (ASAB vuodng tai A co
SA = AB).

Chon dap an @ O

@© BAI TAP TWONG TY VA PHAT TRIEN

Cau 30.1. Cho tit dien ABCD ¢6 AB L (BCD). Gbc gitta hai mait
phang (ABC) va (BCD) 1a

(A)90°. (B) 45°. (C) 60°. (D) 120°.

& Loi gidi.
AB L (BCD)

Ta co: = (ABC) L (BCD,).
AB C (ABC)

Vay goc gitta hai mit phiang (ABC) va (BCD) la 90°
Chon dap an @ O

Cdau 30.2. Goi o 1a s6 do gbc gitta hai mit phang (P) va (Q). Néu (P) va (Q) song song nhau
thi a bang
(A) 45°. B) 90°. (C) 60°. (D)0°.
& Loi gidi.
A sai vi gée ciia hai mit phang tir 0° dén 90°.
B sai vi géc clia hai mé&t phang (P) va (Q) 1a 90° thi hai mét phing (P) va (Q) vudng géc nhau.
C sai vi géc ctia hai mit phiang (P) va (Q) 1a 60° thi hai mit phang (P) va (Q) cit nhau.
Chon dép an (D) O
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Cau 30.3. Cho hinh chép SABC ¢6 SA 1 (ABC) va AB 1L BC. Géc
gitta hai mét phang (SBC) va (ABC) la gbc nao sau day?

@55, ®50h  (©5FA (D504

& Loi gidi.
(SBC)N (ABC) = BC
Ta cé: { BC 1 AB = (SB; AB) = SBA
BC 1 SB
Chon dap an @ [l

Cau 30.4. Cho hinh chép tt gide déu S.ABCD c6 day 1a ABCD va do dai cac canh ddy bang
a, SA=SB = SC = SD = a. Tinh cos géc giita hai mit phiang (SAB) va (SAD).
@o. L oL DY
& Loi gidi.
Goi I 1 trung diém doan SA. Ta c¢é tam gidc SAD
va tam gidc SAB déu.
Suy ra BI 1. SA, DI 1. SA.
Do do, ((Sﬁ@)) — (BI, DI).
Ap dung dinh 1y cosin vao tam gidc BID ta dugc:

— IB? + ID? — BD?
BID =
cos 2-IB-1D
2 2
(Fa) + (Fa) —(av2y
— N )
2. 73a . 73a
, 1
Suy ra géc cos (SAB), (SAD) = 3
Chon dap an 0
Cdau 30.5. Goi o 1a s6 do géc gitta hai mit phang (P) va (Q). Néu (P) va (Q) tring nhau thi
a bang
(A) 180°. B) 90°. (C) 60°. (D) 0°.
& Loi gidi.

A sai vi gée ciia hai mit phing tir 0° dén 90°.

B sai vi géc ctia hai mit phang (P) va (Q) 1a 90° thi hai mit phang (P) va (Q) vudng géc nhau.
C vi géc clia hai mit phiang (P) va (Q) 1a 60° thi hai mit phang (P) va (Q) cit nhau

Chon déap an @ O
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Cau 30.6. Cho tit dién ABCD c¢6 AC = AD va BC' = BD. Goi Ila trung
diém ctia CD. Khéng dinh ndo sau day sai?
(A)(ACD) L (AIB).
Géc gitta 2 mit phing (ACD) va (BCD) la goc (AI; BI).
(C)(BCD) L (AIB).
@Géc gitta 2 mit phang (ABC) va (ABD) la géc CBD.
& Loi gidi.
Néu AB khéng vudng géc véi (BC'D) nén géc giita 2 mit phang (ABC) va (ABD) khéng thé 1a
goc CBD.
Xét dap an B cé:
CD 1 Al
CD 1 BI
Chiing minh tuong tu (ACD) L (AIB). D ding.
Xét dap an A:
CD 1 AI
CD L BI = Qéc gitta 2 mit phang (ACD) va (BCD) 1a goc gitta (AI; BI).
CD = (ACD) N (BCD)
Chon dép an (D) O

= CD L (AIB);CD C (BCD) nén (BCD) L (AIB). B ding.

Cau 30.7. Cho hinh chép S.ABC' ¢6 day ABC' la tam gidc vudng can tai
A va AB = a\/2. Biét SA L (ABC) va SA = a. Géc giita hai mét phang
(SBC) va (ABC) bang

(A) 60°. B) 90°. (C) 45°. (D) 30°.

& Loi gidi.
Trong mit phang (ABC) ké AM L BC tai M.
((SBC) N (ABC) = BC
(SAM) 1. BC _—
Ta ¢6 = (SBC), (ABC) = (SM, AM).
(SAM)N (SBC) = SM
| (SAM) N (ABC) = AM
Suy ra géc gitta (SBC) va (ABC) bang géc SMA.
1
Xét tam gidc ABC ta ¢6 BC = AB.A2 = av/2./2 =2a = AM = §BC = a.
Xét tam giac SAM vudng tai A ta cod tan SMA = jﬁ[ = g — 1= SMA = 45°.
Chon déap an @ O

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy Dén - Ninh Thuan 0944.238.108



7= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qdy Dén ® Trang 214/472

Cdu 30.8. Cho hinh ling tru déu ABC.A'B'C’' c¢6 canh diy bang
2a, canh bén bing a. Tinh géc gitta hai mit phing (AB'C’) va
(A'B'C").

@  ®%  ©p @ ©;

B Loi gidi.
o Al L B'C’ _
Goi I la trung diem cia B'C” ta ¢ = ((AB'C"); (AB'C")) = (AL; A'I) = AT A'.
A'l 1L B'C'
—— AA a 1

Xét t iac ATA” vudng tai A’ ta c6: tan ATA’ = =—=——

ét tam giac vuong tai a co: tan AT a3
= AIA' = (AB'C"), (ABC)) = %
Chon dép 4n (C) O

Cau 30.9. Cho hinh chép S.ABC ¢6 tam gidc ABC vudng can tai B,
AB = BC = a, SA = a\/3, SA 1 (ABC). Géc giita hai mit phing
(SBC)va (ABC) 1a

(A) 60°. B) 90°. (C) 30°. (D) 45°.

& Loi gidi.
Ta c6 BC L (SAB) = BC L SA.
Géc gitta hai mit phang (SBC) va (ABC) 1a géc SBA.
— SA aV3
t BA=-—"= "=
anﬁ\ AB a V3
= SBA = 60°.
Chon déap an @ O
Cau 30.10. Cho hinh chép S.ABC c¢6 canh SA vudng goc véi mat

phéng (ABC), biét AB = AC' = a, BC' = a+/3. Tinh géc giita hai miit
phéang (SAB) va (SAC).

(A) 60°. B) 45°. (C) 30°. (D) 90°.

& Loi gidi.
Vi SA L (ABC) nén SA 1L ABva SA L AC.
(SAB)N (SAC) = SA
Ta c6: ¢ SA L AB = (SAB),(SAC) = (AB, AC).

SA L AC
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. 2 2 2 2 2 _ 3)? -
Xét AABC o6 cos BAC = ABZHAC? = BC? _ a*+a® — (aV3) :—;:>BAC:120°.

/EB.AC N 2.a.a
Vay (SAB), (SAC) = 180° — BAC = 180° — 120° = 60°.
Chon dap 4n (A) O

Cau 30.11. Cho hinh chép S.ABC cé ddy la tam gidc déu canh a,
SA 1 (ABC), gbc giita hai mit phang (ABC) va (SBC) 1a 60°. Po dai
canh SA bang

® 7 ® ©) av3. 2

& Loi gidi.

Goi I 1a trung diém BC, khi d6 BC' L Al

Mit khic BC L AI, BC' L SA= BC L (SAI) = BC L SI.
Suy ra géc gita hai mit phang (ABC) va (SBC) 1a STA.

— SA — 3 3
Tam giac STA vuong tai A nén tan STA = Vi < SA=1TA.tanSTA = aT\/g = ?a.
Chon dép an (D) O

vi OB = OC = a\/6, OA = a. Tinh géc giita hai mit phang (ABC)
va (OBC).

(A)90°. B) 60°. (C) 30°. (D) 45°.

Cau 30.12. Cho tit dién OABC c6 OA, OB, OC ddi mdt vudng goc

& Loi gidi.

Goi I 1 trung diém ctia BC = AI 1 BC. Ma OA 1 BC nén AI 1 BC.
(OBC)N (ABC) = BC

Ta ¢6: { BC' L Al = (OBC),(ABC) = (0I, AI) = OIA.

BC 1 OI

Ta c6: O = ;BC = ;\/032 +0C? = /3.
_—— 0OA B V3 —

Xét tam giac OAI vuodng tai A c6 tan OIA = oI~ 3 = OIA = 30°.
Vay (OBC), (ABC) = 30°.
Chon dap 4n (C) O

Bi Gv: Vi Ngoc Huy - Trusng THPT Chuyén L& Quy D6én - Ninh Thuan 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 216/472

Cé&u 30.13. Cho hinh chép S.ABC ¢ canh SA vudng géc véi mit phang
(ABC), biét AB = AC = a, BC' = a+/3. Tinh géc giita hai mit phang
(SAB) va (SAC).

(A)60°. B) 150°. (C) 30°. (D) 120°.

& Loi gidi.
AB 1 SA,AB C (SAB)

Ta c6: { AC' L SA, AC C (SAC) = ((SAB), (SAC)) = (AB, AC).
(SAB) N (SAC) = SA

—— AB?>+4+ AC? — BC? 2 2 — 3a? 1
Xét tam giac ABC' ta c6: cos BAC = + _ ¢ +a a_ 1

- 2AB.AC 2.a.a 2
= BAC = 120°.
Vay ((SAB), (SAC)) = (AB, AC) = 180° — 120° = 60°.
Chon dap 4n (A) O

Cau 30.14. Cho hinh chép S.ABCc6 SA L (ABC) va AB L BC, goi
Na trung diém BC. Géc giita hai mit phang (SBC)va (ABC) 1a gbe

nao sau day?

@5A.  ®5FL  (©FCA  (D)SCB

B Loi gidi.

(SBC)N(ABC) = BC; BC 1. BA; BC 1 SAnén BC 1 (SAB)

Vay ((SBC); (ABC)) = (SB; AB) = SBA

Chon dép 4n O

Cau 30.15. Cho hinh chép tam gide déu cé canh diy bang a. Géc gitta

canh bén va mit ddy bang 60° (tham khao hinh vé bén). Cosin ciia goc

gitta mat bén va mat day cta hinh choép la.

1 1 2V/3 1
O B OFn  Ox
B Loi gidi.

Goi M 1a trung diém canh BCva Ola tAm dudng tron ngoai tiép tam gidc ABC.
Goc gitta canh bén SAva mat ddy (ABC) la 60°.

= SAO = 60° = SO = OA. tan 60° = “\3/5\/3 —a.

Goc gitta mat bén (SBC) va mat ddy (ABC)la SMO.
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av/3
TacécosS/]W\O:OM: oM = 6 5 = 1 .
SM /502 + OM? Ja 4 a3 V13

6

Chon déap an @ O

Céu 30.16. Cho tit dién déu ABC'D. Cosin ctia gbc gitta hai mit phang
(ABC) va (DBC) bang

V3 V2
24 e% e ®)

& Loi gidi.

Goi ttt dien ABCD la t dién déu canh a.
Goi H 1a tam clia tam gidcABC. Khi d6 DH L (ABC) tai H.

Goi I 1a trung diém ctia BC. Khi d6 goc gitta mit phang (DBC) va (ABC) 1a gbc DIH
Ta c6 cos ((AB/C')’,(EC)) —cos DIH = E

ID’
Tam gidc ABC déu = [H = l[A L a\/_ = a\/§.
3 372 6
Tam gidc DBC déu = ID = \2/§ = cos ((ABC),DBC) = -
Chon dap an @ 0

Cau 30.17. Cho khdi chép S.ABC c6 mat day ABC' 1a tam gidc can
tai A v6i BC' = 2a, gbc BAC = 120°. Biét canh bén SA vudng goc véi
mit ddy va thé tich khdi chép S.ABC bang 5 Tinh goc hgp bdi mat
phang (SBC) va mit phang déy.

(A) 45°. B) 60°. (©) 30°. (D) 90°.

& Loi gidi.

Goi I 1 trung diém BC, xét tam gidgc AIB vuong tai I ta co:

BI 3
tan 60° = /3 = A7 s Al = a\g/— (Do géc BAI = 60°, AI 1a phan gidc gbc 120°)
1 1 a3 a*\V/3
=—-Al.BC = —. 2a =
Saapc = GALBC = 5.7 20 .3

1
Do d6 Vsapc = gSA-SAABC = % & SA =

av/3
3

BC 1 Al

Ma = BC 1 (SAI)= BC 1 SI.
BC 1 SA

Viy géc hop bdi mit phing (SBC) va mit phing ddy 1a goc STA.

Suy ra tam giac STA vuong can tai A nén STA = 45°

Chon dap 4n (A) O
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Cdu 30.18. Cho hinh lap phuong ABC'D.A'B'C'D'. Géc gitta hai mit phang (A’AC) va (ABCD)
bang
(A)90°. (B) 60°. (C) 30°. (D) 45°.
& Loi gidi.
Vi AA" L (ABCD) nén (A’AC) L (ABCD). D’ o

Do d6 géc giita hai mit phang (A’AC) va (ABCD) bang 90°. M
Al x

Chon dap an @ ([l

Cdu 30.19. Cho hinh lap phuong ABCD.A'B'C'D’. Géc giita hai mit phing (ADD'A’) va
(ABC'D’) bang

(A) 60°. (B) 45°. (©) 90°. (D) 30°.

& Loi gidi.
Ta c6 AB L (ADD'A’), suy ra (ABC'D’) L (ADD'A’). D’
Do d6, (ADD'A") ,(ABC'D’) = 90°. iy
A/ T
/l/ /LQ ””””
A
Chon dap 4n (C) 0

Cau 30.20. Cho hinh lap phuong ABCD.A'BC'D’. Tinh géc giita mét phang (ABB'A’) va
(ABC'D").

(A) 30°. B) 90°. (C) 45°. (D) 60°.

B Loi gidi.
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Ta co
(ABB'A"YN (ABC'D") = AB
AB L (BCC'B ———
( ) = (ABB'A"),(ABC'D') = C"BB' = 45°.
(ABB'A")N (BCC'B') = BB’
(ABC'D")n (BCC'B'") = BC' )
Chon déap an @ O

BANG DAP AN

130.1. A ][30.2. D |[30.3. C |[304. B |[305. D |[30.6. D [[30.7. C |[308. C |
130.9. A |[30.10.A |[30.11.D |[30.12.C |[30.13.A |[30.14.B |[30.15.A |[30.16.D |
130.17.A ][30.18.A |[30.19.C |[30.20.C |
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Danc 31. SU TUGNG GIAO CUA HAI O THI

KIEN THO'C CAN NHG

Cho ham 86 y = f(x) ¢6 do thi (C}) va ham s6 y = g(z) c6 do thi (Cy).
« S6 nghiém ciia phuong trinh f(z) = g(z) 1a s6 diém chung ctia hai d6 thi (C}) va (Cy).

« Phuong trinh f(z) = g(z) duge goi 1a phuong trinh hoanh do6 giao diém ctia hai do6 thi

ham so.

BAI TAP MAU

CAU 31 (D& tham khdo BGD 2022-2023).

Cho ham s6 bac ba y = f(z) c6 do thi la dudng cong trong hinh bén. \ y

C6 bao nhiéu gid tri nguyén ciia tham sé m dé phuong trinh f(z) = m

1 |
c6 ba nghiém thuc phan bigt? L ol/1 | =
(Aa)2. B) 5. (©)3. (D) 4. }
\;?;

& Loi gidi.

Duta vao do thi phuong trinh f(x) = m c6 ba nghiém thuc phan biét khi va chi khi —3 < m < 1.
Két hop dé bai m 1a gid tri nguyén suy ra m € {—2; —1;0}.

Chon dép én (C) O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 31.1. Cho ham s6 y = f(z) lién tuc trén R c6 bang bién thién nhu sau

T —00 —1 0 1 +o00
Y — 0 + 0 - 0 +
+00 5 +00
1 1
2 2

S6 nghiém thue phan biét ctia phuong trinh 2f(z) — 5 = 0 1a

@3, ®)2. ©)4. D)o.

& Loi gidi.
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5
Ta cé 2f(x) =5 =0« f(z) = 5
S6 nghiém thuec ciia phuong trinh 1a s6 giao diém ctia hai do thi ham s6 y = f(z) va y = 3
z zZ 2 5 z S Z 2
Dua vao bang bién thién ta thay duong thang y = 2 cat do thi ham so y = f(x) tai 4 diem.
Suy ra phuong trinh da cho c6 4 nghiém phéan biét.
Chon déap an @ O

Céu 31.2. D6 thi ham s6 y = 2% + 202222 — 2023z cat truc hoanh tai bao nhiéu diém?

(Aa)o. B)2. O (D)3.
& Loi gidi.
Phuong trinh hoanh do giao diém do thi ham sb va truc hoanh
r=0
2% 4+20222° — 2023z =0 |z =1

z = —2023.
Vay dd thi ham sb cit truc hoanh tai 3 diém.
Chon dap 4n (D) O

Cdu 31.3. S giao diém ciia dd thi ham s6 y = 2 — 3z + 3 va duong thing y = z.

(A)2. B) 3. ©)1. (D)o.

& Loi gidi.

z=1
\ N A . 2 . 3 _ 3 _ _

Phuong trinh hoanh do giao diem x =2° —3xr+3 < 2> —4dr+3=0< 1413

r=—.
2

Vay do thi ham s6 y = 2 — 3z + 3 va dudng thang y = z ¢6 3 giao diém.

Chon déap an O

Cdau 31.4.

Cho ham s6 bac ba y = f(x) ¢6 do thi nhu hinh vé bén. S6 nghiém Yy

ctia phuong trinh 3f(x) —4 =0 la y

(A)3. B)1. (©)2. (D)o.
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4

Tacé3f(x)—4:()<:>f(a:):§. y
S6 nghiém thuc ciia phuong trinh trén 1a s6 giao diém cta dd thi y
ham s6 y = f(z) va dudng thing y = 3
Duta vao d6 thi ta thiy do thi ham s6 y = f(z) va dudng thing

4 0
y=3 cat nhau tai 3 diem. / \/ y =4
Vay phuong trinh 3f(z) —4 = 0 ¢6 3 nghiém. _1/ 5 5 >
Chon dép 4n (A) O

Cau 31.5. Cho ham s6 y = f(z) c¢6 d6 thi nhu hinh vé.

Y

S6 nghiém thuc ctia phuong trinh f(x) = 3 1a
(A)3. B) 1. (©)2. (D)o.
& Loi gidi.
S6 nghiém thic ctia phuong trinh f(x) = 3 bang sé giao diém ciia d6 thi ham s6 y = f(z) va
duong thing y = 3.
Ta ¢6 dudng thing y = 3 song song véi truc hoanh va cit truc tung tai didm c6 toa do (0;3).
Tit dd thi ta thiy duong thing y = 3 cit do thi ham sb y = f(z) tai hai diém phan biét.
Do d6 phuong trinh f(x) = 3 ¢6 2 nghiém thuc phéan biét.
Chon dap an @ O

€ 5 & 2 S
* ] cat truc hoanh tai diem c6 hoanh dé bang

Cau 31.6. Db thi ham s6 y =

@x:—S. x:5. @x:—l. @le.
B L gidi.
Tacoy=0&x=-5.
Chon dap 4n (A) O

3 1 )
a +3 va dudng thang y = 3 1a

Cdau 31.7. S6 giao diém ciia dd thi ham sb y =
:C R

(A)3. B) 1. (©)2. (D)o.

B Loi gidi.
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.3 1 3r +1=3x — 9 (v0 nghiém
Xét phuong trinh hoanh do giao diém Tl 3 & ( )
r—3
x # 3.
A X . N 2 3:[; + 1 N N & N , R
Vay do thi ham so y = 3 va duong thang y = 3 khong cé diém chung.
Chon dap 4n (D) O

Cdau 31.8. S6 giao diém ciia dd thi ham sé y = 2° — x v6i truc hoanh 1a

@:2. B)o. ©)s. D)1.

& Loi gidi.
) =0
Phuong trinh hoanh do6 giao diém 1a 2° —x = 0 &
r = =x1.
Véy d6 thi ham s6 cit truc hanh tai ba diém phéan biét.
Chon déap an @ O

Cau 31.9. S6 giao diém ciia dd thi ham s6 y = 32° — 622 + 82 — 5 va truc hoanh.
(A1 B)2. (©o. (D)3.
& Loi gidi.
Phuong trinh hoanh d6 giao diém ctia do thi ham s6 y = 32% — 622 + 8z — 5 v6i truc hoanh
r—1=0 r=1

32° = 62°+8r—5=0< (z—1) (32> =3z +5) =0« &
32 =3z +5=0 [32"—32+5=0.

Do phuong trinh 322 —3x +5 =0c6 A = (=3)2 —4-3-5 = —51 < 0 suy ra phuong trinh v6
nghiém nén dd thi ham sé y = 32° — 622 + 8z — 5 cat truc hoanh tai ding mot diém.

Chon déap an @ O
Cau 31.10. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh vé. Héi phuong trinh 3f(z)—4 = 0

c6 tat ca bao nhiéu nghiém thuc?

X —00 0 —+00

(A)3. B)o0. ©1 D)2.
& Loi gidi.
Tacdé3f(x) —4=0< f(z) = ;l
Dua vao bang bién thién phuong trinh trén cé 1 nghiém duy nhat.

Chon dép 4n (C) O

Cau 31.11. Cho ham s6 f(x) c¢6 bang bién thién nhu sau
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v [ —oo -1 0 1 +00
Y - 0+ 0 - 0 +

Y +oo\_4/3\_4/+oo

S6 nghiém thuec ctia phuong trinh f(x) +5 =0 1a
(A)2. B) 3. ©)1. (D)o.
& Loi gidi.
Phuong trinh da cho tuong duong véi f(z) = —5.
Ta thiy dudng thang y = —5 khéng cé diém chung véi dd thi ham s6 y = f(z) nén phuong trinh
da cho v6 nghiém.
Chon dap 4n (D) O

Cau 31.12. Cho ham s6 y = f(x) c¢6 bang bién thién sau

Phuong trinh f(x) = 2 ¢6 bao nhiéu nghiém?
(A)2. B) 4. ©1. D)3.
& Loi gidi.
Xét su tuong giao gitta do thi y = f(z) va dudng thang y = 2, ta thiy duong thing y = 2 cit dd
thi y = f(x) tai 3 diém phan biét.
Do d6 phuong trinh f(x) = 2 ¢6 3 nghiém.
Chon dap 4n (D) O

Cau 31.13. D6 thi ciia ham s6 y = 2% + 222 — 2 4+ 1 va do thi cia ham s6 y = 22 — 2 + 3 ¢6 bao

nhiéu diém chung?

(Aa)2. B) 1. (©)3. (D)o.
& Loi gidi.
Xét phuong trinh hoanh do giao diém 23 + 222 —z+1 =22 —2+3 (%).
Khi d6, phuong trinh tuong duong

P+’ -2=05(z—-1) (2’ +22+2) =0 =1

Vay phuong trinh (%) c6 mot nghiém suy ra do6 thi ctia hai ham s6 da cho c6 mot diém chung.
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Chon dép 4n O

Cau 31.14. S6 giao diém ctia do thi ham s6 y = (x — 3) (2% + x + 4) v6i truc hoanh 1a
(A)2. B)o0. ©1. D)3.
& Loi gidi.
S6 giao diém ctia d6 thi ham s6 y = (z — 3) (22 +  +4) véi truc hoanh bang sé nghiém ciia
phuong trinh
(z=3) (" +z+4) =0
Sr-3=0(z"+z+4>0,Vz €R)

S r=3.
Chon dap 4n (C) O
Cdau 31.15.
Cho ham bac ba y = f(x) c¢6 do thi nhu hinh vé. S6 nghiém cta Y
phuong trinh f(z) =2 1a 2
(Aa)2. B)o. (©)3. D)1.
12
-1 /o \/ x
o T
& Loi gidi.
Vé duong thing y = 2 ta thiy dudng thing y = 2 cit do thi ham sb y =2
y = f(x) tai hai diém. 2 /
Do d6 s6 nghiém ctia phuong trinh f(z) = 2 1a 2. /
12
1o \/ T
o
Chon dap 4n (A) O
Cdau 31.16.
Cho ham s6 bac bén y = f(x) c6 do thi nhu hinh vé bén. S6 nghiém Y
clia phuong trinh f(z) +1=01a 21---

Aa)2. B)3. (©) 4. D)1. 1/

& Loi gidi.
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Tacod f(z)+1=0« f(z) =—1. Y
S6 nghiém ctia phuong trinh f(z) 4+ 1 = 0 1a s giao diém ctia dd thi 21--
ham s6 y = f(z) va y = —1. 1k 7%”‘,,",,‘

N 2 2 ‘ N 2 —1 [ [ [
Dua vao do thi fa thay duong thang y = —1 cat do thi ham so x: o i é \ /:1 >
y = f(z) tai 4 diem phan biét nén phuong trinh da cho c6 4 nghiém. - \/
Chon déap an @ O
Cau 31.17. Cho ham s6 y = f(x) c¢6 bang bién thién nhu sau

T —00 —2 0 2 +00

Y - 0 + 0 - 0 +
+00 1 +00
Y \_2/ \_2/

S6 nghiém thue ctia phuong trinh 2f(z) +3 =0 1a

@:2. ®)4. ©s. D).

& Loi gidi.
3
Taco2f(z)+3=0« f(z) = —5
. 3
Dua vao béng bién thién, phuong trinh f(x) = ) ¢6 4 nghiém thuec.
Chon ddp 4n O

Cau 31.18. Cho ham s6 y = f(x) xdc dinh, lién tuc trén R vA c6 bang bién thién nhu hinh vé

T —00 V2 0 V2 +00
Yy’ - 0 + 0 - 0
0

+
+00

y +w\4/ ~.

Tim m dé phuong trinh f(z) + 3 = m v6 nghié¢m.

@m>—1. m2—4. ©m§—4. @m<—1.
& Loi gidi.
Tacd f(x)+3=m< f(x) =m—3.

Theo bang bién thién, phuong trinh vo6 nghiém khi va chi khi m — 3 < —4 & m < —1.
Chon dap 4n (D) O

Cau 31.19.
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Cho ham s6 y = f(z) c6 do thi 1a hinh bén. Phuong trinh 4—3f(x) = 0 Y

c6 bao nhiéu nghiém?

(A)1. B)3. (©)2. (D)o.

x

& Loi gidi.

4
Tacé4—3f(x):0(:)f(m):§. Y
2 4 z N 2 - =4

Do duong thang y = 3 cat do thi tai 3 diem phan biét nén phuong i 3

trinh 4 — 3f(x) = 0 ¢6 3 nghiém. i 4
3

Chon ddp 4n O

Cau 31.20. Cho ham s6 y = f(x) c6 bang bién thién nhu sau

T | =0 -1 +00
1 (x) — 0 + 0 -
+00 2
f(x) ~ 9 / \ B

S6 nghiém ctia phuong trinh 2f(z) —5 =0 1a

(A)2. B) 1. ©)3. D)o.

& Loi gidi.

5
Tacé2f(z) —5=0« f(z)= o
. : D ¢ .» ?
Theo bang bien thién dudng thang y = 3 cat do thi tai 1 diém nén phuong trinh 2f(z) —5 =10

c6 1 nghiém.

Chon dap an O

BANG DAP AN

[31.1. ¢ ][31.2. D |[313. B |[31.4. A |[315. C |[316. A |[31.7. D |[318. C |
131.9. A ][31.10.C |[31.11.D |[31.12.D |[31.13.B ||31.14.C |[31.15.A |[31.16.C |
131.17.B_ ][31.18.D |[31.19.B [[31.20.B |
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Danc 32. XET TINH DON PIEU CUA HAM SO

KIEN THO'C CAN NHG

1. Dinh nghia

o Ham s6 y = f(x) dugc goi la dong bién (tang) trén ¢ khi f/'(z) > 0Vz € 7.
o Ham s6 y = f(x) dudc goi 1a nghich bién (gidm) trén ¢ khi f/'(z) < 0Vr € 7.

2. Cac buédc thuc hién khi xét tinh don diéu cia ham sbé
« Buéc 1. Tinh ¢ = f'(x). Cho f'(z) = 0 tim nghiém (néu c9).

« Budc 2. Lap bang bién thién ctia ham sb.

« Buéc 3. Dua vao bang bién thién, két ludn mién don diéu ctia ham s6.

BAI TAP MAU

CAU 32 (Pé tham khdo BGD 2022-2023).
Cho ham sb f(x) ¢6 dao ham f'(z) = (z +1)* (z — 1)* (2 — z). Ham s6 f(z) ddng bién trén
khoang nao dué6i day?

A) (-1;1). B) (2; +0). (©) (1;2). (D) (—o0; —1).

& Loi gidi.

Ta c¢6 f'(x) =0« x € {—1;1;2}. Ta c6 bang bién thién nhu sau

Tit bang bién thién ta thiy ham s6 dong bién trén khodng (1;2).
Chon dap an @ O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cdu 32.1. Cho ham s6f(z) ¢6 dao hamf'(z) = x(x —1)° V2 € R nghich bién trén khodng

nao?

@A) (~o0;0). (~1;1). ©) (0;1). D) (1;+00).
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& Loi gidi.
Bang xét dau ctia f'(z).

x —00 T1 T2 +00
f'(x) + 0 — 0 +

o T S

Tit bang bién thién, ta thiy ham sé nghich bién trén (0;1).

Chon déap an @ O
Cdau 32.2. Cho ham s6 y = f(z) ¢6 dao ham f'(z) = 22 + 1. Khing dinh nio sau ddy ding?
(A)Ham s6 nghich bién trén (—oo; +00). Ham s6 nghich bién trén (—1;1).
(C)Ham s6 ddng bién trén (—oo; +00). @Hém s6 nghich bién trén (—oo;1).
& Loi gidi.

Ta c¢6 f/(z) = 22 + 1> 0,Vz € R do vy ham s dong bién trén (—oo; +00).
Chon déap an @ O

Cau 32.3. Cho ham s6 y = f(z)cd dao ham lién tuc trén R va y = f'(x) < 0 Vo € (—3;5).
Khing dinh nao sau diy ding?
@) £(0) < £(5). F(=3)>f6).  ©Ff(=3)<f6). DF(-2)=f2)
& Loi gidi.
Dé thiy ham s6 nghich bién trén doan [—3;5] va —3 < 5 nén suy ra f (=3) > f(5).
Chon dép 4n O

Cau 32.4. Ham s6 f(x) c6 f'(x) = (z — 1) (z —2),Vxr € R nghich bién trén khoang nio dudi
day?
(A) (2; 4+00). (B) (—o0; —1). (©) (-2;-1). D) (1;2).
& Loi gidi.
Tacd) fllz) <0 (z—-—1)(z—-2)<0&e 1<z <2
Chon dap 4n (D) O

Cau 32.5. Cho ham s6 y = f(z) c6 dao ham f'(z) = (2% — 1) (x + 1) (5 — z). Ménh dé nao sau
day dang?

@) f(2) < f(1) < f(4). B) f(4) < f(2) < f(1).
©) (1) < f(4) < f(2). D) f(1) < £(2) < f(4).
& Loi gidi.

Taco f'(z) = (22 = 1) (z+1) (b —x) =0 2 = £1,2 = 5. Xét bang bién thién
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Dua vao bang bién thién ta c¢6 f(1) < f(2) < f(4).

Chon dap 4n (D) O
Cau 32.6. Cho ham s6 y = f(x) lién tuc trén R va ¢6 dao ham f'(z) = (z +1)* (z — 1)* (2 — 2).
Ham s6 y = f(x) dong bién trén khodng nao dudi day?

(A) (2; 4+00). (B) (—o0; —1). ©) (~1;1). D) (1;2).
g Loi gidi.
rz=-—1

Taco fl(z) =0 (z+1)°(x-1)°2-2)=0e |z =1

r =2
Lap bang xét dau cta f'(r) ta duge:
r |- —1 1 2 +00
f(x) -0 - 0 + 0 -

o T\

Vay ham s y = f(x) dong bién trén khoang (1;2).
Chon dap 4n (D) O

Cau 32.7. Cho ham 86 y = f(z) c6 dao ham trén R 1 f'(z) = 2?(z — 1). Him s6 y = f(x) dong
bién trén khoang nao sau day?

@ (—o0; +00). (1; +00). @ (—o0; 1). @ (0; 1).
& Loi gidi.
Ta c6 f'(z) = 2%(x — 1) > 0, Vo > 1 nén ham s6 dong bién trén khodng (1; +00).
Chon ddp 4n O
Cdu 32.8. Cho ham sb y = f(x)c6 dao ham f/(x) = x(z —2)°, v6i moi 2 € R. Ham sb da cho
nghich bién trén khodng nao dudi day?

@) (0:1). ®) (-2:0). © (1:3). @) (~1:0).
& Loi gidi.

=0

Ta c6 f'(x) =0 &
T = 2.

Dong thai f'(r) < 0 < z € (0;2) nén ta chon dap an theo dé bai 1a (0;1).
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Chon dép an (A) O

Cau 32.9. Ham s6 y = f(x)cé dao ham 3y = 2. Ménh dé nao sau day ding?
@ Ham s6 nghich bién trén (—oo;0)va dong bién trén (0; +00).
Ham s6 dong bién trén R.
@ Ham s dong bién trén (—oo; 0)va nghich bién trén (0; +00).
@Hém s6 nghich bién trén R.

& Loi gidi.
Ta c6 ¢ = 2% x € R. VAy ham s6 dong bién trén R.
Chon dép 4n O
Cau 32.10. Ham s6 y = f(z) c¢6 dao ham f'(x) = 22 4+ 1. Khang dinh nao sau day ding?
(A)Ham s6 nghich bién trén (—oo; +00). Ham s6 nghich bién trén (—1;1).
@ Ham s6 dong bién trén (—oo; +00). @Hém s6 nghich bién trén (—oo;1).
& Loi gidi.

Ta c6 f'(z) =2? +1 >0 Vo € R nén ham s6 y = f(z) dong bién trén (—oo; +00).
Chon dép 4n (C) O

Cau 32.11. Cho ham s6 y = f(x) c6 dao ham f/(z) = 22 + 1, Vo € R. Ménh dé nao dudi day
ding?

@ Ham s6 nghich bién trén khoang (—1;1).

Ham s6 dong bién trén khodng (—oo; 4+00).

@ Ham s6 nghich bién trén khodng (—o0;0).

@Hém s6 nghich bién trén khoang (1;+00).

& LOi gidi.
Do ham s6 y = f(z) c6 dao ham f'(x) = 22 + 1 > 0 Vo € R nén ham s6 dong bién trén khodng
(—00; +00).
Chon ddp 4n O

Cau 32.12. Cho ham s6 y = f(x) ¢6 dap ham f'(z) = 22 + 1 Vo € R. Ménh dé nao dudi day
ding?
@ Ham s6 nghich bién trén khoang (—1;1).
Ham s6 dong bién trén khodng (—oo; +00).
@ Ham s6 nghich bién trén khodng (—oo;0).
@Hém s6 nghich bién trén khoang (1;+00).
& Loi gidi.
Ta c¢6 f/(z) = 2%+ 1> 0 Vo € R = ham s6 dong bién trén khoang (—oo; +00).
Chon déap an O
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Cdau 32.13. Ham s6 f(z)lién tuc trén Rva ¢6 dao ham f'(z) = 2® +4 v6i moi # € R. Khing dinh
nao sau day 1a ding vé su bién thién ctia ham s6 f(x)?
@ f(x) dong bién trén R.
f(x) chi dong bién trén khoang (—2;2) trong tap R.
@ f(x) nghich bién trén R.
@f(a:) chi nghich bién trén khodng (—2;2) trong tap R.
& Loi gidi.
Ta c¢6 ham s6 f(z) lién tuc trén R va c6 dao ham f/(z) = 2% +4 > 0 v6i moi x € R.
Do dé ham s6 f(x) dong bién trén R.
Chon déap an @ O

Cau 32.14. Cho ham s6 y = f(z)c6 f'(z) = (x +2) (x + 1) (#* — 1). Ham s6 y = f(x) dong bién
trén khoang nao sau day?
@A) (~2;-1). B) (~1;1). (©) (0; +00). (D) (—o0; —2).
& Loi gidi.
Tacd fl(x)=(x+2)(z+1) (22 -1 =(@2+2)(z—1)(z+ 1)
T =2

Cho f'(z) =0« |z = —1. Bang bién thién

rz=1
T —00 -2 —1 1 +00
f'(x) + 0 - 0 - 0 +
Chon dép 4n (C) O

Cau 32.15. Ham s f(x)cé dao ham f/(z) > 0 Vo € R. Khi d6 ham s6 da cho
@ dong bién trén R.
nghich bién trén R.
(C)1a ham hing trén R.
@déng bién trén (—oo;0) va nghich bién trén (0; 4+00).
& Loi gidi.
Vi f/(z) > 0 Vz € R nén ham s6 f(z) dong bién trén R.
Chon dap 4n (A) O

Céu 32.16. Cho ham s6 y = f(z) lién tuc trén R va ¢6 dao ham f'(z) = (1 — z)* (z + 1)* (3 — z).
Ham s6 y = f(x) dong bién trén khodng nao dudi day?
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@A) (—o0; —1). (1; 3). (©) (3; +00). (D) (—o0; 1).

B Loi gidi.

Tacé fl(z) =0 (1—x)*(x+1)°(3—2) =0« |z = —1. Bang bién thién ciia ham sb

r=3

T —00 -1 1 3 +00

- 0 + 0 + 0 -

Ham s dong bién trén cac khodng (—1;3).
Chon ddp 4n O
Cdu 32.17. Cho ham s6 f(z) ¢6 dao ham 1a f'(z) = x (x + 1)°. Ham s6 dong bién trén khodng
nao dudi day?

(@A) (0; +00). B) (-1;0). (©) (—o0; -1). D) (—1;+00).

& Loi gidi.

Ta cé f'(x) =0 < . Béng bién thién

Tt bang bién thién ta thiy ham s6 f(z) dong bién trén (0; +o00).
Chon déap an @ O
Cdu 32.18. Cho ham s6 y = f(z) lién tuc trén R va cé dao ham f'(z) = (z + 1)* (z — 1)* (2 — x).
Ham 86 y = f(x) dong bién trén khodng nao dudi day?

(A) (~1;1). (B) (2; +00). (©) (1;2). (D) (—o0; —1).
& Loi gidi.
Bang bién thién
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Dua vao bang xét dau ta thidy ham s6 dong bién trén khoang (1;2).
Chon déap an @ O

Cdu 32.19. Cho ham sb y = f(x) ¢6 dao ham f'(z) = (x — 1)*,Va € R. Ménh dé nao dusi day
la sai?
@ Ham s6 dong bién trén khoang (1;+00).
Ham s6 dong bién trén khoang (—oo; +00).
@ Ham s6 nghich bién trén khodng (—oo;1).
@Hém s6 dong bién trén khodng (—oo;1).
& Loi gidi.
Do f'(z) = (x —1)*> > 0,Vz € R nén ham sb y = f(x) ddng bién trén R.
Chon dép 4n (C) O

Cdu 32.20. Cho ham s y = f(x) lién tuc trén R, ¢6 dao ham f'(z) = (z — 2)* + 1. Khing dinh

nao sau day dung?

@Hém s6 y = f(z) dong bién trén khodng (2;+00) va nghich bién trén khodng (—oo;2).
Ham s6 y = f(x) dong bién trén khodng (—o0; +00).
@ Ham s6 y = f(x) nghich bién trén khodng (—oo; +00).
@Hém s6 y = f(z) dong bién trén khodng (—o00;2) va nghich bién trén khoang (2; +00).
& Loi gidi.
Ta c6 f'(z) = (z — 2)* +1 >0, Vz € R. Suy ra ham sb dong bién trén R,
Chon dap 4n (A) O

BANG DAP AN

132.1. C ][32.2. C |[323. B |[324. D |[325. D |[326. D |[32.7. B |[328. A |
132.9. B ][32.10.C |[32.11.B |[32.12.B ||32.13.A |[32.14.C |[32.15.A |[32.16.B |
132.17.A ][32.18.C |[32.19.C [32.20.A |
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Danc 33. XAC SUf\T

KIEN THO'C CAN NHO

1. Dinh nghia xac suat

Xiéc suat ciia bién c6 A duge tinh béi cong thic
A
P(A) = n4)
n(Q2)

~—

Trong do
o n(A) la s6 két qua thuan 1¢i clia bién c¢o A4;

o n(Q) la sd két qua c6 thé xdy ra ctia phép thit.

2. Tinh chat
o Gia st A va B la céc bién cb lién quan dén mot phép thit c6 mot sd hitu han két qua

dong kha nang xuat hién. Khi do, ta cé

b) 0 < P(A) < 1, v6i moi bién c6 A.

¢) Néu A va B xung khic, thi P(AU B) = P(A) + P(B) (cong thitc cong wdc sudt).
o Céc bién ¢ A va B la xung khac néu va chi néu ching khong khi nao cliing xay ra.

« V6i moi bién ¢ A, ta c6
P (A) =1 - P(A).

o Véi hai bién c¢b bat ky, ta c6 mdi quan hé sau (cong thttic nhan xac suit):

A va B 14 hai bién ¢ doc 1ap & P(A- B) = P(A) - P(B).

BAI TAP MAU

CAU 33 (P& tham khdo BGD 2022-2023).

Mot hop chita 15 qua cau gom 6 qua mau dé ducge danh s6 tit 1 dén 6 va 9 qua mau xanh dude

danh s6 tit 1 dén 9. LAy ngau nhién hai qué tit hop dé, xéc suat dé ldy dude hai qua khac mau

dong thoi tong hai s6 ghi trén ching 14 sé chin bang

9 18 4 1
= ®) = -
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& Loi gidi.
Goi A 14 bién ¢b 1ay duoc hai qua khic mau dong thoi tong hai s6 ghi trén ching 13 sb chan.
Khi d6, n(Q2) = C3, = 105.

Do tong hai sb6 ctia ching 1a s6 chin nén ta cé céc trudng hop sau
o« C4 hai qua cau déu ghi s6 1&. S6 cach lay 1a 3 -5 = 15.
« Ca hai qua cau déu ghi s6 chan. S6 céch lay 1a 3 -4 = 12.

S6 phan tit ctia bién ¢6 A 1a n(A) = 15+ 12 = 27.
. . . 27 9
Vay xéc suat xuat hién ctia bien co A 1a P(A) = 105~ 3¢ O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cadu 33.1. Cho mot hop chtta 9 vién bi duge danh s6 tit 1 dén 9. Chon ngau nhién 3 vién bi roi
cong C%C s6 trén 3 vién dé véi Iililau. Xéc suat dé sb thlll duoc 1a s6 1é bang 0
Wi ®) 51 ©3 o
& Loi gidi.
Khong gian mau: n(Q) = C3 = 84.
Goi A: “Thu dugc 3 vién cé tong s6 ghi trén bi 1a sb 187,

Dé bién c¢6 A x4y ra c¢6 2 kha nang
« Kha ning 1: Ca 3 vién déu c6 sb 1é. S6 cach lay: C3.

+ Kha ning 2: Lay dugc 2 vién chan, 1 vién 18. S6 cdch 1ay: C2 - CL.

1
Vay n(A) = C2 4+ C2- CL = 40 = P(A) = 2(1)

Chon dap 4n (D) O
Cau 33.2. Mot hop chita 6 bi vang, 5 bi dé va 4 bi xanh. Lay ngiu nhién 8 bi trong hop. Xdc
suat dé trong 8 bi lay ra c¢6 s6 bi vang va sb6 bi dé khac nhau 1a
344 526 95 334

@Tw' 1001° ©T29' @ng'
& Loi gidi.
Ta c¢6 n(Q2) = C¥; = 6435.
Goi A 1a bién cb: “Trong 8 bi lay ra cé s6 bi vang va sé bi dé khéc nhau”.

Khi d6 A 1a bién c6: “Trong 8 bi lay ra c6 s6 bi vang va sd bi dé bang nhau”.
« THI: “2 bi vang, 2 bi dd, 4 bi xanh”c6 C%- C2 - C} = 150.

« TH2: “3 bi vang, 3 bi dd, 2 bi xanh”c6 C3 - C2 - C% = 1200.
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« TH3: “4 bi vang, 4 bi d6”c6 CL - CL = 75.

Ta c6 n(A) = 150 + 1200 + 75 = 1425.

2425 95 334
P(A) = 222 _ 99 L pA)y =1 P(A) = 22
Suy ra P(4) = ©ar = 159 = P(A) () =59
Chon dap 4n (D) O

Cadu 33.3. C6 3 chiéc hop. Méi hop chita 4 tam thé dudc danh sb tit 1 dén 4. Lay ngau nhién tu
moi h(f)g mot thé. Tinh xac suég dé 3 thé dugc ldy ra dléu mang s6 chan. )

®2 ® 2 ©L OB
& Loi gidi.
S6 phan tit ctia khong gian mau: n(Q) = C} - C - C} = 64.
Goi A 14 bién ¢ “3 thé mang s6 chan”. Suy ra n(A4) = CL - CL. Cl =8,
X4c suat cho bién c6 A: P(A) = 68;1 = ;
Chon dap 4n (D) O
Cau 33.4. Goi S 1a tap hop céc s6 tu nhién c6 3 chit s6 duge 1ap tit tap A = {0;1;2;3;...;9}.
Chon ngau nhién mot sb tit tap S, tinh xdc suat dé chon dudc sé tu nhién cé tich cac chit s6 bang
P 1 1 1

7 PRI 5 D 55

& Loi gidi.
Goi s6 tu nhién c6 3 chit s6 duge 1ap tir tap A = {0;1;2;3;...;9} 14 abe (a # 0) khi d6 s6 phan ti
clia tap S 1a: 9-10 - 10 = 900 = s6 phan tit ctia khong gian mau 1a: n(Q) = Cly, = 900.
B6 3 chit s6 c6 tich bang 30 1a (1;5;6); (2;5;3).
Tt 2 b6 3 chit s6 trén lap dude 2 - 3! = 12 s6 tu nhién ¢6 3 chit s6 ma tich cc chit s6 bang 30.
Khi d6 goi B 1a bién ¢b “chon duge s6 tur nhién cé tich céc chit s6 bang 307 thi n(B) = 12.

12 1
=P(B)=— = _—.

900 75
Chon dép an (A) O

Cau 33.5. Mot hop chita 11 vién bi dude ddnh s6 tit 1 dén 11. Chon ngau nhién 6 vién bi tit hop.

Tinh xac suat dé tong cac so trén cac vién bi la mot so 1€7

103 B 20 s 15
231 462 231 231
& Loi gidi.

Phép thit 1a chon 6 vién bi tit 11 vién bi nén s6 phan ti ctia khong gian mau la: n(Q) = C9,.

Goi bien co A:“Tong cac so trén cac vién bi la mot so 167,
« TH1: Chon dugc 5 vién bi danh s6 1é va 1 vién bi s6 chan: ¢6 C3C} cdch chon.

o TH2: Chon dugc 3 vién bi danh s6 1é va 2 vién bi s6 chan: ¢6 C3C2 cach chon.
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o TH3: Chon dugc 1 vién bi danh s6 1& va 5 vién bi s6 chan: c6 CLC2 cach chon.

n(A) = C3CL + C3C2 + CLCE.

. L 2 A 118
Véy xac suat ctia bien co A la P(A) = nEQ; = a1
n

Chon déap an @ O
Cau 33.6. C6 30 tAm thé danh s tit 1 dén 30. Chon ngau nhién 10 tdm thé. Tinh xac suat dé
c6 5 tAm thé mang s6 1¢, 5 tAm thé mang sb chan, trong dé c6 ding 1 thé mang sb chia hét cho
g 48

et B)o, 1. 05 D)o, 17.
& Loi gidi.
S6 phan tit khong gian mau: n(Q) = CL.
Goi bién c6 A: “Lay dude 5 tam thé mang s6 1é, 5 tAm thé mang s6 chan, trong dé c6 ding 1 thé
mang s6 chia hét cho 107,
Lay 5 tAm thé mang s6 1& trong 15 tAm thé mang s6 1& c6: Cf, cach.
Lay 1 tAm thé mang s6 chia hét cho 10 trong 3 tAm thé mang s6 chia hét cho 10 c6: C} cach.
Lay 4 tam thé mang s6 chan va khong chia hét cho 10 trong 12 tam thé mang s6 chan va khong
chia hét cho 10 c6: Ci,.

Do d6: n(A) = C3,CLCL, = 4459455,
n(A) 4459455 99
Vay P(A) = = S
WPA) =Ty = Ten " 667
Chon dép an (A) O

Cdu 33.7. Chon ngau nhién mét s6 tu nhién c6 4 chit s6. Tinh xac suat dé sé duge chon khong
Vgt quil2023, dong thoi né chg% hét cho 5. " .
® 1550 ® 225 © 1350 105
& Loi gidi.
S6 cdc s6 tu nhién c6 4 chit 8614 91010 - 10 = 9000 (s6).
Suy ra s6 phan tit clia khong gian mau 1a n(Q2) = 9000.
Goi A l1a bién cb “Sé dude chon khong vugt qua 2023 va chia hét cho 57.
S6 ¢6 bon chit s6 nhd nhat chia hét cho 5 1a 1000, s6 ¢6 bén chit s6 16n nhat khong vudt qué 2023
chia hét cho 5 1a 2020.
Suy ra s6 phan tit ctia bién ¢6 A 1a n(A) = (2020 — 1000): 5 + 1 = 205.

p P P A 205 41
X4c suat cua bien co A 1a P(A) = n(Q 9000 — 1800°
n

Chon dap 4n (A) O

) _
)

Cau 33.8. Cho tap hop A = {0,1,2,3,4,5}. Goi S 1a tap hop céc s6 gom c6 3 chit 86 khac nhau
duoce 1ap tit cac chit sb6 cta tdp A. Chon ngdu nhién mot s6 tir S. Tinh xac sudt dé sé duge chon

¢ chit s0 cuoi gap doi chit so dau.
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1 23 2 4
@s. B 5 % D).

& Loi gidi.

Goi s6 tu nhién can 1ap gom 3 chit s6 khac nhau 1 abe.

Chon chit s6 a: 5 céch.

Chon chit 86 b, c: A2

Suy ra n(Q2) = 5- A2 cdch.

Goi A: “1a s6 duge chon gom ba chit s6 c¢6 chit s6 cudi gap déi chit s6 dau”.
Vi chit s6 cubi gap doi chit sb dau nén ¢ = 2a(a # 0).

Chon a=1=¢c= 2= chon b cé 4 cach.

Chon a =2 = ¢ =4 = chon b c6 4 cach.

= S6 cach 1ap s6 thod yéu cau bai toan 1a 4 + 4 = 8 cach.

. s L ) L A 2
Suy ra sO phan tit ctia bien co A la n(A) = 8. Vay xéc suat ctia bien co A la P(A) = ngﬁi =5
n
Chon dép 4n (C) O

Cdéu 33.9. C6 6 hoc sinh 16p 11 va 3 hoc sinh 16p 12. Tinh xéc suit dé trong céc cach sip xép
ngau nhién 9 hoc sinh dé vao mot day cé 9 chiéc ghé sao cho khong c6 hai hoc sinh 16p 12 nao
ngdi canh nhau.

5 o 5 !

72 72 12 1728
& Loi gidi.
S6 phan tit ctia khong gian mau 1a n(Q) = 9!.
Goi A 1a bién c6: “xép 9 hoc sinh vao mot day sao cho khong cé hai hoc sinh 16p 12 nao ngoi canh
nhau”.
S6 cach xép 6 hoc sinh 16p 11 1a 6!. Khi dé c6 7 vach ngan tao ra, ta chon 3 trong 7 vich ngan dé
dé xép 3 hoc sinh 16p 12 1a A2

. % X ’ N 6! - A? 5

X4c suat can tinh la P(A) = = —
Chon dép &n (C) O

9! 12

Cau 33.10. Chon ngau nhién hai s6 khic nhau tit 27 s6 nguyén duong dau tién. Xac suat dé
chon duoc hai s6 ¢6 téng 13 mot s6 chdn bang
] B M oL 305
27 27 2 729
& Loi gidi.
Goi Q 14 khong gian mau ctia phép tht.
S6 céch chon hai s6 khac nhau tir 27 s6 nguyén duong 1a C%, = n(Q) = C%, = 351.
Goi A 1a bién c¢b: “Chon dugc hai s6 ¢6 téng 14 moét sb chan”.
Cé6 2 trudng hop: Chon dudc 2 s6 1é trong 14 s6 1& duong dau tién hoac chon dugc hai s6 chan
trong 13 s6 chan duong dau tién.

Suy ra s6 phan tit clia bién ¢ A 1a n(A4) = C%4, + C2, = 169. VAy xac suat clia bién c¢6 A 13
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n(A) 13

P(A) = —2 = 2,

(4) n(QY) 27
Chon dap 4n (A) O

Cau 33.11. Goi S 1 tdp cdc s6 tu nhién c6 bén chit s6 khdc nhau dudc tao tit tip E =

{1;2;3;4;5}. Chon ngau nhién mot s6 tit tap S. Tinh xac suit dé sé duge chon 1a mot sé chan?
@7 ®; ©3 O3

& Loi gidi.

Goi Q 1a khong gian mau ciia phép thi.

S6 tu nhién c¢6 bon chit s6 khéc nhau duge tao tit tap £ 1a A2 = n(Q) = A = 120.

Goi A 1a bién c¢b: “Chon méot s6 chan”.

Suy ra s6 phan tit ctia bién cd A 1a n(A) =2+ A3 = 48.

Vay x4c suat clia bién c6 A 1a P(A) = Zgéi =

Chon déap an O

Cau 33.12. Mot hop dung 11 vién bi duge ddnh sb tit 1 dén 11. LAy ngau nhién 4 vién bi, roi

s

cdng cac s trén cac bi lai v6i nhau. Xéc suat dé két qua thu duoc 14 1 s6 1é bang

31 11 16 21
- ®B) 55 ot 1
& Loi gidi.

Goi Q 14 khong gian mau ctia phép tht.
S6 cach lay ngau nhién 4 vién bi tit hop 1a C}; = n(Q) = C};, = 330.
Goi A l1a bién c6: “Két qua thu dudc 1a 1 s6 187,

o Truong hop 1: Chon duge 1 6 1& va 3 86 chdn = c¢6 C} - C2 = 60 cach.
o Trudng hop 2: chon dugdce 3 56 18 va 1 86 chan = c¢6 Ci - C = 100 cach.

Suy ra s6 phan tit ctia bién c6 A 1a n(A) = 160.
n(A) 16

Vay x4c suat clia bién c¢6 A la P(A) = —~ = —

n(Q) 33

Chon dép én (C) O
Cdu 33.13. Cho 14 tdm thé danh s6 tit 1 dén 14. Chon ngiu nhién 3 thé. Xac suit dé tich 3 sb
ghi trén 3 tAm thé nay chia hét cho 3 bang

30 B0 31 12

91 91 91 17
& Loi gidi.
Goi Q 1a khong gian mau cia phép thi.
S6 cach 1y ngdu nhién 3 tdm thé 1a C3, = n(Q) = C3, = 364.
Goi A 1a bién cb: “Tich 3 s6 ghi trén 3 tAm thé nay chia hét cho 3”.
Goi B 1a tap chtia cdc s6 chia hét cho 3 = B = {3;6;9;12}.
Goi C 1a tap chita cic s6 khong chia hét cho 3 = n(C) = 10.
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 Trudng hop 1: Chon dugc 1 86 trong B va 2 sb trong C = c¢6 Cl - C% = 180 céch.
o Trudng hop 2: Chon duge 2 s6 trong B va 1 s6 trong C' = c6 C2 - Cl, = 60 cach.
o Trudng hop 3: Chon duge 3 s6 trong B = c6 C3 = 4 céch.

Suy ra s6 phan tit ctia bién cd A 1a n(A) = 244.
n(

. L A 1
Véy xac suat ctia bien co A la P(A) = n(Q§ = Sl

Chon déap an O
Cau 33.14. Goi S 1a tat cd cic s6 tu nhién gom hai chit s6 khac nhau lap tit cdc chit s6
0,1,2,3,4,5,6. Chon ngau nhién hai s6 tit tdp S. Tinh xéc suit dé tich hai sé dudce chon la
s6 chan.
1 2 5 3

@ = ©- OF
& Loi gidi.
Goi Q 14 khong gian mau ctia phép th.
S6 tu nhién c6 2 chit sé khac nhau 1ap tit 0,1,2,3,4,5,6 1a

6-6 =36 =n(Q) =C3 = 630.

Goi A 1a bién cb: “Tich hai s6 dude chon 1a s6 chan”.

S6 tu nhién chan cé 2 chit sé khac nhau 1ap tir 0;1;2;3;4;5;6 1a ab
e V6ib=0= cb 6 sb.
e V6ib#0= c6s63-5=15s0.

C6 21 s6 tu nhién 14 s6 chan suy ra c6 15 s6 tu nhién 14 s6 18.

Goi A 1a bién ¢ “tich hai s6 duge chon 1a s6 chan”.
« Trudng hop 1: Chon dugce 1 8618 va 1 s6 chdn = ¢6 C}, - Cl, = 315 cich.
o« Chon dugc 2 s6 chan = c6 C3, = 210 céch.

Suy ra s6 phan tit ctia bién ¢d A 1a n(A) = 525.
n(A) 5

Vay x4c suat clia bién c¢6 A 1a P(A) = —~ = —.

n(Q2) 6
Chon dép 4n (C) O
Cau 33.15. Goi A 1a tép hop céc sd ¢ ba chit s6 khac nhau duge 1ap tit cac chit s6 1,2, 3,4, 5.
Chon ngau nhién ba s6 tit tdp hop A, x4c suat dé trong ba s6 dugce chon ¢ diing mot s6 c6 miit

chit s6 4 bang

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qdy Dén ® Trang 242/472

2484 5 2518 4
@ o ® - © & O

& Loi gidi.

Goi Q 1a khong gian mau ctiia phép thi.

S6 tu nhién c6 ba chit s6 khac nhau duge 1ap tit céc chit s6 1,2,3,4,5 1a
A2 =60 = n(Q) = C¥, = 34220.

Goi B la bién cb: “Trong ba s6 dudgc chon c6 ding mot sé c6 mat chit s6 47.
S6 tu nhién c6 mat chit s6 4 1a abc.

Dua s6 4 vao 3 vi trf trén c6 3 cach chon. 2 s6 con lai c6 A2 = 12.

S6 cac s6 tu nhién c¢6 mit chit sé6 4 1a 3 - 12 = 36

Suy ra s6 phan tit ctia bién ¢d B 1a n(B) = Cls - CZ, = 9936.

n(B) 2484

n()) 8555

Chon dap 4n (A) O

Vay x4c suat ctia bién c¢6 B 1a P(B) =

Cau 33.16. Goi S1a tap hop tat ca cdc s tu nhién c6 3 chit s6 duge 1ap tirtap X = {0;1;2;3;4;5;6; 7}.
Rit ngau nhién mot s6 tit S. Tinh xdc sudt dé rat duge s6 ma trong s6 d6, chit sé dimg sau luén
16n hdnghoéc bang chit sb dﬁ’nthru’éc. ] "
2 . 2 oY
& Loi gidi.
S6 cac s6 tu nhién c6 3 chit s6 duge 1ap tit X 1a: 7-8 -8 = 448 (s6).
= n(§2) = 448.
Goi A 1a bién ¢b “rat dude sé ma trong sd d6 chit s6 ding sau luén 16n hon hoic bang chit s6

ding truée”.

TH1: S6 rat duge c6 dang aaa, c6 7 s6 nhu thé nén c6 7 céch rit.

TH2: S6 it duge ¢6 dang aab, véi a < b, ¢ C2 = 21 s6 nhu thé nén c6 21 cich rit.

TH3: S6 rit duge c6 dang abb, v6i a < b, ¢c6 C2 = 21 s6 nhu thé nén ¢ 21 cdch rit.

TH4: S6 rit duge cé dang abe, v6i a < b < ¢, c6 C2 = 35 s6 nhu thé nén c6 35 cach rit.

. 84 3
Vay ¢6 7+ 21+ 21 + 35 =84 (s0) = n(A) =84. Do d6 P(A) = s 16

Chon dép 4n (C) O

Cau 33.17. Mot hop dung 50 chiée thé duge danh s6 tit 1 dén 50. Chon ngau nhién tit mot hop
hai thé. Tinh x4c suat dé hiéu binh phuong s6 ghi trén hai thé lay dudc 1a sé chia hét cho 3.

409 681 8 801
@) 105 o5 % D 1555
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& Loi gidi.

Mbi lan 1ay ra hai thé tit hop c¢é 50 cai thé 14 mot to hop chap 2 ctia 50.

S6 cach lay bang C2,. Suy ra n(Q) = CZ, = 1225.

Goi A 1a bién cd: “hiéu binh phuong s6 ghi trén hai thé 1dy dudc 1a s6 chia hét cho 37.

Trong 50 chiéce thé duge danh s6 tit 1 dén 50 c6 16 cai thé danh s6 chia hét cho 3, 17 cai thé danh
s6 chia cho 3 du 1 va 17 cai thé danh sb chia cho 3 du 2.

Dé hiéu binh phuong sb ghi trén hai thé lay dugce 1a sé chia hét cho 3 x4y ra 4 trudng hop.

THI1: Hai thé c6 s6 chia hét cho 3 c6 C%;.

TH2: Hai thé c6 s6 chia cho 3 du 1 ¢6 C2..

TH3: Hai thé c6 s6 chia cho 3 du 2 ¢6 C%..

TH4: C6 1 thé c6 s6 chia cho 3 du 1 va mot thé ¢6 s6 chia cho 3 du 2 ¢6 Ci, - Cl..

Vay s6 cich lay ra hai thé thoa man 1a C2; + C2, + C2, + Ci. - Cl. = 681.

L a2 . . . . 681
X4c suat de hiéu binh phuong so ghi trén hai thé lay dugce la so chia héet cho 3 1a P(A) = 905"
Chon dap an O

Cadu 33.18. Mot hop gom 30 qua cau duge danh s6 tit 1 dén 30. Chon ngau nhién 3 qua cau tit
hop dé. Xac suit dé 1ay dude 3 qué cau c6 ding 1 qua cau ghi s6 1é va tich 3 s6 ghi trén ba qua
cau 1a rélgt s6 chia hét cho 8 b%rig 45 ;

® 15 ® 5% O 15 2
& Loi gidi.
Ta ¢6 s6 phan tit khong gian mau 14 s6 cdch chon 3 qua cau tit hop nén n(Q2) = C3,,.
Goi A 1a bién c¢b “lay duge 3 qud cau ¢ ding 1 qué cau ghi s6 1é va tich 3 s6 ghi trén ba qua cau
13 mot s6 chia hét cho 8”.
Chon 1 s6 18 tit 30 sb: ¢6 15 cach.
Dat A; = {4;8;12;16;20;24; 28}, Ay = {2;6;10; 14; 18;22; 16; 30} trong d6 A; gom nhiing s6 chia
hét cho 4 va A, 1a nhiing s6 chan khong chia hét cho 4.
Do qué cau dau tién mang s6 1é nén dé chon 3 qua cau théa man yéu cau bai toan thi tich 2 sd
trén 2 qua cau con lai phai 13 s6 chia hét cho 8.
Trudng hop 1: 2 s6 tit tp A; c6 C2 = 21 cach.
Trudng hop 2: 1 s6 tit tAp A; va s6 con lai 1a s6 tiy ¥ tit Ay ¢6 7 -8 = 56 cach.
Véay n(A) = 15(21 + 56) = 1155 nén P(A) = ZE?;; = 1é§505 = 13136
Chon dap 4n (A) O

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qdy Dén ® Trang 244 /472

Cadu 33.19. Goi S 1a tap hop céc s6 tu nhién gom 4 chit s6 doi mot khac nhau duge 1ap nén tit
cac chit s6 0; 1; 2; 3; 4: 5. Chon ngau nhién mot sb ti tip S. Xac suit dé sd duoce chon ¢é chita it
nhat mot trong hai chit s6 1 hodic 2 bang

Iy B L 3 i

3 15 50 50

& Loi gidi.
Ta c6 s6 phan tit ctia tap S 1a: 5+ A2 = 300.
= 56 phan tit ctia khong gian mau 1a n(Q) = 300.
Goi A 1a bién cb: “S6 dude chon tit tAp S c6 chita it nhat mot trong hai chit s6 1 hoic 27.
= A la bién cb: “S6 dude chon tit tAp S khong cé mit ca hai chit s6 1 va 27,
S6 cac s6 tu nhién gom 4 chit s6 doi mot khac nhau duge lap nén tit cac chit s6 0; 3; 4; 5 1a:

3.3l =18. Do dé n(A) = 18.

) . n(A) 18 47
P(A)=1-P@A) =12 2% _ 20
Vay P(4) (4) n(Q) 300 50

Chon déap an @ O
Cadu 33.20. C6 6 hoc sinh nam va 3 hoc sinh nit duge xép chd ngdi ngau nhién vao mot day gom
9 ghé. Xéc suat dé mdi hoc sinh nit duge xép ngdi xen gitta hai hoc sinh nam 1a

(A)11,9%. 58,33%. (©)60,71%. (D) 6,94%.
& Loi gidi.
S6 cach xép chd ngoi cho 9 hoc sinh vao 9 ghé 1a: n(Q) = 9!.
Goi A 1a bién cb: “Mdi hoc sinh nit dude xép ngodi xen gitta hai hoc sinh nam”.
Xép thtt tu 6 hoc sinh nam c6 6! cach.
Xép thit tu 3 hoc sinh nit vao gitta cdc hoc sinh nam c¢6 A2 cdch = n(A) = 6! - A3.
X4c suat bién cb A la: P(A) = nd) _ 6145 _ 2 11,9%.

n(Q2) 9! 42

Chon déap an @ O

BANG DAP AN

1331. D |[332. D |[333. D |[334. A |[335. C |[336. A |[33.7. A |[338. C |
133.9. C [[33.10.A |[33.11.B |[33.12.C |[33.13.B |[33.14.C |[33.15.A [[33.16.C |
133.17.B |[33.18.A |[33.19.D |[33.20.A |
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Danc 34. PHUONG TRINH MU

KIEN THO'C CAN NHG

St dung kién thitc a* = b < z = log, b véi a,b > 0,a # 1.

BAI TAP MAU

CAU 34 (Dé minh hoa BGD 2022-2023).
Tich tat ca cdc nghiém ciia phuong trinh In?z 4+ 2Inz — 3 = 0 bang
1 1

& Loi gidi.
Diéu kién o > 0. Dat Inz = ¢. Phuong trinh da cho tré thanh

t=1

242 -3=0(t-1(t+3)=0s

t=-3

Ta cb T1xs = ellef2 = ghitz = ¢73 = —.
e

Chon dép an (A) O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cadu 34.1. Khi dat 3% = ¢ thi phuong trinh 9°*! — 3**! — 30 = 0 trd thanh
A)3t2—t—-10=0. B2>—t—-1=0. (O —3t—10=0. D> —t—10=0.

B Loi gidi.

Ta cé

9*tl _3vHl _30=0<9.-9"-3.3"-30=0<3-9"—3*— 10 = 0.

Dit 3% =t thi phuong trinh 9°*! — 3#+1 — 30 = 0 tré thanh 3t> — ¢ — 10 = 0.
Chon déap an @ O

Cau 34.2. Xét bat phuong trinh 5%* — 3. 57+2 + 32 < 0. Néu dit ¢+ = 57 thi bat phuong trinh trd
thanh bat phuong trinh nao sau day?

(A)?—16t+32<0. B)12-6t+32<0. (O —75t+32<0. (D)2—3t+32<0.
& Loi gidi.
520 —3-5"12 432 <0 5% —3-52-5"+32< 0 5% —75-5" 4+ 32 < 0.
Néu dit ¢t = 5% > 0 thi bat phuong trinh tré thanh bat phuong trinh t? — 75t + 32 < 0.
Chon dép 4n (C) O
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Cadu 34.3. Phuong trinh 4* — 3 - 2% + 2 = 0 ¢6 nghiém thudc khoéng
1
(A) (~1;0). (3;6). © (2;2). (D) (2; 4).
& Loi gidi.
2r =1 |T=0
47 —3.2742 =0 o .
2" =2 r=1¢€ ( ; )

Chon déap an @ O

Cadau 34.4. Phuong trinh 4 — 3 - 27 + 2 = 0 ¢6 nghiém thudc khoang
1
(&) (3:6). (2;2)- ©) (2:9). D) (-1;0).

B Loi gidi.

47 32742 =0& N 1\
2" =2 x:16<;2>
Chon dap 4n (B) O

Cau 34.5. Xét bat phuong trinh 5% — 3. 57+2 4+ 32 < 0. Néu dit ¢+ = 57 thi bat phuong trinh trd
thanh bat phuong trinh nao sau day?

(A2 —6t+32<0. B-75t+32<0. (O —-3t+32<0. (D)2—16t+32<0.
& Loi gidi.
520 —3.5"2 432 <0 5% —3-52-5"+32<0& 5% —75-5" 4+ 32 < 0.
Néu dat t = 5% > 0 thi bat phuong trinh tré thanh bat phuong trinh t? — 75t + 32 < 0.
Chon dép 4n O

Cau 34.6. Tap nghiém S ciia bat phuong trinh 9772 — 10- 3% + 3 < 0.
(A)S = (—o0; —1] U [1; +00). B)S = {-1;1}.
(©)S = (~1;1). D)S = [~1;1].
& Loi gidi.
TacéQ’”%—1O~3$+3§O<:>3'(3””)2—10-3$+3§O<:>;§3$§3<:>—1§:c§ 1.
Chon dap én@ O

Cdu 34.7. Tim tong cic nghiém ciia phuong trinh 22*+1 —5.2% 42 = 0.

(Aa)2. B)o0. @g D)1.

& Loi gidi.
Tac62-(2°)° —=5-(29)+2=0¢< L&
Chondépén O

Cdu 34.8. Khi dat 3° = ¢ thi phuong trinh 9°™! — 3**!1 — 30 = 0 trd thanh
Ar—t-10=0. B2a*—t—-1=0. (©O32—t—-10=0. (D)9 —3t—10=0.
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& Loi gidi.

Tac6 9" — 3571 —30 =049 (3%)® —3-3" — 30 = 0.

Do dé khi dat t = 3% ta c6 phuong trinh < 9t — 3t —30 =0 < 3t2 — ¢t — 10 = 0.

Chon dap an @ O

Cau 34.9. Bat phuong trinh 9% — 4 - 3% + 3 < 0 ¢6 bao nhiéu nghiém nguyén?
(A1 B)2. ©)3. (D)o.
& Loi gidi.
Tacé9”—4~3x—|—3§0<:>(396)2—4-3x+3§0<:>1§3x§3<:>0§x§1.
Véix € Z = x € {0;1}.
Chon dap 4an (B) O

Cadu 34.10. Tap nghiém ctia bat phuong trinh 4* —6-2* +8 < 0 1a
(A) (0;2). (—o0; 1) U (2: +00).
(©)(1;2). (D) (2;4).
& Loi gidi.
Tacod® —6-2"4+8<02<2<d& 1< <2
Vay tap nghiém ctia bat phuong trinh 1a S = (1;2).
Chon dép 4n (C) O

Cau 34.11. Téng céc nghiém ctia phuong trinh 3% — 8 - 33 + 15 = 0 bang

(A)2 (1 +log, 5). (B) 41og; 3. (C) 31og, 5. (D)2 + log, 5.

B Loi gidi.

T x
. 32 =5 521()%35 r = 2logs b
Phuong trinh 3* —8-32 +15=0& | , Sar &
Suy ra tong céc nghiém ctia phuong trinh 1a 2 (1 + logs 5).
Chon dap 4n (A) O

Cdu 34.12. Phuong trinh 25" % 435" ¢ — 4.35°% ¢4 hao nhiéu nghiém thude [—2017; 2017].
(A)1285. (B) 4035. (C)1284. (D) 4034.

B Loi gidi.

Ta c6 25in* = + geos? . — 4 gsin®z oy gsin®z + gl-sin®z _ 4, gsin®z

Dit sin?x =t véi t € [0;1], ta c6 phuong trinh
3 2\ IR
2! :4~3t<:>() 3() = 4.
+ 3t 3 + 9
2

) ! 1\' )
Vi ham so f(t) = <3> +3- (9) nghich bien véi t € [0; 1]
nén phuong trinh c6 nghiém duy nhat ¢ = 0.

Do désine =0 o =kn, ke Z.
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—2017 2017

Vi x € [-2017;2017] nén ta c6 —2017 < kr < 2017 & < k < —— nén ¢6 1285 gia tri
T s

nguyén cua k thoa man. Vay c¢6 1285 nghiém.

Chon déap an @ O

Cadu 34.13. Tap nghiém ctia bat phuong trinh 4* — 3 -2 4+ 5 <0 la

@ [—00;10g,5). [—1; log,5]. @ [logy 5; +00). @ [0; log,5].
& Loi gidi.
Taco4? —3-22T1 4+ 5 <022 -6.22+5<01<22<5&0<z<logb
Vay tap nghiém ctia bat phuong trinh 1a [0; log,5].
Chon déap an @ O

Cdu 34.14. Tim tap nghiém S clia phuong trinh €% — 3e3% + 2 = 0.
In2 In2
@S:{l;g}. S:{O;1n2}. @Sz{l;an}. @S:{O;I;}.

& Loi gidi.

¥ =1 3r =0 T =
Ta c6 % —3e3* 42 =0 & & & 19
3 =2 3r =1In2 r=—.
3
A . LA S In 2
Vay phuong trinh cé tap nghiém 1a S = {0; =k
Chon déap an @ O

CAu 34.15. Tap nghiém ctia bat phuong trinh logi z — 2log; x> + 3 < 0 1a
(A) (—00; 3) U (27; 400). (3;27).
(C©) (0;3) U (27; +0). (D)[3;27).

& Loi gidi.

bieu kién = > 0.

Khi d6 log; v — 2log; 72 + 3 < 0 < log?,z — 4loggz +3 < 0

Dit t = logy x. Bit phuong trinh da cho tré thanh

P-4t +3<0el<t<d3el<logr<3ed<a<?2l

Két hop véi dieu kién, nghiém ctia bat phuong trinh 1a S = (3;27).
Chon ddp 4n O
Cau 34.16. Tong tat ca cac nghiém ctia phuong trinh log, (10 . (\/M)x — 2019”“) = 4 bang
(A) logygg 10. 210819 10. (C) 10gyg19 16. (D) 210850, 16.
& Loi gidi.
Giai phuong trinh log, (1() . (\/M)x — 2019””) =4
Dit t = (v/2019)" > 0.
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Phuong trinh da cho tré thanh

t=2 (20192 =2 [z =2l0gy,2
0t—12=2" o (t-2)(t-8)=0s & . e 2019
t=8 20192 =8 |z =2logyy, 8.

Tong hai nghiém 13 210gy10 2 + 21085010 8 = 2108909 16.
Chon dap 4n (D) O
CaAu 34.17. Phuong trinh logs » — 8,/log, (8z) — 12 = 0 ¢6 tat ci bao nhidu nghiém?
(A)1. B)3. (©)2. D)o.
& Loi gidi.
biéu kién x > é
Phuong trinh tuong duong véi logs x — 81/3 + logyz — 12 = 0
bat /3 +log, x = t;t > 0 ta ¢6 phuong trinh trd thanh

t=—1
(1?=3)° -8t -12=01'—62-8-3=0(t+1)* (t-3)=0&
t=3.
So véi dieu kién suy ra t = 3 = log,z = 6 & x = 64.
Vay phuong trinh c¢6 duy nhat 1 nghiém.
Chon dap 4n (A) O

Cau 34.18. Cho x > 1 va théa man log, (logy, ) = log,;, (log; x). Khi d6 gid tri logs x bang
Aa) ; B)3. (C)3v3. (D) 27.

& Loi gidi.

Phuong trinh da cho tuong duong

1 1
log, (loggs ) = logss (logg x) < log, <310g3x> = glog3 (logs )

bat logsz =t >0 (vixz > 1).
Phuong trinh tré thanh

t=0
1 1
log3<3t> zlog;),\‘"’/h:»gt:%@t3:27t<:>t3—27t:0<:> t=3v3
t=—3V3.
Vit > 0 nén ta chon t = 3v/3. Vay log; = = 3/3.
ChQHdépéﬂ@ O
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Cau 34.19. Biét phuong trinh log) z — 2log, (22) — 1 = 0 ¢6 hai nghiém x1; 2. Tinh x1z,.
@xlxg = ; T1%y = —3. @xle =4. @xlxg = ;

& Loi gidi.

biéu kién z > 0.

Véi moi 2 > 0 ta cé logs x — 2log, (22) — 1 =0 < logiz — 2 (1 +logyx) —1 =10

& logie —2logy,z —3 =0

logyz = —1
=
logox =3
r 1
r=2"1=2
PN 2
|z = 23 = 8.
1
Vay phuong trinh ¢6 2 nghiém x, = 5; To = 8.
1
Dodéx1x2:§-8:4.
Chon dép 4n (C) O

Cau 34.20. Tim tap nghiém S ciia bat phuong trinh: logi (x — 1) — 4log, (z — 1) +3 >0
(A)S = [3;9]. B)S = (1;3] U [9; +00).
@S = (—o0; 1] U [3; +00). @S = (—00;3] U [9; +00).

& Loi gidi.

Ta c6 logs (x — 1) — 4log, (x — 1) + 3 > 0 diéu kién x > 1.

Dat t = log,(z — 1), bat phuong trinh tré thanh

) t>3 log, (z —1) >3 r—1>8 x>9
t"—4t+3>0< R & &
t<1 log, (x —1) <1 r—1<2 x < 3.

Két hop dieu kién ta c6 tdp nghiém ciia bat phuong trinh 13 S = (1;3] U [9; +00).
Chon dép 4n O

BANG DAP AN

134.1. A |[342. C |[343. C |[344. B |[345. B |[346. D |[347. B |[348. C |
134.9. B [[34.10.C |[3411.A [[34.12.A [[34.13.D |[34.14.D |[34.15.B [[34.16.D |
134.17.A |[34.18.C |[34.19.C |[34.20.B |
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Danc 35. PHEP DEM

KIEN THO'C CAN NHO

& Phuong phip chung ctia bai toan tim tip hgp diém biéu dién sd phiic 1a

o Goi M(z;y) la diém biéu dién sb phitc z =  + yi.

« Thay vao diéu kién dé bai, ta dugc mot phuong trinh biéu dién theo hai bién z va y.

Chu ¥ céc cong thic
» Z=1x—yi. > |z = Va2 + 92
» z-z=2x%+9° 22 =12 —y? 4 2zyi.
« Tiy thudc vao phuong trinh thu dude, ta két ludn tap hop diém chay trén "doi tuong
hinh" tuong tng.
Mot s6 dang thudng gap
» Dang Az + By + C =0 : tap hop diém 13 dudng thing.
» Dang (z — 20)% + (y — y0)? = R%: tap hop diém 1a duong tron 6 tam I(xo; 1) va
ban kinh R.
» Dang (z — 20)% + (y — y0)? < R?: tap hop diém 13 hinh tron c6 tAm I(zo;yo) va
ban kinh R.
» Dang 2%+ y? — 2az — 2by +c = 0, (a®> +b> — ¢ > 0) : tap hop diém la dudng tron
c6 tam I(a;b) va ban kinh R = v/a? 4+ b — c.

2 2
> Dang = + ‘Z—Q — 1: tap hop didm 13 dudng elip.
2 y2 )
» Dang — — 2= 1: tap hop diém la duong hyperbol.
a

» Dang y = ax? +bx +c (a #0): tdp hop diém 14 dudng parabol.

BAI TAP MAU

CAU 35 (P& minh hoa BGD 2022-2023).

Trén mit phing toa do, biét tdp hop diém bidu dién cdc sé phitc z théa man lz+2i| =11a

mot duong tron. Tam cia dudng tron dé cé toa do la

@) (0;2). (—2;0). (© (0;-2). (D) (2;0).

& Loi gidi.
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Goiz=xz+yi (z,y€R).

Ta cé |z +2i| =1< |z+ (y+ 2)i <:>x2+(y—|—2)2: 1.

Vay tap hgp diém M biéu dién s6 phiic z 1a dudng tron c¢6 tam I (0; —2), ban kinh R = 1.
Chon dap an @ O

@© BAITAP TWONG TY VA PHAT TRIEN

Cau 35.1. Cho s6 phiic z thod |z — 1 + i| = 4. Phat biéu nao sau day 1a ding?
@ Tap hop diém biéu dién s6 phitc z 1a dudng tron ¢ tam I(1; —1) va ban kinh bang R = 4.
Tap hop diém biéu dién s6 phitc z 14 mot dudng tron cé tdm I(—1;1) va ban kinh R = 2.
@ Tap hop diém biéu dién sb phiic z 14 mdt dudng parabol.
@T@p hop diém biéu dién sb phtic z 13 mét dudng thang .

& Loi gidi.

Goiz=z+yi (z,y€R).

Tac|z—1+i|=4e |z -1+ y+1)il e (x—1)°+(y+1)° =16,

Vay tap hop diém M bicu dién s phtic z 1a dudsng tron c¢6 tam I (1;—1), ban kinh R = 4.

Chon dap 4n (A) O

Cau 35.2. Biét tap hop diém biéu dién s6 phitc z thod |iz — 1 + 2i| = 4 1a mo6t dudsng tron . Tim
toa do tam [ cta ducng tron do.
(A)1(1;2). B) I(—1;-2). (©) 1(-2;-1). D) 1(2;1).
& Loi gidi.
Goiz=z+yi (z,y€R).

Ta cod

liz—1+42i|=4 < |i(z+yi)—1+2i]=4
& |—y—1+(z+2)i]=4
& (z+2)°+(y+1)° =16

Vay tap hop diém bicu dién s6 phtic z 13 dudng tron c6 tdm I(—2; —1) va ban kinh R = 4.
Chon dép &n (C) O

Cau 35.3. Tap hop diém biéu dién s phitc z thoa
(A)Hinh tron tam I(4; —4) va bén kinh R = 4.
(B)Hinh tron tam I(—4;4) va ban kinh R = 2.
(C) Dudng tron tam I(4; —4) va bén kinh R = 4.
(D) Duong tron tam I(—4;4) va ban kinh R = 2.

g Loi gidi.

sH4—4i| <21
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Goiz=x+4+yi (z,y€R).
Taco |z+4—4i] <26 (x4+4)°+ (y —4)° < 4. Vay tap hop diém biéu dién sé phitc z 1a hinh
tron tdm I(—4;4) va ban kinh R = 2.
Chon déap an O
Cau 35.4. Goi (H) la hinh gom tap hop diém M biéu dién s6 phtic z thod |z + 3|2 +|z — 3|? = 50.
Tinh dién tich hinh (H).

@52877. Szl67r. @S:157r. @SIQOW.
& Loi gidi.
Goiz=z+yi (z,y€R).

Ta cod

2 43P 42 =3P =50 & (r+3)"+ ¢+ (2 —3)° +y =50.
& 2% 4+ 2% + 18 = 50.
& 2+’ =16.

Vay tap hop diém biéu dién M 1a dudng tron tAm O va ban kinh R = 4.

Do d6 dién tich hinh (H) 1a S = 7 - R? = 167.

Chon dép 4n O
Cau 35.5. Biét tap hop diém biéu bién s6 phitc z thod |z — 2i| — |2z + 1| = 0 1a mot dudsng tron.

Tinh chu vi C cia dudng tron dé.

24/17 Vav 17 44/17
@Ac=""" ®)c=Y" ©c="" D ="""
3 3 9 3
& Loi gidi.
Goiz=xz+yi (z,y€R).
Ta co
|z —2i| =22+ 1] =0 & |z+ (y—2)i| = |22 + 1+ 2y
& P+y-2"=Qe+1)"+(2y)°.
& 322+ 3y +4x+4y —3=0.
T Y T P
Y 3 3?/ = U
. e a2 2 2 avi
Vay tap hop diém biéu dién so phiic z la duong tron c¢6 tam [ (—3; —3) va ban kinh R = 3
2417
Suy ra chu vi ctia duong tron la C' =27 - R = 3 T
Chon dap a’m@ O

Cau 35.6. Tap hop céc diém biéu dién sé phitc z théa man |(1 — i)z — 4 + 2i| = 2 1a m6t dudng

tron. Tim toa d6 tam [ va tinh ban kinh R cta ducng tron do.
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(A)I(-3;—1),R=2. B)1(3;1), R = 2.
(©)1(3;1),R=2. (D) I(-3; 1), R = v2.
g Loi gidi.

Chia hai vé ctia dang thitc |(1 — i)z — 4 + 2i| = 2 cho |1 — i| ta dugc |z — (3 +14)| = V2.
Goiz=z+yi (z,y€R).

Taco |z —B+i)|=v2e (x—3)2+(y—1)? =2,

Suy ra tap hop cac diém biéu dién s6 phiic z 14 dudng tron tam I(3;1), ban kinh R = v/2.

Chon dap an O

Cau 35.7. Biét tap hop diém bicu dién s6 phiic z thod [Z + 2 — 4| = 4 14 mot dudng tron ¢ tAm
I va bén kinh R. Khang dinh nao sau day la ding?
(A)I(=2;—1), R = 4. 1(2;-1),R=4. (©1I1(2-1),R=2. D) I(-2-1),R=2.
& Loi gidi.
Goiz=xz+yi (z,y€R).
Taco|z4+2—il=4<z+2—(y+1)i|=4< (z+2)*+ (y+ 1)* = 16.
Vay tap hop diém bicu dién s6 phtic z 1a dudng tron c6 tam I(—2; —1) va ban kinh R = 4.
Chon dap 4n (A) O

Cau 35.8. Cho sb phtic 2z thod man (z + 1) (z — 24) 1a mot s6 thuan do. Biét tap hgp diém bicu
dién s6 phitc z 14 mot dudng tron. Tim ban kinh R ciia dudng tron do.
V5 V5 5

@R:7. R:j- ©r =5 @RZZ-
& Loi gidi.
Goiz=x+yi (z,y€R).
Taco(z+1)(z—=2i)=((x+ 1) +yi)(x— (y+2)i) =2*+2+y*+2y — 2o+ y+2)i.

2

N 1
Theo dé bai ta c6 2°> +z + 3> + 2y =0 & <x—|—2) +(y+1)=

;—1), bén kinh R — \f

N — s

Vay tap hop diém biéu dién sb phitc z 14 dudng tron cé tam I (—

Chon dap 4n (A) O

Cdu 35.9. Biét tap hop diém biéu dién s6 phitc z théa |z —i| = |2 — 3i — 2| 14 mdt dudng thang.
Tinh khoéng cach d tit gbc toa d6 O dén duong thang dé.
(A)d =3 B)d =3 @dzg\f. @d:?
& Loi gidi.
bat z =z +yi (xz,y € R).
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Khi do, ta co

|z —i| =12 — 3i — 2|
& |lx+yi—il=12—-3i—z—yi|
& e+ y—-1i=12-2)+ (=3 -y
& P+ y—1)7=02-2)+(-3-y)
& r—2y—3=0.

Vay tap hop diém biéu dién sb phiic z 1a dudng thang A ¢6 phuong trinh z — 2y — 3 = 0.
35

Suy ra khoang cach tit O dén A la d = =
Chon dép 4n (C) O

Cau 35.10. Goi (H) la hinh gom tap hop céc diém biéu dién s6 phitc 2 thod 1 < |z — 1] < 2.
Tinh dién tich hinh (H).
@S(H) = 27. S(H) = 5. @S(H) = 3. @S(H) = .
& Loi gidi.
Gidstz=z+yi (z,y€R).
Tac61<|z—-1]<2& 1< (z—1)2+9*> < 4
Suy ra diém biéu dién s6 phtic 2 nam trong hinh vanh khuyén giéi han bai 2 hinh tron dong tam
I(1;0) c6 ban kinh 1an lugt 1a By = 1 va Ry = 2.
Tt d6 suy ra dién tich hinh (H) 1A S = 7R% — 7 R? = 3.

Chon dép 4n (C) O
Cau 35.11. Tap hop diém bicu dién sé phiic z théa man |z + 2| + |z — 2| = 8 14

@ Mot doan thing. Mot dudng hyperbol.

@ Mot dudng elip. @ Mot dudng parabol.
& Loi gidi.

bat z =z +yi (z,y € R).
Taco|z+2]+ |2 -2 =8 /2 4+ (y+2)2 + Va2 + (y — 2)? =8.
Goi M(x;y), F1(—2;0), F»(2;0) suy ra MF, + MF, = 8.

Suy ra diém M nam trén elip (E) c6 20 =8 < a=4,tacd F1Fy =2c < 4=2cc=2.
2 2
Ta c6 b = a — ¢ = 16 — 4 = 12. Vay tap hop cdc diém M 1a elip (E):%+%:1

Chon dap an @ O

Cau 35.12. Cho s6 phiic z thod (z —7)(2+1) 1a mot s6 thuan do. Tap hop céc diem biéu dién sb
phtc z la

(A) Duong thing ¢6 phuong trinh 2z —y + 1 = 0.

Pudng tron ¢6 tdm I(1; —1) va ban kinh R = 4.
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@ Pudng thang cé phuong trinh z + 2y — 2 = 0.
(D) Duong tron c6 tam I(2; —1) va ban kinh R = 2.
& Loi gidi.
Goi z =z +yi, z,y € R.
(z—)2+i)=(+yi—i)2+i) =2z —y+1)+ (x + 2y — 2)i.
Dé (2 —i)(2 4 4) 1a mot s6 thuan &o thi 22 — y + 1 = 0 hay tap hop cdc diém trén mit phang toa
d6 bidu dién sb phtic z 13 dudng thing 2z —y + 1 = 0.

Chon dap 4n (A) O
Cau 35.13. Biét tap hop cac diém biéu dién cac sb phitc z théa man diéu kién ‘ =3 la
Z JR—
mot duong tron. Tim toa d6 tdm I cua dudng tron dob.
9 9 9 9
I(;O). I(;O). I(—;O). I(—;O).
@r(g ®1(; ©1(-4 D1~
& Loi gidi.
Gia st z =z +yi(z,y € R).
Ta cé
z
=3
z—1 ‘

& |zl =3z -1

& 2+ =9(x— 1)+ 9y°

& 82 +82—1824+9=0

9 9
2, .2 7 v
&S 2ty 4x+ 3 0.
A A - 2 2 « X A , N A N N ’ A 9

Vay tap hop diém biéu dién so6 phiic z la mot dudng tron cé tam [ (8; O).
Chon dap 4n (A) O

Cau 35.14. Cho sb phitc 2z thod |z| = 2. Biét tap hop diém bicu dién s6 phtic w thod man
w=341i— (3 —4i)z1a mot duong tron. Tim ban kinh R ctia dudng tron do.
(A)10. 2V/5. (©)5v2. (D)5+/5.
& Loi gidi.
Goiw==xz+vyi (z,y€R).
Tacow=3+i—(3—4i)z e w—3—i=(—3+4i)z.
Suy ra |w—3 —i| = [(=3+4i)z] =10 & (z — 3)* + (y — 1)*> = 100.
Vay tap hop diém bicu dién s6 phtic w 1a mdt dudng tron ¢ tdm I(3;1) va ban kinh R = 10.
Chon dap 4n (A) O

Cau 35.15. Cho sb phiic z thoa |z| = /5. Biét tap hop diém biéu dién sé phtic w thod man
w = (14 2i)z + ¢ la mdt duong tron. Tim béan kinh r cta duong tron do.

@7”22\/5 7”2\/5 @7“210. @7“:5.
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& Loi gidi.

Goiw=z+vyi (z,y€R).

Tacow=(1+2i)z+i < w—1i=(1+2i)z.

Suy ra |w—i| = |(1+2i)z| =5 & 2 + (y — 1)? = 25.

Vay tap hop diém bicu dién s6 phittc w 1a mot dudng tron ¢6 tdm 1(0;1) va ban kinh r = 5.
Chon dap 4n (D) O

Cau 35.16. Xét cac s6 phitc z thod man |z — 2i + 1| = 4. Biét rang tap hop céc diém bicu dién

s6 phitc w = (12 — 5i)z + 3i 14 mot duong tron. Tim tdm I clia dudng tron do.

(A) I(—1;2). B) 1(—2;32). (©) 1(2; —32). (D) 1(1; -5).

& Li gidi.

Tacéw:(12—5i)z+3¢;»z:;”2_51.

2 -2+ 1 =4 ;02 51,—22'4—1 — 4o |wt2-32 =412 -5 =52 (1)
— J1

Goiw=z+vyi (z,y€R).

()= ]z+2+(y—32)i| =52 (v +2)% + (y — 32)? = 522

Vay tap hop diém biéu dién sé phiic w 1a dudng tron ¢ tam I(—2;32).

Chon dap an O

Cau 35.17. Cho s6 phitc z thod |z| = 3. Biét tap hop diém biéu dién s6 phitc w = Z + 4 1a mot
duong tron. Tim toa do tam cua duong tron do.
(A) I1(0; 1). B) 1(0; —1). (©) I(1;0). (D) I1(~1;0).
& Loi gidi.
Goiw=xz+yi (z,y€R).
zl=3=|z|=3& |lw—i =322+ (y—1)?=09.
Vay tap hop diém biéu dién s6 phiic w 14 mot dusng tron cé tam 1(0;1).
Chon déap an @ O

Cau 35.18. Cho hai s6 phiic z, w thoa |z| = 10 va Z = (3 +4i)w. Tap hop diém biéu dién s6 phitc
w la
@Bu’éng tron tdm 7(2;0) va ban kinh R = 2.
Pudng tron tam O(0;0) va ban kinh R = 2.
(C) budng tron tam 1(0;2) va bén kinh R = 2.
(D) Budng tron tam O(0;0) va bén kinh R = 1.
& Loi gidi.
Goiw=z+yi (z,y€R).
Tacoz= (3+4)w < |z| = |83+ 4)w| = 5[w| & |z| =5|lw| & |w| =2 22 +y* = 4.
Vay tap hop diém bicu dién s6 phtic w 1a dudng tron cé tAm O(0;0) va ban kinh R = 2.
Chon déap an O
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Cau 35.19. Xét céc s6 phitc z théa man |z — 1| = |z — i|. Quy tich cic diém biéu dién ctia sb

phitc w = (3 —4i) z +i 1a

@ Mot dudng thing. Mot dudng tron.
@ Mot duong parabol. @ Mot duong elip.
& Loi gidi.
bat 2=z +yi=2z2=2—yi.
Ta co
lz =1 =+/(z =1+ y2va |z —i| =+/22 + (y+ 1)°.

Theo gia thiét thi \/(x — 1) 492 = \/x2 +y+1)’ey=—u
Xét s6 phitc w = (3 —44) (z +yi) +i= Bz +4y)+ By — 4o+ 1)i = —z + (=Tx + 1)i.
Goi M’ (2';y) 1a diém biéu dién sb phiic w.

=—x

= Sy =Tr'+17 -y +1=0.
y =—-Tr+1
Vay tap hop diém biéu dién sb phitc w 14 dudng thing cé phuong trinh 72 — y + 1 = 0.
Chon dép an (A) O

Cdu 35.20. Xét s6 phiic z thoa man |z| = /2. Trén mét phang toa d6 Ozy, tap hop diém biéu
+1z

1+ 2

(A) v34. 26. (C) 34. (D) v/26.

& Loi gidi.

13 mot duong tron ¢ ban kinh bang

dién céc s phiic w =

4
w = +Zz<:>(1+Z)w:4+iz<:>z(w—i):4—w
1+2

s |zl lw—il=4—w e V2-jlw—i=[4—w|. (¥

Goi w = x + yi, (z,y € R) khi d6 thay vao (x) ta co:
V2 o tyi—il =4 -z —yi| & 20+ (y = 1)°] = (z =4 + ¢
& P4y 8r—4dy—14=0s (v +4)°+ (y—2)? = 34.

"2 13 mot dudng tron 6 ban kinh bing v/34.

? 2 = £ 4
Vay tap hop diém biéu dién cac so phiic w = T
z

Chon déap an @ O

BANG DAP AN

135.1. A |[35.2. C |[35.3. B |[35.4. B |[35.5. A |[356. B |[35.7. A |[358. A |
135.9. C |[35.10.C |[35.11.C |[35.12.A |[35.13.A |[35.14.A |[35.15.D |[35.16.B |
135.17.A |[35.18.B |[35.19.A [35.20.A |
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Danc 36. VIET PHUGNG TRINH PUONG THANG

KIEN THO'C CAN NHO

1. Véc-to chi phuong chia dudng thing

e Cho dudng thing A, vécto @ # 0 goi la k-w
, 2 2 N 2 £
véc-to chi phuong cua duong thang A neéu N p
u
gia ctia n6 song song hoac trung véi A. 1 >B

« Cho dudng thing A di qua M (xo; yo; 20) va c6 véc-to chi phuong 1a @ = (a; b; ¢).
o Néu % 1a vée-to chi phuong ctia A thi k- @ (k # 0) ciing 1 véc-to chi phuong ctia A.
« Néu duong thang A di qua hai diém A, B thi AB 1 mot véc-to chi phuong.

2. Viét phuong trinh dudng thing
« Biét duong thing d di qua diém My(ay; az; as) va c6 véce-to chi phuong @ = (as; ag;as),
T = x+ ait

(@ # 0), khi d6 phuong trinh tham s6 ctia d 13 { y = y, + agt, (t € R)

z =2y + ast

e Néu a1, as, az déu khéc khong. Phuong trinh duong thing d viét dusi dang chinh téc

nhu sau
T—%Zp Y—Y 22— %0

(93] a2 as

BAI TAP MAU

CAU 36 (Pé minh hoa BGD 2022-2023).
Trong khong gian Oxyz, cho hai diém M (1; —1; —1) va N(5; 5;1). Pudng thing M N c6 phuong

trinh 1a
rT=0+2 T=06+¢ r=1+2¢ r=1+2¢
A){y=5+3t. y=5+2t. O©{y=-1+3 (Oy=—1+¢.
%= —ll =0 z=1+3t z=—1+41 z=—-1+4+3t
& Loi gidi.

Puong thang MN di qua M(1;—1; —1) va nhan MN = 2(2;3;1) lam véc-to chi phuong nén
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r=142¢
c6 phuong trinh ¢ y = —1 4 3t

z=—1+t.
Chon dap én@ O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 36.1. Trong khéng gian Ozyz, cho dudng thang A di qua diém M (2;0; —1) va ¢6 mot véc-to
chi phuong @ = (4; —6;2). Phuong trinh tham s6 ctia A 1a

r =2+ 2t x =4+ 2t r=—-2+2t r=—2+4t
Wy=-3t . y=-6 . (©Qy=23t . D y=6t
z=—1+1 z=2+t z=1+1 z=1+2t
’.‘Lbigiai.

Ta ¢6 @ = (4;—6;2) = 2(2; =3;1).
Do dé dudng thang A c¢6 mot vée-to chi phuong 1a 7 = (2; —3;1).
Vay phuong trinh tham s6 ctia A di qua M (2;0; —1) va c6 mdt vée-to chi phuong 1a @ = (2; —3; 1)

r=2+2
la ¢y= -3t
z=—1+t
Chondépén@ O

Cau 36.2. Trong khong gian véi hé toa dd Oxyz, cho hai diem A(1;1;2), B(2; —1;3). Viét phuong
trinh dudng thing AB.

r—1 y—-1 2z2-2 r+2 y—1 243
@1_—2_1' 1_—2_1'

©x—|—1_y—|—1_z—|—2 ®x+2_y—1_z—|—3
1 2 17 1 2 17
& Loi gidi.

Ta c6 AB = (1;=2:1).
Pudng thang AB di qua diém A(1;1;2) va nhin véc-to AB = (1;—2;1) lam véc-to chi phuong.
r—1 y—-1 z-2
1 -2 1
Chon déap an @ O

Vay phuong trinh ctia AB la

Cdu 36.3. Trong khoéng gian Oxyz, phuong trinh dudng thing di qua 2 diém M(2;—1;1) va

N(0;1;3) la
T =2 T=2+t rT=2+t =2+t
@A) {y=-1+t. y=1-t . ©{y=-1 . D{y=-1-1t.
z=1+3t z=—-1-—t z2=1+2t z=1—-1
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& Loi gidi.
MN = (—2;2;2). = U = —;]\W = (1;—1; —1) 14 mdt véc-to chi phuong ciia dudng thang MN.
r=2+t
Do d6 phuong trinh dusng thang MN 1a { y = —1 — ¢, (t € R).
z=1—-1
Chon dép an (D) O
Cdu 36.4. Trong khong gian Ozyz, cho diém M (3; —2;2) va mét phang (P) : z + 3y — 2z = 0.
Pudng thang A di qua M va vudng géc véi (P) c6 phuong trinh tham sb 13

r=3+t =3+t r=3—1 r=3—1
(A){y=—2+3t. y=-2+3. (©O{y=-—2-3. DO{y=-2-3.
z2=-2—-2t z2=2-2t z2=2-2t z=—2+4+2
& Loi gidi.

Mit phang (P): = + 3y — 2z = 0 ¢6 mdt véc-to phap tuyén 7 = (1;3; —2).
Pudng thang A vudng géc véi (P) nén ¢ vée-to chi phuong @ = 7 = (1;3; —2).
r=3+t

Phuong trinh dudng thang A 1a { y = —2 + 3¢

z =22t
Chon dap an O
Cau 36.5. Trong khong gian véi hé toa d6 Ozyz, cho hai diém A(1;2; —3), B(—2;3;1) duong
thang di qua A(1;2; —3) va song song véi OB ¢6 phuong trinh 14

rT=—-2+1 r=1-2t r=1-—4t r=1-2t
A){y=3+2t. y=2+3t. ©{y=2-6t . DOy=2+3t.
z=1-3t z=—-3+t z2=—-3+2 z=-3—-1
& Loi gidi.
Ta c6 OB = (—2:3;1) 1a véc-to chi phuong cia duong thing can tim.
r=1-2t
Phuong trinh dudng thing qua A(1;2; —3) va song song v6i OB la =2+ 3t
z=-3+t.
Chon dép 4n O

Cdu 36.6. Trong khong gian Ozyz, phuong trinh tham sé cta dudng thing d di qua diém
M(1;2;3) va c¢6 vée-to chi phuong @ = (1; —4; —5) 1a

r=1+1¢
r—1 y+4 2z+5
@ y=—4+2t. 1 2 = 3
z=-—b+3t
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r=1-—1
r—1 y—2 2z2-3
@ y:2+4t' @ 1 - —4 = -5
z=3+ 5t
’.‘Lbigiai.

Vi d ¢6 vée-to chi phuong @ = (1; —4; —5), suy ra d ciing c¢6 mdt véc-to chi phuong khac nita 1a
b= (—1;4;5). Phuong trinh tham s6 ctia dudng thang d di qua diém M(1;2;3) va c6 véc-to chi
r=1-—t

phuong b= (—1;4;5)1a ¢y =2+ 4¢
z =3+ ot.
Chon dap 4n (C) O
r=34+2t
Cdu 36.7. Cho dudng thang d c6 phuong trinh tham s6 { y = 1 — 4¢, (t € R). Tim phuong trinh

z2=05+Tt
chinh t&c ciia dudng thing d.

-2 4 -7
@d: 20 -3) - Ay-1)+7:-5=0. @Ba =20
e 1 z
©d:3(x—2)+y+4+5(z—T7)=0. (D)) P g )
& Li gidi.

2 —4 7

Tir phuong trinh tham s6 ciia duong thang d ta ¢ d di qua diém A(3;1;5) va c6 mot véc-to chi
— L . c e s T —3 —1 -5
phuong la © = (2; —4;7). Do d6 d c¢6 phuong trinh chinh tac la * 5 = Y - :

—4 7
Chon déap an @ O
Céu 36.8. Trong khong gian Ozyz, dudng thang chita truc Oy ¢6 phuong trinh tham sb 1a
=0 =0 r=t =0
Dy i, ©ly0 10
z=1 z=0 z=0 z=1
& Loi gidi.
x=0

Truc Oy qua O(0;0;0) va ¢ véc-to chi phuong 7 = (0;1;0) nén c6 phuong trinh ¢ y =¢

Chon déap an O
r=2-—1
Céu 36.9. Trong khong gian véi hé toa do Ozyz, cho duong thing d: y = 1 + t. Phuong trinh

z=1

nao sau day la phuong trinh chinh tic cta d?
x4+ 2 Y z—3
@ == Bz—-2=y=z+3.
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r—2 y—-1 =z r—2 'y z+43
©—1*1*1' @—1*1*—1'

& Loi gidi.

x—2 y—l
—1 1
Chon dép &n (C) O

chinh tic cua d 13

Pudng thang d c6 véc-to chi phuong @ = (—1;1;1) va di qua diém M(2; 1;0). Do dé phuong trinh
z
1

Céu 36.10. Trong khéng gian Ozyz, viét phuong trinh chinh tic duong thing d di qua diém
A(1;2;3) va vudng géc vi mit phang (P): 2z + 2y + z 4 2023 = 0.

r+1 y+2 z2+3 r—1 y—2 =z-3
@ 2 2 1 2 2 1
@23—2_y—2_2—1 @$+2_y+2_z—|—1

T 2 3 T2 37
& Loi gidi.
Pudng thing d ¢ véc-to chi phuong 1 véc-to phép tuyén ctiia mit phing (P)1 a =(2;2;1).

2z 2 _]. _2

Do d6 phuong phuong trinh chinh tic dudng thing d 1a — = i 5 S :
ChQndépén O

Céu 36.11. Trong khong gian véi hé toa d6 Oxyz, cho duong thang A ¢é phuong trinh chinh téc

la a —; 2 = y_—11 = % Hoi phuong trinh nao sau day 1a phuong trinh tham s6 ctia A?
r=-2+1 =2+t r=—-2+41 r=-2—t
@ y=1-1 . y=-1-1. @ =1-t . @ y=1-1
z=t z =2 z =2t z=—2t
& Loi gidi.
(A): ‘”TQ - y_—11 =2
Suy ra (A) di qua diém A(—2;1;0) va cé véc-to chi phuong @ = (1; —1;2).

r=—-2+1
Vay phuong trinh tham s6 (A): {y=1—1¢

z = 2t.

Chon dép 4n (C) O
2 2 2 _2 _1
Cau 36.12. Trong khong gian Ozyz, cho diem M(1;0; —1) va dudng thang d: a:4 _ Y E =

r=1—4t r=1+2t r=1+4t r=—1—4t
@Wy=5 =t . ©{y=-5t . O{y=>st
z=—1+2t z=—1+3t z=—14+2t z=—1—-2t
ig'
-2 y-1 -3 , N
4 = 222 c6 mot véc-to chi phuong la w(4; —5; 2).

Pudng thang A song song véi d nén c¢6 véc-to chi phuong 1a @ (4; —5;2).
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r=1+4t
Phuong trinh dudng thang A 1a { y = —5¢
z=—1+42t.
Chon dép 4n (C) O
r=1—-2t
Cdu 36.13. Trong khong gian Ozyz, phuong trinh chinh tic ciia dudng thang (d): y =3t

z=2+t

la

r+1 y z+2 r—1 'y =z+2
@;21_3_ 12 21 3 22‘

x Y Z= r—1_y z-—
© 13 2 ® -2 3 I
& Loi gidi.
Ta c6 duong thang (d) di qua diém A(1;0;2) va c6 mot véc-to chi phuong 14 @ = (—2;3;1) nén
. N ; s L —1 Y z— 2
c6 phuong trinh chinh tac la 5 =3~ 1
Chon dap 4n (D) O

Cdu 36.14. Trong khong gian Ozyz, cho hai diém M (2;1;2) va N(4;3; —2). Dudng thang M N

c6 phuong trinh tham s6 14

r=4+2t r=2+t r=—-1+t r=-3—1
(A){y=3+2t. y=1+1¢ . O{y=—2+t. D) {y=-a4—t.
=2 4t =249t =112t 2 =124 2t

B L&i gidi.

Ta ¢6: MN = (2;2; —4) nén chon @ = (1;1; —2) 1a véc-to chi phuong ctia M N.
Puong thang M N c6 véc-to chi phuong 1a @ = (1;1; —2) va di qua diém M(2;1;2) nén c6 phuong
r=-3—1
trinh tham s6 14 ¢ y = —4 — ¢
z =12+ 2t.
Chon déap an @ O
Cdu 36.15. Trong khong gian v6i hé toa d6 Oxyz, cho dudng thang A di qua diém M(2;0; —1)

va ¢6 vée-to chi phuong @ = (4; —6;2). Phuong trinh tham s6 ctia A 13

rT=2+2 r=—-2+4+2t r=4+2 r=—-2+4+4
A)y=—3 . y=-3t . (©O{y=-6-3.. [D{y=—6t
z=-1+1 z=1+1 z2=2+1 z=1+2t
& Loi gidi.

@ = (2;—3;1) lam véc-to chi

DN | —

Vi A ¢6 vée-to chi phuong @ = (4; —6;2) nén A cting nhan véc-to
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r=2+4+2t
phuong. Do d6 phuong trinh tham s6 ctia A 1la ¢ y = —3¢

z=—-141.
Chon dap an @ O
Cdu 36.16. Trong khéng gian véi hé truc toa dd Oxyz, cho mét phang (P): 3z —y+6z —18 = 0.
Pudng thiang d di qua A(2;1;0) va vudng gbc véi mat phang (P) ¢ dang la

r—2 y—1 =z2-3 r—2 y—1 =z

d: = = . d: = =—.

> RS S T Y

T — Y z— T — Yy — z

d: = = . d: = =—.

@ 2 1 3 @ 2 1 5
& Loi gidi.

Mit phang (P): 3z —y + 62 — 18 =0 ¢6 7 = (3; —1;6) 1a véc-to phap tuyén.

Ta c¢6 d vudng gbc véi mit phang (P) nén d ¢6 @y = (3; —1;6) 1a véc-to chi phuong d di qua
r—2 y—1

3 -1

A(2;1;0) va ¢6 Uq = (3;—1;6) 1a véc-to chi phuong nén d c6 phuong trinh 1a d:
2

6.

Chon dap 4an (B) O
Cdu 36.17. Trong khong gian Ozyz, dudng thang di qua diém A(1;4; —7) va vudng goc voi mit
phéng = + 2y — 2z — 3 = 0 ¢6 phuong trinh 1

r—1 y—4 =2+7 r—1 y—4 2+7
® 11__24_ _27. 11_ 24__27.

r—1 y—4 z- r+1 y+4 z-—
©1_2_—2‘ @1_4_—7'
g Loi gidi.

Pudng thang di qua diém A(1;4; —7) va vudng gbc véi mit phang x + 2y — 2z — 3 = 0 nén c¢6 mot
- -1 —4 7

véc-to chi phuong @ = (1;2; —2) ¢6 phuong trinh la L Y 5 = : +2 )

Chon déap an 0

Cdu 36.18. Trong khong gian Ozyz, dudng thang di qua diém M (1;1;2) va vudng gbc voi mit

phéng (P): z — 2y + 3z +4 = 0 ¢6 phuong trinh 1a

r=1+1 r=1-t r=1+t¢ r=1+t
A)y=—21+t. y=1-—2t. ©<{y=1-2t. D){y=1-2t.
z2=3+2 z2=2+3t z2=2+3t z=2-=3t

& Loi gidi.

Pudng thang d vuéng gbc véi mit phang (P) Suy ra g = 7p = (1;—2;3).
r=1+t1

Phuong trinh dudng thang d:  y =1— 2¢

z =2+ 3t.
Chon dép 4n (C) O
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Cdu 36.19. Trong khong gian véi hé toa dd Ozyz, cho M(—1;2;0) va mit phang (a): 22—32—5 =
0. Viét phuong trinh duong thing qua M va vudng géc vi mit phang («)?

r=2—1 r=1+2 r=—-1-—-2t r=—1+4+2t
Ay =—-3+2t. y=-2 . © {y=2 . Dy=2-3
z2=-9 z = =3t z =23t z = —bt
& Loi gidi.

Pudng thang can tim qua M (—1;2;0) va ¢6 mdt véc-to chi phuong 1a 7, = (2;0; —3) = —(2;0; 3).
r=—1—-2t
Ta c6 phuong trinh dudng thing can tim 1a y =2
z = 3t.
Chon dép 4n (C) O
Cau 36.20. Trong khéng gian Ozyz, dudng thing di qua diém A(—2;4;3) va vudng géc voi miit
phang 2z — 3y + 6z + 19 = 0 ¢6 phuong trinh 1a

r+2 y—4 2-3 r+2 y+3 =z-6
@2_—3_6‘ 2_4_3'
©x—2_y+4_z—|-3 @x+2_y—3_z+6

2 =3 6 2 4 37
& Loi gidi.

Ta ¢6 mdt véc-to phap tuyén ctia mit phang 2z — 3y + 62+ 19 =013 7 = (2; —3;6).

Pudng thang di qua diém A(—2;4;3) va vudng géc v6i mit phiang 2z — 3y + 62 + 19 = 0 c6 mot
— , NI 2 —4 —3

véc-ta chi phuong la w = (2; —3;6) nén c¢6 phuong trinh la rhe_Y 5 = : 6

Chon dap an @ O

BANG DAP AN

136.1. A |[36.2. A ][36.3. D |[36.4. B |[36.5. B |[36.6. C |[36.7. D |[368. B |
136.9. C ][36.10.B |[36.11.C |[36.12.C |[36.13.D |[36.14.D |[36.15.A |[36.16.B |
136.17.B |[36.18.C ][36.19.C [[36.20.A |
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Danc 37. DIEM DOI XUNG, HINH CHIEU CUA 1 PIEM

KIEN THO'C CAN NHO

1. Nhém bai toan lién quan dén hinh chiéu, diém d6i xirng cha diém lén truc, 1én
mat phang toa do

a) Hinh chiéu: “Thiéu cai nao, cho cai d6 bing 0”. Nghia 13 hinh chiéu ctia M (a; b; c)

lén:
e Oz la M(a;0;0). e Oy la M5(0;b;0). e Oz la M;(0;0;c¢).
e (Oxy) la My(a; b;0). e (Oxz) la Ms(a;0;c¢). e (Oyz) la Mg(0;b;c).

b) Dbi xting: “Thiéu cii nao, déi dau cai d6”. Nghia la diém dbi ximg ciia N(a;b;c)

qua:
e Oz la Ni(a;—b;—c). o Oy la No(—a;b;—c). e Oz la N3(—a;—b;c).
o (Oxy) la Ny(a;b;—c). e (Ozxz) la Ns(a; —b;c). e (Oyz) la Ng(—a;b;c).

¢) Khoang cach: Dé tim khoang cich tit diém M dén truc (hodc mit phang toa dd), ta

tim hinh chiéu H ctia diém M lén truc (hodic mit phing toa do), tut d6 suy ra khoang

cich can tim 1A d = MH.

2. Diém thudc, khéng thudc mat phang
a) Phuong trinh tng quat ctia mit phang: |(a) : Az 4+ By +Cz+ D =0
(v6i A2+ B?+C? #£0;(a) ¢6 VIPT 1a 7 = (A; B; C))

b) Piém M (zo;yo; 20) € (P): Az + By +Cz+ D =0« Azg+ Byy+ Cz + D = 0.

c) Diém M (xo;yo;20) ¢ (P): Az + By+Cz+ D =0 Axg + Byo+ Cz + D #0.

BAI TAP MAU

CAU 37 (P& minh hoa BGD nam 2022 - 2023).
Trong khéng gian Ozyz, cho diém A(1;2;3). Diém d6i xting véi A qua mit phang (Ozz) cb

toa do la

A) (1;-2;3). (1;2; —3). (©) (-1;-2; -3). D) (-1;2;3).
& Loi gidi.
Goi H 1a hinh chiéu ctia A trén (Oxz), suy ra H(1;0;3).
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Piém A’ dbi xing v6i A qua mit phang (Ozz) thi AA’ nhan H lam trung diém.
Vay A'(1;-2;3).
Chon dap an @ O

@© BAITAP TUONG TY VA PHAT TRIEN

Cau 37.1. Cho diém A(3; —1;1). Hinh chiéu vuong goc ctia A trén (Oyz) la diém

(A) M(3;0;0). (B) N(0; —1;1). (C) P(0; —1;0). (D) Q(0;0; 1).
& Loi gidi.
Hinh chiéu vuéng goc clia A trén (Oyz) la diém N(0; —1;1).

Chon dap an O

Cau 37.2. Trong khéng gian Ozyz, tim toa d6 diém H 1a hinh chiéu ctia M (1;2; —4) lén (Oxy).

(A) H(1;2; —4). (B) H(0;2; —4). (C) H(1;0; —4). (D) H(1;2;0).
& Loi gidi.
Hinh chiéu vuéng géc ctia M trén (Ozy) la diem H(1;2;0).
Chon déap an @ O

Cau 37.3. Hinh chiéu vuong goéc ctia A(3;—1;1) trén (Oxz) 1a A'(x;y;2). Khi d6 2 —y — =
bang
(A) —4. B)2. (©)4. D)3.
& Loi gidi.
Hinh chiéu vudng goc ctia A(3; —1;1) trén (Ozz) 1a A'(3;0;1). Vay x —y — 2 = 2.
Chon dép 4n O

Cau 37.4. Trong khong gian v6i hé truc toa do Oxyz, tim toa dd diém H 1a hinh chiéu cta
M (4;5;6) lén truc Owx.

(A) H(0;5; 6). (B) H(4;0;0). (©) H(0;0;6). (D) H(4;5;0).
& Loi gidi.
Toa d6 diém H 1a hinh chiéu ctia M (4;5;6) 1én truc Oz, H(4;0;0).
Chon dap 4n (B) O
Cdu 37.5. Trong khong gian v6i hé truc toa d6 Oxyz, tim toa dd diém H 13 hinh chiéu cta
M (1;—1;2) 1én truc Oy.

(A) H(0; —1;0). H(1;0;0). (C) H(0;0;2). (D) H(0;1;0).
& Loi gidi.
Toa dd hinh chiéu ctia M (1;—1;2) 1én truc Oy la diém H(0; —1;0).
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Chon dép an (A) O

Cau 37.6. Tim toa do M’ la diém dbi xting ctia diem M (1;2;3) qua gbc toa do O.
(A) M'(~1;2;3). (B) M'(—1;—2;3). (© M'(-1;-2;-3). (D) M'(1;2;-3).
& Loi gidi.
Toa d6 diém dbi xtmg ctia M (1;2;3) qua O la diém M'(—1; —2; —3).
Chon dép 4n (C) O
Cau 37.7. Tim M’ 1a diém dbi xting ctia M (1; —2;0) qua diem A(2;1; —1).
(A) M'(1;3;—1). B) M'(3; -3;1). (©) M'(0; -5; 1). (D) M'(3; 4; —2).
& Loi gidi.
M’ 1a diém dbi xting ctia M qua diém A < A 1a trung diém MM’
Ty =204 — Ty Ty =2-2—1=3
Khi do6, toa do6 M’ thoa hé < yyp =2ys —yy S Sy =2-14+2=4
2 =224 — 2y 2y =2-(—1)—0=-2.
Vay M'(3;4;—2).
Chon dép 4n (D) O
Cau 37.8. Tim toa do M’ la diém ddi xiing ctia diem M (3;2;1) qua truc Oz.

(A) M'(3; —2; —1). B) M'(—3;2;1). (© M'(=3;—2;-1). (D) M'(3;-2;1).

& Loi gidi.
Toa do diém dbi ximg ctia M (3;2;1) qua truc Oz 1a diém M'(3; —2; —1).
Chon dép an (A) O

Cau 37.9. Trong khong gian Ozyz, diem N d6i xting v6i diem M (3; —1;2) qua truc Oy la
(&) N(=3;1;-2). B) N(3;1;-2). (©N(=3;-1;-2). (D)N(3;—1;-2).
& Loi gidi.
Toa do diém dbi xtmg véi diém M (3; —1;2) qua truc Oy la N(—3; —1; —2).
Chon dap an @ 0

Cau 37.10. Tim toa d6 M’ la di¢m d6i xtmg ctia diém M (2;3;4) qua truc Oz.
@M'(Q;—3; —4). M'(—2;3;4). @M'(—Q;—3;4). @M’(?;—3;4).
& Loi gidi.
Toa d6 diém dbi ximg ctia M (2;3;4) qua truc Oz la diem M'(—2; —3;4).
Chon dép 4n (C) O
Cau 37.11. Tim toa do M’ 1a diém ddi ximg ctia diem M(1;2;5) qua (Oxy).

(A) M'(-1;-2;5). (B M'(1;2;0). (©) M'(1;-2;5). (D) M'(1;2; -5).

& Loi gidi.
Toa d6 diém dbi xtmg ctia M (1;2;5) qua (Ozy) la diem M'(1;2; —5).
Chon dép én (C) O

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 270/472

Cdu 37.12. Trong khong gian Ozyz, diém déi xing v6i diém A(—2;7;5) qua mét phiang (Oxz)
14 diém B c6 toa db 1a
(A) B(2;7; —5). (B) B(—2; —T7;5). (C) B(=2;7;-5). (D) B(2; —7; -5).
& Loi gidi.
biém déi xting véi diém A(—2;7;5) qua mit phang (Ozxz) 1a diém B(—2; —7;5).
Chon déap an O

Cau 37.13. Tim toa do M’ 1a diém ddi ximg ctia diem M(1; —2;3) qua (Oyz).
(A) M'(—1;—2;3). B) M'(1;2; -3). (©) M'(~1;2; -3). (D) M'(0; —2; 3).
& Loi gidi.
Toa do diém dbi xtmg ctia M(1; —2;3) qua (Oyz) la diem M'(—1;—2;3).
Chon dap 4n (A) O

Cau 37.14. Tinh khodng céach d tit diem M(1;—2; —3) dén (Ozz).
A)d=1. B)d=2. (©d=3. D)d = 4.
& Loi gidi.
Hinh chiéu ctia M 1én (Ozz) 14 M'(1;0; —3).
Khi d6 khoang cach tir diém M dén truc hoanh Oz 13 do dai doan thing

MM =+/(1-12+(0+2)2+(-3+3)2=2.

Vay d = 2.
Chon dép 4n O

Cau 37.15. Trong khong gian Ozyz, hay tinh khodng cach tit diém M (—3;2;4) dén truc Oy.
(A)d=2. B)d=3. (©d=4 D)d = 5.

& Loi gidi.

Hinh chiéu ctia M 1én truc Oy la M’(0;2;0).

Khi d6 khoang cach tir diém M dén truc Oz 1a d6 dai doan thing

MM =+/(0+3)2+(2-2)2+(0—4)2=5.

Chon déap an @ O

Cau 37.16. Cho mét phang (P):  — 2y + z = 5. Diém nao duéi day thudc (P)?
(A)Q(2;—1;5). P(0;0; —5). (C) N(=5;0;0). (D) M(1;1;6).

& Loi gidi.

Thé toa do ctia M(1;1;6) vao phuong trinh ctia (P) ta duge: 1 —2-1+6 = 5.

Vay diém M (1;1;6) € (P).

Chon dép an (D) O
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Cdau 37.17. Tim m dé diém M (m;1;6) thuéc mit phang (P): z — 2y + 2z —5 = 0.

@mzl. m:—l. @m:3. @mzZ.
& Loi gidi.
Diém M(m;1;5) € (P)&m—2-1+6-5=0&m = 1.
Chon déap an @ O
Cdu 37.18. Trong khong gian Oxyz, cho mit phang (a) : z +y + z — 6 = 0. Diém nao dudi day
khong thudc («)?

(A) N (2;2;2). Q(3:3:0). (©) P(1;2;3). (D) M(1;-1;1).
& Loi gidi.
Thay toa do ciia M(1; —1;1) vao phuong trinh mit phang (o) ta dugc

1-14+1-6=-5%#0= M ¢ (a).

Chon déap an @ O

Cdu 37.19. Trong khong gian Oxyz, mit phiang nao dudi day di qua diém M (1;—2;1)?
@(Pl):$+y+z:O. (PQ);x—{—y—}—z—l:O_
©)(Py):x—2y+2=0. D) (P):x+2y+2—1=0.

& Loi gidi.

Thay toa do diém M (1; —2;1) vao ting phuong trinh mit phang dé kiém tra.
Ta thidy 1+ (—2) +1=0nén M € (P).
Chon dép an (A) O

Cdu 37.20. Trong khong gian Oxyz, diém nio duéi diy thudc mét phang (Ozy)?
(A)Q(3;-1;3). (B) N(3;—1;2). (C) M(2;2;0). (D) P(0;0; —2).

& Loi gidi.

Diém thudc mit phiang (Ozy) c6 cao d6 bang 0.

Vay M € (Ozy).

Chon dép én (C) O

BANG DAP AN

1371. B |[372. D |[373. B |[374. B |[375. A |[376. C |[37.7. D |[378. A |
137.9. C |[37.10.C |[37.11.C |[37.12.B |[37.13.A |[37.14.B |[37.15.D |[37.16.D |
137.17.A |[37.18.D |[37.19.A [[37.20.C |
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Danc 38. KHOANG CACH TU MOT PIEM TGI MAT PHANG

KIEN THO'C CAN NHG

1. Phuaong phap chung
Khoang céch tit diém M dén mat phang (P) 1a M H, v6i H 1a hinh chiéu vuéng géc ctia M

trén mit phang (P).

A

P)

Phuong phép gidi chung: Mudn tim khodng cdch tit mot diém dén mot mit phing, trude hét
ta phai tim hinh chiéu vudng géc cia didm d6 trén mit phang. Viée xdce dinh hinh chidu ciia
diém trén mét phing ta thuong ding mét trong cdc cach sau:

e Cach 1:

+ Bu6e 1: Tim mét mit phang (Q) chita M va vudng géc voi (P).
+ Budc 2: X4c dinh giao tuyén: A = (P) N (Q).
+ Buéce 3: Trong (Q), dung MH L A, (H € A).
(P) L(Q)
Vi{A=(P)N(Q)= MH L (P)= d(M,(P)) = MH
(Q)DMH LA

P)

« Céach 2 Néu da biét truéc mot duong thang d L (P) thi ta sé dung Mz//d, khi dé:
H = Mz N (P) 1a hinh chiéu vuong géc ctia M trén (P).

= d(M,(P)) = MH
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S

e Cach 3

Duta vao tinh chit truc ciia tam gidc: Cho AABC nam trén (P), néu MA = MB = MC
thi hinh chiéu vuong géc ctia diem M trén (P) chinh 13 tAm O clia dudng tron ngoai tiép

AABC. Khi dé: MO L (P) = d(M, (P)) = MO.

2. Khoang cach dung truc tiép
o Khoang cach tir chan dudng cao tdi mat bén

Bai todn: Cho hinh chép c¢é dinh S c6 hinh chiéu vuoéng géc lén mat ddy 1la H. Tinh
khoang cach tit diem H dén mat bén (SAB).
+ Ké HI L AB,(I € AB).
+ Ké HK L SI,(K € SI)
Khi do:
SH.HI

d(H,(SAB)) = HK = —(—>"—
(H, (54B)) VSH? + HI?

« Khoang céich tit mét diém trén mat day t&i mat ding(chita dudng cao)

Bai todn: Cho hinh chép cé dinh S c6 hinh chiéu vuong géc lén mat ddy 1la H. Tinh
khoang cach tit diém A bat ki dén mat bén (SHB).

+Ke AK L HB

AK | HB
= AK 1 (SHB) = d(A, (SHB)) = AK
AK 1 SH

e Khoi chép c6 cac canh bén bang nhau

Cho hinh chép c¢é dinh S ¢6 cac canh bén c¢6 do dai bang nhau: SA = SB = SC = SD
(ddy c6 thé 1a bén dinh hoac ba dinh). Khi d6 néu nhu O la tAm dudng tron ngoai tiép
di qua céc dinh nam trén mat ddy thi SO 1 truc dudng tron ngoai tiép clia da gide day
hay néi cach khac: SO L (ABCD) = d(S,(ABCD)) = SO.

Chu y:

Néu day la:

+ Tam gidc déu, O 13 trong tam.

+ Tam gidc vuong, O 1a trung diém canh huyeén.

+ Hinh vuéng, hinh chit nhat, O la giao ctia 2 dudng chéo dong thai 1a trung diém méi
duong.
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3. Khoang cach dung gian tiép

Gia sit ta mubn dung truc tiép khoang cach ti diém (P) t6i mét phang (P) ma khong thic
hién duge. Dong thoi tit diém B ta lai dung dudc truc tiép khoang cach t6i khi dé ta sé thuc
hién tinh khodng cach gidn tiép nhu sau:

« Céach 1(Déi diém) Tinh thong qua ti sé khoang cach.
TH1: Khi ABJ|(P) thi:

TH2: Khi AB N (P) = {I} thi:
d(4,(P)) Al

d(B,(P)) BI

« Céch 2 (Péi dinh): St dung phuong phap thé tich dé tim khoang cach:

Bai todn tinh khodng céch tit mét diém dén mét mit phing trong nhidu trudng hop
¢ thé qui vé bai todn thé tich khéi da dién. Viée tinh khoang céch nay dua vao cong thic:

-4
S

V., S, h 1an luct 14 thé tich, dién tich ddy va chiéu cao ctia hinh chép.

h

Vv
b= —
S

V, S, h lan lugt 13 thé tich, dién tich ddy va chiéu cao ctia hinh ling tru.

Phuiong phdp nay dp dung dudc trong truong hop sau: Gid st c6 thé qui bai todn tim
khodng cdch vé bai todn tim chiéu cao cia mot hinh chép (hodc mét ling tru) nao dé.
Di nhién, cdc chiéu cao ndy thuong la khong tinh duodc truc tiép bang cdch st dung cdc
phuong phdp thong thuong nhu dinh Ii Pitago, cong thic luong gidc,.. Tuy nhién, cdc khoi
da dién ndy lai dé dang tinh duoc thé tich va dién tich ddy. Nhu vdy, chiéu cao clia né

s€ duogc xdc dinh bdi cong thic don gian trén.

BAI TAP MAU

CAU 38 (Pé minh hoa BGD 2022-2023).
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Cho hinh chép déu S.ABCD cé chiéu cao a, AC = 2a
(tham khao hinh bén). Khoang céch tit B dén mét phang
(SCD) bang

®Le ®ve. ©2La ©L

& Loi gidi.
Goi O = AC'N BD, H 1a trung diém CD. Trong (SOH), ké OI L SH.

CD 1 SO
a6 — CD 1 (SOH) = CD 1 OI.

CD L SH
Ma OI L SH nén OI L (SCD) = d(O, (SCD)) = OI.

Vi O 1a trung diém BD nén

250 -OH
d(B,(SCD)) =d(0,(SCD)) =20] = ————
(B, ( )) =d(0, ( ) %

2
Cé AD = AC'sin45° = a/2,0H = a\g_

2
= d(B, (SCD)) = \3/§a.
Chon dép 4n (C)

@© BAITAP TUONG TY VA PHAT TRIEN

Cau 38.1. Cho hinh chép S.ABC ¢6 day ABC 1a tam gidc vudng tai B va canh bén SB vudng
gbc voi mit phing ddy. Cho biét SB = 3a, AB = 4a, BC = 2a. Tinh khodng cdch tit B dén mit

phéng (SAC).

12v/61a 4a 12v/29a
® 61 ? © 20 ®

& Loi gidi.

3v14a

14
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Trong tam gidc ABC ké BI 1 AC va trong tam giac SBI ké S

BH 1 S1.
AC 1 BI

AC 1 SB
= AC 1 (SBI) = (SAC)) L (SBI).
(SAC) L (SBI)

Ta c6 § (SAC)N (SBI) = SI

Ta co

BH 1 S1
= BH 1 (SAC) = d(B,(SAC)) = BH.
Ta co —1+1—1+1+1—61
BH? BI?  BS? BA?\/_BC'2 BS?  144a?"
12a+/61
Suy ra d (B, (SAC)) = BH = &61 :
Chon déap an @ O

Cau 38.2. Cho hinh chép S.ABCD c6 ddy ABC'D 1a hinh thang vuong tai A va B, AB = BC =
a,AD = 2a. Biét SA = a/3,SA L (ABCD). Goi H la hinh chiéu ctia A trén (SBC). Tinh

khoang cach d tit H dén mit phiang (SCD).
1 1
@d:?)ag(/)ﬁ‘ d:3aﬁ. @d:3a2\g—0‘ @d:3a6\g_5‘

& Loi gidi.

Dung hé truc toa do Axyz v6i AD trung véi O,
AB trung v6i Oy, AS tring v6i Oz. Khong mat
tinh tong quat ta c6 thé cho a = 1, khi d6 ta c6
A(0;0;0), B(0;1;0), D(2;0;0), 5(0; 0; v/3),C(1; 1;0).
Vi (SBC) L (SAB) nén H € SB. Phuong trinh dudng

z=0
SB:{y=1+t ,t € R= H(0;1+t—/3t).
z:—\/gt
:ﬁ-@=0@t=—i:ﬂ<o;i;\i§>.

Phuong trinh mit phang (SCD) di qua D va ¢6 véc-to phép tuyén 7 = [C—D), CTS)] = (V3;1/3;2):
\/§x+\/§y+22—2\/§:().

04 V3 23 2V/3
Vay d(m,scpy) = ! : = 33 = 3\/%-
' ’ V3+3+4 4/10 40
Chon déap an O

Cdu 38.3. Cho hinh chép S.ABCD c6 day l1a hinh vuéng ABCD canh a, mit phiang (SAB)
vuong géc voi ddy va tam gidc SAB déu. Goi M 14 trung diém ctia SA. Tinh khodng cach tit M
dén mit phang (SCD).
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V21 21 3 3
@Y ® " ©% DR
& Loi gidi.

Goi H, E, N, I 1an luct 1a trung diém ctia AB, CD, SB, SH. Vi (SAB) L (ABCD) va tam giéc
SAB déu nén SH | (ABCD).

Do MN 1 dudng trung binh ciia tam gidgc SAB va I 1 trung diém cta SH nén M, I, N thing
hang vi MN [/ (SCD) = d(M, (SCD)) = d(I, (SCD)) = d(H,(SCD).

Goi K 1a duong cao ké tit H xuéng SE = HK = d(H, (SCD)).

3
XéttamgiécSHEcéSH:aT,HE:a
1 4 1 7 a3 av/21
= = —+-=-—=HK=—==d(M,(5CD)) = .
HK? 3a2+a2 3a2 VT = d(M, (SCD)) 14
Chon dép an (A) O

Cau 38.4. Hinh chép S.ABCD day hinh vuong canh a, SA L (ABCD);SA = ay/3. Khoang
cach tit B dén mit phang (SCD) bang bao nhiéu?

@ av3. ) © 203, D
& Li gidi.
Do AB [ CD = d(B;(SCD)) =d (A;(SCD)).

CD 1L SA
Dung AH L SD, do = CD L AH = AH 1

CD 1 AD

(SCD).

Lai c6 AH = 244D av3

VSAZ+ AD? 2
Do d6 d (B; (SCD)) = AH = “23

Chon déap an O

Cdu 38.5. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 @6 dai canh bang 10. Tinh khoang cach
gifta haimit phang (ADD'A’) va (BCC'B').

() 10. V10. (C) 100. (D)s5.
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& Loi gidi.

Theo tinh chat ctia hinh 1ap phuong thi AB L (ADD'A’)
va AB L (BCC'B').

Hay khodng cich gifta haimit phang (ADD'A’) va
(BCC'B') bang AB = 10.

Chon dép an (A)

A/

.D/

Cau 38.6. Cho hinh lang tru diing ABC. A’ B'C’ ¢6 ddy 1a tam gidc ABC vuodng tai A c6 BC' = 2a,

AB = av/3. Tinh khoéang céch tit AA’ dén mit phang (BCC'B').

W= ® =" R
& Loi gidi.

Trong mit phiang (ABC) ké AH vuéng géc BC tai H, khi d6
d(AA"(BB'C'C)) =d(A,(BB'C'C)) = AH.
Tam gidc ABC vudng tai A ¢c6 BC = 2a, AB = ayv/3 nén AC =

a.
1 1 1 4 a3
— — = AH = .
A AR VA2 T 327 5
Chon dép 4n

DD

B/ Cl

U

Cdu 38.7. Cho tit dien ABCD c6 canh AD vuéng géc véi mit phang (ABC), AC = AD = 4,
AB = 3, BC = 5. Tinh khoéng céch d tit diém A dén m&t phang (BCD).

12 60 /769
@d_\/3_4. d_m. @d_W.
& Loi gidi.

Ta c6 AB? + AC? = BC? = AABC vuong tai A. Ké AM L
BC,M € BC va AH 1. DM, H € DM khi @6 ta ¢c6 AH L
(BCD) nén d = AH.

Ta cb
I 1+1 B 1+1+1 _1+1+1_17
AH?  AD? AM;Q_ AB2  AC? AD?2 16 16 9 72

Tu do suy ra d =

Vet

V34
@d:f.

D
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Chon dép an (A) O

Cau 38.8. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vudng canh a, mat bén SAB 1a tam
gidc déu va nam trong mit phing vuong géc véi mit phang ddy. Tinh khodng céch h tit diém A
dén mit phang (SCD).

21
@h:W?_. B)h = a. @h:af. @h:a\f.
& Loi gidi.
Goi H 1a trung diém AB. Ta ¢6 SH L AB nén

SH L (ABCD).

Vi AH /| CD, CD C (SCD) nén
d(4, (SCD)) = d(H, (SCD)).

Ké HK L SM tai K.

CD L HM
Ta co: = CD L (SHM).
CD 1 SH
HK 1 SM
Lai ¢6 = HK 1 (SCD) tai K.
HK 1 CD
Khi d6 d(A, (SCD)) = d(H, (SCD)) = HK.
Ta c6 SH = “\2/5 HM =a, SM = /SH? + HM? = “‘f
“Ea m Vit
SH-HM 9 av/21 av/21
HK = = = . Vay h = .
Suy ra S0 e - Vay -
2
Chon dap 4n (A) O

Cau 38.9. Cho hinh chép S.ABC ¢6 hai miat ABC va SBC la tam gidc déu, hai mat con lai 1a
tam gidc vuong. Tinh khoang céch tit A dén (SBC) biét BC = aV/2.

a 1
d (A; (SBC)) . d (A; (SBC)) .
@ T2 ® VG
(©)d(A; (SBC)) 2“?:/3 (D)d (4; (SBC)) = av/2.
& Loi gidi.
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Vi(CS =CAnén ASCA la tam giac vudng tai C'; tuong tu ASBA
la tam gidc vuong tai B.

Goi M 1a trung diém ctia BC, H 1a hinh chiéu ctia A 1én SM.
Khi d6 H 1a hinh chiéu ctia A 1én (SBC). That vay:

Vi BC 1L SM, BC L. AM nén BC L (SAM).

Do d6, BC' L AH. Suy ra AH 1 (SBC).
V3 _ 6

Ta c6 SM = AM = BC’— Dl i SA=+5C?+ AC? = 2a.
X A ) V2, ¢
Ap dung cong thiic Hé-rong ta tinh duge Sagaa = 5
1 2
Hon nita, Sasaa = 5 - AH-SM. Tit d6 ta tinh duge SM = a?:/g'
Chon dap an @ O

Cadu 38.10. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuéng tai A va B. Biét
AD = 2a, AB = BC = SA = a. Canh bén SA vudng géc v6i mit ddy, goi M 14 trung diém cia
AD. Tinh khoang céch h tit M dén m&t phang (SCD).

A h=12. h:L\/é, @h——3- @hzﬁ'
3 6 " 3
& Loi gidi.

R _d(A,(SCD))
ViMa trung diem AD nén Gr-re
= (M, (SCD)) = Ld(A,(SCD)).

Dung AH L SC (1)

AC L CD
Ta co = CD 1 (SAC) = CD 1

SA1CD

=2

AH (2)
Tit (1) va (2) = AH L (SCD) = d (A, (SCD)) =
AH.

Xét tam giac vuong SAC vudng tai A

1 1 1 a\/6
Ta c6 = AH = .
acoAH2 AC2+<1/S_2:> 3
6
Vay d (M, (SCD)) = GT
Chon dap an O

Cau 38.11. Cho hinh chép S.ABCD c6 ddy ABCD 1A hinh vuong canh a, tam gidc SAB déu
v nam trong mit phang vudng géc véi day. Goi I 14 trung diém ciia AB va M 13 trung diém cia

AD. Tinh khoang cach tit I dén mit phang (SMC).

@3?@ \/%a @\/§a' ®3\1<Za'
& Loi giai.
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Ké IK1CM tai K, ké TH1SK tai H.

Ma CM1SI(gt) = CML(SIK)= CMLIH.
Suy ra [THL1(SCM).

Do d6 d(I,(SMC)) = IH.

T s 11 = 22, 10 = VBOT R TE? = Y2
Goi J 1a trung diém IM.

Tam gidc MIC' can tai C' nén C'JLIM.

2
Ta ¢6 CJ = /IO — JMZ? = 3‘2[.
. 1 J

Dién tich tam giac IMC bang Sypyc = §IM x CJ =
3
2.2 M
8 K

1 2
Mé;t khac SIMC =-IKx(CM=IK = i = %a.

2 MC ~— 10 D N
Vav 7l — ST XK ~ 3aV2

MO TSP IR 8

Chon dap 4n (A) O

Cdu 38.12. Cho hinh chép S.ABCD cé day 1a hinh vuéng canh a, tam gidc SAB déu va nam
trong mit phang vuong goéc véi ddy. Tinh khoang cach tit A dén mit phing (SCD).
@ 2&\/3 @ 3ﬁ @ av21 a\/§
7T 7 7 7
& Loi gidi.
Goi H 1a trung diém ctia AB. Vi ASAB déu va vuong goc vi

day nén SH la duong cao cua hinh chop.

Ta c6 AH [/ (SCD) = d(A,(SCD)) =d(H,(SCD)).

Goi M 1a trung diem ctia CD, ta c6 CD L (SHM).

Trong (SHM), goi K 1a hinh chiéu ctia H trén SM, ta cé

HK 1 SM
= HK 1 (SCD).
HK 1 CD
3
Xét tam giac vuong SHM ¢6 HM = a, SH = a\z/_ va
1 1 1 1 4 7
HK? H]\\/.QQ_ SH? a®> 3a®> 3a?
21
= HK = 2" — 4(A, (SCD)).
Chon dap én@ O

Céu 38.13. Cho hinh chép S.ABCD c6 déy 1a hinh chit nhat, SA L (ABCD). Biét AB =
a, AD = 2a, gbc gita SC va (SAB) 1a 30°. Tinh khodng cach tit diem B dén (SCD).

2a 2a 2av/11 22a
® 75 ® 7 O % v
& Loi gidi.
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Ta ¢6 BC 1L AB va BC L SA nén BC 1 (SAB) hay
hinh chiéu ctia C' 1én (SAB) la diém B nén (SC,(SAB)) =
(SC,SB) = BSC = 30°. Suy ra SB = — 2aV/3 v
A=+SB? - AB? = a\/11.

Ta ¢c6 AB J/ CD hay AB /| (SCD) nén d(B,(SCD)) =
d(A,(SCD)).

Tuong tu nhu trén ta ching minh duge CD 1L (SAD). Trong
mit phing (SAD), ké AH L SD. Khi d6 AH L (SCD) hay
d(A,(SCD))=AH =d(B,(SCD)).

Ta ¢c6 AH la duong cao trong tam gidc vuong SAD nén

r 1 1 1 1 2av/11

tan 30°

= = — AH = ———.
AH? ~ AD? T AS® ~ 1la? a2 W \/ﬁ
2a+/1
Vay khoang cach tit diem B dén (SCD) la ¢
V15
Chon déap an @ O

Cadu 38.14. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh chit nhat, AB = 3, AD =
Hinh chiéu vuéng géc ciia S trén mit phiang (ABCD) la diém H thudc canh ddy AB sao cho
AH = 2HB. Tinh khoang céch tir diém A dén mit phang (SHC).

(A)3v2. 2v/2. (©) V2. (D)2.
& Loi gidi.
Do SH L (ABCD) nén (SHC) L (ABCD) theo giao
tuyén 14 HC'. Trong mp (ABCD), ké BI L HC,I € HC.
Suy ra BI 1 (SHC). Suy ra d(B,(SHC)) =
d(A,(SHC)) AH
d(B,(SHC)) BH
= d(A, (SHC)) = 2d(B, (SHC)) = 2BI.

Ta c6: BH = 1AB:1.
1 1

3

1

B BE® "Bez  tT1T?
V2

:>B[:7:>d(A, (SHC)) = V2.

=2

Mat khac ta co:

Chon déap an @ O

Cau 38.15. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong tam O, SA | (ABCD). Goi
I 1a trung diém SC. Khoang cach tit I dén mit phang (ABCD) bang db dai doan nao?

(A) 0. B) IA. ©1c. (D) IB.

& Loi gidi.
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Ta c¢6 10 | SAva SA L (ABCD), suy ra IO L (ABCD), do d6
khoang cach tit diém I dén mst phang (ABCD) biang d6 dai doan
théng 10.

Chon dap 4n (A) O

Cdu 38.16. Cho hinh ling tru tam gidc déu ABC.A'B'C" ¢6 tat ci céc canh bang a. Khoang
céch tit A dén mit phang (A’BC) bang

B s o o

& Loi gidi.
Goi N 1a trung diém BC = AN | BC = BC 1L (A’AN). Al C’
V6i H 13 hinh chiéu ciia A lén A’N N
N !
= AH 1 (A'BC) = d(A, (A'BC)) = AH.
Ta c6 AABC déu nén AN = “\f. LN
1 1 1 1 1 R
/ 2 _ _ = - , N S

AAAB CcO AH2 _A/A2+AN2_Q2+376L2 // \\\ N N

21
= d(A, (A'BC)) = AH = “V?_.
Chon dép 4n (C) O

Cdu 38.17. Cho hinh chép tam gidc déu S.ABC ¢ canh ddy bang a. Géc gitta mat bén va mat
déy bang 60°. Khoang cach tit diém A dén mit phang (SBC) bing

3a a a 3a

Z. Z. @ 5. ?.

& Loi gidi.
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Goi H 1a tdm ctia tam gidc deu ABC. Goi M = AH N BC
suy ra M 1a trung diém canh BC. Do d6, gbc SMH = 60°.
Ké HK 1L SM v6i K € SM. Khi d6 HK L (SBC).

AM
Ta ¢6 d(4; (SBC)) = - - d(H; (SBC)) = 3HK.
Lai c6
1 1 1 12 4 16 a )
HK® HM2ZSH2 Te e g7 = Dodd
d(A; (SBC)) = Z‘L
Chon déap an @ O

Cau 38.18. Cho lang tru dimg ABC.A'B'C’ ¢6 ddy la tam gidc vuong tai B véi AB = a,
AA" = 2a, AC = 3a. Goi M la trung diém canh C'A’, I 1a giao diém cia cdc duong thing
AM va A'C. Tinh khoéng cach d tut A t6i (I BC). . )
a a a a

@d:ﬁ. d=275. @d:rﬂ. D)d= .
& Loi gidi.
Tam gidc A’AB vudng tai A nén A’B = VA'A2 + AB? =
av/5.
Mat khac ta dé dang ching minh duge BC L (AA'B) nén
tam gidc AA’BC vubng tai B = BC = VA'C?2 — A/B? = 2q
= dién tich tam gidc A’BC 13 Sy pe = a®V/5.
Mat khéc, vi I € A'C = (IBC) = (A’BC') nén
d(A,(IBC)) =d(A, (A'BC)).
Hinh chép A.A'BC c¢6 AA" L (ABC)

1 243
= Vaape = gAA' - Sapc = 5

E

Vay d = d (A, (IBC)) = 3‘;:";?} = \2/“5

Chon dap 4n (D) O
Cdu 38.19. Cho hinh ldng tru tam gidc déu ABC.A'B'C" ¢6 tat ca cac canh bang a. Tinh khodng
céch d tir diém A dén mat phang (A’BC).
2
®a-22 B -0

& Loi gidi.

av?21 a3
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Goi F la trung diém ctia BC va H 13 hinh chiéu vuéng géc A

B/
cia A lén canh A'FE \
BC 1 AE
Ta ¢ = BC 1L AH (1).
BC 1 AA

Mit khic, AH L A'E (2).

Tu (1) va (2) suy ra AH L (A'BC),
khi d6 d(A, (A'BC)) = AH.

Xét NAA'E, ta cb

A
Lo 1
AH? — AA?  AE?
147
a2 3a®2  3a?
21
VaydzAH:a\é_.
Chon dép én (C) O

Cau 38.20. Cho tt dién ABCD ¢6 AB = 2a, CD = a, ACB = ADB = 90°. Day BCD 1a tam
gidc can tai B va CBD = 2a. Tinh khoang cdch tit A dén (BCD) theo a va a.

V4sin? 2o — 2. V4sin? 2o — 1.
@sm 7 sin“ 2« sm 9 sin“ 2«
a
V4sin?2a — 1. V4 200 —
©25m2a St e ®Sln 2a sin® 2a

& Loi gidi.

Vi ACB = ADB = 90° nén ABCD ndi tiép mit cau
duong kinh AB.

Goi I 1a trung diem AB, O la tAm dudng tron ngoai tiép
tam gidc BC'D. Suy ra, OI L (BCD,).

Goi H 1a diém thuoc duong thang BO sao cho O i trung
diem ctia BH. Khi d6 AH [/ IO nén AH 1| (BCD) va
AH =201. Vay d(A, (BCD)) = AH.

Trong tam gidc BC'D ta cé

P _sopsop=
sinC'BD 2sin 2«
AB
Tacd ID = - =aq.
2
Do d6 d(A, (BCD)) = AH = 201 = 2,/TD* — OD? = 2\/a® — ——— = VAsin?2a —
4sin” 2« sin 2«

Chon ddp 4n O
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BANG DAP AN

138.1. A |[382. B |[38.3. A |[384. B |[385. A |[38.6. B |[38.7. A |[388. A |
1389. A |[38.10.B |[38.11.A [[38.12.C |[38.13.C |[38.14.C |[38.15.A |[38.16.C |
138.17.A |[38.18.D |[38.19.C |[38.20.B |
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Danc 39. PHUONG TRINH MU VA PHUGNG TRINH

LOGARIT
KIEN THI'C CAN NHG
1. Cong thirc logarit
Véia>0,a#1vab>0,c>0,taludn co
¢ 10g,n b" = = log, b, m # 0. > log, (i) — o, i &
o log,(bc) =log, b+ log, c o log,blog,c=1log,c (b#1)

2. Tinh chat
Néu ham s6 y = f(x) don diéu 1 chiéu trén mién D va ton tai u,v € D, thi khi d6 phuong

trinh

BAI TAP MAU
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CAU 39 (Pé minh hoa BGD 2022-2023).

s oA A A 2 ~ X
Co bao nhiéu so nguyén x thoa man logs ———

(A)193. B) 92. (C) 186. (D) 184.
& Loi gidi.
Tap xac dinh: D = (—o0; —4) U (4; +00).
Ta co:
o, z? — 16 r? — 16

343 27
logs 7 [log; (z* — 16) — 3] < log; (z* — 16) — 3log; 3
(logs 7 — 1) log; (2* — 16) < 3logy 7 — 3log, 3
3 (3logy 7 —log; 3)
logs 7—1

log; (2° — 16) < 3(1 + log; 3)

log; (% — 16) < log; 21°

log- (m2 = 16) <

22— 16 < 213
—V 9277 < x < V9277

(R T

Két hop dieu kién ta c6 z € {—96; —95;...; —5; 5;...;95; 96 }.
Vay c6 184 s6 nguyén x thod man.
Chon dap an @ O

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 39.1. C6 bao nhiéu cip s6 nguyén (z;y) thod man 2(z +In(z+1)) + 22+ 1 =y +¢e¥ va
0 <z <20207
(Aa)o. B)7. ©1. (D)8.
& Loi gidi.
Ta c6

2(c+In(z+1)+2°+1=y+e' < 2In(z+ 1)+ 0@ =4 4 v, (1.1)
Xét ham s6 f(t) =t +e', tacd f'(t) =1+ e’ > 0 nén ham s6 f(¢) dong bién trén R, do d6

(11) & fEh@E+1)= 1)
& 2In(z+1)=y.

Mat khéc, 0 <2 <2022nén 1 <z+1<2021 <0<y <2In2021 suy ra y € {0;1;2;...; 14;15}.
Tacoy=2In(z+1) o z=e? —1,véiy € {0;1;2;...;14; 15} thi chi c6 y = 0 dé z € Z.

Vay chi c6 duy nhat mot ciap s6 nguyén (x;%y) thod man dé bai.
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Chon dép 4n (C) O

. —9
Céau 39.2. Goi 1,2 1 hai nghiém thuc ciia phuong trinh logs —— 24 Tr—10=0.
X

2—dx+5
Tinh |z — z5].

A3, B)5. ©) V3. D) V5.
& Loi gidi.
Dicu kién: z > 2.
Khi d6, phuong trinh da cho tuong duong véi
3(z —2)

log, N T2
Og3x2—4x+5

& log;(3z — 6) — logg(v* — 4z +5) + (32 — 6) — (2* — 4z +5) = 0

— 224 T7x—11=0

& logy(3z — 6) + (3x — 6) = logy(2” — 4 +5) + (¢ — 4z +5).

2 1
Xét ham so f(t) = loggt 4t trén (0;400), ta cd f/(t) = o3 +1>0,Vt € (0;400).
n

Suy ra ham s6 f(t) dong bién trén (0; +o0c), do dé
logs(3x — 6) + (3z — 6) = logs(z? — 42 + 5) + (2* — 42 + 5)
& f(3z—6) = f(z* —4x +5)
3t —6=a—4x+5

T

s 22—Tr+11=0

_T+V6
2
~
7—V5
Tr =
2
Vay |71 — xa| = /5.
Chondépén@ O

- . e . 4r? — 4z + 1 ) .
Cau 39.3. Biét 1, x5 1a hai nghiém ctia phuong trinh log, — 5y +4r° 4+ 1 = 6z va
x

r1+ 229 = i (a + \/5) v6i a, b 14 hai s6 nguyén duong. Tinh a + b.
(A)a+b=14. B)a+b=13. (©a+b=16. D)a+b=11.
& Loi gidi.
x>0
Khi d6, phuong trinh da cho tuong duong véi

bieu kién:

21 — 1)2
log7<( mz ) >+4x2—4x+1:2x
x

& log;(2x — 1)* + (22 — 1)* = log, 27 + 2z
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. 1
Xét ham so f(t) = log; t 4t trén (0;400), ta cé f/(t) = T +1>0,Vt € (0;400).
n

Suy ra ham s6 f(t) dong bién trén (0; +oc), do dé
log,(22 — 1)* + (22 — 1) = log; 2z + 2z

& f(@2r-1)) = f(22)
& (2r—1)7 =22

3+6
T=—
54
3—5
Tr =
4
3 5 3—+5 9 —44/5
o Truong hop 1: z1 = +4\/_,x2 = 4\/_, suy ra xj + 2zg = 4\/_ (loai)
3—b 3 5 9+ 45
o Truong hop 2: x1 = 4\/_,@ = +4\/_, suy ra xj + 2zg = 4_4\/_ (nhén)
Vay a =9,b =5, suy ra a + b = 14.
Chon dap én@ O
22+ 3z +4

Cau 39.4. Phuong trinh In e +2%+42+2 cb hai nghiém 21, z5. Khi d6 21+, bang.
(A)-2. 2. (©)4. (D) —4.

& Loi gidi.

bieu kién: = < 2.

Khi do, phuong trinh da cho tuong duong véi

In(z?+3x +4) —In(—z+2) +2* + 32+ 4 — (—z + 2)
& In(2®+324+4)+ (@ +3z+4) =In(—z+2)+ (-2 +2)

. 1
Xét ham so f(t) =t +1Int trén (0;+00), ta c6 f/(t) =1+ 7> 0,Vt € (0; +00).
Suy ra ham s6 f(t) dong bién trén (0; +oc), do d6

In (2 +3z+4) + (2> + 3z +4) =In(—z + 2) + (-2 + 2)
& f(2®+324+4) = f(-2+2)
& 2 +3r+4=—x+2

r=-2+2
r=-2—1/2

=

Vay ta c6 x1 + x9 = —4.
Chon dép an (D) O
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x> —2r+1

) +2242x = 3x
3z

Cau 39.5. Biét x1, 9, (r; > 72) 12 hai nghiém ctia phuong trinh log; (
va 42, + 229 = a + /b, véi a, b 14 hai s6 nguyén duong. Tinh a + b.

@a+b:14. a+b:12. @a—l—bz?. @a+b:9.
’.‘Lbigiai.
x>0

:U;él‘

Khi d6, phuong trinh da cho tuong duong véi

bieu kién:

logg(2? — 2z + 1) —logz(z) + 2> — 20 +1=1x
& logg(r — 1)+ (x — 1)* = logy(x) +

c 1
Xét ham so f(t) = loggt 4 t trén (0;4+00), ta c¢6 f'(t) = o3 +1>0,Vt € (0;+00).
Suy ra ham s6 f(t) dong bién trén (0; +oc), do dé

logg(x — 1) + (a: —1)? = logs(z) +

(:1:—1) —x + 2)
& (x—1)2:
+4/5
T = 5
=
3-5
xr =
2

Vay 4xq 4+ 229 =9+ /5. Khi d6 a = 9,b =5, suy ra a + b = 14.
Chondépén@ O

T+ 1 1\? .
+{14+—-) +2Vr+2, g0 S
T

~ 1 2
Cau 39.6. Cho phuong trinh 5 logy(z +2) + 2 + 3 = log,
la tong tat ca cic nghiém ciia né. Khi d6, gia tri ciia S 1a.

14++/13 1—+v13

@s=-—"X=  @®s=—"" ©s=2 DS = 2.
& Loi gidi.

1

R —-2<z<—=
bieu kién: 2
x>0
Khi d6, phuong trinh da cho tuong duong véi

logo VI + 2+ (VT +2—1)" = log, (2+;>+ [<2+;>—1r

. 1
Xét ham s6 f(t) = logyt + (t — 1)? trén (0; +00), ta cd f'(t) = o T 2(t—1) > 0,Vt € (0;400).
n
Suy ra ham s6 f(t) dong bién trén (0; +o0c), do d6

log2m+(m—1)2:log2 <2+i>+ [(2+;> —1}2
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& f(m)=f<2+i>

1
& Vr+2=2+—
x

r=—1
3—+V13
& |v=—F—
34+v13
r=——
L 2
KEt hon véi didn kien. ta d r=-1 Vae g _ LT VI3
¢t hop voi dieu kién, ta duge 3413 VA 9= —5—.
r=——
2
Chon déap an @ O
~ . . 32 1
Cau 39.7. SO nghiém nguyén ctia bat phuong trinh log, ST TE L +22 -2 —-2<0Ila
202 +2x+ 3
(A)2. B) 4. ©)1. (D)3.

& Loi gidi.
3x2—|—x—|—1>
Diéu kién: { 22° +2v +3 e3+r+1>0e ek

20° + 20 +3 #0
Khi d6, phuong trinh da cho tuong duong véi

logs(32° + 2z + 1) —logs(22° + 22 +3) + 22 — 2 —2 <0
& logy(322 + 2+ 1) 4+ 322 + 2+ 1 < logy(22% 4 22 + 3) + 222 + 22 + 3

c 1
Xét ham so f(t) = loggt + t trén (0; +00), ta c6 f'(t) = o3 +1>0,Vt € (0;+00).
n

Suy ra ham s6 f(t) dong bién trén (0; +o0c), do dé
logs(322 + x + 1) + 32% + 2 + 1 < logy(22% + 22 + 3) + 22> + 22+ 3
& f(B2?+a+1) < f(20° 4 22 4 3)
& 3P +r+1<22° +20+3

&S 1<z <?2

Do x € Z suy ra x € {—1;0;1;2}. Vay phuong trinh da cho ¢6 4 nghiém nguyén.

Chon déap an O
Cau 39.8. Tim s6 nghiém nguyén ctia bt phuong trinh 22+ ~157+100 _9a*+102-50 4 2 954 15() <
0

(A)5. B)3. (©)6. (D) 4.
& Loi gidi.
bit a = 222 — 152 + 100, b = 2% + 102 — 50 ta c6 bat phuong trinh
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20 2 4 —bhb<0=24a<20+D

Xét ham s6 f(t) = 2! + ¢ trén (—oo; +00), ta ¢6 f'(t) =2 In2+ 1 > 0,Vt € (—o0; +00).
Suy ra ham s6 f(t) dong bién trén (—oo; +00), do dé

204+ a<2"+b
f(a) < f(b)
a<b

222 — 152 4+ 100 < 2% + 102 — 50

r ¢T3

10<x <15

Do x € Z suy ra x € {11;12;13;14}. Vay phuong trinh da cho ¢6 4 nghiém nguyén.
Chon dap 4n (D) O

Cdu 39.9. Tim tong tat ca cdc nghiém ctia phuong trinh

1
glogQ(az—l—Z’)) =logy(z+ 1) +2° —x — 4+ 2z + 3.

A)Ss =2 B)S=-1 ©S=1-v2 DS = 1.
& Loi gidi.
N r+3>0
Dieu kién: S>> —1.
r+1>0
Khi do, phuong trinh da cho tuong duong véi

logovVr+3—2Vr+3+x+3=logy(z+1)—2(x+1)+ (z+1)?

. 1
Xét ham s6 f(t) = logyt — 2t + t* trén (0; +00), ta c6 f'(t) = o 242t > 0,Vt € (0; +00).
n
Suy ra ham s6 f(t) dong bién trén (0; +o0c), do dé

logo VT +3 —2Vz +3+x+3=logy(x+1) —2(x+ 1) + (z + 1)
& f(Ve+3)=f(z+1)
& Ve+d=x+1

=1

=
x=—2

Két hop véi dieu kién, ta duge z = 1. Vay S = 1.
Chon dap an @ O
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Cau 39.10. Phuong trinh 2logs (cot ) = log,(cos x) c6 bao nhiéu nghiém trong khoang (0; 20187).

(A)2017 nghiém. 1009 nghiém. (C) 2018 nghiém. (D) 1008 nghi¢m.
& Loi gidi.
R sinz > 0
bieu kién: . Khi d6, phuong trinh da cho tuong duong véi
cosx >0

logs(cot x)* = log,(cos )
& logy cos® z — logy sin® z = log, cos x

& logz cos® o — logs(1 — cos® ) = log,(cos x)

Dit t = log, cosx = cosz = 2', phuong trinh trd thanh

22t
log, 1o =1

& 4'=3"-12
4t

s (= 4 =1
() +

. 4\ A\ 4
Xét ham so f(t) = (3) +4" trén (—oo; +00), ta cd f'(t) = (3) In §—|—4t In4 > 0,Vt € (—o0;+00).

Suy ra ham s6 f(t) dong bién trén (—oo; +00).
Mit khac, f(—1) = 1 nén t = —1 1a nghiém duy nhét ctia phuong trinh, do d6

log, cosz = —1

- 1
COST = —
2

& x:ig—FkQW,(kGZ)

_ 1 k< 6053
Do x € (0;20187) = 1 6 60556 . Vay trong khoéng (0; 20187) ¢6 1009.2 = 2018 nghiém.
<k<—
6 6
Chon déap an @ O
22+ 37+ 2

Cau 39.11. Phuong trinh log, 3.2 = 2% — 42+ 3 c¢6 nghiém cdc nghiém z;, z5. Hay tinh

— 5z + 8
gi4 tri ctia bieu thitc A = 22 + 22 — 3x12.

(A) —31. B) 1. (©) -1 (D)31.
& Loi gidi.
22+ 3z +2 T < =2
Khi d6, phuong trinh da cho tuong duong véi

bieu kién:

1
log, (22 + 3z + 2) — log, (32 — 5z + 8) = 3 [(32* — 524+ 9) — (2% — 3z + 2)]
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1 1
& logy(2” + 3z +2) + (27 + 31 + 2) = logy (32" — 52+ 8) + - (32" — 55+ 8)
7 \ £ 1 N , 1 1
Xét ham so f(t) = logyt + 515 trén (0; +00), ta c6 f'(t) = N + 5> 0, V¢ € (0; +00).
n
Suy ra ham s6 f(t) dong bién trén (0; +o00), do dé

1 1
logQ(x2+3x+2)+§(:c2+3x—|—2) :10g2(3x2—5x+8)+§(3x2—5x+8)
& f(*+3z+2) = f (32 — 5z +8)
& 2*+3r+2=3r" -5 +38

r=1
4
r =3
Viy A = 23 + 23 — 3129 = (71 + 22)? — By = 1.

Chon dap an O

Cau 39.12. Biét rang phuong trinh log, (1 + '%%) = 2018log, = ¢6 nghiém duy nhat z,. Khang
dinh nao sau day la dung.
W1l<zy<3mm.  B)3mr <azy<1.  (C)30m <z < 30w, (D)ay > 31w,
& Loi gidi.
Dicu kién: z > 0.
bat log, (1 4+ 2'9%9) = 20181logy x = ¢, (t > 0). Khi dd, ta c¢6

1 + 1,1009 _ 2t

22018 _ gt

= (28-1)"=3
1= ()
& (V) +1=2

NEROR
V3 V3 V3 (1Y ]

¢ t t t
2 1
Xét ham so f(t) = (2) + (2> trén (0; 4+00), ta c6 f'(t) = (2) lnT + (2> ln§ <
0,Vt € (0; +00).

Suy ra ham s6 f(t) nghich bién trén (0; +00).

(3

Mit khac f(2) = 1 nén ¢ = 2 1a nghiém duy nhit ctia phuong trinh, do dé

logy (1 + 2'%%) = 2018logg z = 2

P x1009 =3

1
& xg = 31008
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1 1 1
M30<m<@nén1<xo<3m.
ChQndépén@ O

~ . A% — 4 1
Cau 39.13. Biet 1, 29 1a hai nghiém cia phuong trinh log, <x2x+> + 422+ 1 = 6z va
x

r1 + 229 = i (a + \/5) v6i a, b 13 hai s6 nguyén duong. Tinh a + b.
(A)a+b=13. B)a+b=16. ©a+b=11. D)a+b=14.
& Loi gidi.
x>0
Khi d6, phuong trinh da cho tuong duong véi

bieu kién:

21 — 1)?
log- <($>) +4z? —dr+1 =22
2z
& log;(2z —1)* + (22 — 1)* = log; 27 + 2z
T & . . 1
Xét ham so f(t) =log,t + t trén (0;+00), ta cd f'(t) = o7 +1>0,Vt € (0;400).
n
Suy ra ham s6 f(t) dong bién trén (0; +o00), do dé

log,(2z — 1)* + (22 — 1) = log; 2z + 2z

& f(2r-17) = f(20)
& (2r—1)* =22

3+5
T=—7
-~
x = 3 V5
4
3 5 3—+b 9—-4v5
o Truong hop 1: 1 = +4\/_,x2 = 4\/_, suy ra xy + 2xe = 4\/_ (loai)
3—H 3 5 94 4v/5
o Truong hop 2: x; = 4\/_, xTg = +4\/_, suy ra ry + 2xy = ;\/_ (nhén)
Chon dép an (D) O

Cau 39.14. C6 bao nhiéu cap s6 nguyén duong (z; y) véi z < 2020 théa man log, (r—1)+21r—2y =
1+ 4Y.
(A)6. (B) 2020. (©)s. (D) 1010.
& Loi gidi.
Theo dé bai, ta c6 logy(z — 1) + 22 — 2y = 1 + 4¥ & logy 2(z — 1) + 2(z — 1) = 2y + 2%.
bat t =logy2(z — 1) = 2(x — 1) = 2.
Ta co

20t =2% 4 2 (1.2)
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Xét ham s6 f(t) =2+t trén R, ta c6 f/(t) =2'In2+1 > 0,Vt € R.
Suy ra ham s6 f(t) dong bién trén R. Do do, ta c6

(1.2) ft) = f(2t)
t =2y
log, 2(z — 1) =2y

2(x — 1) = 2%

A

r=2%"+1

1
Ma & < 2020 = 2271 41 < 2020  y < (1 + log, 2019).
ViyeZt =y e {1;2;3;4;5}. Vay c6 5 cap sd nguyén duong (z;y).
Chon dap an @ O
Cau 39.15. Cho céc sb thuc x,y théa min 2z — y = €*(2 — %) + In(2e® + ). Tim gid tri nhé
nhét ctia biéu thic P = 22 4+ y? = 20y.

(A) -19. B) —21. (C) —100. (D)o.
B Loi gidi.
Diéu kién: 2¢* 4y > 0.
Ta co

2 —y = e"(2—€") +In(2e” + y) < €2 + 22 = In (2" + y) + 26" + y (1.3)

Dit ¥ = u = 2z = Inu, phuong trinh (1.3) viét lai thanh
Inu+u=1In(2e"+y)+2"+y (1.4)

. 1
Xét ham s6 f(t) =Int + ¢ trén (0;+00), ta c6 f'(t) = n +1>0,Vt € (0;400).
Suy ra ham s6 f(t) dong bién trén (0; +oc). Do d6

(1.4) u=2e"+y
62:5 — 263: +y
y = e** — 2e”

y+1=(—1)
y>—1

L

Khi d6 P =% +y* +20y = 2° + (y +1)* + 18y =1 20+ 0~ 18 = 1 = ~19.
Déng thiic x4y ra khi va chi khi 2 = 0,y = —1.
Chon dép an (A) O
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4r + 2019

Cau 39.16. Cho phuong trinh logy, ————
o phuong trin Og2x2—2x+3

phuong trinh la.

@As. ®)6. ©)4. D)2.

= 2% — 62 — 2016. Tong tat ca céc nghiém cia

& Loi gidi.
N 4 2019 2019
Khi d6, phuong trinh da cho tuong duong véi
dr+2019

& logy(4x + 2019) — logy (2 — 22 + 3) = (2° — 22 + 3) — (4x + 2019)
& log,(4x 4 2019) + (4 + 2019) = log,(2* — 2z + 3) + (2% — 22 + 3)

< 1
Xét ham so f(t) = logyt + t trén (0; +00), ta cb f'(t) = oo +1>0,Vt € (0;400).
n

Suy ra ham s6 f(t) dong bién trén (0; +o0c), do dé

log, (47 + 2019) + (42 + 2019) = logy(z* — 2z + 3) + (2* — 27 + 3)
& f(4z+2019) = f (2° — 22+ 3)

& 4r+2019=2%2—22+3
T =48

xr = —42
Vay z1 + xo = 6.
Chon dap an O
Cdu 39.17. Tinh tong tat ca cdc nghiém ctia phuong trinh
234322 —3r -5

1 1) =2° :
0g o +(rz+1)°=2"4+62+7
A -2. B)o. (©—2 -3 (D) -2+ V3.
& Loi gidi.
. 2+ 32 —3x -5 —1-Ve<z<-1
bieu kién: 5 >0 & :
e+ 1 —1+V6<z

Khi d6, phuong trinh da cho tuong duong véi

log(x® +32* — 3z —5) —log(z* + 1) =2* + 62 + 7 — (z + 1)
& log(x® +32% — 320 —5)+ (2° +32° — 3v — 5) = log(z® + 1) + 2> + 1

. 1
Xét ham so f(t) =logt + t trén (0; +00), ta c6 f'(t) = T +1>0,Vt € (0;4+00).
n

Suy ra ham s6 f(t) dong bién trén (0; +o0c), do d6

log(x® +32* — 3w — 5) + (2° + 32* — 3v — 5) = log(z* + 1) + 2* + 1
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& f(2*+32° =3z -5)=f (2" +1)

& 2P+ 32 -3r-5=a2+1
T = —2
s |lr=-V3
z=13
B . z=13
Két hgp véi dieu kién suy ra phuong trinh c6 hai nghiém
T=-V3
Vay tong hai nghiém ctia phuong trinh bang 0.
Chon dap an O

~ 1 27 + 1 1)
Cau 39.18. Cho phuong trinh 5 logy(z 4+ 2) + z + 3 = log, T + (1 + > +2vr+ 2,201 S
x x
la tong tat ca cic nghiém ciia né. Khi d6, gia tri ciia S 1a.
14+ V13 1—+v13
A)s=2. ®s=—"Yr"  ©s=-2 Ds=-—""
& Loi gidi.
1
. —2<r<-—Z
bieéu kién: 2
x>0
Khi d6, phuong trinh da cho tuong duong véi

1og2\/z+2+(\/x+2—1)2:10g2 (2+i)+ [(2+;>—1r

2 1
Xét ham s6 f(t) = logyt + (t — 1)? trén (0; +00), ta c6 f'(t) = T3 +2(t—1) > 0,Vt € (0;+00).
n
Suy ra ham s6 f(t) dong bién trén (0; +o00), do dé

logg\/$—+2+(\/x—+2—1)2:log2 (2—1—;)—1— [(2—1—;) —1r
& f(\/x—+2)=f(2+i>

1
& Vr+2=2+ -
x

r=—1
3—v13
= T = 9
$_3+\/13
2
r=—1
. s o 1+VI3
Két hop véi dieu kién, ta dugc _3+\/1—3.VayS—T.
2
Chon dap 4an (B) O
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Cau 39.19. Cho phuong trinh log(z — 3) + 2v/z — 3 + 62 — 16 = 2log(z — 4) + 2(x — 3)3 c6 mot

nghiém c6 dang x = ot \/5, trong d6 a,b 1a hai s6 nguyén duong. Gia tri ctia biéu thiic a + b
bang.

(A)14. 5. (©)o9. (D) 10.
& Loi gidi.

Diéu kién: z > 4.
Khi dé, bat phuong trinh da cho tuong duong véi

;log(x—?))—|—(x—3)\/x—3+3\/x—3+3(x—3)+1zlog(x—4)+(x—4+1)3
& log\/x—B—i—(\/x—3—|—1)3:log(x—4)+(:c—4—|—1)3

c 1
Xét ham s6 f(t) = logt + 3 trén (0; +00), ta c6 f/(t) = oo +3t% > 0,Vt € (0;+00).
n

Suy ra ham s6 f(t) dong bién trén (0; +o0c), do dé

log\/x—B—l—<\/$—3—|—1)3:log($—4)—|—($—4+1)3
& f(Va=3)=fz-4)

& r—3=x—4

9++5
Tr = 1
=
9—+5
Tr =
4

Két hop véi dieu kién, ta dudge x = ,suyraa=9,b=>5. Vay a + b = 14.
Chon dap 4n (A) O

1 1)\?
v +<1+> + 2V T2, goi S
xXr

- 1 2
Cadu 39.20. Cho phuong trinh 5 logy(z +2) + 2+ 3 = log,
13 tong tat ca cac nghiém ciia né. Khi d6, gid tri ctia S 1a.

14+ V13 1—+13

@s="X=  ®s=—""  ©s=2 DS =2

& Loi gidi.
1

R —2<r<—C
Diéu kién: 2,
x>0
Khi d6, phuong trinh da cho tuong duong véi

1og2\/x—|—2+(\/x+2—1)2:10g2 <2+:1U)+ [(2+;)—1]2

. 1
Xét ham s6 f(t) = logyt + (t — 1)2 trén (0; +00), ta cd f'(t) = I3 +2(t—1) > 0,Vt € (0;+00).

Suy ra ham s6 f(t) dong bién trén (0; +oc), do d6

log2m+(m—1)2:log2 <2+i>+ [(2+;> —1}2
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& f(m)=f<2+i>

1
& Vr+2=2+—
x

r=—1
3—V13
= T = 9
3+ V13
xr =
L 2
r=—1
Keét hgp vai dieu kién, ta duge x_3+\/ﬁ'
2

1+ 13
Vay S — +2\/__

Chon dap 4n (A)

BANG DAP AN

139.1. C |[39.2. D ][39.3. A |[39.4. D |[395. A |[39.6. A |[39.7. B |[39.8. D |

139.9. D |[39.10.C |[39.11.B |[39.12.A |[39.13.D |[39.14.C [39.15.A |[39.16.B |

139.17.B_ ][39.18.B |[39.19.A [[39.20.A |
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Danc 40. TICH PHAN HAM AN

KIEN THO'C CAN NHO
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1. Dinh nghia

Néu ham s6 f(z) lién tuc trén [a;b] va F(z) 1a mot nguyén ham cta f(z) trén [a;b] thi

Tén goi
b
. /f(x) dx doc 1a “Tich phan tit a dén b clia f(z)dz”.

e a va b goi la hai can ctia tich phan, trong dé a la can dudéi va b la can trén.

e (x) goi la cdng thitc Newton-Leibnitz.

2. Tinh chit : .
a) /[mf(x)ing(x)]d:p:m/f(x)dxj:n/f(m)dx

a

b) /bf($)dx:/Cf(x)dx+/b($)dx,Vc€ [a; b].
c) /bf(w)dx:—/af(x)dyc;/af(x)dxzo.

d) /bf(x)da::/bf(t)dt:/bf(u)du:...

3. Phudng phap déi bién sb
Cho ham s6 f(z) lién tuc trén doan [a;b]. Gid st hAm s6 x = ¢(¢) c¢6 dao ham lién tuc trén

doan [«; 8] sao cho ¢(a) = a, ¢(B) =bvaa < ¢(t) < b v6i moi t € [o; B]. Khi d6

b B
[ f@ydz= [ r(o(t)¢'®at

4. Phuong phap tich phan tirng phan

Néu u = u(z) va v = v(z) 1a hai ham s6 c¢6 dao ham lién tuc trén doan [a;b] thi

/ w(@) - v'(2) dz = [u(z) - o(z)]

hay /udv:(u-v)
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BAI TAP MAU

CAU 40 (Pé minh hoa 2023 - BGD&DT).
Cho ham s6 f(z) lién tuc trén R. Goi F(x), G(x) 1a hai nguyén ham cta f(z) trén R thda man
2

F(4) + G(4) = 4 v& F(0) + G(0) = 1. Khi d6 /f(2x) dz bing
0
3 3
Aa)s3. B) - (©)s6. (D) =
& Loi gidi.

1
bat u = 22 = du = 2dx hay dz = Edu.
Khi = 0 thi u(0) =0, x = 2 thi u(2) = 4.

Khi d6
jf(Q:c)dx = ;Zf(u)duzéj iljf d“/f ]
_ i [(F(4) — F(0)) + (G(4) — G(0))]
— i [(F(4) + G(4)) = (F(0) + G(0))] = i-
Chon d4p &n -

@ BAITAP TUONG TY VA PHAT TRIEN
Cau 40.1. Cho ham s6 f(x) lién tuc trén R. Goi F(z), G(x) 1a hai nguyén ham ctia f(x) trén R
—4
thoa man F(—25) + G(—25) = 6 va F(—33) + G(—33) = 9. Tinh /f(Sx +7)da.
3 ” 3

(A)15. ® - (C) -3. @g'
B Loi gidi.
bat u =8z + 7 = du = 8dx, hay dox = ;du.
Khi x = —5 thi u(—5) = =33, x = —4 thi u(—4) = —25.

Khi d6
- —25 ' o -
_/5f(8x+7)dx = S/f du—8/f 6[_4f dx—i—_éf ]
- 116 [(F(=25) = F(=33)) + (G(=25) — G(-33))]
- 116 [(F(=25) + G(=25)) — (F(=33) + G(—33))] = _1?%'
Chon dap 4n .
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Cau 40.2. Cho ham sb f(x) lién tuc trén R. Goi F(x), G(x) 14 hai nguyén ham ctia f(z) trén R
5
thoa man F(22) + G(22) = —1 vi F(—33) + G(—33) = 0. Tinh / (52 — 3)da.
26
1 1

11. —11. —. -
@ ® i0 i0
& Loi gidi.

1
bat v = 5r — 3 = du = 5dx, hay dx = gdu.
Khi 2 = —6 thi u(—6) = —33. Khi = 5 thi u(5) = 22. Khi d6

/f(5x ~3)dz = ; / Flu)du = ; / fla)de = 110 / F(a)de + / f(x)dx]
= 110 [(F(22) — FI(=33)) + (G(22) — G(-33))]
_ 110 (F(22) + G(22)) — (F(—33) + G(—33))] —110.
Chon dap an @ O

Cau 40.3. Cho ham sb f(x) lién tuc trén R. Goi F(x), G(x) 14 hai nguyén ham ctia f(z) trén R
7
théa man F(52) + G(52) = 0 vi F(—46) + G(—46) = —8. Tinh / (72 + 3)da.
7
4 1 4
@ - ®s. © 7R © 0
& Loi gidi.
1
bat u="7r+ 3 = du = 7dz, hay dz = §du.
Khi = —7 thi u(—7) = —46. Khi o = 7 thi u(7) = 52. Khi d6

7 52 52 52 52
/7f(7x +3)dz = ;4/6 Flu)du = ;ZG fla)de = 114 ZG f(a)de +ZG f(x)dx]
= 114 [(F(52) — F(=46)) + (G(52) — G(—46))]
1

4
71 [(F(52) + G(52)) — (F(—46) + G(—46))] = =

Chon déap an @ O
Cau 40.4. Cho ham sb f(z) lién tuc trén R. Goi F(x), G(x) 1a hf;i nguyén ham cia f(x) trén R
thoa man F(132) + G(132) = 3 v F(—28) + G(—28) = 8. Tinh /f(8x ~ 4)dz.
-3
) D
(A)5. B) 5. o T
& Loi gidi.
bat u =8r — 4 = du = 8dx, hay dx = ;du.
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Khi z = —3 thi u(—3) = —28. Khi z = 17 thi u(17) = 132. Khi d6

132

Zf(&"v— / /:f( )dx—m[/f dx+72f ]

28
1

= - [(F(132) — F(=28)) + (G(132) — G(-28))]
=1KPYl32>+w?032»-—<PK—28)+-G(—28»]::_fz_

(=}

—_
(=}

Chon dép 4n (C) O
Cau 40.5. Cho ham s6 f(x) lién tuc trén R. Goi F(z), G(x) 1a hai nguyén ham ctia f(x) trén R
21

thoa man F(147) + G(147) = 2 vi F(28) + G(28) = —3. Tinh / F(7z)dx

5 5
(A)5. B) o (©) ->. 0
& Loi gidi.
1
bat v = 7r = du = 7dz, hay dz = ?du.
Khi z = 4 thi u(4) = 28. Khi x = 21 thi u(21) = 147. Khi d6

4/ /f 7/f dx—M[/f dx+/f ]
_ 114 [(F(147) — F(28)) + (G(147) — G(28))]

1

T4

Chon dép 4n O

Cau 40.6. Cho ham s6 f(x) lién tuc trén R. Goi F(z), G(x) 1 hai nguyén ham ctia f(x) trén R
12

(FO147) + G(147)) — (F(28) + G(28))] = 154

théa man F(90) + G(90) =4 va F(27) + G(27) = 9. Tinh /f(?x + 6)dz.

3

5 5
(A)s5. ® (©) 5. 0
& Loi gidi.
1

bat u="7r+ 6 = du = 7dz, hay dz = §du.
Khi z = 3 thi w(3) = 27. Khi x = 12 thi «(12) = 90. Khi d6

Jroesons = o= T [rone Lo
— 114 [(F(90) — F(27)) 4+ (G(90) — G(27))]
1 5
= [(F(90) + G(90)) = (F(27) + G(27))] = — -
Chon dap 4n (D) -
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Cau 40.7. Cho ham sb f(x) lién tuc trén R. Goi F(x), G(x) 14 hai nguyén ham ctia f(z) trén R
7
thoa man F(20) + G(20) = —4 va F(8) + G(8) = 8. Tinh /f(2a; +6)da.
1
(A)3. B) 4. (©) -3. (D) —4.
& Loi gidi.
1
bat v =22 + 6 = du = 2dz, hay dz = idu.
Khi 2 = 1 thi u(1) = 8. Khi & = 7 thi u(7) = 20. Khi d6

[ 2 +6)de = ;/f(u)du: 1/f(x)dx :i [/f(x)der/f(x)dx]
- i [(F'(20) — F'(8)) + (G(20) — G(8))]
= L re0) + 620) - (F®) + G(8)] = -3
Chon déap an @ O

Cau 40.8. Cho ham sb f(z) lién tuc trén R. Goi F(x), G(x) 14 hai nguyén ham ctia f(z) trén R
12

thoa man F(30) + G(30) = 5 va F(2) + G(2) = —3. Tinh / £(22 + 6)da.

)

(Aa)2. B)s. (©) —2. (D) -8.
& Loi gidi.
1

bat u =22 + 6 = du = 2dx, hay dox = §du.
Khi = —2 thi u(—2) = 2. Khi z = 12 thi u(12) = 30. Khi d¢

/f (2z +6)d ;/ = ;/f(x)dzzc:j1 /f(x)d:v—i—/f(x)d.r]
= i [(F(30) = F(2)) + (G(30) — G(2))]
= i [(F(30) + G(30)) = (F(2) + G(2))] = 2.
Chon dép an (A) O

Cau 40.9. Cho ham s6 f(x) lién tuc trén R. Goi F(z), G(x) 1 hai nguyén ham ctia f(x) trén R
6
thoa man F(50) + G(50) = —2 va F(—58) + G(—58) = —7. Tinh / F(9z — 4)da.
6
5 5 5 5
& Loi gidi.

1
bat u =9z — 4 = du = 9dzx, hay dz = §du.
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Khi z = —6 thi u(—6) = —58. Khi 2 = 6 thi u(6) = 50. Khi d6

/Gf(9a: ~)dr — ; 7)f(u)du _ ; 7f(x)dx _ 118 [7f<x)dx + 7)f(:c)dw]

—6 —58 —58 —58 —58

- 118 [(F(50) — F(—58)) + (G(50) — G(—58))]
- 118 [(F(50) + G(50)) — (F(=58) + G(—58))] = 158
Chon déap an @ =

Cau 40.10. Cho ham sb f(x) lién tuc trén R. Goi F(x), G(x) 1a hai nguyén ham ctia f(z) trén

10
R thoa man F(32) + G(32) = —8 vi F(—44) + G(—44) = —3. Tinh / f(4z — 8)da.
B

5 5 5 5
oH = GH DN
& Loi gidi.
1
bat u = 4r — 8 = du = 4dx, hay dx = Zdu.
Khi z = =9 thi u(—9) = —44. Khi x = 10 thi «(10) = 32. Khi d6

/f(4x —8)dz = i flu)du = i / fz)dr = ; / fz)dz + / f<f6)d%‘]
= £ [(F(32) — F(~449)) + (G(32) — G(~44))
_ ; [(F(32) + G(32)) — (F(—44) + G(—44))] = —Z-
Chon dap an -

7 3
Cau 40.11. Cho ham s6 f (z) lién tuc trén R thoa man / () dz = 10, / f () dz = 6. Tinh
0

0

I= /f(\3—2:v\) dz.
@16. B) 3. (©) 15. (D)8.

& Loi gidi.
7

Vi/f(x) dx:]f(x) dx—/gf(x) dz = 4.

3
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batt=3-2r = dt = -2dex. Khiz =-2=t=7=3=1t=-3.

7

5ty dr = [ el ar

-3

_ifw0&+ijD&]

3

_Q/f(t) dt+/7f(t) dt]

L 0

= —(2-6+4)=8.

=1 =

\1\&

N | —

N~ N~

Chon déap an @ O
3

Cau 40.12. Cho ham s6 f(x) lién tuc trén R. Biét /sm 2¢ - f (cos’z) dz = 1, khi d6 I =
0

1
/[2f(1—x)—3x2+5] dz bang

0 (A)6. B) 4. (©)>5. D)3.

& Loi gidi.
5

Ta co /SmQx f cos :v) de=1 (%)
0

, r=0=t=1
Dit t = cos?z = dt = —2cosz - sinz dr = —sin 2z dz. Doi can T

Tit (+) suyra—/f(t) dt:1<:>/f(t) dt = 1.

0

Xét tich phan /f (1 —z)dz.
0

) r=0=>t=1
batt=1—2 = dt = —dx. D6i can

r=1=t=0.
1

Suyra/lf(l—ac) dx:—/of(t) dt:/f(t) dt =

0

Do do

1 1 1

I = /[2f(1—a:)—3m2+5] dx:2/f(1—x)dx+/(—3a:2+5)dx
0 0 0
1
— 2/f(1—a:)d:l:+4:2-1+4:6.

0

Chon dép an (A) O
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Cau 40.13. Cho ham s6 f (z) théa man f (2) = 25 va f’' (z) = 4x+/f (z) v6i moi x € R. Khi d6

3
/f (z) dz bang

1073 @) b8 838 1016
15 15 15 15
B Loi gidi.

Ta c¢6 f'(x) = 4z+/f (x) > 0, Vo € [2;3]. Suy ra ham s6 f(x) dong bién trén [2;3].
Suy ra f(z) > f(2) =25= f(x) >0, Vx € [2;3].
Do d6, ta ¢ f'(x) =4/ f (z) = o) =dx,Vz €1[2;3] (1).

Vi@ |
Ly nguyén ham hai vé ciia dang thic (1) ta c6 / j% dox = /4$ dx.
x

Datt = /f (z) = t* = f(z) = 2tdt = f' (z) dz.

Ta cod

/2;dt=2:)32—|—0=>2\/f($):2x2—|—0.
= 2/f(2)=2-224+C=2-V25=84C=C=2
= \/m:x2+1:>f(x):(x2—l—1)2.

3

3
Suyra/f(x) dx:/(x2+1)2 dx:81358.
2 2
Chon dap a’m@ O

1
Céu 40.14. Cho ham s f (z) théa man /(:H 1) f/(z) de = 10 va 2f (1) — £(0) = 2. Tinh
1
I=1|f(z)de.
/
(A)1=1. B)1=s. ©1=-12 D)1= -8

& Loi gidi.
Goi f(z)=ax+b, (a#0)= f'(z) =a.
Theo gia thiét ta cé

. /(x+1)f’(a:) dz = 10

1 1
<:>a/(a:'—i—1)dx:10<:>/(x+1)dx:—<:>f:—:>a:—.
0 0

. 2f(1)—f(0):2<:)2-<230+b>—b:2<:)b:—334.
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20 34
Do dé —r— —.
o do, f() 5%~ 3
1720 34
Vay[—/f dx—/ (x—)dx:—é%
0o \3 3
Chondapan@ O

Cau 40.15. Cho ham s6 y = f (z) lién tuc trén R va théa man f (—x) + 2018f (z) = 2z sinz.

3
Tih [ = /f(x) dz.
2‘% 2 4 2
@ 2018 1009 @ 2019 @ 2019
& Loi gidi.
Ta co
3 3
/ (f (—x) +2018f (z)) dz = / 2z sin x dx
> 2
3 3 3
& / f(—x) dz + 2018 / f(x) de = / 2z sinx dz
> 2 :
3 3
& 2019/f(x) dz = /szinxd:c (1).
> >
2 u =2z du =2dzx
Xét P = / 2z sinx dz. Dat =
e dv =sinzdx v = —COS .
2
P =2z (—cosx) ’5 + 2811135‘57r =4.
2 T2
2 4
Tit (1 -/ =
u (1) suy ra A f(z) de 5010
T2
Chon dép 4n (C) O

Cau 40.16. Biét /f (sinz) dz = 1. Tinh /xf (sinz) dz.
0 0
1
®7 B0 ©n b
& Loi gidi.
Ta chimg minh rang néu ham s6 f (z) lién tuc trén [a; b] ma f (a + b —2) = f (x) thi
b

/a:f( a+b/f

a
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That vay, dat u=a+b —x = du = —dz.

Ta c6
b b b
/xf(a:) de = (a—l—b)/f(m) dx—/(a—l—b—m)f(a—l—b—x) dz
a [lb C/Lu(b)
= (a+0) [ f@) det [ uf () du
a u(a)
b a
_ (a+b)/f(x) dm+/xf(:n) de
ab bb
= (a—i—b)/f(ac) dx—/xf(x) dz.
b p b
Do d6 [ af (x) dx:a; [ @) d
Vay [ o f (sinx) do == f (sinx) do = =,
Jottansyia - iy -

Chon dép an (A) O
~ N £ , N $+7 3 « X N
Cau 40.17. Cho ham so f(x) ¢6 f(2) = 0 va f'(z) = —(——=, Vx € <;+oo>. Biet rang

20 — 3 2

7
/f (5) dr = = (a,b € Z,b>0), 7 la phan sb téi gian. Khi d6 a + b bing

4
(A) 250. B) 251. (C)133. (D) 221.

& Loi gidi.
7
Xét ngayén ham J = [ \/%dx.
2
3
Détu=V2x—3:>u2:2:17—3:>udu:dx.Suyrax:u; :
Do dé
u?+3 ) (uQ 17)
J_/< S+ T) du= [ (5 + ) du
51 V2r—3)° 1
SIS (PPN CETISE ) MG N e B0
6 2 6 2
1 17 —26
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Suy ra
Rz [ (vz=3)" 17 26
/f<2> dr = / G ?\/x—S—i- 3 ]dx
4 4 L
w32 17 L _og]
T —3)2 1 —
= —(r—32+—|d
/ 6 y =3+ | de
4 L -l
5 326 1|
{15(93 9+ =9 - a|
_ —66  —434 236
5 15 15
Suy ra a = 236;b =15 = a + b = 251.
Chon dép 4n (B) O

2 1
Cau 40.18. Cho ham sb f (x) lién tuc trén R va f (2) = 16, / f(z) de =4. Tinh I = / of (22) dx.
0 0

(A)20. B) 13. ©7. D) 12.

B Loi gidi.
Ta c6
1 1 1
[ = /xf’(Zx) dx—§/xd(f(2x))
0 0
| g
= = 2 - — 2x) d
3ol (20 2O/fuc) '
1 1}
— SU@-0-7 [rende)
17 0
= 8—1 f(u) d(u) v6iu =2z
_g_1o7
Chon dép &n (C) O

2
Cau 40.19. Cho ham sb f (z) ¢6 dao ham va lién tuc trén [0; 1], théa man /f (x—1)dz=3va
1

1
£(1) = 4. Tich phan /:c3f’ (2?) da.
0

@1 ®) -1 ©-5 D).

2
& Loi gidi.
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R r=0=t=0
Dit t = 22 = dt = 2x dz. Dai can
r=1=t=1

Ta co
O/lm?’f’ (2?) do = ;jtf’(t) dt:;/td[f(t)]

= L | —]f(t)dt]

= ; f(l)—o/f(x)dw]-

Laicéif(x—l)dx:/Qf(x—l)d(x—l)

2

“:_xl>/f(x_1)dx:/lf(u)du:/lf(x)dx:&

1

1
1 1
Suy ra/ng’ (2*) do = 5(4—3) =35
0
Chon dap 4n (D) O

Cau 40.20. Cho ham s6 f(x) c6 f(1) = 1 va f'(z) = —122%, Ve > 0. Khi d6 I = /f(x) dz

bang
3 3 2 2
@I:_i‘ 1:5. ©r1==-1. D)I=1-=.
B Loi gidi.

Ta ¢é

1 1 1 1
_ 2T —d(lnx):ﬂ— — dz
T T x x
1 1
- X0
r
1 1
Dof(l)=1nénl=14+C<« C=0.Suyra f(z) = nrel
T
Do d6
5} [S] 1 1
I = /f(x)d:c—/(nx+ )dx
1 1 v
r na+1)%] 1
= /(lnx—l—l)d(lnx—kl):(nx;) :2—2:2_
1 1
Chon dap an (B) 0
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BANG DAP AN

140.1. B ][40.2. D |[40.3. A |[404. C |[405. B ||40.6. D [[40.7. C |[408. A |
140.9. C ][40.10.B |[40.11.D [[40.12.A ]|40.13.C ||40.14.D [[40.15.C |[40.16.A |
140.17.B_ ][40.18.C |[40.19.D [[40.20.B |
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Danc41. CUCTRI

KIEN THO'C CAN NHO

1. Cuc tri

o S6 cyc tri clia ham s6 1a s6 nghiém don hoic boi 18 ctia phuong trinh f/(z) = 0.

« Do dé, dé tim sb dieu kién dé ham s6 c6 n cuc tri thi ta di tim diéu kién ctia m dé phuong

trinh f'(z) = 0 ¢6 n nghiém bdi 1€.

o Ta thuong phan li m ctia phuong trinh vé dang m = g(z) va diing cong cu khio sat ham

so tim dieu kién m thoa man bai toan.

« Phuong trinh dudng thing qua cdc diém cuc tri ctia ham sb bac ba y = az® + bz + cx +

d,(a#0) la
2c 2b2> be
(= _ 2= d— —
9(z) (3 9/ T 94
hoac
B y/‘y//
g(z) =y =
hoac
y/'yll
9(£) =Yy- 3y

o Gia stt ham s6 y = az* + bz + ¢ ¢6 ba cuc tri, thi toa d6 ba diém cuc tri la:

(2o 2)

BAI TAP MAU

CAU 41 (Pé minh hoa BGD 2022-2023).
C6 bao nhiéu s6 nguyén m dé ham sé y = 2° — 322 — ma + 4 c6 hai diém cuc tri thuéc khoéng
(—3;3)7
(A)13. (B) 10. ©12. D)11.
& Loi gidi.
Ta cé

y =32° — 62 —m

Ham s6 c6 hai diém cuc tri thuoc khoang (—3;3) khi va chi khi phuong trinh 3 = 0 c¢6 hai
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nghiém phan biét zq, xs € (—3;3).
327 —6r—m=0
c6 hai nghiém phéan biét z1, x5 € (—3;3).
& m = 32? — 6z
c6 hai nghiém phan biét x1, zs € (—3;3).

Xét ham s6

f(z) = 32° — 6.

Ta co

Béang bién thién

75 -3 1 3
f'(x) - 0 +
45 9
f(z) \ /
-3

Dua vao bang bién thién ta c6 —3 < m < 9.
Vay m € { —2;-1;0;...;8}.
Chon dép an (D)

@© BAITAP TWONG Ty VA PHAT TRIEN

Cau 41.1. Tinh tong cic gid tri nguyén duong ctia tham s6 m dé ham s6 y = 2* + (m — 5)22 +5

c6 3 diém cuc tri.

(A)4. B) 10. (©) 15. (D) 24.
B Loi gidi.
Ta co

y = 42® 4+ 2(m — 5)x
=9y =0&2222° +m—5)=0

20 =10
~
202 +m —5=0
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x =0
=
202 = —m+5 (1).
Ham s6 y = 2* + (m — 5)2? + 5 ¢6 3 diém cuc tri khi va chi khi phuong trinh (1) ¢6 2 nghiém
phan biét khéac 0

—m+5>0 m <5
& & S m < 5.

2-0°4+m—5#0 m#5
= m € {1;2;3;4}.

Viay tong cac gia tri nguyén duong ctia tham s6 m bang 10.
Chon déap an O

CAu 41.2. Tim tong tat cd cic gid tri nguyén clia tham s6 m trén (—10;10) dé do thi ham sb
y =2 + 22 + ma — 1 ¢6 diém cuc tiéu clia nam bén phai truc tung.
(A)o. (B) —55. (C) —45. (D) 45.
& Loi gidi.
Ta cé

y =324+ 2x+m

Dé ham s6 c6 cuc tiéu, titc ham s c¢6 hai cuc tri thi phuong trinh 4 = 0 ¢6 hai nghiém phan biét
Diéu nay tuong duong v6i phuong trinh 322 + 2z +m = 0 (1) c6 hai nghiém phan biét; (1) c6
hai nghiém phén biét khi va chi khi

1
A’:1—3m>0(:>m<§.

Khi dé (1) c6 hai nghiém phan biét zcp, reor 13 hoanh d6 hai diém cuc tri. Theo dinh Ii Viet ta

co 5
Top + Xor = —g <0 (2)
m )
Tep - Ter = = (3)
3
trong do
Zcep < Tt

vi hé s6 ctia 2 16n hon 0.

Dé cuc tiéu ciia d6 thi ham sé nam bén phai truc tung thi phai co:
rcer > 0,
két hop (2) va (3) suy ra (1) c¢6 hai nghiém trai dau

m
<:>xCD~:cCT:§<O<:>m<O.
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1
Mam < o,m € (=10;10),m € Znén m € { —9; =8 =T;.. ;s —1}.
Vay tong tat ca cac gia tri ciia tham sé m théa man YCBT la: —45.

Chon déap an @ O
3
Cdu 41.3. C6 bao nhiéu gi4 tri thuc ctia tham sé m dé d6 thi ham s6 y = % —(5m?*=3m—1)x?+

(2m + 1)x + 1 ¢6 hai diém cuc tri A, B sao cho A, B cdch déu duong thang A: z — 1 = 0?

(A)1. B)o0. (©)2. (D)3.
& Loi gidi.
Tap xac dinh: 2 = R.
bao ham:

y =2*—2(5m* —3m — D)o +2m+1
Y =0s22-2m?*-3m—-Dz+2m+1=0 (1)

Do thi ham s6 c6 hai diém cuc tri A, B khi va chi khi (1) ¢6 hai nghiém phan biét.
Khi do:
AN>0e6Gm?—3m—12-2m+1)>0 (%)

V6i diéu kién (), phuong trinh (1) c6 hai nghiém phan biét x;, 5 théa man

Ty + 1y = 2(5m? — 3m — 1)
(%)
T, -Tog=2m+ 1.

Gia sit toa do hai diém cuc tri

3
A <$1; % — (5m* —3m — D)a? + (2m + 1)z, + 1)

3
B (xg; % — (5m2 — 3m — 1)a2 + (2m + D)zy + 1) .
Theo gid thiét, hai diém cuc tri cdch déu dudng thing A: 2 — 1 = 0 nén ta cé
d(A,A) :d(B,A) <~ ’(’El — 1‘ = ’$2 — 1‘ S 1+ 19 = 2.

Két hop véi hé (x*) suy ra

m=1
2(5m* —3m—1)=2s5m*—-3m—-2=0<& 9
m=——.
bt
- 2 7, o X PN A 2 2 ~
Kiém tra véi dieu kién (%) thay m = —x thoa man.
Vay c6 1 gia tri thuc ctia tham s6 m théa man yéu cau bai toan.
Chon dap 4n (A) O
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Cau 41.4. Téng tat ci cac gid tri cia m dé d6 thi ham s6 y = 2° + 322 4+ m — 1 ¢6 hai diém cuc
tri A, B sao cho tam giac OAB vuong tai O.
(A)4. B) -3. (©) 2. (D)2.

& Loi gidi.

Ta cé
r=0y=m-—1

Yy =32 +62=0= = A(0;m — 1), B(—2;m + 3).

rT=—-2;y=3+m

Tam giac AOAB vuong tai 0 khi va chi khi
OA-OB=0&m=1Vm=—3.

Kiém tra lai m = 1 = A(0;0) = O nén loai m = 1.
Vay chi ¢c6 m = —3.
Chon dap 4n (B) O
Cau 41.5. Cho ham sb6 y = —2® — 322 + 4. Biét rang cé hai gid tri mq, me cla tham s m dé
dudng thing di qua hai diém cuc tri ctia dd thi ham s6 tiép xic v6i dudng tron (C): (z —m)? +
(y —m — 1)% = 5. Tinh tong m; + m.

@ml—l—mg:—G. m1+m2:10. ©m1+m2:6. @ml—i—mg:O.
& Loi gidi.
Ta cé

y = —32% — 62

va
r 1Y\,
=|=4+ = 2 4
Y <3+3>y+ T+ 4,

suy ra phuong trinh dudng thiang di qua hai diém cuc tri ctia dd thi ham s6 1a
y=2r+4<2x—y+4=0,(A).

Duong tron
(C): (x—m)*+(y—m—1)>=5

¢6 tam I(m;m + 1) va ban kinh R = /5.

Pudng thang (A) tiép xtc véi duong tron (C) khi va chi khi

om —m —1+4 m =2
[2m = m +|=\/5<:>|m+3|:5<:>
\/3 m = —8&.

d(I,(A) =R &

Vay m; + mg = —6.
Chon dap 4n (A) O
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Cau 41.6. Tim tat ca cdc gid tri ctia tham s6 m sao cho do thi ham s6 y = 24+ (m+1)2% —2m—1
¢6 ba diém cuc tri 1a ba dinh ciia mét tam gide cé mot géc bang 120°.
2
m < —1. m=—-—1——, m=-—1.
@ 1 ®) 7
m=——=. m=—1——_.
On-— D=1
& Loi gidi.
Tap xac dinh: ¥ = R.

Ham s6 ¢6 ba diém cuc tri & m+1<0 & m < —1.

Khi dé

-m—1 (m+1)>? -m—1 (m+1)>?
A(0;—2m —1),B [ —/ - —om— \/ .- —om—
(0;—2m — 1), ( 5 1 2m 1),0( 5 1 2m — 1
va

1)? .
H (O; _(ml—) —2m — 1) (H la trung diem BC).

Do tam giac ABC' can tai A = A = 120°.

Ta c6
BH = AH tan60°
12
oM+ e mt]
4 2
3(m+1)* m+ 1
S -1 = —
16 2
&3(m+1)P = -8
2
< m = —1— —= (nhén).
7 (nhan)
Chon dép an (D) O

Cau 41.7. Cho biét do thi ham s6 y = z* — 2ma? — 2m? + m* ¢6 3 diém cuc tri A, B, C cung
v6i diem D(0; —3) 1a 4 dinh ctia mot hinh thoi. Goi S 13 tong céc gid tri cia m théa man dé bai
thi S thudc khoang nao sau day?

) 9 5)

@s€<o;2). 56(2;6>. @Se<1;2>. D)S € (2;4).
& Loi gidi.
Ta co
y =zt — 2ma® — 2m? + m*
c6 3 diém cuc tri A, B, C
y =42 — dma = 4x(2* — m)

c6 3 nghiém phan biét suy ra m > 0.

Khong lam méat tinh tong quét gia st

A(0;m* —2m?); B (\/ﬁ, m* — 3m2) :C (—\/E; mt — 3m2) ;
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Goi [ = AD N BC (A, D € Oy)
I 13 trung diém ctia BC = I(0;m* — 3m?).

. 1 —2m?-3
I 1a trung diém cta AD :]<O;m2m>.
Dong nhat ta c6
4_9m2_3 m = %1
w:m4—3m2®m4—4m2+3=0®
2 m = +v3.

Két hop véi dk ta cé
m=1m=+v3=S5=1+3.

Vay S € (2;4).
Chon dép an (D) O

Cau 41.8. Cho ham s6 y = 2* +2(m — 4)x? + m + 5 ¢6 do thi (C,,). Tim m dé (C,,) c6 ba diém

cuc tri tao thanh mot tam gidc nhan gbc toa do O lam trong tam.

@m:4. m:127.
mzlhoécm:g. m = 1.
© ;

& Loi gidi.

Ta cod

Dé ham s6 c6 ba diém cue tri < m < 4. Khi dé cac diém cue tri ciia (Cp,) 1a
A(O;m—|—5),B<\/4—m;m+5—(m—4)2),0(—\/4—m;m+5—(m—4)2>.

Do O la trong tam tam giac ABC nén

Dom <4 nén m = 1.
ChQndépén@ O

Cau 41.9. Cho ham s6 y = 2* — 2ma® + 3m (C,,). C6 bao nhiéu gia tri nguyén ctia tham sb m

dé (C,,) c6 ba diém cuc tri va khodng cach giita hai diém cuc tiéu ciia (C,,) nhd hon 47

(A)3. (B) Vo 6. (©)4. D)1.
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& Loi gidi.
Ta c6 y = 2* — 2ma® + 3m;
y' = 43 — dma;
J— 0o z=0
2> —m =0.
Ham s6 c6 3 cuc tri khi m > 0, khi d6 khodng céch hai diém cuc tiéu ctia (C,,) 1a 2¢/m.
Theo gia thiét, ta c6
2vVm <4 & m < 4.

Vay céc gid tri nguyén ctia m théa yéu cau bai toan 1a m € {3; 2;1;0;—1;--- }
Chon dép 4n O

Cau 41.10. Biét do thi hai ham s6 y = 2% — 222 + 2 va y = ma* + na? — 1 ¢6 chung it nhat mot
diém cuec tri. Gia tri ctia biéu thitc 2m + 3n bang
(A)11. B) 10. (©)s. D)9.
& Loi gidi.
Ta cé
P thi ham sb

y =a' — 227+ 2(C))

¢ ba diém cuc tri 1a
A<072)7B<17 1)70(_1a 1)

D3 thi ham s6

y = ma* +nz® — 1(Cy)

c6 1 diém cue tri 14 D(0; —1) khong trung véi ba diém cue tri ctia (C}), két hop dé bai ta suy ra
(Cy) c6 ba diém cuc tri hay m -n < 0.

(Cy) c6 thém hai diém cuc tri nita 13

2 2
E( /_n;_n_1>7p(_ /_n;_n_1>,
2m’  4m 2m’  4m

Tu gia thiét ta suy ra £ = B hay

n
Voom ! m= -2

4m

Do d6 2m + 3n = 8.
Chon dép 4n (C) O
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Cau 41.11. Cho ham s6 y = 2* — 2ma?® + 1 — m. Tim tat ci cac gid tri thuc clia tham sb m dé

do thi ham s6 c¢6 ba diém cuc tri tao thanh moét tam gidc nhan goc toa d6 O lam truc tam.

@m:—l. m:2. @m:(). @mzl.
’.‘Lbigiai.
Ta co

Y =42® —dmz =0 & da(2> —m) =0 &

Ham s6 c¢6 3 diém cuc tri khi va chi khi m > 0.
Khi dé goi
A(0;1 = m), B (vVm; —m® +1—m),C (—v/m; —m* 4+ 1 —m)

la cac diém cuc tri ciia do thi ham so.

Ta co
OA = (0;1—m), BC = (=2y/m;0),0B = (v/m; —=m® +1—m) va AC = (—v/m; —m?).

Goc O 1a trie tAm ctia tam gidc ABC' thi

—_— —

OA-BC =0 —2ym-0+(1-m)-0=0 0=0

e = =

OB-AC=0 —Vm-vm—m?*(-m*+1-m)=0 —m+m* —m?*+m® =0
m =0

smm*+m*—-m-1)=0& |m=1
m=—1
Két hop diéu kién m > 0 ta c6 m = 1.
Chon dép an (D) O

Cau 41.12. Tim tat ca cdc gia tri m sao cho do thi ham s6 y = z* + (m + 1)z2 — 2m — 1 ¢6 ba

diém cuc tri 13 ba dinh ciia mdt tam gidc ¢ mot géc bang 120°.
1
m=——-=. m < —1.
Bn=5 ® |
m=-1——. m=—-1——,m=-—1.
@n--1-2 Om--1-2
& Loi gidi.
Ta c6 ¢y = 42® + 2(m + 1)z = 22(22% + m + 1).
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Ham s6 c¢6 ba diém cuc tri khi va chi khi ¢’ = 0 ¢6 ba nghiém phén biét
Sm+1<0&m<—1.

Khi do

A(0; —2m — 1), B (—\/_mQ_l;—(me —2m—1) ’C<\/—m2—1;_(m1—1)2 —2m—1>,

la cac diem cuec tri cua do thi.

Ta thay

B B m+1 (m+1)*
AB—AC—\/ 5 + 16

nén tam giac ABC can tai A.
Tt gid thiét suy ra A = 120°.
Goi H 1a trung diéem BC, ta cé

1) 1
BH:AHtan60°<:><mZ>.\/§: _m;
3(m+1)* m+1 3 2
& 16 5 < 3(m+1) 8 m 7
Chon dap én@ O

Cau 41.13. Tim tit ca céc gid tri cta tham sb6 m dé do thi ham sb y = 2! — 2m22? + 2m c6 ba

diém cuc tri A, B, C sao cho O, A, B, C 1a ba dinh clia mot hinh thoi (v6i O 1a gbc toa do).

(A)m = 3. B)m = —1. ©m=1. D)m =2.
& Loi gidi.
Ta c6 v = 42® — 4m*x
z=0
Yy =0&
T = Em.

Vay voi diéu kién m # 0 ham s6 ¢6 3 diém cuc tri 1a
A(—=m; —m* 4 2m), B(0;2m), C(m; —m* + 2m).

Dé O, A, B, C 1a ba dinh ctia mot hinh thoi thi
mzag@—m4+2m:m4<:>2m(m3—l):0<:>

Chon dép 4n (C) O
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Cau 41.14. Tim gi4 tri cta m dé d6 thi ham s6 y = a* — 2ma? + 2 ¢6 ba diém cuc tri tao thanh

mot tam gidc cé dién tich bang 1.

@m:\?’/g. m:\/g. @m:3\/§. @mzl.
& Loi gidi.
Tap xac dinh 2 = R.
y = 4a® — dma.

Do dé

'=0e4r(2? —m) =0

Vi thé ham sb c¢6 ba diém cuc tri khi va chi khi m > 0.

Goi ba diém cuc tri ctia dd thi ham sb 13
A(0;2), B (—\/ﬁ; 2 — m2) ,C (\/E, 2 — m2) .

Ba diém cuc tri nay lap thanh tam gidc can dinh A.
Goi H la trung diém canh BC ta c6 H(0;2 —m?).
Ta co

BC =/ (Vm + vm)® = 2y/m, AH = \/(2 = 2+ m?) = |ml|.

Vay dién tich tam gidc ABC' la
1
S:f-AH'BC:§|m]-2\/m:1<:>m:1.

Chon dép an (D) O

Cau 41.15. Véi gid tri nao ctia tham s6 m thi do thi ham s6 y = z* —2(m—1)z2+m*—3m2+2017

¢6 ba diém cuc tri tao thanh mot tam gidce cé dién tich bang 32.

@m:5. m:3. @m:2. @m:4.
’.‘Lbigiéi.

Ta cod

Xét
Yy =0& ,
g(x) =2 —(m—1).
Dé& ham sb ¢ ba cuc tri thi pt ¥/ = 0 ¢6 ba nghiém phén biét.
Diéu kién: m > 1.

Toa dd ba diém cuc tri 1a

A(0;m* — 3m? 4 2017), B (vVm — L;m* — 4m? + 2016) , C (—v/m — L;m* — 4m? + 2016) .
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Goi trung diém ciia BC, c6 H(0;m* — 4m? 4 2016)
AH = (m —1)*,BC =2ym — 1

1
SAABC:§AH-BC:32<:)\/m—1(m—1)2:32@m:5.

Chon dap 4n (A) O
Cau 41.16. Cho ham s6 y = 2* — 2(m + 1)2® + m c6 do thi (C), m 1a tham sb. (C) c6 ba diém
cuc tri A, B, C sao cho OA = BC; trong d6 O 1a gbc toa do, A la diém cuc tri thudc truc tung
khi

(A)m =54 5V5. (B)m = 0 hoic m = 2.

©m=2+22. D)m =3+ 3V3.
& Loi gidi.
Ta co

Y =42® —4(m + 1)z = 4o(2® — (m + 1)),

D6 thi (C) c¢6 ba diém cuec tri thi

m+1>0&&m>—1.

Khi d6
xr =
Yy =0&
r=+vm+ 1.
Goi
A(0;m), B (—\/m +1;—m?>—m— 1)
va

C’(\/m+1;—m2—m—1)
13 ba diém cuec tri ciia dd thi (C) v6i A la diém cuc tri thudce truc tung.
Theo gia thiét
OA=BC & m?>=4(m+1) & m=2+2V2.
Chon dép 4n (C) O

Cau 41.17. Tim tat ca cac gia tri thuc clia tham s6 m sao cho do thi ctia ham s6 y = 2% — 2(m +

1)2? 4+ m? ¢6 ba diém cuc tri tao thanh mot tam gidc vudng can.

@mzl. mzl;m:O. @m:O. @m:—l;m:O.

B Loi gidi.
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Céch 1: Diéu kién dé dd thi ham trung phuong y = az* + bz + ¢ ¢6 ba diém cuc tri 1a
ab<0& m > —1loai .
Khi d6 ba diém cuc tri lap thanh tam gidc vuong can khi
b’ +8a=0& —8m+1)>°+8=0m=0.

Cach 2: Ta c6

Xét

'=0&

Dé do thi s6 c6 ba diém cue tri thi m > —1 (%).

Toa do ba diém cuc tri 1a
A(0;m?), B (Vm+TL—2m—1),C(—Vm+1;-2m —1).

Coi H 1a trung diém cia doan thang BC thi H(0; —2m — 1).

Khi d6 ba diém cuec tri lap thanh tam gidc vuong can khi

AH =BH & \/(im+1)*=vm+1&m=0 thoa man(x).

Chon dap an @ O

Cau 41.18. Goi (C) la dusng parabol qua ba diém ctc tri ciia d6 thi ham s6 y = ix‘l —max?+m?,
tim m dé (C) di qua diém A(2;24).
@m:6. m:4. @m:3. @mz—él.
& Loi gidi.
Ta co

x =0
Y =2 —2mr=0s voi m > 0.
T ==EV22m

r=0=>y=m%zr=+V2m=y=0.

Gia st (C): y = ax® + bz + c.
Theo gia thiét (C) di qua 4 diem

M(0;m*), N (\/%, 0) , P (—\/%; 0) va A(2;24)

nén ta c6 hé phuong trinh
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(¢ =m? (¢ =m?

0=2ma+vV2mb+c 2ma + v2mb +m?* = 0 m = —4(L)
4 & =
0=2ma—v2mb+c 2ma — v2mb +m?* = 0 m = 6(N).

(24 =4a+2b+c | 4a + 20+ m?* = 24

Chon dap 4n (A) O

Cau 41.19. Cho ham s6 y = 2* — 2ma® + 3m — 2 (v6i m 1a tham s6). C6 bao nhiéu gia tri ctia
tham s6 m dé d6 thi ham s6 c¢6 ba diém cuc tri déu nam trén cac truc toa do?
(A)2. B)o0. (©)3. D)1.
& Loi gidi.
Ta cé
y=2a"—2ma’+3m—2=1vy =42® — dma.

Khi
z=0

T = £vm.

Véi m > 0 thi dd thi ham s6 ¢6 3 diém cuc tri va céc diém cuc tri 1a

Yy =0&

A(0;3m — 2), B (v/m; —=m® + 3m — 2) va C' (—v/m; —m* + 3m — 2) .

Diém A da nam trén truc tung, viy dé cdc diem cuc tri déu nam trén cic truc toa do thi hai diem

B va C phai nam trén truc hoanh, suy ra

) m =2
—-m°"+3m—-2=0&
m = 1.

Vim > 0nén m € {1;2}.
Vay c6 2 gid tri cia tham s6 m théa man yéu cau bai todn.
Chon déap an @ O
Cau 41.20. Goi S la tap hop tat ca cac gid tri clia tham s6 m dé ham s6 y = o* — 2ma? +m +1
c¢6 gia tri cuc tiéu bang —1. Téng cac phan ti ctia S 1a

Aa)-2. B)o. ©1. D) 1.
& Loi gidi.

Ta c6 ¢ = 42® — dma.

Y =042’ —dmar =0

TH 1: m < 0 ta cé: ¥ = 0 ¢6 duy nhat mot nghiém x = 0.

Bang bién thién:
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T —00 0 +00
f(x) - 0 4+
+00 +00
f(x) ~.
m+1

D& ham sb ¢6 gia tri cuc tiéu bang —1 thi:
m+1=—-1<m=-2(TM).
TH 2: m > 0 ta cé: ¥ = 0 ¢6 ba nghiém
r=0,7=—vm,z=+/m.

Bang bién thién:

m—+1 +00

+00
f(x) \ / \ /
Yor Yer

Véi
yor = f(=vm) = f (ym) = —m* + m + 1.

Dé ham sb c6 gi tri cuc tiéu bang —1 thi

m=—1 (loai)
—miP4m+l=—le-m+m+2=0<
m =2 (nhén).

Vay tong cac gia tri ctia tham s6 thoa man diéu kién dé baila S = —2+2 = 0.

Chon dap 4n (B) O

BANG DAP AN

[41.1. B ][41.2. C |[41.3. A |[41.4. B |[415. A |[416. D |[41.7. D |[418. D |
141.9. B ][41.10.C |[41.11.D |[41.12.C |[41.13.C ||41.14.D [[41.15.A |[41.16.C |
(41.17.C _][41.18.A |[41.19.A [[41.20.B |
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Danc42. CUC TRI CUA SO PHUC

KIEN THO'C CAN NHG

1. Mé6dun cha s6 phirc

S6 phiic z = a + bi dugc bicu dién béi diém M (z;y) trén mat phang Oxy. Do dai véc-to oM
dugc goi 1a médun ciia s6 phiic z.

Ki hiéu |z| = Va2 + b2.

Tinh chat:

—

|z = Va2 + b2 =2z = |OM]|.

|2| >0,V2€C, |2|=0< 2=0.

z

Z/

_E g

Eils

|2 2] = 2] - |2/],

2l = 121l < |z £ 2] < [2] + [

|kz| = |k|. - |2],k € R.
o |2z2=2-Z2=0a%+ 1"
Mot sb bat dang thic:

|21 4+ 22| < |21| + |22| dAu bang xay ra khi va chi khi z; = kzy (k > 0).

o |21 — 22| < |21| + | 22| dAu bang x4y ra khi va chi khi 2, = kzo (k < 0).

|21 + 22| > ||21] — |22|| ddu bang x&y ra khi va chi khi 2, = kz, (k < 0).

|21 — 23| > ||21| — |22|| dAu bang x4y ra khi va chi khi z; = k2, (k > 0).

BAI TAP MAU

CAU 42 (P& minh hoa BGD 2022-2023).

Xét cac sb6 phitc z thoa man |22 — 3 — 4i| = 2|z|. Goi M va m lan lugt 1a gia tri 16n nhat va

gid tri nho nhat cta |z|. Gid tri cia M? + m? bang

(A)28. B) 18 + 4V6. (© 14. (D) 11 +4V6.

& Loi gidi.
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Ta cb
2l2] = [2% — 3 — 4i] > ||2] — |3 + 44|
& 2zl > ||z]* -5 < 22| > |2]*> — 5 > —2|¢|
122 = 22| =5 <0 2| <146
& &
|22 +2|2| -5>0 2] > -1+ V6
M=1++6
& = M?+m? = 14.
m=—1+6
Chon dép an (C) O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 42.1. Xét tap hop S cac s6 phitc 2+yi (x,y € R) théa man dieu kién |3z — z| = (1 +14) (2 + 2i)|.
Biéu thitc Q = |z — Z| (2 — z) dat gid tri 16n nhat 13 M va dat dugc tai 2o = 2 + yoi (khi z thay
doi trong tap S). Tinh gié tri ctia T = M -z - y2.

9v3
B Loi gidi.
—2<x<2
Tacod 20 +4yi| =4 & 2> + 4y =4 =
4y =4 — 2?
Q=|z—2z(2—-x)
1 AM-GM 1 (6 — 3z +6 + 3z\*
= Q' =(2-2) Wyl =(2-2)" (4-2") = 5(2-2)’ (6 +32) < 3( xi +x> =27
9 2—330:6+3.CCO To=—1
= M = — dat dugc khi , ) = 3
V3 dyg =4 — x5 ?JOZZZ
9 3 9v/3
T—_7 . (_1).2=_7V°
Suy ra 7 (—1) 1 :
ChQndépén@ 0

Cau 42.2. Cho s6 phtic z théa man |z + 1+ 2i| = 2. Goi M, m lan lugt 1a gid tri 16n nhat, gid tri
nhé nhat ctia [22 + (24 2i) 2 — 1 + 2i|. Gi4 tri ctia biéu thitc T = M? + m? bang
(A)103. (B) 101. (C) 104. (D) 102.
& LOi gidi.
Dat A=[22+(24+2)z—1+2i|=|(z+1) (2 +2+7)].
Dat w = z 414, w = a + bi, diém M (a;b) biéu dién w.
Theo dé bai [z4+1+2i| =2 [w+1+i| =2 (a+1)°+(0+1)° =4 a®>+ > =2 —2a— 2b.
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Ta ¢é

A = |w|- w42 =Va2+02-\/(a+2)°+b=+/(2—2a—2b) (6 + 2a — 2b)
A= 2/0—(a+b)B+(a—b)=2v3—2a—db—a?+ 5 =2/(b— 2% — (a+1)*
A= 2/(b—22+(b+1)°—4=2V22 -2+ 1=2F(b).

Voi f () =20 —2b+1, ma —3<b<1do (b+1)*<4.
1
Ta c6 f'(b) = 4b — 2, f’(b):0<:>b:§€[—3;1].
1

f(=3)=25,f(1)=1, f(;) -2,

i
VéyMzQ\/%:lO;m:Z-\/;:\/ﬁdodéT:M2+m2:102.
Chon dap 4n (D) O

Cdau 42.3. Gi4 stt 21, 22 14 hai nghiém phtic ctia phuong trinh |(2 +14) |z] z — (1 — 2i) 2| = |1 + 34|
Vi |21 — 29| = 1. Tinh M = |221 + 32|

(A)M = 25. B) M =5. (© M = V19. (D) M = 19.
& Loi gidi.
Tit gid thiét, ta c6 [(2]2] — 1) + (|2 +2)d| - |2 = VIO & [(2]2] = 1)* + (2] + 2)°] - |2* = 10.
5|z + 522 —10=0< |2| =1 (vi |z] > 0).
Goi 21 = 71 + Y11 VA 29 = Tg + yoi. Ta cb |21 = |2o] = 1 nén 2 +y? =23 + 93 = 1.
Mat khéc, |21 — 2| = 1 nén (21 — x2)2 + (y1 — y2)2 = 1. Suy ra x122 + y1y2 = ;
Khi do

M = ‘221 + 322| = \/(21’1 + 31’2)2 + (2y1 + 3y2)2

— A+ 9) + 9 (0 + 1) + 12 (1122 + y1y)

1
= \/4-1+9-1+12-2

= v19.

Vay M = /19.
Chon dép &n (C) O
CAu 42.4. Biét rang z la s6 phitc ¢6 moédun nhé nhat théa man (z — 1) (Z + 2i) 1a s6 thue. S6
phic z la

4 2 1 3 4

(A)2i. B)z=-+=i. ©z=1+=i. D)z =2 +=i.

5 5 2 5 5

& Loi gidi.

Goiz=x+iy, véiz,y e R.Khid6 (z —1)(zZ+2i) =z (x—1)+yly—2)+ 2z +y —2)i.
Tt gid thiét suy ra 2x +y — 2 = 0 hay 2z +y = 2.

4
Tacé4:(2x+y)2§5(x2+y2)<:>x2+y22g<:>\/:1:2+y22

ks
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2
Tic la |z| = V2?2 +y?> > —=.
2| 2y 2 =
Dodémin|z|:\/gkhi§:?i<:>x:2y.
2
Suyrax:—;y:g

4 2
Vay z = — + —i.
yz=¢ + =
Chon dap 4n (B) O
Cau 42.5. Cho s6 phiic z théa man |z — 1 — 2i| = [z — 2 +i|]. Dat w = 2z + 2 — 3i tim gid tri nho

nhat clia |w|.

V30 11 2y/15 V10
& Loi gidi.

bat w =z + yi véi (z,y € R)

Viw=z4+2-3iez2=w—2+31

Do dé: [z —1—-2i|=|z—2+i| < |w—3+i| = |w—4+ 4

e @-3) +Wy+1)’=@-49"+@y+4)°’ e z—-3y—11=0.

Tap hop s6 phiic w 1a dudng thang = — 3y — 11 = 0.

VAy |w| nhé nhat khi toa dé ctia w 14 hinh chiéu ctia O (0;0) trén dudng thang = — 3y — 11 = 0.

. 11 33, | 11
Do d6 w = — — —i nén |w| = —.
10 10 v 10
Chon dép an O

CaAu 42.6. Néu z 1a sb phtic théa [Z| = |z + 2i| thi gid tri nhé nhat cta |z —i| + |z — 4] 1a
(A)5. V3. (©)4. (D)2.
& Loi gidi.
Dit 2 = o + yi v6i x, y € R theo gia thiét [z] = |z + 2i| & y = —1.
Vay tap hop céc diém biéu dién sb phitc z 1a dudng thing (d) : y = —1.
Goi A (0;1), B (4;0) suy ra |z —i| + |z — 4| = P 1a tong khoang cich tit diém M (z; —1) dén hai
diém A, B.
Théy ngay A (0;1) va B (4;0) nam cung phia véi (d). Lay diém dbi xiing v6i A (0;1) qua dudng
thang (d) ta duge diém A’ (0; —3).
Do dé khoang cach ngan nhat 1a A'B = /32 + 42 = 5.
Chon dép an (A) O

Cau 42.7. Cho sb phiic z va s6 phiic u = (2 — i) (Z + ) + 2z — 3i thda man |u + 1| — [u — i| = 0.
Gi4 tri 16n nhat ctia biéu thitc T = |z — 2 + 34| bang
(A)3+ V1T, B) V34— 1. (©)1+ V34 (D)2 +/13.
& Loi gidi.
Goi u =x +yi v6i x,y € R.
Suy ra hé thic [u+ 1| — [t —i|=0< |z +yi+ 1| = |z — yi — 1|
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@\/x+1 )"+ y? —\/x2 +(y+1) @xzy#s@phﬁ’cucéphénthu’cbéngphﬁnéo.
Goiz=a+biv6ia,beR

=u = (z—1)(Z+1)+22—3i
= 2P +i(z—2)+1+22— 3
= @+ b+i(2bi)+1+2(a+bi)—3i
= (a®+0*+2a—20+1) 4 (20— 3)i.

Suy ra: (a>+b0*+2a—20+1)=(20—3) = (a+1)*+(b—2)°=1

Suy ra quy tich diém bicu dién s6 phitc z 1a dudng tron (C) ¢ tdm I (—1;2) va ban kinh R = 1.
Biéu thitc T = |z — (2 — 3i)| = MA, v6i diém M biéu dién s6 phitc z va nam trén dusng tron
(C); diem A (2;—3).

SuyraT = MA<MI+IA=R+IA=1+ 34

Chon dap an @ O

Cau 42.8. Néu 2 1a s phiic théoa man [z| = |z + 2i| thi gid tri nho nhat cta |z —i| + |z — 4]
1a
(A) 4. B)2. (©) V3. (D)>5.
& Loi gidi.
Dat z = 2 + yi biéu dién diem M (z;y).
IZ| = |z +2i| & y=—1.
|z — i| + |z — 4] nhé nhat & M A + M B nho nhat, véi A (0;1), B (4;0).
Goi B’ dbi xting v6i B qua dudng thang y = —1 suy ra B’ (4; —2).
Do d6, MA+ MB=MA+ MB' > AB' =5.
Chon déap an @ O

Cau 42.9. Cho s6 phitc z théa man |z — 2 — 4i| = |z — 2i| va bicu thitc |iz + 2 — i| dat gia tri
nhé nhat. Tim phan &o ctia sé phic z.
5 5 3 V2
@3 5 ©-3 o
& Loi gidi.
Goi z =a+bi (a,b € R). Ta ¢

|z — 2 —4i] = |z — 2i|

& Va—272+b-42= a2+ (b—2)?

< a=4-0.

Nén

iz+2—i] = V=0 +(a—1)°=/(2—b)>+ (3 b)
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2
1 2
= \/2b2—10b+13_\/2<b—5> +22\g—.

) 2 5 3
Vay gia tri nhé nhat cia |iz + 2 — i 1a \é_ khi b = 3 a=3
Chon déap an @ O

Cau 42.10. Cho cic s6 phiic z, w théa man |z| = /5, w = (4 — 3i) z + 1 — 2i. Gi4 tri nhé nhat

ctia |w| 1a
(A) 4V/5. 5v/5. (©)6v5. (D)3+/5.
& Loi gidi.
. —14+2
Theogiéthiéttacéw:(4—3i)z+1—2i:>z:w4;—,2.
—3i

— 142
Métkhéc]z\:ﬁ@‘w = V5 & jw— 14 2i| = 5/5.

—3i

Vay tap hop diém bidu dién s6 phtic w 1a duong tron tam I (1; —2) va ban kinh 5/5.
Do dé min |w| = R — OI = 4/5.
Chon dap an @ O

Cau 42.11. Cho s6 phtic 21, 2o thoa man |z;| = 12 va |z — 3 — 4i| = 5. Gi4 tri nho nhat cia
|21 — 2o la:

(A)17. B)o0. (©)2. D)7.
& Loi gidi.
Goi 21 = @1 + Y10 VA 29 = X9 + Yai, trong d6 1, Y1, Ta, Y2 € R; dong thoi My (z1;y1) va My (225 ys)
lan luot 13 diém biéu dién céc sb phitc 21, 2.
z oy =144
(@2 —3)2 + (yp — 4)> =25
Do d6 M; thudc dudng tron (Ch) c¢6 tdm O (0;0) va ban kinh Ry = 12, M, thudc duong tron (Cs)
¢6 tam I (3;4) va bén kinh Ry = 5.

O € (Cy)

Mat khéc, ta ¢ nén (Cy) chita trong (C4).
O[:5<7:R1—R2

Theo gia thiét, ta co:

M,y
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Khi dé |2 — 2o = M1 M. Suy ra |21 — 29|, © (MiMs), ;< MiM, = Ry — 2Ry = 2.
Chon dép 4n (C) O
Cau 42.12. Cho hai s phiic z;, 2, théa man |z; + 5| = 5, |20 + 1 — 3i| = |22 — 3 — 6i]. Gia tri
nho nhgejmt cla |z; — 2o 1& : X -

@3 5 ©3 D3
& Loi gidi.
Giéd stt 21 = a1 + byt (a1,by € R), 25 = as + bei (az, by € R).
Ta ¢6 |z +5| =5 < (a1 +5)° + b2 = 25.
Do d6, tap hgp céc diém A bicu dién cho s6 phitc z; 1a dudng tron (C): (z + 5)2 +1y? =25c¢o
tam 1a diém I (—5;0) va ban kinh R = 5.

|20+ 1 — 3i| = |22 — 3 — 64
& (ag+ 1)+ (by — 3)* = (ay — 3)* + (by — 6)°
& 8ag + 6by — 35 =0.

Do d6 tap hop céc diém B bidu dién cho sb phitc 2, 14 dudng thing A: 8z + 6y — 35 = 0.
Khi d6, ta ¢ |21 — 25| = AB.

8- (—5)+6-0—35 5)
Suyra|21—22|min:ABmm:d(],A)—R:| (=5) + |—5:f.
- V8 + 62 2
Vay gia tri nhd nhit clia |z; — 2| 1a 7
Chon déap an @ O

CAu 42.13. Xét cic sb phiic z théa man |z + 1 — 2i| = 2. Gi4 tri 16n nhat ciia |z + 2 — i| bang
(A)2+ 2. B) V2. (© -2+ V2. D)2 —v2.

& Loi gidi.

Goiz=a+bi € Cvéia, beR.

S6 phiic z = a + bi ¢ diém bicu dién hinh hoc 1a M (a; b).

Theo dé bai

24+1-2i|=2&la+bi+1-2i|=2<|(a+1)+(b—-2)i|=24 (a+1)°+(b—2)° =4

Vay diém M thudc duong tron (C) c6 tam I (—1;2), ban kinh R = 2.

Tacod |z+2—1 =|(a+2)+(b—1)i] = \/(a+2)2+(b— 1)> = AM véi A(—2;1) ndm ngoai

duong tron (C).

Tacé;l—l):(—l;—l)#AI:\/ﬁ
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Dé AM dat max khi AM di qua tam I, suy ra AM,e = Al + R =2++/2.
Chon dép an (A) O

Cau 42.14. Cho z la s6 phtic c6 phan thuc 16n hon 1 va thod man |z + 1 +i| = [22 +Z — 5 — 3],
dong thoi |z — 2 — 2i| dat gia tri nhdé nhat. Khi dé phan thic ciia sé phtic z néi trén bang

@3+ﬁ 8+\/7 ©4+¢6 ®8+\/§
2 4 2 4
& Loi gidi.

bat z =z +yi, (x > 1).

Ta ¢é

lz+ 14+ =]22+%z—5— 3i|
& |lr+yi+ 144 =2(x+yi)+x—yi—5—3i
& (@+1) +(y+1)"=0r-5"+(-3)

s y=(x-2)7.

Khidé|z—2—-2i = (@ —2°4+@y—2°"=t+{t—27=12—3t+4v6it=(x—2)7>>0
3\ T _T
—esra=(1-2) 410
g(t) =2 — 3t + t=5) +y2 v
4
. 3 = +2 (théa man)
Diu bing xdy rakhit=- < (z —2)° ==
4-V6
T=—7 (loai) .
. R . R 4 6
Két luan phan thuc cua so phiic can tim la z = +2\/_.

Chon dép &n (C) O
~ < — 2 . N
Cau 42.15. Cho so0 phitic z théa man '2_3 =1 qia tri nho nhat cta |z + 3 — 24| bang
2 —14

v 10 2v/10
@T' (B) 2V/10. (©) v10. (D)T
& Loi gidi.
Gid st z =z +yi (x,y € R). Ta ¢
— 9
22|
z2+3—1

& |z—2i=|z+3—1

e Va2t (y—272=(2+3)7+(y—1)
& y=—3x—3.

Lai ¢o

2+3-2] = J(@+3)°+(y—2)7°
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= V(@+3)?+ (B +5)
= V1022 + 36z + 34
18 >2 16
- 100 + — —
\/(\/_x+\/1_0 +1O
2/10
—

s 2v10
Vay GTNN ciia |z + 3 — 2i| bang —

Chon déap an @ O

CAu 42.16. Cho s6 phiic z théa man 4 |z + 4| + 3 |z — 4| = 10. Gi4 tri nho nhét ciia |z| bang

1 ) 3
@5 ® - ©3 D1

2 7 2

& Loi gidi.

Goi z = a+ bi v6i a,b € R suy ra |z|° = a? + b2

Tacéz+i=a+ b+ 1)i=|z+i>=a®+(b+1)7* =2z +2b+ 1.

z—i=a+(b-1)i=|z—i’=a®+(b-1)7"=|z> —2b+1.

Theo gid thiét va bat ddng thitc Bunhiacopsky ta c6

0=4lz+i+3z—i] < VE+3/|z+if+]z—i]

= 5v/2|z)* 42

= 22>1.
Suy ra min |z| = 1.
Chon dép an (D) O
Cau 42.17. Goi M la diém biéu dién sb phitc z; = a + (a® — 2a + 2) i (v6i a 1a s thuc thay doi)
va N 1a diém bicu dién sb phitc z; biét |2y — 2 —i| = |7z — 6 — i|. Tim d6 dai ngan nhét ctia doan
M

N.

(A)2V5. 6‘5/5 ©1. D)>5.

& Loi gidi.

Goi M (x;y). Tit diéu kién z; = a + (a® — 2a + 2) i suy ra M thudc parabol (P): y = 22 — 2x + 2.
Coi N (z;%). Tt dicu kién |z, — 2 — | = [z — 6 — i| suy ra N thudc dudng thang d: 2z —y—8 = 0.
Goi A 1 tiép tuyén ctia (P) ma song song vdi d: 2z —y — 8 = 0.

Goi M (z¢;10) 1a tiép diém ma tai d6 tiép tuyén A // d.

Ta c6 iy = 2x — 2.

Do A J/dnén y/ (xg) =2 209 — 2 =2 19 = 2 suy ra yp = 2.

Phuong trinh tiép tuyén A c¢6 dang: y = ¢ (zo) - (x — o) + 0 Sy =21 —2)+2 & y =2z — 2.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 340/472

Khi d6: min MN =d(A,d) =d(A,d) v6i A € A. Chon A (1;0) ta co:
2:1-0-8] 6V5

224 (-1)2 O
Chon ddp 4n O

Cau 42.18. Cho hai s6 phiic 21, 2o thoa man diéu kién |z — 3 — 4i| = 2 va |z — 29| = 1. Gi4 tri

min M N =

nhé nhét ctia biéu thitc P = |2?| — |22| bang
(A) —V/35. B) —10. (©) -6 — 21/5. (D) 5.
& Loi gidi.
Goi M, N 1a hai diém biéu dién cho hai sb phiic z;, zs.
Theo gid thiét z;, z, thoa man diéu kién |z — 3 — 44| = 2. Suy ra M, N thudc dudng tron tdm
1(3;4), ban kinh R = 2.
Mat khéc |z; — 23] = 1 nén MN = 1.

Ta co

P = |2} - || = OM? — ON? = OM? — ON?
— —\ 2 —_—> —\ 2
- (01+1M) —(OI+1N)
— 901-IM —201-IN
201 - NM
20]-NM-COS(5_]),W)
> —20I-NM = —10.

Déu "=" xAy ra khi va chi khi O, NM ngugc huéng hay O, MN ciing huéng.
VAy Pon = —10.
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Chon dép 4n O

CAu 42.19. Xét cic s phiic z = a+bi, (a,b € R) théa man 4 (z — z) — 15i = i(z + z — 1)°. Tinh
1 .

F=—a+4bkhi |z — 3 + 32" dat gia tri nhé nhat.

AF=T. B)F =6 (©F=5. D) F =4.

& Loi gidi.

Ta cod

4(z—2)—16i=i(z4+z—1)
& 4d(a+bi—a+bi)—15i=i(a+bi+a—bi—1)
& 8bh—15=(2a —1)°.

1
Suy ra b > 85 Khi do

1
Z—§+3i

1 1 1
- 5\/(2a — 1)+ (2b+6)° = VD — 15 + 45 + 240 + 36 = VAP + 325+ 2L,

. 15
Xét ham s6 f (z) = 42% + 32x + 21 véi z > 5

15
C6 f'(x) = 8x+32 > 0.¥r > .

2 ax . 15 15 4353

Suy ra f (z) 1a ham so dong bien trén [8; +oo> nén f(z) > f <8> =15

1 s 1 /4353 15 1
Do d6 |z — = + 3i¢| dat gid tri nho nhat bang =4/ —— khib= —;a = —.

2 2 16 8 2
Khidé F=—-a+4b=T17.
Chon dap 4n (A) O
Cau 42.20. Cho s6 phiic z théa méan |z| = 1. Gi4 tri 16n nhat ctia biéu thitc P = |1 + z|+2|1 — 2|
bang

@)6v5. 2v5. ©4v5. D) V5.

& Loi gidi.

Goi s6 phitc z = x + yi, véi z,y € R.

Theo gia thiét, ta cé |z =1 < 22 +y> =1. Suyra —1 <z < 1.

Khido P=|1+2+2|1—z| = /(z+ 1)+ 12+ 2y/(x = 1) + 4> = V2r + 2+ 22— 2z
Suy ra P < /(12 +22) [(27 + 2) + (2 — 27)] hay P < 2V/5, v6i moi —1 <z < 1.

Vay Poax = 2v/5 khi 2¢2x+2:\/2—2x<:>x:—§,y:if

) )
Chon ddp 4n O
Cdau 42.21. Cho sb phitc z théa man |z| = 1. Tim gid tri 16n nhat ciia bicu thitc P = |1 + 2|
+ 31— z|.
(A) P = 6v/5. P =315 (© P =2v5. (D) P = 2//10.
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& Loi gidi.

Theo bat déng thitc Bunhiacopxki ta ¢6

P=1+2+3[1— 2 <1/(12432) (142 + [1 - 2) = /10 (1+ %) = /IO + 1) = 25,
VAY Paax = 2V5.

ChQHdépéﬂ@ O
- ) ) . 17
Cau 42.22. Xét cac so phiic z thod man |z| = 1, gid tri nhé nhat cia bieu thic z4+z+§
bang
1 V2 1 1
& Loi gidi.
Ditz=z+yi. Tu|z|=12*+y’ =1y =1—2%
Ta co
17 11 2
4 o T U B T I - B )
z +z—|—2 z+z+222 2+Z+ =z
2
= (2% = y* + 2zyi) + (z — yi) + < (2 — y° — 2ayi)
3 3 ?
= §x2—§(1—$2)+x+y($—1)i
3 2
= <3x2+x—2) +(1—x2)(x—1)2
13
= 8x4+8x3—8x2—5x+z.
< 4 3 9 3 .
bat f(z) = 8z* + 8x® — 8x —5x+ZV01xE[—1;1].
x:%(théa man)
fl(z) = 320% 4+ 2422 — 162 — 5 =0 < x:_l—z ”H(théaman).
-1 —-v11 )
x:?(loal)
1 25 (—1> 125 -1+ 11 1
F) =30 m=25r (5 32,f( - .
DU D § LN
Suy ra gia tri nho nhat cua biéu thic |z +z+§ bang g
ChQHdépéﬂ@ O

CdAu 42.23. Xét s6 phitc z = a+bi (a,b € R) théa man |2z + 2 — 3i| = 1. Khi biéu thttc 2 |z + 2|+

|z — 3| dat gia tri 16n nhat, gid tri ctia a — b bang

(A)3. B) 2. (©) -3. (D) —2.
& Loi gidi.

1 L 3Y s 1
=5= M (a;b) € (C) 6 tam I (—1; 2) va ban kinh R = 5
Coi A(—2;0),B(3;0) va E 1a hinh chiéu ctia I 1én dudng thang A.

3
22 4+2-3i|=1< z+1—§i
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Suy ra E(—l;O):>ETB’+4E—A):6>.

P=2|z+2|+|z-3|=2MA+MB < /2(4MA2 + MB?)
— —\ 2 —_—> —\ 2
_ \/2 [4(EA—EM) +(EB—EM)]
_ \/2 4EA? + EB? - 2EM (4EA + EB) + 5EM?]
= /2[4EA2+ EB?+ 5EM?]

—4
—4

EM dat GTLN khi M 1a giao diém ctia tia ET va dudng tron (C) = M (—1;2).

Nhan thay véi M (—1;2) thi 2M A = MB.

Vay P dat GTLN khi 2 = -14+2i = a—b= —3.

Chon dép 4n (C) O

Cau 42.24. Cho hai s6 phiic 21, 2o théa man |z; — 24| = 1, |20 — 7| = |72 — 7 + 2i|. Biét 21112:2
i

1a mot 86 thyc. Tim gid tri 16n nhat clia T = |z, — 29].

(A) Tinax = 3V/2. L= V2. (©) Tnax = V2. D) Tax = 2V2.

2
& Loi gidi.
Goizy =a+bi(a,beR, 2= —1), zo=d + Vi (d,V eR, i*=-1).
Ta co
‘21—24—2’:1

& la—2+4(b+1)i=(a—2>+(b+1)

& (a—22+0b+1)P2=1

= (b+1)%lel

& —2<bH<0.
Va
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& Jd —T+Vi|=|d -7+ (2-b)i
S =T+ =/(ad =72+ (2-V)?

s V=2-V)?ab=1

21— 2 la—a +(b—0)i](1—1) [(a—a/—i—b—b’)+(b—b’+a’—a)z'].

14+4 2 2

fLT laséthucnénb—bV4+ad —a=0b—-V=a—ad.
1412

T =|an—2=/b-U2+@—d)=20b-0)2=20b-1)2%=V2(1-b) <3v2 (do

—2<b<0).

3 a=2
Dau 7=" xay ra khi b = -2 =
a = 5.
VY Tax = 3V2 khi 21 = 2 — 2, 29 = 5+ 1.
Chon dap 4n (A) O

Cau 42.25. Véi ai s6 phtic 21, 2o thdéa man z; + 2y = 8 + 6i va |21 — 2| = 2. Gia tri 16n nhat cta
biéu thitc P = |z| + |2 1a

(A)5 + 3/5. (B) 2v/26. (C) 4v6. (D) 34 +3v/2.
& Loi gidi.
bat zy = a+bi, 25 = c+ di, (a,b,c,d € R).
a+c=8
Taco:zy+20=8+6inéna+bit+c+di=8+6i <
b+d=6.

Do d6 (a+¢)* + (b+d)> =100 & a® + b + ¢ + d* = 100 — 2ac — 2bd (1).
Vi |21 — 22| = 2 nén ta ¢
la+bi—c—di|=2 (a—c)’+(b—d)’ =4+ +E+d® =4+ 2ac+2bd (2).
Cong va ta duge: 2 (a® 4+ b* + ¢ + d*) = 104.
Ap dung bat déng thic 2 (22 +32) > (z +y)* ta co:
— (V@ TR+ VE+ @) <2(a®+ 1 + A+ d?) = 104,
Do dé P < 2+/26.
Viay gia tri 16n nhat ctia biéu thic 1a 21/26.
Chon déap an O

Cdu 42.26. Cho hai s6 phiic z va w thay déi nhung théa man diéu kién |z| = |w|*—|w — 1 —i|* =

1. Tim gi4 tri nhd nhat ctia biéu thicc T = |22 (2w — w) — 1|.

@9@0—20‘ \/5_1‘ ©3\/z—5‘ @3[4—4‘
& Loi gidi.

Ta c6 tap hogp cac diém biéu dién ctia s6 phiic z 13 dudng tron tam O (0;0), bdn kinh R = 1.
Tap hop céc diém biéu dién cta sb phiic w 13 dudng thiang c6 phuong trinh 2z + 2y = 3.
=122 2w —w) — 1| > ||2%] 2w —w| — 1] = |[[2w — @] — 1| = |/2? + 9% — 1].
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4 9

Ta c6 9 = (2a + 2b)* < (4 + 9> (a® + 9b%) = Va2 + 9% > \/_

9v10 — 20
PN
Chon dap 4n (A) O
Cau 42.27. Cho s6 phitc z théa man |22 +iz+2| = |22+ 2 —i+1|. Gia tri nho nhat cta
|z — 2+ la

1
@ P ©vi-l  ®w

& Loi gidi.

Ta co

‘22+iz+2|:{22+z—i+1{

& [P +iz—27| =P+ z—i—4

7

(z—=1)(z+20)|=[(z—19) (z+i+1)]
S |z—id| |z 42l =]z—id|-|z+i+1]
|z—il=0 (1)

|z4+2i =]z+i+1] (2).

Giai phuong trinh (1): Ta cé z =i = |z — 2+ | = [2i — 2| = 2V/2 (x).
Giai phuong trinh (2): Dat z = x + yi, (z,y € R), ta ¢6
|z 4+ 2i| = |z + i+ 1] @\/x2+(y+2)2: \/(x+1)2+(y+1)2 sSy=x—1

Khi d6 |2 —24i] = /(z =2 + (y+ 1)* = /(z — 2)* + 2% = \/2:10—1 12> /2.
=1
T (%) va (x*) ta c6 min |z — 2 + 4| = v/2. Dadu ”=" xay ra khi hay z = 1.
y=0
Chon dép an (A) O

Cau 42.28. Cho s6 phitc z théa man 3|z + 2| + 2|z — 2| < 12. Goi M, m lan lugt 1a gia tri 16n
nhét, nhé nhét cta |z — 4 + 34|. Gié tri cia M - m bang

(A)26. (B) 20. (C)2s. (D) 24.
& Loi gidi.
Dit z = 2 + yi, (z;y € R), P (x;y) 1a diém biéu dién ciia sé phitc z.
Taco3|z+Z|+2|z—Z| <12 3|2z +22yi| <12 < 3|z[+2]y] <6 (1).
Khiz >0;y >0, tacb (1) < 3z + 2y <6.
Khiz <0;y<0,tacé (1)< -3z —2y <6.
Khiz <0;y>0,tacé (1)< —3z+ 2y <6.
Khiz >0;y<0,tacé (1) < 3x—2y <6.
Suy ra quy tich diém P 1a hinh thoi ABCD cting mién trong ctia noé.
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|z — 4+ 3i| = EP véi E (4; —3) la diém biéu dién ctia s6 phitc z; = 4 — 3.

T hinh vé ta ¢c6 m = min EP = d (E,CD).

Pudng thang C'D c6 phuong trinh 3z — 2y — 6 = 0, suy ra m = \}3_3

max EP = max{FA,EB, EC,ED}.

Lai c6 EA=+/16+36 = 52, EB =+/9+36=3V5, EC =4, ED =+/9+4 = /13.
Do dé M = EA =+/52. Vay M - m = 24.

Chon dép an (D) O
BANG DAP AN

[42.1. A |[422. D |[42.3. C |[424. B |[425. B |[42.6. A [[42.7. C |[428. D |
1429. A |[42.10.A |[42.11.C |[42.12.D |[42.13.A |[42.14.C |[42.15.D ||42.16.D |
(42.17.B  |[42.18.B |[42.19.A [[42.20.B |[42.21.C |[42.22.C [[42.23.C |[42.24.A |
142.25.B [[42.26.A [[42.27.A [[42.28.D |
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Danc43. PHEP DEM

KIEN THO'C CAN NHO

1. Géc giita dudng thang va mat phang

Mubn x4c dinh géc ciia dudng thang a va (P) ta tim hinh chiéu o\ A
vuong goc a’ cua a trén (P). Khi d6 (a, (P)) = (aﬁ?).

2. Géc giita hai mat phang

Dé tim géc gitta hai mit phing, dau tién tim giao tuyén

clia hai m&t phang. Sau d6 tim hai duong thing lan luct &
thuoc hai mat phing cliing vudng géc véi giao tuyén tai mot

diém. Géc gitta hai mit phang 1 gbc gitta hai dudng thiang o
via tim. d

Nhitng trudng hgp dic biét dé hay xay ra:

a) Truong hgp 1: Hai tam gidc can AC'D va BC'D c6 chung canh ddy C'D, thi gbc gita
hai mét phéng (ACD) va (BCD) 1 gbc AHB.

b) Trudng hgp 2: Hai tam gidc ACD va BCD bang nhau c6 chung canh CD. Dung
AH L CD = BH L CD. Vay gbc giita hai mit phang (ACD) va (BCD) la goc AHB.
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A

¢) Truong hgp 3: Khi xac dinh géc gitta hai mat phing khé qué, ta nén sit dung cong

thic sau:
d (A, mp(Q))
d(A, a)

sinp =

Vé6i ¢ 1a gbe gitta hai mit phang (P) v mét phang (Q), A 1a mét diém thudc mit phang
(P) va a 1 giao tuyén clia hai mét phang (P) va (Q).

d) Trudng hop 4: C6 thé tim géc giita hai mit phang bing cong thiic S = S. cos .

e) Trudng hgp 5: Tim hai duong thang d va d’ 1an ludt vudng géc véi mat phang (P) va

mit phang (Q). Géc gitta hai mét phang 1a géc giita d va d'.

f) Trudng hop 6: Cach xdc dinh géc gitta mit phang bén va mit phang day

(a) Budc 1: Xdac dinh giao tuyén d.
(b) Budc 2: Tit hinh chiéu vudng goc ctia dinh, dung AH L d.
(c) Bude 3: Gobc can tim 1a goc SHA.
V6i S 1a dinh, A 13 hinh chiéu vudng géc clia dinh trén mat day.
3. Khoang cach tir mét diém dén mit phang
Bai toan 1. Tinh khoang cach tit hinh chiéu vuéng géc ciia dinh dén mét mit bén

Phuong phap xdc dinh khodng cach tit hinh chiéu ciia dinh dén mét mit phing bén.

S
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« Buéc 1. Xic dinh giao tuyén A.
« Budc 2. T hinh chiéu vuong géc ctia dinh, dung AH L A (v6i H € A).

« Buéc 3. Dung Al L SH (véi I € SH). Khodng céch can tim 1a AT

V6i S 1a dinh, A 1 hinh chiéu vudng géc clia dinh trén mat ddy.

SA-AH

e Bubc 4. Al = ————
VSA? + AH?

qua diém nay dua vao cong thitc cia Bdi todn 2.

Bai todn 2. Tinh khoang cach tit mdt diém bat ky dén mot mit phing

Thuong st dung cong thitc sau:

d
M
A
[
H K
A d
K
M

d(M,mp(P)) MO
, d(A,mp(P)) A0’
O cong thitc trén can tinh khodng cach tit diém M dén mit phing (P).

Cong thitic tinh ti 1&é khoang cach

Ba bude dung & trén 14 sit dung tinh chdt: Hai mit phing vuong géc véi nhau, néu mot duong
thdng ndm trén mit phing ndy vuong goéc véi giao tuyén thi sé vudng gbc véi mit phing kia.
Paéy la bai todn co ban nhung vé cing quan trong trong viéc tinh khodng cdch ti mot diém dén

mot mdt phdng. Hau nhu tinh khodng cdch t mot diém bt ki dén mdt phang bén déu thong
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Phuong phap phéi tim mét duong thang d qua M va chita mot diém A ma c6 thé tinh khodng

cach dén mit phang (P). Kinh nghiém thuong diém A 13 hinh chiéu ctia dinh.
4. Khoang cach giira hai dudng thﬁng chéo nhau

Cho hai dudng thang chéo nhau a va b. Do dai doan vudng M
goc chung M N cta a va b duge goi la khoang cach gitta hai

duong thing chéo nhau a va b.

MN 1 atai M
Kf hidu: d (a,b) = MN khi N
MN L btai N.

5. Thé tich khéi chop-khbi lang tru
2 2 X 1
a) The tich cta khoi chép c6 dién tich ddy S va chieu cao hla V = 3 S - h.

b) Cong thitc tinh thé tich khéi ling tru V = S - h, trong d6 S 1 dién tich day, h 1a chicu

cao.

c¢) Tinh dién tich ddy S ta can nhé cdc cong thitc tinh dién tich clia tam gidc va tit gidc

thuong gap.

d) Tinh chiéu cao h ta phai xdc dinh duge hinh chiéu ctia dinh hinh chép ( hay ling tru)
trén mat phing déy.

BAI TAP MAU

CAU 43 (Pé minh hoa BGD 2022-2023).
Cho khéi ling tru ditng ABC.A'B'C’ c6 ddy ABC la tam gidc vuong can tai B, AB = a. Biét

z 2 N 6 2 Z N
khodng céach tit A dén mat phang (A’BC') bang \é_a, thé tich khoi lang tru da cho bang

@?a?’. \fa?’. (©) v2d®. @\fa?’.

& Loi gidi.
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Ké AH 1 A’B, H € A'B. A '

BC 1 AB
Vi = BC 1 (ABB'A’) = BC 1 AH.
BC 1L AA

Ta 6 BC 1L AH, AH | A'B = AH 1 (A'BO).
av'6
e

Do dé d (A, (A'BC)) = AH =

Xét tam giac vuong AA’'B vudng tai A, ta ¢
LN SN S S 1
AR S AR T AR T 4T AR AP’ AT
= =— - =_—=AA=qaV2.
A’A%2 6a®  a® 2a? 22
a*\/2

" 1
Vay Vapcapcor = Saapc - A/A = F0-a a2 = 5

Chon dap an O

@© BAI TAP TWONG Ty VA PHAT TRIEN

Cau 43.1. Cho hinh chép S.ABC c6 ddy ABC la tam gic vudéng can dinh A, AB = av/2. Goi
I 1A trung diém ctia BC hinh chiéu vudng géc ctia dinh S 1én mit phang (ABC) 1a diém H thoa
min TA = —2TH géc giita SC va mit phing (ABC) bing 60°. Thé tich khéi chép bing

3./5 3./5 3/15 3/15
@a2 ’ CL6 ’ ©a6 ' @a12 '
& Loi gidi.

1 1
TacéSABcziAB-AC:i-a 2. av/2 = a?.
BC =2, [A=a, [H="2

2
Tam giac HIC vuong tai I ta c6
2 5a> 5
HO2:HIQ+ICQ:Z+a2:Z:>HC:a\2/_.
—— SH — 5
tan SCH = Vite & SH = HC -tan SCH = a\z/_'\/g_
av/'15
5
1 1 aV15 av/15
Vay V. =—--SH-S =—- ca? = :
ay Vs.ABC 3 ABC = 3 5 a 5 o
Chon dép 4n (C) O

Céu 43.2. Cho khéi chép S.ABCD cé ddy AB5C D 1a hinh chit nhat, AB = a, SA vudng gbc véi
mit phang déy va SA = a. Géc giita hai mit phang (SBC) va (SCD) bang ¢, v6i cos ¢ = 75
Thé tich ctia khéi chép da cho bang

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qdy Dén ® Trang 352/472

a2 3 2v/2a3 2a*
. 2. : —
® iy2 © 3
& Loi gidi.
Goi H 1a trung diém SB, vi ASAB vuong can tai A = AH L
SB (1).
BC 1 AB
Lai ¢6 = BC 1L (SAB)= BC 1L SB (2).
BC 1 SA
Tu (1), (2) suy ra AH L (SBC)= AH 1L SC (3).
Goi K 14 hinh chiéu ctia A 1én SD, chitng minh tuong tu ta cé
AK 1L (SDC)= AK 1L SC. (4)
Tit (3) vi (4) suy ra ((SBC) , (SDO)) - (AH, AK> _

Goi M, N lan luct 1a trung diém SC, AD, dé& dang chting minh dugec AHM N 14 hinh binh hanh,
suy ra MN J| AH.]] Ké NP || AK,(P € SD),vi NP || AK = NP 1 (SCD)= NP 1L MP.
Ta c6 (AH, AK) - (MN, NP) — MNP = ¢ (vi AMNP vuéng tai P).

1z SA-AD ax ax
Dt AD = z, d& thiy AK = — ~NP=_ "
' Y SD Vva? + x? 2y a? + x?
——— 1 NP o=
Xét AMN P vuong tai P, ta ¢c6 cos MNP = — = = VYOI = /2.
8 1 B MN e v2
. 1 1 a’y/2
Vay Vs.apcep = gSA - SaBcp = 3 a-a’y2 = 3
Chon dép an (A) O

Cdu 43.3. Cho hinh chép tit gidc déu S.ABCD, O la giao diém ctia AC va BD. Biét mit bén
ctia hinh chép 1a tam gidc déu va khodng cach tit O dén mit bén 1a 2a. Tinh thé tich khdi chép
S.ABCD theo a.

(A) 16a°/3. 8a3\/3, (C) 4843V/3. (D) 24a%/3.
& Loi gidi.
Goi M la trung diém ctia BC. Vi mat bén la tam
gidc déu nén BC' L SM. Mat khac BC' L SO nén
BC 1 (SOM) = (SOM) L (SBC).
Goi H 1a hinh chiéu ctia O 1én SM ta c6
OH 1 (SBC), do d6 d(O, (SBC)) = OH.

DétAB—x,tacéSA—x,SM_x;/g;OM_;
2
SO? = SM? — OM? = %
1 1 1 6
Tam gidc SOM vuong tai O ¢c6 OH la duong cao nén OI2 ~ S0° + e = OH = $\6/_
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Theo gid thiét d (O; (SBC)) = OH = 2a nén a = xl\f = r = 2a+/6.

Tu do suy ra SO = 2av/3: Sapcp = 2442

Thé tich khéi chop 14 Vg apep = ; - 2a+/3 - 24a® = 164/3a°.

Chon dap 4n (A) O

Cdu 43.4. Cho hinh chép S.ABCD c6 day 1a hinh chit nhat v6i AB = a, AD = 2a, canh bén
2 7 2 N 2 2
SA vubng goc v6i ddy. Khodng cach tir diem A den mat phang (SBD) bang Ea. Tinh the tich
khoi chép S.ABCD.
2a® a’ 2a® 3
& Loi gidi.
Trong (ABCD), ké AE 1 BD,(FE € BD).

Ké AH 1 SE,(H € SE).

BD L SA
Ta ¢6 = BD 1 (SAFE)=> BD 1 AH.

BD 1 AFE
= AH 1 (SBD) = d(A,(SBD)) = AH.
Xét tam giac ABD vudng tai A, ta co
AB-AD 2a
A = —(———— = —.
VAB? + AD?  \/5

Xét tam giac SAE vudng tai A ta co

2a 2a
AS — AH.AFE _ 3B _
VAE? — AH? 4a? _ 4a?
5 9
1 2a°
Vay Vsapep = gAB - AD - SA = %
Chon déap an @ O

Cadu 43.5. Cho hinh chép S.ABC ¢6 SA L (ABC), tam gidc ABC vuong tai A, BC' = 3a,
AB = a. Géc gitta mit phang (SBC) va (ABC) bang 45°. Tinh thé tich khéi chép S.ABC' theo

a.
4 3 3 2 3 2 9 3
@ Vs.ape = %' Vsapc = . g/_ @ Vs.apc = ¢ 2\/_ @ Vs.apc = %-

& Loi gidi.
Goi I 1a hinh chiéu vudéng géc ctia A lén BC suy ra AI 1 BC.
Ma BC L SA (Vi SA L (ABC), BC C (ABC)).
Suy ra BC' L (SAI), suy ra BC' L SI.
(SBC)N (ABC) = BC
Ta c6 ¢ AI L BC,SI 1. BC

Al € (ABC), SI C (SBC)
= ((SBC),(ABC)) = (SI, AI) STA = 45°.
Xét tam giac ABC' co
AC? = BC? — AB? = (3(1)2 —a?=8a? = AC =+/2a.
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) B 1 1 1 1 1 9 2v/2a
Xét tam giac ABC co Ap:ABQiéCQ:?—F@ 32 = Al = :

Xét tam giac SAI vuodng tai A, c6 STA = 45° nén la tam giac vudng can.

Suy ra Al = SA = Q\fG.
1 1 1 2
Vsapc = 3 Saapc - SA = 33 2v/2a - \/_ —a®. (dvtt)
Chon dép an (A) O

Cdau 43.6. Cho khéi chép déu S.ABCD cé canh day 1a a, cAc mit bén tao véi ddy mot goc 60°.
Tinh thé tich khdi chép do.
a\/3 a’\/3 a’\/3 a\/3

B Loi gidi.

Goi O 1a giao diém ctia AC va BD, goi M 1A trung
diém BC. Géc giita mit bén (SBC) va mit phang
(ABCD) 1a géc SMO = 60°.

Xét ASOM c6 OM = g SMO = 60° thi

SO:OM-tanS/J\/[\O:;-\/g:a\Q/g.
R 1 a*v/3
Nén VS.ABCD = g -S5O - SABCD = (tht)
Chon dap én@ O

Cdéu 43.7. Cho ling tru déu ABC.A'B'C’ ¢6 canh ddy bang 2a, duong thing AB' tao v6i mit
phéng (BCC'B') mot géc 30°. Thé tich khéi ling tru da cho bang
@ 2v/6a3. @ 6a>. @ 2a3. @ V6a3.
& Loi gidi.
Goi M la trung diém cta BC. A '

AM L BC
Ta ¢ = AM 1 (BCC'B')
AM 1 BB’

= B'M la hinh chiéu ctia AB’ trén mit phang (BCC'B').

Do dé géc gitta AB' va mét phang (BCC'B’) bang gbc giita AB’
via B'M vi bing AB'M = 30°.

Tam giac AB'M vuodng tai M nén AB' =

AM
—9vBa.  oal ]\
sin30e — 2V AR ¢

Tam giac AA’B vudng tai A nén T~
A =/AB”? — AB? = /1242 — 442 = 2/2a.

Thé tich khéi lang tru ABC.A'B'C’ 1a

V = AA - Sapc = 2v/2a - a*V/3 = 2v/64°.

Chon dap 4n (A) O

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 355/472

Cadu 43.8. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 AB = a, AD = 3a, gbc gitta hai mat
phéng (ABC") va (ABCD) bang 60°. Thé tich khéi ling tru ABC'D.A’B'C'D’ bing
® W 3308, CRLE oINS

& Loi gidi.
( (ABC')N (ABCD) = AB

(ADD'A") L AB

(BCC'B')N (ABCD) = BC
| (BCC'B'YN (ABC") = BC' B
= ((ABC"),(ABCD)) = C'BC = 60
Tam giac C'BC vuong tai C' nén
CC’' = BC - tanC/’B\C = 3av/3.
Thé tich khéi ling tru ABC.A'B'C" 1a /L SR P B D/

]_ 9\/§a3 // \\
_ /, _ .Za-3q = ’
V=CC SABC 3\/5@ 2CL 3a 5 . B o

Ta cod

Chon déap an @ O
Cau 43.9. Cho hinh ling tru ABC.A'B'C" ¢6 AB = 3a, AC = 4a, ABA = CA'C' = 90°. Biét
khoang céch tit tAm mit cau ngoai tiép hinh chép A ABC dén mit phing (ABC) bang 5\2/3,
gbc gitta AA’ va (A’B'C') bang 60°. Tinh thé tich lang tru ABC.A'B'C’

(A) 30v/3a®. 10+/3. (©) 5v3a®, (D) 15+/343.
& Loi gidi.
Ta ¢6 A/ABA = ACA = 90°. Diém I

trung diém AA’ 13 tAm mat cau ngoai
tiép hinh chép A’ ABC. Goi H 1a hinh
chiéu ctia I trén mit phang (ABC) suy
ra H 1a tdm dudng tron ngoai tiép tam
gidc ABC va K 1a diém ddi xtmg ctia A
qua H. Suy ra AK la duong kinh duong
tron ngoai tiép tam giac ABC.

IH 1 (ABC)
M3t khac = A'K 1 (ABC).
IH | AK

53
Ma [H = \2/_a = A'K = 5/3a.

Va (AA’, (A’B’C’)> - (AA’, (ABC)) = AAK = 60°.
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AK' S5av/3
Xét tam gidc A/AK ¢6 AK = —— = s
tan A/AK ~ tan60°
Xét tam giac ABC'. Ap dung dinh ly sin ta c6
B A AB sin B =
¢ ¢ =2R =ba =

sinA  sinB sinC :
sinC =

Tt W O] B~

= sinB = cosC' = ;L (vicosC = —;l = B+C > 180° khong ton tai tam gidc ABC).

Suy ra AABC vuong tai A.

Thé tich ling tru V = ; -3a - 4a - 5v/3a = 30V/3a>.

Chon dap 4n (A) O

Cdau 43.10. Cho hinh lang tru ABC.A'B'C" ¢6 ddy ABC la tam gidc vuong tai A, AB = a,
AC = a+/3. Hinh chiéu vuong géc ctia dinh A’ 1én (ABC) trung véi tam ciia dudng tron ngoai
tiép ctia tam gidc ABC. Trén canh AC lay diem M sao cho CM = 2AM. Biét khoang cich giita
hai duong thang A’M va BC bang g. Tinh thé tich V ctia khéi ling tru da cho.

Br-f e 2
B Loi gidi.
Ké MN ) BC, N € AB. HK L MN, HI L
AK.
d(A'M; BO) = d (BC; (A MN))
= d(H; (AMN)) = HI = HI = g
Ké AT j) HK, AT\ MN = P
= HK = PT = §AT.

Tam gidc ABC' vuodng tai A
1 1 1 4

AT T AB T ACt T s
a
= HK =-AT = —.
3 V3
Tam giac A’HK vuong tai H
1 1 1 4 3 1

=

T AR HE HE: @ @2 &
= A'H =a.
Vay thé tich khéi ling tru da cho 1a V — A'H -

1 3V/3
SABC:a-2-a-a\/§:a2\/_.

Chon dap 4n (A) O
Cau 43.11. Cho ling tru ABC.A'B'C" ¢6 ddy la tam gidc déu canh 2a. Hinh chiéu vuong géc
ctia diém A’ 1én mit phang (ABC) tring véi trong tdm tam gisac ABC. Biét thé tich ctia khéi
ling tru 13 26v/3. Tinh khoang cach gitta hai dudng thang AA’ va BC.
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to B % o
& Loi gidi.

Goi H 1a trong tam ctia AABC, M 1a trung diém
BC.

Ké MI 1 AA’ tai I.

Ké HK 1 AA tai K.

Ta c6 AH L (ABC) = A'H 1 BC ma BC L
AM

= BC 1 (AAAM) = BC 1 MI.

Suy ra M1 la doan vudng goc chung ctia AA" va

BC.

V 13=Yall

/3 Sasc

p 2av/3 1 1 1 3 1 1

AH = ZAM = - - — L S [K-=

3 3 HE® Al ATt T e “

d(AA, BO) = MI = SHEK = ?a

Chon dép 4n (C) O

CAu 43.12. Cho hinh chép tit gide S.ABCD c6 déy 1a hinh thoi, BAD = 60°, canh déy bing a,

a’y/2

thé tich bang . Biét hinh chiéu ctia dinh S 1én mit phang dy tring véi giao diém hai duong
chéo ctia hinh thoi (tham khao hinh vé). Khoang cach tit C' dén mit phang (SAB) biang

®° B ©L ave,

2
& Loi gidi.

Ta c6 SABCD = 2SAABD =AB-ADsin A = ¢
3V 3.2 46

Sipcp %\/g 2

Goi M la trung diém AB, K 1a trung diém ctia BM.

3
TacéDMLAB:>DM:a\2/_,HK//DMVéL

HK:—DM:G\/;
2 A

Ta c6 AB L (SHK)
= (SAB) L (SHK), (SAB)N (SHK) = SK.

Do dai duong cao SH =

Ve HN L SK tai N = HN 1 (SAB) = d(H,(SAB)) = HN.
HK-HS a\/6 a\/6
HN = = ;d(C,(SAB)) =2d (H,(SAB)) =2HN = ——.
s = T A (CL(SAB) = 24 (H, (SAB)) .
Chon dap én O
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Cdu 43.13. Cho ttt ditn ABCD c¢6 AC = AD = av/2, BC = BD = a, khodng céch tit diém
) . . 3 , .

B dén mit phing (ACD) bing “;f va thé tich tit dien ABC'D bing &

phang (ACD) va (BCD) bang

(A)90°. (B) 45°. () 60°. (D) 30°.

& Loi gidi.

. Géc gitta hai mat

Goi M 1a trung diém ctia CD. B

Xét tam giac AC'D can tai A va tam giac BC'D can tai B nén

AM 1 CD
= CD 1 (ABM).

BM 1. CD
((ACD),(BCD)) = AMB.
Ké BH vudng goc v6i AM tai H = BH 1 AM.

A
Ma CD 1 (ABM)= CD 1 BH = BH 1 (ACD,). D
1
Suy ra VABCD = gBH : SACD v6i BH = d(B,(AOD)) = M
av/3 3V 2\/_
=S40 = B =y c
bat CD = 2z.
a’\/5
Suy ra AM = VAC? — MC? = \/2a2 — 22 = Sycp = §AM CD = xv2a? — 22 = 5
a 2a av/6
:>$:—:>C'D:—:>BM:\/BCQ—CM2:—.
V3 V3
_— BH —
Xét tam giac BM H vuong tai H ¢6 sin BMH = BV \é_ =sin AMB
— AMB = 45° = ((ACD),(BCD)) = 45°.
Chon dép 4n O

Cd&u 43.14. Cho hinh chép tit gide déu S.ABCD c6 chu vi tam gidc SAC bang 8. Trong truong
hop thé tich ctia khéi chép 16n nhat, hay tinh cosin ctia goe tao bdi canh bén va mat day ctia hinh
chép S.QABC'D. X ; X

@3 ®3. ©3 O3
& Loi gidi.
Goi O la tam hinh vuong ABCD, dat SO = x va OC = y.
Chu vi tam gidc SAC bang 1a C = 2SA+ AC = 2/22 + 2+

y—8®m+y—4¢)m—4 Y.

a2+t =(1—y)? ﬁy—l 3
Thé tich ctia khoi chép S.ABCD

= ;SO'SABCD =3 (?J\/—> 2 xy g‘ﬂf =

1
Ta c6 V' = %(x—él) (z +4) (5x? — 16).
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Vi=0s 2=

Bl

4 8
Vay Viax khiz = —= va y = —.

75 5

—= OA 3 2
Khi d6 cos (SA; (ABCD)) = cos SAO = 05 = z = =3
4
V(&) + ()
Chon dép 4n (A) O

Cdu 43.15. Cho ling tru dimg ABC.A'B'C’ ¢6 déy la tam gidc déu canh 2a. Mit phang (aB'C")
tao v4i mit ddy goc 30°. Tinh theo a thé tich khéi ling tru ABC.A'B'C’.

3 3 3

AV =aV3. v23a4 5 @V:af. @V:3a8\/§.
& Loi gidi.
Goi M la trung diém ctia B'C' = A'M 1 B'C".

B'C" 1 AA

= B'C" L (AA'M)

B'C' L AAM
Suy ra géc gitta hai mit phang (AB'C') va (A'B'C") la gbc
AMA" = 30°,

Tam gidc A'B'C’ 1a tam gidc déu canh bang 2a
= AM =A'B"-sin60° = 2a - ? = av/3.

1
AA" = A'M - tan 30° = a/3 - % = a.

Sapc = ;Qa - 2a - sin 60° = v/3a2.

Thé tich khéi lang tru ABC.A'B'C’ bang
V =AA" - Sapc = a-a*V3 = /3d°.
Chon dap 4n (A) O

Cdau 43.16. Cho hinh ling tru dttng ABC.A’B'C’, biét ddy ABC' 1a tam gidc déu canh a. Khoéng
cach tit tdm O ciia tam gidc ABC dén mit phang (A’BC) bang %. Tinh thé tich khéi lang tru
ABC.A’%”&Z’_’. 5./ 5. /5 5. /5

3a°v/2 3a°v/2 3a’v/2 3a’v/2

& Loi gidi.
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2
Dién tich dy 1 B = Saapc — - f

Chiéu cao 1a h = d ((ABC); (A'B'C")) = AA’.
Do tam gidc ABC 1a tam gidc déu nén O la trong tAm clia tam

gidc ABC. Goi I 1a trung diém ctia BC, H 13 hinh chiéu vuong

goc cua A lén A'l ta cé

AH 1 (A'BC) = d(A: (A'BC)) = AH.
d(0;(A'BC)) 10 1
d(A4;(A'BC))  TA 3

= a(0s (aBey) = VAL A _a

Xét tam giac A’Al vudng tai A ta cé
1 1 1 1 1 1 av/3
— = — AA’
AH? ~ AA? AR T AAR T AR AP
Chon dép 4n (C)

a\/§
:7:>h:7:>V DRI =
2\/§ 2\/§ ABC.A'B'C

A/\
N\

C/

3a3v/2

U

Cdau 43.17. Cho lang tru dimg ABC.A'B'C" ¢6 ddy ABC' la tam gidc vudng tai A, AB = 2a,
AC = 3a. M4t phing (A’BC) hop v6i mit phang (A’B'C") mot gbe 60°. Tinh thé tich khéi ling

tru da cho.
@ 9a3+/39 3a3v/39 @ 6a3+/39
26 26 13
& Loi gidi.

Do (A'B'C") /| (ABC) nén goc gita (A'BC) va (A'B'C’) la gbéc
gitta (A’BC) va (ABC).

Dung AM 1 BC. Ma AA” 1. BC nén

suy ra BC' L (A’BC) = BC 1L A'M.

Vay géc giita (A'BC) va (ABC) 1a géc giita duong thang A'M va
duong thing AM.

Suy ra AMA = 60°.

Xét tam giac vuong ABC ta cb

BC = /AB? + AC? = V4a% 4+ 9a% = a\/13.

Ay

@ 18&3\/ 39
13
\\\\\\ B/

AB - AC 6a> 6av/13
Mat khiac AM - BC = AB- AC = AM = = = )
A e BC ~ a/13 13
Xét tam giac vudng A’AM vudng tai A ta ¢
— AA 6av/39 6a+/39
AMA = AA" = AM - ° = : = :
tan VWi = tan 60 13 V3 E
Vay thé tich khéi ling tru ABC.A'B'C’ 1a
V 1 18a3+/
V= AA/ . SAABC = 6a1339 . 5 -2a - 3a = 8@1339 (dvtt).

Chon dap 4n (D)

Cf/

O
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Cadu 43.18. Cho hinh lang tru diing ABC.A’B'C" ¢6 ddy ABC la tam gidc vudng tai A. AC = a,
ACB = 60°. Pudng thang BC' tao v6i mit phang (ACC’A’) mét gée 30°. Thé tich clia khéi ling
tru ABC.A'B'C’ bang

®) VB, it oot D) a3,

& Loi gidi.

AB 1 AC

Ta ¢6 = AB 1 (AA'C'C) tai A, Al c’
AB 1 AA’ 7/

ma BC' N (AA'C'C) = C' nén :

<B(J’, (AA’C’(J)) — (BC", AC") = AC'B = 30°.

Ta c6 AB = AC - tan 60° = av/3; AC" = cot 30° - AB = 3a. ) ’

Suy ra CC' = VACT = AC? = 2av/2.

Thé tich ling tru la V = 2av/2 - ; ca-av3 = a*\/6. 7

Chon dap 4n (A) O

Cdu 43.19. Hinh ling tru dimg ABC.A'B'C" ¢6 dién tich ddy bang 4, dién tich ba mit bén lan
luot 14 9, 18 v& 10. Thé tich khéi ling tru ABC.A’B'C" bang

V11951 V11951
(A) V11951. e (C) v11951. (D) —
B Loi gidi.
bat AA' =x, AB=¢, AC=b, BC =a. A c’
rc=18
C = 2b !
Ta cb xb=9 = 10
a = —b.
ra = 10 9
Talai ¢6 Sapc =4 < \/p(p—a)(p—0)(p—c) =4,
. a+b+c 37
vl p= ——— = —D.
2 18
37. (37, 10\ (37 37
b <b - b) (b - b) (b — 2b> = 4.
< \/18 FRMERVANT 18
V11951
Suy ra x = g
Vay thé tich khdi lang tru
ABC.A'B'C' 1AV = AA' - Sypc = ~ 1;951.
Chon ddp 4n O

Cdu 43.20. Cho lang tru ding ABCD.A'B'C'D’ ¢6 ddy la hinh thang vudéng tai A va B, goi
FE 13 trung diém AD. Cho AD = 2AB = 2BC = 2a. Hay tinh theo a thé tich khéi ling tru
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@ Trang 362/472

3v22
22

©

9\/ﬁa3

ABCD.A'B'C'D’ biét khoang cach gitta hai dudng thang BE va A’'D 1a
@ 9a3. 9\1/12_2a3. @ Za3.

& Loi gidi.

Tt gid thiét, ta c tit gidc ABCE 13 hinh vuong. A

Ha AH 1L A'C; H € A'C.

Tac6 CD L AC, CD L AA' = CD L (AA'C) . NG ¢

= CD 1 AH,ma AH | A’C = AH 1 (A'CD,).
Mat khac BE J| CD, CD e (A'CD),

E 1a trung diém AD nén Ol
1 - \

d(BE; A'D) = d(B; (ACD) = _d(4;(ACD)) = ahel
1 /, S . v L
—AH. / \;</’)\\
2 . // _ -7 N \
Tt gid thiét ta co S N

B C
1 22 22 AA - A 22
—AH:?)\/_CL(:)AH:B\/_CL(:) ¢ :3\/_
9 22 11 VAAZ 1 AC? 11

AA? =9a® & AA = 3a.
) 1 1 3a?
Ta c6 Sapep = i(AD + B(C) - AB = 5(2a+a) a=—

Vay Vapep.aporpr = Sapep - AA' = —
Chon dap an @

BANG DAP AN

AA - a2

= =
VAR 20

143.1. C ][43.2. A |[433. A |[434. A ][435. A |[436. C |[43.7. A |[438. C |

143.9. A ][43.10.A |[43.11.C |[43.12.B ||43.13.B ||43.14.A [[43.15.A |[43.16.C |

143.17.D  ][43.18.A |[43.19.B |[43.20.C |
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O Trang 363/472

Danc44. DIEN TICH HINH PHANG

KIEN THO'C CAN NHG

1. Ung dung tich phan tinh dién tich

e Hinh  thtc 1: Khong  cho  hinh

a) Mot s6 hinh thiic dé cho va huéng xit Iy trong trac nghiém

vé, cho dang (H)

casio

b
= f@).y=g@)r=ar=ba<b} =2 [|f(z)- o) dr = ket qui, so
sénh v6i bon dap 4n.
Hinh thitc 2: Khong cho hinh vé, cho dang (H) : {y = f(z),y = g(z)}. Giai f(z) =

J15(@) — @) az

1

casio

g(z) = x1,...,7; v6i 71 nhé nhat, z; 16n nhat —22

Hinh thitc 3: Cho hinh v&, sé& gidi phuong trinh tim toa do giao diém ( néu chwa cho
trén hinh), chia timg dién tich nhé, x6 hinh tit trén xudéng, ghi cong thitc va bam

may tinh.

Hinh thtic 4: Cho ba ham tré 1én, chang hang y = f(z),y

vé hinh.

2. Ung dung tinh thé tich khdi tron xoay
a) Thé tich vat thé(mat cat)

S = /bS(x) dz.

Goi B 1a phan vat thé giéi han béi hai mit phing vuong géc véi truc Oz tai cdc diém
a va b, S(x) 1a dién tich thiét dién ciia vat thé bi cit bdi mit phang vudng géc véi truc

Ox tai diém z, (¢ < 2 < b). Gid sit S(z) 1a ham s6 lién tuc trén doan [a;b]. Khi dé

b) Thé tich khdi tron xoay
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o Thé tich khéi tron xoay dugdc sinh ra khi quay hinh phing gi6i han bdi cdc dudng
y = f(x), truc hoanh va hai dudng thing z = a, z = b quanh truc Oz:

Y

(C):y=f(x)
Ox =0 A

e (_é Y ‘ngw/waHde
r=2>b

o Thé tich khéi tron xoay dugc sinh ra khi quay hinh phing gi6i han béi cic duong
x = g(y), truc tung va hai duong théng y = ¢, y = d quanh truc Oz:

(C):z=g(y)

(Oy):w=0 ro
Vy=m [ lg(y)]" d

e !gy y

y=d

« Thé tich khéi tron xoay dugc sinh ra khi quay hinh phing gi6i han béi céc duong
y = f(z), y = g(x) (cling nAm médt phia so v6i Oz) va hai dudng thang z = a, = b
quanh truc Ox:

Y

BAI TAP MAU

CAU 44 (Pé minh hoa BGD 2022-2023).
Cho ham s6 y = f(z) c¢6 dao ham lién tuc trén R va thoa man f(x)+zf'(z) = 43 +42+2,Vr €

R. Dién tich hinh phéng giéi han bdi cac dudng y = f(z) va y = f'(x) bing
5 4 1 1
@ ®; ©3 ®;

& Loi gidi.
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Ta co

flx)+zf(z) =42 + 42+ 2 = (zf(z)) =42° + 42 + 2 = zf(x) :/(4563—1—4;15—1—2) dzx
= zf(z) =2*+22°+22+C,C € R.

Thay x = 0 duge C' = 0.
Do d6 zf(z) = z* + 222 + 2z hay f(x) =23 + 2z + 2 va f'(x) = 322 + 2.
Phuong trinh hoanh dd giao diém ciia céc dusng y = f(z) vay = f'(z)

z=0
P +20+2=3"+21° -3 +22=0& (=1
T =2
Dién tich hinh phang giéi han béi cac duong y = f(z) vay = f'(z) la
/ 1

5= [1f@) - f(@)|de = 3.

0

Chon dép 4n (C) O

@© BAITAP TUONG Ty VA PHAT TRIEN

~ . 2
Cdu 44.1. Cho ham so6 y = f(z) lién tuc trén R va thoa man f(sinz —x) = ST b tich
cos T —

0
phén S = /f(:v) dz.

—Tr

(Aa)o. B 1. (©)2. D)3.
& Loi gidi.
2
Ta c6 f(sinz —x) = ccfsozi—xl = (cosz — 1) f(sinx — ) = cos 2x.

Lay tich phan tit 0 t6i 7, ta duge /(cosx —1)f(sinz —z)dz = /cos 2xdx = 0.
0 0

Ditt =sinz —z. Déicinz =0=>t=0;2 =7 =t = —71 va dt = (cosz — 1) dz.
Do dé /f(t)dt: —/f(x)dsz.
0 0
Chon dap 4n (A) O
T : T
Cau 44.2. Cho ham 86 y = f(x) c6 dao ham va lién tuc trén [O; 5} thod man / [f’(:c)]2 dx = g
0
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cosxf(x)dr = %; f <g) = 0. Tinh jf(x)da:
@)o. ®)1. ©3 ©-3.

O\wh\

& Loi gi&i
il T T il
. ] /
Ta c6 [ cosxf(x f(z)d(sinz) = f(x)sinz sinzf'(x)dz = — [ sinzf'(z)dx
0 0 0 0 0
2 ‘ / __E
:>/smxf(:1:)dx— 1

0
Mt khéc

T
2 5
[f/(z) +sinz]® dz = 12 dx + 2/ x)sinxdr + /siandx
0

S — o 3
O\w\ 5

+

r-b\ﬂ
N | —

™
2

+ =0

s
2
/ (1 —cos2x)d
0

— sm 2:1:)

1
2

'-Mﬂ

= f'(x) +sine =0= f'(x) = —sinx = f(x) =cosz + C.

jus
2

Do f<72T> =0nén C=0= f(:z:)dq::/cosxd:zzzl.

0
Chon dép 4n O
Cau 44.3. Cho ham s6 y = f(x) thod man cac dieu kien f(1) = 2, f(z) # 0, Vo > 0 va
(z2+ 1) f'(z) = [f(@)]* (22 — 1) v6i moi > 0. Gid tri ctia f(2) bing
2 2 D D
@3 B -5 ©-3 D3

B Loi gidi.

S

L 9 2 N 2, 5 flx)  2*=1 '
T o6 (2 +1)° o) = @) (= 1) & JH0 = B v e 2o

Ly tich phan 2 vé ctia (x) trén [1;2] ta dugc

7 '(x) P 27 1_%
[ o= v _fgml/(xﬁ)m
- chmgl)l/(x:yd(ﬁi)
11 1 [
Ty
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Chon déap an @ O
CAu 44.4. Cho ham s6 y = f(x) thod man [f'(z)]* + f(x) - f7(z) = 42® + 2z v6i moi = € R v
f(0) = 0. Gia tri ctia f2(1) bang

R B’ 16 s

2 2 15 15
& Loi gidi.
Ta c6 [f'(2)]> + f(z) - f(z) = 42° + 22 & [f(l’) : f’(:c)] = 423 + 2.
Suy ra f(z)- f'(z) = /(451;3 +27)der = 2* + 22 + C.
V6i f(0) =0= C =0. Nén ta c6 f(z)- f'(z) = z* + 22
1

1 1
Suy ra/f(x). /a: + 2°)dz < fzéx) :185:>f2(1):£.
0 0 0

Chon dép &n (C) O

Cau 44.5. Cho ham s6 y = f(z) lién tuc trén [0; 1], f(z) va f’( ) nhén gia tri duong trén [0; 1] va

1
thodA man f(0 / dx = 2/\/]”’ )f(z)dx. Tinh tich phén
0

& [ [F@r@ -2/ e + 1] de =0,

o [ V@@ 1] de=0= VPG =15 F@)- £

= [ @) o) de= [1ds

& fi())x) =r+C.

Ma f(0)=2=C=—

Vay [ = /[f(:c)]3d:c - /(3:1: +8)dz = 129

Chon dag én (D) 0 O

Cau 44.6. Cho ham s6 y = f(z) c6 dao ham khong am trén [0; 1], thod man f(z) > 0 v6i moi
e [0;1] va [f(2)]* - [f'(2)]* - (2 +1) = 1 + [f(«)]*. Biét f(0) = 2, hay chon khing dinh diing

trong céc khang dinh sau.
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@2<f(1)<2. Z<f(1)<3. @2<f(1)<2. @3<f(1)<;
2 Loi gidi.
Ta co
@) [F @) (2 +1) = 1+ [f(2))?
= [f@))-[f'(@)] V(@ +1) = V1+[f(2)P
= [f@]-[f'(@)] V(@ +1) =1+ [f(2)P
o SU@P-f@) 3
21+ [f(x)]?  2va?+1
LAy tich phan tit 0 dén 1 ci hai vé ta dugc
/13[f(x)]2 @) 4 / 3w
0 2y 1+ [f(2)]? ) 2V + 1
1 3 1
& <\/1 + [f(a:)]3) i = iln (:1:—{— Va? + 1) )
& VIFIF - VITFOF = 5 (1 + V)
s f(1) =4 <§1n(1 +V2) + 3)2 — 1~ 2,605.
Chon ddp 4n O

1
~ ) t
Cdau 44.7. Cho ham so y = f(z) lién tuc trén (0; +00), thod man f(z) = e” + / fét) dt v6i moi
0

z € (0;400). Biét f(1+1n2023) =a+b-e, vdi a, b € N. Khi d6 a + b c6 gia tri 1

(A)2023. (B) 2025. (C)2024. (D) 2026.
B Loi gidi.
1
t
Pit T:/f(t)dt. Ta c6 f(z) = e + T.
e
0

L 1
dt = / (14 e 'T)dt = (t - Te_t>
0

Suyra T =eva f(zx) =e" +e.
Vay f(1+1n2023) = e!*n2023 1 ¢ = 2024¢e. Do d6 a = 0;b = 2024 = a + b = 2024.

t

T
¢ —(1-Te )= (0-T).
0

1
KhidéT:/
0 e

Chon dép &n (C) O
Cau44.8. Cho ham s6 y = f(z) litn  tuc  trén  (0;4+00), thod man
17
2 1 .
f(z?+1)+ ];;\/\/? = 2;— In(z + 1) v6i moi x € (0; +00). Biét 1/f(a:) dr =alnb—2Inb+c¢
v6i a, b, ¢ € Q. Gia tri a + b+ 2¢ bang
2 1
(A)7. B) 29. (©)s. 29.
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& Loi gidi.
, f(Wx) 2z+1
2 _ :
Taco f(z*+1)+ AR In(x 4+ 1).
f(Wz)
2 — :
s2uf(®+1)+ NG =2x+1)-In(x+1). (1)
Léy tich phan can tuOdén4hal vé cua (1) ta dugc
/Qxf 22+ 1 /2x+1) In(z + 1) dz
4 4 ’ 4
S [ fE@+1)d®+ 1)+ [ f(Vz 2c+1)-In(z+1)dx
j 0/4 -
<:>/f dx—i—/f /Qx—l— ‘In(z 4+ 1)dz. (2)

Lay tich phan CE_Hl tit 0 dén 1 hai vé ctia (1) ta dugc

/2:1:fx+

:/(2x+1)-ln(x+1)dx

o /f(a: +1) d(2? + 1) +/f )d(ﬁ):/(2x+1)-1n(x+1)dx

2

& /f x)d$+/1f(a; /12x+1 ‘In(z+1)dz. (3)

1

Lay (2) — (3) ta duge

1
|
/f dx—/(2:z:+1) In(z +1)d /2x+1) In(z +1)de = 20In5 — 21n2—25
0
:>a+b+26—7
Ch(_)ndapan@ O

Cau 44.9. Cho ham s6 y = f(z) nghich bién va c6 dao ham lién tuc trén khoang (0; +00), thod
méan f(9) =9 va [f(z) + zf' ()] = 4f(z), Yz € (0; +00). Nguyén ham ciia ham sb f(z) 1a

(A) 4z + 24y/7 — 9Inz + C. B) 2z 4 12y/z — 9In |z| + C.
©z+12y/z+ 9z +C. @4+\1/25+2+C.
g Loi gidi.
Ta co
[f (@) +af'(2)] = 4f(2)
L W@ raf@f @) +af@f 1
Af(x) Az f(x) x
f@)+af(z) 1 _ af(@)+zf(@) 1

1 (
NGO N CRG
[asf(x)]’ 1 o
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= \/xf(x)—/\}idx—Z\/E—i—Cl.

Ma f(9) =9 = /9F(9) =29+ C, = C} :3:>f(:c):M.

x
2 2
Vay /f(x)dx:/m;g)dx = 4 + 24/ — 9Inz + Cs.
Chon dép an (A) O
Cau 44.10. Cho ham s6 y = f(z) lién tuc trén R thod man f(1) = —; va f'(z) = 2z [f(x)],

Vo € R. Khi dé f'(z) bang

A @)=t B = ©f) =ty O )=

2% +1 2% +1 (2 +1) (22 +1)%
& Loi gidi.
, f'() [ 1 }/ 1 2
Ta cé: f/(x) = 2z[f(2)]? & =2r& | ——— :—2m:>—:—/2xdx:—x +C.
=2 ) e 1
3 = —— _— = — 2 = — B 2 _ = —
Ma f(1) = > 7 T “"+C=C 1:>f(x) *—1= f(x) e
P S R
Vay J'{w) = ( x2+1> (224 1)
Chon dép 4n (C) O
Cau 44.11.
Cho ham s6 y = f(x) c6 do thi trén y
[—2; 6] nhu hinh vé . Biét cdc mien A,
B, C ¢6 dién tich lan lugt 1a 32; 2; 3.
2
Tinh/[f(2x+2)+1] dz
22
5 B)41. \
2 41 A \
(©)37. 5 \
\

& Loi gidi.
2

2
Tacé/[f(2x+2)—|—1] dx:/f(2x+2)dx+4.
2

-2
2
Xét I = /f(2x +9)da.
2

d
Pit ¢ = 22 +2 = df = 2dz = dng.

Picinr = —-2=t=-2;2=2=1t=6.
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6
Suy ra I = ;/f(t) dt.
22

T T2 6
= I :;(/f(t)dt+/f(t)dt+/f(t)dt> = ;(SA—SB+SC) = ;(32—2+3) = 323 voi
—2 xr1 Z2

1, T 1a cdc hoanh do giao diém ctia dd thi ham s6 y = f(z) v6i truc hoanh (=2 < z; < x5 < 6).

2
33 41
Vay /[f(2x+2)+1] dov =l +4=""+4=".
2o
Chon dap 4n (D) O

Cdu 44.12.

Cho ham s6 f (z). Do thi ctia hAm s6 y = f' (z) trén
[—3; 3] nhu hinh vé (phan dudng cong ctia do thi 1a
mot phan clia parabol y = ax? + bz + c). 1
Biét f(3) =0, gia tri ctia f (—1) + f (1) bang

16 8 16 8
@—g- —g- @3- @g- -3 0 1

N - — — =

-

Ta c6 dudng cong Parabol ¢ dinh (2;1) va di qua hai diém (1;0), (3;0) nén c6 phuong trinh

y=f'(z) = -2+ 4z — 3.
3 3

Suy ra. [ ' (2) de = [ (o + 42— 3) dx:;l@f(?))—f(l):§:>f(1):—§.

&S LOi gidi.

2 2 2
Duong thang d di qua hai diem (—3;0), (0;2) nén c6 phuong trinh y = 37 + 2.

. 4
Suy ra véi diém c¢6 hoanh d6 x = —1 thudc d = tung do y = 3

1

Suyra/f’(a:) da::f(l)—f(—l):(;14—2).;—1—;-2-1:22>f(—1)=f(1)—§=—4.
-1

Vay f(-1) 4 ()= —d- s =2

Chon dap 4n (A) O

Cau 44.13.
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® Trang 372/472

Cho ham s6 y = f (z) lién tuc trén R va ¢6 do thi nhu hinh
vé. Biét rang dién tich cdc hinh phang (A) va (B) lan luot
1

\ | \
bing 15 va 3. Tich phan / 2 f(3Inz +2) do bing
xXr

1

(A) 4. B) —4. e ©)6. (D) —6.

& Loi gidi.

Hinh phang (A) gi6i han béi cdc dudng y = f(z), y = 0, © = —1, = 1 v ¢6 phan d6 thi nim
1

phia trén truc hoanh nén ta cé /f (x) dz = 15.
“1

Hinh phang (B) gi6i han béi cic dudng y = f(z), y = 0, x = 1, z = 2 v ¢6 phan dd thi nim
2

phia dudi truc hoanh nén ta co /f (x) de = —3.

1
1
X6t tich phan [ = /—f (3Inz +2) da.
s

at d
Pitt =3lne +2= dt = 3dx:>3 &«
A

Dai can

1
Véix:f:>t:—1.
lex—1:>t—2

Dodo]—/f dt 3/f zl))(/lf(t)dt+l/2f(t)dt>:

Chon dap an @

Cau 44.14.

Cho ham s6 bac ba f (r) = az® + bz? + bz + 2 va parabol
g(r) = ma? + nx + p c¢6 do thi nhu hinh vé bén. Biét
hai dd thi tiép xic nhau tai diém cé hoanh d6 bang —1.

Dién tich phan hinh phing phan dude gach chéo nim trong

khoang
(A) (1,588;1,592). (1,551;1,574).
(C) (1,542;1,551). (D) (1,574; 1,588).
B Loi gidi.

(15— 3) = 4.

Wl
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\ ) : —a+2=1 a=1
Cho d6 thi ham so bac ba di qua hai diem (—1; 1), (2; 0) ¢6 & 5
8a+4b+20+2=10 b:—g.
5 9 9 D
Suy ra f (z) =2° — —2x* — —x + 2.
3 3 ]
) m—-n+p=1 =73
Cho parabol di qua hai diem (—1; 1), (1;0) ta c6 & 1
m+n+p=0 m+p=g.
10 5) 14
Lai c6 f'(=1) = ¢ (1) & |3(-1)" — S (D=3 =PRm(=D+n] & - =-2m+n
31 1 37 31 1 37
Tfrdf’) suy ra m = — -7, n——2,p— D :>g(x)\: _ﬁx2_§I+ﬁ'
Ta dé dang tim dudc giao diém thtt hai ctia hai do thi 1a nghiém ctia phuong trinh
m3—§x—§x+2 —ﬁa:Q—}x—irg? e
37 3 ot 2t T2 |, 138
o 12
Suy ra dién tich hinh phang can tinh la
13
12
) 31 1 37
ot +2) |22 ) dr~1
_/1<$ 37 T3t ) < ERERCERNTY) Rt
Chon dép 4n (C) O

Cau 44.15. Cho ham s6 f (r) ¢6 dao ham f'(z) = (z — 1) (2® — 3) (z* — 1) v6i moi z € R. So
sanh f (— ) f(O); f(2) ta duge

@@ <f( 2). B f(0) < f(-2) < f(2)..
©f (- < f(0). D) f(-2) < £(0) < f(2).
-Lorlglou.

Tacd f/(x) = (z — 1) (2® = 3) (2* — 1)=27 — 2° — 32° + 32* — 2% + 2% + 32 — 3.

o I} = /f dx—/(x7—x6—3x5—|—3:p4—m3+:172+3a:—3)dx:_;é(;l<0
=>f()—f( 2)<0=>f()<f(—2)-
2 2 m
« L= [ f(z)dz = T8 3 43t~ 43 —3)dr = —— < 0= f(2) -
2 / x) dz O/(x x x e A x—3) dz 105 (2)
f(0) <0
= f(2) < f(0)
Vay f(2) < f(0) < f(=2).
ChQndépén@ O

Cau 44.16.
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Cho ham s6 y = f (z) ¢6 do thi nhu hinh vé dudi day (phan cong
ctia d6 thi 14 mot phan clia parabol y = ax? + bx + ¢). Tinh dién
tich hinh phang gi6i han béi d6 thiy = f(z), y = 0, z = -2,

= 3.

@5:423. 5:965. @sz? @52533.

& Loi gidi.

Dua vao dd thi ta ¢ dién tich hinh phéng giéi han béi Ay, Ao, parabol (P), x=-2,x=3.

Véi Ajqua E'(—=3; 0), D (0;4)nén c6 pt y = ;lx +4; Ay qua D (0;4), C (1; 3) nén c6 phuong trinh
y=—x+4; (P):y=azr?+br+cquaC(1;3)vaco dinh A(2;4) nén

;bzg Slhb=4 =y=—a%+4x.
2a

da+2b+c=14 c=0

3 3 0 1 3
4
vaysz/\f(x)\ dx:/f(x) dx:/<3w+4> dx+/(—x+4) dx+/(—x2+4x) d:z::967.
-2 -2 - 0 1

Chon déap an @ O
Cdau 44.17.

2
Cho hinh cong (H) gi6i han béi cdc duong y = —, = = 1, Yy

x

x = 4 va truc hoanh. Pudng thang = = k(1 < k < 4) chia
(H) thanh hai phan c6 dién tich 1a S; va S, nhu hinh vé bén,
biét S; = 35,. Gia tri ctia k 147

@i @ ©v. O N

& Loi gidi.
4
2
Sl+52=/—dx: 21nx|111:41n2 S; =3In2
Ta ¢ T r &

SQ =1In2.
S1 =395,

9 4
—dr<eIn2=2nz| ©In2=4In2—-2Ink.
x k

2Ink=3m2e k=8 k=8 (1 <k<A4).
Vay k = /8.
Chon dap 4n (A) O

4
Tacéln2:52<:>ln2:/
k

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 375/472

Cdu 44.18.
Ban An can mua mot chiée guong cé dudng vien la duong Parabol H
bac 2 (xem hinh v&). Biét rang khoang cdch doan AB = 60cm,

OH = 30 cm. Dién tich clia chiéc guong ban An mua 13

(A)900 (cmn?). 1000 (cm?).

(C) 1400 (cm?). (D) 1200 (cm?).
J 0 B =
& Loi gidi.
H
« G&n hé truc toa d6 Ozy nhu hinh vé.
o Tac6 O(0;0); A(—30;0); B(30;0);H (0;30).
 Phuong trinh Parabol c6 dang y = ax? + bx + ¢ (a # 0).
. /
o Parabol di qua cac diem A, B, H nén ta c¢6 hé phuong trinh A 0 Bt
1
2 _ -
(—=30)°a —30b+c=0 a 30
30°a+30b+c=0 S {p=0
¢ =30 ¢ = 30.
1
=Phuong trinh Parabol la y = —%xQ -+ 30.
30 ]
Vay dién tich chiéc guong 1a S = / (—305(:2 + 30) dz = 1200 (cm?).
—30 A
. B
Trac nghiém nhanh: Dién tich Parabol c6 day R = - = 30 va duong cao h = OH = 30 la
4 4
Chon dap 4n (D) O
Cdu 44.19.
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Cho dudng thing y = 2z va parabol y = 22 + ¢ (cla Yy
tham s6 thiuc duong). Goi S; va Sy lan lugt 14 dién tich s, /Z/ »
ctia hai hinh phing ducc gach chéo trong hinh vé. Khi ///
S1 = S, thi ¢ gan véi s6 nao nhat sau day? 5, /J/Zf =a?+c
(A)2. B)o0. ©)1. (D)3. /
ol/
T

& Loi gidi.

Phuong trinh hoanh d6 giao diém ctia duong thing va
parabol

P?+ce=20&22-2x+c=0.

Pé phuong trinh c¢6 hai nghiém phan biét thi

ANN=1—-c>0sc< 1.

T+ 19 = 2
Theo Vi-et ta co &
Ir1-Tg2 =C¢C

1’1:2—I2 (1)

T1.29 = C. (2)

x1 €2
Do Slzsgﬁ/(a?—i—c—Zx) da:z—/(x2+c—2m) dz
0

1

<:>/(x2—2x+c) dx+/(:v2—2x+c) dx:O<:>/(x2—2x+c) der =0
0 T 0

3 L9 3 2 2
<:>(x—:v2+cx> :O@E—xg—l—cxg:O@ﬁ—xg—l—c:O(:»c:—ﬁ—ir:vg. (3)
3 0 3 3 3

Thay (1) va (3) vao (2) ta dugc
2 2

2 2 3
(2—31:2)-332:—ﬁ+x2<:>2x2—96§:—ﬁ+x2<:>fx%—x2:0<:>—w2—1:()<:>x2:f.
5 3 5 3 3 3 2
Thay T2 =5 Vao <3):>C:Z:0’75'
Chon dép én (C) O

Cau 44.20.
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Hinh phéng gi6i han béi do thi ham sb y = f () va truc
hoanh gdm hai phan, phan nam phia trén truc hoanh cé dién / \2

tich S; = 3 va phan nam phfa dudi truc hoanh cé dién tich

0
Sy = 152 (tham khdo hinh vé bén). Tinh [ = /f (32 + 1) da.
41

27 5 3 37
=" =2 r=°. =21
@r=7 ; ©r=7 D)1=

& Loi gidi.
0
VGiI:/f(Serl)dx.
21
Pt t = 3z + 1 = dt = 3du.
r=0=t=1

Khi
r=—-1=t=-2.

Tadu’QCI:;_/:f(t)dt:;/lf(x)dx:;(/:f(x)dx—i-/lf(x)dx).

Trén doan [0;1] : f(z) <O0nén [ f(z)de = ——.

V@y[zé(/of(x)dx—l—/lf(:c)dx):;(i—g>:i.

Chon dép 4n (C) O

BANG DAP AN

[44.1. A ][44.2. B |[443. D |[44.4. C ||445. D ||446. B |[44.7. C |[448. A |
144.9. A ][44.10.C |[44.11.D |[44.12.A |[44.13.A ||44.14.C |[44.15.A |[44.16.C |
144.17.A ][44.18.D |[44.19.C |[44.20.C |
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Danc 45. PHUGNG TRINH VOI HE SO PHUC

KIEN THO'C CAN NHG

1. Céch giai
o Xét phuong trinh bac hai az? + bz +c¢=0, v6i 2 € C; a,b,c € R va a # 0.
Xét biét thitc A = b — 4ac.

. —b+46 —b—-9
— Neu A # 0 thi phuong trinh c¢6é hai nghiém phén biét z; = i va 2o = PR
a
trong dé 0 la mot can bac hai cua A.
. b
— Neu A = 0 thi phuong trinh cé nghiém kép z; = 25 = ~50
a
2. Dac biét
. —b+ VA —b— VA
o Khi A la so thuc duong thi phuong trinh ¢é hai nghiém 2, = ;_ va zg = S
a a
. —b+iv—-A
e Khi A la so0 thuc am thi phuong trinh c¢6 hai nghiém 2z; = +2Z va
a
—b—iv-A
Zp=———"™7—.

2a

3. Nhan xét
« Trén tap hop sb phiic, moi phuong trinh bac 2 déu c6 2 nghiém (khong nhat thiét phan
biét).

e Dinh 1y Vi-et: Phuong tinh bac hai az? + bz + ¢, v6i 2 € C; a,b,c € R v a # 0 c6 2

nghiém phitc 2z; va 2o thi: )
2]+ 29 = —
a

C
Z1R9 — —.
a

BAI TAP MAU

CAU 45. Trén tap hop sb phtic, xét phuong trinh 22 — 2(m + 1)z + m? = 0 (m 1a tham s6

thue). C6 bao nhiéu gié tri ctia m dé phuong trinh dé ¢ hai nghiém phan biét 21, 2z, thda man
|21] + [z2| =27
(A)1. B) 4. (©)2. (D)s.
& Loi gidi.
Ta c6 A" =2m + 2
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e Trudng hop 1: A’ <0< m < —1.

m = 1 (nhan
Suy ra 2vm?2 =2 & (nhan)

m = —1 (loai).

e Trudng hop 2: A’ >0< m > —1.

Suy ra

Vay c6 2 gia tri cua m thoa yéu cau bai toan.

21| + |22] =2 |s1+ 2| =2 2m+ 2| =2 <

Phuong trinh ¢6 hai nghiém phiic, khi d6 |z1| = |22| = \/? = vm?2.
a

Vi a-c=m? > 0 nén phuong trinh c6 hai nghiém phan biét z; - 5 > 0 hodic 21 - 2o < 0.

m = —2 (loai)
m = 0 (nhén).

O
@ BAI TAP TWONG TU VA PHAT TRIEN
Cau 45.1. Goi 21, 25 1a céc nghiém phiic ctia phuong trinh 22 +4z+5 = 0. Dat w = (1 + 21)100 +
(14 )", Khi d6
@w = 2%, w = 2°14. @ w = 2°1. @w = 251
g Loi gidi.
Taco)z24+42+5=02=—-2=41.
<1+21)100 = (1- 2—1—2)100 [ —1+4) ] — 950, (_1)25 — _950
(1+ 22)100 —(1-2- 2)100 (1+ )100 = (2 )50 _250'
= (14 2)" " + (14 2)" " = —250 250 — _
Chon dap 4n (D) O

Cdau 45.2. Goi 2;, 2z 1a hai nghiém phtic ctia phuong trinh 22 + 2 + 1 = 0. Gi4 tri cia P =

|Z%019 + Z3019| 13

A)P=2 B P =3

& Loi gidi.

Phuong trinh 22 + 2 + 1 = 0 ¢6 hai nghiém phtc 1a

1 3 2 2
2’1:—*+£i:cosi—l—isinl

Ta co: 2 2 3 3
1 V3. 47r+, 4w
Zg = —— — —1] = COS — + 1 sin —.

2 2 2 3 3

Ap dung cong thitc Moive ta duge

(© P =2v3.
1

2] = —= —

! 2

1
22:_§+

SR

(D) P = 4038.

N | — [\D\r—\

5
(

1+\/_z)
1—\/§¢).

2 2
22019 — cog (2019 : ;) +isin (2019 : ;) — cos (13467) + i sin (13467) = cos 0 + isin 0 = 1
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4 4
22019 — cog (2019 : ;) +isin <2019 : ;) = cos (26927) + i sin (26927) = cos0 + isin0 = 1.
Vay P = 23019 4 22909 = |1 + 1] = 2.

Chon dap 4n (A) O
Cau 45.3. C6 bao nhiéu sé nguyén a dé phuong trinh 22 — (@ — 3) 2z + a®> 4+ a = 0 ¢6 hai nghiém
phiic z1, 25 théa man |z; + 29| = |21 — 22| 7

(A)3. B) 1. (©)4. (D)2.
& Loi gidi.

« Trudng hop 1: Hai nghiém 1a hai s6 phiic z; va 2z, ¢6 phan 4o khac khong.
Dé phuong trinh bac hai véi hé s6 thuc c6 hai nghiém phtic ¢6 phan o khac khong khi

A=(a—-3)7—4(a®>+a) <0 & —3a>—10a+9<0

—2v13 -5 2v13 -5
& ae(—oo;\/?)_)u<\/_3;—l—oo).

b i IA] b4 i AT
Giésﬁ’zl:—; | |;22:+; | |
Ta cod

|21+ 20| = |21 — 2| & |a— 3] =+/|-3a2 — 10a + 9
& (a—3)"=|-3d> - 10a+9|

a=—9
& a==+1
a=0.

So vé6i diéu kién ta nhan duge a = —9; a = 1.

« Trudng hop 2: Hai nghiém 1a hai s6 thuc z; va 2o .

a=20
|21+ 2| =21 — 2| & 5?=5?-4P&P=0&
a=—1
Th lai théa man.
Chon dép 4n (C) O

Cdu 45.4. Goi z 13 mdt nghiém cta phuong trinh 22 — 2 + 1 = 0. Gi4 tri ctia biéu thic M =
1 s
+ —— + 5 bang

2019 2018
< +z + ~2019 ~2018

@s. ®)2. ©r. D)-1.
& Lo gidi.

Nhan xét z = —1 khong la nghiém phuong trinh nén

P—z+1=0&(F—2+1)(z+1)=0&2"=—1.
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Do do

1 z
M= ()4 () e b g S IS LS = e L2 =2
Chon dap én O

Cau 45.5. Goi 21, 29 1a cdc nghiém phtic ctia phuong trinh 2% — 4z + 5 = 0. Gi4 tri cta (z; —
1)2018 + (22 _ 1)2018 béng

@ 91009, @ 0. @ 92018 @ _ 91010,
& Loi gidi.

z2=24+1=2
Tacdz?—4z+5=0<
z2=2—1= 2.

Suy ra
(21 — 1)2018 4 (20— 1)2018 (1+ )2018 41— Z.>2018 _ (1 494 )1009 n (1 9y Z.Q)loog
_ (2 )1009 ( 2Z>1009
1009 1009
= (2i)7 —(2)
= 0.
Chon déap an O

Cau 45.6. Goi 21, # 1a hai nghiém phtic ctia phuong trinh 22 +4z +5 = 0, trong dé 2z, 14 nghiém

phtic ¢6 phan 4o duong. Modun ctia sb phitc w = 2z; — 22, bang

(A) V5. B) 3. (©)2. (D) V/13.

& Loi gidi.
z2=—-2—1
Tacod2?+42+5=0«
z=—241.
Do 2 la nghiém phttc c6 phan 4o duong nén ta cd 2 = —2 — i, 2o = —2 + 1.

Suyraw =12 —22n=-2—1—2(-2+4+1i) =2 — 3i.

Vay |w| = |2 — 3] = 1/22 + (—=3)* = V13.

Chon dap 4n (D) O

Cau 45.7. Goi S 1a tong tat ca cac sb6 thuc m dé phuong trinh 22 — 22 + 1 — m = 0 ¢6 nghiém
phtic z théa man |z| = 2. Tinh S.
@A) 3. B)7. ©)e6. (D) 10.
& Loi gidi.
Phuong trinh da cho tuong duong (z — 1)* =
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e V6i m > 0, phuong trinh ¢6 cdc nghiém z = 1+ /m.
1+ +vm=2
l+vm=-2 |m=1
Khi d6 |1+ /m| = 2 & =
1—vVm=2 m = 9.

11— Vm=—2

e V6i m < 0, phuong trinh ¢6 nghiém z =1 + iy/—m.

Khi d6 [1£iy/—m|=2&1-m=4&m=-3.
TudosuyraS=9+1+(-3)=T.
Chon dép 4n (B) O

Cdau 45.8. Cho m la sb thuc, biét phuong trinh 22 — mz + 13 = 0 ¢6 hai nghiém phiic 21, 2o;
trong d6 c6 mot nghiém ¢ phan o 1a 2. Tinh |z |* + |z/°.

(A)26. (B)2v13. (©)13. (D) V13.
& Loi gidi.

Goi z; = a + 2i. Theo gia thiét ta c6 z; 1a nghiém ctia phuong trinh 22 —mz 4+ 13 =0

(a+2i)°—m(a+2))+13=0 & (a®>—ma+9)+ (4a—2m)i=0

a’—ma+9=0

54
da —2m =0
—a®+9=0
=
m = 2a
[ |a=3
m =6
=
a=-—3
m = —6
. 21:3+21 21:—3+2Z
Nén c6 hai cap so 21, 22 thoa man la hoac
Déi v6i mbi cip sb 21, 2 trén déu cb |z]” + |z|” = 26.
Chon dép an (A) O
[

CdAu 45.9. Goi 21, 2; 1a hai nghiém ctia phuong trinh — +7% = 4. Khi d6 |2, + 2| bang

A)2. B) 4. @8.2 D)1.

B Loi gidi.
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Ta cod
1 15
Z|4 Z|2 2 2% 2 22—54—71
2+z:—4<:><) +z:—4<:><'> +z=472+74+4=0&
z z z B 1 15,
Z=——— —1j
2 2
1 V15,
Z2=—=——1
2 2
Suy ra
Y L VIS,
Zz=—— 4+ —1.
2 2
1 15 1 V15
Va =|-—— —i+ ——+ —i| =|-1| = 1.
ay |21 + 2| 5~ 5 ittt =
Chondépén@ O

Cau 45.10. Cho s6 phitc z théa min 2% — 2z 4+ 3 = 0. Tinh |w| biét w = 22018 — 22017 4 ;2016 4
322015 4 3,2 _ > 40,

(A)9v3. B) V3. (©)5V/3. (D) 2018v/3.
B Loi gidi.
z=1—-+2-i
z=142-i.

Tachd22—-22+3=0«<

Theo gia thiét
w = 22018 Z2017 4 2016 4 32015 4 322 2 49 =205, (23—22+z+3)+322—z+9.
e Vbizy =1—+2i = w; =5—5V2i = |w| =5V5.
o Vbizp =1+ 20 = wy =5=52i = |wy| =5V3.

Vay |w] = 5v/3.
Chon dép 4n (C) O

Cadu 45.11. Cho hai s6 phiic khéng thuan thuc z; va 2, thod man phuong trinh 2% — 2az +3 = 0,
véi a 1a s6 thuc. Gid tri ciia bicu thitc 7' = |z;| + | 2| bang
(A)6. (B) 2V/3. (©)2V/5. (D) 2v2.
& Loi gidi.
Hai s6 phtic khong thuan thuc z; va 2z, thod man phuong trinh 22 — 2az + 3 = 0, chimg to
A'=a?-3<0.
Céc nghiém ctia phuong trinh 1a 2 = a4+ V3 —a2-i, s =a— V3 —a2-1i
Suy ra |z1| = |2| = Va® +3 —a® = /3.
Vay T = |z1| + |22| = 2V/3.
Chon déap an O

Cau 45.12. Goi 21, 23, 23, 24 1a b6én nghiém phéan biét ctia phuong trinh 2* 4+ 2241 = 0 trén tap
s6 phitc. Tinh gié tri clia bidu thitc P = |z + |2|” + |23)° + | 24|
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(A)4. B)s. (©)6. D)2.

B Loi gidi.

Ta cod

z4+22+120©(z2+1)2—2220 & (22+z+1)-(z2—z+1)20

Z+z+1=0
=
Z—24+1=0
(s45) -3
Z J— —_—
2 1"
= 2
(=) =3
z—=) =—=4
2 4
[ —1+/3i
212 = B
@ .
—14+/3i
Za4 = )
| 3.4 5
Suy ra |z1] = |22] = |23 = |24] = 1.
Vay P = |z1° + | 22> + |2s)* + |za]” = 4.
Chon dap én@ O

Cau 45.13. Phuong trinh 22 + az + b = 0 ¢c6 mdt nghiém 1a 2 — 3i. Khi d6 3a + b bang
(A)o. B)3. (©)2. (D)1.

& Loi gidi.

Vi 2 — 3i 1a nghiém ctia phuong trinh 22 — az + b = 0 nén ta cé

) 2a +b=25 b=13
(2-3i)"+a(2—-3))+b=0< —-5—-12i+2a—3ai+b=0< &
—3a =12 a = —4.

Vay 3a +b=1.
Chon dap 4n (D) O
Cau 45.14. Bén nghiém ciia phuong trinh z* — 1 = 0 duge biéu dién béi bén diem A, B, C, D
trén mit phang toa d6 Ozy. Tinh dién tich ti gidc tao thanh tit bén diém trén.
1
®+ B2 o D!

& Loi gidi.

-21—1

22——].
Tact 2 —1=0&*-1)2*+1)=0&

Zgzi

_Z4Z—i.

Gia stt A, B, C, D lan luot 1a bén diém biéu dién céc sb phitc 21, 22, 23, 24, khi d6 ta c6

A(1;0),B(-1;0),C(0;1),D(0;—1).
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Tt gidc ACBD la hinh vudng c¢6 canh bang /2.
Vay Sacsp = 2.
Chon d4p 4n O
Cau 45.15. Cho phuong trinh z* — 223 + 622 — 82 + 9 = 0 c6 bén nghiém phtic phan biét 14 2,
Zy, 23, z4. Tinh gid tri ctia bicu thitc T = (22 +4) (22 +4) (22 +4) (22 + 4).
(AT =0. BT = 2i. ©r=1 D)T = —2i.
& Loi gidi.
Diat f(z) =22 —2234+62> - 824+ 9= f(2) =0.
Taco 22 +4 =22 —4i* = (2 +2i) (2 — 27)
Suy ra

T = [(21 + 2i) (22 + 20) (25 + 20) (24 + 20)]-[(21 — 20) (22 — 20) (23 — 20) (24 — 20)] = [f (—2i) - f (20)]" = 1.

Chon dép 4n (C) O

Cau 45.16. Cho a, b, c 1a céc sd thuc sao cho phuong trinh 2z° + az? + bz + ¢ = 0 ¢6 ba nghiém
phtic 1an ludt 1& z; = w + 3i; 20 = w + 9i; 23 = 2w — 4, trong d6 w 14 mot s6 phitc nao d6. Tinh
gid tri cia P =|a+ b+ ¢|.

(A) P = 136. B) P = 84. (© P =36 (D) P = 208.
& Loi gidi.
bat w =x +yi, v6i x,y € R.

Ta cod

Htmtm=—a=>4dw+4+12i=—-a & (Ar+4+a)+(12+4y)i=0

dr+44+a=0
=

1244y =0

dr+4=—a
<~

y=—3.

Tedbw=2x—3i = 21 =x; 20 =x + 61; 23 =2x — 4 — 6.
Vi phuong trinh béac ba 23 + az? + bz + ¢ = 0 ¢6 mdt nghiém thuc nén hai nghiém phtic con lai
phai 1& hai s6 phiic lién hop, suy ra x = 20 — 4 & o = 4.
Nhu vay 21 = 4; 20 =44 61; 23 = 4 — 61.
Do d6
21+ 20+ 23 =—a 12 = —a a=—12
229+ 223+ 2351 =—b= (84 =0 < (b=84
212923 = C 208 = —¢ c = —208.
Vay P =|a+b+c| =|—12 4 84 + (—208)| = 136.
Chon dap 4n (A) O
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Cau 45.17. Goi S 1a tap hop cac s6 phiic z théa man diéu kién 2* = |z|. S6 phan tit ctia 2 1

(A)5. B) 4. ©)7. (D)6.

& Loi gidi.
2] =0
Taco 2= o & |2 = 2| & |2 (|2 - 1) =0 &
|z| = 1.
e [z]=0&2=0.
2 =1
z=1
e Zl=1e2=1(G-1)G*+1)=0«
z=1
(2= —i
Suy ra S ¢6 5 phan ti.
ChQndépén@ O

Cdu 45.18. Goi S 1a tép hop cac sb thuc m dé phuong trinh 22 + 3z + m? — 2m = 0 ¢6 mdt
nghiém phtic 2y v6i |z| = 2. Tong tat ca cic phan tit trong S 1a

(A)4. B)6. (©)2. (D)3.

& Loi gidi.
o Trudng hgp 1: 2, 14 s6 thuc. Ta c6

20 = 2 m? —2m+10=0
|20l =2 & = sm=1+3.
2= —2 m?>—2m—2=0

. 9
o Trudng hgp 2: zy khong phai 14 s6 thuc & A =9—4(m? —2m) <0< m? —2m > 1 (1)
Vi phuong trinh 22 + 3z + m? — 2m = 0 (x) c6 cdc hé s6 thuc va z 1a nghiém ctia (*) nén
Zp cung la nghiém cta (x).

Theo Viet ta ¢cé

20-20:m2—2m©4:|z0|2:m2—2m©m2—2m—420@m:1i\/§

Véy tong cac phan tit cta S bang 4.
Chon dép an (A) O

Cau 45.19. Goi 2z, 2 la hai nghiém phtic ctia phuong trinh 22 — 22 4+ 2 = 0. Tép hop cac diém

biéu dién ctia s6 phitc w théa man |w — 21| = |w — 25| & dudng thiang c6 phuong trinh

@x+y=0. y:(). @x—y:O. @xzo.
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& Loi gidi.
z=1—1
Tacod: 22 —22+2=0%
z=1+1.
Khong mat tinh téng quat ta gid st 2y = 1 — i v 2o = 1 + .

Goi w =x + yi. Ta co

jw—zn|=lw=-2 & |[(z-D+H+1i=[z-1)+F-1)i

& -+ @+’ =(@-1)"+@y-1’

o P4yt —2u+2+2=04+9y>—20 -2y +2
& 4dy=0

& y=0.

Vay tap hop cdc diém bidu dién s phitc w théa yéu cau bai todn 14 dudng thing y = 0.
Chon dép 4n O

Cdéu 45.20. Trén tap hop sb phiic, cho phuong trinh 22 4+ bz 4+ ¢ = 0 véi b, ¢ € R. Biét ring hai
nghiém ctia phuong trinh c6 dang w43 va 2w — 15i 49 v6i w 1a mot s6 phite. Tinh S = b2 —2c.

(A)S = -32. B) S = 1608 (©) S = 1144, (D) S = —64.
g Loi gidi.
. (w+3)>4+bw+3)+c=0 (2w —15i+9) (w+3)=c¢
Tu de bai suy ra &
(2w —15i +9) + b (2w — 15i 4+ 9) + ¢ = 0 2w —15i + 9+ w + 3 = —b.
Giad st w =z + yi, (z,y € R).
Khidow+3=x+34yi, 2w—15i+9=2x+ 9+ (2y — 15) 1.

)
. Qw—-154+9) (w+3)=c (2x+9+ 2y —15)i) (z+3+yi) =c
Theo dé ta co &
(

2w —15i + 9 +w + 3 = —b. (22 4+ 94 2y —15)1) + (z + 3 + y1) = —b.
r+3)2y—15)+y2x+9) =0 xr=—6
Vi b,c € R nén ( )( ) ( ) &
2y —15+y=0 y=>5
(2w —15i+9) (w+3)=c¢ c=34
Suy ra w = —6 + 57, do d6 &

2w—15%+9+w+3=-0b b= —6.
Suy ra S = b? — 2c = —32.

Chon dap 4n (A) O

BANG DAP AN

[45.1. D ][45.2. A |[453. C |[454. B ||455. B |[456. D |[45.7. B |[458. A |
145.9. D ][45.10.C |[45.11.B |[45.12.A ]|45.13.D ||45.14.B |[45.15.C |[45.16.A |
145.17.A ][45.18.A |[45.19.B [[45.20.A |
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Danc 46. PHUONG TRINH MAT PHANG VA KHOANG
CACH
KIEN THI'C CAN NHG

Cho mitt phang (a): Az + By + Cz + D = 0 va diém M (20; yo; 20). Khoang cach tit diém M
dén mit phang (o) 1a
- |ALEO T Byo iy CZ() T Dl

A @) = T

BAI TAP MAU

~ o 2, - 2 - 1
CAU 46. Trong khong gian Ozxyz, cho diem A(0; 1;2) va duong thang d: ‘ = 0 =

2:31. Goi (P) la mit phang di qua A chtta d. Khoang cich tir diém M (5;—1;3) dén (P)
bang

@s. : ©1 =
&S Loi gidi.

Chon B(2;1;1) € (d) = AB = (2;0; —1).

Puong thang d ¢6 VICP 1a 0y = (2;2; —3).

V1 (P) di qua A va chita d nén 7 (p) = [A—B), Ud] = (2;4;4) = chon lai 7 (p) = (1;2;2).
Phuong trinh mét phang (P) 1a

(z—0)+2(y—1)+2(z—2) =0.
& r4+2y+22-6=0.

_ B2 (-D+2-3-6 _,

Khi d6 d(M, (P))
V12122422
Chon dép én (C) O

@ BAI TAP TUONG TU' VA PHAT TRIEN
Cau 46.1. Trong khong gian Ozyz, cho hai mit cau (9): 22 +y> + (2 —1)2 =25 va (9') : (v —
12+ (y—2)2+ (2 — 3)? = 1. Mt phang (P) tiép xtic (S') va cit (S) theo giao tuyén la mot dudng
tron ¢6 chu vi bang 6m. Khoang cach tit O dén mit phang (P) bang

17 51 oL 1

7 2 9 3

& Loi gidi.
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o Mat cau (S) c6 tdm I(0;0;1) va ban kinh R = 5.
o Mit cau (') ¢6 tam I'(1;2;3) va ban kinh R’ = 1.
« Goi H, K lan luot 1a hinh chiéu ctia T va I’ 1én mit phang (P).

« Mit phang (P) cit (S) theo giao tuyén 1 mot dudng tron ¢é chu vi bang 67.
= Ban kinh dudng tron giao tuyén r = 3 = d(I, (P)) = [H = VR* —r2 = 4.

o Mit phang (P) tiép xic (") « d(I',(P))=I'K = R' = 1.
e C6I'=3 Tathdy II' + 'K =3+1=4=1H.

H=K N
e MAII' +I'K > IK > IH, dau “=" xay ra < = II' L (P)=1I'"=(1;2;2) 1a
I'e IH

mot véc-to phap tuyén ciia mit phang (P).
= Phuong trinh (P) c¢6 dang = + 2y + 2z + m = 0.

m = 10
12+ m)|
d(I,(P)) =4 5 =4 m = —14
Ta c6 & &< Sm=-—14
dr.(py=1 | +ml_y m= -8
3
m = —14
. \ . 14
Véy phuong trinh (P): 2+ 2y +2z — 14 =0=d(0, (P)) = 3
Chon dap 4n (D) 0

Cau 46.2. Trong khong gian v6i hé toa do Oxzyz cho mit cau (S) cé phuong trinh
22+ 92 4 22— 20a+4b)x +2(a—b+c)y+2(b—c)z+d = 0 c6 tAm I nim trén mat phang
(o) ¢b dinh. Biét rang 4a + b — 2¢ = 4. Tim khoang céch tit diém D(1;2; —2) dén mit phang

().
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9 1 15 1
@ﬁ' V314’ ©ﬁ' © 915
B LOi gidi.

Mit cau (S) c6 tam I(a + 4b; —a +b — ¢; —b + c).
Gia st mat phang (a) c6 phuong trinh Az + By + Cz + D = 0.
Vi € (a) nén ta c6

Ala+4b)+ B(—a+b—c)+C(=b+c¢)+ D=0
& (A-—Bla+ (4A+B-C)b+ (—-B+C)c=—-D. (1)

Theo bai ra ta c6 4a +b—2c=4. (2)
Dong nhat (1) va (2) ta c6 hé phuong trinh

(A 1
A-B=4 =1
17
IA+B-C=1 |B=-="
N ®
—-B+C=-2 C=_=2
4
(D= D=4
\
Suy ra («) c¢6 phuong trinh = + 17y + 25z 4+ 16 = 0.
Vay khang cach tit diém D(1;2; —2) dén (a) bang
14+17-24+25-(=2)+16] 1
d(D, (a)) = 2t LRI _ 1
V12 + 172 4+ 25 V915
Chon dap 4n (D) O

Cdu 46.3. Cho mat phang () di qua hai diém M (4;0;0), N(0;0;3) sao cho mit phang () tao
v6i mét phang Oyz mot gée bang 60°. Tinh khoang cach tit gbc toa dd dén mit phang (a).
2 3
—. 2. 1. =
® 7 ® © OF

& Loi gidi.
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Gia st mat phang (a) cit truc Oy tai P (P khong tring véi O).

Khi d6 ta ¢c6 O.M NP la tam dién vuong tai O.

Ké OK L. NP= MK 1L NP.

Ta ¢6 OKM 13 gbc nhon trong tam gidc vudng OM K nén goc OKM 1 géc gitta () va mat
phéng (Oyz).

Khi 6 OMH = 30°.

KéOH L MK = OH L (MNP)=d(0,(a)) =OH.

Ma trong tam giac vuong OMH ta ¢6 OH = OM - sin 30° = 2.

Chon déap an O

Cdu 46.4. Trong khong gian v6i hé toa d6 Ozyz, cho mit phang (P): 2z — 2y + z + 3 = 0 va
diém A(1;—2;3). Goi M(a;b;c) € (P) sao cho AM = 4. Tinh a + b+ c.
(A) § B)2. © i. (D) 12.
& Loi gidi.
Ta c6 d(A, (P)) = 12223530 4 407 = M 1a hinh chiéu vuong goc ciia A Ién (P).

/22 (2241
= M € (P) va AM = (a — 1;b+ 2;¢ — 3) cing phuong véi véc-to phdp tuyén ctia (P) 1a

n=(2;-2;1).

= Toa d6 ctia M la nghiém ctia hé

( 5

a=—=

% —2b+c+3=0 23

a—1 b+2 -3 \b=3

2 -2 1 5

c= .

\ 3
X 2
Vaya+b+c:§.

Chondépén@ O

CdAu 46.5. Trong khong gian Oxyz, cho diém M (1;2;3). Mit phang (P): 24+ Ay + Bz +C =0
chtia truc Oz va céch diém M mot khoang 16n nhét, khi d6 téng A + B + C bang
A)-3. B)3. (©)2. (D)6.
& Loi gidi.
Vi (P) chtta truc Oz nén ludn c6 d(M, (P)) < d(M, Oz).
Suy ra d(M, (P)) dat gia tri 16n nhat bang d(M,Oz) = M H, v6i H 14 hinh chiéu ctia M trén truc
Oz.
Dé c6 H(0;0;3). Vay (P) di qua H(0;0;3), c6 véc to phap tuyén MH = (—1;-2;0).
(P): —2—2y=024+2y=0=2A=2,B=C=0=>A+B+C=2.
Chon dép 4n (C) O
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Cdu 46.6. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P) di qua diém M(2;3;5) cit
cac tia Oz, Oy, Oz lan lugt tai ba diém A, B, C sao cho OA, OB, OC theo thit tu l4p thanh cap
s6 nhan c6 cong boi bang 3. Khoang céch tit O dén mit phang (P) bang

32 18 16 24
® A 7L © A D
& Loi gidi.

Vi (P) cat cac tia Oz, Oy, Oz lan lugt 5 A, B, C nén ta goi toa do cac diém 1a A(a; 0;0), B(0;b;0),
C(0;0;¢) vé6i a, b, ¢ > 0.

Khi d6 phuong trinh mit phing (P): & + % vEo
a c
2 3 5
ViM(2;3;5)e(P)=—+—-+—-=1.
| M(23:5) € (P) =~ 45+
. s . b= 3a
Vi @6 dai cac doan OA, OB, OC lap thanh cap s6 nhan véi cong boi bang 3 =
c = 3b = 9a.
32
2 3 5 32 b=+
> -+ —+t—=1a=—=
a 3a 9a 9
c = 32.
Khi d6 ta c6 phitong trinh mit phing (P): 45 + o + 3% — 197 +3y+2—32=0.
9 3
— 32 32
Do d6 d(O, (P)) = | | = )
Binh luan:
Bdi nay cd thé dung cdch khdc nhu sau:
. 1 1 1 1 9a
Kho4 ich tt O den (ABC): — = — —— =>h=—.
04ng cac éen ( ) 2= 3 + (3a)? + (9a)2 NGl
32 32
Ma a = — (theo trén). T d6 tim duge h = —.
9 Vo1
Chon déap an @ O

CdAu 46.7. Trong khéng gian véi hé toa d6 Ozy, cho mit phing (P): 2y — z 4+ 3 = 0 va diém
A(2:0;0). M&t phéng () di qua A, vudng géc véi (P), cach gbe toa dd6 O mot khoang bang ;l va
cit céc tia Oy, Oz lan ludt tai cdc diém B, C khac O. Thé tich khéi tit dien OABC bing

(A)s. (B) 16. (© 2 136
& Loi gidi.
Gié st B(0;b;0) va C(0;0;¢), v6i b, ¢ > 0.

Khi dé phuong trinh mét phang (a) lé\lg—i-%-i-f:l.
c
2 1 1 1
Vi 1L(P)nén-—-=0&-=2-—.
1 () ()nenb . . 2
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Métkhécd(O,(a)):éﬁ = _2
3 1\? /1\* /1\* 3
\/(z)*@ ()
w25
16
=2 =16

1
V@beABC::*-Cl4'CU3-OC7:‘a
Chon déap an O
Cadu 46.8. Trong khong gian véi hé toa dd6 Oxyz, cho hinh lang tru ABC.A’B'C" ¢6 ddy ABC' la
tam gidc vuong can tai A va c¢6 d6 dai cac canh BC' = 4 va thé tich khdi ling tru bang 8. Biét
phuong trinh mét phang (ABC): z +y — z — 2 = 0. Hay viét phuong trinh m#t phang (A’B'C")

biét n6 cat truc Oz tai diém c6 hoanh do duong.

A)z+y—2-2+2/3=0. B)2z+2y —z—4—+/3=0.
©$+y—z—2—2\/§:0. ®x+y—z—4+\/§:0.
’.‘Lbigiéi.

Xét AABC vudng can tai A c6 BC =4 = AB = AC = 2V/2.

AB-AC  2v2-2V2
= SaaBc = 5 = 5 =4,
Ta ¢6 Vapeasc = Saasc - d ((ABC), (AB'C")) = d ((ABC), (A'B'C")) = VgBCBC = i =2.
NABC
Mit phang (A’B'C") /| (ABC) = (A'B'C") : v +y—z+m = 0vi (A'B'C") J| (ABCO) va cat truc
) R m # —2
Oz tai diém c6 hoanh do duong nén ta c6 dieu kién
m < 0.

Lay mét diém M bat ki ndm trén mit phang day (ABC), suy ra M(0;0; —2).

m = —2+ 2v/3 (loai
Vay d (ABC), (A B'CYY) = d (M, (A B'CTy) = 28y (toai)
vi+l1l+1 m = —2 — 2v/3. (nhén)
Vay (AB'C") :x+y—2-2-2/3=0.
Chon dép 4n (C) O

Cdu 46.9. Trong khong gian véi hé toa dd Ozyz, mit phang (o) di qua diém M(1;2;1) va cét
cac tia Oz, Oy, Oz lan luct tai A, B, C sao cho do dai OA, OB, OC theo thtt tu tao thanh mot
cAp sb nhan c6 cong boi bang 2. Tinh khoang cach tit gbe toa do O téi mit phing ().

V21 3v21 4
® 5 ® ~—. (©)9vaL @ﬁ'
2 Loi gidi.
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bat OA =a (a > 0). Khi d6 OB = 2a,0C = 4a.
Ap dung phuong trinh mit phing theo doan chén ta c6 mét phang (o) ¢6 phuong trinh

T Y z
A I |
a+2a 4a
Do M(1;2;1) € («) né 1+2+1—1<:)9—1(:» —9(thq ana>0)
0 ;2 oznena 50 da 1o a—4 0a man a .

Phuong trinh tdng quét clia mat phang (a) 1a 4z + 2y + 2 — 9 = 0.
Suy ra d(O, (a)) = [4 ?/% 9| = 3\,/7ﬁ.
Chon déap an O
Cau 46.10. Trong khong gian Oxyz, cho mat cau (S): 22+ (y —3)* + (2 —6)? = 45 va M (1;4;5).
Ba dudng thang thay ddi dy, da, d3 nhung luén d6i mot vudng géc tai O cit mit cau tai diém thi
hai 1an luot 1a A, B, C. Khoang cach 16n nhét tit M dén mit phang (ABC) la

(A) V5. B) 4. (©) V6. (D)3.
& Loi gidi.
Mit cau (S) c6 tam I(0;3;6), ban kinh R = 31/5.
Tt dién OABC vuéng dinh O va noi tiép mét cau (S) nén goi O', A', B', C' lan ludt 1a cac di¢m
déi xtng vé6i O, A, B, C qua tam I.
Suy ra OBA'C.AC’O’ B’ 14 hinh hop chit nhat ndi tiép mat cau (S) va dudng chéo OO’ ciia hinh
hop cat mit chéo tam gidc ABC tai trong tam H cla tam gidc ABC va OH = ;0—07 = gO_I) =
H(0;2;4).
Mit phang (ABC) thay déi, luén di qua H(0;2;4) nén d(M, (ABC)) < MH = /6.
d(M, (ABC)) = v/6 khi mit phiang (ABC) vuéng géc véi MH.
Chon déap an @ O

Cau 46.11. Trong khong gian Ozyz, cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) véi a, b, ¢ 1a cac
s6 thie duong thay doi tiy ¥ sao cho a? + b% + ¢ = 1. Khoang cach tit O dén mit phang (ABC)
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16n nhat 1
1 1
(A)1. B) 5 (©)3. (D) 7
B Loi gidi.
Y

Do a, b, ¢ > 0 nén phuong trinh mit phang (ABC): L + 7 + SRy
a c
1
1 1 1

2 B2

Do d6 d(0, (ABC)) =

1 1 1 1 1 1
TheoBDTCGsitacé(a2+b2—|—c)< ta T ) 9= S+pt529
1 1
Do d6 d(O, (ABC)) < —. Dau “=” xayrakhia=b=c=—.
0,00} bi = sy rdiaboc g
*Cha y: De bai khong can a, b, ¢ 1a céc s0 thuc duong ma cé the tuy y thi Loi gidi tuong tu.
Chon déap an O

CaAu 46.12. Trong khong gian Oxyz, cho cac diém A(a;0;0), B(0;b;0), C(0;0;2), trong d6 a, b
14 céc s6 hitu ty duong va mit phang (P) cé phuong trinh 2z — 2y 4+ 1 = 0. Biét rang mit phang

o P 2 S 2
(ABC) vuong gbc v6i mat phang (P) va khodng cach tit O dén mat phang (ABC) bang ezt
Gié tri a - b bang
1
A) i B) 4. @) (D)o.

& Loi gidi.
Vi A€ Ox, Be Oy, Cec Oz a>0 b>0nén phuong trinh mit phang (ABC) c¢6 dang
r oy =z
Tod 2
AL \ 1| 2 1 1
d(0, (ABQC)) — = &+ =8

(O, ( \/— N2 V33 a? + b2

*‘(z)

) X R 111

Véc-to phép tuyén clia mit phing (ABC) va mat phang (P) lan lugt la m; = <; i 2) va
a

oy = (2 —2;0).

2 2
a
1
Tt (1), (2) va dieu kién a > 0,0 > 0 = { 12
Pl
. 1
Vaya-bzz.
Chon dép an (A) O

CAu 46.13. Trong khong gian véi hé toa dd Ozyz, cho mit phang (P): 3z + 4y + 524+ 1 =0 va
ba diem A(2;5; —3), B(—2;1;1), C(2;0;1). Tim diém D(a;b;c), (b > 0) la diém nam trén (P) sao
cho ¢6 vb s6 mit phang (Q) di qua hai diém C, D va théa man khoang cach tit diém A dén miit
phang (Q) gap 3 1an khoang céch tit B dén (Q). Tinh T = abe.

(A) —16. B)o. (©) 16. D)12.

& Loi gidi.
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o Trucng hop 1: A, B cung phia véi (Q).
Goi M(x;y; z) thoa AM = 3BM.
r—2=3(x+2) x=—4
Suyray—5=3y—1) & y=—-1= M(—4-1;3).
z24+3=3(z—-1) z=3
Pudng thang MC qua C(2;0;1) va ¢c6 VICP @ = MC = (6;1;—2).
=246t
Phuong trinh MC: ¢y =1t
z=1-2t.
Goi D(2+6t;t;1 —2t) € MC.
De(P)=3(2+6t)+4t+5(1—-2)+1=0t=—1= D(—4;—1;3) (loai).

o Truong hop 2: A, B khac phia véi (Q).

Goi M (z;y; z) thoa AM = —3BM.
r—2=-3(x+2) r=-—1

Suyrasy—5=-3(y—1) ©qy=2 = M(-1;2;0).
z43=-3(z—-1 z2=0

Duong théng MC qua C(2;0;1) va c6 VICP @ = MC = (3;-2;1).

r=2+3t
Phuong trinh MC': ¢y = -2t

z=1+41.
Goi D(2+ 3t;—2t;1+t) € MC.

De(P)=32+3t)+4(-2t)+5(14+t)+1=0&t=—-2= D(—4;4;—1) (thoa).

a=—4
Suyra < b=4 = abc=16.

c=—1
Chon dép &n (C) O
CdAu 46.14. Cho mit phang (o) di qua hai diém M (4;0;0) va N(0;0;3) sao cho miit phang ()
tao v6i mit phang (Oyz) moét gbc bang 60°. Tinh khoang cach tit diém gbe toa d6 dén mit phang
(a). ] )

1. = = 2.
® ®) ©% ©

& Loi gidi.
Gia sit mat phang (a) cit Oy tai P(0;b;0).
Phuong trinh mét phing (a): % + % + g =1.
i S oL /111
Mat phang («) ¢6 mot vée-to phép tuyen la 7y = (4; X 3).
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Mit phang (Oyz) ¢6 mot véc-to phap tuyén 1a 73 = (1;0;0).
Miit phang () tao v6i mét phang (Oyz) mot gbe bang 60° nén ta cé

1
L1 2 1 130) 1
cos(mq, na)| = = ha =—-= = —.
jcos (7, Tiz)| = 5 hay T 1.1 2 Ry 2
16 ¥ 9
12
Suy ra 116> = 144 = b= +——.
Y /11

Phuong trinh mit phang («)

villz + 11y +4v1lz — 12v11 = 0 & =3V 11z + 11y — 4V 112 + 12v11 = 0.

. < . 2 12v/11
Khoéng cach tu diem goc toa dd déen mat phang () la d = =2
V99 + 121 + 176
Chon dép 4n (D) 0

Cau 46.15. Trong khong gian Ozyz cho mat cau (S): (z — 1)2 + (y — 2)? + (2 — 3)2 = 9 va mat
phang (P): 2z — 2y + 2 + 3 = 0. Goi M(a;b;c) 1a diém trén mit cau sao cho khoang céch tit M
dén (P) 16n nhat. Khi d6

Aatbte=T. Ba+b+ec=5 ©a+b+c=6 Da+b+c=8

& Loi gidi.

Mat (S) cau c6 tam I(1;2;3), R = 3.
2:1-2-2+3+3 4
d(Z, (P)) = =

= — — < R mit phing cdt mit ciu theo mot dudng tron.
Vo= aa
Goi M (a;b;c) 1a diém trén mit cau sao cho khodng céch tit M dén (P) 16n nhat.
r=1+42t

Khi dé M thuoc duong thing A vudng di qua M va vudng goc véi (P)=A: Cy=2—2t
z=3+4+t.
Thay vao mét cau (S) ta duge (2t)2 + (=2t)2 + (1)> =9 = 9> =9 = ¢ = +1.

ye |2-3—2-0+4+3| 10
Véit=1= M(3;0;4) = d(M,(P)) = \/22+(_2)2+12 =3
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2.(=1)—2-4+2 1
Véit:—l:>M(_1;4;2):>d(M7(P)>:‘ (—1) +2+3 1
VZ+ (2P +1 3

Vay M(3;0;4) = a+b+c=T.

Chon dap 4n (A) O
Cdu 46.16. Trong khong gian Ozyz, cho diém A(10;2;1) va dudng thang d: ‘ ; L % - ; 1.
Goi (P) la mat phing di qua diém A, song song véi dudng thing d sao cho khodng cich gitta d vi

(P) 16n nhat. Khoang cich tit diém M(—1;2;3) dén mit phang (P) bing

213 764/790 533 973
@ 13 790 ©\/2765' @ 15
& Loi gidi.
K d
H
A

Goi K 13 hinh chiéu vudng géc clia A 1én dudng thing d va H 13 hinh chiéu vudng géc ctia K lén
mit phang (P).

Vi K € d nén ta dit K (1 + 261+ 3t) = AK = (2t — 9;t — 2 3t).

Véc-to chi phuong ctia dudng thang d 1a g = (2;1;3).
ViAKLd:ﬁw—[d:O@Q-(2t—9)+1-(t—2)—|—3-3t20<:>14t—20:0<:>t:E.

7
., 43 4 30

ay AK = (—-—').

Vay - T

Khoang cach gitta d va (P) 1a do dai doan thang HK ma HK < AK nén khoang cach gitta d va
(P) 16n nhat bang AK khi H tring A.

Khi d6 AK L (P) nén (P) ¢6 véc-to phap tuyén AK = (
tuyén cta (P) 1a 7 = (43;4; —30).

Phuong trinh mit phang (P) 1a 43(z — 10) +4(y — 2) —30(z — 1) = 0 < 43z + 4y — 30z — 408 = 0.
Vay ta c6 d(M, (P)) = NI

Chon dép &n (C) O

43430

—:——:— ], ta chon véc-to pha
7 7’7)’ P VeeTe PRAP

~ 2 2 1 2z 2
Cau 46.17. Tim m de khodng cach tu diem A (2; 1; 4) déen duong thang
r=1-2m+mt
(d): §y=—2+2m+ (1 —m)t dat gid tri 16n nhat.

z=1+1
@m:;. m:16. @m:; @m:;l.
’.‘Lbigiai.
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r=1
Véit=2= {y=0 = B(1;0;3) la diém c¢b dinh ma dudng thang d luén di qua.
z2=3
Goi H 1a hinh chiéu ctia A trén d.
Ta ¢6 d(A,d) = AH < AB = d(A,d) dat GTLN bing AB khi AB L d < AB -3 =0. (1)
Trong dé AB = 3 —1; —1), Uq = (m;1 —m;1) 1a véc-to chi phuong ciia duong thang d,

1 4
Dod()(1)<:>§-m—1~(1—m)—1:0<:>m:§.
Chondépém@ ([l

Cau 46.18. Trong khong gian Oxyz, cho ba diém A(—1;0;1), B(3;2;1), C(5;3;7). Goi M (a; b; c)
la diém théa man MA = MB va MB + MC dat gia tri nhé nhat. Tinh P=a+b+c¢
APr=o. B P =2 ©P=5. D) P =4
& Loi gidi.
Goi I 1a trung diém ctia AB, suy ra I(1;1;1); AB = (4;2;0).
Phuong trinh mit phang trung truc ciia AB 13 (a): 2z +y — 3 = 0.
Vi(2:3+1-2-3)-(2-5+1-3-3)=>50>0nén B, C nam vé mot phia so véi (), suy ra A, C
nam vé hai phia so véi ().
Diém M thoa man MA = MB khi M € (a). Khi d6 MB+ MC = MA+ MC > AC.
M B + MC nhé nhit bang AC khi M = AC N ().
r=—142t
Phuong trinh dudng thang AC: { ¢y = ¢
z=1+2t.
Do d6 toa do diéem M la nghiém ctia hé phuong trinh

( (
r=-—1+2t t=1
=
z=14+2t y=1
(2 +y—3=0 z=3.

Do dé M(1;1;3), a+b+c=5.
Chon dép 4n (C) O

Cdu 46.19. Trong khong gian Ozyz, cho diém A(1;2; —3) va mét phang (P): 2z +2y—2+9 = 0.
Pudng thing d di qua A va vudng géc véi mit phang (Q): 3z + 4y — 4z + 5 = 0, cit mit phang
(P) tai B. Biém M nam trong mit phang (P) sao cho M luén nhin AB dudi géc vudng. Tinh do
dai 16n nhat ctia M B.

@MB:‘?. (B) MB = /5. (COMB = V41, @MB:\/;H.

B Loi gidi.
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r=1+3t
DPuong thing qua A va vudng gbc véi mit phing (@) c6 phuong trinh la ¢ y = 2 4 4¢

z=—3— 4.
Diém B la giao ciia dudng thang dé va (P) nén B(1 4+ 3t;2 + 4t; —3 — 4t) thoa

21 +3t)+22+4t) +3+4t+9=0t=—-1= B(-2;,-2;1) = AB = V41.

Tam gidc ABM vudng tai M nén BM? = AB?> — AM? va AB cb dinh nén BM 16n nhat khi AM
bé nhat, suy ra M 1a hinh chiéu vuoéng ctia A lén (P).

2-1+2-2
~ min AM — d(A, (P)) = (21 E2 28349
V22 + 22+ (—1)2
Liic d6 max BM = \/AB? — d2(A, (P)) = /41 — 36 = V/5.

Chon dap an O

Cau 46.20. Trong khong gian v6i hé toa do Ozyz, cho miat cau (S): (z—1)*+(y—2)2+(2—3)% = 4.
r=1+1

Xét duong thang d: { y = —mt v6i m 14 tham s6 thue. Gid sit (P) va (P') 1a hai mit phang
z=(m—1)t
chtta d, tiép xtic véi () lan lugt tai T va T'. Khi m thay d6i, tinh gid tri nhé nhat ciia do dai
doan thing TT"
® 5 ®2v2. ©2. DR
& Loi gidi.
Mt cau (S) ¢6 tdm I(1;2;3), ban kinh R = 2. Mt phang (ITT') cat d tai diém M. Goi H 1a
giao diém ctia TT' va M.
Vi ATIH ~ AMTT nén ta c6

2 2
TH _TI _ . TM-TI R\/MI R_R/l_]\]j[

T™ ~ MI MI

Do TT' =2TH nén TT) .. < THpyin < M M.

min

r=1+1

Nhan xét rang véi { y = —mt tacbr+y+z=1+t—mt+ (m— 1)t =1 nén khi m thay
z=(m—1)t

doi ta luon ¢6 (d) C (P): 2 +y+ 2 —1=0 cb dinh. Vi thé

142431
Ml —d(1, (P = 12253 =11 5

P+12+12 3

RQ
Tu doét TT . =2TH. i = 2Ry |1 —
o ta co min Mfglm

Ta kiém tra dieu kién du ctia bai toan, tiic la chiing minh rang hinh chiéu vuéng goc cua I lén
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(P) thudc vao dudng thang d.
r=1+1

Coi d' 1a duong thang qua I va vuong géc véi (P) ta cd d': { y =2+t

z=3+1.
Goi M 14 hinh chiéu vudng géc ctia I 1én (P) ta c6 M = d' N (P) suy ra

(1+t)+(2—|—t)+(3+t)—1=04:)t:_35:>M(_2~1-4>.

3733
(—2
Hé phuong trinh L = —mt & 31
Vay v6i m = : thi do dai ctia 77" nhé nhét.
Chon déap an O

BANG DAP AN

1461. D |[462. D |[46.3. B |[46.4. A |[465. C |[466. A |[46.7. C |[468. C |
146.9. B |[46.10.C |[46.11.B |[46.12.A |[46.13.C |[46.14.D |[46.15.A |[46.16.C |
146.17.D  |[46.18.C ][46.19.B |[46.20.B |

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén ® Trang 402/472

Danc47. PHEP DEM

@ KIEN THU'C CAN NHS

CAU 47 (P& minh hoa BGD 2022-2023).

C6 bao nhiéu ciap s6 nguyén (x;y) théa man
log, (x2 +y? + x) + log, (x2 + y2) < logs x + log, (x2 + 2 + 24x)?
& Loi gidi.
Diéu kién o > 0
Ta c6: logy (22 + y? + ) + log, (22 + y?) < logs z + log, (2 + y* + 24x)

& log, (x2 + 4% + x) — logs x < log, ($2 +92 + 24$) — log, (332 4 yg)

2 +y* o 2?4y 4 24x 2 4y
10g3 (x) S 10g2 (M) <~ 10g3 (]. + . ) S 10g2 <]. +
7?2 + o2 24x
<1 ( 1) —1 <1 ) <0.
0g3 - + 0g, + ) =
2 + 92

bat: t =
x
1 24

(1+1) ln3 (12 4 24t) In 2

. 24
Xét ham so f(t) = logs(1+t)—log, | 1 ( ) c6 f'(t) =
Suy ra ham s6 dong bién trén (0; +oo

Ta c6 f(8) = logz(1 + 8) — log, ( )

Tu d6 suy ra: (1) < f(t) < f(8) &
Dém céc cip gid tri nguyén cta (z;y).

Ta co: (x—4)2§16<:>0§x§8,mé:c>0nén0<x§8.
Véix=1,0=7=y={£+2;£1;0} nén c6 10 cap.

Vi x =2,0 =6 =y ={£3;£2;+1;0} nén c6 14 cap.
V6ix =3,0=5=y={£3;£2;+1;0} nén c6 14 cap.
Véix =4,0 =6 =y = {+4;£3;+2; +1;0} nén c6 9 cap.
V6iz=8=y=0cbo1 cap.

<8<:>( —4)2 4+ y* < 16.

VAy c6 48 cap gia tri nguyén (z;y) thda man dé bai.

. 24
. (t > 0), bat phuong trinh tré thanh: logs(1 + t) — log, (1 & t) <0 (D).

24x )
2 + y?

> 0,Vt > 0.
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BAI TAP TUONG TU VA PHAT TRIEN

Cau 47.1. Cho ham sb f(z) = log, (z + v/2? + 1). C6 bao nhiéu cip s6 nguyén (a;b) théa man
f (2a2—ab+b - i) + [ ((a® —ab+b+2)20727%) = 0.

(A)4. B)3. (©)2. (D)>5.
& Loi gidi.

Ta ¢6 ham f(x) xéc dinh, lién tuc trén R va f'(x) >0,V e R

1
C In2-Va?+1
= f(x) dong bién trén R.
Mt khéc f(—z) =log, (—z + Va2 + 1) = —log, (z + Va2 + 1) = —f(z),Vz € R;

suy ra f(z) 1a ham s6 1& trén R.

Ta co:

f (2“2—‘“’“’ - D +f((a®>—ab+b+2)2727%) =0

o= f <2a2ab+b . i) — _f ((CL2 —ab+ b+ 2) 2b727ab)
2 1
a®—ab+b _ —

g (2 —)

1
= 2a27ab+b _ Z _ (—a2 +ab—b— 2) Qb—2—ab

f((—=a®+ab—b—2)20727)

27 L g2 42 =29 4 ah—b. (1)

Xét ham s6 g(t) = 2! +t,t €R; ¢6 ¢'(t) =2'-In2+1 > 0,Vt € R = g(¢) dong bién trén R.

(1)< g(a®+2)=glab—b) & a*+2=ab—b< bla—1) =a®+2(2).
242 3

Nhén xét a = 1 khong théa (2).Véia7é1tacéb—a+1—a+1+ T
a— a—

a—1=-3 a=-2=b=-2

a—lz—l a:0:>b:—2

Vi a, b nguyén nén &
a—1=3 |a=d=b=6
Vay c6 4 cdp s6 nguyén (a;b) 1a (=2; —2); (0; =2); (2;6); (4;6).
Chon dap an @ O

Cau 47.2. C6 bao nhiéu bd hai s6 nguyén (z;y) thoa 1 < 22 + 2 < 2020 va

logx +log(x + 1) + 2 + 2 = y + 10Y

(Aa)2. B)o. (©)s. (D) 4.

B Loi gidi.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



= Gv: Vii Ngoc Huy - Trusng THPT Chuyén L& Qiy Dén ® Trang 404/472

Diéu kién: = > 0.

Ta co:

logx +log(x + 1) + 2> + & = y + 10
s loglr(r +1)] +2° + 2 =y + 10Y & log(a? + x) + 2 + x = log(10Y) + 10

Xét ham s6: f(t) = logt +t v6i t > 0.
1
") = ——=+1>0,Vt>0.
f ( ) ,t]{l 10 +, Y
Ham s6 dong bién trén khoang (0; +o0) = 2% + x = 10V.
Vil<az?+2<2020nén1<10Y <2020 <0<y <log2020 ~ 3, 305.

Ma y chi nhén gid tri nguyén nén y € {0;1;2;3}.

Hy=0=z= _1—;\/5(10@1).
Hy=1=z= _1—;\/5(10@1).
Hy=2=z= 44—2\/@(10@1).
Hy=3=>z= _1+2\/m(loai).

Vay khéng cé bo hai sé nguyén (z;y) théa man yéu cau bai toan.
Chon dép 4n (B) O

Cau 47.3. Cho a > 0,b > 0 théa man log, 3,41 (25 + b* + 1) + 1ogg4441(10a + 30 + 1) = 2.
Gi4 tri biéu thic a + 2b bang
(A)22. B)6. 121 (D) 2
& Loi gidi.
Véia > 0,b>0 tacod 25a® + b>+ 1> 10ab + 1.
Dau “=" x4y ra khi va chi khi b = 5a.
Suy ra 10g1ga4 5541 (256 + 0% + 1) > 1080443541 (10ab + 1)
Dau “=" x4y ra khi va chi khi b = 5a.
Mat khac, ta lai c6 v6i a > 0,b > 0 thi log;q,, 341 (10ab + 1) > 0,108, 044,1(10a + 3b + 1) > 0.
Do do:

10810045041 (250% + b + 1) + 108104411 (10a + 30 + 1) > 108044 3541 (10ab + 1) + 10g; 411 (10a + 30 + 1)
> 2\/10g10a+3b+1(10ab +1) - 108104511 (10a +3b + 1) =
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Dau “=" x4y ra khi va chi khi

b= >5a

10810413541 (10ab + 1) = log; g,y 1(10a + 3b + 1)

b= >5a
<~
10a +3b+1=10ab+ 1
b= 1
2 %= —
<~ 1:>a—|— =5
a= =
2
Chon dép 4n (C) O

Cau 47.4. Hoi c6 bao nhiéu s6 nguyén y sao cho moéi gia tri clia y c6 khong qua 2021 s6 nguyén
2 théa man log, (v +y? + 1) — 3" +v=32 < (7
(A) 109. (B) 108. (C) 110. D) 111.
& Loi gidi.
Xét ham sb f(t) = logy t — 3734201953 trén (0; +00).
f'(t) = 751312 + 33733 L In 3 > 0t € (0; 400)
= Ham sb f(t) dong bién trén (0;+00).
Do c6 khong qua 2021 s6 nguyén = nén c6 khong quéa 2021 s6 nguyén ctia t
= t nguyén thudc [1;2021] thi f(t) < 0 va f(2022) >0
& log, 2022 — 3 Hy=6060 > () o 22 4 — 6060 — log (log, 2022) < 0.
Do y nguyén nén y € {—55; —54;...;54}.
Vay c¢6 110 s6 nguyén y théa man yéu cau bai toan.
Chon dép 4n (C) O

Cau 47.5. Cho céc sb thie z,y thoa man 2z —y = e (2 — %) +1n (2e* + ). Tim gid tri nhd nhat
ctia biéu thitc P = 22 4+ y? + 20y.

(A)o. B) —21. (C) —100. (D) —19.
B Loi gidi.
Dicu kién 2e® +y > 0 (*).

Ta ¢cé

2r —y=¢e"(2—¢") +In(2e" + y)
& e + 21 =In (2" +y) + 2" +y (1)

Dit e?* = 4 = 22 = Inu, phuong trinh (1) viét lai thanh:

Inu+u=1In(2e"+y)+ 2" +y (2)
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. 1 R .
Xét ham 0 f(t) =Int+t,t>0co f'(t) = n +1>0,Vt > 0nén f(t) dong bien trén (0; +o0).
Do d6 (2) & u = 2e* + y, ta thu dugce phuong trinh:

=2 dyoy=eT 2" y+1=("-1°>0=y>—1

Khidé P=2>+¢y*+20y=2>+(y+1)2+18y—-1>0+0—-18 - 1= —19.
Ding thiic xdy ra khi z = 0;y = —1 thoa diéu kién (*).
Chon dap én@ O

Cau 47.6. Cho =, y la cic sd thuc thda man logy(z + y) = log, (2% + y?). Tap gid tri clia biéu
thitc P = 2 + 3® ¢6 chita bao nhiéu gid tri nguyén?
(A)9. (B) Vo 6. (©)4. (D)5.
& Loi gidi.
+Diéu kign z +y > 0; 22 + 32 #£ 0.
Ta dat: logg(z + y) = log, (2% + y?) = ¢.

r+y=3"
Ta co
$2+y2:4t
Vi(z+y)? <22 +y%) = (3)2<2-4"=t<logh ~0,85.
9t — 4t !
+ Tacoz?+y?>=(z+y)?— 22y = oy = 5
S 3 3 3 t t9t_4t 1 t 3 t
+ Khidé, P=2"+y’ = (x+y)° —3zy(r+y) =27 —-3-3"- 5 :—5-27 +§-12:f(t).
1 3 1
+ Xét f(t) = —5-27t—|—§-12t véi t < logh, ¢ f'(t) = —5-27t-1n27—|—§~12t-1n12,
4
1 3 27\ In12 In 12
"t)=0& =-27"-1In27 = —-12!-1 12<:><) =3 —t=1 (3-)%1,006[/.
@) 2 hET " 12 In 27 o8 \" v (L)
¢ 0 log%Z
f'(@t) +

logg 2 ~ 4,18
4

o —
0

+ Goi T 1a tap gia tri ctia P.

T = (0;4]
Tu BBT ta c¢é = {1;2;3;4} € T nén suy ra tap gia tri ctia P c6 chita 4 gia tri nguyén.
PeZ

Chon dap 4n (C) O

Cau 47.7. C6 bao nhiéu s6 hitu ti a thuéc doan [—1;1] sao cho ton tai s6 thiuc b théa man

9 g0 11
logy (1 — a? — b2 + 2b) = -
0 (1= =¥+ 20) = oo+ o Tt sy 2
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(A)3. B)1. (©) Vo 6. (D)o.

B Loi gidi.
Ta co:
2% &+ 1 1 2% 4* —274+1 1
+ — == + - =
42 +1  22(1+4+2%) 2 4*+1 2% 2
27 +42’—1—1 3 2 +4$—|—1+3(2x+1> 3
C4r 4] 2 2 4T 41 4.20 4 2c 2
¢ £ a2 2° 4% + 1
Ap d bat dang thic Co si: > 1.
p dung bat dang ¢ CO si 4m+1+4'2x =
Lai ¢6

22 4 1
441 2041 2044
=log, (1—a®*—0*+20) > 1 1—a®—b*+2b>2

Sa+-20+1<0a*+(b—-1)*<0

a=20

& .Suyraa=0e¢€[-1;1].
b=1.

Chon dap én

O

Cau 47.8. C6 bao nhiéu cip sd nguyén (a;b) théa man 1 < a < b < 100 dé phuong trinh a®* = b**

¢6 nghiém nhd hon 17

(A) 4750. (B) 4656. (©)2. (D) 4751.

& Loi giai.
Dol <a<btacéo:

a” =b" & In(a”) = In(b"")
Ina

@bx-lna:aw-lnb<:><g>x:m

b
S =1 (111&)
v 08g Inb

Tacéa<b:%<1.

Ina a Ina Inbd

1
D0x<1:>10gz<na><l<:>

Inb Wt 57 @ T
, 1 1-1
Xét ham s6 f(£) = 2L = pr(e) = t;“f (Véi t > 1.).
1—1Int

=0 1l1-Iht=0&st=c.

P =0 —

Bang bién thién:
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T 1+-00 1 2 e 4 100 +o00

777777777777777777 777777777777777777
11222020050505050577 700000000000050007.
000005020050250077 — — 000005000050000507.
7050000000050505707 000000000000000007.
000000050505050507 0000000005050505075.

JIIIIIIIIII I IS IS JIIIII IS I I IS

000000050000000007 50000000000000007.
000005005000000000 500005000050000007.
000000000000000007 500000000000000007.
000500000000000000 n2 500000000050000007.
500005000050250077 000005000050000507.

5050000007

- n 700000000

50200077

i 2 -° i
i i
i L
SIIIIIIII I I I 77777 \ SIIIIIIII IS ISP 77
i L
G, n 1007445445

100

Dua vao bang bién thién ta co:

Truong hop 1:
l<a<esa=2

khi dé

Ina lnib

a

S b>4

Do 4 < b < 100 nén ta c¢6 95 cip s6 dang (2;b) thda man.
Truong hop 2:

a > e khi d6 ham s6 nghich bién trén (e; 100).

1 Inb
Suyraﬂ>n7véiVe<a<b<100.
a

Trén khoang (e; 100) ¢6 97 s6 nguyén, do dé ta c6 C3, = 4656 cip s6 nguyén (a;b) thoa man.
Vay, ta c¢6 95 + 4656 = 4751 cip s6 thoa man yéu cau bai toan.
Chon dép an (D) O

- 1 27 + 1 1\’

Cau 47.9. Cho phuong trinh - logy(z +2) + +3 = log, i (1 + ) F2VT F2, 200 S 1A
x x
tong tat ca cac nghiém ciia né. Khi d6, gid tri ctia S 1a
1—+13 1++13

@Ws=-—"12 B®s-2 ©s=—"r= @s=-2

& Loi gidi.
1

R —2<z<—=
bieu kién 2
x > 0.
Ta cé:

1 27 + 1 1\?
2b&@+ay+x+3:m&iv+(1+x>+avx+2

<:>1og2\/x+2+(\/x+2—1)2:10g2(2+i>+ KHD—@Q (1)
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Xét ham sb f(t) =logyt + (t — 1)%, ¢ > 0.

Ta co
1 2In2-t2 —2In2-t+1
W= —— 4+2(1—1)=
F tln2+ (t=1) t-In2 i8>0
a=2In2>0
Vi2ln2-#2—-2In2-t+1cb suy ra 2In2-t2 —2In2-t+1 > 0.

A'=In*2-2In2<0
Do dé f'(t) > 0;Vt > 0 nén ham s6 f(¢) dong bién trén khodng (0; 4+00).

Vay (1)@f(\/x+2):f(2+;> = x+2:2+016

r=—1
3—V13
P22 —4dr—-1=0& T=—p
$_3+\/13
L~ 9 :
r=—1
£ e A 1A . _1++/13
Két hgp véi dieu kién ta dugc B 3+\/1—3.VayS—T.
-
Chondépén@ O

Cau 47.10. Cho 0 < 2 < 2020 va log,(2x + 2) + 2 — 3y = 8. C6 bao nhiéu cip s6 (z;y) nguyén
thoa man cac dieu kién trén?
(A)1. B) 4. (C)2019. (D)2018.
& Loi gidi.
Do 0 <z <2020 nén log,(2x + 2) ludn c6 nghia.

Ta co

log,(22 +2) + 2 — 3y =8Y
& logy(r+1)+z+1 =3y —2%
& logy(z 4 1) + 210820+ — 3¢y 4 2% (1)

Xét ham sb f(t) =t + 2.

Tap xac dinh Z =R va f'(t) =1+ 2'In2 = f/(t) > OVt € R.

Suy ra ham s6 f(t) dong bién trén R. Do d6

(1) & logy(z+1) =3y & x+1=2% & y=logg(x + 1).

Tac6 0 <z <2020 nén 1 <z 41 <2021 suy ra 0 < logg(x + 1) < logg 2021.

Lai c6 logg 2021 ~ 3,66 nén néu y € Z thi y € {0;1;2;3}..

Vay c6 4 cip s (z;y) nguyén théa yéu cau bai toan 1a cac cap (0;0), (7;1), (63;2), (511;3).
Chon d4p 4n O
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Cau 47.11. Cé bao nhiéu bo (z;y) véi z,y nguyén va 1 < z,y < 2020 théa man (xy + 2z + 4y +

2y 20 +1
8)1 (> < (2 3y — —6)1 ( >?
) log; Y+ 2 < (22 + 3y — zy — 6) log, _
(Aa)2. (B) 2017 - 2020. (C)2017. (D) 4034.
& Loi gidi.
Tir gid thiét két hop DKXD ciia bat phuong trinh ta c6: 1 <y < 2020;4 < x < 2020; 2,y € Z.(1)
Ta co:
2 2 1
(xy + 2z + 4y + 8) logs (yf2> < (2x 4 3y — zy — 6) log, ( ;j )
2y 2v +1
& @+ + Dlogy (L2 ) + (- 3l - Do, (277) <0 @

2 1
Xét f(z) = log, < IjB > = log, (2 + 357—3) > 0,Vx € [4;2020] (2).

+ V6i y = 1 thay vao (*) ta dugc:

2¢ + 1
z—3

2
3(z +4)log, (3) — (z — 3) log, ( ) < 0 (luén dang Vz € [4;2020]
do (1) va (2)). Suy ra c¢6 2017 bo (z;y).
+ Véi y = 2 thay vao (*) ta thay luon ding Va € [4;2020)].
Suy ra c6 2017 bo (z;y).
V63 <y <2020 =y —2>0.
. 2y y+y y+2
it o) — (25 s (1) (22) 05 50
ét g(y) = logg U+ 2 083 y+2 > 1083 2 0,Vy >3 (3)
Suy ra (*) vo nghiém (Do (2) va (3)).
Vay c6 4034 b (x;y).

Chon dap 4n (D) O
Cau 47.12. Cho z,y > 0 thda man log(x + 2y) = log z + logy. Khi dé, gi4 tri nhé nhat clia biéu
x? 4q?
thitc P = 13
Ty T
32 31 29
6. —. —. —.
@ ® - -
& Loi gidi.
Ta co:
log(x 4+ 2y) =logx + logy < x + 2y = xy = zy > 2/ 22y
= (ry)? — 8xy > 0= zy > 8
Lai c6:
2 4 2 2 2 2
I O o ) N ) P S
1+2y 1+2  z24+2y+2 ay+2 Ty + 2
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(Dt t = ay(t > 8)).

1 4 24 4 24 32
= (42— —(t+2)—4>2 ) —+ = (84+2) -4 ="
~ 32 . s \ .
Vay Pminzg,dau bang xay ra khi: x = 4;y = 2.

Chon dép 4n O
r+y+1

> = 92y — 3z — 3y. Tim
3xy

Cdau 47.13. Cho z,y 1a cac s6 thuc duong théa man 3 + In (
gi tri nhé nhat m cta biéu thic P = zy.
1 1
@m:§. mzl. ©m:§' @m:().
& Loi gidi.
Ta co

r+y+1
ni

3+1
+ 3xy

=92y — 3z — 3y

e3+hn(z+y+1)—In(Bry) =92y -3z -3y n(z+y+1)+3(x+y+ 1) = In(3zy) + 3 - (3zy)

Xét ham sb: f(t) = Int + 3t véi t > 0.

1 . R .
Ta 6 f'(t) =3+ 7> 0,Vt > 0 nén ham so f(¢) dong bién trén (0;400).
Khi doé:

In(x+y+1)+3x+y+1)=InBzy) +3- Bzy) & f(x +y+1) = f(3zy)
Srty+l=3rzywe3rzy—1=x+y

Ma z +y > 2,/7y.

Nén
3zy — 12> 2/xy & 3y —2/ry—12>0
S (Vey—1)-3yxzy+1) >0
SVry>lezy>1l1sP>1
. . rT=y r=1
Suy ra Py, = 1. Dau x4y ra khi va chi khi & (Vviz,y>0).
Yy =1 y=1
Chon dép 4n (B) O

rz+1

2
+(1+i> +2vr + 2. Goi S

~ 1 2
Cdu 47.14. Cho phuong trinh 5 logy(z +2) + 2 + 3 = log,

13 tong tat ca cac nghiém cia né. Khi d6, gid tri cia S 1a

®s- 1V gs VB @soa D)5 2.

B Loi gidi.
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T > —2
. r+2>0 x>0
bieu kién: 2 + 1 & x>0 & 1
>0 1 —2<r < ——.
T T < —= 2

Khi d6 phuong trinh da cho

1 1 2
©log, Vi +2+ (z+2-2Vz+2+1) = log, <2+$>+ K2+> —1}

x
2 1 1 2
@logQ\/:v+2+<\/x+2—1> :log2<2+x>+[<2+x>—l}

Xét ham sb f(t) = logyt + (t2— 1), véi t € (0;400).

C6 fi(t) = tliﬂ+2t—2: t ln4t1£12n4+1

Xét tam thittc bac hai t?In4 — tIn4 + 1.

Tac6 A= (In4)? —4In4 <O nén t*In4 —tlnd +1 > 0,Vt € R.

Do dé f'(t) > 0,vt > 0.

Suy ra ham s6 f(t) = log,t + (t — 1)? ludn dong bién trén khoang (0; +00).
Khi d6

2¢ + 1

1
x)eVr+2=2+-<Vr+2=
T
4r? + 4z + 1 5
——— =

Sr+2= . — 2" -4z —1=0
x
(2= —1
3+ 13 r=-1 .
S |T=—5 & _3+\/1—3(thoaman).
3—V13, . 2
r = ——— (loai)
L 2
. . 3+v13 1413
Vay tong tat ca cac nghiém la S = —1 + +2 = +2 )
Chondépén@ O

Cau 47.15. Cho phuong trinh log(x — 3) + 22v/x — 3+ 62 — 16 = 2log(z — 4) + 2(z — 3)? ¢6 mot
nghiém c6 dang x = a—;b, trong d6 a,b 1 hai s nguyén duong. Gia tri ctia biéu thiic a + b
bang

(A) 10. 14. (©)s. D)9.
& Loi gidi.
bieu kién = > 4.

Bat phuong trinh

1
<:>§log(x—3)+x\/x—3+3x—8:10g(x—4)+(x—3)3

<:>;log(:c—?))—i-(:c—3)\/x—3+3\/x—3+3(:1:—3)+1:log(x—4)+(x—4+1)3

(@log\/x—3+(\/x—3+1)3:log(:v—4)+(:v—4+1)3(:>f(\/as—3):f(x—él) (*)
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‘ 1
V6i ham s6 f(t) = logt + t3;¢ > 0,c6 dao ham: f'(t) = T 10 + 3t2: vt > 0.
n

Suy ra ham s6 don diéu tang. T (*) suy ra:

fWe=3)=flr—4) e Vr—-3=r—-4& vt
r—3=(v—4)?°

Tz >4

9+V5 _a+ Vb a=9
& _gi\/gjx: =5 suyra b:5:>(a+b):14.
2
Chondépén O
1

CAu 47.16. Biét rang 2" r = log, [14 — (y — 2)y/y + 1] trong d6 = > 0.
Tinh gid tri ctia biéu thic P = 22 + y?> — zy + 1.
(A)4. B)3. O D)2.
& Loi gidi.
1
Ap dung bat déng thic Cauchy ta ¢ z + i >2= 2“; > 4.

Lai ¢o

14—y~ DVEFT=14— (y+ VG T T+3V5 T 1

Diat t = /y + 1 > 0. Xét ham s6 f(t) = —t3 + 3t + 14 trén (0; +00), ta cb
fl(t)==3t?+3.Dod6 f'(t) =0 -3t +3=0<t=1vit € (0;+0c0).
T do ta co

max_f(t) = f(1) =16

(0;+00)

Vay 14 — (y — 2)y/y + 1 < 16 = log, [14 — (y — 2)/y + 1] < 4. Khi d¢

1
T+
2 z =log, [14 —(y—2)Vy+ 1]

z=1
& =P =2
y=0
Chon dap 4n (D) O

Cadu 47.17. Phuong trinh 2logs(cot x) = log,(cos ) ¢6 bao nhiéu nghiém trong khodng (0; 20187)?

(A) 2018 nghi¢m. 1008 nghiém. (C) 2017 nghiém. (D) 1009 nghi¢m.
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& Loi giai.
sinz >0

cosx > 0.

2logs(cot ) = log,(cos ) < logs(cot 2)? = log,(cos 7)
& log, cos’r — logy sin® o = log,(cos 1)

& logg cos® z — logg (1 — cos® z) = logy(cos z)

bat ¢t = log, cosx = cosx = 2'.

Phuong trinh tré thanh

2t
@lOggﬁ:t@Zﬁ:gt—th

2

4 t

) 4\ . )
Ham so f(t) = <3> + 4" dong bién trén R.
Mat khac f(—1) =1 nén x = —1 la nghiém ctia phuong trinh.
Do d6 phuong trinh c6 nghiém duy nhat t = —1.

1 T
logQCosx:—1<:>cosx:§<:>x:j:§+k:-27r

1 6053
——<k<—

: 6 6
z € (0;20187) = 1 e 6055
6 6

Vay trong khoang (0;20187) ¢6 1009 - 2 = 2018 nghiém.
Chon dap 4n (A) O

r + 4y
r+y

Cau 47.18. Cho z,y la cc s6 thuc duong thoéa man log, ( ) = 2r — 4y + 1. Gia tri nho
224 — 2229 + 622
(z +y)°

16 25 9
5 5. (©)4. @4.

& Loi gidi.

nhét ctia bidu thicc P =

Ta co:

& logy(z + 4y) — logy (22 + 2y) = 2(z — 2y)
< log,y(z 4 4y) — logy (22 + 2y) = —2(x + 4y) + 2(2x + 2y)
< logy(x + 4y) + 2(x + 4y) = logy(2x + 2y) + 2(2z + 2y) (1)
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Xét ham dic trung: f(t)

Co f'(t) =
Do do

= log,t + 2t v6i t > 0.

tln2

—— +2>0,Vt > 0 nén ham sb dong bién trén khoang

(0; +00).

(1)®x+4y:2x+2y®x:2y®y:g

Khi d6 ta co:

224 — 22y + 622

162 — 4x* + 4822

P =

42 +16 416 _ 16

= — >
o 9 0z 9
Theo bat dang thitc Cosi ddu bang xay ra khi

4 16

(x+y)3 B 2723

—r=—<r’=4=>1=2y=1(dox>0).

9 9z

Cadu 47.19. Phuong trinh (0120x + 9) log, ((mQ +1) <1x +9

2020
c6 tat ca bao nhiéu nghiém thuc phan biét?

(A)3. B)2. (©)4.

& Loi giéi.
050 b+ (e +0)) =0 @
<2020x + 9) log, ((x +1) 2020x +9))=9—(x

DKXD:

1
—x+9>0< 2z > —18180

2020

. 1
Chia hai ve ctia phuong trinh (1) cho 500" + 9 ta dugc.

9

t

)) 9— (a2 — 1) (201203; + 9)

D) 1.

) (20120 + 9) (1)

1
log3<(x2—i—1) (20201’—1—9)) —(xz—l)
2020

©10g3($2+1)+10g3(2020x+9) 7$+9 (a: +1)+2

2020

9

& logs (2% + 1) + logy (2020 9) = Lm o — (2® +1) +logs 9

2020

9 9 9 9

& logg (2% +1) + (2% + 1) = logs T T (2)
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Dit f(t) = logyt +t v6i t > 0,
1
fft)=——=+1>0,Vt>0.

“ ¢ In 3 )
Suy ra ham so dong bien trén (0; +00).
Do dé, (2)
9 9
@f(:vZ—l—l):f S E— @x2+1:17
—x+9 —z+9
2020" * 2020" *
@ix3+9x2+ix:0@x3+18180x2+x:O@x(x2+18180x+1) =0
2020 2020
x=0(TM)
< [z =-9090 + v90902 — 1(T'M)
x = —9090 — v/90902% — 1(T'M).
Vay phuong trinh c¢6 3 nghiém thuc phan biét.
Chon déap an @ O

Cdau 47.20. Cho a 1 hang s6 duong khaclthod man a?¢*%* > 4 cos? z —1; Vo € R. Gi4 tri a thudc
khoang nao sau day?
A) (2;3). (0;2). (©) (3;5). (D) (4; +00).
& Loi gidi.
Dit t = 2cos 2 thi diéu kién tré thanh ' —t — 1 > 0;Vt € [-2;2].
Xét ham 86 f(t) = a' —t — 1 trén [—2;2], diy 1a ham s6 lién tuc, c6 dao ham trén [—2;2].
ming_o0 f =0 = f(0) nén suy ra f'(0)=0<a’ lna—1=0&a=e.
Thit lai véi a = e, thay vao diéu kién ta duge f(t) = e’ —t — 1> 0;Vt € [-2;2].

fft)y=e —1f't) =0t =

Bang bién thién

x -2 0 2
/ - 0 n
e ?+1 e? —3
0

Vay a = e thod yéu cau bai todn.
Chon dép an (A) O
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@© BANG DAP AN

[47.1. A ][47.2. B |[473. C |[474. C ||475. D ||476. C |[47.7. B |[478. D |
147.9. C ][47.10.B |[47.11.D |[47.12.B ||47.13.B ||47.14.A |[47.15.B |[47.16.D |
[47.17.A ][47.19.A |[47.20.A |
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Danc 48. HINH NON - HINH TRU

KIEN THO'C CAN NHO

Cho hinh nén c¢6 duong cao h, ban kinh ddy R va duong sinh ¢.
« Maoi lién hé 2 = h? + R2.

. ) 1
e The tich khoi nén V = 3 TR2h.

« Dién tich xung quanh Syq = 27 Rh.

BAI TAP MAU

CAU 48 (Pé minh hoa BGD 2022-2023).
Cho khéi nén cé dinh S, chiéu cao bang 8 va thé tich bang 8030” Goi A va B 13 hai diém

thuoc dudng tron ddy sao cho AB = 12, khoang céch tit tdim clia dudng tron ddy dén mat
phang (SAB) bing
@83, ®2 © 4va. =
& Loi gidi.
Goi O la tam ctia dudng tron ddy va R la ban kinh cta duong tron day (R > 0).

Thé tich khéi nén bing 80??” nén

1 8007
.8 7R*= —— & R =10.
g O 3

Ké OI 1 AB tai I, suy ra I la trung diém ctia AB va

OI = VOA2 — AI? = V102 — 62 = 8.

Ké OH L ST tai H. Ta c6

AB 1 OI

— AB L (SOI).
AB 1 SO

Tu d6 suy ra AB 1L OH (do OH C (SOI)). Ta lai ¢

OH 1 SI

= OH 1 (SAB).
OH 1L AB
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Vay khoang cach tit O dén (SAB) bang OH.
Xét tam giac SOI vuong tai O va SO = OI = 8 nén tam giac SOI vudng can tai O, suy ra

ST =82 OH:S2[:4\/§.

Vay khoang cach tit O dén (SAB) bang 4v/2.
Chon dap an @ O

@© BAITAP TUONG Ty VA PHAT TRIEN

CAu 48.1. Cho khéi nén c¢6 dinh S, chidu cao bang 6 va d6 dai dudng sinh ¢ = 2v/34. Goi A va
B 13 hai diém thudc duong tron ddy sao cho AB = 12, khoang céch tit tAm clia duong tron day
dén méitQphéng (SAB) bang y - o
2 = = =
& Loi gidi.
Goi O 1a tam cta dudng tron day va R la ban kinh ctia duong tron day (R > 0).
Ta c6 R =+/1% — h? = /136 — 36 = 10.
Ké OI 1. AB tai I, suy ra I 1a trung diém ctia AB va

OI = VOA2 — AI?2 =102 — 62 = 8.

Ké OH L ST tai H. Ta ¢6

AB 1 OI
AB 1 SO

Tu d6 suy ra AB L OH (do OH C (SOI)). Ta lai ¢

= AB L (SOI).

OH 1 S1

= OH 1 (SAB).
OH L AB

Vay khoang cach tit O dén (SAB) bang OH.
Xét tam giac SOI vuong tai O, duong cao OH ta cb

0S5?.01? 62-82 24
OH=\———— =4/ ———> = —.
\/052 + O1I? \/62 +8 5
24

Vay khoang cach tit O dén (SAB) bang 5
Chon dép 4n O
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Cau 48.2. Cho khéi nén c6 dinh S, thiét dién qua truc ctia khéi nén 1a tam gidc déu canh 6. Goi
A va B 1a hai diém thudc duong tron day sao cho khodng céch tit tAm O ciia dudng tron day dén
mit phing (SAB) bang v/3. D9 dai doan thing AB 1a

3v10 3v10 2v/10 44/10
@ 8% e oY
& Loi gidi.
Goi R la ban kinh cta dudng tron day (R > 0).
Thiét dién qua truc ctia khoéi nén 1a tam gidc déu canh 6 nén R = 3 va SO = 6\2/3 = 3V/3.

Ké OI 1 AB tai I, suy ra I 1a trung diém ctia AB.
Ké OH 1 ST tai H. Ta c6

AB 1 OI

= AB 1 (SOI).
AB 1 SO

Tu d6 suy ra AB L OH (do OH C (SOI)). Ta lai ¢

OH 1 SI
OH 1 AB

= OH 1 (SAB).

Vay khoang cach tit O dén (SAB) bang OH = /3.
Xét tam giac SOI vuong tai O, duong cao OH ta co6

11 11 1_8:>012_27
OI? OH? 082 3 271 27 8

27 310
Trong tam gidc OAI ta c6 Al = VOA? — OI? =14/3% — 5= \i_

. 3v10  3v10
Vay do dai doan thang AB la 2 - \i_ = \g_

Chon dép 4n O
Cdu 48.3. Mot hinh nén c¢6 dinh S, ban kinh ddy 13 R = 2a+/3 va gbc & dinh 120°. M&t phing
(P) qua dinh S, hop véi ddy goc 45° cat hinh nén theo thiét dién 1 tam gidc SAB. Dién tich tam
giac SAB la

@ 2a2. 4a2. @ 6a>. @ 8a?.

B Loi gidi.
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Goi I 1a trung diém AB. Suy ra, OI L AB. Khi d6, goc gitta (P)
va mit ddy ctia hinh nén 1a STO = 45°. Do d6, ASIO vuong
can tai O.

Trong ASOA ta c6 SO = OA cot 60° = 2a.

Trong ASOI ta c¢6 OI = SO = 2a va ST = 2a\/2.

Trong AOIA ta c6 AI = VOA? — OI? = \/12a% — 4a2 = 2a+/2.
Dién tich tam giac SAB la

S:;-SI-AB:;-2a\/§-4a\/§:8a2.

Chon dap 4n (D) O

Cdéu 48.4. Tt mot dia phang hinh tron bing thép ban kinh R, ngudi ta lam mot cii phdu bing

cach cit di mot hinh quat clia dia nay va gip phan con lai thanh mo6t hinh nén.

T

Goi d6 dai cung tron ctia hinh quat con lai 1a 2. Thé tich khéi nén tao thanh nhan gia tri 16n
nhat khi
R 2rRv3 2rRv/2 2rRv/6
ore Wf B)o = 2TVS © = 2TV 00 - VO

3 3 3
& Loi gidi.
Goi r 1a ban kinh ddy ctia hinh nén va h 1a chiéu cao ctia hinh nén (r, h > 0).
2
Ta c6 21r =& = r = —. Do d6, h = \/ R2 — —
27 472

Thé tich khdi nén 1A
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< -7 <>3 (Bat déng thiic C hy)
. a all Cc Lauc .

7 ) ) 2 2 2 gy 21 R\V/G
Vay thé tich khéi nén 16n nhit 13 ——7- RPkhi R? — —— = 2 =20 _ g, =21 V6
9v/3 472 872 872 3

Chon déap an @ O

CdAu 48.5. Cho mit cau tdm I ban kinh R. Mat phang (P) thay ddi cdt mit cau theo giao tuyén
la dusng tron (C). Hinh nén ¢6 dinh S nam trén mat cau, ddy la duong tron (C) va chidu cao h
(h > R). Thé tich khéi nén cé gid tri 16n nhat khi

(A)h = 2R (B)h = V3R, @h:iR. @h:‘;’R.
& Loi gidi.
Goi r 1a ban kinh ddy cta hinh nén (r > 0).
Tac6 IO=h—R=r*=R>—-10?=R?— (R— h)>=2Rh — h%.
Thé tich khéi nén 1a

1
V = 3™ r?-h
1
= 37 (2Rh — h?) - h
1
= 37 (2R —h) - h?
4 h h
= ~7-(2R—=h) = .=
U (2R — h) 5°5
4 (2R\® _. .,
< 37 <f) (Bat dang thttc Cauchy).
A 2o L. 7 P2 ES \ 32 3 . h 3 4
Vay thé tich khoi nén 16n nhat la 8—17TR khi 5= 2R—h & §h =2R& h = gR.
Chon dép 4n (C) O

Cdu 48.6. Mot cong ty san xuat mot loai coe gidy hinh nén cé thé tich 27 em?, véi chiéu cao h
va ban kinh day r. Gié tri r dé luong gidy tiéu thu it nhat
/ 38 /38 /36 /36
6 4 6 4
@T_ 27T2. T_ 27_[_2' @’I"— 27T2. @’I"— 27T2.
& Loi gidi.

. , 1 8
Tacéthétichc()chinhnénV:§7T-r2-h:27$h:7 r > 0.

o 81 \*
Khi @6 [ = 5 ) +r? Suyra

m™er

S — 81 ) 2 _ 23 2) — 3° 4_
g =TT+ p— +r2=myr W2.T4—|—r = 7r2-r2+r =m\/ f(r).
Luong gidy tiéu thu it nhat < dién tich xung quanh phai nho nhat < f(r) nhé nhat.

, 38 , 3 38 s (3%
Taco:f(r):ﬂ.rg—l—r:27T2'T2+27T2_T2+7“ >3 e
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) 8 38 38
Dang thite xdy ra khi vi chi khi 55— =l 10 = o5 e r={/o5
2 zZ Z 38
Vay dé luong gidy tiéu thu it nhat thi r = ¢ 27
T
Nd P 38
Chii y: Ta c¢6 the khio sat ham f(r) = —— + %7 >0
T
38
/ . _ 6
f (7") = O = r = ﬁ To
T —00 To +00
f(r) - 0 +
+00 00
o T
f(7"0
Chon dap 4n (A) O

Cd&u 48.7. Cho hinh nén dinh S ¢6 dudng cao h = a, dudng sinh [ = 2a. Mot mit phang di qua
dinh S va cat dudng tron ddy tai hai diém M, N. Dién tich tam gidc SM N 16n nhat bang
) a’y/3 ) a’y/3
@ - ©2 DR

B Loi gidi.

Goi O la tAm day ctia hinh nén; I 13 trung diém ctia MN. Ta c6 SM = [ = 2a.
Khido OI L MN = SI 1L MN.

1 L/ MN? MN?\ MN?
DiéntichtamgiécSASMN:§SI.MN:§ SM?2 — 1 .MN:\/(SM2_ 1 ) o

Ap dung bat dang thicc Cauchy, ta cé:

2 2 2 _ MN? MN? 2
Jloam - 210) T ST 00y
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Sasmn 16n nhat bang 2a? khi MN = /25M = 2v/2a.
Chon dép 4n (C) O

Cd&u 48.8. Mot hinh nén dinh S ¢é ban kinh ddy bang 2a+v/3, tAm ciia day 1a O, géc & dinh bang
120°. AB 13 mot dudng kinh ¢6 dinh ctia ddy, H 1a trung diém ctia OA. Mit phing luén chita SH

cit khéi nén theo mot thiét dién cé dién tich 16n nhat 14 bao nhiéu?

@ Sax = 4a2V/2. Siax = 33/ 7a2. @ Shax = 3\2/7a2. @ Sonax = Sa®.

B Loi gidi.

Ta ¢6: SO = OA - cot 60° = 2a Gia sit mit phing chita SH cit hinh nén theo thiét dién 13 tam
gidgc SPQ va M 1a trung diém ctia PQ.

Piat OM =z, v6i 0 <z < OH = aV/3.

Ta ¢6 Sspg = SM - MP = +/S0? + OM? - \/JOP? — OM? = \/4a? + 22\/12a? — 2.

Xét f(t) =(4+1t)(12—1),t € [0;3] (ta dat t = (1:)2)’ ta dugc gid tri 16n nhat ctia ham s6 trén
doan [0; 3] bang f(3) = 63. ‘

Vay max Sspg = 3v/7a® khi x = OH = a/3.

Chon déap an O

CaAu 48.9. Cho hinh nén (N) c6 dudng cao SO = h va ban kinh déy bang R, goi M la diém trén
doan SO, ddt OM =z, 0 < x < h. (C) la thiét dién ciia mit phang (P) vuéng géc véi truc SO
tai M, v6i hinh nén (N). Tim x dé thé tich khéi nén dinh O déy 1a (C) 16n nhét.

h h/2 h/3 h

B Loi gidi.
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& Loi gidi.
Ta ¢6 BM la ban kinh duong tron (C).
» BM  SM AO-SM  R(h—x)
D t ~Y o _— — — X
o tam gidc ASBM ~ ASAO nén 10 <0 < BM 0 ;

Thé tich ctia khéi nén dinh O day 1a (C) 1a

1 1 —2)\’ 1 R?
V= §7TBM2.OM =37 (M> T = fWR—(h — )% .

h 3 h?
e Ls % 1 _R? 2
Xét ham so f(z) = g”ﬁ(h —x) -z, (0<z<h).
. 1 Rr? h

Ta cé f'(x) =0 gwﬁ(h—x)(h—?)x) =0& 1= 3

Lap bang bién thién ta cé
h

x 0 — h
3
/() + 0 -
47 R?

. . . . h

T bang bien ta c6 thé tich khoi non dinh day 1a 16n nhat khi z = 3
Chon déap an @ O
O

Cdu 48.10. Mot cong ty san xudt mot loai coe gidy hinh nén c6 thé tich bang 27 cm?. Tim ti sd
h o « X N ’ z 7 2 N ’ 2 < X oA z A
— cua chiéu cao h va ban kinh day r cta hinh nén dé lugng giay tiéu thu it nhat.

h h 1 h h 1
@@=z ®I=3 ©7=v2 D=7

T T
& Loi gidi.
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1 3V
Tacé: V==-mr’h=h=—.
3 mTr

3V \? 81\° 3°
Suy ra do dai duong sinh la [ = VA2 412 = (2) +r2= <2) +r2 =15+
mr r w2

Luong gidy tiéu thu it nhat khi dién tich xung quanh ctia hinh nén dat gid tri nhé nhat.

Dién tich xung quanh ctia hinh noén la:

. 38 , 38 L 38 38 ‘s ./ 38 38 )
wq = Tl = mry\/ e + 7 =m\/ 3.3 +rt*=nr 52,2 + 97272 +7r*>mi/3 572,2 52,3 -7
suy ra Syq > T4/ %.

. . 319 38 . 38
Suy ra gia tri nho nhat ctia Sy, 14 74/ — khi —— = r* hay r = 57
T

L3y 474 222
Vay — = — = 2.
T mwr
Chon dap 4n (C) O

CAu 48.11. Mot hinh nén ¢6 dinh S ¢é ban kinh day bang 2av/3, gbc & dinh 1a 120°. Thiét
dién qua dinh cia hinh nén 1a mot tam gidc. Dién tich 16n nhat Spy., cia tam gidc d6 bang bao
nhiéu?

@ Smax = 16a°. Sax = 4a2V/2. @ Sinax = 4a®. @ Shnax = 8a?.

& Loi gidi.

Céch 1: Goi thiét dién ctia hinh chép 1a ASCD, I 1a trung diém ctia CD.

Ta c6 SO = taifoo = 2a.

Piat O = z suy ra IC = VOC?2—0I? = V1242 — 22 ; SI = /SO?2 +OI? = V4a? + 2.
Sascp = ;C’D -SI=8I-IC= \/(4a2 + 22) (1242 — 22) = (SASCD)Q = —2* + 8a%x? + 48a*.
Xét ham s6 f(x) = —a* + 8a’zx? + 48a* v6i 0 < x < 2¢/3a.

=0

f'(z) = —4x3 4+ 16a*z. Cho f'(r) =0 &
T = +2a.

Bang bién thién
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T | —00 —2a 0 2a 2v/3a

f(z) + 0 - 0 + 0 -

64a* 64a*
) / \ / \
—00 48a* 0

Nhin vao bang bién thién ta thay (Smax)2 = 64a* = S, = 8a>.
Cach 2: Coi thiét dién ctia hinh chép 1a ASCD.
’

Vi ASOB vuong tai O, ¢c6 OB = r = 2a+/3, OSB =60° nén | = SB = 60 4a.
sin

1 — 1 _—
Khi dé, Sascp = 550 -SD -sinCSD < 550 -SD =8a*( visinCSD <1).

Vay dién tich 16n nhit Syax clia thiét dién do 1a 8a® khi CSD = 90°.

Chon dap 4n (D) O

Cdu 48.12. Ban An c6 mot coe gidy hinh nén véi dudng kinh ddy 1a 10 cm va do dai dudng sinh
14 8 em. Ban du dinh dung mot vién keo hinh cau sao cho toan bo vién keo nam trong cde (khong
phan nao ciia vién keo cao hon miéng cdc). Héi ban An cé thé dung dugc vién keo c6 dudng kinh

16n nhat bang bao nhiéu?

@ 5v/39
13
& Loi gidi.

cm.
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Dé dudng kinh vién keo 1a 16n nhat thi vién keo phai tiép xdc véi mit phing miéng cde va mit

bén ctia coc. Khi d6 mat phang di qua duong cao ctia coc sé cat coc va vién keo theo mot hinh

nhu hinh veé.
Bén kinh mit cau bang ban kinh dudng tron tam O ndi tiép ASAB véi SA =SB =8, AB = 10.
AB?
Ta o6 SH = VSA? = AH? = \[ SA* — —— = V/39.
H-AB
=r=0H = Ssas 5 5v/39

(p 1a ntta chu vi tam gidc SAB).

»  SA+SBYAB 13
10v/39

Vay dudong kinh mét cau la d = 2r = 13

Chon dép én (C) O

Cdau 48.13.
Mot chiée ly hinh nén chita day rudu cé chiéu cao 9 cm. Ngudi ta udng o
di mo6t phan rugu sao cho chiéu cao phan ruou con lai bang mot phan ba
chiéu cao ban dau. S6 phan rugu da dude udng 1a
8 1 26 2

LI E 2 o <
& Loi gidi.
Goi h = 9 cm 1a chiéu cao ctia ly, R 1a ban kinh miéng ly.

. 1
Thé tich ly hinh nén: V = §7TR2 -9 = 37R2.
Ky hiéu hy = gh = 3 c¢m la chiéu cao va r 1a ban kinh dudng tron tao béi mép rugu con lai trong

ly.

2 N 1
Thé tich phan rugu con lai: V; = 3 r? .3 = mrl.

T W r? 1(7“)2

ach —=—=—(—=).

v SW}%Q 31 RV 1 2 1 1%
u r 1 1 r

Mit khéc — = —% = = 7:f(f> ey =L
R T T3 T vV T3 \R 272? T
Thé tich phan rudu da uéng:VQ:V—Vl:?V.

Chon dép 4n (C) O
Cau 48.14. Cho hinh nén (N) c¢6 dudng cao h = a+/3, ban kinh ddy r = 2a. Cit hinh nén badi
mét mit phang (P) qua dinh va tao véi mit phiang chita ddy hinh nén mét géc 45°. Dién tich

thiét dién tao thanh 1a

@S:cﬂ\/g. SzaQ\/é. @SzQaQ. @S:2a2\/6.

B Loi gidi.

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 429/472

Goi hinh nén (V) ¢é dinh 1a S va ddy la duong tron tdm O.

Khi d6 SO = h = a/3 va OA = r = 2a.

Gia sit méit phang (P) di qua dinh S va cit dudng tron day theo day
cung AB, khi dé thiét dién tao thanh 14 ASAB can tai S.

Goi I la trung diém cia AB suy ra O 1L AB ma SO 1 AB
= AB 1 (SOI) = AB 1 SI.

Do d6 goc giita mit phing (SAB) va mit phing ddy la STO = 45°.

Ta ¢6 O = SO = av/3 = SI = a\/6.

Lai c6 AI = OA?2 —OI?> = a = AB = 2AI = 2a.

Vay dién tich thiét dién tao thanh 14 Sxapc = ;S[ -AB = ;a\/g - 2a = a®V/6.

Chon ddp 4n O

Cdu 48.15. Cho khéi nén dinh S ¢6 ban kinh ddy bang a va chiéu cao bang g Mot mit phang
thay déi nhung luén di qua S va cit hinh nén theo thiét dién 1a tam gidc SAB. Gia tri 16n nhat
cua targla%iéc SAB la 2 2g? 02
o . s &
& Loi gidi.
Do ban kinh r 16n hon chiéu cao h ctia hinh nén nén géc S
6 dinh ctia hinh nén 16n hon 90°.
Goi O la tam cua duong tron day, ta ¢6 SO = h = %.

Béan kinh day r = a nén duong sinh

2
=54 5B - VAT = far e O 088 :

Dién tich ASAB 1a S = ; SA-SB-sin ASB.

Dién tich S 16n nhét khi vi chi khi sin ASB 16n nhét, hay ASB = 90°.
2
KhidéS:;-SA-SB: L av8 avs _ 5a

Chon déap an @ O

2 2 2 8

Cau 48.16.
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M6t binh dung nuéc dang hinh nén (khéng cé ddy), dung day nude. Biét rang
chiéu cao ctia binh gip 3 lan ban kinh dy ctia n6. Ngudi ta tha vao dé mot khoi
tru va do dugc thé tich nude tran ra ngoai la ?ﬂ (dm?). Biét rang mot mét ciia
khéi tru nam trén mat ddy ctia nén (nhu hinh bén) dong thaoi khoi tru cé chicu

cao bang dudng kinh ddy ctia hinh nén. Tinh dién tich xung quanh S,, ctia binh

)

nude (gia sit khoi tru tha vao dic va chim hét trong nudc).

(A) S,y = 47 dm?. Spq = 4m/10 dm?.
(©) S,y = 42” dm?. (D) S,y = 97“/_

& Loi gidi.

Theo dé ta c6 AH = R, OH = 3R, HI = 2R.

Theo dinh ly Ta-let, ta cé

1D Ol OH-IH E 1

AH ~ OH  OH 3R 3
, X 7 s ’ ’ N R R ’ F N
Do d6 khoi tru ¢6 ban kinh day la 1D = 3 The tich khoi tru la
2
1
VI7T<1§) 2R = gﬁ<:>R3—8<:>R—2

Suy ra OH = 6, OA = VAH? + OH? = 24/10 va dién tich xung
quanh binh nuéc 1a S,, = 7Rl = 7 - 2 - 23/10 = 47/10 dm?.

Chon déap an O

Cdu 48.17. Cho khéi nén dinh S c¢6 ddy 1a hinh tron tAm O. Dung hai dudng sinh SA va SB

sao cho tam gidc SAB vudng va c6 dién tich bang 4a?, gbc tao béi truc SO va mit phang (SAB)
bang 300.3 Thé tich ctia khoi ném3 da cho bang ) \

@SCL ;/571" a\éﬁﬂ‘ @@\éﬁw‘ @5a ?\)/§7r‘
& Loi gidi.
Ta c6 Ssap = ;SAQ = 4a® = SA = 2aV2.
Goi M la trung diém AB thi AB L OM va AB L SO nén
AB 1 (SOM).
Ké OH 1. SM = OH 1 (SAB) nén SM 1a hinh chiéu cia
SO trén (SAB). Do d6 géc giita dusng thang SO va (SAB) 1a
géc gitta hai dudng thing SO vi SM bing géc OSM = 30°.
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1
Ta c6 SM = §AB = 2a. Xét tam giac SOM vuong tai O co

SO:SM-COS3OO:2a'\g§:a\/§.

Xét tam gidc SOB ¢6 OB = +/SB? — SO2? = a+/5.
5a3/3m

. ) 1 1
Thétichkhainéndacholavzgw.OBQ.SOZg-w~5a2.a\/§: o
Chon dap 4n (D) O

Cdu 48.18. Cét hinh nén (X) béi mit phiang di qua dinh va tao véi mit phang chita ddy mot goc
bang 30°, ta dugc thiét dién la tam gidc déu canh 4a. Dién tich xung quanh ciia (R) bang
@ ATra?. 8/ 7ra?. @ 8v/131a?. @ 4y/137a?.

& Loi gidi.

Gié st hinh nén (X) ¢é dinh S, dudng tron day cé tam O, S
thiét dién néi trén 1a tam gidc déu SAB. Goi H 1a trung

diém doan AB. Khi d6 AB 1 (SHO) nén

A
SHO = ((SAB), (OAB)) = 30°.
B
Do d6
A1l
SO = SH sin30° = ‘/325 5= V3a,
A
OH = SH cos 30° = \/§25 . \f = 3a,
AB?
OA=+VOH?+ HA? =\/OH? + - = V13a.
Vay dién tich xung quay ctia hinh nén (X) la
Syq = TOA - SA = 44/137a?.
Chon dap 4n (D) O

Cdu 48.19. Ngudi tho gia cong ctia mot co s6 chat luong cao X cat mot miéng ton hinh tron véi
ban kinh 60 cm thanh ba miéng hinh quat bang nhau. Sau d6 ngudi tho quan va han ba miéng
ton dé dugc ba cai phéu. Hoi thé tich V' ctia mdi cai phéu d6 1a bao nhiéu?

AV = 16?” lit. V= 16002\/% 1it.

160v/2 16v/2
©v = g/_ﬂlit. D)V = g/_lit.

& Loi gidi.
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DPéi 60 cm = 6 dm. Dudng sinh ctia hinh nén tao thanh 1a [ = 6
dm.

Chu vi duong tron ban dau 1a C = 2R = 16m.

Goi r la ban kinh duong tron day cua hinh nén tao thanh.

Chu vi duong tron day cua hinh nén tao thanh 1a

27T'6_47Tdm:>7"—4 = 2dm.
3 2

2 -r =

Pudng cao ctia khdi nén tao thanh 1a

h=VI2—7r2=62-22 =42
Thé tich ctia mdi cai phéu la

1 1
Vzgm“h 3T 2. 4V2 = 16\/_7T m® = w\gﬁﬂ(lit).

Chon dap 4n (A) O

Cdu 48.20. Ban Hoan c6é mot tdm bia hinh tron nhu hinh vé. Hoan muén bién hinh tron dé
thanh mot hinh cai phéu hinh nén. Khi d6 Hoan phai cat bé hinh quat tron AOB 16i dan hai
ban kinh OA va OB lai v6i nhau (dién tich chd ddn nhé khong déng ké). Goi 2 1a gbc & tam hinh
quat tron dung lam phéu. Tim z dé thé tich phéu 16n nhét.

®7 B @™ o7

& Loi gidi.
§ R
Dua vao hinh vé, do dai cung AB 16n bang Rx, ban kinh hinh nén r = Q—x
T
RZ 2
Duong cao ctia hinh nén h = R? —r? = i 472 — 22
s
Thé tich khéi nén (phéu) 1a
1 1 R2 2
V =—mr’h = 37 5 42 — 22 = zt (4n? — x2).

2 g2 4 2V/37R?
Theo Cauchy ta c6 ror (47? — 2%) < (47 ) = V3

2 ) 2 27

< s 2
Dau bang xay ra khi % =4r’ - e ax= \3/_%
. . . 21/6

Vay thé tich phéu 16n nhat khi z = \3/_71
Chon dap an @ O
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BANG DAP AN

148.1. B ][48.2. B |[483. D |[484. D ||485. C |[486. A |[48.7. C |[488. B |
148.9. D ][48.10.C |[48.11.D |[48.12.C ||48.13.C ||48.14.B |[48.15.A |[48.16.B |
148.17.D ][48.18.D |[48.19.A [[48.20.C |
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Danc 49. TUGNG GIAO PUONG THANG, MAT PHANG,
MAT CAU, CUC TRI

@ KIEN THI'C CAN NHS

1. Vi tri twong dbi ca hai mat phang
Cho hai m#t phing (P): Ajx + Bly +Ciz+ Dy =0va (Q): Asx + Boy + Coz+ Dy = 0.

c A1 Bl D1 Al Bl C11 Dl
.« (P)ck A A . (P)= e
Al B1 Cl
- (P) ] (Q)@EZE:@ — « (P)L(Q) % AjAy+ BBy +CiCh = 0.

2. Vi tri tudng d6i giita mat phang va mat cau
Cho mit cau S(I; R) va mit phang (P). Goi H 1a hinh chiéu vuéng géc cita I 1én (P) va cb
d = I H 1a khoang cach tit I dén mit phing (P). Khi d6 :

Néu d > R: Mat cau
vA4 mit phing khong

, - R
c6 diém chung.

Néu d = R: M3t phing tiép
xtic mit cau. Lic d6 (P)
14 mit phing tiép dién cla

mat cau (S) va H 1a tiép

Néu d < R: Mit phing
(P)
thiét dién la dudng tron

cat mat cau theo

c6 tam H va ban kinh la

diém. = VR*—IH>.
3. Vi tri tuong doi
To+ait =0 zo+ayt’ =0
a. Vi tri tuong d6i ctia hai duong thang d: Yo+ ast =0 vad: ¢yl +apt' =0
zo+ast=0 z + ast’ = 0.

Ty + ait = xf + ayt’
PP 1 : Xét hé phuong trinh v6i hai an 1a t va t' tiic xét Yo + ast =y, + aht’
20 + ast = zy + ast’.
% Néu hé c6 nghiém duy nhat thi d va d’ cit nhau.
* Néu hé c6 vo s6 nghiém thi d = d'.
+ Néu hé vo nghiém thi d // d’ hoac d, d’ chéo nhau.
Ug va Ug cliing phuong thid // d'.

U4 va Uy khong cling phuong thi d, d’ chéo nhau.

PP 2 : Xét diem M (wo;y0; 20) € d, M'(wh;yh; 20) € d' va Wy, Uar-

, Ud:kl_[d/
x dJ d &
M¢d.
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g g | BaT KT
% =
Med.

e a7 i g khong cuing phuong véi U g
x d cat d < , :
(@4, Ca] - MM =0

* d chéo d' & [y, Ug]  MM' #0.

b. Vi tri tuong dbi gitta dudng thing va mit phing
T =2x9+ aqt

Cho dudng thang d: { y = yo + ast va mit phang (a): Az + By +Cz + D = 0.

z=zp+ ast

(2 =20+ art (1) = d =
A . Y = Yo + ast (2) T T
Xét hé phuong trinh (%)
Z=2zy+ (th (3)
(Ar+By+Cz+D=0 (4)

Lay (1), (2), (3) thé vao (4) s

o Néu (%) c6 nghiém duy nhit < d cat (o).

o Néu () vo nghiéem < d // (). M

o Néu (*) v s6 nghiém < d C ().

c. Vi tri tuong dbi giita dudng thang d va mit cau (S)

Cho mét cau (S) ¢6 tdm I, ban kinh R va dudng thing A. D& xét vi trf tuong ddi giita A va
(S) ta tinh d(Z, A) 16i so sanh v6i ban kinh R.
e Néud(I, A) > R thi A khéng cit (S). d

« Néud(I, A) = R thi A tiép xtic véi (9) tai diem H.

e Néud(I, A) < R thi A cit (S) tai hai diém A, B.
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BAI TAP MAU

CAU 49. Trong khong gian Oxyz, cho mit cau (S): (z — 1)2 + 4% + (2 — 4)2 = 9. Tt diém
A(4;0; 1) nam ngoai mat cau, ké mot tiép tuyén bat ky dén (S) véi tiép diém M. Tap hop M

13 duong tron c6 ban kinh béng\/_ 5

3 3v2 33 5
& Loi gidi.
Mit cau (S) c6 tam 1(1;0;4) va R = 3. A
Goi H 14 hinh chiéu vudng géc ciia M 1én duong thang Al
Khi d6 tap hop M 1a dudng tron c6 ban kinh bang d6 dai doan

HM.
H
Ta co
MAMI 2 |
Al =3v2 AM = VAP = MP =3. MH = — :3\2[. 7 M
. 32
Vay tap hop M 1a dusng tron cé ban kinh bing ‘{
Chon d4p 4n O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 49.1. Trong khong gian toa do Ozyz, cho hai diém A(1;0;0), B(5;6;0) va M la diém thay
doi trén mat cau (S): 22 + y?> + 22 = 1. Tap hop cac diem M trén mat cau (S) thoéa man
3M A% + M B? = 48 c6 bao nhiéu phan t1?

(A)2. B) 3. (©)o. (D)1.
& Loi gidi.
Cach 1.

Mit cau (S): 22 +y? + 22 = 1 ¢6 tam O (0;0;0), ban kinh R = 1.

Ta tim diém I(z;y; z) thda man 3[A+IB=0.

Co TA=(1—u;—y;—2), IB = (5— ;6 — y; —2).

3(1—2)+5—2=0 —4r+8=0 T =2
e MIA+IB=0&3(-y)+6—y=0 < —4dy+6=0< y=2@1<2§2;0>-
SuyraIA:\/Ql_S,[Bzg\gl_?).
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e Do dé

3SMA?+ MB?=48 < 3MA?+ MB?* =48
— —\ 2 — —\ 2
VN 3(M1+IA) +(M1+JB) — 48

o AMI? +3TA% + B2 +2M1 (3IT4’+ITB’):48
& AMI? +3IA% + IB? =48

3
s M =-—.

2

Ta thay OI = 2 nén diém / nam ngoai mat cau (S).

Ta c6 O = R+ MI = OM + MI, suy ra ¢c6 mot diém M thudc doan OI thda man dé bai (diém
M 1a giao diém ctia doan thang OI va mit cau (9)).

Cach 2.

Goi M (xo; yo; 20) thudc mat cau (S) va thoa man 3M A% + M B? = 48.

Ta cod

BMA* + MB?> =48 & 3[(wo—1)°+y5 + 23] + [(mo —5)* + (yo — 6)° + 25| =48
& Ak 42 + 422 — 1620 — 1299 + 16 = 0

& wihyd 2 —dag -3y +4=0.

R 3
Suy ra M thudc mat cau (S’) tam I’ (2; o 0), ban kinh R’ =
Mat khac M thudoc mat cau (S) tam O (0;0;0), bdn kinh R = 1.
. 5) N .
Ta thay OI' = 5= R+ R' = mat cau (S5) va (') tiep xtc ngoai nhau tai M.

DN o

Vay c¢6 duy nhat mot diém M thoa man dé bai.
Chon dép 4n (D) 0

Cau 49.2. Trong khong gian vaéi hé toa do Oxyz, cho ba diém P, Q, R lan ludt di dong trén ba
1 1 1 1 .
= —. Biet
oP? "oz Tor T § °

mit phang (PQR) luén tiép xic v6i mit cau (S) cb dinh. Pudng thing d thay ddi nhung ludn di

truc toa do Oz, Oy, Oz ( khéng trung véi goc toa do O ) sao cho

1 3 . . .
qua M (2; \2_; 0) va cat (S) tai hai diem A, B phan biét. Dién tich 16n nhat ctia tam gidc AOB
3

ON: ® VT7 ©V7 ) V5.

B LOi gidi.
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Goi H 1 hinh chiéu vuéng géc clia diém O trén mit phang (PQR).
~ -z 1 1 1 1 1
Deé tha = —— = — hay OH = 2v/2.
¢ omE T o T o T ore om 3 Y V2
Khi d6 suy ra mat phang (PQR) luon tiép xic véi mat cau (S) tam O, ban kinh R = 2v/2.
1 3 ) s R
Ta c6 OM = 1/ 1 + 1 +0=1< R nén diem M nam trong mat cau (5).
2 1
Goi I la trung diém ctia AB, do tam giac OAB can tai O nén Sapoap = 50[ - AB.

Dit Ol =2, viOI <OM nén 0 < x < 1 vi AB = 2v/8 — 22.
Ta ¢ Spoap = ;:L‘ 228 — 22 = 2v/8 — 12 = /822 — 2.

Xét ham s6 f(r) =82% — 2t v6i 0 <z < 1.

Co f'(x) =16z —4x® =42 (4 — 2*) > 0 v6i moi z € (0;1] = (z) < f(1) =T.

Suy ra dién tich ctia tam gidc OAB 16n nhat bang /7 dat dude khi M 13 trung diém ciia AB.

Chon déap an @ ([l

suy ra

=9+ 3a+at
Cdu 49.3. Trong khong gian Oxyz, cho dusng thang A: { y = 4 + 3b + bt (t € R).

z=446a—6b+2(a—0)t
Goi () 1a mat cau tdm O, c¢6 ban kinh nhd nhét va tiép xtc véi A. Khi d6 (S) di qua diém nao

sau day?

@M(l;O;O). N (;;?;1).
©r(ng:3) O (5-55)

& Loi gidi.
r=94+3a+at r=9+a(3+1)

Tacé { y=4+3b+ bt (teR) & qy=4+b(3+1) (teR)
z=4+6a—6b+2(a—0b)t z=4+ (2a—2b).(3+1)
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r=9+as
Dit s =3+t, s€ R Khid6 A:{y=4+bs (s €R)

z=4+(2a—2b)s
Nhan xét A lTudn di qua A (9;4;4) diem c6 dinh va ¢ véc-to chi phuong @ = (a; b; 2a — 2b).
Goi 7 = (m;n;l) LW, Va, b(m?>+n%+1>>0).

Ta cod

ma + nb +2la—2b=0 & (m+2)a+(n—-20)b=0

m+ 2] =
=
n—20=0
m = —2|
=
n = 2|
= n=(=252l;1)=1(2;-2;-1).

Do d6 A luén nim trong mit phang (P) di qua A(9;4;4) v ¢6 mot vée-to phap tuyén la
np=(2;-2;—1).

Phuong trinh mp (P): 2z — 2y — 2z — 6 = 0.

Goi K 1a hinh chiéu ctia O trén A.

Goi H 1a hinh chiéu ctia O trén (P).

Ta co OH < OK < OA. 6)
| — 6]
OKpin=0H =d(0,(P)) = = 2.
(0.(7) V22 4+ (=2)2 + (—1)2
OKin khi K = H = A= AH.

H
R . ) A
Suy ra, mat cau (S) tdm O tiép xtc A ¢6 ban kinh nhé nhat la 2. p LA
Phuong trinh mit cau tAm O ban kinh bang 2 1a 22 4+ y> + 22 = 4.
. 1 3
Vay (S) luon di qua diem K (2; —\g_; \/§>
Chon déap an @ O

CdAu 49.4. Trong khéng gian Ozyz, cho mit phang (P): z +y — z — 3 = 0 va hai diém A(1;1;1)
va B(—3; —3; —3). Mit cau (S) di qua A, B va tiép xic v6i (P) tai diém C. Biét rang C ludn
thudc mot duong tron ¢b dinh, ban kinh dudng tron dé bang

(AR =4 R:Z‘gﬁ. (©R=6 @Q‘QH
& Loi gidi.
Ta ¢6 AB = (—4; —4; —4) = —4(1; 1; 1).
Phuong trinh dudng thang (AB) qua A(1;1;1) va ¢6 véc-to chi phuong @ = (1;1;1) dang
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r=1+1
z=1+1t.

Goi M =ABN(P)= M1 +t;1+t;1+1).
ViMe(P)nén (1+t)+(1+t)—(1+t)—3=0&1t=2.
Do d6 M (3;3;3) = MA = /22 422 +22 = 2¢/3 v MB = /62 + 62 + 62 = 6/3.

Goi I 1a tdm mit cau (.9), theo tinh chat clia mat cau ta cé

MA-MB = MI* — R,
& 2V/3-6V3=MI*—1C?* = MC?
MC? = 36
< MC =6.

7

Vay C' luon thudc duong tron tam M ban kinh 6.
Chon dép 4n (C) O

Cau 49.5. Trong khong gian Ozyz, cho mit cau (S) c6 tam I (—2; 1;2) va di qua diém A (1; —2; —1).
Xét cac diem B, C, D thuoc (S) sao cho AB, AC, AD dbi mot vudng géc véi nhau. Thé tich ciia
khéi tt dien ABCD cé gia tri 16n nhat bang

(A) 36. B) 216. (C) 108 D) 72.
& Loi gidi.
Diat AB =a, AC =b, AD = c thi ABCD la tit dién vudng dinh A, noi tiép mat cau (S).
Khi d6 ABCD la tt dién dat & géc A ctia hinh hop cht nhat tuong ing c¢6 cac canh AB, AC,
AD va dudng chéo AA’ 1a dudng kinh ctia cau.
Ta c6 a® + b* + ¢ = 4R%.
Xét V = Vapep = éabc s Vi= ia2b202.

36
Ma a® + 0 + ¢* > 3Vab’c? & (W)g > a’h’? & <43R2>3 >36- VeV < R3-42\§.
Véi R = 1A =3/3.

Vay Vinax = 36.

Chon dép an (A) -

Cau 49.6. Trong khong gian véi hé toa do Oxyz, cho ba diem A(0; 1;1), B(3;0; —1), C(0;21; —19)
va mit cau (9): (z — 12+ (y — )2 + (2 — 1)? = 1. M(a;b;c) 1a diém thuéc mat cau (S) sao cho
bicu thttc T = 3M A% + 2M B? + MC? dat gia tri nho nhat. Tinh tong a + b+ c.

@a+b+c:154. a+b+c:0. ©a+b+c:152. @a+b—|—c:12.

& Loi gidi.
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(9): (=1 +(y—12+(z—1)2>=1c6 tam I (1;1;1).
Goi G (z;y; 2) 1a diém thoéa man
3(0—2)+2(3—2)+(0—x)=0 r=1
3GA+2GB+GC =0 {31 —-y)+20-y)+2l—y)=0 <y=4 =G(1;4-3).
3(1—2)+2(-1—2)+(-19—2)=0 z=-3

Ta ¢cé

T = 3MA*>+2MB?*+ MC?
— 3MG?+6MG-GA +3GA? +2MG? +4AMG - GB + 2GB? + MG? + 2MG.GC + GC?
— 6MG2+2MG (3@1’ +2GB + G_C’) 1+ 3G A2 + 2GB? + GC?
= 6MG?+3GA%? +2GB% + GC°.
Tnin = M 14 giao diém ciia duong thang IG va mét cau (S), sao cho M va G cing phia véi 1.
r=1

Phuong trinh dudng thang IG: { y =1+ 3¢

z=1—4t.
(le
1
y=143t t:g
M =1G N (S) nén toa dd M la nghiém ctia hé = "1
z=1—4t t = —.
2 2 2 g
(z=1) "+ (y—-1)"+(z-1)"=1
1
i (15:5)
Khi d6 9 9
M2<1;;>.
55
. 1
Vi MG < MG nén diem M = M, (1; i; 5).
14
Chondépén@ O

Cau 49.7. Trong khong gian Oxyz cho 3 diém A (9;0;0), B(0;6;6), C (0;0;—16) va diem M
chay trén mét phang (Ozy). Tim gid tri 16n nhat cta S = Hm + ZJ\TB)’ — SMC".
(A) 45. B) 36. (C) 30. (D) 39.
& Loi gidi.
Goi I(a;b;c) 1a diém théa man: TA+2IB=70.
Ta c6 IA = (9 —a; —b; —c), IB = (—a;6 —b;6 —c).
9—a=2a a=3
TA+2IB =0 TA=—2IB<{ —b=—12+2b < { b=4.Suyra I (3;4;4).
—c=—12+42c c=4
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Ta co | VA + 2MB| = M1 +TA+2 (M1 +TB)| = [3MI + (TA + 21B)| = 3M1.

Suy ra S = [3MI —3MC|=3|MI - MC|.

Cao d6 ciia hai diém I, C' trai ddu nén hai diém I, C' nidm vé hai phia so véi mit phang (Ozy).
Goi I' 1a diém d6i ximg ctia I qua mét phiang (Ozy). Suy ra I’ (3;4; —4).

Vé6i moi diem M € (Oxzy) ta luéncd S = 3|MI — MC|=3|MI' — MC| < 3I'C.

Déng thitc x4y ra khi va chi khi I/, C, M thing hang.

Suy ra max S = 3I'C' = 3,/(0 — 3)2 + (0 — 4)2 + (—16 + 4)% = 30.

Chon déap an @ O

CaAu 49.8. Trong khong gian véi hé toa dd Oxyz cho ba diém A (8;5; —11), B (5;3; —4), C (1;2; —6)
va mat cau (S): (x —2)2 + (y —4)? + (2 + 1) = 9. Goi diém M (a;b;c) 1a diém trén (S) sao cho
‘MA —MB — MC" dat gid tri nho nhat. Hay tim a + b.

A9 B)6. ©)2. D) 4.

& Loi gidi.

Goi N 1a diém théa man NA — NB — NC = 6, suy ra N (—2;0;1).
Khi dé

’MA—MB—MC‘ - ‘(W—l—ﬁ)—(MN—i—NB)—(MN—i—NC)’

- ‘(NA—NB—NC) —MN’
— MN.

Suy ra )MA _MB - MC‘ nhé nhét khi MN nhé nhat.
Mat cau (S) co6 tam [ (2; 4, —1), suy ra ]W = (4;4; _2) — (2; 2; _1)'

r =242
Phuong trinh NI = ¢ y=4+2t
z2=—1-—1t.
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hay phuong trinh NI vao phuong trinh (S) ta duge

207+ 2+ (-t =9et’=1a
t=—1.

Suy ra NI cat (S) tai hai diém phan biét Ny (3;6; —2), N, (0;2;0).
Vi NN; > NN, nén M N nhé nhat khi va chi khi M = Ns.

Vay M (0;2;0) 1a diém can tim.

Suy raa—+b=2.

Chon déap an @ O

Cdau 49.9. Trong khéng gian Ozyz, cho hai mét phiang (a): z — my + 2z + 6m + 3 = 0 va
(B): mz +y — mz + 3m — 8 = 0(véi m 1a tham s6 thuc); hai mit phang niy cit nhau theo
giao tuyén la dudng thang A. Goi A’ 1a hinh chiéu ciia A lén mit phiang (Ozy). Biét rang khi m
thay doi thi dudng thang A’ luén tiép xtc v6i mot mit cau ¢b dinh c6 tam I(a;b;c) thudc mit
phang (Ozy). Tinh gia tri biéu thitc P = 10a? — b* + 3¢2.

A)P=09. B) P = 41. ©r=713 (D) P = 56.
& Loi gidi.
Mit phang (o) : 2 — my + 2z + 6m + 3 = 0 ¢6 mdt véc-to phap tuyén 1a 77 = (1; —m; 1), va mit
phang (8): ma +y — mz + 3m — 8 = 0 c6 mot véc-to phap tuyén 1a 7y = (m;1; —m).
Ta céM(—3m+;—3;0;—3m—:l) e A= (a)n(pP).
A c¢6 mot vée-to chi phuong 1a U = [11; 11o] = (m? — 1;2m; m? + 1).
Coi (P) 1a mit phing chita dudng thing A va vuéng géc véi mit phiang (Ozy).
Khi d6 (P) c6 mot véc-to phap tuyén 1a 7 = [U; Z] = (2m; 1 —m?;0)(voi ¥ = (0;0;1)).
Phuong trinh mét phang (P) 1 2mz + (1 — m?) y + 6m? + 6m — 8 = 0.
Vi I(a;b;c) € (Ozxy) nén I (a;b;0).
Theo gia thiét ta suy ra (P) la tiép dién ctia mat cau (S)

12ma + (1 — m?) b+ 6m?* + 6m — 8|

d(I;(P))=R =R>0
VAm? + (1 —m?)?
2 —b)m?>+b—
|m(a+3)+(26 bym” +b 8|:R>0
m*+ 1
2m(a+3)+ (6—b)m*>+b—8=R(m*+1)
=

2m(a+3)+ (6 —b)m’>+b—8=—R(m*+1)
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(2(a+3)=0
6-b=R
b—8=R
(R>0
=
(
2(a+3)=0
6-b=—-R
b—8=-R
(R>0
r (
a=—3
§6—-0=0-38
R=6-b>0
&
a=-3=0
6-b=0-38
| —R=6-0<0
a=—3
&
b="17.

Vay I (—=3;7;0), do d6 P = 10a? — b + 3¢ = 41.
Chon ddp 4n O

Cau 49.10. Trong khong gian toa do Ozyz, cho hai diem M (—2;—2;1), A(1;2; —3) va dudng
2 r+1 -9 Z A . - . 2 :

thang d: 5 = Y 7 = 7 Tim mot véc-to chi phuong uw ctia duong thang A di qua M,

vudng goc véi dudng thang d dong thoi cach didm A mot khoadng bé nhat.

(A) T = (1;0;2). BT =(7;-1). (O©OU=34-4. OT=(22-1.

& Loi gidi.

Goi (P) 1a mit qua M va vudng goc véi dudng thang d.

np=1ug=(22;-1).

Do d6, (P):2(z+2)+2(y+2)—1(z—1)=0&2x+2y —2+9=0.

Coi d’ 13 dudng thing qua A va vudng géc voi mit phang (P): Ty = 7p = (2;2; —1).
r=1+4+2t

Suyrad: {y=2+2t
z2=—-3—1t.

Goi B 1a giao di¢m ciia d’ va (P), ta cé

21+2t)+2(242t)+3+t+9=0=9t = —18 & t = —2 = B(—3;—2; —1).
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Ké AH L A = AH > AB nén khoang cach tit A dén A nhd nhat bang AB.
Vay duong thang A di qua 2 diém M; B va ¢6 véc-to chi phuong @ = MB = (1;0; 2).

Chon dép an (A) O
CA&u 49.11. Trong khong gian Ozyz, cho biét ¢6 hai mit cdu c¢6 tAm ndm trén duong thing
- 1 2 7z N 2,
a7 =4 = ”1 . tiép xiic déng thoi véi hai mit phing (a): o + 2y —2: +1 = 0 va
. . . R

(B): 20 — 3y — 62 — 2 = 0. Goi Ry, Ry (Ry > Ry) 1a ban kinh cfia hai mit cau dé. Ti sb Rfl

N 2
bang

A v2. B)3. ©2. D) V3.
B Loi gidi.
Goi (S) 1a mit cau c6 tam I € d tiép xtic v6i ca hai mat phang (a), (B).
—1 2

Vil ed: gzyT: Z+1 = T2+ 1;-2— 1),

Vi (S) tiép xtc véi ca (a) va (58) nén

R=d(I; (o)) = d(I;(B))
2420 +1) —2—t—2) 1] _[2:2-3-(t+1)—6-(—t—2) -2

R
V12 + 22+ (—2)2 V22 + (=3)? + (—6)?
t+7
R= 16¢+7] = |t + 1]
3
4
t: —g
< 10
t=——.
9
10 1 4 1 1 1 Ry
Véit=——=R=—-,v6it=—=>R==-.Dod6Ri ==, Ro==-=—=3
1 9 o VT g 0Ty T g TR,

Chon dap an ([l
Cau 49.12. Trong khong gian v6i hé toa d6 Oxyzcho diem A (—2;2;—2) va diem B (3; —3;3).
2 2 P MA 2 2
biem M thay doi trong khéng gian théa man WE — 3 biem N(a;b;c) thudéc mat phang

(P): —x+2y—2z+6=0sao cho MN nho nhat. Tinh tong t = a + b+ c.

(A)6. B) —2. (©)12. (D) —6.

& Loi gidi.
Goi M (z;y; z).
Z MA 2 2 2 2 2 2
Ta co 4 = 2 & IMA® = AMB® & (2 +6)° + (y — 6)° + (2 + 6)° = 108,

Vay diém M thudc mat cau tdm I (—6;6; —6) ban kinh R = 61/3.
VAy MN nhoé nhit khi M, N thuéc dudng thang di qua tAm I va vudng gbc véi mét phang (P).
Goi (d) 1a duong thing di qua tAm I va vudng géc véi mit phang (P).

r=—6—1t
Khi d6 (d): y=06+42t
z = —6— 2t.
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Toa dd diém N 1a nghiém ctia hé phuong trinh

r=—6—1 r=—6—1 r=—2
y:6+2t y:6+2t y:_2
= =
z2=—06—2t z=—06—2t z=2
\—x+2y—22+6:0 \6+t+12—|—4t—|—12—|—4t—|—6:0 \t:—4.

= N (—2;-2;2).
Dodot=—-2-2+2=-2.
Chon dap an (B) O

Cdu 49.13. Trong khong gian Ozyz, cho mit phiang 5 va ba diém A (1;2; 1), B (0;1;2), C (0;0; 3).
Dieém M (x4; yo; z0) thude (P) sao cho M A24+3M B*+2M C? dat gid tri nhd nhat. Gid tri 2o+2y0— 2o
bang

46 4 2 6

o B cH o
& Loi gidi.

. a2 , = — — — — 1 ,— — — 5 13

Goi [ 1a diém théa man TA+3IB+2IC = 0 < Ol = A (OA—i— 30B + 200) =1 (; & )
Khi do, ta co

Q = MA?>+3MB?*+2MC?
- —>\ 2 — —\ 2 ey —>\ 2
— (MI+IA) +3<MI+IB) +2<MI+]C>
= 6MI?>+TA?>+3IB?>+2IC?.

Do I A% + 31 B? 4 2IC? khéng do6i nén (Q nhé nhat khi MI nho nhat.
Ma M thudc mit phing (P) nén MT nhd nhat khi M 13 hinh chiéu vuong géc ctia I trén (P).
1

= -+t
T 6+

1 D 13
MI 1 (P) nén phuong trinh M1 la y:Z+t :>M<6—|—t;6—|—t;6+t).
13

z=—++t
6

\

1 5 13 5
M P — Sttt —-Ft+—=—4= t=— M(
e()<:>6+ +6+ +6 0= 18:
S e 4+20 22 2
uy ra x — 20 = — _—— — = —.
y 0 Yo 0 9 9 9 9

Chon dap an @ O

4‘10.22)
97979/

CdAu 49.14. Trong khéng gian v6i hé toa do Ozyz, xét duong thang A di qua diém A (0;0;1)
va vuong géc véi mit phang (Ozz). Tinh khoéng cdch nhé nhét gitta diém B (0;4;0) téi diém C
trong dé C' 1a didm cach déu duong thing A va truc Oz.

op B2 © s DR

B Loi gidi.
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Vi duong thang A di qua diém A (0;0;1) va vudng géc v6i mit phang (Ozz) thi A song song véi
truc Oy va nidm trong mét phang (Oyz).

Dé thay OA la dudng vudng géc chung ctia A va Oxz.

Xét mat phang («) di qua I | 0;0; 2> va 14 mit phing trung truc ciia OA.

Khi d6 A // (a), Oz // (o) va moi diém nam trén (o) c6 khoang cach dén A va Oz 1a bang nhau.
Vay tap hop diém C' 1a céc diém cach déu dudng thang A va truc Oz 14 mét phing ().

Mt phang (a) di qua I (O; 0; ;) c6 véc-td phap tuyén 1a k= (0;0;1) nén c6 phuong trinh:

1
Z — 5 = 0
Doan BC nho nhat khi C' 1a hinh chiéu vuoéng géc ctia B 1én (a).

Do d6 khoang céch nhé nhét gitta diém B (0;4;0) t6i diém C chinh 13 khoang cach tit B (0;4;0)

1
1 ’0_ 2] 1
dén mit phang (a): z — 5= 0 suy ra min (BC) = d (B; («a)) = — =3

Chon dap an @ O

Cau 49.15. Trong khong gian Ozyz, cho diém M(3;0;4) va mat cau (S): (x — 1)® + (y + 2)® +
(z —4)? = 9. Qua ditm M vé 3 tia Mu, Mv, Mw d6i mot vuoéng géc véi nhau va cat mit cau
(S) lan lugt tai cdc diem A, B, C. Goi E la dinh déi dién vé6i dinh M ctia hinh hop chit nhét cé
3 canh 1A M A, MB, MC. Biét diém E ludn thudc mot mat cau ¢d dinh khi 3 tia Mu, Mv, Mw
thay doi théa man dé bai, tinh ban kinh mit cau dé.

&) V13, 4v/2. (©) V1L (D)2v3.

& Loi gidi.
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Theo gia thiét A, B,C € (S), E 1a dinh déi dién v6i dinh M
cua hinh hép cht nhat ¢6 3 canh 1a MA, MB, MC.

Goi I 1a tAm ctia mat cau (S), ta cé

ME =MA+ MB+ MC
JIA=IB=IC=R=3
IM = 2V/2.

Khi do:

15 = (TB) = (7 + 37E)’

_ (174’+MA+MB+MC)2
— 1M2+MA2+MBQ+M02+2174’-(MA+MB+MO)

— 5\ 2 — s —\2 — s —\2 — —_— s - —
= IM*+ (MI+TA) + (MI+1B) + (MI+IC) +2IM - (3MI+TA+1EB+1IC)
= JA2+IB*>+1C? —2IM? =11.

Vay diém F luon thudc mat cau tAm I ban kinh /11 .
Chon dép 4n (C) O

Cau 49.16. Trong khong gian Oxyz, cho bén diém A(2;0;0), B(0;4;0),C(2;4;0), D(0;0;6) va
mit cau (S): 2? + y% + 22 — 22 — 4y — 62 = 0. C6 bao nhiéu mit phang cit (S) theo mot dudng
tron c6 dién tich 147 va cach déu nam diém O, A, B, C, D (O 1a gbc toa do)?
(A)5. B)3. ©1. (D) Vo 6.
& Loi gidi.
Mit cau (S) c6 tam I(1;2;3) ban kinh R = 1/14.
Goi (P) la mat phéng théa yéu cau bai todn.
Vi (P) cach déu nam diém A, B,C, D, O nén (P) khéng di qua O.
Gid st (P): ax + by +cz+2 =0, (véi a® 4+ b* + ¢ > 0) 1a miit phing can tim.
Goi r 1a ban kinh ctia dudng tron trong giao tuyén ctia (S) va (P).
Vi duong tron giao tuyén cé dién tich 1a 147 nén r = /14 = R.
Do d6 tAm I(1;2;3) ctia mit cau (S) nam trong mit phang (P). Khi d6 ta ¢ a+2b+3c+2 = 0.
Do (P) cach déu nam diém O, A, B, C, D nén

20 +2]  [4b+2]  [2a4+4b+2|  |6c+2] 2

VE+ 2+ V21 +E e+ +E VR VRt 3
& la+1]=[20+1=la+2b+1=|3c+ 1| =1.
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Két hop véi a + 2b+ 3¢+ 2 = 0 ta c6 hé phuong trinh

.
a+1l=1
| | a=-2b=c=0
26+1] =1
& la=c=0,b= -1
|3C+1‘:1 2
a=b=0,c=—-—.
(a+2b+3c+2=0 3
VAay ¢6 3 mit phing thoa yéu cau bai todn.
Chondépén O

Cdu 49.17. Trong khong gian Oxyz, cho hai mét phang (P): z—y+2241 =0, (Q): 2z4y+2—1 =
0. Goi (S) 1a mit cau ¢ tAm thudc truc hoanh, dong thai (S) cit mit phing (P) theo giao tuyén
14 mot dudng tron ¢6 ban kinh bang 2 va (S) cit mit phang (Q) theo giao tuyén la mot dudng

tron c6 ban kinh bang r. X4c dinh r sao cho chi ding mdt mat cau (S) théa yéu cau.

@=L ®r- ©r-22 D) — 3.
2 Loi gidi.
Goi (S) 1a mat cau c¢6 tam I(a;0;0) € Ox c6 tAm R. Mat
cau (S) cat mit phang (P), (Q) la cdc dudng tron cé tam
A, B.
Tac6 d(I,(P)) = 14 = 191 _ g o (0t D

o V6 6
' 12a — 1 (2a —1)?
d([,(Q)) = IB = = R2—12 = ~— 7 =
6
R? — 2. V6
1)? 2a — 1)
Suyrar?—4 = (a+1)” QRa—1) = a2—2a—8+2r? =0

6 6

(*)
Yéu cau bai toan thoéa man khi (*) c6 ding mot nghiém a.

KhidéA’:0<:>1+8—2r2:O:>r:3\2/§.

Chon déap an @ O

Cau 49.18. Trong khong gian Ozyz, cho mit cau (S): 22 +y? + (2 +2)? = 16, diém A nam trén
r=1+1

duong thang A c6 phuong trinh { y = 1 4 ¢ v nim ngoai mit cau (S). Tit A ké céc tiép tuyén

z=2
dén mit cau (S). Goi (P,,) 1a mit phang chita céc tiép diém, biét mit phang (P,,) luon chita mot
dudng thing d ¢b dinh. Phuong trinh duong thang d 1a
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r=1 r=1 r=1 r=1+1
@ y=—t. y=t. @ y=—t. @ y=1—1t.
z=-=2 z =2 z =2 z =2
’.‘Lbigiai.

Mit cau (S) c6 tam 1(0;0; —2) va ban kinh R = 4.

Goi H 13 hinh chiéu ctia I 1én dudng thang A. Ta c6 H(1 +
t,1+1t;2) véit € R.

DolH L Anén TH-Ta=0t+1+t4+1=0at=—1.
Suy ra H(0;0;2) va IH = 4 nén duong thang A tiép xic A
v6i mit cau (S) tai H hay H € (P,,).

Chon d 13 duong théng di qua H, vudng géc véi mit phang

chita dudng thang A va diém I. Hién nhién d c6 dinh.
Khi d6 d L TA, ma I A la vée-to phap tuyén ctia mat phang (Py,) nén d // (P,,) hoic d C (Py,).

Két hop véi H € d va H € (P) nén d C (Py).
Ta cb Ug = [UA; I_fﬂ = (4;—4;0) = 4(1; —1;0) nén phuong trinh tham sb ciia dudng thang d 1

r=t
y=—t
z = 2.
Chon dép 4n (C) O

—1 -2 )
%:%:22 va diem M (2;5; 3).
Mit phang (P) chtta A sao cho khoang cach tit M dén (P) 16n nhat c6 phuong trinh 1a

@x—4y+z—3=0. I+4y—z+1=0.

Cd&u 49.19. Trong khong gian Ozyz, cho dudng thing A :

@x—4y—z+1=0. @x+4y+z—320.
& Loi gidi.
Goi H 1a hinh chiéu vuong géc ctia M 1én (P), I 1a hinh M

chiéu vudng géc ctia M lén A.
Ta c6 AMHI vuong tai H nén MH < M1, do d6 M H dat
gid tri 16n nhat khi H = I, khi d6 mit phing (P) chita A A

va vuodng goc voi M 1.
. P
Taco6 I € A= I(1+42t;t;242t), suy ra MI = (=1 + 2t;t — 5;—1 4+ 2t).
COMILAS M LTa=0202t—1)+t—5+202t—1)=0ct=1.
Vay 1(3;1;4).
Mit phang (P) di qua I va c6 véce-to phap tuyén 1a MI = (1; —4; 1) ¢6 phuong trinh 1a

r—3—-4y—1)+2—-4=02—-4y+2—-3=0.
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Chon dép an (A) O

Cau 49.20. Trong khong gian Ozyz, cho mit cau 22 + y? + 22 — 20 — 2y — 2z = 0 va A(2;2;0).
Viét phuong trinh mét phang (OAB) biét B thudc mét cau (S), ¢6 hoanh dé duong va tam gidc
OAB déu.
@x—y—z:o. m—y—?z:O. @x—y—i—z:O. @x—y—i—?z:o.
& Loi gidi.
Gia stt B(a;b;¢c). Do B € (S) nén a® + b* + ¢* — 2a — 2b — 2¢ = 0.
OA=0B a>+b+c* =8

Tam gidc OAB déu nén &
OB = AB A+ +F=(a—-22+(b-2>+
A+ +*—2a—20—2c=0 at+b+c=4
Dodotacéhe { > +0>+c2 =8 Sa+b=2

A+ +cf=(a—-2>%+(b-2>2+¢ a>+ b+ =8
< (a;b;¢) = (2;0;2) hoac (a;b;¢) = (0;2;2).
Theo gia thiét ta nhan (a;b;c) = (2;0;2). Ta cb [O—A), O—é] = (4;—4;—4).

) . ;> lr=— — "
Mat phang (OAB) di qua diem O va c¢6 véc-to phap tuyen n = 1 [OA,OB} = (1;—-1;—1) nén
c6 phuong trinh ¢ —y — 2 = 0.
Chon dap 4n (A) O
Cdu 49.21. Trong khéng gian Oxyz, viét phuong trinh mit phang tiép xic véi mét cau (S): (z — 1)+
N . -2 -1 -1
y> + (2 + 2)? = 6, dong thoi song song véi hai dudng thang d : a _ Y - va,

3 —1 -1
r y+2 z-2
dy: — = *—— = .
1 1 -1

—y+224+49=0
@

a:+y+22+9:0.

T—y+2:-3=0
r+y+224+9=0

@ . @x—y+2z—320.

T4y+2:-3=0

& Loi gidi.
Mit cau (S): (z — 1)2 +y? + (2 +2)% = 6 c6 tam I(1;0; —2) va ban kinh r = /6.

Pudng thang d; qua diém A(2;1;1), nhan véc-to @ = (3; —1; —1) lam véc-to chi phuong.

Pudng thang dy qua diém B(0; —2;2), nhan véc-to b= (1;1; —1) lam véc-to chi phuong.

M3t phang (P) song song v6i hai duong thang d; va dy nén (P) nhan véc-to 7 = [E’, _b)} = (2;2;4)
lam véc-to phap tuyén.

Suy ra (P) c6 phuong trinh tong quat dang x +y + 22 +m = 0.

(P) tiép xtc voi mit cAu(S) & d(I,(P)) = r « LF0=4+ml

=171 - Vdem-dl=0e
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m—3=06 m=9
=
m—3=—06 m = —3.

V6i m =9 ta ¢6 mit phang (P,): 4+ y + 22+ 9 = 0.

V6i m = —3 ta ¢6 mit phang (P2): 24y +22—3=0.

*)Tht lai. Thay lan lugt toa do ctia A(2;1;1), B(0; —2;2) vao cdc phuong trinh ctia (P)) va (P)
ta thiy cd A va B déu khong thudc hai mit phing nay. Do d6, hai duong thing d; va dy thoa
man diéu kién song song véi (Py), (P%).

VAy c¢6 2 mit phang théa man dé bai, phuong trinh cia ching lan luot 14 2 +y + 22 + 9 = 0,
r+y+22-3=0.

Chon déap an @ O
Cdau 49.22. Trong khong gian Ozyz, dudng thing d: ? ; L S I L = il c&t mit phing
(P): x+2y+2z—6 =0 tai diem M. Goi (9) la mat cau cé tam I(a;b;c) (a_< 0) thudc duong
thang d va tiép xic véi mit phang (P) tai diém A sao cho dién tich tam gidgc TAM bang 3v/3.

Gi4 tri ctia 2a + b — ¢ bang

A)-3. B)2. (©)3. (D) -3.

& Loi gidi.

r=1+2t

Phuong trinh tham s6 ctia duong thang d: y=1+t1
z = —t.
Ta c6 M =dnN (P). Suy ra M(1+ 2t;1+t;—t).
VAME(P)= 1424242 t-6=0o3t—-3=0&t=1
Suy ra M(3;2;—1). Goi I(1 4 2m;1+m;—m) € d.
Céach 1:
Pudng thiang d c6 mot véc-to chi phuong @ = (2;1; —1).
Mit phang (P) cé mot véc-to phap tuyén 7 = (1;2;1).
Goi ¢ 1a géc giita dudng thang d va mit phang (P).
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—).—) 1
Tacésin¢:|_l,ti7?_,:f:>¢:300.
ul-|m| 2
Khi d6 MA = MI - cos 30°.

1
Dién tich tam giac TAM 1a Sy = 5]\/[[ - MA -sin30° =
Theo gia thiét ta c6

MI?-\/3
—

Saamr =3V3 & MI* =24
e (14+2m =32+ (1+m—2>2+ (—m —(—1))* = 24
& (m-1P=4s met=e & m=s
m—1= -2 m = —1.

Vi m = 3 = 1(7;4; —3) (loai).

V6im = —1 = I(—1;0;1) (nhéan).

Vay2a+b—c=2-(-1)+0—-1=-3.

Céach 2:

Ta c¢6 A 1 hinh chiéu vudng géc ctia diém I 1én mit phang (P).

Tac6 A=AIN(P)= A(l+2m+s;1+m+2s;—m+s) € Al

VéuAe(P):>1—|—2m+s—|—2+2m—|—4s—m—|—s—6:0<:>3:;—;m.

1
Suy raA(3+3m;2 —Bm).

9 TSy Ty
Ta ¢co
. _1 2 2 2
AL —d(r, (pyy = Bm =31 _3Im =1, <3m—3) +<3—3m) L CI—
V6 V6 2 2 2 2 2

Tam gidc AMI vudng tai A suy ra

1 1 3m—1] 3v2|m—1]
S = —Al-AM & . : =3V3
AAMI = 5 5 NG 5 V3
) m—1=2 m =3
& m—-1)y =4« &
m—1= -2 m = —1.

Véi m =3 = I1(7;4; —3) (loai).

Véim = —1=1(—1;0;1) (nhén).

Vay 2a4+b—c=2-(-1)+0—-1=-3.

Chon dép an (D) O

BANG DAP AN

(49.1. D |[49.2. C ][49.3. D [[49.4. C |[495. A ][49.6. A [[49.7. D |[498. C |
149.9. B |[49.10.A ][49.11.B [[49.12.B |[49.13.C |[49.14.A [[49.15.C |[49.16.B |
149.17.C |[49.18.C  ][49.19.A [[49.20.A |[49.21.C |[49.22.D |
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Danc 50. TINH DON DIEU CUA HAM SO LIEN KET

KIEN THU'C CAN NHG.

1. Dinh nghia
Gia st K 1a mot khoang, doan hodc nita khodng va y = f(x) 1a mot ham s6 xac dinh trén K.

Ta noi

o Ham s6 y = f(x) dudc goi la dong bién (ting) trén K néu

Vl’l,l'g € ’C,J]l < Ty = f(l‘l) < f(ZL'Q)

o Ham s6 y = f(x) dudc goi la nghjch bién (gidm) trén K néu

Vdfl,l'g € ’C,I’l < To = f(ZL‘l) > f([[’g)

Ham s6 déng bién hoac nghich bién trén X goi chung 13 don diéu trén K.
2. Tinh chat

a) Néu ham sé f(z) va g(z) cing dong bién (nghich bién) trén K thi ham s6 f(z) + g(z)
ciing dong bién (nghich bién) trén K.
Tinh chat nay c6 thé khéng ding déi véi hidu f(z) — g(z).

b) Néu ham s6 f(z) va g(z) 13 cdc ham s6 duong va cling dong bién (nghich bién) trén K
thi ham s6 f(z) - g(x) cling dong bién (nghich bién) trén K.
Tinh chat nay cé thé khong ding khi cdc ham s6 f(x), g(z) khong 1a cdc ham s6 duong
trén /C.

¢) Cho ham 6 u = u(z) xac dinh véi moi z € (a;b) va u(x) € (¢;d). Ham s6 f (u(x)) cling

xéc dinh v6i z € (a;b). Ta c6 nhan xét sau:
i) Gia stt ham s6 u = u(x) dong bién véi moi x € (a;b). Khi d6 , ham s6 f (u(x)) dong
bién trén (a;b) khi va chi khi f(u) dong bién trén (c;d).

ii) Gid sit ham 86 u = u(x) nghich bién v6i moi z € (a;b). Khi d6, ham s6 f (u(z))
nghich bién (a;b) khi va chi khi f(u) nghich bién (c; d).

3. Dinh Ii 1

Gia st ham s6 f c¢6 dao ham trén khoang K. Khi dé

e Néu f'(x) > 0,Vx € K thi ham sb f dong bién trén K.
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e Néu f/(z) < 0,Vz € K thi hAm s6 f nghich bién trén K.

e Néu f'(z) =0,Vz € K thi ham s6 f khong ddi trén K.

Khoang K trong dinh If trén ta c6 thé thay thé béi doan hoiic nita khoang. Khi dé
phai ¢6 thém gid thiét “Ham sb lién tuc trén doan hodic nita khoang d6”. Chéng
han, néu ham s6 f lién tuc trén doan [a;b] va f'(x) > 0,Vz € (a;b) thi ham s6 f

ddng bién trén doan [a;b]. Ta thudng bicu dién qua bang bién thién nhu sau:

x a b
f'(z)
f(b)
f(a)

4. Dinh Ii 2

bién trén IC.

bién trén K.

vii Vo € K.

Gia stt ham s6 f c6 dao ham trén K.
Ham s6 y = |f(x)| dong bién trén tap K khi va chi khi f?(x) dong bién trén K < f/(z)-f(x) >0

Gia stt ham s6 f c6 dao ham trén khoang K. Khi dé

Quy tdc zét tinh don diéu ciia ham sé

e Néu f'(x) > 0,Yx € K va f/(z) = 0 chi tai hitu han diém thudéc K thi ham sb f dong

e Néu f'(x) <0,Vz € K va f'(z) = 0 chi tai hitu han diém thudc K thi ham s6 f nghich

BAI TAP MAU

Aa12. B 11.

& Loi gidi.

CAU 50 (Dé minh hoa BGD 2022-2023).
Cé bao nhiéu gia tri nguyén ctia tham sé a € (—10; +00) dé ham s

y = |23+ (a + 2)z + 9 — a?| dong bién trén khoang (0;1)?

Xét f(z) =2+ (a+2)z+9—a*= f'(z) =32* + a+2.
Dé y = | f(z)| dong bién trén khoang (0; 1), ta xét cdc trusng hop sau:
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f'(x) >0,Vz € (0;1)

. THI.
f(0)>0
322 +a+2>0Vee (0:;1) |o>max(=32%-2)
& & (0:1)
9—a’>0 9—a%>0
a> —2
& S a€[-2;3].
—3<a<3

Suy ra a € {—2;—1;0;1;2;3} — 6 gid tri.

f'(z) <0,Vz e (0;1)
f(0) <0

« TH2.

322 +a+2<0,Vx € (0;1) a < min(—32% — 2)
& & (0:1)
9—a*<0 9—a?<0
S a < =5,
Suy ra a € {—9;—-8; —7; —6; —5} — 5 gid tri.

Vay c6 11 gid tri a thoa man yéu cau dé ra.
Chon dap 4n (B) O

@© BAITAP TUONG Ty VA PHAT TRIEN

Cau 50.1. Cho ham s6 f(z) = z* + 222 + 1. C6 bao nhiéu gid tri nguyén duong ctia tham s6 m
dé ham s6 g(x) = f (3|x — m| + m?) dong bién trén (5; +oc) ?
(A)s3. (B) V6 . (©)s. D)2.
& Loi gidi.
Ta c6 f'(x) = 423 + 4. V6i Vz # m ta c6

J(x) = 3(|i — :Lﬂ) ' (3lz = m| +m?)
= 3?; : ;nl‘) [4 (3]z —m| ~|—m2)3 +4 (3|z — m| +m2)} :

Ta thiy ¢'(r) khong xdc dinh khi 2 = m. Ta c¢6 bang bién thién sau

X —0 m —+00

+0o0 +00
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Vay ham s6 g(x) = f (3|z — m| + m?) dong bién trén (m; +o00).

Dé ham s6 g(x) = f (3|z — m|+m?) dong bién trén (5;+00) ta can c6 m < 5, ma m nguyén
duong nén m € {1;2;3;4;5}.

Vay c6 5 gia tri m can tim.

Chon déap an @ O

Cau 50.2. C6 bao nhiéu gia tri nguyén ctia tham s6 m nhé hon 10 dé ham s6 y = |32 — 423 — 1222 + m|
nghich bién trén khodng (—oo; —1)?
@A)s. B)6. (©)3. (D) 4.
& Loi gidi.
Xét ham s f(r) = 3zt — 423 — 1222 + m = f'(z) = 122° — 122% — 24z

Bang bién thién

T —00 -1 0 2 +00
— 0 + 0 - 0 +
f(z) \ / \ /
m-—2>5

Dé ham s6 y = | f(x)| nghich bién trén (—oo; —1) & m —5> 0« m > 5.

Do yéu cau m 1a s6 nguyén nhé hon 10 nén ta c6 m € {5;6;7;8;9}.

Vay c6 5 gia tri m thoa yéu cau.

Chon déap an @ O
Cau 50.3.
Cho ham s6 y = f(x) c¢6 dao ham lién tuc trén R va f(1) = 1. Y

Do thi ham s6 y = f/(z) nhu hinh bén. C6 bao nhiéu sb
nguyén duong a dé ham s6 y = |4f(sin ) +cos 22 — a| nghich
bién trén khodng <0; g) ?

- — — — — — — — —

-1 0O

(A)3. (B) V6 . (©)s. D)2.
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& Loi gidi.

Ta c6 y = |4f(sinz) + cos2x — a| = |4f(sinz) — 2sin®z + 1 — al.

batt =sinx =t/ =cosx > 0,z € (O; g) nén khi x tang trén (O; g) thi ¢ tang trén (0;1).

Do d6 ham s6 y = |4f(sinz) — 2sin?x + 1 — a| nghich bién trén <0; g) khi va chi khi ham s6
y = |4f(t) — 2t> + 1 — a| nghich bién trén (0;1).

Xét g(t) =4f(t) —2t2+1—acd g(1) =4f(1) —24+1—a=3 —a.

g'(t) =4f'(t) — 4t < 0,Vt € (0;1).

Do dé g(t) nghich bién trén (0;1). Tt day suy ra: y = |[4f(t) — 2t> + 1 — a| nghich bién trén
khodng (0;1) khi va chi khi ¢g(¢) > 0,Vt € [0;1] hay g(1) > 0 < a < 3. Vi a nguyén duong nén
a € {1;2;3}.

Chon dap 4n (A) O

Cau 50.4. Cho ham s6 y = f(x) = ;x3 — 22 + ma + 2. C6 bao nhiéu gid tri nguyén cta
m € [—2020;2020] dé ham sb y = f(]o — 2|) dong bién trén (—2;0).
(A) 2020. (B) 2021. (©)2012. (D)2013.
& Loi gidi.
Xét ham s6 y = f(|x — 2|) dong bién trén (—2;0) = f(|x|) dong bién trén (—4; —2).
Do d6 y = f(x) nghich bién trén (2;4).
Tacé f(z) =2? =20 +m < 0,Vo € (2;4) & m < —2? +2z,Vz € (2;4) & m < —8.
Do m € [—2020;2020] nén c6 2013 gia tri nguyén ctia m.
Chon dép 4n (C) O

Cau 50.5. Cho ham s6 y = f(z) = 2® — 322 + 2. Héi ¢6 bao nhiéu gid tri nguyén ctia tham sd
m € [—10;10] dé ham s6 g(x) = f(]z + m|) nghich bién trén (0;1)?
(A)10. B)s. (©)o9. D)7.
& Loi gidi.
Ta c6 f'(x) = 32 — 6x = 3x(x — 2).
Xét ham s6 g(x) = f(|z +m|) cb

rT+m r+m
"() = f'(lz+m]) - = Ble+m|-(Jlr+m|—-2)=3@+m)-(Jr+m|—2
@) = P+ ml) - o = S]] = 2) = 3+ m) - e+ m] - 2)
r=-m—2
g(x) =0«
r=—-m+2.
¢'(z) khéng x4c dinh khi 2 = —m. Ta c6 bang bién thién ctia ham s6 g(x) nhu sau
z —0o0 —m — 2 -m —m + 2 +00

[~
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Dua vao bang bién thién ta c6 ham sb nghich bién trén khodng (0; 1)

(0;1) C (—o0; —m — 2) 1<—-m-—2 m < —3
= =
(0;1) C (—m; —m + 2) —m<0<1<-m+2 0<m<1.

Ma m € [—10;10] nén c6 10 gia tri nguyén ctia m thoéa man de bai.

Chon déap an @ O

Cau 50.6.

Cho ham s6 y = f(x) c6 do thi dao ham duge cho nhu hinh

vé bén dusi va c6 f(1) = 1. Goi S 1a tap chita tat ca cac Y

gid tri nguyén ctia tham sé m € [—2020;2020] dé ham sb 3

y = [2f(2 — z) — 2% + 2mx + 12| dong bién trén khoang (1;3). i

S6 phan tit ctia tip S tuong tng bang i
! 0 1

(A)4033. (B) 4028. (C) 4027. (D) 4029. - J -

-2 ‘

& Loi gidi.
Dit y = |g(x)] = [2f(2—2) — 22+ 2ma + 12| = ¢'(z) = 2[-f'(2 — 2) — v + m]. D& ham sb
y = |g(z)| dong bién trén khoang (1;3) thi x4y ra 2 truong hop sau

TH 1. Ham s6 y = g(x) phai dong bién trén khodng (1;3) va g(1) > 0. Suy ra

g(x) > 0,V € (1;3)

= lg(z)| = g(z) 2 0,vx € (1;3)
gd(x)=2(-f'2—2)—x+m)>0,Vz e (1;3)
g(1)=2f(1)+2m+11>0

m > f'(2—z)+xz, Vo € (1;3)

<~
2m+13 >0
)
m> fl(u) —u+2,Yu=2—zuec (-1;1)
< 13
m > ——
\ 2
(m 2 max (f'(uw) —u+2) = ['(~1) = (1) +2=6
& 13 Sm>6
m > ——
.2

Chi ¥ rang trén [—1;1] thi
—u< —(=1)=1.
Suy ra max (f'(u) —u+2)=f'(-1)—(-1)+2=6.
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TH 2. Ham s6 y = g(x) phai nghich bién trén khoang (1;3) va g(1) < 0.
Suy ra g(x) < 0,Vz € (1;3) = y = |g(z)| = —g(z) dong bién trén (1;3).

gdx)=2(—f'(2—x)—2x+4+m) <0,Vz € (1;3)
g(1)=2f(1)+2m+11<0
m < f'(2—x)+x,Vr € (1;3)

-

2m+ 13 <0

(

m< f'(u) —u+2,Vu=2—x,ue(-1;1)
< 13

m< ——

13
Ma trén [mli.rll] (fflu)—u+2)>-2—-(+1)+2=—-1.=m< 5

—u > —1.

Chu ¥ rang trén [—1;1] thi
Suy ra [Hlllrll] (f'(u) —u+2)>-2—-(1)+2=—1.

. R 6 <m < 2020
Keét hop véi dieu kién m € [—2020; 2020] =
—2020<m < —T.

Suy ra c6 4029 gia tri nguyén cia m thoa man.

Chon déap an @ O

Cau 50.7. Cho ham s6 y = f(x) lién tuc trén R va c6 bang bién thién nhu sau

T —00 —1 1 +o0

Phuong trinh |f (82% — 822 4+ 1)| = ; c6 tat ca bao nhiéu nghiém thuc phan biét?
(A)s. B)12. (©)6. (D) 10.

& Loi gidi.

Xét ham s6 t = t(x) = 8x* — 822 + 1.
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rz=0
Ta cét' = 3223 — 167:t =0 &
r=+—.

NS

Bang bién thién

x —00 _ —+00

V2 0
2
0

ool
[\

¢ — + 0 - -

! +00\1/1\1/+

1 2

1 f(Sx — 8z —i—l)
Tacé|f(8x4—8x2+1)]:§<:> 1 (*)
f(8z" — 8% +1)

(0. 9]

Rzt —8z>+1=a (a>1) (1)

‘ . , ) 8xt —8z*+1=b (b<—1) (2
T bang bien thién ctia ham so f(z), ta c6 (*) <
8zt —8r +1=c (

82 — 82 +1=d (d>1,d#a) (4).
Tt bang bién thién ctia ham s6 ¢ = t(z), ta thay (1) ¢ hai nghiém phan biét; (2) v6 nghiém; (3)

l<e<1)  (3)

c6 bén nghiém phan biét; (4) c6 hai nghiém phan biét (cdc nghiém nay khong triing nhau).
Vay phuong trinh da cho c¢6 8 nghiém thuc phan biét.
Chon dap 4n (A) O
Cau 50.8. C6 bao nhiéu gia tri nguyén am ctia tham s6 m dé ham s y = |2° 4 22* — ma? + 3z — 20|
nghich bién trén (—oo; —2)?
(A)7. B)9. (©)4. (D)6.
& Loi gidi.
Xét ham s6 f(x) = 2° + 22* — ma? + 3z — 20.

f'(z) = 52" + 82 — 2ma + 3

Ta thay lim f(r) = —oo nén ham s6 y = |f(x)| nghich bién trén (—oo; —2) khi va chi khi ham

s6 y = f(x) dong bién trén (—oo; —2) va ham s6 khong duong trén mién (—oo; —2)

f'(x) >0 Vze (—oo0;—2) 52! +82° —2mx +3 >0 Va € (—o0;—2)

= =
f(=2)<0 —4m—26<0
3
5% +82% + = < 2m Vz € (—o0; —2)
T
Y18
m _—
-2
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. 3
Xét ham s g(x) = 5a® + 822 4+ — trén (—oo; —2)
T

3 3
d(z) = 152 + 16z — o (22 4+ 4)* 4+ 112% — 16 — =

3 3
Ta c6 (2 +4)* > 0,112% > 44,16 + — < 16+ 7, Vo € (=005 —2).
xz

3 . .
Suy ra ¢'(x) > 0+44 — 16 — 2 > 0, Vo € (—o0; —2). Ta c¢6 bang bien thién clia ham so g(x) trén
(—00; —2)

. < 3 19 19
Dua vao bang bién thién ta c6 52° +8z? + — < 2m Vr € (—o0; —2) & Y <2m & m > 1
x

. 13 R
Keét hgp v6i m > -3 ta co m > ——. Do do6 ¢6 4 gia tri nguyén am thoa man de bai.
Chon déap an @ O

CAu 50.9. C6 bao nhiéu gid tri nguyén ctia tham s6 m € (—2022;2022) dé ham s6
y = |23 + (2m + 1)z — 2| dong bién trén (1;3)?

(A) 4032. (B) 4034. (C) 2022. (D) 4030.
& Loi gidi.
Xét ham s f(x) = 2% + (2m + 1)z — 2.
f'(z) =32 +2m + 1.
Ham 86 y = | f(x)| dong bién trén (1;3) khi va chi khi x&y ra 2 truong hop sau
TH 1. Ham s6 y = f(z) dong bién trén (1;3) va f(1) >0

f'(x) >0 Ve (1;3) 322 +2m+1>0 V€ (1;3)

= =
f(1)y>0 2m > 0
2m + 1> —32? Vz € (1;3) 2m +1> -3

& & < m >0
m >0 m >0

TH 2. Ham s6 y = f(x) nghich bién trén (1;3) va f(1) <0

fl(z) <0 Vre(1;3) 302 +2m+1<0 Vze(1;3)

= =
f(H <o 2m < 0
2m +1 < —32? Vz € (1;3) 2m +1 < —27

& & &m < —14
m <0 m <0
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Két hop 2 trudng hop ta c6 m < —14 hoic m > 0.
Ma m € (—2022;2022) nén ¢ 4030 gia tri nguyén cia m théa man.

Chon dép an (D) O
Cau 50.10. Goi S la tdp hop tit cd cdc gid tri nguyén ctia m sao cho ham sb
y = |—a* + ma® + 2m22? + m — 1] dong bién trén (1; +00). Tong tat ca cdc phan tit cia S 1a

(A)-2. B)2. (©) 1. D)o.
& Loi gidi.
Diat g(z) = —z'+ma® +2mP2? +m—1va ¢'(z) = —423 +3ma® +4m*z = —x (42% — 3mz — 4m?).
Ham s6 y = f(z) = |—2* 4+ ma®+ 2m?2? + m — 1] dong bién trén (1;+oc) khi va chi khi

9(1) =0 9(1) <0

hoac
g'(x) >0,V € (1;400) g (x) <0,Vz € (1;400)
9(1) =0 m>+m—1>0

TH 1. &

g(z) > 0,Vz € (1;+00) 42 — 3max — 4m? < 0,Vz € (1;+00)

Hé v6 nghiém vi EIE (422 — 3mx — 4m?) = +oo.

g(1) <0 m?*+m—1<0
TH 2. &
g (x) <0,Vz € (1;400) 42 — 3max — 4m? > 0,Vz € (1;+00)
“1-V6 1445
o 2 - = 2
42* — 3mx — 4m? > 0,V € (1;4+00)
3+V73
5 42 — 3 4m? =0 s "
Ta c6 42° — 3mx —4m* =0 & 373
r = m
8
—1 -5
. Vc’ji2\/—SmSOthi4x2—3mx—4m2ZO,‘V’xG(l;—f—oo)
3—V73 8 8
S ———m<lesm> = <m<0,méeZ=me{-1;0}.
8 3—V73 3—7
-1 D
. V(jiO<m§—g\/_thi4x2—3mx—4m220,Vx€(1;+oo)

©3+\/ﬁ —-14++5
8 2

8
m§l<:>m§37:>0<m<

++/73 -

Két luan: S = {—1;0} nén tong phan tit ciia S la —1.

,meL=>meJ.

Chon dép 4n (C) O

Cau 50.11. C6 bao nhiéu s6 nguyén m € (—20;20) dé ham sb y = [32* — 423 — 1222 + m| nghich

bién trén khodng (—oo; —1).
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(A)s. B)15. (©) 4. (D) 30.
& Loi gidi.
Xét ham s6 f(r) = 3z* — 423 — 122% + m.
Ta 6 f'(x) = 122° — 1222 — 242 = 122 (2* — x — 2).

r=20
fx)=0& |z=-1
xr = 2.

Béang bién thién

m—295

Lay dé6i xtmg do6 thi ham s6 f(x) qua truc hoanh ta duge do thi ham s6 |f(z)].

Tt bang bién thién ta thdy ham sb |f(z)| nghich bién trén khoang (—oo; —1) < m — 5 > 0 hay
m > 5.

Vi m nguyén va m € (—20;20) suy ra m € {5;6;...;17;18;19}.

Vay c6 tat cd 15 gia tri nguyén ctia tham sd m thod man yéu cau bai toan.

Chon ddp 4n O

Cau 50.12. C6 tat ca bao nhiéu gid tri nguyén ctia m dé ham s6 y = |2 — ma? 4+ 122 + 2m| luén
dong bién trén khoang (1;+00)?
(A)519. B)21. (C)20. (D) 18.
& Loi gidi.
Xét f(x) = 2® — ma? + 122 + 2m. Ta c6 f'(z) = 32? — 2mz + 12 va f(1) = 13+ m.
Dé ham s6 y = |2% — ma? + 12z + 2m| ddng bién trén khodng (1; +00) thi ¢6 hai trudng hop sau

TH 1. Ham 86 f(z) nghich bién trén (1;+00) va f(1) < 0.

Diéu nay khong xay ra vi 1_1}111 (x® — ma? + 12z + 2m) = +o0.
TH 2. Ham s6 f(z) dong bién trén (1;+o00) va f(1) > 0.

3 6
322 — 2ma + 12> 0,Vz > 1 m< -zr+—,Vr>1
& 2 z
13+m>0 m > —13.

3 6
Xét g(x) = —x + — trén khoang (1; +00).
x

3 6 3 6 .
Tacég’(:c)zi—ﬁ;g’(x)20<:>§—P:O:>:c:2. Bang bien thién
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x 1 2 +00
g'(x) — +
E +00
g(x) | 2
\ ; /

. ) 3 6
T bang bién thién suy ra m < 2% + -,V >1&m<6.
x
Két hop () suy ra —13 < m < 6. Vi m nguyén nén m € {—13; —12; —11;...;5;6}.

Vay c6 20 gia tri nguyén cua m.
Chon dap an @ O

Cau 50.13. Cho ham s6 y = f(x) = |2* — 42 + 4max +m + 2017|. Goi S 1a tap chua tat ca cac
gia tri nguyén ciia tham s6 m dé ham s6 y = f(z) dong bién trén khoang (—2;3). S6 phan tit clia

tap S bang

(A)275. (B) 276. (©o. (D) 277.
& Loi gidi.
Dat g(x) = 2* — 42® + dmx + m + 2017 = y = f(x) = |g(x)|.

d () = 42° — 122° + 4m.
Dang bai todn nay ludn chi xay ra hai truong hop

g (x) > 0,Vr € (-2;3)
9(=2) =0
g (x) <0,Vx € (—2;3)
9(=2) <0

42® — 122° 4+ 4m > 0,Vz € (—2;3)

2065 — 7m > 0
54
4a® — 122° 4+ 4m < 0,Vz € (—2;3)
2065 — 7m < 0
[ [m > —2® + 322 Vo € (—2;3)
295 > m
S

m < —z® 4 32% Vo € (—2;3)

I
—— ——

295 <m
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- (

m > max (—z° + 32%) = 20
(23]

\m§295

p < 20 < m < 295.
m < min (—x3 + 3x2) =0
[—2;3]

| [m > 205
Suy ra c6 276 gia tri m nguyén thoa man.
Chon déap an O
Cau 50.14. C6 bao nhiéu s6 nguyén m thudc khoang (—10;10) dé ham s6 y = 223 — 2ma + 3|
dong bién trén (1;+00)?
(A)11. B)7. (©)12. D)s.
& Loi gidi.
Xét ham sb: f(z) = 223 — 2mx + 3 c6: f'(x) = 62% — 2m; A’ = 12m
D6 thi ham s6 y = |f(z)| = |22 — 2ma + 3| dugc suy ra tit dd thi ham s6 y = f(z)(C) bang céch:

« Gift nguyén phan d6 thi (C) nam trén Oxz.

« LAy d6i xting phan do thi (C) nam dudi Oz qua Oz va b phan do thi (C') nam duéi Oz.

TH1. A’<0< m <0.Suyra f'(z) >0,Vz € (1;+00).

R m <0 m <0 m <0
Vay yéu cau bai toan & & & 5 ©m<0.
f(1)>0 5—2m >0 m§§

Két hop v6i dieu kien m € Z; m € (—10;10) ta dugc
m € {—9;—8;—7;—6; —5; —4; —3; —2; —1;0}. Ta c6 10 gid tri cia m thod man yéu cau
bai toan. (1)

TH 2. A’ >0« m > 0. Suy ra f'(x) = 0 ¢6 2 nghiém phan biét x,, 25 (r; < 25) Ta c6 bang bién

thién
T —00 1 T2 +00
Yy + 0 - 0 +
[ (@1) o0
y / \ /
—00 f(z2)
N A X .. ’ 2m 5
Vay yéu cau bai todn & < 2, <2, <1 & —?—klZO <:)0<m§§.
f1) =0 5—2m>0

Két hop véi dieu kien m € Z;m € (—10;10) ta dudc m € {1;2}. Ta c6 2 gid tri ctia m thod

man yéu cau bai todn. . (2)

Bi Gv: Vi Ngoc Huy - Trudng THPT Chuyén Lé Quy D6én - Ninh Thuén 0944.238.108



7 Gv: Vii Ngoc Huy - Trudng THPT Chuyén L& Qdy Dén ® Trang 467/472

Tt (1) va (2) suy ra: ¢6 tat ca c6 12 gid tri cia m thod man yéu cau bai toan.
Chon dép 4n (C) O

~ . 1 1 2
Cadu 50.15. Cho ham s6 f(x) = —§x3 + 5(2m +3)z? — (m? + 3m) z + 3l Cé bao nhiéu gia tri

nguyén ctia tham sé m thuoc [—9; 9] dé ham s6 nghich bién trén khoang (1;2)?

(A)16. B)9. (©)3. (D)2.
& Loi gidi.
. 1 1 2
Xét ham so g(z) = _§I3 + 5(2m +3)2% — (m? 4+ 3m)x + 3

= ¢'(z) = —2® 4+ (2m + 3)z — (m* + 3m) .
Dé f(x) nghich bién trén khoang (1;2) ta xét hai trudng hop sau
TH 1. g(x) nghich bién va khong Am trén khoang (1;2). Ttic 1a

g (z) <0,V € (1;2)
9(2) =0

(
—2® + (2m + 3)z — (m* 4+ 3m) < 0,Vz € (1;2)
< 1, 1 2
— =24+ =-2m+3)-22— (m*+3m)-2+> >0
. 3 2 3
x>m+3,Va € (1;2)
& r <m,Vr e (1;2)

—2m? —2m+4>0

m< —2
m =2

& m > 2 &
- m = —2.

\—2§m§2

TH 2. g(z) dong bién va khong duong trén khoang (1;2). Tic 1a

g (z) >0,Vz € (1;2)
9(2) <0
— 2+ (2m+3)z — (m* +3m) > 0,Vz € (1;2)
< 1 1 2
—5-23+§-(2m+3)-22—(m2+3m)-2—|—§§0
m <z <m+3,Vre(1;2)

&
—2m* —2m+4<0
—1<m<1

< m>1 < m=1.
m< =2
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Chon dép 4n (C) O

Cau 50.16. C6 bao nhiéu gia tri nguyén thudc doan [—2019;2019] ciia tham s6 thuc m dé ham
s6 y = |23 — 3(m + 2)x? + 3m(m + 4)z| dong bién trén khodng (0;2)?

(A)2019. (B) 2016. (C) 4039. (D) 4037.
& Loi gidi.
Xét ham sb f(x) = 23 — 3(m + 2)2% + 3m(m + 4)x trén khoang (0; 2).
f(x) =32 — 6(m +2)z + 3m(m +4) =3 [2° — 2(m + 2)z + m(m + 4)]
r=m

f'(z) =0« (m<m+4)
r=m+4.

Nhén zét: Do thi ham s6 y = f(x) luoén di qua diém O(0;0).

TH 1. Néu m > 0 thi ta c6 bang bién thién sau

—00 0 m m+4 +00
el \ / \ /
0

Tt bang bién thién, suy ra ham s6 y = |f(x)| dong bién trén khodng (0;2) < (0;2) C
(0;m) & m > 2.

Két hop v6i m > 0, ta c6 m > 2.

TH2 Néum <0< m+4< —4 < m <0 thi ta c6 bang bién thién sau (v6i x1, 29, 0 1& ba

nghiém cta phuong trinh f(z) = 0)

T —00 m+4

NN

Tt bang bién thién, suy ra ham s6 y = |f(z)| dong bién trén khoang (0;2)

< 0;2)c(Oom+4)em+4>2m> -2

Két hop v6i —4 <m <0, ta c6 =2 <m < 0.
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TH 3. Néum +4 < 0 < m < —4 thi ta ¢c6 bang bién thién sau (v6i 21, 72, 0 13 ba nghiém ciia
phuong trinh f(x) = 0)

RS m m+4 0 +00
J)) + 0 - 0 + +
f(m) oo
e F(m+4)

Tt bang bién thién, suy ra ham s6 y = |f(z)| ludn dong bién trén khoang (0; +00) nén
ham s6 y = |f(x)| dong bién trén khoang (0;2) véi moi m < —4.
m > 2
Vay | —2<m <0
m < —4.
Ma m nguyén thudc khoang [—2019;2019] nén c6 4037 gid tri m théa man yéu cau bai

toan.

Vay c6 3 gia tri nguyén m thoéa dé bai.
Chon déap an @ O
Cau50.17. C6 bao nhiéu gid tri nguyén cta m thuoc [0;5] dé ham sb
y = |23 — 3(m + 2)z% + 3m(m + 4)z| dong bién trén khodng (0;3)?
(A)35. B) 4. (©)6. D)>5.
& Loi gidi.
Dat f(z) = 2® — 3(m + 2)2® + 3m(m + 4)x

TH 1. Néu m = 0, khi d6 f(z) = 2% — 622

z=0
fl(r) =32 - 12z = f'(z) =0 <
r =4.
Bang bién thién ctia f(z)
T —00 0 4 400
Yy’ + 0 — 0 +
0 +00
y / \ /
—00 —32
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Bang bién thién ctia ham s6 y = |f(z)| = |2* — 622
x —00 0 4 6 400
% - 0 + 0 - 0 +

) +OO\O/32\O/+OO

Tt bang bién thién ta thay ham s6 y = |f(x)| = |23 — 62%| dong bién trén khodng (0;3).

Do d6 m = 0 thda man.

TH 2. Néu m > 0, khi d6 ta c¢6 f'(x) = 322 — 6(m + 2)z + 3m(m + 4)

r=m
fllz)=0& 2> -2(m+2)x+m(m+4) =0«
xr=m+4.
« V6i 0 < m < 3, bang bién thién ctia ham s6 f(x).
T | —00 m m+4 +00
Y + 0 - 0 +
f(m) o0
—00 fm+4)

Tt bang bién thién ta thiy ham s6 f(x), ta thiy ham s6 f(z) nghich bién trén khodng
(m;3) va f(m) > 0 suy ra ham s6 y = | f(z)| khéng thé dong bién trén khoang (0;3).

« V6i m > 3, bang bién thién ctia ham s6 f(x)

T —00 m m + 4 +00
Y + 0 - 0 +
f(m) 00
! / \ /
—00 f(m +4)

Tit bang bién thién ta thay ham s6 f(z) luon dong bién trén khoang (0;3) va f(x) >
0,Vx € (0;3), suy ra ham s6 y = | ()| luon dong bién trén khoang (0;3).
Vim € [0;5] = m € {3,4,5}.

Vay m € {0,3,4,5} nén c6 4 gia tri cia m.
Chon dap 4an (B) O
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Cau 50.18. Tim sb gia tri nguyén ciia m € [—2023;2023] dé ham sé y = |2 — 622 + 5 + m/| dong
bién trén (5; +00).
(A)2023. (B) 2047. (C) 2004. (D) 20.
& Loi gidi.
Xét ham sé f(x) = 2% — 62% + 5 + m. Dé ham sé y = |f(x)| dong bién trong (5;+00) ta cé hai

truong hop
f'(x) > 0;Vz € (5; +00) 37% — 122 > 0,Vx € (5;+00) (ding)
o Truong hop 1: & &S m >
f(5) >0 —204+m >0
20.
f(x) <0;Vx € (5;400) 32% — 122 < 0,Vx € (5; 4+00) (sai)
o Trudng hop 2: &

f(5) <0 —20+m <0.

Suy ra m > 20 1a gid tri can tim. Theo gid thiét ta suy ra m € {20;21;...;2023}.
Vay c6 2004 s6 nguyén m thoa man yéu cau de bai.

Chon dép &n (C) O

Cau 50.19. C6 bao nhiéu s6 nguyén duong m dé ham s6 y = |42® — ma + 1| dong bién trén
khodng (1; +00)?
(A)11. B)12. (©)4. D)5.
& Loi gidi.
Xét ham s6 y = |f(z)| v6i f(z) = 42® — max + 1.
Ta c6 f'(z) = 122% — m.
Do m nguyén duong nén f’(z) = 0 ludn cé hai nghiém phan biét, hay ham s6 y = f(x) ludn c6 2

diém cuc tri duong.

. (z) =0
Yéu cau cua bai toan tuong duong véi hé luon ding v6i moi x thude khoéng (1; +00) .
fi(@) =0
f(1)>0 5—m>0
Suy ra & S 0<m <.

f (1) >0 12—-m>0
Suy ra c6 5 gid tri clia m théa man yéu cau bai toan.

Chon dép an (D) O

Cau 50.20. C6 bao nhiéu s6 nguyén duong ciia tham sé m dé ham sé y = |2 — 322 — ma| dong
bién trén khodng (2; +00)?
(Aa)o. B) 1. (©)2. (D) Vo s6.
& Loi gidi.
Xét ham s6 y = |f(x)] véi f(z) = 23 — 32% — ma.

Ta c6 f'(x) = 32? — 6z — m v6i P = —%.
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Do m nguyén duong nén f/(x) = 0 luoén c6 hai nghiém trai dau z; < 0 < x5, hay ham sb y = f(x)

A , 2 . /. X \ ’ 2 « X [N
ludn c¢6 2 diém cuec tri trai dau va c6 bang bién thién nhu sau

T —00 1 4] +00
y' + 0 — 0 +
Y1 +00
—00 Yo
. flz) =0
Yéu cau cta bai toan tuong duong véi hé luon ding v6i moi x thude khoéng (2; +00) .
fl@) =0
f(2)>0 8—12—-2m >0 m< -2
Suy ra & & S m < —2.

f(2)>0 12—-12—-2m >0 m <0
Vi m nguyén duong nén khong c6 gia tri m nao théo bai toan.

Chon dap 4n (A) O

BANG DAP AN

150.1. C |[50.2. A ][50.3. A |[50.4. C |[50.5. A |[50.6. D |[50.7. A |[50.8. C |
150.9. D |[50.10.C |[50.11.B |[50.12.C |[50.13.B |[50.14.C |[50.15.C |[50.16.D |
150.17.B |[50.18.C ][50.19.D [[50.20.A |
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