Chuong 1v. GIOI HAN
A.GIGI HAN CUA DAY SO
§1. DAY CO GISI HAN O

1. Pinh nghia day s giéi han 0

Dinh nghiu.

Ta n6i ring day so6 (u,) ¢6-gi6i han 1a 0 (hay c6 giéi han 0) n€u moi s6 hang ciia
ddy déu cb gid trj tuyét d6i nhé hon mét s6 duong ohd tuy ¥ cho trude ké tir mot s6
hang nao d6 wo di.

Khi d6 ta viét lim (u,) = 0, viét tit 12 lim(u,) = 0 hoic limu, = 0 hodc u,—0

=3
Nhdn xét: Day s6 (u,) ¢6 giéi han 0 khi va chi khi day s& (lu,l} ¢6 gi6i han O

2. Mot s6 day sé ¢6 gidgi han 0 thuong gap
St dung dinh nghia, ngudi ta chimg minh duoc réng

1 | .1
a. lim—- =0;lim— =0;lim— =0;
n Jn ¥n
Néi réng hon limyl= = 0 (k 1a s6 nguyén duong cho trudc);
n

b. Diy khong d6i (u,), véi u, = 0 c6 gi6i han 0.;
c. Néu Igl < 1 thi limq" = 0. _
Céc ban duge sit dung két qua ndy khi lam bai ma khéng phai chimg minh.

Thidul.

a. lim —- =lim(-l-) -0,
B 3

g

b. lim 2. lim[—%] =0,¢) lim3— = lim[él =0,
n n T

/ X

lua, I<
Dinh ly: Cho hai day s6 (u,) va (v,). Néu {lu " thi limu,=0.

n
lm\e'n =

Thi du 2. Chimng minh lim 0.

sin(2n+3) _

Lai giai

S'“(ZS‘: +3) s-s-l;‘- = (-;-] va lim(é] = 0. Theo dinh If trén ta ¢6 dpem.
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§2. DAY CO GIGI HAN
1. Dihh nghia day sé gidi han
Xét day s6 (u,) vGiu, =9 + £ ou,-9=

Jn

l .
Ta ¢é: lim(u,- 9) =lim— =0
( ) 7
Ta néi rdng ddy s¢ da cho ¢b gidi han 1a 9.
Mot cdch tdng qudt, ta cé:
Dinh nghia: Ta néi ring day s6 (u,} c6 gi6t han 12 s6 thuc L néu lim{u, - L}=0

Khi d6 ta viét lim (u,) =L, viét tdt 13 im(u,) = L hodc limu, = L hoc u,— L.

H—bm

L
-

Thi du 3. Ching minh:
n n . 3
a lim>2—0" 3, b tim STV _
¥n
c. lim(u,) = ¢ v6i u, = c (c I3 hing s6).
Lo giai
4 n n ' n N gD
2. Ta cé lim| 2221 _3 =iim[——l—] =0 Iim22"0" _g
- 2 2
" .
b.Taco lim| NI+ 40 ) sinmn
D T
' | | sinfn
Tacé lsmnn|$ valim— =0 = lim—m— =0
| ¥n |” ¥n Yn Yn
. 3 4 3
< lim M_4 =0¢:>limM = 4 (dpcm)
¥n - Yn

¢. Ta ¢6 lim(u,— ¢) = lin{c — ¢) = im0 = 0 & lim(u,)) = ¢ (dpcm).
2. Mot 5o dinh Iy

Dinh Ij 1: Gia sit lim u, = L. Khi d6

a. limly | = ILl va lim Wn— =YL.

b.Nénu,20véimointhiL >0 va limﬁ =L .
Dinh Iy 2: Gid st lim u, =L, lim v, =M va ¢ 1a hing s§. Khi d6
a. cac diy s6 (u, + v,), (u,~v,), (u,.v,), (c.u,) ¢d gidi han va

o im(u,+v,)=L+M

e lim(u,-v,)=L-M

e lim(u,.v,)=LM

¢ lim(c.u,) =c.L.

v

n 1]

b. Néu M # O thi day s6 (-‘3—) c6 gi6i han va lim [L) = -IL-‘i-
v
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Binh Iy 3: (Dinh ly kep vé gidi han)
Cho ba day s6 (v,), (u,), (w,) va s6 thuc L.

s Al * VI'I S l"Il1 Sw
Néuvdimotntacod < )
limv, =limw,_ =

thi (u,) c6 gidi han valimu, = L.
Binh ly 4: (Vai-o-xto-rat-xg)

a. Day s6 ting va bi chin trén thi cé giét han.

b. Ddy s6 giam va bi chin dudi thi ¢é gidi han.

3. Két qua dang nhd

a. lim(l + —l~] =e. (ex2,718281828459...)

n
b. Téng clia cp s6 nhan Wivo han (igl< 1) 12: S=u, +uq+u g+ ... = TP—'——
: =-q
4. Cac thi du
Thi du 1. V6i k 12 s6 nguyén duong va ¢ 1a hing s6, ta ¢6: lim ik =clim Lk =0
n n
Thi dy 2. lim JE pund4dm 3, 9, sind#m)
4 n° ’ 2 4 |'|2
. 1 (9 sin(] +2n)] 9
valim| =+———= (==,
4 n? 4
Thi du 3. Tim céc giéi han sau day:
. 2n'+n’-7 . 13n? -3n+2
a. lim—; - , b. lim— - .
9n" -3n° +n+1 : n’ +4n- +1

Loi giai
(Chiu cho luy thita bdac cao nhdt cia n trong mdu thire cia phdn thitc )
a. Chia tir thitc va méiu thic cho n’ ta ¢é:

2+-l 7
. 2n*+n?-7 : i’ 240-0 2
lim = lim = = ~
9n° -3n? +n+1 g3, 1,1 9-0+0+0 9
n n* o
b. Chia tir thitc va miu thitc chon® tac6
13 3 . 2
L 3 a8 -
Iin']]?':.l 43?+12=Iimn : 1":? g+?=.
n +4n” + +U+
1 +';{i-*';;;'

n

in+2
Thi dy 4. Tim lim(ﬂ—"—'] .
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Loi gidi

Ta co:
In+2 In+2 1, n Y
.(““1 =[1+11 =(1+lN1+-1-] =(1+3+l2)[(1+1-]].(1)
n n, n n n n n
(. 02 1
elimll+—+—|[=1+0+0=1. (2)
. n n?

R [

3n+2
Tix (1), (2), (3) suy ra lim [n_t_l_} =1e*=¢’.
n

Thi dy 5. Tinh téng 'S = — + = + = +
L 2 2~ 2
Lot giai

R& rang S 1a téng ciia cap s6 nhan lii vé6 han véi v, =

1 I
—,q = — nén ap dun
> q 3 p dung

cong thic S = Y taces= 0.5 =1
1-q 1-0.5

Ban biét thém : Mot cich minh hoa hinh hoc téng trén.

Xét tam gidc ABC c6 dién tich bang i.

Goi A|,As, A;,.. theo thtt ty 1a trung di€ém AC, A,C, A.C,... vd B,, Bs,B,... theo
thd ty 12 trung diém BC, B,C, B,C,... tacé :

— Dién tich tam gidc ABB, bing %

— Dién tich tam gidc AB,A, bing 2%

— Dién tich tam gidc A BB, béng 2%

— Dién tich tam giéc A B,A, bing :;;—

— Dién tich tam giéc. A,B.B, bang -2-1—;

..............................................

Tiép dién qu4 trinh trén mii mii ta c6
1 1 1 '

—4+—+——+..=1

2 22 2
| Thi dy 6. Déi méi s6 thap phan v6 han tudn hoan sau thianh phan s6:
| 2.0,33333..., b. 7,28282828....
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L giai
3.3 3 3

a. Vidtlai 03333... = — + =5 + == + — + ..
0- 102 100 10
= 0,3333... 1a téng cla cép s6 nhan lui v han véi u, = -I% ,qQ= -II_O nén
3
03333.. =10 -1
-+ 3
10
b. Viet lai 7,28282828... = 7 + 0,28282828. ..
Tacé: 028282828 = — 4 25, 28, 28
100 {00* 100  100°
=5 0,28282828... 1a téng ciia cfip s& nhan Iii v6 han vé: u, = — q= ——
100 © 100
28
nén 028282828, = 100 _ 28
_1 99
100
28 721

T d6 suy ra 7 + 0,28282828.,. =7+ — = —— hay 7,28282828... = E
99 99 99

Thi du 7. Goi C 1a dudng tron duong kinh AB = 2a (a |2 s6 thuc duong cho trudc)
~ C, 1a dudng gém hai nira dudmg tron dudng kinh —AZ—E .

N oo AB
C, la dudng gom bon mra dudng tron dudng kinh P aRREe

C, 12 duomng gém 2" nira dudng tron dudmg kfnh-';—? yooo

Goi p, 1h d6 dai cha C, va S, dién tich hinh phing gi6i han béi C, v doan thing AB
a. Tinh p,vaC,.
b. Tim gi6i han cha cdc diy s6 (p,) va (S,).

Loi giai
a. M6i dudmg tron dudng kinh g—f’- c6 bankinh 1a r, = -;% = -2—%‘—?—' = ;a“_ suy ra
e Ntra chu vi cua né la nr, hay —21%— = p, = 2'?3 = Ta
aY a)
o Dién tich cfia n6 [a nr’ hay 1{;—-] = S, = 2"1{—2-“-] =

b.
o Thay ring (p,) 12 day s6 khéng d6i va limp, = limra = na
(bing nira 46 dai dudmg trdn dudng kinh AB).
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4

o Thiy rang (S,) {i cdp s6 nhan i vO han ¢6 §, = -’t;—, congbdilaq= %

Boi vay, theo dinh nghia téng ctia cdp s6 nhan lii vé han ta cé6:
Ta”

.2
I~q i

I-
7

"“Thi du 8. Cho li < 1, 1Qi < L. Biét rang:
| a=ltgrgieo g
b=1+Q+Q +.. . +Q"+ ..
Tinh tf;l'lg S=1 +qQ+quz+.“ +unﬂ+-“
Loi giai

u,

tm S, =

= rta”. (bing dién tich duong tron dudng kinh AB).

Thiy ring:

e a 12 t6ng chia mot cAp s6 nhan 10i vo han vé6i u, = | va ¢6 cong boi 1a q

* b 13 téng cta moét cAp 56 nhan i vo han véi u, = 1 va 6 cong boi 12 Q

+ S Rtdng cua mot ¢ip 6 nhan liti vo han véi v, = 1 va ¢6 cong boi 1a qQ
Theo cong thite tong cha mat cip s6 nhan i vé han ta ¢

+n=---::»q=[—-—l-. (1

l_q H
Fb= - :>Q‘1‘“"1' @
T 1-Q b
1
+ S= —— &
1-qQ
1 ab ab
Th 1‘ 2 s 3 4 S = = .=
ay (1), (2) vao (3) c6 1_(1—-!](1—'!} ab-(a-~IXb~§) a+b-l
. aA b

§3. DAY DAN 161 vO cyC

1. Cic dinh nghia
Dinh nghia ! Ta néi ring day s6 (u,) cb givi han 13 + « néu moi s6 hang cia
diy s6 déu 16n hon mot s6 duong 1on tuy ¥ cho trude ké tir mot s6 hang nao dé trd
di. Khi d6 ta viét:
lim(u,) = + oo, viét tit 1a lim(u,) = + ©
hoac limu, = + o hodcuy, — + o
Binh nghiu 2: Ta néi ring day s6 (u,) cé gidi han 1a —o néu moi s& hang clia
diy s6 déu nhd hon mét s6 am bé wy ¥ cho trude k€ tir mét 56 hang nao d6 trd di.
Khi do6 ta viet:
fim(u) = —oo, vi€t tit 2 Yim(u,) = -

hodc limu, = —o0 hodc u, —» -0,
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Thi du 1.

‘ — e LT - 1 L

e limn= +2; limvVn =+ Iimun =+ lim™= 4.0
: Ay . [ .

e il 2= - limy-n = 42 lim* = ¢ .

Chit .

+ Cac diy s6 c6 gi6i han 1a + oo vd o0 duge goi chung 13 cic diy $6 ¢6 gidi han
v6 cuc hay din dén vé cuc. '

+ Day 56 6 gidi han la s6 thuc L duge goi 1 ddy s6 ¢6 gidi han hitu han.
2. Vai quy tic tim giéi han vo cuc

Vi 4+ o0 va —oo khéng phai 12 cic s6 thuc nén khéng dp dung duge cic dinh ly
trong §2.

Ta thira nhan cic quy tic sau:

Quy tic 1 limu, limv, lim(u,v,)
.. . 40 40 +%
Néu limu, = 40 vi limv, = oo thi +o0 —o -0
lim(u,v,) duoc cho trong bang bén: - + oo
—0 —o0 +0
Quy tic2 limu, Dé4uciia L lim(u,v,)
o . +o€ + +w
Néu limu, = o valimv, =L # 0 thi +0 - o
lim(u,v,) duge cho trong bang bén: o + o
—a - +40
Quy tic 3 Daucial | Dauchav, | lim(uyv,)
Néu limu, =L #0, limv, =0 va + + +o0
u + - —0
v, # 0 thi lim— duoc cho trong - + —0
f“ | - - 400
biang bén:
Chii §: N&u lim v, = 0 va v, 70 thi lim —— = +eo.
vn
e Néu limju,| = + oo thi lim : = Q.
lu,
Thi du 2. Tinh céc giéi han sau:
2 3 _
a lim 2t 2, b im0
1-2n 5n +3n+1
' Loi giai

Chia ca tir thiic vA miu thée cho luy thira bac cao nhét clia n trong méi phan
thic ta cé: :

2 -+
a lim22 0 im A - (valim(3+n]= + o0, lim[l_zJ=_z)
1 -2n 1., n n
n
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2n——+—
- 2
sn®+4n-1 o 4 1
n p?
(v1llm(2n-—l+ 3,) =0, lim 5+i--1—2—) = 5).
n n’ 0 n
1g—2+3
C13-2n%43n* . o n 0-0+3 3
c. lim = lim = ==
1-7n° 1 5 0-7 7
n—3_

Nhdn xér: Bing céch chia tlr vA mu cho lily thira bac cao nh4t ciia n trong miu
thitc nh cdch 1am trong thi du trén ta thu duge két qua sau:

. anPra 0"+ ranta, p<q p=q P>q
Goi & =lim i .
b +b, 0% +. +bn+b, a=0 o= L o=
(p. g 12 s8 nguyén duong) b,

Thi du 3. Tinh cic gidt han sau:

a. lim(v¥n+1-vn)

. I i
b. lim = -
{n-—\}n2+l n+-Jn2+l]

Loi giﬁi

Nresye

aTacohrn(w/nT—J_)—-hm =0 (vilim (\/m+\/;)=+°°)

2vn? +1
=lim

bllm[n_\/n—+ n+\/n—+J ( mj(n+\f’rlz—4_lJ
=lim2n—2+l =lim(-2\/n27+l] =~

2

12 +2° +3% +..+n

Thi du 4. Tim lim .
2n1+3+5+..+C2n~1)
Lo giai
Tacé: fim — Lt *¥ +otn® Lo n(+D@n+D)
2nf1+3+5+..+2n-1) 6.2nvn?
I 2
I)(2n oy n[;-&- IJ(;+ !)
= lim n(n + = lim e
12n* 12
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Thi du 5. Tim limv2.3" - n+5.

Lai giai

'['heo'l"hidl_15§l chwongl:(l +a)*z21+na+ n(_n——_l)az

Véia=2céd: (1+2)21+2n+2n(n— [)hay3"> 1+ 2n’ suy r1

2
23" -n+522(1+2n)-n+S5=4n'-n+7= {n——i—] +3n1+—2&:E > 1 VneN*

Suyra 0< ! < ! . (1)
V23" -n+5 Vant-on+7
Lai 6 lim ————e = 0. 2)
Jan? —n+7
Tir (1),(2) suyra limJ___L_u =0=31imy23" -n+5 = + .
23" -n+35

Thi du 6. Téng clia mét cip s6 nhan lbi v6 han bing 6 va téng cha hai s6 hang

diu bi’mgg . Tim s& hang d4u va céng boi ciia cip sé nhan 4dy.

Loi giai
Goi u,, g theo thit tu 12 s6 hang ddu va cong boi clia cdp s6 nhan di cho.

Téng cta cép s6 nhan bing 6 nghia 1a S = l—u-’— =6 >u =6(1-q (1)
—-q

Tdng hai sé hang ddu bing % nghialdu, +uqg= g- ou(l+q)= g- (2)

Thay (1) vao (2) ¢6 6(1 — g)(1 +q)=.f;_ c;,l__qz___%
< 2"1—3-—1@ el
d 43977y

Thay vao (1): * Véiq:% cou, =6(1 - —;—)=3

*Véiq:-——;- céu,=6(l+%)=9
V4y ta ¢¢ hai cdip s6 hang ddu va cong bdi cia c4p s6 nhan thod mén yéu ciu bai
] |
todnla: (0, =3;9= =), (U, =9;9=~-=).
(u q 2) (u, q 2)

u, =1

Thi du 7. Cho day s6 (u,) : 1
' y s6u) un+,=£2"~—3,khin22 ()

a. Chimg minh day (v,) xdc dinh bdi v, = v, + 6 12 mot cAp s6 nhan.
b. Tim lim u,,.
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Loi giai
a.Tacd v,=u,+6>y,=v, -6 (2)

Thay (2) vio (1) ¢é v, , , — 6 = ~2 =0

“3d &S v, = —2“—=> (v,) la clp s6 nhan
vOi cong bdi q = -;— vav,=1+6=7.
5 the 5 <8 . crn g g
Béi thé (v,) c6 s6 hang tong quat lav, = 7. F .
Thay vao (2)tacéu, = —i-n?: - 6. D6 12 56 hang téng quét cha day s6 (u,).

L. limuy, = lim(z—z‘:l— —6] =0-6=-6. Vay limy, = -6.

BAI TAP
Bai 1. Tim céc gidi han sau
. 1+n-2n? : 1 +4n . 130 +8n~1
a. lim —m—-, b. llm—-—z——-—1 , c. lim T .
2-n+n° t+n” -5n 4n” +n+3
Bai 2. Tim cic gidi han sau :
alim f2X3%.tn b. lim(y/n +sin(n + 1) — yn —cos2(n + 1))

f+n?
Bai 3. Tim céic gi6i han sau :

Zn+1 n
a. lim (-“ i 2) , b. lim —— c. limy34" —n+1.
=

n+1

u, =3
Bai 4. Cho diy s6 (u,):
Y56 u,) Uy =P:-3“—+4,khin22
a. Goi (v,) 12 diy xdc dinh bdi v, = u, + . Tim o dé (v,) 1a m6t cfp s6 nhan.
b. Timlimu,
Bai 5. Biéu thi m5i s6 thap phan v6 han tudn hoan sau dudi dang phan sé
a.2,22222.. b. 5,123123123..
Bai 6. Cho hmh vubng ABCD ¢6 canh bing a. Hinh vuéng A B, C, ,D,cé dinh la
trung diém c4c canh cha hinh vuéng ABCD, hinh vuang A,B,C,Ds ¢é dinh 1a trung
diém c4c canh cla hinh vudng A\B,C,D,,..., hinh vuéng A,B,C,D, cé dinh 1 trung
diém cic canh cha hinh vuéng A,_B,.,C,-\D,-1...-GOI P, Pos--+ Pue--V2 S, Sayeens
S,.... theo thit ty 1a chu vi va dién tich cic hinh vuong A,B,C,D,, A,B,C,D,,...,
A1'|—|B -lc 'lD!l—li
a. Tim giGi han cic diy sb (p,) va (S,,)
b“mcéctdngp.-fp;-{" APt VAS + S+ ..+ S5, + ..

Bai 7. Cho aE(O;-:-:-), Tinh téng | —tan’a + an‘a + ... + (=" "tan® "2 + ...
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Bai 8. Cho Igi<l. Tinh céc téng sau:
a.l+2q+3qQ*+...+nq"" +...
b. 1 +4g+9q + ... +n’g"" + ...
c. 1 +8q+27q*+ ... +n'g" + ..,

B. GIGI HAN CUA HAM SO. HAM SO LIEN 1UC

§4. KIEN THUC CO BAN

I. Cac dinh nghia
a. Gidi han tai mét diém

Gia str x, 12 mot diém thuoc khoang (a; b), f(x) 1a mot ham s6 x4c dinh trén
khodng (a; b) ¢6 thé khéng xic dinh tai x,.

Dinh nghia 1 (gidi han hitu han)

Ta néi ring ham s6 f ¢é gi6i han 1a s6 thuc L khi x dan dén x, (hoic tai diém
Xo) n&u v&i moi diy s6 (x,) trong tap hop (a; B\ X, (tic 1A x,€(a; b) vA X, # Xo) ma
limx, = x, taxdéu c6 limf(x,) = L.

Khi dé ta viét: lim f(x)= L hodc f(x)=>L khi x—x,.

{Theo dinh nghia d6 :
o Néu f(x) = ¢ (hing s6) thi lim f(x) = limc¢ =c.

X=X, R=bx,

o Né&u f(x) = x thi lim f(x) =limx =x,.)

X%, Xy,

Dinh nghia 2 (giéi han v6 cyc)

Ta néi ring ham s f cé giéi han ka vo cuc khi x din dén x, (hoic tai diém x,)
néu véi moi diy sé (x,) trong tap hop (a; b\ x,)J(tidc 12 x,e(a; b) va x, # xo) ma
limx, = X, ta déu ¢é limf(x,) = .

Khi d6 ta vi€t lim f(x)= o hoic f(x)—w khi x—X,,.

b. Gidi han tai v6 cuc

Dinh nghia 3 (tai vd cuc)

e Gid sir hdm s6 f(x) xdc dinh trén khoang (a; +)

Ta néi ring ham s f ¢6 giéi han 1a s6 thuc L khi x dén dén + o néu véi moi
day s6 (x,) trong khoang (a; +0) (tic 13 x, > a véi moi n) ma limx, = +¢o ta déu ¢6
limf(x,) = L.

Khi dé ta viét: lim f(x) = L hoic f(x)>L khi x— + .

X =% 450

o lim f(x)=L, lim f(x) = + o, lim f(x) = —» dugc dinh nghia tuong tu.

c. Gidi han mot bén
. Dinh nghia 4 (giéi han phai)
Gia sir f(x) 12 mot ham s& xdc dinh trén khoang (x,; b) (xee R).
Ta néi ring ham s& f c6 gi6i han phai [a s& thuc L khi x d4dn dén x, (hodic tai diém
Xo) néu véi moi diy so (x,) trong khoang (xg; b) ma limx, = x, ta déu ¢6 limf{(x,) = L.
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Khi dé ta viét: lim f(x) = L hoac f(x)—»L khi x—x .

Dinh nghia 5 (gi6t han trii)

Gia sit f(x) 12 mot ham s6 xdc dinh trén khoang ( a; x,) (X,€R).

Ta nét ring ham s6 f ¢6 giéi han trai 1A s6 thue L khi x ddn dén x, (hodc tai diém
Xo) Néu véi moi day s6 (x,) trong khodng (a; Xo) ma limx, = X, ta déu ¢6 limf(x ) = _.

Khi dé6 ta viét lim f(x) = L hoic f(x)—L khi x—3x, .

X=>

Nhdn xét: Ham s6 f ¢6 lim f(x) = L khi va chi khi n6 ¢6 lim f(¢) = lim f0 =L

Diéu néi trén ding ca gidi han vé cyc.
IL. Pinh 1y va quy tac
1. Giéi han hiru han
Dinh Iy I: Gia sit lim f(x) =L va lim g(x) =M (L, MeR). Khi d6

a. lim [f(x)+g(x)] =L+ M;
b. lim [f(x)-g(x)] =L-M;

c. lim [f(x)g(x)] = LM. Dic biét, n€u c 13 hing s& thi lim [c.f(x)] =c.L.

d.NeuM#0h fim FX - L
_ x-oxy g(X) M
(Gi6i han cia téng, hiéu, tich, thuwong cla hai ham s6 tai mét di€m bing téng,
hiéu, tich, thuong cdc gidi han cda ching tai diém d6.(trong trudong hgp thuong,
gié1 han cua mau phai khic khéng)).

Nhdn xét: N€u k 12 s6 nguyén duong va a 13 hing s6 thi v6i moi x,eR, ta c6:
lim ax* = ax;

X—rxg

Dinh ly 2: Gid st lim f(x) = L. Khi d6

X=X,

a. lim If(x)l = ILI;

XX,

b. lim 3f(x) =L ;

R—¥Ry,

c. Néu f(x) 2 0 v6i moi x # % thi L 2 0va lim Jf(x) =L

KX,

Dinh Iy 3: (kep) Gia st f, h vA g 12 ba ham s6 xdc dinh trén khoang (a; b) chia
diém x, (c¢6 thé khong x4c dinh tai x,).

Néu f(x) < h{x) < g(x) véi moi xe(a; b\{ x,} va lim f(x)= lim g(x) =L (LeR)
thi lim h(x)=L. '

Chu y:
Ba dinh ly vira néu trén day ding ca khi thay x-—>x, boi X + % hoéic x— —».
Ba dinh ly vira néu trén day khong 4p dung duoc che gidi han vé cyc.
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Dinh Ij 4: lim 212
=0 X
2. Giéi han vé cuc
Khi gap gi6i han vo cire, ban c6 thé dp dung céc quy tic sau :

=1.

Quy tac 1 limu, limv, lim(u,v,)
. . _ . _ : +00 +a0 +00
Néu xlgiiu f(x) = oo va }Ln; gx)=L#0 +o —o o
thi lim [f(x)g(x)] ducc cho trong bang bén: —% +0 =
X=X —0 —o0 +o0
Quy tic2 limu, DiuciaL ! lim(uyv)
Néu lim f(x) =L+#0, lim g(x)=0vag(x)#0 +© + +
e e +00 - -0
. 5. f(X) . + '
thi lim ——= dugc cho trong bang bén: =0 =00
XXy g(x) —0 - +0
Chuyl:
e Néu lim g(x)=0va g(x)#0 thi lim—— = +
= | g(x)|

—

e Néu lim [F(x)l =400 thi lim
X+, x>t | £(x))

Chi y 2: Mot s6 két qua thudmg sir dung.

. )
o lim— = lim— =0

X =0 x X—F 40
e lim -IT = lim —-I*— = 0, vér moi s6 nguyén duong k cho truée
X—h=i X X+ x
+o0, khi & chin
o lim x* = +o0; limx*)= l ,
=340 °— - _'00, khl k lc

§5. CAC KY THUAT TiM GIO1 HAN

I. K¥ thuat tim giéi han dang xac dinh
Ki thudt 1. Ap dung truc tiép dinh Iy vé qui tée

Thi du 1. Tim céc gi6i han sau
a. lim (3x*-x + 3), b. lim x -3 . _ c. lim(x-vs5x* +4)
x—2 x4 X+ x=s]
Lui giai
a. lin1(3x3— X+5)=32"-2+5=15
b limra—2 =L =31 4
s—o4 X+ ] 4+1 5
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c. lin}(x-—\)5x2+4) =1-4/5144 =1-3=2.

Thi duy 2. Tim céc gidi han sau:
. 2x%—5x+2 o xT+2x-8
a lim——————— b, lim —————.
x_,l 1-2x 1--4 x° 4 4x
2 _
Loi giai
o 2xP-5x+2 ~1)(x-
a. llmx——x—-i——- = lim (2x - D(x—2) = lim(2-x) =
x_.l l - 2?( x...’..!.. l - 2x x_.l
2 2 2
2 _
b, limx +2x 8= lim (x 2)(x+4)= “mx—2=§.
x=-4  x? 4 4qx x=-4  x(X+4) S I 2

Loi binh I: Gi6i han ciia ham s6 tai diém x = a khong phu thudc ham s6 tai diém
dy. Trong thi du vira néu, ham s6 c6 gidi han mac déu tai d6 ham s6 khong ton tai.

Thi du 3'”. Tim cdc gidi han sau:
a. lim ———-—@-‘——5— b. lim x-1
TN +5x=2 | 2 32k +5
Lod giai
{ g -
‘ xlinjl(4x—9)— 13<0 ' Ax—5
a. Tacd s , = lim ———— =
Iiml(’h(" +5x=2)=0  x-17x°+5x~2
L X——

[lim(x~1N=1>0
=2

b. Tacé < = im ———
m(3x -2Vx2+5)=0 *~2 3x. 2Jx +5

| b2

Thi du 4™, Tim c4c giéi han sau:
_ x —3,khix <1
a. lirrllf(x) vagif(x) = {x=-13,khix =1 ;
[=v7x2 +2,khix>1

3x -2
b. lim,g(x)véi g(x)=4¢ x+1
o x +10,khix 2 -2

kh|x< 2

‘Loi giai
Imf(x)=lm(x-3)=-2
=i x—=]"
a. Tacéd
]hn]'lf(x)—lm"t(lw\/?x +2)=~-

Vay lim f(x) = limf(x)=-2 = hmf(x) =2
=1

"
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3x-2

lim g(x)= lim =8
b. Tacé {x—>-2 -2 X +1 = lim g(x) =8.
lim f(x)= lim (x+10)=8  *>7

L&i binh 2: Gidi han cia ham s6 va gi4 tri cia ham s6 tai diém 14y gidi han cé
thé bing nhau, ¢é thé khéc nhau (d6 ciing 13 1& tw nhién). Trong thi du trén:
lim () = (1) = ~13; lim g(x) = g(-2) = 8.

Thi du 5®.
3Ix—2
——— khix <0
a. Tim cdc gidi han coa ham s6 g(x) = § x +1 R tai x =0.
x+10,khix20
x* +1
. ——,khix <-1 - .
b. Timmdé hams6h(x)= < x +1 X< ¢ gidi han tai x = -1,
mx? ~x +m? khix 2 -1
Loi giai
fim g(x) = lim *l2=—2

a. Ta cd: < x=0" =07 X 4 .
1 lim g(x) = lim{x +10) =10
x—»0* x-»0"*

Thdy réng lim g(x) # lim g(x) nén ham s6 khong ¢6 gi&i han tai x = 0.
x—0" x—0" .

3

lim h(x)= fim 2 = fim (x? —x+1) =3
b. Ta cé: {x—=>-V" x=>=1" X+]  xo-1
liml'h(x)= litl'll+(1'nx2 -x+m¥)=m*+m+1

Ham so"cé gi6i han tai x = —1 khi va chi khi lim h(x) = lim h(x)
-1

X—l"

o3=mt+m+lom +m-2=0= {m=1; m=-2)

Loi binh 3. Mic ddu ham s& x4c dinh tai diém x = a, nhung gidi han ciia ham s6
tai di€ém &y chua chdc d3 t6n tai. Cau a) trong thi du trén muén néi véi ban didu dé.

Thi du 6%, Tim c4c gi6i han sau:
. 2xt-x+1 . X*-5%x+3 3 5+x
a. lim ——————; b. lim ————; ¢. im ————
=~ x° +2x+3 x>+ 3 +4x -1 x>0 4 + 5x — 2X
Lai gidi '
a. Chia c? tlr thitc va miu thirc cho x2, ta cé:
2—-l +—l—
o 2xT—x+1 . x x2 2-0+0 2
lim ————— = lim = = -
O I 42x 43 e 203 74040 7

¥,
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b. Chia ca t thitc va méu thidc cho x°, ta ¢é:

I
2 2
im X3 ) X X
s 3x? pax ] ey 4 1 w3
v o2
X. X
c. Chia ca tir thitc va miu thiic cho x>, tacé:
S .1
. 5+x. 3 2
fim ——— = lim XX = Y ~o
044+ 5 —-2x7  xow 4 + s 2
NERM

Nhdc lgi: Dé tinh gi6i han tai vo cuc, ban c6 thé chia cho lu¥ thira bﬁc cao nhét
cha X cé trong méu thisc.

Thi du 7. Tim cdc gi6i han sau:
4 _ 3
a. lim =2 b. fim X3
A x° +1 x4 32X
Lo giai
4
. x4 -4x . xz F; ]
a. Tacé: lim — = lim lim x +00
14 x% 4] KXo+ 1 Lep 40
I+
X
4 —
Tuong ty lim 2 5 4x = lim x* = +w.
A x +1 X—>r—a0
; -4 x* - . x'-4
'I“hﬂ)fl‘.’mg:lin'lx2 X = lim 4x=+w:>hmx2 X = 4o
R4y _|_‘ X b =88 X +1 10y +]
1 9
- 3 Tt
b.Tace fim T2 i X x = lim (<2x) = -
¥+ 3—2’(2 A—> 40 3 X—b+0
-2
X
- 4
Tuong tv lim L—?—{:} = lim(-2x) =
3o 3Oy X—d—e
- 3 - 4x* 4
Th4y ring lim I__Ex_+__j_x__¢ lim —I——gx—%}-—
w32y e I Ry
o lim 2254 g 160 tai
a0 3-2x?

Thi du 8™, (kep) Tim gi¢i han K = lim dsin sz + 20083x :
o x4+ 2% + 1
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Lai giai

Vi moi xR ¢6 0 < I231n3:x+3c:os2xl < . ?+2 S 5
2x° +2x +1 2X7 +x +1 2X° + X +1
“Tacé lim : 5 20> lim !231n3x+3c052xl K0
x= xS X +1 X 2x% +2x +1
IL. Ki thuat tim gidi han dang vo dinh
1. Dang —,— l:m—- trong d6 l|m f(x)-llm g(x) = 0, hoac{ ™
oo =4 g(x) Il"gg(x) too

2. Dang 0.c0: lin; [f(x)g(x)], trong d6 lim f(x)=0, lim g(x) = o0,

lim f(x) = lim g(x) =+

3.D lim {f(x)-g(x)], trong d6 |
ang oo—oo: lim [f(x)-g(x)], trong dé l:hoﬁcllmf(X)"-:hm g(x) = -0

( Img duoc hidu A thay cho mot trong cic ki twxg, X 0 Xg, +00, —00)
x—

Pé (im gidi han cdc dang trén, ban phai khir dang v6 dinh, Céc ban theo ddi mot
s6 k¥ thuat thudng diing dé Xhir dang vo dinh trong méi thi du dudi day.

Ki thudt 2. Khit nhdn tu chung

3
Thi du 97, (dang —-) Tim llm l+x2
. - X
' Loi glai
3 2 2
Tacé: lim 135 < fjm QFXA+x4XT) o Taxex”
xa-1]1—x2  x=-1  {l+x)(1~x) x=-1 [—-Xx 2
| 2
Thi du 10®, (dang-—)'I‘m lim u—%
x=-2 x> —3x +2
Loi giai
2
Ta ¢é: Iimgi:—iéu lim (x+2)3x = Iz) = lim e ]2 —_-_Z.
-2 x” —3x +2 v (x+2)x~-D°  ==2{x-1) 9
Thi dy 11. (dang 0.0) Tim hm(l—x)‘f-—-’ff—s——-.
x“+2x-3
Loi gigik
. . X+5 X+35
Vdimoi x> 1ltaco (1-x) — =~ -} |———
X“+2x-3 (x=-Dx+3)

_J(x—l)z(x+5) __ o=+
(x-1(x+3) X +3
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Nén ilm(l—x)J——g—S—— =-lim (x=Dx+3) = ().
x—»1 X" +2x -3 x! X+3

Ki thudt 3. Nhdn biéu thirc lién hop

Hing ding thic Lién hop véi a-b | Liénhopvéia+b
a’-bi’=@-b}a+h) a+b a-b
a'-b'=(a - b)a’+ab+ b)) a*-ab+ b’ a’—ab + b
aA+b =+ b)(aj —ab + b%) A li¢én hgp véi B thi B lién hgp v A

o |
Thi du 12™. (dang ~ ) Tim lim —— .
X+ 3k 4
L giai

Nhan ca tir thitc vi miu thitc véi 2x — v3x” + | (biéu thitc lién hop ciia miu thie)

(x2=DR2x=-vV3x*+D) _ (xz—l)(2x—v‘x2+?)

ta cé - = . -
2x +V3x 2+ DX 32+ D) 4% -3k +1)
- (x“—-.')(2’x —IVx' +1) = 2 _m.
x"_
2
Suy ra lim llm(2x—\/3x +1) =4,

-y +w/x +1

2x - 5\/— I

Thi du 137, (dang )T'm l|

3—Jx+
Lai giai

Ta cé:
Jax-1-vx-1 2x=1-Vx-D)2x -1+ dx=-DB+Vx+ )

lm = lim

P 3-vx+d 5 (B3-Vx+4)3+Vx+4)2x -1 +Vx - 1)
2x(3+Jx-l)=+w u 1@[2x(3+J 1)]=50>0
' ll_bn}(S-—x)_

1-¥12x +1
4x

= lim
| R 3>—X

Thi du 147, (dang 2 ) Tim lim
0 x—>{

Loi giai
C1=Yi2x+1 1® - (12x +1)
Ta ¢é: lim ————— = lim
0 dx xw4x[u+*412x+l+J(12x+1) |
-3 -3

= lim

SOk + 1+ Y2x 1) T+
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Nen lim(l - x), /2> #—lim‘/w =0.
x—+1* X“+2x-3 x—s1* X+3

Kt thudt 3. Nkén biéu thic lién hop

Hang dﬁng thiic Lién hop v6i a—b Lién hopvéia +b
a’—b’=(a—b)a+b) at+b a-b
a'-b’=(a-b)a’+ab+bH) a’-ab+ b’ a’—ab + b’
a'+b’=(a+b)a’—ab+b%)| A lién hop véi B thi B lién hop véi A

Thi du 127, (dang ) Tim lim =l
== '2x+~/3x A1

Loi giai
Nhan ca t& thic va miu thic véi 2x — v 3x? + [ (bidu thic tién hop ciia mau thiic)

(C-DRx=V3C 41 (P-DEx—Vx*+1)

ta cé — = = -
@2x+¥3x2 +1)2x=y3x2 +1) 4x"-(3x"+1)
(x -l)(2x—~‘x +1) ~ 2y _m‘
x —_—
2
Suy ra lim ! = lim2x-vV3x2 +1) =-4.
""’"'2x+\/x +1
2x - S-J
Thi du 13®, (dan )Tim lim
80 -5 3-—-Jx+
Lot gidi

Tacé:
o Y21V (P21 Vx - D2 -1+ Yx - DB+ x o+ 4)
% 3 \}x-i- =5 -V +4)3+Vx+V2x-1+x-1)

— ‘ hmIZX(3+V 1]=50>0
x-2% -X ' lm}(S-x)—
_3y
Thi du 147, (dang =) Tim fim—12x*1
0 x—0 4x
Lo giai

C 1-Y12x +1 I —(12x +1)
Tacé: lim——————- = lim

x—0 4x 0 4x[1 +312x +1 +J(]2x+l) ]

. -3 -3
= lim = = -

=0 e Yax+ 1+ 32x+ 1)t 1+E+]
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Ki thudt 4. Poi bién

Thi du 18®, (Dang o — o0 ) Tim gidi han K = lim (3\/x3 £3x% —yx? -2x)

X =440

Loi giai

Vigtlai K= lim I:;{-’Jl+——J ——]:| Dét——y

Khix > w® ¢ y—0, tacd:

3 _ _ 3 - — —-
K=1im"/l+3y J1-2y =]im(,h+3y 1 12y 1}=1+1=2

_ y—0 y y—0 y y
Témiai: K=2.
h]
Thl du 19°, (Dang —-)T‘lm li ]sz-l +1’Jx—2 .
X—r X —
Lo gial
Piatx=t+1,x— | khi vachikhit = 0,tacé
Y2 -1+¥x-2 . Yie2e+¥e-1 L (Y142t Y- -1
lim = lim = lim — -
x—1 x—1 x—1 t 1—0 t t
1 1 7
= —+4—=—,
_ 2 5 10
Tém lai lim’\/2x—l+§/x -2 l

x—»] X -1 10°

Thi dy 20.(Dang 0.0) Tim lim (5 x)tan%.

Lod giai
PDitx=5-t.Khix > 5 & t—> 0.Tacé:
lt
lim t.tann(s_t) = lim t.tan[-————] = lim ! = -I-glim—w— = 10
=0 10 =0 2 10 l—DO tal’lil- T 10 t lt T
10 10
Tém lai: lxm (ti-—)()tan-1|ﬁ = E)- |
10 s
Loi bmh. Véi mot a = 0, bing cich dat x =a—t, ban c6 két qua: -
nX 2a
lim (a - \)tan— = —,
X=ba 2a n

II1. Phuong phap goi s hang ving

Ban chét khir dang khéng xic dinh % cita bai todn tim gidi han Ia 1dm xuft hién
nhan ti chung dé:

* Hoac 1a khi nhan tir chung dua vé dang xdc dinh.
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* Hodc 1a dua vé dang “co ban”, quen thuoc da biét rd két qua hoac cdch gidi.

Trong cdc bai tap kho, cdc hang tit cfu thanh nhén t& chung thudng thi€u ving.
D€ gidi quyét bai todn, diém mau chét 1a khoi phuc céc hang tir thiéu vdng d6.
Viec khoi phuc, goi lai cdc hang tir d6 nhu thé ndo, bing cdch nao, sé duvoc trinh
bay trong ba phuong phidp duéi day.

Ki thudt 5. Goi 56 hang véng bdng hé s¢ bdt dinh

JS-x3 —'Jng +7

Thi du 21®. Tim lim

11—l xz_l
) Loi giai
3 af 2
Ta c6: lim‘fs xq—Jx +7 5 -x’ 2 x2+ -2 M
x>l x~ -1 H‘ x°~1
\}5 —2 = lim [-x"
x-—*! x x— (x?._l)( }5__)(3 +2)
= lim (x°+x+l) ____3_ @)
e )W5-x1+2) 8
li VxF+7-2 lim x?~1
S xIel o R T 2K 4T +4)
1 i
= lim — 3)
""{ﬁ( +7)? +2{/x +7+4 ]2
3 1 A1

Th 2), 3 vao(d A=-—T—— =
ay (2}, (3) vao (1) cé: T

Ltn binh 1: Trong 1oi giai trén ta da thém bét 2 vao tir thifc cha f(x). Ba cau héi
dat ra:

(1). Tai sao phéi ¢6 s6 27

(2). Tai sao lai ia s6 2?

(3). Tim s6 2 nhu thé nao?
Tra 16i ba cau hoi dé ta ¢6 phuong phdp giai loai todn nay.
* Tra 1& cAu hoi 1: S8 2 1a hang tir 43 bi xod. Mu6n giat, ta phai khéi phuc né.
* Tra 101 cAu hoi 3: Cach tim s6 2, thue hién theo cic buée sau day:

v5-x* —c_3\h(2 +7~c
x? -1

Buocl: Véimoic e R, ludncéd: f(x)= T
x —

Birse 2: Trong cic s ¢ d6, ta tim s8 ¢ sao cho x’~1 cbng c6 nhan tir chung v6i
£100 = V¥5-x" = ¢ va f(x) = ¥x?+7 - c. Diéu d6 x8y ra khi va chi khi c 12

nghi¢m cia tuyén:
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'{:,(1)=0 .-

£,(1)=0 -
f.(-l)=0c> {C_ <> c=2
| |R(-1=0

Do ciing 1a cau tra 101 tai sao lai | s6 2.
Qua thi du trén, ching ta néu lén thuit todn nhu sau:

¢ Thudt todn 1: Gia st F(x) = LS) ¢6 gidi han t:lgmg9
g(x) 0
Butc 1: Phan tich f(x)= n*e , HO-c
g(x) 2(x)
Buoc 2 (Tim ¢): Goi &, (i = 1; 2;...) la nghiém cua g(x) = 0.
f(e)+c=0
Khi d6 ¢ 1a nghiem cliahed " =0 (o 120)
£(a;)-¢c=0
Vdi ¢ tim duge thi lim flx) e va lim B00-c s€ hodc la dwng xdc dinh,
x—a, g(x) x—q; g(x)

hodc 1a dang quen thude.
Sau khi tim dugce c, viéc trinh bay 16i giai nhu d3 1am.

— 3 A
Thi du 22. Tim lim 2Vx+1-V8-x
x—0 X
L giai
o Rlh-e
Bude 1: (Phan tich) YceR, luon c6: fixy= Y21 7€ 8
X X

Burge 2: (Tim ¢). Nghiém cia miu thic tax = 0.

VO+1-¢=0

Suy ra ¢ 1a nghiém cia h¢ '1 0 0<::>c=l.Vay
.—.——c:

X

- - ] — — —

2 =¥ e e AT )
=30 X e x aw x| 2 s 12

L binh 2: O phuong phip 1, nhan tit chung dugc khir dé dira gi6i han vé dang
xac dinh, hodc dang quen thuéc, hoidc dang “co ban”.

* 2
Thi du 23, Tim K = lim — e — e |
' x-0 /] 4+ X sin3x - v/cos2x
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Loigiai |
Goit A = J1+xsin3x —Jeos2x = (V1+xsin3x —D+(1-Jcos2x)
_Wlexsindx = D14+ xsin3x +1) (- veos2x)(1 + Veos2x)
J1+xsin3x +1 ' 14+ ycos2x

_ X sin 3x . 1-cos2x - X sin 3x . 2sin’ x

Jlsxsin3x +1 Jeos2x +1  1+4T1+xsin3x  1++/cos2x
:lim—é- =lim( xsmn3x - . 2sin? x )
=0x?  xs0 x2(1+ I+ xsin3x) x(1++cos2x)

. { sin3x 3 [ sin®x 2
= lim . + lim "

=0\ 3x  1441+xcos3x o0 X I +vcos2x
3
2

+l.l=-§-
2

) x? o oxr 2
= lim = lim— = —,

"“’0‘\/: + xsin 3x —Jcos2x =0 A 5

Thi du 24, (Ching ta tr& lai bai ndy trong phuong phéap hai bing thi du 28).
V1+2x =¥1+3x

Tim hm

x—20 xz *
Lo gidi
T -V . T2k -1 Yieax-1)]
Ta cé: lim > = lim|— -
x—0 X -0 1 x b4 X J

i 2 3
= lim | — -
x>0 _X[Jl+2x+l 3(1 +3x)° +*‘Jl+3)(+lﬂ
- 1 2@fdx 307 Y143k + =315 2x + 1)
0Ix (WJTr2x + DA +307 + YT+ 35 +1)
2-}}(1+3x)2 bt M3k -1 Vir2x -1
= lim '

X X X
0 Wir e300 + Vi3 + 1)
2¥1+3x +I)M—| +2m_l“ A

3
= lin X

X _ ____X
x>0 (V1+2x + 1)@/(1 +3x) +¥143x+ 1)

20+1D.1+2.0-3.1 1 ., .. fte2x-Y1+3x _ 1
= —. Tom lai lim 5 -,
(+DA+1+1) 2 x50 x* 2

— ok
— -—
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Ki thudt 6. Goi sé hang vdng bdng tdch bé phan kép
. I:df ...nf
Ap dung cho dang lim W) kg(x)
x—a (K ..*a)
{n, m, k 12 cdc s6 ti nhién, 1 < k £ min(n, m) }

V8x® +x2 +6x+9 ~3f9x? 4 27x +27

3

Thi du 25®. Tim K -lm;
A= x

Loi giai
Goi A= S+ X2 +6Xx+9=8+(x+3) > A—(x + 3)° = 8x*
GoiB=9x*+27x + 27 =x-(x +3) = (x+3’ B=x’

[JK—(x+3)+(x+3)—J'}

Viét lai: K = lim (1)

20 x3 x}
. r 3
GQiKlzlim‘J— x+3 _ A-(x+3)° o8&
ER x x-»Ox (J—+x+3) x—)Ox (J_—+x+3)
8 8 4
= lim = @
0 (A +x +3) J§+3 3
Goi K, = limﬁ.x_f?’_);.'_.‘/: - lm (x+3) ~-B

3

Iim
=0 W 3[(x +3)? +(x+3)\/_+%/__]

= lim
0 1(x +3)? +(x+3)~/§+F]
{1 1

= = = — . 3
32 4+ 3327 + Y277 9+9+9 27 ®
. 4 1 37 . 37
Tit (1), (2), 3) suyra: K =K, +l'«_[1 = 3 + > = E.Téml:;uKz 7
Qua thi du trén ta rit ra thuat todn nhu sau:
o Thudt todn 2: Bé tim K = lim ) - Vet dang-—
A=ra (x _a) 0
{ n, m, k 1a c4c s6 tr nhién, | <k < min(n, m) }
Ta bi€n déi: .
i -3e® _ P00 ol -hew | hoo -0 + o]
(x-a)* x-a)* (x—a)*

= fi(x) + - g(x)
x-2)*Q(x)  (x-a)*Q,(x)
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(Qi(x), Q (x) theo hit tyr 12 biéu thirc lién hgp clia YF(x) — h(x), h(x) — &/g(x) )

Suyra K = lim —8) |y 810
x (x~a) Qu(x) *» (x-2a) Q. (x)

Thi du 26", Tim gi6i han K = lim Y08 2X = 2X ‘/ L+ 2x =4x

x—0 X

_ Loi giai
Goi A =c0s2x — 2x =1 —2x + x*— x>~ (1 — cos2x) = (1 — x)* = x”— 2sin’x
& A-(1-x)=-x*~2sin’

Goi B=~/[+2x% —dx =1 —dx + 6 4x7 + x = xX* + 4" = 6x°— | + Y1+2x°
= (1+ )= x*+4x°—6x— 1| + V1+2x° .
e (1+x)'-B=x—d4x" +6x3+ | —v1+2x°
H—(l—x)+(1-x)-4\/§)
2 b

Viétlai K= lim[ (1)

1= X X
_ _ {1 2 _ 2_»-) 2
Goi K, = lim YA=U=%) Uo8) 2 tim 2R gy X 287X
x—0 X "‘*Ox(ﬁﬂﬂx) =0 x2(JA +1-x)
LN2
_l_z[smx]
X __=1=21 3

= lim

= = 2
x>0 (JA +1-x) JI-0+1-0 2 ()_
(t-x)-¥B (1-x)*-B

Goi K,= lim = lim .

=0 X Hoxz[(l—xf+(l—x)3\/§+(l-x)wf§+@]
x* = ax® +6X° +1-14+2x°

= lim : -

""*"x’[(l-x):‘ +(l-—x)2‘§/§+(l.—x)\/§+ﬁ]
\/l+2x2_-1

x* —4x+6— .
= lim ' X
H"[(l-xf+(1-x)’—1fﬁ+(1-x)~/§+‘\/§1
0-0+6-1 5
- = - (3)
I1+1.1+1.1+1.1 4 _
T (1), (2), 3)suyra K=K, +K =231 temnmik=-1
> 120, (3) suy FREYTITTY ; s
xﬁ

Thidu 27", TimK = lim
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Loi giai
(20001 +x7) - J(1+3x)(1+3x )

x-+0 x

Ta c6: -—l- =

2

Goi A=(l +2x)1 +x)=2x" + (x + 1)2_ = A-(x+ 1= 2x°, lin?)A = |

Goi B = (1 = 3x)(1 +3x)=8"+(x+ 1 = (x+ D-B=-8x",limB = |

x—=0)

K
Viét lai LI T \/X-—(xx+l)+(x+l)q-—1f]§ )
K, 10 X %
_ _ 2 3
GOlI—lImJZ 2x+l)=]im A-(x+1) = lim 2x
“0 x WA +x+D) 0P WA H x4
2
= lim—————— = | )
0 (A +x+D)
GmJ—lm(XH);;J— lim (x+1)*-B
=0 x 20 xr )* 4 (x4 DYB + VB ]
-8x*
= iim
30 [(x +1)? + (x + DYB + B
| s K
= lim : ' (3)
"'"0[(x+l) +(x+1)\/_ J_]
3 5 3
T (1), (2),(3 : zl+)=]l-—=-= o K,=-=
(1), (2), Q) suyra: : + 3 S & Ko= -3
Chii y:

1. Biéu thirc h(x) duoe néi suy trong f(x), g(x). Viéc phén tich bo phan kép h(x)
chi 1am trén nhép, khéng can trinh bay trén bai lam. (Céc ban theo déi thi du 28)

2. Céc hang tlr cha h(x) chita s6 mil tir O d&n k—1 c6 mit vira van trong cic biéu
thite clia f(x), g(x). D6 1a tin hiéu dé goi h(x). Cin biét ring mot vai s6 hang c6 thé
4n (bi trung hoa bdi cdc s6 hang) trong f,(x), g,(x) [thi du (4), (6)].

Thi du 28. (Tro lai Thi du 24).
Jl +2X - i/l +3x

Tim giéi han K = lim . o
x—0 X
Loi giai
— 3
Viet lai K = lim| Y22 (4% (4%) 2\/l+3x}
: x—rO_ x° X
i -x’ x3(x+3)
= lim{—————+ ——
0| fT42x +1+x X [(l+x) +(1+x)31+3x +?J(l+3x)

2\'I-l-7i--lﬂ3’.?‘-

'Ja < =2 3«"; l \,34;}
13 lvay ( ) m
178 ‘1*0 x " ] i;n a-vl ""'

(
. fim o JF (%) |l_m r -an ( ) l -3 +

Aoyl X A=) T
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. ~1 X+3
= lim

+
DOANTF2x +1+x (R4 x)? + (1401 +3x +3(1+3x)?
] 3

- ——

'=—l-. TémlaiK=-l—.
2 1+1+1 2 '

Ki thuat 7. Coi s6 hang ving bdng téi hién hé thitc co bdn
Vli+ax -1 a

lim ~————— = = (5)
x—0 X n
Thi du 207, Tim K = Jim &+ 19981 - 2x ~ 1998
' x=0 X )
Loi giai
Bién d6i:
(x* +1998)4/1-2x —1998 _ (x* +1998)1 - 2x —(x* +1998) + (x> + 1998) — 1998
X X
? — —
= (4190812,
X
7{ . _ 7{ - —
= K = lin%[(xz +1998)—-l——-%-x—-—l+x = ling’(ch2 + ]998)—L—%Li + linax
r—» x xX— x x—
= 1998(—%) +0= -19729. Tém lai K = "9_93?9_

Loi binh 3: Trong thi du trén, diém mau chét 12 bét - thém (x* + 1998) vio tir

Vi-2x -

thitc 1am xust hién nhan tir ! dain dén su thanh cong cia 14 giai.

X
Qua thi da trén, ta néu lén thuat todn nhu sau :
e Thudt todn 3: Gia sit F(x) = POWl+ax +QX) peom lim F(x), ta bién d6i:
) 4 X
F(x) = P(x)%1 +ax — P(x) . P(x) + Q(x} = P(X) V1l+ax —1 +F,(x)
X | X X
(v6i F(x) = 2022,

X

Suy ra: lim F(x) = = lim P(x) + lim F(x).
n x> X

x—0
Hang tir ving & day 1a P(x), 4 "'xung danh”trong biéu thic gi6i han.
L&i binh 4: Khdc véi phuong phip 1, nhan to chung trong phuong phap “Tai
hién hé thitc co ban” khéng gian ude. Khi tim gidi han, lim P(x) 1a mét s6 xac dinh.,
L binh 5: Thong thutng 8n x & mdu thidc trong hé thic co ban bi triét tiéu khi
F(x) ¢6 d@rrlg_ thg%g_ ¢ac cin thire. (xcmrz'h_j d}u 30 |
w2 (L) R (4)

A=z 2
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Jl+xﬂ]+54l+1-“\}1-—x
Thi du 30°. Tim gidi han A = lim 3
e J;i+x JS x -41-x

Lo giai
Goi tir thite 1a T, miu thirc 1a M, ta cé:

T= Jl+x3.‘/l+—§—4l+§—‘\/l—x
T= 1+ 3\]1 i4\{1+3‘-—#1+-"-4\[1+i+#1+1if1+5
= WV TV T2V IV 2V TS
—Jl+§-+4\/1+%~1-4«/l-x+l
@T:{'H%?’H—g—(«fnx-l) +4\[l [ l+—-——lJ

(41+-—1] Vix-1)

T | I l
A dung coban (5)¢é: lim— = — = 1.
prung (G)ed: m = 12237 34 4
fim -
Tuong tu: llmM i.Suy ra: As 220X = Faad
x=20 x 24 I M 5
e x

Chii y: Ching ta ciling sir dung phuong phdp nay d€ tdi hién cdc “‘gidi han co
ban—quen thudc” con lai duge tich hop trong céc thi du vé sau.

Ki thudt 8. Ap dung cdc gidi han co bdn - quen thuéc

Thi du 31®. Tim c4c gidi han sau:
L. tim 30X 2. lim S0CX)
x—0  2X x-0 sin 5X
Loi giai
. Tacé lim SPX o jj[ 3.803%) _ 3 sind 3.3
x-0  2X -0\ 2 3x 230 3x 2 2
- sin(-x)
2.Tacé fim 3R _ gl 21 _=x_ o 21y o2
x—0 sin Sx x—0 5 sin 5x 5 5
5x
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Lt binh: Chitng minh tuong tu véi moi a= 0,b # 0 ta cé:

. _sinax a . sinax a

lim = —, lim— = -.

x~0 bx b »0sinbx b
Thi du 32P. Tim céc gidi han sau:

. tan20x
I. hm

. tan9x
, 2. him
=0 |1Ix x=»0 tan 6x
L giai
. tan20x 20 tan 20x 11x 20 20
1. Iim = l = 1] = )
20 | 1x ll 20x tanllx 11 ll
5 limtan‘)x . [9 tan9x  6x } - 2.1.1 _ é
=0 tanbx =006 Ox tan6x 6 pA

Lai binh: Chimg minh tvong tu vdi moi ab # 0 ta ¢é:

, tanax a . tanax a
him = —;

; lim
x=0  bx b _x*%tanbx b

Thi du 33®, Tim lim—S%53%

%x—0 X~
Lot giai
2
3x
2sin? 22 sin 2o
Ta cé: llml—-fgié—)—(- = lim = —g—lim 2 22 12 = 2
x-90F x" x=30 Xz 2 20 2 2 - 2
2
Lo binh: Chimg minh tuong tu véi moi a # 0 ta cé: llil‘lol_—w;ﬂ = a?’
x X
5y 2
The du 34®, Tim lim——Y2X_*1
x=0 ] -cosx
Loi giai
) Sy 2 2
Vit i lim =Y ox *L g A2¥2 L X M)
x=0 ]-cosx x—0 X 1 -cosx
_ 2 2 L2
Taqc:é:lirn#=—Z =—1, Iim X = lim X 3 =l.
x>0 X 2 A0 1 — COSX -02sin‘x 2
2
Thay vao (1) c6 lim m--wwz-’f——-:w!«:—l.
-0 | —cosx 2

Thi du 35. Tim gi6i han K = lim 08 X-€032%.c0s3x

=0 xz
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Loi giai
Viét lai: | — cosxcos2xcos3x = (1 — cosx) + (€osx — COSXC0s2X) +
+ (COSXCOS2X — €OsXC0$2XC053X)
= (1 — cosx) + cosx{] — cos2x} + cosxcos2x{] — cos3x)

. [ 1—cosx [-cos2x 1 —cos3x
=K=1ln ——— 4 COS§ X —————— + COS X COS 2X ~——————
- x—0 X~ X~ X~
.. l-cosax a® ,.
Tacé Jim ————- = — limcosbx =1(a=0,b=0)
x— xz 2 x-0
& 2° 3?

SuyraK= — + . — +1.]1.— =7.
2 2 2

Thi du 36. Tim gisi han K = lim (cosicos - cos:% cos%)

n—a -.22
Loi giai
GorA= c,ors3 cos 2 cos 2 ... COS—
2 222 2"

Trionghop 1: a=k2n,tac6A=0 = K=0 (1)
Truong hop 2: a2 = K2z, sin -2—31-1- 20

a sin f_l
Ta c6: cos — = 2 nén A dugc viét lai
2sin
2I'I
.a . a . a . a
A sina_ sin -smzz | .Sln__zn—2 .snzn_l _ sina
2sin 2 2sini, 2sini3 2sin—i1: 2sino 2" sin—
2 2. 2 n 21’! n
Chii ¥ rirdg khi n —> oo thi -2“7—»0 nén suy ra:
lin, 502 _sina, v _ sina @)
n—o ., & a nox & a
2" sin— sin—
- 2!1 n
Tu (1) va (2) kétluan: K=0,néu a=k2n; K= = néu a#k2r.
a
Thi du 37. Tim gi& han K = lim 2“&2—\‘2+J2+---+42+\/§
N0 N ’
n-d;u_cln
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Lo giai

Goi A= V3 = 2£ = ZCOSB—ZI

= 1/2+A| = 2(1"'005'?727) = \f . 2322 ' 0531;2
A= J2+A, = JZ(I-&—COS;%Z-) = \[2'260823_23 = 2608'3,‘?
= f2+A3 = \/2(l+cos£—3—) = \/2.200523%; 31;4

oooooooooooooooooooooooooooooooooooooooooooooo

n L8 n
A= 2+A,, = J2(1+cos = J2.2cosz = 2c08 ——
| 2 J( 3.2n.2 3.2l'l-l 3-2n-l

=y = \fZ.Zsin?’ T = 2sin
32" 32"

(]
&
[e)
Q
@

Chi y réng khi n —» oo thi 3; — 0 nén suy ra:

. T _
sin
lim2"A, = lim (2"*'si T —-zﬁlim 32 = 2n TémlalK—E.
n—»e n—w 3o IJnsas T 3 3
i
BAI TAP

Bai 9. Tim cic gic’ji han sau

\/x+7 'JS x? L oxT+x2=2

1. lim 2. lim

=1 x—t1 Sin(x_ l)
SO v2x+l-%}x2+] o . 1= {4x2+1
3. lll'l'l T 4 . l‘m L
5—0 sinXx -0 | —cosdx
5% lim — x* & Tlim \/l +tgx — J1+sinx

20 J1+ 7x% - Jeos4x A0 x”
vx+3-33x%+5 x?

7. lim 8. lim
x-1 tg(x—1) 0 f1+xsinx —cos4x

B::i 10. Tinh cdc gi6i han sau:

03 1—cos3xcos§xcos7x s’
hm — )
130 83 sin? 7x
p® 1m."_@'_"'2".?*."2 ~ 2C08 2X ~‘{/2+4x+x3 ~V1+2x?
' x—0 X2 .
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Bai 11. Tim cic gidi han sau:

a. lim x(\/x+2 —?zJJH‘?’J : b. Iim[{/&c’ +3x? —1/4:(2 —x)

A—h 400 X X . Xk

sin3x + 2cosx

Bai 12®, Tim lim 3
xso I 4 x+13

_3 '
BAI13. & Tim lim Yoo 2‘/""5"; b. lim[ ' —tanx};
x>0 sin®Xx X\ COSX

c. llm( 2 - cot x) (Dai hoc Lugt Ha Ngi, 88-89).
sin2x

1 —cosx.cos2x.cos3x...cosnx

Bai 14. Tim lirl% ~ . {(n 12 s6 tv nhién)
X = x' i
Bii 15. Cho a = kx. Tim cdc giGi han sau:
K= lm—— gL
2 4eos?d 4cost X 4" cos?

2 2n

2
I a) 1 a } ! a )
2. K =lim [——tan—] +(-—.—,—tan———2—J +...+[—tan—-—)
nol \ 2 2 2 2 20 2"

§6. HAM $O LIEN TYC

Dinh nghia 1 (ham s6 lién tuc tai mot diém)
Gia sir ham s6 f xac dinh trén khoang (a; b} va xge(a; b). Ham s6 f dugc goi 1a
lién tuc tai diém x, n€u
lim f(x) =f(x,)

Ham s6 khéng lign tuc tai x, duoc goi la gidn doan tai diém x,,
Dinh nghia 2 (ham s6 lién tuc trén mot doan)
a. Gia sit ham s6 f xdc dinh trén khoang (a; b). Ta néi ring ham s6 f duge goi la
lién tuc trén khoang (a; b) néu né lien tuc tai moi diém thude khoang dé.
b. Gia slt ham s6 f xdc dinh trén doan [a; b). Ta néi ring ham s6 f duoc goi 1a
lién tuc trén doan [a; b] néu nd lién tuc khoang (a; b) va
lim f(x) =f(a), ]iT_ f(x)=f(b).

-t

Nhdn xér (*):

e Téng, hiéu, tich, thuong cla céc ham lién tuc tai mét diém 12 ham lién tuc tai
diém dé (trong trudng hop thuong, gid tri cha miu thic tai diém Ay phai khéc 0)

'« Ham da thitc v2 ham phan thic hitu ti (thudng cua hai ham da thirc) lién tuc
trén timg tap xdc dinh cia ching.
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Dinh lf 1: Cic hdm s6 lugng gidc y = sinx, y = cosX, y = tan¥, y = cotx lién tuc

trén tap x4c dinh ctia ching.

Pinh li 2: (gia tri trung gian cia ham s lién
tuc). Gia sir hAm s6 f x4c dinh trén doan [a; b].
Néu f(a) = f(b) thi vi mdi s6 thuc M nam giita
f(a) va f(b), ton tai it nhat mot diém ce(a; b) sac
cho f(c) = M.

Y nghia

Gia sir ham s6 f xic dinh trén doan [a; b] va M
[a 56 thyc ndm giita f(a) va f(b), thi dudbng thing
y = M cit d6 thi ham s& y = f(x) it nhdt tai mét
diém c6 hodnh d6 ce(a; b).

* P4 thi ham s6 lién tuc 12 mot dudmg lién nét.

“ Hé¢ qud: Gia st ham s6 f xdc dinh trén doan [a; b].

Néu f(a).f(b) < 0 thi tén tai it nh4t mot di€m ce(a; b) sao cho f(c) = 0.
(Heé qua 1a mét du hiéu nhan biét ham lién tuc co nghiém)

2_
, e : ol hixeol
Thi du 1. Xét tinh lién tuc cha ham s6 f(X) = { x + 1 tai ditm x=-1
—2,khix = -1
Loi giai
2
Véi moi x # ~1 tacd f(x) = 2 < f(x) =% - |

f(~1)=—2
Tacd 4 fim £x) = lim(x - 1) = =2

x—-1 a—-1

= lim f(x) = f(-1) = f(x) 1a ham s0 lién tuc tai x = 1.

-

Thi du 2. Xét tinh lién tuc ciia ham sé f(x) = Ix.

Loi giai
Tap x4c dinh : R
—x,khix <0

Tacd f(x) = .
x,khix 20

=> Ham 56 lién tuc v&i moi di€m x = 0 (nhan xét)

lim f(x)= lim(-x)=0

Lai c6 f(x) = 0 va {*™° e
limf(x)=limx=0
x—0" 10"

= Ham s6 lien tyc tai x =0

Tix (1), (2) két luan ham s6 lién tuc trén R.

(N

=Ilimf(x)=0=f(0)
. x—0

(2)

Thi du 3®. Chimg minh ham s6 f(x) = v/4 — 3x —x? lién tuc trén doan [~4; 1].
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Loi giai
Tac64-3x-x"20e>-4<x< |
=> Ham s6 da cho xac dinh trén doan |—4; 1].
* V&1 moi xpe(l; 4) tacéd

lim f(x) = lim ¥4~3x —x? = [lim (4 -3x —x?)

Namd X, X=X . XX,
= 4 -3x, - x2 = f(xo). ()
¢ limf(x) =0=f(1). (2)
="
e lim f(x) = 0=1{(4). (3)
x—d"

Tir (1), (2), (3) két luan ham s6 da cho lién tuc trén doan [—4; 1].

Thi du 4. Tim cdc diém gidn doan cia ham s6 :

13x _ tanx
a. f(x) = b. f(x) = ——
Jax? £ 4x +1 x+1

x> =1

. f(x) = —x3_x,kh10¢x;¢l

2,khix =0hoacx =1

Loi giai
13x I3
‘J(Z)H-l)z 12x+11°

a. Viét laj f(x) =

Ta cé x, 12 diém gian doan ca haim s6 <> 2x,+ 1 =0 < xn=-—l~

I
. . . . Xog=—+k=n
b. Ta ¢6 x, 12 diém gidn doan chahams6 <> [ 2
¢. Theo nhan xét (*) suy ra f(x) chi c6 thé gian doan tai x = Q hodc x = 1.
2 _ 2 _ _
e imf(x) = lim XL = im X =L = im 22 2o =gy
x=>| =l x” —x = x°(x = 1) -l x

= x = | 1a diém lién tuc, khéng phai 1a diém gidn doan cia ham sé.

. Ii_lPOf(x) = limi-;—l = 400 # (1) = x = 0 12 diém gidn doan cia ham s6.
X

x—=0 x
sin -’-‘Zi khix <1
Thi du 5. Xét tinh lién tuc cha haim s6 f(x) = § .
X“~1 .
Jkhix >1
 2(x=1)

=
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- Loi giai
Vai moi x = 1, ta c6 f(x) 1a ham lién tyc (nhan xét (¥)) (1)

[lim_ f(x)= lim sinﬂ = |
Lai c6 f(1) = sing =1va{ e 12
i £(x) = lim ~br = 1

Al w2

:>lin}f(x) =1=1(1) = Ham so6 lién tuc tai x = 1. Q)

Tir (1), (2) két luan ham s6 lién tuc trén R.

Thi du 6. Chimg minh phuong trinh 3x* = x + 1 = 0 c¢é it nhdt mot nghiem
thudc khoang (~1; 0).

Lot giai
Xét ham s6 f(x) = 3x° - x + 1. R& rang f(x) 'a ham lién tuc trén doan (-1; 0).
Lai ¢ f(-1) = -1 <0, f(0) = 1 > 0. Theo hé qua thi tén tai it nhit mot diém
ce(-1; 0} sao cho f(c) = 0 hay phuong trinh ¢é it nhat mot nghiém thuéc khoang
(-1 0). (dpem). ‘

ax® +bx +3,khix <1
Thi du 7. Ttm a, b dé ham s6 f(x) = < 5,khix = | lién tuc tai x = 1.
2x —3b,khix > |

Loi giai
Tacé: lim f(x) = lim(ax? +bx+3) =a—b+ 3,
x—=l” =l

lim f(x) = lim(2x-3b) =2-3b

x—* x—+l

Ham s6 f(x) lién tuc tai x = | <:>lin]1_ f(x) = lint'g f(x) = f(1).
= X—»

- =5 =]
Diéu d6 x4y ra khi va chi khi {a brI=3 {a

2-3b=5 b=-1
Viy (a = —-b = 1) 12 cp s§ duy nhflt thod madn yéu clu bai toan.

p x  x’ x"
Thidu 8", Goig(x) = 1+ =+ —+...+ —+...
! Ot g(X) AP o
g(x), khilxi<1

Jsx—1,khilx 21

Loi giai
x x’ x"
*Véilxl < 1tacd l+—2-+—-2-;+...+5;+... I téng cuia cip s6 nhan lui vo
L] - .

\ Xét tinh lién tuc cia ham s6 f(x) = {
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1

. X 2
hanvdtu, =1,9= — nén g(x) = Al
: I q > g(x) 3%

(X

2 .
Theo nhan xét (*) = g(x) 12 ham 56 lién tuc véi moi x ma Ixl < |
= f(x) lién tuc v4i moi x ma Ixl < 1. )

e VGéimoi x, x, malxi> 1, Ix,l > 1 ta cé:
lim f(x) = Hm V5x ~1 = [5x4 ~1 = f(x,)
A—wXg

AKXy

= f(x) lién tuc v&i moi x, ma Ixl>1. 2)
sTaix=1:
*f=g(D)=V5-1 =2 (3)
*lim f(x) = linll 5x-1 =44 =2. 4)
" x—1*
. . . 2 2
*Iimf(x) = limg(x) = lim — = T =2. (5)
=1 x—»1" A=l L —X
T (3}, D), (5) = 1in|1 f(x) = linl1_ f(x) = (1)
=f(x)liéntuctaix=1 ' (6)
Tir (1), (2), (6) két luan = f(x) 12 ham s& lién tuc trén R.
BAI TAP
Bai 16. Xét tinh 1ién tuc cua ham s6 f(x) = V4 —-x* trén doan [-2; 2].
[ x+2

x1-x-2
Bai 17. Xét tinh lién tuc cita ham 86 f(x) = {

%—.khix = —lhoscx =2

Jkhi-1#x=2

| iedx-1 Lo

Bai 18. Xét tinh lién tuc chaham s6 f(x) = { x """ Vtaix=0
2. khix =0

ax+2,khix 21

Biii 19. Tim a dé ham s6 sau day 12 lien tuc f(x) = { | trén R.
X, X <

Bai 20, Chimg minh phuong trinh x’ — 3x + | = 0 ¢6 ba nghiém phin biét thudc
(-2, 2). :
Bai 21. Chimg minh phuong trinh 2x* + 3x + 2 = 0 ¢6 nghiém.
Bai 22. Chimg minh ring:
Néu 2a + 3b + 6¢ = 0 thi phuong trinh atan’x + btanx + ¢ = 0 ¢6 it nh&t mot

nghiém thudc khoing [kn,% + k‘.lt] .
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