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TINH QUANG NAM NAM HOQC 2022-2023
—— , Maén thi: TOAN LOP 11 (CHUYEN) ‘
BE CHINH THUC Thoi gian: 180 phit (khong ké thoi gian phat dé)

Ngay thi: 15/3/2023

Céu 1. (3,0 diém) Giai hé phuong trinh sau:

(x2+y)\/y—2x—4:2x2+2x+y( R)
x,yeR).
X =xt =y +6=4Jx+1+2y-1
Cau 2. (3,0 diém)
1<u, <3
Cho day sb u, ) thoa man: 2. +1 .
Y () un+1:4——(u” ),‘v’neN

2!
Chimg minh 1<, <3,¥neN" va tim giéi han (néu c6) cua diy sb (u,).
Cau 3. (3,0 diém) Cho da thirc P(x) véi hé s thuc, thoa méan:
P(x).P(x+1)=P(x* +x+1),Vx e R,

Chirng minh P(x) khong phai la da thic bac 1€ va tim P(x).

Cau 4. (3,0 diém)

a) Tim tat ca cac cdp sO nguyén (x;y) théa man x* +(y+2)’ = (x+2)*.

b) Ching minh rang néu p 1a s nguyén td c6 dang p =4k +3 (k € N) thi khong ton tai
p—1 sb tu nhién lién tiép sao cho c6 thé phan chia tdp hop cac sb d6 thanh hai tdp hop con roi
nhau dé tich tit ca cac sb thudc tip hop ndy bang tich tit ca cac sd thudc tap hop kia.

Ciu 5. (5,0 diém)

a) Cho tam giac nhon ABC (AB > AC). Buodng tron (O) duong kinh BC cat AB, AC lan
luot tai F, E. Goi H 1a giao diém ctua BE va CF, duong thang AH cat duong thang BC tai D,
duong thang EF cat duong thang BC tai K. Duong thang qua D song song véi EF cat hai
duong thang AB, AC lan luogt tai M, N. Chiing minh bon diém M, O, N, K cung nam trén mdt
duodng tron.

b) Cho tam gidc ABC cén tai B, BAC = BCA =30°. Ba diém D, E, F 1in luot thay ddi
trén ba canh AB, BC, AC sao cho BFD = BFE =60°. Goi p, p, lan luot 1a chu vi cia AABC,
ADEF . Chung minh p<2p,.

Cau 6. (3,0 diém)

T6 mau tat ca cac dinh ciia mdt da giac 161 10 dinh bang hai mau xanh va d6 (moéi dinh
mdt mau). Héi ¢6 bao nhi€u cach t6 mau sao cho khong c6 hai dinh lién ké nao cua da giac do
cung mau do?

Thi sinh khong dwoc su dung tai lieu; Can bo coi thi khong gidi thich gi thém.
Thi sinh khéng dwoc sir dung mdy tinh cam tay.
Hovaten thi sinh:...................cccccccoooooiiiiii 286 bdo danh...........ooooooee.
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TT Noi dung Piém
(X + Y)Yy —2x —4=2x"+2x+y
Cau 1 (3,0) Gidi hé phirong trinh sau: (x,yeR).| 3,0
X=Xt —y+6=ddx+1+2y-1
Piéu kién: x>-1;y>1;y—2x>0. 0,25
(X7 + Py —2x—4=2x"+2x+y 4:)(x2+y)(,/y—2x—2)+y—2x—4:O 0,5
X’ +y
S (y-2x—-4) ————+1 =0 y=2x+4. 0,25
NY—=2x+2
Thay y=2x+4 vao phuong trinh con lai ta dugc:
3 0,25
X —x? = 2x+2—4x+1-22x+3 =0 (¥).
- V61 x =—1 thoa phuong trinh (*). 0.25
Suyra (x;y)=(-1;2) 1a mét nghi€ém cta h¢ phuong trinh. ’
-Véi x>-1,ta co:
X —x? = 2x+2-dx+1-22x+3 =0
©x3—x2—5x—3—2[2\/x+1—(x+1)}—[2\/2x+3—(x+3)]=0 0.5
2(x* =2x-3) x> —2x-3
+D)(x* -2x-3)+ + =
& Dl ~2x-3) WWx+1+(x+1) 24/2x+3 +(x+3) 0,25
2 1
o (P =2x=-3)| (x+1D)+ ¥ ~0
O~ 2 )[(x ) 2x+1+(x+1) 2x/2x+3+(x+3)} 0,25
Sx'-2x-3=0=x=3(vi x>-1). 0.25
Suy ra (x;y)=(3;10) 1a mdt nghiém cia h¢ phuong trinh. ’
Vay hé phuong trinh da cho c6 hai nghiém: (x;y)=(-1;2), (x;y)=(3;10). 0,25
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TT Noi dung Piém
Cau 2. (3,0 diém) Cho day s6 (u,) théa man : 2(u, +1 .
(’ ) g (n) Uy =4- (t )’VHEN* 3,0
214” b
Chitng minh 1<u, <3,Yn e Nva tim gidi han (néu c6) ciia day s6 (u,).
- Xét f(x):4—$, 1<x<3.
0,5
f'(x)= 2[%{?2_1} >0 = f(x) dong bién trén doan [1;3] .
Chtrng minh bang phuong phéap quy nap duoc 1< u,<3,Vne N 0,5
Xét g0 = f(0)-r=a- 2Dy g AEDREZ2ET 025
+Xét h(x)=2(x+1)In2-2-2%, h'(x)=(2-2")In2<0,Vx e[1;3] 0.5
= h(x)<h(1)=4In2-4<0= g'(x)<0. Suyra g(x)>g(3)=0 hay f(x)>x,Vxe [1;3] . ’
Chung minh bang phuong phap quy nap duoc diy sb (un ) tang. 0,25
Day sb (u, )tang va bi chdn trén (u, <3) nén day s6 (u,)co giéi han va gi6i han d6 la
nghiém cua phuong trinh f(x)—x=0 hay g(x)=0. 0,5
Lai ¢6, g(x) nghich bién trén doan [1;3]va g(3)=0 nén x=3 la nghiém duy nhét cta
g(x)=0. 0,5

Vay limu, =3.
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TT

Noi dung

biem

Céu 3. (3,0 diém) Cho da thitc P(x) vdi hé s6 thire, théa man:

P(x).P(x+1)= P(x2 +x+1) VxeR. 3,0
Churng minh P(x) khong phai la da thire bac lé va tim P(x).
+ Xét P(x)=C (C la hang sd), tir dang thirc d cho suy ra C = 0 hoic C =1. 0,25
+ Xét P(x) c6 bac 16n hon 0: Néu x, 1a mot nghiém ctia P(x) thi x, = x; +x, +1 ciing
13 mot nghiém cia P(x). Bang quy nap, néu x, 1la mot nghiém cua P(x) thi
X, =X, +x,+1 cling 1a mot nghiém ctia P(x). Vi x,,, —x, =x_+1>0VneN nén| 0,75
phuong trinh P(x) =0 ¢6 vo s6 nghiém, diéu nay vo 1y. VAy phuong trinh P(x) =0 v
nghiém. Suy ra P(x) la da thirc bac chan.
Goi a 1ahé s6 cua lity thira ciia x c¢6 s6 mii cao nhat trong P(x) (a # 0), tir dang thic 0.5
dichosuyra a=1. ’
+ Xét P(x) = x* + bx + ¢, thé vao dang thirc da cho va bién d6i ta duoc:
xt+2b+2)x> + (b +3b+2c+1D)x* + (b +2bc+b+2c)x+c(b+c+1)
=x"+2X° +B+b)x* +(2+b)x+b+c+1 VxeR. 0.5
Podng nhét hé s6 ta dugc =0, c=1. Do d6 P(x)=x>+1 thoa man.
+ Xét P(x) = (xz + l)n ,neN' | taco:
P(x).P(x+1) = (x* +2x> +3x* + 2x +2)", 0.5
P(x* +x+1) = (x* +2x° +3x* + 2x +2)" ’

Do d6 P(x) = (x2 + 1)" thoa man.
+ Xét P(x)=(x"+1)" +Q(x), véi Q(x) 1a da thirc bac m (m < 2n) va Q(x)#0, tir
dang thirc da cho ta c6:
[ +1)"+Q() [ (x+ D +1)" +Q(x+1) | = [(x2 +x+ 1)2 + 1]1 +Q(x* +x+1) 05
& (7 +1" QU+ 1)+ ((r+1)7 +1)"Q(x) = Q¥ +x+ 1) = QIQUx-+1) (%)
Veé trai cua (*) 1a da thuc bac 2n + m, vé phai cua (*) 1a da thirc bac bé hon hodc bang
2m, didu nay vo ly (vi m <2n). Do d6 Q(x) =0 va P(x)=(x*+1)".
Vay, tat ca cac da thirc can tim 13: P(x) = 0;P(x) =1; P(x) = (x2 + l)n ,v6in1a sé tynhién. | 0,25
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TT Noi dung biem
Céu 4. (3,0 diém)
a) Tim tdt cd cdc cdp s6 nguyén (x,y) théa man x* +(y+2)° = (x+2)". 1,5
Taco x*+(y+2)P° =(x+2)" © (y+2)’ =8(x’ +3x> +4x+2) 0,25
= (+2)] 8= (y+2)2= y+2=2k(keZ).
Khi d6, ta co: 8k° =8(x° +3x> +4x+2) =k’ =(x+1)° + (x +1). 0,25
“Néu x>-1,taco k2 =(x+1° +(x+1) > (x+1)°.
Lai c6: (x+2)' —&> = (x+2)’ =[ (x+1)’ + (x+1) |
=3(x+ D) +2(x+D)+1>0= (x+2)° > k° 0,5
= (x+1)’ <k’ <(x+2)’ © x+1<k <x+2 (khong thoa).
Vé}{ x<-1(1).
-Néu x <-2: (x;y) théa man phuong trinh khi:
H(+2 =(x+2) o [-(x+ 2)]4 +[-(r+4)+ 2]3 =[-(x+2)+ 2]4 0,25
= (—(x +2);—(y+ 4)) cling thoéa man phuong trinh.
Theo trén, suyra —(x+2)<-1< x> -1 (2).
Tu (1) va (2) suy ra (x;y) = (—1;-2) (thdéa man). 0.25
Vay (x;9) = (=1;-2) 1a cip s6 thoa yéu cau.
b) Chirng minh rang néu p la so nguyén té cé dang p =4k +3 (k € N) thi khong ton tai
p —1 $6 tw nhién lién tiép sao cho c6 thé phan chia tdp hop cdc s6 d6 thanh hai tdp hop con| 1,5
roi nhau d@é tich tat ca cdc sé thude tdp hop ndy bang tich tdt ca cdc sé thude tdp hop kia.
Gia st voi s nguyén to p=4k+3 , tdn tai p—1=4k +2 s ty nhién lién tiép ma ta
Cf) thé Chi}'fl té‘li hop cac sb nay thanh hai tp hop con sao cho tich tit cac s6 thudc mdi 0.25
tap hop déu bang a. ’
Khi dé, ta cé: a* =m(m+1)(m+2)..(m+p-2).
Chia cacso: m, (m+1), (m+2), ..., (m+ p—2) cho p tadugc cac sd du d6i mot khac nhau.
Néu trong day s6 m, (m+1), (m+2), ..., (m+ p—2) (*) ¢ s6 chia hét cho p, thi theo
gia thiét phan chimg at phai c6 s tha hai trong ddy (*) chia hét cho p, diéu nay vo li 0,25
(céc s6 du khi chia cac s6 trong diy (*) cho p doi mot khac nhau).
Do d6, tép hop cac sb du co the 1a {1;2;3;...;(p - 1)} .
=a’=(p-1)l(mod p)=a’ +1=(p-1)+1(mod p). 0,25
Ma (p-1)+1=0(mod p) (Pinh li Wilson) nén a* +1=0(mod p) = a’ = —1(mod p) 0,25
S N V= PR
=ua =(-1) 2 (mod p)=a”" =(-1) 2 (mod p) = a”"'-1=(-1) 2 —I(mod p).| 0,25
Lai c6 a”' —1=0(mod p) (Pinh li Fermat) nén
(—1)177_l ~1=0(mod p) = (~1)"" =1=0(mod p) = -2 = 0(mod p) (V4 li). 0,25

Suy ra diéu phai chimg minh.
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TT Noi dung Piém
Ciu 5. (5,0 diém)
a) Cho tam gidc nhon ABC (AB > AC). Puong tron (O) dwong kinh BC cdt AB, AC lan
lieot tai F, E. Goi H la giao diém ciia BE va CF, dwong thang AH cdt dwong thang BC tai D, 3.0
duwong thang EF cdt duong thang BC tai K. Puong thang qua D song song véi EF cdt hai| ™
duong thcfng AB, AC lan luot tai M, N. Chung minh bon diem M, O, N, K cung nam trén
mot dwong tron.
A
F
E
M 0,25
B 0~_D C/K
N
+ T giac BFHD ndi tiép duong tron nén DBH = DFH.
Ma DBH = CFE nén DBH = - DFE 0.25
Hon nita DBH = %C/O\E nén COE = DFE. Suy ra tir giac OFED néi tiép dudng tron. 0,5
Suy ra ODF = OEF = OFE . Do d6 hai tam gidc ODF va OFK dong dang, nén
0,5
OD _OF _ 6DOK=OF. ’
OF OK
Ta c6 DNC = AEF = MBD va CDN = MDB
Suy ra hai tam gidc DNC va DBM dong dang
DN DC 0.5
= —=——=DM.DN =DB.DC.
DB DM
Ta ¢6 DM.DN = DB.DC =(0OB+0D)(OC-OD) =(OC+0OD)(OC-OD) =0C’*-0OD* =OF*-0OD" 05
=0D.OK-OD’ = OD(OK —OD) = OD.KD ’
DM DO
Suyra —=——
DK DN 0.5
Hon nita MDO = KDN nén hai tam giac DMO va DKN dong dang ’
— DMO = DKN. Vay bén diém M, O, N, K ciing nim trén mot dudng tron.

* Cach khac: Xét tir gidc toan phan AEHFCB c¢6 (BCDK) =-1.

Vi O 12 trung diém cta BC nén theo hé thirc Macloranh, ta ¢6: DO.DK =DB.DC (1).
Mac khac, ta co: MNC = AFE (déng Vi), AFE = MBC (déng vi). Suy ra MNC = MBC
Do @6, tir giic MBNC ni tiép trong duong tron. Suy ra DB.DC = DM.DN (2).

Tir (1) va (2) suy ra. Do d6 tir gihc MONK noi tiép duong tron.
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TT Noi dung Piém
CAu 5. (5,0 diém)
b) Cho tam giac ABC can tai B, ]ﬁ = B/C\A =30°. Ba diém D, E, F lan luot thay doi
trén ba canh AB, BC, AC sao cho ﬁ) = Iﬁ =60°. Goi 22 lan lwot la chu vi cua AABC, 2,0
ADEF. Chitrng minh p <2p,.
B
E
D
600
A M F c
Dit AFD =, khi d6 BDF=30" +a. - - 05
60° + o = BFA = FBC + FCB = FBC + 30" = FBC =30 + « = FDB. ’
Hon nira, BFD = BFE nén hai tam giac BFD va EFB dong dang
= Br_DF = BF’ =DF.FE. 0,75
FE BF
Lai c6: DF+ FE > 2+/DF.FE = DF + FE > 2BF.
DE = DF’ + FE? + DEFE >+/ 2DF.FE + DF.FE =+/3.BF. 0.5
p, = DF+FE+DE > (2+/3)BF (). ’
» = (AB+BC)+AC = 4BM +2/3BM=2(2++/3)BM < 2(2++/3)BF (2). 025
(M la trung diém cua AC) ’
Tu(l)va(2)suyra p<2p,.
Dau bang xay ra khi F 13 trung diém cua BC, khi d6 FD = FE. 0,25
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TT

Noi dung

biem

Ciu 6. (3,0 diém)

T6 mau tat ca cdc dinh cua mot da giac loi 10 dinh bang hai mau xanh va do (moi dinh

mét mau). Hoi ¢6 bao nhiéu cdch t6 mau sao cho khéng cé hai dinh lién ké ndo cua da gidc 3,0
do cung mau do?
A,
A7
Nhdn xét: Néu c6 nhiéu hon 5 dinh ciing mau d9 thi s& c6 hai dinh mau d6 lién ké. | 0,25
- TH1: C6 nhiéu nhat mét dinh mau do
+ Khong c6 dinh nao mau d6 c¢6 1 cach (tit ca mau xanh). 0.2
+ C6 dting mot dinh mau d6 c6 10 cach. 2
Suyra THI c6: 1+ 10 =11 céch.
- TH2: C6 diing hai dinh mau do, nhung hai dinh mau dé khéng lién ké
TH nay c6: C2 ~10=35 cach. 0,25
- TH3: C6 diing ba dinh mau do, nhung khéng cé hai dinh mau do lién ké
+ 3 dinh mau d6 lién ké ¢6 10 cach.
+ 3 dinh mau d6, ma c6 dung 2 dinh mau d6 lién ké c6: 10.6 =60 cach. 0,5
Suy ra TH3 c6: C;,-10-60=50 céch.
- TH4: C6 diing bon dinh mau do, nhing khéng cé hai dinh mau do lién ké
+ 4 dinh mau d6 lién k& c6 10 cach.
+ 4 dinh mau d6, ma c6 dung 3 dinh mau do lién ké ¢6: 10.5=50 cach.
+ 4 dinh mau do, ma c6 dung 2 dinh mau do lién ké cé: 10.(C(f —5) =100 cach.
N . x| 125
+ 4 dinh mau do, ma c6 2 cap dinh mau do lién ké, nhung hai cdp nay khong lién ké
nhau co6: % =25 cach.
Suy ra TH4 ¢6: C;, —10-50-100-25=25 céch.
- TH5: C6 diing ndm dinh mau do, nhung khéng cé hai dinh mau do lién ké
TH nay c6 2 céach (5 doé xen ké 5 xanh). 0,5

Vay sb cach t6 mau thoa dé 13: 11+35+50+25+2 =123 cach.

HET

* Luu y: Néu thi sinh lam bai khong theo cach néu trong HDC nhung ding thi van cho di sé
diém tung phan nhw huong dan quy dinh.
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