SO GIAO DUC VA PAO TAO KY THI CHQN PQI TUYEN
PHU THQ DU THI HQC SINH GIOI QUOC GIA LOP 12 THPT
NAM HOQC 2018 - 2019

PE CHINH THUC

Mén: TOAN
Ngay thi thi nhat: 14/9/2018
Thoi gian lam bai: 180 phut, khong ké thoi gian giao dé
Dé thi ¢6 01 trang

Bai 1 (5,0 diém).
Cho day sb thuc (an )n21 xac dinh boi: @, =a, =l,a,=2 va
+7

n+1 n+2

a

n
v&i moi sO nguyén duong 7.
a) Ching minh rang a, 1a sO nguyén, véi moi sO nguyén duong n.

a+a

a2n+2 2n+1

b) Tim gidi han lim
i S aZna2n+1
Bai 2 (5,0 diem).
Cho tam gidc ABC c¢6 dudng tron ndi tiép (1 ) tiép xtic v6i BC,CA, AB lan luot tai cac
diém D,E.F. Goi M,N lan luot 14 giao diém cua AD,CF véi (1 ) Chung minh rﬁng
MN.FD

7 MF.ND
Bai 3 (5,0 diem).
Tim tat cd cdc ham s0 f : R — R thoéa man

f(f(x)—yz):f(x2)+y2f(y)—2f(xy), voimoi x,y e R.
Bai 4 (5,0 diém).
Mot bang 6 vuéng ABCD kich thudc 2018x2018 gém 2018 6 vudng don vi, mdi 6
vudng don vi dugc dién béi mot trong ba s6 —1,0,1. Mot cach dién s6 duoc goi 1a doi
xitng néu mdi 6 cd tAm trén _duong chéo AC duoc dlen s6 —1 vamdi cip 6 (101 xung qua
AC duogc dlen cung mot sd 0 hogc 1. Ching minh rang v6i mot cach dién sb doi ximg

bat ki, luon ton tai hai hang cé cac sb trong moi 6 vuéng don vi lan luot theo th tu tir trai
sang phai 1a a,,a,,...,a,,; ¢ hang thu nhat, b,b,,...,b,,, ¢ hang thtr hai sao cho

S=ab +ab, +...a,,b,, 1a mot so chan.

© HO VAN LI SINN: ... SBD: ...............
e Thi sinh khéng dwoc sik dung tdi liéu va may tinh cam tay.

o Cdn bo coi thi khong gidi thich gi thém.



SO GIAO DUC VA PAO TAO
PHU THO

PE CHINH THUC

PAP AN-THANG PIEM
PE THI CHON POI TUYEN DU THI HQC SINH
GIOI QUOC GIA LOP 12 THPT NAM HOC 2018 -

2019
Mén: TOAN
Ngay thi thir nhat: 14/9/2018
(Pdp dn-thang diém gom 05 trang)

I. Mt s6 cha ¥ khi chAm bai

e Dap 4n chdm thi duéi day dua vao 10i giai so luge cia mot cach, khi cham thi, giam khao can
bam sat yéu cau trinh bay 10i giai day du, chi tiét, hop 16-gic va c6 thé chia nho dén 0,25 diém.
e Thi sinh lam bai cach khac v6i Dap 4n ma dung thi T6 chdm can théng nhét cho diém tuong

ung voi thang diém cua Dép an.

e Diém bai thi 1a tong di€m cac cau khong lam tron so.

IL. Pap an-thang diém

Bai 1 (5,0 diém). Cho day so thuc (an)n>1 xac dinh boi: a, =a, =l,a, =2 va
+7
+l 2
an+3 — }'l n+
a
n
vOo1i moi n nguyén duong.
c) Chung minhrang a, 1a s6 nguyén, véi moi n nguyén duong.
N a4, +a;
d) Tim gidi han lim —222 antl
n—>+00 a a2n+1
Pap an Diém
a) Tu hé thirc x4c dinh day ( ) dé dang chira duoc a, =9,a, >0,Vn va
0,5
an+3an = n+1 n+2 + 7 vn € N Suy ra an+4 n+1 n+2 n+3 + 7 vn € N
Do d6, vaimoi ne N, tacod
an+4an+1 an+3a an+2an+3 - an+lan+2 = ( n+4 + an+2)an+l = ( n+2 +a ) n+3’vn € N *
Tw d6, do a, >0,Vn, ta duge 1,0
+a,, a,,+a ‘
4 2
n+ — n+ n ’vn c N .
an+3 an+1
Do d6, véimoi ke N', tacd
2k+3 + a2k+l — 2k+1 + a2k 1
a a
2k+2 2k 1’0
Qrjra T Qopir _ Dyr T4y
a2k+3 a2k+1
Suy ra




a,,.,+a a,+a,

2443 2+l _ -3
“ora “ VkeN (l).
a2k+4 + a2k+2 — a4 + aZ — 5
a a

2k+3 3
Vi the, voi moi k e N, ta co
Ay =30y, =y
a Sa a
T do, do a,,a,,a, va a, lacac sO nguyeén, hién nhién suy ra a, 1a so nguyén v6i moi

neN".

VkeN (2).

2k4d — V%43 T Ao

. . 5 a a A
b) Véimoi ne N, tadat u, =—, v =—2L Tu h¢ thirc xac dinh day (an), suy

n

a2n—l a2n
raa_a>a. a..VneN. Dodo Lss D vyeN'. Suyraveimoi neN', ta
n+3*"n n+l"""n+22 * > . y ¥ D)
an+2 an 1 0
4 b

CO

a a a a

_ 2n+2 2n b _ 2n+3 2n+l __
un+1 - > - un va Vn+l - > - Vn'
a a a a

2n-1

Vithé (u,),(v,) 1acéc day sb ting (3).

2n+1 2n+2 2n

a,+a . a,+a X
——=2=5VVn22 vav, <=2—+L=3,Vn2>1. Vithe

a

Hon nita, tir (1), taco u, <
a
3

(u,).(v,) 1a cac day bi chan (4).
Tu (3),(4) suy ra cac day (u,),(v,) c6 gi6i han hitu han khi n — +oo.

2

bat limu, =a; limv, =, taco S2a>u, =232 >v, =2 (5). 1,0
1 1

Tu (2), suyra v,=3-—,Vn>2, vau,=5-—,Vn>3.
un vn

Do do chuyén qua gidi han & cac h¢ thic trén, ta dugc

L[ 1544165

—3__
P a - 6
g=5-1 ﬂ_15+\/165 0,5
10
2
Suyra lim 2m2%n T _ i | Qoner 4 Do | _ 4 g i(15 +4/165).
o aZn'a2n+l o a2n+l a2n 15

Bai 2 (5,0 diém). Cho tam gidc ABC ¢ dudng tron ndi tiép (1) tiép xtic véi BC,CA, AB lan
luot tai cac diém D,E,F. Goi M,N lan lugt la giao diém cua AD,CF véi (1 ) Chung minh

MN.FD _ ;
MF.ND

\
-

rang

Pap an Diém




(Xét thé hinh nhu hinh v§)

D@ thay tir gidic DEMF 12 tir giac diéu hoa nén DE.MF = DF .ME 1,0
Theo dinh ly Ptolemy thi
DE.MF + DF ME = DM .EF = DM .EF =2DEMF = DM _ 2.%. 1.0
MF EF ’

Tuong tu, ta cling co DE = 2.ﬂ. Suy ra oM = 4.% < DM .NF =4DN.MF. 1,0

EF NF MF NF
Ta c6 DM.NF = DN.MF + MN.DF = MN.FD =3MF.ND. 1,0
Bai 3 (5,0 diém). Tim tht ca cac ham s§ f:R — R théa min

f(f(x)—yz):f(x2)+y2f(y)—2f(xy), véi moi x,y e R.
Pap an Pi¢m

Ki hi¢u P(x,y) 1a khing dinhf(f(x)—yz) = f(x2)+y2f(y)—2f(xy)Vx,y eR (1)
Véi P(x,1)= f(f(x)-1)=f(x*)+ £ (1)-2/(x) (2).
V6i P(x,~1)= f(f(x)-1)=f(x*)+ f(-1)-21(-x) (3). Lo
Tu (2) va (3) suyra f(1)-2f(x)=f(-1)-2f(-x), VxeR.
Tir ddy, néu x=1 thi f(l) = f(—l) va vi vay f(x) = f(—x), VxeR hay f laham
chan. 10

Véi P(1,1)= f(f(1)-1)=0, noi cach khac 1a ton tai sb thyc b sao cho f(b)=0.
Thay x=5 vao (3) thi




F(f(B)-1)=£(5*)+ £(1)= £(-1)= £ () + F(1)= £(b?)=0.

V6i P(b,0)= f(f(b))=r(b")-2£(0)=3/(0)=f(b*)=0. Lo

Véi P(0,y)= f(y ): ¥’/ () (4). Ta cé hai truong hop sau:

Truong hop 1: Ton tai b€ R,b#0 saocho f(b)=0. Nhu trén, ta c6 f(bz) =0.

P(b.y)= f(f(6)-¥")=/(0*)+y'f (0)=2f ()= f(¥*)=¥"f (v)-2/ (by) | 1.0
= f(x)=0,VxeR (do(4)).

Truong hop 2 : f(b)=0<b=0.
P(x,x):>f(f(x)—xz)zf(x2)+x2f(x)—2f(x2)=x2f(x)—f(x2)=0
:>f(x)—x2 :0:>f(x)=x2,‘v’xe]R.

Thir lai, dé thdy f(x)=0,VxeR; f(x)=x",VxeR thoa min bai toan.

1,0

Bai 4 (5,0 diém). Mot bang 6 vudng ABCD kich thude 2018x 2018 gdom 2018> 6 vudng don vi,
mdi 6 vudng don vi duge dién bsi mot trong ba s6 —1;0:1. Mot cach dién s6 duoc goi la doi xung
néu mdi 6 c6 tAm trén duong chéo AC duoc dién s6 —1 va mdi cip 6 ddi ximg qua AC dugc
dién cing mot sé 0 hodc 1. Chimg minh rang v6i mét cach dién sd doi ximg bat ki, lubn ton tai
hai hang co cac sd trong mdi 6 vudéng don vi lan luot theo thtr ty tir trdi sang phai la
a,,a,,...,d,,, O hang thit nhat, b,,b,,...,b,,, & hang thir hai sao cho S = ab, +a,b, +...a,by

la mdt so chan.

Pap an Diém

Bo dé

Trong mot nhom 2018 nguoi bat ki X,;X,;...; X, » luon ton tai hai nguoi c6 sé nguoi
quen chung trong nhom 14 s chan.

Ta s& chirmg minh b6 dé bang phan chimg. Gia sir hai nguoi bat ki trong nhom déu c6
s0 ngudi quen chung 13 1¢

TH1. Ton tai mot ngudi c6 sb nguoi quen 1a 1é; gia sir 1a X,. Khong mat tinh tong quat,
gia st X, quen X,;X,:..;X,, v6i k 1é&. Ap dung bo dé bét tay, trong mot nhom lé 3.0
nguoi X,; X;;...; X, ludn ton tai mot ngudi cd s6 nguodi quen trong nhom la chan, gia
strla X,. Khido X, va X, c6 s6 ngudi quen chung chin, mau thuin. Ta c6 dpem.
TH2. Tét ca moi ngudi déu c6 s6 ngudi quen 1a chin. Goi 4 13 tAp ngudi quen cua
X,;B 1a tap nguoi X, khong quen. Khi do |A|+|B| =2017 va |A| chan, B| 1¢. Sur dung

gia thiét phan ching, do mdi ban trong A c6 sb ngudi quen chung véi X , 1a'lé, do do
vo1 X, e A4 bat ki déu c6 1é ngudi quen trong A va 1é ngudi quen trong B. Lap luan

tuong ty, X, € B bét ki déu co 1é ngudi quen trong A va 1é ngudi quen trong B.




Goi M 1a s6 cap (Xl.;Xj) v6i X, € 4,X, € B va X, quen X,.
Do X, e 4 bat ki déu c6 1é ngudi quen trong B va |A| chin, nén M chan.
Do X, eB bat ki déu c6 1é ngudi quen trong 4 va ‘B‘ 1¢,nén M 1. Mau thuan.

Vay bo dé duoc ching minh.

Quay tr¢ lai bai toan.

Ta goi n, 1a sd dugc dién ¢ 6 vudng don vi hang i va cot j (tinh tir trén xudng va trai
sang). Tu gia thiét bai toan ta co n,=-1vi=1,2,..,2018 va
n,=n;e {0;1} Vi#je {1, 2,...,2018}. Yéu cau bai toan la chiing minh ton tai hai chi

) 2018 ) 1,0
0 k;k'e{1,2,..,2018}. phan biét sao cho = anink,i :2. Do n,, =n, =-1 va
i=1
My =My NEN MMy + Mty =2mm, 22,
. 2018
Khi d6 ta chi can chimg minh S’ = Z nn,,:2.
ool
T 2018 s6 n; nhu trén, bay gio ta xét 2018 nguodi X,;X,;...; Xy, €0 mdi quan hé
nhu sau:
. 0,5
- Néu n; =O(i¢j) thi X; khong quen X ..
- Néu n; =1(i;tj) thi X; quen X .
) 2018 B
Khi do tong S’ = Z n,.n,, chinh 1a s6 nguoi quen chung trong nhom 2018 nguoi dang
i=1 0,5

izk k'

xétcia X, va X,. Ap dung bo dé trén, ta c6 diéu phai ching minh.




SO GIAO DUC VA PAO TAO KY THI CHQN PQI TUYEN
PHU THQ DU THI HQC SINH GIOI QUOC GIA LOP 12 THPT
NAM HQC 2018 - 2019

PE CHINH THUC "
Mon: TOAN
Ngay thi thir hai: 15/9/2018 .
Thot gian lam bai: 180 phut, khong ké thoi gian giao dé
Dé thi co 01 trang
Bai 5 (6,0 diém).
Chung minh rang

a) Ton tai 2018 sb nguyén duong lién tiép 1 hop sb.

b) Ton tai 2018 s6 nguyén duong lién tiép chira ding 2 sb nguyén to.
Bai 6 (7,0 diém).
Cho diy s6 thuc (xn )n2 , thoa mén ddng thoi cac diéu kién sau:

a) x, =0 khivachikhi n=0;

L2
b) xl’t+1 - x|:n7+3

+ (—l)n xzn vo1 moi n > 0.
7] 5]

(Ki hiéu [x] 1a s6 nguyén 16n nhét khong vuot qua x).
Ching minh rang véi moi sb nguyén duong n, néu x, 1a sb nguyén tb thi n 1a sd
nguyén t6 hodc n khong cé udc nguyén td 1é.

Bai 7 (7,0 diém).

Cho tir giac noi tiép ABCD c6 hai dudng chéo cit nhau tai P. Pudng tron ngoai tiép cac
tam giac APB,CPD cat canh BC theo tht tu tai E,F. Goi I,J lan luot 1a tAm duodng
tron ndi tiép cac tam gidc ABE,CDF’; hai doan thang BJ va CI cit nhau tai O. Puong
tron ngoai tiép tam gidc AIB cat doan thang BD tai M. Pudng tron ngoai tiép tam giac
DJC cét doan thﬁng AC tai N.

a) Chung minh BIJC 1a ti giac noi tiép.
b) Chlng minh ba [1[][Ing thlIng IM,JN,PQ [IlIng quy.

© HOVA LN I SINN: ... SBD: ...............
e Thi sinh khéng dwoc sik dung tdi liéu va may tinh cam tay.

o (Cdn bo coi thi khong gidi thich gi thém.



SO GIAO DUC VA PAO TAO PAP AN-THANG PIEM

PHU THO PE THI CHON POQI TUYEN DU THI HQC SINH GIOI
QUOC GIA LOP 12 THPT NAM HQC 2018-2019

Mén: TOAN
Ngay thi thi hai: 15/9/2018
(Pdp dn-thang diém gom 04 trang)

PE CHINH THUC

I. Mt s6 chu ¥ khi chidm bai

e Dap an cham thi dudi day dua vao 101 giai so lugc ciia mot cach, khi cham thi, gidm khao can bam

sat yéu cau trinh bay 161 giai ddy du, chi tiét, hop 16-gic va ¢ thé chia nho dén 0,25 diém.

e Thi sinh lam bai cach khac véi Pap an ma dung thi TH chdm can thong nhit cho diém twong tng

v6i thang diém cua Dép an.
e Diem bai thi 1a tong diém cac cau khong lam tron so.

IL. P4p an-thang diém

Bai 5 (6,0 diém). Ching minh ring
c¢) Tbn tai 2018 sd nguyén duong lién tiép 1a hop sb.

d) Tbn tai 2018 sd nguyén duong lién tiép chira dung 2 s6 nguyén td.

Pap an Pi¢m
a) Xét 2018 s6 20194+2;201914+ 3;...;201914+ 2019. Ta thay 2019+ k' k Vk =2,3,...,2019 va
20194k > knén 20194+ & 1a hop s6 Vk=2,3,...,2019. Do d6 2018 sb nguyén duong lién | 20
tiép 201914+ 2;20191+3;...;20191+ 201914 hop so.
b) Ta sé& chimg minh bai toan bang phan chimg. Gia st khong ton tai 2018 sd nguyén duong
lién tiép chira dung 2 sb nguyén tb. it A = {i eN;n<i<n+ 2017}; A4, latap 2018 sO
nguyén duong lién tiép bat dau tir n. Goi f (n) 1a sb cac s6 nguyén to trong tap A4 . Tur dinh -

nghia 4, tacé |4,,\4, =1VneN".Dodé |f(n+1)- f(n)<1VneN (1)

=|4,\4

n+l1

Tir gia thiét phan chimg, khong ton tai n sao cho f (n) =2.




Pt B={neN'; f(n)<2};theo phin a) ta c6 f(2019%2) =0 hay 2019+ 2 € B. Ta co tap

B khac rSng, theo nguyén li cuc han, tdn tai sb nguyén duong n, € B nho nhat. Khi do 1,0
f(no) < 2.

Hon nita dé thay f(1)>2 nén n, >1. Suyra n,—1 1a s6 nguyén duong va f(n,—1)>2;

| ()= f (m,—1)| 2 2 (mau thudn v6i (1)). 1,0

Vay ta c6 diéu phai ching minh.

Bai 6 (7,0 diém). Cho day s6 thyc (x, )., thoa min dong thoi cc diéu kién

c) x,=0 khivachikhi n=0;

d x, = xfm} +(-1)’ xf ] véi moi n > 0.
2

n
2

Chung minh rang v61 moi s6 nguyén duong n, néu x, 1a s6 nguyén to thi n 1a s6 nguyén t6 hoac n

khong c6 udc nguyén té 1é.

Pap an Piém
V6i n=0,n=1 thi x, =x,x, =x} = x, =x, =1. Tu diéu kién di cho ta dugc 0,5
Xop1 = xj+1 + xj’ Xy = x§+1 - qu = Xy T Xy, = Xj + qu =Xy = X =X, T infvvn >1 (1)
Ta chimg minh bang quy nap rang x, =x,, , +x,, ,,Vn>1 (2)
Thét vy, x, =x, +x, vagiasu (2) ding dén (n). Khido
Xon2 ~Xon = xj+2 - xi - x:ﬂ + xj—l = (xn+l T X, )2 - xi - xj+1 + ('xn+l — X, )2 = xj+1 + xi =Xy, VAY 30
(2) duoc chiing minh xong.
Tu (1),(2) suyra x,,,=x,,+x,,Vn>0. Vi x,=0,x, =1 nén (x,)  laday Fibonacci.
Sit dung két qud quen thudc sau:
Véi day s6 Fibonacci (x,) _, néu nim thi x,ix,.
Chii y: Thi sinh phii chirng minh tinh chit nay, néu khéng bi trir di¢m 2,0
Gia sit x, 1a s6 nguyén t6 v6i ne N" co udc nguyén té 1é. Khi d6 n c6 dang pg,p 1a sd
nguyén té 1¢, g e N, ¢ > 1.
Do d6 x,, ix,. Matkhac dé thdy (x,) tingkétr n=1 nén x, >x, =2. Do d6 x,, lahgp
1,5

sO, mau thuan. Vay vé1 n>1 dé x, 1a sO nguyén to thi n 1a s6 nguyén t6 hodc n khong co
udc nguyén to 1€.




Bai 7 (7,0 diém). Cho tir giac ndi tiép ABCD c6 hai dudng chéo cat nhau tai P. Pudng tron ngoai tiép
cac tam giac APB,CPD cit canh BC theo thi tu tai E,F. Goi 7,J lan luot 1a tim duodng tron ndi

tiép cac tam gidc ABE,CDF’; hai doan thang BJ va CI cit nhau tai . Pudng tron ngoai tiép tam

gidc AIB cat canh BD tai M. Pudng tron ngoai tiép tam giac DJC cit canh AC tai N.
a) Chimg minh BIJC 1a tir giac noi tiép.
b) Chirng minh ba duong thiang IM,JN, PO ddng quy.

Pap an

Piem

(Xét thé hinh nhu hinh v§)

a) Ki hi¢u (ABC ) 1a duong tron ngoai tiép tam gidc ABC. Goi X,Y lan luot 1a giao diém
thir hai cia EI va (ABE ), FJ va (CDF ) Khi d6 X,Y lan luot 1a tim duodng tron ngoai
tiép cac tam giac ABI,CDJ va PX,PY lan lugt 13 phan giac cta hai goc dbi dinh APB,CPD
nén P, X,Y thang hang.

Goi G la giao diém ctia XE va YF. Ta co ABPC & AXGY (g.g) vi ABPA > ACPD.

XG:BP:AB. Mat khéc AEB = APB = DPC = DFC nén AIB = DJC. Ap dung
YG CP CD

dinh 1i ham sd sin ta co X—Gzﬁzﬂhay 1J|| XY.
YG CD YJ

Suy ra

2,0

Tacod EAP = EBP = PAD nén AP 1a phan giac goc EAD. Bién d6i gbc ta cd

1,0




@+ﬁ:@+@+DCB—9O +¥+E)—(\Y DCB

—90° +—B’;E+E473+DCB 90°+B‘;E+E‘§D+D§B=180i

Do d6 BLJC 1a tr giac noi tiép.

b) Goi U,V lan luot 1a giao diém cta MI va BJ, NJ va CI.

Ta c6 AMD =180° — AMB =180° — AIB = 180° — DJC = 180° = DNC = AND, hay AMND 14
t gidc noi tiép. Suy ra DMN = DAN = DBC hay MN || BC.

Taco IBO = JCO va 3,0
BIU = BAM =180° — ABM — AMB =180° — ABD — AIB =180° — ACD — DJC = CDN = CJV
A BU BQ
nén ABIU &> ACJV ;ABIQ > ACJQ (g.g). Suy ra — =——= hay UV || BC.
cv  CQ
Taco MN ||UV || BC. Ap dung dinh 1i Desargues cho hai tam gidc BUM ;CVN va goi H la
giao diém cua IM,JN; P la giao diém cua BM,CN; 0 la giao diém coa BU,CV; khi do 1.0

H,P,Q thang hang. Vay IM,JN,PQ dong quy tai H. Ta c6 diéu phai chimg minh.
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