SG GIAO DUC VA DAO TAO KY THI CHON POI TUYEN DU THI
THANH PHO HO CHI MINH HOC SINH GIOT QUOC GIA NAM HOC 2024-2025
Mon thi: TOAN

DE THI CHINH THUC Ngay thi thit nhat: 20/9/2024

(Dé thi cé 1 trang, gom /4 bai) Thai gian lam bai: 180 phut

p
U1:3,’U1:2

Bai 1. (5 diém) Cho day s6 (u,,) va (v,) xéac dinh béi Uns1 + Vng1 = (U +05)2 + 02,0 > 1

kvn-‘rl = 205Uy
a) Chting minh rang u? — 2v2 = 1,Vn > 1
Up

b) Tinh lim —

n—400 Un,
Bai 2. (5 diém) Cho a, b, ¢ 1a cac s6 thyc duong
a) Tim tat ca cac bo hoan vi (z,y, z) cia (a, b, ¢) sao cho:

Ty N Yz N zx .
b24+ca c2+ab  a?+bec—

b) Chiing minh réng véi moi hoan vi (z,y, z) cta (a, b, ¢) ta luon co:

be + 2a? ca—|—2b2 ab + 2c? .-
b(c+ 2a)? cla + 20)3 a(b+2c¢)3 —

Bai 3. (5 diém) S6 nguyén duong n dugc goi la s6 "t6t" néu thoa man dong thoi:

i) V6i moi d 1a u6c nguyen duong ctia n thi 14,2% ... 469 déu c6 s6 du phan biet khi
chia cho 47.
ii) 7(n)? | n
a) Chiing minh rdng néu n 1a s6 "t6t" thi n la s6 chinh phuong.

b) Tim tat ca s6 "to6t" khong vuot qua 2025.

Bai 4. (5 diém) Cho AABC khong can noi tiép duong tron (O) c6 truc tam H. Goi A', D lan
lugt 1a diém déi xting ciia A qua BC va déi xting clia A qua O. Goi P la diém trén BC sao
cho AP 1. OH. H' 1a truc tam cua ANAPD.

a) Néu Z/BAC = 60° thi H'D di qua diém chinh gifta cung nhé BC' ctia (O).

b) Chitng minh rang H'A” 1. OP. Néu ZBAC = 45° thi H' dbi xting v6i O qua BC.
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Bai 1. (5 diem)
)

U1:3,’U1:2

Cho day s6 (un) va (v,) xdc dinh b up, .,y + vog = (Un + vn)2 + 02,¥n > 1

Un41 = 205Uy
\

a) Chting minh rang u? — 2v2 = 1,Vn > 1

b) Tinh lim —»

n—+o00 Uy,

Lot giaa.
a) (Duong Thién Phic)

Un+1 + Un+1 = (u’n + UTL>2 + 'U721
S Upyl + Upt1 = u,% + 2@% + 2unvp,
E Upy1 = uZ + 202

(
| un = u? + 202
Ta co: 4
kvnﬂ = 2UupUp

(
Upy1 = uZ + 202

\ \/§Un+1 = Qﬁunvn
(

Un+1 + \/§Un+1 = (un + ﬁvn)Q

= 9

=
\Um—l - \/§Un+1 = (up — \/§vn)2
(un = %[(3 +2v2)7 + (3 -2v2)% ]
= |
\Un: 2—\/5[(3—{—2\/5)2 — (3 —2v/2)? }
SRR (RN R NC e R R VAL CRLYE i

> —2d = 7 [26-2v2P 2.6+ 2v ] =1 <

b) Cdch 1: (Duong Thién Phic)

1 n—1 n—1
W 5[(3+2\/§)2 +(3-2v2)2" ]
Ta c6: lim — = lim i
n—+00 Up n—-+00 n—1 n—1

——[(3+2v2)2"" — (3 —2V/2)2
75 (3 +2v2P = (3 -2V

1

n—-+o0o on—1 1
a - 2n—1
a
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= lim v2=+2

n—-+4o0o

b) Cach 2: (Nguyén Vo Minh Quan)

up = 3,v1 =2

Kvn—H = 20pUp (2)

2 2 _
up — 2v, =1

T gid thiét va cau a), ta dugc:

u2 + 202 = upyq

Upt+1 — 1
n

>0

= 02 =
:>un+121>0
= u, > 0,Vn € N*
vp, =10
(2) = " = v, =0
uy, = 0 (loai)
S U1 =Up=..=0v =0 (Sai)

= v, #0,Vn € N*

= Up.Vp # 0;upy1 # 0

Lay (2) chia cho (1), ta dugc: Untl
Un+1

Uptl U v . U
nil Uy U opgg g, — U
Un+1 2vup Unp Un

41 = — + —
et 2 an

Gia st Jay1 < V2

a 1
:>an+1:?"+a—<\/§
mn

N (an — \/5)2

2ap,
= api1 > V2,Vn € N

Xeét an+1 = \/§
= Gn+41 — \/5 =

:>an:\/§

< 0 (sai)

(an — \/5)2

S Uppl =ap=...=a; =2 (Saldo—:2

§ Unt1 + Vni1 = (up +vp)2 + 02, V0 >1 (1)

| @
N——
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= a, > V2,Yn € N*
2 —a2

<0
2ay,

= ap4+1 — Gp =
= (ap,) gidm. Ma nhu da chitng minh, a, > v/2 = (a,) bi chin duéi
Theo Weierstrass, (a,,) ton tai giéi han hitu han

= Goi z la lima,,

r 1 T =12 Un

>r=—-+-= = lima, = lim — = /2
2 =z z = —/2 (loai) Un

Bai 2. (5 diém)
Cho a, b, c 1a cac s6 thuc duong

a) Tim tat ca cac bo hoan vi (x,vy, 2) cia (a,b,c) sao cho:

xy yz 2T
<1
62+ca+02—|—ab+a2—|—bc_

b) Chitng minh réng véi moi hoan vi (z,y, z) cia (a, b, ¢) ta luon co:
bc + 2a? ca+262 ab + 2c2 S
b(c + 2a)? c(a + 2b)3 a(b+2c¢)3 —

Loi giai. (Nguyén Chanh Thién)

a)
xy Yz 2T
<1
b2—|—ca+c2—|—ab+a2—|—bc -
2xy 2yz 2zx
& <2
b2+ca+02+ab+a2+bc -
a? + 2bc — 2xy N b2 +2ca — 2yz 2+ 2ab — 2zx >1 (1)
a? + 2bc b2 + 2ca 2+ 2ab
Theo C-S:
a? N b? N c? - (a+ b+ c)? B
a2 +2bc  b2+2ca 2 +2ab T a2+ b2+ 2+ 2ab+ 2bc+ 2ca
Nén

2bc — 2zy n 2ca — 2yz n 2ab — 2zx
a? + 2bc b2 + 2ca 2+ 2ab

VT(l) >1

Khi dé, ta can:

2bc —2xy  2ca —2yz  2ab— 2zx
a? + 2bc b% + 2ca c® + 2ab

& xy = be,yz = ca, zx = ab = Bo hoan vi (z,y, z) théa man bai toan 1a (b, ¢, a)

4
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b)
Vi (z,y,2) la bo hoan vi cia (a,b,c) nén z+y+z=a+b+c
be + 2a* N ca + 2 N ab + 2¢* -1
— z
b(c+ 2a)3 Y c(a + 2b)3 a(b+2c)? —
be + 2a? ca + 2b* ab + 2c* STyt
b(c+ 2a)? c(a + 2b)3 alb+2c)? — a+b+c

Ta di chiing minh:

be + 2a? S T
b(c+2a)® " a+b+c

bc + 2a? 1 bc + 2a? 1
> = >
blc+2a)? " a+b+c  blc+2a)® T (a+b+c)?
(a — b)*(2a* + 4ca + be + 2¢?)
b(c+2a)?(a+ b+ c)?
Tuong tu, ta ciing co:

>0 (luon dang)

ca + 2b? Yy ab + 2¢? S z
y R
cla+2b)3 —a+b+c \alb+2¢) ~a+b+c

Cong theo vé ta c6 duge diéu phai chitng minh.

Bai 3. (5 diem)
S6 nguyeén duong n dude goi 1a s6 "tot" néu théa man dong thoi:
i) V6i moi d 1a u6c nguyen duong ctia n thi 14,29, ...,46% déu c6 s6 du phan
biét khi chia cho 47.
ii) 7(n)? | n
a) Chitng minh rang néu n 1a s6 "to6t" thi n 1a s6 chinh phuong.

b) Tim tat ca s6 "tot" khong vuot qua 2025.

Loi gidi.

a) Cdch 1: (Nguyén Chanh Thién)

Ta co: {1424 ...;469} 14 mot he thang du thu gon theo modulo 47.

Gia st n chdn. Khi d6 ton tai d; 14 mot uéc duong chia hét cho 2 ctia n.
— 1% 2% 46% = 46! (mod 47)

Ma theo dinh 1y Wilson thi 46! = —1 (mod 47) (vo 1i vi 46! = 1 mod 47)

>
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Vay gid st sai. Nén n 1&. Ma 7(n)? | n nén n la sé chinh phuong.
a) Cach 2: (Trang Kién Phong)
Xét n = 1, bai toan dudc giai quyét. Xét n > 1:

Gia st n khong 13 s6 chinh phuong, khi d6 dat
n = pyt.pht. plr
v6i p; 1a cac s6 nguyeén to, k;,m € ZT,i=1,2,...,m
Vi n khong 13 s6 chinh phuong, nén:
7(n)? = (ky + 1)%(ky + 1)%...(kp + 1)2

1a mot s6 chdn. Do d6 n 1a s6 chin vi 7(n)? | n

Diéu nay 1a vo 1y khi xét wée d = 2 cia n vi 12 = 46% = (—1)? (mod 47)

Vay n phai la s6 chinh phuong.

b) (Trang Kién Phong)

Ta thay v6i n = 1 thi thoa méan bai toan. Xét n > 1:

Do n 1a 6 chinh phuong va n < 2025 = 452 nén n = a? (a € Z") théa 2 < a < 44
Ta loai céc s6 a nguyén t6 khac 3 do khi d6 7(n)? =32 =3 | n =a* (vo ly)

Dong thoi, ta ciing loai cac s6 a chdn. Khi do:
n € {3%;9%; 15%; 21%; 25%; 272; 33%; 35%; 39%; 452}
T day, ta loai cac sd n = 15%;212;33%; 352; 392 vi cac sd nay dugc viét dudi dang
n = p’q®
v6i p, g 1a s6 nguyeén t6. Khi do
Tn)2=02+1)*'=3"|n (voly)

V6i n = 92, khi d6: 7(92)2 = (4 + 1)2 = 52 | 9% (vo 1)
Vi n = 272 = 35, khi do: 7(272)% = (6 + 1)2 = 72 | 272 (vo 1)
Do d6: n = 3%;25%;45% hay n = 3%;n = 5*;n = 3%.52. Ta chting minh v6i n bang nhitng s6 nay

6
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thi thoa i)

Gia st ton tai hai s6 nguyén duong a, b théa man
a® = b? (mod 47) (a,b < 46;a # b)
Dat h 1a s6 nguyén duong nhé nhat théa man
a = b (mod 47)

Vi a% = b (mod 47) nén h | 46. Suy ra (h,3) = (h,5) =1 do (46,3) = (46,5) = 1
Vi thé: h = 1, hay a = b (mod 47) (vo ly)

Két luan: n = 1;n = 3%;n = 25%;n = 452

Bai 4. (5 diém)

Cho AABC khong can noi tiép duong tron (O) ¢6 truc tam H. Goi A, D lan lugt 1a
diém doi xiing ctia A qua BC' va dbi xiing ctia A qua O. Goi P 1a diém trén BC sao cho
AP 1 OH. H' 1a truc tam cua AAPD.

a) Néu ZBAC = 60° thi H'D di qua diem chinh gifta cung nhé BC cta (O).

b) Chitng minh rang H'A’ L OP. Néu ZBAC = 45° thi H' d6i xiing véi O qua BC.
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Loi gidi. a) (Nguyén Minh Quang)

Goi M la diém chinh gitta cung BC,N la trung diém BC

Ta c6: ZOBC = ZBCM (= 30°) = OB||MC. Tuong tu nhu vay, ta cing dugc OC||BM

Tu d6 suy ra: BOCM 1a hinh binh hanh, két hop véi OB = OC ta duge: BOCM 1a hinh thoi
Dan dén: ON = %OM = %OA. Ma ON = %AH, nén: AH = AO = AAHO can tai A

Lai c6: AM ciing la phan giac HAO nén tit d6 A, P, M thang hang

Suy ra: AM vuong goc OH, ma AM vuong M D, tit d6 OH||M D

C6: OH, H'D cung vuong goc AP nén: OH||H'D = H', M, D thang hang

Vay: V6i ZBAC = 60° thi H'D di qua diém chinh gitta cung nhé BC ctia (O)

b) (Nguyén Vé Thién Loc, Vi Duy Hdi)

/ ’
H ,

Al
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Xét thé hinh nhu sau:

Vi H' 1a truc tam AAPD nén H' thuoc doi cuc cta P

Tiép tuyén ctia B va C clia (O) cit nhau tai Q. Vi B, P,C thang hang nén P thudc dbi cuc
cua Q.

Suy ra: Q thudc déi cic cia P = QH' LOP

Goi S 1a giao diém ctia QA va (BOC)

SB  sinZAQB A'B sin/ZA'BQ  AB sin(£B — ZA)

SC ~ sinZAQC ~— AC'sinZACQ ~ AC sin(LA— ZC)

Ta c6: PB _ AB.sin /PAB _ AB‘sin ZOHC _ AB‘sin ZOCH
pPC  AC sin/ZPAC  AC sinZOHB  AC sin ZOBH

Ma ZOCH = /C —2/0CA =180° - 2/0CA - /B~ /A=2/B—/B—-/A=/B—-/A

Ta co:

Tuong tu, ta ciing ¢6 duge: ZOBH = /A — ZC

PB _ AB sinZOCH _ AB sinZOCH _ AB sin(4{B—ZA) SB

PC  AC sinZOBH AC sin/ZOBH  AC sin(LA-ZC) SC

Do d6: SP la phan giac ZBSC = S, P,O thang hang = OP1A'Q = H', S, A’, ) thing hang

Tu do:

Vay: AH'1LOP

(St dung hanh d trang sau)
Vé6i Z/BAC = 45°
Ta da c6 duge: A, H', Q thing hang. Vi ZBAC = 90° nén: BOCQ 1a hinh vuoéng. Khi do: @
la d6i xtmg cia O qua BC.
Goi L 1 trung diém ctia OH = AHQO la hinh binh hanh = L la trung diém ctia AQ
Ma H'D1AP = H' = Q (hoan tat chiing minh)

9






SO GIAO DUC VA DAO TAO KY THI CHON POI TUYEN DU THI
THANH PHO HO CHf MINH HOC SINH GIOI QUOC GIA NAM HOC 2024-2025
Mon thi: TOAN

DE THI CHINH THUC Ngay thi thit hai: 21/9/2024

(Dé thi c¢6 1 trang, gom 4 bai) Thoi gian lam bai: 180 phut

, ) f(m) =m+ 3, néu m la sb 18.
Bai 5. (5 diem) Cho ham so f : Z — Z théa méan:

f(m) = %, néu m 1a s6 chin.
a) Tim tat ci cdc gia tri cia m thoa man: f(f(f(m))) = 1.
b) V6i moi s6 nguyen 1é k. Chiing minh ¢6 dung 3 s6 m théa man: f(f(f(m))) = k.
c¢) V6i moi s6 nguyén chdn k. C6 bao nhiéu sé m théa man: f(f(f(m))) = k.

Bai 6. (5 diém) Cho tam gidc ABC nhon khong can ndi tiép dudng tron (O) c6 trong tam G. Cac
diem M, N, P lan lugt 1a trung diém ctia BC, CA, AB. Diém A’ thuoc (O) sao cho AA" | BC. Goi
D, E, F la diém déi xing v6i chan dudng phan giac tit géc A, B,C qua M, N, P. EF cat BC tai D'

wy la tam duong tron dusng kinh DD’.

a) Ching minh OA’ tiép xtc véi (w,) tai A’

)0

b) Tinh
PG (wa)

¢) Chitng minh tryc tam tam gidc DEF nam trén OG.
Bai 7. (5 diém) Tim tat c& ham s6 f,g : Rt — R* thda man:

i) f(20242%) < 2024f(g(z)), Va > 0.
y2 f(x)?

i) flz+y*) > flg(y) + Mﬁx,y > 0.

Bai 8. (5 diém) Trong budi sinh hoat ngoai khéa, c6 100 cii ghé duge xép thanh hai hang tao thanh 50

cip doéi dien nhau. Co gido cho 100 em hoc sinh ngodi vao cac ghé, méi ghé c6 ding mot hoc sinh.

a) Gi& stt moi hoc sinh chi quen véi nguoi ngoi bén canh hodc d6i dien minh. Hoi can chon it nhat

bao nhiéu em sao cho mdi em khong dude chon thi quen véi it nhat mot em duge chon?

b) Gia sit ¢6 mot hoc sinh nao d6 di ra ngoai va bo lai mot ghé trong. Co gido sé chon mot hoc sinh
tity ¥ ¢ hang khong c6 ghé trong dén ngoi vao ghé dang trong. C6 c6 thé thice hieén thao téc nhu
thé nhiéu lan. Ching minh ring sau mot s6 hitu han lan, co gidgo khong thé xép vi tri ctia cac

ban hoc sinh sao cho em nao ciing ngoi vao chiéc ghé ddi dién véi chiéec ghé minh ngoi ban dau.
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Bai 5. (5 diém)

. f(m) =m+ 3, néu m la s6 1&
Cho ham s0 f : Z — 7Z thdéa man:

f(m) = %, néu m 1a s6 chn
a) Tim tat ci cac gia tri ctia m théa man: f(f(f(m))) = 1.
b) Véi moi s6 nguyen 1& k. Chiing minh ¢6 ding 3 s6 m théa man: f(f(f(m))) = k.

¢) V6i moi s6 nguyén chdn k. C6 bao nhiéu sd m théa man: f(f(f(m))) = k.

Loi giai. (Nguyén Chanh Thién)

a)

- Néu m 1é:

Tht lai thay khong théa man.

m—+ 3

+) Xét chén:

Tht lai thay thoa man.

- Néu m chén:

+) Xeét % 1é:

Tht lai thay thoa man.
+) Xét % chan:

Ta dé dang théy % chin, khi d6:
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Tht lai thay thoa man.

Vay m = 1; —2; 8 thdéa man dé bai.

b)
Ké thita cac truong hgp 6 cau a):
- Néu m 1é:
m—+3
FUF(F(m))) = F(f(m +3) = f(T> o
+) Xét m+3 1é:
k= mTjLS + 3 (loai)
+) Xét m;— 5 chan:

k;:mTH@m:sz—:s

Tht lai thay thoa man.

- Néu m chén:

+) Xeét % 1é:

Thit lai thay théa man.
+) Xét % chén:

*THI: % chin, khi dé:

Thit lai thay théa man.
+TH2: % 16, khi do:
k= % + 3 (loai)

Vay c6 ding 3 s6 nguyén m théa man f(f(f(m))) = k 1a m = 4k — 3;4k — 6; 8k

c)

- Néu m 1é:
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) = F(f(m +3)) = f(—) iy

m+ 3

+) Xét 18:

Tht lai thay thoa man.

3 .
m chan:

+) Xét

Tht lai thay thoa man.

- Néu m chén:

+) Xeét % 1é:

Tht lai thay thoa man.
+) Xét % chan:

+THI; % chiin, khi do:

Tht lai thay thoa man.
+TH2: % 16, khi do:

Thit lai thay théa man.

m—+3
2

kzmTJrs+3(:>m:2k:—9

k:%+3©m:4k—12

Vay c6 ding 5 s6 nguyén m théa man f(f(f(m))) =k la:

m € {2k — 9;4k — 3;8k; 4k — 12;4k — 6}

4
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Bai 6. (5 diém)

Cho tam gidc ABC nhon khong can ndi tiép dusng tron (O) c6 trong tam G. Cac diém M, N,
P lan lugt 1a trung diém ctia BC, CA, AB. Diém A’ thuoc (O) sao cho AA" | BC. Goi D, E, F

la diém déi xting v6i chan dudng phan giac tit goc A, B,C qua M, N, P. EF cat BC tai D'. wx

la tam dudng tron dudng kinh DD'.
a) Ching minh OA’ tiép xtc véi (w,) tai A’

P
b) Tinh —</9)
G/(wa)

c¢) Chitng minh tric tam tam giac DEF nam trén OG.

Loi gidi. (Va Duy Hai, Nguyén Vo Thién Loc)

a)

Goi D; 1a chan duong phan gidc cia BAC. Ta c¢6:
. DB DC AB  DC

DA 5 . = ——. e = .
€ c6 dugce D.C DB Suy ra 1C— DB

CA FB _BC FEA
/ CB~ FA " BA EC
Ap dung dinh 1y Ceva, ta co:

Tuong tu, ta cling ¢6 dugc:

DC FB EA AB CA BC _

D\B  AB

D.C ~ AC

DB FA'EC AC CB BA

>

1
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Suy ra: AD, BE,CF dong quy = (BC,DD’) = —1

Vi AA'C'B 1a hinh thang can, nén: AB = A'C va AC = A'B
AB DC AC DC

Do do: = = A’'D la phan giac cia £ZBA’

o do 1 DB:>A’B DB:> a phan giac cia C

Ma (BCDD') = —1 va w, la trung diém DD', 16 rang w, 1a tam A’-Apollonius ctia ABA'C

Suy ra:W A’ 1a tiép tuyén ctia (O) dong thoi OA’ tiép xtc véi (w,)

b)

Tu O ké tiép tuyén O dén (w,).Co: AOA'w, = NOIw, = OA' =01 = I € (O)

Xét ti gidc OM Iw,, c6: ZOMD' = 01w, = 90°

Suy ra: ti gidc OM Iw, noi tiép. Két hop véi tit gidc OA'w, I ndi tiép, ta c6 dude cai diem O, A', w,, I, M
dong vien = IMOA' noi tiép

Goi I” 1a giao diem ctia AM va (O). Ta ¢6: ZOIM = LZOA'M = ZOAM = OI'M

Do dé: I' = I, hay ba diém A, M, I thang hang.

Goi L 1a ddi xting ctia A qua M. Khi d6 ti giac ACLB 1a hinh binh hanh

Suy ra: BL = AC = BA' va CL = AB = CA’ = A’, L ddi xting véi nhau qua BC hay BC' la duong

trung tryc cia A’L, dong nghia v6i L nam trén (w,)

2 2
Ta co: GA = gMA = gMA — 1
GL MG+ ML %MAJFMA 2
_ - Paio)  GA 1
Ta c6: & = GAGI va Pa(w,) = GI.GL =— = ——
a co: Za/0) va P (wa) = o)~ TI 5
c)

Goi H la tryc tam cua ADEF, J, K la giao cuia HD v6i FE va DE va HF
Goi F' 1a giao diém ctia DE va AB, (w.) 1a dudng tron dusng kinh FF’
Ta c6 duge: J € (w,) va K € (w.). C6: HJ.HD = HK.HP. Do H thuoc truc dang phuong (w,) va

(we)
Tuong tu cau a, tren (O) lay C” sao cho CC'||AB

Khi do6, c6 duge: OC” tiép xiic véi (w.) ma OA? = OC™, nén: O thuoc truc dang phuong (w,) va (w,)
Tuong ti cau b, ta ciing c6 duge: G thudc truc dang phuong (w,) va (w,)

Suy ra: O, G, H thang hang.

Bai 7. (5 diém)
Tim tat cd ham s6 f,g : RT — R* théa méan:
i) £(20242%) < 2024f(g(x)),Vx > 0.

) fo+3?) > Floly) + LLEL

g(yf(x))’vx’y -0

Loi gidi. (Nguyén Vo Thién Loc)
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Gia st ton tai ham s6 f, g théa man bai toan
Gia stt ton tai yo > 0 dé g(y) > 2
T %) thay © — g(yo) — ¥2;y — o, ta co:

ve f(9(yo) — )
9o f(9(yo) — v3))

f(9(w0)) > f(g(yo)) +
Diéu nay 1a vo 1.

Do do6 ta co:
g(z) < 2* ¥z >0
T i) ta co:

fla+v?) > fg(y) + f(z),Y2,y >0

. 2024
Ma (o)) + 1) = PO () vy > 0
Tu do ta co:
£(2024y)
> A=) 1
flz+y) 2 =55 + f@), Yo,y >0 (1)
Tu (1) ta thay x — 2023y ta co:
f(2024y) _ f(2023y)
>
2024 = 2023 Y70
T (1) ta co:
£(2023y)
> 77

Lam tuong tu, ta sé co:

B f(2024y) _ f(2023x) f(2z)
J@) =501 2 2003 272 9
= flr+y) > f(z)+ f(y),Vz,y > 0 Do d6 ta c6 f tang = f(nz) > nf(x),Vz >0
Ta c¢6 f(z) > % > f(x),Yx >0

= f(20242) = 2024 (x), Yz > 0
T i) suy ra:
f@?) < f(g(x)), ¥z >0

= 1? < g(z) < 2%,V > 0= g(z) = 2%,Vz > 0

Ta da ching minh dugc:

_ f(20240) _ f(20232) __ f(20)
H@) =50 2 Tam3 22 2

= f(nx) =nf(x),Ye > 0;n = 1;2024

T i) thay x — 2z, ta co:
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£(2024.27) < 2024.2f (z),Vz > 0

Quy nap ta co:

£(2024.277) < 2024.2" f(2) < £(2024.2"2), ¥z > O:n € Z*

= f(2).2024.2" = (2024.2"2),Yz > 0,n € Z*
Vé6i k € Z* sao cho f(kx) = kf(x),Vo >0 (*)
Ta co:

f(kx)
k

flx+y) > f(z) + fly) = + f(y), Yo,y > 0;k € Z*

Thay y — (k — 1)z, ta co:

f (k)
k

f(kx) > + f((k = 1)z),Vz > 0,k € ZT (*¥)

= (k-1f(z) > f((k—1z) > (k—1)z,Vz > 0;k € ZT
Ma lim 2024.2" = +o00 nén két hop (*) va (**) ta co:

n—-+o0o
f(nz) =nf(x),Vn € N*;2 >0
bat f(1) =a > 0, ta co:

f(n) =an,Vn € N*

=a= f(1) :f(n.l) :nf(l> :>f<l) :a.l,VnEN*
n n n n

V6i p, g 1a s6 nguyen duong bat ki, ta co:

f(g) = p-f(l) —al vpgen
q q q

= f(z) = ax,Vx € QT

Ma Q tru mat trong R nén ta co:

f(z) = ax,Vz > 0;a 1a hang s6 thyc duong

Thit lai, ta két luan: f(z) = ax,Vz > 0,a 1a hing s6 thyc duong; g(z) = 22,V > 0.
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Bai 8. (5 diém)

Trong budi sinh hoat ngoai khoa, c6 100 cai ghé dugce xép thanh hai hang tao thanh 50 cap doéi

dién nhau. Co gido cho 100 em hoc sinh ngdi vao cic ghé, moéi ghé c6 ding mot hoc sinh.

a) Gi& st moi hoc sinh chi quen véi ngudi ngoi beén canh hosic d6i dien minh. Héi can chon it
nhat bao nhiéu em sao cho mdi em khong dude chon thi quen véi it nhat mot em dude chon?

b) Gié stt ¢6 mot hoc sinh nao d6 di ra ngoai va bo lai mot ghé trong. Co gido sé chon mot hoc
sinh tity ¥ ¢ hang khong c6 ghé tréng dén ngdi vao ghé dang tréng. Co6 c6 thé thie hien thao
tac nhu thé nhiéu lan. Ching minh ring sau mot s6 hitu han lan, co gido khong thé xép vi
tri clia cac ban hoc sinh sao cho em nao ciing ngoi vao chiéc ghé déi dién véi chiéc ghé minh

ngoi ban dau.

Loi gidi. Cach 1: (Bui Tang Lam)
a)
Ta c6 thé dua mo hinh bai toan thanh nhu sau:

"Cho mot bang hinh vudng 2 x 50 va mdi khi ta t6 mot 6 thi cac 6 chung canh v6i né cing duge t6
theo, tim s6 6 dugc to nhd nhat dé cac 6 déu duoe t6 mau."
Ta nhan xét rang mdi 6 dugc t6 sé tao thanh nhiéu nhat 4 6 duge t6 tinh ca 6 d6, va véi mdi 6 duge
to thi ¢ hang d6i dién n6 chi c6 ding 1 6 duge t6. S6 6 duge to it nhat 1a 25. Nhung vi theo Nguyén
ly Dirichlet nén ton tai mot hang c6 it nhat 13 lan to, nén 6 hang con lai chi ¢6 nhiéu nhat 12 1an to,
nén s6 6 ¢ hang do6 sé c6 gia tri 16n nhat 1a 49 (sai).

Vi vay s6 6 dude to it nhat phai 1a 26.

b)

Ta danh s cac 6 tit ay, as, ..., a;00 theo thit ti sau:
aq (45} as ... | Q49 | A5xp
G100 | Qg9 | A9g | --- | G52 | G51

Ban dau, ta viét s6 i & vi trf a;, sau khi ddi chd, ta c6 (aq, as, ..., a1g0) 18 bo (100;99; ...;1).

Ta xét mot cap 1a "nghich thé" la mot cap thoéa man tinh chat a; > a;,i < j (4,5 = 1,2,...,100). Sb
cap "nghich thé" ban dau 1a 0, s6 ciap "nghich thé" lac sau 1a 4950. Gia stt ghé bi tréng 1a a;, c6 thé
dinh nghia lai mdi 1an ngdi vao ghé tréng 1a a; sé doi chd v6i mot ngudi nao d6. D& dang chitng minh
duge méi 1an déi chd, s6 cap "nghich thé" thay doi 16 1an, va vi dén cudi cling a; ngdi ddi dien véi vi
trf ban dau nén s6 lan doi chd 1a 18 lan. Ma s6 cip "nghich thé" thay déi 1a chén lan tit ban dau dén
lic cubi cling, didu nay 1a khong thé xay ra.

Vay ta c6 diéu phai chiing minh.
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b) Cach 2: (Lé Trung Kién)
Xét do thi vo huéng G = (V, E) v6i V = {1;2;3;...; 100} va tap canh dugc dinh nghia nhu sau:

E={(iyi—1),(i;i+1) | 1 <i<100} U {(i;i +50) | 2 < i < 49}

(i dai dién cho vi trf ngoi ciia tiing ghé trong s6 100 ghé, véi ¢ nhan cac gia tri ti 1 dén 100. M&i hoc
sinh sé ngoi trén mot ghé vé6i chi s6 tuong ting 4, tiic 14 hoc sinh dau tién ngdi 6 ghé 1, hoc sinh thit
hai ngoi ¢ ghé 2, va cit tiép tuc cho dén hoc sinh thit 100 ngoi ¢ ghé 100.)

Goi ghé tréng 1a T. Sau mdi lan di chuyén, khi 1 hoc sinh K ngdi vao ghé tréng T, ta cap nhat trang
théi ctia do thi:

G'=(V,E)v6i V' =V vaE =EU{(K,T)}

Khi nay ta gia st sau hitu han lan thao tac ctia gido vién, tat ca hoc sinh c6 thé ngoi ¢ ghé doéi dien
v6i ghé clia minh ldc dau. Mdi hoc sinh K; ban dau ngdi ¢ ghé ¢ sau hitu han buée di chuyén sé ngoi &
ghé i 4+ 50. Suy ra trang thai cudi cuing (K;;4 + 50). Khi mot hoc sinh K; tit hang khong ¢6 ghé trong
ngoi vao ghé tréng T, ta can luu § ring K; chi c¢6 thé ngdi vao 1 ghé trong tai 1 thdi diém. Do d6 néu
ghé trong di chuyén lién tuc, né sé luon tao ra mot trang thai khong du ghé tréng cho tat ca hoc sinh
dé dat dugc vi tri déi dien. Vé Iy thuyét sé luon ton tai it nhat mot hoc sinh ma khong c¢6 ghé tréng
phit hop dé ngoi 6 vi tri déi dien, tic véi moi 4, K; khong thé quay lai ghé doi dien ¢ + 50.

Nhu vay, diéu gia sit 1a sai, nén sau mot s6 hitu han 1an, co gido khong thé xép vi tri ctia cac ban hoc

sinh sao cho em nao ciing ngoi vao chiéec ghé déi dien vé6i chiéec ghé minh ngoi ban dau.

10



	Lời-giải-HCM-TST-2025-Ngày-1-1
	Lời-giải-HCM-TST-2025-Ngày-2

