SO GD&PT VINH PHUC  KY THI CHON HSG LOP 10, 11 THPT NAM HQC 2016-2017
PE THI MON: TOAN 11 - THPT CHUYEN
Thoi gian 1am bai: 180 phut, khdng ké thoi gian phdt dé.

PE CHINH THUC

Cau 1 (3,0 diém). Cho day s6 thuc (X, ) dugc Xac dinh boi

2

=1,x, =2017 va X,,, = ————— Vvd&i moi n>1.
% =5% "1+ (n+D)x,
,: X= A A - N s Xk
V61 mol s6 nguyén duong n, dat y, =nx, va z, = Z—
k=1 Xeq

a. Chung minh rang (Y, ) 1a day sé giam.

b. Tim gi¢i han cta day (z,).

Cau 2 (2,0 diém). Cho ba sé thuc a,b,c> 2 théa man didu kién 1+%+1:a+b+c—8.
a C

Chang minh rang

a+b+c292\/3(ab+bc+ca).

Cau 3 (3,0 diém). Cho tam giac ABC can tai A. Goi D 1a trung diém canh AC va M la trung
diém canh BC. Poan thang AM cit duong tron ngoai tiép tam giac BCD tai diém E. Puong
thang BD cat duong tron ngoai tiép tam giac ABE tai diém F khac B. Puong thang AF cat
duong thang BE tai I, duong thang CI cat duong thang BD tai K.

a. Chting minh rang DA = DF.
b. Chitng minh rang | 1a tam duong tron noi tiép tam giac ABK.

Cau 4 (1,0 diém). Mot s6 nguyén duong a duoc goi 1a s6 k- phuong(k € Z*,k > 2) néu ton tai

s0 nguyén duong b sao cho a=b". Cho cap s6 cong (a,) . Véi cac s6 hang la s6 nguyén

n>0
dwong va c6 cong sai bang 2017. Biét rang c6 hai s6 hang a_ va a_ cua cap s6 cong twong ng
la s6 i- phuong va sé j- phuong, trong d6 (i, j)=1. Ching minh rang ton tai mot sé hang ciia
cap s cong la sé ij- phuong.

Cau 5 (1,0 diém). Cho S 1a mét s6 nguyén duong sao cho S chia hét cho tat ca céc sé nguyén
dwong tir 1 dén 2017. Xét k s6 nguyén duong a,,a,,...,a, (khong nhat thiét phan biét) thuoc tap
hop {1,2,...,2017} théa mdn a +a, +...+a, = 2S. Ching minh rang ta c6 thé chon ra tir cac sb

a,a,,...,a, Mot vai s sao cho tong cia ching bang S.



SO GD&PT VINH PHUC KY THI CHON HSG LOP 10, 11 THPT NAM HQC 2016-2017

(Pdp dn c6 04 trang) PAP AN MON: TOAN 11- THPT CHUYEN

I. LUU Y CHUNG:
- Huéng dan cham chi trinh bay mét cach giai véi nhitng ¥ co ban phai c6. Khi chdm bai hoc sinh 1am
theo cach khac néu dung va dua y thi van cho diém ti da.
- Piém toan bai tinh dén 0,25 va khong lam tron.

- Vi bai hinh hoc néu thi sinh khdng vé& hinh phan nao thi khong cho diém twong tng véi phan do.

II. DAP AN:
Cau Néi dung trinh bay piém
1 |a(2,0diém)
Tathay ngay x, >0,Vvn>0. 0,5
2
Taco y,—VY,, =nx,—(N+1)X,,, =nX, — nn+x, __ 0%, >0, Vn=1. 1,0
1+ (n+D)x, 1+(n+D)x,
Suy raday (y,) giam. 0,5
b (1,0 diém)
Day (,) giamva y, >0,vn nén (y,) hoi tu. Dit lim y, =a>0.
. nx . nx a
Taco Oznllm(y ~ Y1) = I ﬁ—rl]lm n+1n =1 . Dodo a=0. 0,25
+(n+1)x, 1+ (nx.) +a
Tu gia thiétsuy ra x_, +(n+1)x x , =nx? = ol Yo =nx, —(N+1)x_,. 0,25
Xn
Do d6 z, —Z +Z X x —nx, =4034-y,, Vn>1, 0,25
k=1 X1 k=2 X X0
Vay lim z, =4034. 0,25
2 | (2,0 diém)
bat x=a+b+c.Taco a+b+c— 8_1+1+1> J :>x—82g. 0,5
a b c a+b+c X
< x> —8x—9>0 < x >9. Vay bt dang thic the nhat duoc chang minh. 0,5
Taco 2x-16=2+24+25822.022 €22 14 5y @)
a b c a b C
Ap dung bat dang thac Cauchy-Schwazt ta dwoc: 025
2 1
a—2+b—2+c—2> [(a—2)+(b—2)+(0—2)} _ (X_G)Z (2)
a b ¢ a(a-2)+b(b-2)+c(c-2) a*+b*+c’®—2x
x—6)’ x—6)’
Tu (1) va(2)suyra 19-2x> ( ; )2 =a’+b’ +¢? 22x+( ) (3). 0,25
a“+b°+c”—2x 19-2x
BDT thir hai tuong duong véi ab+bc+ca<27 < (a+b+c) —(a’+b*+c*) <54
0,25

< a’+b?+c? > x?-54.




2
Ta can chung minh 2x+(1);_2)x >x?~54 (4). Thatvay (4) < (x—9)(x* —2x—59)>0.

. 0,25
BDT nay luén dang do x>9. Tur (3) va (4) ta co diéu phai ching minh.
Ding thirc xay ra ¢ ca hai BDT khi a=b=c=3.
(3,0 diém)
3a (1,5 diém)
Do tt giac ABFE noi tiép nén AFD =180° — AFB =180° - AEB=BEM (1) 0,5
Mt khac do AM 14 trung tryc cia BC va ttr gidc BEDC noi tiép nén
1 1 0,5
BEM ==BEC==-BDC (2)
2 2
Tu (1) va (2) suy ra AFD :%BDC = AFD = DAF. Vay tam giac DAF can tai D, tac la 0.5
DA=DF.
3b (1,5 diém)
D& thay do tam giac ABC can nén duong tron ngoai tiép BCD di qua trung diém D’ cua 0.25
AB. Tir d6 hai cung ED va ED' bang nhau, suy ra BE 1a phan giac cia géc ABD (3). ’
Ap dung dinh Iy Ménelaus cho tam giac ADF va cat tuyén CIK ta duoc:
0,5

CA KD IF_,
CD KF 1A




X X LA i .. IF BF
Ma CA=2CD va BI laphan giac goc ABF nén T BA’ Tur d6 ta duoc

,_, KD BF _, KD BF _KD BF
" TKF'AB  KF'2AD KF AD’

BF KF , BD BF+FD BF KF DF AD
Suyra —=——,do do = = 4]l=— 1= -
AD KD AD AD AD KD DK DK

Tir d6 suy ra hai tam giac ADK va BDA ddng dang, suy ra DAK = ABD

0,5

Khi d6 IAB = AFD — ABD = DAF —DAK = IAK , suy ra Al la phan giac géc BAK (4).

Tur (3) va (4) suy ra | 1a thm noi tiép tam giac ABK.

0,25

(1,0 diém)

Theo gia thiét, tacé a_=x",a =y’ (i,j>2); X,y nguyén duong. Pat p=2017 la cong
sai cua cap s6 cong (a, ), ta thay p 1a s6 nguyén to.

Taco a,=a,+mp=a,=a,=x (modp), twong tw a, =Yy’ (mod p)

0,25

Do (i, j)=1 nén ton tai u,veZ sao cho ui+vj =1. Chon cic so nguyén duong r,s sao

cho r=u(mod p-1),s=v(mod p—1), khi dé ri+sj=ui+vj=1(mod p-1)

0,25

Suyra ri+sj=1+k(p-1),k e Z". Do do:

(Xsyr)ii :(Xi )sj .(yj)ri Ea‘(s)j_a(;i :a5i+sj :ao_a(l;(pfl) =a, (mod p)

0,25

Nhu vay t6n tai 6 nguyén duong h sao cho (xsyr )” =a,+hp=a,.
Vay a, la s ij - phuong (dpem).

0,25

(1,0 diém)

Do S chia hét cho 2015,2016,2017 nén S >2015.2016.2017

Gia sit mdi s6 nguyén 1,2,3,...,2017 xuat hién nhiéu nhat 2015 lan trong cac s6
a,8,,..,8 thi 2S<a +a,+..+a, <2015(1+2+3+...+2017) < 2015.2016.2017, mau

thudn. Do d6 ton tai mot sé ae{1,2,3,..., 2017} xuét hién it nhat 2016 lan trong cac sb

RN

0,25

Ta dé 2016 s6 a vao mot tap A. Xét k —2016 sb con lai, ta dé cac sé nay vao mot tap B.
Tong céc sb trong B 1a

a +a, +..+a, —2016a>2S —2016a > 25 —2016.2017 > S.

Néu k—2016<a thi k<2016+2017 =3, +a, +..+a, <(2016+2017).2017 < 2S , mau
thuan, suy ra k —2016 > a. Tir tap B ta chon ra a s6 bat ki 1a b,b,,...,b,.

- Néuton tai i{1,2,....a} ma (b, +b,+..+b):a thitachoni sé nay vao mot tap hop T.

- Néu nguoc lai thi theo nguyén 1y Dirichlet s& ton tai i <r sao cho

0,25




b +b,+..+b =b +b,+..+b, (mod a), suy ra (b,

1+1

+h

1+2

+..+b )ia

Khi d6 ta chon(r—i) sé nay vao tap T.

Nhu vay ta luén chon duoc mot s6 sé vao tap T ma cé tdng chia hét cho a. Ta tiép tuc 1am
nhu vay véi cac sb con lai caa tap B dé bd sung thém cac phan tir vao T cho dén khi tong
cac s6 trong T (ki hiéu ZT ) 16n hon S —2017a thi dung lai.

That vay, néu ) T <S—2017a thi téng cac s con lai trong B s& I6n hon hoac bang 0.25
2S — 2016a—(S — 2017a) =S+a>2017a
;tac 12 van con it nhat a sé dé thuc hién thao tac.
Nhu vay, ta dd xay dung duoc tap hop T thoa man hai diéu kién:
(>.T):ava ) T>5-2017a
0,25

Chiyla Sianéntadwoc ) T>S-2017a+a= » T >S—-2016a

Do dé D .T=S-ma véi me{0,1,2,...,2016}. Dén lic ndy ta chi can bd sung m sb a tir
tap A vao T thi ta s& dugc tong cac phan tir trong T bang S (dpem).




