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T6 hop 1a mot linh vc khong thé thi€u trong Todn hoc, n6 thuong xuyén
xudt hién trong cac ki thi hoc sinh gidi cac cdp. Khac vdi cac bai toan trong
linh vyc Gidi tich, Dai s6, Lugng gidc, ... cic bai todn Té hop thuong lién quan

dén cac doi tuong la cac tdp hop httu han. Chinh vi thé cic bai toan nay
theong mang nhitng nét dac trung riéng ctia Toan hoc roi rac.

Nguyén li cuc han hay con goi la nguyén li khéi nguén cuc han c6 phét biéu
kha don gian : Mot tap hop hitu han (khac rSng) cac sO thuc bat ki déu céd
phéan t& 16n nhat va phan tr nho nhat. Nho c6 nguyén li nay ta c6 thé xét cac
phan t& cua mot dai lwong nao dé c6 gia tri 16n nhat hoac gia tri nho nhat,
chang han:

- Xét doan thang 16n nhat (nhé nhat) trong mot s& hitu han doan thang,.
Xét géc 16n nhat (nhd nhat) trong mot s6 hiru han goc .

Xét da giac c6 dién tich hoac chu vi 16n nhat (nho nhat) trong mot httu
han da gidc.

Xét khoang cach 16n nhat (nhé nhat) trong mot s6 httu han khoang cach
gitta hai diém hodac khoang cach tit mot diém dén mot khoang cach.

Xét cac diém la dau mut ctia mot doan thang, xét cac diém o phia trai
nhat hoéc & phia phai nhat ctia doan thang.
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Chtng ta sé tim hiéu vé nhitng ting dung ctia phuong phap nay trong cac
bai toan Hinh hoc, Dai s6, SO hog, ... Trong Hinh hoc, ching ta sé€ ap dung vao
cac Pai luong da dang nhw do dai cac canh, dai lvong goc, khoang cach doan
th:fmg,. ... Con trong Pai s va S6 hoc, Dai lwgng cyc han la sd nho nhat, s6 16n
nhat,....

N¢i dung gom 4 phin
Phian 1. MOT SO Vi DU MO PAU
Phin 2. NGUYEN LI CUC HAN TRONG HINH HOC
2.1. G6c 16n nhat hodc gdc nhd nhat
2.2. Khoang cach 16n nhat hoac nho nhat
2.3. Dién tich va chu vi 16n nhat hoac nho nhat
2.4. Bao 16i va duong thang tua
2.5. Bai tap
Phin 3. SU DUNG NGUYEN Lf CUC HAN TRONG PAI SO VA SO HOC
3.1. Céc bai toan so hoc
3.2. Cac bai toan dai so
3.3. Bai tap
Phin4. NGUYEN LI THU TU TRONG TAP SO TU NHIEN
4.1 Nguyén li thir ty
4.2 Nguyén li quy nap toan hoc

4.3 Su twong duong gitta hai nguyén li

Du ¢§ gang nhiéu nhung chuyén dé khong tranh khai sai sét, rat mong
nhan duoc su dong gdp tr cac thay, co gido va cac em hoc sinh.

Hi vong rang chuyén dé nay sé gitp cac ban bét khoé khan khi nghién cttu
T6 hop, dong thoi giup cac ban tim thay vé dep sang tao cua Toan hoc khi giai
loai toan nay.

Cudi cung, tac gia xin chan thanh cam on cac ban véi nhiing dong gop y
kién bo ich.
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Phiin 1. MOT SO VI DU MO PAU :

Vi du 1.Cho n diém xanh va n diém do, trong dé khong cé 3 diém nao thang hang.
Chitng minh rang ta cé thé'ndi 2n diém nay bang n dogn thing cé ddu miit khic mau

sao cho chiing doi mot khong giao nhau.
Loi giai. Véi mdi cach ndi 2n diém bang 1 doan thang xanh - do, ta tinh tong
dd dai cac doan théng duoc nodi. Do sd cach ndi 1a hitu han nén ton tai cach
ndi c6 tong do dai noi trén la nhé nhat.Ta sé chitng minh cach néi nay thda
man yéu cau bai toan.

Ta gia st nguoc lai, ton tai 2 doan thang cat nhau, gia st cdc doan thang
dé la AB va CD giao nhau tai diém O (A, C mau dova B, D mau xanh))

Taco: AD < OA + OD (Bat dang thtic tam giéc)

BC <OB +OC (Bat dang thitc tam giéc)
Suy ra : AD+BC<AB+CD

Do d6 : néu ta giit nguyén 1 - 2 doan ndi con lai va thay AB, CD bang
AD, BC thi tdng cac doan ndi ctua cach ndi méi nho hon cach ndi cua chung
ta.Trai véi gia thiét. Viy :Ton tai cach ndi 21 diém bang n doan thang xanh -
do sao cho chting khong cat nhau.
Vi du 2. Chitng minh ring khong ton tai s6'1é n,sao cho 15" +1 chia hét n .
Loi giai. Véi n > 1, ta gid st p 1a wdc s6 nguyén t6 1é nhd nhat caa n va k 1a s6
nguyén duong nho nhat sao cho 15% -1 chia hét cho p.

Vi 152 - 1 =(15" - 1)(15” +1) chia hét cho n nén 152" - 1 chia hét cho p.
Nhu vay (15, p) =1 va theo dinh li Fermat, ta ¢ 157 -1 chia hét cho p. Theo dé

bai, ta suy ra k la wéc s6 caa p - 1 va 2n.
Talaicékchiahétp-Inén k < p-1<yp
Neéu k la sO 1é thi k sé chia hét n (vi k chia hét 2n).

Ta c6 k chia hét n (k <p) nhung p la wdc sd nguyén t6 nho nhat cua n nén k =1,
nhu th€ p chia hét 154 1=14

Néu k =2], I la nguyén dwong thi [ <2l =k <p, k = 2] chia hét 2n.

Ttr d6 1 <p, I chia hét n va tuong tu nhu trén /=1 = k=2.
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Ttr d6 p chia hét 15k +1chia hét cho 7.
Nhung rd rang 15"+ 1 chia 7 dw 2. Mau thuan . Vdy n =1 thoa man dé bai .
Phiin 2. NGUYEN LI CUC HAN TRONG HINH HOC :

Ta nhan thay rang, c6 kha nhiéu bai toan dugc gidi bang viéc xét cac
phan t cyc bién (phan ti 16n nhat hodc nho nhat ). Vay trong hinh hoc cac
phan t& cuec bién la gi? Trong phan nay ching ta sé tim hi€u cac phan t cuec
bién la cac goc 16n nhat hoac nhé nhat, d¢ dai 16n nhat hodac nho nhat, cac
diém dau mut ctia doan thang ... Viéc stt dung nguyén I cuc han trong hinh
hoc cho ta nhitng 10i giai nhanh,gon va dep. Sau day la mét s6 vi du minh hoa

cho phuong phap nay :

2.1 GOc 16n nhét va goc nho nhit :

Vi du 2.1 Chitng minh rang néu tat cd cdc canh ciia tam gidc déu déu nhé hon 1 thi
dién tich tam gidc nho hon 73

Loi giai . Goi A 1a goc nho nhat ctia tam giac ABC, thi géc BAC <60°. (hinh
2.1)

Ta cO : Sasc= %.BH.AC = %.AB.sin BAC.AC

= Sac< AB.AC.sin 60°< % 1.1, ? =£.

4

Suy ra diéu phai chitng minh .

D
A
1 C
A H c
B
Hinh 2.1 Hinh 2.2
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Vi du 2.2 . Chitng minh rang bon dwong tron dwong kinh la bon canh clia mot tir
gidc 161 thi phu kin mién tir gidc do.

Loi giadi . Goi M la diém bat ki trong t& gidc ABCD (hinh 2.2) .

AMB + BMC + CMD + DMA = 360"

Do d6, goc 16n nhét trong t& giac khong nho hon 90°. Khong mat tinh tong
quat, ta gia st 4MB 16n nhéat. Suy ra : BMC >90°. Ttr d6, M thudc duong tron
duwong kinh BC .

Vi du 2. 3. Cho tam gidc nhon ABC. Goi P la diém bit ki trong tam gidc. Chitng
minh ring khodng cich l6n nhat trong cic khodng cdch tie P dén cdc dinh A, B, C cia
tam gidc khong nho hon 2 Iin khoang cich bé nhadt trong cic khoang cdch tir P dén cic
canh tam gidc (hinh 2.3) .

Loi giai .

Ta dung PA1, PB1, PCi twong ting vudng goc vdi cac canh BC, CA, AB. Vi tam
giac ABC la tam giac nhon nén A, Bi, C1 lan luot nam trén 3 canh BC, CA, AB.

— ——

Suy ra gbc 16n nhat trong 6 goc nay khong thé nho hon 60°. Khong mat tinh
tong quat, ta gia st géc APCi 16n nhat, do d6 goc APC1> 60°.

Xét tam gidc APCi1 vudng tai Ci,ta co: Z—C];l = cosAPC, < cos60° =%

Tk d6, ta c6 : AP = 2PCi. Néu thay AP la khoang cach 16n nhat trong cac
khoang cach tir P dén céc dinh va thay PC1 1a khoang cach ngan nhat trong cac
khoang cach d6 thi bat dang thitc duoc

thoa man.

C1

A1 Al
B1

Hinh 2.3
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Hinh 2.4

Vi du 2.4. (hinh 2.4). Cho tam gidc ABC va cic diém A, Bi, C1 thugc cdc canh BC,
CA, AB. Biét rang d¢ dai cic dogn thang AA1 ,BBi ,CC1 khong 16n hon 1. Chitng
V3

m1nh J SABCS T.

Loi giai . Khong mat tinh tong quat, ta gia st: C<B< 4.
Ta xét cac truong hop sau :

Trweong hop 1. Tam gidc ABC c6 3 goc nhon .

Khi d6, 60° < 4<90°Ta co:ho <BB1<1vahe<CCi<1

(ho, he la duong cao tueong ting cuia tam giacha te B, C).

1 1 hh 1 1
Taco: S, . =—ch =——2<< = 1
P27 2sind T 2sin60° 43 M

3

Suy ra : Sasc< i

Trwong hop 2 . Tam giac ABC khong la tam gidc c6 3 géc nhon.
Khi d6: goc A > 90°
Suyra: AB<BBi<1vaAC<CC:i<1.

Nhu vay, S, = %AB.AC <L L 2)

2s \/3
Tt (1) va (2) = dpem .

2.2 Khoang cach 16n nhit va nhé nhat :
Ta xét mot vai vi du sau :

Vi du 2.5 Trén mdt phing cho n diéim ( v6i n >3 ) sao cho trong chiing khong cé 3
diéin bat ki nao thang hang. Chitng minh ring : n diém da cho thing hang .

Loi giai . Gia st nguoc lai, 7 diém da cho khong thang hang. Dung qua mdi
cép diém trong s6 n diém d6 mot duong thang. S8 cac duwong thang duoc ndi

nhu trén la httu han. Do vay, ton tai mot khoang cach nho nhat .
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Gia stt : Khoang cach tit A dén duong thang BC 1a nho nhat. Theo gia thiét,
duong thang di qua B va con di qua diém tht 31a D (véi D #B,C) .

Ta vé AQ L BC, khoang cach AQ nho nhat (theo diéu gia st ). Trong 3 diém
thang hang B, C, D phai ¢4 it nhat 2 diém nam cuing phia véi Q, cho d6 1a C va
D (hinh 2.5).

Gia st: CQ < DQ, vé CR L AD, dé thdy CR < AQ. biéu nay vo li véi AQ
nho nhat. Tt &6 suy ra n diém da cho phai thang hang

A B

Hinh 2.5 Hinh 2.6

Vi du 2.6. Chitng minh rang trong mét ngil gidc [0i bat ki ton tai 3 dwong chéo, ma
chiing c6 thé’dwng dwoc mgt tam gQidc .

Loi giai. Gia st BE la duong chéo 16n nhat ctia ngii gidc 16i ABCDE. Ta sé
chiing minh cac doan thfmg BE, EC va BD tao thanh cac canh ctia mot tam
giac. Nhu vay ta can chiing minh BE < EC + BD. That vay, goi O 1a giao diém
caa BD va EC.

Viy : BE< BO + OE < BD +CE

Vi du 2.7. Trén mit phing cho n diéin (v6i n > 2 ) va danh ddu trung diéin ciia tdt cd
cic doan thing cé nhitng diém cudi la nhitng diém da cho. Chieng minh ring nhiing
diém da danh ddu khong it hon 2n - 3 diém khdc nhau.

Loi giai : Gia st hai diém A va B c6 khoang cach 16n nhét trong cac cap diém
da cho.
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Ta xét nhiing trung di€m ctuia cac doan thang ndi A véi cac diém con

lai. T4t ca cac trung diém nay khac nhau, nam trong duong tron tim A ban

kinh ATB va co6 s luong la n - 2 diém.

Twong tu voi diém B .

Hai duong tron trén ti€p xtc véi nhau tai trung di€ém cta AB, vi thé

s0 trung diém danh dau itnhdtla2(n—-2)+1=2n -3 diém.

2.3.Dién tich va chu vi 16n nhat hodc nho nhat :

Vi du 2.8 .Goi O la giao diém ciia hai dwong chéo trong tiv gidc ABCD. Chirng minh
rang néu cic tam gidc AOB, BOC,COD va DOA ¢6 chu vi bang nhau thi ABCD la
hinh thoi .

Loi gidi . Khong mat tinh tong quat ta gia st OA > OC va OD 2 OB (hinh 2.8)

Goi B, C1 1a diém d6i xting ctia B va C qua
O = OB1=0B va OC:1 =0C.

Ta c6 tam gidc OCiBi nam trong tam giac
Hinh 2.8 OAD.

Ta coO : Poap = Pocisl = Pocs = Paob.
D4u “=" xay ra khi Bi=D va Ci=A .

Khi do6 tt gidc ABCD c¢6 OA = OC va OD = OB, suy ra tt giac ABCD la hinh
binh hanh .
Mat khac Paos = AB + BO +OA

Psoc = BC + BO + OC
Suy ra AB =BC. Viy t& gidc ABCD Ia hinh thoi .
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Vi du 2.9 .Cho ti gidc ABCD néi tiép (O). Chitng minh rang néu cic dwong chéo
AC, BD cit nhau tai O thi tir gidc ABCD la hinh thoi .

Loi giai . Khong mat tinh tong quat, ta gia st : OA > OC va OD 2 OB (hinh
2.9).

Goi B1,C1 la diém d6i xting ctia B, C qua O

=0B1 = OB va OC1 =OC . Vi BC la tiép tuyén cta (O) nén BiCi cling ti€p xuc
véi (O). Mat khac AD ciling tiép xtc véi (O) =AD = B1Ci hay A=Ci, D=B1.

Do d6 OA = OC va OD = OB, suy ra t gidc ABCD la hinh binh hanh.Mat
khac, ti giac ABCD ngoai ti€p (O) suy ra AB + CD = AD + BC =2AB =2AD,
nghia la AB =AD.

Viy t& giac ABCD la hinh thoi .

2.4 . Bao 16i va duwong thang tua :

a) Bao 16i: cia mot tap hop hitu han diém trong mat phéng la tam giac 16i nhé
nhat ma né chira tat ca cac diém da cho (né khong chira trong né bat ki da giac
nao). Mot hé thong hitu han diém trong mat phéng ton tai duy nhdt mot bao
16i .

b) Puong thang twa : cia mot ti giac 16i 1a mot duwong thang ma né di qu a
mot dinh ctia da gidc va c6 tinh chat sao cho da gidc ndm vé mot bén caia né.
Dé thay rang khi ta xét mot tt gidc 16i bat ki ton tai hai dwong thang twa song

song véi mot duong thang da cho .

Vi du 2.10. Chitng minh rang moi da gidc 6i cé dién tich bang 1 c6 thé dit vao mot
hinh chit nhdt cé dién tich bang 2.
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Loi giai. AB la duong chéo 16n nhit cua da gidc.Qua hai diém A , B Ian luot
vé cac duong thang a, b twong ting vudng goéc véi AB (nhu hinh 2.10 ). Néu X
1a mot dinh ctia da gidc thi AX < AB va XB <AB, vi thé da giac nam trong mot
dai tao boi hai duong thang a, b . Ta vé 2 duong thang twa song song AB . Gia
st nhitng duong thang nay di qua C va D, dong thoi tao véi a, b hinh chit
nhat KLMN .

Khi @06, Skimn = 2SaBc + 258D

Ma t¢ giac ABCD dugc chita trong da < © .
giac ban dau, nén dién tich nhé hon 1 hay
Sac+SaBp<l. aA S
Tt d6 suy ra Skemn < 2 (dpem) N D M
HHinh 2.10

2.5. Mot s6 bai luyén tap :
2.11.Trén duong thang c6 50 doan thing.Chiing minh ranghodc c¢6 8 doan
thang trong chiing d6i mdt giao nhau, hoéc cé 8 doan thang trong chiing d6i
mot roi nhau.(Tai liéu chuyén Todn Dagi s6'10 )
2.12.Trén duong thang cé 2n+1 doan thang.Modi mot doan thang giao véi it
nhat n doan thang khac. Chitng minh rangton tai mot doan thang giao véi tat

ca cac doan thang con lai . (Tai liéu chuyén Todn Dai s6'10)
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Phan 3.
SU DUNG NGUYEN LI CUC HAN TRONG CAC BAI
TOAN VE PAI SO VA SO HOC :

3.1. Cac bai toan vé s6 hoc:

Vi du 3.1. Chitng minh rang néu n la s6'tw nhién 16n hon 1, thi 2n - 1 khong chia hét

chon .

Loi giai . Gia st 2" - 1 chia hét cho n v6i n>1 nao d6. Tacd: 2" -1las6 1é = n
cting la sd 1é. Goi p la wéc s6 nguyén t6 nho nhat cta n.
Khid62"-1:p,dodd2"-1 =1 (mod p)

Theo dinh ly Fermat, 2r-'= 1 (mod p).

Cho k 1a sd nguyén duong nho nhat sao cho 2¢=1(mod p)

Khi do, n i k (vi ngwoc lai thi n=kg +r véi 0 <r<kval =2"=(2F)1 .2'= 2" (mod
p), trdi voi k 1a s6 nho nhat ).

Tuong twe p-1:k

Dod6:UCLN (n,p-1) :k.

Dit d = UCLN(n, p-1), khi d6 n6 phai bang 1, vinid,d<p-1vaplasd

nguyeén t0 nho nhat cta n. Do d6 k=1 va 2=2= 1 (mod p) , diéu nay vo Ii .

Vi du 3.2 . Chitng minh rang néu phwong trinh x2 + y? + 1= xyz c6 nghiém nguyén
dwong x, y, zthiz=3.

Loi giai . Gia sit phuong trinh c6 nghiém nguyén dwong ( x, y ,z) véi z # 3.
Khi d6 x # y (vi néu nguoc lai thi 2x2 +1 = x2z cho ta x2(z —2) =lvado d6 x =1, z
= 3, v0 li). Vi phwong trinh d6i xtng véi X, y nén ta co6 thé gia thiét x > y. Gilra
tat ca nhitng nghiém nguyén dwong ctia phwong (x,y, z) véix>yvaz#3, ta

chon (xo, yo, zo ) 1a nghiém véi xo nho nhat .
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Ta xét phuwong trinh bac hai theo x la x> — yozox + (yo? + 1) = 0 co

A A * A V4 ? \ \ \ 2 + 1
nghiem xo. Mot nghiém khac cua phuong trinh nay la x, = y,z, —x, = Yo

Xo

2 2

, +1 +1

Taco:0<x1:y0 <2 <,
Xo Yo+l

Ta biét rang ( yo, x1,z0 ) cling 1a nghiém nguyén duong ctia phurong
trinh ban dau vdi yo 2 x1 va zo # 3.Tuy nhién yo< xo, trdi vdi xo 1a s6 nho nhat

da chon .

Vi du 3.3 . Tim tit cd b 3 s6' nguyén dwong sao cho tich ciia 2 s6 trong bg s6 cong

v01 1 chia hét cho s6 con lai .

Loi giai.

Ta gid st a>b > c 2 1. Theo dé bai thi ab +1: ¢ ,bc +1 :a va ac +1 i b. Suy ra
(ab+1)(bctl)(actl) : abc. Do d6 ab + bc + ac +1 : abc,

Nghia la ab + bc + ac + 1 =k .abc (kEZ) (1)

Vi a, b, ¢ la nhitng s6 nguyén duong 16n hon 1 nén ta c6

ab + bc +ca +1 < 4abc = k<4

Trwong hopk=4:Suyraa=b=c=1 (thoa)
Truwong hop k=3:Ttr (1) =3abc < 4ab, nghialac<1=c=1.

Thay ¢ =1 vao (1) thi ab + a + b +1=2ab, twvong duong vdi (2a-1)(2b - 1) =3.
Vay chic6a=2,b=1.

Trwong hop k=2: Tte (1) =2abc < 4ab, nghialac< 2, nén c6 c=1hodcc=2.
Thay c=1 vao (1) ta céd ab + a + b +1 = 2ab twong dwong voi(a -1)(b-1)=2.
Vay chi c6a=3,b=2.Trueong hop c =2 khong c6 nghiém nguyén .

Trwong hop k= 1: T (1) = abc < 4ab,nghia la ¢ <4 .Nén ta xét c=1.Thay c=1
vao (1) ta co ab + a +b +1 = ab, truong hop nay phwong trinh khong c6 nghiém.

Xétc=2(1) = ab+2a+2b+1 =2ab <= (a-2)(b-2)=5,
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Vay ta tim dugc a =7, b = 3. Cac treong hop ¢ = 3, ¢ =4 phuong trinh khong co

nghiém .

Viy nghiém ctia bai toanla(1,1,1),(2,1,1),(3,2,1)va(7,3,2)

3.2. Cac bai toan vé dai s6 :
Vi du 3.4. Cho x, y, z la cic s6 thyec sao cho: x? +y? + z2 = 2.
Chitng minh rang : x +y+z < xy z + 2.
Loi giai . Ta gia st z la s0 khong duong thi
2+xyz—x—-y—-z=(2-y-z)-z(1l-xy)=0

2 2

Vi x+y<q2(x*+y*) <2 va xny ;y <I.

Chinh vi vay ching ta c6 thé gia thiét x, y, z 1a cdc s& duong va sap xép theo
th tuw

O<x<y<z.

Néuz <1,thi 2+xyz—x—y—z=(1-x)1-y)+(1-2)1-xy)=>0

Néu z>1, thi (x+y)+zS\/2((x+y)2+22) =2Jxy+1<xy+2<xyz+2

Vi du 3.5 . Tim nghié¢m nguyén dwong cua phwong trinh m =Jy+z

Loi giai .Vai tro cuia y, z la nhu nhau, nén ta c6 thé gia st y > z.

Binh phwong hai vé ta nhan dwgc x+2v3 = y+z+2\/yz

Suyra (x—y-z)’+43(x-y-z)=4yz-12 (1)

T (1l)=x-y-z=4yz-12=0vinfux -y —z#0 thi VT 1la mot sd v ti ,con
VP 1a mét biéu thire hitu ti ,diéu nay khong thé duoc.
Suyrayz=3,vayy=3,z=1.Tacox=y+z=4.

Viy nghiém ctia phwong trinhla (4,3,1),(4,1,3)

Vi du 3.6. Tim cic s6 nguyén x , y>1saocho3x+1:yva3y+1:x
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Loi giai .X¢ét x =y thi 3x + 1 ix=1 i x,do d6 x = 1,diéu nay trai véi gia thiét x>
1,nén x, y khong thé bang nhau .
Xét x <y thi ton tai s6 nguyén p sao cho 3y +1 = px.

Mat khac vi 3x >3y = 3x >3y + 1=px ..

Ddu “ =" khong xay ra vi 3y + 1 khong chia hét cho 3, nén ta chi ¢ 3x > px.
Tt day chicop=1hodcp=2
Néup=1thi3y+1=x =3(3y+1):y,dodd4:ysuyray=2hoacy=4

Néup=2thi2x=3y+1=9y+5:iy,nghiala5:y.Suyray=>5

Viy bai toan c6 nghiém (7,2),(13,4),(2,7),(4,13),(8,5),(5,8)

3.3.Mot s6 bai luyén tap

3.7. Trong mdi 6 ctia bang hinh chit nhat nguoi ta viét mot s8. Cho phép dong
thoi doi dau tat ca cac so trén mot dong hodc mot cot nao dé. Chiing minh
rang phép thuc hién nay cé thé dua bang da cho thanh mot bang sao cho tong

cua cac sO trén moi hang hodc trén moi cot la khong am.

3.8. Tai cac dinh ctia mot 100-giac dat cac s6 sao cho mdi s& déu 1a trung binh

cong cta hai sd bén canh. Ching minh rang tat ca cac s6 déu bang nhau.

3.9. Mdi nghi si & mot qudc hoi cé khong 16n hon ba nguoi ban. Chiing minh
rang qudc hdi c6 thé chia lam hai nhém sao cho mdi nghi si trong mot nhém
sé c6 khong 16n hon mdt ngwoi ban ( Biét réng néu B la ban ctia nghi si A thi

A la ban ctia nghi si B).
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Phind. NGUYEN LI THU TU TRONG TAP SO TU NHIEN
4.1 Nguyeén li tht tu :
Tap hopsd N =(0, 1, 2, 3, 4, ...} duoc goi la tap hop so tw nhién. Mbi phan

tee cta né duoc goi la mot so" tw nhién. Tap hop sO tu nhién thuwong gan véi 2
phép toan cing va nhin. V6i nhitng s6 tu nhién a, b va ¢, cac phép toan trén cd

nhtng tinh chat sau :
1.a+Dbvaab cingla s6 tu nhién ( tinh dong) .
2.(a+b)+c=a+(b+c)va(ab)c=a(bc) (tinhkéthop).
3.a (b+c)=ab+ac (tinh phan phoi).
4.0+a=a+0 ( don vicong tinh )
5.1.a=a.1=a(don vinhan tinh)
Nguoi ta con xét th ty < (nho hon ) thuong dung trong tap so tu
nhién :
0<1<2< 3<4... Tht tw nay c6 tinh chat sau: Néu 4, b va ¢ 1a nhitng s0 tu
nhién khac nhau thi
(1) Hoac la a < b hodc la b<a, nhung khong dong thoi c6 ca hai BDT
nay.
(2)Néua<bvab<cthia<c
Nguoi ta cong nhan mot tinh chat quan trong trong tap s6 twe nhién nhuw
mot tién dé co so :
Nguyén 1i the tw : Moi tdp hop con khdc rong nhitng s6" tw nhién ludn cd
phin tir nho nhit .
Vi du : Cho tap hgp S dwoc dinh nghia nhw sau :
S={x/x latich cia nhitng sd' nguyén dwong chin khdc nhau } .
Taco tap hopnay S={8,12,16,20,24, ....}.
Ta thay rang tap hop S thuc sy phan tit nho nhat1a § .

Nguyén li th ty dung trong tap hop so tw nhién N nhung khong dung

trong tap sd nguyén dugc dinh nghia va ki hiéu nhw sau :
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zZ={..-3,-2,-101,23,...}

Véi thit ty < thi tap con khac réng nhitng s8 nguyén am khong c6 phan

tir nho nhat .

DPinh li 4.1: Cho tdp hop khdc r5ng nhitng s0 tw nhién S ={ x1, x2, x ,... } sao
cho x>x2> x3>....Khi d6 S la tdp hop hitu han .

Chtrng minh . Theo gia thiét S 1a tdp hop khac réng . Gia st S 1a tap vo
han . Tt x1> X2 . x3> ..... ( theo gia thiét ) , suy ra S khong c6 phan t&r nho nhat .
Diéu nay trai voi nguyén li thit tw . Do d6 S 1a tap hop hitu han .

Vi du 4.1. Chitng minh rang \'Z 1o s6'vd t .
Loi gidi . Ta st dung phuong phap chitng minh phan chiing .
Gia st /2 1a s6 hitu ti , nghia la v2 =% (a,blasénguyén duong ) .
Diéu nay suy ra tap hop S = { nv2 / dong thoin va m\2 la nhitng s6’ nguyén
dwrong } 1a tap hop khac rong (viné chua a ).
Theo nguyén i thtt tu S c6 phan tir nhé nhat, goindlaj= kvZ2, ke Z.
Viv2-1>0nénj(V2-1)=72 -kv2 =(j-k) 2 la mdt s6 nguyén duong.

Tir 2 <242 va jy2 =2k, tasuy ra

(j—kW2Z=k(2-v2)<kv2 =]

Nhuw vay, (j -k )v2 1a mot s6 nguyén duong trong S, ma né lai nho hon

s0 nho nhat j. Diéu nay vo li véi cach chon j. Suy ra diéu can chitng minh .

Vidu4.2.Choa,b, clanhitng so'nguyén sao cho a®+ 2b°= 4c®.
Chitng minh ranga=b=c=0

Loi giai. Dé thay ta chi can chiing minh cho nhiing s& nguyén khong am la
du. Ta chon bd 3 s6 nguyén khong am 4, b, c thoa man diéu kién dé bai da cho
vavoimax (a,b,c) >0 cédtap GTNN ( diéu nay ton tai vi theo nguyén i thir

tw cho tap con khac rong céac s6 tw nhién ) .

Néu at+2b5=4c6 thi a phai la s6 chan, nghia 1a a = 2a1 v6i a1 1a mot s& nguyén

duong. Thay vao dang thitc da cho ta nhan dwoc 32a16+b6= 2c°.
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Ttr day lai c6 b =2b1 va suy ra 16a:1°+ 32b16= c®.
Nhu vay ta lai c6 c=2c1 va cudi cung a1®+ 2b1°= 4¢1°

Vay (a1, b1, c1 ) 1a b 3 s6 nguyén khong am thda man dang thirc dé bai
da cho, mat khac, ta ¢ max (a1, b1, c1 ) <max (a, b, ¢ ).Diéu nay mau thuan véi
cach chon cac s6 a,b,c. Suy ramax (4,b,c)=0,nghialaa=b=c=0 .
Vi du 4.3. (IMO 1988 ) . Chitng minh ring néu a, b la nhitng s nguyén dwong sao

af+b® o PN
la mot s0' nguyén thi

b a“+

TPV
la mot s0 chinh phwong .
1+ab )

cho
1+ab

a“+b

~ = k 1a mot s8 nguyén, nhung khong phai 1a s§ chinh

Loi giai . Gia st s

1+ab
phuong véi max (4, b) nho nhat (diéu nay ton tai do tién dé tha tw).
Khong maét tinh tong quat ta c6 thé gid st a < b.

2a“®

Néua=bthi0O<k= <2, tlt d6 suy ra k= 1va 1 1a s6 chinh phuong .

a®+1
Két ludn bai toan dung .
Xét trieong hop a <b: Taxéta?+b>—-k (ab+1)=0 la phuwong trinh bac
hai theo bién b .
Theo dinh 1i Vi-ét ta ¢ tong hai no ctia pt la ka va tich 2 nola a? — k.
Kihiéu b1, b2 1a 2 nghiém noi trén thi b1+ be= ka va b1.b2 = a*> — k.
Vi 4, k la nhing s& nguyén duwong va b1 thdéa man a2+ b1~k (abi +1) =0, nén

ta ¢ b1 2 0. Néu nguogc lai thi b1 khong thé 1a nghiém ctia phuwong trinh dang

xét .

Hon ntta, néu b1 = 0 thi a2 + 02=k ( 0.2 +1 ), ma k khong phai la s6 chinh
a’-k B -k
<

b 2]

o

phuong, diéu nay vo li. Nhu vay b1> 0 va b1 = <b, do do ta tim mot

1

~ A 2 ~ ﬂ2+b : \ A \ A 4
sO nguyeén b1 thoa man — =k, ma max (¢, b1)<max (a,b). Diéu nay vo li
1+aby

Viy : k khong phai la s6 chinh phuong .
4.2 . Nguyén li quy nap toan hoc:

Dinh li 4.1. chi dwa ra mot tap con khac rdng cua N c6 day con giam vo

han thi né httu han. M6t tap con nhitng so tw nhién c6 moét so tinh chat nao dé
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ma tir tinh chat nay suy ra tap con d6 trung véi tap s6 tw nhién dwgc khong?

Cau tra 10i la c6 va duoc thé hién ¢ dinh 1i 4.2 sau day .

Pinh li 4.2 (Nguyén li quy nap toan hoc) :
Néu mot tdp S nhirng s6 nguyén khong am co tinh chit :

1.S chira s6°0.

2. Néu S chira s6'nguyén n thi né ciing chira s nguyén n +1. Khi dé6 S = N.

Chtng minh. Gia st S la tap con thuc sy cua N, nghia la ¢ s6 nguyén
duong thudc N nhung khong thudc S. Vay theo nguyén li thit te ton tai s6
nguyén duong nho nhat k khong nam trong S. Ta thay rang k>0 vi0 € S. Vik
— 1<k, theo cach chon trén thi k -1 € S .Nhung theo gia thiét tht hai phai c6 k -
1+1€S.
Vithé k=k -1+ 1 cling nam trong tap S, diéu nay vo li véi cach chon k.
SuyraS=N.

Tt dinh 1i trén ta c6 thé suy ra nhiing hé qua sau :

Heé qual:

Néu tdp hop S nhitng s6 nguyén dwong chiva s6'm va ciing chita n + 1 mdi khi né

chita n véi n>m thi S chiea tat cd nhitng s6 nguyén dwong 16m hon hodc bang m .
Hé qua 2 (nguyén li quy nap toan hoc manh ) :

Néu tdp hop S nhitng songuyén dwong chira s6’m va né ciing chiva n + 1 mdi khi né
chita cdc s6' m+1, m+2, ... , n véi n>m, thi S chiva tit ca cdc s nguyén dwong lon

hon hodc bang m .

Vi du 4.4 . Chiing minh rang A(n)=7"+3n-1:9 ¥ ne N.
Loi giai . Ta ki hiéu tap hop S={n/neZva A(n):9}. Ta skt dung nguyén li
qui nap dé€ chiing minh, vay ta kiém tra cac diéu kién gia thiét .
(1)Vdéin=0,tacoA(0):9.Vay0€S.
(2)Gidsene S, nghialane NvaA(n)=7"+3n-1:9véin>0.

Taxétn+1e N
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Dodd: A(n+1)=7"1+3(n+1)-1=7.7"+3n+3-1
—7(7"+3n-1)-9(2n-1)
—7A(n)-9(2n-1)

ViA(n):9(theogt), nén A(n+1):9,nghialan+ 1€ S . Theo
nguyén li quynapsuyraS=N,nghialan>0,A(n):9

Vi du 4.5 .Chitng minh rang :

2
13+2+33+ ...+n3= {@} , ¥ne N".

Loi giai. TakihieuT(n)=13+23+3%3+ ...+ n® va

S= {n| neN', T(n)= {@ﬂ

Ta kiém tra cac diéu kién cua nguyén li quy nap toan hoc :

2
Véin=1,T(1)=13=1va [1(1—;1)} =1T(1),suyral€S

2
(2)GiésirnES,nghIaléT(n)={@} :

Taxétn+1e N va

T(n+1)=1+2+3F+.. . +nm3+(n+1P3=T(n)+(n+1)>
{MT”””)S{WT
2 2

Suyran+1g&S.

Theo nguyén i quy nap toan hoc thi S=N", nghiala ¥ n>1ta co

2

Vi du 4.6 . Chitng minh rang v6i moi s6 nguyén dwong n , luén cd
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1 1 1 1 1 1 1
l-——+———+. =+ +ot—
2 3 4 2n n+l1 n+2 2n
Loi gidi.Taco:
A(n) = NEL SR B B(n) = S
2 3 4 2n n+l n+2 2n
1 1

Khi dé A(n+1)=A(n)+—-

Zn+1l  2n4+2
1 1 1

- + +
n+1l Zn+1 Zn+2

batS={n/ne N'vaA(n)=B(n)}.

B(n+1)=B(n)

Ta chitng minh bai toan bang nguyén li quy nap:
(1)Vc’yin=1,tacéA(1)=B(1)=%,suyra1 £S.

(2) Gia st da co nE S, nghia la A(n)=B(n) la dung.

Ta xét A(n+1) - B(n+1)= A(n) - B(n) +————=A(n)-B(n)=0.

n+l Zn+2

Do dé n+1 € S .Theo nguyén li quy nap toan hoc thi S = N", nghia la v6i moi
ne N'tadéuco A(n)=B(n)

Dinh 1i 4.3 (nguyén li quy nap toian hoc dang ménh dé ) .

Cho m¢t day ménh dé gém P(0), P(1), P(2),...cé nghia va thoa man :
(1)P(0)ding.

(2) Néu v6i moi k € N, P( k) diing suy ra P(k + 1) ciing diing, thi P( n ) diing
ne N

Vi du 4.7. Chitng minh ring néu k 1o mot s6'1é, thi k> - 1 chia hét cho 22 v6i moi
s6’ nguyeén dwong n.

Loi giai . Cho k 1a mot s61é. Dat P(n ) = { k2" - 1chia hét cho2™2 } v6i ne N* .

Buéccoso:Voéin=1,k2-1=(k—-1) (k+1) chia hét cho 8 vdi moi sd nguyén k

le

Bué6c quy nap : Gia st k*" - 1chia hét cho 22, ta phai chting minh k%" - 1: 20+3,
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That vay, k> -1= (k> -1) (k> +1), theo gia thiét quy nap ta c6 k> - 1 chia
hét cho 22, ta chi can chitng minh k2" + 1 chia hét cho 2. Nhung diéu d6 1a
hién nhién dung, vi k*” 1a mot s6 1é, tao ra k2~ + 112 mdt s6 chinh phuong .
Theo nguyén li quy nap dang ménh dé suy ra két luan diing véimoin=>1.
Vidu 4.8 . Tim cdc ham s6'f :N — N sao cho :
(a)f(2)=2
(b)fin+1)=1+1f(1)+2f(2)+.+n.f(n) voimoin€N".
Loi gidi. Néun=1thi tt (b)nhan duwocf(2)=1+1.f(1).Dodof(1)=1.
Néun=2thitanhan duocf(3)=1+1.f(1)+2.f(2)=1+1+4=6.
Tuwong tu, ta tinh dwocf(4)=24vaf(5)=120.
Vay tanhanxét f(1)=1!,f(2)=2!,f(3)=3!, f(4)=4!vaf(5)=5!
Tacodu doanf(n)=n! véimoin € N
Buwéc co s6: Véin =1, ménh dé dung .
Buéc quy nap : Gia st ménh dé dung véi moi n <k,
teclaf(1)=1!,....f(k)=k!, ta phai chitng minh dung voéin=k+1,
nghialaf(k+1)=(k+1)!
Thatvaytke (b)tacof(k+1)=1+1.1!+2.2!+3.3! +....+ kk!

Mit khéc ta ludn c6 dang thitc : 1+ 1.10 + 22! + ..+ nn! = (n + 1)! dlng
voimoin€ N. Dodof(k+1)=(k+1)!

Ttr chitng minh trén suy ra chi ¢6 ham s6 f: N*— N thdéa man (a) va (b)

la
f (n)=n!
4.3 Su twong dwong giita hai nguyén li :

Dinh 1i 4.2 da chi ra rang tir nguyén i thi tu suy ra nguyén li quy nap
toan hoc. Sau day ta sé chitng ming nguoc lai, néu nhu ta c6 nguyén li quy

nap todn hoc ta s€ suy ra nguyén li thit twe .

-22 -



Chuyén dé: Nguyén Ly Cwe Han

DPinh li 4.4 . Nguyén Ii quy nap todn hoc kéo theo nguyén i thir tw .

Vidu4.9. Cho s6thuc x #0 thoa man rtiez. Chirng minh rang :
X

x”+ineZ; Vne N .
X

Loi giai . Ta c6 2 cach chitng minh khac nhau .
1. Phwrong phdp quy nap todn hoc : Dat B(n)=x" +%, véin e N
Budc cosé: Véin=1,B(1)= x+%eZ.
Vc’yin=2,B(2)=x2+f2=(x+i)2—2cﬁnglés6 nguyén .
Buéc quy ngp: Gia sk B(n ) vaB (n+1)la sd nguyén ( ne N°).
Ta chitng minh B( n + 2) cling la s6 nguyén.
That vay, dé dang c6 dang thiee B (1 +2) =B (n+ 1) . B(1) - B (11) (dpcm ).
Nhu vay, véi moin € N, B(n ) la s6 nguyén .
2. Phwong phép phin tir cuc bién : Gia si ¢6 mot sd gia tri n € N" nao d6 ma B(n)
khong la s6 nguyén. Ta chon 7 1a s tw nhién nho nhat ma B(n) khong phai la
s0 nguyén. n khong thé'la 1 va 2, vi theo gia thiét va tinh toan don gian nhu &
phuong phap quy nap .
Vayn-2>0.
Dé dang kiém tra dwoc B(1) =B(n - 1) B(1) - B(n - 2),

man-1<n van-2<nnénB(n-1)vaB(n-2)lanhingsdnguyén, suy ra

B( 1) cling la sO nguyén.

Diéu nay trai véi cach chon n 1a s6 tu nhién nho nhéat sao cho B( n ) 1a s6

nguyeén .

Vay khong thé cé so tu nhién n nao ma B( n ) khong la s6 nguyén .

Vi du 4.10. Chitng ming ring S( n ) =10" + 18n — 1 chia hét cho 27 v6i moi 0 tu

nhiénn .
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Loi giai .

1. Phwong phap quy nap todn hoc :

Buéc co s6: Véin =0, taco S(0) =0 chia hét 27, ménh dé dung .

Buéc quy nap : Gia st ménh dé dung véin =k € N nghiala S(k) : 27.

Ta can chitng minh ménh dé dung véin =k + 1, nghia la can chitng minh

S(k+1):27.Taco:

S(k+1) =10+1+18(k+1)-1

=10.10c+18k+18 -1
~10(10t+18k-1)-27 (6k—1)

DoS(k)=10+18k—-1:27 ,nén S(k+1):27 (dpcm).

2. Phwong phdp phiin tir cwc bién : Gia st c6 mot sO tw nhién n ma S(n ) khong

chia hét cho27. Ta chon n nho nhat trong cac s6 d6. S6 n khong thé'la 0.
Khi d6 S( 7 — 1) chia hét cho 27
Talaic6:S(n)=10"+181n-1=10.10"-1+18 (n-1)+18 1

=10. (10"-1+18 (n-1)=1) =27 (6n-7)

Tt dang thitc trén ta suy ra S( 7 ) chia hét cho 27, diéu nay vo I véi cach chon

n.

Nhu vay ménh dé khang dénh dtung .
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