CHUONG II: TOA PO CUA VETO TRONG KHONG GIAN

BAI 1: VECTO VA CAC PHEP TOAN VECTO TRONG KHONG GIAN
A. KIEN THUC CO BAN CAN NAM

I. KHAI NIEM VECTO TRONG KHONG GIAN

Twong ty nhu trong mit phing, ta c6 khai niém vecto trong khong gian:
Vecto trong khong gian 13 mot doan thang c6 hudng.

Chuy

Cho doan thing 4B trong khong gian. Néu ta chon diém dau 13 4, diém cudi 1a B thi ta c6 mot
vecto, ki higu 1a 4B, doc 1 "vecto 4B ".

Khi khong can chi rd diém dAu va diém cudi cua vecto, vecto con duge ki hiéu 1a a, b LUV,

Céc khai niém c6 lién quan dén vecto trong khong gian nhu: gia cua vecto, do dai cua vecto, vecto
cung phuong, vecto cung hudng, vecto-khong, hai vecto bang nhau, hai vecto d6i nhau, ... dugc
dinh nghia twong ty nhu trong mat phang.

Vidu 1. Cho hinh hép ABCD- A'B'C'D’ . Hay chi ra ba vecto c6 diém dau va diém cudi 1a cac dinh
cua hinh hgp sao cho ba vecto do:

a) Bang vecto AD;

b) La vecto ddi ctia vecto AD.
Chii y: Cho diém O va vecto a. Khi d6, ton tai duy nhat diém M trong khong gian sao cho

OM =a.
bé xac dinh diém M , ta lam nhu sau ( Hinh 3) :
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Qua O ké dudng thang d song song hodc tring véi gia clia vecto a.

Lay diém M trén duong thang d sao cho hai vecto OM , ala cuing hudng va d6 dai doan thang
OM bang d¢ dai vecto a.
I1. CAC PHEP TOAN VECTO TRONG KHONG GIAN

1. Tong va hiéu cia hai vecto trong khong gian

- Trong khong gian, cho hai vecto ab . Lay mot diém A4 tuy y, vé AB = Ez,B—(f =b . Vecto AC
duoc goi la téng clia hai vecto @ va b , ki hiéu la AC=aG+bh.

Chuy

- Phép 1ay tong cuia hai vecto con duoc goi 1 phép cong vecto.



- Phép cong vecto trong khong gian ciing co cac tinh chit nhu phép cong vecto trong mit phing,
chang han: Phép cong vecto trong khong gian cling c6 cac tinh chat giao hoan, két hop, cong voi

vecto-khong.
- Khi thye hién phép cong vecto trong khong gian, ta van c6 thé ap dung quy tic ba diém, quy tic

hinh binh hanh nhu dbi véi vecto trong mat phang.

- DOI vO1 vecto tI‘OIlg khong glan, ta cung co cac quy téC sau.:
+ Vi badiém 4,B,C trong khong gian, ta co: AB+BC = AC (Quy tic ba diém);
+Néu ABCD 1a hinh binh hanh thi 4B+ AD = AC (Quy téc hinh binh hanh).
Vidu 2. Cho tit dién 4BCD. Chimg minh rdng AB+CD = AD+CB.

-Néu ABCD- A'B'C'D’ 12 hinh hop thi AB+ AD+ AA' = AC' (Quy tic hinh hép)

Vi du 3. Cho hinh hop ABCD- A'B'C'D’ (Hinh 6). Chiing minh ring: AB+ B'C'+ DD’ = AC’

Trong khong gian, cho hai vecto a ,b . Hiéu ctia vecto @ va vecto b 1a tong cua vecto d va vecto
dbi cuia vecto b , ki higula a—b .
Phép lay hiéu cua hai vecto con duoc goi 1a phép trir vecto.

Vi du 4. Cho hinh hop 4BCD.A'B'C'D’' (Hinh 8). Chimng minh rang; BB-DB=BD.

Poi véi vecto trong khong gian, ta c6 quy tic sau:
- Véiba diém O, 4, B trong khong gian, ta c6: O4—OB = BA (Quy téc hiéu).

2. Tich ciia mdt s6 v6i mot vecto trong khong gian

Tuong tu nhu trong mit phang, trong khong gian ta ciing c6 dinh nghia sau:
Cho s thuc k # 0 va vecto d = 0. Tich ctia sd k véi vecto @ la mot vecto, ki hiéu 1a ka

dinh nhu éau:

- Cung huéng véi vecto @ néu k > 0, nguoc hudng voi vecto d@ néu k<0
- C6 46 dai bang |k|-|d|.

Quy wée: 0 =0,k0=0. Do d6, ka =0 khi va chi khi k=0 hodc a=0.
Chuy

- Phép lay tich cua mot s6 véi mot vecto goi 1a phép nhan mdt s6 véi mot vecto

a , duoc xac



- Phép nhan mdt s vai mot vecto trong khong gian cé cac tinh chat sau:

- Vi hai vecto bat ki d@,b va hai sd thuc &,k ta co:

k(a+13 — ki + kb k(a—E)zka—kb
(h+k)a = hd +ka h(kd)=(hk)a
li=a (-1)a=-a

Vidu 5. Cho tir di€én ABCD c6 G la trong tam cua tam giac BCD. Goi H,K 1an luot 1a trung
diém cua cac canh 4B, AC (Hinh 9). Chtng minh ring:

a) BC =2HK b) AB+AC+AD =34G.
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3. Tich vo hudng cia hai vecto trong khong gian

Trong khong gian, cho hai vecto a ,b khac 0. Lay mot diém O tuy y va vé& hai vecto
OA=ad,0B=b .Gobc gitra hai vecto a,b trong khong gian, ki hi€u (5,15 ) , 1a gbc gitra hai vecto
04,0B.

Cha y: O° s(a,E) <180°.

Vi du 6. Cho hinh lap phuwong ABCD- A'B'C'D'. Tinh géc giira hai vecto BD,B'C .

Trong truomg hop tong quat, ta cé dinh nghia sau:

Trong khong gian, cho hai vecto d@,b khéac 0. Tich vo huéng cua hai vecto a@ va b , ki hidu ab,la
mot s6 thue duoce xac dinh boi cong thirc: a b= ‘Zz|-|l;‘~cos(é,l;) ,0do (El,l;) la goc gitra hai vecto
ab .

Quy uéc: Tich vo hudng ctia mot vecto bat ki voi vecto 0 bang 0 .

Chuy

- Tich vo hudng cua hai vecto trong khong gian c6 céc tinh chat sau:



- V6i cac vecto bat ki d@,b,¢ va s thuc k tuy y, ta co:
ai-b=b-a (tinh chat giao hoan); G-b+a-¢ (tinh chét phan phdi);

(kd)-b=k(d-b)=a-(kb)
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-Néu G,b 1a hai vecto khéac 0 thi cos(ﬁ,l;)z
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Vidu 7. Cho tir dién OABC c¢6 cac canh OA4,0B,0C d61 mdt vudng goc va O4A=0B=0C =1.
Goi M 1a trung diém ctia canh AB . Tinh goc gitta hai vecto OM va AC.

Vi du 8. Mot chiée dén tron duoc treo song song v6i mit phiang ndm ngang boi ba soi day khong
dan xuat phat tir diém O trén tran nha va lan lugt bude vao ba diém A4, B,C trén deén tron sao cho

cac luc cang 1’7“l , }7“2,}7“3 1an luot trén mdi ddy OA4,0B,0C d6i mot vudng goc véi nhau va

‘FI‘ = ‘132‘ = ‘F}‘ =15( N) (Hinh 14). Tinh trong lugng cua chiéc dén tron do.
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B. GIAI BAI TAP SACH GIAO KHOA
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1. Cho hinh hop ABCD.A'B'C'D’ . Vecto u= A'A+ A'B'+ A'D’ bang vecto ndo duéi day?
A AC. B. CA'. C. AC'. D. C'4.

2. Cho tir dién ABCD . Chirng minh rang:

a) AC+BD=AD+BC; b) AB-CD=AC+DB.

3. Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 canh bang a . Tinh:

a) AB.D'C'; D'ABC; b) Céc goc (A'D,B'C');(AD',E)

4. Cho hinh hop ABCD.A'B'C'D'. Goi G1la trong tim tam gidc AB'D'. Chung minh ring
AC=34G.

5. Mot chiée 6t duoc dat trén mat day dudi ctia mot khung st c6 dang hinh hop chit nhat véi day
trén 1a hinh chit nhat ABCD, mit phang (ABCD) song song véi mit phang ndm ngang. Khung sét

c6 dugc bude vao méc E cua chi€c can cau sao cho cac doan day cap EA, EB, EC, ED c6 do dai bang



nhau va cing tao v6i mét phang (4ABCD) mot goc bang 60° (Hinh 16 ). Chiéc can cau kéo khung
st 1én theo phuong thiang dtng. Tinh trong lwong cua chiéc xe 6t6 ( 1am tron dén hang don vi), biét
r.':fmg cac luc cang F 1;72;}73 ;E déu c6 cuong do 1a 4700N va trong lugng ctia khung st 1a 3000 N.

Hinh 16

C. CAC DANG TOAN

DANG 1: CHUNG MINH MOT PANG THUC VECTO

1. Phwong phap
Vian dung céc kién thic sau.

"] Dinh nghia cac khai niém lién quan dén vecto:
1 Tinh chét hinh hoc cua céc da giac da hoc;

(1 Céc quy tic tinh toan véi vecto;

1 Mot s6 hé thirc vecto hay dung;

] Céc tinh chat ciia cac hinh hinh hoc cu thé.

2.Vidu

— — -

Vi du 1: Cho hinh chép S.ABCD c6 day la hinh binh hanh tim O. Pat SA=3, SB= 5, SC =¢,
D =d. Chirng minh: G+é=b-+d.

Vi du 2: Cho hinh chép S.ABCD c6 day la hinh binh hanh tim O. Goi G la diém thoa mén
@+@+@+E+@:6.Chmg minh: GS=40G.




Vi du 3: Cho tir dién ABCD. Goi G 1a trong tAm cta t dién, M 13 mot diém trong khong gian.

Chtmg minh: MG = %(MA +MB+MC + MD)
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Vi du 4: Cho hinh hop ABCD.A'B'C'D’. Chiing minh: AB+ BC’'+CD + D'A=0.

Vi du 5: Cho hinh hop ABCD.A’B'C'D’ tam O. Goi / 1a tam cua hinh hinh hanh ABCD. Chting
minh: OF = —(AC’+CA'+BD' + DB

Vi du 6: Cho tr dién ABCD, goi M, N lan luot 1a trung diém cua cac canh AD, BCva G la trong tam
cua tam giac BCD chung minh rang:

2) MN = (4B+ DO)

b)Z§+Za+ZB:325

Vidu 7: Cho hinh hop ABCD.EFGH. Chimg minh rang :

a) AB+ AH +GC+ FE = AD
b) AB+AD+ AE+GH +GB=0

DANG 2: PHAN TiCH MQT VECTO THEO CAC VECTO THANH PHAN

1. Phwong phap: Pé phan tich mot véc to theo hé cac véc to thanh phan thi phai két hop hinh v&
véi cace quy tac véc to, dac biét 1a quy tac 3 diem.

2.Vidu

Vi du 1. Cho t& dién ABCD. Goi I va J 1a trung diém cta AB va CD.

a) Hay biéu dién vec to IJ theo 3 vecto AB; AC va AD .

b) Goi G 1a trong tdm tam giac BCD. Hiy biéu dién vec to AG theo 3 vec to AB; AC va AD.
Vi du 2. Cho tir dién ABCD. L'Qiy cac diém M va N lan luot thude AD va BC sao cho

AM =3MD; NB=-3NC . Biét AB=a va CD=b.

a) Hay biéu dién vecto MN theoa vab .

b) Goi G la trung diém cta PQ, chimg minh rang G 1a trong tim ti dién ABCD.



Vi du 3. Cho hinh hép ABCD.A'B'C'D' . Bt BA=a; BB' = b; BC =¢ . Goi M va N lan luot 13 hai

diém nam trén AC va DC' sao cho MB//BD' . Tinh ty s6 %

DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO

1. Phwong phap: Nam dugc dinh nghia goc giira hai vecto, cong thirc tich v hudng cua hai vecto
trong khong gian
2.Vidu

Vi du 1. Cho hinh lap phuong 4BCD.EFGH . Hiy xac dinh goc gitra cap vecto AB va DH ?

Vi du 2. Cho hinh 1ap phuong ABCD.EFGH . Hay xac dinh goc giira cap vecto AB va EG ?

Vi du 3. Cho tt dién ABCD c6 AB = AC = AD va BAC = BAD = 60° . Hiy xac dinh goc giita cip
vecto AB va CD ?
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Vi du 4. Cho hinh chop S.ABC ¢6 S4=SB=SC va ASB=BSC=CSA, BAC = BAD =60°. Hay
xac dinh goc giita cap vecto 4B va SC 2

Vi du 5. Cho tir dién ABCD ¢6 AB = AC = AD va BAC = BAD =60°, CAD =90°. Goil va J
lan luot 1a trung diém cia 4B va CD . Hiy xac dinh goc giita cip vecto AB va lJ ?

Vi du 6. Cho tir dién ABCD ¢6 AB 1 AC va AB L BD . Goi P va Q lan luot 1a trung diém ctia AB
va CD. Ching minh ring 4B 1 PO .

DANG 4. MOT SO BAI TOAN UNG DUNG VECTO GIAI TOAN THUC TIEN

Vi du 1: Trong Hinh 2.2, lyc cang day (dugc tao ra boi suc ndng cua kién hang) dugc thé hién
bdi cac doan thang c6 miii tén mau do.

Hinh 2.2

a) Cac doan thang nay cho biét gi vé hudng va do 16n cua cac cac luc cing day?
b) Cac doan thang nay c6 cung nam trong mot mit phiang khong?

Vi du 2: Mot toa nha c6 chiu cao cta cac ting 1a nhu nhau. M6t chiée thang may di chuyén tir
tang 15 1€n tang 22 ctia toa nha, sau do di chuyén tur tang 22 1€n tang 29. Céc vecto bi€u dién do
dich chuyén ctia thang may trong hai lan di chuyén d6 c6 bang nhau khong? Giai thich vi sao.



Hinh 2.9

Vidu 3: Hinh 2.15 m6 td mdt 1o hoa duoc dat trén ban, trong luong cia lo hoa tao nén mét luc
tac dung 1én mat ban va mgt phan lyc tir mat ban Ién lo hoa. C6 nhan xét vé do dai va hudng cua
cac vecto bieéu dién hai luc d6.
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Hinh 2.15

Vi du 4: Thang cudn tai cac trung tAm thuong mai, siéu thi hay nha ga, sin bay thudng co hai
lan, trong d6 mat lan 1én va mot lan xudng. Khi thang cudn chuyén dong, vecto biéu dien van toc
cua moi lan ¢6 1a hai vecto d6i nhau khong? Giai thich vi sao.

Vi du 5: Khi chuyén dong trong khong gian, may bay ludn chiu tac dong cua bén lyc chinh: lyc
déy cua dong co, luc can cua khong khi, trong luc va lyc nang khi dong hoc (H.2.20). Luc can
ctia khong khi nguge huéng vai luc ddy cia dong co va c¢d do 16n ti 16 thuan véi binh phuong
van tbc may bay. Mot chiéc may bay tang van tc tir 900 km/h 1én 920 km/h, trong qué trinh



tang tbc may bay gitr nguyén huéng bay. Luc can ctia khong khi khi may bay dat van toc

900 km/h va 920 km/h 1an luot duoc biéu dién boi hai vecto F1 va F Hay giai thich vi sao
E = kF2 véi k 12 mot sb thue duong nao dé. Tinh gid tri cua k (lam tron Kkét qua dén chir s6
thap phan thu hai).

Hinh 2 20

Vi du 6: Mot chiéc ban can d6i hinh chir nhat duoc dat trén mat san nim ngang, mit ban song
song v&i mdt san va bon chan ban vuong géc véi mat san nhu Hinh 2.29. Trong luc tac dung 1én
ban (bicu thi boi vecto @ ) phan tdn dé€u qua bon chan ban va gay nén cac phan lyc tir mat san
1én cac chan ban (biéu thi boi cac vecto b,¢,d,é ).

Hinh 2.28

m

a) Hiy chi ra mdi quan hé vé phuwong va hudng cua cac vecto a@,b,é,d v

b) Giai thich vi sao céc vecto b,¢,d,é d6i mot bang nhau.

Vi du 7. Ta da biét trong tAm cta t& dién ABCD 1a mot diém I théa man Al =31G, & d6 G 1a
trong tAm clia tam giac BCD. Ap dung tinh chét trén dé tinh khoang cach tir trong tim ctia mot
khéi rubik (ddng chit) hinh tir dién déu dén mot mit ciia nd, biét rang chiéu cao ctia khéi rubik 1a
8 cm (H.2.30).

8cm

Hinh 2.30



Vi du 8: Ba so1 day khong gian vdi khéi lugng khong dang ké duoc budc chung mot dau va
dugc keo cang vé ba hudng khac nhau (H.2.31). Néu cac luc kéo 1am cho ba s¢i day ¢ trang thai
ding yén thi khi d6 ba sgi ddy nam trén cung mot mat phang. Hay giai thich vi sao.

Hinh 2.31

D. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 4:

Cau 5:

Cho tr dién ABCD . bat AB=a , AC=h , AD=c. Goi G la trong tam tam giac BCD.
Ding thirc nao sau day ding?

A. AG=a+b+c. B. 4G =1 (a+b+c).
3
C. 4G=—(a+b+c). D. 4G = (a+h+c).

Cho tir dién ABCD . bat AB=a , AC=b , AD=c. Goi M 1 trung diém cta doan BC
. Pang thirc nao dudi ddy dung?

A. DM =—(a+b-2c). B. DM = (a+25¢).
C. DI =~ (a-2h+¢). D. DI = (a+2b-c).

Cho tt dién ABCD. Goi M va P lan luot la trung diém cua cac canh 4B va CD. Dbat
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A MP = (c+d+5). B. MP=(d+5-¢).

—_ N | =

C. MP=1(¢+5-d). D. MP=1(¢+d-).

Cho tir dién ABCD va diém G théa man GA+GB+GC+GD =0 (G latrong tdm cua tu
dién). Goi G, 1a giao diém ctia GA va mit phang (BCD). Khang dinh nao duéi day dung?
A. GA=-2GG . B. GA=4GG. C. GA=3GG. D. GA=2GG.

Cho hinh chop S-ABCD ¢4 day ABCD 13 hinh binh hanh. bat S4=a SB=b SC=c
SD =d  Khing dinh nao du6i day 1a dung?
A.a+c=b+d. B.a+b+c+d=0. C.a+d=bh+c. D.a+b=c+d.

Cho hinh lang tru ABC.A'B'C' pjt Ad'=a , AB =b, AC=c, Goi G' 1a trong tdm cua
tam giac 4'B'C" Vécto AG' bang?



Cau 7:

Cau 8:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

A. %(5+3l§+2). B. %(35+Z§+2). C. %(Zz+l§+32). D. %(5+l§+2).

Cho hinh lang tru ABCA'B'C' pzt AAd'=a AB:b, ACZC.Hﬁybiéudiénvecto B'C
theo a,b,c?
A.B'C=a+b-c. B.B'C=-a+b-c.
C.B'C=a+b+c. D. B'C=—a-b+c.
Cho hinh lang try ABC.A'B'C'. Goi M 1a trung diém cua canh BB'. Dat CA ::1, CB=b
, H=E.Khéng dinh nao sau day dung?
A, m:zﬁz_%z. B. m:m_%a.

T S
C. AM:b—a+§c. D. AM:a—c+Eb.

Cho hinh hp ABCD.A'B'C'D' tam O. Goi [ 1a tdm cua hinh binh hanh 4ABCD . Dit
AC'=u, CA'=v, BD'=x, DB' =y .Khi dé:

A 201 =i+ +3+3). B. 207 = {u+v+3+3).
C. 200 = (u+v+3+3). D. 207 = (i +v+3+7).

Cho hinh lang try tam gidc ABC.A'B'C". Bat ﬂ":&, ﬁz[), A—C:E, E:E.Khéng
dinh nao sau day la dung?

A.a=b+c. B.a+b+c+d=0. C.b—c+d=0. D.a+b+c=d.
Cho hinh lap phuong ABCD.A'B'C'D". Goi O 1a tim ciia hinh 1ap phuong. Khang dinh
nao sau day la ding?

A.A—O:l(AB+AD+AA'). B. 40 =
3

C. 40=(4B+ 4D+ 4x). D. 40 =
4

_

Cho hinh hop ABCD.A'B'C'D'. Pit AB=a, AD=b, AA"'=c. Phan tich vecto AC'

theo &,Z;,E ?

A. AC'=—a+b+c. B. AC'=a+b—c.

C. AC'=a+b+c. D. AC'=a-b+c.

Cho tir dién ABCD.Piém N xéc dinh boi déng thirc sau AN = AB+ AC — AD . Ménh d&
nao dung?

A. N latrung diém BD. B. N la dinh hinh binh hanh BCDN .

C. N la dinh hinh binh hanh CDBN . D. N=A.

Cho hinh hép ABCD.A'B'C'D'. Goi M la diém dugc xac dinh bai déng thire sau
MA+MB+MC+MD+MA'+MB'+MC'+MD"=0. Ménh dé nao dung?
A. M latam mat day ABCD.




Cau 15:

Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

B. M latam matday 4'B'C'D’.

C. M 1a trung diém doan thang ndi hai tAm ctia hai mit ddy.

D. tap hop diém M 14 doan thang ndi hai tim cta hai mat day.

Cho hinh hop ABCD.A'B'C'D' ¢c6tdm O.DPit AB=a, BC=b.Diém M xéc dinh boi

dang thirc OM =

A. M 1atrung diém BB'.
C. M latrung diém CC'.

Cho ba vecto a,b,c . Diéu kién nao dudi diy khang dinh a,b,c dong phang?

%(ZI —l;) . Khing dinh nao sau day ding?

B. M 1atim hinh binh hanh BCC'B".
D. M 1a tam hinh binh hanh ABB'A"'.

A. Ton tai ba sé thuc m,n, p théamén m+n+p=0 va ma+nb+pc 0.

B. Ton tai ba sb thuc m,n, p théaman m+n+ p#0 va ma+nb+p2—

C. Tdn tai ba sb thuc m,n, p sao cho ma +nb+pc =0.

D. Gia cua a,b,c ddng qui.

Cho ba vécto a,b,c¢ khong ddng phang. Xét cac vécto x=2a+b va ;: a

z=-3b-2c. Khing dinh nao duéi day 1a dung?

A. ;c,;,} dong phang.

C. x,b ciung phuong.

A.

B
C.
D

M¢

>

.
.
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A. x=

C.

o= 1oR

Cho ba vécto a,b,c khong ddng phiang. Khang dinh nao dudi diy dung?

B.
D.

x

X,y

cung phuong.

0.

—b—c va

z d6i mot cung phuong.

X=a+b+2¢ va y:2a—3b—6c va z=—a+3b+6¢ ddng phang.

LH SR~
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a
a+
a—+

b,
b,

C
C

dé nao sau day 1a sai?

ddng phing néu mot trong ba vecto d6 bang 0.

+bh+c va y 2a-3b+c va z=—a+3b+3¢ dong phang.
+h—c va y=2a-b+3c va z=—a-b+2c ddng phang.

d6ng phang néu co hai trong ba vecto d6 ciing phuong.

a—2b+4c va y=3a-3b+2c va z=2a-3b-3¢c ddng phang.

rong hinh hop ABCD.A'B'C'D" ba vecto AB',C'A',DA' ddng phéng.

.x=a+b+c ludng ddng phang v4i hai vecto avab.

Cho

X =

hinh hop ABCD.A'B'C'D'

2+k
2—k
;+k
2—k’y:

—,y:_

2

k

1

2%k

va

cac

D.

diém M,N,P
MA=kMB'(k#0),NB=xNC',PC=yPD'. Hiy tinh x,y theo k déba diém M,N,P
thang hang.

1+2k

X =

1-2k

1+%

_l—k’y

9y:__

1
2k

xac

dinh  bd1i



Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Mot chiéc dén tron dugce treo song song voi mit phing ndm ngang boi ba soi day khong
dan xuat phat tir diém O trén tran nha va lan luot budc vao ba diém 4, B, C trén dén tron

sao cho céc luc cang E,F’Z,E lan lugt trén mbi day OA4,0B,0OC d61 mdt vudng goc véi

nhau va ‘Fl‘ =|F,|=|F;| =15 (N). Tinh trong lwong cua chiéc dén tron do.

A. 14/3(N). B. 15+/3(N). C. 173(N). D. 16J/3(N).
Mot chiéc dén chum treo ¢6 khdi luong m = 5kg duoc thiét ké véi dia dén duoc giit boi
bdn doan xich S4,SB,SC,SD sao cho S.ABCD la hinh chop tr giac déu co A/b%' =60".

Tim d6 16n cta luc cing cho mdi soi xich. Liy g =10m/s’.

'

AN >

D

1543 2043 2543 3043

A—N B—N C—N D—N.

Cho @ va b 1a hai vecto cuing hudng va déu khac vecto 0. Ménh d& nao sau day dung?

N7 S A C.ab=-1. . a5 =[al 5|
Cho hai vecto @ va b khac 0. Xac dinh goc o gitra hai vecto a va b khi ab=— Zz||l;|
A. a=180°. B. a=0°. C. a=90°. D. o =45°.

Cho hai vecto a va b théa min |Zz| =3,

B| =2 va d.b =-3. Xéac dinh gbéc o gitta hai vecto
avab

A. a=30°. B. a=45°. C. a=60°. D. a =120°.
Cho hai vecto @ va © thoa man |Zz| :|l;| =1 va hai vecto u :§5—3l; vav=a+b vuong

—

goc véi nhau. Xac dinh goc & gitra hai vecto ¢ va b.



Cau 27:

Cau 28:

Cau 29:

Cau 30:

Cau 31:

Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

A. a=90°, B. a=180°. C.a=060°. D. o =45°.
Cho hai vecto a va b théa mén diéu kién |Zz| = |l;| =1va ab=3. Do dai vecto 3a+5b:
A. 5\5. B. V24. C.8. D. 124.
Cho a, b ¢6 (a+2b) vuong goc voi vecto (Sa 4b) va | | |b| Khi do:

5 g .
2 2

A. cos(a,l;):— B. cos(5,13):900. C. cos(&,l;):— D. cos(a,b):%.

Cho hai vecto Zz,l; théa man: |Zz| =4; l;| =3; Zz—z;| =4. Goi a la gbéc gitra hai vecto 21,5.
Chon khang dinh dung?
A. cosa:% B. o =30". C. cosazé. D. o =60°.

- -~ . - S —"
i va v 14 2 vecto déu khac 0. Khi d6 ‘u +2v‘ bing

—2 —2 S — —2 —2 S — —2 —2 —_— = - =
A.u +2v —4uwv. B.u +4v +4uyv. C.u +4v . D. 4u-v(u —v)

Cho hai vecto a va b co |a|=5, 5|:12 va |5+5|:13. Khi dé cosinctia goc giita hai
vecto a —b va a +b bang
12 B i C 119 D 119

137 127 "169° 169
Cho u=a+3b vudng goéc v6i v="Ta—5b va x=a—4b vudng goéc v6i y =Ta—2b. Khi
do goc gitra hai vecto avab bang

A. (5,13):750. B. (5,8):600. C. (5,5):1200. D. (a,b)=45°.

Cho hai vecto Zz,l; théa man | | =3; a.b=10. Xét hai vecto y:Zz—E;c:Zx—Zl;,.

Goi a la goc gitra hai vecto x } Chon khang dinh dung.

— 1
A. cosa =—. B. cosa =——. C. cosazi. D. cosa =

2
Jis Jis Jis Ji5

Cho hai vecto 21,5 théa man: |Zz| = ; 5+l;| =48 . b dai vecto a-b b?mg?

A. 25. B. V616 . C. 9. D. v618.

Cho tir dién ABCD ¢¢ AB=AC=AD 3 BAC =BAD = 60" . Hay x4c dinh goc gitra cap
vecto AB va CD?
A. 60° B. 45" c. 120", D. 90",

Cho hinh choép S.ABC ¢4 SA=S8B=S8C vy ASB=BSC=CS54 Hay xac dinh goc gitra
cap vecto S4 ya BCo



Cau 37:

Cau 38:

Cau 39:

Cau 40:

Cau 41:

Cau 42:

Cau 43:

Cau 44:

AL 1207, B. 90", c. 60", D. 45",

Cho hinh choép S.ABCD ¢ day 1a hinh vudng ABCD canh bang @ va cc canh bén déu

bing 4. Goi M va N 1an luot 1 trung diém cua 4D va SD . S§ do cua goc (MN, SC)
bang:
A, 45° B. 30° C. 90° D. 60°

Cho tir dién ABCD déu canh bang a . Goi O 1a tam dudng tron ngoai tiép tam gidc BCD
. Goc gilta A0 va CD bang bao nhiéu?

A0 B. 30" c. 90°. D. 60"

Cho tir dién ABCD véi AB 1 AC, AB 1L BD . Goi P, Q lan luot la trung diém cia AB
va CD. Goc gitta PO va AB 1a?

A. 90°. B. 60°. c. 30°. D. 45°

Cho ttt dién ABCD ¢6 AB = AC = AD va BAC = BAD =60°,CAD =90°. Goi I va J lan

luot 13 trung diém cua AB va CD. Hiy xéac dinh goc giita cip vecto AB va 1J?

A. 120°, B. 90°, C. 60°, D. 45°,

Cho tr dién ABCD c6 hai mat ABC va ABD la cac tam giac déu. Khéng dinh nao sau
day dung nhat.

A. AB va CD chéo nhau B. AB va CD vuong goc vdi nhau

C. AB va CD déng phang D. AB va CD cit nhau

Cho hinh ling tru tam giac déu ABC.A'B'C' ¢6 AB=a va AA' = J2a. Goc gitra hai
duong thing AB' va BC'bang
A C

A. 607 B. 45°. C. 90°, D. 30°,

Cho hinh 1ap phuong ABCD.AB,C,D, c6 canh a. Goi M la trung diém AD. Gia trj

B.M BD, la:
laz 2 3 2 3 2
A 2 B. a . c.4 . D. 2

Cho hinh 1ap phuong ABCD.EFGH . Hay xac dinh goc giira cdp vecto AB vAEG?
A. 90° B. 60° C. 45° D. 120°



Cau 45:

Cau 46:

Cau 47:

Cau 48:

Cau 49:

Cau 50:

Cho hinh 1ap phuwong ABCD.A'B'C'D". Goi M , N 1an luot 1a trung diém cia AD, BB
Cosin ctia goc hgp boi MN va AC' bang

3 V2 5 V2
A3 B. 3. c. 3. D. 4
Cho hinh ling try ABC.A'B'C’ ¢6 ddy ABC 1a tam giac déu canh a, tam giac A'BC déu
nam trong mit phang vudng goc véi (ABC ) M 1a trung diém canh CC'. Tinh cosin goc

a giita hai duong thing 44" va BM .

2322 J33 Ji1 J22
cCos =—— CoOS¥ =—— COS¥f = —— cCoSsg =—
A. I B. 1T C. 1T D. 11

Cho tam gidc ABC | thj cong thirc tinh dién tich nao sau day 1a ding nhat.

] | ———2
s=LJaBAC* —BC? S =—\/ABZAC2 +—(AB.AC)
A, 2 B. 2 2
1 2 2 1 (—=—=\? 1 2 2 —= A\
S==.|AB*AC ——(AB.AC) S==.|AB*AC —(AB.AC)
C. 2 2 D. 2
Cho hinh 1ap phuwong ABCD.EFGH c6 canh bang a . Ta ¢6 AB.EG bang?
a*\2
A A2 B. a c. @3 p. 2

Cho ttr dién ABCD véi AC = %AD, CAB =DAB =60°,CD = AD . Goi ¢ la goc giita AB
va CD. Chon khang dinh dang?

A. cosgo:%. B. p=60°". C. p=30". D. cosgozi.

Cho ti dién déu ABCD, M 1a trung diém cta canh BC . Khi d6 cos(AB,DM) bang

V2 3 V3

1
A, 2 . B. 6 . C. 2. D. 2 .

E. TRA LOI DUNG SAI

Cau 1:

Cho tir dién ABCD c6 trong tam G . Xét tinh ding- sai cia cac ménh dé sau?

A. GA+GB+GC+GD =0

_— —— ——

B. 56:1(0A+OB+OC+0D)
4

C. BG=GA+GC+GD
D. 4G =2 (4B + AC-+ D)
Cho ttr dién ABCD.Goi M va N lan luot 1a trung diém cia AB,CD va G la trung diém

MN . Xét tinh ding- sai ctia cic ménh dé sau?
A. GA+GB+GC+GD=0



Cau 4:

Cau 5:

Cau 6:

B. MA+MB+MC +MD = 4MG

C. W:%(E+@)

D..2MN = AC+BD

Cho hinh hop ABCD.A'B'C'D' tim O. Xét tinh ding- sai ciia cac ménh d¢é sau?
A. AC'=AB+ AD+ AA'.

B. AB+BC'+CD+D'A=0.

C. AB+AA'=AD+DD".

D. 4B+BC+CC'=AD'+D'0+0C".

Cho hinh hop ABCD.A'B'C'D'. Xét tinh diing- sai ciia cac ménh dé sau?
A. BC+BA=B'C'+B'A". B. AD+D'C'+D'A'=DC .
C. BC+BA+BB'=BD'". D. BA+DD'+BD'=BC.

Xét tinh dung- sai clia cac ménh dé sau?

A. Tt gidc ABCD 1a hinh binh hanh néu 4B =CD.

B. T gidc ABCD 1a hinh binh hanh thi AB+BC+CD+CB=0.

C. Tu gidc ABCD 13 hinh binh hanh thi AB+ AC = AD.

D. Chép S.ABCD c6 SB+SD =SA+SC thi ABCD 1a hinh binh hanh.

Cho hinh chép S.4BCD c6 ddy ABCD 14 hinh binh hanh tim O. Goi G 14 diém thoa

man GS +GA+GB+GC+GD =0. Xét tinh dung- sai cia cac ménh dé sau?

A. AB+BC+CD+DA=SO

B..0A+0B+0C+0D=0

C. SB+SD=54+5C.

D. GS =30G .

Cho hinh 1ap phuong ABCD.A'B'C'D" ¢6 canh bang a.Goi I 1a tim hinh vuéng ABCD
, 201 G la trong tam cua tam giac AB'C (tham khdo hinh v&). Xét tinh ding- sai ctia cac
ménh dé sau?

C

s B o

D
A. AB+AD+AA'= AC".

B. GA+GB'+GC =2GI .

C. AB+AD=A'C".



D. BD'=2BG .
Cau 8: Cho tirdién ABCD, goi M, N lan luot 1a trung diém AD, BC . Xét tinh diing- sai cia cac
ménh dé sau?
A. AB,DC,MN dong phang.
B. AB,AC,MN khong dong phang.
C. AN,CM,MN dbng phing.
D. BD, AC,MN dong phang.

Cau9: Cho td dién ABCD. Trén canh AD va BC lan luot liy cac diém M,N sao cho
AM =3MD va BN =3NC . Goi P,Q lan luot 13 trung diém 4D va BC. Xét tinh diing-
sai ciia cac ménh dé sau?

A. PO=AC+DB
B. MN = MA+ AC +CN

C. MN =MD + DB+ BN
D. BD,AC,MN dbng phéng.

Cau 10: X¢t tinh dang, sai cua caic ménh dé sau:
Ménh dé bung | Sai

A:“ AB+BC=AC .

B:“ AB+BC+CD=AD .

C:“AB+ AD = AC véi ABCD la tir gic ™.
D:“AB+ AD = AC v6i ABCD 1a hinh binh hanh *.

Ciu 11: Xét tinh diing, sai cia cic ménh dé sau:
Ménh dé Piing | Sai

A:* AB—AC=CB .
B:“ AB-CB=AC *,
C:“ka=0<>a=0".

D:“AB =k.AC <> Ba diém phan biét 4, B,C thang hang .

Cau 12: X¢t tinh dang, sai cua cic ménh dé sau:
Ménh dé Dbung | Sai

A:“ MA+MB =2MI véi I 1a trung diém doan AB va diém M batky .

B:“ MA+MB+MC =3MG véi G la trong tim AABC va diém M batky

2

C:“MA+MB+ MC+ MD =4MG véi G la trong tam ti dién ABCD va
diém M batky .

D:“Néu SB+SD = SA+ SC thi chép S.ABCD c6 ABCD 14 hinh binh hanh

2

Cau 13: Cho hinh hgp ABCD.A'B'C'D". Xét tinh ding, sai ciia cac ménh dé sau:



Ménh dé bung | Sai

A:“ AB+CC'= A'B"'+ BB" .
B:“ AB=CD
C:“AB-BC'=BD'”.
D:“AB+AD+ AA'= AC" ”.
Ciu 14: Cho hinh ling tru ABC.A'B'C". Xét tinh dving, sai ctia cac ménh dé sau:
Ménh deé bung | Sai

A:“ BA+A'C'=BC .
B: “ Goc gitra (EE,H) = (B?E,C—Cd') = (ﬁ@,ﬁ) 7,

C:“AB+ AA'+B'C'= AC' .
D : “Goc gitra (E,A—A') = (ﬂ,ﬂ) .

Cau 15: Cho hinh hop chii nhat ABCD-AB'C'D’ ¢6 canh AB = a; AD = a/3; A4 =2a . Xét tinh

duing, sai cua cac khang dinh sau:

a) E"'CD’:_O’ Al D'

b) 4D+CB =0. e /

¢) | AB+AD|=av/5. :

d) [4B+AD +CC'|=2v2a. Abocooocoooood ~Jp
B : C

Ciu 16: Cho hinh 1ap phuong ABCD-A'B'C'D’ ¢6 canh bang « . Xét tinh ding, sai cua cac khang

dinh sau:
a) Fé_FB:B—,IS. Aa D’
b) BA+BC+BB =BD. . i
— —_— — I C'r
o) BA+BC+BB‘:a\/§. |
. — P - --ip
d) ‘BC—BA+CA‘:a. p
B C

Cau 17: Cho t& dién ABCD.Goi M, N lan luot 1a trung diém cua cac canh 4D va BC,I la trung
diém MN. Xét tinh dang, sai cua cic khang dinh sau:



_— — ———

a) AB-CD=AC-BD
b) AB+CD=AD+CB
c) AB+DC =2MN .

d) IA+IB+IC+ID=0

Ciu 18: Mot chiée 6 t6 duoc dit trén mit day dudi cia mot khung st ¢6 dang hinh hop chit nhat
v6i day trén 1a hinh chit nhat ABCD, mit phang (ABCD) song song v4i mit phang nam
ngang. Khung sit d6 duoc budc vao moc E ciia chiée can ciu sao cho cac doan ddy cap
EA,EB,EC,ED c6 d¢ dai béng nhau va cung tao véi mat phéng (ABCD) mot goc béng
60" . Chiéc can cau kéo khung sat 1én theo phuong thang dimg. Biét rang cac luc cing
E,E,E,E déu c6 cuong do 1a 4700N va trong luong cia khung sat 1a 3000N .

a) R+ F=F+F,.

b) F+F=F+F,.

c) ‘Fl + f;‘ =8141N (lam tron dén hang do
vi).

d) Trong lugng cta chiéc xe 6 t6 1a 16282 N
(1am tron dén hang don vi).

Cau 19: Trong khong gian, cho hai véc-to a va b cing c6 d6 dai bang 1. Biét rang goc gitta hai
vée-to do 1a 45

a) Zz-g=g.

V2

b) (a+315)-(a—213)=—5+7.

) |a+b|=2++2.
d) |a—~/2b|=0.

Cau 20: Cho tir dién déu ABCD c6 canh béng ava M la trung diém cua CD.



a)A—AZ-@=0.
b)AB-AC=2L.
C)E-C—Dzo

d)W-E:—%.

Cau 21:

2

2

2

Mot chit diém & vi tri dinh 4 cua hinh 1ap phuong ABCD- A'B'C'D’. Chét diém chiu tac
dong bdi ba lyc G,b,é lan luot cung hudng voi E, AB va AC nhu hinh vé. Do 16n cua

cac lyc @,b va ¢ twong tmg 1a 10N,10N va 20N.

a) d+b=¢. N i

b) |d+b |=20(N). i/

¢)|@+é=b+¢. L \: ‘

d) |@+b+¢|=32,59(N) (lam tron két qua dén L

hang phan muoi). f:@’;'————\‘-‘_____BF
D" ;3

F. TRA LOI NGAN

Cau 1:

Cau 6:

Cau 7:

Cho hinh hop ABCD.A'B'C'D' . C6 bao nhiéu vecto bang vecto BC.

Cho hinh ling tru ABC.A'B'C’ biét AABC c6 canh bang 3. Tim vecto tong ‘@ +B'C’

Cho hinh lap phuong ABCD.A'B'C'D’ . Tinh géc giita hai vecto AB va A'C' .

Cho ttr dién S-ABC ¢§ S4=SB=SC= AB= AC =2,BC =22 . Tinh SC.AB.

Cho t& dien ABCD. Goi E,F lan luot 1a trung diém cua AB, CD. Cho
AB=2a,CD=2b, EF =2¢c. Véi M 1a mot diém tuy vy, biét tong
MA* + MB> =k.ME’* +1.a*. Tinh k +1.

v6i BD' thi K+1 ¢4 gia tri 1a bao nhidu?

Cho hinh chop S.ABC c¢o SA = Zl, SB = B, SC =a va cac diém M, N lan luot 13 trung
diém cua cac canh AB,SC. Cac diém P,Q trén cac duong thing SA, BN sao cho
PQ//CM . Hay biéu dién vecto PO theo ba vecto a,b,c. PQ//CM . Khi bidu dién

m- p- r—- ..mpr .
LR (voi —,£,— la cac
n q z nq z

vecto PQ theo ba vecto a,b,c, ta dugc: PQ =

phén so toi gian va m,n, p,q,r,z € 7). Tinh UL
n q z



Cau 8:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tam O, M 1a diém thay d6i trén SO.
Ti sb i—jg sao cho P = MS* + MA* + MB* + MC* + MD* nhé nhét 13 bao nhiéu?

Cho tir dién ABCD c¢6 cac diém M, N, P lan lugt thudc cac canh BC,BD va AC sao
cho BC =4BM,AC =3AP,BD =2BN . Mit phang (MNP) cit duong thang AD tai

, A
diém Q. Tinh ti s6 —Q
AD
Cé ba luc cung tdc dong vao mot cai ban nhu hinh vé. Trong do hai luc fl, 1?'2 tao voi nhau

mot goc 110° va c6 do 16n lan lugt 14 9N va 4N, luc E vuong goc voi mat phéng tao

béi hai luc fl,l?z va ¢6 d6 1on 7N . BY 16n hop lyc cia ba luc trén 1 a(N), tim gid tri

cua a.

el

Cho hinh hop ABCD.A'B'C'D'. Tim gia tri thuc cia k& thoa man dfmg thure vecto
R’+B—A'+k(ﬁ+C'—D)=()?

Cho t&r dién ABCD, goi M, N lan luot 1a trung diém céc canh 4C, BD . Goi [ 1a trung
diém doan MN va P 1a mot diém bat ky trong khong gian. Tim gia tri thuc ciia & thoa

J

min dang thirc vecto Pl = k(PA +PB+PC+PD

Cho hinh hdp ABCD.A'B'C'D'.Goi M la diém trén canh AC sao cho AC =3MC. Léy
diém N trén doan C'D sao cho C'N = x.C'D . Véi gia tri ndo cia x thi MN song song
BD'?

Cho ta dién ABCD va cic diém M,N dugc xic dinh boi AM =24B-3AC va
DN =DB+x.DC . Tim x dé cac duong thang 4D, BC,MN cung song song v4i mot mat
phang.

Cho hinh hép ABCD.AB,C,D,. Tim gia tri thuc ciia k thoa min dang thic vecto
AB+B,C,+ DD, =k AC, ?




Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

Cho tt dién ABCD, goi M, N lan luot 13 trung diém cac canh AC, BD.Goi I 1a trung
diém doan MN . Tim gi4 tri thuc clia & thoa min déng thirc 14+ (2k- I)TB +kIC+ID=0
?

Cho hinh hoép ABCD.A'B'C'D' va cac s6 thuc m,n théoa man MA'=mMC va
NC'=nND.Khi MN song song voi BD' thi m+n bang bao nhiéu?

- - -

Trong khong gian cho cic vecto a,b,c khong déng phéng théa man
(x_y)a+(y_z)l;=(X+Z—2)E.Tinhx+y+z?

Cho tirdién ABCD ¢6 BC=DA=a,CA=DB=b,AB=DC =c.Goi S ladién tich toan

A A ‘A ’ A 5 ) - ’ 7 s 1z A 5 1 1 1
phan (tong di¢n tich tat ca cac mat). Tinh gid tri I6n nhéat cua ——+ + .
a’h® b’c® ta’

Cho hinh hop ABCD.A'B'C'D'. Mot dudng thang A cét cac dudng thang 44", BC,C'D"

lan luot tai M, N, P sao cho NM =2NP . Tinh %

Cho hinh chép S.ABC . Liy cac diém A4',B',C' lan luot thudc cac tia SA4,SB,SC sao
SA SB SC . s 5
cho —= ——=¢, trong d6 a,b,c la cac sO thay doi. D€ mat phing

a, 22 b,
S4' SB' N
(A'B'C ') di qua trong tAm ciia tam giac ABC thi a + b + ¢ bang bao nhiéu?



CHUONG II: TOA PO CUA VETO TRONG KHONG GIAN

BAI 1: VECTO VA CAC PHEP TOAN VECTO TRONG KHONG GIAN
A. KIEN THUC CO BAN CAN NAM

I. KHAI NIEM VECTO TRONG KHONG GIAN

Twong ty nhu trong mit phing, ta c6 khai niém vecto trong khong gian:

Vecto trong khong gian 13 mot doan thang c6 hudng.

Chuy

Cho doan thing 4B trong khong gian. Néu ta chon diém dau 13 4, diém cudi 1a B thi ta c6 mot
vecto, ki higu 1a 4B, doc 1 "vecto 4B ".

Khi khong can chi rd diém dAu va diém cudi cua vecto, vecto con duge ki hiéu 1a a, b LUV,
Céc khai niém c6 lién quan dén vecto trong khong gian nhu: gia cia vecto, do dai cia vecto, vecto

cung phuong, vecto cing huéng, vecto-khong, hai vecto bang nhau, hai vecto dbi nhau, ... duoc
dinh nghia twong ty nhu trong mat phang.

Vidu 1. Cho hinh hép ABCD- A'B'C'D’ . Hay chi ra ba vecto c6 diém dau va diém cudi 1a cac dinh
cua hinh hgp sao cho ba vecto do:
a) Bang vecto 4D ;

b) La vecto ddi ctia vecto AD.

Hinh 2

a) Do cac vecto BC,B'C', A'D’ cing huéng v6i vecto AD va AD = BC = B'C' = A'D' (tinh chat
hinh hop) nén AD=BC=B'C'=A'D’ .

Vay ba vecto BC,B'C', A'D’ ¢6 diém dAu va diém cudi la cc dinh cua hinh hop va bing vecto
AD .

b) Do céc vecto CB,C'B',D'A’ ngugc huéng véi vecto AD va AD=CB=C'B'=D'A’
Chi y: Cho diém O va vecto a. Khi d6, ton tai duy nhat diém M trong khong gian sao cho

OM =a.
bé¢ xac dinh diém M , ta lam nhu sau ( Hinh 3) :



Qua O ké dudng thang d song song hodc tring véi gia clia vecto a.

Lay diém M trén duong thing d sao cho hai vecto OM,dla cung huéng va d6 dai doan thing
OM bang do dai vecto a.
II. CAC PHEP TOAN VECTO TRONG KHONG GIAN

1. Téng va hiéu cia hai vecto trong khong gian

- Trong khong gian, cho hai vecto a,b . Lay mot diém A4 tuy ¥, v& AB=ad,BC=b . Vecto AC
duoc goi la téng clia hai vecto @ va b , ki hiéu la AC=ad+b.

Chuy

- Phép 1ay tong cuia hai vecto con duoc goi 1 phép cong vecto.

- Phép cong vecto trong khong gian ciing ¢6 cac tinh chat nhu phép cong vecto trong mét phang,
chang han: Phép cong vecto trong khong gian ciing c6 cac tinh chat giao hoan, két hop, cong voi
vecto-khong.

- Khi thyc hién phép cong vecto trong khong gian, ta van co thé ap dung quy tic ba diém, quy tic
hinh binh hanh nhu d6i véi vecto trong mat phang.

- Bdi véi vecto trong khong gian, ta ciing ¢ cac quy tac sau:
+ V¢iba diém 4, B,C trong khong gian, ta co: AB+BC = AC (Quy tic ba diém);
+Néu ABCD 1a hinh binh hanh thi 4B+ AD = AC (Quy téc hinh binh hanh).
Vidu 2. Cho tit dién 4BCD. Chimg minh rdng AB +CD = AD+CB.
Loi gidgi
™\
\\ .
'y
t\ \\
\ oy
A--- - - [)
~ \
Kx‘“m "-_\ /
Hhr
Hinh 5

Theo quy tic ba diém, ta co: AB = AD + DB.



Do do: E+@:E+ﬁ+@:ﬁ+(@+ﬁ):ﬁ+@

-Néu ABCD- A'B'C’'D' 1a hinh hép thi AB+ AD+ AA' = AC' (Quy tic hinh hop)

Vi du 3. Cho hinh hop ABCD- A'B'C'D’ (Hinh 6). Chiing minh ring: AB+ B'C'+ DD’ = AC'

Trong khong gian, cho hai vecto a,b . Hi€u cia vecto a va vecto b 1a tong cua vecto a va vecto
doi cua vecto b, kihiéula a—»b .

Phép lay hiéu cua hai vecto con duoc goi 1a phép trir vecto.
Vi du 4. Cho hinh hop ABCD.4'B'C'D’ (Hinh 8). Chimg minh ring: B'B—DB=B'D.

Loi gidi
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BB DB - BB +(-DB) - BB+ BD - BD

Doi véi vecto trong khong gian, ta c6 quy tic sau:
- Véiba diém 0, 4, B trong khong gian, ta c6: O4—OB = BA (Quy tic hiéu).
2. Tich ciia mdt s6 v6i mot vecto trong khong gian



Twong tu nhu trong mat phang, trong khong gian ta ciing c6 dinh nghia sau:
Cho sd thuc & # 0 va vecto a # 0. Tich cta sb k voi vecto @ 1a mot vecto, ki hiéu la ka , dugc xac
dinh nhu sau:

- Cung hudng véi vecto @ néu k >0, nguoc hudng véi vecto @ néu k <0;

- C6 do dai béang |k|-|a].

Quy wéc: 0 =0,k0=0. Do d6, kd =0 khi va chi khi k=0 hodc a=0.
Chuy

- Phép lay tich cia mot s6 voi mot vecto goi 1a phép nhan mot sé véi mot vecto.
- Phép nhan mot s6 v6i mdt vecto trong khong gian c6 cac tinh chét sau:

- Vi hai vecto bat ki a ,1; va hai sd thuc A,k ta co:

k(a+z§ — ki + kb k(Ez—E):kZi—kb
(h+k)a = ha +ka h(kd)=(hk)a
la=a (-1)a=-a

Vidu 5. Cho tr dién ABCD ¢6 G 1a trong tdm cta tam giac BCD. Goi H,K lan luot 1a trung
diém cua cac canh AB, AC (Hinh 9). Chimg minh rang;

a) BC =2HK b) AB+ AC+ AD =34G.
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Loi gidi

a) Do HK la duong trung binh cua tam giac ABC nén BC//HK va BC =2HK . Suy ra BC cung
husng véi HK va |BC|=2|HK|. Vay BC =2HK .

b) Ta ¢6: AB=AG +GB, AC = AG+GC, AD = AG +GD.

Suy ra AB+ AC+AD=3A4G+GA+GB+GC.

Vi G la trong tdm cua tam gidc BCD nén GA+GB+GC =0.

Do dé, ta co: AB+ AC+ AD =34G .
3. Tich vo hudng cia hai vecto trong khong gian



Trong khong gian, cho hai vecto d@,b khac 0. Liy mot didm O tuy ¥ va vé& hai vecto
OA=ad,0B=b.Gobc gitra hai vecto a,b trong khong gian, ki hiéu (&,5 ) , la goc gitra hai vecto
04,08B.

Chuy: 0" < (5,5) <180".

Vidu 6. Cho hinh lap phuong ABCD- A'B'C'D'. Tinh goc gitra hai vecto BD,B'C

Lai gidgi
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Hinh 1

B

Tacé: BD=B'D’. Do o, (BD,B'C)=(B'D',BC)=DBC.

Vi B'C =CD' = D'B' nén tam giac B'CD’ 1 tam giac déu. Suy ra D'B'C=60".
Vay (ﬁ)’, ﬁ?) =60".

Trong trwdng hop tong quat, ta c6 dinh nghia sau:

Trong khong gian, cho hai vecto Ez,l; khac 0. Tich vo hudng cua hai vecto a va b , ki hiéu ab ,la

mot sb thue duoc xac dinh boi cong thic: @ b= ‘é|~|l§‘-cos(ﬁ,l§), o do (ﬁ,l;) la goc gitra hai vecto

!

a,b .

Quy uée: Tich vo hudng ciia mot vecto bt ki voi vecto 0 bang 0 .

Chuy

- Tich v6 huéng cta hai vecto trong khong gian ¢ cac tinh chat sau:

- V6i cac vecto bat ki d@,b,¢ va s thuc k tuy y, ta co:

G-b=b-a (tinh chat giao hoén); a-(z? + 5) =G-b+a-¢ (tinh chit phan phéi);

(kd)-b=k(a-b)=a-(kb) @20, =0=d=0.




Vidu 7. Cho tir dién OABC c6 cac canh OA4,0B,0C d61 mdt vudng goc va O4A=0B=0C =1.
Goi M 1a trung diém cta canh AB . Tinh goc gitta hai vecto OM va AC.

Loi gidi

Dit 04=d,08=b,0C =¢. Khi do, |a|-|b|-|e|=1va d-b=d-c=b-¢=0.

OM - AC

Ta co: cos(O—M,Z?) = W

Mit khac, do 0_1\2:1(52+5§)=1(5+5)va26=56—52:5—5
2 2

nén O—M'R‘zé(&+5)-(6—é)=%(5-5—52+5-E—b-&)z——.

Ta lai co: OW=OM=%;E’ =AC=\/E.
-1
Do doé, cos(O—M,R)— OM - AC 2 -1

‘Wrmff.{?

Vay (OM,A_C') =120°.

Vi du 8. Mot chiéc dén tron duoc treo song song v4i mit phang nam ngang boi ba soi day khong
dan xuat phat tir di€m O trén tran nha va lan lugt bude vao ba diem A4, B,C trén dén tron sao cho
cac luc cang 131 ,17“2,}7“3 lan lugt trén mdi ddy O4,0B,0C d6i mot vudng goc véi nhau va

‘ﬁl‘ = ‘ﬁz‘ = ‘133‘ =15( N) (Hinh 14). Tinh trong luong cua chiéc dén tron do.



Loi gidi
Goi 4,,B,,C, lan luot 14 cac diém sao cho O—A; = 1?1,
OB, = F,,0C, = F, . Ly cic diém D,, 4, B/, D!, sao cho OA,D,B,-C,A/D/B' 1a hinh hop (Hinh 15).
Khi d6, ap dung quy tic hinh hop, ta c6: O4, + OB, + OC, = OD,.

Mait khac, do céc luc cang 171,1[72,173 d6i mot vudng goc va ‘fl‘ = ‘}7“2‘ = ‘E‘ = 15( N) nén hinh hop
OAD,B, -C,A'D|B] c6ba canh OA4,,0B,,0C, d6i mot vuong goc va bang nhau. Vi thé hinh hop do
1a hinh 1ap phuong c6 d¢ dai canh bang 15 . Suy ra d¢ dai duong chéo OD, cua hinh 1ap phuong do
béng 1543 Do chiéc den & vi tri can bé“lng nén }71 + _F; + f’; =P,6do P la trong luc tac dung 1én

=15V3( N).

chiéc dén. Suy ra trong luong cua chiée dén 1a: ‘}3‘ = ‘@

B. GIAI BAI TAP SACH GIAO KHOA

—_ _ -
— \

1. Cho hinh hop ABCD.A'B'C'D' . Vecto u= A'A+ A'B'+ A'D' bang vecto nao dudi day?
A. AC. B. CA'. C. AC'. D. C'A.
Loi gidi

Chgn A
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Ap dung quy téc hinh hop ta thdy u=A'A+ A'B'+ AD' = A'C .
2. Cho tir dién ABCD . Chirng minh rang:
a) AC+BD=AD+BC; b) AB—CD=AC+DB.
Loi gidi
A
D
B
C

a) Theo quy tic ba diém ta c6 AC=A4AD+DC.

Do d6 TC+E:E+IT+B6=E+(BT+IY)=E+FC"

b) Theo quy tic ba diém ta co AB=AC+CB.

Do d6 ﬁ—@:E+(—@)=Z9+ZY’:E‘+@+FC=R’+(D—C+@)=R‘+E

3. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a . Tinh:

a) A'BD'C’; D'ABC; b) Cac goc (A'D,B’C');(AD’,E)

Loi gidi



Tacé AB=D'C.Dodé (ﬁ, D'C') = (D'c, D'C') = CD'C'. Vi ABCD.A'B'C'D' 1a hinh lap phuong
nén CDD'C' 13 hinh vudng. Suy ra CBC' = 45°. Vay (ﬁ,D'C’) =45°,

Ta c6 |E| — AB=JAA"? + AB* =a* +a* = a2:

D'—C'|:D'C':a.

Dodé ABD'C' =|A'B

.|D’C'|.cos(ﬁ.D'C') =a~2.a.cos45°=a’
Tacé D'A=C'B. Do d6 (ﬂ,ﬁ:) :(ﬁ,B—C) — CBC'.
Vi ABCD.A'B'C'D' 1a hinh 1ap phuong nén CBB'C' 1a hinh vudng. Suy ra CBC' = 45°.

Vay (D'4,BC)=45°

Ta co |m — D'A=DD"? + DA* =a* +a* = aJ2:

E’|:BC:a.

Do do DUABC =|D

.|R‘|.cos(m,ﬁ’) =av2.a.cos45°=a’.

b) Taco A'D=B'C.Dodo (4D,B'C)=(B'C,B'C')=CBC'.

Vi ABCD.A'B'C'D' 1a hinh 1ap phuong nén CBB'C’ 1a hinh vudng. Suy ra CB'C' = 45°.

Vay (E,B’—C’) =45°,

Tacé AD'=BC' . Do d6 (ﬁ,ﬁ)’):(ﬁ',ﬁ):@

Ta tinh dugc BC' = BD = C'D = a+/2 nén tam gidc C'BD 1a tam gidc déu. Suy ra C'BD = 60°.
Vay (ﬁ,ﬁ) = 60°.

4. Cho hinh hop ABCD.A'B'C'D'. Goi Gla trong tdm tam gidc AB'D’. Chung minh ring

A'C=34'G.

Loi gidi
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Vi G 1a trong tim ctia tam gidc AB'D’ nén véi diém A4’ ta ludn co: 4'G = %(ﬂ +A'B"+ A'D') :

Vi ABCD.A'B'C'D' 13 hinh hop nén A4 + A'B'+ A'D’ = A'C (quy tic hinh hop).

Tuwdosuyra A'G :éA'C. Vay A'C=34'G.

5. Mot chiéc 6t6 duge dit trén mat day dudi cia mot khung sit c6 dang hinh hop chit nhat voi day
trén 13 hinh chir nhat ABCD , mit phang (ABCD) song song voi mit phang nam ngang. Khung sat
¢ duoc budc vao moéc E cua chiée can ciu sao cho cac doan day cap EA,EB,EC,ED c6 d6 dai béng
nhau va cing tao véi mit phang (ABCD) mét goc bang 60° (Hinh 16 ). Chiéc can cau kéo khung
st 1én theo phuong thang dtng. Tinh trong lwong cua chiée xe 6t6 ( lam tron dén hang don vi), biét
r.':ing cac luc cang F 1;172;F3;F4 déu co cuong do 1a 4700N va trong lugng ctia khung st 1a 3000 N.

Hinh 16

Loi gidi

Goi 4,,B,,C,,D,1an luot 1a cic diém sao cho EA, = F,; EB, =F,; EC, =F,; ED, =F, .
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Vi EA, EB,EC, ED c6 d6 dai bang nhau va cing tao v6i mit phang (ABCD) mot goc bang 60° nén
EA,,EB,,EC,,ED, bang nhau va clng tao v6i mét phang (4,B,C,D,) mét goc bang 60°.

Vi ABCD 1a hinh chit nhat nén 4,B,C,D, ciing la hinh chir nhat.
Goi O la tm cta hinh chit nhat 4,B,C,D,. Tasuy ra EO L (A4B,CD,).
Do d6, goc giita duong thang EA, va mat phang 4 B,C,D, bang goc 1541\0 Suy ra 51,\0 =60°.

Ta ¢6 |F| = 4700N nén E4, = EB, = EC, = ED, = 4700.

| =[Fs|=[7

Tam gisc EOA, vudng tai O nén EO = EA .sin EAO = 4700.sin 60° = 2350~/3 .

— —— ——— e e e e

Theo quy tic ba diém, ta c6 EAi = EO+OA,; EB, = EO+OB,; EC, = EO+0OC,; ED, = EO+OD, .

Vi O l1a trung diém cua 4,C, va BD, nén O4, +OC, =0; OB, + 0D, =0.

Twdo suyra E4 + EB, + EC, + ED, = 4EO .

Do do, ]7l + 172 +1!73 + 174 —4EOQ. Vi chiéc khung sit chira xe 6 t6 & vi tri cin bang nén
Fl + FZ + E + E =P, & d0 P la trong luc tac dung 1én khung sit chira xe 6 t6. Suy ra trong luong
ctia khung st chita chiéc xe 6 t6 1 [P| = 4[EO| = 4235073 = 9400V3 ().

Vi trong luong cua khung sat 1a 3 000 N nén trong lwong cua chiéc xe 6 to la
9400+/3 ~3000 ~13 281(N).

C. CAC DANG TOAN

| DANG 1: CHUNG MINH MOT PANG THU'C VECTO

1. Phuong phap

Vian dung céc kién thic sau.
'] Dinh nghia cac khai niém lién quan dén vecto:
1 Tinh chét hinh hoc cua céc da giac da hoc;
(1 Céc quy tic tinh toan véi vecto;
[

Mot sb hé thire vecto hay dung;



1 Céc tinh chit cta cac hinh hinh hoc cu thé.
2.Vidu
Vi du 1: Cho hinh chép S.ABCD c¢6 day la hinh binh hanh tam O. Dat SA— da SB=b, SC=7¢
D =d. Chung minh: 84+¢ = b-+d.

Vi O 1 trung diém cua AC va BD nén

—_— ——

SB+SD =250
Suy ra SA+SC=S8B+SD hay G+é=b+d.

Vi du 2: Cho hinh chép S.ABCD c6 day la hinh binh hanh tim O. Goi G la diém thoa mian

Taco GS+GA+GB+GC+GD =0

< GS+4GO+|0OA+0B+0C+0D|=0 (do O 1a thm hinh binh hanh)

=0

& GS+4G0=0< GS=40G.

Vi du 3: Cho tir dién ABCD. Goi G la trong tdm cua tir dién, M 1a mot diém trong khong gian.

Chimg minh: MG = %(MA +MB+ MC + MD)

—_— —_— — —_— -

Do G la trong tdm t&r dién nén ta c6 GA+GB+GC+GD =0

:>(GM +MA)+(GM +MB)+(GM +MC)+(GM +MD): 0, vM

:VG=%(MA+MB+ MC + MD).




Loi giai

Tacd: AB+BC +CD+D'A—0< (ﬁ+ﬂ3’+@ +CD=0&D'C'+CD=0: luén ding

Vi du 5: Cho hinh hép ABCD.A'B'C'D’ tam O. Goi /| 1a tAm cua hinh hinh hanh ABCD. Chimg

mmh@:_%(m+a+@'+wy
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Goi M, N lan luot Ia trung diém cua AB, CD.

Suyra / latrung diém cia MN nén OM +ON =20I.

|OA+0B=20M
Ta co .
OC+0OD =20N

T o suy ra OF = (04 +0B +0C+ 0D

1 1o 125 15~ 1==) 1+= =5 == ==
=—|-—AC'——CA'——BD'——DB'|=——(AC' +CA' + BD' + DB/|.
4[ 2 2 2 2 ] 8( )

Vi du 6: Cho tit dién 4ABCD, goi M, N 14n luot 1a trung diém cua céc canh AD, BCva G la trong tam
cua tam gidc BCD chting minh rang:

a) Wz%(ﬂﬂD—C)
b) AB+AC + AD =34G

Loi giai
a) Ta co:
A_/Iﬁzé(]\_/[E+A_/[6)=%(A_/[Z+ZI§+A_/[B+BC’)=%((ZI§+5@)+(W+MB))=%(ZE+B@)
b) Ta co:
AB=AG+GB



AC=A4G+GC
AD = AG +GD
Cong cac dang thirc theo vé ta co: E+E+E+(@+@+@) =34G

Vi G la trong tam tam gidc BCD nén GB+GC+GD=0.
suy ra AB+ AC+AD =34G.

Vidu 7: Cho hinh hop ABCD.EFGH. Chimg minh rang :
a) AB+ AH +GC+FE = AD

— ———— e e

b) AB+ AD+ AE+GH +GB=0

Loi giai

a) Ta co: @+ﬁ+@+ﬁ:(ﬁ+ﬁ)+(ﬁ+@):6+(ﬁ+1ﬁ)zﬁ

b) Ta co: E+E+E+G—H+E§=(E+E+ﬁ)+(G—H+(§)=E+@=E:()

| DANG 2: PHAN TiCH MQT VECTO THEO CAC VECTO THANH PHAN

1. Phwong phap: Pé phan tich mot véc to theo hé cac véc to thanh phan thi phai két hop hinh v&
vdi cac quy tac véc to, dac biét 1a quy tac 3 diem.

2. Vidu

Vi du 1. Cho tt dién ABCD. Goi [ va J 1a trung diém cta 4B va CD.

a) Hay biéu dién vec to IJ theo 3 vecto AB; AC va AD .

b) Goi G 1a trong tdm tam giac BCD. Hiy biéu dién vec to AG theo 3 vec to AB;AC va AD.
Loi gidi

] —

a) Ta co: ﬁ:(ﬁ+zl),métkhéc H=—ﬂ=—EAB.

l/(— — . s
AT = E(AC +AD) (tinh chat trung diém)

Do do6: ﬁ:_lﬁ+lﬁ+lﬁ_
2 2 2




AB = AG+GB
b) Ta co: AC=A4G+GC cong theo vé ta dugc:
AD = AG+GD
34G+GA+GB+GC = AB+ AD+ AD
AB+ AC + AD
3 .

Vi du 2. Cho tir dién ABCD. L'Qiy cac diém M va N lan luot thude AD va BC sao cho
AM =3MD; NB =-3NC . Biét AB=a va CD=b.

Mat khac GA+GB+GC (do G 1a trong tAm tam giac ABC). Do vay AG =

a) Hay biéu dién vecto MN theoa vab .

b) Goi G la trung diém cua PQ, chimg minh rang G 1a trong tim t(r dién 4BCD.
Loi gidgi

a) Ta co: MN:MB+5€+@V(1).

Lai co: m=m+ﬂ9+ﬁ\/(2).

Mit khéc: MA+3.MD =0; NB+3.NC =0.

Lay (2)+3.(1) ta duoc 4.MN = AB+3.DC .

Dodé MN=La-35.
4 4

b) Theo tinh chit trung diém ta c6:
GA+GD=2GP — — — __ _—
S =GA+GB+GC+GD=2(GP+GQ)
GB+GC =GO
Mit khic GP+GQ =0= GA+GB+GC +GD =0=> G 1a trong tAm t& dién ABCD.

Vi du 3. Cho hinh hop ABCD.A'B'C'D' . Bt BA=a; BB =b; BC =¢ . Goi M va N lan luot 1a hai

s . M.
diém nam trén AC va DC' sao cho MB//BD’ . Tinh ty so N

.
Loi gidi

Gia su: M—Can;CszmeD.

Tacd: BD' =BD+DD =BA+BC+DD =a+b+c.

Lai ¢6: MN = MC +CC'+C'N =nAC +b+mC'D

=n.(§5—2ﬁ)+5+m(5’5+5ﬁ)
:n.(z—;t)+l;+m(—5+21)=(m—n)21+(l—m)l;+n2 .

Khi d6 MN //BD' = MN = k.BD'
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DANG 3: GOC GIUA HAI VECTO. TiCH VO HUONG GIUA HAI VECTO

1. Phwong phap: Nim duoc dinh nghia goc giita hai vecto, cong thirc tich vo huéng cua hai vecto
trong khong gian

2. Vidu

Vi du 1. Cho hinh 1ap phwong ABCD.EFGH . Hiy xac dinh goc giira cip vecto 4B va DH ?

Loi gidi
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Vi DH = AE ( ADHE 13 hinh vuéng)
Nén (4B; DH )= (A4B; AE ) = BAE =90° ( ABFE 1a hinh vuéng).

Vi du 2. Cho hinh lap phwong ABCD.EFGH . Hiy xac dinh goc giira cap vecto AB va EG ?

Loi gidi
E H
r :
1 O
]
‘A
.a'j--------
o D
B C

Vi EG=AC (AEGC la hinh vuéng)
Neén (4B;EG)=(4B; AC) = BAC =45° (ABCD 1a hinh vuong).

Vi du 3. Cho tor dién ABCD c6 AB=AC = AD va BAC = BAD = 60°. Hay xac dinh goc gitra cap
vecto AB va CD ?

Loi gidi



Ta 6 4B.CD = AB(AD - AC) = 4B.AD— AB.AC
=|4B|.[4D|cos(4B; 4D) | 4B| [4C|cos( 4B; AC)
~|4B|.[4D|cos 60° - [4B].[4C]cos 60°

Ma AC = AD=> AB.CD =0=>(A4B;CD)=90°.

—_—

Vi du 4. Cho hinh chép S.4BC ¢6 SA =SB =SC va ASB=BSC =CSA, BAC = BAD = 60°. Hay
xac dinh goc gitra cap vecto AB va SC 2

Loi gidi

Taco SC.AB= ﬁ(@—@i) = SC.SB—SC.S4
=[SC|[sB|cos (SC; SB) - [SC]|.[54]cos (5C; S4)

— SC.SB.cos BSC - SC.S4.cos ASC .

Ma SA =SB =SC va BSC = ASC—>SC.AB =0
Do d6 (SC; 4B)=90° .

Vi du 5. Cho tir dién ABCD ¢6 AB = AC = AD va BAC = BAD =60°, CAD =90°. Goil va J
1an luot 1a trung diém cua AB va CD. Hay xéc dinh gbc gitra cip vecto AB va IJ?

Loi gidi



!
B 'y
J
D
Xét tam giac ICD c6 J 1a trung diém
— 1 — —
CD = 1J =—(IC+ID)
2

AB=AC )
Tam giac ABC ¢c6 < = AABC déu = CI 1 4B

BAC =60°

Tuong ty ta c6 AABD déunén DI | AB
Taco 1J.AB = (IC+ID).4B = IC.AB +ID.AB =0
= IJ L AB = (4B;1J)=90°

Vi du 6. Cho tir dién ABCD c¢b6 AB L AC va AB L BD . Goi P va Q lan luot 14 trung diém cua AB
va CD. Ching minh rang AB 1 PO .

Loi gidi

Vi AB L AC va AB 1 BD nén AC.AB=0;BD.AB=0.
Ta co I_’Q=f’Z+A_5+5Q va FQ=F§+§5+FQ
Do dé 2FQ=ZE+§5:>2FQZ§=(Z€+E5).Z§:Z@.Z§+§BZ§:0

Hay P—QE =0.



Vay AB 1 PQ.

DANG 4. MOT SO BAI TOAN UNG DUNG VECTO GIAI TOAN THUC TIEN

Vi du 1: Trong Hinh 4, cho biét ba vecto E,E,E biéu dién luc cing cua cac soi day cap
AB, AC, AD tac dung Ién vat ndng. Gia cua ba vecto nay c6 cung nam trén mot mat phéng
khong?

Hinh 4

Loi giai
Gié cua ba vecto nay lan luot 1a ba dudng thing AB, AC, AD. Chiing khong cling nam trong mot
mit phang vi bon diém A,B,C,D khong dong phang.
Vi du 2: Theo dinh luét II Newton (Vat li 10 - Chén troi sang tao, Nha xuét ban Gido duc Viét

Nam, 2023, trang 60): Gia tdc ctia mot vat co cting hudng véi luc tac dung 18n vat. D 16n cua
gia toc ti 1& thudn véi d6 16n cia Iyc va ti 1& nghich véi khéi lugng cua vat:

F=ma

trong d6 @ 1a vecto gia toc (rn/s2 ),17“ la vecto lyc (N)

Hinh 20

Hinh 20 tac dung Ién vat, m( kg) 1a khéi lwong cua vat.

Mudn truyén cho qua bong co khdi lugng 0,5 kg mot gia tdc 50 m /s> thi cAn mét luc da c6 do
16n 1a bao nhiéu?




Loi giai

Taco F=ma,suyra |F|=m|d|=0,550=25(N).

Vay mudn truyén cho qua bong khdi lugng 0,5 kg mot gia toc 50 m/s* thi can mot lyc da co
do16nla 25 N.

Vi du 3: Mot em nho can ning m = 25 kg truot trén cau truot dai 3,5 m. Biét rang, cu trugt c6
goc nghiéng so v6i phuong nam ngang 1a 30° (Hinh 27).

a) Tinh d6 16n cia trong luc P =mg tac dung 1én em nho, cho biét vecto gia tdc roi ty do g ¢

dolénla g=9,8 m/s>.

b) Cho biét cong A(J) sinh boi mot luc 7 ¢6 do dich chuyén d dugc tinh boi cong thire

A=F-d. Hay tinh cong sinh boi trong luc P khi em nho truot hét chiu dai cau truot.

Uy

‘1\‘1 o
i
: R
1 =
: T "-._‘
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]
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e R :}_J
Hinh 27

Loi giai

a) Ta c6 |P|=m|g|=25.9,8 =245 N.

b)

™

rN f“'(
: "\;j
L) d l'.

I

e S g e

Theo dé ta co A=ﬁ-c§,(ﬁ,§):60°

A=P-d =|P||d|-cos(P,d)=245-3,5-cos60" ~ 428,75 J



Vi du 4: Néu mét vat c6 khéi luong m(kg) thi lyc hap dan P cua Trai Dat tac dung 1én vat

dugc xéac dinh theo cong thitc P =mg , trong d6 g 1a gia toc roi tw do c6 d6 16n ¢ =9,8 m/s”.
Tinh d¢ 16n cua lyc hap dan ctia Trai Dt tac dung 1én mot qua tao c6 khdi lugng 102 gam (Hinh
28).

Hinh 28

Loi giai
D6i 102 gam =0,102 kg.

Do 16n cua luc hép dan cua Trai Dat tac dung 1én mot qua tao la:

|P|=m|g|=0,102.9,8=0,9996 N

Vi du 5: Trong dién truong déu, lyc tinh dién F (don vi: N) tac dung Ién dién tich diém co dién
tich q (don vii: C ) dugc tinh theo cong thic F =g¢-E, trong d6 E 1a cuong do6 dién truong
(don vi: N/C). Tinh d¢ 16n cuta lyc tinh dién tac dung Ién di¢n tich diém khi g=10"C vadolon
dién truong £ =10° N/C (Hinh 29).

Hinh 29
Loi gidi

D6 16m ctia lyc tinh di¢n 1a |F|= g {£|=10"-10°=10" N.



Vi du 6: Mot lyc tinh dién F tac dong lén dién tich diém M trong di€n trudng déu lam cho M
dich chuyén theo duong gap khiic MPN (Hinh 30 ). Biét q=2-10"2C, vecto dién trudng c6 do
16n E=1,8.10° N/C va d=MH =5 mm. Tinh cong A sinh béi luc tinh dién F .

+ + + + + + + + +

My l

d

Hinh 30

Loi giai

Doi 5mm=5.10" m

Cong A sinh boi lyc tinh dién F 1a A=qEd=2-10""-1,8-10"-5-10" =18-107"°(J).
D. TRAC NGHIEM 4 PHUONG AN

CiAul: Cho tirdién ABCD.DPit AB=a, AC=b, AD=c.Goi G 1a trong tam tam gidc BCD.
Ping thirc ndo sau ddy dung?

A AG=a+h+e. B. 4G =~(a+5+¢).
3
C. 4G=(a+b+e). D. 4G = (a++c).
Loi giai
Chon B

+Goi M 1 trung diém cua CD—)B—ngm.



+ AG=AB-+BG = AB+2 BM = 4B+ - (BC-+ BD)

:AB+1(AC—AB+AD—AB)
3
~(4B+AC+ 4D) = (a+bc).

Cau2: Chotrdién A4BCD. bat AB=a, AC=b, AD=c . Goi M 1a trung diém ctia doan BC.
Ping thirc ndo dudi day dung?

A. DI =2 (a+5-2¢). B. DM == (a+2b-c).

C. DI = (a-2h+¢). D. DM = (a+25-¢).
Loi giai

Chon A

+ DM = DA+ AB+BM = AB — AD+;BC

LTl
2

—

— 4B~ AD+~(Bd+4C)=1 4B+
2 2

:l;,+l;;_2=%(a+13—22)

AB=b, AC=c¢, AD=d. Khing dinh ndo sau dy dung?

A. MP:%(c+d+b). B. MP:%(EHS—E).
C. MP=-(c+b-d). D. MP = (c+d-5).
Loi giai

Chon D



P

2AM = AB

+ Vi M, P lan luot 14 trung diém ctua AB,CD —> N,
AC+ AD =2A4P

# MP =M+ AP = ~AM + AP =~ 4B +(AC-+ D)

—lhitirid=1(¢+d-b)
2 2 2 2

Cau4: Cho tir dién ABCD vadiém G théamian GA+GB+GC+GD =0 (G latrong tam cua tr
dién). Goi G, la giao diém ctia G4 va mit phang (BCD) . Khing dinh nao duéi day ding?

A. GA=-2GG . B. GA=4GG. C. GA=3GG. D. GA=2GG.

Loi giai

Chon C

+Vi G, 1a giao diém ciia AG va mit phing (BCD)
— G, la trong tdm tam giac BCD.

-G B+GC+GD=0.

— ——— ———

— GA+3GG, =0—>GA=3G,G.
Ciu5: Cho hinh chop S-4BCD ¢4 day ABCD 13 hinh binh hanh. Pat SA=a, SB=b_ SC=c
SD =d  Khiang dinh nao dudi day 1a dung?
A.a+c=b+d. B.a+b+c+d=0. C.a+d=b+c. D.a+b=c+d.
Loi giai



Chgn A

y-----°

N
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+ Goi O la tam hinh binh hanh ABCD
SA+SC=280=a+c
_){FB+§5:2§5:B+E
Savibh+d
Cau 6: Cho hinh lang try 4BC.A'B'C". bat A—A'=Zz, ﬁ=l§, AC=c. Goi G' la trong tam cua
tam gidc A'B'C"'. Vécto AG' bang?

Af(a+3bre).  B.gf3avhec).  Coffavbee).  D.i(avhec).

Loi giai

Chon B

C
+ Goi I 1a trung diém B'C".

+ Vi G' 1a trong tdm tam giac A'B'C'—)A'G'=§A'I.

+ A—(}'=H+A'G'=A—A'+§ﬁ=A—A'+§(A'B'+A'C')

:AA'+§(AB+E):§(3A—A'+E+E) :§(3a+b+c).

Cau7: Cho hinhlangtry ABC.A'B'C'.Pat AA'=a, AB=b, AC =c.Hay biéu dién vecto B'C

theo 5,5,2?
A.B'C=a+b-c. B.B'C=-a+bh—c.
C.B'C=a+b+c. D. B'C=—a—b+c.

Loi giai

Chon D



Ay r B’

oV
+ Vi BB'C'C 1a hinh binh hanh nén
—>B'C=B'C'+B'B=BC-AA’

= AA"+ BA+ AC =—-AA"— AB+ AC

=—a-b+c.

Cho hinh lang tru ABC.4A'B'C'. Goi M 1a trung diém cua canh BB'. Pit CA=a, CB=b
, AAd'=c. Khang dinh nao sau ddy ding?

A. m=;+z_%zs. B. m=zs+z_%a.

c.m:z;_z,%z.. D.W:5—2+%B.
Loi giai

Chon C

+Vi M 1a trung diém BB'—)W:%B—B'.
— e e e e = ] - = 1-
+AM:AB+BM:—BA+EBB':—CA+CB+EBB':—a+b+5c

Cho hinh hop ABCD.A'B'C'D' tam O. Goi I la tdm cua hinh binh hanh 4ABCD . Dit
AC'=u, CA'=v, BD'=x, DB'= y . Khi dé:

A 201 = {u+v+3+3). B. 201 =~ (i+v+3+7).
C. 2§=%(;¢+;+}+}). D. 20‘1’:%(;+§+}+;).
Loi gii

Chgn A



Cau 10:

Cau 11:

+Goi M, N lan lugt la trung diém AB,CD
OA+OB=20M
—>y__. .
OC+0OD =20N
+Vi I 1a trung diém MN — OM +ON =201 .
201 =0+ 0B + OC + 0D
11 l— 1 1

=—|-~AC'-—~CA'-—BD'——DB'
2[ 2 2 2 2 ]

:—Z(ﬁ+;+}+}).

Cho hinh lang try tam gidc ABC.A'B'C". PDat AA'=a, AB=b, AC=c¢, BD=d . Khang
dinh nao sau day la dung?

A.a=b+c. B.a+b+c+d=0. C.b—c+d=0. D.a+b+c=d.
Loi giai

Chon C

+ BC=AC-AB<>d=c-b<b-c+d=0.

Cho hinh lap phuong ABCD.A'B'C'D". Goi O 1a tim cuia hinh 1ap phuong. Khing dinh

nao sau day la dung?

A. 40 =—(4B+ D+ AF). B. A= (AB+ AD+ Ad).
e e — D .
C. A0=Z(AB+AD+AA'). D. AO=§(AB+AD+AA').

Loi giai
Chon B
A’I B’
D | (ol
e
A¥------5B
D C

+ AC'= AB+ AD + AA"



# 0 li trung diém AC'—> 40 = AC' = (4B-+ AD + A7)

Cau 12: Cho hinh hop ABCD.A'B'C'D'. Pat AB=a, AD=b, AA"'=c. Phan tich vecto AC’

theo a,b,c?
A. AC'=—a+b+c. B. AC'=a+b-c.
C. AC'=a+b+c. D. AC'=a-b+c
Loi giai
Chon C
D' C’
o B
C ’*-; _________ TTLE ('l
A 2 B

Taco AC'= AA'+ AC = AA'+ AB+ AD=a+b+c.

Cau 13: Cho tir dién ABCD.Piém N xac dinh boi ding thie sau AN = AB+ AC — AD . Ménh dé

nao dung?
A. N 1a trung diém BD. B. N 1a dinh hinh binh hanh BCDN .
C. N 1a dinh hinh binh hanh CDBN . D.N=4.
Loi giai
Chon C

+Tacd AN = AB+ AC — AD <> AN — AB=AC - AD <> BN = DC .
— N 1a dinh thir tu cta hinh binh hanh CDBN .

Céu 14: Cho hinh hop ABCD.A'B'C'D'. Goi M 1a diém dugc xac dinh béi dang thic sau
MA+MB+MC+MD+MA'+MB'+MC'+MD'=0. Ménh d& nao dang?
A. M latam mat day ABCD.
B. M 1atam matday A'B'C'D".
C. M 1a trung diém doan thang ndi hai tim cua hai mat day.
D. tap hop diém M 1a doan théng ndi hai tAm ctia hai mat day.
Loi giai

Chon C

OA+OB+0C+0D =0
O A+0'B+0C+0'D' =0

+Goi O=ACNBD va O'=A'C'mB'D'—>{

MA+ MB +MC + MD = 4MO + OA+ OB +OC + OD = 4MO
TN .
MA'+ MB'+ MC'+ MD'=4MO'+0O'A'+O'B'+O0'C'+0'D'=4MO'

5> 4MO+4MO"'=0¢> MO+MO'=0—> M 13 trung diém ctia 0O0"'.



Cau 15:

Cau 16:

Cau 17:

Cho hinh hop ABCD.A'B'C'D' ¢6tam O.DPit AB=a, BC =b.Diém M xéc dinh boi
dang thic OM = %(Zl —Z;) . Khing dinh nao sau ddy dung?

A. M latrung diém BB'. B. M 1a tdm hinh binh hanh BCC'B".

C. M 1a trung diém CC'. D. M 14 tam hinh binh hanh 4BB'A".
Loi giai

Chgn A

+Goi 7,1' lan luot 1 tAm cac mit ddy ABCD, A'B'C'D".
— O 1a trung diém 11'.

+ OM == (a-B) =5 (4B~BC)=(DC+CB)~ DB~ 1.

— M 1a trung diém BB'.

Cho ba vecto a,b,c . Didu kién nao dudi day khing dinh a,b,¢ ddng phing?
A. Tdn tai ba sd thuc m,n,p thbaman m+n+p=0 va mc3+nl;+p2:6.
B. Ton tai ba sb thuc m,n, p thbaman m+n+p =0 va mZz+nZ7+pE:6.

C. Ton tai ba s6 thuc m,n, p sao cho ma+nb + pE =0.
D. Gi4 cua a,b,c dong qui.
Loi giai
Chon B
+Xétm=n=p=0talubnecd m+n+p=0 va mZz+nE+pE:6 nhung khéng thé suy ra
duoc a,b,c dong phang.
+Xét m+n+ p =0 thi chic chin c6 mot trong ba s m,n, p khac 0.
p-Lesa

so - 7 - " - n P A M
Gidst m#0—>ma+nb+pc=0«<>a=——b—"c—a,b,c dong phang.
m m

Cho ba vécto a,b,c khong dong phang. Xét cac vécto x=2a+b va ;:Zz—b—c va

=—3b—2c . Khing dinh nao duéi day 1a dung?

z
A. x, ;,2 dong phang. B. X,a cung phuong.
C. x,b cing phuong. D. x,y,z d6i mot cung phuong.

Loi giai

Chon A



+ Gia st ba vecto x, y,z dong phing khi d6 — x=my+nz.

-z - - - m=2 m=2
(—)2a+b=ma—(m+3n)b—(m+2n)c(—> m+3n=-1& _
m+2n=0

Vay x,y,z ddng phing.

Cau 18: Cho ba vécto a,b,c khong dong phang. Khang dinh nao duéi day ding?

A x=a+b+2c va }=2Zz—313—62 va z=—a+3b+6¢ ddng phang.

B. x=a—2b+4c va y=3a-3b+2¢ va z=2a-3b-3c ddng phing.

C.x=a+b+c va ;:221—3l;+2 va z=—a+3b+3c dong phang.

D. x=a+b-c va ;=221—Z;+3E Vi z=—a—-b+2c ddng phang.
Loi giai

Chon A

+ ;c,;,} dong phang khi va chi khi Elm,n:;c:m;+n2.
x=a+b+2c

Véi }:25_35_62_”}:§}+§} — x, y,z dong phang.

Z=—a+3b+6¢c

Céau 19: Ménh dé nao sau day la sai?
A. a,b,c ddng phing néu mot trong ba vecto d6 bang 0.
B. a,b,¢ ddng phing néu c6 hai trong ba vecto d6 cung phuong.
C. Trong hinh hop ABCD.A'B'C'D" ba vecto AB',C'A',DA" ddng phing.
D. x=a+b+c luéng ddng phang vai hai vecto avab.
Loi giai
Chon D
+ Gia str cho hinh hop ABCD.A'B'C'D' va goi M 1a trung diém C'D' khi do:
AB+ AD+CM =AM — AM khong ddng phiang voi AB, AD .

Cau20: Cho hinh hép ABCD.A'B'C'D' va cic diém M,N,P x4c dinh bai
mzkm(k;tO),NE:xm,Fé:yﬁ)q'. Hay tinh x,y theo k dé ba diém M,N,P

thang hang.
A xo2tE 2 Byt 1
2—k k 1-2k 2k
1
—+k
2 1 1+k 1
Co X = N = - D. x:_’ —_—
2k T Tk -7k

Loi giai



C!

Chon D
Pit AD=a,AB=b,AA'=c.

Tir gia thiét ta co: W:kL(5+2) (1), ﬁV:B+L(Zz+E) (2)

-1 x—1

,ﬁ:a+z§+yy_l(z-z)(3).

Tir d6 ta c6: MN = AN — AM =——q——1 [;_{ x __k j2+ XY
x-1 k-1 x-1 k-1

MP=dP—AM =a— (2t ypa| 2k |2
yv-1 k-1 y-1 k-1

Ba diém M, N, P thing hang khi va chi khi ton tai A sao cho MN = AMP ().
Thay céc vec to MN,MP vao (*) va luu y a,b,c khong dong phang ta tinh dugc
1+k 1

T T T

Cau 21: Mot chiéc dén tron dugce treo song song voi mit phing ndm ngang boi ba soi day khong
dan xuét phat tu diém O trén tran nha va lan lugt budc vao ba diém A, B, C trén dén tron

sao cho céc lyc cang E,FZ,E lan luot trén mbi day OA4,0B,O0C d6i mot vuong goc voi

nhau va ‘FI‘ = ‘E‘ = ‘E‘ =15 (N). Tinh trong lugng cua chiéc dén tron do.




Cau 22:

A. 143(N). B. 153(N). C.17\B(N). D. 16\3(N).

Loi giai

Chon B

Goi 4,,B,,C, lan luot 14 cac diém sao cho ﬁ =1? @ =172,% = F. Lay cac diém
D,, 4;,B,,D, sao cho OA,D,B, - C,A DB, 1a hinh hop (nhu hinh bén). Khi d6, 4p dung quy
tac hinh hop ta c6

04, +0B +0C, =OD..

Mt khéc, do céc luc cang E,FZ,E doi mot vuéng goc va ‘E‘ = ‘E‘ = ‘E‘ =15(N) nén
hinh hop O4,D,B, - C,4,D,B, c6 ba canh 04,,0B,, OC, d6i mot vudng goc va bang nhau.
Vi thé hinh hop d6 1a hinh lap phuong c6 do dai canh bang 15. Suy ra d6 dai dudng chéo
OD; cua hinh 13p phuwong d6 bang 1543

Do chiéc dén & vi tri can bing nén F, + E + ]7: = P,0do P latrong luc tac dung 1én chiéc
dén. Suy ra trong lwong cta chiée dén 1a | P |= ‘TQ‘ = 15\/§(N)

Mot chiée dén chum treo c6 khdi lugng m =5kg duge thiét ké voi dia dén duoc gitr boi

bbn doan xich S4,SB,SC,SD sao cho S.4BCD 14 hinh chop ti gisc déu co ASC =60 .

Tim d6 16n cua luc cang cho mdi soi xich. LAy g =10m/s’.

'

1573 2043 253 3043

A—N B—N C—N D—N



Cau 23:

Cau 24:

Cau 25:

Loi giai

Chon D

P

-Tacd P=mg nén | Pl=m-|g|=5-10=50N.

Vay d¢ 16n cua trong luc P tac dong lén chiéc dén chum 12 50N .

-Goi O la trong tdm ciia chiéc dén chum ciing 1a chan duong cao hinh chép déu S- ABCD

. V& OP biéu dién trong luc tac dong 1én dén chum voi

OP 1 (ABCD).

Khi d6 luc cing mdi soi xich s& 1a 4S, BS,CS, DS .

Chiéc dén chum ding yén nén AS + BS +CS + DS +OP =0.

Cho a va b 1 hai vecto cung huéng va déu khac vecto 0. Ménh d nao sau day dung?

A. ab=|a||p|. B. ab=0. C.ab=-1. D. ab=-|d [3].
Loi gidi

Chon A

—

Do a va b 1a hai vecto cung huéng nén (21,5) =0’ —)cos(a,b) =1.

Vay ab=[al
Cho hai vecto a va b khac 0. Xac dinh goc o gitra hai vecto a va b khi ab=- Zz||l;|
A. a=180°. B. =0°. C. a=90°. D. a=45°.

Loi giai
Chon A

Mz theo gia thiét a.b = —|Zz|.|z3

, suy ra cos(&,g) = —1—)(21,13) =180°

Cho hai vecto a va b thoa man |Zz| =3, l;| =2 va a.b =-3. Xac dinh goc o gitra hai vecto



Cau 26:

Cau 27:

Cau 28:

avab

A. a=30°. B. a=45°. C. a=60". D. a =120°.
Loi giai
Chon D
e - B A N B
Ta co a.b=|a|.|b|.cos(a,b)—)cos(a,b)= |5T.|B| =T=_E—)(a’b)=1200

: 7ERN 2 U o B I N 2= S—gah cn
Cho hai vecto @ va b thoa man |a|=|b|=1Vahalvect0u=§a—3b vav=a+b vudng

gbe voi nhau. Xac dinh goc @ gifra hai vecto 4 va b-

A. a=90°. B. a =180°. C. a=60°". D. o =45°.
Loi giai
Chon B
Ta cb ﬁu—nw:oa(?—sz?](aué):o@%&z—%55—3132=0
RU Ny S

L. b R

Suy ra cos(a,b):| | |Q| =— \(a,b):ISO
al.|b

Cho hai vecto 9 va b théa man didu kién |Zz| = |l;| =1vaab=3. b0 dai vecto 3a+5b:
A. 54/5. B. \/24. C.8. D. 124.
Loi giai

Chon B

(3a+55) =9a’ +30ab+255" =9+90+25=124.

:>|3Z¢+55|:M

Cho a, b c6 (a+2b) vudng goc véi vecto (Sa—4b) va |Zz|=|13| . Khi dé:
2 3

A. cos(5,5)=7. B. cos<5,5)=90°. C. cos(&,g)=7. D. cos(Zz,B)=

N | —

Loi giai
Chon D
+Vi (Zz + 21;) vuong goc voi vecto (521 —47)) nén:

-2 =2
—5a +8b

(Zz+213).(521—413)=0@5&2 —8b +6abh=0 ab= -



Cau 29:

Cau 30:

Cau 31:

Taco || i = . suyra B35

2;2
-\ ab ¢ _
+ cos(a,b)— |Zz||l;| = 212 =3
Cho hai vecto Zz,l; théa man: |Zl| =4, B| =3; Zz—l;| =4.Goi a la goc gitra hai vecto Zz,I;.
Chon khang dinh dung?
A. cosa:%. B. a =30°. C. cosa:%. D. o =60°.
Loi giai

Chon A
(a-b) =|af +[f[ ~2ab=ab~=.
Do d6: cosa = El i =E.

a8

- -~ R ~ - -2
u vd v 14 2 vecto déu khdc 0. Khi do [ +2v] bing

—2 —2 —— —2 —2 —_— —2 —2 —_ = —
A.u +2v —4uwv. B.u +4v +4uyv. C.u +4v . D. 4u-v(u —v)

Loi giai

Chon C

— —2 - —-\2 —2 —2 —
Tacd ‘u +2v =(u+2v) =u +4v +4u.wv.

Cho hai vecto @ va b ¢6 |Zi|:5 , 1;|:12 va |Zi+1;|:13. Khi d6 cosincua goc gitra hai

vecto a —b va a +b bang
2 = c. -2 p. 2
13 12 169 169




Nhén thdy V5> +122 =13 suyra a L b

q s s
——:>a2—cos —
|a+b| 13°

Mt khéc: cos(a, )=

AT — = s 5
Do d6 goc gilra hai vecto a —b va a +b bang a, +a, =2a, =2.cos” —

Vay cos(Zz—l;,Zz l;) cos| 2.cos” 12 =—£.
13 169

Cau32: Cho u=a+3b vudng goc véi v="Ta—5b va x=a—4b vuéng goc v6i y = 7a—2b . Khi

do goc gitra hai vecto avab bang

A. (a,b)=75°. B. (a,b)=60°. C. (a,b)=120°. D. (a,b)=45°.
Loi giai

Chon B

Ta co:

{?E —0 _ {E;Hz).(ﬁ_sz) 0 _ {7|a|2 ~13fi =-16ab {|B|2 ~2ah

xy=0 21—413).(721—25)=0 7|&|2+8|I;|2 =30ab |Zz|2 =2ab

%4 ~2ab
=

Tu do, ta co: cos(Zz,B) = |A||[;| =— =% = (5,5) =60
al. b
Cau 33: Cho hai vecto Zz,l; thoa man: | | |b| 3; ab=10. Xét hai vecto *:Zi bx= 5—25,.

Goi a la goc gitra hai vecto ;c,; . Chon khang dinh dung.

— 1 3 2
A. cosa =——. B. cosa=——. C. cosag=——. D. cosa =—.
V15 V15 V15 V15
Loi giai
Chon D

Taco xy=(a-2b)(a-b)=(a) +2(b) ~3ab=4.
||\/ \/a 2b =\/Zz)+4() —4ab=243.
=) = a-8) = \a) +() 225 = 5.




2

cosaqu'yﬁz 4 =
|x|.|y| 2345 s

—

Cau 34: Cho hai vecto Zz,l; théa man: |Zz| =26;|b| = 28; 21+B| =48 . b dai vecto a-b béng?
A. 25. B. V616 . C.09. D. \/618.
Loi gidi

Chon B

a5 =(a-B) :;f+52_za.5:z(a2+52)_(a+5)2
:2(|Zz|2+|13|2)—|21+13|2 =2(26% +28%) - 48> =616
:>|Zz—13|=\/ﬁ.

Cau 35: Cho tir dign 4BCD o6 AB=AC=AD 3 BAC = BAD = 60° . Hay x4ac dinh goc gitra cap
vecto AB va @?

A. 600. B. 450. C. 1200. D. 900.
Loi gidi
Chgon D
A
A
B D
C
Ta co

AB.CD = E.(E —/Tc) — AB.AD — AB.AC
= AB.AD.cos60° — AB.AC.cos60° =0

= (E,@) =90°

CAu 36: Cho hinh chop S-4BC ¢o S4=5B=S5C vy ASB=BSC=CSA. Hay xéc dinh goc giita
cap vecto sS4 va Ej?
A. 120° B. 90° Cc. 60°. D. 45°.
Loi giai

Chon B



Ta co

S4.BC = 5A.(SC - 5B = SA5C - SA.5B
= SA.SC.cos ASC — SA.SB.cos ASB =0
- (Q,Fc) =90°

Cau 37: Cho hinh chép S.ABCD ¢ day 1a hinh vuong ABCD canh bang ¢ va cac canh bén déu

bing @. Goi M va N 1an luot 12 trung diém cua 4D va SD . S§ do cua goc (MN,5C)
bang:
A. 45° B. 30° C. 90° D. 60°
Loi giai
Chon C

Ta co: AC = a\/E
= AC?* =24* = SA* + SC*

= ASAC yupng tai .



Cau 38:

Cau 39:

Cau 40:

Khi d6: NM .SC = %@.S_C =0 (NM,SC)=90° = (MN,SC) =90°

Cho tir dién ABCD déu canh bang a. Goi O 1a tam dudng tron ngoai tiép tam gidc BCD
. Goc gitta 4O va CD bang bao nhiéu?
A0, B. 30", C. 90", D. 60

Loi giai

Chon C

 46.CD = (CO-CA)CD
Tacod

=CO.CD—CA.CD = CO.CD.cos 30" — CA.CD.cos 60°

.a. a.da.
3 72 2 2 2
Suyra A0 LCD

Cho tir dién ABCD vé&i AB L AC, AB L BD . Goi P, Q lan luot 1a trung diém cta AB
va CD. Goéc gitta PQ va AB 1a?

A, 90°. B. 60°. c. 30°. D. 45°
Loi giai

Chon A

AB.PQ = AB 1 PQ

Cho tir dién ABCD ¢6 AB = AC = AD vi BAC = BAD = 60°,CAD =90°. Goi I va J lan

luot 14 trung diém cua AB va CD. Hiy xac dinh goc giita cip vecto AB va 1J 2
A. 120° B. 90°, C. 60°, D. 45°,
Loi giai

Chon B



C

Xét tam gidc ICD c6 J 14 trung diém doan CD.
Ta c6: 1J = l(I—C+]T))
2

Vi tam gidc ABC ¢6 AB = AC va BAC =60°
Nén tam giac ABC déu. Suy ra: CI L AB

Tuong tu ta c6 tam giac ABD déunén DI 1 AB.

Xét 1J.4B = (IC+1D) 4B = IC.AB +-ID.AB=0.

Suy ra IJ 1 AB. Hay goc gitra cap vecto AB va 1J bang 90°.

Cau 41: Cho tir dién ABCD c6 hai mat ABC va ABD 1la céc tam giac déu. Khéng dinh nao sau

day dung nhat.
A. AB va CD chéo nhau B. AB va CD vuong goc vdi nhau
C. AB va CD déng phang D. AB va CD cit nhau
Loi giai
Chon B

bat AB=AD=AC=aqa
Tacd @.TB=(E—E)E

=|4B||AD|cos 60° —|4B||AC|cos 60° =a.a.l—a.a.l=0
45|/ 4D) [4B|[4c
2 2

Vay ABLCD.

Ciu 42: Cho hinh ling try tam giac déu ABC.A'B'C' ¢c6 AB=a va AA' =2a. Géc gitra hai
duong thang AB' va BC'bang



C'
A. 607 B. 45°, C. 907, D. 30°,
Loi giai

Chon A

A C

B
A 14 - X T " -~ """ - - T T T = lC"’
B'

—_——— | — e —

Ta c6 TR.TC':(E+@)(B—C+@) — AB.BC + AB.CC' + BB'.BC + BB.CC'

2 2
—_—— — 3a

— AB.BC+ AB.CC'+ BB.BC + BB.CC' =—%+0+0+2a2 -

S
Suy ra COS(E,B*C")=|A1§|I:|}% =a S%a\/g=%:>(ﬁ,3\c')=6oo.

Cau 43: Cho hinh lap phwong ABCD.A,B,C,D, cb canh a. Goi M la trung diém AD. Gia tri

B.M BD, la:
1, 3, 3,
—d 5 —d —d
A. 2 B. @ C. 4 D



D C

Ta co: &—M.B—Q:(ﬁ+ﬂ+m)(ﬂ+ﬁ+l)—g)

=BB.DD, +BA + AM.AD

2

=i+l
2
2
Cau 44: Cho hinh lap phuong 4ABCD.EFGH . Hay xac dinh goc gitra cap vecto AB VAEG?
A. 90° B. 60° C. 45° D. 120°
Loi gidi
Chon C
E
H
F G
4 D
B C

Ta c6: EG//AC (do ACGE 13 hinh chit nhat)
:(E,E):(E,A—c):ﬂ\c:w

Céu 45: Cho hinh 1ap phuong ABCD.A'B'C'D'. Goi M, N lan luot 13 trung diém cia 4D, BB'.
Cosin ctia goc hgp boi MN va AC' bang

5 2 5 2

A3 B. 3. c. 3. D. 4.

Chon B



|
A M D
<%y
~
| ~
~
| \\\
R
Ve
&
A’ D'

* Xét hinh 1ap phuong ABCD.A'B'C'D' canh ¢,

a=AB, b=AD, Z'=A—A':>|Zz|=|5|=|2|=a, ab=bc=ac=0

* Pt

* Ta co:

m=m_m=ﬁ+ﬁ_m=a_lzs+lz:|m|=Jaulaulaz=ﬁ
22 4 4 2

A—U:E+E+M:Q+B+E:|A—C’|:\/az+a2+a2 —a3

ACMN =a* Lo L= g
2 2

|aNac|
[mn|Jac] 3

cos(MN; AC") = ‘COS(W;A—@')‘

Cau 46: Cho hinh ling try ABC.4'B'C’ ¢6 ddy ABC 1a tam giac déu canh a, tam gidc 4'BC déu
nam trong mit phang vudng goc véi (ABC ) . M 1a trung diém canh CC’. Tinh cosin goc

o gitta hai dudng thang A4’ va BM .

2722 V33 J11 V22
CoOSo =—— CoSso =——— CoOSa =—— cosa =——-
A. 11 B. 11 C. 11 D. 11
Loi giai

Chon B



a3

Taco: AH = A’H—— va AH 1 BC A'HJ_BC:>BCJ_(AAH):>BCJ_AA' hay

BC 1 BB'.Do d6: BCC'B' 1a hinh chir nhat.

o 5ol VB

Khi d6;: CC'= AA' = = BM = 1

Xét: AA.BM = AA'. (BC+CM) 0+ AA'" CM_T

»
4
Suy ra cos(A4A4',BM ) = = V33 .
a6 aN22 11
2 4

Cau 47: Cho tam giac ABC | thj cong thirc tinh dién tich nao sau day 1 ding nhat.

s=LJapac—pc S = l\/ABZACZ +1(E.A_c')2
A 2 B. 2 2
1 242 L (T AV 1 2402 (7B A0V
S=—. |AB*AC ——(AB.AC) —_~ [AB*AC —(AB.AC)
C. 2 2 D. 2
Loi giai
Chon D

_1 . _1 2 2 .2 _1 2 2 2
SABC_EABACSIHA_E\/AB AB” sin A_E\/AB AC (l—cos A)

:l\/ABZAC2 —(E.A_C')2
2



Chu 48: Cho hinh lap phuong ABCD.EFGH c6 canh bang a. Ta ¢ AB.EG bang?

a2
A A2 B. @’ c. @3, D. 2
Loi gidi
Chon B
A B
D ] c
E« - e . F
H - G

AB.EG = AB.(EF + EH )= AB.EF + ABEH _ 45" ; 154D (EH = AD) — 42 Wi
. - 1
AB 1 AD)
Cau49: Cho ti dién ABCD véi AC=%AD,@ = DAB=60°,CD = AD. Goi ¢ 1a gbc giita AB

va CD. Chon khing dinh ding?
A. cosgo=%. B. p=60°. C. p=30". D. COS(pZ%.

Loi giai

Chon D




_ ABCD _ AB.CD
- |@|,|CT)| ~ ABCD

Ta co COS(ZE’,@)

Mat khac
AB.CD — 4B(AD - AC) - ABAD - 4B.AC

= AB.AD.cos60° — AB.AC.cos 60°

= AB.AD.l— AB.EAD.l = —lAB.AD = —lAB.CD.
2 2 2 4 4

1 AB.CD

—_— 1
Do co cos(AB,CD):jBT:—Z. Suy ra COS(pZZ.

Céau 50: Cho tir dién déu ABCD, M 1a trung diém ctia canh BC . Khi d6 cos(AB,DM) bang

5 N 1 N
A, 2. B. 6 . C. 2. D. 2 .

Loi gii
Chon B

A

B D
M
C

Gia str canh cua tir dién la 4.

— ——\  ABDM _ AB.DM
cos(AB,DM)=|E|'|W - a&
Ta cé "2
Mat khac

AB.DM = AB (W — E) — AB.AM — AB.AD = AB.AM .cos30° — AB.AD.cos 60°

a3 V3 1 3 @ _a

a. .
2 2 2 4 2 4

2 2 2
1 3a a a

=d.

3

Do c6 COS(E,W)zg. Suy ra cos(AB,DM):?.



E. TRA LOI PUNG SAI
Cau 1: Cho tir dién ABCD c6 trong tim G . Xét tinh diing- sai ctia cic ménh dé sau?

_— _— _— _— —

A. GA+GB+GC+GD =0
B. 0G =~ (0 + 05 +0C+0D)

C. BG=GA+GC+GD
D. 4G=2(A4B + 4C+ AD)
Loi giai
A. D | B.D C.Db D.S
'] Theo cong thuc vi G la trong tam tir dién ABCD — GA+GB+GC+GD =0 nén A
dang
1] Taco:

e ] — — — —

OG:Z(OG+OG+OG+OG):%(0A+AG+OB+BG+OC+CG+0D+D—G)

:%(a+@+%+@) nén B ding

1 GA+GB+GC+GD=0<> GA+GC+GD=-GB =BG ngn C ding
" 4G =140+0G = A0 +(0d+ 0B +OC+0D)= 40+~ (404 + 4B+ AC+ AD).
— 40+ 0d+- (4B + AC+ D)= (4B+ AC+ 4D) - D sai
Cau2: Chotirdién ABCD.Goi M va N lan luot la trung diém ctia AB,CD va G la trung diém
MN . Xét tinh diing- sai cia cac ménh d¢ sau?

A. GA+GB+GC+GD =0
B. MA+MB+MC + MD = 4MG

C. MN =+ (4B+CD)
2

D..2MN = AC + BD
Loi giai




Cau 3:

N

C

GA+GB =2GM

0O ViM,N lan luot 1a trung diém AB,CD — .
GC+GD=2GN

G 1a trung diém MN — GM +GN =0+<> GA+GB+GC+GD =0. Vay A ding
(] Khido m+m+MC+MD:4MG+<@+@+@+GT) = 4MG

Vay B dung
(1 D& chirng minh dugec MN = %(E + E’) nén C sai

'] Taco:

MN = MA+ AC +CN

MN = MB + BD + DN

Do do: ZW:%+E.VQde{mg
Cho hinh hop ABCD.A'B'C'D' tim O. Xét tinh ding- sai ciia cac ménh d¢é sau?
A. AC'= AB+ AD+ AA".
B. AB+BC'+CD+D'A=0.
C. AB+AA'= AD+DD'.
D. 4B+BC+CC'=AD'+D'0+0C".

Loi giai

A. D B.D C.S D.b

[] Theo quy tic hinh hop thi AC'= AB+ AD+ AA' ding. Do d6 A ding
1 Tacé AB+CD=0 va BC'+D'A=0

_— _ _— _ —

Do d6: AB+BC'+CD+D'4=0.Do d6 B ding



D C

AB+ AA'= AB'
0 Vl{ ,ma AB'# AD' — AB+ AA'# AD + DD' . Vay C sai

AD+DD'=AD"
0 Taco
@®AB+BC+CC'=AC"
®AD"'+D'0O+0C'= AC"
Vay AB+BC+CC'=AD'+D'0+0C". Do d6 D ding

Cho hinh hop ABCD.A'B'C'D'. Xét tinh diing- sai ciia cac ménh dé sau?

A. BC+BA=B'C'+B'A". B. AD+D'C'+D'A'=DC.

C. BC+BA+BB'=BD". D. BA+DD'+BD'=BC.
Loi giai

A. D B. P [C.D D.D

'] Taco
BC+BA=BD
B'C'+B'A'=B'D'
Ma BD =B'D' nén A ding

[1 Tacd

AD+D'C'+D'A'=AD+D'B'=A'D'+D'B'=A'B'=DC
Vay B dung

[1 Ta co:

BC+BA+BB'=BD+BB'=BD' vay C ding



Cau 5:

Cau 6:

_— e e e e s e e

I Vi BA+DD'+BD'=BA+BB'+BD'=BA'+ BD'# BC . Vay D sai
Xét tinh dung- sai clia cac ménh dé sau?

A. Tt gidc ABCD 1a hinh binh hanh néu 4B =CD.

B. Tt gidc ABCD 1a hinh binh hanh thi AB+BC+CD+CB=0.

C. Tt gidc ABCD 1a hinh binh hanh thi AB+ AC = AD.

D. Chép S.ABCD c6 SB+SD =SA+SC thi ABCD 1a hinh binh hanh.
Loi giai

A. S B.D C.S D.D
I Ta gidc ABCD 1a hinh binh hanh khi va chi khi 4B =DC nén A sai

Tt giac ABCD 1a hinh binh hanh thi 4B+ BC +CD+CB = AD+CB =0 nén B dung

]

Tt gidc ABCD 1a hinh binh hanh thi AB+ AD = AC nén C sai

J

I SB+SD=SA+SD <> SB—SA=SC—SD <> AB=DC — ABCD 1a hinh binh hanh
nén D dung
Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh tim O. Goi G 1a diém thoa
man GS +GA+GB+GC+GD =0. Xét tinh dung- sai ctia cac ménh dé sau?
A. AB+BC+CD+DA=S0
B..0A+OB+0C+0D=0
C. SB+SD=SA+5C.
D. GS =30G.
Loi giai

AB+BC+CD+DA=AA =0 nén A sai

Goi O la tam hinh binh hanh ABCD — OA+ OB+ OC +OD =0 nén B dung

[1 Tacd

SB+SD =250

o nén SB+SD = SA+SC . Do d6 C dung
SA+SC =280

[1 Tacd



—_— —

<GS +4GO+0A4+0B+0C+0D =0
&GS +4GO=0
<GS =40G nénD sai
Cau7: Cho hinh lap phuong ABCD.A'B'C'D" ¢ canh bang a . Goi I 1a tim hinh vuong 4BCD
, 201 G la trong tam cua tam giac AB'C (tham khao hinh v€). Xét tinh ding- sai cua cac
ménh dé sau?

g .
N
A AN
* . | J\\ o D
\\ :f‘r /)‘/
RV B
A ‘D;
A. AB+AD+AA'= AC'.
B. GA+GB'+GC =2GI .
C. AB+AD=A'C".
D. BD'=28G.
Loi giai
A. D B.S C.b D.Db

(1 Theo quy tic hinh hop thi AB+ AD+AA'= AC nén A ding
1 G latrong tam cua tam giac AB'C nén GA+GB'+GC =0. Do di B sai
(] Taco
AB+AD=AC=A4'C’ nén C ding
1 Taco
BG __Bl

ABIG~AD'B'G —> —=

1
D'G D'B' 2

—>£:l—>B_Dd':3B?(q? nén D sai
BD' 3

Cau8: Chotudi¢én ABCD,goi M,N lan luot 1a trung diém 4D, BC . Xét tinh duing- sai cta cac
ménh dé sau?

. AB,DC,MN dbng phing.

AB,AC,MN khong ddng phing.

. AN,CM ,MN dong phang.

. BD,AC,MN dbng phing.

>

O A W

Loi giai




Cau 9:

*  MN=—(A4B+DC) > 4B,DC,MN déng phing — 4 ding

e AB,AC,MN khong ddng phing vi MN khong nim trong
(ABC)— B dung.
e AN,CM,MN dbng phang saivi AN khong nam trong (MNC)

*  MN = (BD+AC) BD,AC,MN déng phing - D ding

Cho t& dién ABCD. Trén canh AD va BC lan lugt léy cac diém M,N sao cho
AM =3MD va BN =3NC . Goi P,Q lan lugt la trung diém AD va BC. Xét tinh diing-
sai ciia cic ménh dé sau?
A. PO=AC+DB
B. MN = MA+ AC +CN
C. MN =MD+ DB+ BN
D. BD,AC,MN ddng phing.
Loi giai

A. S

1 D& chitng minh dugc 2P0 = AC + DB nén A sai
] Theo gia thuyét ta c6 M, N 1a trung diém cua PD,0OC



. Nén B va C dung

MN =MD + DB+ BN
] Taco
MN = MA+AC+CN
{3]\7\/:3@%1@%5\/

{W:W+TC+HV

S AMN=AC_3BD+ %ﬁ: s BD, AC.MN khong ddng phing. Do dé D diing

Cau 10: X¢t tinh dang, sai cua cdc m¢nh dé sau:

M¢énh dé bung | Sai

A:“ AB+BC=AC ™.

B: ¢ E+ﬁ+C—D:E

C:“AB+ AD = AC véi ABCD 1a tt giac ”.

D:“AB+ AD = AC véi ABCD 14 hinh binh hanh .

Loi giai

A.D | B.P C.S D.D

+ Ménh dé¢ A dang: Quy tic ba diém.

+ Ménh dé B dang: Quy tic da giac.
+Ménh d&é C sai: Vi ABCD 1a tir giac.

+ Ménh d&¢ D dung: Quy tic hinh binh hanh.

Cau 11: X¢ét tinh dang, sai cua cdc m¢nh dé sau:

Ménh dé bung | Sai

A:“ AB-AC=CB .

B:“ AB-CB=AC ".

C:“ka=0<>a=0".

D:“AB =k.AC <> Badiém phan biét 4, B,C thang hang ”.

Loi giai

A.D | B.P | C.8 D. S

+Ménh dé¢ A4 dung: Quy tic trir vecto.
+ Ménh dé B dang: Quy tic trir vecto.
k=0

+Ménh dé C sai: Vi { . —ka=0.
a#0

+Ménh dé D sai: Vik=0<«> AB=0<> A=B.

Cau 12: Xét tinh ding, sai ciia cic ménh dé sau:



Ménh dé Dung | Sai
A:“ MA+MB =2MI véi I 1a trung diém doan AB va diém M batky .
B:* MA+MB+MC =3MG véi G la trong tim AABC va diém M batky

2

C:“MA+MB+MC+ MD =4MG véi G la trong tam t& dién ABCD va
diém M batky .
D:“Néu SB+SD = SA+SC thichép S.ABCD c6 ABCD 1a hinh binh hanh

2

Loi giai

A.D | B.P C.D D.D
+ Ménh dé A4 dung: Vi taco

—_——

TA+1IB=0<> MA—MI + MB - MI =0 <> MA+ MB =2MI .

+ Ménh dé B ding: Vi ta co

GA+GB+GC =0 MA—MG +MB—-MG +MC-MG =0 <> MA+MB+MC =3MG

+ Ménh d¢¢ C dung: Vitaco

GA+GB+GC+GD =0< MA—MG +MB—MG +MC —MG +MD—-MG=0.

> MA+MB+MC+ MD =4MG .

+ Ménh dé¢ D dung: Vi SB+SD=SA+SC <> SB—S4=SC—SD <> AB=DC nén

ABCD la
hinh binh hanh.
Céu 13: Cho hinh hop ABCD.A'B'C'D". Xét tinh diing, sai cia cac ménh dé sau:
Ménh de Pung | Sai
A:* AB+CC'=A'B'+ BB' ”.
B:“ AB=CD "
C:“AB-BC'=BD'”.
D:“AB+AD+ AA'= AC" ”,
Loi gidi

A.D B.S C.S D.b




D

+ Ménh d& A4 dung: Vi AB=A'B'va CC'=BB'".

+MénhdéBsai:ViE=D—C;.
+MénhdéCsai:ViBC' AD'— AB-BC'=AB-AD'=D'B.
+Ménh @& D dung: Vi

AB+ AD+ AA'= AC + AA'= AC" (Quy tic hinh hop).

Ciu 14: Cho hinh ling tru ABC.A'B'C'. Xét tinh dving, sai ctia cac ménh dé sau:

Mgénh dé

Dung

Sai

A:“ BA+A'C'=BC ”

B: “ Goc giita (BC; AA') = (ﬁé;c_c“') = (EE‘;BT?‘)

C:“AB+AA'+B'C'= AC'”

D : “Goc giita (AB; AA') = (BA; AA‘)

Loi giai

A’y 2

C¥

+Ménh dé¢ 4 dung: Vi A'C'=4AC —>BA+A'C'=BA+AC=BC.

+Ménh dé¢ B dung: Vi AA'=BB'=CC".

+Meénh d& C ding: Vi AB+ AA'+B'C'=AB+BB'+B'C'= AC'.

+Ménh dé D sai: Vinéu a = (E,H) thi (ﬂ,ﬂ;) =180° —«.




Cau 15: Cho hinh hop chii nhat ABCD-ABC'D' ¢6 canh AB= a; AD = a~/3; A4’ =2a . Xét tinh

dang, sai cua cac khang dinh sau:

a) AB +CD =0. Al D'
b) AD+CB =0. B i G
¢) | AB+AD|=av/5. E
& [4B+ 4D +CC| =242, P 7P
B : C
Loi giai
A.S B.D C.S D. b

a) AB va cD’ khong d6i nhau nén AB +CD #0 nén A sai
b) A'D vi CB dbinhaunén AB +CD =0 nén B dung

¢) | AB+ AD|=| AC|= AC =\ AB* + AD* =24 nén C sai

d) 4B+ 4D +cC =‘E+E+H‘:Ac’ —JAB* + AD* + AL = 22a nén D ding

Céu 16: Cho hinh 1ap phuong ABCD- AB'C'D' ¢6 canh bang a . Xét tinh ding, sai ciia cac khang

dinh sau:
a)ﬁ—ﬁ:ﬁ. A D'
b) BA+BC+BB =BD. a
_— _ — [} C,
o) ‘BA+BC+BB‘:a\/§. |
— = Abooooo ] --2D
d) ‘BC—BA+CA‘=a.
B C
Loi giai
A.D B.S C.S D.D
a) Ta co

ﬁ—ﬁ:ﬁ+(—ﬁ):ﬁ+ﬁ:ﬁ. nén A dung
b) Ap dung quy tic hinh hop ta co BA+BC+BB =BD .NénB sai

c)

ﬂ+ﬁ’+ﬁ‘=‘ﬁ‘=3ﬂ = a~/3 nén C sai
d) Ta co BC-BA+CA=AC+CA=CC.

Do d6 ‘R‘—ﬂ+C—VA‘=C'C=a nén D ding



Ciau 17: Cho tir dién ABCD.Goi M, N lan luot 1a trung diém cua cac canh 4D va BC,I 1a trung
diém MN. Xét tinh dang, sai cua cac khang dinh sau:
a) AB—CD=AC-BD
b) AB+CD=AD+CB
c) AB+DC =2MN .
d) IA+IB+IC+ID=0

Loi giai

A.S | B.D | C.D D.D
a) Sir dung quy tic ba diém va quy tic hiéu, ta co

AB~CD =(AC+CB)~CD= AC+(CB~CD)= AC+ DB = AC - BD.
b) Theo quy tic ba diém, ta co AB = AD + DB . Do d6
AB+CD :E+ﬁ+@:ﬂ)+(@+ﬁ) = AD+CB.
¢,d) Dé chirmg minh
Cau 18: Mot chiée 6 t6 duoc dat trén mat day dudi cﬁqa mot khung st c¢6 dang hinh hop ghﬁ nl‘lét
v6i day trén 1a hinh chit nhat ABCD, mat phang (ABCD) song song v&i mat phdng ndm

ngang. Khung sit d6 duoc budc vao moc E ciia chiée can ciu sao cho cac doan ddy cap
EA,EB,EC,ED c6 d6 dai bang nhau va ciing tao voi mit phiang (ABCD) mét goc bang

60" . Chiéc can cau kéo khung sit 1én theo phuong thang dimg. Biét rang cac luc cing
F,F,,F, F, &u co cuong do la 4700N va trong luong ciia khung sit 1a 3000N .
a) F+F=F+F,.
b) F+FE=F+F,.
¢) [F + F|=8141N (1am tron dén hang do
vi).
d) Trong lugng ctia chiéc xe 6 t6 1a 16282N
(lam tron dén hang don vi).




Léy cac diém M, N, P, Qlén luot trén cac tia EA, EB, EC, ED sao cho

EM - F,EN -F,EP~F,EQ~F.

Do ciac luc cang F,F,, F,.F, déu o cuong doé 1la 4700N nén
EM =EN =EP=EQ=4700.

a) Ta co

—E+E = EM +EN =2EH ,véi H 1 trung diém cia MN

173+F4 = EP+EQ=2EK , véi K 1a trung diém ctia PQ.

Suy ra Flﬂ?’z iE—i—E

b) Ta céd

F,+F,=EM + EP=2EO, véi O la trung diém cua MP

E + 174 = EN + EQ =2EO, véi O la trung diém cua MP.

Suy ra E+F3=F2+174.

c) \EJ@\ = 2EO |=2EO.

Theo gia thiét, goc gitta EAvSi (ABCD) bang 60", suy ra goc gitta EM véi (MNPQ)
ciing bang 60" hay SMO =60".

Xét aEMO ¢ EM =4700,SMO = 60" . Suy ra EO = EM sin60° = 2350+/3 .

Tir day, ta tinh duge |F, + F;| = 2E0 =814IN .

Cau 19: Trong khong gian, cho hai véc-to a va b cling c6 d6 dai bang 1. Biét rang goc giita hai
véc-to do 1a 45",
V2

a) d-b=——.
) 2



b) (a+35)-(a—25)=—5+€.

C) |d+l;|:2+\/§.

d) |a—~/26 |=0.
Loi giai
A.D | B. D | C.S D.S
a) 5-5:|&|-|l;|cos(ﬁ,l;):g.
2 2

b) (G+3b)-(@—2b)=al +-d-5—6|5\2:1+-7—6:—5+7.

NG

¢) (G+b) =G> +2d-b+b =1+2‘7+1:2+J§. Suyra |d+b[=y2++/2 .

d) (@—~2b)* =G> +22ad-b +2b° =1+2ﬁ-%+2=2. Suyra |G —~/2b =2

Cau 20: Cho tir dién déu 4ABCD c6 canh bang ava M la trung diém cta CD.

a)m-C—Dzo.
2
b)AB-AC=2L.
2
¢)AB-CD=0
dYAM - AB = -
2
Loi giai
A.D B.D C.P D.S

a) Tam gidc ACD déu, suy ra AM vudng goc v6i CDnén AM -CD =0.

2

b)Taco AB-AC = AB|-| AC|-cos(AB, AC)= AB-AC-cos BAC =a-a-cos 60’ ="7

¢) Tacod AB-CD =(AM +MB)-CD =AM -CD+MB-CD .
Ma AM , BM 1a trung tuyén cua cac tam giac déu 4CD,BCDnén AM L CD,MB 1. CD.
Suy ra AM -CD=MB-CD=0.

Tur céc két qué trén ta cd AM -CD =0. Suy ra (4B,CD)=90".



Cau 21:

d) Tacod Wz%(ﬁ+ﬂj),suyra
_—_— =]l = — ] = — —— a a ?
AB-AM:AB-E(AC+AD):E(AB-AC+AB-AD):— 7+— =—

Mot chit diém & vi tri dinh 4 cua hinh 1ap phuong A4BCD- A'B'C'D’. Chét diém chiu tac

dong bdi ba lyc 5,1; ,¢ 1an luot cung hudng voi E, AB va AC nhu hinh vé. Po 16n cua

cac luc @,b va ¢ twong Gmg 12 I0N,10N va 20N.

a) d+b=c. AT 5
b) |d+b |=20(N). 3/

— D 1 -d
o) |a+cl=b+e|. : \: ¢
d) |d+b+¢=32,59(N) (lam tron két qua dén Y
. s Y/ S
hang phan muoi). 7 Y B'

D' c'
Loi giai

A.S B.S | C.D | D.D

Tu gia thiét, taco d L Z;;cos(d,(?) = coslﬂ? :%;005(5,5) = cosl;l? = % .

a) Gia su a +b=d. Theo quy tic hinh binh hanh thi d cung huéng voi AC . Suy ra
d+b#¢

b) |d+b|= 1042 (duong chéo hinh vudng canh bang 10 ).

c) Taco

(@+¢)* =d|* +2a-c+|¢|’=10° £210-20- - + 207 =500+402‘6.

NE]
Suy ra \ﬁ+5\=,/500+ 402\/5 .
1 4004/3

(b+E) =|b | +2b-¢+|¢=10*+2.10.20-— + 20> = 500 + T

NG
Suyra |b+¢|= ,/500+ 402‘5 .

Vay |a+¢|=b+¢].

d) Gia st luc tdng hop 1a i, tec 1a m=a+b +¢ .



i=d+b+¢o|mf=(G+b+¢)’

24 b2 432 42G-b+2b-C+2C-d
1 1
SImP=102+102 +20°+0+2-10-20-—+2-10-20 - —
a N 5

=10’ +102+202+0+2-10-20-L+2-10-2O-
NE]

-

| ml’
| i |~ 32,59.

F. TRA LOI NGAN

Cho hinh hop ABCD.A'B'C'D’ . Cé bao nhiéu vecto bing vecto BC .

Cau 1:
Loi giai

Tra loi: 3

Céc vecto bing vecto BC 1a: AD, A'D', B'C'. Viy ¢6 3 vecto bing vecto BC .
Cau2: Cho hinh ling tru ABC.A'B'C’ biét AABC c6 canh bang 3. Tim vecto tong ‘@ - B'C"
Loi gidi

Tra loi: 3
A’ C’

Bl’

B

Ta c6: BC = BC = Ci+ BC = Ci+ BC = B = |Cd+ BC| =[Bd] =3,



Cau3: Cho hinh lap phuong ABCD.A'B'C’'D’ . Tinh géc giita hai vecto AB va AC'.
Loi gidi

Tra loi: 45

D. C'

.
-
-
.-
-
-
. -
-
& -
-
-
-

.-

(3

Taco: AC=AC'.
Do do: (ﬁ,A'C') = (ﬁ,ﬁ) = BAC = 45°
Cau4: Cho tirdién S-ABC 5 SA=SB=SC = AB= AC =2,BC =2/2 . Tinh SC.AB
Loi giai

Tra loi: -2

B

Co: BC* =SB +SC* (2.2 =2° +27) = ASBC vuong can tai S .

Lai c6: SA=AC = SC =2 = ASAC 1a tam giac déu.

2

SC.AB = S*Z*(S—B’ —ST4) — SC.SB—SC.SA=0-SC.SA.cos ASC =—2.2.c0s 60° = —% -2

Vay SC.AB=-2.



Cau5: Cho to¢ diéen ABCD. Goi E,F lan luwot 1a trung diém cta 4B, CD. Cho

AB=2a, CD=2b, EF =2c. Vé6i M

la mot diém tuy ¥, biét tong
MA* + MB* = k. ME* +1.a”. Tinh k+1 .

Loi giai
Tra loi: 4
A
E
B D
F
C
Ap dung cong thirc d6 dai dudng trung tuyén, ta co:
MA* + MB®  AB® AB’

ME* = - = MA®* + MB* =2ME” +

> =2ME* +24°.

Vay k+1=2+2=4.

Cau 6: Cho hinh hop ABCD.A'B'C'D" i MA= k-MC, NC'=I.ND  gni MN song song
véi BD' thi K+ ¢4 gia tri 1a bao nhiéu?
Loi giai

Tra loi: -4

D; C'

—

Pit AB=a,AD=b, A4 =c.



R, —k(21+13)+2
Co: MA':k.MC<:>AA'—AM=k(AC—AM)<:>AM=—.

1-k
Co: NC = LND & AN =220
Suy ra: MN = AM — AN = Sk a+ —L—l b+ LN c.
-k 1-1 1-k -k 1-1

Ma: BD=AD' —AB=—-a+b+c.

3k+1

Vi MN //BD' nén MN //BD < D k=-3=]=-1.

Vay k+1=-4.

Cau7: Cho hinhchép S.ABC c6 SA=a, SB=b, SC =a vi cac didm M, N lin luogt I trung
diém cua cac canh AB,SC. Cac diém P,Q trén cic duong thing SA,BN sao cho

PQ//CM . Hay biéu dién vecto PO theo ba vecto a,b,c. PQ//CM . Khi biéu dién

PO p == _ m- pz r- .mpr .
vecto PQ theo ba vecto a,b,c, ta duqc:PQ:——a—£b+—c (voi —,£,— la cac
n q z n q z
phan so toi gian va m,n, p,q,r,z € 7). Tinh —+£+—.
n g z
Loi giai
., 4
Tra loi: —
3

Pit PA =xSA4,BO = yBN

Suy ra:



P—Q:ﬂ+ﬁ+@:xS—A+S—B—S—A+yW=(x—1)S—A+S—B+y<W—S—B>

=(x-1)a+(1-y)b+2e.
2 ¢
e 1 — 1~ 1+ -
La_uco:CM:SM—SCz—(SA+SB —SC=—a+—b—c
2 272
o2
x=1 1-y y 3
PO//CM < PO=kCM < =——=—2=
0,5 0,5 i
3
1- 1- 2-
Viy PO=——a—-—b+=c
y PO 37973773

Cau 8: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tim O, M 1a diém thay doi trén SO .

Ti sb i—]\é sao cho P = MS* + MA* + MB*> + MC?* + MD? nhé nhit 1a bao nhiéu?

Loi giai

Tra loi: i
5

Goi I 1a diém théa man SI = 410 .

- —\2 - —\2 _ —\2 _ —\2 _— —\2
Suy ra: P:(M1+IS) +(M1+1A) +(MI+IB) +(M1+1C) +(M1+1D)
:5M12+IS2+IA2+IB2+IC2+ID2+2]T/17(E+YZ+E+I_C’+I_5)
:5M12+IS2+IA2+IBZ+IC2+ID2+2W(TS+4IT)+@+@+W?+OT§)

=5MI*+1IS* + IA* + IB* + IC* + ID*?



Vay P khiMEI:Sﬂ:i.
SO 5

Cho t&r dién ABCD c¢6 cac diém M, N, P lan luot thude cac canh BC,BD va AC sao
cho BC =4BM,AC =3AP,BD =2BN . Mit phang (MNP) cit duong thang AD tai

. A
diém Q. Tinh ti s0 —Q
AD
Loi giai

Tra loi: é
5

- — — — —_— —

Theo dé bai, ta co: m:i;l+—b;AN=—(a+c); P=—b.
4 4 2 3

MN=AN A =L 1p.1:
47 4 2

—

Taco: \MP = AP—AM = —2a 4§
4 12

MQ:AQ—AM:—%*—%BH(E

Vi M,N,P,Q dong phang nén

0,25x+0,75y =0,75

XMN + yMP = MQ < O,25x—£y=0,25 Sy =

0,5x=k

N|W n|w |



. 3— 40 3
Viy AO=>AD =22 _°.
ay 40 =3 4D 5

Cau 10: Co ba lyc cung tac dong vao mdt cai ban nhu hinh v€. Trong d6 hai luc FI, }72 tao vé&i nhau
mot goc 110° va c6 d 16n lan luot 1a 9N va 4N, lyc F, vudng gbc véi mit phang tao
bdi hai luc E,E va ¢6 d6 16n 7N . D 16n hop luc cua ba lyc trén 1a a(N), tim gia tri

cua a.

Tra loi: 10

Theo dé bai ta ¢6 hinh vé sau:

D

Hop luc tac dong vao ba vat la F=E+E+E=@+@+O_€=@+%=@
Ap dung dinh 1y cosin trong AOAD , ta cé:

OD? = 04> + AD* =20A4.4AD.cos OAD = 9* + 4> —2.9.4.c0s80° = 97 — 72 cos 80° .
Vi OC L (OBDA) nén OC L OD = ODEC 1a hinh chit nhét.



Cau 11:

Cau 12:

Do d6 AOCE vuong tai C nén:

OE* =0C* +EC* =4 +97-72¢0s80° =113 -72c0s 80°

= OE =/113-72c0s80° ~ 10

Suy ra d¢ 16n cua hop luc cta ba lyc trén khoang 10N .

Vay a=10.

Cho hinh hép ABCD.A'B'C'D'. Tim gia trj thuyc ciia k& thoa méan ding thirc vecto
ZJ+B7['+k(E§+CT§)z()?

Loi giai

Tra loi: £ =1

Ta co

AC+BA'= AC+CD'= AD'
{ﬁ+@=ﬁ—DC'=C'B=D'A'
—>A—D+km:6<—>(k—l).m=6<—>k=1.

Cho tir dién ABCD, goi M, N lan luot 1a trung diém cac canh 4C, BD . Goi [ 1a trung
diém doan MN va P 1a mot diém bat ky trong khong gian. Tim gia tri thuc cia A thoa

9

e — —>)

mén ding thirc vecto Pl = k(PA +PB+PC+PD
Loi gidi

Traloi: k=




Cau 13:

Cau 14:

+ Vi M, N, lan luot 13 trung diém cta AC, BD, MN
IA+IC =2IM

—>{IB+ID=2IN - IA+IB+IC+ID=0.
IM +IN =0

—_— — —

+Khidé PA+ PB+PC+PD = AP[ +IA+IB+IC+ID = 4P]

- . 1

+Ma Pl = k(PA+PB+PC+PD)<—>PI kAPl <> 1= 4k<—>k—4

Cho hinh hép ABCD.A'B'C'D'. Goi M la diém trén canh AC sao cho AC =3MC. Léy
diém N trén doan C'D sao cho C'N =x.C'D . Vi gia tri ndo cua x thi MN song song
BD'?

Loi giai

Tra loi: E
3

+ Goi O 1a tdm hinh binh hanh ABCD .
+ Goi [ 1a trung diém DD'.
+N6i C'D ciat CI tai N'— N' latrong tim ACDD'.
+ Ta ¢6 OI 1a duong trung binh cia ABDD' — OI || BD'.
CN'_CM
" co

+ Lai ¢6 — MN'||OI - MN"'|| BD".

2 2
+ Theo bai ta c6 MN||BD'(—)N'EN—)C‘N:EC'DH)C:E.

Cho t& dién ABCD va cic diém M,N dugc xic dinh boi AM =24B-3AC va
DN = DB +x.DC . Tim x dé cac duong thang AD, BC,MN cling song song v&i mot mat
phang.

Loi giai
Tra loi: -2
+ bai toan tuong duong tim x dé MN, AD, BC dong phang.



Cau 15:

Cau 16:

+m=2ﬁ—3(E+B_c’)=—E—3B—C.
+
ﬁ\/=ﬁ+xﬁ‘<—>ﬂ\/—ﬁ=E—E+x(ﬁ+@+ﬁ‘)<—>Wz(l+x)ﬂ3—x@+xB—C

—)Wzﬁ—mz(2+x)ﬁ—xﬁ+(x+3)ﬁ.
+Pé MN, AD, BC dong phang <> 2+x=0¢>x=-2.

Cho hinh hop ABCD.AB,C,D,. Tim gia tri thuc cia k thoa min dang thic vecto

AB+BC,+ DD, =k AC, ?
A. k=4 B. k=1. C. k=0. D. k=2.
Loi gidi

— AC, =kAC, <>k =1.
Cho tr dién ABCD, goi M,N lan luot 1a trung diém cac canh AC, BD.Goi I 1a trung

diém doan MN . Tim gia tri thyc cuia £ thoa man drfmg thirc 14+ (2k — 1) IB+kIC+ID=0
?

Loi giai

Tra loi: 1

+Vi M,N,I lan luot 1a trung diém cua AC, BD, MN
IA+1C =2IM
—>{IB+ID=2IN —>IA+IB+IC+ID=0.
IM +IN =0
+Taco IA+(2k—1)IB+kIC+ID
=TA+§+E’+@+(2I{—2)E+(1¢—I)E=6
—>(k—1)(2E+I~C)=6.

+Ma2IB+IC#0k-1=0ck=1.



Cau 17:

Cau 18:

Cau 19:

Cho hinh hdp ABCD.A'B'C'D' va cac sb thuc m,n théa min MA'=mMC va

NC'=nND.Khi MN song song voi BD' thi m+n bang bao nhiéu?

A.m—nz—%. B.m+n=-3. C. D.m+n=-2.

Loi giai

Tra loi: —4

+Dat x=BA, y=BC, z=BB".
m_l(;_;+;)+;+ﬁ(_;+;)

1 I \- 1 = 1 1 -
=1+ + xX— y+ + z
m—1 n-1 m—1 m—1 1-n

+BD'=x+y+z.

+ MN=MC+CD+DN =

1 1 1 1 1
+Vi MN||BD'—>1+ + =— = + —om=-3,n=-1.
m—-1 n-1 m—-1 m-1 1-n

- - -

Trong khoéng gian cho cic vecto a,b,c khong ddng phing thoa min
(x—=y)a+(y—z)b=(x+z-2)c.Tinh x+y+2z?
Loi giai

Traloi: 3
+Co (x— y)Zz +(y- Z)Z; —(x+z- 2)2 —0.Do a,b,¢ khong dong phang nén mdi vecto
duoc ,
phéan tich duy nhat qua ba vecto ndi trén.

x—y=0

y—z=0 ©x=y=z=1->x+y+z=3.

xX+z-2=0

Cho ttir dién ABCD ¢6 BC=DA=a,CA=DB=b,AB=DC =c. Goi S la dién tich toan
1 1

phan (tong dién tich tat ca cac mat). Tinh gia tri 16n nhat cua pEre + PERE + el

Loi giai



Cau 20:

>

Tra loi: %

C

Do to¢ dién ABCD co BC=DA=a,CA=DB=b,AB=DC=c nén
ABCD = AADC = ADAB = ACBA. Goi S' ladién tich va R 1a ban kinh duong tron ngoai
tiép mdi mat do thi S=4S5'= aTéc, nén bat ding thic cin chimg minh

a2b2+b202+cza2£?©a +b +c" <9R".

Theo cong thirc Leibbnitz: Vi diém M bat ki va G 1a trong tdm cia tam giac ABC thi

MA* + MB* + MC? = GA®> + GB* + BC* +3MG” =%(a2 +h+cl +9MG2)

Cho M trung voi tdAm duong tron ngoai tiép tam giac ABC ta duogc
9R*> =aa’ +b* +c* +90G* > a’ +b* + .

Cho hinh hép ABCD.A'B'C'D'. Mot dudng thang A cit cac duong thang 44", BC,C'D'
lan luot tai M, N, P sao cho NM =2NP . Tinh M
MA'
Loi giai
Tra loi: 2

A D

|
|
Bl 1 ¢ N
|
|

A*_____ D’

/




Cau 21:

Piat AD=a,AB=b,AA'=c.
Vi M € AA' nén AM =k AA' = ke
NeBC=BN=IBC=la, PeC'D'= C'P=mb
Tacd NM = NB+BA+ AM =—la—b+kc
ﬁ:ﬁv+ﬁ+ﬁ+ﬁ=(l—z)5+mz+é
Do NM =2NP = —la—b+kc=2[(1-1)a+mb+c]
_1=2(1-1)
< -1=2m <:>k=2,m=—5,l:2.
k=2
MA

Vay —=2.
ay A"

Cho hinh chép S.ABC . Ly cac diém A',B',C' lan lugt thudc cac tia S4,SB,SC sao
SA SB SC J4 \ , A R A - <
cho —= =b =c, trong d6 a,b,c la cac sO thay do6i. Pé mat phang

a b b
S4' SB' SC!
(A 'B'C ') di qua trong tAm ctia tam giac ABC thi a + b+ ¢ bang bao nhiéu?

Loi giai

Tra loi: 3

B.-
+ Goi G la trong tdm AABC —> GA+GB+GC =0.
—3GS+SA+SB+SC=0.

SA=aSA"

# M {SB =bSB' — 5G =% 54"+ 25"+ 5C°
SC =cSC'

+Vi (4'B'C") di qua trong tim A4BC nén:

— GA',GB',GC" ddng phing

— 31, m,n sao cho I>+m>+n>#0 va IGA'+mGB"'+nGC'=0



el(ﬁ+§”)+m(ﬁ+§“)+n(ﬁ+§“):6

& (1+m+n)SG=ISA+mSB +nSC ¢>5G=— " S+~ _SB+— " _5C

[+m+n [+m+n [+m+n
a b c / m n a+b+c
S 4 —= + + <~ =l<a+b+c=3.
3 3 3 Jl+m+n [l+m+n Il+m+n 3



BAI 2: TOA PQ CUA VECTO
A.KIEN THUC CO BAN CAN NAM
I. TOA DQ CUA MOQT DIEM

1. H¢ truc toa do trong khéng gian
Hé gém ba truc Ox,0Oy,0z d61 mot vudng gdc dugce goi la h¢ truc toa do vudng goc Oxyz trong
khong gian, hay don gian goi 1a h¢ toa d§ Oxyz

Chu y: Ta goi i, #',lg lan luot 1a cac vecto don vi trén cac truc Ox, 0y,0z.

- Trong hé toa d6 Oxyz (Hinh 19), ta goi: diém O 1a gdc toa do; Ox 1a truc hoanh, Oy 1a truc
tung, Oz la truc cao; cac mat phéng (Oxy),(Oyz),(Ozx) la cac mat phéng toa do.
- Khong gian véi hé toa dd Oxyz con duge goi la khong gian Oxyz.

Hinh 19
Nhan xét: Cac mit phang toa do (Oxy),(Oyz),(Ozx) d6i mdt vuong goc voi nhau.
Vidu 1. Mot san tennis voi hé toa do Oxyz dugc chon nhu & Hinh 20.

a) Hoi mat san ndm trong mit phang toa do nao?
b) Truc Oz c6 vudng gboc voi mat san hay khong?

2. Toa dd ciia mot diém
Nhin xét: By s6 (4;5;3) goi la toa d6 ciia diém M trong khong gian véi hé toa do Oxyz.

Ta c6 dinh nghia sau (Hinh 23):



Trong khong gian véi hé toa d6 Oxyz, cho diém M .
Xéc dinh hinh chiéu M , cua diém M trén mat phang Oxy . Trong mit phing toa do Oxy, tim
hoanh d§ a, tung d0 b cua diém M -

Xéc dinh hinh chiéu P cua diém M trén truc cao Oz, diém P ung vdi sb ¢ trén truc Oz. S6 ¢ 1a
cao do cua diem M .
Bo s6 (a;b;c) 1a toa do cua diém M trong khong gian voi hé toa d0 Oxyz, ki hi¢u la M (a;b;c) )

Chuy
- Toa d6 ciia mot diém M trong khong gian voii hé toa do Oxyz ludn tdn tai va duy nhét.

- Nguoi ta con co thé x4c dinh toa do diém M theo cach sau (Hinh 24 ):

L

Xac dinh hinh chiéu H cua diém M trén truc hoanh Ox, diém H Gng v&i sé a trén truc Ox . SO
a la hoanh do cua diém M .

Xac dinh hinh chiéu K cua diém M trén truc tung Oy, diém K ung vbi sb b trén truc Oy. S6 b
1a tung do cua diém M .

Xéc dinh hinh chiéu P cta diém M trén truc cao Oz, diém P ung voi sb ¢ trén truc Oz. SH ¢ 1a
cao d0 cua diém M .

Khi do, bd sd (a;b;c) 1a toa do ctia diém M trong khong gian v6i hé toa d6 Oxyz .

Vidu 2. Trong khong gian v6i hé toa @ Oxyz, cho diém 4(4;5;3). Goi 4, 4,, 4, lan lugt 1a hinh
chiéu ctia diém A trén cic miat phang toa do (Oxy),(Oyz) , (Ozx) (Hinh 25). Tim toa do cua cac
diém A4, 4,, 4,.

II. TOA PQ CUA MOQT VECTO



Toa do cta diém M duoc goi 1a toa d6 cua vecto OM .

Néu OM ¢6 toa do (a;b;c) thi ta viét OM = (a;b;c) , trong do a goi la hoanh dg cta vecto W,b

goi la tung d6 cua vecto OM va ¢ goi la cao dg cua vecto oM (Hinh 26).

[

Hinh 26
Chu y: Trong khong gian véi hé toa d§ Oxyz, ta co:
OM = (a;b;c) & M(a;b;c) ;

Vecto don vi i trén truc Ox c6toa dola i = (l; 0; O);

Vecto don vi j trén truc Oy cd toadd la j=(0;1;0);
Vecto don vi k trén truc Oz co toa do la k= (O; 0;1) (Hinh 27).

h

7

Vi du 3. Trong khéng gian voi hé toa o Oxyz, cho hai diém M (—4;3;-1) va N(2;-1;-3). Tim

Hinh 27

toa dd cua cac vecto OM, ON .

Trong khong gian voi hé toa d6 Oxyz , toa dd cua mot vecto u 1a toa do cua diém A4, trong d6 A4 la

diém saocho O4=u.

Néu i c6 toa do (a;b;c) thi ta viét i = (a;b;c) , trong d6 a goi la hoanh dg, » goi la tung d6 va ¢

goi la cao do cua vecto i .

Vi du 4. Tim toa d cua cac vecto 4,4, A,A & Hinh 30 .



Hinh 30)
Ta ¢6 dinh li sau:
Trong khong gian voi hé toa 46 Oxyz , néu i = (a;b;c) thi i =ai +bj + ck.
Nguoc lai, néu i = ai +bj +ck thi i = (a;b;c).

X=X,

21 =4
Nhu vy, moi vecto hoan toan dugc xac dinh khi biét toa do cua no.

Vidu 5. Trong khong gian v6i hé toa do Oxyz, cho diém A(l; 2; —3) va vecto 1 = (3; —4;2) . Hay
biéu dién theo cac vecto 7, va k mdi vecto sau:

a) 04 ;

b) i.

Ta c6 dinh li sau:

Trong khong gian véi hé toa d6 Oxyz, cho hai diém A(xA;yA;zA) va B(xB;yB;ZB) . Khi d0, ta co:
AB= (xB — X Yp = VasZp _ZA) .

Vi du 6. Trong khong gian v6i hé toa dd Oxyz , cho hinh binh hanh ¢6 ba dinh A4(1;1,-2), B(4;3;1)
va C(-1,-2;2).

a) Tim toa d6 cua vecto AB .

b) Tim toa d6 cua diém D .

Vidu 7. Hinh 33¢ mo td mdt san cau long vai kich thudce theo tiéu chuén quéc té. Ta chon hé truc
Oxyz cho san d6 nhu & Hinh 33h (don vi trén moi tryuc 1a mét). Gid st 4B 1a mot tru cau 16ng dé

cang ludi. Hay xac dinh toa d§ cua vecto AB .



B. GIAI BAI TAP SACH GIAO KHOA
1. Trong khong gian v6i hé toa o Oxyz , cho diem A(1; 2; 3). Toa dd cla vecto 04 la:

A (1;2;3). B. (1;0;3). C. (0;2;3). D. (1;2;0).

2. Trong khong gian véi hé toa dd Oxyz, cho vecto u = (-1;4;2) va diém A.Biét OA=u. Toa dd
cua diém 4 la:

A. (1;4;2). B. (-1;4:2). C. (,-4;-2). D. (-,—4;-2).

3. Trong khong gian véi hé toa d§ Oxyz, cho vecto u=-2i— } +3k. Toa do cua vecto u la:

A. (-25-1;3). B. (21;3). C. (-2;0;3). D. (-2;-1;-3).

4. Trong khong gian véi hé toa d§ Oxyz , cho hai diém A(l;—1;2) va B(4; —3;1). Toa dd cua vecto
AB la:

A (-3;21). B. (3;—2;-1). C. (5—43). D. (3;-4;-1).

5. Trong khong gian véi hé toa dd Oxyz, cho vecto u = (4;2;3) va diém A(L;1;1). Toa d¢ diem C
thoa man

AC =u la:

A (423). B.(LL1). C. (5:3;4). D. (31;2).

6. Trong khong gian v6i hé toa o Oxyz, cho 4(3;-2;-1). Goi 4,, 4,, A4, lan luot 1 hinh chiéu cua
diém A trén cdc mit phang toa do (Oxy), (Oyz), (Ozx). Tim toa do cla céc diem 4, 4,, 4,.

7. Trong khong gian vdi hé toa do Oxyz, cho A(—2;3;4). Goi H,K,P lan luot 13 hinh chiéu cua
diém A trén céc truc Ox, Oy, Oz . Tim toa d§ cua cac diém H,K,P.

8. Trong khong gian v6i hé toa d§ Oxyz, cho hinh hop ABCD.A'B'C'D"' ¢6

A(4;6;-5), B(5,7;-4), C(5:6;—4), D'(2;0;2). Tim toa do cac dinh con lai ciia hinh hop
ABCD.A'B'C'D".

9. Nguoi ta can lap mot camera phia trén san bong dé phat song truyen hinh mot tran bong da,
camera co thé di dong dé ludn thu dugc hinh anh rd nét \& din bién trén san. Cac ki su du dinh

trdng bdn chiéc cot cao 30 m va str dung hé thdng cap gin vao bdn dau cot dé giit camera & vi tri
mong muon. M6 hinh thiét ké dugc xay dung nhu sau: Trong hé truc toa do Oxyz (don vi do dai



trén mdi truc 1a 1m), cac dinh cua bdn chiée cot 1an lugt 13 cac diém

M (90;0;30), N(90;120;30), P(0;120;30), 0(0;0;30) (Hinh 34). Gia st K, 1a vi tri ban dau cua
camera c6 cao do bang 25 va K,M = K,N = K,P = K,Q . Dé theo ddi qua bong dén vi tri A4,
camera duoc ha thap theo phuong thiang ding xubng diém K, c6caodd bang 19

(Nguodn: https//www.abiturloesumg.de; Abitur Bayern 2016 Geometrie VI).

N0 ;0 30) Pz 120 : 30y

_'|_If.:l._|r_| - AN

NOD - 1200 30)

K 'rh

Hinh 34

Tim toa do cua cac diém K, K, va cua vecto KK, .

BAI 3: BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO
A. KIEN THU'C CO BAN CAN NAM

L. BIEU THUC TQA PQ CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP
NHAN MOT SO VOI MQT VECTO

Néu i =(x;;),52,) va v =(x,;»,;2,) thi
U4V =(X+x30,+ 32, +2,);

-V :(xl XV T Va4 _Zz);

<)

mii = (mx,;my,;mz,) ; meR.

Nhén xét: Hai vecto 4 =(x;; 1,32, ),V = (%5153 2, )(17 # 6) cting phuong khi va chi khi c6 mot s6
X, = mx,
thuc m sao cho ¢y, =my, .

z, =mz,

Vidul. Cho d= (—2;3;2),5 =(2;1;-1),¢ =(1;2;3). Tinh toa do cua mdi vecto sau:

a) 3a; b) 2d—-b; c) a+215—%5.

II. TOA PO TRUNG PIEM POAN THANG. TOA PO TRONG TAM TAM GIAC



Cho hai diém Ax;;y52,) va B(xB;yB;zB).Néu M(xM;yM;zM) 1a trung diém doan thang 4B

thi x,, =%;yM :yA;yB 32y =ZA;ZB
Cho tam gidc ABC c6 A(x,3¥,52,),B(x5:35:25),C(xc3¥e32¢ ) - Néu G (x5 54526 ) 1a trong tam
Yot XptXe _VatVetVe. _ZitZptic

3 ° 37 3
Vidu 2. Cho tam giac ABC c6 A(—Z;I;O),B(O;Z;S),C(S;O;Z). Tim toa d¢ trung diém M cua
doan thdng AB va trong tdm G cua tam gidc ABC.

tam giac ABC thi x; =

II1. BIEU THUC TQA P$ CUA TiCH VO HUONG
Néu i =(x;1,52) va v =(x,;0,52,) thi -V =xx,+ y,, +2,2,.

Nhan xét
a)Néu d=(x;;z) thi |@|=va-d =[x+ +2°
2

b) Néu A(x;,;2,) va B(x,5,52,) thi AB:‘AB‘:\/(xz_xl)z+(y2_yl)2+(zz—zl) :

¢) Vi hai vecto 4 =(x,;»,5z,) va v =(x,;,32,) khac vecto 0, ta co:

u va v vudng goc voi nhau khi va chi khi xx, +y,y, +z,z, =0.

u-v X\ X, + YV, 2,2,

N N

cos(ii \7

Vi du 3. Trong khong gian véi hé toa dd Oxyz, cho A(1;0;0),B(0;0;1) va C(2;1;1).
a) Ching minh rang 4, B,C khong thang hang.

b) Tinh chu vi ciia tam gidc ABC.

¢) Tinh cosABC.

Vi du 4. Hinh 37 minh hoa so dd mot ngoi nha trong h¢ truc toa d6 Oxyz , trong do nén nha, bén
birc tudng va hai méi nha déu 1a hinh chit nhat.

a) Tim toa d6 cua cac diem 4, H va F'.

b) Tinh gbc dbc cua mai nha, tire 1a tim s do cua g6c nhi di¢n c6 canh la duong th'fmg FG , hai mat
lan luot 1a (FGOP) va (FGHE) (lam tron két qua dén hang phan mudi cua dg).



Vi du 5. Hay giai bai toan trong phan mg dau.

IV. CACH TiM TQA P CUA MQT VECTO VUONG GOC VOI HAI VECTO CHO
TRUOC

Ta ¢6 dinh li sau:

Cho hai vecto @ =(x;¥,;z,) va v =(x,;,;2,) khong cung phuong.
Khi do6, vecto w = (1,2, — ¥,2,32,X, — 2,%,;X,, —X,¥, ) vudng goc voi cd hai vecto ii va 7.

Nhan xét

Vecto w trong dinh 1i trén con duoc goi 1a tich c6 hudng cua hai vecto # va v, ki hi¢u l1a
w= [ﬁ ,V ]

Dé thuan tién trong cach viét, ta quy udc:

‘ =ad —bc ,voi a,b,c,d la cac so thuc.
Khi d6, véi hai vecto i = (x;31,52,) va v =(x,31,32,), ta co:

Yiog4

Yy 2

IR B PSR

X, W

2

>

= (ylz2 TWE 21X T 2 X5 Y, T X )
Z, X

Hai vecto i,V khong cung phuwong khi va chi khi vecto w =i, v]#0.

Vi dy 6. Trong khong gian voi hé toa dd Oxyz , cho hai vecto i =(1;-2;3) va v =(2;0;-3). Hay

chi ra toa do ciia mot vecto w khac 0 vuong goc voi ca hai vecto i va v.
B. GIAI BAI TAP SACH GIAO KHOA

1. Trong khong gian voi hé toa dd Oxyz , cho a =(2;3;-2); b= (3;1;—1). Toa do cua vecto a—-b la:

A (=25 1). B. (5;4;-3). C. (-1;2-1). D. (-1;2;-3).



2. Trong khong gian véi hé toa d6 Oxyz, cho a =(0;1;1); b= (-1;1;0) . Géc giira hai vecto d va b

la:

A. 60°. B. 120°. C. 150°. D. 30°.

3. Trong khong gian v6i hé toa dd Oxyz, cho a =(-1;2;3); b= (3:1;-2); c= (4,2;-3).

a) Tim toa d0 cua vecto u =2a +b-3¢.

b) Tim toa d6 cua vecto v saocho ¥+2b =ad+¢.

4. Trong khong gian v6i he toa do Oxyz, cho a = (2;—2;1); b= (2; 1;3). Hay chi ra toa do ctia mot
vecto ¢ khac 0 vuong goc voi ca hai vecto a va b.

5. Trong khong gian véi hé toa do Oxyz, cho @ =(3;2;-1); b =(-2;1;2). Tinh cosin cita géc (a,b |
6. Trong khong gian véi hé toa d0 Oxyz, cho A(-2;3;0), B(4;0;5), C(0;2;-3).

a) Chuing minh riang ba diém 4, B, C khong thang hang.

b) Tinh chu vi tam giac ABC.

¢) Tim toa d0 trong tdim G cua tam giac ABC.

d) Tinh cos BAC .

7. Cho hinh hp ABCD.A'B'C'D", biét A(I;O;l), B(2;1;2), D(1; -1;1), C'(4;5;—5).H€1y chi ra toa
d6 cta mot vecto khéc 0 vudng goc véi ca hai vecto trong mdi trudng hop sau:

a) AC va BD' ;

b) AC' va BD.

8. Mot chiéc dén tron dugc treo song song voi mat p}léng nam ngang boi ba soi ddy khong dan xuit
phat ttr diém O trén tran nha lan luot budc vao ba diem 4, B,C trén dén tron sao cho tam giac ABC
déu (Hinh 38). Do dai ciia ba doan ddy 04, OB, OC déu bang L. Trong lugng cta chiéc dén 1a 24
N va ban kinh cua chiéc dén 1a 18 in (1 inch =2,54 cm). Goi F' 1a d¢ 16n cua céac luc cang ]71, }72,]73

trén moi soi day. Khi d6, F = F (L) 1a mot ham sb véibiensd la L.



a) X4c dinh cong thirc tinh ham sé F = F(L).
b) Khao st va v& d6 thi ham sé F = F(L).

¢) Tim chiéu dai t5i thiéu ctia mdi soi day, biét raing mdi soi day d6 dugc thiét ké dé chiu duogc luc
cang toi dala 10 N.

C. CAC DANG TOAN

DANG 1: TQA PQ CUA PIEM VA VECTO

1. Phuwong phap: St dung khai niém
2. Vidu ’
Vi du 1: Trong khong gian voi h¢ toa do Oxyz, biét:

a) d= 2i+ 3}' —57{, b= —3}' +47c, ¢ = —f—2}'. Tim toa do cac vecto Zi, Z), c.
b) oM :57—j+2l€,5]\7:f—3fc. Tim toa d6 cac diém M, N.

Vi du 2: Trong khong gian véi hé toa do Oxyz, biét:

a) a=(-3; 2;—1),5 =(3;0;12). Tinh 21,15 theo céc vecto 7, 7, k.

b) A(-5;-2;1), B(0;4;—11). Tinh OA, OB theo cac vecto i, j, k.
Vi du 3: Trong khong gian Oxyz, cho hinh hdp chit nhat ABCD-A'B'C'D’ ¢6 dinh A trung véi goc

7.77
7j7

O, céc vecto AB, E,H theo thtr ty cing huéng véi 7, /,k vaco AB=5,AD=6, A4 =9.
Tim toa dd cac vecto ZE,Z@,A—C va AM véi M 1a trung diém cua canh C'D'.

Vi du 4: Cho tit dién SABC c6 ABC la tam giac vudng tai B,
BC =3,BA=2,54 vudng goc voi mit phing (ABC) va cb do
dai bang 2.

S

a) Xac dinh mdt hé toa do dua trén goi y cta hinh ve&.

b) Tim toa d6 cac diém 4, B, C, S.

B

DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PQ DAI CUA POAN THANG

1. Phwong phap: Ap dung biéu thirc toa d6 cua cac phép toan véc to.




2.Vidu
Vi du 1: Trong khong gian v&i hé truc toa do Oxyz, cho ba vecto

a=(1;2;3);b =(2:2;-1);¢ = (4;0,~4). Tim toa do cita vecto d =a—b +2¢

Vi du 2: Trong khong gian véi hé toa o Oxyz, cho a=(2;-3;3), b=(0;2;-1), c=(3;-1;5)
Tim toa do cua vecto u=2a+3b-2c.

Vi du 3: Trong khong gian Oxyz , cho hai diém 4(1;—2;-1), B(1;4;3). Tinh d6 dai doan thing 4B

Vi du 4: Trong khong gian Oxyz, cho a= (-2; 2;0);1; = (2;2;0);2 =(2;2;2). Tinh gia tri clia

|Zz +b+ E| :

Vi du 5: Trong khong gian véi hé toa ¢ Oxyz, cho cac vecto a =(3;m+1;3),b = (1;-3;2r). Tim

m,n dé cac vecto a,b cung hudng.

Vidu 6: Trong khong gian vdi hé toa do Oxyz, cho hai vecto m =(4;3;1), n=(0;0;1). Goi p 1a

vecto cung hudng véi [%,ﬂ (tich c6 hudng cua hai vecto m va 13). Biét |;| =15, tim

toa do vecto ; .

DANG 3: XAC PINH TQA PQ PIEM

1. Phwong phap:
Dung cong thirc biéu thirc toa dd trung di€ém, toa d trong tdm ctia tam gidc...
2. Vidu

Viduy 1: Trong khong gian Oxyz , cho hai diém 4(2;-4;3) vaB(2;2;7). Tim toa do trung diém cia
doan thang AB.

Vi dy 2: Trong khong gian véi hé toa d0 Oxyz cho tam giac ABC biét A(5;-2;0),B(-2;3;0),
C(O; 2;3) . Tim toa do trong tAm G cua tam giac ABC .

Vi du 3: Trong khong gian véi hé toa d6 Oxyz , cho cac diém A(1,0;3), B(2:3;—4), C(-3:12).
Tim toa d6 diém D sao cho ABCD 14 hinh binh hanh.

Vi du 4: Trong khong gian vé6i hé toa dd Oxyz, cho cac diém A(2;-5;0), B(-113), C(3,3,0).

Tim toa d6 diém D trén truc hoanh sao cho AD = BC.

Vidu5 Trong khong gian v6i hé truc toa do Oxyz , cho hinh hop ABCD.A'B'C'D’. Biét toa do céc
dinh 4'(-3,2,1),C(4,2:0), B'(-2;1,1),D(3;5;4) . Tim toa d6 diém A’ cua hinh hop.

Vidu 6: Cho hinh chop S.ABCD biét A(—2; 2;6),B(—3;1;8),C(—1;0;7),D(1;2;3) .Goi H latrung
diém ctia CD, SH L (ABCD). Dé khdi chép S.4BCD ¢6 thé tich bing % (dvtt) thi co

hai diém S,, S, thoa min yéu cau bai toan. Tim toa d¢ trung diém I cta S,S,



DANG 4: XAC PINH TiCH VO HUONG VA UNG DUNG

1. Phwong phap: Ap dung biéu thirc toa do cta tich c6 hudng va cong thirc tng dung cua tich c6
hudng.

2.Vidu

Vidu 1: Trong khong gian véi hé toa dd Oxyz, cho vecto "= (3;0;1) va V= (2;1;0). Tinh tich vo

hudng uy.

Vi du 2: Trong khong gian v6i hé tryc toa d6 Oxyz, cho hai vecto ;= (2; 1;2) va l:= (1,' 0;—2).

Tinh cos (Z,E) .

Vi du 3: Trong khong gian v&i hé truc toa dd Oxyz, cho hai véc to u = (2;3;-1) va V= (5;—4;m).

Tim m dé u Lv.

Vi du 4: Trong khong gian Oxyz, cho 4(2;1;-1), B(3;0;1), C(2;-1;3) va D nim trén truc Oy
va thé tich t&r dién ABCD bﬁng 5. Tim toa dd cua diém D.

Vi du 5: Cho ba diém A(5;-1;2), B(1;-3;7) va M (x; y;1). Véi gid tri ndo cua x,y thi ba diém
A B M théng hang ?

Vidu 6: Cho u = (2;—1;1),\7 = (m;3;—1),§ =(1;2;1). Timm dé ba vecto trén dong phang.

Vi du 7: Trong khong gian v6i hé toa d0 Oxyz cho AABC c6 A(4;0;2), B(1;—4;-2) va C(2;1;1).
Tinh di¢n tich S cua tam giac ABC'.

Vi du 8: Trong khong gian véi hé truc toa 46 Oxyz, cho hinh binh hanh 4BCD . Biét 4 (2;1;-3),
B(0;—2;5) va C(1;1;3). Tinh dién tich hinh binh hanh 4BCD.

Vi du 9: Trong khong gian toa dd Oxyz cho ba diém A(2;5,1),B(—2;-6;2),C(1;2;-1) va diém

M (m;m;m) . Tim gid tri m dé |]\E - 2/TC1 dat gia tri nho nht.

Vi du 10: Trong khong gian toa 46 Oxyz cho ba diém A(2;51),B(-2;-6;2),C(1;2;-1) va diém

M (m;m;m), Tim gid tri m dé MA* — MB* —MC” dat gi4 tri 16n nht.

DANG 5: UNG DUNG GIAI CAC BAI TOAN THU'C TIEN |

Cau 1. Trong khong gian chon hé truc toa do cho trudc, don vi do léy kilomét, ra da phat hién mot
méy bay chién dau ctia Nga di chuyén véi van tdc va hudng khong doi tir diém M (500; 200;8) dén
diém N (800;300; 10) trong 20 phut. Néu may bay tiép tuc giit nguyén van tdc va hudng bay thi toa

d6 ctia may bay sau 5 phut tiép theo bang bao nhiéu?



Cau 2. Trong khong gian chon hé truc toa do cho trudc, don vi do léy kilomét, ra da phat hién mot
mdy bay chién d4u cia My di chuyén véi vén toc va huéng khong doi tir diém M (1000;600;14) dén
diém N trong 30 phut. Néu may bay tiép tuc giit nguyén van toc va hudng bay thi toa do ctia may

bay sau 10 phut tiép theo bang Q(1400;800;16). X4c dinh toa d0 vi tri diém N .

Cau 3. Mot chiéc khinh khi ciu bay 1én tai diém. Sau mot thoi gian bay, chiéc khinh khi ciu cach
diém xuét phat vé phia Dong 10(km) va vé phia Nam 5(km), dong thoi cach mat dat 400(m).

Chon hé truc toa do Oxyz, véi gbc dit tai diém xuét phat cta khinh khi ciu, mét phang (Oxy) tring
v6i mat dét, truc Ox hudng vé phia Nam, truc Oy hudng vé phia Pong, truc Oz hudng thang dimg

lén troi, don vi do léy theo kilomét (xem hinh v¢).
a) Tim toa d6 ctia chiéc khinh khi cau dbi véi hé truc toa do da chon.

b) Xac dinh khoang céch cua chiéc khinh khi cau vai vi tri tai diém xuat phat cua no.



o

Cau 4. Mot chiéc may bay khong nguoi 1ai bay 1én tai diém. Sau mot thoi gian bay, chiéc may bay
cach diém xuat phat vé phia Bic 50(km) va vé phia TAy 20(km), dong thoi cach mat dét 1(km).

Chon hé truc toa &0 Oxyz , voi gbc dit tai diém xudt phat ctia chiéc may bay, mit phang (Oxy) tring
v6i mat dat, truc Ox hudng vé phia Béc, truc Oy hudng vé phia Tay, truc Oz huéng thang dtng 1én

troi, don vi do 13y theo kilémét (xem hinh v§).
a) Tim toa d6 cta chiéc khinh khi cau ddi véi hé truc toa do da chon.

b) Xac dinh khodng céach ctia chiéc may bay vai vi tri tai diém xuat phat cua nd.

L]
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Cau 5. Hai chiéc may bay khong ngudi lai ciing bay 1én tai mot dia diém. Sau mot thoi gian bay,

chiéc mdy bay thir nhat cach diém xuat phat vé phia Bic 20(km) va vé phia Tay 10(km), dong thoi
cach mat dét 0,7(km) . Chiéc may bay thr hai cach diém xuat phét vé phia Dong 30(km) va vé phia

Nam 25(km), dong thoi cach mit dat 1(km). Xac dinh khoang céch gitra hai chiéc may bay.



Ciu 6. Hai chiéc khinh khi cau cing bay 1én tai mot dja diém. Sau mot thoi gian bay, chiée khinh

khi cau thir nhét cach diém xuat phat vé phia Dong 100(km) va vé phia Nam 80(km), dong thoi
cach mat dt 1(km). Chiéc khinh khi cau th hai cach diém xuét phat vé phia Bac 70 (km) va vé phia

Ty 60(km), dong thoi cach mat dét 0,8 (km).

a) Xac dinh khoang cach cua chiéc khinh khi cau thi nhat véi vi tri tai diém xuat phét ciia nd.

b) Xéc dinh khoang céach giira chiéc khinh khi cau thtr nhat va chiéc khinh khi cau tht hai.

Cau 7. Ba chiéc may bay khong ngudi 1ai cting bay 18n tai mot dia diém. Sau mét thoi gian bay,
chiéc mdy bay thir nhat cach diém xuét phat vé phia Dong 60 (km) va vé phia Nam 40(km), dong
thoi cdch mit dat 2(km). Chiéc méy bay thtr hai cach diém xuat phat vé phia Bac 80 (km) va vé phia
Ty 50(km), dong thoi cach mat dat 4(km). Chiéc méy bay thir ba ndm chinh giita cta chiéc méay

bay thir nhat va thir hai, dong thoi ba chiéc may bay nay thang hang.



a) Xéc dinh khoang cach giita chiéc may bay thir nhat va chiéc may bay thir hai.

b) Xac dinh khoang cach cta chiéc may bay thir ba v6i vi tri tai diém xuat phat cta no.

D. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 3:

Cau 4:

Cau 6:

Cau 7:

Trong khong gian véi hé truc toa 46 Oxyz, cho G =—i + 2}' —3k . Toa dd cua vecto d 1a
A. (-1;2;-3). B. (2;-3;-1). C. (2;-1;-3). D. (-3;2;-1).
Trong khong gian Oxyz véi i, },7{ lan lugt 1a cac vecto don vi trén céac truc Ox, Oy, Oz.
Tinh toa do cua vecto i+ } —k.

A. i+ j—k=(-1-11). B. i+

—k=(-L1L1).
C.i+j—k=(L-1). D.i+/—k

J
Jj—k=@1-L1),

Cho hinh chép S.4BCD cé day 1a hinh vudng canh bang 3, SA=4 va S4 L (ABCD).
Chon h¢ truc Oxyz co géc toa d0 tai A; cac diém B,D,S lan lugt trén céc tia Ox, Oy, Oz.
Xac dinh toa do diém C?

A. (3;0,0) B. (0;0;3) C. (0;3;3) D. (3;3;0)

Cho hinh h¢p chit nhit ABCD.A’B’C’D’ c6 AB =2; 4D =3; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung voi A, céc diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa d¢ cua C’
la:

A. (2;3;0). B. (2;3;4). C. (0;3;4). D. (2;0;4).

Cho hinh h¢p chit nhit ABCD.A’B’C’D’ c6 AB =8; AD =6;4AA"'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ lan luot thudc Ox; Oy; Oz. Goi M 1a trung
diém D’C’. Toa d6 diém M la:

A. (4;,6;0) B. (0;6;4) C. (4;,6;4) D. (4;0;4)

Trong hé toa d6 Oxyz, cho u=i+3j-2k va v= (2;-1;1). Tinh uy.

A. uv=-3. B. uv=1. C.uv=2. D. uv=>5/2.
Trong khong gian Oxyz, cho hai diém A4(L;1;—2) va B(2;2;1). Vecto AB c6 toa do 1a
A. (-;-1;,-3) B. (3;11) C. (L1;3) D. (3;3;-1)



Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Cau 16:

Cau 17:

Cau 18:

Trong khong gian Oxyz, cho diém A(2; 2;1) . Tinh d6 dai doan thang OA .

A. 04=A/5. B. 04=5. C. 04=3. D. 04=9.
Trong khong gian Oxyz,cho hai vecto d =(1;2;3),E =f+]'—21€. Tinh toa d0 vecto
ii=d+bh.

A. (0;-1;-5). B. (2;-1;1). C. (2;3;1). D. (0;-L1).
Trong khong gian Oxyz, cho ba vecto a =(I; 2;3);1; =(2;2;-1);¢ =(4;0;,—4). Toa dd cua
vecto d =a—b+2¢ la

-

A. d =(-T7,0;-4). B. d =(-T7;0;4). C. d =(7;0;-4). D. d =(7;04).
Trong khong gian Oxyz, cho 5=(2;3;2) va b =(1;1;—1). Vecto a—b cotoaddla
A. (3;4;1). B. (—1;—2;3). C. (3;5;1). D. (1;2;3).

Trong khong gian Oxyz, cho ba vecto d = (2;—3;3) s b= (0; 2;—1) , C= (3;—1;5). Tim toa

do clia vecto i =24 +3b —2C .

A. (10;-2;13). B. (-2;2;-7). C. (-2-2,7). D. (-22:7).
Trong khong gian Oxyz , cho vecto & = (~2;1;3). Vecto cling phuong véi vecto i la
A. b =(-413). B.¢=(2%-1-3).  C.d=(-423). D.
é=(-4-2;3).

Trong khong gian Oxyz , cho ba diém A(1;-2;3),B(-1;2;5),C(0;0;1). Tim toa d¢ trong
tam G cuatam giac 4BC.

A. G(0;0;3). B. G(0;09). C. G(-1;0;3). D. G(0;0;1).
Trong khong gian Oxyz, cho hai diém A4 (1;-3;1), B(3;0;-2). Tinh d¢ dai doan thang AB .
A. 26. B.22. C. 26 D. V22.

Trong khong gian Oxyz, cho cac vecto Zz=(2;m—l;3),5 =(1;3;-2n). Tim m,n dé céc
vecto a,b cung huéng.

A.m=7;n:—%. B.m=4,n=-3. C.m=1Ln=0. D.m=7;n=—§

Trong khong gian Oxyz, cho hai diém A(-1;5;3) va M (2;1;—2). Tim toa do cua diém
B, biét M 1a trung diém cta 4B .

1 1
A. 8(5;3;5]. B. B(—4;9;8). C. B(53;-7). D. B(5-3;-7).
Trong khong gian Oxyz, cho ba diém A(2;-1;5),B(5-5;7),M (x;y;1). V6i gia tri nao
cia x,y thi 4,B,M thing hang.
A x=4y=7 B. x=-4;y=-7 C.x=4y=-7 D. x=-4;y=7



Cau 19:

Cau 20:

Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Trong khong gian Oxyz , cho cic véc to u=2i—2j+k, v= (m; 2;m+ 1) v6i m 13 tham sb
thuc. C6 bao nhiéu gié tri cia m dé |;t| = |\7| .
A. 0. B. 1. C.2. D. 3.

Trong khong gian Oxyz, cho vecto ;t(2;0;—1) . Tim vecto v biét v cung phuong voi u

va uy =20
A. (4,0;,-2) B. (-8;0;4) C. (8,0;,-4) D. (8;0;4)
Trong khong gian Oxyz, cho hai vecto a =(2;1;0) va b=(—1;0;—2). Tinh cos(a,5).

A. cos(&,l;):—% B. cos(a,g):—é C. cos(&,z):% D. cos(zz,l;):

o | N

Trong khong gian Oxyz cho ba diém M(2;3;—1), N(—l;l;l) va P(l;m—l;Z) .Tim m dé

tam gidc MNP vuodng tai N .
A.m=2 B. m=-6 C.m=0 D. m=—4

Trong khéng gian Oxy, cho tam giac ABC biét A(1;3;0), B(-2;-2;0), C(3;1;0). Tinh
cosin goc A4 cua tam giac.

1
A. cosA:i B. cosA=—— C.cosd=—— D. cosAz—L

N T 7 NT NE

Trong khong gian Oxyz , goc giita hai vecto i va u = (—x/§ ; 0; 1) la

2
7

A. 120°. B. 60°. C. 150°. D. 30°.

Trong khong gian Oxyz, cho @ =(-3;4;0), b=(5;0;12). Césin ciia goc gitta a va b

bang
=S B.2. c.-2. D. -2
13 6 6 13

Trong khong gian Oxyz cho cac diém A(5:1;5); B(4:3;2); C(-3;-2:1). Piém I(a;b;c)
1a tim dudng tron ngoai tiép tam giac ABC . Tinh a+2b+c¢?
A. 1. B. 3. C. 6. D. -9.

Trong khong gian Oxyz, cho ba diém A(L1;1),B(5;-1;2),C(3;2;-4) . Toa dd diém M
théa mian MA+2MB—MC =0 1a
A. M 4;—3;2 . B. M 4;—2;—2 . C M 4;3;2 . D.

22 2

2 2°2
M(—4;—§;2j.
2°2

Trong khong gian v6i hé toa dd Oxyz cho cac véc to u=2i—2;+k, v= (m;Z;m + 1) voi
m 14 tham sb thuc. C6 bao nhiéu gia tri cia m dé |&| = |\7| .

A. 0. B. 1. C.2. D. 3.



Cau 29:

Cau 30:

Cau 31:

Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Trong khong gian véi hé toa dd Oxyz, cho hinh hop ABCD.A'B'C'D’ ¢b A(O; O;O) ,
B(a;0;0); D(0;2a;0), A'(0;0;2a) véi a=0. Do dai doan thing AC' 1a

A ld. B. 2|d]. C. 3ld. . 2Ja|.

Trong khong gian vé6i hé truc toa dd Oxyz, cho a = (2;3;1), b= (-15:2), ¢ = (4,-1;3)
va x = (—3;22; 5) . Péang thirc ndo ding trong cac dang thirc sau?

A. x=2a-3b-c. B. x=-2a+3b+c.

C. x=2a+3b-c. D. x=2a-3b+c.

Trong khong gian voi hé toa d6 Oxyz, cho cac vecto a = (2;m —1;3) , b= (1;3;— Zn). Tim
m, n dé cac vecto a, b cung hudng.

A.m:7;n=—%. B.m:7;n=—§. C.m=4;n=-3. D. m=1; n=0.

Trong khong gian Oxyz, cho hai diém 4(2;-2;1), B(0;1;2). Toa d¢ diém M thudc mit
phang (Oxy) sao cho ba diém 4, B, M thing hang la

A. M (4;-5;0). B. M (2;-3;0). C. M(0;0;1). D. M (4;5;0).
Trong khong gian véi hé toa d6 Oxyz, cho céac diém A(l; 0;3) , B(2; 3;—4) , C(—3;l;2).
Tim toa d6 diém D sao cho ABCD 1a hinh binh hanh.

A. D(—4;,-2;9). B. D(—4;2;9). C. D(4-2;9). D. D(4;2;-9).
Trong khong gian voi hé toa dd Oxyz, cho 2 diém B(1;2;-3), C(7;4;-2). Néu diém E

thoa min dang thirc CE =2EB thi toa do diém E la:

A. (3;§;—§j B. (§;3;—§]. C. (3;3;—§j D. (1;2;)
373 3 3 3 3

Trong khong gian véi hé truc toa A0 Oxyz, cho hai diém A(O;l;—2) va B(3;—1;1). Tim
toa do diém M sao cho AM =34B.

A. M(9-57). B. M (9;5,7). C. M (-9;5;,-7). D. M (9;-5;-5).
Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(1; 2;—1),@ =(1;3;1) thi toa
do cua diém B la:

A. B(2;50). B. B(0;-1;-2). C. B(0;1;2). D. B(-2;-5;0)
Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét A= (1;0;1) , B= (2;1;2)Vé
D=(1;-1;1). Toa do diém C 1a

A. (2;0;2). B. (2;2;2). C. (2;-2;2). D. (0;-2;0).



Cau 38:

Cau 39:

Cau 40:

Cau 41:

Cau 42:

Cau 43:

Cau 44:

Cau 45:

Cau 46:

Trong khong gian vdoi hé toa do Oxyz cho hinh hop ABCD.A'B'C'D’. Biét A(2;4;0),
B(4;0,0), C(-1;4;—7)va D'(6;8;10). Toa d¢ diem B’ 1a

A. B'(8;4;10). B. B'(6;12;0). C. B'(10;8;6). D. B'(13;0;17).
Trong khong gian Oxyz, cho hinh hop ABCD.A'B'C'D' cb A(l;O;l), B(2;1;2),
D(1;-1;1), C'(4;5—5). Tinh toa d9 dinh 4’ ctia hinh hop.

A. A'(4,6;,-5). B. 4'(2;0;2). C. 4'(3;5,-6). D. 4'(3;4;-6).
Trong khong gian véi hé toa do Oxyz, cho ba diém A(l; 2;—1) , B(2;—l;3) , C(—4;7;5).

Toa do chan duong phan giac trong goc B cua tam giac ABC la

A. —E;E;l . B. E;—2;1 . C. E;E;l . D. (-21L1).
3°3 3 3 3°3

Trong khong gian v6i hé toa dd Oxyz , cho hinh hop ABCD.A'B'C'D', biétrang A(-3;0;0)
, B(0;2;0), D(0;0;1), 4'(1;2;3). Tim toa do diém C'.
A. C'(10;4;4). B. C'(-13;4;4). C. C'(13;4;4). D. C'(7;4;4).

Trong khong gian Oxyz, cho véc to U= (1;1; —2), V= (1; O;m). Tim tat ca gia tri cua m dé
goc gitra ii, v bang 45°.

A m=2. B. m=2++6. C. m=2-6. D. m=2+/6.
Trong khong gian vé6i hé toa do Oxyz, cho hai diém A(1;1;0),B(2;0;,-3). Diém M chia

doan AB theo ti sb k = —% co toa do la:

A M i;g;—l ) B. M g;g;—2 . C. M l;—z;l ) D.
3'3 3°3 373

M(z;—g;%).
373

Trong khong gian vé6i hé toa dd Oxyz, cho vecto u(2;0;—1). Tim vecto v biét v cung
phuong véi u va uy=20.

A. (4,0,-2). B. (-8;0;4). C. (8,0,—4). D. (8;0;4).
Trong khong gian vdi hé toa dd Oxyz, cho hai vecto a= (2;m —1;3),[3 = (1;3;—2n). Tim

m,n d¢€ cac vecto a,b cung hudng.

A.m=7;n=—%. B. m=4,n=-3. C.m=1n=0. D.m=7;n=—§

Trong khong gian véi hé toa dd Oxyz, cho A(1;0;0), B(0;1;0), C(0;0;1), D(L;1;1). Goi
M, N lan luot 13 trung diém ctia 4B,CD . Toa d6 diém G la trung diém MN la:



Cau 47:

Cau 48:

111 111 222 111
A | ——— 1. B.| ——;—|. C.|=——]|. D.|—;—;—|.
(333] (222) (333) (444)

Trong khong gian Oxyz, cho bon diém O, A, B, C sao cho O, A, B khong thing
hang. Tap hop nhitng diém M sao cho ]\TC(M—O—ZW +m) =0 la

A. mot mit phang. B. mot diém. ,

C. tap hop rong. D. mot duong thang.

Trong khong gian véi hé toa @0 Oxyz, cho ba diem 4(-2;3;1), B(21;0), C(-3;-1L1).
Tim tat ca cac diém D sao cho ABCD 14 hinh thang c6 ddy AD va S, =35, sc
D(-8-7;1) c D(8;,7;-1)

A. D(8;7;—-1). B. . . .
( ) D(12;1;-3) D(-12;-1;3)

D. D(-12;-1;3)

E. TRA LOI DUNG SAI

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Cho hinh hép ABCD.4'B'C'D'. Biét A(1;0;1),B(2;1;2),C'(4;5-5),D(L;-1L1). Cac
khang dinh sau dung hay sai?

A. AC'+CA'+2C'C =0

B. C(2;0;4)

C. B'(4;6;,-5)

D. D'(4;4;6)

Trong khong gian Oxyz, goi i,j,k la cac vecto don vi, diém M(2; 0;1),N(3;2;4). Cac
khang dinh sau dung hay sai?

A. MN =2i + } +k

B. OM =2i+k

C. ON =2i+3j+4k

D. [NO|=+27

Trong khong gian v6i hé toa do Oxyz gia st u=2i+ 3}' —k . a=—i+2j—3k. Cac khing
dinh sau ding hay sai?

A u=(2;0;-1)

B. a=(-1;2;-3)

C. u+v=(12;3)

D. uv=-1

Cho hinh chép S.ABCD c6 day 1 hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon h¢ truc Oxyz co géc toa d0 tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Céc khang dinh sau dting hay sai?

A. A4(0;0;0)



Cau 5:

Cau 6:

Cau 7:

Cau 8:

Cau 9:

B. B(0;3;0)

C. C(3;0;0)

D. 5(4;0;0)

Cho hinh hgp chit nhat ABCD.A’B’C’D’ ¢c6 AB =2;4D =3;AA"'=4. Chon h¢ tryc toa do
Oxyz co géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Céc khéng dinh
sau ding hay sai?

A. AA'=—4k

B. AB=2i

C. AD=3i

D. C '(2;3; 4)

Cho hinh chép S.ABCD c6 day ABC]? la hinh vuéng canh 3; §A vuong g(’?c voi day va
SA=4. Chon h¢ truc Oxyz sao cho goc O trung vdi A; cac di€ém B; D; S 1an lugt thude
Ox; Oy; Oz. Cac khang dinh sau ding hay sai?

A. AD=3i+0+0k

B. AS=0i+0/+4k

C. AC=3i+3j+0k

D. SC=3i+3/+4k

Trong khong gian v6i hé toa d6 Oxyz, cho hinh hop ABCD.A'B'C'D' c6 A(O;O; 0) ,
B(a;0;0); D(0;2a;0), A'(0;0;2a) véi a#0. Céc khang dinh sau ding hay sai?

A. AB= (a;0;0)

B. A4 = (0;0;a)

C. AC' = (a;2a;2a)

D. AD = (a;2a;0)

Trong khong gian Oxyz, cho hai diém A(1;-1;2) va B(-1;3;0).
A. Toa d6 trung diém cua doan thang (0;1;1).

B. Toa d0 vecto AB = (2;—4;2).

C. Toa do vecto OA=1 + ] +2k.

D. Toa do vecto OA+OB = (—2:4;-2)

Trong khong gian Oxyz, cho a=(2;3;2) va b=(L1;-1).

A. Toa d0 vecto a—b = (1;2;3).

B. Tich v6 hudng cua hai vecto a va b bang 6.

C. Hai vecto d@ va b khong cung phuong.

J51

D. Cosin goc gitra vecto a va b bang o



Cau 10: Trong khong gian Oxyz, cho hai vécto a= (—2; 1;—3),13 = (~1;-3;2) va diém A(4; 6; —3).
A. Toa d0 vecto a—2b = (0;1;-1).
B. Toa d6 diém B(2;7;—6) thi d = AB.
C. Hai vecto G va b cung phuong hudng.
D. Goc gilra vecto a va b bang 120°.
Cau 11: Trong khong gian Oxyz, cho ba vecto a= (—1;1;0),5 =(1; 1;0),2 =(LL1).
A. Do dai vecto @ bang V2.
B. Vecto b vudng goc voi a.
C. Vecto b vudng goc voi ¢ .

D. Toa do vecto 3a + 2b-¢ bang (—2;4;-1).

Cau 12: Trong khong gian Oxyz, cho ba vecto a = (—1;1;0),[; =(L 1;0),; =(L;1;1). Xét tinh dung
sai cua cac ménh dé sau?
A. |;,| =2.
B.bla.
C.blc.
D. 2‘2‘ =6..
Ciu 13: Trong khong gian Oxyz, cho ba diém A4(4;2;1), B(2;1;3), C(-1;3;-2).
A. Toa do trong tdm tam giac ABC béng (%, 2;%).

B. Toa d9 trung diém doan thing 4B bang [3;%;2)

C. Tu giac ABCD 1a hinh binh hanh thi toa do diém D= (1; 4; —4).
D. Ba diém A4,B,C thing hang.

Céu 14: Trong khong gian Oxyz, cho ba diém 4(3;5;-1), B(7;x;1), C(9;2;y).
A.Ba diém 4,B,C thang hang thi x+y =5.

B. Diém G(?;%;fﬁj la trong tdm tam giac ABC thi x=1;y =3.

C. Tam giac ABC vudngtai 4 thi x=13,y=-1.
D. Tich v6 huéng cia AB.AC =—3x+2y+41.

Cau 15: Trong khong gian Oxyz, cho ba vecto a = (1;2;3); b= (2;2;-1), c= (4;0,—-4).
A. 3a=(1;6;9).
B. G+b =(3;4;2).
C.a-c=(3;-2;-7).
D. a—b+2c =(7;0;,-4).

QI Q

Céu 16: Trong khong gian Oxyz, cho hai vecto @ =—i +3j +4k; b =2i +4] +k.



Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

A. Toa d6 vecto a =(—1;3;4).
~ 1
B. Cosin goc gitra hai vecto d,b bang 5

C. Tich vb hudng ctia hai vecto @,b bang 14.

D. Hai vecto d,b vudng goc voi nhau.

Trong khong gian Oxyz, cho ba vecto G = (2;1;—2),5 =(1;2;-4),¢ =(-1,-3;3).

A. G=2b.
B. [d|=3[p|.
C.ib=12

D. 2G—3b+5¢ = (—4;—-19;23).

Trong khong gian Oxyz, cho bén vecto d= (2;3;1),5 =(-1;5;2),¢ =(4;—-1;3) va
X =(-3;22;5).

A. ¥=2a+3b-¢.

B. Hai vecto @ va b cung phuong.

C. Hai vecto a va ¢ khong cung phuong.

D. Hai vecto d@,b vudng goc voi nhau.

Trong khong gian  Oxyz, cho hinh binh hanh  4BCD. Biét
A(-11;2),B(1;0;3),C(0;2;-2).

A. Toa do vecto BC =(~1;2;-5).

B. Toa d0 vecto AB = 2;—}'+7c .

C. Toa dd diém D 1a D(-2;3;-3).

D. Toa do vecto AD =i+ 2}' +5k.

Trong khong gian voi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D’, biét réng
A4(2:1;0),C(0;3;0),C'(-1;2;1),D'(0;-2;0).

A. Toa do cac diem A, B' 1a 4'(1;0;-1),B'(0;4;2).

B. Toa d6 cac diém B,D 1a B(1;5;1),D(1;-1;-1).

C. Toa do6 vecto AB 1a AB :;+4}'+l;.

D. Toa do vecto AB 1a B'D :f—S}'—3l; .

Cho hinh chép S.ABCD day la hinh thang vudng tai 4 va B, AD=2A4AB=2BC =2a,
canh bén S4 vudng goc v6i mét phang day (4BCD), SA=2a.Goi H l1a hinh chiéu diém
C trén canh AD.



Cau 22:

Cau 23:

/o ¢
A. Toa d0 cac diém 4, B la A(00;0),B(a;a;0).
B. Toa do cac diém C,D la C(a;a;0),D(2a;0;0).
C.Toa dd diém S 1a 5(0;0;2a).
D. Toa do diém H la H(a;O;O).

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng c6 cac canh bang 1, SAD 1a tam

giac déu va nam trong mat phang véi day. Goi O,M

va N lan luot 13 trung diém cua

AD,BC va CD. Thiét 1ap hé truc toa 40 Oxyz nhu hinh vé&.

A. Toa d6 cac diém A4,B la A(O;—%;OJ,B(I;—%;OJ.
B. Toa d6 cac diém C,D 1a C(l;%;Oj,D 0;

B3

C. Toa d6 diém S la 5[0;0;7}.

D. Toa do cac diém M, N la M(I;O;O),N(%'l;oj.

2

Trong khong gian Oxyz, cho vecto a = (2;—2; —4), b=

(L-1;1).



Cau 24:

Cau 26:

Cau 27:

a) a=2i +2k .
b) Toa do b =(0;2;2).
¢) Toa do AB =(-2;2;0) e

A. G+b=(3;-3;-3)

B.dvab cung phuong

C. |p|=3

D. G=2i-2j-4k

Trong khong gian v&i hé truc toa dd Oxyz, cho a =(2;-5;3), b =(0;2;-1), ¢ =(1;7;2) .
A. ii=3i-b+5¢ véi ii =(11;22;18).

B. = a—gﬁ—za voi ¥ =(—1;—£;—1].

Trong khong gian Oxyz, cho 5=f+3l€—4j va Ez(m—n;4m—6n;n2—3m+2), véi
m,n 1a tham sb.
a) Toa d0 a =(1;3;-4).

b) Dung diém A thoa OA=a thi A4(1;—4;3).

—

c) Ton tai gia tri cia m va n dé b=0.
d)Néu a=b thi m+n=9.

Trong khéng gian Oxyz , cho @=(2;2;0),b = 2; +2k . Dung OA=d va OB=b.

z

d) Géc AOB =45". /o 7 '

Cau 28: Trong  khong  gian Oxyz , cho  hinh  hop OABC.O'A'B'C’ cd
A(1;1;-1),B(0;3;0), BC' = (2;-6;6). Goi H,K 1an luot 14 trong tAm cua tam giac OA'O’
va CB'C'.

a) Toa do diém C' 1a (2;-3;6) 9 o
b) Toa d diém O’ 1a (3;-5:5). N, g

¢) Toa d véc to AB = (-2;3;-6).

d) Toa do véc to ﬁ:(—l;z;—l). O’ """"" ¢




Cau 29: Cho hinh chop S.ABCD c6 day ABCD 1a hinh chit nhat, 4B =1,A4AD =2,584 vudng gbéc
vo1 mat day va SA=3. V6i hé toa d0 Oxyz duogc thiét 1ap nhu sau: Gbc toa do O trung
voi diém A, céc vée to AB, AD, AS 1an lugt cung hudng voi 7, va k . Xét tinh dung sai
ctia cac khiang dinh sau

a) Toa do D(0;2;0).

b) Toa dd C(1;2;3).
¢) Toa do S(2;0;0)
d) Toa d¢ 1(1;1;0).

Céu 30: Cho hinh lap phuong 4BCD- A'B'C'D’ ¢ canh bang 2. Vi hé toa dd Oxyz duoc thiét 1ap
nhu hinh bén (gbc toa 46 O trung véi tAm hinh vuéng ABCD ), hiy xét tinh dung sai ctia
cac khang dinh sau:

a) Toa do A(-1,0;0).

b) TC':(zﬁ;o;z).
c) Toa do D'(O;\/E;Z).
d) BD' =(00;2).

Céu 31: Cho hinh ling tru ABC-A'B'C' ¢6 ddy ABC la tam gidc déu canh bang 2 nhu hinh vé.
Hinh chiéu vudng goc ctua 4’ 1én (ABC ) trung v6i trung diém canh AB, gbc A 40 =60°
. Vb1 hé toa do0 Oxyz duoc thiét 1ap nhu hinh bén (géc toa d0 O trung voi trung diém cua

doan BC ), hiy xét tinh dung sai ctia cac khang dinh sau:

a) Toa d diem A4(-1;0;0). :
b) Toa d6 diém C(O; \/3;0). A ¢
¢) Toa d diém A’(O;—l;\/g ) -
d) Toa d¢ diém C'(l;\/g;\/g) .
___________ ¥
4 - - C
[#)
B

Cau 32: Cho cac diém A(1;-2;3),B(-2:;1;2),C(3;-1;2).



a) AB=(-3;3;-1).

b) AC =(-2;-11).

¢) AB=34C.

d) Ba diém 4, B,C khong thang hang.

Cau 33: Cho ba diém A4(3;3;-6),B(1;3;2) va C(-L-3;1). Goi M,N,K lan luot 14 trung diém
ctia AB,BC va CA.
a) Toa d0 M (2;3;2).

b) V6i G 1a trong tAm tam gidc ABC thi GC =245 .
¢) Trong tAm tam gidc MNK 1a E(1;1;-1).

d) Véi D(-3;-3;9) thi tr gide ABDC 1a hinh binh hanh.

A
M /\ K
| M |
N
Ciu 34: Cho hinh hop ABCD-A'B'C'D', biét diem A4(0;0;0), B(100),C(1;2;0),D'(-13;5).
Goi M, N la tdm cia cac hinh binh hanh ABB'A', ADD'A’ .

a) Toa do D(0;2;0).b) Toadd A'(-L1L5).

¢) Toa do MN =(~1;1;0). d) [4B + 4D +CC| =29,




Cau 35:

Cau 36:

Cau 37:

Hai chiéc khinh khi cau bay 1én tir cing mot dia diém. Chiéc thir nhat cach diém xuat phat
2 km v¢ phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiéc thtr hai
nam cach diém xuét phat 1 km vé phia bic va 1,5 km vé phia tdy, dong thoi cach mat dat
0,8 km.

Chon h¢ truc Oxyz véi gboe O dit tai diém xuat phat ctia hai khinh khi cau, mat phang
(Oxy) tring voi mat dat voi truc Ox hudng vé phia nam, truc Oy hudéng vé phia dong

va truc Oz hudng thang dimg 1én troi (Hinh bén dudi), don vi do 14y theo kilomet.

.
Bac .7

Déng
a) Voi hé toa do da chon, toa do khinh khi cau thir nhat 1a ( 2;1;0,5).
b) V&i hé toa d6 da chon, toa do khinh khi ciu tht hai 1a (—1,5;—1; 0, 8) .

¢) Khoang céch tir diém xuét phat dén khinh khi cu thir nhét bing /21 km.

d) Khoang cach hai chiéc khinh khi cau 1a 3,92 km (Két qua lam tron dén hang phan

tram).

Cho ba vec-to d =(—1;1;O),Z; =(LL0) va ¢ =(L1L1).
a) |a|=2.

b) Je|=+3.

Cho hai vécto 4 =(0;2;3) va v =(m—1;2m;3).

a) [a| =13

b) ‘ﬁ|:|17‘<:>m:—%.



Cau 38: Cho tam gidc ABC c6 A(1;2;0),B(0;1;1),C(2;1;0).
a) Tam gidc ABC vudngtai 4.

b) Chu vi tam gidc 13 /7 ++/3 +/2 .
c) Dién tich tam gidc ABC la J6.

LA . 1
d) Tam duong tron ngoai tiép tam giac ABC 1a [ (I;I;EJ .
Cau 39: Hinh minh hoa so d6 mot ngdi nha trong h¢ truc toa do Oxyz, trong do nén nha, bon buc
tuong va hai mai nha déu 1a hinh chir nhat.

Qi2:5:4)

————————————————— G(4:5;3)

E(0;0;3)

I
]
I
1
I
)
1
1
I
|
1
CF--mmmmm - ----) B(4:5,0)

0 0;0) A x
a) Toa d0 cua cac diém A(S;O;O).
b) Toa do clia cac diém H (0;5;3).

¢) Géc nhi dién c6 canh la duong thing FG , hai mit lan luot 1a (FGQOP) va (FGHE)
goi 1 goc dbc ctia mai nha. S6 do cua goc dbe ctia mai nha bang 26,6° (1am tron két qua
dén hang phan mudi cua do).
d) Chiéu cao ciia ngoi nha 1a 4.

F. TRA LOI NGAN

Cau 1: Trong khong gian Oxy, cho hai vecto d = (3;2;5) va b = (3m +2;3;6—n). Tinh gia tri biéu

thitc 6m +2n dé hai vecto @,b bang nhau.



Cau 2:

Cau 3:

Cau 4:

Cau 6:

Cau 7:

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

Trong khong gian Oxyz, cho tam gidc ABC c6 ba dinh A4(1;2;3), B(-1;2;0),C(3;2;-3)
va G(a;b;c) la trong tAm cuia tam gidc ABC. Tinh gia tri biéu thic P=a+b+c.

Trong khong gian Oxyz, cho tam gidc ABC cb A(I;O;O), B(O;O;l), C(Z; 1;1). Dién tich
ctia tam giac ABC bang:

Trong khong gian Oxy, cho hai diém A(1;2;3) va B(2;1;1). Cho diém M (x,;y,;z,) thudc
mit phing (Oyz) sao cho ba diém 4, B, M thing hang. Tinh gia tri biéu thirc Xy + Y, + 2,
Trong khong gian Oxy, cho ba diém A(L;-1;1), B(3;1;2) va C(—1;0;3). C6 bao nhiéu diém
D sao cho tir gidc ABCD 1a hinh thang ¢6 2 canh day 4B,CD va c6 goc tai D bang 45°.
Trong khong gian Oxy, cho tam giac ABC, biét A(2;0;0),B(0;3;1),C(-3;6;4). Goi M la
diém trén canh BC sao cho MC =2MB. Tinh d6 dai AM .

Trong khong gian Oxy, cho ba diém A(1;2;-1),B(2;—-1;3),C(-2;3;3). Piém M (a;b;c) la
dinh tht tu caa hinh binh hanh 4ABCM. Tinh gia tri cta biéu thic P =a’ +b* —¢°.

Trong khong gian Oxy,cho hai diém trén truc hoanh ma khoang cach tir d6 dén diém
M (=3;4;8) bang 12. Tinh tong hai hoanh d9 ciia chiing.

Trong khéng gian Oxy, cho hai vecto a = (2;5;-3),b = (0;—4;0). Tinh tich v6 huén cua hai
vecto 5,5.

Trong khong gian véi hé toa d6 Oxyz, cho cac didm OA =i+ O}' +3k , OB =2i+ 3}' —4k ,
OC=-3i+j+2k. Diém D(x;y;z) sao cho ABCD 1a hinh binh hanh. Tinh
P=2x+y-z.

Trong khong gian véi hé toa do Oxyz, cho a=2i+ 37(; h=3i+ 3}' . Toa d0 vec to
a =(x;0;3); l;=(3;y;0). Tinh P=x>+ .

Trong khong gian voi hé toa d§ Oxyz, cho OM =2i- 3}' +4k; ON =—i+ 3} —k. Toa do
diem M (2;-3;a); N (~1;b;-1). Tinh T =2a-3b.

Trong khong gian voi hé toa do Oxyz.cho a= (3;—5;2) ; b= (2;1;—1) . Vecto
Zz=3;—y;'+2];; I;:Z;+}'+Z/;. Tinh P=y*>-2*

Trong khong gian v6i hé toa do Oxyz, M(I;O; —2),N(5;l; —6) . Tinh
OM =i+yj—2k;ON =xi+ j—6k.Tinh P=x"+)".

Cho hinh chép S.4BCD c6 ddy 1a hinh vudng canh bang 5, S4=2 va S4 L (ABCD).

Chon hé truc Oxyz c6 gdc toa d6 tai A; cac diém B, D, S 1an luot trén cac tia Ox, Oy, Oz.
Toa d¢ diém C(x;y;z). Tinh P=x’+)’ +2°.



Cau 16:

Cau 17:

Cau 18:

Cau 19:

Cau 20:

Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cho hinh hdp chit nhat ABCD.A’B’C’D’cd AB =2;AD =3; AA'=4. Chon h¢ tryc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an lugt thudc Ox; Oy; Oz. Tim toa d§ cua
C'(x;3;z). Tinh P=x-=z.

Cho hinh chép S.ABCD c6 day 1a hinh vudng canh bang 3, S4=4 va S4 L (ABCD).
Chon h¢ truc Oxyz c6 géc toa do tai A; cac diém B, D, S lan luot trén céc tia Ox, Oy, Oz.

Goi M la trung diém SC. Tim toa do diém M (x;y;z). Tinh T=x+y —%z .

Cho hinh hép ABCD.A'B'C'D'. Tinh |A—C‘ +CA'+ 2C—C'| .

Cho hinh hdp chit nhdt ABCD.A'B'C'D' c¢c6 AB =8;AD =6; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa do diém
C'(x;y;z) .Tinh P=x-2y+z.

Trong khong gian v6i hé truc toa d6 Oxyz, cho ba diém 4(1;2;-1), B(2;-1;3),C(=2;3;3)
.Piém M (a;b;c) 1a dinh thtr tu ctia hinh binh hanh 4BCM , khi 6 P=a”+b> —c* ¢ gid
tri bang

Trong khong gian Oxyz , cho ba vecto a = (-2;2; 0);5 =(2;2;0) va 2(2; 2;2). Gid trj cia
|Zz +b+ Z'| bang

Trong khong gian v6i hé toa d0 Oxyz, cho tam giac ABC c¢6 A(I;Z;—l), B(2;—l;3> ,
C<—4;7;5). Goi D(a;b;c) la chan duong phan giac trong goc B cua tam giac ABC . Gia
tri cia @ +b+2c bang

Trong khong gian vé6i hé toa @6 Oxyz, cho ba diém A4(2;-3;4),B(1;y;-1)C(x;4;3) . Bé
ba diém 4, B, C thang hang thi tong gia tri 5x +yla:

Trong khong gian Oxy, cho ba vecto a = (1;m; 2),[; =(m+1;2;1),¢ =(0;m—2;2). Téng cac
gia tri thuc cia tham s6 m dé |& +I;| = |E|

Trong khéng gian Oxy, cho hai vecto a = (1;—1;0),b = (2;2¢—1;0). Xéac dinh gia tri ¢ dé
hai vecto d@,b cung phuong.

Trong khong gian Oxy, cho hai vecto ad =(1;2; —2),[; =(-1;-1,0). S6 do do cua goc gilra
hai vecto a@,b ?

Trong khong gian v6i hé toa do Oxyz, cho hai diém A(O; 2;—2), B(2; 2; —4). Gia su
I(a;b;c) 1a tam dudng tron ngoai tiép tam gidc OAB. Tinh T=a’ +b° +¢”.

Trong khong gian véi hé toa dd Oxyz, cho ba diém A(-2;3;1), B(21;0), C(-3;-11).
Gid sir diém D(a,b,c) sao cho ABCD la hinh thang c6 ddy 4D va S,,., =3S, ... Tinh

a+b+c



Cau 29:

Cau 30:

Trong khong gian véi hé truc toa do Oxyz cho hinh thang 4BCD vudng tai A va B . Ba
dinh A(1;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich bang 62 . Gia st dinh
D(a;b;c). Tinh a+b+c

Trong khong gian toa d0 Oxyz cho hai diém A(2; 2;1) , B(—§;4;§]. Biét I(a;b;c) la

W |

tam duong tron ndi tiép ciia tam gidc OAB. Tinh S=a+b+c.



BAI 2: TOA PQ CUA VECTO
A.KIEN THUC CO BAN CAN NAM
I. TOA DQ CUA MOQT DIEM

1. H¢ truc toa do trong khéng gian
Hé gém ba truc Ox,Oy,Oz d61 mot vudng goc dugce goi la h¢ truc toa d¢ vudng goc Oxyz trong
khong gian, hay don gian goi 1a hé toa d6 Oxyz

Chii y: Ta goi i, q’,lg 1an luot 1a cac vecto don vi trén cac truc Ox, Oy, Oz .

- Trong hé toa d0 Oxyz (Hinh 19), ta goi: diém O 1a géc toa d0; Ox la truc hoanh, Oy 1a truc
tung, Oz 14 truc cao; cc mit phang (Oxy),(Oyz),(Ozx) 1a cac mit phang toa do.
- Khong gian voi hé toa o Oxyz con duge goi 1a khong gian Oxyz.

Hinh |9

Nhan xét: Cac mat phéng toa do (Oxy),(Oyz),(Ozx) d6i mdt vuodng goc vai nhau.

Vidu 1. Mot san tennis voi hé toa dd Oxyz duogc chon nhu & Hinh 20.
a) Hoi mit san nam trong mit phang toa do nao?
b) Truc Oz c6 vudng goc voi mat san hay khong?

Loi gidi

a) Mit san nam trong mit phang toa do ( Oxy).

b) Truc Oz vudng géc véi mit phing toa do (Oxy) nén truc Oz vudng gbc v6i mit san.

2. Toa do cia mot diém

Nhan xét: Bo ) (4;5;3) goi la toa dg cua diém M trong khong gian véi hé toa do Oxyz.
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Ta c6 dinh nghia sau (Hinh 23):

Trong khong gian voi hé toa 46 Oxyz , cho diém M .
Xac dinh hinh chiéu M , cua diém M trén mit phang Oxy . Trong mit phang toa d6 Oxy, tim
hoanh d§ a, tung d§ b cua diém M -

Xac dinh hinh chiéu P cta diém M trén truc cao Oz, diém P tng voi sb ¢ trén truc Oz. S6 ¢ 1a
cao d6 cua diem M .
B0 s6 (a;b;c) 1a toa do ctia diém M trong khong gian voi hé toa d Oxyz , ki hiéu 1a M (a;b;c).

Chuy
- Toa d6 ciia mot diém M trong khong gian voii hé toa d0 Oxyz luon ton tai va duy nhét.

- Nguoi ta con c6 thé xac dinh toa dd diém M theo cach sau (Hinh 24 ):

A

Xéc dinh hinh chiéu H cua diém M trén truc hoanh Ox, di€ém H ting véi so a trén truc Ox . SO
a la hoanh d0 cua diém M .

Xéc dinh hinh chiéu K ctia diém M trén truc tung Oy, diém K {mg vdi sé b trén truc Oy . S6 b
1a tung d6 cua diém M .

Xac dinh hinh chiéu P cta diém M trén tryc cao Oz, diém P {mg v6i s6 ¢ trén truc Oz. SO ¢ la
cao d6 cua diem M .

Khi d6, bd sb (a;b;¢) 1 toa d cua diém M trong khong gian véi hé toa dd Oxyz .

Vi du 2. Trong khong gian v6i hé toa @0 Oxyz, cho diém 4(4;5;3). Goi 4,, 4,, 4, lan lugt 1a hinh
chiéu cua diém A trén cac mit phing toa do (Oxy),(Oyz), (Ozx) (Hinh 25). Tim toa do cuia cac
diém 4, A4,, A;.



Loi gidi

Goi 4, (xl;yl;zl)’AZ (xz;J/2;Zz)aA3 (x3;y3;z3).
Voi A(4;53),dat x, =4,y,=5,z,=3.Taco:

X =x,=4y =y,=5va z,=0 (vi 4, ndm trén mit phang (Oxy)). Do d6 4 (4;5;0).

V,=y,=5%z,=2,=3vd x,=0 (Vi 4, ndm trén mit phing (Oyz)). Do d6 4,(0;5;3).
x,=x,=4z,=2,=3 va y,=0 (Vi 4, nam trén mat phang (Ozx)). Do d6 4,(4;0;3).

II. TOA PQ CUA MOQT VECTO

Toa d6 cta diém M duoc goi la toa do cua vecto OM .

Néu OM ¢6 toa dd (a;b;c) thita viét OM = (a;b;c), trong d6 a goi 1a hoanh d cua vecto OM.,b
goi la tung do cua vecto OM va ¢ goi la cao do cua vecto oM (Hinh 26).

[

. o 4
Chu y: Trong khong gian voi h¢ toa do Oxyz, ta co:
OM = (a;b;c) = M(a;b;c) ;

Vecto don vi i trén truc Ox c6 toa dd 1a i =(1;0;0);



Vecto don vi ] trén truc Oy c6 toa do la ] = (O; 1;0) ;
Vecto don vi k trén truc Oz c6 toa do 1a k = (0;0;1) (Hinh 27).

1
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Vi du 3. Trong khong gian vdi h¢ toa 40 Oxyz, cho hai diém M (—4;3;—1) va N(2;—l; —3) . Tim

toa db cua cac vecto OM ,W .

Hinh 27

Loi gidi

Tacé: M (—4;3;-1) va N(2;-1;-3). Do d6, OM =(-4;3;-1),0N =(2;-1;-3).

Trong khong gian voi hé toa do Oxyz , toa do cua mot vecto u 1a toa do cua diém 4, trong do A4 la

diém sao cho OA =1ii .

Néu @i c6 toa dd (a;b;c) thi ta viét i =(a;b;c), trong d6 a goi la hoanh d9, b goi 14 tung do va ¢

goi la cao dg cua vecto u .

Vi du 4. Tim toa d¢ cua céc vecto 4,4, 4,4 & Hinh 30 .

A

Hinh 30
L4 gial
Trong Hinh 30, ta ¢6: 4, A=OL,A,A=OH ma L(0;0;3) va H (4;0;0), Do do, ﬂ=(0;0;3) va
A4,A=(40,0)



Ta c6 dinh li sau:
Trong khong gian véi hé toa d6 Oxyz, néu ii = (a;b;c) thi i =ai +bj + ck.

Nguoc lai, néu ii = al7+bj+cl€ thi u = (a;b;c).

X, =X,
Chu y: Voi ﬁz(xl;yl;zl) va \7=(x2;y2;zz), taco: u=veiy =y,

z, =z,
Nhu vdy, mdi vecto hoan toan duoc xac dinh khi biét toa do cua no.
Vidu 5. Trong khong gian vdi hé toa do Oxyz, cho diém A(1;2; —3) va vecto 1 = (3;—4;2) . Hay

bicu dién theo cac vecto i, va k moi vecto sau:
a) OA4;

b) ii.
Loi gidi
a) Vidiém 4 c6 toa do 1a (1;2;-3) nén @:(1;2;—3).
Do d6, OA=1i +2j +(-3)k =i +2j -3k .
b) Vi ii =(3;-4;2) nén i =37 +(-4) j +2k =37 —4] +2k.

Ta c6 dinh li sau:
Trong khong gian véi hé toa dd Oxyz, cho hai diém A(x,;y,;z,) va B(x,;¥,;z,). Khi do, ta co:
ZB:(XB — X5 Vp T V4sZp _ZA) .
Vi du 6. Trong khong gian véi hé toa d§ Oxyz, cho hinh binh hanh c6 ba dinh A(l;l; —2) ,B (4;3;1)
va C(-1;-2;2).
a) Tim toa d6 cua vecto AB .
b) Tim toa d6 cua diém D .
Loi giai

a) Taco: AB=(4-1;3-1;1-(-2))=(3:2:3).
b) Goi toa d¢ clia diém D 1a (x,;,52,), tacod: DC=(~1-x,;-2-y,;2~2,).

—1-x,=3 x, =—4
T giac ABCD 1a hinh binh hanh khi va chi khi DC = AB<>{-2—y, =24y, =—4

2-z,=3 z, =-1.

Vay D(—4; —4;—1).



Vidu 7. Hinh 33a¢ mo td m{t san ciu long v6i kich thudc theo ti€u chuin quéc té. Ta chon hé truc
Oxyz cho san d6 nhu & Hinh 33h (don vi trén moi tryuc 1a mét). Gid st 4B 1a mét tru cau 16ng de

cang ludi. Hay xac dinh toa d§ cua vecto AB .

Hinh 33

Loi gidi
Goi toa do diem A4 1a (x,;,;2,). Vi chiéu rong ctia san 1a 6,1 m nén x, =6,1. Do mot nira chiéu
dai ciiasAn1a 6,7 m nén y, =6,7. Diém A thudc mit phang (Oxy) nén z, =0. Vi vdy, diém 4

c6 toa do 1a (6,1;6,7;0).
Do dai doan thing 4B 1a 1,55 m nén diém B c6 toa do 1a (6,1;6,7;1,55).
Vay ta c6: AB=(6,1-6,1;6,7-6,7;1,55-0), tirc la 4B =(0;0;1,55).

B. GIAI BAI TAP SACH GIAO KHOA
1. Trong khdng gian vdi hé toa do Oxyz , cho diém A(L; 2; 3). Toa do cuia vecto OA la:
A. (1;2:3). B. (1,0;3). C. (0;2;3). D. (1;2;0).
Loi gidgi
Chon A
Tacé A(L; 2; 3). Do do OA4=(1;2;3).
2. Trong khong gian véi hé toa dd Oxyz, cho vecto u = (-1;4;2) va diém 4. Biét Od=u. Toa do
cua diém A4 la:
A (1,4;2). B. (-1;4;2). C. (,—4;-2). D. (~1;-4;-2).
Loi gidgi
Chon B
Tacd OA=u mi u=(-1;4;2). Do d6 OA=(-1;4;2). T do suy ra A(-1;4;2).
3. Trong khong gian voi hé toa dd Oxyz , cho vecto u = —2i — j +3k . Toa do cua vecto u la:
A. (-23-1;3). B. (2;1;3). C. (-2;0;3). D. (-2;-1;-3).

Loi gidi



Chgn A
Tacd i =—2i — j+3k =(-2)i +(~1)j +3k . Do d6 ii = (-2;-1;3).

4. Trong khong gian voi hé toa d Oxyz, cho hai diem A(1;—1;2) va B(4;-3;1). Toa do cia vecto

AB la:

A (-3:21). B. (3;-2;-1). C. (5-4;3). D. (3;—4;-1).
Loi gidi

Chon B

Vi A(1;-1;2) va B(4;,-3;1), taco E:(4—1;—3—(—1);1—2):(3;—2;—1).

5. Trong khong gian v6i hé toa dd Oxyz , cho vecto u = (4;2;3) va diém A(L;1;1). Toa d6 diém C

thod man

AC=u la:

A. (4,2;3). B.(1;1;1). C. (5:3:4). D. (3;1;2).
Loi gidi

Chon C

Goi toa 4 diém C 14 (x.; ye; z.). Tacd AC=(x.~Ly. Lz, ~1).

x.—1=4 X. =5
Véi u=(4;2;3) thitacd AC=ii &4 y.~1=2c 1y, =3. Vay C(53;4).

z.—1=3 z. =4

6. Trong khong gian v6i hé toa dd Oxyz, cho A(3;—2;—1) .Goi 4, 4,, 4, 14n luot 12 hinh chiéu cua
diém A trén cac mat phrfmg toa do (Oxy), (Oyz), (Ozx). Tim toa d6 cua cac diém A4, 4, 4.

Loi gidi
Goi A (x5 ¥ 2)), A (X5 5 2,) va Ay(xy; yy; 2,). VOi A(3;-2;-1), dat x, =3, y,=-2, z,=-1.
Tacod x,=x,=3; y,=y, =—2; z,=0(vi 4 nam trong mit phang (Oxy)). Do d6 4,(3;— 2;0).
y,=y,=-2 z,=2z,=-1; x,=0 (vi 4, nam trén mit phang (Oyz)). Do @6 4,(0;-2;-1).
x,=x,=3; z,=z,=-1; y,=0 (Vi 4, nam trén mit phang (Ozx)). Do d6 A4,(3;0;-1).

7. Trong khong gian vdi hé toa dd Oxyz, cho A(—2;3;4). Goi H,K,P lan Iuot 1a hinh chiéu cua
diém A trén cac truc Ok, Oy, Oz . Tim toa dg cua cac diém H,K,P.
Loi gidi
Goi H(x;; y;5 z,), K(xy; vy5 z,) va P(x3; y;5 z;). VOI A(—2;3;4), dat x,=-2,y,=3,z,=4.
Tacod x,= x,=-2;3,=0; z=0 (vi H ndm trén truc Ox. Do d6 H (- 2; 0; 0).
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Y,=y,=3;x,=0; z,=0 (vi K nam trén truc Oy). Do do K(O; 3; 0).
z,=z,=4; x,=0; ;=0 (vi P nam trén truc Oz). Do d6 P(O; 0; 4).

8. Trong khong gian vai hé toa d0 Oxyz , cho hinh hop ABCD.A'B'C'D' ¢c6
A(4; 6; —5), B(S; 7;—4), C(S; 6;—4), D‘(Z; 0;2). Tim toa d¢ céc dinh con lai cua hinh hdp
ABCD.A'B'C'D".

Léi gidi
B' '
|
A’ |
| D'
|
B/l_ — —|- =3¢
/
/
A D

Tacd AB=(5-47-6;—4—(-5))=(L;1;1).
Goi toa do cta diém D 1a (x,; y,; 2,), tacd DC =(5-x,;6-y,;-4-2,).
Vi ABCD.A'B'C'D" 1a hinh hop nén ABCD 1a hinh binh hanh.

1=5-x, x, =4
Do d6, AB=DC.Suyra 11=6-y, <1y,=5 .Khidé D(4; 5-5).

l=-4-z, Zp=-5
Tacod DD =(2-4;0-52—(-5))=(-2-5,7).
Goi toa d6 cua diém 4’ 1a (x5 V0 2,), tacod ﬂz(xA,—4;yA,—6;zA' —(—5)).

Xy—4=-2 Xp=2
Taco AA'=DD' <1y, —6=-5 <{y,=1.Dodd 4'(2 I; 2).
z,—(=5)=7 |z,=2

Goi toa do ctia diém B' 1a (x,; yy; 2,), tacod B—B’=(x3, —5,y,—T;24 —(—4)).

Xp—=5=-2 Xp =3
Taco: BB'=DD' & {y, —-7=-5 <1y, =2.Suyra B'(3;2;3).
ZBV_(_4):7 ZB':3

Goi toa d¢ cta diém C’ 14 (x5 y0i20), tacd CC = (x =5 yo — 6520 —(—4)).



Xp—=5=-2 Xo =3
Taco CC'=DD' < yo—6=-5 <<y, =1. Suyra C'(3;1;3).
ze —(-4)=7 Zo =3

Vay D(4;5,-5), 4'(2;1;2), B'(3;2;3), C'(3:1;3).

9. Nguoi ta c%?m lap mot camera phia trén san bong dé phat song trgyén hinh mot tran bong da,
camera co thé’ di dong dé ludén thu duogc hinh éph rd net vé dién b,ién trén sén. Cac ki su du dinh
trong bon chiéc cot cao 30 m va str dung hé thong cap gan vao bon dau cot d€ giltr camera ¢ vi tri
mong muon. M6 hinh thiét ké dugc xay dung nhu sau: Trong hé truc toa 6 Oxyz (don vi d¢ dai
trén moi truc 1a 1m), cac dinh cua bdn chiée cot 1an lugt 1a cac diém

M(90;O;30), N(90;120;30), P(0;120;30), Q(O; 0;30) (Hinh 34). Gia st K, 1a vi trf ban dau cua
camera c6 cao do bang 25 va K,M = K,N = K,P = K,Q . Dé theo ddi qua bong dén vi tri 4,
camera dugc ha thip theo phuong thing ding xubng diém K, c6cao do bang 19

(Nguén: https//www.abiturloesumg.de; Abitur Bayern 2016 Geometrie VI).

M0 0 - 3N

—_

Tim toa do cua cac diem K, K, va cta vecto K K, .

Loi gidi

Goi M|, N,, B, K lan luot 14 hinh chiéu cua M, N, P, K, 1én mat phéng (Oxy).



Ta thiy MNPQ.M,N,PO 14 hinh hop chit nhat. Goi K' 1 giao hai duong chéo MP va NQ.

Khi 46 K'Q=K'P=K'N=K'M. Vi K,M =K,N=K,P=K,Q va camera dugc ha thap theo
phuong thang dimg tir diém K, xudng diém K, nén cic diém K, K,, K,, K thang hang.

Khi do, cac diém K ', K,, K,, K c6hoanh d¢ va tung do bang nhau.
Theo bai ra, cao do cia K, va K, 1an luot 14 25 va 19. Gia st K, (x;y;25) va K, (x; y;19).
Ta c6 MNPQ.M,N,PO 1a hinh hop chit nhat nén K'K = 0Q, suy ra cao do cia K' bang 30.

Do d6, K '(x;;30). Ta ¢6 K'Q=(—x;—;0), NK' =(x—90;-120;0). Vi K' 1 giao hai dudng
chéo ctia hinh chit nhat MNPQ nén K' 1a trung diém ciia NO.

-x=x-90

. x =45
Suyra KOQ=NK'<<1-y=y-120= .
020 y =60

Do véy, K, (45; 60; 25); K, (45; 60; 19) ;K K, =(0;0;—6)
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BAI 3: BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO
A. KIEN THUC CO BAN CAN NAM

I. BIEU THU'C TQA PQ CUA PHEP CQNG HAI VECTO, PHEP TRU HAI VECTO, PHEP
NHAN MOT SO VOI MQOT VECTO

Néu i =(x;;),:2,) va ¥=(x,;»,;2,) thi

L7+17:(x1 +X50, + 552, +zz);

<)

_‘7:()51 XV~ Vs g _Zz);
mii = (mx,;my,;mz,) ; meR.

Nhén xét: Hai vecto i =(x; 1,32, ),V =(X,; 1,3 2, )(17 # 6) ctng phuong khi va chi khi c6 mét s6

X, = mx,
thuyc m sao cho §y, =my, .

z, =mz,

Vidul. Cho d= (—2;3;2),5 =(2;1;-1),¢ =(1;2;3). Tinh toa d cua mdi vecto sau:

a) 3ad; b) 2d-b; c) a+215—%5.

Loi gidi
Ta co:
a) 3d =(3-(-2);3-3;3-2). Véy 3d =(-6;9;6).
b) Ta co 2d =(—4;6;4) va b =(2;1;-1). Do d6, 2d—b =(-4-2;6-1;4—(-1)). Vay
25—5:(—6;5;5).
¢)Do a=(-2;3;2) va 2b =(4;2;-2) nén i+2b =(2;5;0). Ngoai ra, vi —%E:(—é;—fi;—%j nén

2
5+2Z;—§E:(l;2;—2j.
2 2 2

II. TOA PQ TRUNG PIEM POAN THANG. TOA PQ TRONG TAM TAM GIAC

Cho hai diem A(x,;y,;z,) va B(x,;v,52,). Néu M (x,5¥,:2, ) 1 trung diém doan thing AB

X, +Xx + z,+z
thi x,, = A2 B;yM:yAzyB;ZM: A2 B

Cho tam gidc ABC c6 A(xA;yA;zA),B(xB;yB;zB),C(xc;yc;zc).Néu G(x45 V452 ) 1a trong tim

., i X, +X, +x +y.+ Z, 4z, +z
tam gidc ABC thi x, =4 3B C;yG=yA );B yC;zG=A 3B =

11



Vidu 2. Cho tam gidc ABC c6 A(—2;1;O),B(O; 2;5),C(5;O;2) . Tim toa d¢ trung diém M cua
doan thang AB va trong tim G ciia tam giac ABC .

Loi gidi

Do M (X332, ) la trung diém doan thang 4B nén

. _—2+O__1' —1+2—2'z _0+5_5
M 2 9yM 2 29M 2 2
35
Vay M| —1; .
v ( 22)
Do G(x4;¥452;) 12 trong tdm tam gidc ABC nén
-2+0+5 1+2+0 0+5+2 7
xG:—:l;G:—: ;ZG: = —
3 3 3 3

Vay G(l;l;g] .

II1. BIEU THUC TQA P$ CUA TiCH VO HUONG
Néu i =(x;1,52,) va ¥=(x,;0,52,) thi d-V =xx, + yy, +2,2,.

Nhéan xét
a)Néué xy, th1 |a Nia-d=+x"+y* +2°
2

b) Néu A(xl;yl;zl) va B(x,;,;2,) thi ABz‘AB‘z\/(x2 —x1)2 +(3, —y1)2 +(z,-2z) .

¢) Vi hai vecto i =(x,;y,52,) va vV =(x,3,32,) khac vecto 0, ta co:

i va v vudng goc véi nhau khi va chi khi x,x, + y,», +z,z, =0.

u-v XX, +y1y2 +lez

‘”H ‘ \/x1+y1+zl \/x2+y2+zz

cos(u,v) =

Vi du 3. Trong khong gian vdi hé toa do Oxyz, cho A(I;O;O),B(O; 0;1) va C(2;1;1) .
a) Chimg minh rang 4, B,C khong thang hang.

b) Tinh chu vi cua tam giac ABC .

c¢) Tinh cosABC.

Loi gidi

a) Ta c6: BA=(1;0;-1),BC =(2;1;0). Suy ra BA =(1;0;~1)# kBC =(2k;k;0) véi moi keR.
Vay ba diém A4, B,C khong thang hang.

b) Ta thiy: BA=+/12+0%+(=1)> =v2,BC =22 +12+0* =/5,4C =V + 1> +1> =3

Vay chu vi ctia tam gidc ABC bang V243 +45.
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. — —\ BA-BC 1:2+0:1+(-1)-0 2 10
Ta co: ABC = BABC|=—F—= = = .
c) Ta co: cos cos( ) ‘BAHBC‘ NG 70" s

Vi du 4. Hinh 37 minh hoa so dd mot ngoi nha trong h¢ truc toa do Oxyz , trong do6 nén nha, bén
birc tudng va hai méi nha déu 1a hinh chit nhat.

a) Tim toa d6 cua cac diem A, H va F'.

b) Tinh gbc dbc cua mai nha, tire 1a tim s do cua g6c nhi di¢n c6 canh la duong th'fmg FG , hai mat
lan luot 1a (FGOP) va (FGHE) (lam tron két qua dén hang phan mudi cua dg).

Loi gidgi
a) Vi nén nha 1a hinh chir nhat nén t&r gidc OABC 1a hinh chit nhat, suyra x, =x, =4, y. =y, =5
.Do A nam trén truc Ox nén toa do diém A4 1a (4; 0; 0) . Tuong nha 1a hinh chit nhat nén tir giac
OCHE 1a hinh chit nhat, suyra y, =y.=5, z, =z, =3.Do H nam trén mit phang (Oyz) nén
toa do diém H 1a (0;5;3).
Tt gidc OAFE 1a hinh chit nhitnén x, =x, =4;z, =z, =3. Do F nam trén mit phang (Ozx)
nén toa do diem F 1a (4;0;3).

b) bé tinh gdc dbc cua mai nha, ta di tinh s6 do cua gbc nhi dién c6 canh 1a duong théng FG | hai
mit 1an luot 1a (F GQP) va (F GHE ) . Do mit phang (OZx) vudng goc v6i hai mat phang (F GQP)
va (FGHE) nén gbc PFE 1a goc phang nhi dién ing véi géc nhi dién do. Ta co:
FP =(-2;0;1), FE =(—4;0,0).

—.\ FP-FE (-2)-(~4)+0-0+1-0 245

S PFE = cos(FP,FE )= e = =
uy 18 cos PFE = cos( ) [FPHFE| (22 +0*+ 1 4P +0* +0* 5

Do do, PFE ~ 26,6°. Vay goc dbc ctia mai nha khoang 26,6°.
Vi du 5. Hay giai bai toan trong phan mé dau.

Loi gidi
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Theo gia thiét, ta c6 cac diém P(O;O;4),Q1 (0;—1;0),Q2 [g;%mj ,» O (—g;%m]

Suy ra: P—QIZ(O—O;—I—O;O—4) hay P—Q;:(O;_l;_4);

@:[§—0;5—0;0—4] hayP—sz(\/g' L, 4}

202
— [ 3 1 — [ 3.1
PO, =| —-0;,—-0;0-4 | hayPQ, =| ——;—;—4
0, { 5 > ay PO, )
Suy ra [PQ| =|PQ;| =[P =\17 . Do ¢6 |F| =|F| =|F|.

Vi vay, ton tai hﬁng s6 ¢ #0 sao cho:
F, =cPQ, = (0;-c;—4c); F, = cPQ, =[?c;%c;—40];173 =cPQ, =(‘_C;EC;_4‘:}
Suyra F, +F, + F, = (0;0;-12c) .
Mt khéc, ta c6: F, +F, + F, = F , trong 46 F = (0;0;-360) 1a trong lyc tac dung 1én may quay.

Suy ra —12¢=-360, tic 1a ¢=30.
Vay F, =(0;-30;-120); F, = (15V3;15;-120); F; = (~15v3;15;-120).

IV. CACH TiM TQA P$ CUA MQT VECTO VUONG GOC VOI HAI VECTO CHO
TRUOC

Ta ¢6 dinh li sau:

Cho hai vecto @ =(x;),;2,) va v =(x,;,;2,) khong cung phuong.
Khi do, vecto w = (1,2, — ¥,2,; 2,X, — 2,%,;%,¥, — X,), ) vudng goc voi ca hai vecto i va v .

Nhén xét

Vecto w trong dinh 1i trén con dugc goi 1a tich c¢6 hudng cua hai vecto ¢ va v, ki hi¢u la
w= [17 ,V ]

I3 A , X , a
D¢ thuan tién trong cach vict, ta quy udc:

b .
4 =ad —bc, voi a,b,c,d la cac so thuc.
Khi do, v6i hai vecto i =(x;;3,52,) va v =(x,;2,52,), ta co:

X\ N

X, W

9

= (%Zz —WZ 21X T 2% %), _X2Y1)~
Z, X

14



Hai vecto #,V khong ciing phuong khi va chi khi vecto w =i, v]# 0.

Vidu 6. Trong khong gian vbi hé toa dd Oxyz, cho hai vecto i = (1;-2;3) va v =(2;0;-3). Hay

chi ra toa d§ ciia mét vecto w khac 0 vudng gbéc véi ca hai vecto u va v.

Loi giai

. . 2 3 1 -2
Ta co: [u,v]=U0 3 5 OD=(6;9;4).

Chon w= (6;9;4) . Theo dinh li trén, vecto w vudng goc vdi cd hai vecto i va v.

310
32

B. GIAI BAI TAP SACH GIAO KHOA
1. Trong khong gian v6i hé toa do Oxyz, cho @ =(2;3;—2); b =(3;1;—1). Toa do ciia vecto a—b la:
A. (L-2; 1), B. (5;4;-3). C. (-12;-1). D. (-1;2;-3).
Loi gidgi
Chon C
Taco d—b=(2-3;3-1;,-2—(-1)). Dod6 d—b =(-1;2;-1).

2. Trong khong gian voi hé toa d6 Oxyz, cho a =(0;1;1); b= (-1;1;0) . Goc gitra hai vecto d@ va b

la:
A. 60°. B. 120°. C. 150°. D. 30°.
Loi gidgi
Chon A
0.(-1)+1.1+1.0

Taco cos ab =— Suyra I;)=60°.

| ||b| VO + 12 +12 yJ(=1)" +12 +0?
3. Trong khong gian véi hé toa dd Oxyz , cho a =(-1;2;3); b= (3;1,-2); c= (4;2;-3).

a) Tim toa do cua vecto u =24 + b-3C.

—

b) Tim toa d6 cua vecto v sao cho V+2b =d+¢.
Loi gidi
a) Ta c6 2d =(-2; 4;6), do d6 2a+b =(-2+3;4+1;6+(-2)) =(15;4).
Lai c6 3¢ =(12; 6; —9), do d6 ii =2 +b -3¢ =(1-12;5-6;4—(-9)) . Vay ii =(-11;-1;13).
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b) Ta co v +2b =a+c,suyrav=d+c— 2b.Tacod G+¢ —( 1+4;2+2;3+(—3))=(3;4;O).
Ma 2b=(6;2;—4),dod6 V=G +&—2b =(3-6;4-2;0—(—4))=(-3;24).
4. Trong khong gian voi hé toa dd Oxyz, cho a =(2;-2;1); b= (2;1;3). Hay chi ra toa d6 cua mot
vecto ¢ khéc 0 vuong goc voi ca hai vecto a va b.
Loi gidi

2 =2
21

=2 1 2
1 3B 2/

Taco | a,b] :(

goc voi ca hai vecto a va b.

D (=7;-4;6). Chon ¢ =(-7;—4;6) ta ¢ vecto vecto ¢ vudng

5. Trong khong gian v6i hé toa d Oxyz, cho a =(3;2;-1); b= (=2;1;2). Tinh c6sin ciia goc (5,5)

Léi gidi

3.(=2)+2.1+(-1).2 -6 _ 14

Ta co cos ab = =—

| ||b| 342 (1) (2) +1 2 W4 7

6. Trong khong gian vadi hé toa do Oxyz, cho A(—2;3;0), B(4; 0;5), C(O; 2;—3).

a) Chirng minh rang ba diém 4, B, C khong thang hang.
b) Tinh chu vi tam giac ABC.
¢) Tim toa dg trong tdim G cua tam giac ABC.
d) Tinh cos BAC.
Loi gidgi

a) Ta co E:(6;—3; 5);E:(2;—1; —3). Suyra ﬂ?:(@ -3; 5)¢k%:(2k;—k;—3k) v&i moi
keR, do d6 hai vecto AB va AC khong cting phuong. Vay ba diém 4, B, C khong thang hang.

b) Taco AB =|[4B|=J6" +(-3)’ +5° =70 AC=[dC|=\2 +(-1) +(-3) =14

Taco BC=(-4;2;-8). Suy ra BC =|BC|= J(4) +27 +(-8) =221.

Chu vi tam gidc ABC 1a C= AB+ BC+ AC =J70 +J14 + 221 .

c¢) Goi toa do trong tdim G cua tam giac ABC 1a (x;; ys; z5)-

16



Taco x. = =—;z,.=———+=—_Vay G
¢ ¢ 330303

2+4+0 2 3+0+2 5, _0+5+(_3) 2 (EEEJ
_3 _3:yG_ 3 3 3 '3’ .
ABAC  6.2+(-3).(-1)+5.(-3)

“[aBfac] o

d) Taco cos(@,ﬁ)

Do d6 hai vecto AB va AC vudng goéc voi nhau hay hai duong thing 4B va AC vudng goc voi
nhau nén BAC =90°. Vay cos BAC =0.

7. Cho hinh hop ABCD.A'B'C'D", biét A(l; 0;1), B(2; 1;2), D(1; -1;1), C'(4;5;—5).H5y chira toa

do cua mdt vecto khac 0 vudng goc véi ca hai vecto trong mdi trudng hop sau:
a) AC va B'D ;
b) AC" va BD.
Loi gidi
a)Taco AB=(1;1;1); 4D =(0;-1;0).

Vi ABCD.A'B'C'D' 1a hinh hop nén ABCD 1a hinh binh hanh, do d6
AC=AB+AD =(1+0;1+(-1);1+0) =(1;0;1).

Ta co BT):(—I; —2;-1). Vi ABCD.A'B'C'D" 1a hinh hop nén B’D':ﬁ):(—l;—l—l).

11
1 -1

1

0
: : =(2;0,-2).
9 9 _1 _Z‘J ( Y )

Ta co [Z@,B—’Dq = U?Z _11

Chon a =(2;0;-2), vecto a vudng gbe voi ca hai vecto AC va B'D' .
b) Tacé AC = (3;5;—6);B—D =(-1-2;-1).

5 -6
2 -1

-6 3
-1 -1

305
: : =(~17;9;-1).
2 2 _1 _2‘J ( 279 )

Ma [4C, 55 - U

Chon b = (-17;9;—1), vecto b vudng gbe voi ca hai vecto AC' va BD .

8. Mot chiéc dén tron dugce treo song song voi mit phang nam ngang bai ba soi ddy khong dan xuét
phat ttr diém O trén tran nha lan lugt budc vao ba diem A4, B,C trén dén tron sao cho tam giac ABC
déu (Hinh 38). Bg dai ctua ba doan day OA4, OB, OC déu bfmg L. Trong lugng cua chiéc dén 1a 24

R —

N va ban kinh cua chiéc dén 1 18 in (1 inch = 2,54 cm). Goi F 1a d6 16n ctia cac lyc cing F,F,,F,

trén moi si day. Khi d6, F = F (L) 1a mot ham so v6i biénsd 1a L.

17



a) Xéc dinh cong thirc tinh ham s6 F = F (L)
b) Khao sat va v& d6 thi ham s6 F = F(L).

¢) Tim chiéu dai tdi thiéu ciia mdi soi day, biét rang mdi soi diy d6 duoc thiét ké dé chiu duoc luc
cang toi dala 10 N.

Loi gidi

C
A J
P
a) Taco 18 in=45,72 cm=0,4572 m. Goi G la trong tam tam giac ABC.

Vi tam gidc ABC déu nén G 1a tdm duong tron ngoai tiép tam gidc ABC. Do do,
GA=GB=GC=0,4572 m.

Theo bai ra ta c6 OA=O0B=0C=Lnén OGL(4BC)va [04)=|0B|=|0C|=L. Do s,

F|= }72 = ]73 . Vi vdy, ton tai hang s ¢ # 0 sao cho: Fl=c@;}?’2=0073;i=cm.

Suy ra 171+E+F3=c(5;1+5§+56).
Theo quy tic ba diém ta co:
O—A+O—B+O—C:(m+@)+(@+@)+(@+@):3@+(G—A+G—B+a}):3% (G 1a
trong tdm tam giac ABC nén @+G—19+R’=6). Do d6 E+E+Ez3c5@.

18



Mit khac ta lai c6 F, + F, + F, = P v6i P la trong luc tac dung 1én chiéc dén.
Ma trong luong tac dung 1én chiéc dén 13 24 N nén P=24N.

Tir d6 suy ra 3c|0—G| =24t 1d ¢ = —— .
0G

Tam gidc OAG vudng tai G do OG L(ABC) nén tasuy ra OG = JOoA* —GA* =I* —0,4572% (véi

L>0,4572). Do do |@| =\[*-0,4572° ,suyra c =% .
20,4572

Khi d6 F=|E|=c|@i|=%.vay F=F(L):% voi L>0,4572.
JI-0,4572 JIZ—0,4572
8L

b) Xétham s F = F(L) = (L e(0,4572;+w)).

J I} -0,4572°
Tép xac dinh: D =(0,4572;+x).
Su bién thién

- G161 han tai vo cyc gi61 han vo cuc va cac duong ti€ém can:

lim F(L)= lim ————= lim 3 % Do do, duong thang F =8 1a tiém cén

L+ L+ [LZ 0 45722 L—>+0 0, 45722

LZ

ngang cua do thi ham so.

lim F(L)=+o0.Do d¢, duong thing L =0,4572 1a tiém can dimg ctia d6 thi ham sb.

L—0,4572*

~8-0,4572°

(L2 —0,4572 )\/L2 —0,4572°

Pao ham F'(L) = véi VLe(0,4572; +oo).

Béng bién thién:

L |0,4572 +a0

F!(L) -

F@L) T \

Ham s6 nghich bién trén khodng (0,4572;+00). Ham sb khong c6 cuc tri.

8
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Do thi ham sé duoc v& nhu hinh dudi day:

8L =10.

JIF—0.4572>

Tir d6 suy ra 5L’ —0,4572% =4L < 2517 —5,255796 = 161" < L =0,762€(0,4572;+0).

¢) Ta ¢6 luc cing t6i da ciia mdi soi day 1a 10 N. Véi F(L)=10 tacd

Vay chiéu dai tdi thiéu ctia mdi sgi day 1a L =0,762 m =76,2 cm =30 in.

C. CAC DANG TOAN

| DANG 1: TQOA PO CUA PIEM VA VECTO

1. Phuwong phap: St dung khai niém
2. Vidu ’
Vi du 1: Trong khong gian v6i h¢ toa do Oxyz, biét:

a) G=2i+3] -5k, b=-3j+4k, &=—i—2]. Tim toadd cic vecto d, b, c.
b) 0—M=5l7—f+2l€,ﬁ7:7—3l; Tim toa do cac diém M, N.
Loi gii
a) d=(23;-5), b=(0;-3;4), ¢ =(-1-2;0).
b) M(5-1;2), N(1;0; -3)

Vi du 2: Trong khong gian véi hé toa 4o Oxyz, biét:

a) d=(-3;2;—1),b =(3;0;12). Tinh @,b theo cac vecto

b) A(-5;-2;1), B(0;4;—11). Tinh O4, OB theo cac vecto
Loi giai

k.
k.

~.

7]9
7j7
a) d=(-3;2;-1)< a=-3i+2j-1k

b=(3;0;12) < b =3i +12k.

b) OA=-5i—-2j+1k
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OB =4j-11k.

Vi du 3: Trong khong gian Oxyz, cho hinh hop chit nhat 4BCD-AB'C'D’' ¢6 dinh 4 tring véi gdc
O, cac vecto E,E,H theo thir tw cung huéng véi 7, j,k vacd AB=5,A4AD=6, A4 =9.

Tim toa do cac vecto E,ZE,TC va AM v6i M 1a trung diém ctia canh C'D'.

Loi giai

Dé tim toa d0 clia vecto AB, ta can biéu dién AB theo ba vecto 7, /,k .

Do AB cung huéng véi i va | AB|= AB=5=5|7 | nén AB=>5i hay AB=5i +0 +0k .
Tuong tu, ta cling co: A_13=017+6]+Ol€,ﬂ =017+O]+9l€.

Trong hinh binh hanh ABCD, ta c6: AC = AB+ AD =5i +6 + 0k .

Trong hinh binh hanh 44'C'C, ta cé: AC = AC+ A4 =57 + 6] +9%k .

Suy ra AB = (5;0; 0);@ = (5;6; O);E =(5;6;9).

Vi W:%(E+E):%(E+E+ﬂ)

=%(5?+6]’+9l€+6}+91€)=%f+6]’+9l€
— 5
= AM =(5;6;9).

Vi du 4: Cho tit dién SABC c6 ABC la tam giac vuong tai B,
BC =3,BA=2,54 vudng goc voi mit phing (ABC) va cb do
dai bang 2.

a) Xac dinh mdt hé toa do dua trén goi y cta hinh ve&.

b) Tim toa d6 cac diém 4, B, C, S.
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Loi giai
a) Quan sat hinh anh xét day la Aé truc toa do Oxyz véi diém B = O.

b) Vi B=0= B(0; 0; 0)

Do BC cing huéng véi i va |BC|=BC=3=3|i | nén AB=3i hay
BC =3 +0j+0k < OC =3 +0] + 0k < C(3;0;0).

Tuong ty, ta cling co:

BA=0i +2] +0k < OA=0i +2j +0k < A4(0;2;0)

BH' =07 +0 +2k <> OH = 0i +2 +0k < H (0;2;0)

Trong hinh binh hanh BASH , ta co:

BS =BA+BH =0i +2j +2k < OS =0i +2] +2k < 5(0;2;2).

Vay 4(0;2;0), B(0; 0; 0), C(3;0;0), $(0;2;2).

DANG 2: XAC PINH TQA PQ CUA VEC TO, VA PO DAI CUA POAN THANG

1. Phwong phap: Ap dung biéu thirc toa do ctia cac phép toan véc to.
2.Vidu
Vi du 1: Trong khong gian voi h¢ truc toa d0 Oxyz, cho ba vecto

&=(1;2;3);5=(2;2;—1);6:(4;O;—4). Tim toa do cua vecto d =a—b +2¢

Loi gidi
Taco: d=d-5+26=(1,2:3)=(22-1)+ 2.(40;-4)=(1-2+82-2+0:3+1-8) = (70 4)
Vi du 2: Trong khong gian v6i hé toa @0 Oxyz, cho a=(2;-3;3), 5=(0;2;-1), c=(3;-1;5)

Tim toa do cua vecto u=2a+3b-2c.
Loi giai
Ta co: 2a =(4;-6;6); 3b =(0;6;-3); —2c = (~6;2;-10).
Khi d6: u=2a+3b-2c=(-2;2;-7).

Vi du 3: Trong khong gian Oxyz , cho hai diém A(1;-2;-1), B(1;4;3). Tinh d6 dai doan thing AB

Loi giai

Tacé AB=\/(1-1) +(4+2)’ +(3+1) =2J13.
Vi du 4: Trong khong gian Oxyz, cho Zz=(—2;2;0);l;=(2;2;0);E=(2;2;2). Tinh gia tri cta
)
Loi giai
Taco: a+b+c=(-220)+(2:2;0)+(2:2;2) =(2:6;2).
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Vay |Zz+5+2|=\/22+62+22 ~ 211

Vi du 5: Trong khong gian v6i hé toa do Oxyz , cho céc vecto a = (3;m+ 1;3),13 =(1;-3;2n). Tim

m,n dé cac vecto a,b cung hudng.

Loi gidi
3=k k=3 |
avab cing huong <> a=kb (k>0) = {m+1=-3k & {m=-10. Vay m=—10;n=—
3=k2n 1
n=—
2

Vidu 6: Trong khong gian v6i hé toa dd Oxyz , cho hai vecto m = (4:3;1), n= (0;0;1). Goi pla
vecto cung hudng voi [n?, 171] (tich c6 hudng cuia hai vecto m va ;z). Biét |E| =15, tim
toa do vecto ; .
Loi giai
Taco : [%,ﬂ =(3;-4;0)

Do ; la vecto cung hudng véi [%,ﬂ nén ; = k[%,ﬂ , k>0

Mit khc: [p|=15 @k.‘[;a,ﬁ]‘=15 o k5=15 < k=3.Vay p=(%-120).

DANG 3: XAC PINH TQA PO PIEM

1. Phwong phap:
Dung cong thirc biéu thirc toa dd trung di€ém, toa do trong tdm ctia tam gidc...
2. Vidu

Viduy 1: Trong khong gian Oxyz , cho hai diém 4(2;—4;3) va B(2;2;7). Tim toa do trung diém cia
doan thang AB .

Loi gidi
+
X, LI )
2
. & 2 +
Goi 7 la trung diém cua AB,tacotoad) diem [ 1a |y, :%z—l.
+
z, =247 g
2

Vay 1(2;-1;5).

Vi du 2: Trong khong gian voi hé toa do Oxyz cho tam gide ABC biét A(5;-2;0),B(-2;3;0),
C (O; 2; 3) . Tim toa d6 trong tim G cua tam gidc ABC.

Loi gidi
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Goi G(x,y,z) )
Vi G 1a trong tdm cua tam gidc ABC nén

X, X+ X x—5+(_2)+0—1

3 3
:yA+y3B+yc@ y:#:1 Vay G(LL1).
S Zat itz Z=0+0+3:1

3 3

Vi du 3: Trong khong gian véi hé toa d6 Oxyz, cho cac diém A(l; 0;3) , B(2; 3;—4) , C(—3;l;2).
Tim toa d6 diém D sao cho 4BCD 14 hinh binh hanh.
Loi gidi
Goi D(x;y;z). D& 4BCD 1a hinh binh hanh
x=-4
@ﬁzﬁé@(1;3;—7):(—3—x;1—y;2—z)<:> y=-2.
z=9
Vay D(—4;—2;9).
Vi du 4: Trong khong gian véi hé toa d0 Oxyz, cho cac diém A(Z; —5;0), B(—l; 1;3) , C(3,3,0).

Tim toa d6 diém D trén truc hoanh sao cho AD = BC.

Loi gidi
Vi D eOx nén D(x;0;0)

Taco: AD=BC & \(x—2) +25 =\J(3+1) +(3-1) +(0-3)" |
x=0

J(x=2Y +25=129 & x* —4x=0

< 4/(x-2) V29 e x¥-4x=0c L 4
Vay D(0;0;0), D(4;0;0)

Vidu5 Trong khong gian véi hé truc toa dd Oxyz , cho hinh hép ABCD.A'B'C'D'. Biét toa do cac
dinh 4'(-3,2,1),C(4,2,0),B'(-2:1;1),D(3;5,4). Tim toa d6 diém A’ cta hinh hop.

Loi giai
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Goi 7 la trung diém cia AC :I(%;Z;%).
1;3;2)

Goi J 1a trung diém cia B'D' = J(

Ta co ﬁz(O;l;Z).

X, +3=0 =3

X,
Taco AA =1J =iy, -2=1=1y,=3

z,—1=2 z,=3

Vay A'(-3;3;3).
Vidy 6: Cho hinhchop 5.4BCD biét 4(-2:2;6), B(~3:1;8),C(~1;0;7),D(1;2:3). Goi H la trung
2

diém cua CD, SH 1 (ABCD). Dé khéi chép S.ABCD c6 thé tich bang 77 (dvtt) thi c6

hai diém S,,S, théa man yéu cau bai toan. Tim toa d9 trung diém I cua S,S,

Loi giai
33
2

Taco AB=(-1;,-1;2),4C =(1,-21)= S .. =%‘[E,I’]‘ -

DC = (—2;—2;4),@ =(-L-12)= DC =2.AB => ABCD 1 hinh thang va

93

SABCD = 3SABC = T

1 SH.S yep = SH =33

Vi VS.ABCD = 5

Lai c6 H la trung diém cia CD = H (0;1;5)
Goi S(a;b;¢)= SH = (—a;1-b;5—-c)= SH = k[ﬁ,z’} =k (3;3;3) = (3k;3k;3k)

Suy ra 33 = VOk> +9K% +9k> = k = 1
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+) Véi k=1=> SH =(3;3;3) = §(-3;-2;2)
+) Véi k=-1= SH =(-3;-3;-3) = §(3;4;8)

Suy ra 1(0;1;3)

DANG 4: XAC PINH TiCH VO HUONG VA UNG DUNG

1. Phwong phap: Ap dung biéu thirc toa d6 cua tich co hudng va cong thirc tng dung cua tich co
hudng.

2.Vidu
Vidu 1: Trong khong gian véi hé toa do Oxyz, cho vecto u = (3;0;1) va v= (2;1;0). Tinh tich vd
hudng uyv.
Loi giai
Tacod uv=32+0.1+1.0=6.
Vi du 2: Trong khong gian v6i hé truc toa d9 Oxyz, cho hai vecto ;= (2; 1;2) va E= (1; 0; —2).
Tinh cos(;,l;).
Loi giai
-\ ab 21+1.042.(=2 2
Ta co: cos(a,b)z_,ab_,: +10+2(2) =— \/g
ool V2rere2 Er0r a2 15

Vi du 3: Trong khong gian v6i hé truc toa d6 Oxyz, cho hai véc to u = (2;3;-1) va v= (5;—4;m).
Tim m dé u Lv.
Loi giai
Tacoulv Suv=0 <10-12-m=0 < -2-m=0 <m=-2.
Vi du 4: Trong khong gian Oxyz, cho A(Z; I; —1), B(3; 0; 1), C(2; -1 3) va D ndm trén truc Oy
va thé tich ta dién 4BCD br:ing 5. Tim toa do cua diém D.
Loi giai
Vi D e Oy nén D(0;y;0)
Tacod: AB=(1;-1;2), AC = (0;—2;4) = [E,ﬂf} =(0;-4;,-2), AD = (—2;y—1;1)
y=-T

I == == 1 .
V nen =g‘[AB,AC].AD‘ =[2-4y]. Vay Viop =5 2= 4] =30 L »
Vay D(0,-7,0) ; D(0;8;0)

Vi du 5: Cho ba diém A(S,‘—l;2), B(l,‘—3,‘7) va M(x;y;l). Véi gia tri nao cua x, y thi ba diém
A B,M théng hang ?
Loi gidi

Tacé AB=(-4,-2,5), AM =(x-5;y+1,-1).
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x==
é ba diém A, B, M thing hang thi > —> =21 _~1

= - _—= >
-2 5 _ -3
4 5
Vi du 6: Cho u = (2;—1;1),; = (m;3;—l),§ =(1;2;1). Timm dé ba vecto trén dong phang.

Loi giai
Ta co: [;,\:] =(-2m+2,m+6), [&,;]Q =3m+8

- - —

. : . — 8
u,v,w dong phang @[u,v}.w=0<:>m:—

Vi du 7: Trong khong gian véi hé toa d0 Oxyz cho AABC c6 A(4;0;2), B(1;—-4;-2) va C(2;1;1).
Tinh di¢n tich § cua tam giac ABC.

Loi giai
Céch 1: Taco AB=(-3;—4;-4);

R‘z(—2;l;—l);ﬁ':(l;5;3).
Vi BC.AC=-2+5-3=0 nén tam giac ABC vuodng tai C.
Vay dién tich tam gidc ABC 1a S =%AC.BC=1\/EA/3_ =—”2210.
Cach 2: Ta co ‘[ﬂ?, R’]‘ = (8;5;—1 1).

S e =3[ 48.7C] - L s ey 210

Vi du 8: Trong khong gian véi hé truc toa do Oxyz, cho hinh binh hanh 4BCD. Biét A(2;1;-3),
B(0;-2;5) va C(1;1;3). Tinh dién tich hinh binh hanh 4BCD.

Loi giai

Tacé: AB=(-2;-3;8) va Ez(—1;0;6):[@,ﬁ]=(—18;4;—3)-

Vay dign tich hinh binh hanh 1a S, = [ 4B, 4C | = (-18)’ +4° +(-3)" =349,

Vi du 9: Trong khong gian toa dd Oxyz cho ba diém A(2;51),B(-2;,-6;2),C(1;2;-1) va diém
M (m;m;m) . Tim gia tri m dé ‘A_lé - 225‘ dat gia tri nhd nhat.

Loi giai

AC(~1;-3;-2), MB(-2—m;— 6 —m;2—m)
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[MB ~2AC| = \m* +m* +(m~6) =3m’ ~12m+36 = \[3(m~2)" +24 224,

4

Dau “=" xdy ra khi va chi khi m—2=0

Vaym=2 thi |1W3 - 2Tc| nhé nhét.

Vi du 10: Trong khong gian toa 46 Oxyz cho ba diém A(2;51),B(-2;,-6;2),C(1;2;-1) va diém
M(m;m;m) , Tim gia tri m dé MA* — MB* — MC? dat gi4 tri 16n nhat.
Loi giai

Ta co:

MA = (2—m;5—m;1—m),m = (—2—m;—6—m;2—m),m =(1-m;2—m;—1-m)

MA* —~MB?* — MC? = -3m* ~ 24m —20 = 28 -3 (m—4)’ <28

Vay m = 4 thi MA> — MB* — MC? dat gié tri 16n nhAt.
Cau 1. Trong khong gian chon hé truc toa d cho trudc, don vi do ldy kilomét, ra da phat hién mot
mdy bay chién d4u ctia Nga di chuyén véi van toc va huéng khong doi tir diém M (500;200;8) dén
diém N (800;300;10) trong 20 phut. Néu may bay tiép tuc giit nguyén van toc va huéng bay thi toa

d6 ciia may bay sau 5 phit tiép theo bang bao nhiéu?

Loi giai

Goi O(x;y;z) 1a toa dd cia may bay sau 5 phut tiép theo.

MN =(300;100;2)

NO =(x—800; y-300;z-10)

Vi may bay gilt nguyén hudng bay nén MN va @ cung hudng.

Do may bay tiép tuc giit nguyén van téc va thoi gian bay tir M — N gap 4 lan thoi gian bay tir
N — QO nén MN =4NQ
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300=4(x~800) (x=875
Suy ra MN =4NQ < 1100 =4(y-300) < 1 y =325 = 0(875;325;10,5)
2=4(z-10) z=10,5

Toa d¢ ctia mdy bay sau 5 phut tiép theo la (875;325;10,5)
Cau 2. Trong khong gian chon hé truc toa do cho trudc, don vi do léy kilomét, ra da phat hi¢n mdt
may bay chién déu cua My di chuyén véi vén toc va huéng khong doi tir diém M (1000;600;14) dén

diém N trong 30 phtt. Néu may bay tiép tuc gitt nguyén van téc va hudng bay thi toa do ctia may

bay sau 10 phut tiép theo bang Q(1400;800;16). Xéc dinh toa do vi tri diém N .

Loi giai

Goi N(x;;z) 1a toa do ciia may bay sau 10 phit tiép theo.
MQ =(400;200;2)
NQ = (1400 - x;800 - y;16 - z )

Vi mdy bay gilr nguyén hudng bay nén M—Q va VQ cung hudng.

Do méy bay tiép tuc giir nguyén van toc va thoi gian bay tir M — Q gip 4 lan thoi gian bay tir

N — 0 nén MQ =4NQ

400 = 4(1400—x) ¥ =1300
Suy ra MO =4NQ <> 1200=4(800-y) <1y =750 = N(1300;750;15,5)
2=4(16-2) z=15,5

Toa d¢ vi tri diém N 1a (1300;750;15,5)
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Cau 3. Mot chiéc khinh khi cdu bay 1én tai diém. Sau mot thoi gian bay, chiéc khinh khi ciu cach
diém xuat phét vé phia Dong 10(km) va vé phia Nam 5(km), dong thoi cach mét dat 400(m).

Chon hé truc toa d0 Oxyz, v6i goc dit tai diém xuat phat cua khinh khi cau, mit phang (Oxy) tring
v6i mat dat, truc Ox hudng vé phia Nam, truc Oy hudng vé phia Pong, truc Oz hudng thang ding

1én troi, don vi do 1dy theo kildémét (xem hinh v&).
a) Tim toa do cta chiéc khinh khi cau di v6i hé truc toa do da chon.

b) Xéc dinh khoang cach cua chiéc khinh khi cau véi vi tri tai diém xuat phat cia no.

z

@)

Nam

Loi giai
a) Chiéc khinh khi cau c6 toa d (5;10;0,4).

b) Khoang cach ciia chiéc khinh khi cau vai vi tri tai diém xuat phat 1a:

5> +10°+(0,4)" ~11,2(Jom)

Cau 4. Mot chiéc may bay khong ngudi 1ai bay 1én tai diém. Sau mot thoi gian bay, chiéc may bay
cach diém xuat phat vé phia Bic 50(km) va vé phia TAy 20(km), dong thoi cach mat dét 1(km).
Chon h¢ truc toa d§ Oxyz, voi géc dat tai diém xudt phat cua chiéc may bay, mat ph?mg (Oxy) trung
vGi mit dat, truc Ox hudng vé phia Bac, truc Oy hudng vé phia Ty, truc Oz hudéng thang dimg 1én

troi, don vi do 13y theo kilomét (xem hinh v&).
a) Tim toa d6 cta chiéc khinh khi cau ddi véi hé truc toa do da chon.

b) Xéc dinh khodng cach cua chiéc may bay vdi vi tri tai diém xuat phat cua no.
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O

Loi giai
a) Chiéc may bay c6 toa do (50;20;1).

b) Khodng cach ctia chiéc mdy bay voi vi tri tai diém xuat phat 1a: /50° +20° +1° ~53,9(km)

Ciau 5. Hai chiéc may bay khong ngudi 1ai cting bay 1én tai mot dia diém. Sau mot thoi gian bay,
chiéc mdy bay thtr nhat cach diém xuat phét vé phia Bac 20(km) va vé phia Tay 10(km), dong thoi
cach mat dat 0,7 (km) . Chiéc may bay thir hai cach diém xuat phat vé phia Pong 30 (km) va vé phia

Nam 25(km), dong thoi cach mat dat 1(km). Xac dinh khoang céch gitra hai chiéc may bay.

Loi giai

Chon hé truc toa 4 Oxyz , v6i gbe dit tai diém xudt phat ctia hai chiéc may bay, mit phing (Oxy)
tring véi mat dat, truc Ox hudng vé phia Béc, truc Oy hudng vé phia Tay, truc Oz hudéng thing

dung 1én troi, don vi do 1dy theo kilomét (xem hinh v&).
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I
.

Chiéc may bay thtr nhat c6 toa do (20;10;0,7).

Chiéc may bay thi hai c6 toa do (-30;-25;1).

Do d6 khoing cach gitia hai chiéc may bay 1a: 1/(20+30)" +(10+25)’ +(0,7-1)" ~ 61 (km)

CAu 6. Hai chiéc khinh khi cau cung bay Ién tai mot dia diém. Sau mot thoi gian bay, chiéc khinh
khi cau thir nhat cach diém xuat phat vé phia Dong 100(km) va vé phia Nam 80(km), dong thoi
cach mét dat 1(km). Chiéc khinh khi cau thr hai cach diém xuét phat vé phia Bdc 70(km) va vé phia

Tay 60 (km), dong thoi cach mit dat 0,8(km).

a) Xac dinh khoang cach cua chiéc khinh khi cau thi nhat véi vi tri tai diém xuat phét ciia nd.
b) Xéc dinh khoang cach giira chiéc khinh khi cau thtr nhat va chiéc khinh khi cAu tht hai.

Loi gii
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Chon h¢ truc toa d Oxyz , v6i géc dat tai diém xuét phat cua hai chiéc khinh khi cdu, mat phéng
(Oxy) tring v6i mit dat, truc Ox hudng vé phia Béc, truc Oy huéng vé phia Ty, truc Oz huéng

thang dung 1én troi, don vi do 1dy theo kilomét (xem hinh v&).

e
Y

Chiéc khinh khi cu thir nhat c6 toa do (—100;-80;1).
Chiéc khinh khi cu thir hai c6 toa do (70;60;0,8).

a) khoang cach cua chiéc khinh khi cau thir nhat véi vi tri tai diém xuat phat cta no la:

J(~100)’ +(~80)’ +1° ~ 128 (Jom)

b) khoang cach giita chiéc khinh khi cau thtr nhat va chiéc khinh khi cau thtr hai la:

J(=100-70)’ +(-80-60)’ +(1-0,8)" = 220(krm)

Cau 7. Ba chiéc may bay khong ngudi 1ai cting bay 18n tai mot dia diém. Sau mét thoi gian bay,
chiéc méy bay thtr nhat cach diém xuat phat vé phia Dong 60 (km) va vé phia Nam 40(km), dong
thoi cach miat dat 2 (km) . Chiéc may bay thir hai cach diém xuét phat vé phia Bac 80 (km) va vé phia
Ty 50(km), dong thoi cach mit dat 4(km). Chiéc may bay thir ba nim chinh giita ctia chiéc méy

bay thir nhat va thtr hai, dong thoi ba chiéc may bay nay thiang hang.




a) Xac dinh khoang cach giira chiéc mdy bay thtr nhat va chiéc may bay thit hai.
b) Xac dinh khoang cach cta chiéc may bay thir ba v6i vi tri tai diém xuat phat cta no.
Loi giai
Chon hé truc toa 46 Oxyz , v6i gbe dit tai diém xudt phat ctia hai chiéc may bay, mit phing (Oxy)

tring véi mat dat, truc Ox hudng vé phia Béc, truc Oy hudng vé phia Tay, truc Oz hudéng thing

dung 1én troi, don vi do 1dy theo kilomét (xem hinh v&).

Bic

Chiéc méy bay thtr nhat c6 toa do (—60;-40;2).
Chiéc méy bay thir hai ¢6 toa d0 (80;50;4).

Do chiéc may bay thir ba nim chinh giita ctia chiéc méay bay thir nhét va thir hai, dong thoi ba chiée
may bay ndy thang hang nén & vi tri trung diém, suy ra chiéc may bay thir ba c6 toa do

—60+80;—40+50;2+4 :(10;5;3)_
2 2 2

a) khoang cach giita chiéc may bay thir nhit va chiéc may bay thi hai:

J(60-80)" +(~40-50)’ +(2-4)" ~166,4(jm)
b) khoang cach ctia chiéc may bay thtr ba véi vi tri tai diém xuét phat ciia n6 1a:
V10° +5° +3° ~ 11,6 (km)

D. TRAC NGHIEM 4 PHUONG AN

Cau 1: Trong khong gian vi hé truc toa d6 Oxyz, cho a = —i+ 2}' —3k . Toa dd cua vecto a 1a
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Cau 3:

A. (-1;2;-3). B. (2;-3;-1). C. (2;-1;-3). D. (-3;2;-1).
Loi giai

Chon A

d=-i+2j-3k=ad=(-1;2-3).

Trong khong gian Oxyz voi f,}',l; lan luot 1a cac vecto don vi trén céc truc Ox, Oy, Oz.

Tinh toa do cua vecto i+ } —k.

A. i+ j—k=(=1-11). B. i+j—k=(-LLI)

C.i+j—k=(11-1). D. i+j—k=(1-11)
Loi giai

Chon C

u=i+j—k=u=~115-1).

Cho hinh chép S.ABCD c6 déy 1a hinh vudng canh bang 3, S4=4 va SA L (ABCD).
Chon h¢ truc Oxyz co géc toa d0 tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Xac dinh toa d¢ diém C?

A. (3;0;0) B. (0;0;3) C. (0;3;3) D. (3;3;0)

Loi giai

Chon D

£
Taco: AC=AB+ AD =3i+3+0k . Suy ra: C(3;3;0)

Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 AB =2;AD =3; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung voi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa d9 cua C’
la:

A. (2;3;0). B. (2;3;4). C. (0;3;4). D. (2;0;4).
Loi giai

Chon B

Ta co:

AB=2i+0j+0k; AD=0i+3j+0k; AA'=0i+0) +4k
AC'= AA'+ AC+ AD =2i+3j + 4k ; suy ra C'(2;3;4)
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Cau 5:

Cau 6:

Cau 7:

Cau 9:

Cho hinh hgp chit nhat ABCD.A’B’C’D’ ¢c6 AB =8;AD =6; AA'=4. Chon h¢ truc toa do

Oxyz c6 géc O trung voi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Goi M 1a trung
diém D’C’. Toa d6 diém M la:

A. (4,60) B. (0;6;4) C. (4:6;4) D. (4;0;4)
Loi giai

Chon C

Ta co:

AB=8i+0j+0k; AD=0i+6j+0k; AA'=0i+0;+4k
Trong hinh binh hanh ABCD: AC =AB+ AD =8i + 6+ 0k
Trong hinh binh hanh ACC’A’: AC'= AC+ AA"'=8i+6 +4k
ViM la trung diém ctia D’C’ nén:

AM :%(AC'+AD'):%(AC'+E+A—A'):4f+6}'+4l;

Vay M (4;6;4).
Trong hé toa dd Oxyz, cho &:;+3}—27€ va \::(2;—1;1). Tinh u.v .

A. uv=-3. B. uv=1. C.uv=2. D. uv=5V2.
Loi giai

Chon A

To u=i+37 -2k =u=(1;3-2).

Do do, uv=1.2+3.(-1)+(-2).1=-3.

Trong khong gian Oxyz , cho hai diém 4 (1;1;-2) va B(2;2;1). Vecto 4B c6 toa do I

A. (-5-1-3) B. (3;11) C. (L1;3) D. (3;3;-1)
Loi giai

Chon C

AB=(2-1;2-1;1-(-2)) hay 4B =(1;1;3).

Trong khong gian Oxyz, cho diém 4(2;2;1). Tinh d¢ dai doan thang OA.

A. 04=+5. B. 04=5. C. 04=3. D. 04=9.
Loi giai

Chon C

OA=~2"+2"+1> =3.

Trong khong gian Oxyz, cho hai vecto &= (1;2;3),b =i + j —2k. Tinh toa do vecto

u=a+b

A. (0;-1;-95). B. (2;-1;1). C. (2;3;1). D. (0;-1;1).
Loi gidi

Chon C
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Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

d=(1;2;3),b =(1;1;-2).

i=d+b=(23)

Trong khong gian Oxyz, cho ba vecto a = (1;2;3);1; =(2;2;-1);¢ =(4;0;,—4). Toa do cua

vecto d =d—b+2¢ la

A d= (-7;0;,-4). B.d =(-7;0;4). c.d =(7,0;,-4). D.d =(7;0;4).
Loi giai

Chon C

Taco: d =d—b+2¢=(1-2+2.4;2-2+2.0;3+1+2.(-4)) =(7,0,-4)..

Trong khong gian Oxyz, cho d=(2;3;2) va b =(1;1;-1). Vecto a—5 c6 toadd la

A. (3:4:1). B. (-1;-2;3). C. (3:5:1). D. (1;2;3).
Loi gidi

Chon D

Taco: d-b=(2-1;3-1;2+1)=(1;2;3).

Trong khong gian Oxyz, cho ba vecto a = (2; —3;3) , b= (0;2;—1) , C :(3;—1;5). Tim toa

do cua vecto i =24 +3b —2¢ .

A. (10;-2;13). B. (-22,-7). C. (-2-2,7). D. (-2;2,7).
Loi giai

Chon B

Ta c6: 2d =(4,-6;6), 3b =(0;6;-3), —2¢ =(—6;2;-10)

= i =23 +3b -2¢ =(-2;2;-7).

Trong khong gian Oxyz, cho vecto a = (—2;1;3). Vecto cung phuong véi vecto d 1a

A. b =(-41,3). B. ¢=(2-1;-3).
C. d=(-4;2;3). D. & =(-4-2;3).

Loi giai
Chon B

Taco: ¢ =(2;-1;-3)=—aG = d,¢ cung phuong.

Trong khong gian Oxyz, cho ba diem 4(1;-2;3), B(-1;2;5),C(0;0;1). Tim toa do trong
tam G cua tam gidc ABC.
A. G(0;0;3). B. G(0;09). C. G(-10;3). D. G(0;0;1).
Loi giai
Chon A
Toa do trong tim G cua tam giac ABC bang
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Cau 15:

Cau 16:

Cau 17:

Xg :xA+xB+xC = 1-1+0 =0
3 3
.= Yt Vet Ve :_2+2+0 :03G(O;O;3)
3 3
ZG = ZA+ZB+ZC :3+5+1 =3
3 3

Trong khong gian Oxyz, cho hai diém 4 (1;—3; 1) ,B (3; 0; —2) . Tinh d6 dai doan théng AB .
A. 26. B.22. C. \26. D. 22
Loi giai
Chon D
AB = (2;3;-3) = AB =|2* +3* +(-3)* =
Trong khong gian Oxyz, cho cac vecto a= (2;m—1;3),l; = (1;3; —2n). Tim m,n dé cac

vecto a,b cung huodng.

A.m:7;n=—%. B. m=4;,n=-3. C.m=1n=0. D. m=7;n=—§
Loi gidi

Chon D
2=k k=2

avab cinghusng< a=kb (k>0) < m-1=3k <im=7 .Vélym=7;n=—%
s=k(-2m) |, 3

Trong khong gian Oxyz, cho hai diém A(-1;5;3) va M(2;1;—2). Tim toa do cua diém
B, biét M 1a trung diém ctia AB .

A,B&%xéJ. B. B(—4;9;8). C. B(5:3;-7). D. B(5;-3;-7).
Loi giai
Chon D
Gia st B(x,51,32;) -
Vi M 1a trung diém ctia 4B nén ta cé:
X, _ Xyt X 2=—l+xB
2 . 2 X, =5
M:L%ﬁuzlzigi<:yfﬁ3V@B@¢x4y
Z,+ 2z, 3+z, Zp =7
z, =—"——= -2 =
2 2
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Cau 18: Trong khong gian Oxyz, cho ba diém A(Z;—I;S),B(S;—5;7),M(x;y;1). Vi gié tri nao
cua x,y thi 4,B,M thrfmg hang.

A x=4y=7 B. x=—4y=-7 C.x=4y=-7 D. x=-4y=7
Loi giai
Chgon D
Taco AB=(3;-4;2),AM =(x-2;y+1;-4)
, . _ _ -4
A,B,M thang hang < 4B, AM cung phuong @xT2:y_J;1:74©{x .
— y:

Cau 19: Trong khéng gian Oxyz, cho cac véc to u=2i—2j+k, v= (m;2;m+1) v6i m 1a tham so
thuc. C6 bao nhiéu gié tri ciia m dé |ﬁ| = |\7| .
A. 0. B. 1. C. 2. D. 3.
Loi gii
Chon C
Ta cod u =(2-21)

Khi do [u|=(2° +(-2)° +1° =3 va [y| = Jm* +2° 4 (m+1)° =2’ +2m +5

Do do6 |l;|=|\:|<:>9:2m2+2m+5 <:::>m2+m—2:0<:::>[m:1
m=-2

Vay c6 2 gia tri cia m thda y€u cau bai toan.

Cau 20: Trong khong gian Oxyz, cho vecto ;¢(2;0;—1) . Tim vecto v biét v cung phuong véi u va

=20

A. (4;,0;-2) B. (-8;0;4) C. (8;0,—4) D. (8;0;4)
Loi giai

Chon C

Vi v cung phuong v6i u nén v =ku = (2k;0;—k), véi k> 0.
Taco uv="4k+k=5k=20<k=4
Vay v=(8;0;—4)
Cau 21: Trong khong gian Oxyz, cho hai vecto a =(2;1;0) va b=(-1;0;-2). Tinh cos(Zz,Z)) .

- = 2 - = 2 - =y 2 - =y 2
A. cos(a,b)——2—5 B. cos(a,b)——g C. cos(a,b)—2—5 D. cos(a,b)—g
Loi giai
Chon B
- ab 2
T O: = = =——,
aco cos(a,b) |Zt||5| 55 S
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Cau 22: Trong khong gian Oxyz cho ba diém M(2;3;—1) , N(—l;l;l) va P(l;m—l;2) .Tim m dé
tam giac MNP vudng tai N .
A.m=2 B. m=-6 C.m=0 D. m=-4

Chon C
MN (=3;-2;2); NP(2;m—-2;1).

Tam giac MNP vudng tai
N& MNNP=0s—6-2(m-2)+2=0m-2=-2cm=0.

Céu 23: Trong khong gian Oxy, cho tam gidc ABC biét A(1;3;0), B(-2;-2;0), C(3;1;0). Tinh
cosin géc A4 cua tam gidc.

A. cosA:i B. cosA:L C. cosA:—L D. cosA=— !

J17 J17 J17 7
Loi giai
Chon B
Tacod: AB = (-3;-5;0), AC = (2;-2:0).

ABAC -32+52 1

ABAC 34202 17~

Chu 24: Trong khong gian Oxyz , goc giita hai vecto i va u= (—\/g; 0; 1) la

Khi d6: cos 4 = COS(ZB;TC) =

A. 120°. B. 60°. C. 150°. D. 30°.
Loi giai

Chon C

Tacod f:(l; 0;0).

Vay: cos(?,ﬁ): .f.ﬁ# _ 1-(—\/§)J20.0+0.1 3
e

:(2,&):1500.

Cau 25: Trong khong gian Oxyz, cho 52(—3;4;0), 5:(5;0;12). Cosin cua goc gilta a va b

bang
2 B.>. c.-2 3
13 6 6 13
Loi giai
Chgon D

_ab _ —3.5+4.0+0.12 _3
a8 (e roTroz 13

Ta co: cos(a; b)
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Cau 26:

Cau 27:

Cau 28:

Trong khong gian Oxyz cho cac diém A(S;I;S); B(4;3;2); C(—3;—2;1). DPiém I(a;b;c)

1a tam dudng tron ngoai tiép tam giac ABC . Tinh a+2b+c¢?

A. 1. B. 3. C. 6. D. -9.
Loi gidi
Chon B
AB=(-12-3) . |
Tacd §__ . = AB.BC =0 = tam giac ABC vudngtai B.
BC = (—7;—5;—1)

— tam / cta dudng tron ngoai tiép tam gidc ABC 1a trung diém cta canh huyén AC .

= I(l;—%ﬂ].\/éy a+2b+c=3.

Trong khong gian Oxyz, cho ba diém A(L1;1),B(5;-1;2),C(3;2;—4) . Toa dd diém M
théa man MA+2MB—-MC =0 1a

A. M 4;—2;2 . B. M 4;—2;—2 .
2°2 272
C. M 4;2;2 . D. M —4;—2;2 .
2°2 2°2
Loi giai

Chon C
Goi M (x;y;z),taco:

mwm_m:a@zm@:a@zmzﬁ@m:%%

1
S—X:5(3—1) X:4
1 3 39
Si-l-y=—2-1)oiy=-oM|4-=;=
4 2( )= 2 ( 2’2)
1 9
2—z=—(—4-1 ==
- 2( E 2

Trong khéng gian v6i hé toa d Oxyz cho cac vée to u=2i-2j+k, v=(m;2;m+1) voi
m 14 tham sb thuc. C6 bao nhiéu gia tri cia m dé |;¢| = |\7| .
A. 0. B. 1. C. 2. D. 3.
Loi giai
Chon C
Tacod u= (2;—2;1)

Khi do [u] =27 +(-2) +1° =3 va [§| = Jm* + 22+ (m+1) =2m’ +2m+5
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Do do M:M@9:2mz+2m+5 <:>m2+m—2:0<:{m
m=-2

Vay ¢6 2 gia tri ciia m thoa yéu cau bai toan.
CAau 29: Trong khong gian voi hé toa d0 Oxyz, cho hinh hop ABCD.A'B'C'D' ¢6 A(O; O;O) ,
B(a;0;0); D(0;2a;0), 4'(0;0;2a) véi a#0. D¢ dai doan thing AC' 1a

A . B. 2[a|. C. 3ld. D. JJd].
Loi giai
Chon C
A D’
B’ i C’
Apocemoieeeees --/D
BE. c

Ta co E=(a;0;0); E=(O;2a;0); A—A'=(O;O;2a).

Theo quy tc hinh hdp ta c6 AB+ AD + A4 = AC' < AC = (a;2a;2a).

Suyra AC = |KT| = \/a2 +(2a)2 -i-(2a)2 = 3|a| .
Vay do dai doan thang AC' =3|a|.
Cau 30: Trong khong gian v6i hé truc toa do Oxyz, cho = (2;3;1) , b= (—1;5;2) , ¢ = (4;—1;3)
va x = (=3;22;5). Péng thirc ndo ding trong c4c dang thirc sau?
A. x=2a-3b-c. B.x=-2a+3b+c.

C. x=2a+3bh—-c. D. x=2a-3b+c.

Loi giai
Chon C
bat: ;:m.;+n.z+p.?, m,n,peR.
2m—-n+4p=-3
=(-3;22;5) =m.(2;3;1) + n.(-1;5;2) + p.(4,-1;3) =< 3m+5n—p=22 (I).
m+2n+3p=35
m=2

Giai hé phuong trinh (/) ta duge: {n=3 .
p=-1
Viy x =2a+3b-c.
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Cau 1:

Cau 3:

Cau 4:

Trong khong gian véi hé toa dd Oxyz, cho cac vecto d =(2;m—1;3), b= (1;3;—2n). Tim

m, n dé cac vecto a@, b cung hudng.

A.m:7;n:—%. B.m:7;n:—%. C.m=4;,n=-3. D. m=1; n=0.
Loi giai

Chon A

Céc vecto a , b cung hudng khi va chi khi tdn tai s6 thue dwong k sao cho a = kb

2=k 2=k 2=k
Siim-1=3k ©o{im-1=6 <{im=7 .
3:k(—2n) 3:2(—2n) n:_—3

4

Trong khong gian Oxyz, cho hai diém A(2;—2;1), B(O;I;Z). Toa d0 diém M thudc mat

phang (Oxy) sao cho ba diém 4, B, M thang hang 1a

A. M(4;-5;0). B. M (2;-3;0). C. M(0;0;1). D. M(4;5;0).
Loi giai

Chon A

Taco M €(Oxy)= M (x;y;0); Ez(—Zﬁ;l);W:(x—2;y+2;—1).

x-2 y+2 -1

Dé 4, B, M thang hang thi 4B va AM cung phuong, khi do: 5 3 "

x=4
= .
y=-3

Vay M (4;-5;0).

Trong khong gian véi hé toa o Oxyz, cho cac diém A(1;0;3), B(2:3;-4), C(-3;1;2).
Tim toa d6 diém D sao cho ABCD 1a hinh binh hanh.
A. D(—4;-2;9). B. D(—4;2;9). C. D(4-29). D. D(4;2;-9).

Loi giai
Chon A

Goi D(x;y;z). Dé ABCD la hinh binh hanh

x=-4
& AB=DC < (1,3;-7)=(-3-x;1-y;2-2) & {y=-2 D(~4-29).
z=9

Trong khong gian véi hé toa do Oxyz, cho 2 diém B(l; 2; —3), C (7;4; —2) . Néu diém E
thdéa man drfmg thirc CE =2EB thi toa do diém E la:
1



Cau 6:

Cau 7:

A. (3;§;—§J
33

Chon A
Goi E(x;y;z)

B. §;3;—§. C. 3;3;—§ D. 1;2;l
3 3 3 3

Taco: CE =(x—7T;y—4;z+2);2EB =(2-2x;4-2y;—6-22)

x=7=2-2x
CE=2EBo{y—4=4-2y <{y=
Z+2=—6-2z

Trong khong gian véi hé truc toa dd Oxyz, cho hai diém 4(0;1,-2) va B(3;-11). Tim
toa do diém M sao cho AM =34B.

A M(9-57). B. M (9;5,7). C. M(-9;5-7). D. M(9;-5-5).
Loi giai
Chon A
Goi M (x;y;z). Ta co: AM =(x;y-1z+2); AB =(3-2;3).
x=9 x=9

AM =34B < y-1=-6<1y=-5.Vay M(9;-57).
z+2=9 z="17
Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(1; 2;—1),@ =(1;3;1) thi toa
do cua diém B 1a:
A. B(2;5,0). B. B(0;-1;-2). C. B(0;1;2). D. B(-2;-5;0)
Loi gidi

Chgn A
GoiB(x;y;z).ta co E:(x—l;y—Z;z-i-l)

x=2
ma 4B = (1;3;1) =4 y =5= B(2;5;0)

z=0
Trong khong gian Oxyz, cho hinh binh hanh ABCD. Biét A :(1;0;1) , B :(2;1;2)Va‘1
D =(1;-1;1). Toa d6 diém C 1a
A. (2;0;2). B. (2;2;2). C. (2;-2;2). D. (0;-2;0).

Loi gidi
Chgn A



Cau 8:

Goi toa d6 diem C 1a (x;y;z)
Vi ABCD l1a hinh binh hanh nén DC = 4B
Tacd DC=(x-1;y+1;z-1) va AB=(1;1;1)
x—1=1 x=2
Suyraiy+l=1=<y=0
z—1=1 z=2

Vay toa d diém C 1a (2;0;2).
Trong khong gian véi hé toa dd Oxyz cho hinh hop ABCD.A'B'C'D’. Biét A(2;4;0),
B(4;0,0), C(-1;4;—7)va D'(6;8;10). Toa do diém B’ 1a

A. B'(8;4;10). B. B'(6;12;0). C. B'(10;8;6). D. B'(13;0;17).
Loi giai
Chon D
A’ B’
| o
D'(6; 8;10)|

|

|

|

|

|

AQ2; 4; 0)

_ < :—:—____' —_—— B(4; 0; 0)
/— - ~
b C(-1545-7)

Gia st D(a;b;c), B'(a';b"5c’)

a=-3
Goi O=A4ACnNBD :0(%;4;%) =<b=8
c=-7

Vay DD’ =(9;0;17), BB =(a'-4;b";c'). Do ABCD.A'B'C'D' 13 hinh hop nén
a'=13
DD'=BB ={b'=0 . Vay B'(13;0;17).
c'=17
Trong khdéng gian Oxyz, cho hinh hop ABCD.A'B'C'D’ c¢o A(l;O;l), B(2;1;2),
D(1;-1;1), C'(4;5;—5). Tinh toa d¢ dinh A4’ cta hinh h¢p.
A. A'(4,6,-5). B. 4'(2;0;2). C. 4'(35,-6). D. A'(3;4;,-6).
Loi giai
Chon C
Theo quy tic hinh hop ta co: AB+AD+ AA = AC'.
Suy ra AA'= AC'—-AB-AD.



Cau 10:

Cau 11:

Cau 12:

Lai co: AC' = (3;5;-6), AB = (LL1), AD = (0;—1;0).

Do d6: AA = (2;5,-7).

Suy ra A'(3;5;-6).

Trong khong gian véi hé toa d0 Oxyz, cho ba diém A(1;2;-1), B(2;,-1;3), C(—4;7;5).
Toa d¢ chan duong phan giac trong goc B cua tam giac ABC 1a

W20 w(Uea) 20 ba
33 3 333
Loi giai

Chon A
Tacé: BA= )=>|BA|=~26;BC = (~6;8,2) =|BC| = 2426 .
Goi D la chan du’O'ng phan giac trong ké tr B lén AC cuia tam giac ABC
Suyra: — DA _ B4 — DC =-2DA DD(—E A lj

DC  BC 3'°3

Trong khong gian v&i hé toa d Oxyz , cho hinh hop ABCD.A'B'C'D’, biét rang A(—3; 0; 0)
B(0;2;0), D(0;0;1), 4'(1;,2;3). Tim toa do diém C'.
A. C'(10;4;4). B. C'(-13;4;4). C. C'(13;4;4). D. C'(7;4:4).

Loi giai

Chon C

Goi C'(x;y;z). Taco AB=(3;2;0); AD=(3;0;1); A4 =(423).
x=10+3

Ma AC' = AB+AD+ A4 = AC' =(10;4;4) = {y=4-0 = C'(13;4;4).
z=4-0

Trong khong gian Oxyz, cho véc to u = (1;1;-2), v=(1;0;m). Tim tat ca gia tri cia m dé

goc gitra i, v bang 45" .

A.m=2. B. m=2++6. C.m=2-6. D. m=2++/6.
Loi giai



Cau 13:

Cau 14:

- S\ aco - 2wy 2 1-2 1
+ (u,v):45 <:>cos(u,v):7 <:>|5|”|);|=7<:>ﬁ:$
1
TN L 1-2m>0 m<i o
& \3(m* +1) =1-2m @{3m2+3:1_4m+4m2 = m2_24m_220 o m=2-6.

Trong khong gian véi hé toa 4@ Oxyz , cho hai diém A(I;I;O),B(Z;O;—S). Diém M chia

doan 4B theo ti sb k = —% co toa do la:

A. M i;g;—l ) B. M g;g;—2 .
33 33
C. M l;—%;1 . D.M(E;—g;—2 .
33 33
Loi giai
Chon A

Gia sit M (x;;2) 1a diém can tim.

Vi M chia doan AB theo ti s6 k = —% nén ta c6: MA= —%W; .

1—x=—%(2—x) x=§

1 2
l-y=——(0- =—
={l-y 2( y)eiy T
—Z_—l(—3—Z) z=-1

42
Vay M(—;—;—l].
3’3

Trong khong gian véi h¢ toa d0 Oxyz, cho vecto &(2;0;—1). Tim vecto v biét v cung
phuong véi u va uy =20,
A. (4;0,-2). B. (-8;0;4). C. (8;0,—4). D. (8;0;4).
Loi giai
Chon C
Vi v cung phuong v&i u nén v = ka = (2k;0;—k), v6i k> 0.

Taco uv=4k+k=5k=20k=4.

Vay v =(8;0;—4).



Cau 15:

Cau 16:

Cau 17:

Trong khong gian vé6i hé toa dd Oxyz, cho hai vecto a = (2;m —1;3),13 =(1;3;—2n). Tim

m,n d€ cac vecto a,b cung hudng.

A.m=7;n=—%. B. m=4;,n=-3. C.m=Ln=0. D.m=7;n=—§
Loi giai
Chon A
Ta co:
2=k k=2

-

avél;cﬁnghuéng<:>Zz=kl;(k>O)© m-1=3k <{m
3=k(-2n)

7 .Vay m:7;n:—%.

N
I
|
I

Trong khong gian véi hé toa @6 Oxyz, cho A(1;0;0), B(0;1;0), C(0;0;1), D(L;1;1). Goi
M, N lan luot 13 trung diém ciia 4AB,CD . Toa d6 diém G la trung diém MN la:

111 111 222 111
A | ——— . B.|———|. C.|———1. D.|——;—].
3’33 2°2°2 3'3°3 444
Loi giai
Chon B

. 11
Vi M 1a trung diém cua 4B nén M[E;E;O] .

N |~

1
27

5

N | =

. 11
N 1a trung diém cua CD nén N(E;?lj . Do d6 G(

)

Trong khong gian Oxyz, cho bén diém O, 4, B, C sao cho O, A, B khong thing
hang. Tap hop nhimg diém M sao cho ATC(M—O—ZW +m) =0 la

A. mdt mat phfmg. B. mot diém.
C. tap hop rong. D. mot duong thing.
Loi giai

Goi / 1atrung diém cia OB

Ta co:

< 2MC. Al =0 < MC | AI .

Vay tap hop nhitng diém M 1 mit phang qua C va vudng goc voi Al .



Ciu 18: Trong khong gian véi hé toa do Oxyz, cho ba diem 4(-2;3;1), B(2;1;,0), C(-3;-1L1).

Tim tat ca cac diém D sao cho 4BCD la hinh thang c6 ddy 4D va S, =35, ¢

D(-8;,-7;1 D(8;7,—1
A. D(&7;-1). B. ( ). C. ( ) . D. D(-12;-1;3)
D(12;1;-3) D(-12;-1;3)
Loi gii
Chon D
. 1 1 28
Taco: S u0p :E(AD+BC).d(A,BC) =3 . :E(AD+BC).B$CBC.

(AD+BC).S, 5¢
BC
Ma ABCD la hinh thang c6 ddy 4D nén 4D =2BC (1).

& 38,50 = <3BC=4D+BC < AD=2BC.

BC=(-5-21), AD=(x,+2y,-3%z,-1).
X, +2=-10  [x,=-12
(1) ©4y,-3=—4 <4y,=-1 .Vay D(-12;,-1;3).

z,—1=2 z, =3

E. TRA LOI PUNG SAI

Cau 1:

Cho hinh hop ABCD.4'B'C'D'. Biét A(1;0;1),B(2;1;2),C'(4;5-5),D(L;-1;1). Cac
khing dinh sau dung hay sai?
A. AC'+CA'+2C'C=0
B. C(2;0;4)
C. B'(4;6;-5)
D. D'(4;4;6)
Loi giai

A. Duing

Tacd: AC'=AC+CC'; CA'=CC'+C'A va C'A'=CA
Suy ra: AC'+CA'+2C'C=2CC'+ AC+CA+2C'C=0 (dpcm)
B. Sai
C(2;0;2)
C. Dung
D. Sai
D'(3;4;-6)
Trong khong gian Oxyz , goi ;,;',76 1a céc vecto don vi, diém M(2; 0;1),N(3;2;4). Cac
khang dinh sau dung hay sai?



. MN=2i+j+k
.OM =2i+k
. O—N:2f+3}‘+4l;

[¥0|-vT

S O W »

Loi giai

A. MN =1i+2j+3k nén A Sai
B. bung
C. Dbung

D. |]\T0| — /22 +3% +4% =29 nén D Sai

Trong khéng gian véi hé toa do Oxyz gia st u=2i+ 3}' —k . a=—i+2j-3k. Céc khing
dinh sau ding hay sai?

A. u=(2;0;-1)
B. a=(-1;2;-3)
C. u+v=(1;23)
D. uy=-1
Loi giai
A. Ding
B. Ping
C. u+v=(1;5-4) nén C sai
D. uv=2.(-1)+(-1).(-3) =1 nén D Sai

Cho hinh chép S.4BCD c6 day la hinh vudng canh bing 3, S4=4 va SA 1 (ABCD).
Chon h7é truc Oxyz c6 gbc toa do tai A; cac diém B, D, S lan luot trén cac tia Ox, Oy, Oz.
Céc khang dinh sau ding hay sai?
A. 4(0;0;0)
B. B(0;3;0)
C. C(3;0;0)
D. 5(4;0;0)

Loi giai
A. Duing

B. bing
C. Sai

Ta co: E':E+E=3;+3}'+Ol;. Suy ra: C(3;3;0)

D. Sai
S(0;0;4)



Cau5: Cho hinh hgp chit nhat ABCD.A’B’C’D’ c6 AB=2;4D =3; A4"'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung voi A, céc diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Céc khéng dinh
sau dung hay sai?

A. AA'=—4k

B. AB=2i

C. AD=3i

D. C'(2;3;4)
Loi gidi

A. Sai

AA' = 4k

B. Ding

C. Sai

AD =3

D. Ding

Ta co:

AB=2i+0/+0k; AD=0i+3/+0k; AA'=0i+0 +4k
AC"'=AA'+ AC + AD = 2i +3j + 4k ; suy ra C'(2;3;4)

Cau 6: Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh 3; SA vudng goc véi day va
SA=4. Chon hé truc Oxyz sao cho géc O trung véi A; céac diém B: D; S 1an luot thudc
Ox; Oy; Oz. Cac khang dinh sau ding hay sai?
A. AD=3i+0j+0k
B. AS=0i+0/ +4k
C. AC=3i+3j+0k
D. SC=3i+3j+4k
Loi giai
A. Sai
AD =3i+3+0k

B. Ding
C. Dung
D. Sai

SC=AC—AS =3i+3j-4k

Cau7: Trong khong gian v6i hé toa dd Oxyz, cho hinh hop ABCD.A'B'C'D' c6 A(0;0;0),
B(a;0;0); D(0;2a;0), A'(0;0;2a) véi a#0. Cac khiang dinh sau ding hay sai?
A. AB = (a;0;0)



Cau 8:

Cau 9:

B. A4 = (0;0;a)
C. AC' = (a;2a;2a)
D. AD = (a;2a30)
Loi giai
A. Dung
B. Sai

A4 =(0;0;24)

C. bing
D. Sai

AD =(0;24;0)

Trong khong gian Oxyz, cho hai diém A(1;-1;2) va B(-1;3;0).
A. Toa do trung diém cua doan théng (0;1;1).

B. Toa d0 vecto AB = (2;-4;2).

C. Toa dd vecto OA=1i + ] +2k.

D. Toa d¢ vecto OA+ OB = (-2;4;-2)

Loi gidi
A.DPung. Vi <y, = V4 ;yB = _1;3 =1. Vay toa d¢ trung diém 1a (0;1;1).
ZO:ZA-;ZB _2;—0:1

B. Sai. Vi 4B =(-2;4;-2).
C.Sai. Vi O4d=17 -] +2k.
04 =(1;-1;2)

o = OA+OB = (-2;4;-2)
OB =(-1;3;0)

D. bing. Vi {

Trong khong gian Oxyz, cho a = (2:3;2) va b= (LL-1).
A. Toa d vecto a—b = (1;2;3).
B. Tich v6 hudng cua hai vecto a va b bang 6.
C. Hai vecto d@ va b khong cung phuong.
D. Cosin goc gitra vecto @ va b bang %
Loi giai

A.Dung. Vi a-b=(2-1;3-1;2—(-1)) =(;23).
B. Sai. Vi @b =2.1+3.1-2.1=3
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C. bing. Vi gqté;ti.
1 1 -1
2.1+3.1-2.1 3

V243422 P (-1 ST

D. Sai. Vi cos(&;l;) =

Cau 10: Trong khong gian Oxyz, cho hai vécto a = (=2;1;-3),b = (—1;-3;2) va diém A(4;6;-3).
A. Toa do vecto a—2b= (0;1;-1).
B. Toa d6 diém B(2;7;-6) thi d = AB.
C. Hai vecto a va b cung phuong hudng.
D. Goc gitlra vecto a va b bang 120°.
Loi giai
A. Sai. Vi a—2b=(0;7;-7).
—2=x,—4 Xy =2
B.Ding. Via=A4AB < 1=y,-6 < y,=7 = B(2;7;-6).

—3=z,+3 Z, =6
C Sai.Vi—;tLii.
17372
D. Piing. Vi cos(@:h) = DFEIIHEN2 1G5 o

J2 AP+ (3P P32 +20 2
Cau 11: Trong khong gian Oxyz, cho ba vecto a= (—1; 1;0),7) = (1; 1;0),2 = (1; 1;1) .
A. Do dai vecto G bing /2.
B. Vecto b vuong goc voi d.
C. Vecto b vudng goc voi ¢ .

D. Toa do vecto 3a + 2b-¢ bang (—2;4;-1).
Loi giai

A. Ping. Vi \&‘ = J(=1)? +12+0 =+2.

B. Bing. Vi @b =(-1).1+1.1+0=0
C.Sai. Vi bé =1.1+1.1+0.1=2.
D. Sai. Vi 3G +2b —¢ = (-2;4;-1).

Cau 12: Trong khong gian Oxyz, cho ba vecto a = (—1;1;0),5 = (1;1;0),2 =(L;1;1). Xét tinh ding
sai cua cac ménh dé sau?
A lal=+2.
B.bla.
C.hlc.
D. 2[¢|=6..
Loi giai

11



| B.D C.S D.S

A D
1 Ta c6: [a| = (1) +17+07 =2 nén A ding

) ha=0nén 5 L a.Suy ra B dung
0 be=1.141.140.1=2 = b khong vudng goc vdi c.

O 2‘2‘ =23 nén D sai

Céu 13: Trong khong gian Oxyz, cho ba diém A4(4;2:1), B(2:1;3), C(-1;3;-2).

A. Toa d0 trong tam tam giac ABC béng (g, 2;%).

B. Toa d¢ trung diém doan théng AB bﬁng (3;%;2)

C. Tt gidc ABCD 1a hinh binh hanh thi toa d¢ diem D =(1;4; —4).
D. Ba diém 4,B,C thing hang.
Loi giai

b b

A. Dung. Toa d0 trong tAm tam giac ABC (4+32_1-2+;+3-1+§_2j=(5 2

9 b

B. Pung. Toa do trung diém doan thang 4B (4+2'2+1-1+3j:(3;2;2)
2 2 2 2
C. bung. Tt giac ABCD 1a hinh binh hanh:
2-4=-1-x, x, =1
AB=DC = 1-2=3-y, <1y, =4 = D(1;4,-4).
3-1=-2-2z, z,=—4
ﬁ:(—2;—l;2). Ta co: _—zi_Tl;t%:A,B,C khong thang hang.

D. Sai. Vi
AC = (-5;1;-3) =5

Céu 14: Trong khong gian Oxyz, cho ba diém A4(3;5;-1), B(7;x1), C(9;2;).
A.Badiém 4,B,C thang hang thi x+ y=5.

B. Piém G(?;%;.’aj la trong tdm tam giac ABC thi x=1;y =3.

C. Tam giac ABC vuodngtai 4 thi x=13,y=-1.

D. Tich v6 huéng ciia AB.AC =—3x+2y+41.
Loi giai

A. Dbung.

Ta c6: ﬂé:(4;x—5;2), R:(6;—3;y+1)

Pé badiém 4, B, C thang hang & AB=kAC & x—Szk(—3) &

2
4=k6 k=3
x=3
2:k(y—|—1) y=2

12



Vay x+y=35.

3+7+9 19
3 3
=1
B. Dung. Taco: 5+x+2:§ = ¥ .
3 3 y=3
—1+1+y=3
3

C. Dlng.
Ta co6: E:(4;x—5;2), R:(6;—3;y+1)
AB.AC =24+ (x=5)(-3)+2(y +1)
C(x=13
Vi — AB.AC=0
y=-1
D. Dung. Vi AB.AC =24+ (x—5)(-3)+2(y+1) =—-3x+2y+41.

Cau 15: Trong khéng gian Oxyz, cho ba vecto a =(1;2;3); b=(2;2;-1), ¢ =(4;0;-4).
A. 3a =(1;6;9).

Loi giai
A. Sai. Vi 3a =3(1;2;3) = (3;6;9)
B.Dung. Vi G+b =(1+2;2+23-1) = (3;4;2).
C.Sai. Via—-c=(1-4,2-0;3+4)=(-3;2;7).
D.Dung. Vi a—b+2c=(1-2+2.4:2-2+2.0;3—(=1)+2.(-4)) = (7;0;-4).
Cau 16: Trong khong gian Oxyz, cho hai vecto @ =—i +3/ +4k; b =2i +4) +k.
A. Toa d6 vecto a =(—1;3;4).

- 1
B. Cosin goc gitra hai vecto d,b bang 5

C. Tich v6 hudng ctia hai vecto @,b bang 14.
D. Hai vecto @,b vudng gdc v6i nhau.
Loi giai
A. Pung. Dya theo dinh nghia suy ra a =(-1;3;4).
—1-2+3-4+4-1 546

B Sai. Vi cos(a,b): \/(—1)2 132442221 47 4 12 " 739

C.Dung. Vi a-b =-12+3.4+4.1=14.

D. Sai. Vi tich v huéng cua hai vecto @,b khéc 0.
Cau 17: Trong khong gian Oxyz, cho ba vecto a =(2; 1;—2),1; =(1,2;-4),¢ =(-1;-3;3).
13



Cau 18:

Cau 19:

A. d=2b.

B. [a|=3p|

C.a-b=12

D. 24 —3b+5¢ = (—4;-19;23).

Loi giai

A. Sai. Vi G,b khong cung huéng.

jd|=2> +1° +(-2)* =3 321
B = |a|=——
B = 1+2” +(-4)* =21 21
C.Pung. Vi @-b =2-1+12+(-2).(-4) =12.

D. bung.
Ta c6 2a =(4;2;-4),-3b =(-3;-6;12),5¢ = (=5;~15;15)

B. Sai. Vi |13 |

Vay 2a-3b+5¢ =(-4;-19;23).

Trong khong gian Oxyz, cho bon vecto a= (2;3;1),5 =(-1;5;2),¢c =(4;,-L;3)va

X =(-3;22;5).
A. X=2d+3h-C.
B. Hai vecto @ va b clng phuong.
C. Hai vecto a va ¢ khong cung phuong.
D. Hai vecto a,b vudng goc voi nhau.
Loi giai

A. Dung.

2m—-n+4p=-3 m=2
bat )?:m-67+n-15+p-5c> 3m+5n—-p=22 & n=3 .

m+2n+3p=>5 p=-1
Viy X =2d+3b —C.
B.Sai.Vii:E:l.
-1 5 2
C.Sai.Vii=§=l.
-1 5 2

D. Sai. @b =2-(-1)+3-5+1-2=15

Trong  khong  gian Oxyz, cho hinh binh  hanh
A(-1;1;2),B(1;0;3),C(0;2;-2).

A. Toa d6 vecto BC = (-1;2;-5).

B. Toa do vecto AB = 2;—}'+7c .

C. Toa dd diém D 1a D(-2;3;-3).

D. Toa do vecto AD = —i + 2}‘ +5k.

14
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Loi giai

| AD | B. P C.D D.S

- BC=(~1;2;-5) nén A ding
[ AB=(2;-L1) nen B dung
1 Goi toa d diem D 1a (x;y;z)
AB =(2;-1;1)
DC =(~x;2-y;-2~2)

Vi ABCD 14 hinh binh hanh nén DC = AB

—x=2 x=-2
Suyrai2—y=-l<<{y=3
—2-z=1 z=-3

Vay toa do diém D 1a D(-2;3;-3) vay C ding

) AD=—i+2j-5k ngn D sai
Cau 20: Trong khong gian vdi hé toa d0 Oxyz, cho hinh hop ABCD.A'B'C'D’', biét rﬁng
A4(2;1;0),C€(0;3;0),C'(~1;2;1),D'(0;-2;0).
A. Toa d cac diém A',B' 1a 4'(1;0;—1),B'(0;4;2).
B. Toa d cac diém B,D la B(1;51),D(1;-1;-1).
C. Toa do vecto AB 1a @=f+4}'+7c.

D. Toa d6 vecto AB 1a B'D :f—S}'—Sl;.
Loi giai

A.S

1 Goi toa d¢ diem A' 1a (x;y;z)

A'C':(—l—x;2—y;1—z)

15



AC =(-2;2;0)
Vi 4'C'CA 14 hinh binh hanh nén 4'C" = AC

—1-x=-2 x=1
Suyrai2—y=2 < 1y=0=4'(1;0;1) nén A sai
1-z=0 z=1

Lam tuong tu ta co: B'(0;4;2)
= B(1;5;1);D(1;—1;—1) nén B dung
) AB=(1;4;1)= AB=i+4j+knen C ding
U B'D=(1;-5;-3)=B'D=i-5;-3k n¢n D ding

Cau 21: Cho hinh chép S.ABCD day la hinh thang vuong tai 4 va B, AD=2A4AB=2BC =2a,
canh bén S4 vudng goc voi mit phang day (ABCD), SA=2a.Goi H lahinh chiéu diém
C trén canh AD .

S ¢
A. Toa d6 cac diém 4,B 1a 4(0;0;0), B(a;a;0).
B. Toa d¢ cac diém C,D 1a C(a;a;0),D(24;0;0).
C. Toa d¢ diém S 1a 5(0;0;2a).
D. Toa d6 diém H 1a H (a;0;0).

Loi giai

A.S | B.D C.D D.D

16



Cau 22:

S ¢
Dé tinh dwgc AB=BC=AH =a
Gan hinh chop vao hé truc toa dd Oxyz véi O = 4, AB=i,A4H = 7, AS =2k
Khi d6 ta c6 4(0;0;0),B(a;a;0),C(a;a;0),D(2a;0,0),5(0;0;2a),H (a;0;0)
Cho hinh chép S.ABCD cé ddy ABCD 1a hinh vudng c6 cac canh bang 1, SAD la tam
giac déu va nam trong mat phang véi day. Goi O,M va N lan lugt 1a trung diém cua
AD,BC va CD. Thiét 1ap hé truc toa d Oxyz nhu hinh vé.

A. Toa d6 cac diém 4,B la A(O;—%;Oj,B[l;—%;Oj.
B. Toa dd cac diém C,D la c(h%;oj,z) 0;

B3

C. Toa d0 diém S 1a 5[0;0;7)

D. Toa d6 cac diém M, N la M(I;O;O),N(%;%;OJ.

Loi giai

A.D B.D | C.D D.D

17



Chon h¢ toa dd Oxyz nhu hinh vé.

SAD 1a tam giac déu co canh bang 1 nén SO = -

Al0:-L:0].8(1-L:0] c[12:0].0[0:2:0] s o;o;ﬁ , M (1;0,0),N Ll
2 27 ) 72 27 ) 2 2°2

Cau 23: Trong khong gian Oxyz, cho vecto a = (2;—2;—4), b= (1;—1;1).
A. d+b=(3;-3;-3)
B.dvab cung phuong
C. [p| =3
D.d=2i-2j—4k
Loi giai

AD | B.S C.Db D.D

® Xétdap an A: d+b =(3;-3;-3) dung.

® Xétdap an B:a=2(1;-1;-2)#b =(L;~1;1). Suy ra @ va b khong cing phuong. Dap

an B sai.
. |l;| =3 ding.
©G=2i-2j—4k dung.

Cau 24: Trong khong gian véi hé truc toa d6 Oxyz, cho a = (2;—5;3), b= (O; 2;—1), ¢ = (1;7;2) .
A. ii=3d-b+5¢ véi ii =(11;22;18).

18



B. x:%a-%ﬁ 2¢ véi x—[ 1—% —%].
C.v=a+b v6i v=2i-3j+2k.
D. y=b—c véi y =—i+5)-3k.
Loi giai
AD | B.D | C.Db D.S

A.li=3G—b+5C v6i ii = (11;22;18).13[’1NG

3G = (6 -15; 9)

+ Ta co: b:(O;—Z;l) —=3d-b+ 56:(112218)
5¢ = (5;35;10)

B. X la—fﬁ—za Vol X = 1;—3;—1 .DPUNG
2 3 6

1
2
+ Ta co: %5:[O;§;—ij :lé—il;—%:[—l;—g;—zJ:?c

—_—

C.v=a+b v6i v=2i-3j+2k.DPUNG
a+b=v=(2-3%2)>v=20-3j+2k

< |
||

=)

23—? voi y——z+5] 3k . SAI
7= b-c=y=(-L-5-3)=y=-i-5j-3k

Cau 26: Trong khong gian Oxyz, cho a :7+3l€—4j va b= (m —n;4m—6n;n” —3m +2), voi
m,n1a tham sd.
a) Toa do a =(1;3;—4).
b) Dung diém A thoa OA=a thi A(1;—4;3).

c) Ton tai giatricia m van dé b=0.
d)Néu a=b thi m+n=9.
Loi giai

Dap an: a sai; b diang; ¢ sai; d ding
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a) Toad) a= (1;—4;3).
b) Khi OA=a thi toa dd @ ciing 13 toa do diém 4. Suy ra A(l; —4;3) .

m—n=0 m=0
) b=0=14m-6n=0 <{n=0 . (v6 nghiém).
n*=3m+2=0 n*=3m+2=0

Vay, khong tdn tai m,n dé b=0.

m—n=1 5
d)a=boldm—bn=—4b <" "

) n=4

n°-3m+2=3

Suyra m+n=9.

Cau 27: Trong khong gian Oxyz, cho 52(2;2;0),52 2]+2l€.D1_Ing OA=d va OB=b.

a) a=2i +2k. :
b) Toa do b =(0;2;2). , '
¢) Toa do AB =(-2:2;0) A -
d) Goc AOB = 45", /
Loi gidai
z,:p _____________ B
“ :
A I____“;___I;k___ .I Ar E
= i
/0 i J
w T "

Dap an:a sai, b dung, ¢ dung, d sai
a) Tacod a=(2,0;2)=a=2i +2k.

b)Tacd b=2]+2k =b=(0;2;2).

20



c) Taco OA=a thi toa d0 véc to @ cling chinh la toa o 4. Suy ra A(2;0;2). Tuong tu
B(0;2;2) . T day, ta tinh duge 4B =(=2;2;0)

d) Nhan xét OHMK . PANB 14 hinh lap phuong. Suy ra aO4B déu. Viy A0B =60".

Cau 28: Trong  khong  gian Oxyz, cho  hinh  hdp OABC.O'A'B'C’ co
A(1;1,-1),B(0;3;0), BC' = (2;-6;6). Goi H,K lan luot 1a trong tim clia tam giac OA'0’
va CB'C'.

a) Toa d6 diém C' 1a (2; —3;6) q o
b) Toa d6 diem O’ 1a (3;-5;5). AT B

¢) Toa do véc to AB' = (—2;3; —6).
d) Toa d¢ véc to HK =(~1;2;-1

) [,1,'. .......... C

Cau 29:

Loi gidi
bép an: a ding; b dung; c sai;d sai

x-0=2 x=2
a) Goi C'(x;y;2). Taco BC' =(2;-6;6) =1 y-3=-6<{y=-3
z—0=6 z=6
Vay C(2;-3;6).
x—-1=2 x=3

b) Goi O'(x;y;z). Theo hinh v& thi A0'=BC" < {y-1=-6c1y=-5
z+1=6 z=5

Vay 0'(3;-5;5).
¢) Theo hinh v& thi 4B"=0C" =(2;-3;6).
d) Taco HK = AB=(-1;2;1).

Cho hinh chop S.ABCD c6 ddy ABCD 1a hinh chir nhat, AB=1,4D =2,5S4 vudng gbéc
v6i mat day va SA=3. V6i hé toa 40 Oxyz dugce thiét 1ap nhu sau: Goc toa dd O tring
véi diém A, cc véc to E, AD, AS lan lugt cuing huéng véi i, 7 va k . Xét tinh dlng sai

cua cac khang dinh sau
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a) Toa do D((); 2;0).
b) Toa do C(1;2;3).
c) Toa do S(2;0;0)

d) Toa d6 1(1;1;0).

Loi gidi

Dap an: a ding; b sai; ¢ dung; d sai

V61 hé truc da chon nhu hinh v€ thi

a) Piém DeOy va AD =2 nén D(0;2;0).

b) biém C e (Oxy) va c6 hinh chiéu 1én Ox,Oy lan luot la diém B va D.Do AB=1va
AD =2 nén C(2;2;0).

c) Diém S €Oz va A4S =3 nén §(0;0;3).

d)Piém I € (Oxy) va va c6 hinh chiéu 1én Ox,Oy lan luot 14 trung diém cua AB va
AD nén 1(0,5;1;0).

Céu 30: Cho hinh lap phuong ABCD- A'B'C'D’ ¢ canh bang 2. Vi hé toa do Oxyz duoc thiét 1ap
nhu hinh bén (gbc toa 6 O tring v6i tim hinh vuéng ABCD ), hdy xét tinh dung sai ctia

cac khing dinh sau:
a) Toa do A(—l; O;O).

b) Tcr':(zﬁ;o;z).

¢) Toa d6 D'(O;x/z;2).
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d) BD'=(0;0;2).
Loi gidi
Dap an: a sai; b dung; ¢ dung; d sai

bo dai AC= 272 . veéi hé truc Oxyz da chon nhu hinh vé thi

Z

Al [ n'
BI M : C‘r

. :

ikl de y

A learT P
pli=="" 0 -

(,'

a) Piém A4 € Ox, nam nguoc chiéu duong va OA = V2 nén A(—\/E ;0; O) .
b) Toa do C'(\/E;O;2). Suy ra AC :(2\/5;0;2).

¢) Piém D' ¢6 hinh chiéu vudng goc xudng ( Oxy) 1a diém D(O;«/E;O) va DD'=2 nén

D'(o;\/i;z).

d) Toa do B(O;—\/E;O),D'(O;\/E;Z). Suy ra EE’:(O;ZJE;Z).

Céu 31: Cho hinh ling truy ABC-A'B'C' ¢6 ddy ABC la tam giac déu canh bang 2 nhu hinh v&.
Hinh chiéu vudng géc ctia 4’ 1én (A4BC) tring véi trung diém canh AB, géc A 40 =60°
. V61 hé toa do Oxyz duoc thiét 1ap nhu hinh bén (géc toa d0 O trung voi trung diém cua
doan BC ), hdy xét tinh dung sai ciia cac khang dinh sau:
a) Toa do diém A4(-1;0;0). :
, Al c'
b) Toa d6 di€m C(O; \/5;0).
¢) Toa d6 diém A’(O;—l;\/g). B
d) Toa d¢ diém C'(l;\/g;\/g) .
A k-oqemnafaan-- == Y
- C
0
B
Loi gidi
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D4p 4n: a ding |b ding [c sai |d ding
Do dai OC = 2-7 = \/§-OA = (0A-tan60° = \/5 Vi hé truc Oxyz da chon nhu hinh vé

trén thi

a) Piém A4 € Ox, ndm nguoc chiéu duong va O4 =1 nén A(—I;O;O).
b) Diém A’ € Oy, nim cing chidu duong va OC =+/3 nén C(O;JE ;o).
¢) A'€ Oz, nam cung chiéu duong va 04’ = V3 nén A’(O; O;\/g) .

x—0=1 x=1
d) Goi C’(x;y;z).Tacc’) AC=AC{y-0=3=1y=13.

Z—\/§=O Z=\/§
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Cau32: Cho cic diém A(5-23)B(-212),€(3-1,2)

a) AB=(-3;3;-1).

b) AC =(-2-11).

¢) AB=34C.

d) Ba diém A4, B,C khong thang hang.

Loi gidi

Dap an: a diang; b sai; ¢ sai ;d diang
a) AB=(x, =Xy, —y37,—2,) = (-3:3-1).
b) R’z(xc—xA;yc—yA;zC—zA)=(2;1;—1)

c) AB = (—3;3;—1),% = (2; 1;—1). Hai vec to nay khong cting phuong nén khong ton tai
sb thuc k dé AB=kAC.

d) Hai vec to AB va AC khong cting phuong nén ba diém 4, B,C khong thing hang.

Cau 33: Cho ba diém A(3;3;—6),B(l;3;2) va C(—l;—3;1). Goi M,N,K lan luot 1a trung diém
cua AB,BC va CA.
a) Toa do M(2;3;2).

b) V6i G 1a trong tam tam gidc ABC thi GC = 245 .
¢) Trong tdm tam giac MNK la E(l;l;—l) )

d) V6i D(-3;-3;9) thi tir gidc ABDC 1a hinh binh hanh.

Loi gidi

Dap an: a sai; b sai; ¢ dung; d dung
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Xy+Xg Vit Vpg 2,12 hay M(2'3'—2).
2 b 2 b 2 b

a) M latrung diém cia AB,suyra M (

b) Taco G(1;1;-1). Suy ra GC = JEI=1? +(=3-12 +(1+1)° =246 .
c¢) Hai tam gidc 4BC va MNK co6 cung trong tam. Suy ra £ trung voi G(l;l;—l).

d) Taco AC =(~4;-6;7),BD =(~4;-6;7), suy ra AC =BD. Vay ABDC la hinh binh
hanh.

Céau 34: Cho hinh hop ABCD-A'B'C'D', biét diem A(0;0;0), B(1;0;0),C(1;2;0),D'(-1;3;5).
Goi M, N la tdm cua cac hinh binh hanh ABB'A', ADD'A’ .
a) Toa dd D(0;2;0).b) Toa dd 4'(-L1L5).

¢) Toa do MN =(~11;0).d) [4B+4D+CC|=29.

A.l'.-

Loi gidi

Pap an: a dung;b dang ;c sai; d sai

L

a) Theo qui tic hinh binh hanh, ta c6 4D = AC - 4B =(0;2;0)= D(0;2;0).
b) Tacé A4 =DD’ = (-L15)= 4'(-L1;5).
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Cau 35:

¢) Theo hinh v& MN = BC =(0;2;0).

d) Taco AC'= AB+ AD+ A4 =(0;3;5). Xét

=02 +32+5% =34

E+E+WHE+E+MHTC’

Hai chiéc khinh khi ciu bay 1én tir ciing mot dia diém. Chiéc thir nhat cach diém xuat phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiéc thur hai
nam cach diém xuat phat 1 km vé phia bac va 1,5 km vé phia tay, dong thoi cach mat dat
0,8 km.

Chon h¢ truc Oxyz v6i goc O dat tai diém xuat phat cua hai khinh khi cau, mat phang
(Oxy) trung vi mat dat véi truc Ox hudng vé phia nam, truc Oy hudng vé phia dong

va truc Oz hudng thing dimg 1én troi (Hinh bén dudi), don vi do 1dy theo kilomet.

* Tay
.

.
Bac .7

Béng
a) Vi hé toa do da chon, toa d6 khinh khi cau thir nhét 1a ( 2;1;0,5).
b) V6i hé toa do da chon, toa do khinh khi cau thw hai 1a (-1,5;-1;0,8).

¢) Khodng cach tir diém xuAt phat dén khinh khi cAu tht nhit bang ~/21 km.

d) Khoang cach hai chiéc khinh khi cau 14 3,92 km (Két qua lam tron dén hang phan

tram).
Loi gidi

P4p 4an: a ding |b sai [c sai |[d ding

a) Chiéc khinh khi cau thtr nhét ¢6 toa do 1a (2;1;0,5).

b) Chiéc khinh khi cau thi hai ¢6 toa d¢ 1a (~1;-1,5;0,8).

¢) Khoang cach tir diém xudt phat dén khinh khi cdu thir nhit bang

22 +17 40,57 =@( km )
2
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d) Khoang cach hai chiéc khinh khi cau 1a
JE1-2) +(1,5-1)° +(0,8—0,5)° =4/15,34 ~ 3,92( km).

CAiu 36: Cho ba vec-to d = (—1;1;0),5 =(L1;0) va ¢ =(L1;1).
a) |a|=2.

b) Je|=+3.

Loi giai

D4p 4n: asai |b ding Ic sai |d sai

a) [d| =(-D)?+ 1> =2.b) [e| = VI + I+ 1> =43

o)

a-

|q|“ =0 d) 5-E=2,suyra5 khong vudng ¢ .
a

c) cos(d,c)=

(o)}

Cau 37: Cho hai vécto u = (0;2;3) vav= (m—1;2m;3).

a) |ﬁ|=\/§

b) ‘ﬁ|=|\7‘<:>m:—§.

Loi giai

Dap 4n: a ding |b.sai [c dang |d sai

a) i =v0* +22 +3* =13

b) \ﬁ|=|v\©J§=J(m—1)2 +4m> +9 < 5m> —2m—-3=0< m =1 hoic m:—%.

c) khi m=1 thi v=(0;2;3).Suyra ii=".
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d) L?Lﬁ<:>4m+9:O<:>m:—%.
Céu 38: Cho tam gidc ABC c6 A(1;2;0),B(0;1;1),C(2;1;0).
a) Tam gidc ABC vuodng tai 4.
b) Chu vi tam giac la J7+B3+42.
c¢) Dién tich tam gidc 4ABC la J6.
d) Tam dudng tron ngoai tiép tam giac ABC 1a 1 (l;l;%j .
Loi gidi
D4p 4n: a ding |b sai |c sai |[d dung
Taco AB=(-L;~1;1)= AB=+/3,4C =(;-1;0) = 4C =42,
BC =(2;0;-1)= BC=+/5.
a) AB-AC =0 dod6 AB L AC , tam gidc ABC vuong tai 4.
b) Chu vi ciia tam giac 1a AB+ AC+BC =3 +~/2 ++/5.

c¢) Dién tich la S=%-AB-AC=§

L 2 1
d) Tam dudng tron ngoai ti€p la trung diém cua BC co6 toa dd / (l; I;EJ .

Ciu 39: Hinh minh hoa so d6 mot ngdi nha trong hé truc toa dd Oxyz , trong d6 nén nha, bon b
tuong va hai mai nha déu 1a hinh chir nhat.

Q(2:5:4)

————————————————— G(4:5;3)

E(0:;0;3)

CF--mmmm - ----) B(4;5,0)

0(0;0;0) A x
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a) Toa d0 cua cac diém A(S;O;O).
b) Toa d6 cua cac diém H(0;5;3).

c) Géc nhi dién 6 canh la duong thing FG , hai mit 1an luot 1a (FGOP) va (FGHE)
g0i 12 goc ddc ciia mai nha. S6 do ciia goc doc ciia mai nha bang 26,6° (lam tron két qua
dén hang phan mudi cia do).
d) Chiéu cao ctia ngdi nha 1a 4.

Loi gidgi
Dap an: a sai ;b sai ;c sai ;d sai
a) Vi nén nha 1a hinh chit nhat nén tu giac OABC 1a hinh chit nhat, suy ra
X, =x,=4,y.=y,=5.Do 4 nam trén truc Ox nén toa do diém 4 1a (4;0;0).
b) Tuong nha 1a hinh chit nhét, suyra y, =y.=5,z, =z, =3.Do H nam trén mat
phing (Oyz) nén toa do diém H 1a (0;5;3).
¢) Pé tinh goc ddc ctia mai nha, ta di tinh s6 do goc nhi dién c6 canh 1a duong thing FG ,
hai mat phang lan luot 1a (F GQP) va (F GHE ) . Do mit phéng (OZx) vuong goc voi hai
mit phang (F GQP) va (F GHE ) nén goc PFE 1a goc phang nhi dién ing véi goc nhi
di¢n do.

Taco FP=(-2;0;1),FE =(-4;0;0).

_ FP-FE _ (=2)-(4)+0-0+1-0 25

|FPFE| (27 0242 a2 10t 40?5

Suy ra cosPFE = cos(ﬁ’, I*TE)

Do d6, PFE ~26,. Vay goc déc clia mai nha khoang 26,6° .
d) Chiéu cao bang cao do cua diém P.Suyra h=4.

F. TRA LOI NGAN
Cau 1: Trong khong gian Oxy, cho hai vecto d = (3;2;5) va b = (3m+2;3;6—n) . Tinh gié trj biéu
thitc 6m + 25 dé hai vecto d@,b bang nhau.
Loi giai

Tra loi: 2
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Cau 2: Trong khong gian Oxyz, cho tam gidc ABC c6 ba dinh A(1;2;3), B(-1;2;0),C(3;2;-3)
va G(a;b;c) 1a trong tdm ciia tam gidc ABC. Tinh gia tri biéu thic P=a+b+c.
Loi giai
Tra loi: 3
Do G latrong tam tam giac ABC nén

a:1+(—1)+3:

1
3

b=2+§+2 —2  =G(1:2:0)

c:3+O;L(—3) 0

Vay P=a+b+c=1+2+0=3.

Cau 3: Trong khong gian Oxyz, cho tam giac ABC c6 A(I;O;O), B(O;O;l), C(2;1;1). Dién tich
ctia tam giac ABC bang:
Loi giai
Tra loi: ?

Taco: AB=(~1,0;1),AC =(L;1;1) = (-1).1+0.1+1.1=0= 4B L AC.

Nén dién tich tam giac ABC 1a S = %AB.AC = g
Cau 4: Trong khong gian Oxy, cho hai diém A(1;2;3) va B(2;1;1). Cho diém M (x,;¥,;2,) thudc
mit phiang (Oyz) sao cho ba diém A, B, M thang hang. Tinh gié tri biéu thirc Xy + Vot 2,
Loi giai

Tra loi: 8

DPiém M e (Oyz) = M(0; y;z)

Ta cd: AM = (-Ly—-2;z-3), AB = (1,-1;-2)
bé A,B,M thang hang thi AM , AB cung phuong

— — _ =3
1 -1 -2 z=35

Suyra x,+y, +z,=38.
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Cau 5:

Cau 6:

Trong khéng gian Oxy, cho ba diém A(1;-1;1), B(3;1;2) va C(~1;0;3). C6 bao nhiéu diém
D sao cho tir gidc ABCD 1a hinh thang ¢6 2 canh day 4B,CD va cé goc tai D bang 45°.
Loi giai

Tra loi: 2

Goi D(x;y;z)

AB =(2;2;1),DC =(-1-x;—y;3—z)

TG gidc ABCD 1a hinh thang ¢6 2 canh ddy 4B,CD nén AB,DC cing phuong.
~1-x -y 3-z {x=2z—7

= =—= =

2 2 1 y=2z-6
E=(x—l;y+l;z—1): E=(22—8;22—5;z—1)
CD=(x+Ly;2-3) CD=(2z-6;2z—6;2-3)
— 2 —
cos(AD,CD): o3 = 23 =L.
922 —62+10)4/9(z=3) N -6z+10 ~2

z=4 x=Ly=2
= .
z=2 x==-3y=-2

=2z -6z+9)=2" —6Z+10<Z>|:
Vay D(1;2;4) hoac D(-3;-2;2).
C6 2 diém D thoa diéu kién.

Trong khong gian Oxy, cho tam gidc ABC, biét A(2;0;0), B(0;3;1),C(=3;6:4). Goi M 1a
diém trén canh BC sao cho MC =2MB. Tinh d6 dai AM .

Loi giai
Tra loi: 5,39
A
B M e

Goi M (x;y;z2)

CM =(-3-x;6—y;4—x)

m:(x;y—&z—l)

-3-x=2x x=-1

Theo dé ta c6, CM =2MB < {6—-y=2(y-3) < y=4 = M(-1;4;2)
4—z=2(z-1) z=2

AM =J(-1-2) + 4> +2> =29 ~ 5,39
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Cau 7:

Cau 8:

Cau 9:

Cau 10:

Cau 11:

Trong khong gian Oxy, cho ba diém A(1;2;-1), B(2;-1;3),C(—2;3;3). Piém M (a;b;c) l1a
dinh tht tu cia hinh binh hanh 4ABCM. Tinh gia tri ctia biéu thic P = a® +b* —¢°.

Loi giai
Tra loi: 44

MC =(-2-a;3-b;3—¢)
AB = (1;-3;4)
Tt gidc ABCM 13 hinh binh hanh < AB = MC
—2-a=1 a=-3
<3-b=-3=<b=6 = P=44.
3—c=4 c=-1

Trong khong gian Oxy,cho hai diém trén truc hoanh ma khoang cach tir 46 dén diém
M (-3;4;8) bang 12. Tinh tong hai hoanh d¢ ciia chiing.

Loi giai
Tra loi: -6

N(x;0;0)

x=5

MN=12<:>\/(x+3)2 +4°+8 =144 & (x+3)’ =64c{

Téng hoanh d6 cia ching bang —6
Trong khong gian Oxy, cho hai vecto a = (2;5;—3),1; =(0;—4;0). Tinh tich v06 huon cua
hai vecto @,b.
Loi giai
Tra loi: -20
G-b=2-0+5-(—4)+(-3)-0=-20

Trong khong gian v6i hé toa dd Oxyz , cho cac diém @1’=§+o}+3/}, 0—B=2;+3}'—47€,
R’z—3§+}'+27¢. Diém D(x;y;z) sao cho ABCD 1la hinh binh hanh. Tinh
P=2x+y-z.

Loi giai
Tra loi: -19
Goi D dé ABCD 1 hinh binh hanh.
AC = 4B + 4D < AD = AC~ 4B ~ OC - O - (0B - 0A) = OC - OB = -5i~2j + 6§
& OD~O0A=-5i-2j+6k < OD =—4i —2j +9k < D(-4;-2;9)
P=2x+y-z=2.(-4)-2-9=-19

Trong khong gian véi hé toa do Oxyz, cho 2122;-1-31;; h=3i+ 3}'. Toa do vec to
a=(x0;3); b=(3;;0). Tinh P=x"+)".
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Loi giai
Tra loi: 13
a=(2;0;3); b=(3;3,0). P=x’+y*=2"+3 =13

Cau 12: Trong khong gian v6i hé toa do Oxyz, cho OM = 2;—3}'+47c; ON =—i+ 3;’—7(. Toa do
diem M (2;-3;a);N(-1;b;-1). Tinh T =2a-3b.
Loi giai
Tra loi: -1
M (2;-3;4),N(-1;3;-1). T=2a-3b=24-33=-1

Cau 13: Trong khong gian voi hé toa dd Oxyz.cho a= (3;—5; 2) ; b= (2;1; —1) . Vecto
a=3i—yj+2k; b=2i+ j+zk.Tinh P=y* -2
Loi giai
Tra loi: 26
a=3i-5j+2k; b=2i+j—k. P=)"—2 =(=5) +(-1)> =26
Cau 14: Trong khong gian voi hé toa d0 Oxyz, M (1; 0; —2),N(5;l; —6) . Tinh
OM =i+yj-2k;ON =xi+ j—6k.Tinh P=x>+y".
Loi giai
Tra loi: 125
OM =i-2k; ON=5i+ j—6k. P=x’+1°=0"+5" =125
Cau 15: Cho hinh chép S.ABCD c6 day 1a hinh vudng canh bang 5, S4=2 va S4 L (A4BCD).
Chon h¢ truc Oxyz co géc toa dd tai A; cac diém B,D,S lan lugt trén cac tia Ox, Oy, Oz.
Toa d¢ diem C(x;y;z). Tinh P=x"+)’ +2°.
Loi giai
Tra loi: 250
Ta co: AC = AB+ AD =5i+5 +0k . Suy ra: C(S;S;O).
P=x+y'+2=5+5+0"=250
Cau 16: Cho hinh hop chir nhat ABCD.A’B’C’D’ ¢6 4B =2; AD =3; AA'=4. Chon h¢ truc toa do
Oxyz c6 géc O trung véi A, cac diém B; D; A’ 1an lugt thudc Ox; Oy; Oz. Tim toa d§ cua
C'(x;3;z). Tinh P=x-z.
Loi giai
Tra loi: -2

Ta co:

AB=2i+0/+0k; AD=0i+3/+0k; AA'=0i+0 + 4k
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Cau 17:

Cau 18:

Cau 19:

Cau 20:

AC'=AA'+ AC+ AD =2i+3j+4k;suyra C'(%3;4). P=x—z=2-4=-2,
Cho hinh chép S.4BCD c6 déy 1a hinh vuong canh bang 3, SA=4 va SA L (ABCD).
Chon h¢ truc Oxyz c6 géc toa do tai A; cac diém B, D, S lan luot trén céc tia Ox, Oy, Oz.
Goi M la trung diém SC. Tim toa do diém M(x;y;z). Tinh T=x+y —%z .
Loi giai
Tra 10i: 0
Ta c6: AC = AB+AD =3i+3+0k.
ViM la trung diém SC nén:

- <. A _ Y. il iAot 33,37 47
AM:5<AS+AC):5(01+01+4k+3z+3]+0k)—EZ+EJ+2k

=M 352,2 .T=x+y—iz:§+§—i,2:0
2°2 27 272 2
Cho hinh hép ABCD.A'B'C'D'. Tinh |AC"+CA'+2CCY|.
Loi giai
Tra loi: 0
Ta co: A—CT'=ZE'+5€'; CA'=CC'+C'A va C'A'=CA

Suy ra: AC'+CA'+2C'C=2CC'+ AC+CA+2C'C=0
:>‘A—C'+C—A"+2C—C":O

Cho hinh hdp chir nhiat ABCD.A’B’C’D’ ¢6 AB=8; 4D =6; 44" =4 . Chon hé tryc toa do
Oxyz co géc O trung véi A, cac diém B; D; A’ 1an luot thudc Ox; Oy; Oz. Toa do diém
C'(x;y;z) .Tinh P=x-2y+z.
Loi giai

Tra 1oi: 0
Ta co:
AB=8i+0j+0k; AD=0i+6j+0k; AA'=0i+0;+4k
Trong hinh binh hanh ABCD: AC = AB+ AD =8i+6j +0k
Trong hinh binh hanh ACC’A>: AC'= AC + AA'=8i+6 +4k

= C'(8;6;4). P=x—2y+z=8-2.6+4=0

Trong khong gian véi hé truc toa do Oxyz , cho ba diém A(1;2;-1), B(2;-1;3),C(-2;3;3)
.Diém M (a;b;c¢) 14 dinh thir tu caa hinh binh hanh ABCM , khi d6 P =a’ +b —c* c6 gia
tri bang
Loi giai
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Tra loi: 44
M(x;y;z) , ABCM 1a hinh binh hanh thi

x—1=-2-2
AM =BC={y-2=3+1 = M(-3;6;—1) =P =44.
z+1=3-3

Cau 21: Trong khong gian Oxyz, cho ba vecto a = (-2 2;0);5 =(2;2;0) va 2(2;2;2) . Gia tri cua
|Zz +bh+ E| bang
Loi giai
Tra 16i: 2411
Ta co: ZI+I;+Z’:(2;6;2).
Vay |Zz+13+2|:2\/ﬁ.
Cau 22: Trong khong gian véi hé toa do Oxyz, cho tam giac ABC co6 A(l; 2;—1), B<2;—l;3>,
C(—4;7;5). Goi D(a;b;c) la chan duong phan giac trong goc B cua tam giac ABC . Gia
tri cia a4 b+ 2c bang

Loi giai
Tra loi: 5
B
A D c
Tacé AB=+26, BC =~/104 =226 .
Goi D(x; y;z) , theo tinh chat phén giac ta co DA _BA_ l Suy ra DA = —lFC (*).
DC BC 2 2

Tacod m:(l—x;Z—y;—l—z) va D—C:(—4—x;7—y;5—z).

l—x:—%(—4—x) X=——
Do do (*)= 2—y:—%(7—y) @«y:% :D[—%;%;l]:a%—b—kZC:S.
1 z=1

‘—1—22—5(5—z>

Céu 23: Trong khong gian véi hé toa dd Oxyz , cho ba diém A(2;—3;4),B(l;y;—1)C(X;4;3) . Pé
ba diém 4, B, C thang hang thi tong gia tri 5x +yla:
Loi gidi

36



Cau 24:

Cau 25:

Tra loi: 41
C6 AB=(-1;y+3;-5); AC =(x-2;7;-1).

-1 _y+3_—_5
x-2 7 -1

Dé ba diém 4, B, C thang hang thi AB cung phuong AC &

9
=S>x=—;y=32
5 y
= S5x+y=41

Vay Sx+y=41.

Trong khong gian Oxy, cho ba vecto d = (l;m;2),l; =(m+1;2;1),¢ =(0;m—2;2). Téng cac
gia tri thyc cia tham s6 m dé |c7+l;| :|E|.
Loi giai
Tra loi: -12
5+I;:(m+2;m+2;3)
a+B|=|e| = |a+ ] =fef
S (m+2)Y +(m+2°+9=(m-2)" +4
o m’+12m+9=0

o m=-6+/3.
Téng cac gia tri cia m bang —12.

Trong khéng gian Oxy, cho hai vecto @ = (1;—1;0),b = (2;2¢—1;0). Xéc dinh gia tri ¢ dé
hai vecto G@,b cing phuong.
Loi gidi
Tra loi: -0,5
Hai vecto @,b cung phuong thi
1=2k

L 1= 2k k=1
a=kb < —1:(2t—1)k<:>{ 1= (2 1k<:> 2
0= 0k B C UL I VRV

1
Véi t = % = 2 (vO nghiém.

. 1
V('nt;t5:> &S —-=

Vay ¢ =-0,5.
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Cau 26:

Cau 27:

Cau 28:

Trong khong gian Oxy, cho hai vecto d = (1;2;-2),b = (=1;—1;0). Sé do d6 cua goc giira

hai vecto a,b ?

Loi giai

Tra 16i: 130

cos(:5) = 1-(=1)+2-(=1)+(=2)-0 e
JE+2 (22 1)+ (12 0> N2

— (d@;b) =135°

Trong khong gian v6i hé toa do Oxyz, cho hai diém A(O; 2;—2), B (2; 2;—4). Gia su
I(a;b;c) 1a tim dudng tron ngoai tiép tam gisc OAB. Tinh T =a’ +b” +c”.
Loi giai
Traloi:8
Tacd OA=(0;2;-2), OB =(2;2;-4). (O4B) c6 phuong trinh: x+y+2z=0

1e(0OAB) = a+b+c=0.

E:(a;b—2;c+2), ﬁ:(a—2;b—2;c+4), a:(a;b;c).

. (4I=BI |a*+(c+2) =(a-2)" +(c+4) [a-c=4
Ta c6 hé = , , =
Al =01 (b-2) +(c+2) =b*+¢? —b+c=-2
a-c=4 a=2
a-c=4
Tacohé {-b+c=-2 ¢3{ =b=0 .
~-b+c=-2
a+b+c=0 c=-2

Vay 1(2;0;-2) =>T=a"+b"+c* =8

Trong khong gian véi hé toa d6 Oxyz, cho ba diém A(—2;3;1) , B(2;l;0) s C(—3;—1;1) .
Gid sir diém D(a,b,c) sao cho ABCD 1a hinh thang c6 ddy AD va S,,., =3S, .. Tinh
a+b+c
Loi giai
Tra loi: -10
, 1 1 28, 5
Taco: S, ,0p = E(AD +BC).d(A4,BC) <8 yep = E(AD +BC). A
(AD+BC).S,5¢
BC
Ma ABCD 14 hinh thang ¢6 ddy 4D nén AD=2BC (1).

& 38,50 = <3BC=4D+BC < AD=2BC.

BC=(-5-21), AD=(x,+2%y,-3z,-1).
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Cau 29:

Cau 30:

x,+2=-10 x,=-12
(1) ©@Jyp-3=—4 <iy,=-1.

z,—1=2 z, =3
Vay D(-12;-1;3).
Trong khong gian véi hé truc toa d9 Oxyz cho hinh thang 4BCD vudng tai 4 va B. Ba
dinh A(1;2;1), B(2;0;—1), C(6;1;0) Hinh thang c6 dién tich bﬁng 6x/§. Gia su dinh
D(a;b;c). Tinh a+b+c

Loi giai

Tra loi: 6
Taco 4B =(1;-2;-2) =[4B|=3; BC =(4;1:1) = |[BC|=3V2.

Theo gia thiét ABCD 1a hinh thang vudng tai 4 va B va co dién tich bang 672 nén

%AB(AD+BC):6x/§ @%.3.(AD+3\/§)=6\/§ = AD=+2 :AD:%BC.

Do ABCD 1a hinh thang vudng tai 4 va B nén AD :%ﬁ

4 7
a-l1=— a=—
3 3
e e , 1 7
Gia st D(a;b;c) khi do tacod b—2=§<:> b= E:>a+b+c-6
c—lzl c=i
3 3
A . n 4R 8 48 .
Trong khong gian toa d0 Oxyz cho hai diém A(2;2;1), B(_E;E 5] Biét I(a b; c) la

tam duong tron ndi tiép cia tam gidc OAB. Tinh S=a+b+c.
Loi giai

Tra loi: 2

A D B

Taco: O4=(2;2;1), OB = 848 Gios=-1%.%.8%_0=0i108.
37373 3 33

Laico: O4=3, OB=4= AB=5.

Goi D la chan duong phén gidc trong goc AOB=D thudc doan 4B .
39



Theo tinh chit ctia phan gi4c trong ta co:

DA_04_3_po 3o o (1212)
DB OB 4 4 i
Tam giac OAB c6 dién tich S Z%.OA.OB =6, nira chu vi p :W 6
=>r =£ =1 1a ban kinh duong tron noi tiép; chidu cao OH = O’:'ZB z%.

p

Goi 7 la tdm duong tron ndi tiép tam gidc O4AB = I thugc doan OD .

a=0
Tacé:ﬂ=L=i:>ﬁ:iD—0 = [=(0;1;1) hay {b=1.
DO OH 12 12 i

c:

Viay S=a+b+c=2.

40



BAI TAP CUOI CHUONG 11

PHAN 1. GIAI BAI TAP SACH GIAO KHOA

1. Cho diém M thoa man OM =3i +47 +2k . Toa do cua diém M la:

A. (25 3; 4). B. (3; 4 2). C. (4 2 3). D. (3; 2; 4).
2. Cho hai diém M (1,-2;3) va N (3; 4;,-5). Toa do ctia vecto NM la:

A (-2 6 8). B. (2; 6;-8). C. (-2;6;-8). D. (-2;-6;8).
3. Cho hai vecto i =(3;—4;5), =(5;7;~1). Toa do ctia vecto u+v la:

A. (83 4). B. (-2;-156). C. (2 11;-6). D.(-8;-3;-4).
4. Cho hai vecto i =(1;—2;3),7 =(5;4;-1) . Toa do ctia vecto u—v 1a:

A. (4 6; 4). B. (-4;-6;4). C. (4;6;,-4). D. (~4;-6;-4).
5. Cho vecto i =(1;~1;3) . Toa dd ciia vecto —3u la:

A. (3;-3;9). B. (3;-3;-9). C. (-3;3-9). D. (3;39).

6. Do dai cua vecto 1 =(2;—-2;1) la:

A9. B. 3. C.2. D. 4.

7. Tich vo huéng ca hai vecto i = (L,—2;3) va ¥ =(3;4;-5) la:

A. V14450 B. —V14.4/50. C. 20. D. -20.

8. Khoang cach giita hai diém 7(1;4;-7) va K (6;4;5) la:

A. 169. B. 13. C. 26. D. 6,5.

9. Cho hai diém M (1,-2;3) va N(3;4;-5). Trung diém cta doan thang MN ¢6 toa do la:
A (-211). B. (2 I; 1). C. (-2 -1). D. (2 1; -1).

10. Cho tam gidc MNP co M(O; 2; 1), N(—l; -2; 3) va P(l; 3; 2). Trong tdm cua tam gidc
MNP cé6 toa dd la:

A (0 1 2). B. (0; 3; 6). C.(0; -3 —6).  D.(0; —1; ~2).



11. Cho hai vecto @ =(1;—-2;3) va v =(3;4;-5). Hay chi ra toa d§ cua mot vecto w khéc 0 vudng
goc voi ca hai vecto 4 va v.

12. Cho hinh 1ap phwong ABCD.A'B'C'D'c6 canh bang a . Goi M, N lan luot 14 trung diém ctia cac
canh AA'va CC'. Tinh gbc giira hai vecto MN va AD'.

13. Xét hé toa do Oxyz grfm v6i hinh 1ap phuong ABCD.A'B'C'D' nhu Hinh 39, don vi cua mdi
tryc bang d¢ dai canh hinh 13p phuong. Biét 4(0; 0; 0), B(1; 0; 0), D(0; 1; 0), 4'(0; 0; 1).

a) Xéac dinh toa d§ cac dinh con lai cua hinh lap phuong ABCD.A'B'C'D".

b) Xéc dinh toa d¢ trong tdim G cua tam giac 4'BD.

¢) Xéc dinh toa d cac vecto 0G va OC'. Chung minh rang ba diém O, G, C' thang hang va

0G = %OC’

14. Trong khong gian vai h¢ toa d¢ Oxyz , cho A(20; —3), B(O; —4;5) va C(—1;2;0).

a) Chirng minh rang ba diém 4, B, C khong thang hang.

b) Tim toa d6 cua diém D sao cho t&r giac ABCD 1a hinh binh hanh.

¢) Tim toa d6 trong tdim G cua tam giac ABC.

d) Tinh chu vi ctua tam gidc ABC.

e) Tinh cos BAC .

15. Mot chiéc mdy dugc dit trén mot gia dd ba chan véi diem dat £(0; 0; 6) va cac diém tiép xtic
2 2

v6i mit dat cia ba chan lan luot 13 4 (0; I O);A2 [g;_l;o}é (_ﬁ;_%;o] (Hinh 40). Biét

rang trong luong cua chiéc may 1a 300 N. Tim toa do cta cac luc tac dung 1én gia do F] ,E,E .






PHAN 2. DE KIEM TRA KET THUC CHUONG

PE KIEM TRA KET THUC CHUONG 2

PHAN 1. TRAC NGHIEM 4 PHUONG AN

Cau 1:

Cau 6:

Cau 9:

Cau 10:

Trong khong gian Oxyz, cho u =(—1; 3;2), v (—3;—1;2) khi d6 u.v béng

A. 10. B. 2. C. 3. D. 4.

Trong khong gian Oxyz, cho ba vécto a=(-11;0), 5=(1;1;0), c=(L;1;1). Trong cac
ménh dé sau, ménh dé nao sai?

A.bLé. B.|d=3. C. |d|=v2. D.bla.

Trong khong gian Oxyz, cho vecto a biéu dién cua céc vecto don vi la a= 2?+l;—3} .
Toa d0 cua vecto ala

A. (1,2;-3). B. (2;-3;1). C. (2;1,-3). D. (1,-3;2).
Trong khong gian Oxyz , cho diém A(l; 2;3) . Tim toa d¢ diém A, 1a hinh chiéu vuong goc
ciia 4 1én mit phang (Oyz).

A. 4,(1;0;0). B. 4,(0;2;3). C. 4,(1;0;3). D. 4,(1;2;0).
Trong khong gian v&i hé toa dd Oxyz , cho hai diém A(1;-2;-1) va B(1;4;3). D6 dai doan
AB la:

A. 2413 B. 243 C. 6. D. 3.

Trong khong gian véi hé toa d6 Oxyz, cho tam giac ABC voi A(1;0;2), B(L;1;4),
C(1;—4;0). Trong tam G cua tam gidc ABC c6 toa do la

A. (L-1;2). B. (-;-12). C. (L12). D. (L,-1;-2).
Cho hinh binh hanh 4BCD vé6i A(-2; 3; 1), B(3; 0;-1),C(6; 5; 0). Toa d6 dinh D 1a
A. D(1; 8-2). B. D(11;2; 2). C. D(1;8;2). D. D(11; 2;-2).

Trong khong gian véi hé truc toa dd Oxyz , cho cac diém A(0; —2; —1) va A(1; —1; 2)
. Toa dd diém M thudc doan AB sao cho MA=2MB la

A. M(z;—i; lj. B. M(l;—é; lj
33 22

C. M(2; 0; 5). D. M (-1;-3;-4).
Tim toa do diém M trén truc Ox céch déu hai diém A(1;2;-1) va diém B(2;1;2).

A M l;O;O . B. M l;O;O . C. M i;O;O . D. M E;0;0 .
3 2 2 3

Trong khong gian v6i hé truc toa d Oxyz, cho hai vecto a = (0;3;1), b= (3;0;—1). Tinh



Cau 11:

Cau 12:

PHAN 2 :
Cau l:

cos(Zz,B).
1

A. cos(Zz,l;) = —m .

- = 1 - = 1 - =1
B. cos(a,b):m. C. cos(a,b)=—ﬁ. D. cos(a,b)zﬁ
Trong khong gian voi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D" c6 A(0; 0; 0),
B(3;0;0), D(0;3;0), D'(0; 3; —3). Toa do trong tam tam gidc 4'B'C la

A (1;1;-2). B. (2;1;-2). C. (1;2-1). D. (2;1;-1).

Trong khong gian véi hé toa o Oxyz, cho ba diém A4(1;2;-1), B(2;-1;3), C(-4;7;5).

Toa d¢ chan duong phan giac trong goc B cua tam giac ABC 1a

A. —E;E;l . B. E;—2;1 . C. g;E;l . D. (-21L1).
3°3 3 3 3°3

TRAC NGHIEM DUNG- SAI

Cho hinh chép tir giac déu S.ABCD co6 do dai tat ca cac canh déu bang a.

a) Tt gidc ABCD 1a hinh vuong

b) Tam gidc SBD vudng can tai S.

¢) (SB,BD)=45".

d) SB-BD =-a’.

Trong khong gian Oxyz cho cac diém A(1;-2;3), B(-2;1;2), C(3;-1;2).

a) AB =(-3;3;-1).

b) AC =(-2;-1L1).

C) AB=3A4C.

d) Ba diém 4, B, C khong thing hang.

Trong khong gian Oxyz, cho hinh binh hanh ABCD c6 A(2;-1;-2),B(3;1;2), C(1;-1;1) va
D(xp;¥p32p)-

a) AB=(1;2;4).

b) DC =(1-x,;-1-y,51-2z,).

C) DC=A4B.

d) Toa d6 diém D 1a (0;3;3).

Hinh minh hoa so d6 mdt ngdi nha trong hé truc toa 40 Oxyz , trong d6 nén nha, bbn buc

tudng va hai mai nha déu 1a hinh chit nhat.



0(2:5:4)

Hlooofoooe3 G4 1513)

z4 PQ2:0:4)

E0:0:3) L (o
ol L . B(4:5:0)

00:0:0) A X
Xét tinh diing sai cua cac ménh dé sau:

a) Toa do diém F 1a (4;0;3).
b) Toa do AH =(4;5;3)

¢) AH AF =3

d) Goéc dbc ciia mai nha, tire 1a sé do cua gbc nhi dién c6 canh 1a duong théng FG , hai mat
lan luot 13 (FGOP) va (FGHE) bang 26,6 (1am tron két qua dén hang phan muoi cua
do)

PHAN 3. TRA LOI NGAN

Cau 1:

Cau 3:

Cau 5:

Cho hinh lap phuong ABCD-AB'C'D. Goi M, N lan luot 13 trung diém ciia 4D va C'D’
. Goi ¢ la gbc gitra hai vecto MN va AB.Sédo cia goc ¢ bang bao nhiéu do?

Cho hinh 1ap phuong ABCD-AB'C'D’ ¢6 canh bang a. Goi M, N lan luot 1a trung diém
ciia AD va C'D' . Tich vé huéng MN-C'B =nd® ( n 14 86 thap phan). Gid tri cta n bang
bao nhiéu?

Trong khong gian Oxyz, cho tam gidc ABC c6 A(1;3;5),B(1;1;3),C(4;-2;3). S6 do cua
g0c ABC bang bao nhiéu d¢?

Trong khong gian voi hé toa 40 Oxyz , cho ba diém M (3;2;8), N(0;1;3) va P(2;m;4).
Tim m dé tam gidc MNP vudng tai N .

Mot ngudi ding & mat dat diéu khién hai flycam dé phuc vu trong mot chuwong trinh cta
dai truyén hinh. Flycam I & vi tri 4 céach vi tri diéu khién 150m vé phia nam va 200m
vé phia déng, dong thoi cach mit dit 50m. Flycam IT & vi tri B céch vi tri diéu khién
180m vé phia bac va 240m vé phia tay, dong thoi cach mat dat 60m.

Chon hé truc toa do Oxyz voi gbe O 1a vi tri ngudi diéu khién, mat phang (Oxy) tring
v6i mat dat, truc Ox c6 hudng triung v6i hudng nam, truc Oy c6 huong tring v6i huéng
dong, truc Oz vuong goc voi mat dat hudng lén bau troi, don vi trén mdi truc tinh theo

mét. Khoang cach giira hai flycam d6 bang bao nhiéu mét (1am tron két qua dén hang don
vi)?



Mot chiée xe dang kéo cing soi ddy cap AB trong cong trudng xdy dung, trén d6 da thiét
1ap hé toa @0 Oxyz nhu Hinh véi d6 dai don vi trén céc truc toa d bang 1m . Tim dugc

toa do cua vecto AB = (a;b;c), khido a+c=?




BAI TAP CUOI CHUONG 11

PHAN 1. GIAI BAI TAP SACH GIAO KHOA

1. Cho diém M thoa man OM =3i +47 +2k . Toa do cua diém M la:

A.(2; 3; 4). B. (3; 4 2). C. (4 2; 3). D. (3; 2; 4).
Loi gidi

Chon B

2. Cho hai diém M (1,-2;3) va N (3; 4;,-5). Toa do cia vecto NM la:

A (-2 6 8). B. (2; 6;-8). C. (-2;6;-8). D. (-2;-6;8).
Loi gidi

Chon D

Tacd NM =(1-3;-2-4;3—(-5))=(-2:-6:8).

3. Cho hai vecto i = (3;—4;5),v =(5;7;~1). Toa do cua vecto u+v la;

A. (8 3; 4). B. (-2;-11;6). C. (25 11;-6). D.(-8;-3;-4).
Loi gidi

Chon A

Ta c ii+V =(3+5-4+7;5+(-1)). Do d6 ii +7 =(8;3;4).

4. Cho hai vecto i = (1;—2;3),7 =(5;4;-1). Toa do cta vecto u—v la:

A. (4 6 4). B. (-4;-6;4). C. (4;6,-4). D. (~4;-6;-4).
Loi gidi

Chon B

Taco i —v =(1-5-2-43-(-1)) =(-4-6:4).

5. Cho vecto i = (1;~1;3) . Toa do ciia vecto —3u la:

A. (3-39). B. (3;-3;-9). C. (-3;3-9). D. (3;3;9).
Loi gidi

Chgn C



Ta cé —3ii = (-3.1;,-3.(—1);-3.3) =(-3;3;,-9).

6. Do dai cua vecto i =(2;—-2;1) la:

A9. B.3. C.2. D. 4.
Loi gidi

Chon B

Taco u = /27 +(-2) +1* =3.

7. Tich v6 huéng cua hai vecto 4 =(1;—-2;3) va v =(3;4;-5) la:

A. 14450 . B. —/144/50. C. 20. D. -20.
Loi gidi
Chon D

Tacd uv=1.3 +(—2).4+3.(—5) =-20.

8. Khoang cach gitra hai diém 1(1;4; —7) va K(6; 4;5) la:

A. 169. B. 13. C. 26. D. 6,5.
Loi gidi

Chon B

Ta c6 IK =|1?|=\/(6—1)2 +(4-4)" +(5-(-7)) =13.

9. Cho hai diém M (1,-2;3) va N(3;4;-5). Trung diém cta doan thang MN ¢4 toa do la:

A. (-211). B. (2 1 1). C. (- 2; -1). D. (2 I; -1).
Loi gidi

Chon D

Goi toa do trung diém cua doan théng MN 1la (x; ¥; z).

Ta cod x=ﬂ=2;y=_2+4=1;2: __1
2 2 2

Vay toa d¢ trung diém ctia doan thing MN 1a (2; 1; —1).



10. Cho tam gidc MNP co6 M(O; 2; 1), N(—l; -2; 3) va P(l; 3; 2). Trong tam cua tam gidc
MNP c6toa do la:

A (0; 1; 2). B. (0; 3; 6). C. (0; —3; —6). D. (0; -1 —2).
Loi gidgi

Chon A

Goi toa d9 trong tdm cta tam giac MNP 1a (x; y; z).

Ta co x=%:0;y=w=kz=1+i+2=

2.

Vay toa do trong tdm cua tam giac MNP 1a (0; 1; 2).
11. Cho hai vecto u = (1;—2;3) vav= (3; 4;—5). Hay chi ra toa do cua mot vecto w khac 0 vuong
goc voi ca hai vecto u va v.

Loi giai

3 1
=53

1 -2
; =(-2;14;10).
3 4U (-2:1410)

2 b

Ta co [;,;] = U;z _?;

Chon w= (—2; 14; 10) , ta c6 vecto w vudng goc voi ca hai vecto u va v.

12. Cho hinh lap phuong ABCD.A'B'C' D' c6 canh bang a . Goi M, N lan luot 13 trung diém cta cac
canh AA'va CC'. Tinh gbc gitra hai vecto MN va AD'.

Loi gidi
A! D!
Y
/
\ M 7/
B <~ [c
/
A ~
N N D
N
N
B C

Vi M,Nlan luot 1a trung diém cta cac canh AA'va CC' nén MN//AC, MN = AC. Suy ra
MN = AC.



Do ds, (¥, 4D') = (4C. 7D~ i
Ta tinh dwoc AD' = AC = CD' = a~/2 nén tam giac ACD'la tam giac déu. Suy ra CAD' = 60° .
Vay (M—N,A—D’) =60°.

13. Xét hé toa d§ Oxyz grfm v6i hinh 1ap phuong ABCD.A'B'C'D' nhu Hinh 39, don vi cua mdi
tryc bang d¢ dai canh hinh 13p phuong. Biét 4(0; 0; 0), B(1; 0; 0), D(0; 1; 0), 4'(0; 0; 1).
a) Xéac dinh toa dg cac dinh con lai cua hinh lap phuong ABCD.A'B'C'D".

b) Xéc dinh toa d6 trong tdim G cua tam giac 4'BD.

¢) Xéc dinh toa d cac vecto 0G va OC'. Chung minh rang ba diém O, G, C' thang hang va

0G = %OC’

Loi gidi
a) Ta c6 diém C thudc mat phang (Oxy) nén cao d¢ cua diém C béng 0.

Lai c6 CBLOx tai Bnén hoanh do cua diém C 1a 1, CD 1. Oy tai D nén tung do cua diém C 1a 1.
Vay C(1; 1; 0). Tuong tu nhu vy, ta xac dinh duge B'(1; 0; 1) va D'(0; 1; 1).

Tacé A4 =(0;0;1), 4B =(1;0,0), AD =(0;1;0).

Ap dung quy tic hinh hdp trong hinh 1ap phwong ABCD.A'B'C'D' ta cb
AC = A4+ AB+ AD = (0+1+0;0+0+1;1+0+0)=(L1;1).

Do do, W:A—C':(l;l;l), suyra C'(L; 1; 1).

b) Goi toa do trong tdim G cua tam gidc A'BD 1a (x;; y.; z;)-



~_0+1+0 I~ 0+0+1

Tacod x —;
G 3 3 Yo 3

W | —
N
Q
W
W |~
S
<
Q
/N
W | —
W | —
W | —
~—

¢) Vi G l;1;l nén OG = l;l;l .Tacé OC' = (1;1;1), do d6 oG=Loc.
3373 37373 3

Suy ra hai vecto 0G va OC' cung phuong nén hai hai duong OG va OC' song song hodc trung
nhau, ma OG N OC'= O nén hai duong thang nay trung nhau, tic 1a ba diém O, G, C' thang
hang.

T %ZLWSuyra |W;|=l|@| Do do OG:lOC'.
3 3 3

14. Trong khong gian vai hé toa d¢ Oxyz , cho A(20; —3), B(O; —4;5) va C(—1;2;0).
a) Chirng minh rang ba diém 4, B, C khong thang hang.
b) Tim toa d6 cua diém D sao cho tir gidc ABCD 1a hinh binh hanh.
¢) Tim toa d¢ trong tdim G cua tam giac ABC.
d) Tinh chu vi ctua tam gidc ABC.
e) Tinh cos BAC .
Loi gidi
a) Ta c6 AB= (—2;—4;8);%’ =(-3;2;3). Suy ra AB = (—2;—4;8) = kAC = (=3k;2k;3k) v6i moi
keR nén hai vecto AB, AC khong cing phuong. Vay ba diém A4, B, C khong thang hang.

b) Goi toa do diém D 1a (x,; y,; z,). Taco lTéz(—l—xD;2—yD;—zD).

—1-x,=-2 Xp =
T giac ABCD 1a hinh binh hanh khi DC=AB < {2—y, =—4 <4y, =6 .
-z, =8 z,=-8

Vay D(1; 6; —38).
c¢) Goi toa do trong tdim G cua tam giac ABC 1a (x;; y.; z;).

- - - - 1 =2 2
gy 5, < HOUED Ly 00Ch2_ 2 38e0 2 vy 6f1222)

3 3o 3 3 %6 3 3 37733

d) Ta cb AB=[dB|=\(-2)" +(-4)’ +8* =221 4C=[dC| = |(-3) +2° +3* =22:
BC=|R*|:\/(—1—0)2+(2—(—4))2+(0—5)2 =62




Chu vi ctia tam giac ABC 1a: C = AB+BC+CA=221++62 +~/22.

ABAC _(-2).(-3)+2(4)+83 V462

e) Taco cos(AB AC)

|AB| |AC| 221422 )
Lai co (E,R‘) =E4\C. Do do cosﬁfzﬁ.
42

15. Mot chiée mdy duoc dit trén mot gia dd ba chan véi diem dat £(0; 0; 6) va cc diém tiép xtic
v6i mit dat cia ba chan lan luot 1a 4 (0; 1; 0); 4, (?;—%;o} A, (—?;—%;OJ (Hinh 40). Biét

rr:ing trong lugng cua chiéc may 1a 300 N. Tim toa d¢ cua céc luc tac dung 1én gia do E,Fz, }73 .

i

Loi gidi

Theo gid thiét, ta c6 céc diem E(0; 0; 6), 4, (0; 1; 0); 4, (?;—%;OJ;A{—?;—% 0] Suy ra

F, =kEA = (0;k;—6k).

o, N

Tacé:ﬂ:(o;l;—@;E@:(z > —6); EA, =m0 = = EA, = EA, = EA, = /37 .

F|= |Fz| = |F3| vi dén can bang va trong luc cua dén tac dung déu 1én 3 chan cua gia do.

Do do

Vi vay, ton tai héng s6 ¢ # 0 sao cho:

E =CE47 =(0;c;—6c); E =cE/E =(§C;—%C;—60J; E:CE—A;:(—gC;_%C;_6C].

Suy ra E+E+E:(O; 0;—18c).

Mait khac E + 172 + E =F trong do F= (0;0;-300) la trong luc tac dung 1én may quay.



Suy ra —18c=—300<:>c=?.

Viy F, = (o ? —100) F, =(ﬂ —? —100} F = ( 2§f . —100}

PHAN 2. PE KIEM TRA KET THUC CHUONG

PE KIEM TRA KET THUC CHUONG 2

PHAN 1. TRAC NGHIEM 4 PHUONG AN
Cau 1: Trong khong gian Oxyz, cho u = (—1;3;2), V= (—3;—1;2) khi d6 u.v bfmg

A. 10. B. 2. C. 3. D. 4.
Loi giai

Chon D

uv=3-3+4=4

Cau2: Trong khong gian Oxyz, cho ba vécto a=(-11;0), 5=(1;1;0), c=(;1;1). Trong cc
ménh dé sau, ménh dé nao sai?
A.blc. B.|d=3. C. |d|=v2. D.bla.
Loi gidi
Chon A

be=2#0= b vac khong vudng gbéc véi nhau.

Cau 3: Trong khong gian Oxyz, cho vecto a biéu didn cia cac vecto don vi la a=2i+k —3} .
Toa do cua vecto ala
A. (1;2,-3). B. (2;-3;1). C. (2;1,-3). D. (1;-3;2).
Loi giai
Chon B
a=2i+k—3j=2i-3j+k nén a=(2-31).

Cau4: Trong khong gian Oxyz , cho diém 4 (1 2;3) . Tim toa d¢ diém A, 1a hinh chiéu vuong goc
ciia 4 1én mit phang (Oyz).
A. 4,(1,0;0). B. 4,(0;2;3). C. 4,(1;0;3). D. 4,(1;2;0).
Loi giai
Chon B

Toa d¢ diém 4, 1a hinh chiéu vudng goc clia A 1én mit phang (Oyz) la: 4,(0;2;3).



Cau 6:

Cau 7:

Cau 8:

Trong khong gian véi hé toa dd Oxyz , cho hai diém 4 (1,-2;-1) va B(1;4;3). Do dai doan

AB la:

A. 2413 . B. 2./3. C. 6. D. 3.
Loi giai

Chon A

Taco: 4B =(0;6;4) nén AB =|4B|=\0’ +6" +4’ =213,

Trong khong gian véi hé toa do Oxyz, cho tam giac ABC voi A(1;0;2), B(L;14),

C(1;-4;0). Trong tam G ciia tam giac ABC c0 toa do la

A. (L-1;2). B. (-;-12). C. (L12). D. (L,-1;-2).
Loi giai

Chon A

Xg zé(xA+xB+xc):1

. , 1
Goi G(x4356:25) taco <y, =§(yA+yB+yc)=—1 = G(1;-1;2).

Z =§(ZA+ZB+ZC)=2

Cho hinh binh hanh 4BCD véi A(-2; 3;1),B(3; 0;—1),C(6; 5; 0). Toa do dinh D Ia
A. D(1; 8;-2). B. D(11;2; 2). C.D(1;8;2). D. D(11; 2;-2).
Loi giai

Chon C
Trong khong gian véi hé truc toa dd Oxyz, cho cac diem A(0; —2; —1) va A(1; —1; 2)
. Toa do diém M thudc doan AB sao cho MA=2MB la

A. M(g;—i; 1). B. M(l;—i; lj. C. M(2; 0; 5). D.
33 22
M(-1;-3;-4).
Loi giai
Chon A

Ta c6: AM =2MB

Xy —Xx,=2(x3—x,,)
=9V V4 :2(yB_yM)

Zy—2,=2(zy—2,)



Cau 10:

Cau 11:

3x,, =2x,+x,

Sy =20+ Y, S Yy =7
3z, =2z, +z,

Tim toa do diém M trén truc Ox céch déu hai diém A(1;2;-1) va diém B(2;1;2).

A. M(l;O;Oj. B. M(l;O;Oj. C. M(E;O;Oj. D. M(%;O;OJ.
3 2 2 3
Loi giai
Chon C
Goi M (x;0;0) e Ox.
Ta co:

MA = MB < MA* = MB? @(1—x)2+4+1=(2—x)2+1+4@x:%:>MG;O;Oj.

Trong khong gian v6i hé truc toa d Oxyz, cho hai vecto a = (0;3;1), b= (3;0;—1). Tinh

cos(Zz,B).

A. cos(&,g)z—ﬁ. B. cos(5,5>=ﬁ. C. cos(a,g):—%. D. COS(ZIJ;):E
Loi giai

Chon C

Ta co cos Zzl; ab 03+30+1( 1) <:>cos(21,13)=—%.

|||b| JO #3117\ [32 407+ (-

Trong khong gian voi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D" c6 A(0; 0; 0),

B(3;0;0), D(0;3;0), D'(0; 3; —3). Toa d6 trong tdm tam giac A'B'C 1a
A. (I 1;-2). B. (2;1; -2). C. (1,2, -1). D. (2;1; -1).

Loi giai

Chon B

Cach 1: Taco ZE:(3; 0; 0). Goi C(x;; z):ﬁ:(x; y-3;z)



ABCD 14 hinh binh hanh = 4B =DC = (x; y; z) =(3; 3; 0) = C(3; 3; 0)

Tacod AD=(0;3;0). Goi A'(x; y;z')= AD =(-x;3-y; -3-2')

ADD'A’ 13 hinh binh hanh = AD = A'D' = (x5 5 2')=(0;0; =3) = 4'(0; 0;-3)

Goi B'(xy; ¥y 2o) = A'B' = (%3 ¥y3 2, +3)

ABB'A’ 1a hinh binh hanh = 4B = A'B' = (x,; »,; z,) =(3; 0;-3) = B'(3; 0;-3)

. _0+3+3
¢ 3

0+0+3

3

_3-340

¢ 3

=2

G la trong tAm tam gidc ABC =<y, = =1 =G(21-2).

=2

Céch 2: Goi [ 1a trung diém cua doan théng BD Tacd I %;%;—%) .Goi G(a;b;c) la

trong tim tam giac A'B'C

E:G;_%;_%j 3 3 ~
Ta ¢6: DI =31G véi . Do do —-:3(19—5]@ b=1
]G=(a—2,b—i; +ij c=-2

Vay G(2;1;-2).

Céu 12: Trong khong gian voi hé toa dd Oxyz, cho ba diém A(1;2;-1), B(2;-1;3), C(-47;5).

Toa dg chan dudng phan gidc trong goc B cua tam giac ABC la

A -2 B.[L-21). c.[21L1) D. (-2;151).
373 3 3°3°3

Loi giai
Chon A
Ta co: BA = )=>|BA| =26, BC = (-6;8;2) = [BC| =226
Goi D la chan duong phan giac trong ké tr B 1én AC cua tam giac ABC
Suyra: — DA _BA = DC=-2DA = D _2, H,lj.
DC  BC 3°3

PHAN 2 : TRAC NGHIEM PUNG- SAI
Cau 1:  Cho hinh chép tir giac déu S.ABCD c6 d6 dai tat ca cac canh déu bang a .
a) T gidc ABCD 1a hinh vudng
b) Tam gidc SBD vudng can tai S'.
¢) (SB,BD)=45".
d) SB-BD =—
Loi giai



Cau 3:

Papan:a)D;b)D;¢)S;d)D

Hinh 4

Vi tir giac ABCD 14 hinh vudng c6 d6 dai canh bang « nén do dai duong chéo BDbang
a2

Tam gidc SBDc6 SB=SD =a va BD =a+/2 nén tam gidc SBD vudng can tai S, suy ra
SBD =45
Do d6 (SB, BD) =180 —SBD =135". Suy ra

S§~E)=15§y~|ﬁ\-cos13s°=a-a\/§~[—— =

Trong khong gian Oxyz cho cac diém A(1;-2;3), B(-2:1;2), C(3;-1;2).
a) AB =(-3;3;-1).
b) AC =(-2;-1;1).
C) AB=3A4C.
d) Ba diém 4, B, C khong thang hang.
Loi giai
Papan:a)D;b)S;¢)S;d)D
Trong khong gian Oxyz, cho hinh binh hanh ABCDc6 A(2;-1;-2),B(3;1;2), C(1;—-1;1) va
D(xD;yD;ZD).
a) AB=(1;2;4).
b) DC=(1-xp;-1-y,;1-z,).
C) DC=AB.
d) Toa d6 diém D 1a (0;3;3).
Loi giai

Papan:a)D;b)S;¢)S;d)D
Taco: AB=(1;2;4),DC =(1-x,;~1-y,;1-z,). Vi ABCDI1a hinh binh

l1-x, =1 x,=0
hanh nén DC = 4B. Suyra y-1-y, =24y, =-3.

l-z,=4 zp,=-3
D(0;-3;-3).
Hinh minh hoa so d6 mdt ngdi nha trong hé truc toa 40 Oxyz , trong d6 nén nha, bbn buc

tuong va hai mai nha déu 13 hinh chit nhat.



0(2:5:4)

Hlooofoooe3 G4 1513)

z4 PQ2:0:4)

E0:0:3) L (o
ol L . B(4:5:0)

00:0:0) A X
Xét tinh diing sai cua cac ménh dé sau:

a) Toa do diém F 1a (4;0;3).
b) Toa do AH =(4;5;3)

¢) AH AF =3
d) Goéc dbc ciia mai nha, tire 1a sé do cua gbc nhi dién c6 canh 1a duong théng FG , hai mat
lan luot 13 (FGOP) va (FGHE) bang 26,6 (1am tron két qua dén hang phan muoi cua
do)

Loi giai

Papan:a)D;b)S;¢)S;d)D

a) Vi nén nha 14 hinh chit nhat nén tir gidc OABC 1a hinh chir nhat, suy rax , =x, =4,
Ve=y,=5.Do 4 nam trén truc Ox nén toa do diém A 1a (4;0;0). Tuong nha 1 hinh
chit nhat nén tr gidc OCHE 1a hinh chit nhat, suyra y, =y. =5, z, =z,=3.Do H
nam trén mat phrfmg (Oyz) néntoa do diém H 1a (0;5;3). Tkr gidc OAFE 1a hinh chir nhat
nén x, =x,=4,z, =z, =3. Do F nam trén mat phang (Ozx) nén toa do diém F 1la
(4;0:3).

b) Nén AH =(-4;5;3) va AF =(0;0;3)

¢) Suyra AHAF =0+0+9=9

d) Dé tinh goc ddc ctia mai nha, ta di tinh s6 do ctia goc nhi dién c6 canh 14 dudng thing
FG , hai mit 1an luot 13 (FGOP) va (FGHE). Do mit phang (Ozx) vudng goc vdi hai
mit phiang (FGOP) va ( FGHE) nén goc PFE 1a goc phang nhi dién tmg v6i goc nhi
dién d6. Ta co: FP =(=2;0;1), FE = (-4;0;0).

FP-FE

Suy ra cos PFE = cos(]*TP, ﬁ) =
| FP|-| FE |



(=2)-(—4)+0-0+1-0 25

N A

Do d6, PFE ~26,6 . Vay goc déc ciia mai nha khoang 26,6 .

PHAN 3. TRA LOI NGAN

Cau 1:

Cau 2:

Cau 3:

Cho hinh lap phuong ABCD-AB'C'D. Goi M, N lan luot 13 trung diém ctia 4D va C'D’

. Goi ¢ 1a gbc gitra hai vecto MN va AB.Sbdo cia gbc @ bang bao nhiéu do?

Loi giai
Tra loi: 60°
N =
M=
Al i B,
1
,.‘? """"" c
A : B

L —

Vi MN//AC nén (z\fv,ﬁ) _ (A’—c’,ﬁ) _CAB.

Tam gidc C' AB 1a tam giac déu vi ABCD-ABC'D 1a hinh 1ap phuong. Suy ra
CAB=60".

Vay (W,ﬁ) —CAB=60".

Cho hinh 13p phuong ABCD- ABC'D' co6canh béng a.Goi M,N lan luot la trung diém
cia 4D va C'D . Tich vé huéng MN -C B =na® ( n 1a sé thap phan). Gia tri ciia n bing
bao nhiéu?

Tra loi

Tra loi: 0,5

-

Vi MN//AC' nén (ATN,@):(TC,@):MU’ —ACB=120".

avN?2

> ,C,B=a\/§. Suy ra

Ta co: MN =

@):a 2
2

W-@z!]\ﬁh‘ﬁ?‘@%(ﬁ, -av2 -c0s120" =—-0,5a".

Vay n=-0,5.

Trong khong gian Oxyz, cho tam gidc ABC c6 A(1;3;5),B(1;1;3),C(4;-2;3). Sé do cua
gbc ABC bang bao nhiéu d6?



Cau 6:

Loi giai
Tra 1oi: 120°
Ta c¢6: BA=(0;2;2),BC =(3;-3;0). Suy ra

$cosA/Bif=cos(ﬂ,ﬁf)= EA.BE = 0-3+2:(3)+2:0 =__1,
|BA|-|BC| 0 +22+27 [ +(=3)°+0° 2

Suy ra goc ABC=120".
Trong khong gian voi hé toa 46 Oxyz , cho ba diém M (3;2;8), N(0;1;3) va P(2;m;4).
Tim m dé tam gidc MNP vudng tai N .
Loi gidi
Tra loi: —10
Tacod NM = (3;1;5), NP = (2;m-11).

Do tam gidc MNP vudng tai N nén NM.NP=0=6+m-1+5=0=m=-10.

Mot ngudi dung & mat dat diéu khién hai flycam dé phuc vu trong mot chwong trinh cta
dai truyén hinh. Flycam I & vi tri 4 cach vi tri diéu khién 150m vé phia nam va 200m
vé phia déng, dong thoi cach mit dit 50m. Flycam IT & vi tri B céch vi tri diéu khién
180m vé phia bic va 240m vé phia tay, dong thoi cach mat dat 60m .
Chon hé truc toa do Oxyz voi gbe O 1a vi tri ngudi diéu khién, mat phang (Oxy) tring
v6i mat dat, truc Ox c6 hudng triung v6i hudng nam, truc Oy c6 huong tring v6i huéng
dong, truc Oz vuong goc vo1 mat dat hudng lén bau trod, don vi trén mdi truc tinh theo
mét. Khoang cach gitta hai flycam dé bang bao nhiéu mét (1am tron két qua dén hang don
vi)?

Loi giai
Tra loi: 550
Vitri 4,Bco toa do 1an luot 1a: (150;200;50), (—180;—240;60).

Suy ra khoang cach giira hai flycam d6 bang:

AB = J(-180—150)? +(—240—200)° + (60— 50)* ~ 550(m).

Mot chiée xe dang kéo cing soi ddy cap 4B trong cong truong xdy dung, trén d6 da thiét
1ap hé toa @6 Oxyz nhu Hinh véi d6 dai don vi trén céc truc toa d bang 1m . Tim dugc

toa do cua vecto AB = (a;b;c), khido a+c=?



Loi giai

Tra loi: 2,5
OA =10k => A(0;0;10)
Ta c6: OH = OB -cos 30’ =#
15

OK=OB~cos(90°—30°)=?

2 2
22

Vay a+c=2,5
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