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Chwong IV. GIOI HAN

§1. GIOI HAN CUA DAY SO

A. KIEN THUC CAN NAM

1. Giéi han hitu han cta diy sb

*  lim u, =0 khi va chi khi [u, | c6 thé nhé hon mét s dwong bé tity ¥, ké tir mot s6 hang nio d6 tro

n — +oo
di.

* limv =a < lim(v —a)=0
n — +oo n n — +oo n

= Diy s (un) ¢6 gioi han 0 khi va chi khi day sb (|u,|)c6 gi6i han 0

2. Gid1 han vo cuc

* lim u, =+oo khi va chikhi u co thé 16n hon mot s6 duong 10n tiy ¥, ké tir mot sb hang nao dé

tr¢ di. Ki higu: limu_ =+ hay u - +o0 khi n — +co
= DAy $ (u ) duoc goi la €6 gisi han —eo khi n - +e0 néu lim(—u,) = +oo

= Nhan xét: limu =+ = lim(-u )=-0; limu =-0 < lim(-u )=+oo

n — +oo n — +oo n — +oo n — +oo

Luu y: Thay cho viét lim u, =L, lim u =+, ta viét limu_=a,limu_ = oo

n— +oo n - +oo

3. Cac gi6i han dac biét

a) lim% =0; 1imnik =0; limn* = 400 | v6i k nguyén duong.

b) limg" =0, néu |q|<1; limg" = +00 néu q> 1

C) lime=c; lim% =0, lim(c w) = climu, véi ¢ 1a hang s6, k ON
d) limizo néu ¢ >1

4. Dinh li vé ¢idi han hitu han
binhli 1. Néu limu, =L va limv, =M , thi:

* lim(u +v )=limu +limv =L+M
* lim(u, -v )=limu —limv =L-M
* limu v =limu . limv =L.M
= lim(cu ) =c.L (Vi clahing 9)
T A ET)
v, M
Dinh Ii 2. Gi sit limu_ =L
« Néuu, >0 véimointhi L20 va limu, =vL
« limlu,|=|] vatimifu, =L

= Néu limlu,| = +eo thi limL =0
u

5. Mot vai quy fic tim gisi han vo arc
a) Quy fic 1. Néu limu, = eo v lim v, = eo thi lim (u,v, ) dugc cho trong bng:
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limu limv, lim (un v )
+00 +00 +00
+0o —00 —00
—00 +00 —00
—00 —00 +00
b) Quy fic 2. Neu limu, = *e0 va limv, =L # Othi lim (u,, ) dugc cho trong bng:
limu Dau cia L tim (u,,)
+00 + +o00
+00 - —00
—00 + —00
—00 - +00
c) Quy ic 3. . Neu limu, =L #0 valimv =0vav, >0 haic v <0 thi hm(—”j duoc cho trong
1%
bang:
Dau aia L Déu aia v, . u
lim| =+
vVl
+ + +00
+ - —00
- + —00
- - +00

Cha y . Néu limu =L >0,limy_=co thi lim—= =0
1%

n

6. Tong dip s6 nhan Ui vo han

= Cip sb nhéan 10i v6 han 1a cdp s6 nhan c6 cong bdi q thoa méan ‘q‘ <1
=  (Cong thirc tinh tong S cuia cap s6 nhan lui vo han (up)

u
— —_ 1 .
S=u tu, tu +..+tu +.. = ;

l-¢q
7. Dinh li kep vé gi6i han caa day sb
Cho ba day s6 (Un), (V) ,(Wn) va s thue L. Néu u, < v <w v6i moi nva lim U = lim w, =L thi dy

<1 hay S =u, +ug+ug +..+ug™ +.. =1
q y tugtug +..tug ;

I-¢q

g/ <1

5O (Vp) ¢0 gi6i han va lim v, = L.
8. Luuy
a) Diy sd ting va bi chan trén thi c6 gidi han
b) Diy sb giam va bi chan dudi thi co gidi han
c) Néu limu, = athi limu,+;=a
e =1y
d Soe e=lim|1+—
n - +oo n
9. Phrong ph&ptim gi6i han cua day sb
- Van dung ndi dung dinh nghia
- Tim gidi han cia mét day s6 ta thuong dua vé cac gidi han dang dac bi¢t va ap dung cac dinh li vé
gi61 han hodc céc dinh li vé gid1 han vo cuc:
+ Néu biéu thirc c6 dang phan thirc ma mau va tir déu chira cac lity thira ctia n, thi chia tir va mau
chon, véi k 1a sé mii cao nhit.
+ Néu biéu thirc c6 chira n dudi ddu can, thi c6 thé nhan tir sé va miu sb v6i cing mot biéu thic
lién hop.
10. Phrong phéptinh tong cta cip s6 nhan lui v han
- Nhan dang xem diy s6 da cho co phai 1a mot cip s6 nhan lui vo han khong. Sau d6 ap dung cong thic
tinh tong da biét.
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- Cach tim cdp s6 nhan Iui vo han khi biét mot sé didu kién: Dung cong thirc tinh tong dé tim cong boi
va s6 hang dau

- Cach viét mot s6 thap phan v6 han tuan hoan dudi dang phén s6 hitu ti: Khai trién sé da cho dudi
dang tong ctia mot s6 nhan i v6 han va tinh tong nay.

B. BAI TAP

e - z R o n+l L. . , . N .
Bai 1.1.Bict day s6 (u,) thoa man ‘un‘ < —5—v6i moi N. Chimg minh rang lim u, = 0.

n
HD »= Giai
1 1
S T
o n+l , . . n+l . n nz , , X N A J4 o
batv, =——.Taco limv =lim > =lim " =0. Do do, vn‘ c6 thé nhé hon mot s6 duong bé tuy
n n

¥ ké tir mot s6 hang nao do tro di. (1)
Mit khac, theo gia thiét ta co ‘un‘ <y < ‘vn‘ (2)

Tur (1) va (2) suy ra ‘un‘ c6 thé nho hon mot s6 duong bé tiy y ké tir mot s6 hang nao d6 tro di, nghia la

lim u, = 0.
. 3" +1—sin7—T
Bai 1.2.Bangdinh nghia tinh géi han lim —1
HDx=.Giai

. /i /i
3"+1-sin— 1Y sin —
Ta célim3—n”:1im 1+(§j e p—

3)1

sinn

a1
I’l <_=
n

<3 ¢6 thé nhé hon mot s6 duong bé

Mit khac, tadi co

37[

va limLIIim 1 =0 nén !
3" 3 3

tiy ¥ ké tir mot s6 hang nao do tro di.

/i
sin—
Tur d6 suy ra | ¢6 thé nho hon mot s6 duong bé tiry v ké tir mot sé hang nao do tré di.
sinl—T 3" +1-sin "’ 1Y sin”’
Nghia la lim nn =0. Vay lim3—n”=hm 1+(§j - 3nn =1

Bai 1.3. Cho biét dy s6 (Un) thoa man u, > n* véi moi n. Chimg minh rang limu, = +o0

HD»= Giai
Vi limn® = +o0 (gidi han dat biét), nén n? c6 thé 16n hon mot sb duong 16n tuy y, ké tir mot sd hang nao
do tro di.
Mit khac, theo gia thiét u, > n? véi moi n, nénuy, cling c6 thé 16n hon mot sb duong tuy ¥, ké tir s6 hang
nao do tro di.
Véy limu = +co
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Bai 1.4. Biét diy sb (up) thoa man ‘un - 1‘ < % v6i moi n. Ching minh rang lim u =1

n
HD = Giai
ro1e 1 A r A 5 A A JOR ’ AN A A \ r 9 . -
Ta c6 lim— =0 nén|—|c6 thé nho hon mot s6 duong bé tuy ¥, ké tir mot s6 hang nao do tré di . Mat
n n
. . 1 -
khac, ta co ‘uﬂ —1‘ <— =|—|voimoin
n o |n

Tt d6 suy ra ‘un - 1‘ ¢6 thé nho hon mot sé duong bé tuy ¥, ké tir mot sé hang nao d6 tré di, nghi 1a lim(uy,
—1)=0.Do d6 limu, =1

Bai 1.5.Cho déy é (u,) xacdinh bsi 1 =21
" oon+2
N ‘ 1
a) Tim $ n sao chqu —2‘ <—
T

b) Chirng minh &ng Wi moi n > 2007 thi cacéhang aia day 8 (u,) déu nim trong khang (1,998;
2,001)

HDx=.Giai
+ - o
a) Ta colu —2\:|2” 1—2=| 3.3 . Khi do |u, ~2|< L3 b 5008
L PR In+2| n+2 ' 100 n+2 100
b) Khi n>2007 < n+2>2009 3 < >
n+2 2009
= |u, =2| < S o- 3 cu<o+ 3 L 1998<u <2,001
! 2009 2009 9 !
Bai 1.6. Tinh cac gidi han sau
_ 2_ 24, 39, +
a) lim 27~ b) lim 2~—""1 ”21 ¢) lim > tn=3 i > d) lim 22 —21*3 2”3 3
3n+2 3+2n 2n° +1 1-4n
HDx=.Giaii
n 6—l 6—1 5 4_1_i
a) lim =1l =lim 2—2 b) li — =lim 3 =2
" n(3+2j 3+— e —+2
n n n
’ 2 + 3
24, 3 + TS T3
¢) lim 2173 L -3 d)lim 222043 gy a1
2n” +1 2 1-4n’ 1 2
73_4
n
Bai 1.7. Tinh céc gidi han sau:
" +5.4" -2)" +3" + -1"
a) lim > >4 b) lim% ¢) lim | 21 4 cOS™ d) tim| 3+ &Y
4" +2" (=2)"" +3" n 3" 2"
HDx=.Giaii
4” [3j +5 3 +5
311 4n 4
) lim———— =lim— < =lim———=35
4 2\ 1
4" 14| =~ 1+ —
4 2
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— n + n
b) 2 +3 1
(_2)n+1 +3n+1 3
+ +
o) lim(n 1+cosnj:hmn 1_|_limcosn:1
n n 3"

d) lim(3+(_1) ]=lim3+lim(—lj =3
2" 2

Bai 1.8. Tinh céac gioi han

N3t +1+n I (n+1)(3-2n)’ - N9 —n+1 - Van® +1+n
3

a) lim——— b)

1-2n’ n’+1 4n-2 2n+1
HD = Giai
m_'_ n ,3.,.%.,.” l {3+i2+l
a) lim~— " =fjm A =jjp 2 =g
1-2n 1-2n 1 5
2
n
4_8_3+
+ —h2 3902 1,4+ Y
b) lim(n 1)3(3 2n) zlim4n 8n” —3n 9=lim n_n’ n _y
n +1 n +1
1+—
n
1 1
3n,l-——+—
2 4 2
) lim on” ~n 1—lim on_on* _3
n-=2 4n-2 4
4+ ! +1
241+ V2
d) lim n” +1 " = lim n -3
n+1 2+l 2
n

Bai 1.9. Tinh cac gidi han sau

a) lim(\/n2+n—\/n2—1) b) lim(m—n)
C) lim(\/n4+n2+1—n2) d) limn(\/nz—l—\/n2+2)

HD»w Gidi
(\/n2 +n —\/n2 —1)(\/n2 +n +\/n2 —1)
\/n2 +n +\/n2 -1

nll1+—
n+l n

a)lim(\/nz I— —1) =lim

. . 1
=11m\/ - \/ - =lim ZE
n®+n+n® -1 n[1+1+ 1_12]
n n
(\/nz—n—n)(\/nz—n+n) -n 1
b) lim (\/n2 -n —n) =lim =lim =——

2_ 4 2
Vi =n+n n( 1—1+1J
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1+—

442 p 1ot 5
c) lim(\/n4+n2+1—n2)=lim ”4 ”2 1on - =lim n :%
n+n +1+n 1+i+i+1
N\ 2
n(\/nz—l—\/nz+2)(\/n2—1+\/n2+2)

\/n2 -1 +\/n2 +2
=3n _ 3

d)limn(x/nz —1=~/n? +2) = lim

Bai 1.10.Tinh cac gidi han sau:

a) lim(\/n2+n+2—\/n+1) b) lim !

3n+2 =2n+1
2 —
¢) lim Y H1=vn+l d) lim———
3n+2 Nt +2n-n

HDw=Gia
a) +oo b) 0 c)%

2

' 1+Z+

d) lim—— L Y2t " 1—1
Nn®+2n-n n’+2n-n’ 2

Bai 1.11.Tinh cac gbi han sau

a) lim(\/nz +3n-n +2) b) lim [¥/n® —2n° —n)

4n* +1-2n+1
0) lim\/;(\/n—l—\/;) d) lim
Nn*+2n-n

HDxwGiai
(\/n2+3n—n) \Nn® +3n +n)
a) lim(\/n2+3n—n+2)=lim +2
n’+3n+n
—lim| " 42 |=lim| —> 42 |=]

n[ /1+3+1] 1/1+§+1
n n

(\3/113 -2n? —n)(3 (n3 —2;12)2 +n3n’® —2n? +n2j

3[(113 -2n’ )2 +nin’ =2n* +n’
-2n? —

:lil’Il3 - : > I > ; =lim =-
\/I’l —4n’ +4n +l’l\/”l —2n" +n i/1_4+4+i/1_2+1
n

b) lim(\3/n3 -2n° —n) =lim
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\/_(n 1- n) \/; 1
c) lim \/_ \n \/_ Iim————===-1lim =——
( ) netn &[1/1—*1} ?

d) li 4w +1-2n+1 (M_(2’1_1))(M+(2n—1))(m+n)
m =lim

\Nn'+2n-n (\/n2+2n—n)(\/n2+2n +n)(\/m—(2n—l))

f 2
4n(\/n2+2n+n) 2( 1+”+1J
=lim
2n(\j4n2+1+(2n—1)) 4+1+(2_1]
N\ n

:E:]

=1lim

Bai 1.12. Tinh céc gidi han sau:

a) lim~/3n* —10n+12 b) lim (2.3 -5.4" )
C) lim(\/n2 -n +n) d) imv2.3"-n+2

HDxw.Giai
a) +oo; b) —c

C) lim(\/n2 -n +n) =limn(4/1—l +1J=+oo
n
d) v2.3" -n+2 =(\/§)n ‘/2_3%-'_3% v&i moi n. Vi 1im3%=0;1im3%=0 nén

lim 2—3—'1+3% =2 >0. Ngoii ra 1im(\/§)" = 4o

Do dd limv2.3" —n+2 =+

Bai 1.13.Tinh cac gidi han sau:

a) lim(nz— 2 j b) im(-n* + nvn +1)
n+1
+2+43+...+ -
C)hanl 243+..+n tim| L+ 24 3 4 47l
n*+n+1 4+l n’+l n’+1 n’+1
HDx= Gidi
1 2
1+--=
342 2
a) lim| n* - = lim 2" 2—lim L
n n+l 1 1
i
2 n3
1 1
b) lim(=n® +nv/n +1) = lim(-n)| 1-, |~ *=
n
14243+ .+n e e 2
c) lim : —— =lim—; 2 —lim L =7
n +n+l n +n+l \/E 1+1+i
n o n
7
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- +2+43+.. . +(n- -
d) lim 21 + 22 + 23 oD L= im1t2 32"‘ (n l):nm”(’z b_1
n+1l n+1 n +1 n +1 n-+1 2n +2 2
Bai 1.14.Tim cac gbi han sau
n+l _ "y n+l _ L
a) lim (3.2" 5" +10) b) lim 2> *3 0) lim%
30" +7.4" 312 4 m g
n _ n+ n+l
d) lim Ao~ &) lim,|> 2+1 f) lim~/3.4" —n+2
30" +5.4" 543"
HDw.Giai
: n n+l : n 2 ' 1
a) lim (32" =5 +10) =lim5" | 3./ £ | -=5+10.—
5 5"

Ta colim5" = +oo, nm(&@j —5+1o.5in} =-5<0. Do iy lim(3.2" =5"" +10) = 0

271 -3.5" +3 2(2} _3+53"
In————— 1]

32"+7.4" 4 "
3. 2 +7.2. ﬂ
5 5
Tacodlim| 2. 2 —3+i =-3<0; lim| 3. 2 +7.2. 4 =0 va3. % +7.2. i >0,0n
5 5" 5 5 5 5

2" ~3.5"+3
3.2" +7.4"

b) lim

Vay lim

n+l n

. N ~ . _ +

c) Chia fr va mau cho 3, tadugc hm# --1
3242 -4 9

d) Chia tr va miu cho 4, va lsu ¥ lim—— =0 néu |¢|<1. Vay lim o 9 0
q" 32"+54" 5
n+ n+l . . - ) o n+ n+l
e) Xétu =%, chia r va mau cho 3, khi d6 lim> 2+1 =1
5+3" 543" 3
n n+l
Vay lim 3+2 :ﬁ
5+3n+1 3
f) limy3.4" —n+2 :limZ”( 3—%+%j

Ta c6lim2" =+, lim 3—%+% =/3>0. Do \ay lim~/3.4" —n+2 = +co

Bai 1.15.Tinh cac gbi han

. 1 1 1 1 . 1 1 1 1
a) lim| —+—+—+...+ b)lim| —+—+—+...+
1.2 23 34 n(n+1) 1.3 35 5.7 2n-1)(2n+1)

24327+, +(n+Dn?
¢) lim 2.1°+3.2 4 (n+n d) lim 1 + 1 - 1
n \/n3+1 \/n3+2 n+n
HD»w Gidi
8
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1 1 1 1 .. n . 1
a) lim| —+—+—+...+ =lim——=lim| 1-—— | =1
1.2 23 34 nn+1) n+l n+l
1

1 1 1 1 I 1 1 1 1 1 1
b) Taco—+—+—+..+ = l——4———+. + - -201-
1.3 35 5.7 2n-1)2n+1) 2 3 35 2n=1 2n+1] 2 2n+1
1

L (11 1 1
Nénlim| —+—+—+...+ =—
1.3 35 5.7 Qn-D)2n+1)) 2
L 21 432%+ .+ . P+ 4P+ 4+ 1242743+
C) lim " =lim "
n n
n(n+) ] n(n+1)2n+1) 1Y 5 3
2 |7 6 S B e
=lim =lim +n n —_
n 4 6 4

d) Vi ! < ! voi moi kON”
\/n3 +k \/n3 +1

1 1 n 1

1
+ +..+ < <—
N +1 n*+2 NN N

Ma limL:Onénsuyrdim[ ! + ! +...+;J:O
+n

Do dé 0<

\/; \/n3+1 \/n3+2 n’
Bai 1.16.Tim cac gbi han aia day 8 (u,) sau, bét
a)u = ! + ! +...+ ! b) u —L+L+ +L
! \/n2+1 \/n2+2 n’+n ! \/I \/5 \/;
o) u = 1 N 1 + 4 1 d) u _3sinn+4cosn
"l n+2 n+n ’ n+l
HD = Giai
, 1 1 1 1 1 1 .
a) Taco + +...+—s < o t—,[n 0N
\/n2+n \/n2+n \n?+ \/n +1 \/n +1 Vn? +1

" Ma 1imL=1=1im

n n
fu <——. -
Nn?+n ! Vn® +1 Nn®+n Vn® +1

Véylimun=1im[ ! + ! +...+;]:1
\/n2+1 \/n2+2 n’ +n

b) Ta cou, =—— =" = /n,0nON'

A A i

Mahm(—+oo Vay limu =lim (

Do do:

R +Lj_+m
.1 1 1 1 1 1
c) Taco + +..+ Su < + +..+

n+\/; n+\/; n+\/; ! n+\ﬁ n+\/I n+\/I

n
Su s—-. Ma lim

n
n+\/; n+l n+\/_
1
Vay limu =lim + +...+ =
(n+\/_ n+\/5 n+\/;j

d) Ta c6 |3smn+4cosn|
|

,0nON°

Do d6 —l—hmi

< DnDN*.Mélimizo.
n+l | n+l
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inn+
Vay limu zlim3s1nn 4cosn:0
! n+l

Bai 1.17.Tinh tong § =2 ~2+1-L +%—...

V2

HD = Gidi

..1a mot cAp sb nhan véi cong bodi ¢ = —

N\§|
-

Diy s6 v6 han 2, ~2,1,-—

L1
N
1 A ~ A \ A A A A NEIENPN
— <1 nén day so nay la mot cap s nhan lui vo han.
NARN

Dodé S=2-v2+1-—+ 2 _ 22

1
BT T

V2

Vi |g ==

Bai 1.18.Tinh tong S =1+ -+ +D
10 10? 10"

HD» Giai

1 1 (="

Diy s -1,—,——, ..., -
Y 10" 102777 10"

PV S G n 1
.. 1a mot cap s6 nhan vaoi cong boi q:_ﬁ

Vi ‘q‘ —‘ —| = % <1 nén ddy s nay 1a mot cAp s6 nhan Iui vo han.

Dodé S=-14 Ly & -t _ 10

10 100 710t 1_(_1) 11

1
a_za

Bai 1.19. Timténg cép s6 nhan l %,..., -
- 2272 2"

HD»w Gidi
I 1 1 C oz . ) 1 1
——

yerry— ... 12 MOt cap sO nhan l0i vo han véi u, =—,qg=—
" ’ 2 2

Bai 1.20.Biéu dién s6 thap phan v6 han tuan hoan 0,777...dudi dang mot phan sb.

HD = Gidi

Taco 0,777..=—+— + 4
10 100 10°

A N LA , A A A A NN e A A 7
bay la tong ciia mdt cap s6 nhan lui vo han voi s6 hang dau u, =—,g =—
" 10

7

D0do0 0,777...=— +—+ 4 =10
10 10° 10 7

7
9

10

Bai 1.21.Biéu dién s6 thap phan v6 han tuan hoan 0,313131...dudi dang mot phan sb.

HD = Gidi

10
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2
0313131, =L 3L 1 31 ( ! j yo=ob 131
100 100100 100 100 1007, _ 1 99
100
Bai 1.22. Cho s6 thip phan vo han tuan hoan a = 1,020 202... (chu ki 12 02), b=2,131313 ...(chu ki 13)
vac=2,131131131...(chuki 131). Hay viét a, b, cdudi dang médt phan so.
HD = Gisi
2
Taco a=1,020202.. = 14—+ 4 +—2 4 =14-100 _; 2 101
100 100 100" b 99 99
100
(vi 1(2)0, 10202 1020n ,...1a mot cAp sb nhan Iui vo han, cong boi g = ﬁ)
13
Taco b=2.131313.. =2+ ¢ B3 o 1 5, 100 _, 13 _211
100 100 100" b 99 99
100
131
Tacé c=2131131131... =245k, 3L - DL 5, 1000 _, 131 _2129
1000 1000’ 1000" L 999 999
1000

Bai 1.23.

A 5 A A A A N\ s A \ 5 A A A [N 5 & 39
a) Tong cua mot cap so nhan lui vo han la g , tong ba s0 hang dau tién ctuia n6 la 2—5 .
Tim s6 hang dau va cong boi ciia cp s do.

N A A r 5 A A A NEIEPN Y M N\ A A 2
b) Tim s0 hang tong quat ctia cap sO nhan lui vo han c6 tong bang 3 va cong bdi g = 3

HD »= Giii
a) Goi Uz va g l1a so hang dau va cong bdi ctia cap so d6. Theo de bai, ta co
u, 5

l—ng (1)

W
\O
\S]

Thay (1) vao (2), ta dugc %(1—q3) =— < g=— thay vao (1), ta dugc u, =1

25
n-1
2
b)u =|=
- (5]

(9]

Bai 1.24.Tim s hangdau va cong bi cua cip $ nhan Ii vo kn, biét raing Hng aia cip $ nhando 1a

12, hu cia $ hangdau va $ hang thr hai |a% va $ hangdau & mdt s5 duong.

, ‘ ~ HDwGiai
Goi u; Ia © hangdau, g la cong Ibi va Sla tong aia cap  nhanda cho.

BT. bPS&GT 11 11 @ion
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“ o2 (1)
l-g
C . u . , 3
Khi d6 S =—L. Theo g thiét, ta co ul(l—q):— 2) .
I-¢ 4
u >0
. . Jui =9 3., 3
Nhan (1) i (2), ta co s u=3=>qg==.Vay u =3;,g=—
u >0 4 4

\ . 3 A A N A A o A A A NEIENPN AL N A Ja s 1x 12 B
Bai 1.25.Tim s0 hang dau va cong boi cua cap so nhan lui vo han, biét rang s6 hang thur hai la 3 va

téng cap s6 nhan nay 1a 15.

) . ~ HD=»Giai
Goi Uz va g 1a s6 hang dau va cong boi ctia cap s6 do. Theo dé bai, ta co
uq= % g= l g= i
o 5 hoac 5
Yoc1s |y =12 u =3
I-¢

Bai 1.26.
155

a) Tong cia mdt cap soO nhan lui vo han 1a 10, tong nam s6 hang dau tién cua no 1a E .

Tim s6 hang dau va cong boi cia cap so do.

b) Tinh tong S=043+1+. 4t

311—3
, ‘ ’HD’aGiﬁi ‘
a) Goi Uz va g 1a s6 hang dau va cong boi cia cap s6 do. Theo dé bai, ta co
u

L =10 (D)

l-¢

u (1-4°) 155 o
1-¢q 16

Thay (1) vao (2), ta duoc 10(1—¢°) :% = q =% thay vao (1), ta duge u, =5

b) Vi 9,3,1,...,L 1a cép s6 nhan i vo han, ¢6 ¢ -1 u, =9 nén:
3

RSN

§=9+43+1+ 44 =2 =27
3)1—3 1 2

1—-—

3

Bai 1.27. Giai phuong trinh— + x + x* ...+ x" + . :%, trongdo |x| <1.
X

HD = Gidi

u X
L —x+x?+..+x"+..=

l-¢g 1-x

Vi |x|<1,néni u =1,g=x. Tacos =

12
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=
I

Do d6: l+x+x2+...+x” +...:1+S - l+ a

X X x 1—-x

7 xX*=-x+1 7
s — ==
2

x(1I-x) 2

=
1

Wi W~

u, =2

Bai 1.28.Cho day s6 (Un) xéac dinh boi |

u., =,/2+un;n21

. Biét (up) co gidi han khi n — +0o, hiy tim

gi61 han do.
HD = Giai
=-1
Pit limup =a Taco u, =2+u =limu_ =lim2+u =a=\2+a=d -a-2=0=" ,
a =
Viuy,>0nénlimu =a>0. Vay limu, = 2.
1

Ltl - E
Bai 1.29. Cho day s6 (Un) x4c dinh boi cong thirc truy hoi .

u, = n=1

2-u,

Diy sb (Un) c¢6 gidi han hay khong khi n — +e0 ? Néu c0, hdy tim gi6i han do.

HD» Giai
Taco u, =l;u2 =2;u3 =§;u4 =4 Tiras ta du dodn u =—— (1)
2 3 4 5 " on+l
Churng minh dy doan trén bang qui nap:

- n=1,tacd uyy =—— =— (dung
o=t

- Gia sir dang thie (1) dong véin =k (k =1), nghia 1a u, 2%. Khi do ta co

1 1 k+1 g
= = = , nghia la dang thtrc (1) cling dung véin=k + 1.
S Lk k2 g g (1) cling dung

Ck+1

u

. Vayu = OnON°. Tirdé ta cé limu = lim—"— = lim—— =1
" n+l : n+l 1+L

n

u = 2
Bai 1.30. Cho diy sb (up) xac dinh boi cong thire truy hdi u +1
u, =——;;n21
" 2

Chumng minh rang (Up) c6 gidi han hitu han khi n — +co . Tim gi6i han d6.

HD»w Gidi
n—1+
:é;u4=2;u :H.Ttrdédudoén un:2 !
4 8 16

5

OnON"

n-1 ’

, 3
Tacod u, =2u, =—;u,
2

Chumng minh dy doan trén bang qui nap (tu chiing minh)

T L S B IR Y|
T do, limu =limu = S =lim| 1+ 5 =lim|1+2. 5 =1

Bai 1.31.Cho day s (Uy) xac dinh boi cong thire truy hoi 2u +3
u = n .

BT. DS&GT 11 13 @ong IV. Giéi han
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a) Chuing minh rang Un > 0 v6i moi n
b) Biét (un) ¢6 gidi han hiru han. Tim gidi han do.

HD »w Giai
a) Chung minh bang quy nap: U > 0 v6i moi n. (1)
- Véin=l,tacouy=1>0
- Giasir (1) dang v6i n =k (k =1), nghia 1a u, > 0, ta can chimg minh (1) ciing dung véi n =k + 1. Ta

. 2u, +3 . 2u, +3
cou, = .Viu>0nény, = >0
u, + u, +2
Vay: U, > 0 véi moi n.
) ; 2u +3 . . 2u +3 2a+3
bat limu, =a. Tacou ,, =—*—=limu , =lim—"—=a= —a=+3
" un+2 " un+2 a+

Viup>0véimoin,nén limu =a=0.Tuwdosuyra limu, =\/§

Bai 1.32.Cho day 8 (u,) xacdinh boi 0w

Goi (Vi) la mot day $ xacdinh boi v = u, + 18
a) Chrng minh ang (v,) la mdt cap 5 nhan Iui vé an
b) Tinh tng aia cip & nhan 10i vo bn (v,) va tim limu,

HD = Giai
. 2 2
a) Tacov, =u, +18 =3t -6+18 =3t +12
Thayu, = v, — 18 vaading thic trén, taduoc:
Vo :z(vn—18)+12 :2"”-
3 3

Diéu nay clirng ©, day $ (v,) 1a mdt cap $ nhan 10i vo kan voi cong i ¢ :g

b) Goi Sla Bng CSN Idi vo lan (vy). Khid6 s =—1 =—13 —39

l-¢g 1_%
3

Vi limv =0 nénlimun =-18

C. BAI TAP PE NGHI

Bai 1.33. Tinh cac gidi han sau

—1\* M —_ +
a) Tim| 2+°Y b) Tim| S0 o) lim| =1 d) tim | 22
n+2 4n n n+l
Bai 1.34.Tim limu, v6i
> -3n+ -2n* +n+ 2 "
a)un:n 23n 5 b)un= 2n4n 2 C)un: 2n 2n d)un= 4
2n° -1 3n" +5 1-3n 2.3"+4"
Bai 1.35 Tinh céc gidi han sau:
. n'=40n* +15n-7 . 20’ +350° —10n+3
a) lim , b) lim —
n +n+100 S5n’—n’ +2n
NJont +n+ n_gQn
¢) lim 6n +n+l d) lim 3.2" -8.7
2n+1 4.3"+5.7"
14
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2 (327 -3"7) 2" (3 -5.2")
e) lim f) lim
+() )
Bai 1.36. Tinh céc gioi han sau
a) lim(—3) +2.5 b)lim1+22+3+'"+n
1-5" n +n+l
1
C) lim(\/n2+2n+1—\/n2+n—1) d) lim
Vn+2—-+n+l1
2n+3 _ R3n+2 6n+3 __ 3n+5
e) lim 8 3 f) lim 2 3

43n+4 +52n+3 43n+4 +72n+3

Bai 1.37.Biéu dién cic s6 thap phan v han tudn hoan sau dudi dang mot phan s

a) 0,444... b) 0,212121... c) 0,32111111...
d) 0,51111... e) 0,393939... f) 0,273232.
Bai 1.38.

n-1
, . 11 1 1
a) Tim tong cap sO nhan 1,——,—,——,...,| =—— .
) gcap 2 4 8 ( 2}
24

b) Tinh tong § =1+0,9+(0,9)° +(0,9)’ +...+(0,9)"™ +...

A +
Bai 1.39.Cho day é (uy) xacdinh boi u, = 3”+12
n
N /4 1
a) Tim $ n sao chdu —3‘ <
"7 1000

b) Ching minh &ng Wi moi n > 999 thi cac&hang aia day 8 (u,) déu nam trong khang (2,999; 3,001)

BT. bPS&GT 11 15 @ong IV. Giéi han



GV. Lw S Phap Toan 11
§2. GIOI HAN CUA HAM SO

A. KIEN THUC CAN NAM
1. Gi6i han hiru han
- Chokhang K, x, 0K vahamé f(x)xacdinh trén K (hac K\{x}). lim f(x) =L khi va ch khi

Xﬂxo

véi day $ (x,) batki, x, DK \{x,} vax, - x, thi lim f(x)=L
- Chohamé f(x) xacdinh trén khang (x,:5). lim f(x) =L khi va chi khi vsi day $ (x,) bat ki,

x,<x <bvax - x,thi lim f(x )=L

n — +oo

- Chohamé f(x) xacdinh trén khang (a:x, ). lim f(x) =L khi va chi khi vsi day $ (x,) bat ki,

a<x <x,vax - x,thi lim f(x )=L
+

- Cho hamé f(x) xacdinh trén khang (a;+o) . lim f(x)=L khi va cti khi véi day $ (x,) bat ki,

x >avax - +oo thi lim f(x )=L.

- Chohamé f(x) xacdinh trén khang (-eo:a). lim f(x)=L khi va chi khi voi ddy $ (x,) batki,

x <avax - —oo thi lim f(x )=L.

2. Gioi han vb arc
- Cho hamé f(x) xacdinh trén khang (-eo:a). lim f(x)=—co khi va chi khi véi day $ (x,) bt

X — too

ki, x >a vax, — +oo thi lim f(x,)=-0.

n - +oo

- Chokhang K, x, 0K vahamé f(x)xacdinh trén K (hac K\{x,}). lim f(x) =+ khiva ch

Xﬂxo

khi voi day $ (x,) batki, x, DK \{x,} vax, ~ x, thi lim f(x,)=+o

- lim f(x) =+ < xlirgo[—f(x)] = —c0

X — too

3.Dinh li V gi¢i han hiru han

Pinh li 1.
Gia sir lim f(x)=L va lim g(x) =M . Khi d6

a) lim| f(x)tg(x)|=L+M

Xax()

b) lim[k.f(x)]|=k. lim f(x) =k.L;(k OR)

XAXO

¢) lim|f(x).g(x)]=LM

lim f(x)
lim f(x)=x_”° =—(néu M #0,lim g(x)20)
-x g(x) limg(x) M X=X

Xﬂxo

d)

e) Néu f(x)20 va lim f(x)=L thi L>0 va limf(x) =L

Céc tinh chat trén \an ding khi x — +o0 hodc x — —oo
DBinh i 2. (Pinh li gioi han mot bén)
lim f(x) =L khiva chikhi lim f(x)=lim f(x)=L

4. Cac gioi han dac biét

BT. bPS&GT 11 16 @ong IV. Giéi han




GV. Lw S Phap Toan 11

a) limx=x,

XAXO

. . . ) . C v A
b) limc=c; limc=c; lim — =0 (c la hang s0).

X - X, X — oo X >t y

c) lim x* =+, v4i k nguyén duong

X — +oo
d) lim x* =—oo, néu k14 s6 1¢; lim x* = +00, néu k 12 s6 chin
X — —00 X — —00
. sinx sinu(x
e) lim =1; hmu(x) 0=lim ( )=1
x-0 X x-0 u(x)
. tanx . m . m
lim =1; limtanx=— lim tanx = ——
x-0  x X - +o0 X > —00 2

5. Quy tic vé gidi han vo cuc
a) Quy tac tim gidi han cua tichf (x).g(X)

Néu lim f(x)=L #0 va lim g(x) = +o hoic (lim gx)= —00) thi lim f(x).g(x) dugc tinh:

lim f(x) lim g(x) lim f(x).g(x)
L>0 +00 +00
—00 —00
L<O +00 -0
—00 +00
b) Quytic tim gi6i han cia thuong ZACY
g(x)
lim f(x) lim g(x) Dau ctia g(x) o S
° “ < g(x)
L +00 Tuy y 0
+ +00
L>0 - —00
0 + —00
L<O - +00

4. Khtr cac dang vo dinh i ) i L
Khi til}h giéi han ma khong thé ap dung truc ti€p dinh li vé gidi han, ta phai bién do6i bi€u thirc xac dinh
ham s6 ve dang ap dung dugc céc dinh li nay.

Dang 1. Tinh lim ——= JAC), khi lim f(x) = hm g(x) =0 (hay dang —)

X=X g(x X=Xy
- Phan tich tir v mau thanh tich cac nhan tor va gian udc. Cu the ta bién d6i nhu sau:
-x,)A
im £ = pjg O TRAD _y AD) i g A

X=X g(.X) X=X (.X_.XO)B(X) X=X B(.X) X=% B(.X)
- Néu f(x) hay g(x) c6 chtra bién dudi ddu can thi c6 thé nhan tir va miu véi biéu thire lién hop, trude

khi phan tich chiing thanh tich dé gian wdc.
Dang 2. Tinh lim TAC) khi lim f(x) =%c va lim g(x) =%c (hay dang —)

X=X (X X=X X=X

- Tachia tir va mau cho x" v&i n1a s6 mil bic cao nhét ctia bién s6 x (hay phan tich tir va mau thanh
tich chira nhan tir x" rdi gian wdc).

- Néu f(x) hay g(x) c6 chtra bién x trong d4u can thirc, thi dua x* ra ngoai ddu cin (k 13 sb mil bac
cao nhét ctia x trong ddu cin), trude khi chia tir va mau cho lily thira cua x.

BT. bPS&GT 11 17 @ong IV. Giéi han
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Dang 3. Tinh lim | f(x)~g(x)] khi lim f(x) = lim g(x) = +co (hay dang e —) hogc
Tinh lim f(x).g(x) khi lim f(x) =0 va lim g(x) = oo (hay dang 0.c0)

- Nhan chia vé6i biéu thirc lién hop( néu c6 biéu thirc chira bién dudi ddu cin thirc) hodc quy déng mau
deé dua vé cung mot phan thic ( néu chira nhiéu phan thirc)

B. BAI TAP
Bai 2.1. Dung dinh nghia, tim céc gidi han sau:
2 _ 2+ _ + _ 2
a) lim 22 b) lim X573 ¢y fim 2L d) lim 2%
=2 x+2 -1 x-—1 x-43x -2 xotw x? 43
HDxw Giai
x* -4 . x* -4
a) lim . Xétham so f(x) =
) lim ~— ="

Ham s6 xéc dinh trén R \{ —2}
Gia str (x, ) 1a mot day s6 bat ki, théamin x #-2 va x — —2 khin - +o0 (hay limx =-2)

s x4 (x,+2)(x, -2)
Taco lim f(x )=lim—= =lim—* 2
! x +2

=lim(x —2)=—4

x, +2
2—
Vay lim X% = 4
=2 x+2
T4x-— . T+x-—
b lim 2> 73 Xeét ham sb f(x)= 22X 73
-1 x—1 x—1

Ham s6 xéc dinh trén R \{1}

Gia str (x,) 1a mot day s6 bat ki, théaman x #1 va x, — 1 khi n - +o0 (hay limx = 1)

5 2(x —1)| x +§
o . 2x +x -3 " "2 ) 3
Taco lim f(x )=lim——-4*~ =lim =lim2| x +— =5
! x —1 x —1 "2
2
+ u—
Vay lim 2 X3 o5
-1 x—1
. x+1 , . X x+1
) lim . Xétham so f(x)=

x-43x =2 3x-2
S . 2 2 . 2
Ham s0 xac dinh trén —00;3 H §;+oo va x =4[] §;+°°

Gia sir (x, ) 1a mot day sb bat ki, thoa man x, D(%;HOJ va x, - 4 khin - +oo

+1 + +
Tac6 lim f(x )=lim—2_— = 4+l :l_vay m Xt -1
" 3x -2 34-2 2 x43x=2 2
— 8§42 ) g2
d) lim 222 Xétham sé f(x) = 2%

xoto xT 43 x> +3
Ham s6 xac dinh trén R
Gid str (x, ) lamot ddy so batkiva x — +oo khin — +oo
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2
ros ok 2-5x2
Taco lim f(x, ) =lim — =lim—2 =-5.Vay lim > =-5
x +3 ¥oto xT+3
n 1+72
le
Bai 2.2. Dung dinh nghia, tim cac gidi han sau:
+ s S
a) lim 3 b) lim ! ¢) lim X —3*~%
x-53—x X o 400 .X2+1 X o-1 x+1
d) lim ! e)lim| x cosl
vl \/E ol T x
HD» Giai
+ . +
a) lim 273 . Xet ham sé f(x) =

x-53—x 3—x
Ham sb xac dinh trén (—00;3)D (3;+00) va x =5D(3;+00)

Gia sir (x, ) la mot day sb bat ki, thoa man x, 0(3;+e0) va x, — 5 khi n — +oo

+3 + +
Taco lim f(x )= lima2> =33 _ 4 vay im* "3 = 4
" 3-x, 3-5 ¥-53—x
. P41 e 1o A X’ +1 \ A s oa A
b) lim . Xétham so f(x) = . Ham s0 xac dinh trén R
xoteo x2 4] x*+1
Gia st (x,) 1a mot day s batki va x - +oo khi n — +oo
1
x g +; 3
Tacod lim f(x )=lim—= =lim L =+00 . Vay lim =+o0
n 2+ xoto 2 4]
n 1+72
xn
2 _ _ , 2 _ -
0) lim "% Xethamsé f(x) =2 > "%
-l x+1 x+1

Ham s6 xéc dinh trén R \{ —1}
Gid sir (x, ) la mot day sb bat ki, théaman x #-2 va x - —1 khin - +w
¥ =3x =4 (x +1)(x,-4)

n lim = =lim(x, -4)=-5

Ta c6 lim f(x )=1im

2 — —
Vay lim 22—~ x4
-l x+1

d) lim——— . Xét ham s6 f(x) = ——

=l 5-x N5—x

Ham sd xac dinh trén (—OO;S)Vé x=1 D(—OO;S)

Gia sir (x, ) la mot day sb bat ki, thoa man x, 0(~e0;5) va x, — 1 khi n - +oo

1 Vay tim—2

1 1
Tacd lim f(x )=1lim = =
J5-x, N5-1 2 5 -x

e) lim(x.coslj . Xétham sb f(x) = x.cosl :
X

N | —

x-0 X

Véimoi day (x, )ma x #0 véimoinvalimx =0
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Taco f(x,)=x,.cos—. Vi EREA
X

n

X.COS—

Nén limf(x ) = 0. Do dé lin(}(
X X

1}20

1
cos—
X

n

s‘xn‘ va lim‘xn‘ =0

Bai 2.3. Tinh céc gi(’)ri han sau:

2
+ —
m [ b) hn}x_ﬂ
2 X -

x-1

a) 11

2

. X =x=2

¢) lim ———~
el xT+x

2xr —x+1

d) lim
) x*+2x

x--1

x +1 llm
—hm =223

— x-3

a) 11

lim x2

HD = Gidi

+lim limx.limx+lim1

xX-3 — x-3 x-3 x -3

_5

[ +1)
lim

tim(2x)

X H+x-2
=1lim

32\/_ x432\/_

2
+
X x2_1

lim 2.lim Jr

x-3

(x—D(x+2)

75

lim x

x-3

lim 2.

x-3

b) lirrll

x -1 x -1

x-1 x-1

(x+D(x=2) _
X(x+1)

x—l
2
R
c) lim —;
x--1 x +x

= lim

2 x--1 X

2

x--1

2x°—x+1_4 _
x?+2x -1

d) lim

x--1

x—-2 _

=lim(x+2)=3

-3

Bai 2.4. Tinh céc gidi han sau:
2

2
X

b) lim 4-

X
a) lim
x--2 x+

=3 x+1]

x—6

x-6

d) lim

x -2

s

HDw Giai

2 x—l

x =1 9-1 _
a) lim = lim =
- x4l w3 x4l =341

4-x* ~ lim 2-x)2+x)
x+2

X2

b) lim
=2 x+2

Vx+3-3 _

x—6

=lim(2-x)

X -2

C) lim

x-6

= lim X6

0 (x—6)[vx+3+3
d) 1@2(\& +5—1)

=4

Bai 2.5. Tinh cic gi¢i han sau:
+ —_
a) lim x*+2x-3

-1 2x? —x—1

3
+

d) lim 2x” +15
x=2 (x+2)°

b) im ——

(1+

e) lim

x-0

X*Z\/x+ -3

x)’ -1

X

HD»w Gidi

x*+2x-3 (x—D(x+3)

=lim

(x+3)

a) lim =1lim
)“12x2—x 1 x-t

x -1

xX+—

3

2(x—1)( !

BT. bPS&GT 11
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(2—x)(\/x+7+3) 2-x) \/x+7+3)
b) lim ————=1lim =lim

I i )| Ny B S

x —2x—3_9—6—3=

c) lim =
=3 x—1 3-1
3
+
2x 125.Tacc') lim(2x® +15)=—-1<0 va lim(x+2) =0.
x4—2(x+2) xX--2 X2
3
Né hmzx *+15 = —00
=2 (x+2)
(1+x) -1 (1+x—1)[(1+x)2+(1+x)+1] x[(1+x)2+(1+x)+1]
e)lim—>2 "~ =1im ~ lim
x-0 X x-0 X x-0 X
_1: 2 -
_1%[(1“) +(1+x)+1]-3
2+5- Z45-— -
f lim x +5 3=lim x"+5-9  lim 2 2

=2 x+2 **‘2(x+2)(\/x2+5+3) =2 x2+5+3 3

Bai 2.6. Tinh cac gidi han sau:

x—x \/_ -3 . xt+3x-1 ( 1]
X

a) l,ral — b) yfg x-2 2 _ x-0
2x-D(x* =3) 9x —x° 2x* -1

HD»w Gidi

a) lim x—x4 = 1_14 =
=l 2x=-D(x*=3)  (2.1-DA*-3)

Jx-3 (&‘3)(&”) . x=9 . | 1

=lim =-lim————=—

1m =limm

B Sy | an BT (e IR CA I
4 _ 4 -

c) lim\/x *3x 1:\/2 327l

=2\ 2x? =1 2.22 -1

d) hmx(l—lj Véimoi x 0, tacod x( ) (x-1).
X

x-0 X

Nén limx(l —lj =lim(x=1)=-1

x-0 X

Bai 2.7. Tinh cac gidi han sau:

3
+
a) lim‘x2—4‘ b) lim ,|— ¢) lim ‘/M
xo\3 x--1 x -3 x-3 x2—6

—xX - 2lx +1|-5Vx* -3
d) lim‘x2—8‘ e) lim NIz =3x f) lim ‘x ‘ x*
-3 =2 2x% +x-3 X2 2x+3
HD» Giai
3
a) lim [x* 4| =[3-4|=1 b) lim ,|— V2
*3 =\ -3 2
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c) lim 3/@ =2
=3\ x"—6

1-x° =3x _

d) 111%\;8 —8‘:5

x -3

2\x+1\—5 =3

e) lim 3 lim =
)“‘2 2x° +x-3 f) ¥-2 2x+3
Bai 2.8. Tinh cac gidi han sau:
2x* +3x—4
a) lim (—x’ +x> —x+1 b) lim ————
)xﬂ—oo( ) )xﬁ+oo _x3_x2+1
At —x —ax? +1 .
c) lim d) lim |vV4x* —x +2x)
X 2x+3 X0
HDx= Giai
: 3 2 . 3 1 1 1
a) lim (—x +x —x+1):hmx I+———+— =+
Ko X X x x
4
2+ —-—
S 4+3x— 2 3
b) lim 2x" +3x-4 _ lim — X X —_»
X - 00 _x3_x2 +1  xote 1 1
_1_7+7
x x

1 1 1 1
Vx? —x —V4x? +1 tim ‘x‘\/l—x—‘x‘\/4+xz . —x\/l—x+x\/4+x2

c) lim 1 = lim
¥ oo 2x+3 x = o 2x+3 oo 2x+3
_\/1_1+ 4+i 1
P 53 2
X
2 _ . _ 2 _
d) lim \/4x2—x+2x)=lim XA im al
e “_w( 4x2—x—2x) “_WM 4—1—2x
X
= lim 7 -1
X - —00 1 4
—x1/4———2x
X
Bai 2.9. Tinh céc gidi han sau:
2
—_— —_— + —_—
a) Tim 2X=° b) lim 217 ¢) lim 22X **~1
X - +oo 4—x X o400 3 +1 X - +oo 3+x
. 3x*=2x . NXTHL+x . NxT-2x+4-x
d) lim —— e) lim ——— f) lim
xote x? xote §5-=Dx X 3x-1
HD = Giai
6 2
a) lim = lim X =-2
X — 400 -x x ot 4
—=1
X
b) lim 217 =0
x4+oox +1
BT. PS&GT 11 22
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_2+l_i
C) hmﬂz lim x_x’ = —00
X — +o0 3+X X - +oo
i Tl
X X
2
3—7
2—
d) lim 2~ 2% = Jjm —* =3
XoFo xS X - +oo 1
1+
X
Nl ‘x“/l+i2+x x 1+ +x 1+ +1
e) lim 4 al r - X o fim—X =
xo4w 57Dy X oo 5-2x x4 §5-Dx X oo S 5
X
2 4
-2+ 41
prmYE 2z Vo 2 2
e 3x—1 e 1 3
3—7
X
, x>0
Bai 2.10.Cho ham sé f(x)=1{" "
1-x ;x<0

Dung dinh nghia chirg minh ring ham s6 f(x) khong c6 gidi hankhi x - 0.

Phwong phap Dung dinh nghia chimg minh ham sé y = £(x) khong c¢6 gii han khi x — x,ta thuong

lam nhu sau

- Chon hai diy s6 khac nhau (x,)va(y )thoaman: x va y, thudc tip xac dinh cia ham s6 y = f(x)
va khac x

01 Xy = XY, = X

- Chimg minh rang lim f (x,)# lim f(y )hodc chimg minh mdt trong cic gi6i han nay khong ton tai.

Luu y: Truong hop x — x;;x — x, hay x — *oo ching minh tuong tu.

) HDx= Giai
Ham s6 xac dinh trén R
Léy day s6 (x,) véi x, =1 Taco x - 0 valim f(x )=lim x, = lim Loo (1)
n n — +oo n — +oo na+oon

PR iy 1 , L. . . 1

Lay dayso(y )voiy ==—.Tacoy — 0 va lim f(y )=lim(l-y )=1lim|1+—|=1 (2)
n n—+oo n— +oo n— +oo n
Tir (1) va (2) suy ra ham sb f(x) khong c6 gii han khi x — 0
Bai2.11.
Do A 2 s 1. 2 s N

a) Cho hai diy so c6 dang tong quatla u =— va v = . Tinh limu, va limv,,.

n’ " 4n+1

b) Dung két qua cu a), chimg minh rang ham sé f(x) = sin 2% khong c6 gidi han khi x - 0
X

HD»= Giai
2
. .1 ) ) 2 . n
a) limu =lim— =0,limv =Ilim =lim =0 (@
" n’ ! 4n+1
4+—
n
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b) Ham s f(x)=sin xdc dinh trén R\{0}. Ta c6 u,,v, déu thuge R\{0}, véi moin va
X

lim f(u ) = lim sinT” =sinn’=0,

3
n

+
= lim sin MT

lim f(v ) =limsin =lim sin(anT+ gj =1

4n+1
Vi limup = limv, = 0, nheng lim f(x ) # lim f(v ) nén ham s f(x)= sin7—T khong c6 gidi han khi
X

x -0

Bai 2.12.Chimg minh rang ham sé y =sinx khong c6 giéi han khi x — +oo

HDxwGiai
Xét hai diy sd (x, ) voi x =2nmT va(y, ) voiy, :g+2nn(nDN*)
;- . . . 7T . T
Taco limx, =lim2n/r=+c0, limy = llm(5+2nﬂj = hmn(2—+2ﬂj = +00
n
limsinx =limsin2n/7=1im0=0, limsiny =limsin (%T+2nﬂj =liml=1

Vilimx =limy =+ nhung lim f(x ) #lim f(y, ) nén ham s f(x)=sinx khong co giéi han khi

x -0

Bai 2.13.Chung minh rang ham sd y = cosl khong c6 gidi han khi x - 0
X

HD = Gidi

Chon hai diy sb c¢6 s6 hang tong quat 13 X = L vay = _
2nit " R2n+hmr

Lam tuong ty nhu bai 2.12.

Bai 2.14.Cho ham sé f(x) = \/; th x20 .va cac diy sd (u,) voi u, =1 va(v )véiv = —l. Tinh
2x; x<0 n n
limu ;limv ;lim f(u );lim f(v,)
HD = Giai

Taco limu, = liml =0,limv = lim(—l) =0
n n

n

Tw do lim f(u,) =lim(\/i+1J =Llim f(v ) =lim(—2j =0
n n

Vi limu =limv, =0 nhung lim f(u ) # lim f(v ) nén ham s6 y = f(x) khong c¢6 gidi han khi x - 0

Do OnON", u, 150w v, =-L<o. Nénf(un):\/iﬂ va f(vn):—2
n n n

S5x+2;, x21

Bii 2.15.Cho him sé £(x) :{ . | Tim fim £, lim £ 2),lim £ )
X" =3 x -1 x-1" X -

HD»w Gidi
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Taco lim f(x)= hm(x -3)=-2; hm f(x)= hm(Sx +2)=7

x-17

Vi lim f(x) # lim f(x) nenhrrll f(x) khong ton tai
x-1 xo1F X -

. P-2x+3; «x<
Bi 2.16.Cho ham sé f(x)=4" 23 =2 mi tim £, lim £(x),Tim £(x)
4x—3; x>2 xo2 xo2f xo2
HDw.Giii
Tacd lim f(x)= hm(x —-2x+3)=3; lim f(x)=lim(4x-3)=5
x-27 x-2" x-2"

Vi lim f(x)# lim f(x) nenlnrzl f(x) khong ton tai
x -2 xo2F X

V9-x*;-3<x<3

Bai 2.17.Cho ham sé f(x)=11; x=3 .Tim lim f(x), hm f(x) va hmf(x) (néu co)
x-3"
Vx*-9; x>3
HD» Giai

Tacllim f(x)=limv9—-x*> =0; hmf(x)—llm x*=-9=0

x-3" x-3"

Do d6 hn}f(x) =0

1 3
, - . >1
Bai 2.18.Cho hamsé f(x)={x-1 » -1

mx +2; x<1

V6i gia tri ndo ctia m thi ham s f(x)co gi6i han khi x — 1? Tim gidi han nay.

HD»= Giai
Ta co
2 —
11mf(x)—11m ! 3 =lim X txo2
a1\ x = 1 X =1) = (x=D(T+x+])
~ lim (x=D(x+2) ~ lim (x+2) -1

e (x=D(xP+x+D) a-r (xPHx+])
lim f(x)=lim(mx+2)=m+2

x-1 x-1

f(x)cogioihankhi x -1 = m+2=1«< m=1.Khido lirrllf(x)=1

Bai 2.19.Tinh cac gidi han sau;
a) lim 223 b) lim 222 ¢) lim 2X 7
-1 x—1 -1 x =1 - x—1
d) lim =¥ _17 e) lim (21" -5x* +7) f) lim v2x* -3x+12
xo1F X — X - —00 X - o0
HDx= Giai
a) Taco lim(x-1)=0,Xx—1<0véimoiXva lim(2x-3)=-1<0.
x-1" x-17
Vay Tim 223 = 4o
-1 x—1

b) Taco lim(x—1)=0,X—1>0véimoi Xva lim(2x—-3)=-1<0.
x-1* x-1*

Vay lim 2273 = oo
-1 x—1
¢)Tacod lim(x—-1)=0,X—1<0vdimoiXxva limR2x—-7)=-5<0.
x-1 x-1
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Vay lim 2577 = oo
x-17 x—1

d) Taco lim(x—1)=0,Xx—1>0vdimoi Xva limQ2x—-7)=-5<0.
x-1* xo1"

Vay lim 2~ = oo
-1t x—1
e) lim (21" -5x> +7) = lim x (2—§+lJ
X - —00 X —0 X X

Taco lim x° = —oo; lim (2—§+%J:2>0

X X

Vay lim (2x3 —5x> +7) -

X - =00

) lim V2x' —3x+12 = lim 2 [2 -2 +1% = 4eo
X - oo X — too X X

Bai 2.20.Tim cac gioi han sau:

x+ 2\/_ 4-x* x> +3x+2 CoAxXT=Tx+12

a) lim b) lim —2— ¢) lim d) lim

x-0" X - 4/ x-2" ‘,2_)(' xo (=D "XS +x4 x -3 9_X2

HD ».Giai
x+24x :\/;(\/;J’Z) _x+2
x—\/; \/;(\/;—1) \/;—1'
Do do \/_ l'm@=£=—2

XaO x— \/_ x-0" \/;—1 -1

b) V&imoi X< 2, tacod

4-x* 2-x)2+x)
li =lim ————=lim(x +2)v2-x =0
ey e pex e

¢) Véimoi x> -1, taco
2
lim X +3x+2: lim (x+1)(x+2) lim \/x+1(x+2):0

R N BT B | N LS By x°

d) Véi moi — 3 <x<3,tacd

\/x -Tx+12 ~ lim J@B—x)(4-x) ~ lim V4 —-x ﬁ
o Jo-x* =7 J3-x)@+x) 7 3+x 6

a) V&imoix>0,taco

Bai 2.21.Tim cac gidi han sau:

\x? +x \/_ ) Vl—x ) 3—x x -8

a) lim Y2 X TNY b) lim ——e ¢) lim d) lim

X 0" 2 l=x +1—x x5 27 = 3 2" x2 =2x

HD = Gidi
\/x2+x—\/;_ . X Hx-x’

a) lim ——————=1lim =lim ————==+®

x-0" _x2 x-0" x2( [x +x + ) x-0 [x +x+\/—
V1—x Vi-x . 1 _1
(2+J1 x

b) lim ——————=1lim
U l—x +1-x MJ1 X
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3—x 3—-x

¢) lim ——— = lim

V3-x

=3 \27-x0 T B9 +3x+x?) 3 9+3x+ 2

d) lim Y =8

x-2" x —2_x x-2

- +2x+ +2x +
. Jx=2)(x +2x 9 _p 1 /ﬂ:
* - x-2" X x—2

x(x—2)

= lim =0

Bai 2.22.Tim cac gidi han sau:

+3x+ Tox+ ‘+
a) lim (|20 #3541 b) lim XX —**3 ¢) lim —* 1
-2\ xT—x+2 xo—o Dy —] (3 xT+4x+3
8+ +
d) lim ¥8¥2x=2 e) lim—>—_ |X*% f) lim (\/x2+x—\/4+x2)
x-(=2)" x+2 x»2(x 2) 4-x X - —00
HD = Gisi

2t 43x41 27 3
a) lim T =3—==
=2\ xt—x+2 8 2
L I e
b) lim al xl = lim X X = lim X X -
X
44 44 44
C) limx—1 Véimoi x <-3,taco 2x ! =2 1.
(3 x> +4x+3 x“ +4x+3 x+1 x+3
44 44
Vi lim = 41<0va lim =—co nén lim x—l
=37 x+1 -3 x+3 -3 x* +4x+3
d) lim V8+2x -2 _ lim 8+2x—4
o Verz e (B2
2(x+2) 2\/x+

3 x+4

e) lim . Vi lim
2 (x=2)7 Vd-x
+

Nén lim 3 x+4 = +o0

2 (x=2)> Vd-x

£) lim (sz +x —\/4+x2) = lim

X - =00

= lim

o \/1+ \/+1

=0

Vi 3 —+mva11m,/X+4:J§>o.
2 (x—2) e\ d—x

= +o0

= lim

“m\/x +x+\/4+x XH“‘ ‘\/1_'_ +‘ ‘\/_'_1

Bai 2.23.Tim cac g101 han sau:

&) lim L=

04— \/x +16
d) lim x+V4ax* —x+1

Xm0 1-2x

x=x
1\/_1

e) lim x( x> +1 —x)

X - too

b) lim

4

+ —_
¢) lim 2x"+5x -1
Xﬂ+°°1 x” +xt

f)hm( ! —lj
x*=-4 x-2
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HD» Gii
2 2
P+1-1 .x(“” +16) 44X +16

a) hm =lim =-lim————=-+4

"4-x*+16 "”“—xz(mﬂ) =0 J el 41
Y A )

b lim = lim =limx =1
1\/_ 1 \/;_1 X1
5 1
242 -
445
c) hmM lim —X X" =
xote =y 4yt wee 11
4 7+1
X X
[ 2_ .. 1- 4—l+i
. x+\Ax -x+1 x x* _1
d) lim = lim =—
e -2 o] 2
~ -2
X
x(x*+1-x°
e) lim x(\/x2+1—x):1im f/z_ = lim al = Jim —— :%
Xl x,/1+i2+x T
X X
+ — —
f) lim S N R NS L C ) Sl S
x*—-4 x-2) x20 x*-4 vt x2 =4

Bai 2.24.Tinh cac gidi han sau:

6—-3x .mx—\/3x—2 x> =3x+1

a) lim C) lim

—_— 1 —_—
x—=2 [2x2 +1 x-2 x2_4 x=2" x=2

p— +4' 2_
d) im| x+x* +...+x" ——— e) lim 2x-1 f) fim ~FV4 71
x-1 -X x—to x4+ 73 X - —00 2-3x
HD = Giai
6—-3x
a) lim ————=4
207 +1
x—+3x-2 x> =3x+2
b) lim =lim
=2 xP—4 it (x2—4)(x+\/3x—2)
. (x=1)(x=2) . x-1 1
=lim =lim =
x”z(x—2)(x+2)(x+\/3x—2) “Z(x+2)(x+\/3x—2) 16
2
-3x+
c) lim #?w (Vikhi x — 2" thi lim (x-2)=0vax=2>0 con x* =3x+1 - 1)
x-2" X — x-2"

d) lim(x+x2 +otx" —lij Khi x - 1” thi \x\ <1 nén theodng aia cip 5 nhan Iui vé kn, ta
x-1 -X

COx+x>+.. . +x"=

. Do do6 1im(i— " j:nmx_”:—oo
- X

1-x -1 1 1-x) x-r1—-x
T
e) lim = lim g =2
X — x+ X — 1+7
X
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1- 4—i
. x+\Ax* -1, x2 _1
f) lim lim ==
xomo D=3y xeme D 3
—-3
X
Bai 2.25.Tinh céc gidi han sau:
2+ + 2+ + 6+ 2+ —
a) lim X 3x 10 b) lim X 11x230 0) lim & 4x ); 2
x--1 X +6 x-=5 5—x X o~ (x3+2)
T4 x-— Y +4x+ +
d) hmu e) lim Y2¥_F4x +3 f) lim (2x +1),|— 12
wor ) 0+ 7xt +21 X o= 2x+1 X oo 2x° +x
o tim (571 -x45) im L
HD = Giai
1
a) 2; b)—;
) )10
c)1; d) 0
2 4+4 2+3 l 2x4+4x2+3 - 2x2+4+%
e) lim ~— "~ 77 = |jm X ——=lim =
X - 2x+1 X 2+7 X - 2+7
+ + / + +
£ 11m(2x+1) X 1 Qx+1)°(x D _ (2x 1)(x 1) - lim 2+_ 1+l -
x*+°° x2(2x+1) x”*°° Xt
g) lim (\/5x +1- )C\/_) ! =0
Yot 5x>+1+xv5
1 Thx+1+ \f1+1+12+1
h) lim ———— = lim > T T oy XX X oy
et x+l-x 0 x+1 e 1+l
X
Bai 2.26.Tim gidi han cac ham s sau:
V2x+7 - x* -1
a) lim——— b) im —— C) lim
X4'23 [x_l_ x-1 [x+3 xﬂl%/;_l
+ 1 3 _ 2
& fim x4 -1-1 e)hm*/l x—=1-x f fim 252 — 2
o1t Jx-1 x x°=3x+2
VX =3x+ Vx—4—Jx+4+
g) lim Y2 —3%*2 R — K) lim YX -4 TVxH4+2
x=1" x"=5x+4 I xT+Hx=2 x -1 x5 x=5
HD »w Giai
x=2 )(3+\/x+7) (x—2)(3+\/x+7)
a)lim —hm —hm =—lim(3+\/x+7)=—6
23 —Nx+7 (3 x+7]|3+ x+7) X o
29
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b)lim =1i
= x+3-2 ”( 2x+7+3)( x+3—2)( x+3+2)
2(x—1)( x+3+2) 2( x+3+2) 4 4
=11m )zll ):2325

otim =L = lim (xz_l)(%—”%/;’%)

1 3fx-1 x (%/Z—l)(%/x_2+%/;+%ﬁ)

(-D+ D[ +3x + 30
= lim ( 1 ):1im(x+1)(%/x_2+%+%):6
x-1 X — x-1

o i et WU RV R W P R " +(*/;‘1)(&+1)
JEE S p— ““(J—l J—J““{J_l N )

+
x-1

S N PR ol N B m+—<x-wx-1]
m(&ﬂ)} ( (x=DVx +1
=lim|Vx+1+ x-1 =2 (vix >1"=x-1>0)

xo1 \/;4.1

-—x-1_ . 1-x-1

. ANl=x=:1-x _
e)lim =1 lim
x-0 X x-0 X x-0 X

) (i e
R (Ve B B (TR S T

= lim X —lim

X
o x(mﬂ) o x(mﬁ/mﬁﬁ)

. 1
im

= 1im +——— ~lim

1
] Jamar + i 0]
 (Bx=2)—N4-x-2 _ ((3x‘2)‘m)((3x—2)+M)

| —

D x*=3x+2 - (x2—3x+2)((3x—2)+M)
i 5x°—11x+6 ~lim (x =1)(5x +6)

(e —3x+2)((3x—2)+\/4x2 —x—2) x (x—l)(x—2)((3x—2)+\/4x2 —x—2)
. 5x+6 =%

ol (x—2)((3x—2)+\/4x2 —x—2)
olim ¥ 7352 e oDy o peVee) L aenfary) BB

-l x2=5x+4  x-r (x—-1(x—4) 1 (x=1(x—-4) -1 (x=1)(x—4) -3 3
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. ( 1 1 J_. ( 1 1 j
h)lim - =lim -

el 4x-2 x-1) ~(x=D(x+2) (x-D(x>+x+1)
X Hx+l-(x-2) . (x—D(x+D ‘m (x+1) _2

Sl =D+ +x+]) (=D 2 +x+]) ol (x+2)(x +x+]) 9

k)lim =lim
x5 x=5 x5 x=5

. ( x—4—1)(M+1) (\/m—s)(\/mﬂ)
5 x=5 x—4+1 ) Jx+4+3

i ] x-5 _ x-5 }_hm{ 1 1 } 1
S x =5 Jx-4+1 Jx+4+3] 5| Jx-4+1 \/x+4+3 3

Bai 2.27.Tim cac gioi han sau:
1 1 . X +2x -4 +3x+1
a) hm + b) lim
x*=3x+2 x*-5x+6 vote 2 Ay =3 +2x—5
c) lim (\/x+\/;—\/;) d) lim (\/Xz —2x—1—\/x2 —7x+3)

X — too

x> =3x+2 . X —x +4x+5
e) lim f) lim "
el x? —4x7 +2x +1 xote  xT—x+3
HD» Giai

1 1 . 2x> —8x+38
a)hm + =lim 5
22 =3x+2 x*-5x+6) —2(x=2)'(x-D(x-3)

2(x=2) . 2 2

=lim = - = ==

Xﬂz(x 2 (x-D(x=3) X*Z(x Dx-3) -1

> 4
b)limm+3X+l=limH AR
e [T rar—3 4225 U122 25
X X

2 4 1
[\/“x 3] +2-% a3

= lim = lim X X ng
[ 1+4_1+2_5] TN
X X X X X

Luuy: lim = lim

2 4 1
— 1+= 72_3_i
NxP+2x -4 +3x+1 XX X))
o+ ax 3425 _(

¢) lim (m—x/;j: lim ( -

X — +oo X — +oo
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o VX _ 1 1
= lim = lim =—
X — +oo ’x+ X + ’x X — +oo 1+ 1 +1 2

) lim (\/x2 —2x—1-+/x —7x+3)

(\/Xz -2x—1 —\/x2 —7x+3)(\/x2 -2x-1 +\/x2 —7x+3)

= lim
e Vi =2x—1+yx* =Tx+3
X 5—i 5_ﬂ
X 5
= lim = lim X :5
X 1_%_i+ 1_Z+i \/1—2_12.*.\/1_74_32
x x2 x x2 X X X x
Luuy:
4
5_; é

lim (\/xz—Zx—l—\/x2—7x+3): lim =-

X — —00 X — —00 2
ey
X X X X

2
—_ + —_ —_ —_
e)hm x =3x+2 —lim (x—-D(x—2) —lim 2x 2 :l
el 3 —4x? +2x+1 -l (x—D)(x*=3x-1) *~1x*-3x-1 3
1_1+4+5
3_,24 + — T, T
£)lim = XS i X2 X
X — +0o X _.X+3 X - +oo 1 3
X 1_73+74
XX

C. BAI TAP PE NGHI

Bai 2.28.Tim cac gbi han sau:

4_
a)lim(l—lj L b) lim — 5
-3\x 3 (x—3) x-(2) 2x"+3x -2
32t
¢) lim ——~—= 10 d) lim \/x2—2x—1—\/x2—7x+3)
=2 xT+3x+2 x = o

Bai 2.29.Tim cac gbi han sau:

. \/x+9+\/x+16—7 Ix+7 \/5 x2
|

a) lim » b)l
c) lim (%/x3—1—\/x2+1) d) “fP N +8x+3—\/x2+4x+3)
-1 <1
Bai 2.30.Cho ham é f(x)={ r—1 "% * =" . Vi gia ti nao @gamthi ham § f(x) c6 givi han khi

mx+2néu x=1

X—»lf)

Bai 2.31.Cho ham & f(x)= Tim cac gbi han sau: hm f(x), hm f(x)va hm f(x)(néu co).

\x- i

32
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Bai 2.32.Cho ham & f(x) :{

lim £ (x) (néu co).

Bai 2.33 Tim céac gbi han sau:

\/(x2+1)(1—2x)

a) lim

x--1

XX +x+1

d) lim |2 -
-0\ x"+3x—-4 x+4

Z‘x‘—] néu x<-2

N2xX2+1 néu x>2

x> =9x-22

b) lim
Mli/(x—n)(xz—3x+16)

&) lim NP +x+2-+1-x

x--l xt+x

. 2x+1-42x"+9x-1
h) lim —; S
-2 x7+3x"-9x-2

. Tim cac gbi han sau: lim f(x), lim f(x)va

x-(-2) x-(-2)

C) lim (\/x2 +8x —\/x2 —x)

X - =00

x> +7x-18
f) lim ———
=2 \3x =2 -2

3 — —
K) lim 0= x ~2

x-2 x—2
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§3. HAM SO LIEN TUC

A. KIEN THUC CAN NAM

1. Ham sb lién tuc
= Cho ham s6 y = f(x)x4c dinh trén khoang K va x, 0K . Him sy = f(x) lién tuc tai Xo khi va chi

khi lim f(x) = f(x,)

= Ham s y = f(x)khong lién tuc tai x, duoc goi la gidn doan tai diém do6
*  y=f(x) lién tuc trén mot khoang néu no lién tuc tai moi diém thudc khoang do.
» y=f(x)lién tuc trén doan [a; b} néu no lién tuc trén khoang (a; b) va

lim f(x) = f(a), lim f(x) = f(b)

» Do thi ham sb lién tuc trén mot khoang duoc biéu thi bdi mot “duong lién” trén khoang do.
2. Cac dinh li
Dinh li 1

a) Ham s6 da thurc lién tuc trén toan bo tap s6 thue R

b) Ham s phén thic hitu ti va ham s luong giac lién tuc trén ting khoang cua tip xac dinh cta

chung.

Dinh li 2.

Giasir y = f(x) va y = g(x) 1a hai ham sb lién tuc tai diém xo. Khi do:

a) Cachamsd f(x)+g(x), f(x)—g(x) va f(x).g(x) cling lién tuc tai diém Xo.

b) Ham s % lién tuc tai Xo, néu g(x,)#0
g(x

Dinh 1i 3
Néu ham sb y = f(x) lién tuc trén doan [a; b] va f(a).f(b)<O0 thitdn tai it nhat mot diém
c¢O(a;b) sao chof(c)=0

Ménh dé tuong duong
Cho ham s y = f(x) lién tyc trén doan [a;b ] va f(a).f(b)<0.Khi d6 phuong trinh f(x)=0
c6 it nhat mot nghiém trong khoang (a; b).

B. BAI TAP

\e JT; ‘A ” \ X X
Bai 3.1. X¢ét tinh lién tuc cua ham s6 f(x) =

tai Xp =3

HDx=.Giai
Hamsé y = f(x)xac dinh trén R \{2} , do d6 xac dinh trén khoang (2;+00) chira Xp = 3.

lirr31f(x) =lirr31L2 =3=f(3). Vay ham ) y = f(x) lién tuc tai xo = 3.
X - x-3 x —

2x* —2x Khi x %1
Bai 3.2.Cho ham s6 f(x)={ x-1 © 471 Xét tinh lién tuc ciia ham sd trén tap xéc dinh cua no.
5 khi x =1
) HDx= Giai
Tap xac dinh cia ham s6 1a R.
2 —
Néu x #1thi f(x) :Z’C—f".
-

bay 1a ham sb phan thirc hiru ti c6 tap xac dinh 1a (—o0;1) [ (1; +00)
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Vay no lién tuc trén mdi khoang (—o0;1) va (1;+00)

2 - —
Néux=1,taco f(1) =5 va lim f(x) = lim 2x" =2x _ . 2x(x =D

x -1 X - x-1 X —

=27 ()
Vi hrrll f(x)# f(1), nén ham sb khong lién tuc tai X = 1.

Vay ham sb d3 cho lién tuc trén cac khoang (—oo;1),(I;+00) va gian doan tai x = 1.

, Er S R ,
Bai 3.3.Cho ham s0 f(x) = x-3 . Xét tinh lién tuc ciia ham so trén tdp xéac dinh cua
5 khi x =3
no.
) HDx= Giai
Tap xé&c dinh cia ham so 1a R .
Néu x #3thi f(x) :%.

bay 1a ham ) phan thure hitu ti c¢6 tdp xac dinh 1a (—00;3) [ (3; +00)
Vay n6 lién tuc trén moi khoang (—0;3) va (3;+0)
2
. -2x- + -
Néux=3tace £(3) =5va lim f(x) = lim > 22 =3 = jjg FFDEZD _ o o3
x-3 x-3 b 3 x-3 b 3
Vi lim f(x) # f(3), nén ham s6 khong lién tuc tai x = 3.

Vay ham sb da cho lién tuc trén cac khoang (—o0;3),(3;+0) va gian doan tai X = 3

Bai 3.4.Xét tinh lién tuc ctia ham s f(x) =+1-x’ trén doan [ ~1;1].

HD »= Giai
Ham sb d3 cho xé4c dinh trén doan [—1' 1} . Véimoi x, L(-1;1), ta co

hmf(x)—hm\/l x —\/1 x =f(x,), nén ham sé hentuctrenkhoang( 11)

XA'XO x"XO

Ngodira, taco lim f(x)= lim V1-x>=0=f(-1)va lim f(x)= lim vJ1-x>=0=f()

x-(-D* x-(-D* x - (=1)" x-(-1)"

Do d6 f(x) lién tuc trén doan [—l;l]

Bai 3.5.Chtng minhriang ham s6 f(x) =+/x +1 lién tuc trén nira khoang [—1;+oo0)

) HD = Gidi
Ham s6 f(x) lién tuc trén nura khoang [—1;+00)néu no lién tuc trén khoang (—1;+c) va
lim S =f(=D) Vi voi moi x, U(=1;+0), tacod

x-(-D*

lim f(x)=lim~x+1=,/x,+1 = f(x,), nén ham s lién tuc trén khoang (—1;+00).

Ngoaira,taco lim f(x)= lim Vvx+1=0=f(-1)
x-(-D* x-(-DF
Do d6 ham sb f(x)lién tuc trén ntra khoang [—1;+00)
x -8 P
‘. \ £ —_— néu x#2 o . .1 K oA oA s 4 .
Bai 3.6.Cho ham s0 f(x) =4 x-2 . Xét tinh lién tuc ciia ham so trén tap xac dinh cta no.
5 néux=2
) HDx= Giai
Tap xé&c dinh cia ham so 1a R .
3 —
Néu x #2thi f(x)=>—5
x—2
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bay 1a ham s6 phan thire hitu ti ¢6 tdp xac dinh 1a (—0;2) [ (2;+00)
Vay né lién tuc trén moi khoang (—00;2) va (2;+00)
2 _ _ 2
x -8 ~lim (x=2)(x" +2x+4)
x—=2 x=2 x=2
Vi lim f(x) # f(2), nén ham s6 khong lién tuc tai X = 2.

Néux=2tacd f(2) =5 va lim f(x) =lim =12# f(2)

Vay ham sb da cho lién tuc trén cac khoang (—00;2),(2;+00)va gian doan tai X = 2

x-x-2
Bai 3.7. Xét tinh lién tuc caa ham sé f(x)={ -2 néu x>2ix=2
5-x néu x<2
HD = Giai
xP—x-2 :
Hamsé f()=1 y—2 “¥*>2 s tapxdcdinh 1a R
5-x khi x<2
Taco f(2)=3. (2)
2
-x- -)(x+
lim £(x) = lim X=X 72 g 2 DGHD g )
x-2" x-2" x—-2 x-2" x—=2
lim f(x)=1lim(5—x)=3 (3)
x-2" x -2

Tix (1), (2) v (3) suy ra lim f(x)=3= f(2). Vay f(x) lién tuc tai X = 2.

) , B néu x<l1 .
Bai 3.8. X¢ét tinh lién tuc cua ham s6 f(x) =4+/2-x -1 taix=1
-2x néu x=1
HDx=.Giai
Ham sd f(x)=42—-x -1 c6 tap xac dinh 1a R
-2x néux=1
Taco f(1)=-2. Q)
=1 (x—l)(\/2—x+l)
lim f(x) = lim ———=1lim =2 (2)
x -1 x-1 2—x—1 x-1 l_x
lim f(x)=1lim(—2x)=-2 (3)
x-1* x-1*
T (1), (2) va (3) suy ra lirrll f(x)==2=f1).Vay f(x) lién tuc tai x = 1.
x*+5x+4 »
‘. .z — néux*¥-l , . ...
Bai 3.9Cho ham s6 f(x) = x> +1 . Xét tinh lién tuc ctia ham s0 trén tap xac dinh
1 néu x=-1
cua no.
) HD »= Giai
Tap xé&c dinh cia ham s 1a R .
. 4+5x+
Néu x# —lthi f(x)= 2 2%*4
x” +1

bay 1a ham sb phan thirc hiru ti c6 tap xac dinh 1a (—c0;—1) [ (—1; +00)
Vay no6 lién tuc trén modi khoang (—o0;—1) va (—1;+c0)
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A 2455+ + +
Néu x=-1,taco f(-1)=1va lir{llf(x):]imx Sx 4_lim (x+D(x+4) -1

o4l A (xR —x+])
Vi lin_llf(x):f(—l), nén ham sé lién tuc taix = —1.

Vay ham s6 da cho lién tuc trén R..

Bai 3.10.Ching minh rang phuong trinh x* +2x—5=0 c6 it nhat mot nghiém.

HDx=Giai
Xétham sé f(x)=x>+2x-5
Tacd f(0)=-5 va f(2)=7.Dodd f(0).f(2)<0
y = f(x) lam ham da thic nén lién tuc trén R . Do d6 no lién tuc trén doan [0; 2]. Tir d6 suy ra phuong
trinh f(x)=0 c¢ it nhat mot nghiém x, 0(0;2)

Bai 3.11Chimg minh rang phuong trinh:
a) 2¢ — 6x+ 1 =0 c6 it nhat hai nghiém
b) cox = X c6 nghiém

HD »=.Giai
a) Xét ham ) fx)= 2¢ — 6+ 1. Ham sd nay la ham da thic nén lién tuc trén R . Do d6 no lién tuc trén
cac doan [0; 1] va[l; 2] Q)
Mat khac, ta c6
fO0)=1; f)=-3va f(2)=5.Dodo f(0).f(1)<O0va f(1).f(2)<0 (2)

Tur (1) va (2) suy taf(x) =0 c6 it nhit hai nghiém, mét nghiém thudc khoang (0; 1), con nghiém kia
thudc khoang (0; 2)
b) Xét f(x)= coxX—X. Ham s0 nay la ham da thirc nén lién tuc trén R . Do d6 no lién tuc trén cac doan

T
{O, 2} (1)
/s

Mt khéc, ta c6 £(0) =1 f(zj = _IET Do d6 f(0).f (%Tj <0 )

Tu (1) va (2) suyra f(x)=0 c6 nghiém thudc khoang (O; gj :

Bai 3.12.Chung minh rang phuong trinh:
a)X° — X —7 =0 ludn c6 nghiém

b) cosX = 2sin —2 c6 it nhat hai nghiém thudc trong khoang (—

c) Vx’ +6x+1-2=0 co6 nghiém duong

d) xX* — 3¢ + 1 = 0 ¢6 nghiém trong khoang (—1;3)

Yy

.

HDx= Giai
a) X6t ham s6 f(x)=x" — X — 7. Ham sb nay la ham da thirc nén lién tuc trén R . Do d6 né lién tyc trén
cac doan [0; 2] Q)
Mat khac, ta c6
f(0)=-7<0; f(2)=19>01(2) =19>0.Do do f(0).f(2)<0 (2)
Tir (1) va (2) suy ta f(x)= 0c6 it nhit hai nghiém, mot nghiém thudc khoang (0; 2)
Vay f(x)=0 luon c6 nghiém.
b) Xét f(x)= cosX — 2sirk + 2. Ham s6 nay la ham da thic nén lién tuc trén R . Do dod no lién tuc trén

cac doan {_%T’g} va {g, ﬂ} (1). Mat khac, ta c6

BT. DS&GT 11 37 @ong IV. Giéi han



GV. Lw S Phap Toan 11

f(—ngg;f(ng—lvé f(71)=3.Do ds f(—%’j.f(%’jm va f(gj.f(n)<0(2)

7_T
6

b

Tir (1) va (2) suy ra f(x)= 0 c6 it nhét hai nghiém, mot nghiém thudc khoang (— g

j , con nghiém kia
thudc khoang (%’ ; ﬂ) .

C)Taco VX’ +6x+1-2=0 = x’ +6x+1=4 = x’ +6x-3=0

Xét ham sd fx)= X + 6x—3 lién tuc trén R nén lién tuc trén doan [0; 1] (1)

Mat khéc, ta c6: f(0)=-3; f(1)=4.Dodo f(0).f(1)<0 (2)

Tu (1) va(2) suy ra phuong trinh  f(x)= 0 c6 it nhat mot nghiém thude (0; 1)

Vay phuong trinh vx* +6x+1 -2 =0 c6 it nhit mot nghiém duong.

d) Xét ham sé f(x)=x*— 3¢+ 1 lién tuc trén R

Nén f(x)lién tuc trén doan [-1; 1] chira trong [—1;3} . Mt khac, ta co

f(=1)=5va f(1)=-1.Dodo6 f(-1).f(1)<0

Suyraf(x)=0coit nhét mot nghiém thudc khoang (-1; 1) chira trong khoang (—1; 3) .

Vay f(x)=0 c6 nghiém trong khoang (—1;3) :

Bai 3.13.Chung minh rang phuwong trinh:

a)x® — " + Bx—2 = 0 ¢6 it nhit ba nghiém trong khoang (—2; 5) :

b) X° — B — 1= 0 ¢6 it nhat ba nghiém

c) X2 + 3¢ — 4x— 7 = 0 ¢6 nghiém hay khong trong khoang (—4;0) ?

HD = Giai
a) Xét ham s6 f(x)=x"— X' + 5 —2 lién tuc trén R
N@énf(x) lién tuc trén doan [0; 1], [1; 2] va [2; 3] chira trong [ =2;5].
Mat khac, ta c6
f(O)==2va f()=1, f2)=-8va f(3)=13.Dodo f(0).f(1)<0, f(1).f(2)<0 va f(2).f(3)<0
Suy ra f(x) =0 cé ba nghi€ém, mot nghi€ém thudc trong khoang (0; 1), mot nghi¢ém thudc trong khoang
(1; 2) va nghiém con lai thude trong khoang (2; 3).
Vay f(x) =0 co6 ba nghi¢m trong khoang (—2;5)
b) Xét ham s6 f(x)=x° — 5 — 1 trong ty nhu cAu a), trén cac doan | =2;~1],[ 1,0 ] va [0;3]
¢) Xét ham s6 f(x)=x + 3¢ — 4X— 7 12 ham da thirc nén lién tuc trén R .
Mat khac, vi £(0).f(=2) <0 nén plrong trinh f(x) =0 c6 nghiém trong khoang (—2;0) . Do do6 cé

nghi¢m trong khoang (—4; 0) .

Bai 3.14.Chung minh riang phuong trinh sau ludn c6 nghiém véi moi gié tri cua tham sé m: (1 —mz)x5 -
3xX-1=0

HDx= Giai
Xét ham s6 f(x)= (1 —m)x° — 3 — 1, 1a ham da thirc, lién tuc trén R , nén lién tyc trén doan [—1;0}
Mat khac, ta c6
f(0)=-1<0va f()=m*+1>0 nén £(1).£(0)<0, véi moi m
Suy ra phuong trinh f(x) =0 c6 it nhat mot nghiém thudc trong khoang (—1; O) , nghia la phuong trinh

f(x)=0 ludn c6 nghiém véi moi m.
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Bai 3.15.Ching minh rang phuong trinh: (1 —n?)(x + 1)* + xX* —x — 3 = Oludn c6 nghiém v&i moi gia tri
ctua tham s6 m.

HD»Gisi
Xét ham sd f(x)= (1 —mA)(x + 1) +x* —x — 3 12 ham da thtrc nén lién tuc trén R . Dodo lién tuc trén

doan [—2;—1} . Mat khac, ta c6

f(-1)==1<0va f(=2)=m*>+2>0 nén f(-1).f(-2)<0, v6i moi m

Do d6 f(x) =0 luodn coé it mot nghiém thudc trong khoang (—2; —1) v6éi moi M. Nghia 1a phuong trinh (1
—m?)(x + 1) + X% —x—3 = 0 ludn c6 nghiém véi moi m.

Bai 3.16.Chung minh rang cac phuong trinh:

a) X°cOSX + xsinx + 1 = 0 ¢ it nhit mot nghiém thudc khoang (0; 77)
b) sirk = x — 1 ¢6 it nhat mot nghiém

c) x* — 3¢ + x — 1= 0 c6 nghiém trong khoang (—1; 3) khéng ?

a) Hamsé f(x)= X2COX + XSinX + 1 1a ham daillgi?lgfllién tuc trén R . Do d6 lién tuc trén doan
[ 0;77] . Miit khac, ta c6
f(0)=1>0, f()=1-1 <0 nén £(0).f(7m<0.Dodd f(x)=0 coit nhat mot nghi¢m thudc khoang
(0; /1) . Vay phuong trinh f(x) =0 c¢6 it nhat mot nghiém thudc khoang (0; 77)
b) Ham sd f(x)= sirk—x+ 1 1a ham da thirc nén lién tuc trén R . Do d6 lién tuc trén doan [O; IT} . Mat
khac, ta co )
f(0)=-1<0, f(n=m—1>0 nén f(0).f(71)<0.Dodo f(x)=0 co it nhat mot nghiém thudc khoang
(0; m) . Vay phuong trinh f(x) =0 c6 it nhat mot nghiém.
c) Hamsé f(x)=x"— 3¢ +x—1 13 ham da thirc nén lién tyc trén R . Dodé lién tuc trén doan [—l; 0} .

Mat khac, ta c6
f(0)=-1<0,f(-1)=2>0 nén f(-1).f(0)<0.Do ddé f(x)=0 ludn co it nhat mot nghiém thudc

khoéang (—1;0) chua trong (—1;3) . Vay phuong trinh f(x) =0 ¢6 nghiém trong khoang (—1;3) .

A

x*=3x+2
3. . ST III A 21 % A ———— néu x<2 .. A
Bai 3.17.Tim céac gia tri cia tham sO mdeé ham s6 f(x) =<5 2 -2y lién tuc trén R .

mx+m+1 néu x=2

) HDx=.Gii
Tap xacdinh diahaméla D=R
Tacod f(2) =3m+ 1.lim f(x)=lim(xm+m+1)=3m+1= f(2) va
x-2" x-2"

2

— + — p— —
lim f(x) = lim 2222 = gy OEDOD) g o1 L
x-2° -2 xT=2x -2 x(x=2) -2 x 2
Pé ham sd lién tuc tai x = 2 khi va chi khi 3m+1=% - m=—é

X A I . \ A A . [P A . A A . \ 9 . 1
D¢ thay vdi moi m, ham s6 f lién tuc tai moi diém x #2. Vay f lién tuc trén R khi va chi khi m = —g .

2
X —x-
e 1 PN . 5 A \ A - _ ¢ 2 A .
Bai 3.18.Tim gia tri cia m dé ham s6 f(x) = x=2 neux lién tuc tai X = 2.
m néu x=2
HDx=.Giai

Tap xacdinh ailaham 8 la D =R
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2
. i
Tacd f(2) =mva lim f(x):hn}x x22:hm(x D(x-2)

X - x-2 b

=lim(x+1)=3
DPé ham sé f lién tuc tai X =2 khi va chi khi f(2)= lim f(x) < m=3
Vay m=3 thi ham s6 f lién tuc tai x = 2.

1 3 ,
, - p >1 , ,
Bi 3.19.Chohamsb f(x)=4x-1 -1 " 7" Vi gi4 tri ndo cia tham sé mthi ham sb
mx+2 néu x<l1
f(x)liéntuc tai x =1 .
, HD = Giai
Tap xacdinh diahaméla D=R
Taco. f(1)=m+2
24,
lim f(x) = lim 1—33 = lim —> fz
e el x=1 ¥ =1) r (x=1)(x2+x+1)
- + +
= lim T DOHD) X2

- (x=D(x*+x+1) x-rx+x+1
Va hmf(x)—hm(mx+2) m+2=f()

x-1"

Def(x)hentuc taix=1« lim f(x)=lim f(x)  m+2=1 m=-1.
xo1t x-1

Bai 3.20.Xét tinh lién tuc cua cac ham sd sau trén tap xéc dinh cua chiing
2
-2 . - ,
al néux;t\/a ! x2 néu x 2
a) f(x)={ x-2 b) f(x) =1 (x-2)
2 néu x =2 3 néu x =2
HDx=.Giai

2 —
x_2; khi x % \/5 , )
a) f(x)=4x=+2 . Ham sb x4c dinh trén R

N khi x =2

2

Néu x #+/2 thi f(x)=-""Z 13 ham phan thirc hitu ti nén lién tuc trén cc khoang (—oo;ﬁ ) va

x-\2
()

x—\/a x+\/5
Tei x =42 lim f-}imf( )(ﬁ iy 3) 25

Do d6 ham s lién tuc tai x = \/5
Vay ham s6 f(x) lién tuc trén R

e
b) f(x)=1(x-2)* c6 tap xac dinh 1a R
3; khix=2

X 1y A , w2 A F1:A A i \
—la ham phan thirc hitu ti, nén nd lién tyc trén cac khoang (—00;2) va

Néu x#2 thi f(x)= 1=
(x =

(2;+00).

40
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=-w# f(2)

. 1-
Tai x=2,tacd lim f(x) =lim
xazf X2 (x—2)2

Do d6 ham s6 f(x) khong lién tuc tai X = 2.

Vay ham ) f(x) lién tuc trén cac khoang (—00;2) va (2; +00) va gian doan tai X = 2.

Bai 3.21. Tim s thuc a sao cho hamds

2.2 P <
f(x)= ax ne,u x<2 lién wc trénR
(I-a)x néu x>2

HD . Giii
Ta ¢6 lim f(x) = lim (azxz) =4a” = f(2); lim f(x) = lim (1-a)x =2(1-a)
x-2" x-27 x-2F x-2F

Ham $ £ lién tuc tai x =2 khi va ch khi 44> =2(1-a) = 1

Hién nhién ham& f lién tuc tai moi diém x #2 véi moi a

Vay ham $ f lién tuc trénR khi va chi khi a =-1,a :%

Bai 3.22.

a) Chrng minh &ng phrong trinh x* +1000x* +0,1=0 c6 it nkit mét nghém am

b) Ching minh &ng phrong trinh x* =1000x> —0,01 =0 c6 it Nkt mot nghiém duong
c) CMR Wi moi sb thuc a, b, ¢, phrong trinh x* +ax? +bx +¢ =0 ¢ it nkt mot nghiém

HD = Giai

a) Ham $ f(x)=x*+1000x>+0,1 liéntuc trénR . Ta c6 £(0)=0,1>0. Vi lim f(x) = ~e0 nén bn
tai mot b thuc a sao chof (a) <0
Vi £(0).f(a)<0 nén, theo &iqua caadinh Ii \é gia ti trung gian éa ham 8 lién tuc, tn tai mot s
thuc ¢O(a;0) sao chof(c)=0.Vay x =c¢ la mot nghiém am @&a phrong trinhda cho.

b) Ham $ f(x)=x’—-1000x> -0,01 lién tuc trénR . Ta c6 f(0) =—-0,01<0. Vi xlirﬂof(x) =+00 nNén
tén tai mot sb thuc bda 16n sao chof(b) >0
Vi £(0).f(b)<0 nén, theo &iqua ciadinh Ii \é gia ti trung gian éa ham 8 lién tuc, Hn tai Mot s
thuc ¢[0(0;b) sao chof(c)=0.Vay x =c¢ la mot nghém duong aia phrong trinhda cho.

c) Ham $ f(x)=x>+ax* +bx+c liéntuctrénR.

lim f(x)=+0 va Xlil‘gof(x) = —c0. D0 d6 phrong trinh f(x) =0 c6 it nkit mot nghiém véi moi

X — +oo

sb thuc a, b, c.

Bai 3.23.Tim céc gia trcaiaa vab dé ham $
ax—b néu x<I
f(x)=13x néu 1<x<2 liénwctai x =1 vagiandoan tai x =2.

2 ~
bx"—a néu x=2

, HD »= Giii
Ham $ lién tuc tai x = 1 va giandoan tai x = 2 khi va clikhi

m f)=hm f)=fD) - (5-p=3  [(a=p+3
lim £(x) % lim f(x) :{4b—a¢6:{b¢3
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Bai 3.24. Timmdé ham é f(x) = % néu x#1 ian e i x=1.
m’x  néu x=1
HDx=.Giai
A 2 g \/;—1 . (\/;_1)(\/;4-1) 1
Tacof(l)=m". lim =lim

o 1
=1yt -1 “1(x—l)(x+1)(\/;+1)_1’(1£r11(x+1)(\/;+1)_Z

Dé ham $ lién wc tai x = 1thi lim f(x) = f(1) = m= J_r%

C. BAI TAP PE NGHI

Bai 3.25.Chirng minh ing ham 8 f(x)=x*+x+3+ lién tuc trén &p xacdinh aia no.

x=2
Bai 3.26.Ching minh &ng phrong trinh x* + x +1=0 c¢6 it ntit mot nghiém am bn hon — 1.
Bai 3.27.Chimg minh rang cac phuong trinh m (2 CoSX — \/5) =2sin5x +1 ludén c6 nghi¢m véi moi gia

tri cta tham s6 m. ‘ )
Bai 3.28.Ching minh &ng ham 8

5+ 2 i
x2 al neuxzlvax#0
X +x
f(x)=<-3 néu x =-1 lién tuc trénR .
0 néux=0
x*=3x+2 » 49
Bai 3.29.Chang minh Bng ham 6 f(x)=4" x-2  "“* 77 lientuc i x=2.
1 néu x=2
x> =5x+6 »
L. <z ————— néu x%3 _. Zs % A .
Bai 3.30.Cho ham 8 f(x) = x=3 .Timmdé ham e y=f(x) liéntuc tai x=3.

(m-Dx néu x=3

NOox+7 —x P
néu x>7

Bai 3.31.Choham & f(x)=< ,2—8x+7 .Timmdé ham $ f(x) lién tuc tai x=7.

2ax* —6ax+1 néu x<7
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ON TAP CHUONG IV

Bai 1. Tinh cac gbi han sau:
3 _ _1\»
) lim 2772043 by lim(2n+1 _I_cosnj & lim (3+( ) j

n— +oo 1_4n3 n -+ n 4” n—+oo

HD = Gidi

21’ —2n+3 n3[2— 1
-2n+
a) lim —nl 4” lim 1" n —1” =3

3
n

= lim

n - +oo n n -+ 4"

b) lim (

n — +oo

2n+1 cosnj . 2n+l . cosn
+ + lim
n

Ta c6 lim 22 = lim (2+1J:2.
n— +oo n n - +oo n

+
Vay lim (Zn 1 4 cosnj _s

neto| p 4"

si:(ﬂ véi moi n va lim (l) =0 nén lim 22" =9.

n -+ n -+ 4”

c) lim [3+(31) j: lim 3+ lim (_? =3(Vi (_3? s(é} S 0 khin — +»)
Bai 2. Tinh cac gbi han sau:
4
nt =2n+
a) lim(\/n2+3n+1—\/n2+2n—1) b) limw
-2n"+3
c) lim~/n’ +8n* =7 d) limi
3" +2.7"
HD = Giai

n2+3n+1—(n2+2n—1)

a)lim(\/nz +3n+1-n? +2n—1) = lim
\/n2 +3n+1 +\/n2+2n—1

2
n|1+—
n+2 o ( nJ

=lim =1lim

2 2 _
Jn? +3n+1 4 +2n-1 n(\/1+3+12+\/1+2—12]
n n n n
1+2 |
=lim n :E
J1+3+12+J1+2_1
n n n
2 3 2 .3
Vntoanes MV VT
b)lim =lim A=
l’l2 n
c)lim\3/n9+8n2—7=1imn3‘3/1+£7—lg:+00(V| lim n = +o0; hm,3/1+i lg 1>0)
n n n n
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n 5Y
57" 2 (7} oy
d)lim——— =limL— =lim =—=
3" +2.7" 3" 3Y 2
- +2 21 42
7" 7
Bai 3. Tim cac gbi han sau:
+9x+ +3x* -9x— +
a) lim M b) hmx ¢ ~9x =2 C) lim X+l

3 _
w1 3x% 4 x7 +1 =2 x -x-6 =L J6x? +3 +3x

VO +5x+4x” -3 J10-x -2 Vx+8—-+8x+1

d) lim e) lim

X0 X -2 x=2 1\/5 x = \/7x 3
HDx=.Giai
4x° +9x+7 41‘+91+7
a)lim
=1 3x0 4+ P +1 3.1°41° +1
. X H+3x2-9x-2 (X‘2)(x2+5x+1)_. x> +5x+1 _15
b)lim 3 =lim = lim — =—
S X -x=6 2 -p)(xte2r+3) 2at2x+3 11

x+1 (x+1)( 6x2+3—3x) 6x* +3-3x
¢)lim ————=1lim =lim—— =

x--1 ,6x2+3+3x x -1 3—-3x2 x -1 31-x)

) lim VO +5x+4x* -3 ~lim 5x+4x° ~lim 5+4x _5
x=0 X x=0 x(\/9+5x+4x2 +3) 0. Jo+5x+4x> +3 6
3 e -
e)lirr21 10 x2 2:lin} 2—x
X - —_ X - 2
. (x—2)(3(10—x) +2310—x+4j
=-lim ! :—i

Y0-x) +2d10-x+4 12

Jirs—Jartl .7(1—x)(\/5—x+\/7x—3)_ 153 +V7-3) 5
SN 3‘93?8(1_x>(m+M) o[ ) 12

f) lim

Bai 4. Tim cac gbi han sau:

a)nle_2 b) lim 2V =3 ) lim(\/3x2+x+1—X\/§)

x -1 X — x-7 .X — 9 X - +00
d) lim— >3 e) lim \/x —2x-I2-6—\/x2+2x—6 ) lim x+2-2
=3 3—J6x—x’ x-3 x°—4x+3 =2 [y 47 -3
HDx= Giai
\/— 2 (ﬁ—z)(ﬁu) -1 1

=1lim =1lim =

1

lim -

- e (x—l)(\/x+3+2) o (x—l)(\/x+3 +2) Clx+3+2 4
L 2-yx-3 7-x . 1 1

R “7<x—7><x+7>(2+ﬁ)=_£19<x+7>(2+m)='§
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+1 3
c) lim (\/3x +x+1-— x\/_)—hm al —
oo rorey3x? +x+1+m/7 6

(x=3)[3+V6x—x> ) 34 /6x—x2
d) im ————=1im =lim

X33 /6x x2 xﬂ3( /6x—x2)(3+ ,6x—x2) x-37 x—-3

Ta Célim(3+\/6x—x2):6>0,lim(x—3):0 vax— 3 < 0\i mgi x< 3

x-3" x-3

Dowvay lim —————==-
¥=3 3—6x —x°
Vxt—2x+6-x?+2x -6 _ —4x+12
e) lim . =lim
o X" —4x+3 . (x2—4x+3)(\/x2—2x+6+\/x2+2x—6)

=lim 4 =-

1
. (1 x)(\/x —2x+6+x?+2x - 6) 3

NI ek IR S PR
f) lim =lim lim

**2\/x+ -3 T (x- 2)(\/x+2+2)_“2\/x+2+2_5

Bai 5. Tim gi6i han cia cac ham&sau:
3
34 352 =2x-— x+3) =27
a) lim x—8 b) lim 2% Z5x ~2x 3 C) lim(#
=27 +11x+18 =345 =13x> +4x -3 x-0 X
N + Xlx+2
d) hmu e) lim M f) lim 13
x=0 2x (2" x*+3x+2 i\ 1=x 1-x°
HD»w Gidi
P48 (x+2)(x"-2x+4) 544 12
a) im ——— = lim =lim———=—

-2 +11x+18 -2 (x+2)(x+9) -2 x+9 7

2x’=5x" -2x-3 _ . (x—3)(2x2+x+1) . 2x x4l _11
=lim =l

b) lim i 2 XL
B4 S35 +4x =3 +o3 (x—3)(4x2—x+1) 34y’ —x+1 17
. (x+3)3—27 ) R
0) lim*——L—— =lim (x> +9x+27) =27
x-0 X x-0
d) Ta c6 Vax ot x‘“3+x
.. x{V3+x? —xxl3+x \/3x +x* \/_
Véi x <0,
xﬂo
. x|V3+x? xx/3+x \/3x +x* \/_
Véi x>0, 5 0
X X -
Tir d6 suy ra khéngdn tai lirrol—M
i X
: - ‘X+2‘ : x
e) Khix ~ (-2)" thi[x+2|=x+2.Dod6 lim m ——=2

(2" x* +3x+2 x~<—2>*x+1
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f)hm( ! 3 j—lmLz——l

1-x 1 X =1 x? 4 x+1

Bai 6. Tim giéi han cia cAc hamé&sau:
-x" —x+ - x? 3-|x-1
a) lim |~ %0 b) lim|—0 % ¢) lim |-
=30 xT+3x =325 +7x+3 x4 x — 2‘
+ Vi+x =31+
d) lim x # e) lim W1 F X “VI*x f) lim \/x2+1—%/x3—1)
xoto N 3xT+x7+2 ¥=0 X Xt
HD »=.Giai
a) Taco == 20 27% yhimoi x# -3 valim = 2 0=y 27X =2
x°+3x X -3 x"+3x -3 x 3
Do d6 lim | —X+61 |33
-3 x4 3x 31 3
_ 2
b) hm9—x 6
~32x* +7x+3| 5

c) V6i x > 2, tacé‘x—l‘:x—l va\x—z\:x—z.

3=fx=1] _3-x+1_4-x

Do do =-1véix>2vaxz4
‘x—2 -2 x-2-2 x-4
Vay i 3-fr-d lim(=1) = ~1
a 1m— =lmm(—1)=
y x4 |y — 2‘—2 x4

1

e B 2+ 6
d) lim x =lim | ——=—
X - +00 3)C +)C +2 xﬁ+oo 3)C +)C +2 X - +00 1 2 3
3+ —+—
X X3

hm

x-0 x x=0 X

~ (¢1+x_1)(¢1+x+1)_1. - )(W i
] )

=lim s - hm

“Ox(\/EH) 0 (WM/EM/_)

\/1+x—\3/1+x \/1+x —1+1- 31+x I+x-1 . Y1+x-1
HO

e)lim

1 1
S ] £1%(M+JE+I) s
£) lim (\/x2+1—#x3 —1): lim (\/E—xu—%/ﬁ)

X — +oo X — too

= lim !

IS +1+x X%+ x3x° _1+w’ x’ —1
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x*=3x+2
‘. i, £ 'O —— néu x<1 ., .
Bai 7. Tim céc gia tri cia tham sO mdé ham s0 : f(x) =<1 2 -y lién tuc trén R .

mx+m+1 néu x=1

HD »= Giai
Taco f(1) =2m+ 1. lir{lf(x)=lir¥(xm+m+l)=2m+l=f(l) va
2
hmf(x):hmw:hmw:hmx_ﬂ
x ol xo1T  x"=2x x ol x(x—1) xolm X
D¢ ham s0 lién tuc tai x = 1 khi va chi khi 2m+1=-1 = m=-1
D¢ thay véi moi m, ham s6 f lién tuc tai moi diém x #1. Vay f lién tyc trén R khi va chi khi m =-1.

=-1

X +x-2 » £1
Bai 8. Tim gia tri ciam dé ham s f(x) =1 x—1 7" lién tuc taix = 1.
m néu x=1
HD = Giai
T+x-— - +
Taco f(1) =mva lim f(x)=lirrllx al 2=liII21(x Dix 2)=lirr11(x+2)=3
X - X - xX— X - X - X -

DPé ham sb f lién tuc tai x = khi va chikhi f(1)= lim f(x) = m=3

Vay m =3 thi ham s6 f lién tyc tai x = 1.

Bai 9. Chirng minh &ng phrong trinh x* =3x* +5x -6 =0 c06 it nkt mdt nghiém thuwc khaing (1; 2).

HD» Giai
Xétham sé f(x) = x* —3x* +5x—6. Ham s nay la ham da thic nén lién tuc trén R . Do d6 no lién tuc
trén cac doan [1; 2] Q)
Mat khéc, taco f(1) =-3<0; f(2)=8>0.Dodo f(1).f/(2)<0 (2)
Tir (1) va (2) suy ta f(x) =0 c6 it nhdt mot nghiém thudc khoang (1; 2).

BAI T AP PE NGHI

Bai 10.Tim cac gbi han sau:

a) lim(2” —2n+3) b) lim [vn* +2n° —nz)
2 _ n 2 _ o4 3e,3 402
¢) lim n--n +2 cosn d) lim\/4n n \/8n n
2n—1 3" 2n+3
22n+1 3n+2_5 n n+2+ n+2
im0 ) flim T4 +2
3! (2+4"+2) 262 -3

Bai 11.Tim cac gbi han sau:

a) lim% b) lim(m—n) c) lim(%/n2 -n’ +n)

n—\/n2+1) e) lim Vi +144n ) nm(n-lj(l“‘”j

An’ +n-n n)\ 2n’
Bai 12.Tim cac gbi han sau:

3 2
a) lim( al al ] b) lim

o\ 337 -4 3x+2 v

d) lim n?

9x* +1 —3x) C) lim ( 2x* -3 —Sx)

X — —00
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2x -1
d)!flfrzl(x 2)(x —x- 2)

Bai 13.Tim cac gbi han sau:

X =3x-2

a) lim
x-1 x-1
d) lim YN e) lim

3 2x+3 - \/x+6
Bai 14.Tim cac gbi han sau:

(—%f +5x7 —4x+1j

—2x+1
1—-x

(lx“ -2x’ +4j
4

Bai 15.Tim cac gbi han sau:

) hfnf i“i
1 X~
2

(—lx4 -2x%+ 3)
4

. 4x*+x-20
e) lim ————
xﬂ(—3)_ 3x +9
Bai 16.Tim cac gbi han sau:
2x +x-20
2x +4

a) lim

X - =00

C) lim

x-1"

e) lim

X — —00

c) lim

X — —00

—2x* +3x— 4)

Toan 11
Nx?=2x —4x-9 . N2x7+3
e) lim lim Y22 72
i (x 3)(x —2x - 3) oo 4yt
\/2x+1.33x+1— J1+2x =3/1+3x
b) lim C) lim .
x-0 x-0 X
(\/x+ x+\/_ \/_j f) lirP %/)c3+3x2 —\/x2—2x)

b) lim

X o —00

2x =3 ++/4x? +7x—9)

d) lim [6x -5 —~/36x" —4xx—5)

X — +oo

f) lim |{Sx+1- 9x2+2x)

X — +oo

b) lim

X o —00

4x* +3x —1+3x)

d) lim

X — +oo

( 36x* —24x —6x +2)

VIx* =3x+5 +3x—4)

f) lim

X - —00

b) lim

X o —00

V4x* =3x+5 +2x—4)
4x—36++/4x’ —12x)

d) lim

X - —00

e) lim Q/Sx +x+1+\/4x -3x+5

X — —00

il
|
(7

hm
9 x’ —4 x= ZJ
V6—x —x/x*+4
K) li S
¥=2 x =4

Bai 17.Ching minh ing ham 8 f(x)=

f) lim

X - —00

|

Jox? =3x+5+327%° +x+1)

hy lim 2 *4 x’—2x+4

2 x+4-x+6

I)l Ax+7 \/5 X’

2 A —
x“—x+4 néux=2

x=2 lién tuc trén p xacdinh aia né.

néux#?2
+7-3
Bai 18. Ching minh &ng phrong trinh x* =3x* +5x+7 =0 luén c6 nghim.
1 3 »
.. . - néu x>1 o . .
Bai 19.Chohamso f(x)=<x-1 x*-1 . Vo1 gia tri ndo cuia tham s6 mthi ham so

m*x +2mx+2 néu x<1

f(x)lién tuc tai X = 1.
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m*x> —mx+4 néux=2
Bai 20.Cho ham s6 f(x)={ x-2

Vx+7-3

. . V&i gia tri nao cua tham s6 mthi ham s6
néu x 2

f(x)lién tuc tai X = 2.

X =-x"+x-1 .
. = nux> .
B&i 21 Cho ham sé f(x)=4 v —srxa  "“*7 1 Xet tinh lien tuc ctia ham sé y = £(x) tai x = 1.
-2x+1 néu x <1
X +3x*-9x-2 »
. oz néu x 2 et 1 1en s 1 & .
Bai 22.Cho ham s6 f(x) = X2 =3x+2 . Xét thh lién tuc cua ham s6 y = f(x) tai X =
5x+5 néux=2
2.
—2x+1 khi x < -1
Bai 23.Xét tinh lién tic cla ham 8 y = f(x) =4 2 +5x + 4 ' tai x =-1
L0T7 hix>-1
x +1
2x+5 khi x > -2
Bai 24.Xét tinh lién tic cla ham & y = f(x) =4 4 =32 -4 tai x =-2
L2 70 khixs—2
x +8
2x+8 khix #1
Bai 25.Xét tinh lién tic cla ham 8 y = f(x) =4 v* +3,2 -4 ' tai x =
. khi x =
x —2x+1
24+3x+
L\/X_z khi x > -1
Bai 26.Xét tinh lién tic ciaham & y = f(x)=4 X TVx+2 tai x=-1
%x3+x2+2x—2 khi x < -1

Bai 27. Tim cac gbi han sau:

. 52"=3.7" NI+ +n Cox®-2x
a) lim————— b) lim~—M— c) lim ——==
4" +2.5" 2n+1 i 3x? 49
Yy +9 — 3_ L
d)lim Y2272 e)lim m—x) f) lim ot X 7
x-1 x—1 X oo *=35x"=19x" +14x -6
g) lim| —— 1 h) lim \/x2—2x—1—\/x2—7x+3)
w4 (x? =16 x—4 oo
Bai 28. Tim cac gbi han sau:
+ _ 2 n+3 _ A2n+l 3 _ 2+ _
a).lim(n 2)3(2 3n) b) i 2 - 2 0 lim2x3 7x2 11x-10
n +8 4" +3" -2 x?=2x"-3x+6
d)lim—— e)lim VX2 HVx+4 =S f) fim 25 2533
x--1 '6x2 +3 +3x x-0 X x--1 [5x+6 +x
249, — ' [0v2 —8¢ + y —
g) lim 22 £2x°3 h) lim (v4x? +12x +3x—15) i) lim Y2 T3x * X3
= J8x - x A

Bai 29. Tim cac gbi han sau:

T x+3—+4x? -7
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4
33,2 45y — 6x> +4) (3x* -5
2) 1in112x Sx Fox -2 b) lim ( )z( )2 ¢) lim (x—2+\/m)
ey 178 T (oxt —2) (847 +2) e
V2x-1+3/x- +4 -3x+ 42x% —4x+
d) lim 2x 12 x—2 e) lim X 42 x+8 9) lim3x 2)(3 4x+1
¥l x -1 x¥=0 2x"+x xl 27x" =1
3 4 ~ .
| (32 -4) (522 +1) (37 -527) ~ o A2x+3-3Br+1s
h) lim . 5 i) lim T )] hrrgl
T (4xt -2) (727 +2) 37 (27 +4) o x-3
m khix =2
Bai 30.Cho ham s& f(x) =< 2,2 =5y +2 h . V6i gia tri ndo ctia tham s6 m thi ham s
ix#
x’—4

f(x)lién tuc tai x =2.

Bai 31.Cho ham s6 f(x) =

f(x)lién tuc tai x =2.

Bai 32. Bai 2(2,4iém). Cho hamé f(x)={x-1

tai x=1.

Bai 33.Cho ham & f(x)=

Bai 34.Cho ham & f(x)=

Bai 35.Cho ham & f(x) =

x=0.

Bai 36.Cho ham é f(x)=

x=0.

Nx+7-3

m*x* —mx+4 khix=2

x=2 . V1 gid tri nao cua tham s6 mthi ham s6

khix#2

1 3

x -1

m’x +2mx+2 khi x=1

khi x#1

. Timmdé ham 8 f(x) lién tuc

+ — —
Jax +1 \ém 3 i c#o | |
4-x .Timmdé ham é 7(x) lién tuc tai x=2.
mzxz+lx—l khi x=2
6 4
V3x+l—+x+3 hi x %1
PR YL Timmdé ham § £(x) lién tuc i x =1.
m?x? —4x khi x=1
Nx+1l+x+4 -3 khi x>0
X

. Timmdé ham $ f(x) lién tc tai
(1+x)m2+(1—2x)m—§ khi x<0

Vx+9+x+4-5

khi x>0

x . Timmdé ham $ f(x) lién tuc tai

(1-x)m* +(2x—1)m—% khi x<0

BT. bPS&GT 11
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2
+ p—
’ —23x fx 14 hi x22 » ,
Bai 37.Cho ham é f(x)=4% ~% —x~2 .Timmdé ham § £(x) lientuc tai x=2.
3m-5 .
khi x=2
2x+3

Bai 38.

a) Chtig minh rang phuong trinh x° + x =1 =0¢6 it nhat mot nghiém thuec.

b) Chirng minh rang phuong trinh x* +3x? —4x —7 =0 ¢6 it nhat mot nghiém.

¢) Chirng minh &ng phrong trinh 2x* — x* +3x* =3x -9 =0 c0 it nfit hai nghém.

d) Ching minh &ng phrong trinh16x* —16x° +19x> =16x +3 =0 ¢0 it nkit hai nghém trong khang
0; 1).

fe) Ch)l'mg minh rang cac phuong trinh: X’co + xsinx + 1 = 0 ¢6 it nhit mot nghiém thudc khoang (0; 77) .
f) Chirmg minh ring cac phuong trinh: sinx =X — 1 ¢¢ it nhat mot nghiém c6 it nhit mot nghiém thude
khoang (0; ) .

g) Ching minh &ng phrong trinh x* =3x* +5x -2 =0 c06 it ntit ba nghém phan bit.

h) Ching minh &ng phrong trinh x* =5x —1=0 c06 it Nkt ba nghém phan bit.

BT. DS&GT 11 o1 @ong IV. Giéi han
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TRAC NGHIEM CHUONG IV. GI 61 HAN

GIOl HAN CUA DAY SO
Cau 1:lim(2.3" —5.4") bang.

A. 5. B. +oo. C. —oo. D. %
n+l _ n .
Cau 2:limﬂ bang.
3.2"+7.4"
A. —oo, B. 3. C. % D. +oo.
Cau 3:lim(3.2” -5 +10) bang.
A. —oo, B. +oo. C. -2 D. -5.
Cau 4:lim 22 = bang.
3.2"+54"
A. —oo, B. i C. l D.0
4 2

Cau 5:lim\/2(\/ﬁ—\/;) bang.

A -1 B. 0. c. -3, D. 1
2 2
Cau 6:lim; bang
Nn®*+2n-n

A. % B. 2 C.0 D. 1
Cau 7:lim(\/n2 -n —n) bang.

A. —%. B. —o. C. 0. D. V2.
Cau 8:lim+3n* —10n+12 bang.

A. +o, B. \/3. C. —co. D. 0.
Cau 9:limv/2.3" —n+2 bing.

Al B. +oo. C. —o. D. V2.

n+l _ Qn .
Cau 10:limﬁ bang
3n+2 +2n+3 _4
A. g B. +oo. C. —i. D. —l.
3 17 9

Cau 11:lim(\/n2 +n+2 —\/n+1) bang.

A. 1. B. —oo. C. +oo, D. 0.

n n+l

Cau 12:lim bang.
5+3

n+l
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A. ﬁ B. ﬁ C. /3. p. L.
3 3 3
Cau 13:limn(\/n2 —1-~/n*+2 | bing.
A -3 B. - L. C. +oo. D. 1
2 2
A . 1 =D"
Caul4:TimM=lim| 3+ >
A. M =3. B.M=1. C. M=4. D. M=0.
2_ A
Cau 15:1imM bang.
4n-2
A 3. 5 2. .2 b, Y3,
4 2 4

A N A A r 5 A A A NETEPN LA M N A A 2
Cau 16:Tim so hang tong quat cta cap sO nhan lui vo han c6 tong bang 3 va cong bdi g = 3

n+l n-1 n-1 n+l
A.u:% . B.u=é . C.u=2 . D.u=§ .
" 3 "ol2 "3 "2

2
Cau 17:lim Y 1H 1 g
2n+1
A. 1. B. 3. C. i D. l
2 2
Cau 18:Tinh téng S =1+ ———+ +CV
10 10° 10"
A.S:E. B.S:—Q. C.S:i. D.S:—E.
11 11 11 10
Cau 19:lim(\/n2 +n—n? —1) bang.
1
A. +oo, B. 0. C. 5 D. -1
[ 2
Cau 20:lim3n—+12+n bang.
1-2n
J3
A. —1. B. 0. C. —7. D.1
Cau 21:lim(\/n2 -n +n) bang.
A. 0. B. 1. C. 2. D. 4o,
2 - N
Cau 22:1im dn” 4120+l bang
Nn*+2n-n
A. % B. —-1. C. 0. D. 1.
Cau 23:lim 2 tl=Vn+l bang.
3n+2

53

BT. bPS&GT11 @ong IV. Giégi han



GV. Lu S Phap

Toan 11

A 1. B. % C. —l.
3 3
Cau 24: Tim H =lim——2 5
(_2)” +3n
A. H=3. B.H=—%. C. H=1.
Cau 25:lim(\/n2 +3n —n+2) bang.
A. Z B. 2. C. Z
4 2
Cau 26:lim(\/n4 +n’+1 —nz) bang.
A. 0. B. ! . C. l
V3+1 2
Cau 27:1im (\3/113 -2n’ —n) bang.
1
A. 2. B. -1. C. —.
3

A K ~ A 5 ~ 1 y o . N .
Cau 28:Biét day so (up) théa man ‘un —1‘ <— voimoin. Timlimu ?
n

W | =

N | =

W |

. lim u =0.

. too,

A. limu’Z :%, B. limun =1. C. limun =-1.
3" +1—sin7—T
Cau29:Tim I :lim—n”.
1

A. 1 =0. B.IZE. C.I1=1.

Cau 30:Tim K = lim>—>4"
4"+
A. Kzé. B.Kzé. C. K=5.
4 2
— 2 \
Cau 31:lim (n+l)3(3 2n) bang.
n +1

A. 2. B. 4. C. 2.
Cau 32:lim+/3.4"—-n+2

A. 0. B. 2. C. 3.
Cau 33:Tinh tdng § :2—J5+1—%+%—...

2
A S= 2\/5. B.S= 2 . C.S5=2+1.
J2+1 J2 +1
Cau 34:lim 2SN +4cosn bang
n+l
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A L B. 0. C. 0. D. 1.
2
Cau 35:Tim J =1im(n—+1+ Cosnj.
n 3"
A J=2. B.J=1. C.J=0. D.J:%.

A A A 5 A A A A \ . A \ 5 A A A ‘A 5 1N 39 2 A
Cau 36: Biét tong cua mdt cap sO nhan lui vo han la 3’ tong ba s0 hang dau tién cta no la 55" Tim s6

hang dau va cong boi ctia cap so do.

2 2
A. ul=l,q=%. B. ul=1,q=§. C. ul=2,q=§. D.u=1g=2.
3/ 6 _~ 3 _ .
Cau 37:lim \/n In”=5n+8 bang.
n+12
A. +oo, B. 1. C.n D. 0.

Cau 38: Tim & hangdau va coéng bi cua dip $ nhan I0i vo kbn, biét ring ©Hng aia éip $ nhando 1a 12,

hiéu cia $ hang dau va $ hang thr hai |a% va $ hangdau 1 ndt sd duong.

1
A u, =3;q=%. B. u, =3;q=Z. C. u =1;q=%. D.u =3,g=3.
Cau 39: Tinh tong S:9+3+1+...+3%+...
A. S=l. B.SZE. C.S:Z. D.SZZ.
2 3 2 2

Cau 40: Giai phuong trinhA 4 x+x7 4+ x" 4. :%, trongdo |x|<1.
X

A. xD{l;Z}. B. x(J 2L, c. xoi Ll D. xO l;g .
3 3 3’3

A s=3. B.5=2 C.s=3. D.s=2.
2 3 8 4
CAu 42:Tinh tong S =1+0,9 +(0,9)* +(0,9)° +...+(0,9)" " +...
A S=2. B.S=11. C. S=10. D. §=9.
10
Cau 43:lim ! bang
B2 —2n+1 '
A. 0. B. 3 -2. C.1. D.—1
J3-2
Cau 44:lim (%nz —3sin2n +5] bang.
A. +oo, B. L C. 5. p. 1L
2 5
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~ , ., 1 1 1 1
Cau 45: Tim tong cap sO nhan —,—,—,...,—,
g cap 202
1 1
A S= . B.S=—. C.S=1 D
2n+l 2

GIOlI HAN CUA HAM SO

Tox?+4x+5
cau 1: lim =—= 4x 5bémg.

woro oyt —x 43

A. 3. B. 1. C. 1. D.

Cau 2:lim| — ! +— ! bang.
-2 x"=3x+2 x"-5x+6

A. 1 B. 2. C. 2. D.
2
P+ .
Cau 3:1lim 2x 125 bang.
=2 (x+2)
A. +oo, B. —oo. C. -1. D.
4 _ 2 _
Cau 4:Biét lim 227 o vaim XV T ioh p=ab
rote - x? 4t X -2x
A. P=1. B. P=2. C.P:i. D.
Cau 5: Biét lingx(l—lj =cosa . Gia ti cia a.
x- X
1
A.G:E. B.a=T1 C.a=2m D.
N . 1 1 S
Cau 6: lim - bang.
w2 xP =4 x-2
A. i B. —oo. C. 0. D.
32
2 - N
cau 7:1im X273 ping.
-2 x+2
2
A. 3 B. 0. C. +oo. D.
Céau 8: lim (\/X2 -2x-1 —\/x2 —7x+3) bang.
A. 5. B. —2. C. l D.
2 2
Cau 9: lim (—x3 +x° —x+1) bang.
A. —oo, B. -1. C. +oo, D
2 - \
Cau 10:lim —; al 23er2 bang.
=l xy” —4x" +2x +1
56
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AL B. L. c. L. p. -1,
3 6 2 4
Cau 11:Cho ham s§ f(x)= Vx+t *20 o3 day o6 (u ) Vi u =L Tinn lim f(u)
2x; x<0 n
A. lim f(u )=1. B. lim f(u )=-1. C. lim f(u ) =0. D. lim f(u )=2.
. e 2+
Cau 12:Biét lim a+*/x XA 4] =3. Gia tf cha a.
X 2x+3
A.azé. B.aZl. C.a=—l. D.a=3
2 2 2
Cau 13:lim x -1 bang
x-1 %/;_1
A. 6. B. 9. C. 0. D. +o,
+x-1-1 &
Cau 14:1im \/; x -l bang.
x-1" x-1
A. 2. B. 2. C. +o. D. 0.
Cau 15:1im — Y% bang
PN T—x +1—-x
A. l B. 2. C. +oo. D. l
2 3
Cau 16:lim (\/x+\/; —\/;) bang.
1
A. 0. B. E C.2 D. 4o
— _3 — \
Cau 17:1im =X =917 ng.
xX- X
A. 2 B. 1. C. —l. D.6
6 6
\' 3 - A
Cau 18:lim 8 bang.
X2 x" =2x
A. % B. 1. C. —oo. D. +co,
Cau 19: Biét lim (\/4x2 -X +2x+m) :%. Gi& ti caam.
A.m=l. B.m=l. C. m=1. D.mZE.
2 4 4
g X0 HAxT Hx— X P+x- '
Cau 20:Biét lim X Y72 a2 X0 g =g
X0 (x3 +2) xor0 Dy +7x" +21
A S=0 B. §=1 C.S=% D.SZ?

57
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R . 4—x
Cau 21:lim
=2 \2—x

A 1.

bang.

B. 0.

\V5xt+1 —x\/g) =a. Tinh cosa.

Cau 22: Biét lim

X — +oo

A. cosa=0

Cau 23: hmV il
N

L B,
3

B. cosa=1 C. cosa=l

A.
n . 2—x
Cau 24:lim —
=2\ x+7-3
A. 0.

2 — —
Cau 25:1im X273
=3 x-1

A.

SN}

Cau 26:1im VX Z1x*12
=30 9 —x?
A V6 £

C. —.
6

CAau 27:Biét lim x( )
. P=

X - +oo

L B. -3.
3

Cau 29:lim (2 +1),| 1 hing.
Xt 2x° +x

A. 2. */E.

2

+1-1 .

Céau 30:limx—11 bang.
04 -Nx*+16

A. 2.

B. -1, c. o.
4

1 3
Cau 31:Cho ham sé f(x)={ x-1

b
x -1
mx +2;

BT. bPS&GT11
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Vi gi tri nao ciia m thi ham sd f(x)c6 giéi han khi x — 1? Tim gidi han nay.
A.m =1;1irr11f(x)=2. B. m =2;1irr11f(x) =2. Cm =2;lin}f(x) =1. D.m =1;lin11f(x)=1.

~ AW
11 ’
N

)

W |

N | W

. too,

O |

W | =

VxP+2x =4 +3x+1 .
Cau 32: lim = 2x - 4+3x+] bang
rext +4x-3+2x-5
A 1. B. —i. C. i
3 3
Cau 33:Biét lim—— 1 =4. Tinh P=C" +a
Y x+1-x
A. P=47 B. P=100 C.pP=2
2
+2x-3 .
Cau 34:lim# bang.
=1 2x"=x—1
A. l B. 2. C. i
2 4
— — 2 — — N
Cau 35:lim 3% 22 T x=2 bang.
vl x"=3x+2
A. —i. B. 0. C. l
3 2
3 _ 2
Cau 36:Biét lim 2" "4 = Tinhr =41
xote —x? —x? 4] 2
A. H=-1. B. H=3. C. H=4.
Cau 37:lim(x+x2 +..+x" 1 " j bang.
x-1 -X
A. 0. B.1 C. —oco,
2 . 1 1 L
Cau 38:lim| —; -— bang.
e xT+x-2 x -1
A. l B —2. C.0
9 2
3
VX =3x+2 .
Céau 39:Iimw bang.
= x" =5x+4
A. —oo, B. ﬁ C. ﬁ
4 3
+ .
Cau 40:1im al 2\/; bang.
x-0 X_\/;
A. 2. B. 2. C. —oco.
-z T4x+ . T+ 1x+ )
cau 41:Biét Tim 10 = v g 20 i =g,
=l X0 +6 x5 25—
A =L B.s=1 cog=2!
10 5 10
2
Cau 42: lim ~ 352 bang.
x-(-D* /xs +X4
BT. PS&GT11 59

@ong IV. Giégi han



GV. Lu S Phap

Toan 11

A. é. B. -1. C. l.
2 2
Jx—4-x+4+2 .
Cau 43:lim XX T4 TNX A2 u
x-5 X_S
1
Al B. 3. C.—-.
3
\' 2 - N
Cau 44zlimM bang.
x-0" X
A. 2. B. 0. C. —oo,

, 2 : <
CAu 45:Cho ham sé f(x)=1" 2**% *=2 Tinhiim f(x).
x—=3; x>2 x-2

A. Tim £(x) =3, B. lim f(x) =5.

C. lim f(x) khong bn tai. D. lim f(x) =1.

3—-x .
Cau 46:1im ——— bang.
=327 =%
A. 0. B. L. C .

\/g . 5.
Sx+2; x21

x* =3 x<I

Cau 47:Cho ham sb f(x) :{ . Tinh lim f(x).

A. lim f(x)=17. B. lim f(x) =1,

C. lim f(x)=-2.
Cau 48:lim > —x

x-1 \/;_1

A. 3. B. 0. C. 1.

bang.

HAM SO LIEN T UC

2.2 ~
ax néu x<?2

Cau 1: Tim  thyc a sao cho hamds f(x) = ”
(I-a)x néu x>2

A a=-1l,a=1. B.a:La:%. C.a=-l,a=2.
x*=3x+2
CAu 2: Tim céc gia tri cua tham sd mdé ham sé f(x)={ > -2y
mx+m+1
A. m=4. B. m=-1. C. m=6.

Cau 3: Trong céc khng dinh dri day, khingdinh nao sai ?
A.Ham $ y=tanx lién tuc trénR.
B.Ham $ y = x +sinx lién wc trénR.

60

D.m=-

(SR )

D. lim f(x) khong BN tai.

lien tuc trénR.
D.a=-1,a :l.
2

vél x<2

lién tuc trén R .

véi x=22

1
-
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. 2+3x4+2 .. o .
C.Ham $ y = al 3)62 2 lién tuc trén cac khiang (—oo;—z) va (—2; +oo)_

x+

D. Phrong trinh x® =3x* +5x—2 =0 c0 it nkit ba nghém nim trong khang (—2;5).

1 3 e
- vél x>1

Cau 4: Cho ham sb fx)=<x-1 x*-1 . Vo1 gia tr1 nao cua tham s6 m thi ham sd

mx+2 vl x<1
f(x)lién tyc tai x =1.
A. m=1. B. m=-1. C. m=-2. D. m=-3.
1 1 ) N
. . L B I B + khix>2vax#3
Cau 5: Tim cac gia tri cua tham s6 m dé ham s f(x) =< x> -3x+2 x> -5x+6
m*x* =3mx -5 khix <2
lién tuc tai x, =2.
+ +
A. m=3_\/i. B.m=2. C. m=3%+21. D. m=4_\/i.
4 2 3
ax—b vbi x<1
Cau 6: Tim céc gia irciaa vab dé ham $ f(x)=<3x v6il<x<2 liéntc tai x=1 va gian
bx*—a v6i x=2
doan tai x =2.
A b=a+3‘ B. b=a+3. C. a=b—3. D. a=b+3‘
az3 b#3 b#3 bz3
Q véil x #1
Cau 7:Timmdé ham § f(x)=1 x> -] lién tyc tai x =1.
m*x  v6i x=1
A. m=—%. B.m#i%. C.m=il. D.m=l.

Cau 8: Cho phrong trinh2x* -5x*+x+1= 0 (1) Trong cac rinh d sau, nénh dé naoding ?
A. Phrong trinh (1) chco mbt nghigm trong khang (=2;1).
B. Pheong trinh (1) khdng c6 ngéin trong khang (-1;1).
C. Phrong trinh (1) c6 it ndt hai nghém trong khang (0;2) .
D. Phrong trinh (1) khdng c6 ngéiin trong khang (-2;0) .

xX’-x-2 .
Cau 9: Tim gia tri cia mdé ham sé f(x) = x=2 VoI x#2 lién tuc tai x =2.
m véi x=2
A. m=0. B. m=3. C.m=1. D. m=2.

Cau 10: Trong cac khngdinh drsi day, khingdinh nao sai ?
A.Néuham 8y = f(x) vay = g(x) lién tuc tai diém x, thi ham 8 y = f(x) - g(x) lién tuc tai x,.
B. Néu ham 8y = f(x) lién tuc tai diém x,, con ham& y = g(x) khdng lién tc tai x, thi

y = f(x)+g(x) la ham & khong lién tc tai x,.
C.Néu ham 8y = f(x) lién tuc tai diém x,, con ham & y = g(x) khong lién tc tai x, thi

y = f(x)+g(x) 1a ham & lién tic tai X,
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D. Ham $ da thrc lién wc trén toan b tap < thuc R.
Cau 11:Cho ham & f(x) xacdinh tréndoan [a;b]. Trong cac rénhdé sau, nénhdé naoddng ?

A. Néu ham $ f(x)lién tuc, ting tréndoan [a;b]va f (a).f (b) >0 thi phrong trinh f (x) =0 khong
thé c6 nghém trong khang (a;b).

B. Néu ham $ f(x)lién tuc tréndoan [a;b]va f(a).f (b) > 0 thi phrong trinh f (x) =0 khong tf¢ c6
nghiém trong khdng (a;b).

C.Néu f(a).f (b) <Othi phrong trinh f (x) =0 ¢4 it kit mot nghiém trong khang (a;b).

D. Néu phrong trinh f (x) =0 c6 nghém trong khang (a;b) thi ham & f(x) phai lién tuc trén
khaing (a;b).

X2 —x-2 .
R , , e ———  khixz2 __ ,
Cau 12: Tim tham é thuc mdé ham $ f(x)= 3x? —5x— 2 lién tuc tai x=2
x*’m?+m+x® khix=2
1 1 1
A m=——. B. mUl C.m#z+t—. D.m=—.
2 2 2
ON TAP CHUONG IV. GI Ol HAN
—_ — 2
Cau 1: Bmthnlzx 5x°=2x=3 _ @ Hbidl o 407, Tinh P =abed.
3457 =13x* +4x-3 -3 cext+dx+1
A. P =6. B. P=-2. C. P=-8. D. P=4.

Cau 2:limi' bang.
n:

Al B. 0. C. L. D. L.
1000 10°
[ 2
Céau 3:limM ba
3/ 34—
n n—n
Al B. 2. C. +oo. D. %
Cau 4:lim n* (n—\/nz +1) bang.
A. —oo, B. 1. C. 2. D. 0.
2
—-x—x+ .
Cau 5:1im X ox+6 bang.
— 2
=30 xT+3x
INES B. -2, c.2. D. -2,
3 3 5
G 1)
Cau 6:lim —+ - bang.
3.2"
A. l B. é C. 1. D. +oo.
2 6
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Cau 7:1im 223 ping,

=7 x"—49
A. 0. B. —i. C. +oo. D. -56.
56
Cau 8:lim {QJ el bang.
V4 4"
A. i B. 0. C. +oo. D. Q
4 T
3 - - A
cau 9:1im M0 X 72 s
x-2 X -
A i B. 2. C —i. D i
12 12 24
. 2
Cau 10:1im£10—25m” j bing.
Jn
A. 0. B. 10. C. +oo. D. 9.
Cau 11: Trong n giéi han dudi day, givi han nao la-1?
2 2 _ .3 3
A lim— B. lim ™" C. lim 2225 D. lim——.
-2n—n 2n” +1 2-3n n +3
Cau 12:1im ((0.99)" cosn) bing.
a2 5. 2 c. 1L .0
2 10 10
\' 2 - N
Cau 13:ling D¥Sx+dx =3 bang.
i X
AL B. L. c.2. p. 1%
6 2 6 3
Cau 14:lim VX8 V8L i
15— x =[Tx -3
A. i B. % C. l D. i
12 3 12 56
Cau 15:lim22n—\/; bang.
n +2n-1
A. 2. B. 0. C. % D. 3.
. 2 +8 (x+2)(ax2+bx+c) _ )
Cau 16:Biét lim —— = lim , VoI a,b,c,d07Z. TinhS=a+b+c+d.
-2 x7 +11x+18 -2 (x+2)(x+d)
A S=-2. B. §=09. C. §=4. D. §=12.
_3 \
Cau 17:1im VX ZVI*X g,
X- X
A. 0. B. 2. C. 8. D. 3.
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Cau 18:lim(_—1) bang.
2n+1

A. 1. B. 0. C. —l. D. l

2 2
Cau 19: Cho phrong trinh x* +3x?—4x—7= 0 (1) Trong cac rainhdé sau, nénh dé nao sai ?
A. Phrong trinh (1) khdng c6 ngéin trong khang (-2;0) .
B. Phuong trinh (1) c6 ngkém trong khang (-4;0) .
C.Ham $ f(x)=x>+3x*—4x-7lién tyc trénR.
D. Phrong trinh (1) it nAt nghigm trong khang (1 3).

2 _ n .
cauzahm[ non 2 ““”]lﬁng

2n—1 3"
A. l. B. —l. C.o0. D. 2
2 2
i e [
Cau 21:lim———— bang.
wilx-2]-2
A 4. B. 1. C. -1 D. 0.
4n+2 (5_32n—3) .
Cau 22:1lim bang.
1 — 400 (22n+1 _1)(2_9n—2)
A. 4. B. 24. C. 16. D. 36.
Cau 23: Trong n gisi han dudi day, gii han nao 120 ?
— + 2 —_—
A lim2L. B. Tim 2~ C. lim (\/x2+1—x) D. lim—*—1 .
a1 x? =1 -2 x+10 X oo il x? =3x+2
cau 24:1im X3 72 ping.
-1 x=1
L B. L. c. L p. L
12 8 6 4

Cau 25:Cho phrong trinh—4x* +4x-1=0 (1). Trong cac ranh dé sau, nénh dé nao sai ?
A. Phrong trinh (1) c6 nglém trén khang (—2;0).

B. Phrong trinh (1) c6 it nét hai nghém trén khang (—3;%}

C.Ham $ f(x)=4x>+4x-1 lién tyc trénR.
D. Phuong trinh (1) khdng c6 ngéiin trén khang (~e;1).

lim( L 33j bang.

=\ I=-x 1-x

Cau 26:

A. 0. B. —l.
2
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m(x® —1)

khix=3
CAu 27:Cho ham s f(x) = mz_ 19 . V6i gia tri ndo cua tham s mthi ham sé f (x) lién
X2 - .
————— khix#3
3-V2x+3
tuc tai X=3.
_9 _ __9 _
A . m=—. B. m=-18. C.m=—-——. D. m=18.
13 13
Cau 28: Trong tn gioi han dudi day, givi han nao 140?
A lim 23, B. lim— 1,
1-2" 3.2"=-3"
2
- 2n+1){n-3
C. lim——". o, im 1)l 3 )
n +2n n-2n
N2x+1R3x+1-1 &
Cau 29:lim 2x 143X+ 71 1ng
X- X
A. +oo. B. 2. C. 1. D. 4.
— 3 \
Céau 30:limw bang.
n +n
A. 0. B. 3. C. 3. D. —%.
Cau 3L:Biét lim——"1 =4 TinhH=P + A" +C"
A. 105. B. 9. C. 55. D. 3.
3
(x+2) -8 B
Cau 32:Chohamé: y=f(x)=4" 2, néux#0.x# -1 pingdinh nao déi day Ia sai ?
x*=2x+12  néux=0
A. f(0)= lim f(x) B. Ham $ giandoan tai x =0
(+2) - o
C. lim——F"——=12 D.Ham $ lién tuc tai x =0
=0 xT+x
cau 33:11m”_2\/; bing.
n
A. -1. B. 2. C. —l. D. l
2 2
N6—x=Rx*+4 .
Cau 34:lim 0 xz X *4 bang.
¥-2 x =4
A. 7. B. —l. C. —L. D. l
48 48 48
5
Cau 35:1im 2 12X +7 bang.
w1 3x0 4 x7 +1
A. % B. 8. C. 4. D. 2.
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3 - N
Cau 36:limw bang.
n°+4
A. % B. 0. C. 3. D. +o0
Vx+2-2 .
Cau 37:lim————— bang.
=2y x+7-3
AL 5. 2. c.3, 0.1,
3 2 2 2
3 2 _ _ .
Cau 38:1lim > +33x 9x=2 bang.
x-2 X —x—6
A. E B. 2 C.15 D. E
11 10 15
Cau 39:lim(n—lj(1_inj bang.
n 2n
A. —%. B. +oo. C. 2. D. 2
2 _ 2 _ .
Cau 40:lim \/x 2x§6 \/X *2x-6 bang.
x=3 x°—4x+3
A. 2 B. 1. C. 3. D. —l.
3 3
Cau 41:1im (\/3x2 +x+1 —xﬁ) bang.
A. l B. ﬁ C. ﬁ D. 0.
6 6 3
Cau 42:Biéu dién s6 thap phan vo6 han tuan hoan 0,313131...dudi dang mot phan $6.
A2 B. 12, c. 1% p. 2L,
99 99 99 99
Cau 43: SH thap phan vé hn tuin hoan0,5111... duoc biéu dién bdi mot phan §.
L B. 7. c. 20 p. 23,
11 90 90 90
Cau 44: Trong n gisi han dudi day, gii han nao la+wo?
2 _ 2 _ 2 _ 3 —
A lim =2 B lim™ Y2 c m2t D. lim 221
2n—-1 n +n n +3n n-2n
A . a-x> 5
Cau 45:Cho hams f(x) = . lim f(X) bang.
A 1. B. +oo. C. +oo. D. -1
~ o (x+3)3 =27 » .
Cau 46:Biet lin% +m |=27. Giati chamla.
x- X
A. m=0. B. m=-9. C. m=217. D.m=1
Cau 47:lim(\3/1+n3 —n) bang.
A. 3. B. 2. C. +oo. D.0
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V1+x —=/1+x

Cau 48:lim bang.
x-0 X
A. é B. 6. C. 12. D. 0.
Céau 49:lim(5” —COS\/;T[) bang.
A 1. B. +oo. C. 0. D. -1.

Cau 5O:lim(\3/n2 -n’ +n) bang.

A. 2. B. % C. 3. D.0
Cau 51:Biét |u, -2| 33—1”. Tim limu,.

A limu =2. B. limu, :%. C. limu, =0. D. limu, = +co.
Cau 52:limnsinn—22_3n2 bang.

A. 2. " B. 0. C. -3 D. 3.

Cau 53: Trong Bn gioi han dudi day, givi han nao khdngdn tai ?

A. lim cosx B. lim—> C. lim—>_ D. lim 2X*1

X - +o0 x--1 (.X+1)2 x-0 ,X+1 X - —00 X2 +1

Cau 54: Trong n gioi han duéi day, givi han nao la-1 ?

24, + 3_,24 2 _
A tim 2L g 2 Clim =Y p mXL
¥ote 3x+x ¥ome xt =5x vote Syt —x vome x+]
3—-x »
R . , ——— néux#3 . oo R i i N
Cau 55:Chohamé&f(x)=</x+1-2 . Ham ¢ da cho liénic tai x =3 khi m bang.
m néux=3
A. 1. B. 4. C. -1 D. 4.
Cau 56:lim(\/n4 +2n? —nz) bang.
A. 1. B. 2. C. 0. D. —1.
2
X vix<Lx#0
X
Cau 57:Chohamé f(x)={0 véix=0 . Trong céac rénh dé sau, nénh dé naoddng ?

\/; vhix =1

A. Ham $ lién tuc tai moi diém thuc R.

B. Ham $ lién tc tai moi diém tnr cacdiém x thudc doan [0;1].
C. Ham $ lién tc tai moi diém trr diém x =0.

D. Ham $ lién tuc tai moi diém trr diém x =1.

i S|x=7)+3ox -3x7 +1
Cau 58: lim

xo 2017 -4x|

-

bang.
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3/ _ 3
a5 g 3945 c.2. p. L
4 4 4 4
2 4
lim ¥ *+x bang
Cau59:** 2x
A. g B. —%. C. Khéng 6n tai D. 0.
3-+/bx-1
Cau 60: Tim tham  mdé ham é: y= f(X) ={ 2x2 —5x+ 2 lién tuc tai x, =2
(m—-2)x* - mx+10 khix< 2
:—@. B. m:1—03. C. mzi. D. m:—i.
108 108 18 18
Cau 61:lim—— 2+ bang.
2.4"+2"
A. l B. 2. C. -1. D. —l.
2 2
4+ (5 _ 32n-3) ‘
Cau 62:lim bang.
1 - 400 (22n+1 _1)(2_9n-2)
A. 24. B. —24. C. 42. D. —42.
Cau 63:lim(2” +1J bing.
n
A. 0. B. 2. C. 3. D. +oo.
) 2-n(-1)" .
Cau 64:lim ———~ bang.
1+2n
A. 0. B. é C. l D. -2.
2 2
. 2n+1+ 2 an .
Cau 65: lim 3_2—(5)1 bang.
n- +oo 6” —
A. 108. B. 102. C. 1 D. %
_ [ 12
Cau 66:Biét lim | X3V AHX o |=10. Gia ti ciam &,
==\ J8x3-4x*-x+5
A. m=5, B. m=0. C. m=10. D. m=1.

Cau 67: Cho phrong trinh2 =0 (1). Trong c&c rainh dé sau, nénh dé nao sai ?
X

A. Phrong trinh (1) khdng c6 ngéiin trong khang (-1;1).
B. Phuong trinh (1) c6 nglém trong khang (-1;1) .
C. Phrong trinh (1) v6 ngléim

D.Ham $ f(x) =L jign tuc trén cac khang (~c;0) va (0; +eo)
X

x-3 .
Cau 68:lim ——— bang.
¥=33—4/6x —x7
BT. PS&GT11 68

@ong IV. Giégi han



GV. Lu S Phéap Toan 11
J6
A. 2. B. —. C. 0. D. -
6
2 _ 3o 3 2
Cau 6o:tim| Y47 n V8 +n bing.
2n+3
A 1. B. 3. C. 2. D. 4.
Cau 70:1im (2" =20 +3) bing.
A. —oo, B. +oo, C. 3. D. 2.
PN LA 5 A X P A 1 1 (_1)n
Cau 71:Tong aia ép  nhan vé n ——,—,——,...
24 8 2"
A. S=l. B. §=-1. C.S=—l. D.S=—l.
2 4 3
Jno
Cau 72:lim———— hing.
\n+1 +\/;
A. 0. B. 2. C. 1. D. %
Cau 73:Biéu dién sb thap phan vo han tuan hoan 2,131131131... duéi dang mot phan sb.
s . 212 c. 219 0. 120
999 999 999 999
o (2-3a) (n1)
Cau 74:1im bang.
1-4n’
A2 B. -2/ c. 2. D. 2.
4 4 4 4
2 _1_ 2 _ .
Cau 75 Yt n =14 =2 bing.
n+3
A. 2. B. —1. C. 0. D. —l.
3
DAP AN

GIO1 HAN CUA DAY SO

-
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