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MdS dau

Ham s6 14 mot trong nhitng déi tugng nghién citu trung tam ciia Toan so cap. Mot trong
nhitng chi dé lien quan dén ham s6 thuong xuyén xuat hién trong cac ky thi chon hoc sinh gi6i
cap tinh, ky thi chon hoc sinh giéi Quoc gia va ky thi Olympic toan Qubc té 1a gidi phuong
trinh ham, bat phuong trinh ham. Ddi v6i cdc phuong trinh, bat phuong trinh dai sé trong
sach gido khoa, muc tiéu ctia chiing ta 1a tim cac bién chua biét nhung ddi v6i phuong trinh
ham, bat phuong trinh ham ching ta can phai tim mot "ham s6" théa man mot sé dieu kien
rang buoc cho trude clia bai toan. Day 1a mot chit dé khé. Dimg trude mdi bai toan thuoc chi
dé nay, hoc sinh phai nam viing dude nhitng ki thuat, phuong phap giai, ciing nhu phai c6 su
xit 1f khéo 1éo khi ditng trude nhitng tinh huéng cu thé. Ching ta c6 nhidu phuong phép ciing
nhu huéng tiép can khac nhau ddi véi cac bai toan thuoc chti dé nay. V6i muc tieu mudn déng
g6p mot phan nao dé trong viec hoan thanh mot bic tranh tong thé vé cac phuong phap giai
phuong trinh ham va bat phuong trinh ham, trong chuyén dé nay ching toi sé gidi thieu téi
ban doc hai phuong phap thusng duge sit dung dé gidi quyét cac bai toan thuoc chii dé nay
thong qua céac bai toan cu thé, d6 13 phuong phap giai tich va phudng phap téng hop.
Trong titng phuong phap, ching t6i sé dua ra mot hé théng cac bai toan véi nhiing 16i giai
chi tiét, rd6 rang. Hon nita, sau moi 161 giai, ching toi ra dua nhitng nhan xét, phan tich, binh
luan dé gitp ngusi doc ¢6 mot cach nhin tong quan hon vé bai toan dé cling nhu phuong phap
dugce st dung.

Muc tiéu ctia chuyén dé nay la gidi thieu phuong phap giai tich va phuong phéap téng hop
v6i nhitng ki thuat diic trung ctia né thong qua cac vi du cu thé thong qua mot sd bai toan
phuong trinh ham, bat phuong trinh da xuat hién trong cac ky thi hoc sinh gidi quoc gia va
quoc té. Chuyen dé duge bd cuc nhu sau.

Trong chuong 1, chiing t6i sé gidi thieu phuong phap giai tich thong qua hé thdng cac bai

toan cuing v6i nhitng ki thuat va luu ¥ can thiét khi sit dung phuong phap nay.



Trong chuong 2, chiing t6i sé gidi thiéu t6i ban doc phuong phép tong hop thong qua hé
théng gom mudi bai toan khac nhau. Day 14 phuong phap thong dung nhét, né 1 syt két hop
gitta nhiéu phuong phap, ki thuat khac nhau.

Trong chuong 3, ching toi dua mot s6 bai todn khac ma phuong phap gidi ching 13 hai
phuong phéap néi trén nhung khong kém theo cdc nhan xét, phan tich.

Trong chuong 4, ching t6i dua mot hé thong cac bai toan khong c6 10i gidi danh cho ban

doc ty luyén tap.



Chuong 1

PHUONG PHAP GIAI TICH

Phép lay gi6i han dudce coi phép toan co ban thit nam trong toin hoc sau cac phép toan
cong, trit nhan, chia. Vé mat ban chat phép toan nay cho phép ta "xap xi" cac dai luong dang
can tim (can tinh) béi mot dai lugng da c6 ti trude (hodc dé dang tinh toan duge). Vi § tudng
xuat phat tit nguyén 1y kep ciing nhut cac tinh chat so sanh gi6i han trong day s6 va ham sb,
phuong phép giai tich trong cac bai toan phuong trinh ham, bat phuong trinh ham la phuong
phéap sit dung phép lay gisi han ctia day s6, giéi han ctia ham s6 dé thu duge cac tinh chét
ctia nghiem ham hay cong thitc tong quat clia nghiem ham. Dic biét, n6 t6 ra vo ciing hitu
dung trong céc bai toan tim mot chan trén (hodc chian duéi) ctia nghiém ham. o) day, ching

toi nhac lai mot s6 ki thuat va luvu ¥ thuong xuyén duge st dung trong phuong phap nay.
(1) Dé tim cong thiic tong quat ctia ham s6 f(z) thda man mot diéu kien cho truée, ching
ta sé xay dung bat dang thic c6 dang
H, < f(z) <Gn

véi  ¢6 dinh va véi Vn € N. Trong d6 {Hy}, oy VA {Gp},cy 18 hai day s6 thoa méan

lim H, = lim G, = K (z).

n—oo n—oo

Khi d6 cho n — +oo trong bat ding thiic trén va chi ¥ rang f(x) 1a mot ham hing déi

n, ta duge
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(2)

Tt ky thuat trén va hay quan sat bat dang thic
H, < f(z) <Gy

v6i  ¢6 dinh va v6i Vn € N. Nhin tit vé phia bén trai (so vdi ham s6 f(x)) cia bat dang
thiic trén, ta nhan thiy ring dé tim chin dudi nao dé cho ham sé f(z) ta sé c¢6 gang

thiét lap mot bat dang thitc c6 dang

f(x) = Hy ()

v6i z ¢6 dinh va véi Vn € N. Trong d6 {H,(z)}, - 1& day s6 thuong duge xac dinh nhu

neN
sau
Hy,(z) = K(x) — up,
v6i
Up, >0 va lim wu, =0,
n—-+0oo
hoac

v, <1 va lim v, =1,
n—-+00

Tuong tut dé tim mot chin trén nao d6 ctia ham s6 f(x) ta sé ¢d gang xay dung mot bat
déng thic c6 dang
f (@) <G (2)

véi x ¢6 dinh va véi Vn € N. Trong d6 {Gn(x)},,cy 1a day s6 thudng duge xéc dinh nhu

sau
Gn(z) = K(z) + v,
v6i
v, >0 va nEvan =0,
hoac
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(4) Trong mot s6 bai toan tim cong thitc tong quat ctia ham sé f(z) ta sé sit dung cong thiic
nghiém clia phuong trinh sai phan dé tim cong thiic tong quat clia cac day lip clia ham

s6 f(x) 10i ap dung cac ki thuat néi trén dé tim ra cong thiic tong quat ctia ham s f(z).

(5) Sy tuong ting gitta gidi han ctia day s6 va giéi han ham s6 dong vai tro quan trong doi
v6i viéc giai mot 16p cac bai todn phuong trinh ham lién tuc. Sy tuong tng nay dude
phét biéu qua dinh Iy sau.

Néu ham s6 f: I — R v6i I C R ¢6 gidi han la k tai diém zo khi va chi khi véi mbi
day {z,}, ey trong I, z,, # o, nll)r_ir_loo Ty, = xg thi ngrfoof (xn) = k.

T dinh 1§ trén ta thay ring, néu f la mot ham sb lien tuc tai diém zg tic 1a

lim f(z) = f (zo),

T—To

thi v6i moi day s6 {x,},,cy trong I, z, # xo, lim x, =z ta co
n—-+o0o

f < lim :rn> = f(x0) = Ilirélo f(x)= lim f(x,).

n—-4o0o n—+00

Dé minh hoa cho nhitng ki thuat dugc néi ¢ trén, dau tién ching ta sé dén véi bai toan sau,

nam trong dé thi ctia ky thi Putnam danh cho hoc sinh v& sinh vién ciia My va Canada.

Bai toan 1. (Putnam 1966). Chiing minh rang

\/1—|—2\/1—|—3\/1+4\/1+...:3.

Loi giai. Ta xac dinh ham s6 f(z) nhu sau

f(:L‘)E\/1+x\/l+(x+1)\/1+(3:+2)\/1+..., Vo > 1.

Tt cong thic trén ta co

f(:B—l—l):\/1—|—(:U—{—l)\/l—l—(:L‘—|—2)\/1—|—(:£—|—3)\/1—|—..., Vo > 1.
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Do d6, ham s6 f(x) théa man mdi quan hé sau

l+zf(z+1), Vax>1

flz) =
Déng thiic trén c6 thé viét lai dudi dang
2
fatn= LWL sy (1.1)
x
Tiép theo, chiing ta s& tim mot chan dudi cho ham s6 f(x). Ta thay ring
\/1+x\/1+(33+1)\/1+(x+2)\/1+... > \/x\/l‘\/l‘\/'--
it
Cha y rang day s0 {an },,cy. VO
1 n
()
la mot cap so nhan 1ui vo han véi cong boi ¢ = 5. Do do, ta ¢b
11 1 i
S W L= =1 1.2
518" 1-1 (1.2
Vi2x > x4+ 1,Vz > 1 nén ti day ta dugc
z+1
1+ 1—|—(a:+1)\/1+(:c—|—2)\/1+...sz 5 Vo > 1. (1.3)
Mat khéac, ta co
x—i—l) 3(z+ 1)y

\/1—1—3:\/1—1—(90—1—1)\/1—1—(:1:—1—2

x+1) sttt

Il
«Q

2+ 4o (z+1)Etitete

Vol+i+it. (z+1)3+i+st
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S_l 2 3 n—1 n
—54‘?4‘?4-..."1'2”7_1 27

Khi do6, ta c6
1 1 2 3 n—1 n

Két hop hai dang thiic trén véi (3.80), ta duge

1, 1 1 1 1 11
S=ctmtmtat to+

2 2 ? ? 2n 2n+1+.-.:1.

Do d6 S = 2. Tu day, ta suy ra

\/1 + w\/l + (x4 1)\/1 Flz+2VI+.. < V2etitite(p41)atatat

=2(z+1), Vz>1

T (1.3) va (L.4), ta dugc

r+1
2

< flz)<2(x+1), Vr>1

Ta sé chitng minh hé thitc sau biang phuong phap quy nap toan hoc theo n

r+1

(Vo)

< fla) < (\@)21"(1’4—1), Ve >1,¥n e N,

Trong (|1.5)), thay x béi x + 1, ta duge

r+1
2

< f(z)<2(x+1), Vr>1

Két hgp bat ding thiic trén véi (1.1), ta c6

2
fQ(;v):xf(x—l—l)—l—lzm(x;)+1
(z+1)2 1 (z+1)2
L S . ) >
5 +2> 5 , Vr>1,

fPa)=zf(z+1)+1<z[2(x+2)]+1

=202 +dr +1<2x+1)?% Ve>1

(1.4)

(1.6)
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Tt hai bat déng thic trén, ta dugc

1 2
(z+1) < fAz) <2 +1)% Vr>1,
hay
z+1
< f(z) < V2@ +1), Va>1.
7 f(x) (z+1)
Do d6 bat dang thitc (1.6) ding véi n = 0. Gia sit déng thiic (1.6) ding v6i n = k, k € N, titc
1a
rz+1 o
— < f2) < (V2)"(z+1), Vz=1vneN. (1.7)
(v2)*

Trong (1.7)), thay = béi x + 1, ta duge

|~

2 %
x+i<f(a:+1)<<\/§) (x+2), Ve>1.
(V2)*
Két hgp bat ding thiic trén véi (1.1), ta c6
z(r + 2
P —cf@+)+1> 202

V2) 7"

2 2
:(x—l—l) 1o 1i (w+12’ Vo> 1,

va

Tt hai déng thic trén ta dugc

z+1 9 3
— < fAz) < (V2)" (@ +1), Vz>1,
(v )

hay

(\;;1 < @) < (VA) @), ezl
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Do d6 bat ding thic (1.6]) ding véi n = k + 1. Theo nguyén 1y quy nap toan hoc, dang thiic
(1.6) ding v6i Vn € N. Nhu vay, ta da chiing minh duge bat déng thitc (1.6). Chad ¥ ring

lim (v2)" = (\/5)0 ~1.

n—-+00

Do d6, cho n — +o0o trong (3.84), ta ¢
r+1< f(z)<xz+1, Vax>1.

Vi vay
flz)=2+1, Vz>1.

Tu day, ta duge

\/1+2\/1+3\/1+4\/ﬁ:f(2):3

Ta dugc diéu phai chiing minh.

Nhan xét.

(1) Bai todn la mot bai toan chitng minh dang thiic. Diém tha vi ¢ day 1a ching ta da dua
né vé mot bai toan giadi phuong trinh théa man cic diéu kién cho truée. Viéc thiét lap
mdi quan he gitta f(z + 1) va f(z) la don gidn va tu nhién. Hon nita, vi hinh thic cta
bai toan duge phat biéu dudi dang vo han nén viec thiét lap mdi quan hé nay la can
thiét. Sau khi thiét lap dugc cac he thic (L.1)), ching ta ciing nhanh chéng dua ra duge
cdc wde lugng chan trén va chian dudi cho ham s6 f(x). Sau khi thu duge bat dang thitc
trong truong hop n = 0, bang cach lap lai qua trinh nhu vay, ching ta thu duge
bat dang thic trong truong hop n = 1, dé tit d6 dé dang du doan dudc bat dang
thite (T.6).

(2) Sau khi chitng minh duge rang
Fa) <20 t1), Va1

thi ching ta c6 thé st dung luon két qua nay dé chimg minh

r+1
2

flx) >z > , Vx>1.
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That vay, tit (1.1)) ta co
fQ(x) >x+1, Vx>1.

T day, ta suy ra
Pa)=1+afz+1)>1+avo+1>z2, Vo>1

Vi vay, ta c6

fl@) >zt =", Vo>1.

Bing phuong phap quy nap toan hoc, ta chiing minh duge
f(z) > 277, Vo >1VYneN.

Cho n — +oo trong bat ding thiic trén, ta duge

r+1

fla)ze 2 ——,

Vo > 1.

Nhu vay, ta da chitng minh duge bat dang thiic bing viéc sit dung bat déng thiic
(T.4). Hon nita ngoai uéc hugng chian dudi cho ham s6 f(z) nhu trong bat ding thic
, bing phuong phép quy nap toan hoc, ta c¢é thé dua ra mot chan dudi khac cho
ham s6 f(z) nhu duéi day

1
f(a:)>a:+1—2—n, Vo > 1,Vn € N.

Déng thtc trong Bai toan 1 dugce dua ra lan dau tién vao nam bdi nha toan hoc thien
tai nguoi An Do, Ramanujan. Dic biét hon 6ng da chiing minh duge déng thitc nay khi

mdi 14 hoc sinh trung hoc. Phuong phap clia 6ng 1a st dung lién tiép dong nhat thic sau

n+2=+/1+(n+1)(n+3), tic la

n(n+2) =ny/1+ (n+1)(n+3)

:n\/1+(n+1)\/1+(n+2)(n+4)-

Chiing minh trén ro rang la don gidn va dé dang hon céch ching minh duge trinh bay
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trong Bai toan 1. Tuy nhién céch chitng minh chi ding trong truong hop tdng hitu han
va hon nita né da boé qua cach xac minh ring lieu ring két qua nay con ding khi chuyén
tit tong hitu han sang tong vo han. Luu ¥ ring déng thiic dude yéu cau chitng minh phai
dudi dang tong vo han. Day la kién thic c6 lien quan dén 1y thuyét chudi sé6 ¢ chuong
trinh Toan cao cap. Dé gitp ban doc dé hinh dung, ching toi dua ra mot vi du ¥ tudng

ctia Ramanujan, nhung két qua thu duge 1a khac v6i bai toan trén, mac dit hinh thitc vé

15
4=y/1+422
25
221
—[1+2¢/1+35=
¢+ 355

Bing phuong phap chiing minh tuong tu nhu trong bai toan, ching ta c¢é thé ching minh

phai 13 gidong nhau.

két qua tong quat dudi sau. Néu ta cé

f(x)

E\/aﬂf+(n+a)2+$\/a($+n)+(n+a)2+(I+n)\/a(x+2n)+(n+a)2+-~-

thi khi d6
flx)=z+n+a.

(4) Dudi day 1a mot s6 bai toan lien quan

i) (Dé dy tuyén IMO 1969). Chiing minh ring véi a > b2,

32 b
a—b\la+b\/la—b\/a+bVa—...= G_T_i'

ii) Chitng minh rang

\/6+2\/7+3\/8+4\/9+~~:4.

Bai toan 2. (Olympic Toan sinh vién Toan Qudc 2016). Cho a > 1 la mot s6 thuc va

ham f: R — R théa man dong thoi hai diéu kien
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(1) (f (az))* < a322f () v6i moi s6 thuyc .
2) f bi chin trong mot 1an can nao do cua 0.
( g

Loi giai. Trong (1) thay = 0 ta thu dugc
FOF <0=f(0)=0.

Vé6i moi x # 0, tit (1) ta ¢

véi YV #£ 0. T do, ta duge

Néu a = 1 thi tir (1) ta dugc

Tu day, ta suy ra

f(z) <2?, VzeR.

Nhu vay, bat dang thitc can chitng minh ding véi truong hop a = 1. Bay gio, ta sé xét truong

hop a > 1. D&t

x x
g (z) = !f(2)| _ f(2) >0
il -
a a
v4i moi x # 0 thi
72

f@)="g(), va#o.

Khi do6, tit (1) ta suy ra

(az)? ’ z?
( g (M)) <a’r’—g(z), Vr#0

a
& lga)? <g(z), Va#0. (1.8)
Ta sé chting minh
2—’”,
g(z) < g<a£”> , Ya#0,YneN* (1.9)
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bang phuong phap quy nap toan hoc theo n. That vay, trong (1.8) thay z bdi 2 ta dugc

g(z) < {g <£>] %, Va # 0. (1.10)

Nhu vay, ménh de (1.9) dang véi n = 1. Gid sit ménh dé dung véi n = k > 2 tic la

x\27F
g(z) < g(—k> , Ya#0. (1.11)
a
Trong (L.11) thay = bsi £ ta dugc
x x \27"
T (1.10) va (1.12)) , ta suy ra
T 2—(k+1)
g(z) < g<rk+1) , Yz #£0. (1.13)

Do d6, ménh dé (1.9) ding véi n = k + 1. Theo nguyén 1§ quy nap todn hoc ménh dé (1.9)
ding v6i moi n € N*. Nhu vay, ta co
x 27’”/
g (x) < g<a7> ’
véi Vo #£ 0, Vn € N*. T dinh nghia clia ham ¢ ta thu duge

2-n
Z

g(z) < g(a%)Z_n = f((“)) : (1.14)

Viz # 0 vaa>1nén véi n di l6n thi % sé thuoc mot lan can nao do cia diém 0. Do do, tit

(2) ta suy ra ton tai ng € N* va M > 0 sao cho v6i n > ng ta c6

X
f(g)=m
Két hop vé6i (1.14]) ta duge
@) o
x\2T" (& a e “n
g(z) Sg(afn) = (j)g < — M? (1.15)
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Chiing minh béng phuong phap quy nap toan hoc nhu trén, ta dugc

ontl > p? Wn e N*,

Do d6, ta c6

0

n n?

2n+1_4n+2 4n+2_ 4 2
<o Tt < =, T )

Cht § rang
4 2
lim 0= lim <+> =0.

n—-+o0o n—-+o0o n n2

Vi vay theo nguyén 1y kep, ta dugc

Do doé

Tu (1.15) cho n — 400, ta thu duge ¢ (x) < 1 v6i moi = # 0 hay

fﬂgza:) <1, Vx#0.
Tu day, ta co
22
f@ <>, vaio.

Chu y rang f (0) = 0 va f (x) > 0 nén ta dudc

[\

x

|f ()| < —, VxeR.

a
Bai toan dugc chiing minh.

Nhan xét.

(1) Bai toan tren la mot bai toan vé bat phuong trinh ham c6 st dung tinh chat giai tich va
kha nang vé mat ki thuat. Dé chitng minh f (z) < P (z) vé mat ¥ tudng ta tim mot danh
gid f(x) < P(x).up véi lim u, =1 hoac f (z) < P (z) + u,véi lim u, = 0, trong bai

n—oo n—oo

toan nay thi
2n41
a 2" 9—n

x217n

Up =
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va, lim u, = 1. Khi tim dugc danh gid (13), thi ta thay rang lim
n—00 n—00

=0v6imoia>1

nén ta c6 thé sit dung gia thiét (2) cia bai toan dé tiép tuc danh gid. Bai toan tréen la

bai toan tong quét ciia bai toan dudi day, 1a dé thi hoc sinh giéi quéc gia mon Toan clia

Trung Quéc (CMO) nam 1998.

(CMO 1998). Cho ham s6f : R — R 1a mot ham s6 thdéa man dong thoi hai diéu

kién
a) [f (2)]* <222.f (%) Vo € R;
b) f(x) <1,Vx e (—1,1).

Chitng minh rang
2
f(:v)g%, Vo € R.

Ngoai cach gidi da trinh bay & trén, ta c6 thé tiép can bai toan theo huéng khac nhu sau:

Van nhu 18i giai 6 trén, ta ching minh duge

v6i moi = vi bat ding thic can ching minh ding khi @ = 1 v& chi con xét truong hop

a > 1. Trong i. thay z bdi 7 ta dugc

f @] <ar’f(2), ¥oeR\{0}.

Gia st riing ton tai 2 # 0 sao cho f () > 22 Tit (2) ta lan lugt co:

Tu do6 ta duge

f<z>> ! = a2’

@) " a(z)’

Bang phuong phap quy nap toan hoc, ta co:

f (*) > a® 522 wn > 2.

(1.16)
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Do diéu kién thit hai ctia bai toan, vé trai ctia (1.16)) bi chan trén, trong khi vé phéi 16n

tuy ¥ khi n du 16n, vo 1y! Do d6 diéu gia st 1a sai hay
f(z) <2® Vo e R\{0}. (1.17)

Xét ham sb

thi tu 1. ta dugce

Diéu nay tuong duong

x2

[h @) +2h (2) < az’h (g) . Vz R\ {0}

Tu do, ta duge
2 2

2x—h(m) < az’h (f) = h(x) < “h (E) ,
a a a
bat dang thitc nay ding ca khi z = 0 vi h(0) = 0. Bing phuong phap quy nap toan hoc

ta co

h(z) < (‘i)nh (ﬁn) , VneN. (1.18)

Do dé, ta c6
2 2

v <(5) (5) =5 wmen

Vi n c6 thé 16n tity ¥ nén diéu nay chi ding khi va chi khi k (z) < 0,Vz € R. Tit day, ta

suy ra diéu phai chiing minh.
Dudi day 1a mot so bai toan lién quan.

i) Tim tat cd ham s6 f : R — R, bi chin trén R, va thda man diéu kien
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b) f(ﬂ:+xl—2) =f(x)+[f (%)}Q,Vaz#o.

ii) Tim tat cd ham s6 f : R — R, bi chan trén [a,b], f(1) = 1 va thda man diéu kien

flx+y)=f(x)+f(y),Yz,y €R.

iii) (Olympic Toan Trai hé Hung Vuong 2016). Tim tat cA ham s6 f : R — R
théa man dicu kién

D) Fety) < f@)+F@) Yoy ek

b) f(z) <e*—1,VzeR.

Bai toan 3. (VMO 2003, bang A). Goi F 1a tap hgp tat ci cac ham s6 f : RT — RT thoa
man

f(3x) > f(f(2x)) +x, VzeR*. (1.19)

Tim hing s6 « 16n nhat dé véi moi f € F va véi Vo > 0, ta déu cé

f(z)>ax
Loi giai. Xét ham sb
f(z) =%, VreRT,
Ta thay rang
3
F(f@0) +a = fa)+2 =" = f(3), VaeR".

Do do, ta duoc f € F. Néu a la s6 thuc sao cho
flz) > oz, YfeF ¥Yr>0
thi khi d6 thay ham s6 f(z) = £ vao bat dang thic trén, ta duge

a >

N |
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Lay mot ham s6 tuy y f € F. Trong (L.19), thay = béi £, ta c6

flo )>f<f<2;)>+§, Vi € R*.

Vi f(x) > 0 nén

f(z) > g Vz € R™. (1.20)
Xét day s6 {an },en- duge xéc dinh nhu sau
j 202 +1 .
a1 =—- V& Qpyl] = , Vn eN".
3 3
Ta sé chiing minh hé thiic sau bang phuong phap quy nap toan hoc theo n
(1.21)

f(z) > apz, VreR' V¥neN.

Tu ta thiy ring bat ding thic trén ding v6i n = 1. Gia sit dang thiic trén ding vé6i

n=kkeN". k>2ticla
f(z) > agx, VzeRT.

Két hgp bat dang thitc trén voi (3.97), ta duge

ez (s (5))
et (24

>a22x+f
k3 T3

:2ak+1
3

oo\H

z
3

T = Ok412.

Do d6 dang thic (1.19) ding véi n = k + 1. Theo nguyén ly quy nap todn hoc, dang thic
ding véi Vn € N*. Nhu vay, ta da chiing minh duge bat déng thitc (1.21]). Tit cong thitc
xéc dinh ctia déy sO {an},cy- ta thdy rang

an >0, VYneN*,
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va

Gia st rdng

1
ak<§, voi  Vk > 2.

Khi do6, ta c6
1 205+1 1 (205 —1) (20 +1)

R N 6 <0

Do do, a1 < % Theo nguyén ly quy nap toan hoc, ta duge
1 ,
ay < > Vn € N*.

Mat khéac, ta co

2a3+1_a 202 =3+ 1 (o —1) (20, — 1)
3 " 3 -

Qg1 — Oy = >0, VneN*

Diéu nay ching t6 {om },cn- 1a mot day so tang. Hon nita, n6 bi chin trén bdi gidi han hitu
han. Dat

1
lim an:a<0§a§2>.

n—-4o00

Khi do6, ta c6

3 3

n—-+o00 n—-+oo

_ , <2ai + 1) 2a% +1
a= lim ap41 = lim = .
Tu day, ta duge

lim o, = —-.
n—-+oo 2

Do do, tu (1.21)), ta co

1
f(z) > lim (apz) = 2% Vr € RT.

n—-+00
Tit cac két qua trén ta thiy ring o = 5 1a gid tri can tim.

Nhan xét.

(1) Tuong tut nhu cac bai toan tim hing s6 k t6t nhat sao cho théa man mot bat dang thitc
dai s6 cho trude, trong bai toan nay dé tim hing sé k dau tién ta phai tim dude nhiing

s6 ham s6 f € F. Sau d6, thay ching vao bat ding thiic

f(z) >az, VreR'.



Chuong 1. PHUONG PHAP GIAI TICH 21

Ham s6 f can tim nén c¢6 dang f(z) = ax v6i a 1a mot hing s6. Vi khi d6 ta c6 thé khit =

§ ca hai vé ctia bat dang thiic f(z) > awx. Trong bat dang thitc (1.19), thay f (z) = ax,

ta dudc
Baz = f (3z) = f(f (22)) + = = 2’z +-x, V& € R,
hay
3a > 2a% + 1.
Do dé, ta c6
1
5 <a<l.

Tit nhitng nhan dinh trén, ta thay ring nén chon ham s6 f(z) = Sz dé thay vao bt
déng thic
f(z)>ax, VrecRT.

Day s6 {an}, ey trong bai toan trén dugc tim ra bang phuong phép gia dinh nhu sau.
Gia sit c6 day {an}, . thoéa man (1.21)). Khi d6 6 buée quy nap thit k = n + 1 trong

phép chiing minh quy nap ta phai cé

(1 (3)
s (345

< 92z n T Zak +1
« —=—rt 2z
k3 73 3
Vi vay, ta nén chon
202 +1

Tt d6 ta xay duyng dugc day s0 {an},,cn- nhu trong phan ching minh ciia bai toan. Bai

toan trén c6 thé duge xem nhu ld mot mé rong ctia bai toan sau day.

(Olympic Toan Belarus 1997). Cho ham s6 f : (0;4+00) — (0; +00) théa méan
fQR2x)> f(f(z)+=z, Vz>0.

Chitng minh rang
f(z) >z, Vz>0.
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(3) Duéi day 1a mot s6 bai toan lien quan.
i) Tim s6 thyc & 16n nhat dé néu f(z) la ham so tity ¥ xéc dinh trén R théa man bat

phuong trinh ham

\/3f(x)—\/3f(x)—if<;lx>21, Ve e R
thi ta ludn co
f(z) >k, VreR.

ii) Tim cac s6 a > 1 sao cho ton tai ham s6 f : (0; +00) — (0;400) théa man dong thoi
cac dieu kien sau

2f(x) <z +af (%), Vo >0,

flz) <z, V(0:;1], va f(2019) > 2019.

Bai toan 4. (VMO 2012). Tim tat cd ham s6 f : R — R thoa man dong thoi cac dieu kien

sau
(1) fl1a toan anh tir R dén R;
(2) f 1a ham sb tang trén R;

3)

f(f(z)) = f(x) +12z2, VYxeR. (1.22)

Loi giai. Gia st f 1a ham s6 théa man dong thoi cac diéu kien ciia bai toan. Néu f(z) = f(y)

thi

Tu (1.22)), ta duge
f(z)+ 12z = f(y) + 12y.

Do d6 x = y. Diéu nay chiing t6 f la mot don anh. Két hop véi gia thiét f 1a mot toan anh, ta

duge f 1a mot song anh. Goi f~! 14 ham ngugc ciia f. V6i 1, 29 € R thdéa man z1 > x9, ta cb

FU @) =m1 > 2= f (" (22)).
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Vi f 1a ham s6 tang trén R nén ta co

F @) = 7 (32).

Tit day, ta thay rang f~! ciing 1a mot ham s6 tang. Trong (1.22), thay = = 0, ta dugc

Véi n € N*, ta dat
fon@) =11 (@) (nlan f).

Vi f~! la ham tang nén f_, ciing la ham tang. Hon nita, ta thiy ring
f-n(0) =0, VneN*.
Xét day s6 {an },ey duge xéc dinh nhu sau
ag=f(x), ag=x va a,= 1 (n-1), VYneN;n>2.
Thay = bdi £~ (1) vao (3.100), ta duge

an—2 = f(an-1) = [ (f (/7" (an-1)))
= f (f7 (an-1)) +12f7 (an-1)

= ap_1 + 120,.

Phuong trinh dic trung ctia day s6 {on },cy 1
1242 - A-1=0.
Phuong trinh nay c6 hai nghiém phan biét

1
Alz_g va AQZ*.
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Do d6, cong thic tdng quét ctia day sb {an},en duge xéc dinh nhu sau

1 n—1 1 n—1

o, = C1 <—> + Cy <> , VYneN,n>2.

3 4

Tt cong thic trén, ta co
C1+ Oy =a; =z,

—3C7 +4Cy =g = f(l’)
Tt hé phuong trinh trén, ta duge

Ay —

o =t g 3t )
7 7
Vivay 1 1
4o — f(x) [ I\" 3z + f(x) (1\"
n— " 5 S - = - 9 9 Z 2
o - < 3> + 7 1 Vn € N,n
Do do, ta c6
f,n(CL‘) = f_l (an) = Qnp+1
4x — 1\" 3 1\"
_ 4z — (@) (_) L3t f(@) () C VneNpn>2  (1.23)

3 7 4

Xét x > 0, cd dinh. Vi f_,, 13 ham tang nén
fon(x) > f-n(0) =0, VneN".
Cht ¥ rang f cling 13 ham s6 tang nén
3z + f(x) >0, véi Vz>D0.

Cho n = 2k trong ((1.23)), ta duge

Az —7f(a:) (;)2’“ L +7f(x) (111)% o

Diéu nay suy ra

=)
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Tuong tu cho n = 2k 4 1 trong (|1.23)), ta duge

do — f(z) _ (3)2’““.

f(x)+3z ~ \4

Tu day, ta suy ra
241 2k
(3 @) —dr (3N
4 T flx)+3x ~ \4
Cho k — +o0 trong hai bat dang thic trén, ta thu dugc
f(z) =4z, Vz>0.
Xét z < 0, 6 dinh. Khi do

fon(z) < f_n(0) =0, Vn e N7,

va

3x+ f(z) >0, véi x<O.

Chtng minh hoan toan tuong ty nhu trén, ta cling suy ra
f(x) =4z, Vx<O.
Vi f(0) = 0, nén ti cic két qua tren ta thay ring
flx) =4z, VxeR.

Thit lai ta thay ham s6 f(x) = 4z, Vx € R thoéa man cac diéu kién ctia bai todn. Vay ham s6
can tim 1a

flx) =4z, VxeR.
Nhian xét.
(1) Tit gia thiét thit (3) clia bai toan, ta c6 thé thiy ngay ring mot trong nhitng phuong

phép c6 thé gidi quyét bai toan trén dé la phuong phéap sai phan. Tuy nhién néu ta thiét

lap hé thiic truy hoi cho day ldp ctia ham s6 f thi sé rat khé dé giai quyét bai toan. That
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vay, v6i n € N*| ta dit

fo(@)=f(f...(f(x) (nlan f).
Xét day s6 {an}, ey duge xac dinh nhu sau

ag=2z, ar=f(x) va a,=f(an-1), VneNn>2.

Thay z béi f (ap—2) vao (1.22)), ta dugc

an = f(om-1) = f (f (0n-2))
= f (aan) + 120,95

=ap-1+ 120, 2

hay

Qp —Qp_1 — 120,20 =0, VneN,n>2

Phuong trinh dic trung ctia day s6 {an},cy 12
A*—A-12=0.
Phuong trinh nay c¢6 hai nghiém phan biét
A1 =-3 va Ay =4.

Tuong tu nhu 16i giai trén, ta duge

fulz) = ‘k”_?m(?))" + W4n’ Vn € N,n > 2. (1.24)

Cha ¥ ring, ta cling c6

Falz) >0, V>0,

va

fu(z) <0, Va<O.

Hon nita f,, (z) cling 1a mot ham s6 tang. Xét x > 0, ¢6 dinh. Tuong ty nhu 10i giai trén,
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khi cho n = 2k trong (1.24]), ta dugc

fla) —dz _ (4 2k
fz) +3z = <3) '
Chu ¥ rang

4 2k
<3> — +o0o  khi k— +oo.

Do dé néu cho k — +oo trong bat dang thtc trén ta cling khong thé thu duge chan trén
ctia ham s6 f(z) — 4z. Vi vay, néu ta sit dung ki thuat thuong dung khi stt dung phuong
phép sai phan dé giai phuong trinh ham thi sé khong thu duge bat ki két qua kha quan
nao. D6 chinh 13 1f do chiing ta can xét ham ngudc ctia ham f. Day ciing la ¥ tudng clia
tac gia khi xay dung bai toan trén. Tuy nhién chinh vi diéu nay, ma cach phat biéu clia
bai toan trd nén "khién cudng" (can them gia thiét f 1a toan anh va f 1a ham don diéu

tang).

Ngoai cach giai da trinh bay & trén, ta c6 thé tiép can bai toan theo huéng khac nhu
sau. Van nhu 18i giai 6 trén, ta ching minh duge f la mot song anh va f(0) = 0. Vi f la

ham s6 tang nén ta c6
f(x) >0, Vx>0, va f(z)<0, Vz<DO.

T ((1.22), ta duge
f(z) >z, Vz>0.

Tu day ta cling suy ra
x < f(z) <13z, Vz>0.

Vi f la mot ham toan anh nén ta dugc
x < f(x) <13z, Vz >0.

Tt tinh toan 4nh ctia ham s6 f trén RT ta thu duge nhiing tinh chat sau
i) Néu
f(x) > kx, Vx>0 (k>0)
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thi
12
flx) < <1 k) x, Vx>D0.
ii) Néu
f(z) <hz, Vx>0 (h>0)
thi

Tiép theo, ta dat
12
g(z)=1+—, Vz>0.
T

Xét day s6 {an}pen- VA {Bn}pen-
ay = 1)/8:]-3 va an:g(ﬁn—l)w@n:g(an—l) Vn € N*,

Stt dung tinh chat i, ii ctia ham s6 f va phuong phap quy nap toan hoc theo n (tuong

tu nhu Bai toan s6 3), ta dugc
ant < f(z) < Bpz, Vz>0. (1.25)

Chu y réng g 1a mot ham s6 giam. Hon nita oy < By nén {ay },,cy- 1a mot day tang va bi

chan trén con {f,} la mot day giam va bi chan dudi. Do d6, {a,},en- VA {Bn ) en-

neN*

la cac day hoi tu. Dat

lim «, = a, lim g, =0b.
n—-+0o00 n—-+0o0o
Khi dé, ta c6
12 N 12
a=14+— wva b=1+—.
b a

Giai hé gom hai phuong trén, ta duge a = b = 4. Nhu vay

Cho n — 400 trong (|1.25)), ta duge

dr < f(x) <4z, Vz >0.
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Vi vay, ta ¢

f(x) =4z, Vz>0.

Chitng minh hoan toan tuong ty nhu trén, ta cling suy ra
f(x) =4z, Vz<O.
Vi f(0) = 0, nén ti cic két qua trén ta thay ring

f(x) =4z, VxeR.

(3) Dudi day 1a mot s6 bai toan lien quan.

i) (Putnam 1988). Tim tat cd cac ham s6 f : [0;+00) — [0; +00) thdéa méan
f(f(x)) =6z — f(z), Va=0.
ii) Tim tat ca cdc ham s6 f : [0; +00) — [0; +00) théa man
f(f(z) —z) =22, VYa>0.

iii) (Olympic Toan chau A Thai Binh Duong 1988). Tim tat ca cac song anh thuc
st f: R — R thoa man

f(z)+g(x) =2z, VzeR.
Trong d6 g(x) 1a ham s6 nguge cia f(z).

Bai toan 5. (Olympic Toan cia Bulgaria 1998). Tim tat c4 cac ham s6 lien tuc f : R — R
théa man

f(z)=f (9:2 + i) , VreR. (1.26)

Loi giai. Tu (1.26) ta thay rang

s =i (o e ) = (#+]) = o) e

Diéu nay chiing t6 f 13 mot ham s6 chén. Do d6 ta chi can xét ham f trén nita khoang [0; +00) .

Lay a > 0 bat ki. Ta xét hai truong hop sau.
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Trudng hop 1. a < % Xét day s6 {xy fnen+ duge xac dinh nhu sau

1
r1=a VA .Tn_t,_l:x%—i-z, Vn € N*,

Khi do, ta c6

1 X
Flon) =f (a3 +7) = F @) = @on) == f (@) = fla), ¥neN. (120
Tit cong thiic x4c dinh ctia day s6 {zp }nen-, ta thiy ring

Tn >0, Vne N,

va

| =

Gia st rang

1
T < ok voi  Vk > 2.

1, 1 1 IEAD
T ——=xi——= |2 — = T — .
k+1 2 k 4 k 2 k 2 >~

1
Do d¢, x4 < 3 Theo nguyén ly quy nap toan hoc, ta dugc

Khi do, ta c6

Vn € N*.
M:it khéc, ta co

1 1\?
xn+1—xn:x%—xn+4:(xn—> >0, VneN*.

X 4 N ~ 4 ~, P2 . 2, 1 P2 2
Dieu nay ching t6 {x, }nen- 1& mot day s6 tdng. Hon nita, n6 bi chin trén béi 3 nén co6 gisi

han httu han. Dt

—_

lim xn:a(0§a<>.

n—-+o00 - 2

Khi do6, ta c6

FN

n—-+o00 n—-+o00

1
a= lim zp,41 = lim <x2+4>:a2+
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1 -
T day, ta duge limy,— 400 Ty = 3 Vi f la ham s6 lién tuc nén ti (1.27) ta c6

fl@)= lm f(a)= lim f(scn)=f<ngm x) =f<1>.

n—-+o0 n—-+oo +00 2

Trudng hop 2. a > 3. Xét day s6 {z}, ey dude xdc dinh nhu sau

. 1
TL=a VA Tppr = [T o Vn € N*,

Khi do6, ta c6

Tp =221 + Vn € N*.

17
Do d6, ta dugce

Flonn) = f (e 1) = Fon) = f@na) == f o) = @), YN (125)

Tir cong thic xac dinh cta day s6 {zn},,cy., ta thay ring

{m'fl}nEN* )

Mat khéc, ta co

Diéu nay chimg t6 {@n},cn- 1a mot diy sé gidm. Hon nita, n6 bi chan trén béi 0 nén c6 gisi

han httu han. Dat

lim z, =a(a >0).
n——4oo

Khi do6, ta c6

o —1'\/ 1_\/1
o= Bt = p Yo P =yer g

Tu day, ta duge

lim =z, = -
n—4o00
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Vi f 1a ham s6 lien tuc nen tir (1.28)), ta c6

) = tim_fl@ = tim f (o) =7 tim o) =1 (5)-

n—-4o00 n—-4o00

T két qua clia hai trudng hop trén, ta thay rang ham s6 can tim la
f(z)=C, VxeR,

trong d6 C 13 mot hang so tly
Nhian xét.

e Phuong trinh ham trong bai toan trén c6 dang

trong do g 1a mot ham s cho trude va f 1a mot ham s6 lien tuc, can tim. Dé giai quyét
16p cac bai toan noi trén, ta sé sit dung phuong phap nhu sau. Dau tién ta lay mot gia
tri @ tiy y thuoc tap xac dinh ciia ham s6 f. Sau d6, ta xay dung day s6 {z,},, oy VO
x1 = a, sao cho théa man dong thoi cac diéu kién sau

i) fla)=f(x1) == [f(za) = f(@ny1) =---, VneN~

ii) Day s6 {n},,cn- Dol tu vé b.

Cudi cling, ta sé sit dung tinh lién tuc ctia ham s6 f dé chi ra f la mot hing s6. Ta

thuong xay dung day s6 {n},cy- nhu sau
rr=a, ITpy1=49g (xn) ) Vn € N*

hoac

T1=0a, Tpe1=g ' (xn), VneN*

Trong do

g " (@n) = {2 g(2) = @}
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o Néu ta dat f(z) =g (z — %) thi khi d6 ta c6

N— =
=
N~~~

O =

T day, ta nhan duge bai toan sau.
(VNTST 2007). Tim tat ci cdc ham so lién tuc g : R — R thoéa man
5 x 1
glx)=g|=x —|—§+§ , VzeR

e Dudi day 1a mot s6 bai toan lién quan.

1
i) Ch00<k<1. Ham lién tuc f : R — R thoa man
flx)=f(2*+k), VzeR.

Chitng minh rang f 13 ham hing trén R.

ii) (VMO 2001, bang A). Cho g(z) = 2%;. Hay tim tat c cdc ham s6 f xac dinh,

1422

lien tuc trén khoang (—1;1) va thoa man hé thic

(1-2?) fg(x) = (1 +27)° f(z), Vae(-1;1).

iii) (Chon Doi tuyén Thanh Héa 2018).

a) Cho day s6 {x},,cy. duge xac dinh béi
X 1 +
T1=a VA Tpyl = xn—z, Vn € N*.

N 1
Chiing minh rang véi a > 3 thi day ¢6 gi6i han. Tim gidi han do.

b) Tim tat ci cdc ham s6 lien tuc f: R — R théa man

f(x):f(x2+i), vV € R.
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Bai toan 6. (Bai T11/400, Tap chi Toan hoc va Tudi tré). Tim tit ci cdc ham sb

f:RT — R" théa man
f(@)f(y) = Bf (x +yf(x)), VYr,yeR". (1.29)

Trong do, 5 € R, B > 1 cho trudc.

Loi giai. Gia st f 1a ham s6 théa man diéu kién clia bai todn. Dau tién, ta sé chitng minh
rang

f(r) >1, Vo eR*.
That vay, gia st ton tai zg € RT ma f(zg) € (0;1). Khi do, thay

o

1 — f(z0)

r=xo, Y=

vao ta dudgc
i) . i)
fleo)-f (1—f(xo)> =01 (1 —f(ifo)) ‘

Do d6 f(xg) = 8> 1. Diéu nay la vo li. Tiép theo, ta chiing minh
fz) > B, V&eR".
Gia st ton tai yo € RT ma f(yo) € (1; 8). Khi d6, ta xét day s6 sau
x1 >0, xpy1=xn+yof (xn), VneN-.
Tu dinh nghia clia ham f, ta thay ring
Tp >0, Vn e N*.

Ta sé chitng minh hé thitc sau bing phuong phap quy nap toan hoc theo n:

n—1
f () = (f(g“)> f(z1), VneN*. (1.30)

R6 rang, dang thiic trén ding véi n = 1. Gia st ding thiic trén ding véin = k, k € N*, k > 2.
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Khi do, ta c6
f(@rs1) = f (@k +vof (z1))

L) (;U)f (k)

_ (f(g@)‘ff(m

Do d6 déng thic (1.30) ding véi n = k + 1. Theo nguyén ly quy nap toan hoc, déng thiic
(1.30) dang véi ¥n € N*. Nhu vay, ta da chitng minh duge déng thic (1.30). Chid y ring
f(yo) € (1;8) nén 0 < % < 1. Vi thé ta c6

lim f(z,) = lim [(f(y()))n_lf@l)] = f(z1) lim (f(g{()))n = 0.

n—+400 n—-4o00 B n—-400

Diéu nay la vo li do

f(x)>1, Vo eR*.
Vi vay, diéu gia sit ton tai yo € RT™ ma f(yo) € (1;6) 1a sai. Do d6, ta c6
flx)>pB, VeeRT.

Két hop bat ding thic trén véi (1.29) ta dugc

Bf(z) < f(x)f(y) = Bf(x+yf(x)), Vz,yeRT,

hay
f(@) < fz+yf(z), Vo,yeR", Vo,yecRT,

tiic 1a f(z) 1a ham tang (khong gidm) tren RT. Gid st f(z) > 8 v6i moi x € RT thi f(z) lam
ham dong bién (tang ngat tren RT.

Trong (1.29)) doi vai tro ciia 2 vi y ta nhan dugce

fle+yf(@)=fly+af(y), VYo,yeRT

hay
z+yf(z) =y+azfly), Vo,yeR'.
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Diéu nay tuong duong véi

F@) -1 fW 1 e
Y

f(x)

4 2 o S - 1 N S Z L
Két qua nay ching t6 rang ———— la mo6t hang s6. Do do, ta chon dugce
x
f(x)=cx+1, VreRT

v6i ¢ 1a mot hing s6 tuy y. Tuy nhién ham s6 nay khong théa man (1.29)) v6i moi gia tri cia
c. Vay ton tai ;1 € RT dé f(x1) = 3. Do f(x) khong gidm nén

f(z)=p, Vxe (0;z].

Trong (1.29) thay = x1, y = x1 ta thu duge 8 = f((8 + 1)z1). Lap luan tuong tu, ta thu

dugce

f(@) =8, Ve lei;(B+ D],

Tiép tuc qué trinh nay, theo nguyén li quy nap ta thu duge f(x) = 8. Thi lai, ta thiy ham
nay théa man diéu kien (1.29) bai toan. Vay ham duy nhat théa man bai toan la

f(z)=p8, VreR".

Nhan xét.

(1) Vi vé trai clia phuong trinh ham trong bai toan trén la mot biéu thitc dbi xing gitta =

va y nén ta sé ngay dén vieéc hoan vi vai tro ciia z va y trong (1.29). Khi do, ta dugc

fle+yf(x)=fly+af(y), VYa,yeRT

Tit diéu nay, ta thiy nhu cau chiing minh f 13 mot ham don anh, hodc f 13 mot ham
don diéu noi len kha ré. Mat khéc, quan sat thay rang, tit (1.29) v6i moi gia tri ctia z ta
c6 thé tim dugce y sao cho

fy) =@ +yf(z)).



Chuong 1. PHUONG PHAP GIAI TICH 37

Tic 1a & day ta can gidi phuong trinh an y

y=z+yf(z),
hay
. X
YT @)

Tit phép thé nay, ta c6 thé nhan thiy ngay ring
f(x)>1, VorecR'.

Tuy nhién, két qua nay van chua thé gitp ching ta ching minh f 1a ham don anh hoac
f 1a ham don diéu, 1a muc tiéu ma ching ta can hudéng téi. Vi vay, chiing ta can ching

minh mot két qua manh hon nita, dé la
f(z)>p>1, VreR".

Day ciing chinh 1& ch6t chan kho nhat ciia bai toan trén. Ki thuat xay dung day s dya
trén chinh phuong trinh ham da cho trong ching minh trén, thuong xuyén duge sit dung
dé gidi quyét mot sb6 cac bai toan vé bat phuong trinh ham.

Tit chitng minh trén, ta thiy ngay rang trong truong hop S = 1, Bai toan 6 c¢6 nghiém
ham la

f(x)=ax+1, VzeRt,

trong d6 a 13 mot hiang s6. Mot cau héi duge dat ra 1a trong truong hgp 8 < 1, thi khi
d6 "ligu ¢6 ton tai ham s6 f(x) théa man phuong trinh (1.29)7". Cau héi nay xin duge
danh cho ban doc.

Dudi day 1a mot so bai toan lién quan.

i) (USAMO 2000). Liéu c6 ton tai hay khong ham s6 f : R — R thoa méan

f @)+ f(y) T +y
0 (2

>+\x—y\, Vz,y € R.
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ii) (Olympic Toan Bulgaria, 2008). Tim tat ca cdc ham s6 f : R — R thoa man
f (ac +y2) > (y+1)f(z), Vr,yeR.
iii) Ton tai hay khong ham s f : (0,4+00) — R™ thoa méan
fle+y)>ylf (@), Ve,yeR.

Bai toan 7. (Chon doi tuyén DH Vinh 2012). Tim tit ci cdc ham s6 lien tuc f :

[0; +00) — [0;400) théa méan

%@0:f<ﬂ+z+l)+f<x;1>,Vxem+m) (1.31)

Loi giai. Vi f 1a ham s6 lien tuc trén [0; +00) nén f cling lien tuc trén [0;1]. Do d6, ton tai

cac s6 a, b € [0;1] sao cho

fla) = xgl[gﬁ]f(m) =M, va f(b)= xl;ﬂ[iol?l]f(w) =m.

Thay x = a trong (1.31)), ta dugc

a+1 a
2M =2 = - |- 1.32
r@ =1 () 4t (o) (1.32)
Vi a € [0;1] nén ta c6
a+1 . a
0< <1 va 0<—— <1
a’?+a+1

Tu day, ta suy ra

a+1 a
<M 8 — | < M.
f< 2 >_ v f<a2+a+1>_

Két hgp diéu nay véi (1.32), ta duge

a+1 a
f( 2 >_f<a2+a+1>_M'

Ta sé chiing minh hé thiic sau bang phuong phap quy nap toan hoc theo n

1
f (C‘+2n> M, VneN. (1.33)
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Vi f(a) = M nén ding thic trén ding véi véi n = 0. Gia sit ding thiic trén ding véi

n =k, k € N*, tic la

k_
f<a+;1>:M,

Thay z = %:_1 trong ((1.31)), ta dugc

2M—2f<a+2k_1>—f 2" (a+2F 1) +f<a+2k+1—1)
2k (a+2F —1)% 4+ 2k (a4 2k — 1) + 2F 2k+1 '

Vi a € [0;1] nén ta c6

2k — 1 2" (a+2" -1
0<2F2 <1 w o0< ( )

ST <1

(a+2F—1)> + 2% (a+ 2k — 1) + 2k —

Tu day, ta suy ra

2k (a+2F -1 . a+21 -1
f( ( ) <M va f( ok+1 )SM’

(a+2F —1)* 42k (a4 2k — 1) + 2%
Két hop dicu nay véi (1.32), ta dugce
a -+ 2k+1 -1
() =
Do d6 dang thiic (1.33) ding v6i n = k + 1. Theo nguyén 1y quy nap toan hoc, déng thiic

(1.33) ding véi Vn € N. Nhu vay, ta da ching minh duge ding thic (1.33). Vi f 1a ham s6

lién tuc trén [0;1], nén ta duge

=i () =g (i (15 )) =)

Chitng minh tuong ti, ta ciing c6 f(1) = m. Do d6 M = m. Diéu nay chiing t6

f(z)=e¢, Vaxe]|0;1].

Khi d6, ta c6 thé viét lai phuong trinh ban dau dudi dang

f(a;):%f (x;1> —i—%c.
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Tt ddng thiic nay, cing bang phuong phap quy nap toan hoc, ta ching minh dudc

1 r+2"—1 1 1 1

1 r+2" -1 1
b (EE (- )

véi moi n € N. Cho n — +oo, ta duge f(z) = c. Thit lai, ta thay ham s6 nay théa man yeu

cau dé bai. Vay ham s6 can tim 13

Nhan xét.

(1)

Trong bai toan nay ta da van dung mot cach linh hoat tinh chat sau ctia ham sb lien
tuc. D6 14, néu mot ham lién tuc trén mot doan thi c6 né gia tri 16n nhat va gia tri nho
nhat trén doan dé. Két qua nay da dudc chiing minh trong nhiéu tai lieu tham khao.
Tuy nhién vé mat "truc giac" ching ta c6 thé hinh dung két qua nay nhu sau. Néu f(x)
14 mot ham s6 lien tuc thi do thi clia né 1a mot nét lien khong bi diit doan. Khi d6 néu
x € [a,b] thi ta sé ké dudng thang tit x song song véi truc tung. N6 cit do thi ctia ham
s6 f. Tit day, ta thay néu diém nao nim & vi tri cao nhat (thap nhat) trén do thi cia
f thi né la gia tri 16n nhat (nhé nhét) ctia ham sé f. Hon nita néu hai gid tri nay bing
nhau thi 16 rang do thi ctia ham s6 f phai la mot dudng thang hay f 1a mot ham hing
tren doan [a;b]. Cht ¥ rang két qua clia bai toan trén van dung néu f 1a mot ham s6 di

tit R vao R.
Dudi day 1a mot so bai toan lién quan.

i) Tim tat ca cac ham s6 lien tuc f: R — R thoa man
3f2x+1) = f(z) + 5z, Vz,yeR.

ii) Tim tat c& cdc ham s6 lien tuc f : [0;1] — R thda man

f(x)—;[f@)Jrf(l;x)], Va,y € [0;1].
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Bai toan 8. (IMO 2011). Cho ham s6 f: R — R, lien tuc trén R va thoa méan
flx+y) <yflz)+f(f(2), Vz,yeR. (1.34)

Chitng minh rang f(x) = 0 véi Vo < 0.

Loi giai. Dau tién, ta sé ching minh rang
f(z) <0, VxeR.
That vay, gid st ton tai a € R sao cho f(a) > 0. Thay z = a trong (1.34), ta dugc

fla+y) <yf(a)+ f(fla)), VyeR.

Bét déng thic trén tuong duong véi

flat+y) <(a+y)f(a) + f(fla)) —af(a), VyeR.

Do do, ta c6

f(t) < At+ B, VteR,

trong do6
A=fla)>0 va B=f(f(a))—af(a)

V6i s6 thye duong ¢ tuy ¥, thay = t,y = —t vao (1.34)), ta dugc

FO) < tf(=t) + f(f(=1))
<t(-At+B)+Af(-t)+ B
< —t(At— B)+ A(—At+ B)+ B

= —At* — (A= B)t+(A+1), VteR

Tt bat dédng thic trén, ta suy ra

f(0)= lim f(0)< lim [-At*— (4> - B)t+ (A+1)B]

t——+o0 t——+o0

T (A% - B) N (A+1)B
t——+o0

t t2

}:_oo.
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Diéu nay la vo li. Vi vay, ta ¢

f(z) <0, VxeR.

Két hop dieu nay véi (1.34)), ta dugce
fle+y) <yf(x), Va,yeR. (1.35)

Tiép theo, ta sé chiing minh ring ham s6 f c6 it nhat mot khong diém, titc la ton tai z € R
sao cho f(z) = 0. Néu f(0) = 0, ching ta dugc diéu phai ching minh. Ta xét truong hop
f(0) < 0. Thay x = 0 vao ([1.35)), ta ¢

f(y) <yf(0), YyeR.

Vi lim (yf(0)) = 400 nén tit bat dang thic trén, ta c6

T—r—00

lim f(y) = +oc.

T—r—00

Do d6, ton tai a > 0 sao cho

f*(a) > —f(0).
Diit b = f(a) va thay = = b,y = —b vao (1.35), ta dugc
—b% < f(0) < —bf(b).
Diéu nay suy ra b < f(b). Thay = = b,y = f(b) — b vao (1.34), ta dugc
Ff®)) < (f(b) = b) f(b) + f (£ (D))

hay
(f(b) = b)f(b) = 0.

Vib < f(b) nén f(b) > 0. Cha y rang f(x) < 0,Vz € R. Do d6 f(b) = 0. Nhu vay la f ¢6
it nhat mot khong diém. Bay gid ta sé ching minh ring néu f(a) = 0 va b < a thi khi d6
f(b) = 0. That vay, thay x = b vi y = a — b vao ((1.35)), ta dugc

0=f(a) < (a—0)f(b).
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Bat déng thitc trén chimg t6 ring f(b) > 0 va do dé f(b) = 0. Tit khing dinh nay ta thay

ring, bai toan sé duge chitng minh néu ta chi ra duge f(0) = 0. Goi 7 14 khong diém ctia ham

s6 f. Khi do, ta c6

fr=1) =) =0.

Thay z =r va y = —1 vao (1.34)), ta dugc

0=f(r—1) <=f(r)+f(f{r) = £0).

Do d6 f(0) = 0. Ta dugc diéu phéi chiing minh.

Nhan xét.

(1)

bat f(0) = a. Trong ([1.34)), thay = = 0, ta dugc
fly) <ay+ f(a), VyeR.

Thay y béi a — x trong (3.114) va két hgp v6i bat déng thiic tren, ta dugce

fla) <(a—a)f(z) + f(f(2)) < (a—2)f(x) +af(x)+ fa), VreR.

Diéu nay suy ra

0<(2a—2x)f(x), VreR.

T day, ta duge néu z < 2a = 2f(0) thi f(z) > 0. T két qua nay, ta thay rang yéu cau

clia bai toan sé duge ching minh, néu ta chi ra duge f(0) =0 va
f(z) <0, Vel

Nhan xét nay da cho ta nhing dinh huéng ro rang dé giai quyét bai toan trén.

Dé chitng minh f(x) < 0,Vz € R trong 15i giai trén ta da st dung phuong phap phan
chitng. Quan sat thay ring, vé trai ciia bat dang thic (1.34) 1a mot ham s6 bac nhat

theo bién y. Do d6, ta c6 thé nhanh chéng thiét lap duge két qua
f(t) < At + B, VieR,

v6i A > 0. Sau d6, ta can thé cac gia tri ctia z va y trong (1.34) sao cho c6 thé "lgi dung"
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duoc két qua nay.

Mot cau héi "tir nhién" dude dat ra sau khi gidi quyét xong bai toan 1a "C6 ton tai hay
khong ham s6 khac khong théa man nhitng diéu kién ctia bai toan. Cau tra 1oi 1a "co".
O day, ching ta & chi ra mot 16p cAc ham s6 nhu vay. Dau tién, néu chi ¥ ring néu

g:(0,00) —» [0,00) 12 ham s6 thoa méan diéu kién
9(z +y) = yg(x)
v6i moi s6 thuc duong z va y. Khi d6 ham s6 f duge xac dinh bdi

—g(x) néu x>0,
fay =4 7 i (1.36)

0 néu z <0,
sé thoa man (1.34)). That vay, tit dinh nghia clia ham s6 f ta thay rang
f(z) <0, VxeR.

Do d6, ta dugc

T (1.36)), ta co

flx+y) <yfl@)=yf(x)+ f(f(x)), Vz,yeR.

Hon nita, bat ding thiic nay 1a khong hién nhién néu z,y 1a nhitng s6 thuc duong. Bay

gid, ta chi can chi ra mot ham s6 g : (0,00) — [0, 00) théa man bat dang thitc

g(z +y) > yg(x)

v6i moi s6 thuc duong z va y. Ta thay riang ham s6 g(z) = Ce® véi C' 1a mot hang s6

duong théa man bat ding thiic trén. Vi e > z,Va € R nén ta c6
g(z +y) = Ce™¥ = Ce®e¥ > yCe® = yg(x).

Nhu vay ta da xay dung duge mot ham s6 f théa man cac dieu kién clia bai toan.
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Bai toan s6 8 c6 thé duge lay "cam hiing" tit bai todn dudi day, nim trong dé thi Olympic

Toan Sinh vien Qudc té (IMC) nam 2001.

Bai toan 9. (IMC 2001). Chitng minh ring khong ton tai ham s6 f : R — R thoéa méan
dong thai f(0) > 0 va

fl+y) = fo)+yf(flz), VoyeR (1.37)

Loi giai. Gia st trai lai rang ton tai ham s6 f : R — R théa man f(0) > 0 va (1.37)). Néu nhu
ta co

f(f(x)) <0, VzeR,

thi v6i bat ki y < 0, ta c6

fx+y) > fl@)+yf(f(x) > f(z), Vr,yeR

Diéu nay chiing t6 rang f 13 mot ham s6 giam. Cha rang
f(0) =02 f(f(z)), VzeR.

Do d6, ta c6

f(z) >0, VxeR.

Diéu nay la vo li. Vi vay phai ton tai @ € R sao cho f (f(a)) > 0. Thay = = a vao (1.37), ta

dugce

fla+y) = fla) +yf(f(a)) = fla) —af(f(a)) + (a+y)f(fa)), VyeR,

hay
f(t) = fla) —af (f(a)) +tf (f(a)), VEER,

Tt dédng thic trén, ta suy ra

lim_f(t) > lim [f(a) — af ((a)) + 1t/ (f(a))] = +oo.

t——+o0
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Do do, ta c¢6

lim f(z) = +oo. (1.38)

T—>+00

Mt khéc, thay = a va thay y béi f(x) — a trong (1.37)), ta dugc

f(f(@) = fa) + (f(x) = a) f(f(a)) = f(a) = af(f(a)) + F(f(a))f(2).

Cht ¥ riang
lim [f(a) —af (f(a)) + [ (f(a)) f(z)] = +oo,

T—-+00

nén ta duge

lim f(f(z)) = 4o0. (1.39)

T—+00

Tu (1.38) va (1.39)), ta thay rang ton tai cac s6 thuyc o > y > 0 sao cho

x+1
f@) 20, fUF@)>1 vy 2 g

va

f(z+y+1))>0.
Tu day, ta duge

f@+y) = f(@)+yf(f(x) Zx+y+ 1

Do do

(r+y+)+[fle+y)—(z+y+1)])
r+y+ 1)+ [fle+y)—(z+y+ D] flea+y+1)
(z+y)+1) > flz+y) + f(flz+y)

(
(
(@) +yf (f(2) + flz +y)
(

Diéu nay la vo 1i. Vi vay khong ton tai ham s6 f thoéa man cac diéu kién néi trén. Ta c6 diéu

phéi ching minh.
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Nhan xét.

(1)

Bai toan trén la mot bai toan rat kho. V6i yéu cau clia bai toan 1a chi ra sy khong ton
tai nén phuong phap dé giai quyét bai toan nay la sit dung phan chiing. Viéc nhan ra f
1a mot ham s6 khong giam va f(z) > 0,Vz € R la dé dang. Hon nita, tuong tu nhu ki

thuat duge stt dung trong Bai toan s6 5, ta ciing chi ra duge cac két sau

lim f(z) =400 va lim f(f(z)) = +o0.

T—400 T—+00

Tuy nhién, viéc chon ra céc sb6 x,y dé sao cho thiét lap dudce cac bat dang thiic, tit dé

chi ra duge diéu mau thuin la khé va can doi héi sy "tinh t&".

Néu ta thay gia thiét f 13 mot ham s6 di tit R vao R va f(0) > 0 béi mot gia thiét manh
hon 1a f di it (0; +00) vao (0;+00) thi ta c6 mot cach tiép cach tiép can khac nhu sau.

Van nhu 16i gidi § trén, ta ching minh duge

lim f(z)=+o00 va lim f(f(z)) = +oo.

T—+00 r—r-+00

Trong , thay y = 1, ta dugc
fla+1) = fo)+ f(f(z)), Y,y e (0,+00),

hay
fla+1) = f(z) = f(f(x)), Ve (0,+00). (1.40)

T day, ta suy ra

Do do
lim [f(x+1)— f(z)] = +oo.

T—+400

Ta xét hai day s6 {zn},cy- VA {yn} duge xac dinh nhu sau

neN*

Tn = f(n) va y,=n.
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Khi dé6 {y,}

nen- 1a mot day tang thuc sy va limy, 4o yn = +00. Hon ntta, ta c6

_ 1) —
lim LTI gy fntl) =) _ lim [f(n+1)— f(n)] = +o0.
n—=+00 Ypy1 — Yn ~ N—F00 n+1l—n n—-+o0

Theo dinh 1i Stolz, ta suy ra

lim M: lim ﬁ:—i—oo.
n—+oco N n—-+oo Yn

Do dé, ton tai s6 ng € N* sao cho

>3, Vn > nyg.

fn)

Véi moi s6 tu nhién n > ng ta ¢
f(n)>3n>n+1.
Do f 1a ham tang nén

f(f(n)) > fn+1), Vn>no.

Mt khac tie (1.40), ta duge

fn+1) = f(f(n) + f(n) > f(f(n))> f(n+1), Vn>no.

Diéu nay 1a vo li. Do d6 khong ton tai ham sé théa man cac yéu cau ctia dé bai.

Dé két thic chuong nay, chiing ta dén véi bai toan da tré thanh "kinh dién" véi phuong trinh
ham Cauchy. Két qua ctia bai toan duge stt dung nhiéu khi gidi quyét mot 16p cac bai toan
lien quan dén phuong trinh ham cong tinh. Hon nita, phuong phap chiing minh ctia bai toan

ciing 13 "hinh mau" dé ta 4p dung trong viéc gidi mot s6 bai toan vé phuong trinh ham.

Bai toan 10. (Phuong trinh ham Cauchy). Tim tat ca cac ham s6 f : R — R, lien tuc
trén R va thoa man

fle+y)=f@)+fy), zyeR (1.41)
Loi giai. Gia st f 1a ham s6 thdéa man hé thitc ctia dé bai, khi d6 ta c6 (1.41]). Thay x =y =0

trong , ta dugc
f(0) =2£(0) & f(0) = 0.
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Ta sé chiing minh hé thitc sau bang phuong phap qui nap toan hoc theo n
f(nz) =nf(z), YxreR,VneNlN. (1.42)
Vi f(0) = 0 nén ta thay ring dang thitc trén ding véi n = 0. Gia st déng thic (1.42) ding

véin =k véi k € N*, tic la
flkx) =kf(x), YxeR.

Khi do, ta c6

F((k+ 1)) = f(ka + )
= f(kz) + f(z)
= kf(z) + f(z)
= (k+1)f(z),Vz € R.

Do dé6 dang thiic (1.42) ding v6i n = k + 1. Theo nguyén Iy quy nap toan hoc, déng thiic
(1.42) ding véi Vn € N. Nhu vay, ta da ching minh duge dang thic (1.42). Thay y bdi —x
trong (1.41) va st dung f(0) = 0, ta duge

f(=x) = f(x),Vx € R.
Bdi vay f 1a mot ham s6 18. Khi d6 véi Vn € Z va n < 0, sit dung dang thitc (1.42)) ta c6
fnz) = f(—n(-2)) = —nf(-=z) =nf(z), VreR.
Két hop dang thic tren véi (1.42), ta duge
f(nz) =nf(x),Vr € R,Vn € Z. (1.43)

V6i n € N*| sit dung (|1.43)), ta c6

Diéu nay suy ra

f (m) = lf(a;),Va: eR,Vn € Z. (1.44)

3
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Véi Vm,n € Z van > 0, stt dung (|1.43) va ([1.44)) ta dugc

1 1 1
f <%m> =f (mnaﬁ> =mf <nm) :mﬁf(a:) = %f(a:), vV € R.
Do d6, ta c6
flrz)=rf(z), VeeRVreQ
Thay = = 1 trong déng thic trén, ta dugc
fr)=rf(1),vreQ. (1.45)

V6i mdi 2 € R, ton tai day s6 hitu ti {r,},/> sao cho

lim r, = =.
n—-+o00

Vi f 1a mot ham s6 lién tuc nén ta c6

n——+oo n——+oo n—-+o0o n—-+00

f(z) = f( lim rn> = lim f(r,)= lim [rf(1)]=f1) lim r, = f(1)x.

Do do, ta c¢6

f(z) =ax, VzeR,

trong d6 a = f(1). Thit lai ta thay ham s6 nay thda méan cac diéu kién ctia bai toan. Vay ham
sO can tim 13

f(z) =ax, VxeR,

v6i a 1a mot hing so.

Nhan xét.

(1) Trong bai todn trén, néu ta thay gid thiét ham s6 f lien tuc trén R bdi ham s6 f lien
tuc tai mot diém zg thi két qua trén van ding. That vay, néu ham s6 f lién tuc tai mot
diém o thi

lim f(t) = f (zo0) -

t—xg
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e Do do, ta dugce

lim f(u) = lim (ot wg) + (= 20))
= lim f(t+ (o — 20)

= lim £()+ f (v w0)

= [ (o) + f (z — xo) = f(2)

Diéu nay chitng to6 f la mot ham s6 lién tuc trén R. Nhu vay, néu f 13 mot ham s6 xac

dinh trén R, cong tinh va lién tuc tai mot diém z¢ € R thi f lién tuc tréen R.

e Néu ta thay gia thiét ham s6 f lién tuc trén R bdi ham s6 f don diéu trén R thi két qua

trén van dung. That vay, tit két qua clia bai toan 1 ta co
f(z) =azx, VYzeQ, (1.46)

trong d6 a 1a mot hang s6. Ta sé chitng minh trong truong hop f 1a mot ham don dieu
tang. Truong hop f 1a mot ham don diéu gidm, cach ching minh la tuong tu. V6i z € R,

ton tai hai day s6 hitu t {u,} 7> va {v,}2] sao cho
up <z <wv,, VneN

va

lim u, = lim v, =z.
n—-+00 n—-+00

Vi f 14 mot ham s6 don diéu ting nén ta co
fup) < f(z) < f(vn), VneN-.
Két hop diéu nay véi ta duge
aup, < f(z) <av,, VneN*
Cho n — +oo trong bat déng thitc trén ta dugc

ax < f(z) <ax, VreR.
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Diéu nay chiing t6 rang

f(z) =ax, VxeR,
véi a 13 mot hing sb.

e RO rang, tit két qua ciia Bai toan 1, ta thay ring néu f 13 mot ham s di tir tap s6 tu
nhién N hoiic tap s6 nguyén Z hodc tap so hitu ty Q va bo di gia thiét f 14 mot ham s6

lién tuc thi két qua bai toan trén van diang.



Chuong 2

PHUGONG PHAP TONG HOP

Trong chuong trinh nay ching ta sé nghién ctu cdc bai toan ma 1i gidi ciia ching thuong

c6 su két hop gitta nhiéu phuong phap, ki thuat khac nhau, ma ching t6i goi dé 1a phuong

tong hop. Thong thuong giai phuong trinh ham ching ta déu can phai thé bién. Nhung cac

bai tap trong chuong nay mac dit trung tam ctia cach giai van la cac phép thé nhung can c6 sy

phdi hop clia mot s6 ki thuat khac. Ching toi nhic lai mot s6 ki thuat ciing nhu nhiing cha y

can thiét khi sit dung phuong phap téng hop dé giai quyét céc bai toan vé phuong trinh ham.

(i)

(iif)

Néu mot bo phan nao dé clia phuong trinh ham da cho c6 tinh déi xiing gifta cac bién,
ching han nhu z,y. Chiing nén hoan vi gitta « va y nghia la thay = béi y va thay y béi

x vao diéu kien ban dau ctia bai toan.

Phép dit "tong-hieu"

u=x+y, V=IT—Y

13 mot trong nhitng phép dat co ban thuong duge sit dung ddi véi cac phuong trinh ham
ma biéu thitc thanh phan cta né 1a cac da thiic ddi xting gitta z va y (tic la cac da thiic

ma khi ta hoan vi gitta cac bién, ta dugc da thiic méi bang da thitc ban dau.)

Cac tinh chat co ban ham s6 nhu don anh, toan anh, song 4nh can phai dugc nam viing
va van dung mot cach linh hoat. Trong nhiéu bai toan ctia phuong phéap thé ching ta
can phai van dung dugc tinh chat nay dé cé thé tim ra gia tri ctia ham s6 tai nhitng diém

dac biét.

Ching ta nén dy doan dugc mot nghiém nao dé ctia phuong trinh. Tw nhing du doan

nay ching ta sé c6 nhitng dinh huéng cu thé dé dua ra cac phép thé phit hop hoiic tim

53
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ra cac tinh chat ctia nghiém ham.

(v) Céac két qué lien quan dén ham cong tinh (Bai toan 10) sé& duge thudng xuyén st dung

dé gidi quyét mot 16p cac bai toan phuong trinh ham.

Dau tién, ching ta sé dén véi bai toan sau l1a Bai toan s6 1 trong dé thi Olympic Toan hoc

Quoc té (IMO) nam 2019.
Bai toan 11. (IMO 2019). Tim tat ca cdc ham s6 f: Z — Z thoa man

f(2a) +2f(b) = f(fla+b)) (2.1)

véi moi 86 nguyén a va b.

Loi giai. Gia st f 1a ham s6 thda man he thitc ciia dé bai, khi d6 ta c6 (2.1)). Thay b = 0
trong (2.1 ta duge
7(20) +2f(0) = F(f(a)), Va<eZ.

Thay a = 0 trong (2.1) ta c6
f0) +27(b) = F(f(b), VbeLZ.
Tt hai déng thtc trén, ta duge
£(2a) + 2f(0) = £(0) + 2f(a), Va € Z.

Diéu nay suy ra

f(2a) =2f(a) — f(0), Vac€Z.

Két hgp dang thitc trén véi (2.1)) ta dugc

2f(a) + 2£(b) — £(0) = f(f(a+b)), Va,beZ.

Thay a = 0 va thay b bdi a + b trong ding thiic trén ta cé

2f(a+b)+ f(0) = f(f(a+0b)), Va,belZ.
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Vi vay, ta dugc
2f(a) +2f(b) = f(0) = f(fla+b)) =2f(a+b)+ f(0), Va,beZ

Do do

fla)+ f(b) — f(0) = f(a+b), Va,beZ. (2.2)
Dit g(x) = f(z) — f(0), tit ding thitc trén ta suy ra

gla+b) =g(a)+g(b), Va,beZ.
Tt ddng thic trén va nhan xét 3 ¢ Bai toan 1 ta dugdc
g(x) = kx, Vzx€Z.
Do doé
flz)=kx+1, Vzel,
trong d6 [ = f(0). Thay két qua nay trd lai ta dugc
2k(a+b) +3l=k*(a+b)+ (k+1), Va,beZ

Dong nhat hé s6 hai vé ¢ dang thic trén, ta dude
2k = k% va 31 = (k + 1)L.

Tt do, ta duge k = 2 va |l € Z 1a mot hang so.
Nhan xét.

(1) Bai toan 11 la mot bai toan dé va c6 thé duge xem 1a mot "hé qua" tryc tiép clia bai

toan 10. Ro rang néu ta thay gia thiét f 13 mot ham s6 di tit Z vao Z béi f 1a mot ham

5O di tit Q vao Q hosic f 1d mot ham s6 lién tuc trén R hodic f 1a mot ham s6 don dieu

tren R thi két qué ciia Bai toan 11 van ding. C6 thé thay rang Bai toan 11 da duge xay

dung tit chinh Bai toan 10.

(2) Dudi day 1a mot s6 bai toan lien quan.
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i) Tim tat ca cac ham s6 f : R — R lién tuc tréen R va théa man

{fe+y)t ={f@} +{f(»)}, VYo,yeR

Trong d6 [t] 1a s6 nguyén 16n nhat khong vugt qua t va {t} =t — [t].
ii) (IMC 2010). Tim tat ci cac ham s6 f : R — R lién tuc trén R va théa man

flety+ay)=flx)+ fly) + flzy), Vo,yeR
Tiép theo, ching ta sé dén véi bai toan trong Ky thi chon hoc sinh giéi Qubc gia mon Toan
16p 12 (VMO) nam 2016.

Bai toan 12. (VMO 2016). Tim tat ca cac sb thuc a dé ton tai ham s6 f : R — R thoa
man

) f(1) = 2016.

ii) V6i moi z,y € R,

fle+y+fy) = f@) +ay. (2.3)

Loi giai. Néu a = 0 thi tit ta dugc
flx+2017) = f(z), Vz,yeR.
Do d6, f 1a mot ham tuan hoan chu ki 2017. Vi f(1) = 2016 nén
f(x) =2016, VzeR.
Ta xét truong hop a # 0 thi trong hoén vi vai tro ctia z va y ta dudc
fle+y+ f(z)) = fly) +ax, Vz,yecR. (2.4)

Néu f(x) = f(y) thi tu (2.3) va (2.4) ta suy ra x = y hay f 1a mot don anh. Trong (2.3)) cho
y =0 taco

Fla+ £(0) = f(x), Vo € R.

Vi f la don anh nén
z+ f(0) =z,Vz € R.
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Do do6, ta c6 f(0) = 0. Trong (2.3)) thay z = 0, y = 1 ta dugc a = f(2017). Tiép tuc thay y
béi _f(w) trong (12.3) ta duge

a

o= P24 () s - s =0 =10, vocr

a

Vi f la ham don anh nén

Diéu nay suy ra

f (‘f;$)> - f(a”‘) _z, VreR (2.5)
Trong thay y bdi —fiy) ta duge
o= 22 () = 0 - 500 wver 26)

St dung (2.5)) két hop vé6i (2.6) ta co

Do do, ta duge

flx—y)=f(z) - fly), Vz,yeR. (2.7)

Trong thay x bdi = 4+ y ta dugc
fx+y)=f@)+ fy), Vo,yeR.
T nhan xét cua Bai toan 10 ta ducce
f(n) =nf(1l) =2016n, Vn e N

Do do
a = f(2017) = 2016 - 2017.
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Khi d6 ta c¢6 ham s6 f(z) = 20162 thoa man diéu kien bai toan. That vay, véi

thi

f(z) =2016x, VzreR

£(1) = 2016
fx+y+ f(z)) = 2016z + 2016.2017z = f(y) + ax, Yo,y €R

Vay a = 0 va a = 2016 thoa man diéu kien deé bai.

Nhan xét.

1

Trong bai toan nay dé tinh dudc gia tri ctia ham s6 tai diém = = 0 ching ta da st dung
tinh don anh ctia ham s6. Viéc nhan ra f don anh 1a dé dang. Sau khi da tinh duge f(0)
thi viec thé cac gia tri nhu thé nao dé c6 thé "tan dung" dugc két qua f(0) = 0 la tu
nhién. Chiing ta nhac lai cac tinh chat co ban ctia mot ham sé thuong duge diing xuyén
suot trong cic bai toan gidi phuong trinh ham. Ham s6 f di tit mién xac dinh D C R
vao R dugc goi 1a don anh néu f(z) = f(y) thi x = y v6i Vo,y € D. Ham s6 f dude goi
1 toan anh néu véi z € R ton tai z € D sao cho z = f(x). Ham s6 f 1a song d&nh néu né

dong thoi 1a don 4nh va toan anh.

Trong Bai toan 12, § trusng hop a # 0, ta da chiing minh duge f 1a mot cong tinh va do
do6 két qua ctia Bai todn 1 van dugce st dung trong bai toan nay. Néu bai toan c6 them
gia thiét f 1d mot ham s6 lien tuc hoiic don diéu trén tap xac dinh thi ta c¢6 thé két luan
ham so

f(z) =2016x, VzeR,

14 nghiém ctia phuong trinh trong trudng hop a # 0 vi ham s6 f 1a mot ham cong tinh
va f(1) = 2016. Chi ¥ rang néu phuong trinh ham ciia bai toan 1a mot phuong trinh c6
dang "d6i xiing" gitta cac bién (vi du nhu Bai toan 12) ta thuong dung phép thé thay z
béi y va thay y béi z, tiic 1a hoan déi vai tro clia x, y trong phuong trinh ban dau dé cé

thé chitng minh duge tinh don anh ciia no.

Két qua & phan nhan xét ctia Bai toan 10 tiép tuc dugce sit dung trong bai toan tiép theo nam

trong Dé thi chon doi tuyén Qudc gia du thi Olympic Toan Qudc té ctia My (USA TST) nam

2012.
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Bai toan 13. (USA TST 2012). Tim tat ca cac ham s6 f : R — R thoa méan

flz+y") = f@) + |yf W), Y,y eR. (2.8)

Loi giai. Gia st f 13 ham s6 thda man hé thiic ctia dé bai, khi d6 ta c¢6 (2.8)). Thay z = 0 vao
(2.8)), ta duge
FW?) = fO)+lyfw)l, VyeR. (2.9)

Thay y béi —y vao (2.9), ta c¢6
F°) =F0)+|—yf(=y)l, VyeR.

Két hop dang thitc trén véi (2.9), ta duge

yfWl=1-vf(-y), VyeR.

Diéu nay suy ra

fW)=1f(—y), VyeR,

hay ta c6
Fly) = F(-y), YyeR (2.10)

Thay z bdi —y2 vao , ta dugce
FO) = f(=v*) +1wf@)l, VyeR.
Két hop dang thic tren véi (2.9), ta dugc
FO)=f(=v*) +f (") - £(0), VyeR.
Diéu nay tuong duong véi
26(0) = f (=) + /(1) VyeR

Do do6, ta dugce

2f(0) = f(—x) + f(z), VzeR. (2.11)
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Tu va ([2.11)), ta 6
[2f(0) = f(2)]* = f(z), VzeR.
Tt déng thic trén, ta dugce
4f%(0) = 4f(0)f(x) + f*(z) = f*(x), VzE€R.

Vi vay, ta co

FO)[f(0) ~ f(@)] =0, VzcR. (2.12)

Két hop két qua nay véi ([2.8), ta duge

f0)=f(0)+lyf(y)l, VyeR.

Do do, ta c¢6

lyf(y) =0, VyeR

Diéu nay 1a vo 1i. Nhu vay, ta thu duge

Ap dung két qua nay cho ([2.9), ta dugce

FP) =lyfW)l, YyeRr (2.13)

Vi f(0) = 0 nén tu (2.11)), ta co

f(=z) =—f(z), VxeR.
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T va ([2.13), ta dugc

flz+y®)=fl@)+f(¥°), Va,yeR
Do do

flx+y)=f(x)+ fly), YreR,Vy=>0. (2.14)

Vé6i Vz € R va Vy < 0 ta co

flaty)=—f-z—y)
=—f=z+(-v))
=—(f(=2) + f(-y))
=—(=f(z) = f(y))
= f(z)+ f(y)

Két hop diéu nay vdi ta duge
fle+y)=fz)+f(y), Vz,yeR
Nhu vay, f 1a mot ham cong tinh. Tt ta thiy ring
f(x) >0, Va>0.

Do dé, v6i Vo > y, ta co

f@)=flz—y+y) = flz—y) + fly) > f)

Diéu nay ching t6, f 13 mot ham sé tang. Ap dung nhan xét & Bai toan 1, ta dugc

f(z) =ax, VzeR,

trong d6 a 1a mot hing s6. Cha y rang f(x) > 0 v6i Vo > 0. T day, ta duge a > 0. Thit lai,

ta thay ham s6 f(z) = az, Vo € R, trong d6 a 1a mot hiang s6 khong am théa méan diéu kien

dé bai. Vay ham s6 can tim 13

f(x) =ax, VxeR,
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v6i a 13 mot hang s6 khong am.
Nhan xét.

e Néu "thoat nhin" vao Bai toan 13 thi ta cdm thiy mot chit "ban khoan" vi day la
phuong trinh ham c6 chita dau gia tri tuyet déi. Nhung néu quan sat ki thém mot chit,
ta thay rang ca hai vé cia phuong trinh nay déu chita cdc ham chin déi véi bién y. Diéu
nay goi ¥ ngay cho ta viéc thay y bdi —y trong phuong trinh , dé tir d6 thu duge
déng thic .

e Sau khi chitng minh déng thitc (2.11)), ta da "coi" f(z) va f(—z) la nhitng "bién s5" ciia
mot hé phuong trinh gom hai phuong trinh (2.10) va (2.11). Tt day, bang phuong phap
thé, ta da tim ra duge dang thiic quan trong (2.12)). Phan chitng minh f 14 mot ham

cong tinh va don diéu ¢ phan cudi ciing 1a co ban va kha "quen thuoc".
e Duéi day 1a mot s6 bai toan lien quan.

i) (USA MO 2002). Tim tat ca cac ham s6 f : R — R théa man

f@*=y?) =af(x) —yfly), Vz,yeR

ii) (Olympic Romania 2006). Gia stt r, s € Q 1a hai s6 cho truge. Tim tat cd cdc ham

sO f: Q — Q thoa man

fla+fly)=flx+r)+y+s, Vr,yeQ.

iii) (IMO 1992). Tim tat ca cdc ham s6 f : R — R thoa man
F@®+fy) =y +(f()? Vo,yeR

Chtng ta thay rang ci ba Bai toan 11, 12 va 13 déu c¢6 chung mot "mo hinh" d6 la chiing
minh ham s6 can tim la cong tinh va sit dung nhing két qua thu duge ¢ Bai toan 10. Dé két
thiic mot 16p cac bai toan c¢6 mo hinh nhu vay, chiing ta sé dén véi bai toan sau day nam trong
Dé thi chon doi tuyén Qudc gia ctia Viet Nam dy thi Olympic Toan Qudc té (VN TST) nam
2004.

Bai toan 14. (VN TST 2004). Tim tat ci cac s6 thuc a sao cho ton tai duy nhat ham s6
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f: R — R thdéa méan

f (ar:2 +y+f (y)) =f (a:)]2 +ay, Vz,yeR. (2.15)

Loi gisi
Ta thay rang néu @ = 0 thi c¢6 hai ham s6 théa man phuong trinh la f(z) =0 va
f(z) = 1. Tiép theo, ching ta sé xét a # 0. Do vé phai la ham bac nhat theo y nén c6 tap gia
tri 1a R, do d6 ta dugc
{f(@*+y+fy)lyeR} =R

Diéu nay dan dén

{®+y+f)lyeR} =R

Do d6 {f (y)|ly € R} = R, hay f la toan anh. Vi vay, ton tai b € R sao cho f(b) = 0. Ta sé
chitng minh néu f(z) =0 thi z = 0. T (2.15) lay y = b ta dugc

f @2 +0) =[f (x))* +ab, VYoeR. (2.16)
Tu thay x bdi —x ta c6
f(@*+0b) = [f(—2)]” +ab, VzeR.

Két hop vdi ta dugc
[f (@) = [f (—2))%, Vz e R.

Diéu nay suy ra

|f (2)] = [f (=2)], Vo € R. (2.17)

Tu (2.17) suy ra f(—b) = 0. Tu (2.19) lay y = —b ta duge:
f@*=b)=[f(x)* —ab, VzeR (2.18)
Tu (2.16) va (2.18) ta c6

f(z®+0b) — f(2* —b) = 2ab, Yz € R. (2.19)
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Tu (2.19) lay = = 0 ta dugc
f(b) = f(=b) = 2ab

Vi f(b) = f(—b) nén 2ab = 0. Do d6 ta phai c6 b = 0. Vay ta thu dugc tinh chat f(0) = 0 va
néu f(x) = 0 thi x = 0, cling tit tinh chat nay ta c¢6: néu x # 0 thi f(x) # 0. T cho
y = 0 ta dugc:

f(?) =1[f ()], VzeR. (2.20)

Tu (2.20) ta lay z =1 dugc
F=r0=ra=1

Trong cho y =1 ta dugc:
f(z®+2) = [f(x)]2+a:f(:62)+a, Ve R (2.21)
Thay x = 0 vao ta dugc a = f(2). Do vay
=2 =12 =f4)=]f <(\/§)2+2> = f(2)+a=2a.
Do dé, ta phai c6 a = 2. Khi d6 tré thanh

fF@+y+f@)=[f@)]+2y, VYz,yeR (2.22)

2
Tu (2.22) lay y = _[f(;c)] ta duge:

; (m e, (_ f] <m>]2>> o veeR

2 2

Vi vay

ol <;:>]2 oy (_ f <;s>]2> o veeR

Do doé, ta ducgce

f (— / (5)]2> = -z + [f(;)]z vz € R. (2.23)
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Tir (222) thay y bai — LU ta duge:

2 2
f<x2_[f ) +f<—[f<§”>> ~(F@P - (O Yoy e R (220

Tit (2:2) sit dung (223) ta ¢

2 2
P <$ SOy (—Wy”)) = [f@F - [f W) Vo, y e R.

Vi vay, ta dugc
Fa®=y?) = f(@?) = f(y?), Vo, y eR. (2.25)

Tu ([2.25) lay = = 0 ta dugc

Tu day, ta suy ra
f&)=—f(=t),vt>0. (2.26)

Véit < 0thi —t >0, st dung ta thu duge f(—t) = — f(t). Két hop vdéi (2.26) ta co
f(=t) = —f(t), VteR,
hay f 1a ham s6 1é tren R. T day két hop véi ta dugc:
f@+y) = f(z)+ fy), véi 220,y <0 (2.27)

T (2.27) cang co:
fle+y) = f@)+ fly), véi =<0,y =0. (2.28)

Néu z >0 vay > 0 thi
flaty)=f@—(-y)=f@) - f(-y)=f()+ (). (2.29)
Néu z < 0 va y < 0 thi theo ta co f(—z —y) = f(—x) + f(—y), suy ra

—flxt+y)=—f(@)-fy)=fx+y) =f(x)+f(y) véiz <0,y <O0. (2.30)
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T (2.27), .28), @.29), @.30) ta dugc

flety)=Ff(x)+f(y), Ve, y eR. (2.31)
Stt dung va ta co két qua sau
[f(z+y))=f ((x + y)2> , Vr,yeR. (2.32)
Cht ¥ rang

[f @+ ) =[f (@) + f )]
=fA(@)+2f (@) fly)+ f(y), Vz,yeR. (2.33)

va

f ((:v + y)z) = f (2% + 22y + ¢*)
= [ (2%) + f (2zy) + f (v°)
= f2(x)+2f (zy) + 2 (y), Va,y €R. (2.34)

Tir (2.32), ([2.33) va (2.34), ta c6

flxy) = f(x)f(y), Vz,y eR.
Vi f (%) = —f (4?) . ¥y € R, nén
f(z)>0, VzeR".
Tit d6, v6i z > y > 0, ta dugc
f@) = fly)=fle—y) >0, Va>y=0.

Do f 1a mot ham 1é nén diéu nay ching t6 rang, f 1a mot ham tang trén R. T tinh cong tinh
ciia ham s6 f, ta dudc

f(x) =ax, VxeR
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Két hop v6i tinh chat nhan tinh ctia ham s6 f, ta thiy rang
a=0 hoiac a=1.

Vi f(1) =1 nén ta co
f(z) =z, VzeR

Thit lai ta thay ham s6 f(z) = z,Vz € R théa man diéu kien ctia bai toan. Vay a = 2 la gia
tri can tim.

Nhian xét.

(1) Bai toan nay thuoc 16p cac bai toan xac dinh tham s6 dé phuong trinh ham da cho ¢6
nghiém hodc mot 16p nghiem mong muén. Quan sat thay rang néu f(z) = x 1a nghiem
ham thi sé dan dén a = 2. Va ching ta mong mudn chitng minh ring day 14 ham s6 duy

nhat. Diéu kién vé tinh duy nhat nghiém da gitp ta loai bé duge truong hop a = 0.

(2) Chiung ta thay rang vé mat ¥ tudng xay dung, két cau cling nhu hinh thite, thi Bai toan
s6 14 va bai toan s6 12 c6 nhiéu nét tuong dong. Day 1a mot bai toan hay va kho, dé giai
quyét dugce bai toan nay, hoc sinh phai nim viing cac tinh chat co ban ctia ham s6, két
hop véi kinh nghiem khi st dung cac phép thé gidi quyét cac bai toan vé phuong trinh
ham. O ching minh phan cubi clia bai toén, ching ta tiép tuc sit dung két qua thu duge

tu Bai toan 10.

(3) Bai toan s6 14 thyc ra la két qua tong quét ctia bai toan dudi day, duge ding trong phan
dé ra ki nay ctia tap chi "The American Mathematical Monthly" nam 2001.

Tim tat cd cdc ham s6 f : R — R théa man

F@®+y+fw)=[f @] +2y,

v6i moi x,y thudc R.

Tiép theo, chiing ta di t6i bai toan trong K¥ thi chon hoc sinh giéi Qubc gia mon Toan 16p 12
(VMO) nam 2013.

Bai toan 15. (VMO 2013). Tim tat cd cac ham s6 f : R — R thoa man

F(0) =0, £(1) = 2013 (2.35)
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(@—y) [f (2 @) = F (£ @)] =1f (@) = f @] [F* (@) = ()] (2.36)

diing véi moi z,y € R va f2 (z) = (f ()%

y = 0, ta dugc
af (f(2)) = > (x), Va0

Diéu nay suy ra véi Vo # 0, ta co

3 a
Fr@) = vz (2.37)

Thay (2.37)) vao (2.35), véi moi = # 0, y # 0, ta dugc

w-n [EE - L0y ) (20~ 2 ). (238)
Ta thay rang
-0 [E2 - L0 ) s ) [ @) - £ )
=P - LW O p) P @20 0 P @) - P
- [rorw -0 0w - o)

X

— P [f (x) - xf;y)} P () [f ()~ ¥
of (0) — uf (@) of () — uf (2)

f(ﬂf)]

— 2@ LU oy 2T
2 T 2
— [of () — v/ (=) [fi )_1 y(y)] Vi £ 0,y £0. (2.39)
Két hop va (2.39), ta dugc
[f (y) — yf ()] [2f* (y) —yf* (x)] =0, Va#0,y#0. (2.40)

T (2.40) thay y = 1 ta ¢6

(2013z — f(x)) [2013%z — f*(z)] =0, Vz #0. (2.41)
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Néu z < 0 thi
2013%z — f2(z) < —f%(z) < 0.
Khi dé, tit [2.41)) ta duge
f(z) =2013z, Vz <O.
Do do, tur (2.40) thay y = —1 ta c6
[—20132 + f(2)][2013% + f(2)] =0, =z #0. (2.42)

Néu x > 0 thi
2013%z — f2(x) > —f*(z) > 0.

Khi do, tur (2.42)) ta duge
f(x) =2013z, Vz > 0.

Chua ¥ rang f(0) = 0. Vi vay, ta c6 f(x) = 2013z véi moi x € R. Thit lai, ta thiy ring néu

f(x) = 2013z v6i moi x € R thi khi d6

F(0) = 0, £(1) = 2013,

[f (@) = f ()] [f* (z) = £? ()] = [2013z — 2013y] [2013%2? — 2013°y?]

=(@—y) [f (@)~ ()], VreRyeR

Vay ham sb can tim 13

f(z) =2013z, VreR,yeR.

Nhan xét.

(1) Thong thuong khi diing truéc mot bai toan phuong trinh ham, ching ta thuong "cb

gang" tim dugc nhiing gid tri dac biet ctia ham s6 nhu £(0), f(1), f(=1), ... véi muc dich

1a tao them "rang buoc" ciing nhu dy doan duge "hinh dang" cfing nhu "tinh chat"

nghiém "ham" can tim. Nhung dbi v6i bai toan trén, gid thiét da cho luon f (0) = 0. Vi

thé, ¥ tudng dau tien khi gidi bai toan la phéi "lgi dung" duge f (0) = 0. Diéu kién nay

da lam cho bai toan don gidn hon rat nhiéu. Mot cau héi duge dat ra cho ban doc 1a

"néu khong c6 yéu t6 f (0) = 0 thi ching ta sé giai quyét bai toan trén nhu thé nao".

(2) Vé diéu kien thit hai ctia bai toan f(1) = 1, chiing ta c6 thé thay riing né gitp cho bai
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todn c6 hinh thitc dep hon (khi ¢6 con s6 ctia nam thi xuat hién trong dé thi) va ciing

gitp hoc sinh ¢6 thém phuong 4n khi xtt Iy tinh hudéng

[2f (y) —yf (@)] [2f* (y) —yf* (2)] =0, Va#0,y#0.

Day 14 mot trong nhitng "tinh hudéng dién hinh" thudng xuyén xuat hién trong cac bai
toan phuong trinh ham clia cdc dé thi hoc sinh Quoc gia. Néu khong c6 gia thiét f(1) = 1,
chiing ta van c6 thé hoan toan giai quyét tron ven, nhung 15i gia sé phiic tap hon 15i giai

duge dua ra 6 trén. T (2.4), ching ta c6

fly)  flz) ) )

—> =——+ hodc =
Yy z z Y

v6i Vo # 0,y # 0. Diéu nay gitp chiing ta c6 thé nhin thiy ngay ring mot nghiem ciia
bai toan sé c6 dang f (z) = cx. Vi mot vé chi phu thuoc vao x va mot vé chi phu thuoc
vao y nén ching phai bang hiang s6. Day ciing chinh 13 noi dung ctia ki thuat thuong
dugce sit dung trong phuong phap thé c6 tén goi la "phan ly bién s6", ki thuat nay bat
nguon tit mon hoc "Phuong trinh vi phan" & bac Dai hoc. N6 t6 ra vo ciing "t6i wu" khi
gidi quyét mot so bai toan, vi du nhu bai toan duéi day 1a dé thi Olympic Toan sinh vién

Toan Qudc nam 2011.

Tim tat cd cAic ham s6 f: R — R
(@ —=9f(x+y) —(+y) f(z—y) =4y (® +y°), Vo,yeR.

Dai khi, trong mot s6 bai toan vé phuong trinh ham, ching ta khong thé tinh tryc tiép duge
cac gia tri tai cac diém dic biét ctia ham sb, ta thuong dit ching nhu la cac tham s6, vi du
f(0) = m roi thé bién ctia phuong trinh bdi chinh cac gid tri clia tham s6 nay véi muc tieu la
c6 thé tim duge ching. Hon nita, dé thuc hien duge diéu nay, ching ta can phai chi ra mot sb
tinh chat ctia ham s6 f nhu don 4nh, toan anh, song anh. Bai toan tiép theo xuat hién trong

Ky thi chon hoc sinh giéi Quoc gia mon Toan nam 2005 s minh hoa cho ki thuat nay.

Bai toan 16. (VMO 2005, bang A). Hay tim tat ci cac ham s6 f xac dinh trén tap s6

thie R, 1ay gia tri trong R va théa man hé thiec:

f(f(x—y) = f2)fy) — f(@)+ fly) —zy (2.43)
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v6i moi s6 thuc z, .
Loi gidi.
Gia stt R — R 1a ham s6 théa man hé thic cta dé bai, khi dé ta 6 (2.43). Dat f(0) = a.

Thé x = y = 0 vao (2.43) ta dugc
f(a) = a®. (2.44)

Thé z = y vao véi luu ¥ t6i ta dugc:
(f (2)* =22+ d® Vz e R. (2.45)
Diéu nay suy ra (f (2))? = (f (—=2))?,Vz € R hay
(f (@) = f(=2)) (f (&) + f(=2)) =0, VzeR (2.46)
Gia st ton tai zg # 0 sao cho f(xg) = f(—z0). Thé y = 0 vao ta dugc:
f(f(x)=af (x)— f(z) +a, VzeR (2.47)
Thé x =0,y = —x vAo ta dugc:
f(f @) =af(-z) - f(-2) —a, VzeR (2.48)
Tu va suy ra
a(f(—=2)— f(2)+ f (@) + f(-2) =2a, z€R (2.49)
Thé z = zo vao ta dugc
f(zo) = a. (*)

Mit khac, tit ([2.45) suy ra néu f(z1) = f(ze2) thi 2 = z3. Vi thé | tit (*) suy ra z9 = 0, trai
v6i gid thiét zo # 0. Mau thudn ching t6 f(z) # f(—=z),Vz # 0. Do d6, tut (2.46) ta suy ra

f@) = —f(=x), Ve #0 (2.50)

Thé (2.50) vao (2.49)ta duge: a(f(z) — 1) = 0,Vz # 0. Suy ra a = 0, vi néu ngugc lai a # 0
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thi f(z) = 1,Vz # 0 trai véi (2.50)). Do do, tur (2.45) ta co:
(f(x))> =2%, VzxecR. (2.51)
Gia st ton tai zg # 0 sao cho f(xg) = zo. Khi d6, theo (2.47) ta phéi co:

zo = f(z0) = —f(f(20)) = —f(x0) = —f(20) = —o.

Mau thuin, do dé ta phai c6
f(x) # x,Vx #0.

Vi vay, tt (2.51) ta duge f(x) = —zo,Vx € R. Thit lai, ta thiy ham s6 tim dugce & trén thoa

man cac yéu cau ctia dé bai. Vay ham sb
f(z)=—z, VzekR,

1a ham s6 duy nhat can tim.

Nhian xét.

(1) Giéng nhu bai toan trudc, bai toan nay ching ta lai gdp mot tinh huéng "quen thuoc"

khi gidi quyét cac bai toan lien quan dén phuong trinh ham la
[f (@) + 2] [f (x) —2] =0, Va,y eR.

Tt dang thitc trén, ching ta chi cé thé két luan duge ring la gié tri ciia ham f tai « v —z,
chit khong thé suy ra dugce cadc ham sé thda man yéu cau ctia dé bai la f(z) = z,Vz € R
hoic f(x) = —x,Vz € R. Khi gip truong hop nay ching ta thuong xit Iy nhu sau, kiém
tra xem céc ham s6 f(z) = x,Vo € R hodc f(z) = —z,Vz € R ¢6 théa man yéu cau de
bai hay khong, sau d6 chting minh ngoai ham nay ra khong con ham nao khac thdéa méan
yéu cau bai toan. Phuong phap thuong ding § day duge dung 13 phan chitng. Tin hudng

nay da xuat hién trong mot bai phuong trinh ham & cac ky thi VMO truée do.

(2) Dudi day 1a mot s6 bai toan lien quan.

i) (VMO 2002 B). Hay tim tat cd cac ham s6 f xac dinh trén tap s6 thuc R, lay gia
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tri trong R va thdéa méan hé thiic

fly—f(2)=f(@*?-y) —2001yf (z), Va,yeR.

ii) (Bai toan téng quat cia VMO 2002 B). Cho s6 nguyén duong n. Hay tim tat

ci cac ham sb6 f xac dinh trén tap s6 thuc R, lay gid tri trong R v thoéa man hé thiic
fly—f@)=f@E"*"—y)—nyf(z), VzyeR

iii) (IMO 2008). Tim tat ca cdc ham s6 f : (0; +00) — (0; +00) théa man

FP+[f@P  p*+ ¢
FO)+f(s?)  r24s%

Vp,q,7,5 >0,

va pq = rSs.

Bai tiép theo nam trong dé thi Chon hoc sinh giéi Qubc gia di thi Olympic Toan Quoc té nam
2014 (VNTST 2014), c6 cing "y tudng" tim ra gia tri f(0) nhu Bai toan s 16.

Bai toan 17. (VNTST 2014). Tim tat ca cac ham f : Z — Z théa man
f@m+ f(m)+ f(m)f(n)) =nf(m)+m, VYm,necZ. (2.52)

Loi giai. Gia stt Z — Z 1a ham s6 thoa man hé thiic ciia dé bai. Dat a = f(0). Gia st f =0

1a mot nghiém ciia phuong trinh. Khi d6 tur (2.52)), ching ta thiy ring
m=0, VmecZ.

Diéu nay 1a vo Iy, do d6 f = 0 khong phai 1a nghiém ctia phuong trinh. Vi vay ton tai g € Z
sao cho f(q) # 0. Thay m = ¢ vao dang thiic (2.52)) ta duge

f2q+ f(g) + f(@)f(n)) =nflq) +q, YneLZ. (2.53)

Néu f(n1) = f(n2) Yni,ne € Z thi tit (2.53)), ching ta dude n; = ng. Do d6, f 1a mot ham
don anh. Thay n = 0 vao (2.53)), ta dugc

f@em+(a+1)f(m)) =m, VYmeLZ. (2.54)
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V6i Vm € Z, ton tai u = 2m+(a+1) f(m) € Z théa man rang f(u) = m. Do do, f 1a mot toan
anh. Vi vay ton tai b € Z sao cho f(b) = —1. Thay m = n = b vao (2.52)), ta duge f(2b) = 0.
Thay m = n = 0 vao (2.52), ta ciing c6 f(a® + a) = 0. Do dé, ta c6

f(a®+a) =0= f(2b).

Vi f 1a mdt don anh, ta duge

b— a® +a
=
Mt khéc, thay n = b vao (2.52)), ta duge
a’>+a
f(2m) = 5 f(m)4+m, VmeZ. (2.55)

Thay m = 0 vao (2.52), ta duge
flaf(n)+a)=an, VYneZ.

Thay m = an vao (2.54) 16i két hop v6i dang thiic trén, ta suy ra

(a+1)f(an) +2an = af(n) +a, VneLZ. (2.56)
Thay n = b, ta dugce
2
W o) =a,

do d6 ta c¢6 a € {0,1,—2}. Ta xét cac trudng hgp sau:

e Néu a =1 thi tur (2.56)), ta dugc
fn)=1-2n, VneZ.

Tuy nhién, ham s6 nay khong théa man yéu cau dé bai.

e Néu a =0 thi tu (2.55)), ta c6

f2m)=m, VYmeZ.
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Két hop v6i két qua (2.54)), ta duge

vo 1y theo ching minh & trén.

e Néu a = —2, thi tur (2.56) ta c6
f(—2n)+4n=2f(n)+2, VnecZ.

Tu , ta dugc
f(=2n) = f(~n) - n.

Do do, ta c6

f(=n)+3n=2f(n)+2, VnecZ.

Thay n bdi —n vao déng thic trén, ta ciing cé
f(n)=3n=2f(—n)+2, VneZ.

Két hop hai diéu nay lai, ta suy ra f(n) = n —2,Vn € Z. Thi lai, ta thiy ham nay thoa
méan yéu cau dé bai.
Vay ham s6 can tim 13

fn)=n—-2, VYnelZ

Nhan xét. O bai toan trén néu ching ta dy doan dugc nghiem ham 1a f(n) = n — 2 thi
ching ta sé c6 nhimg dinh huéng rat ré rang trong thé bién dé tim ra dugce cac gia tri dic
biét. Diing truée mot bai todn phuong trinh ham, ching ta ludén "mo mam" tim nghiém trong
16p cac ham da thitc. Quan sat thay rang, néu f(n) 1a mot ham da thitc thi bac ctia f(n) phéi
nhé hon hodc bang 1 vi néu khong vé trai ctia phuong trinh ham ban dau sé c6 bac 16n hon vé
phéi. Tt két qua nay ching ta dat f(n) = an + b roi thay vao (2.22), ta sé tim dugc a = 1, va
b = —2. Ro6 rang néu ching ta tinh duge f(0) thi bai todn tré nén vo cling don gian. Nhung
f(0) khong thé tinh dugc tric tiép thong qua cac phép thé cac gia tri dic biet nén ¢ day ching
ta da phai dit a = f(0). Tinh chat don anh va toan 4nh duge nhan thiay kha dé dang va né
1a mot cong cu dac Iyce trong viéc hd trg ching ta tim dude a. T cach gidi trén, ching ta c6

thé nhan ngay ring két quéa bai toan ding trén ca tap thuc R.
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Bai toan 18. (IMO 2015). Hay tim tat ca cac ham f: R — R théa man

fa+ fle+y)+ flay) =z + fle+y) +yf(x), VoyeR (2.57)

Loi giai. Gia stt f : R — R 1a ham s6 thoa man he thiic ctia dé bai, khi d6 ta c6 (2.57)). Thay
y =1 vao (2.57)), ta duge

fle+ fle+1) =2+ f(x+1), VzeR. (2.58)

Tit dang thiic trén, ta thay rang = + f(z + 1) 1a mot diém bat dong ctia ham s6 f véi mdi
x € R. Ching ta xét hai truong hgp sau.
Truong hop 1: f(0) # 0. Thay = = 0 vao (2.57), ta c¢6

F(F W)+ £(0) = f(y) +yf(0), VyeR.
Néu yo la mot diém c6 dinh ctia f thi khi d6 thay y béi yg vao ding thic trén, ta dudc
Yo+ f(0) = f(f (90)) + £(0) = yo + 5o f(0).
Vi f(0) # 0 nén ta c6 yo = 1. Do do, tu , ta dugc
x4+ flx+1)=1, VzeR

Diéu nay chiing t6é rang

flx)=2—2, VzeR.

Trudng hop 2. Tu , thay y = 0 va thay « bdi x + 1, ta dugc
fle+fle+)+ 1) =2+ f(x+1)+1, VzeR (2.59)
Thay z = 1 vao (2.57)), ta co
FA+fy+D))+fy) =14+ fy+ 1) +yf(1). (2.60)

Vi f(0) = 0 nén thay = = —1 vao (2.58), ta duge f(—1) = —1.
Khi dé, thay (2.60)), ta duge f(1) = 1.
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Do do, tu (2.60)), ta co

fA+fly+1)+fly)=1+fly+1)+y, VYyeR (2.61)

Tt déng thic trén, ta thay rang néu yo va yo + 1 1 nhiing diém ¢6 dinh ctia ham s6 f thi khi
dé
flw+2)=F0+fwo+1)=1+f(wo+1)+vo—f () =y +2

Diéu nay chiing t6 ring yo + 2 ciing 1a mot diém c¢b dinh ctia ham s6 f. Vi vay, tit (2.58)) va
[2.59), ta dugc = + f(z + 1) + 2 1a mot diem bat dong ciia ham s6 f v6i mdi z € R, nghia 12

fle+fle+1)+2)=a+ f(x+1)+2, VzeR
Thay = bdi x — 2 vao ding thiic trén, ta dudc
fla+ flx—=1)=z+ f(x—1), VzeR.
Mat khac, thay y = —1 vao , ta co
fo+ fla—1) =2+ f(z 1) f(x) - f(-2), VaeR

Do dé, ta dugce
f(—:B) = _f(x)v Vo e R.

Thay = = —1 va y bdi —y vao va st dung két qua f(—1) = —1, ta dugc
1+ f(—y =)+ fly)=-1+f(-y—1) +y, VyeR
Vi f 1a mot ham s6 1é nén phuong trinh trén tré thanh
—fA+fly+))+fly) =-1-fly+1)+y, VyeR
Két hop dang thic nay véi (2.61), ta dugc

f(z) =z, VzeR
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Thit lai, ta thiy cdc ham s6 f(z) = 2 — z va f(z) = x v6i Vo € R thda man yéu cau dé bai.

Vay cac ham s6 can tim 1a

fle)=azva f(x)=2—2, VxeR.

Nhian xét.

(1)

Bai toan trén thuoc 16p cac phuong trinh ham véi bién tu do. Trong cach giai trén, ching
ta da van dung mot cach linh hoat cac diém bat dong ctia ham s6 f. Viéc tim ra nghiem
f(z) = 2 — z trong truong hgp f(0) # 0 14 dé dang. Trong truong hgp f(0) = 0, mau
chét 1a chiing ta can ching minh duge f 1a mot ham s6 18. Dé ching minh diéu nay, dau
tien ta da lam xuét hién dong thoi cd f(z) va f(—z) bing viec thay y = —1 vao (2.57).
KHi do, ta da thu duge ding thiic

Ja+ fl@—1)=a+ fe 1) fz) - f(—z), VzeR.

Nhu vay, dé chiing minh f 1a ham s6 1é ta chi can ching minh

fla+ fz—=1)=x+ f(x—1).

Néu chiing ta cd ging chiing minh dang thiic nay thi sé khé khan vi né khong c6 st lien
két véi cac két qua da thu duge tit phia truée. Hon nita, ching ta da chi ra duge 1 va
x + f(x + 1) 1 nhimg diém bat dong ctia ham s6 f. Chinh nhitng két qua nay da goi v

chiing ta tinh tién  lén 2 don vi dé viét déng thic trén lai thanh
f(m-l-?—f—f(l’-i-l)) :x+2+f($+1).

D6 chinh 13 1f do chiing ta can chiing minh khéng dinh "Néu yo va yo + 1 1a nhing diém
¢6 dinh ctia ham s6 f thi yg + 2 ciing 1a mot diém c¢6 dinh ctia ham s6 f." Nhu vay, &
trong 15i giai trén ching ta da van dung mot cach "triet dé" céc diém bat dong ctia ham
s f.

Dudi day 1a mot so bai toan lién quan.

(i) (IMO 1983). Tim tat ca cac ham s6 f : (0;+00) — (0; +00) théa man

a) f(xf(y) =yf(x), Va,ye (0;+00).
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b) lim f(x)=0.

r—+00
(i) (IMO 1994). Goi 7 la tap hgp céc s6 thuc 16n hon —1. Tim tat cd cdc ham s
f : 7 — 7 théa man diéu kien
a) flz+ f(y) +2f(y)) =y + f(z) +yf(z) véi moi z,y € 7.

x
b) @ tang ngat trén khoang (—1;0) va (0; +00).

Bai toan 19. (Olympic Toian hoc Chau Au danh cho ni nam 2012). Tim tat ci céc

ham s6 f : (0;+00) — (0; +00) thda man
[+ f(y) =yfley+ 1), Va,y € (0;400). (2.62)

Loi giai. Dé cho thuan tien, ching ta sé st dung ki hiéu P(u,v) chi viéc thay = bdi u va thay
y béi v vao ([2:62). Vi du P(1,1) la chi viée thay o = 1 va y = 1 vao (262). Gia st L7 > o,

khi dé6 vé6i phép thay P <fg(/yz_11, y), ta dugc
1) = (). e, 2

Diéu nay chiing t6 ring y = 1, Vy € (0; +00). Day la diéu vo 1y. Do d6

FW =1 4 vy e (0;+00)\ {1} (2.64)

y—1

1
Xét y > 1. V6i phép thay P (1 — ,y> , ta co
Yy

f (1 Sy <y>> ), Wy L. (2.65)

Ta xét cac truong hgp dudi day.

P 1 1
Néu f(y) > — thi 1+ f (y) — — > 1. Do d6, ta c6
Yy Yy

f<1+f(y)—;) Cyf) > 1 Wy 1

Diéu nay mau thuin véi (2.64).
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P 1 1
Néu f(y) < —thi0 <14 f(y) — — < 1. Do do, ta c6
Y Yy

1
P rw-3) =urm<n w1
Diéu nay mau thuan véi (2.64). Tt hai truong hgp trén ta két luan rang
1
Yy
Bay gio, xét x > 0, ta co

1 z !
T O f@)=ef@+ )=

1
1+ =
x

Diéu nay suy ra rang

f@):%, Va > 0.

Thit lai ta thay ham s6 f (z) = 1,Vz > 0 théa man céc yéu cau dé bai. Vay ham s can tim la

F@) =2, Voo

xT

Nhan xét.

(1) Nhiéu ban hoc sinh sau khi doc 15i giai, sé tu dit ra cau hoi, bat nguon tit dau ching ta

c6 thé tim duge phép thé "triet tieu" nhu vay. Quan sat phuong trinh, ching ta kha dé

dang dy doan dugc
1
flz)y==, Vz>0.
T

Chi ¥ rang, dé c¢6 f (z + f (y)) = f (xy + 1) ta sé xét phuong trinh
x4+ fy) =zy+1

Diéu nay dan dén
_ Sy -1
y—1 "~

Do chung ta da du doan dugce

f(:v):%, Vo >0



Chuong 2. PHUONG PHAP TONG HOP 81

nén ta can chimg minh yf(y) = 1. Vay tu (2.62) ta thay ring can c6

yflzy+1) =yf(y),

vi thé ta can xét
y—1 1
ry+l=y=r=—=1-——.
Yy Yy
Mot kinh nghiém khi gidi cdc phuong trinh c¢6 st dung phép thé triet tieu do 1a : Néu
mudn khit hai vé ctia phuong trinh f (¢ (x,y)), f(w(z,9)) & hai vé clia phuong trinh
ham ta xét phuong trinh

¢ (z,y) =w(z,y),
khi d6 ta tim dugc y = A(z) roi thay y = A\(z) vao phuong trinh ham can xét.

(2) Ngoai cach gidi da néu & trén, ching ta c6 thé sit dung ki thuat thé sau dé c6 thé tim

nghiém ham cta phuong trinh. Xét z > 1.

P<x_1,f(a:)):>f(x;1+f(a:)>:xf(:n), Vo> 1. (2.66)

X

r—1

Thuc hién P <:L‘, + f (:L‘)> ta dugc:

X

f<x+f<x;1+f(x)>> - [””‘1 +f(:r)} fxtaf(z), Ve>1. (267)
Tu v suy ra:

i@ =1 =1

. = f () = é Vo > 1. (2.68)

Dén day lam tuong tu nhu cach 1. Nhu da néi 6 phan mé dau, ciing nhu mot s6 vi du
da néu, phuong phap thé "bao trum" lén tat ca cac phuong phap khac. Phan 16n khi
gidi phuong trinh ham ta déu can phai thé bién. Vi thé day 14 mot phuong phap vo cling
quan trong. Dé két thic bai viét, ching ta sé di dén mot vi du cé sy phdi hop ctia nhicu
phuong phap, nhung "trung tam" ctia cach giadi phuong trinh ham van 1a phuong phap
thé.

Bai toan 20. (IMO 2017). Hay tim tat ca cac ham f: R — R sao cho v6i moi s6 thuc z va
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FF@) ) + f@+y) = fzy). (2.69)

Loi giai. Gia stt R — R 13 ham s6 théa man phuong trinh (2.69)). Ta nhan thiy ring — f(z)
ciing 1a ham s6 thoa man phuong trinh (2.69). That vay,

—f(=f(@) - =fW) = =z +y) = =[f(f(@)f(y) + f(&+y)] = —f(zy).

Do d6, khong méat tinh tong quat, ké tit bay gid, ching ta sé gia sit ring f(0) < 0. Quan sat

thay riang, véi mot diém c6 dinh x # 1, chiing ta c6 thé chon y € R sao cho

T +y =2y,
tuong duong véi
oz
v= z—1
va do do6 tit ddng thiic (2.69), ta co
T
(1001 (35)) =0 @2, (270

Thay 2 = 0 vao (2.70)), ta dugc
F(F(0) - £(0)) = f (f%(0)) = 0.

Ching ta xét hai truong hgp sau (cha y rang f(0) < 0):
Truong hop 1: f(0) = 0. Khi d6, thay y = 0 vao (2.69)), ta duge

FF(0) - £(0)) = f (f2(0) = 0.

Do do
f(z)=0, VxeR.

Trudng hgp 2: f(0) < 0. Ta sé chiing minh ring néu f(a) = 0 véi a € R thi khi d6 a = 1.
That vay, gid stt @ # 1. Khi d6, thay x = a vao (2.70)), ta duge

0=1 (11 (%)) =10,
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Diéu nay 1a vo 1i vi ching ta dang xét truong hop f(0) < 0. Vi vay @ = 1. Diéu nay suy ra
f2(0) = 1. Thay y = 1 vao (2.69), ta c6

fla) = f(f(@)f(1) + flz+1)
= f0) + flz+1)
=—1+f(z+1), VzeR

Diéu nay suy ra

fr+1)=fx)+1, VzeR (2.71)

Ta sé chttng minh

flx+n)=f(z)+n, VreR,VneN (2.72)

bing phuong phap quy nap toan hoc theo n. Véi n = 1, tit (2.71) ta thay ring déng thiic
(2.72) ding. Gia st (2.72) dung v6i n = k > 1, nghia la

flx+k)=f(z)+k, VreR.
Khi do, ta c6
fla+k+)=fle+1+k)=flx+1)+k=f(z)+1+k VzeR

Do d6, ding thitc (2.72)) ding véi n = k + 1. Theo nguyén ly quy nap, ding thic (2.72) ding
v6i Vn € N*. T (2.72), ta ¢6

f(x)=f(x—n+n)=f(zx—n)+n, VYreR VneN.
T dang thic nay, ta duge
flz+(—n)) = f(zr —n) = f(x) + (—n), VreR,VneN"
Két hop véi (2.72), ta duge
flx+n)=f(x)+n, VreR,VnelZ (2.73)

Tiép theo, ching ta sé chiing minh rang f 1a mot don anh. Gia st rang f(a) = f(b) v6i a # b.
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Khi do, theo , v6i moi N € Z,
fla+ N+1)=f(b+N)+1. (2.74)
Chon s6 nguyén N tily ¥ sao cho N < —b. Xét phuong trinh bac hai an X
X2 —(a+N+1)X+b+N=0.

Ta thay rang
(a+N+1)*>>0>4(b+ N).

Do dé, phuong trinh trén c6 hai nghiém phan biét xg, yo. Hon nita, theo dinh 1y Vi-ét ching
théa mén

ro+yo=a+ N+1vaxgyy=0b+ N.
Chi ¥ rang
(xo—1)(yo—1)=zoy0o—x0—yYo+1=b+N—-a—N—-1+1=b—a#0.
Do d6, xg # 1 va yg # 1. Thay x = x¢ va y = yo vao ,ta dugc
f(o+N) = f(zoyo) = [ (f (o) f (y0)) + [ (x0 +w0) = f(f (o) f () + fla+ N +1).
Két hop diéu nay véi va (2.74)), ta c6
F(f (o) f (o) +1) = f(f (o) f (30)) +1=0.

Dang thiic trén suy ra

(o) f (yo) = 0.

Dieu nay la vo 1y vi f(zg) # 0 va f(yo) # 0 do zg # 1 va yo # 1. Vi vay ta phai c6 néu
f(a) = f(b) thi @ = b. Do d6, f la mot don dnh. V6i Vi € R, thay x béi t va y bdi ¢ trong
ta dugc

FUWF 1)+ £0) = f (~12).
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Két hgp dang thitc nay véi (2.73), ta dugce

FEOF(=t) =f(—?) +1=f(-t*+1), VteR

Vi f la don anh nén ta co

fOf(—t)=—t>+1, VteR.

Tiép theo, thay = béi t va y bdi 1 — ¢, ta dudc
fA =) =f(fO)fL=8)+ f1) = ffO)FL—-1), VIR
Do f la don anh nén ta c6
FOF(L—t)=t(1—1t) VteR

Cha y rang f(1 —t) =1+ f(—t) theo (2.73)). Do d6, ta dugc

tl—t)=f@)f(1-1)
= O+ f(=1)]
=ft)+ 1) f(=)
=ft)—t*+1, VteR.

Vi vay, ta co
ft)=t—1, VteR.

Thit lai, ta thay rang cac ham s6 f(z) =0, f(z) =x — 1 va f(z) = —x + 1, Vo € R théa man
diéu kién bai toan.
Nhan xét.
(1) Day la mot bai toan phuong trinh ham khé khi tat ca cic bién déu niam trong biéu thitc
ham. Mot "tha thuat nhé" ma ching ta thuong dung khi ding trude cac bai toan phuong
trinh ham d6 1a dy doan nghiém ham. Ddi véi bai toan nay, sau khi thay f(x) = ax + b
trong dé a va b la céc s thuc, vao dang thitc , ta sé thu dugc ba nghiém ham la
f(x) =0, f(x) =2z —1va f(z) = —z + 1. Diéu nay cho ta nhiing dinh hudéng tiép theo
dé tiép can bai toan, cu thé tir day ta c6 thé nhan thay néu f(z) la mot nghiem can tim

thi —f(x) cling 1a mot nghiem va ta sé dy dodn duge rang f(z) sé 1a mot don anh.
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(2)

Trong bai todn nay, ¥ tudng bat ra ngay tit dau, dé la lam thé nao c6 thé triet tieu bét
cac biéu thitc ham. Ro6 rang la didu nay hoan toan cé thé lam duge bing viéc sit dung
"phép thé triet tieu". Cu thé ¢ day ching ta da tim y sao cho zy = x + y véi x 1a mot
gia tri c6 dinh nao dé. Dé tit dé ta c6 thé khit dude f(x + y) va f(zy) 6 hai vé va viec

tinh gid tri f(0) tré nén don gidn hon.

Mau chét trong chitng minh trén 1 & viéc chi ra f 14 mot ham s6 don anh. N6 13 "khong
mau muyc" nhu cac bai toan phuong trinh ham véi bién ty do. Sau khi chiing minh duge
f 1a ham s6 don anh thi moi thit da tré nén "don gidn". Dén day, ching ta chi can thay
nhitng gia tri clia x va y sao cho lgi dung duge tinh don anh ctia ham f va nhing tinh

chat truée dé.

Ngoai cach giai "kha tu nhien" & trén, trong truong hgp £(0) < 0, chiing ta c6 thé dua

ra mot cach giadi khac nhu sau. Dau tién, ta ciing chi ra

f1)=0, fla)=0=a=1, f(0)=-1

va

flx+n)=f(x)+n, VreR,VneclZ

Tuong ty nhu cach chiing minh trén, tiép theo ta dat

Tit nhiing két qua da néi 6 trén v6i ham f ta thay ring
g(z) =02 =0.
Thay « bdi x + 1 va y bdi y + 1 trong , ta dudgc
f(fe+ D) fly+ 1)+ fle+y+2)=flay+x+y+1), Vr,yeR.
Két hgp dang thitc nay véi (2.73) ta co

ffz+D)fly+ 1)+ flz+y) +2=frzy+z+y)+1, Vr,yeR.
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Do do

9(g(®)g(y)) +9(z +y) =glzy +x+y), Vr,yecR (2.75)

Ta thay rang
glx+n)=flz+n)+1=f(x)+n+1l=g(x)+n, VzeRVnelk (2.76)
Tit ddng thic trén, ta duge
gx)=g(r—n+n)=g(x—n)+n, VYreRVneclZ

Vi vay

gx)=nsglr—m)=0r—n=0z=n. (2.77)

Tiép theo, ta sé chiing minh rang
g(nx) =ng(x), VreR,VneZ. (2.78)

Ta c6 thé gid st ring = # 0 vi két qua can chitng minh & trén la hién nhién néu = = 0.

Thay y b&i -, trong (2.75) két hop véi (2.76) ta duoc
X

g(g(fc)g(g))+g(x+g) :g(n+x+g) :g<x+g)+n.

Tit ding thitc trén va (2.77) , ta c6

9(x) = —5
0(3)
x
Thay « bdi nz ¢ dang thiic trén ta dudc
n
g(nw) = ng(z)

Vi vay, dang thitc (2.78) dugce chiing minh. Tit dang thitc nay, ta thay ring g(z) 1a mot
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ham s6 1¢&. Thay = bdi —z va y bdi —y trong (2.75)), ta c6
9(9(x)g(y)) — g(x +y) = —g(—ay +x +y), Vo,yeR.
Két hop déng thic trén véi va ([2.78), ta dugc
92z +y)=29(zx+y)=gxzy+z+y) +g9(—zy+z+y), Vr,yeR. (2.79)

Mt khéc, v6i moi s6 thuc a, b thda man a® > 4b, theo dinh 1y Vi-ét déo, ton tai cac sb
thuc x, y sao cho

a=z+Yy

b=y

Diéu nay suy ra
a+b=xy+z+y
a—b=—-zy+z+y

Do dé, tit dang thitc (2.79) , ta thay ring véi moi s6 thic a, b théa man a® > 4b thi
g9(a+b) + g(a —b) = 2g(a).

R6 rang, phuong trinh trén ding véi moi b < 0 vi a® > 0 > b. Chd ¥ ring biéu thiic & vé
trai ctia phuong trinh trén déi xting gitta b va —b nén phuong trinh trén ciing thda man

trong truong hgp b > 0. Vi vay
g(a + b) + g(a — b) = 2g(a), Va,b € R.

Diéu nay chiing t6 ¢g 13 mot ham s6 cong tinh. Thay y = 1 vao (2.75) va st dung (2.76)
va ([2.78) ta duge

g(g(x)g(1)) + g(x +1) = g2z + 1) & g(g9(z)) + g(z) + 1 =2g(x) + 1, VreR.

Ding thic nay suy ra
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Tt tinh chat cong tinh ctia ham s6 g, ta co

g(g(x) —z) = g(g(x)) — g(x) =0,

Do do, ta dugce

Vi vay, ta c6

Vo € R.



Chuong 3
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Bai toan 21. (Dé dy tuyén IMO 2007). Tim tit ca cac ham s6 f : Rt — R* théa man
fl@+f)=flz+y)+ fly), VoyeR" (3.1)
Loi giai. Dau tién, ching ta sé chiing minh rang
fly) >y, VyeR"

Tu (3.1)), ta duge

fl@+ f(y) > flx+y), VyeR*

Diéu nay chimg t6 rang f(y) # y. Néu f(y) < y v6i méi y € R, khi d6 thay = bdi y — f(y)

trong , ta co
f)=Hy—=f)+fW)=fly—fy)+y)+ ) > f)
Diéu nay 1a vo ly. Vi vay, ta duge
fly) >y, vyeR".
Dat g(z) = f(z) — x thi khi d6 f(z) = g(z) + . T két qua trén, ching ta thay rang

g(z) >0, VyecR".

90
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Ta sé chiing minh hé thitc sau bang phuong phap quy nap toan hoc theo n
ft+ng(y)) = ft) +nf(y), ¥Yne N Vi>y>D0. (3.2)
V6i s6 thuc ¢ty § ¢ >y > 0, thay  bdi t — y vao (3.1)), ta dugc
fle—y+fy)=flt+gw)=ft)+f(y), YyeR".

Diéu nay ching t6 ring dang thic (3.2) ding véi n = 1. Gia sit déng thic (3.2) ding véi

n==k, v6i k> 2 ke N* tucla
ft+kg(y)) = f(t) +Ekf(y), YneN,Vt>y>0.

Véi t > 0, thay « béi t —y + kf(y) vao , ta dugc

ft—y+kg(y) + f(y))
f(t+kg(y) + f(y)

fO) +kfQy) + fy)

fO)+ (k+1Df(y), VYyeR?

ft+(k+1)g(y))

Do d6 ding thitc (3.2) ding véi n = k + 1. Theo nguyén 1y quy nap toan hoc, ding thiic (3.2)
dang véi Vn € N*. Nhu vay, ta da chiing minh duge déng thiic (3.2). Lay hai s6 thuc duong

tiy ¥ y, 2vA mot s6 thuce ¢6 dinh ¢ > max{y, z}. V6i mdi s6 nguyen duong k, ta dit

= [i22)]

Khi do6, ta c6

Diéu nay suy ra

Do d6, ap dung (3.2) ta dugc

fE+kg(y) — leg(2)) + Lef(2) = f(t + kg(y)) = f(t) + kf(y).
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Tt ddng thic nay ta suy ra

0< 11 (4 koly) — tro(2)) = L0 4 ) — 1 (2)

Viz—1<|z] <z nén

Chu § riang

. 9@) 1\ _ o, 90 _9)
pim (g(z) k) : ‘

Vi vay, theo nguyén 1y kep ta cé

k—+00 g(2)
St dung két qua nay, ta dugc
0< tim_[£7(t+ ko) - ()
=i | 204 1) - 100
) - 285
o) - B2 112

Do do

Diéu nay suy ra

fly) _ f(z)

y z

Hoan vi vai tro ctia y va z trong bat dang thic tren, ta dugc

56 _ 1w

z Ty
Vi vay, ta c6

fly) _ f(»)

Yy z
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f(=z)

v6i y va z 1a nhiing s0 thyc duong tiy y. Két qua nay chiing t6 rang 2 la mot hiang so. Do

do, ta dugce

f(x) =cx, VzeRT.
véi ¢ > 0. Thay két qua nay tré lai (3.1)) ta duge
2, +
cx +c*y =cx +2cy, VyeRT.
Do ¢ > 0 nén tit ding thic trén ta duge ¢ = 2. Vay ham s can tim la
f(z) =22, VxecRT.
Bai toan 22. (Olympic Toan Iran 2018, vong 2). Tim tat cd cdc ham s6 f : R — R thoa
man
fla+y)f (2® —ay+y?) =2 +4° (3.3)

v6i moi s6 thuce z, .

Loi giai. Gia st ton tai ham s6 f théa méan dé bai. Thay y = 0 vao (3.3)), ta dugc
flx)f (m2) =23, VzeR. (3.4)
Thay x = 0 vao ta duge f(0) = 0. Thay z =1 vao ta nhan dugce
f(1)=1 hoac f(1)=-1.
Néu f(1) = 1 thi dat g(z) = £ tir B4) ta co
g(x)g(xz?) =1, VzeR\{0}. (3.5)
Trong , thay x bdi —z, ta dugc
g(—z)g(z?) =1, VzeR\{0}. (3.6)

T (3.5) va suy ra g 1a ham s6 chén tréen R\ {0}. Trong (3.3), ta thay y bsi 1 — x thi
duoc

f(32° =3z +1)=322-3z+1, VzeR
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Chu ¥ réng tap gia tri ctia ham s6 h(z) = 32 — 3z + 1 trén R la [$;+00) nén

flz) =z, Vze [le;—i-oo) )

Do do

1
g(z)=1, Vze [4;4-00) .

Ta sé chting minh

glz) =1, Vze (0; i) .

Gi4 st ton tai s thuc a thuoe (0; 1) ma g(a) # 1. Trong (3.5), thay = = \/a, ta dugc
9(a)g(Va) = 1.
Trong , ta lai cho z = /a duge
9(Va)g(Va) = 1.
Do d6 g(a) = g(+/a). Bang phuong phap quy nap, ta thu dugc
g(a) = g(%/a), VneZ*

S L N I~ N
Vi0 < a < %neén ton tai s nguyen duong N sao cho *Va > 1 Dan dén g( >y/a) = 1 hay
g(a) = 1. Diéu nay mau thuan. Vi vay, g(x) = 1 véi moi s6 thyc = khac 0. Mat khac f(0) =0
nén

f(x)=z, VxeR.

Néu f(1) = —1 thi bang cach dat h(x) = — f(z) va theo trudng hop trén, ta tim duge
flx)=—z, VzeR.
Thit lai, hai ham s6 tim duge déu théa man (3.3). Vay bai toan c6 ding hai nghiem ham 1a

f(x) =2z, VzeR,
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va

f(z)=—z, VzeR

Bai toan 23. (Olympic Toan chau A Thai Binh Duong 2016). Hay tim tit cA cdc ham

s6 f : RT — R* théa man

(z+Df(x+y) = f2f(z) +y) + fyf(2) + z) (3.7)

v6i moi s6 thue duong x, v, 2.

Loi giai. Gia st ton tai ham s6 f théa man dé bai. Ta cho z = y = 1 vao ducce
(z+ 1)f(2) = 2f(f(z) + 1), VzeR™".
Do d6, ham f khong bi chin trén. Ta sé ching minh
fla) + f(b) = f(c) + f(d) (3.8)

v6i moi s6 thic duong a, b, ¢, d théa man a + b = ¢ + d. That vay, xét bén s6 thyc duong a,
b, ¢ va d bat ki théa man a +b = ¢+ d. Vi f khong bi chin trén nén ton tai so thiyc duong e

sao cho f(e) 16n hon 1, ¢, 2 € va 4. Khi d6, ta c6 thé tim duge cac s6 thuc duong u, v, w, t

*br a’ d c
thoa man
fleyutv=a
u+ fle)v="=b
fle)w+t=c
w+ f(e)t =d.

Tha+b=c+d,tasuyrau+v=w-+t. Tachox:u,y:vvaz:evéoduoc
(e+1)f(u+v) = f(a) + f(b).

Con khi cho x = w, y =t va z = e vao ,ta lai dugc
(e+1)f(w+1) = f(c) + f(d).

T do, ta thu duge
fla) + f(b) = f(c) + f(d).
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Tiép theo, ta thay = va y béi § trong (3.7) thi duge

T T

(+1f@) = £ (576 +3) + 1 (57 +3)

v6i moi 86 thyce duong z, 2. Theo (3.8), ta c6

X

F(35@+3) +1 (5@ +3) = F@f) + f(a)
v6i moi s6 thue duong x, z. Tt va (3.10), ta duge

2f(x) = f(zf(2))

v6i moi s6 thiyce duong x, 2.

Data:f(ﬁ)Tacholevaz:ﬁvéwdu’c)c
af(a) = f(af(a)),
suy ra @ = 1 hay f(1) = 1. Ta cho x = 1 vao dugc
z=f(f(2))
v6i moi s6 thuc duong z. Mat khac, tit , ta thu ducc
fla+y)+ f(1) = f(z)+ fly+1)
v6i moi s6 thue duong x, y va
fly+ 1)+ (1) = fy) + f(2)
v6i moi s6 thue duong y. Do do,

flx+y)=flz)+ fly) +C

v6i moi s6 thuc duong z, y (C = f(2) — 2). Ta thay x = y = f(2) vao (3.13)) duoc

f(21(2) =2f(f(2)) + C.

(3.10)

(3.11)

(3.12)

(3.13)
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Tu va ta co
F2f(2)) =2f(2) = 2(C +2) va f(f(2)) = 2.
Do d6, 2(C +2) =4+ C, dan dén C = 0. Vi vay,
fl@+y)=fx)+ fy)

v6i moi 86 thuc duong x, y. Vi vay f(xz) = z v6i moi s6 thyc duong z. Thit lai, ta thay ham

s6 tim duge thoa man (3.7)). Vay bai toan c6 nghiém ham duy nhat la
f(z) ==z, VzeRT.

Bai toan 24. (Bai toan T128, Tap chi Pi, thang 12 nam 2017). Tim tat ca cAc ham s6
f R — R théa man

F (e +2f(y) = (f()® + 2y, Va,y R

Loi giai. Gia stt f : R — R 1a mot ham s6 sao cho v6i moi z,y € R, ta luon c6

f(@®+2f () = (f(x)” + 2. (3.14)

Trude tién, ta sé ching minh f 14 mot song anh. That vay, trong (3.14)), chon = = 0 va dit
a = f(0), ta dugc
F2fy)=2y+d®, VyeR (3.15)

Tt d6, néu f(y1) = f(y2) thi

21+ a® = f(2f(11)) = f(2f (1)) = 252 + a®,

suy ra y1 = 9. Do d6, f 1a mot don anh. Hon nita, do vé phéi ciia (3.15]) c6 thé nhan moi gia
tri thyc (khi y chay khidp R) nén f 1a mot toan anh. Vi thé, f 1a mot song anh. Do d6, ton tai
duy nhat b € R dé f(b) = 0. Thay y = b vao (3.15) ta dugc

a=2b+d (3.16)
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Trong (3.14)), chon = b, y = 0, ta duge
F(b*+2a) =0 = f(b).
T dé vi f 1a don anh, suy ra
b? 4 2a = b. (3.17)
_ .3
Rat b= 2% tit (3.16), roi thay vao (3.17), ta dugc:
(a—a?)3 a—ad
2 —
8 + 2
sala®(1-a®)’+16—4(1—-a*)] =0
&a (a8 —3a% + 3a* — 5a® — 12) =0
sala® —2)(a®> +1)(a* —a®> +4) =0
sala®-3)=0
&a’ =a (3.18)
Do do
_ .3
b=" 2a = —a. (3.19)
Trong (3.14)), chon y = b ta dugc
f(@®) = (f(x)® +2b, VzeR. (3.20)

Theo (3.14), (.15), (3.16) va (3.20), ta c6

@)+ f2f (W) = (f(2))* +2b + 2y + a®

= (f(x))’ +2y+2b+d®

= f(z3+2f(y)) +a, Vz,yeR.

Tit d6, do o3 va 2f(y) c6 thé nhan moi gia tri thuc nén ta co

f@)+ fly) = fle+y)+a, VYa,yeR

(3.21)
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Trong , chon y = 0 va st dung , ta dugc
f(2a) = a® = 3a. (3.22)
Trong , chon x = y = a va st dung , ta dugc
fla) = 2a. (3.23)
Trong , chon z = 2a,y = a va st dung , ta dugc
f(3a) = 4a. (3.24)
Trong (3.20)), chon = = a va stt dung (3.18), (3.19), (3.23), (3:24), ta di dén
4a = f(3a) = f(a®) = (f(a))® +2b = (2a)® — 2a = 8 - 3a — 2a = 22a.
Suy ra a = 0, hay f(0) = 0; do d6 b = 0. Vi vay tit (3.20) va (3.21), ta c6
f(@®) = (f(x))*, VYx,yeR. (3.25)
fl@)+ fly) = flz+y), Vz,yeR (3.26)
Trong (3.27)), chon z =1, chi ¥ f(1) # 0 (do f la don 4nh), ta dugc
(f(1)* =1. (3.27)
Vi thé, theo (3.26]) ta c6
fz+1)?) =7f (:Jc3 +32% 4+ 3z +1) = f (2°) + 3f (:1:2) +3f(z) + f(1),
VAl
(fz+ 1) = (f2) + F(1)° = (f(2)* +3F()(f(2)* + 3f(z) + f(1).
T d6, do f((z +1)%) = (f(z + 1))® (theo (3.2F)), suy ra
f@®) = f(O)(f(2))*, Ve eR. (3.28)
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Theo (3.27)), chi c6 thé xay ra 2 trusng hgp sau:
Truong hop 1: f(1) = 1, ldc nay (3.28) trd thanh

Suy ra, v6i moi x > 0, ta c6

Do d6, v6i moi x,y € Rma x > y, ta cod
f@)=fl@x—y+y)=flz—y) +fy) = f)
Vi vay, f la mot ham khong gidm tren R. Két hop véi (3.26)), suy ra
flx)=f(Dzx=2, VreR.
Truong hop 2: f(1) = —1. Lic nay, tré thanh
f@?) =—=(f(x))*, VzeR.
Suy ra, v6i moi z > 0, ta c6 f(z) = — (\/5)2 < 0. Do do, véi moi z,y € Rma x >y, ta c6
f@)=flz—y+y)=fle—y) +fly) < fy)
Vi vay, f 1a mot ham khong tang trén R. Két hop véi suy ra
fl)=f(1)x=—-z, VreR.
Tht lai, hai ham s6 tim dude déu théa man . Vay bai toan c6 dung hai nghiém ham la
f(x)=z, VzeR,

va

f(x)=—z, VzeR.

Bai toan 25. (Olympic Toan ctia Bulgaria 2014). Tim tat ca cdc ham s6 f : (0; +00) —
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(0; +00) thoa man dong thoi cac diéu kién sau
flx+y) = f(z)+y, Va,y e (0;400), (3.29)
va
f(f(x) <z, Va,ye (0;+00). (3.30)

Loi giai. Gia st f : (0;4+00) — (0;+00) 1a ham s6 thda man cac bat ding thitc (3.111) va
(3.112) ctia dé bai. Véi a,b 1a nhitng s6 thuc duong tuy ¥ sao cho a > b thi khi d6 ton tai sb
thye duong ¢ thoa man

a=b+ec.

Thay = = b,y = ¢ vao (3.111), ta dugc

fla) = f(b+c) = f(b) +c> f(b).

Diéu nay chiing t6 rang f 1a mot ham s6 dong bién. T (3.111) va (3.112), ta c¢6

r+y>f(flz+y) > f(f(x)+y), Va,ye(0;+o0).

Trong (3.111), thay x bdi y va thay y bdi f(z) va két hop v6i bat dang thiic trén, ta dugce

ety > f(f2)+y) = f@)+ fy), Yo,y e (0;+00).
Vi f 1a mot ham s6 dong bién va f(z) > 0 nén

lim f(z)=c>0.

rz—0t

Tu (3.112), ta co
0< lim f(f(z)) < lim z=0.

x—0t z—0t

Theo nguyén i kep, ta duge
lim f(f(z)) =0

z—0+
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Néu ¢ > 0, vi f 1a mot ham s6 dong bién nén ta c6

f(x) > lim f(z) =c.

z—0+t

Do d6
f(f(@)) = f(c), Va € (0;+00).

Tt bat ddng thic trén, ta suy ra

0= lim f(f(z)) = f(c) > 0.

z—0t

Diéu nay 1a vo 1i. Vi vay, ta phai ¢6 ¢ = 0. Khi d6, tu (3.113), ta dugc

T = yli}rgh(x—i-y) > lim f(f(x)+y)

y—0+

Tu (3.111), ta co
fx) > fx—y)+y, Vaoc (0;4+00),Vye€ (0;2).

Cho y — =~ & bat dang thiic trén, ta duge
f(z) >z, Vz e (0;400).

Tu day ta suy ra
f(z) =2, Vz e (0;400).

Thi lai ta thay ham s6 f(z) = x,Vz € (0;+00) thda man cac diéu kién ctia bai toan. Vay ham
s6 can tim la

f(z) =z, Vz e (0;400).
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Bai toan 26. Tim tat ci cac ham s f : [0,4+00) — [0, +00) thoa méan
(+1)f(z+y) = fzfy), Va,y€[0,+00).
Bai toan 27. Tim tat ca cac ham s6 f : R — R thoéa man

fUf@)+ f(fw) =2y+ flz—y), Ve,yeR
Bai toan 28. Tim tat ca cac ham s6 f : R — R thoéa man
2f (x)=f(x+y)+f(x+2y), VreR, Vy>0.
Bai toan 29. Tim tat ci cac ham s6: f : R — R théa man

! <(“"” - y)Q) = 2% = 2yf (2) + (f (v))%, Va,yeR.

Bai toan 30. Tim tit ca cdc ham s6 thda man

9(f(x)) = flg(y)) + 2, Vae,yeR.

Bai toan 31. Tim tat ci cac ham s6 f : R — R thoéa man

F@) + @) = (@+y)[f@@®) + f(®) = flay)], Vaz,y R

103
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Bai toan 32. (IMO 2010). Tim tat ca cac ham f : R — R thoa méan

flzly) = F@)[f )], Va,y eR.

O day [a] dugc ky hieu 1a sé nguyen 16n nhat nhé hon ho#c bing a.

Bai toan 33. Tim tat ci cac ham s6 f : R — R thoéa man

Bai toan 34. Tim tat ci cdc ham s6 f: (0;+00) — (0; +00) thoéa man

F@F ) = flay) + 1+ =, Yoy € (05+50),

Bai toan 35. (Olympic Toan Nhat Ban 2012). Tim tat ca cac ham s6 f : R — R thoa
man

f(f@+y fz—y)=2"—f(y), Vz,yeR.

Bai toan 36. Tim tat ci cac ham s6 f : R — R sao cho:

fla+yf(@)=Ff(f()+zf(y), Yo,y eR.

Bai toan 37. (Olympic Toan Bulgaria 2006) Tim tat cd cac ham s6 f : RT — RT thoa
man
flaty) = fle—y) =4V f(@)f(y)

v6i moi s6 thue z > 0,y > 0.

Bai toan 38. (Olympic Toan Bulgaria 1998) Chiing minh ring khong ton tai ham s6
f: RT — R théa man

Fx) > [l +y)f (@) +y]
v6i moi s6 thuc > 0,y > 0.

Bai toan 39. Tim tat ci cdc ham sb lién tuc f : R — R théa man

flat+fly+2)+fly+flz+2)+f+fle+y) =0, Yoy zeR
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v6i moi s6 thue oz > 0,y > 0.

Bai toan 40. Tim tat ci cdc ham s6 f: R — R théa man f(1) =1 va
x 2, ,2
f(yf(:v)+y> =ay- f (2" +9%),

v6i moi s6 thyce z,y (y # 0).

Bai toan 41. Tim tat ci cidc ham sb lien tuc f : R — R thda man
flet+y—f) = fl)+fly—-fly), Yae,yeR.
Bai toan 42. Chitng minh ring khong ton tai ham s6 f : R — R thoéa man
fle=f) <yflx)+=z, VoyeR

Bai toan 43. Tim tat ci cidc ham sb lien tuc f : R — R thda man

F(@®) + 42 f () = [f@ +y) +y°] [f@ —y) + f)] € R.
Bai toan 44. Tim tat ci toan anh f: Rt — RT théa man

f@+2y) = fo—y) =3[ f(y) +2V/F@ )]

v6i moi cap s6 duong x > .

Bai toan 45. Tim tat ci cac ham s6 f : RT™ — R théa man

f@+29) = fl@—y) =3 | f) +2V/F@) )]

véi moi cap s6 duong x > y.

Bai toan 46. Tim tat ca cdc ham s6 f : RT — R™ thoa man
FUF(f(@) + f(f(x)) =22 +5, VoeR".

Bai toan 47. (Olympic Toan Brazil 2012) Tim tat ca cac toan anh f : Rt — R thoa
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20f(f(2)) = f(2)le+ f(f(2))], VYoeR".

Bai toan 48. (Olympic Toan Brazil 2012) Tim tat ca cac toan anh f : RT — R* thoa
man

20f(f(2)) = f(@)lw + f(f@)], Vo eRY.

Bai toan 49. Tim tat ci cac ham s6 f : R — R thoéa man

fla—fy)=Fflz+y) +F(fy) +yP) +1, Ve,yeR.

Bai toan 50. Tim tat ci cac sd6 a > 0 sao cho ton tai hing s6 K >0 vahamsoé f: R - R

thoa man

f(x)+ f(y) r+y
0 (4

>+K|x—y|a, Vr,y € R.



Két luan

Chuyén dé nay da dua ra duge nhiing géc nhin kha day da vé phuong phap giai gidi tich
va phuong phép tong hop thong qua mot he théng cac bai toan xuat hién trong cac Ky thi
Olympic Toan. Khong nhiing thé, sau mdi bai toan ching toi luon dua ra nhitng nhan xét,
binh luan, phan tich dé gitp cho cac ban hoc sinh c6 nhitng dinh huéng, tiép can, hinh thanh
phuong phap giai quyét khi ding trude cac bai toan thudc chti dé nay. Hon nita, trong nhiéu
bai toan ching to6i da dua nhing 15i giai khac nhim gitp cac ban hoc sinh ¢6 céi nhin téng
quan hon vé cac bai toan da cho. Day ciing chinh 1a nhitng kinh nghiém gidi toan ma ching
toi da tiép nhan dugce trong sudt mot qua trinh tiép xic véi cac bai todn vé phuong trinh ham,
bat phuong trinh ham. Qua dé, ching toi hy vong sé ting thém sy tim toi, sang tao clia cic
em hoc sinh.

Vi kién thiic va thoi gian nghién citu con han ché nén chuyén dé chic hin con ton tai nhing
thiéu so6t. Toi mong don nhan su trao doi, gép ¥ ctia Quy Thay Co dé chuyéen dé ngay cang

hoan thién va sau sic hon nita. To6i xin chan thanh cam on!
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