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PHAN
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TiCH






BAI 1.

HAM SO LUGNG GIAC - PHUONG
TRINH LUONG GIAC

CONG THU'C LUONG GIAC CAN NAM

@ TOMTAT LY THUYET

(1) Duong tron lugng gidc va dau clia cac gia tri lugng giac

sin

(3 Cung goc lien két

Goc phan tu
Gia tri lugng giac | 1T | II | IIT | IV
sin av + |+ | - —
COoS (v + | = = +
tan o + | =+ | -
cot o + | = + -
(2) Cong thiic lugng giac co ban
-2 2 2 1 2 L
sin“z+cos“x=1| 14+tan“x = 5 1+cot“x =—— tanxcotx =1
cos? x sin® x
Cung déi nhau Cung bu nhau Cung hon kém 7
cos(—a) = cosa cos(m —a) = —cosa | cos(a+ ) =—cosa
sin(—a) = —sina sin(r — o) = sina sin(a +7) = —sina
tan(—a) = —tana | tan(r — a) = —tana | tan(a+7) = tan
cot(—a) = —cota | cot(mr —a)=—cota | cot(a+ ) =cota
Cung phu nhau Cung hon kém g
T ; U .
cos (§—a> =sino COS(§+CV) = —sin«a
. 7T K T
Sin (5—04) =cosq sin (5 +a) = Ccos«
T T
tan(g—Oz):cota tan(§+a):—cota
70 i
cot(E—a):tana cot(§+a):—tana

15



= Chuong 1. Ham sb luong giic - Phuong trinh luong giac

(@) Cong thiic cong

sin(a 4+ b) = sina cosb + sinbcosa

cos(a + b) = cosacosb — sinasinb

sin(a — b) = sinacosb — sinbcos a

cos(a —b) = cosacosb+ sinasinb

tana + tanb

tana — tanbd

tan(a +b) = ———— tan(a —b) = ————
( ) 1 —tanatanb ( ) 1+ tanatand
T I+ tanxz IS I —ftanz
tan(—+x):7 tan(——z):i
4 1—tanx 1+tanx

(5) Cong thiic nhan doi, cong thitc ha bac

Cong thic nhan doi Cong thtc ha bac
. . . 9 I —cos2a
sin 2a = 2 8in v cos « sin a:f
1+ cos2a
cos2a =cos?a —sin®a=2cos2a—1=1-2sin« c052a:+7
2tan o 5 1 — cos2«
tan 200 = ——— tan*a = —————
1 fztan « 1 + cos 2«
cot“a—1 1+ cos 2«
cot2a = —— cotloy = ———
2cot o 1 — cos2«a
Cong thic nhan 3
sin3a = 3sina — 4sin® « 3tana — tan® a
3 tanda = ——————
| cos3a = 4cos” a — 3cosa 1 —3tan® «
(6) Cong thiic bién ddi tdng thanh tich
a a—2>0 . a+b . a—20
cosa + cosb = 2 cos cos 2 cosa — cosb = —2sin sin >
a a—2>0 a a—2>b
sina + sinb = 2sin cos 2 sina — sinb = 2 cos sin 2
sin(a + b sin(a — b
tana—l—tanb:g tana—tansz
cosa co%s) cos g cosh
sin(a sin(b — a
cota—l—cotb:,(i—?— cota—cotbz#
sinasinb sina.sin b

Dit biét

‘ sinx—l—cosxzﬂsin (:E—l—g) :ﬁcos (m—%) ‘ Sinx—cosx:\/isin (ZC—E) =

4

—\/icos (w + i

(7) Cong thiic bién dbi tich thanh téng

1
cosa - cosb = 5 [cos(a — b) + cos(a + b)]

1

sina - sinb = 5 [cos(a — b) — cos(a + b)]

1
sina - cosb = 3 [sin(a — b) + sin(a + b)]

Bang luong giic ctia mot sd goc dac biét

do | 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180° | 360°
T T T T 27 37 %
il il T T I I i 2
rad 0 6 4 3 2 3 4 6 i i
. 1 V2 | V3 V3 | V2 1
sin « 0 — —_ —_ 1 —_ —_ — 0 0
2 2 2 2 2 2
V3 V2 1 1 V2 V3
cosa | 1 Yoo Ve 2 0 S L A 1
2 2 2 2 2 2
tana | 0 ? 1 | V3 | ka | —vB| -1 —? 0 0
cota | kxd | V3 1 ? 0 |- ? 1| V3| kxd | kxd
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Mot diém M thudc dudng tron lugng gidc sé c¢6 toa do M (cos o, sin )

Y
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sAl2.  HAM SO LUONG GIAC

@ TOMTAT LY THUYET

(1) Tinh chat ctia ham s6

a) Ham s chén, ham s6 1&
— Ham s6 y = f(z) c6 tap x4c dinh 13 2 goi 1a ham s6 chin néu véi moi z € 2 thi —x € 2
va f(—z) = f(z). D6 thi ham s6 chfn nhan truc tung lam truc déi xing.
— Ham s6 y = f(z) c6 tap xac dinh 1a 2 goi la ham s6 1é néu v6i moi z € Z thi —x € Z va
f(=z) = —f(z). D5 thi ham s6 1& nhan goc toa do O lam tam doi xiing.
b) Ham s6 don di¢u
Cho ham s6 y = f(x) x4c dinh trén tap (a;b) C R.
— Ham s6 y = f(z) goi 1a dong bién trén (a;b) néu Vay,z2 € (a;b) c6 21 < w2 = f(11) <
f(@2).
— Ham s6 y = f(z) goi 1a nghich bién trén (a;b) néu Vo, zs € (a;0) c6 x1 < 13 = f(21) >
f(x2).
¢) Ham s6 tuan hoan
— Ham s6 y = f(x) x4c dinh trén tap hop 2, duge goi 1a ham s6 tuan hoan néu c6 s6 T # 0
sao chovéimoiz € Ztaco (x+T)e P va(x—T)e D va f(a+T) = f(x).
— Néu c6 s6 duong T nhé nhat thoéa man cac didu kién trén thi 7' goi 14 chu ki ctia ham tuan
hoan f.
(2 Ham s6 y = sinx

— Ham s6 y = sinz ¢6 tap xac dinh 1a 2 = R = y = sin [f(z)] xac dinh < f(z) xac dinh.

o s . o 0<|sinz| <1
— T4§ = [—1: —1 < <
Tap gia tri T = [—1; 1], nghia la —1 <sinz < 1= 0<sinz< L,
— Ham s6 y = f(z) = sinz 1a ham s6 18 vi f(—z) = sin(—z) = —sinaz = — f(z). Nén d6 thi ham

s6 y = sinx nhan gbc toa do O lam tam doi xing.
— Ham s6 y = sinz tuan hoan véi chu ki Ty = 27, nghia la sin (z + k27) = sinz. Ham s
N 2
y = sin(azx + b) tuan hoan véi chu ki Ty = ﬁ
a
— Ham s6 y = sinx dong bién trén mdi khoang (72 + k2m; g + k27r> va nghich bién trén méi

3
khoang (g + k2 g n k27r> véi k € Z.

o sinle@x:ngka
— Ham sb6 y = sinz nhan cac gia tri diic biet | o sinz =0 x = k7 kel
o sinx:—l@xz—%#—k%‘

—— D5 thi ham sé

(3) Ham s6 y = cosx
— Ham s6 y = cosx ¢6 tap xac dinh 2 = R = y = cos [f(z)] xac dinh & f(x) xac dinh.
0<|cosz| <1

— Tap gia tri T = [—1;1], nghia la —1 <cosz <1 =
8 ) [ J; ne {O§c0s2x§1.
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— Ham s6 y = cosx 13 ham s6 chin vi f(—z) = cos(—x) = cosz = f(x) nén do thi cia ham s6
nhan truc tung Oy lam truc déi xing.
— Ham s6 y = cosz tuan hoan véi chu ki Ty = 2, nghia la cos(z + 27) = cosz. Ham sb
N 2
y = cos(ax + b) tuan hoan véi chu ki Ty = ﬁ
a
— Ham s6 y = cosz dong bién trén cac khodng (—m + k27; k27) , k € Z va nghich bién trén cac
khoéng (k2m;m + k2m) , k € Z.

o cosx=1<x=k2r
— Ham s6 y = cosz nhan cac gia tri diic biet | © €0ST = —le :7r7r+k27r , keZ.
o cosx:0©x25+k7r
—— D6 thi ham s6
Yy

am sO y = tanx
@ Ham s6 y
— Ham s6 y = tanx c6 tap xdc dinh 2 = R\ {g +km, k€ Z}, nghia 1 z # g+k7r = ham sb
y = tan [f(x)] xac dinh & f(x) # g + km; (k € Z).

— Tap gia tri T =R.

— Ham s6 y = tanz 12 ham 6 18 vi f(—x) = tan(—x) = —tanz = — f(x) nén do thi ctia ham sb6
déi xting qua gboc toa do O.

— Ham s6 y = tanx tuan hoan véi chu ki Ty = 7 = y = tan(az + b) tuan hodn vé6i chu ki

— Ham s6 y = tanz dong bién trén cac khoang (—g + k; % + kﬂ') JkeZ.

o tanle@ac:%—l-kﬂ

— Ham s6 y = tanx nhan céc gid tri dac biet | 6 tanz = 1o r= —~ + kr >k EZL.
4
o tanx=0&2x=Fkm
— D0 thi ham s
1 1 y 1 1
| | | |
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
| | | |
1 T 1 1
1 — 12 1 1
T

(5) Ham 6 y = cot
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— Ham s6 y = y = cotz ¢6 tap xac dinh 2 = R\ {km,k € Z}, nghia 1a x* # kr = ham sb
y = cot [f(x)] xac dinh & f(x) # km; (k € Z).

— Tap gia tri T =R.
— Ham s6 y = cot x 13 ham s6 18 vi f(—x) = cot(—z) = —cotx = — f(x) nén do thi clia ham sb6
déi xting qua gbc toa do O.
— Ham s6 y = y = cot z tuan hoan v6i chu ki Ty = m = y = cot(az + b) tuan hoan véi chu ki
I

To = —.
* 7 al

— Ham s6 y = y = cot x nghich bién trén cac khoang (km;7 + kr), k € Z.

™
o cotx=1®m21+k7r
z ., . - .~ 7T
— Ham s6 y = y = cot z nhan cac gia tri dac bigt | o C0t$=—1<:>$:—1+k‘71' , kel
) cotx:()@x:gkﬁr
—— D06 thi ham s6
1 1 y 1
| | |
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
| | 3n |
- 3m
: - 2 2 :
X

|
w‘o"
w3

____________ﬁ - - ----———--

(® CAC DANG TOAN THUONG GAP

(O DANG 2.1. Tim tap xdc dinh cGa ham sé lvong gidc

Phauiong phdp gidi: Dé tim tap xzdc dinh cia ham s6 liong gidc ta can nho:

@ y =tan f(x) = 22;‘;((?) ; Diéu kién zdc dinh: cos f(x) #0 & f(x) # g + km, (k € Z).
@ y=cot f(z) = cos f(z) ; Diéu kién zdc dinh: sin f(x) # 0 & f(x) # kn, (k € Z).

sin f(x)
@ Mot s6 truomg hop tim tap xdc dinh thuong gdp:

1 .
Y= Py diéu kién zdc dinh la P(z) # 0.
o y= %/P(x), diéu kién zdc dinh la P(z) > 0.
1 .
o y=——— diéu kién zdc dinh la P(x) > 0.
X/ P(z)

A#0

(@ Luu g rang: —1 < sin f(z);cos f(x) <1wva A-B #0 < {B 40

(8 Véi k € Z, ta can nhd nhimg truong hop dic biét:

Trang
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_sinx:1®x2g+k27r -tanx:1<:>x22+k7r
— |sinx=0&x =kn — |tanzx =0 x =k
sinx:—l(:)x:—g—i—kﬂﬂ' tanxz—l@x:—g—i—kﬂ'
- T
) cotr=1z=—+kn
cosr =1z =K %_
— cosx:O@x:g+k7r — COtsz@sz—l—lmr
T
lcosz =—1x=7+k2m _COtx=—1<:>l‘=—1+k7T
. . in 3 2—
VI DU 1. Tim tap xac dinh ctia ham s6: y = f(z) = 512n CC +4/ o8t
tan“x — 1 14 cosx
Lai giai.
tan?z —1#0
cosz # 0
Diéu kien xac dinh cfia ham s6: { 2 — cosx
1+ cosx —
cosx # —1.
1<2—cosz <3 2 —cosx
Do —1 <cosx <1 nén < . Tu d6 suy ra:—— > 0,Vx € R.
0<1+4cosx<2 1+cosx
x#:ﬁ:%—l—kw
Vay ham s6 xéc dinh khi va chi khi { 5 2 T 4 ko ,nén92R\{i£+kﬂ;g+kw;ﬂ+k2ﬂ}. 0
2
T # 7+ k2.
. ) 4m2 — 2
VI DU 2. Tim tap xac dinh ctia ham s6: y = f(z) = ———
cos T
Lai giai.
4r? — 22> 0 —2n<x<2m

Diéu kién xac dinh ctia ham sb: { . Vay 9 = {—27r <z <2maz# g + k:7r}.

<~ s
cosz # 0 x7£§+k7r.
O

0 BAI TAP VAN DUNG

BAI 1. Tim tap xac dinh cfia cac ham sb luong giac sau:

4
@y:cos o @cosx/Qm..

1+ cosx tan 2z
@y="t0 @

vy= 1+ cos?zx

sin x

@ _ tan 2z @ _ [cosx + 4
y_sinx—l" y= sinz+1"
cosr — 2
@yz 1_snz
—sinz

Loi giai.
(@) biéu kien xac dinh: = # 0.
(2) Diéu kien xac dinh: 22 > 0 < 2 > 0.

(3) Diéu kien xac dinh: sinz # 0 < x # k7.
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= Chuong 1. Ham sb luong giic - Phuong trinh luong giac

N k
(@) Diéu kien x4c dinh: cos2z # 0 < 22 # g +krea# %—F?ﬂ
y T n km
. cos2x # 0 TF =T 5
@ Dieu kién xac dinh: { . 7 & % 2
SN P
\ c?sx+4 >0
(6) Dicu kien xac dinh: < sinz + 1
sinz + 1 # 0.
4
Do —1 <sinz;cosz < 1 nén M >0; Vx € R.
sinx +1

Vay ham s xac dinh khi x # —g + k2.

cosxr — 2 >0
(7) Diéu kien xac dinh: { 1 —sinz —
1 —sinz # 0.
-2
Do —1 <sinz;cosz < 1 nén Lsx' <0; Vr € R.
1—sinx

Vay tap xac dinh ctia ham s6 1a: @.

O
BAI 2. Tim tap xac dinh ctia cadc ham sb luong gidc sau:
T2 _ 22
Dy=-——.. @ y = V72 — 422 + tan 2z..
sin 2x
™ 0
tan (23: - 7> tan (x — ,)
4 @y = 4
—~ Y et
1—sin(m—g) 1—cos(x+§>
Loi giai
s 1 . ™ —2?>0 TSz
(@ Diéu kién x4c dinh: { Lk
sin 2z # 0 T # -5
T ey ™
. 2 —42*>0 D)
(2) Diéu kien x4c dinh: m = 2 2
cos2x # 0 ” ™ n km
4 2
cos<2x—z)7é0 COS(Z.’I}—Z)#O x#g—ﬂ—i—kg
(3) biéu kien xac dinh: - = - & 58
1—Sin<x—§)>0 1—sin<x—§)7§0 x;«él—i—k%’.
8
us 3T
cos(m—z);«éo x# — +km
(4) Diéu kien xac dinh: - & 4
T
1—cos(m—|—§>7é0 g:;éf§+k27r.
O

Q BAI TAP TU LUYEN

BAI 3. Tim tap xac dinh cfia cadc ham sb luong giac sau:

24 sinx cot 2z
®y= cosx +1° ®y7\/1—0052x.
[1—sinz NG
®y= 1+4+cosz @y_sinwx'

cos 2z 241

= — 4+t . = .

®y 1fsinz+ ane ©y T CosT
tan 2z

@y: Veinz + 1
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7 Chuong 1. Ham sb luong giic - Phuong trinh luong giac

BAI 4. Tim tap xac dinh clia cac ham sb luong gidce sau:

™
1+tan<1—.’lf) @y: /3—811141'

Dy=

cosT — 2 cosx + 1
3 -3 @) y = cot (Qar—l—z)-tanQar
Y= cosz—cosdz y= 3 -
1 4
®y=v2+snzs— —5—. ®y=— 2
tan“z — 1 sin® x — cos? x

T
1+cot<7+x)

™ 1+ cosx 3
@y = t( 7) \ ST ®y=— 3 /1.
y=co CE+6 + 1—coszx y tan2(3x—£)

[J DANG 2.2. Tim gid tri I6n nhét, gid tri nhé nhét clia ham sd luong gidc

Phuong phdp gidi:

—— Dua vao tap gid tri cia ham sé luong gide, chdang han
0<|sinz| <1
0<sin’z <1
o Bién doi dua ve dangm <y < M.

0<|cosz| <1

hodc —1 <coszx <1 = 9
0<cos“z <1.

o—-1<sinz<1=

— Két lugn: maxy = M va miny = m.

€ vioy

VI DU 1. Tim gia tri 16n nhét va gia tri nho nhat ctia ham s6 y = f(x)

4

\/5—20082xsin2x

Loi giai.
Ta c6
4 4

4
y=flx)= = - '
— 2 . 92 1 1
\/5 2cos* rsin” x \/5—5(2(:osxsinx)2 \/5—§sin22:c
4

< 4\/5.

/ 1 - 3
5f§sin22x

1 9 4v/5
DoOSsin22x§1nén525—§sin22x25. Suyra%ﬁyz

44/5 N 5
oy = \?[ khi sin 2z = 0, ludn ton tai  théa man, ching han x = 0.
44/2 R .
oy = T\[ khi sin 22 = 1 ho#c sin 2z = —1, ludén ton tai x théa man, chang han x = g
4v/2
Vayminy:—vamaxy:i. O
5 3
VI DU 2. Tim gia tri 16n nhét va gia tri nhé nhat cia f(x) = 3sin? 2 + 5cos? z — 4 cos 2z — 2.
Lai giai.
Ta co
f(z) = 3sin’x+5cos?x — 4cos 2z — 2
= 3(sin®z +cos’x) +2cos’x — 4 (2cos’x — 1) — 2
= 5—6cos’x.
Do0<cos’z<1mnénb> f(xr)=5—6cos?z > —1.
o f(z) =5 khi cosz = 0, luon tdn tai z thda mén, chang han z = g
o f(x) = —1 khi cos? x = 1, luon ton tai x théa man, chang han z = 0.
Vay max f(x) =5 vi min f(z) = —1. O
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= Chuong 1. Ham sb luong giic - Phuong trinh luong giac

VI DU 3. Tim gia tri 16n nhét va gia tri nho nhat ciia f(z) = sin® 2 4 cos® 2 + 2, Vo € {fg g}

Loi giai.
Ta c6

fl@) = sin®z+cos®x+ 2= (sin’z + cos® x)3 — 3sin’ z cos® z (sin®  + cos® x) + 2

3 3
= 1- Z(2sinxcosac)2+2 =3 — "sin? 2.

DoO§sin22x§1nén32f(m)Z

| ©

of(x):SkhisianzO@x::I:g hodc z =0 (doxe [—g,g})

3

of(x):Zkhisin22x:1<:>:z:::I:Z (doxe [—%%D

Vay max f(z) = 3 v min f(z) =

€ BAITAP AP DUNG
BAI 1. Tim gia tri 16n nhat va gia tri nho nhit cia cdc ham sé lugng giac sau:
@y =5v3+cos2z +4
@y =+1-cosdz
() y = 3sin? 2z — 4
(@) y = 4 — 5sin? 2z cos® 2z
(B y = 3 — 2|sin4z|
Loi giai.
(1) Do —1 < cos2z < 1mnén 2 < 3+ cos2z < 4. Suy ra 5\f+4<y—5\/m+4< 14.
oy = 5v2 4 4 khi cos2z = —1, ludn ton tai x théa man, ching han 2 = 5

oy = 14 khi cos 2z = 1, ludn ton tai = théa méan, ching han z = 0.
Vay miny = 5v/2 + 4 va maxy = 14.

@Do 71§COS4x§lnénﬁzy:\/lfcosZLxZO.
oy = /2 khi cosdz = —1, ludn ton tai = thda man, chdng han « = %

oy = 0 khi cos4x = 1, ludn ton tai = thoéa méan, ching han x = 0.
Vay maxy = /2 va miny = 0.

(3) Do 0 <sin?2z <1nén —4 <y=3sin?2z —4 < —1.

o y = —4 khi sin 2z = 0, luon ton tai x théa man, chang han = = 0.
oy = —1 khi sin? 2z = 1, ludn ton tai 2 théa man, chdng han = = %
Vay miny = —4 va maxy = —1.

(@ Ta co

5 )
y =4 — 5sin® 2z cos? 20 = 4 — 1(251n2x0082x)2 =4- Zsin22x.

11
DoOSsinQnglnénélzyzz.
o y =4 khi sin2z = 0, ludn ton tai = thda man, chdng han = = 0.
oY= khi sin? 22 = 1, luon tdn tai « théa man, ching han z = %
11

Vay maxy =4 va miny = T
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= Chuong 1. Ham sb luong giic - Phuong trinh luong giac

(5) Do 0 < |sindx| < 1nén 3 >y =3 — 2|sinda| > 1.
o y = 3 khi sindz = 0, ludén ton tai = théa man, ching han z = 0.

oy =1 khi |sindx| = 1, luon ton tai z thdéa man, chang han x = g

Vay maxy = 3 va miny = 1.

BAI 2. Tim gia tri 16n nhat va

@y:—sinzx—cosx—l—Q

(3) y =cos?z + 2sinx + 2

B y= \/2—cos2x+sin2x

gia tri nhé nhét clia cac ham s6 lugng gidc sau:

Q@ y=-sinz —2cos?z+1
(@) y=sin*z + cos?z + 4

@y:sin6x+0056x

(D y = sin2x +/3cos 2z + 4
Loi giai.

@) Ta co6

2

3

y:—sinzx—cosx—i—Z:—(l—cost)—cosa:+2:cos2x—cosx+1=( 2) +Z
3 1 1
Do —-1<cosz<1lnén ——<cosx— - < —.
22 272

1 9 3
S O<< 77) <-&-<y<3
uy ra 0 < | cosz 5) =3 1SYs

3 1 . .
oY= khi cosx = 2 ludn ton tai = thdéa mén, chang han x =
oy =3 khi cosz = —1, luon ton tai 2 théa man, ching han z =

3
Vay miny = 1 va maxy = 3.

(2 Ta co

™
3.
.

y:Sin4x—20052m—|—1:sin4w—2(1—sin2x)+1:sin4x+2sin2m—1: (sin2x+1)2—2.

Do0<sin?z<1mnénl<sin?z+1<2.

Suyral< (sinz4+1)" <4 -1<y<2.
oy = —1 khi sinz = 0, luon ton tai = thda méan, chiang han x = 0.
oy =2 khi sin?z = 1, luon ton tai z théa man, ching han z =

o

Vay miny = —1 va maxy = 2.

(3) Ta co

y =cos’x 4 2sinz 42 = (1—sin2x) +2sinz +2 = —sin®z + 2sinz +3 =4 — (sinz — 1)2.

Do —1<sinxz <1lnén —2<sinzx —1<0.
Suyra 0 < (sinz —1)2 <4< 4>y >0.

oy =4 khisinz = 1, luon ton tai  théa man, ching han z =

B

oy =0 khi sinz = —1, ludn ton tai 2 théa man, ching han z = 772r

Vay maxy =4 va miny = 0.
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= Chuong 1. Ham sb luong giic - Phuong trinh luong giac

(@) Ta c6
1 1
y=sin*z4costz +4= (sin2x+0052x)2—2sin2xcos2x—|—4:1— —(2sinzcosz)? 4+4 =5 — — sin? 2.

9
DoOSsin22x§1n6n52yZ§.
oy = 5 khi sin 2z = 0, ludén ton tai  théa man, ching han 2 = 0.

9 N 2 T
oy = 3 khi sin? 2z = 1, ludn ton tai = théa méan, chdng han = = 1

9
Vay maxy =5 va miny = ok

(5) Ta c6

y? =2 —cos2zx +sinz =2 — (1—2sin2x)+sin2x:3sin2x+1:>y: V3sin?z + 1.

Do0<sin?z<1nenl<3sin’z+1<4.

Suyral<y<2.

oy = 1 khi sinz = 0, luén ton tai  théa man, ching han = = 0.
o y = 2 khi sin? z = 1, luon ton tai z théa méan, ching han z = g

Vay miny = 1 va maxy = 2.

() Ta c6

6 6

. . 3 . .
y = sin®z+cos®z = (sin®z + cos® )" — 3sin® z cos® z (sin® x + cos® z)

3 3
1- Z(Qsin:z:cosac)2 =1- Zsim2 2x.

1
DoOSsinQnglnénlzyZZ.

.. T T
oy:1kh151n2x=0(:>x=0hoécx:i§ (doxe [—5,5})

3

1 .. .5 T
oy—zkhISHl 2x—1<:>3:—:t1 (doxe {—5,5})
Vay maxy =1 va miny:z.

(@) Ta c6

<

1 3
:§sin2x+§cos2m+2:cos(g—2m)+2:>y:2cos(g—2m)+4.

Do—lScos(%—Qm)glnén22y26.

o y = 2 khi cos (g — 23:) = —1, ludn ton tai z thoéa méan, ching han x =

o y = 6 khi cos (g - 2:17) =1, luon ton tai x théa méan, ching han = =

SE

Vay miny = 2 va maxy = 6.

BAI 3. Tim gia tri 16n nhat va gia tri nhd nhét ctia cac ham sb lugng giac sau

@D y = sin 2z, Vo € {0; g]

(2 y = cos (x—&-z),Vxe {—21;0}

3 3
@yzsin (23@—}— Z), Vx € [—%,%}
Loi giai.
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= Chuong 1. Ham sb luong giic - Phuong trinh luong giac

D Doz € [0;%} neén 2z € [0;7]. Suyra 0 <y =sin2z <1
oy:Okhix:Ohoacx:g.
7r
=6 khixz=—.
oy fe =7

Vay miny = 0 va maxy = 1.

@Doze {—2%;0

1 2
oy:ikhim:fghoacxzo.

R +7r€[ 7r7r} S 1 < ( n )<1
nen xr — ——; —|.Duy ra — = COS — = COSs |x —

3 ERE) M =¥
oy:lkhix:—g.

Vay miny = 3 va maxy = 1.

T T 37 \/§ T
én 2x + — ——;— . —— <y =si (2 —|—7><1.
] nen z2r 1 S { 1 } Suy ra 9 Yy =sin | 2x 1

@ Doz e [—%;E

4
2

oy:—\gkhimjiz.

oyzlkhiw:fg.

2
Vay miny = —g va maxy = 1.

€) BAITAPREN LUYEN
BAI 4. Tim gia tri 16n nhat va gia tri nho nhét clia cac ham sb luong gidc sau

D) y=+v4—2sin’ 2z -8

4
@y=y= 1+ 3cos?z
4
®y= —
\/5—2cos2:csm T
V2
@yz—.2
V4 — 2sin” 3z
3
®y73—\/1—cosm

4

®

2—cos<m—%>+3

2
\/3 sin 2x + cos 2x

@y=

BAI 5. Tim gia tri 16n nhét va gia tri nho nhat ctia cac ham sb lugng giac sau
(D) y = cos?z + 2cos 2z
@ Yy = 2sin? z — cos 2z
(3) y = 2sin 2x(sin 22 — 4 cos 2z)
(@ y = 3sin®z + 5cos? z — 4 cos 2
@ Y = 4sin® x + v/5sin 2z + 3

® y = (2sinx + cosx)(3sinz — cos )
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7 Chuong 1. Ham sb luong giic - Phuong trinh luong giac

(@) y =sinz + cosx + 2sinxcosx — 1

y =1 — (sin 2z + cos 2x)3
(@ y = |5sinx + 12cosx — 10|

y:2sinx+\/§sin(£—x> -1
27
@y:2 {COS?Z‘+COS<2LL‘+§)} +3

BAI 6. Tim gia tri 16n nhat va gia tri nho nhét clia cac ham sb luong gidc sau

(D) y =sin?z + cos?z, Va € [0; %}

@y= 2sin? ¥ — cos 2z, Vo € [O; g}

3 7T:|

(3 y = cot (z+%),Vw6 {_I;_Z

(D DANG 2.3. Xét tinh chdn I1& cia ham sé lvong gidc

Phuong phdp gidi

— Buwdc 1. Tvm tdp xdc dinh D cia ham s6 hiong gidc.
NéuVz € D thy —x € D = D la tap déi zing va chuyén sang budc 2.

— Buwdc 2. Tinh f(—zx), nghia la sé thay x bing —x, sé c6 2 két qud thuong gdp sau

— Néu f(—z) = f(z) = f(x) la ham s6 chdn.
— Néu f(—z) = —f(z) = f(z) la ham so Ié.

Luu y:

— Néu khong la tap doi xing (Vo € D = —x ¢ D) hodc f(—x) khong bang f(x) hodc —f(z) ta sé két
lugn ham s6 khong chdn, khong Ié.

— Ta thuong st dung cung goc lien két dang cung doi trong dang todn nay, cu thé
cos(—a) = cosa, sin(—a) = —sina, tan(—a) = — tana, cot(—a) = — cot a.

€ vioy

Vi DU 1. Xét tinh chn 1é ctia ham s
@ f(z) = sin? 2z + cos 3z @ f(z) = cos Va2 — 16

Loi giai.
@ Tap xac dinh D = R.
Vr € R= —x € D =R nén ta xét

f(=z) = sin*(—2z) + cos(—3z) = sin® 2z + cos 3z = f(z).

Vay f(z) 1a ham s6 chin.

(2) Tap xac dinh D = (—o0; —4] U [4; +00).
x € (—o0; —4] — 1z € [4;4+00)
x € [4;4+00) —x € (—o0; —4]

Xét f(—x) = cos/(—2)2 — 16 = cos Va2 — 16 = f(z).

Vay f(z) 1a ham s6 chin.

Vo € (—oo; —4] U [4; +00) = =-—z€D
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Q BAI TAP AP DUNG

BAI 1. Xét tinh chin 1& cfia cac ham s sau
@ y = f(z) = tanz + cot =
@y = f(x) = tan" 2z - sin bz

9
@ y = f(x) =sin (2x—|— ?ﬂ)
Loi giai.
N km
(@ Tap x4c dinh D =R\ {7 ke Z}.

VJSER\{]%T:]GEZ}#m#kgi—m#—kgé—xeD

Xét f(—z) = tan(—z) + cot(—x) = —tanz — cotx = — f(x).
Vay f(z) 1a ham s6 1.

k
@TapxécdinhD:R\{%+7ﬂ:k€Z}.

T km Tk m kr 7w —(k+Dm
R\ 2+ . kez Ty, e T 8T _ T TETT

Vi € \{4+2 ke }:x;«é4+2:> x # 19 "1 5
Xét f(—=z) = tan”(—2z) - sin(—5z) = (—tan” 2z) - (— sin5z) = tan” 2z - sin bz = f(z).

Vay f(z) 1a ham s6 chin.

=-—-x€D

@ Tap xac dinh D = R.
Vr € R= —z € R nén ta xét

f(=z) =sin (—296 + 9%) = sin (—233 - 9% + 97T> = —sin <—2:C - 9%) = sin (236 + 9777) = f(z).

Vay f(z) 1a ham sb chin.

Q BAI TAP REN LUYEN

BAI 2. Xét tinh chén 1é ctia cac ham sb sau
@y = f(z) = —2cos® (3x+ g)
@ y = f(x) = sin®(3z + 57) + cot(2z — 7).
@ y = f(z) = cot(4x + 57) tan(2x — 3).
@y = f(z) =sin V9 — 22

@ y=f(z)= sin? 2z + cos 3.
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TRINH LUONG GIAC

| | HAMSO LUONG GIAC - PHUONG

Al 1. PHUONG TRINH LUONG GIAC

@) PHUONG TRINH LUQNG GIAC CO BAN

V6i k € Z, ta c¢6 cac phuong trinh lugng giac c¢d ban sau

a=0b+ k27w — tanx =tanb < a = b+ k7.

— sinag =sinb &
a=m—b+ k2.

— cotx =cotb< a=0b+ km.
a=>b+ k2w

— =cosb &
cosa COS |:a, — i ko

Néu dé bai cho dang do (a°) thi ta sé chuyén k27 — k360°, kr — k180°, véi ™ = 180°.
Nhitng trusng hgp dac biét
—sinx:l@x:z+k2w. — cosx =1< = k2.

T
e sinz =0z = k. —cosx =02 =—+knm.

—Sinx:—l@x:—%—}-kQﬂ-. — cosx =—-1<xz=mn+ k27

us
— tanx =0< o = k. —cotx:O@ng_Hm.

T
—tanaczl@xzz—i-lmr. —cotx:l@x:%—i—kﬂ.

—tanxz—l(:)x:—%—i—knr. —Cotx:—lﬁm:—%—{—km.

0 viDu

VI DU 1. Giai cac phuong trinh
1

@) sin2z = —5
2) cos (x — §) = -1
(3 tan(2z — 30°) = /3.
@ cot(z — g) =1

Loi giai.
1 2x:—%+k27r m:—%—l—kﬁ
@ sin2r = —5 & T & o (k € Z).
2x=—€+k277 .’L‘Z—E-i-kﬂ'

31



= Chuong 2. Ham sb luong giic - phuong trinh lugng giac

T T 4
@ cos(:z:—§> =—1<:>1‘—§=7T—|-k271'<:>5€=?+k2ﬂ' (k€Z).
(3 tan(2z — 30°) = v/3 < 22 — 30° = 60° + k180° < x = 45° + k90° (k € Z).

7
@cot(w—%)zlﬁ)x—g:%—&—lm@x:%—l—kﬂ(keZ).

Q BAI TAP AP DUNG

BAI 1. Giai cac phuong trinh lugng giac sau
@ sinz = sin 2n
= R

(2 sin (23:— %) = %
(3 sin (2:1: + —) = -1

[ =]

@) cos (2x+ g) :cosg.
1
COST = —3.
@cos(az—i—%):l.
Loi giai.
2
271' 1'214-]9271'
@ sinx :sin? & 75’ (keZ).
r=—-+k2m
3
T T
@sm(?x—g)—i@ - 5r & T (k€Z).
@sin(2x+%):—1®2m+%=—g+k2ﬂ®x=—g+kw(kEZ).
™
- . 29&*%:%*’% xz—ﬂ—i—kﬂ
@) cos (2x+ 7> =cos — & b - & o (k€Z)
3 4 dr+g=—gHkm o= —ortkn

1 2
®) cosx:—§<:>x:j:§+k27r (k€ Z).

@cos(m+%):1®x+%:k2ﬂ@x:f%+k2w (ke Z).

0 BAI TAP REN LUYEN
BAI 2.
@ 2sin(z +30°) + /3 = 0.
(2 cot(4x + 35°) = —1.
@ 2cos(:cf%) ++3=0.
@ (14 2cosx)(3 —cosz) = 0.
(®) tan(x — 30°) cos(2x — 150°) = 0.

= Nguyén Qudc Duong - @ 0375113359
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@ \/Qsin2x+2cosm =0.

@ sinx+\/§sing =0.
1
sin 2x cos 2z + 1= 0.

1
(9 sinx cos z cos 22 cos 4x cos 87 = 6

O MOT SO KY NANG GIAI PHUONG TRINH LUONG GIAC

(D DANG 1.1. S& dung thanh thao cung lién két
Cung déi nhau Cung bu nhau Cung phu nhau
cos(—a) = cosa sin(m — a) =sina sin (g — a) = cosa
g q 7T a
sin(—a) = —sina cos(m —a) = —cosa cos (5 — a) =sina
tan(—a) = —tana tan(m —a) = —tana tan (g - a) =cota
7
cot(—a) = —cota cot(m —a) = —cota cot (5 - a) = tana
Cung hon kém Cung hon kém g
sin(r + a) = —sina sin (g +a) =cosa
cos(m +a) = —cosa cos (g—i—a) = —sina
tan(m + a) = tana tan (g + a) = —cota
cot(m + a) = cota cot (g —|—a) = —tana
Tinh chu ky
sin(z + k27) = sinx cos(x + k27) = cosx
sin(x + 7 4 k27) = —sina cos(z + m+ k27) = —cosx
tan(zr + km) = tanx cot(x + k) = cotx

¢ vioy
VI DU 1. Giai phuong trinh lugng giac sau (gia st diéu kien duge xac dinh)
(@) sin 2z = cos (a: — %)
(2 tan (23:— g) = cot (x—l— g)

Lai giai.

(1) Ta c6 phuong trinh tuong duong

. L[ T . . (5w
sin 2z = sin [— — (1:— —)] < sin 2z = sin (F —x)

2 3
2x:5%—m+k27r x:5_ﬂ'+k’2_7'('
& 5 (keZ) e 18 3 (ken).
T T
2x:7r—<——x>+k27r r=—+k27m
6 6
5t k2w
T= 4 —
Vay phuong trinh ¢6 nghiém la 7178 3 (keZ).
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(2) Diédu kign: 2z — g #g—kkﬂ, az—l—g#kﬂ' (kez).
Phuong trinh tuwong duong

& QIfg:%forkw(kEZ)

k
= 3x:g+k7r (keZ)@x:%Jr% (k € 7).
- N p I ™ km
Vay phuong trinh c6 nghiém la x = 5 + 3 (k €Z).
|
Vi DU 2. Giai phuong trinh lugng giac sau (gia sit diéu kien duge xac dinh)
(@) sin3x + cos (g — a:) =0.
(2 tanz -tan3z + 1 = 0.
Loi giai.
(1) Ta c6 phuong trinh tuong duong
. ™
cos (f — J:) = —sin Jx < cos (§ — x) = Cos (f + 33:)
z—x:g 3r + k27 J;——i—k—ﬂ-
s |3 (keZ) o gi 2 (kew)
§—$:—§—3J}—‘rk‘2ﬂ' JJ——E—F/WT
T krm
= —— —
Vay phuong trinh ¢6 nghiém gi 2 (keZ)
T = 13 + km
T
— +kr
. cosx # 0 r#F 5+ k
(2) Diéu kien: 7 = 2 @x;«éz—l——ﬂ(keZ).
cos3x # 0 x4 Ty km 6 3
6 3
Xét tan 3z = 0 khong 1a nghiém, khi d6 phuong trinh tuong duong
tanx
1=0
cot 3z +
& tanz = —cot 3z
< tanz = tan (3:10 + g)
T T kmw
A . . . T km
Vay phuong trinh ¢6 nghiém x = ~1 + - (k eZ).
O

Q BAI TAP AP DUNG
BAI 1. Giai cac phuong trinh lugng giac sau (gia st diéu kien duge xac dinh).
(D) sin 2z = cos <% — x)
™ .
2 cos (2:c + Z) =sinz.
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(3 cos (41; + %) —sin2x = 0.

3
@) cot (2:57 Zﬂ) = tan (xf %)
Loi giai.
(@) Ta c6 phuong trinh tuong duong

. . ™ ™ . . s
sin 2x = sin {f — (f fz)} & sin 22 = sin (§ er)

2 6
T
21‘2%—}—3:—1—]6277 z:§+k27r
& W (kel)s or kO (keZ).
2x=7r—(f+x)+k27r r=" 4 2
3 9 3
T = T + k27
Vay phuong trinh c¢6 nghiém la or ko (k eZ).
rT=—4+ —
9 3
(2) Ta c6 phuong trinh tuong duong
- - 2x+2:gf:17+k27r
cos(2x+7):cos<f—x)® T - (keZ)
4 2 204+ — =z — — + K27
4 2
T n k2
rT=—4+ —
= 12 3 (keZ).
= i + k27
T
Vay phuong trinh c6 nghiém
(3) Ta c6 phuong trinh tuong duong
- i 4x—|—g=g—2x+k‘2ﬂ'
cos (433 + 7> = cos (f - 21‘) & - x (keZ)
5 2 dp 4+ = =22 — = + k27
5 2
m  kmw
rT=— 4+ =
& 203 (keZ)
__ I + km
ST}
T km
rT=— 4+ —
Vay phuong trinh ¢6 nghiém 20771- 3 (keZ).
3 k
2x — sm #* kn x# g + ?ﬁ
@ Diéu kien 4 & (k,1 € 7).

™ T 21
—— £ —+1 — +
x 6752—1—% xyég I

Ta c¢6 phuong trinh tuong duong
; (2 3 ) ; ( 2m )
cot |2z — — ) =cot| — —=z
4 3

2
& Qx—?%:fx+§+k7r(k62)

1 k
= 7W+—ﬂ(keZ).

=N -
36 3

17 k
Vay phuong trinh ¢6 nghiem x = 3—(7; + ?ﬂ (keZ).
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BAI 2. Giai cac phuong trinh lugng gidc sau (gia sit diéu kien duge xac dinh).
@) cos (3 + 45°) = — cos .

w
S
|
B EIERNE
~— /

N———

+cosx = 0.

+ tan2x = 0.

+
&
=]
—/
w
8
+
~1 3
N——

L(jl glal.
[ h on l]\l]lh lerIl dll’OIl
C()S(SIL‘ + 45 ) — C()S(18() - ./L')

3x + 45° = 180° — = + k360°
R R . (ke
3x 4+ 45° = x — 180° + k360
x = 33,75° + k90°
o (e} (k € Z)
z=—112,5° + k180
Vay phuong trinh 6 nghiem |© o000 TRO0T g
a PRuiong BHRA o MBMEN | _112,5° + k180° '
(2) Phuong trinh tuong duong
- ) -)
sin (# — ) =sin (& x
_x—£:%—2x+k27r
& i - (keZ)
[z — 4 =7~ (67217) + k27
M 5t k2w
p = o0 e
& 36137 3 (keZ).
x=—-———k2
L 12
5t k27
r=—+—
Vay phuong trinh ¢6 nghiem 361 3 3 (keZ).
=0 k2
x 12 k2m
(3) Phuong trinh tuong duong
7 0 T krm
tan(Sm—g) —tan(—m)@?)x—g ——x+k7r<:>x—ﬁ+z (keZ).
k
Vay phuong trinh ¢6 nghiém x = % + Iﬂ (keZ).

(@) Phuong trinh tuong duong

- 3x—z:7r—x+k27r
cos (Sx—f) = cos(m —z) & 7% (keZ)
3 Sx—gzx—w—f—k%r

UL s
& 3 2 (keun).
™
r=——+kn
_Eybr
Vay phuong trinh ¢6 nghiém 37r 2 (keZ)
I:7§+kﬂ'
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(5) Phuong trinh tuong duong
2z+E:xfE+k27r

sin (2x—|—z):sin(£—z)® # 2 - (keZ)
4 2 23:+f:77—(a:—7>+k527r
4 2
:c:—gl—&—kQﬂ'
< 57r+k27r (k €Z).
r=—+4+—
12 3
3
x:—zﬂ-—kkﬂw
Vay phuong trinh c6 nghiém x_5i+k2i (k€eZ).
12003

(6) Phuong trinh tuong duong
tan (Bx + %) = tan(—2x)

o 3x+%=—2x+lm

k
Vay phuong trinh ¢6 nghiém z = 7210 + % (keZ).

BAI 3. Giai cac phuong trinh lugng gidc sau
(@ sindz — 2cos?z +1 = 0.

(2) 2cos bz - cos 3x + sinx = cos 8z.

(3) cos (g —x) + sin 22 = 0.

(@) 2sin? g = cos oz + 1.

4
@sin<§+x> + cos (118 —x) = \/3
Loi giai.
(1) Phuong trinh tuong duong

sin4x = cos2x < sin4x = sin (g — 2:17)

tz =2~ 20+ k2 g T R
& . (keZ) e 1223 (ken).
dr=7——+2z+ k27 r=—+knr
2 4
™ k2w
rT=—+—
Vay phuong trinh c6 nghiém 711_2 3 (keZ).
xzz—kkﬂ

(2) Phuong trinh tuong duong

cos 8x + cos 2x + sinx = cos 8x < cos 2z = cos (g + x)

™
2x=z+x+k27r x:§+k27r
= 277 (kez)s 12 (keZz).
20 =—— —x+ k27 x:_z+i
2 6 3
T = g + k27
Vay phuong trinh c¢6 nghiém ko (kez).
TR
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= Chuong 2. Ham sb luong giic - phuong trinh lugng giac

(3) Phuong trinh tuong duong

sinx + sin 2z = 0 < sin 2z = sin(—x)

k2w
B Z (keZ) s * 3 (keZ).
20 =7+ + K27 T =7+ k2
,_ k2
Vay phuong trinh ¢6 nghiem |~ 3 (keZ).
xr=m+ k27

(@) Phuong trinh tuong duong

cos 5z + cosz = 0 < cos bz = cos(m — x)
- 7r+k:7r
Sx=m—x+ k27 =% T 7
(keZ) e 63 (kez)
Sx =x —m+ k2w J]——E—I—kl
42
m  km
T==+ -
Vay phuong trinh c6 nghiém 671_ Skﬂ' (keZ).
Ity

(5) Phuong trinh tuong duong

4 4
sin<§+x>+sin(gfll8+x) :\/§@2sin<§+x> =3
m—l—%:g—i—k%r xz—g+k27r
& Ar o & - (keZ).
4+ — =" 1 ko T=—+ k27
9 3
r=——+k27
Vay phuong trinh c6 nghiém o (keZ)

Q BAI TAP REN LUYEN

BAI 4. Giai cac phuong trinh lugng giac sau (gia st diéu kién duge xac dinh)
2 9
@ sin <3x+ ?ﬂ-) = cos (x— %)

2
(2) cos 2z = sin (x—%)

(3 tan (33: — g) = cot x.
BAI 5. Giai cac phuong trinh luong giac sau
@ cos <2x+ %) = —cos (x—i— %)

(2) sin (2x+ g) +sinz = 0.

@cot(x—%>+cot<z—x)20.

2
@sin<3x+2§)+sin<m—7§) =0.
(5) cos (4x+§> —|—sin( ﬂ) =0.

Ty
(6 tan 2z - tan 3z = 1.
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BAI 6. Giai cac phuong trinh lugng giac sau

@ sin5z + 2cos?z = 1.

1 —tanz
@ cot2r = —————.
1+tanz

@sin (3x+ g) + sin (4% —3x) = \/§

(@) cos 2w cosz + cos = sin 2x sin z.

(5) cos <3x+ f) + sin (51 —|—3x> =2.

3 6

03 DANG 1.2. Ghép cung thich hop dé dp dung cdng thitc fich thanh téng

—b b —b
cosa—i—cosbz?cosa osa2 cosa—cosb:—2sina+ ~sina
—b b —b
sina—i—sinbz?sina ~cosa2 sina—sinszcosa;_ ~sina2
a+b a—>

I\ Khi dp dung tong thanh tich déi vdi hai ham sin va cosin thi dudc hai cung mdi la

,2.Do

dé6 khi st dung nén nham (tong va hiéu) hai cung mdi nay trude dé nhém hang tit thich hop sao cho zudt
hién nhan ti chung (cung cung) vdi hang ti con lai hodc cum ghép khdc trong phuong trinh can gidi.

0 ViDU

VI DU 1. Giai phuong trinh sin 5z + sin 3z + sinz = 0.

Loi giai.
Ta cé
sinb5x + sindz +sinz = 0 & (sinbz + sinz) 4 sin3x = 0 < 2sin 3z cos 2z +sin 3z =0
. sin3x =0
< sin3z(2cos2z+1) =0«
2cos2x+1=0
km
T=—
3x =km 7r3
& 1(keZ)ys |la==+1Ir (kleZ).
cos2x = —— 3
? .
=——+Ir
T3
< P N S S km
Két hgp nghiém trén duong tron lugng giac, ta duge phuong trinh cé nghiém x = ER (keZ). O

VI DU 2. Giai phuong trinh cos 3z 4 cos 2z + cosz + 1 = 0.

Lai giai.
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Ta co

cos 3z + cos2z + cosz + 1 =0 < (cos 3z + cosz) + (cos2z + 1) =0
& 2cos2zcosx +2cos? = 0 < 2cosx(cos 2z + cosx) = 0

cos2x =0

3 3z
& 4):(:os2accos7$cosE =0« |[cos— =0

2
T
290
cos2
T
_r k
20 = 5 + km = % + ?ﬂ
& v _ T tln(klmeZ)s | w127 (k,l,m € Z).
2 2 T=o 4+
= 3 3
§:*+mﬂ' r =T+ m2r
2 . R N . .. . 3 L T  kmw T 127
Két hgp nghiém trén duong tron lugng giac, ta duge phuong trinh ¢6 nghiém x = 1 + 5 T = 3 + 5
(k,1 € Z).

Q BAI TAP AP DUNG
BAI 1. Giai cac phuong trinh luong giac sau
(@ sinz + sin 2z + sin 3z = 0.
(2 cosx + cos 3x 4 cos 5z = 0.
(3) 1 —sinz — cos2x + sin 3z = 0.
(@) cosz + cos2x + cos 3z + cos 4z = 0.
Loi giai.
(@) Taco

sinx +sin2x +sindx =0 < 2sin2xcosx 4+ sin2x =0

sin2z = 0
& sin2z(2cosx +1)=0<
2cosz+1=0
20 =k x:ki
=3 1(kez) < 2 (k,l € Z).

asz:l:%—l—l%r

k 2
Vay phuong trinh ¢6 nghiém x = —W, r=+" + 2m, (k,l € Z).

2 3
(2 Taco
cosx 4 cos3x + cosbxr = 0 < 2cos3x cos2x + cos3x =0
cos3z =0
< cos3z(2cos2z+1) =0
2cos2x+1=0
T
& 1 (keZ)s 6 3 (kiez).
20 = —— =4
cos2x 5 T 3+l7r
T kr

Vay phuong trinh ¢6 nghiém x = s + 5 T= :I:g +lm, (k,l € Z).
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(3) Taco

1—sinz — cos2z + sin3z = 0 < 2cos2zsinz + 2sin’z =0

. . sin2z =0
< 2sinz(cos2x +sinz) =0 & .
cos2x = —sinz
km
_ T=—
2¢ = km 2 -
& m (k€Z)e |22 =2+ = + 127 (k,l€Z)
cos 2z = cos (x + 5) 2
) 2x:—(x+g)+l27r
M km
r=—
2
T
& x:5+127r (k,l e 7).
T 127
= — i
L 6 3
2 - ~ R N .. . ) . km T
Két hgp nghiém trén duong tron lugng giac, ta duge phuong trinh ¢6 nghiém x = —, x = ~% + m2m,
7
T = g +m2m, (k,m € Z).

(@) Taco

3 7
cosx—f—cos2av—&—cos?wc—i—cos433=0<:>2cos—gccosf +2cos—xcosx

2 -0
2 2 2
7 3 5
& 2cosg(cos;+cos§):0(:)4cosgcos7xcosx:0
cosz =0 x:EHm
2
T
o |9570 o lz=n+k2r (ken).
cos5x 0 7r+k27r
b = — 4 =
2 5 5
. N p . ™ T k27
Vayphlrdngtrmhconghlemx:§—|—k7r,x:7r+k27r,x=g—i—T, (keZ).

BAI 2. Giai cac phuong trinh lugng giac sau
@) sinbz +sinz + 2sin?z = 1.
(2) sinz + sin 2z +sin 3z = 1 + cos x + cos 2x.
(3) cos3z — 2sin2z — cosx —sinz = 1.
(@) 4sin3z + sin 5z — 2sinx cos 2z = 0.

Loi giai.

(@) Ta co

sin 5z + sinx + 2sin? 2 = 1 & (sinbz +sinz) — (1 — 2sin’z) =0
& 2sin3zcos2x — cos2x = 0 < cos2z(2sin3x — 1) =0

7r+k7r
r=-—+4+—
4 2

cos2x =0 T 127

& =—+— (k,l€Z).
osinde —1-0 |* =1t 5 ( )
757r 127

TRt

- . . . o kn w12 bw 27
Vay phuong trinh c¢6 nghiém = = 1 + 5 T g + 5= g + 55 (k,leZ).
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(2 Taco

sinz + sin2z + sin3z = 1 4 cos x + cos 2z < (sin 3z + sinx) + sin 2z = (1 + cos2z) + cosx

& 2sin2zcosx +sin 2z = 2cos’  + cosz < sin2z(2cosx + 1) — cos(2cosx + 1) = 0

cosz =0
< cosz(2cosz+ 1)(2sine —1) =0< |2cosz+1=0
2sinx —1=0
_:c:ngkw
cosz =0 o
& |OST=75 e - (k € Z).
r=—+k2m
sinx:§ g
xz%—i—k?w

2 5
Vay phuong trinh ¢6 nghiem x = g +km, x = ig + k27, x = % + k2w, v = % + k2w, (k € Z).
(3) Taco

cos3x — 2sin2z — cosx — sinx = 1 < (cos 3z — cosx) — 2s8in2z — (sinx +1) =0

& —2sin2zsinz —2sin2z — (sinz + 1) =0 < 2sin2z(sinz + 1) — (sinz + 1) =0

(sinz+1)(2sin2e +1) =0 | TE=0
= 3 =0U0<=
sinx sin 2z 9sin2z 41 =0
x:—g—i—k%r
sineg = —1 p
& 1 & |2=—15Him (k1eZ).
sin2x = ——
2 s
T + I

T 12
< . . ™ s T
Vay phuong trinh c¢6 nghiem x = ~3 + k27, x = T3 +lim, x = 5 +lim, (k,l € Z).
(@) Ta co

4sin3x + sinbx — 2sinx cos2z = 0 < 4sin3x + sindx 4+ sinxz — sin3z = 0
< 3sin3z 4 2sin3z cos2x = 0 < sin3x(3 + 2cos2z) =0

sin3z =0 km

. sr=—,keZ).
3 +2cos2z = 0 (v0 nghiém) 3

k
Vay phuong trinh ¢6 nghiem = = ?ﬂ, (keZ).

O BAI TAP REN LUYEN

BAI 3. Giai cac phuong trinh luong giac sau
@ sin3z + cos 2z — sinz = 0.
(2 sina — 4cosx +sin 3z = 0.
(3) cos3x 4 2sin2x — cosx = 0.
(@) cosz — cos2x = sin 3.

BAI 4. Giai cac phuong trinh lugng gisc sau
(@) sinbx + sin3x + 2cosx = 1 + sin 4.
(2) cos2x — sin 3z + cos bz = sin 10z + cos Sz.
(3 1+sinz + cos 3z = cos x + sin 2x + cos 2.

(@) sinz + sin 2z + sin 3z = cos x + cos 2z + cos 3.
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[J DANG 1.3. Ha bac khi gép béc chan cla sin va cos

St dung cong thiic ha bac

@ sin?a = 1—(30520[' @ cos?a = 1+cos2a'
2 2

1 — cos2«a 1+ cos 2«

t 2 = . t2 = >,

@ an-a 1+ cos 2a @CO @ 1 — cos2a

A Déi vdi cong thitc ha bac ciia sin va cosin
1A PR T L P .
— Mozt lan ha bac zuat hién 3 va cung goc tang gap doi.
—— Muc dich cé viéc ha bac dé triét tiéu hang s6 khong mong mudén va nhém hang ti thich hop dé sau

khi dp dung cong thic (tong thanh tich sau khi ha bic) sé zudat hién nhan ti chung hodc lam bai
todan don gidn hon.

€ vioy

. 1
VI DU 1. Giai phuong trinh sin® 2z — cos? 8z = 5 cos 10z.

Loi giai.
Ta co
1 1-— 4 1 1 1
sin® 22 — cos® 8z = §COS 10z < 020S L —&—c;)s bz zicos 10z
< coslbx + cosdx — cos 10z = 0 < 2cos 10x cos 6 — cos 10z =0
T km
cos10x =0 T=5aT 710
& 20 10 (ke Z).
2cosbr—1=0 x—il—kk—ﬂ-
18 3
Phuong trinh c6 nghie T A O
ng trinh ¢6 nghiem zx = — 4+ —, = +— + — .
& e 20 T 10 18" 3

. 3
VI DU 2. Giai phuong trinh cos? x + cos? 2z + cos? 3z + cos? 4z = 3

Loi giai.
Ta c6
2 2 2 2 3
cos” x + cos” 2x + cos” 3x + cos 43::5
1+ cos2x 1-+cosdxr 1+ cosbx 9 3
& + + + cos“4xr = =
2 2 2 2
& cos6x + cos 2z + cosdx + 2cos® dx = 0 < 2 cos 4z cos 2x + cos da + 2 cos? 4z = 0
& cosdr(2cosda +2cos2x +1) =0 < cosdr(4cos® 2z + 2cos 2z — 1) =0
cosdr =0 T = g %T
1-+5
_ Vo 1 —1—+/5
& cos 2w = 4 & |z = :|:§ arccos V5 +ir (k1€ 7).
1+v5 1 —1++/5
cos 2% = 4 x = += arccos i +in
2 4
k 1 —1—+/5 1 -1 5
Phuong trinh c¢6 nghiém x = % + zﬁ, T = i§ arccos T\[ + i, x = i§ arccos %[ +lim, (k,1 € Z).
O
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€) BAITAP AP DUNG

BAI 1. Giai cac phuong trinh luong giac sau

1

@) sin’z = .

2
3
22_Z):,
@cos(w 7) =3
2443

2 0 —
@cosx— R

@ 4sin®z —1=0.

(®) sin? (3x—|— 2%) = sin? <77T — a:)

4
(@cos4x+sin4(9:+z):1
4 4
Loi giai.
(@) Ta co
1 1 2 1 k
sin2x:iéw:5@0052x:0<:>x:%+£,(k6Z).
. . . m km
Vay phuong trinh cé nghlemxzz—l—z, (keZ).
(2 Taco
1+ cos (42 — = L
cos |4z — — rT=—+
9 m 3 ( 2) . 1 24 2
2 77)—7 —° Ay = - k).
cos(a: 1 1 5 g osinde =5 & x_5j+kj(€)
24 2
m  km 5t km
Vay phuong trinh c6 nghié =—+—,v=—+—,(k€2).
ay phuong trinh c6 nghiém z 24+ 5 =5y 2,( €Z)
(3) Taco
2 3 1 2 2 3 3
cos’ v = +4\[<:> +c205$c: +4f<:>cos2x:gﬁxzzt%—i—kw,(keZ).

Vay phuong trinh c6 nghiém = = :|:17T—2 +km, (k € Z).

(@) Ta co

1
4sin2x—120©2(1—0052x)—1:O<:)0082x:§©m:i%+kﬂ',(k€Z).

Vay phuong trinh ¢6 nghiem x = :I:% + km, (k € Z).

(5) Ta co
4
1—cos(6x+—7r) 1—cos<7—7r—2:13>
sin2<3:ﬂ+2—w):sin2(7—ﬂ—x)<:> 3 = 2
3 4 2 2
4
6o+ T oyt hon
47 Vs 3 2
< cos|br+ - ) =cos|——22) & (keZz)
3 9 47 7T
6r+ —=—|— —2x ) + k27
3 2
x_137T+ki
48 4
& x__2977 kj(keZ).
24 2
_ N ) L ~ Br  km 297 kmw
Vay phuong trinh ¢6 nghiem x = 18 + Ty, + 2,(1@62).
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= Chuong 2.

Ham s6 lugng giic - phudng trinh luong giac

(®) Taco

1 _
Vay phuong trinh c¢6 nghiém z = i§ arccos

T 2
):1©<1+0052x>2+ 1*‘?05(293*5) 1

cos* z + sin* (m + il =
4 2 2

4

& (14+cos2x)* + (1 +cos2x)* =1 2cos? 2x +4cos22+1=0
fgf\/i

cos 2z = ———— (vd nghiém) 1 9 5
& 2 @m::tfarccosi—i—kﬂ,(keZ).
—2+2 2 2
cos2x = —

242

5 +km, (k€Z).

€) BAITAPREN LUYEN

BAI 2. Giai cac phuong trinh lugng gidc sau

@) sin® 2z + sin®z = 1.

(2) sin® 2z + cos® 3z = 1.

3
() sin® z + sin? 22 + sin? 3z = 5

3
(@) cos? x + cos? 2x + cos? 3z = 5

(5) sin® z + sin® 2z + sin® 3z = 2.

(®) sin®x + sin® 3z = cos? 2x + cos? 4x.

5 V2

(@) sin® z cosz — sinz cos® x = ~—.

sin® z cosx + sinz cos® z = —

8

“I%

BAI 3. Gii cac phuong trinh luong giac sau

(@) sin? 4z + cos? 6z = sin 10z, Va € (0; g)

(2) cos3x + sin 7z = 2sin? (z + 5—36) — 2 cos? 9;

4 2

(3) 2sin? 2z +sin7r — 1 = sinz.

@ cos? x + cos? 2x + cos? 3z + cos? 4z = 2.

7
(®) cos?x + cos? 2z + cos? (g - 3;10) = —.

4

® sin? 4z — cos? 6z = sin (g + 10x) Vo € (0, g)

(@ sin? 3z — cos? 4z = sin? 5z — cos? 6z.

tan? x + sin® 2z = 4 cos® .

(9 cos? 3z - cos 2z — cos® z = 0.

3
4 sin? g —v3cos2z =1 + 2 cos? (x— l)

4

= Nguyén Qudc