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DAO HAM

.q Ly thuyét
)

1. Dbao ham.

'.g,’ainh nghia:
Cho ham s8 = f(x) xdc dinh trén khoang (a;b) va x, €(a;b).

flx)—flx
* Néu ton tai gi6i han hitu han limM thi gidi han d6 dwoc goi la dao ham
Ty, .T_."l'l:l
ctia f(x) tai di€m x,, tic la:
o)t 1)
=% XX,

e Kihiéu la _f'[:r,:,) hay y'(:r,:,).

$ Tinh dao ham bang dinh nghia:

D¢ tinh dao ham ctaham s8 y=f (x) tai x, € (a;b) , ta thue hién theo cac budc sau:
* Buwoc1. Tinh f(x)—f(xo).

* Bwdc 2. Lap va rut gon tiso M VOi xe(a;b),x;txo

x—xo
* Budc 3. Tinh gidi han JICLI? f(xyz_i(%)
° %o

B

Trong dinh nghia & quy tac trén day, thay x, boi x ta s& c6 dinh nghia va quy tac tinh

dao ham ctia ham s8 ¥ = f(x) tai diém x€(a;b).
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2. Y nghia hinh hoc cta dgao ham
E@\Vi du 2.1.
Cho ham s8 y = f(x)=x" (C) va diém M(1;1)e(C)
(1) V& do thi (C) va tinh £'(1).
(2) V& dudng thang d qua M c6hé s3 goc f'(1). Nhan xét vé vi tri tuong doi
gitta d va (C]
. Loi gidi

........................................................................................................................

& Trong mit phéng toa o Oxy, cho do thi (C) cia ham s6 y = f(x) va diém M(xo;yo) € (C)
Xét M (x; f(x)) la mdt diém di chuyén trén (C).
Puong thang MM, la mot cat tuyén ctia (C )

Hoé s8 o6 ), p ™ , b A , . _f(x)_f(xo)
€ s0 goc cua cat tuyén MM, duoc tinh boi cong thic k,,, =tanf = EwEn—
o
Khi cho x dan téi x, thi M di chuyén trén (C ) t6i M, .
Gia st cat tuyén MM, c6 vi tri gi6i han la M, T thi M,T duoc goi la tiép tuyén cta (C) tai

M, va M, duoc goi la tiép diém

—
Ta c6 he s6 goc cua tiep tuyén MT la k, , =tana = chi_gl(tan 5) = lﬂlw = f’(xo)

0
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o
Pao ham cta d6 thi ham s§ y=f [;r:l tai diém =x, 1a hé s goc cua tiép tuyén M,T cua
(C) tai diém M, [;xa;_f(:ra]]
Tiép tuyén M,T c6 phuong trinh: ¥ —_f(xclj = _f'(:rﬂ) (:r—:rc,:] Sy= _f'(:rﬂj (:r—:ra)+ _f(:rﬂj

3. Y nghia vat Iy cva dao ham
g
@
e f(t) biéu thi quing dwong di chuyén cua vat theo thoi gian t thi (¢, )
biéu thi toc do tic thoi ctia chuyén dong tai thoi diém ¢,.
* Néuham s8 T = f(¢) biéu thi nhiétdj T theo thoi gian t thi f'(¢,) biéu thi téc do thay
doi nhiét do theo thoi gian tai thoi diém t,,.

~

4.S0 e
q ’ao

Nguoi ta con biét rz‘?mg e lasO vO ti va e =2,7T18281828... (S¢' thdp phin v6 han khong tuin hoin).

i 1Y
Iim|1+—| =e
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.‘:; Bai tép
)

R Dang 1. Tinh dgo ham tqi 1 diém bdng dinh nghia

— g\? Phwong phap )

M D& tinh dao ham ctia ham s§ y = f(x) tai x, € (a;b), ta thuc hién theo cac budce sau:

Buocl. Tinh f(x)-f(x,).

*Buwdc2. Lapva rut gon tiso - v6i x€(a;b) va x = x,

xX— ."l.'l:l
flx)— flx
* Budc 3. Tinh gidi han limM .
T, X— ."l.'l:l
) 7(x,)=tim? D) ) o) i T TS F) g oy i ) ()
T, ﬂ'—ﬂ'cl h b c Xy h b '1-_'1-|:|
M Ham s8 y = f(x) c6 dao ham tai diém x=x, < f'(x;)=f"(]].
M Ham s8 y = f(x) c6 dao ham tai diém thi truée hét phai lién tuc tai diém do.
Y
Tinh dao ham b?mg dinh nghia tai mot diém cta cac ham s6 sau:
(1) y=f(x) =22 +x-1 tai x,=0 (2) y=f(x)=2"+2x-1 tai x, =1

= Loi gidi
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EE‘@\W du 1.2.

Tinh dao ham béng dinh nghia tai mot diém cta cac ham s6 sau:

(1)y=_f(x)= tai x, =—2 (2)3;:_3((.1’3]:2—; tai x, =3

x4+ x+1 x—
= Lfrigidi

EB.vicis

Tinh dao ham bf?mg dinh nghia tai mot diém cta cac ham s6 sau:

(22 +3x-1 ]
1) ,?c(-TJZ‘—:r—l khi x=1 taix =1
-3 khi x=1
e+t +1-1
@ f(x)={" = khi 220 a0
0 kla x=0

= Loi giai
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EE‘@\W du 1.4.

-

X — ;
Tim a dé€ ham so _f(:r:l= x—1 Khix=l ¢6 dao ham tai x=1
]\n khi x =1

= Loi giai
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B> Dang 2. Tinh dgo ham taqi 1 diém bdt ky trén (a;b) béng dinh nghia

— ’4\? Phwong phap )

M D€ tinh dao ham ctia ham s6 y = f(x) tai x, € (a;b), ta thuc hién theo cac budc sau:

*Budcl. Tinh x, € (n;b).

*Budc2. Lapva rat gon tiso ﬂx; —ﬂ:%) v6i x€(a;b) va x=x,

flx)— flx
* Buoc 3. Tinh gioi han li:mM .
x—, X—X,

M Ham s6 = f(x) c6 dao ham tai diém thi truéc hét phai lién tuc tai diém do.

EBvia

Tinh dao ham bang dinh nghia ctia cdc ham s6 sau:

(1) y = f(x)=4x+3 (2) y = f(x)=2024x +2025

(3) y = f((x) =2x" +2024 (@) y=f(x)=2"—3x+1

(6) y=f(x)=o"-2x 6) y=f(x)=x"-2x"+2
= Loi giai
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R~ Dang 3. Y nghia hinh hoc c0a dgo ham

— a\? Phwong phap ) \
$ Y nghia hinh hoc: (Phuong trinh tiép tuyén)
Cho ham s8 y = f(x) c6 d6 thi (C), M(x;y,)€(C).

Phuong trinh tiép tuyén tai M(x,;y,)€(C) co dang: y = f'(x, J(x—x, )+ f(x, ) .
Trong d6:  x, hoanh d0 tiép diém.
¥, tung do tiép diem.
f'(x,) hé s6 goc tiép tuyén.
Bai toan: Viét phuong trinh tiép tuyén ctia d6 thi ham s6 y = f(x) (C) tai x, =a.
*Budcl. Tinh f'(x).
[£(x)
Yo
* Budc 3. Hoan thién phuong trinh tiép tuyén can tim y = f'(x, )(x —x, )+ f(x, ) .

BB

Viét phuwong trinh ti€p tuyén ctua
(1) D6 thi ham s8 ¥ =x"+2x—4 (C)tai diém c6 hoanh d¢ x, =0.

e Bubc2. Tit x,—

(2) D6 thi ham s§ ¥ =" +1 (C) tai diém c6 hoanh do x, =1.
(3) Db thi ham s§ ¥ =2x" -3 (C) tai diém c6 tung 46 v, =—1.

= Loi gidi
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R~ Dang 4. Y nghia vat 1§ coa dao ham

— a\? Phwong phap )
$8 Y nghia vat 1U: (quang duong, nhiét 49, dién lwong)

* Néu ham s6 s= f(t) biéu thi quang diwong di chuyén cua vat theo thoi gian t thi f'(#,) biéu
thi toc do tirc thoi ctia chuyén dong tai thoi diém t,,.

* Néu ham s6 T = f(t) biéu thi nhi¢t ) T theo thoi gian ¢ thi f'(,) biéu thi toc do thay doi
nhiét do theo thoi gian tai thoi diém t,,.

EE‘@\W dy 4.1.

Mot chat diém chuyén dong c6 phuong trinh chuyén dong 1a s = f(t)=t"+4t+6 (t

duoc tinh bang gidy, s dwoc tinh bang mét).
(1) Tinh dao ham ctia ham s6 f (t) tai diém t,.
(2) Tinh van tdc tire thoi ctia chuyén dong tai thoi diém t=5.

> Loi gidi

E@\Vi du 4.2.

Cho biét dién lwong trong mot day dan theo thoi gian biéu thi boi ham s6 Q=6t+5
(t deoc tinh bang gidy, Q duoc tinh bang Coulomb). Tinh cudong d6 ctia dong dién
trong day dan tai thoi diém ¢ =10
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B> Dang 5. Tim tham sé dé ham sé cé dgo ham tqi xo

—

Phwong phap )

’ [gf:r;m) kKhi x=a
Cho ham so y=1

[g(:ruu] klhi x=a

=
M hodc y =1

. Tim tham s6 m d€ ham

h[:r;m) khix=a h[:r;m) khix<a

s0 cO dao ham tai x=a
*Buéc1l. Xac dinh lim f(x;m); im g(x;m); f(a).

*Buwdc2. Ham s6 lién tyuc tai x=a < lim f(x;m)=limg(x;m)=f(a) > a=?

° Bu’éC 3. Tﬁ]h }cr[ﬁ_]zlﬂrkwl fr[ﬂ_]=].1ﬂ'£ .?((:‘-jl_j‘((ﬂjl )
; x—+a Tr—1 . 3 Y —a

* Buéc4. Ham s8 c6 dao ham tai x=a < f'(a” )= f'(a”).

E_E_‘ Vidy 5.1.
"le—x+n klu x=0

Cho ham s6 y :] .Tim a d& ham s6 ¢ dao ham tai x=0.

-

x* khi x=0
= Loi giai
E‘E_‘ Vidy 5.2.
T
: [— ‘ ki x=<1 NN ~ . .
Cho ham so fl::r): zx o .Tim a, b th1 ham s6 c6 dao ham tai x =17
Lm*+b kKhi x>1

> Loi gidi
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.q Luyén tap
L

Cau1. Tinh dao ham cta cac ham soO sau tai cac diém da chi:

(1) f(x)=2x-1tai x=-2 (2) f(x)=2024-2023x tai x=1
@) f(x)=x"+2x-1tai x=1 @) f(x)=2x"+1tai x=2
(5) f(x):2x2+x+1taix:1 (6) f(x):x— tai x=2
) f(x)=—= i x=2 8 f(x)=2" i v=3
9 f(x)=+x+1tai x=1 10) f(x)=2023+x tai x=2
Cau 2. Tinh dao ham ctia cdc ham s0 sau tai cac diém (néu c9):
2x+3 khix>3 , _|x*+1 khix>0 _, ,

(1) f(x):{x2 Chigog | T f(3). @ f(x)—{l_zx Khig 0" TR £(0)-
(3) f(x)=x- Tinh £'(0). @) f(x)=x+|x|. Tinh f(0)
(5 f(x)=2x+‘x—]4.Tinh f’(l). (6) f(x):x+‘x‘ Tinh f’(l)
(7) f(x)=[x|-2023. Tinh £'(0). ®) f(x)=|x*+2x|. Tinh f"(0)

xl ’ X+l ,
9) yzx‘—Jl.Tmh £(0). 10 f(x):¥.Tmh f(-1)

Cau 3. Tinh dao ham ctia cac ham s0 sau tai cac diém da chi (néu co):

o f(x):{xz—Bx khix;tl.Tl,nhf,(l)

-2 khix=1
X —4x*+3x . .
(2) f(x)=1 x*—3x+2 khix=l ron £(2)
0 khi x=1
2x+3 khi x>1
(3) f(X)z x3+2x2_7x+4 kh1x<lTinh f'(l)
x-1
xP-Tx+12 .
-1 khi x=3
Jr o Khixs>1
5 = .Tinh f'(1
()f(JC) {xz khi x<1 . f()
® f<x>={f—¢4—x i 220 g (o)

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VII.
PAO HAM

\/x3—2x2+x+1—1 )
) f(x)= 1 khi x21 Tinh £(1)
0 khix =1
Jx+1-1 .
8 f(x)=4" «x khix#0 7 £(0)
0 khix=0
STVATX i x 0
9 f(x)=1 4 _Tinh f'(0)
L khi x=0
4
241-1 . .
10 f(x)={" x  “**0 1inn £1(0)
0 khix=0
Cau 4. Tinh dao ham ctia cdc ham s0 sau tai cac diém da chi (néu cé):
x+1-1 ..
(1) f(x)=9" & khlx¢0.Tinhf’(0)
0 khix=0
2411 Khi 120
@ f(x)=1" x M"Y Tinh f/(0)
0 khix=0
Nx+1-2x . g
3) f(x)= x-1 _Tinh f'(1).
> Khix =1
4
Yax® +8-8x*+4 .
@) f(x)z " khlxiO,Tinh f'(O)
0 Khix =0

Cau5. Tim tham sd dé ham s c6 dao ham tai x,

2_
X Khi x #1

(1) Tim a d&€ham s8 f(x)=4 x-1 c6 dao ham tai diém x=1.
a khi x =1
>

(2 Tim a;b d€ ham so f ax’ +bx +1 khi x 20 c6 dao ham tai diém x=0.

ax—b-1 Kkhix<0

ix>0 \ . e

(3) Tim a;b d&ham s f(x c6 dao ham tai diém x=0.

ax+b khi x<0
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ax? —2x+1 khix>1
\J3—2x —bx khix <1

Cho ham s§ y = x*+2x~4 ¢6 db thi (C)

c6 dao ham tai diém x=1.

(4) Tim a;b d&ham s§ f(x)={

(1) Tim hé s6 goc cua tiép tuyén cta (C) tai di€m c6 hoanh do x, =1 thudc (C )

(2) Viét phuong trinh tiép tuyén ctia d6 thi ham s6 tai diém c6 x, =0 thude (C).

(3) Viét phuong trinh tiép tuyén ctia d6 thi ham s6 tai diém c6 y, =-1 thude (C).

(4) Viét phuong trinh tiép tuyén ctia d6 thi ham s3 biét hé s8 goc tiép tuyén bang —4-.
(5) Viét phuwong trinh tiép tuyén ctia do thi ham s8, biét tiép tuyén d6 song song véi
duong thang y=1-3x.

Cho ham s8 y = x3—+1 c6 db thi (C)
X

(1) Viet phuwong trinh tiép tuyén cua do thi ham s6 tai giao diém ctia (C ) voi truc Oy .

(2) Viet phuwong trinh tiép tuyén cua do thi ham s6 tai giao diém ctia (C ) voi truc Ox .

(3) Viét phuong trinh tiép tuyén ctia do thi ham sd tai giao diém cta (C ) voi duong

thang vy =x+1.

(4) Viét phuong trinh tiép tuyén ctia d6 thi ham s6 biét hé s§ goc cua tiép tuyén bang
1

k=—-.
3

(5) Viét phuwong trinh tiép tuyén ctia do thi ham sd, biét tiép tuyén dé song song véi
duong thang y=1-3x.

Cho ham s8 y=x°—2x+1 ¢4 do thi (C)

(1) Tim hé s6 goc cta tiép tuyén ctia ham s6 trén tai diém cé x=0.

(2) Viét phuong trinh tiép tuyén ctia ham s6 biét né c6 k =-2.

(3) Viét phwrong trinh tiép tuyén ctia ham s3 trén, biét né tao véi hai truc Oxy mot tam
gidc vudng can tai O.

Mot chat diém chuyén dong thang bién d6i déu véi phuong trinh s =22 +¢ -1 (m)

(1) Tim van toc tiec thoi ctia vat tai thoi diém t=2s.

(2) Tim van tdc trung binh cta chat diém trong khoang thoi gian tir t =0tdi t =25 .
Mot vat chuyén dong thang xac dinh boi phuwong trinh s =s(t) trong d6 t duoc tinh
bang gidy va S dugc tinh bang mét. Thuc hién cac yéu cau dwdi day:

(1) Véi s= s(t) =+ -3t thi van toc ctia vat tai thoi diém f =3s la bao nhiéu?

(2) Voi s= s(t) =#*+7¢t thi van tdc ctia vat tai thoi diém t=4s 1a bao nhiéu?
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(9) Véi s= s(t) = %(t“ +3t2) thi van toc cua vat tai thoi diém f =4s 1a bao nhiéu?
10) Voi s= s( ) —3t* —9¢ thi van tdc cua vat tai thoi diém t=5s 1a bao nhiéu?

Mot chat diém chuyén dong theo phuong trinh s= s(t) trong d6 t dugc tinh bang gidy
va S duoc tinh bang mét. Thoi gian d& van tdc ctia chat diém dat gid tri 16n nhat

(1) Véi s (t) =10+t +9t* —t° trong khoang 10 gidy dau tién.
(2) Véi (t) —t>+9t* +++10 trong 12 gidy dau tién.

(3) Voi s(t)=—>+6t* trong 10 gidy dau tién.

(4) Vi s(t)=—=1t+6t* trong 10 gidy dau tién

(5) Véi s(t) =—=t>+9¢* trong 10 gidy dau tién

6) Voi s(t)= —% t° +6t° trong 9 gidy dau tién.

(7) véi (t) t? —%t trong 5 giay dau tién.

(8) Véi s= —%te‘ +3t* +20 trong 10 gidy dau tién.

Mbt vat chuyén dong thang xac dinh boi phuong trinh s :s(t) trong d6 t duoc tinh
bang gidy va S duoc tinh bang mét.

(1) Véi s= s(t) =2t* +6t° -3t +1 thi gia tdc ctia vat tai thoi diém #=3s 1a bao nhiéu?

(2) Véi s= s(t) = 4+* —10t+9 thi gia t6c ctia vat tai thoi diém van tc bang 2 1a bao
nhiéu?

(3) Véi s= s(t) =1*—3t* -5 thi gia tdc ctia vat tai tai gidy thit 10 1a bao nhiéu?

(4) Véi s= s(t) =1>—3t* —9t +1 thi gia toc ctia vat tai tai thoi diém vat dimng lai 1a bao
nhiéu?
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(5) V6i s= s(t) =1>—3t* + 5t + 2 thi gia t6c cta vat tai gidy thit 3 la bao nhiéu?

(6) Voi s = s(t) = > —3t? +3t +10 thi gia t8c cta vat tai thoi diém vat ding lai la bao
nhiéu?

(8) Vi s=5(t)= %ﬁ +2t* —t+4 thi gia t6c cua vét tai thoi diém ¢ =2s 1a bao nhiéu?

Mot vét chuyén dong thing xéc dinh boi phuong trinh s=s(t) trong d6 t dugc tinh
bang gidy va S duogc tinh bang mét. Hoi:

(1) Gia toc tai thoi diém van tdc triét tieu voi s =s(t)=t° —3t2 —9¢ 1a bao nhiéu?

()=
(t)=1°+3t* —9t + 27 1a bao nhiéu?

(t)=
(1)=

5) Vén tdc tai thoi diém gia t6c bang khong v6i s=s(t)=2t>—3¢ +4t, 1a bao nhiéu?
1
3

2) Gia t0Oc tai thoi diém van toc triét tiéu voi s=s
s ~t*+3t* +9t 1a bao nhiéu?

2 —3t? 1a bao nhiéu?

t

(

(3) Van t6c tai thoi diém gia toc triét tiéu voi s =
( t
(

)
)

4) Van tdc tai thoi diém gia tdc triét tiéu voi s=s
)

(6) Van tdc tai thoi diém gia toc triét tiéu véi s=s ¥ _3t2 +36¢ la bao nhiéu?
g

)=
)=~

(7) ¥ +3t? +9¢t+2020 la bao nhiéu?
(8) Van tdc tai thoi diém gia toc triét tiéu véi s= s(t) 2 —3t? + 4t 1a bao nhiéu?
9 (t

7) Gia toc tai thoi diém van toc triét tiéu voi s= s(t

9) Van toc tai thoi diém gia toc triét tiéu véi s=s )— t(t —3t- 9)+ 2024 13 bao nhiéu?
(10 Van tdc tai thoi diém gia toc ctia vat dat gid tri nho nhat trong 20 gidy dau tién véi

s(t) = it“ — 3+ 6t* +10¢ 1a bao nhiéu?
12

.................... 2 1 S
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CAC QUY TAC TINH PAO HAM

.q Ly thuyét
)

1. D@o ham ham s6 y=x"

&

I H\am86/ y:f' I:?].Efb:*) Cé daO h\am t]‘_‘én R V\a [.TI ] =?1.T”_1.

2. ©go ham ham sé y=+/x

?@

Ham so y=\(f:; c0 dao ham trén [D;+:r-) va (nf:;] =—.

3. Dao ham ham sé lugng gidc

(1) Ham s6 y=sinx c6 dao ham trén R va (sinx) =cosx|.
(2) Ham s8 y =cosx ¢6 dao ham trén R va (cosx) =—sinx|.
\ ~N 14 \ . . 7T \ ! 1

(3) Ham s y =tanx c6 dao ham tai moi x # —+k7m va (tanx) =—
2 COS” X
\ ~ , . . ) . ! 1
(4) Ham so y=cotx c6 dao ham tai moi x #km va (Cotx) =——
sin” x

4. Dao haim cua haim sé mi va ham sé logarit

(1) Ham s6 y =e" ¢6 dao ham trén R (e" )' =e"
(2) Ham s8 y =a* c6 dao ham trén R (a" )' =a".Inal|.
. ~ , . . . ' 1
(3) Ham s8 y =log, x cé dao ham tai moi x>0 (logu x) =
xlna
, . . . . o1
(4) Ham s8 y=Inx c6 dao ham tai moi x>0 (lnx) ==,
x
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5. Cac quy téc tinh dao ham

¥
Gia st cac ham s6 u=u lfx),zr :ﬂ(x) c6 dao ham trén khoang {n;b) .
Khi d6: (1) [.Imjlr ( —cﬂnstj

u+tr) =u' tov

2)(
[u J—u otu-o
f

.o—o'- S| Fo

@ | E]=w( 020) 5[ L] =—Z (0=0(x)=0)
kﬂ @ L"U o

6. Dao ham cia ham hgp

6.1 Khai niém ham s6 hop

o
Gid st u= g(x] 1a ham s6 xac dinh trén khoang (a ;b) , €O tap gia tri chita khoang
(c;d) va y= f(u) la ham s6 xac dinh trén {c;d) .Ham sd y = f[gl[x]] duoc goi la ham
s0 hop cua ham so y =_f[u] voi u=g(:r) .

6.2 Dao ham cua ham sd hgp

o
Néu ham s6 u= g(x) c6 dao ham u_' tai x va ham s§ y = f (u] c6 dao ham v, tai u
thi ham s6 hop ¥ = f(g(x)) c6 dao ham y " tai x 1
Y, =Y,
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Tt d6 ta 6 cac két qua sau:

7. Dao haim cép hai

o
Cho ham s6 ¥ = f(:r) c6 dao ham y'= f(:r) tai moi diém x e (n;b].
Néu ham s y'= f '(:r] lai c6 dao ham tai x thi ta goi dao ham cta ¥'= f '(:r) la dao

ham cap hai cia ham s§ ¥ = f (:r:l tai x, kihiéu la ¥" hodc " (Jr) .
Khi dé: (£(x)) =" (x).

38 Y nghia co hoc ctia dao ham cdp hai
Mot chuyén dong c6 phuong trinh s= f (t) thi dao ham cap hai (néu c6) cta ham s6

s= f(t) la gia t6c tirc thoi cta chuyén dong s=s(t) tai thoi diém t.Ta c6 a(t)= f"(t)
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.‘:; Bai tap
)

R~ Dang 1. Tinh dao ham da thudc - hiu ti - can thuc

— g\? Phwong phap ) \
M Ap dung quy tic dao ham:
Khi do: (1) ['JT-‘.:E.',:]r =lat' (k=const)

(2) (ux 1':':]r =u' 7'

(3) (u- z:':]r =u'-v+u-v'

(u Y u-o—2-u, (1 Y o' o7 |
(4>";,'l:—211 [n;tl:l_]—}!;J[ =—— [_nzz:-[:"_];-t[il]
\ \

M Ap dung cong thikc dao ham:

T { V'
(1) [x™) = (2) . l l :—L
' LX) x”
' 1 S .
(3) (+fx) = 4)| - .
[' ] W \ex+d) (cx+d)

EEJ Vidy 1.1.

Tinh dao ham cac ham so sau:

0 £(x)=(-+) (2) f(x)=x*—a® +x+200
(3) f(x)=3x"—a" +x-2021 @) f(x)=2"-2a7 +§+;.-
) f(x)=2-2 6) £(v) == +2° +3¢°
(1) f(x)=(x+1)(x-2) ®) ffﬂ']=j::;_

x—2 o

.....
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R Dang 2. Tinh dgo ham lugng gidc

— a\? Phwong phap ) \
M Ap dung quy tic dao ham:
Khi do: (1) ['I-ﬂ.l,:]r =lat' (k=const|

(2) (ut 1'?:]r =u'to'

(3) (- zvr:]r =u'-o+u-o

T N 1Y ' -
W|Z2]| =2 (020) > = | === (v=2(x)=0)
L) L) (o)

M D€ tinh dao ham ctia ham s§ y = f(x) tai x, € (a;b), ta thuc hién theo cac bude sau:

(1) (sin ..T:]r = COSX ) ( cosm':]r =—sinx
(3) (tan .T']r -1 - @) ( r:J::-t.i"]r =—— 1,
! COs X ! S~ X
BB
Tinh dao ham cac ham so sau:
i — g
(1) y=5ini\é—t—3x] (2) y=—%5ini\§—x]1
(3) y=2c05x: @) y =tan x;—l
(5) y =sin+2 +x’ (6) v =sin (sin :r)
(7) y=2sin’x—cos 2x+x (8) y =cos (Ix—l)
(9) y =tan’ x+cot2x (10 y=5i11['.:r1—3x+2:]
= Loi giai
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’ Dang 3. Tinh dgo ham m{ - logarit

— a\? Phwong phap )
M Ap dung quy tic dao ham:
Khi do: (1) ['I-ﬂ.l,:]r =lat' (k=const|

(2) (ut 1'?:]r =u'to'

(3) (- zvr:]r =u'-o+u-o

'II (]

z [: 1[zvf I'J'['i.];tD]

‘H,E'J‘ET'H,

4)

e—

.
\o
M D€ tinh dao ham ctia ham s§ y = f(x) tai x, & [n ;b), ta thye hién theo cac budc sau:

1) [_-a.'x'] =¢" (2) [_nI ] =a“.lna

1

xlna

(3) (In .T:]r = % 4) (log, ,1-:]' =

E@\Vi dy 3.1.

Tinh dao ham cac ham so sau:

(1) y =log; (2x+1) (2) y =log, (1-2x)

(3) y=5=" 4) y= mz%*m

(5) y=x+In(x+3) 6) v

(7) y =™ +e¥® (8) y =log,(«* —2x)

(9) y =log, (2x" —x+1} 10 y =3 +log,(x—2x"
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.q Luyén tap
L

Cau14. Tinh dao ham cta cac ham soO sau:
(1) y=-2x°+4x
(3) y=—2x"+4x* +1

_2x+1
xX+2
X’ +x+3

(5) y

(7) y

xP+x-1
9) y=x*(2x+1)(5x—3)
Cau15. Tinh dao ham cua cdc ham s sau:

2x-1
1 =
w Y 4x -3

2x+1
3 y=1—3x
(5) = 2x° —4x+1
x-3
() y=xx
9) y=x(2x-1)(3x+2)

Cadu16. Tinh dao ham cua cac ham sO sau:

(1) y=+/x*+x+1
1

Vx? +1
(5) y=+5x*—2x+1

x—1

Jxt+1
2
2x+1
9) y=
9y [x_lj
Cau17. Tinh dao ham cua cac ham s0O sau:
1) y= Ccos2x

I 3x+1
(3) y=sin® x+sin2x

3 y=

(7 y=

& Bién soan: LE MINH TAM - 093.337.6281

2) y=(3-1)

4) y:%x3—2x/§x2 +8x-1

2
6 _X —-x+1
(6) 1

2
8 _ X +3x—-3
8y 2(x-1)

10 y= (x2 +1)(5—3x2)

3
2x+1
_x*-3x+3
x-1
6 Cl+x—x?

2)y

4) y

1-x+x°

8) y= (2x—3)(x5 —Zx)
10 y =(x2 —2x+3)(2x2 +3).

2) y= (x2 —x+1)5

(@) y=(x-2)Jx*+1
2 —x+1)
6) y=( | j
8) y=x+v4-x
10 y:\/x+\/x+«/;

(2) y = cosx.sin’x

(4) y =1+ cos® 2x




Cau 18.

Cau 19.

Céu 20.
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(5) y:c082 3x (6) =w
SINX—COSX
2
7) y=Janxrcotx ) y- sin[l—XJ
2x+1
9) y=cos® |2 g - Sinx+cosx
Y 2x+3 XCcosx—sinx

Tinh dao ham cap 2 ctia cac ham sd sau:

(1) y=xV1+a? 2) y= sin(% - SxJ

(3) y=siny2+x° (4) y =sin® x +sin2x
(6) y=2sin®x—cos2x+x 6) y= x+3
1-2x
(7) y=va® +x+1 8) y=(3x2—1)2
x*+x+3 .
9) V=71 10 y =sin(sinx)

Tinh dao ham cap 3 tai cac diém duoc chi ra dudi day
(1) Cho ham s8 y=-3x*+3x? —x+5. Tinh gié tri cua y"° (2017).
2

(2) Cho ham s y = Toz Tinh gid trj ctia y (1).
(3) Cho ham s§ y = 21 . Tinh gia tri cua y(?’) (2).

(4) Cho ham s§ y = cos’x. Tinh gi4 tri cta y (%j :
Chting minh rang:

(1) V6i ham s§ y=+/2x—x* tacd y°.y"+1=0.

(2) V&i ham s§ y=x++x*+1 ta co (y—x)3 y'-1=0.

(3) V&i ham s8 y =xsinx ta c6 xy"—2(y' —sinx)+xy =0.

x—3

1 ta cé 2y” =(y—1)y”.

(4) Vi ham s§ y =
X+

5) Véi ham s6 y=cot2x tacd y' +2y*+2=0.
6) Véi ham s8 y =xtanx ta c6 xzy”—Z(szryz)(ler):O.

(5)

6)

(7) Véiham s§ y=tanx tacd y'—y°>—-1=0.
(8) Véi ham s§ y=+x*+1 tacod y>.y"+xy' =y.
9)

9) Véi ham s§ y=+x"+1 tacod ¥’y +xy' =y.
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10 Véi ham s8 y = -2 tacéd 2y —xy' +y =0.

Cho f(x)=x"-4x*+3 va g(x)=3+10x—7x". Giai phuong trinh f"(x)+g'(x)=0

Cho ham s8 f(x)=x"—3x*+4x—6. Giai bat phuong trinh f"(x)< f'(x)-

Cho ham s6 y =x°-3x* +4x -6 . Gidi bat phuong trinh y" <0.

Cho ham s6 y =f(x)=5(x+1)3 +4(x+1) . Gidi phuong trinh f”(x):O.

Cho ham s6 y=f (x)=cos(2x—%j . Tim cac nghiém thudc doan [O;W] cta phuong

trinh £ (x)=-8.

U, & [- ¢ S

& Bién soan: LE MINH TAM - 093.337.6281




TAI LIEU DANH\CHO KHé
4 \ / L
. \

Bién soan

LE MINH TAM



Chuong VII.
PAO HAM

Muc luc

$ Bai 01. PAO HAM
A. Ly thuyét

LIS 3 T T TN o To [ o o SO RO PRSI 2
2. Y nghia hinh hoC COO A0 RAM ...ttt ss s s s ssaes 3
3. Y NghTa VAL 1 COQ U0 NAM ..ottt s s s s sas s sesassessssassssssens 4
o - YT 4
B. Bdi tap
R~ Dang 1. Tinh dao ham tq@i 1 diém bang dinh NGhTA.........cccueceieiceeeee e 5
R~ Dang 2. Tinh dgo ham tqi 1 diém bdt ky trén (a;b) bding dinh nghia...........ccuuu...... 8
R Dang 3. Y nghia hinh hoc O dQo hAM ... ssasassans 10
B> Dang 4. Y nghia vat 1§ O AQO R8M.......eeeceececceereecseseeesses st sessessssesssssses 12
R~ Dang 5. Tim tham s6 dé haim $8 €O AAO hAM £QI Xo..cvvveeeeecrerrrcreeerereeeseeessesesssesenans 13

C. Luyén tép
$ Bai 02. CAC QUY TAC TINH PAO HAM
A. Ly thuyét

1. DAO NAM NAM SG 1 = X weerereeerneeeeiseeseese e esse e assss st st ase s s s bbb s sasesaes 39
2. DGO NAM NAM S8 1 = VX oo 39
3. DAO hAM hAM SO IUGNG QIAC ...ttt s seses s sessssesessssesssesesassessssessans 39
4. Dao ham cUa haim s8 MU VA hAM S8 10GArIt ...t seesse s ssenes 39
5. CAC QUY tAC 1NN AQO RAM ...ttt ss s s s sssassasans 40
6. DAO hAM COA NAM NGP ottt ae st e et e e sannan 40
7. DAO NAM CAP NQicceereerreeteeeeteee et be s ses s s s s s s b s st s s ssaesesassenes 41
B. Bai tap
” Dang 1. Tinh dgo haim da thuc - hiu ti - cANn thUC........eoeeeeeeeeeeeeeeee e 42
R~ Dang 2. Tinh dgo hAM IUGNG GIAIC .....eoueeeeeeeeeerteete et esae e e se e se s s e e eseeens 44
R Dang 3. Tinh d@o haGm MU = 10gQArit ...t se e e s s 46

C. Luyén tép

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VII.
PAO HAM

DAO HAM

.q Ly thuyét
)

1. Dao ham.

'-g{)inh nghia:
Choham so y = f(x) xac dinh trén khoang (a;b) va x, € (a;b).

* Néu ton tai giéi han httu han lim M
X=X, X—x,

thi gioi han d6 duoc goi la dao ham

caa f (x) tai diém x,, tic la:

e Kihiéula f'(xo) hay y'(xo).

$ Tinh dao ham bang dinh nghia:
Dé tinh dao ham ctia ham s6 y = f (x) tai x, € (a;b) , ta thyee hién theo cac budce sau:

e Buoc1. Tinh f(x)—f(xo).

* Bwdc 2. Lap varat gon ti sO w voi x e (a;b),x # X,
o
« Buéc3. Tinh gidi han tim (5= (%),
*=Xo X=X

B

Trong dinh nghia & quy tac trén day, thay x, boi x ta sé cé dinh nghia va quy tac tinh

dao ham ctia ham s6 y = f(x) tai diém x e (a;b).

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VII.
PAO HAM

2. Y nghia hinh hoc cUa dao ham

E@\w dy 2.1.
Cho ham sd y = f(x) =x’ (C) va diém M(l;l) € (C)
(1) V& 6 thi (C) vatinh f'(1).
(2) Vé duong thang d qua M c6 hé s6 goc f '(1). Nhén xét vé vi tri tuong doi
gitta d va (C)

e 2.

= Loi giai
(1) V& d6 thi (C) vatinh f'(1).

:>f’(1)=lim—f(x)_f(l) g

x—1 x—-1

Y d
_______ 2 SR V)
=3 O 32

Puong thing d cat (C) tai hai diém O(0;0) va M(2;4).

y=f(x) va diém M(x,y,)e(C).

4

ctla ham so

C).

# Trong mat phang toa dd Oxy, cho d6 thi (C
Xét M (x; f (x)) la mot diém di chuyén trén

~— M~ — —

Duong thang MM, 1a mot cat tuyén cta (C).

x)—f(x
Heé s6 goc ctia cat tuyén MM, duoc tinh boi cong thic k,,,, =tan§ = u :

Khi cho x dan t6i x, thi M di chuyén trén (C ) toi M,.
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Gia st cat tuyén MM, cé vi tri gidi hanla M T thi M,T duoc goi la ti€p tuyén cta (C ) tai

M, va M, duoc goi la tiép diém

1 |

- o/ ZEO

Ta c6 hé s8 gdc cua tiép tuyén M,T la k,, , =tana =lim(tan 3) = limM = f'(x,)
0 X=X, X=X, X — xo

o
Dao ham ctia d6 thi ham s6 y = f(x) tai diém x, 1a hé s6 goc ctia ti€p tuyén M,T cua
(C) tai di€m M, (x,; f(x,))
Tiép tuyén M,T c6 phuong trinh: y— f(x, )= f'(x,)(x=x,) = y = f'(x, ) (x=x, )+ f(x,)

3. Y nghia vat 1§ coa dgo ham
g
&
* Neéuhams6 s = f(t) biéu thi quang diwong di chuyén ctia vat theo thoi gian ¢ thi f'(t,)
biéu thi toc do tic thoi cua chuyén dong tai thoi diém f, .
* Néuhamsd T = f(t) bi€u thi nhiét 4§ T theo thoigian ¢ thi f'(f,) bi€u thi tSc do thay
do6i nhiét do theo thoi gian tai thoi diém ¢, .

im (1+1J =¢
X—+0 x

Nguoi ta con biét rang e 1as6 vo ti va e =2,718281828... (S5 thip phin vd han khong tuiin hoin).
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.‘:; Bai tap
)

R Dang 1. Tinh dgo haim tqi 1 diém bdng dinh nghia

7,\# Phuwong phap )

M D€ tinh dao ham caia ham sd y = f (x) tai x, € (a; b) , ta thyee hién theo cac budce sau:

* Buoc1. Tinh f(x)—f(xo).

e Budc 2. Lap varutgon tiso M v6i xe(a;b) va x # x,
X—X,
* Buéc 3. Tinh gi6i han 1imM .
=R, X—X,
' o flx)=flx ooy .. flx)=flx oo .. flx)=flx
(1) f(%)ﬂﬂ:% (2) f(x0)=}_il"£:(x_—gi()((]) 3) f(xo)ﬂlj}:(x_—xo(o)

M Ham s8 y = f(x) c6 dao ham tai diém x =x, @f'(xg)zf'(xg).

MHamso y=f (x) c6 dao ham tai di€ém thi truwedc hét phai lién tuc tai diém do.

E‘E_‘@\Vi dy 1.1.

Tinh dao ham bang dinh nghia tai mot diém ctia cdc ham s& sau:
(1) y=f(x):2x3+x—1 tai X, =0 (2) y:f(x)=x2+2x—1 tai X, =1

(1) y=f(x)=2x"+x-1 tai x,=0
Tai x, =0 taco f( ) f(xo)
PR o) f)-F0) 320+,
0

X=X, X —

f( ) (O)=2x3+x—1—(—1)=2x3+x=x(2x2+l)

7

(x ( )—hm(Zx +1)=1

x—0
0

= f'(O)zlim

X=X, X —

><

2) y=f( )=x2+2x—1 tai x, =1
Tai x, =0 tacd f( ) f(xo):f( ) ( ) x2+2x—1—(2):x2+2x—3
f(x)=f(x) _flx)- fo) x*+2x-3_(¥=1)(x+3)

X — x-1 x-1

N

=x+3

X=X,
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:>f() hm (x) ( )—hm(x+3):4

X=X, X — x—1

Tinh dao ham bang dinh nghia tai mt di€ém cta cac ham sd sau:

. B X +x-3

(1)y_f(x)_x2+x+l fal %o =2 2 y=flx)= 2x-1

= Loi giai
l)y:f(x):x2+x+1 tai x, =-2
Tai x, =-2 tacd f(x)-f(x,)=f(x)-f(-2)

1 1 _13-2"-x-1 1 2"-x42 1 (x-1)(x+2)

TxP4x4l 4-241 3 xP4x+1l 3 2P4x+l 3 x?P+x+1

flx)=f(x) _f(x)-f(-2) _ 1 (x-3)(x+2) 1 _ 1 (x-1)
T ox—x x+2 3 xX’+x+1 x+2 3 xP+x+1l

= f'(-2)= 1imM =lim [_1 gx_l) ] - _%' (_2)(2_j(__12))+1 Z%

B 2x-1

e =

f(x f( ) (x f()_(x—S)(5x+2) 1 :(5x+2)
X x—-3 5(2x—1) x-3 5(2x—1)

f(x —f(3)_hm (5x+2) 17
S 3 x-3  x135(2x-1) 25

EEJ Vidy1.3.

Tinh dao ham bang dinh nghia tai mot diém ctia cac ham sd sau:

X +3x-1 .
(1) f(x): -1 khi x#1 taix=1
-3 khi x=1
VX +xt+1-1 i
@ f(x)= » Khi x#0 ai =0
0 khi x=0
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x> +3x-1

<1) f(X): 1 khi x=1 ta1x:1
-3 khi x=1
Ta co: f(l):—S
Dode: fimd Q) | P+3v-1-3 . Fedr-4 . (x+4)(x-1)
x—1 x—1 x—1 x—1 x—l x—1 x—l x—1
Véyf’(0)=5.
Pxte1-1 .
<2> f(x): N khi x#0 taix=0
0 khi x=0
Ta ¢ f(0)=0
Do db: hmf(x)—f(o) 5 \/x3+x2+1—1:hm x+1 _1

_— 1m
2
x—0 x x—0 x x—0 /x3+x2+1+l 2

Vay f'(0)= 3.

EE‘ Vidy 1.4.

2

F=l e
Tim a dé ham so f(x): x—1 c6 dao ham tai x =1
a khix=1
= Loi giai
D& ham s6 c6 dao ham tai x =1 thi trudéc hét f (x) phai lién tuc tai x=1
Hay li im® oo f(1)=a
ay lim f(x)=lim =—=2= f(1)=a.
2_
-2
x)—f(1
Khi do, tacé:limwzlimLzl.
x—1 x—=1 x—l1 x—1

Vay a=2 la gia tri can tim.
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R Dang 2. Tinh dgo ham tqi 1 diém bat ky trén (a;b) bdng dinh nghia

— ’4\? Phwong phap )
M D€ tinh dao ham ctia ham s6 y = f (x) tai x, € (a;b) , ta thuc hién theo cac budc sau:

*Budcl. Tinh f(x)-f(x,).

e Bwoc2. Lap varat gon ti sO M
x

* Budc 3. Tinh gidi han lim M .
=% X=X,

v6i xe(a;b) va x #x,

MHamso y = f (x) c6 dao ham tai diém thi trwedc hét phai lién tuc tai diém do.

BB o

Tinh dao ham bang dinh nghia cua cac ham s sau:

(1) y=f(x)=4x+3 (2) y = f(x)=2024x +2025

(3) y=f(x)=2x"+2024 @) y=f(x)=x"-3x+1

(B) y=f(x)=x"-2x 6) y=f(x)=x"-2x"+2
= Loi giai

(1) y=f(x)=4x+3
Tai x, eR tuyy, ta co: f(x)—f(x0)=4x+3—4x0+3=4(x—x0)
J)-fn) _4emx)
- -

X—X,

—lim——————~=lim4=4=y =4

X=X, X X—>Xq

£()- £ (x,)
2,
(2) y = f(x)=2024x+2025
Tai x, € R tuy ¥, taco: f(x)— f/(x,)=2024x +2025—2024x, — 2025 = 2024(x —x, )
f(x)=f(x,) 2024(x-x,)

X=X, X=X,

=2024

N
7

——lim M =1lim 2024 = 2024 = ' = 2024
- X

X=X, X 0 X=Xy

(3) y=f(x)=2x*+2024
Tai x, eR tuyy, ta co:
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f(x)= f(x,)=2x* +2024 - 2x% — 2024 = 2x* — 2x5 = 2(x—x, ) (x +x, )
f(x - (xo) Z(x—xo)(x+xo)

— PO = x_xo :2(x+xo)

—l1m2(x+x ) Ax, =y =4x

X=X,

> lim

X=X,

@) y=f(x)=x*-3x+1
Tai x, € R tiy ¥, tac6: f(x)—f(x,)=2"—3x—1-x] +3x, —1=(x—x, ) (x +x,—-3)
\f(x)—f(xo):(x—xo)(x+x0—3)

X=X, X=X,

=x+x,-3

i /) )—hm(x+x ~3)=2x,-3=y' =23
X*)XO x 0 XA)XO

(5) y=f(x)=x"—2x
Tai x, eR tuyy, ta co: f(x)—f(xo):xs—Zx—xg+2xo=(x—x0)(x2+x.x0+x§—2)

)f(x)—f(xo) _ (x—xo)(x2+x.x0+x02—2) =(

X=X, X=X,

2 2
X°+x.x, + X, —2)

——>lim f(x)=f (% )—hm(x + XX, + X, 2)=3x02—2:>y'=3x2—2
.X‘)XO x O X*)XO

6) y=f(x)=x"—2x*+2
Tai x, eR tuyy, ta co:

f(x)—f(x) x'—2x+2-x5-2x2 2= (x xo)(x +xx +x(x —2)+x —Zx)
)f(x)_f(xo)z(x—x (x +xPx, +x(x? 2) 3—29(0)

X=X, X=X,

f(X)—f(xo)

.3, 2 2 _ 3_
=x +xx0+x(x0 2)+x0 2x,

> lim

X=X,

_hm(x +x%x +x(x —2)+x —Zx) x§+x§+x§—2xo+x§—2xo=4x§—4xo

X=X,

=y =4x°—4x
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® Dang 3. Y nghia hinh hoc cUa dgo ham

— a\? Phuong phap ) \
$ Y nghia hinh hoc: (Phuong trinh tiép tuyén)

Cho ham s8 y = f(x) c6 d thi (C), M(x,;y,)<(C).

Phuong trinh tiép tuyén tai M(x,;y,)e(C) c6 dang: y = f'(x,)(x—x,)+ f(x,)-

Trong d6:  x, hoanh do tiép diém.
y, tung do tiép diém.
f'(x,) hé s6 goc tiép tuyén.
Bai toan: Viét phuong trinh tiép tuyén ctia do thi ham s6 y = f(x) (C) tai x, =a.
* Buoc1. Tinh f’(x) .
f'(%)
Yo
* Bu6c 3. Hoan thién phuong trinh ti€p tuyén can tim y = f'(x, )(x—x, )+ f(x,) -

E@\w dy 3.1.

Viét phwong trinh tiép tuyén ctia
(1) D6 thi ham s8 y =x”+2x—4 (C)tai diém c6 hoanh d6 x, =0.

* Buoc2. Tir x, —){

(2) D6 thi ham s6 y=x" +1 (C) tai diém c6 hoanh d6 x, =1.
(3) D6 thi ham s6 y=2x" -3 (C ) tai diém c6 tung do y, = -
= Loi gidi
(1) Db thi ham s8 y = x+2x—4 (C) tai diém c6 hoanh d¢ x,=0.
Goi Z(x0 ;yo) la tiép diém.
Tai x, R tiy y, taco: f(x)—f(x,)=2"+2x—4—x7 = 2x, +4=(x—x, )(x+x,+2)

) fx) _(x- )(“x +2)

=X+Xx,+2
X=X, X —
—ﬁlimw—hm(x+x +2)=2x,+2=y' =2x+2
X=Xy x_x X=X,

Heé s6 goc cta tiép tuyén cta (C) tai di€ém c6 hoanh d¢ x, =0 la k= y'(O) =2
Tung d6 ti€p diém tai diém c6 hoanh d6 x, =0 la y(x,)=-4
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Phuong trinh ti€p tuyén can tim la y = y'(O)(x —O) + y(O) Sy=2x-4
(2) D6 thi ham s8 y =x°+1 (C) tai di€m cé hoanh d6 x, =1.
Goi C(x,;y, ) 1a ti€p diém.
Tai x, eR tuyy, tacéd: f(x)—f(x,)=x"+1-x; —1:(x—x0)(x2 +x.x, +x§)

f(x)—f(xo) _ (x—xo)(x2+x.xo+x§)

2 2
= X"+ XX, + X

N
7

X=X, X —X,
x)— f(x
——>limM = lim(x2 + XX, +x§) =3y = y' =3
x—)xo x—xo .X*)XO

Hé s8 goc cua tiép tuyén cua (C ) tai diém c6 hoanh d6 x,=11a k=y'(1)=3
Tung do tiép diém tai diém cd hoanh d6 x, =1 la y(xo) =2
Phuong trinh tiép tuyén can tim la y =y'(1)(x-1)+ y(l) <y=3x-1
(3) P thi ham s6 y =2x" ~3 (C)tai diém co tung do y, =-1.
Goi T(x,;y,) 1a tiép diém.
Tai x, R tiy y, taco: f(x)—f(x,)=2x"—1-2x7 +1=2(x—x, )(x+x,)
f(x)—f(xo) Z(x—xo)(x+x0)

X=X, - X=X, =2(x+x)
x)—f(x
i 3-2( i o, )) =45, v =2
7 2 2 |:x0:1
Taco y,=2=2x,-3=-12x;=2< :
x,=-1

o Véi x, =1:

Hé s8 goc cua tiép tuyén cua (C ) tai di€m c6 hoanh do x, =11a k=y'(1)=4
Phuong trinh ti€p tuyén can tim 1a y =/ (1)(x-1)+y(1) <y =4x-5.

o Voi x, =-1:

Hé s6 gbc cua ti€p tuyén cta (C ) tai diém c6 hoanh d¢ x,=-11a k= y’(—l) =—4
Phuong trinh ti€p tuyén can tim 1a y =y'(-1)(x+1)+y(-1) <y =—4x-5.
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” Dang 4. Y nghia vat Iy cva dgo ham

— ’:‘? Phwong phap )
$ Y nghia vat |Y: (quing duong, nhiét d¢, dién luong)

* Néuham s6 s = f(t) bi€u thi quang dwong di chuyén ctia vat theo thoi gian ¢ thi f'(#,) biéu
thi t6c do ttec thoi ctia chuyén dong tai thoi di€ém ¢, .

* Néuham s6 T = f(t) biéu thi nhi¢t dj T theo thoi gian ¢ thi f'(t,) biéu thi tSc do thay ddi
nhiét do theo thoi gian tai thoi diém ¢, .

EE‘@\W dy 4.1.

Mot chét diém chuyén dong c6 phuong trinh chuyén dong la s= f(t)=t"+4t+6 (t

duoc tinh bang gidy, s duwoc tinh bang mét).
(1) Tinh dao ham cua ham s6 f (t) tai di€m ¢, .

(2) Tinh van t6c tic thoi ctia chuyén dong tai thoi diém t=35.

= Loi gidi
(1) Tinh dao ham ctia ham s8 £(¢) tai diém t,.
7 ' 1 f(t _f(tO)
Ta co f(to)_lg{:?
t?+4t+6—(t; + 4t +6 -
=lim[ M U )J=lim((t to)(t+t°+4)J=lim(t+t0+4)=2t0+4.
t—t, t— tO t—t, t— tO t—t,

(2) Tinh van tdc tic thoi cia chuyén dong tai thoi diém t=5.

Van 3¢ e thoi ctia chuyén dong tai thoi diém t=5: f'(5)=2.5+4=14 (f% ) .

E@\Vi du 4.2.

Cho biét dién luong trong mdt day dan theo thoi gian bi€u thi boi ham s§ Q = 6t +5
(t dwoc tinh bang gidy, Q duoc tinh bang Coulomb). Tinh ceong d6 ctia dong dién
trong day dan tai thoi diém £ =10

= Loi gidi
Tacd Q=6t+5—>Q'(t)=6.
Cuong do dong dién trong day dan tai thoi diém +=10 1a [ = Q'(lO) =6.
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R Dang 5. Tim tham s6 dé ham sé cé dgo ham tqi xo

—

_ Phuwong phap )

=
- g(x;m) khix;tahoécyz g(x;m) khi x>a
h(x;m) khi x=a h(x;m) khi x<a

Cho ham s6 y = { . Tim tham s& m dé ham

sO cO daoham tai x =a
e Budoc1. Xac dinh lim f(x;m) ¢ lim g(x;m);f(a).

* Budc2. Hamsolién tuctai x=a < hmf( )=1img(x;m)=f(a)—>a=?

X—a x—a

* Buéc3. Tinh f'(a*):limw; f’(a):limM.

x—a’ X—a x—a X—a
* Buoc4. Ham sO c6 dao ham tai x=a <:>f'(a+)=f (a‘).

EBviovs
2x* —x+a khix#0

Cho ham s6 y = . Tim a d€ ham s6 c6 dao ham tai x=0.
x’ khi x=0

-----

Ta co hm(Zx —x+a) a, f(O):O

Ham s c6 dao ham tai x=0 :>f(x) lién tuc tai x=0 ©1i£r01<2x2—x+a)=f(0)c>a=0
#(0)=tim? O 2 ox=0 Y oy

x—0 x—0 x—0 x x—0 X x—0
EBuicsn
L2 i gl

Cho ham s6 f(x): 2 ~ .Tim a, b thi ham s6 ¢c6 dao ham tai x=17?
ax+b khi x>1

= Loi gidi
Ta co }(i_l)r{}(ax+b)=u+b ; }Ci_{?(x%)zé;f(l)zé.Ham sO lién tuc tai x =1 nén a+b:%.
DPao ham phai f’(l*):limM:Iim ax+b—(a 1+b) —11mM =lima=a.
x—1" x—1 x—1" -1 x—=1 x—1"

. x—>l 2(x—1) _}cl—l;? 2 :1.

x—1" X — x—1

Pao ham trai f’(l‘):lim ) (l =lim-+4-~4% / y x+l ) (x+l)

Ham s6 ¢6 dao ham tai x=1 f' (1*)=f’(1*)<:>a=1
Vay a=1b=-0,5.
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.q Luyén tap
L

Cau 1. Tinh dao ham cua cdc ham s sau tai cac dié7m da chi:

(1) f(x)=2x-1tai x=-2 ) f(x)=2024—-2023x tai x=1
3) f(x)=x*+2x-1tai x=1 @) f(x)=22"+1tai x=2

(5) f(x)=2x2+x+1 tai x=1 f(x)z tai x=2

) f(x)=—= i x=2 8) f(x)=25 “1 tai x=3

9) f(x):\/x+1 tai x=1 f(x) J2023+x tai x=2

Loi giai
(1) f(x) =2x—1tai x=-2

Ta co f’(—2):limwzlim 2x—1—(—4—1) =lim Xt _ 2.

12 xX+2 x—>-2 x+2 x=>2 x+2
(2) f(x)=2024-2023x tai x=1
Ta co f' (1) = limM =1lim 2024~ 2023 - (1) =lim —2023x+ 2023 —2023.
x—1 x—1 x—1 x—1 x—1 x—1

3) f(x)=x2+2x—1 tai x=1

X

x\

( ) 1imx tox—1- 2—lim(x_l)(x+3):linl\(x+3):4

x—1 x—-1 x—1 x—

Ta co f'(l):lim (

x—1 X —

(@) f(x)=2x"+1tai x=2

Tacof( ) lim

x—2 X —

(5) f(x)=2x +x+1tai x=1

=lim —11m2(x +2x+4) 24 .

=2 x—=2 x—2

f(x)—f(Z) . 2x*-16
2

2x° +x+1-4 lim (x—l)(2x+3)

Ta co f( ) hmf(x—_{(l):lim :lim(2x+3):5

=l x— X1 x—1 1 x—1 x>
6) f(x)=21 i x=2
gy | Ehe  mlEd
Tacs f/(2)=limg == — = ~lig ¥24o—~lim — 2= — =iy = =2

) f(x)=—2 tai v=2
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2x+2|._7 2x+1-7x+14
Ta co f( ) hmf(x _f(3 ~limX=2_ —lim x=2 = im_—5=_—5:—
x—3 x—3 x—3 x—3 x—3 x—3 x—3 x — 3-2
9) f(x)=\/x+1 tai x=1
Ta co limM:limM:hm x—1 =lim ! = L
x—1 x—1 x—1 x—1 x—1 (x—l)(\/m+\/§) x—1 \/m-F\/E 2\/5

10 f(x)=2023+x tai x=2
Ta co lim—f(x)_f(z)

x—2 X — 2
2023+ x —+/2025

=lim

x—2 x— 2

) 2023+ x—2025 ) 1 1
=1lim =1lim =

2 (x-2)(V2023+x +4/2025) 7 2023+ 3 +1/2025 242025

Cau 2. Tinh dao ham ctia cac ham s6 sau tai cac diém (néu cd):

2x+3 khix>3 , x*+1 khix>0 _, ,
v f(x):{xz khix <3 - Tinh f(3) (x) 1-2x khix<0 - Tinh f(O)
(3) f(x):‘x‘ Tinh £(0) @) f(x)=x+ ‘x‘ Tinh £'(0).
(5) f(x)=2x+|x-1. Tinh f'(1). (6) f(x)=x+[x|. Tinh £'(1).
(7) f(x)= ‘x‘ 2023. Tinh £'(0). 8) f(x):‘x +2x‘ Tinh £'(0).

X+ +l )
9 y= x‘+‘1 Tinh f'(0). 0 f(x)=—-—~- ‘ | .Tinh f'(-1).
Loi giai
2x+3 khix>3
(1) f(x)={xf+ khil;“:s Tinh £/(3).
DPao ham phai f’(3*):limf(x f( ) =lim 2x+3_(2'3+3):lim2:2.
x—3" x—3 x—3" x—3 x—3"

Dao ham trai f’(3*):lim ( ) (3) 1mw

:lim(x+3):6.

x—>3 X — x—3" X — 3 x—>3"

Suy ra f’(3+) # f’(3') = Ham s6 khong ton tai dao ham tai x =3.
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x*+1 khix>0 _, .
2) f(x)_{l—Zx khix<0'Tmh f(O)

Dao ham phii f'(0) =lim (x —g(o) = lim L lim (x) = 0.
x—> X x—> X x—>
( 1-2x-1

bPao ham trai f’(O") = lim ( ) 0) =lim = lim(—Z) =-2..

x—0" X — x—0" X x—0"
Suy ra f’(O*) # f’(O*) =Ham s6 khong ton tai dao ham tai x=0.
(3) f(x)=|x[. Tinh £'(0).

, x khix>0
Taco:yzf(x)z —x khi x<0

Dao ham phai f’(O*) 11&1 (2 g( )—Jlgglx;ozl.
Dao ham trai f(O ) l1m (O)—hm _oz—l.

x—0" x—0" X

Suy ra f’(0+) f'(O ) = Ham s6 khong ton tai dao ham tai x=0.
(8) f(x)=x+[x. Tinh f/(0).

2x khi x>0
Tacoy = f() {0 khi x<0
Dao ham phai f'(o+)=1imf( ¥)-/(0 )—lim 220 _im2_y,
x—0" X — 0 x—0" X x—>0" X
Dao ham trai f’(O_)zlim ( ) (0)—11m —limQ:O.
x—0" X — -0 X =0 X

Suy ra f’(O*);tf’(O’) =Ham so khong ton tai dao ham tai x=0.
(5) f(x):2x+‘x—1‘.Tinh f’()

3x—1 khi x>1
Tacoy= f() {x+1 khi x <1
DPao ham phai f’(l*):liq}%:lirﬁ Bx;ill_zzlirf}s(xx_ll):&
Dao ham trai f’(l):limM:nlez lim¥=2-1,
x—1" x—l x—1" x—l x>l X — 1

Suy ra f’(1+) # f ’(1’) = Ham s6 khong ton tai dao ham tai x=1.
6) f(x):x+‘x‘.Tinh f’(l).

, 3x-1 kl'llXZl
Ta co:y=f(x): x+1 khix<1
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Dao ham phai f' (1*) =lim

x—1" X —
Dao ham tréi f’(l)zlit{\%ﬂﬂ?x:iz: ir{li—jzl.

Suy ra f'(1')= f'(1") =Ham s khong ton tai dao ham tai x=1.
(7) f(x)=|x|-2023. Tinh f'(0).
Taco y= f(x)- {;0—22023 kh% x>0
—x khix<0
x —2023—(-2023) X

Dao ham phai f’(0+) =lim f(x)—f(O) =lim

=lim—=1.
x—0" x—=0 x—0" X x=0" X
Dao ham tréi f'(07)=lim S)=70) (x)—g ©)_ lim 2023-x(-2023) _ lim = =—1.
X X— x> X x>0 X

Suy ra f’(O*) # f’(O*) = Ham s6 khong ton tai dao ham tai x=0.
8) f(x)= ‘xz + 2x‘. Tinh £(0).

Ta cd x? +2x khi x<-2; x>0
acd f(x)= —(x2+2x) khi —2<x<0

f(x)—f(O) lim x?+2x

Pao ham phai f’(0+):1i_)rg} " fim =— =)lci_g}(x+2)=2.
(2
Dao ham trai f’(O_) = limM =lim (x T Zx) =lim (—(x + 2)) =-2.

x—0" X x—0" X x—0"

Suy ra f’(0+) # f'(O") = Ham s6 khong ton tai dao ham tai x=0.

) y= ﬁ Tinh f(0).

x+1
X khix>0
Ta co f(x): x+1
X Khix<0
x+1
X
Pao ham phai f’(O*):hmf(x _f(o)—hm x+l  _im L =1
x—0* x—0 x—0 x =0t x+1
—X
_ —=0
Dao ham trai f’(O_)zlimf(x) f(o)—limx‘"1 —lim—l——l
x—0 x—O x—0 X x—0 x+1

Suy ra f’(O*) # f’(O*) = Ham s6 khong ton tai dao ham tai x=0.
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khi x>-1
Ta co f( )= *
ol e
X
x2+x+1+1 2 ¥ .
Dao ham phai f’(1+)= lim L = li xoroxtl lim (x+ ) = lim (x+ )=O
> x+1 s x(x+1) x>l x(x +1) >l x
xP—-x-1
+1 x?-1 x—
Dao ham trai f’(1*)= lim —X*— =lim < =lim —~=2
x—>-1" x+1 x—>-1" x(x+1) x> X

Suyra f'(1') f'(1") =Ham s khong ton tai dao ham tai x=1.

Cau 3. Tinh dao ham ctia cdc ham s0 sau tai cac diém da chi (néu c9):

1) f(x):{x2_3x KR rinn £ (1)

-2 khix=1
¥ —4x*+3x ...

(2) f(X)= xz—3x+2 khlx#l.Tinh f’(l)
0 khi x=1
2x+3 khi x>1

3) f(x)=1x*+2x*—Tx+4 khix<1.Tinh £(1).

x-1

x> =Tx+12 . ..

@ F(x)={ x—a 3 mn p(s)
-1 khix=3
Jxr o khix>1

(5) = .Tinh f'(1

() {xz Khivsl e

(6) f(x)={i’_“4_x 1;1111 ’;g.ﬁnh £(0)
\/x3—2x2+x+1—l )

1) f(x)= ~—1 khi 21 Tinn £(1)
0 khix=1
Nx+1-1 ]

8 f(x)={" x 0 10 £(0)
0 khix=0
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3NA-X i x 20
9 f(x)=1 4 _Tinh £'(0)
1 khi x=0
4
x>+1-1, .
10) f(x)z " khlx;to.Tinh f’(O)
0 khix=0

Loi giai
?-3x khix=1 _, .
(1) f(x):{iz X kh;iil.Tmhf (1)

) {limf(x)=lim(x23x)=2 )
Thay § 1 -l — Ham soO lién tuc tai x=1
f(1)=-2
Ta 6 f’(1)=1imM i o3k (1) (x-2) ~lim (x-2) =—1
x—1 x—=1 x—1 x—-1 x—1 x—1 x—1
x*—4x*+3x .
@ f(x)={ @-zrr2 T Tinn ()
0 khi x =1
, limf(x):lim—x32_4x2+3x:limx(x_l)(x_s):limx(x_s):Z
Thay § 1 -boxt-3x+2 ol (x—l)(x—Z) -l x—-2
f(1)=0

- l)}g}f(x);t f(l)
— Ham s0 khong lién tuc tai x =1 nén ham s6 khong c6 dao ham tai diém x=1
2x+3 khi x>1

(3) f(x){x3+2x27x+4 khix<1.T1’nh f(1).

x-1
lim f(x)=lim(2x+3)=5

x—1* x—1"

Thay x*+2x° -Tx+4

lim f(x)=lim =lim (x* +3x—4)=0

x—1 x—1 X —1 x—1
— lim f(x)=lim f(x
x—1" f( ) x—1" f( )
— Ham s6 khéng lién tuc tai x =1 nén ham s6 khong c6 dao ham tai diém x=1

2_
éﬂkmig

x—3 .Tinh f'(3)
-1 khi x =3

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VII.
PAO HAM

[
Thay X2 —Tx+12

lim f(x)=1lim — =lim(x-4)=-1
— Ham sO lién tuc tai x=3
— DPao ham ctia ham s6 tai x, = 3: f’(3):lim f(x)—f(3) = X —7x+12-0 =-1
x—3 x—3 x—3 x—3

.Tinh f'(1)

S
limf(x)zlimﬁzl

x—1* x—1"

Thay {lim f(x) = lim\/; =1 - Ham sO lién tuc tai x=1

x—1 x—>1

f(1)=1

Pao ham trai f/(17)= limM I Hm(x+1)=1+1=2

x-1" X -1 -1 X -1 x—-1"

Daohamphaif(l )z}g{}T -1 x—1 xglll}\/;+1 2

Suyra f ’(1+) # f ’(1‘) = Ham s6 khong ton tai dao ham tai x=1.

(6) f(x):{B—\M—x khi .X'ioTinh f,(o)

1 khi x=0
b {ljggf(x)ﬂggg(s\/ﬂ):l — Ham s6 lién tuc tai x=1
£(0)=1
Taco (0)-ti /IS0 i 32
x—0 x_o 50 X
2-4—x (2—\/4—X)(2+\/E)
:ljngzlim

=0 x(2+\/m)

=lim 4—(4—x) =lim;=lim

1 1
SO x(2edix) P x(2eax) P 2efax 2444-0

1
4

-2 x4l-1
@) f(x)= =) khi 21 Tinn £(1)
0 khix=1
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\/x3—2x2+x+1—1 : X —2x" +x
hmf( ) =lim
x>l xal x-1 x>l (x_l)(\/x3—2x2+x+l+1)
=lim x(x—1)2 =lim (x—l) =0

e (x—l)(\/x3—2x2+x+1+1) 1 [ _ox? 4 x+1+1

— Ham s0 lién tuc tai x=1

Taco f'(1)=1 —f(x)_f(1)=1' Var'=2x v+l ! lim al .
ST ot (x- 1) Hl\/x —2x%+x+1+1 2
\/x+ -1
8) f(x)= khix=0 rh £(0)
0 khix =0
f(0)=0
Thay {,. Lo Wx+1-1 0 x4l-1 1 1
limy f () =Lim —— —lgfgx( \/EH)_I’}EOI risl 2
— Ham sO lién tuc tai x=0
f(x)-f(0) . Jx+1-1 .. 1 1
Ta co f( ) xg}—x—o :lxl_r)r(} " :19(15} T+1+1:§'
3TVATY i xs0
@) f(x)=1 4 _Tinh f'(0)
1 khi x=0
4
1
Th f(O)zz — H 1 0
ay — Ham so lien tuc ta1 x
hmf(x):h 3 4—x:1
x—0 x—0 4 4
0 3- 4-x 1
Ta co f’(O):hnolf(x _(])C( ):linc} 4 4
X—> x— X—> x
:1m2_ 4-x =lim 4—(4—x) =lim ! 1
=0 4x x>0 4x(2+\/4—x) x50 4(2+\/4 x) (2+\/ )
P+1-1
10 f(x)z " khix=0 Tnhf’(O)
0 khix=0
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Thay 2 1 2 4 — Ham s0 lién tuc tai x=0
11mf(x):lim x“+1 1: x“+1 1: . (x):O
x—0 x—0 X x—0 X x—0
x)— O 2 _ 2
Ta co f'(O)—hmM=lim il im ol =lim;=l.
x—0 x—0 2

=0y 0 x? (\/x2 +1 +1) 0 (\/x2 +1 +1)

Cdu 4. Tinh dao ham ctia cac ham s6 sau tai cac diém da chi (néu cd):

x+1-1 .
W f(x)=1" % 0 qinn (o)
0 khix=0
xX+1-1 .
2) f(x)= — khi x#0 Tinh f'(O)
0 khix=0
VAL Z2X i £l
B) f(x)=9 *1 .Tinh f'(1).
> khix=1
4
Yax?> +8 -8x>+4 .
@) f(x)z . kKhix=0 . . f'(O)
0 khix=0
Loi giai
x+1-1 .
W f(x)=1" x M0 qinn (o)
0 khix=0
limf(x):lim x+1_l:lim a 1
Thay 0 x>0 X 0 x(\/x+1+1) 2 _y,Ham s& khong lién tuc tai x=0

f(0)=0
- l}g(}f(x)if(o)

— Ham s6 khong lién tuc tai x =0 nén ham s6 khong c6 dao ham tai diém x=0

x2P41-1 .
2) f(x): — khi x#0 Tinh f’(O)
0 khix=0
2 2
lim f(x zlile_lzlimx—zlim;zo
Théfy x—0 f( ) x—0 X x—0 x(m_'_l) x—0 \/ﬁ‘f—l
£(0)=0

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VII.
PAO HAM

— Ham s6 lién tuc tai x=0

. . — frd m
x—1 X x—0 x2 x—0 xz( ’xz +1+1) x—0 x2 +1+1

N3 HL=2x i1
B) f(x)=1 *1 .Tinh f'(1).
> khix=1

V3x+1-2x
x-1

Thay lim f (x) =lim

—1

) —4(x—1) x+1 —4 x+1
—4x° +3x+1 . 4 4) 5

—li ~1 —lim-—— "/ =
gf(x—l)(«/&cﬁ+2x) ;Lr}(x—l)(m+2x) g}erzx 4
Wi

Va f(1)= 1

— Ham s6 lién tuc tai x=1

Tacé f'(1)= an

x—1 x—1

V3x+1-2x +§

Mim x—1 4 _lim 4/3x+1-3x-5
x—1 x_l x—1 4(x_1)2

(4\/3x+1—3x—5)(4\/3x+1+3x+5)
—1i
o 4(x—1)2(4\/3x+1+3x+5)
. 16(3x+1)—(3x+5)’

h4(x-1)" (43 +1+3v+5)

lim —9x* +18x -9
T 4(x-1) (43r +1+3x+5)

=1m =Ilmm =——,
oL 4(x—1)2(4 3x+1+3x+5) x>t 4(4\/3x+1+3x+5) 64
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Yax? 18 -\8x*+4

0 khix=0
3/ 4.2 _ 2
Thay lim f(x) = lim Yax +8-VBr'+4
x—0 x—0 X

. AAx*+8-2 8x*+4-2
=lim —lim

x—0 x—0

Yax* +8 (,/ (4x° +8 +3/4x* +8 2+4j (J8x2+4—2)(J8x2+4+2)

zlim —1lim

x—0 x—0 ’
x[3/(4x2+8)z+34x2+8.2+4] x( 8x2+4+2)
4;{,3/ 4x2+8 ’ +34x2+8.2+4J 8x(«/8x2+4+2)
=lim —lim
x—0 x—0 ,
(4/ 4x +8 +3/4x* +8 2+4j ( 8x2+4+2)
0

Va £(0)=
— Ham sO lién tuc tai x=0
Ta co f’(O) =limM —lim s/4x2 +8 —\/8x2 +4
*=0 X x—0 x
f(x)-£(0)

Thtra nhan két qua bén trén, ta dwoc f' (O) =lim——~——~>=0.

x—0 X

=0-0=0

Cau 5. Tim tham s6 d€ ham s6 c¢6 dao ham tai x,
2

x —
2 \ ~ h. l 4 N\ . o« A?
(1) Tim @ &€ ham sé f(x)z x—1 Khi x c6 dao ham tai diém x=1.

a khix=1

ax?+bx+1khi x>0

cO dao ham tai diém x=0.
ax—b-1 khix<0

(2) Tim a;b d€ham s8 f(x)= {

L b x>0
(3) Tim a;b dé€ham s f(x)=1 x—1 =" c6 dao ham tai diém x=0.
ax+b khi x<0
7 ) ax’ —2x+1 khix>1 7
(4) Tim a;b d&hams8 f(x)= c6 dao ham tai diém x=1.
\3—2x —bx khix <1
Loi giai
x* -
? \ n kh. 1 7 \ . - A?
(1) Tim a d& ham so f(x)= x—1 1X#2 % dao ham tai diém x=1.
a khix=1
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Ta co ljgllf(x):lim x2 _1:Iim (x—l)(x+1) :lim(x+1): 2, f(l):a.

-1 xy—1 x—1 x—1 x—1

Ham s6 ¢6 dao ham tai x:l:>f(x) lién tuc tai x:l<:>lxigllf(x):f(l)© a=2

x? -1

- 2 2
im X1 im —1—2x+2: X —2x+1:

2 1 2
x—1 x—=1 x—1 (x—l) x—1 (x—l)

2 P>
(2) Tim a;b d€ ham s8 f(x):{ax sz;lt:_' x_g c6 dao ham tai diém x=0.
ax —o— I X<
f(0)=1
Ta c6 limf(x)=lim(ax2+bx+l)=l .

x—0" x—0"
lim f(x)=1lim (ax-b-1)=-b-1

Ham so lién tuctai x=0 nén -b-1=1<=b=-2.

Dao ham phai f'(0")=lim F(x)=F(0) _jypp  =2x41-1 lim (ax—2)=-2.

x—0" X x—0" X x—0"

Dao ham trai f’(O_) = limM =lim ax+l-l_ lim(a) =a.

x—0" X x—0" X x—0"

Ham s6 ¢6 dao ham tai x=0 < f'(O*):f'(O*)Q a=-2

Vay véi a=-2,b=-2 thi ham s6 c6 dao ham tai x=0.

L i x>0
(3) Tim a;b d€ ham s& f(x)= x—1 " ¢b6 dao ham tai diém x=0.

ax+b khi x<0

f(0)=1

Ta co limf(x)zlimx zlim(x+1):1

x—0* x—0" x — x—0"

lim f(x)=lim (ax+b)=b

x—0" x—0"
Ham s0 lién tuc tai x=0 nén 1ijg}f(x)zliig}f(x):f(0)©b:1.
0 x? -1 1
— - 2
Pao ham phai f’(0+) =lim f(x) f( ) “lim 2= —lim 2 " —lim1=1.
x—0" x—0 x—0" X x—0" x(x—l) x—0"
Dao ham trai f’(O_) =limM =lim ax+b=b =lim ax+1—1:hma_x: lima=a.
x—0" x—O x—0" X x—0" X x—=>0" X x—0"

Ham s6 c6 dao ham tai diém x=0 < f'(07)=f'(0") = a=1.

Vay véi a=1b=1 thi ham s6 c6 dao ham tai x=0.
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ax?—2x+1 khix>1

\J3-2x -bx khix<1

c6 dao ham tai diém x=1.

(4) Tim a;b d&ham s5 f(x)={

f(1)=a-1
Ta c6 }g?f( x)= £i£?(ax2—2x+l):a—l.

hmf( ) 111’11(\/3 2x — bx)

x—1" x—1

1-
Ham s0 lién tuc tai x=1 nén 11mf(x)= 1mf( ) (1)<:>a—1:1—b<:>b:2—a.
) —2x—a+2

Dao ham phai f’(l*) hm () (1 —lim(ax+a—2):2a—2.

x—>1 x—>1+ x—=1 x—>1

Pao ham trai f’(lf) :lim (x) ( )

x—1" X —

/ — Oy _hy— 3-2x—(2—-a)x—-a+1
_pim ST x bamal (2-4) im|a-2-—2  |-4-3
x—1" x-1 x—1" x—1 x—1 A ,3_ 2x +1

Ham s6 ¢6 dao ham tai diém x=1 < f'(1+)=f’(1’)<:> 20-2=a-3<a=-1
Vay véi a=-1Lb=3 thi ham s6 c6 dao ham tai x=1.

Cdu 6. Chohams§ y=x"+2x—4 c6 do thi (C)
1) Tim hé s& goc cta tiép tuyén cua (C ) tai diém c6 hoanh d6 x, =1 thudc (C ) .

2) Viét phuong trinh tiép tuyén ctia d6 thi ham s8 tai diém c6 x, =0 thude (C ) :

(1)
2)
(3) Viét phurong trinh tiép tuyén ctia d6 thi ham s6 tai diém c6 y, = -1 thudc (C).
(4) Viét phuong trinh tiép tuyén ctia d6 thi ham s6 biét hé s8 gdc tiép tuyén bang —4.
(5) Viét phuong trinh ti€p tuyén ctia d6 thi ham s6, biét ti€p tuyén d6 song song véi
duong thang y=1-3x.
Loi giai
e Tinh dgo ham bang dinh nghia:
Tai x, R tuy y, taco: f(x)—f(x,)=2"+2x—4—x7 —2x, +4=(x—x,)(x+x,+2)

f(x)—f(xo)_—(x—xo) 1 _ A f(x —f(xo):(x—xo)(x+xo+2)

N - ) =X+x,+2
X=X, 3xx, x—-x, 3xx, X—X, xX—x,
x)-flx
—alimM 11m(x+x +2) 2x,+2=> Yy =2x+2
X=Xy x—x X=X,

e Tinh dgo ham bang cong thirc:
y=x'+2x-4= y':(x2 +2x—4)’ :(xz)' +(2x)’ +(—4)' =2x+2
8 Goi M(x,;y,) la tiép diém.
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C)lak=y'(1)=4

(1) Tim hé s6 géc cua tiép tuyén ctia (C ) tai di€ém c6 hoanh d¢ x, =1 thudc (C )
(
(2) Viét phwong trinh tiép tuyén ctia d6 thi ham sd tai di€ém c6 x, =0 thudc (C ) .
Ta co {y'(xo) B y’(O) =2
y(%)=y(0)=-4
Phuong trinh ti€p tuyén can tim la y = y’(O)(x —0) + y(O) Sy=2x-4

Hé s8 goc cua tiép tuyén cua (C ) tai diém c6 hoanh d6 x, =1 thudc

(3) Viét phurong trinh tiép tuyén ctia d6 thi ham s6 tai diém c6 y, = -1 thudc (C).
1

X. =
Ta c6 yo:—1:>x§+2x0—4:—1<:>[x°__3.
,=

Véi {xo =1 . — Phuong trinh tiép tuyénla y =y’ (1)(x —1) + y(l) <y=4x-5.
Yo=—

Yo=-1
(4) Viét phuong trinh tiép tuyén ctia d6 thi ham s6 biét hé s§ goc cta tiép tuyén bang —4.

Vi {xo =3 —Phuong trinh tiép tuyénla y = y’(—3)(x - 3) + y(—S) & y=—4x-13.

Goi M(x,;y,) 1a ti€p diém ctia tiép tuyén cua do thi (C) v6i hé s6 goc k=—4

=y'(x,) =42 +2=-4x,=3=y,=-1

= Phuong trinh tiép tuyén voi hé s6 goc k=—41a y=—4(x+ 3) -l y=-4x-13.
(5) Viét phwong trinh tiép tuyén ctia d6 thi ham s, biét tiép tuyén d6 song song véi dueong thang
y=1-3x.

Vi tiép tuyén song song véi dudng thang y =1-3x nén tiép tuyén cé hé s8 géc k =3

Goi M(x,;y,) 1a tiép diém ctia tiép tuyén cua do thi (C) v6i hé s6 goc k=—4

' S 11
:>y(x0)=—3c>2x0+2=—3<:>x0=—E:>yo=—Z
N N 1A N N 5) 11 41
= Phuong trinh ti€p tuyén véi hé s6 goc k=-31a y = —3(x+EJ—Z &Y= —3x—?.

Cau 7. Chohamsd y =x3—;1 c6 do thi (C)
(1) Viét phurong trinh tiép tuyén ctia d6 thi ham s6 tai giao diém cua (C) véi truc Oy .
(2) Viét phurong trinh tiép tuyén ctia d6 thi ham s6 tai giao diém cua (C) véi truc Ox.
(3) Viét phurong trinh tiép tuyén ctia d6 thi ham s6 tai giao diém cua (C ) véi duong

thang y=x+1.
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(4) Viét phureong trinh tiép tuyén ctia d6 thi ham s& biét hé s§ gdc ctia tiép tuyén bang
1

k=——.
3

(5) Viét phuong trinh ti€p tuyén ctia d6 thi ham s6, biét ti€p tuyén d6 song song vdi
duong thang y=1-3x.
Loi gidi
e Tinh dao ham bang dinh nghia:
Tai x, eR\ {0} tuy y, ta co:

x+1_x0+1=—(x—x0)

f(x)—f(x0)= 3x 31, 3x.x,
S)-f(x) —(xrmx) 1 4
. X —x, 3xx, x-x, 3xx,
i I L R
) xX—Xx, *=% 3x.xo 3x0 3x

e Tinh dao ham bang cong thirc:

Jxel_ o (x4} 8 1
T T T (3x)2 3x?

# Goi M(x,;y,) la tiép diém.

(1) Viét phuong trinh tiép tuyén cta d6 thi ham s§ tai giao diém ctia (C) véi truc Oy .
Vi (C ) khong cat Oy nén khong ton tai tiép tuyén thoa YCBT.
(2) Viét phurong trinh tiép tuyén ctia d6 thi ham s6 tai giao diém cua (C) véi truc Ox.
Toa d6 giao diém ctia (C ) vOi truc Oxla (—1;0)
1 1

= Phuong trinh ti€p tuyén can tim la y = y’(—l)(x+1) +0eoy= —3%73

(3) Viét phurong trinh ti€p tuyén ctia d0 thj ham s6 tai giao diém ctia (C) v6i duong thang y =x+1

Toa d¢ giao diém cua (C ) voi y =x+1la nghiém ctia

1 x=-1=y=0

I rtle 3+ 2x-1=0c 1 4

3x X=—=>Yy=—

3 3
/- x():_l \ oA A1 ’ 1 1
Véi — Phuong trinh tiép tuyénla y=y (—1)(x+1)+0<:>y:——x——.
Yo =0 3 3
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— Phuong trinh tiép tuyénla y = y'(%](x - %j +% < y=-3x +% .

|
Wl Wik

. A, \ Y A 2 AN . \ A e A A A ’ » Y A M 1
(4) Viét phuong trinh ti€p tuyén ctia d6 thi ham s biét hé s6 goc cua tiép tuyén bang k = -3

Goi M(x0 ; yo) 1a tiép diém chia tiép tuyén ctia do thi (C ) v6ihé s6 goc k= —%

2
, 1 1 1 |x,=1=y,==
:>y(x0):—§<:>—3 2:—§<:> 0 ° 3
(xo) X, =-1=y, =
%=1 S 1 2 1
Véi 2 — Phuong trinh ti€p tuyén la y:—g(x—l)+§<:>y:—§x+l.
Yo=75
3

x, =1 1 1 1
V6i {"° = —Phuong trinh tiép tuyénla y=—=(x-1) < y=—"x+=.
{%:o g ptuyénla y=—(x-1)ey=—2x+3

(5) Viét phuong trinh tiép tuyén ctia d6 thi ham s8, biét tiép tuyén d6 vudng gdc véi dudng thang
y=3x—-4.

Tiép tuyén d6 vudng goc véi dudng thang y=3x—4.

= Tiép tuyén hé s6 goc k = —%.

, 1 1 1 x,=1l=y,=—
R T I
3(%) x,=-1=y,=0
%=1 1 2 1
Voi 2 — Phuong trinh ti€p tuyén la y:—g(x—l)+§<:>y:—§x+l.
x, =1 1 1 1
Véi < ~ —Phuong trinh tiép tuyénla y=—=(x-1l) < y=—"x+=.
{y0=0 8 ptuyénla y=—(x-1)ey=—2x+3

Cau 8. Chohamsd y=x°-2x+1 c6 db thi (C)
(1) Tim hé s6 goc cta tiép tuyén ctia ham s trén tai di€ém cé x =0.
(2) Viét phurong trinh tiép tuyén ctia ham sd biét né c6 k =-2.
(3) Viét phwong trinh tiép tuyén ctia ham s trén, biét né tao véi hai truc Oxy mot tam
gidc vudng can tai O.
Loi giai
o Tinh dao ham bang cong thikc:
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y=x"-2x+1= y'=(x3—2x+1)' =3x* -2
% Goi M(x,;y,) la ti€p diém.
(1) Tim hé s6 goc cta ti€p tuyén ctia ham sd trén tai diém cd x =0.
Heé s6 gdc cua tiép tuyén ctia ham s6 tai diém c¢6 x=0 la k= y'(O) =3.0-2=-2
(2) Viét phuong trinh tiép tuyén ctia hAm sd biét n6 cé k =-2.
Taco k=—2= f'(x))=—2<3x —2=—-2<x,=0
= Phuong trinh ti€p tuyén tai diem M (0;1) codang: y=—2(x-0)+1l<y=-2x+1
(3) Viét phwrong trinh tiép tuyén ctia ham s trén, biét n6 tao véi hai truc Oxy mot tam gidc vudng

can tai O.
Cach 1: Goi phuong trinh doan chin cit 2 truc toa do va tao véi 2 truc 1 tam giac

vudng can tai O ¢ dang E+%:1: y:b.(l—zj:—éx+b,(a.b¢0;
a

ol I = b])(a)
< en o . b
(d) 1a tiép tuyén cua (C) thi 3x) -2= -
_x0:1:>y0:0
X, =-1=y,=2
. r-2=1 3 9_53
VI‘H‘:‘b‘j{3xE—2=—1® xo=£=>yo= 9\/_
—/3 9+54/3
R T

= C6 4 phuong trinh ti€p tuyén ting véi cac diém ti€p xtc va hé sd goc trén nhu sau
y :1.(x—1)+0 Sy=x-1
y=1.(x+1)+2<:>y=x+3

y=—1.(x_£]+9—5\/§ 9-243

Sy=—-x+

3 9 9
y=—1.(x+§}+9+95\/§ <:>y=—x+9+§\/§

Cach 2: Goi phuong trinh tiép tuyén cua (C)thoa man YCBT c6 dang (d) :y=kx+b
Tacod k=3x. -2
C6 giao diém cua d véi Ox tai (%;Oj; voi truc Oy tai (O;b)

Vi d tao vdi hai truc Oxy mot tam gidc vudng can tai O.
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:‘;b‘=\b\@\b\.(i}=o@[b:° (ori) 11
k k-1

k=+1
_x0:1:>y0:0
2 o1 X,=-1=y,=2
3x;—-2=1 0o _
= 32 <, 1< xozﬁzyozg 5\/5
Xy —2=-1 xozg 3 9
-3 9+543
Ty THhTTy

= C6 4 phuong trinh ti€p tuyén tng voi cac diém ti€p xac va hé s goc trén nhu sau
y :1.(x—1)+0 Sy=x-1
y=1.(x+1)+2©y=x+3

—x+

9 9
y=—1.(x+§}+9+§\/§ @y:—x+9+§\/§

Cau 9. Mot chat diém chuyén dong thing bién d6i déu véi phwong trinh s =2t +¢-1 (m)
(1) Tim van toc tiee thoi ctia vat tai thoi diém t=2s.
(2) Tim van t&c trung binh ctia chat diém trong khoang thoi gian tir t =0tdi t =2s.
Loi giai
Ta cod: v=5"=4t+1
(1) Tim van toc tiee thoi cua vat tai thoi diém ¢ =2s.

Van t6c tirc thoi ctia vat tai thoi diém +=2s1a: 4.2+1=9(m/s)

(2) Tim van t&c trung binh cta chat diém trong khoang thoi gian tir t =0t6i t =25 .
Trong khoang thoi gian tit  =0s —t = 2sthi chat diém di chuyén duoc quang duong:

42+2-1=9(m)
— Van t6c trung binh ctia chat diém trong khoang thoi gian 2s ké tr thoi diém ¢ =0
la: 5=§=ﬁ=4,5(m/s).
At 2-0

CAu 10. Mot vat chuyén dong thang xac dinh boi phuong trinh s = s(t) trong do t dugc tinh
bang gidy va S duoc tinh bang mét. Thyc hién céc yéu cau dudi day:
(1) Véi s= s(t) =t —3#* thi van tdc cua vat tai thoi diém t =3s 1a bao nhiéu?

(2) V6i s=5(t)=*"+7t thi van t8c cta vat tai thoi diém t =4s la bao nhiéu?

(3) Voi s= s(t) = —%ta +12¢? thi van toc cua vat tai thoi diém ¢ =10s 1a bao nhiéu?
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4)V6i s=s(t)=—t>+6t +4 thi van tSc cua vat tai thoi diém ¢ =3s la bao nhiéu?
5) V6i s=s(t)=
6) V6i s=s(t)
) (1)

(t)

2t3 —+—10 thi van toc ctia vat tai thoi diém ¢ =3s 1a bao nhiéu?

3 + 42 —t thi van tdc cta vat tai thoi diém t =4s 1a bao nhiéu?

(
(
(
(

T7)Véi s=s(t)=2t*+3t+7 thivan toc ctia vat tai thoi diém t =6s 1a bao nhiéu?

8) Véi s =5(t 3cos[27rt + gj thi van tOc ctia vat tai thoi diém ¢ =2s 1a bao nhiéu?

(9) Vi s = s(t) = %(1‘4 + 3t2) thi van tOc ctia vat tai thoi diém t =4s 1a bao nhiéu?
10 Véi s = s(t) =3 —3t* —9¢ thi van tOc cua vat tai thoi diém t =5s 1a bao nhiéu?
Loi giai
(1) Véi s = s(t) =3 —3#? thi van tdc ctia vat tai thoi diém t =3s 1a bao nhiéu?
Ta c6 v(t)=5'(t)=3t"—6t. Tir d6: v(3)=9(m/s).
(2) Véi s = s(t) =%+ 7t thi van toc ctia vat tai thoi diém t =4s 1a bao nhiéu?
Tacd v(t)=S'(t)=2t+7.Tix d6: v(4)=24+7=15(m/s).
(3)Véi s=s(t)= —%ﬁ +12#% thi van tSc ctia vat tai thoi diém ¢ =10s 1a bao nhiéu?

-3.100

, : 3

Ta co v(t):s (t):—§t2+24t:>7)(10): +240:90(m/s).

4)Véi s= s(t) =—£3+6t* +4 thi van toc cua vat tai thoi diém t =3s 1a bao nhiéu?
Ta c6 v(t)=5s'(t)=-3t"+12t = 0(3) =-3.3? +12.3=9(m/s).

(5) Véi s = s(t) =21*—t—10 thi van tOc cta vat tai thoi diém ¢ =3s 1a bao nhiéu?
Ta ¢ v(t)=s'(t)=6t"—1=>0(3)=6.3° ~1=53(m/s).

(6) VGi s =5(t)=3t>+4t> —t thi van t6c ctia vat tai thoi diém t =4s 1a bao nhiéu?
Ta ¢ v(t)=s'(t)=9*+8t—1=>0v(4)=9.4> +8.4-1=175(m/s).

(7) Vi s=s(t)=2t*+3t+7 thi van tSc cta vat tai thoi diém £=6s 1a bao nhiéu?

Ta c6 v(t)=s'(t)=4t+3=0(6)=4.6+3=27(m/s).

(8) Véi s=s(t)=3cos(27rt+%} thi van toc ctia vat tai thoi diém t =2s la bao nhiéu?
T v
Taco v(t)=5'(t)=-6nsin| 2nt+— |=> v(2)=—-67sin| 47 +— |~ -16.32(m/s).
(0)=51(1)=-omsin| 27147 | > o(2) -8 4+ T | = -1632(m)

(9) Véi s = s(t) = %(1‘4 + 3t2) thi van tdc ctia vat tai thoi diém t =4s 1a bao nhiéu?
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Ta c6 v(t)=5s'(t)=2t+3t = v(4) = 2.4° +3.4=140(m/s).
10 Véi s = s(t) =*—3t> —9¢t thi van tOc ctia vat tai thoi diém ¢ =5s la bao nhiéu?
Ta c6 v(t)=s'(t)=3t*-6t—9=v(5)=3.5"-6.5-9=36(m/s).
Cau 1. Mot chat diém chuyén dong theo phuong trinh s = s(t) trong d6 t duoc tinh bang giay

va S dwoc tinh bfmg mét. Thoi gian d€ van tdc cua chat diém dat gia tri I6n nhat
Loi giai
(1) V6i s(t) =10+t +9* —> trong khoang 10 gidy dau tién.
Van tOc tai thoi diém ¢ la v(t) = s'(t) =3t +18t +1 trén doan [O;lO] .
o(t)=5'(F) =3 +18¢ +1=-3(* -6 +9-9+1)=-3| (+-3) -8 |=-3(¢-3)" + 24 24
Vay van toc dat duoc gia tri 16n nhat béng 24 &>t-3=0t= 3(5)
(2) V6i s(t)=—t>+9t* +£+10 trong 12 gidy dau tién.
Van t6c tai thoi diém ¢ 1a o(t)=5'(t)=-3t* +18t+1 trén doan [ 0;12].
o(t)=8'(t)=-3t* +18t+1=-3(t 6t +9-9+1)=—-3(¢-3) +24<24
Vay van toc dat dugc gia tri 16n nhat béng 24 &t-3=0t= 3(5)
(3) V6i s(t)=—t>+6t* trong 10 gidy dau tién.
Van toc tai thoi diém ¢ 1a v(t) = s’(t) =-3t* +12¢ trén doan [O;lO] .
v(t)=s'(t)=-3" +12t =—3(¢* — 4t +4)+12= -3(t-2) +12<12
Vay van toc dat duoc gia trj Ion nhit bang 12 < t-2=0<t = 2(3)
(8) Vi s(t)= —%t3 +6t* trong 10 gidy dau tién.

Van tc tai thoi diém ¢ 1a o(t)=s'(t)= —gtz +12t trén doan [0;10].

, 3 3 3
o(t)=s(t)=—5(# —8t+16—16)=—§[(t—4)2 —16}=—§(t—4)2 1 24<24
Vay van tc dat dugc gid tri 16n nhat bang 24 < t-4=0<t= 4(5)
(5) Véi s(t) = —%ts +9t* trong 10 gidy dau tién.
Van toc tai thoi diém ¢ la v(t) = s'(t) = —gtz +18t trén doan [0;10] .
, 3 3 3
o(t)=s (t)=—§(t2 —12t+36—36)=—§[(t—6)2 —36}:—5@—6)2 +54<54

Vay van toc dat dugc gia tri 16n nhat b??mg 54 &t-6=0=t= 6(5)
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(6) Véi s(t) = —%t3 +6t° trong 9 gidy dau tién.
Van tOc tai thoi diém ¢ la v(t) = s'(t) =—t* +12t trén doan [O,' 9] .
o(t)=s'(t) =~ +12t = (t-6) ~36|=~(t~6) +36 36
Vay van toc dat dugc gia tri 16n nhat béng Bbot-6=0=t= 6(5)
(7) véi s(t) =t —%te’ trong 5 gidy dau tién.
A AL e N , 1 N
Van toc tai thoi diém ¢ la U(t) =s (t) = 2t—§t2 trén doan [0;5].
, 1 1 2 1 2
o(t)=s/()=—5(¥ —4t+4—4):—5[(t—2) —4}:—5@—2) 12<2
Vay van toc dat dugc gia tri 16n nhat béng 2ot-2=0t= 2(5)
(8) Vi s= —%ﬁ +3t* +20 trong 10 gidy dau tién.
A AL e N , -3 A
Van toc tai thoi diém ¢ la v(t) =s (t) = ?tz + 6t trén doan [0; 5].

’ _3 2 —3 [ 2 :| —3 2
o(t)=s'()==(P-at+4-4)="2|(t-2) -4 |=—2(t-2) +6<6
(1)-5()- )= 227 -4] -2

Vay van toc dat dugc gia tri 16n nhat béng 6 o>t-2=0t= 2(5)

CAu 12. Mot vét chuyén dong thang xac dinh boi phuong trinh s = s(t) trong d6 t duoc tinh
bang gidy va S duoc tinh bang mét.
(1) Véi s= s(t) =2t* +6t* -3t +1 thi gia t6c cta vat tai thoi diém t =3s la bao nhiéu?
(2) Véi s = s(t) =413 —10t +9 thi gia t6c ctia vt tai thoi di€m van tdc bang 2 1a bao
nhiéu?
(3) Voi s= s(t) =t>—3t* -5 thi gia t0c cuia vat tai tai gidy thi 10 1a bao nhiéu?
(8) V6i s=s(t)=1>—3t* —9¢t+1 thi gia tSc ctia vat tai tai thoi diém vat dung lai 1a bao
nhiéu?
(5) V6i s=s(t)=t>—3t*+5t+2 thi gia tSc cua vét tai gidy thir 3 1a bao nhiéu?
(6) VGi s=5(t)=1°—3t"+3t+10 thi gia t6c ctia vat tai thoi diém vét dimg lai 1a bao
nhiéu?
(8) Vi s = s(t) = % t°+2t° —t+4 thi gia tdc cua vat tai thoi di€ém t =2s 1a bao nhiéu?

Loi giai
(1) Véi s= s(t) =2t* +6t° =3t +1 thi gia tdc cta vat tai thoi diém t =3s 1a bao nhiéu?
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Van t8c cia chuyén dong la: v(t)=s'(t)= (Zt4 +6t° -3t +1)! =8> +12t-3.
Gia tdc ctia chuyén dong la: a(t) = v’(t) =24t* +12.
Gia t6c cia chuyén dong tai thoi diém =35 la: a(3)=24.9+12= 228(m/sz) :
(2) Vé6i s = s(t) = 4* —10t +9 thi gia tc ctia vt tai thoi di€m van tSc bang 2 12 bao nhiéu?
Van t6c cta chuyén dong la: v(t) = s'(t) =12+*-10.
Gia tdc cta chuyén dong la: a(t) = v’(t) =24t .

Ma v(t)=2<:>12t2—10:2<:> " ,.Dot>0nént=1suyra a(2)224m/sz.

(3) V6i s =5(t)=#>—3t* —5 thi gia t6c cua vt tai tai gidy thi 10 1a bao nhiéu?
Van t6c cta chuyén dong la: v(t) = s’(t) =3t* —6t.
Gia toc ctia chuyén dong la: a(t) = v'(t) =6t-6.
Gia t6c cia chuyén dong tai thoi diém t =10sla: 2(10)=6.10-6 = 54(m/s2 ) .
4)Véi s= s(t) =1>—3t*—9t+1 thi gia tGc ctia vat tai tai thoi diém vat ding lai 1a bao nhiéu?
Van t8c ctia chuyén dong la: o(t)=s'(t)=3t" -6t 9.
Gia t6c ctia chuyén dong la: a(t)=0'(t)=6t-6.
t=—1(L)
t=3
Gia tdc cta chat diém tai thoi diém chat diém ding lai 1a a(3) =6.3—-6=12.

Tai thoi diém chat di€ém dimng lai thi v=0 <3t -6t-9=0<

(5) V6i s=s(t)=t>—3t>+5t+2 thi gia t6c cua vét tai gidy thir 3 1a bao nhiéu?
Van tdc cua chuyén dong la: v(t) = s’(t) =3t* —6t+5.
Gia t6c ctia chuyén dong la: a(t) = v'(t) =6{-6.
Gia t6c ctia chuyén dong tai thoi diém ¢=3s la: a(3)=6.3-6=12(m/s’ ).
(6) Véi s = s( t) =1*—3t* +3t +10 thi gia t6c cta vat tai thoi diém vat dung lai 1a bao nhiéu?
Van t8c cta chuyén dong la: o(t)=s'(t)=3t* -6t +3.
Gia tOc ctia chuyén dong la: u(t) = v'(t) =6¢-6.

Tai thoi diém chat diém ding lai thi =0 <3t —6t+3=0<t=1
Gia tOc cta chat diém tai thoi diém chat diém ding lai 1a a(l) =6.1-6=0.

(7) Vé6i U(t) =8t +3t* thi gia tdc cua vat khi van toc ctia vat 1a 11 (m / s) Ja bao nhiéu?

Gia toc ctia chuyén dong la: a(t) = v'(t) =8+6t.
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t=1
Ma o(t)=11<8t+3° =11 11.Do >0 nén t =1 suy ra a(1)=14m/s’.

3

2 e e aem . A
(8) Vé6i s= s(t) = gts +2° —t+4 thi gia toc cua vat tai thoi diém f =2s la bao nhiéu?

Cau 13.

Van t8c cua chuyén dong 1a: o(t)=s'(t)=2t*+4t -1.

Gia tdc ctia chuyén dong la: a(t) = v'(t) =4t +4.

Gia t6c cia chuyén dong tai thoi diém t=10sla: a(2)=4.2+4= 12(m/s2) .

Mbt vat chuyén dong thang xac dinh béi phuong trinh s = s(t) trong d6 t duoc tinh
bang gidy va S duoc tinh bang mét. Hai:

(1) Gia tOc tai thoi diém van tdc triét tiéu véi s = s(t —3t* —9¢ 1a bao nhiéu?

2) Gia toc tai thoi diém van tOc triét tiéu vdi s = s(t =13 +3t? —9t + 27 1a bao nhiéu?

3 (
(

5) Van tdc tai thoi diém gia t6c bang khong vdi s =s(t)=2t*—3t* +4t, 1a bao nhiéu?

Van tOc tai thoi diém gia tdc triét tiéu voi s=s t) ®+3t?+9¢ la bao nhiéu?
) —3t? 1a bao nhiéu?

4) Van tOc tai thoi diém gia tdc triét tiéu voi s =s(t

—~  ~

)
)
)
)

(6) Van tdc tai thoi diém gia toc triét tiéu véi s = s(t —3t? +36¢ 1a bao nhiéu?

)= 1
3
Gia tOc tai thoi diém van toc triét tiéu voi s=s t) =—+>+3t* + 9t + 2020 14 bao nhiéu?

=2+ —3t? + 4t 1a bao nhiéu?

(7
8
9
(10

= XX =

Van tOc tai thoi diém gia tdc triét tiéu voi s = s(t

Van tOc tai thoi diém gia tdc triét tiéu vdi s=s t) = t‘(t2 —3t— 9) +2024 1a bao nhiéu?

S —rgd

Van tdc tai thoi di€ém gia tOc cua vat dat gia tri nho nhat trong 20 gidy dau tién véi
1 \ a

s(t)=—5t*—*+6t> +10t la bao nhiéu?
12

Loi giéi

(1) Gia tdc¢ tai thoi diém van tdc triét tiéu voi s = s( ) —3t> —9¢ 1a bao nhiéu?

Van tdc cua chuyén dong la: v(t) = s'(t) =3t*-6t-9.

Gia t6c ctia chuyén dong la: a(t) = v'(t) =6{—-6.

Khi van t8c triét tiéu ta c6 v(t)=0<>3t*—6t—9=0<>t=3 (vi t>0)
Khi d6 gia tocla a(3)=6.3-6=12m/s’.

(2) Gia tdc tai thoi diém van tdc triét tiéu voi s = s(t) =13 +3t> -9t + 27 1a bao nhiéu?

Van t8c cta chuyén dong la: o(t)=s'(t)=3t* -6t 9.
Gia t6c ctia chuyén dong 1a: a(t)=0'(t)=6t+6.
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t=1
Khi van tdc triét tiéu ta cod U(t)=0<:>3t2+6t—9:0<:{t 3 (vit>0)

Khi d6 gia tdc 1a a(1)=6.1+6=12m/s’.
(3) Van tdc tai thoi diém gia toc triét tiéu véi s = s(t) =—t*+3t? +9¢ 1a bao nhiéu?
Vén t8c cua chuyén dong 1a: o(t)=s'(t)=—-3t"+6t+9.
Gia tdc ctia chuyén dong la: a(t) = v'(t) =—6t+6.
Khi gia tdc triét tiéu ta 6 a(t)=0<>—6t+6=0<t =1
Khi d6 vén t8c 1a v(1)=-3.1° +6.1+9 =12m/s.
(4) Van t6c tai thoi diém gia tdc triét tiéu véi s = s(t) =* —3t? 1a bao nhiéu?
Van t6c cta chuyén dong la: v(t) = s'(t) =3t* —6t.
Gia tdc cta chuyén dong la: a(t) = v'(t) =6t—6.
Khi gia tdc triét tiéu ta c6 a(t)=0<>6t—6=0<t=1
Khi d6 vén t8c1a 0(1)=3.1* -6.1=—3m/s.
(5) Van t6c tai thoi diém gia t6c bang khong voi s =s(t)=2t>~3t* +4t, 1a bao nhiéu?
Van tdc cua chuyén dong la: v(t) = s'(t) =6t°—6t+4.
Gia t6c ctia chuyén dong 1a: a(t)=1'(t)=12t-6.

Khi gia t3c triét bang 0 c6 a(t)=0<:>12t—6=0<:>t:%

2
Khi d6 van toc1a of = |=6 2| —6./1]+a=2mys.
2 2 2 2

(6) Van tdc tai thoi diém gia toc triét tiéu voi s = s(t) = % 2 —3t? +36t 1a bao nhiéu?
Van t6c cua chuyén dong la: v(t) = s’(t) =t —6t+36.
Gia tdc ctia chuyén dong la: u(t) = v'(t) =2t-6.
Khi gia t8c trit tiéu ta c6 a(t)=0<>2t-6=0<1=3
Khi d6 van t6c la 0(3)=3"-6.3+36=27m/s.
(7) Gia tdc tai thoi diém van toc triét tiéu véi s = s(t) =—13+3t* + 9+ + 2020 1a bao nhiéu?
Van t6c cua chuyén dong la: v(t) = s’(t) =3t +6f+9.
Gia tdc cta chuyén dong la: a(t) = v’(t) =—6f+6.

Khi van tdc triét tiéu ta cod v(t) =0 -3’ +6t+9=0<
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Khi d6 gia toc1a a=0v'(t)=—6.3+6=-12(m/s’).
(8) Van tdc tai thoi diém gia toc triét tiéu voi s = s(t) =212 —3t? + 4t 1a bao nhiéu?
Van t8c cua chuyén dong 1a: o(t)=s'(t)=6t> -6t +4.
Gia tdc ctia chuyén dong la: a(t) = v’(t) =12t-6.
Khi gia tdc triét tiéu ta cd a(t) =0=12t-6=0<t :%
Khi d6 vén toc 1a v(%) —>=2,5ms.
(9) Van t6c tai thoi diém gia tdc triét tiéu véi s = s(t) = t‘(t‘2 —3t- 9) + 2024 1a bao nhiéu?
Van t6c cta chuyén dong la: v(t) = s’(t) =t*—6t-9.
Gia tdc cta chuyén dong la: a(t) = v'(t) =6t —6.
Khi gia tdc triét tiéu ta c6 a(t)=0<>6t—6=0<t=1
Khi d6 van t6c la (1) =—12 m/s”.
(10 Van t6c tai thoi diém gia tdc cta vat dat gia tri nhod nhat trong 20 gidy dau tién véi
s(t) =ét4 —t°+6t” +10f 1a bao nhiéu?
Van t6c ctia chuyén dong la: v(t) = s’(t) = %ﬁ —3t* +12+ +10.
Gia t8c ctia chuyén dong 1a: a(t)=0'(t)=t* -6t +12 =t —3)2 +3
Théy ring a(t)=(¢-3) +323
Gia t8c dat duwoc gia tri bé nhat bang 3 < t-3=0<t= 3(5)
Khi d6 van tdc cuia vat b:?mg 0(3) = 28(m/s) .
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CAC QUY TAC TINH PAO HAM

.q Ly thuyét
)

1. Dgo ham ham sé y=x"
o
I Ham s6 y=x”(neN*) c6 dao ham trén R va (x”) =nx"".

2. Dao ham ham sé y=+/x

?@

Ham s6 1 = Vx c6 dao ham trén (0;+=) va Jx) =——.
y (0;+0) va (

3. Dao ham ham sé lugng gidc

!

(1) Ham s8 y=sinx c6 dao ham trén R va (sin x) =cosx|.
(2) Ham s6 y =cosx c6 dao ham trén R va (Cos x) =—sinx|.
s . , .. . ' 1
(3) Ham s8 y =tanx c6 dao ham tai moi x # —+km va (tanx) =—
2 Ccos” x
\ ~N 14 \ . . Y ! 1
(4) Ham s6 y = cotx c6 dao ham tai moi x # km va (cotx) =——=
sin® x

4. Dao ham cta ham sé mi va ham sé logarit

(1) Ham s8 y =e" c6 dao ham trén R (ex )’ =e"|.
(2) Ham s6 y =a* ¢6 dao ham trén R (a" )' =a".Inal.
\ ~ . \ . . ' 1
(3) Ham s8 y =log, x c6 dao ham tai moi x>0 (loga x) =
xlna
(4) Ham s8 y=Inx ¢ dao ham tai moi x>0 (lnx)' _1 .
x
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5. Cdc quy téc tinh dao ham
Gia stt cAcham so u=u (x), v= U(x) c6 dao ham trén khoang (a;b).

Khi d6: ( )—ku ( —const)
u'+to

6. Dao ham cioa ham hgp
6.1 Khai niém ham s6 hop

&
Giast u = g(x) la ham s6 xac dinh trén khoang (a;b), cd tap gia tri chira khoang
(c;d) va y = f(u) 1a ham s8 xéc dinh trén (c;d). Ham s8 y = f(g(x)) duoc goi la ham
s6 hop cia ham s8 y = f(u) véi u=g(x).

6.2 Dao ham ctua ham s6 hop

o
o
Néu ham s§ u = g(x) c6 daoham u ' tai x vaham s6 y = f(u) c6 dao ham y,’ tai u

thi ham s6 hop yzf(g(x)) c6 dao ham y ' tai x la
y; = y:.'u:(
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Tt d6 ta c6 cac két qua sau:

(1) (x”)' =nx"" (u” )’ =nu"" '
1 1 1y 1,
2 H — H =
] o1
AR S LA
4) (smx)' = COSX (smu)' =u'.cosu
(5) (cosx)’ =—sinx (cosu)' =—u'.sinu
Co1 S
(6) (tanx) = (tanu) = u
: 1 : 1
(7) (Cotx) = (cotx) =T u
(8) (e")’ =e" (e“)' =u'e"
(9) (ax)’ =a*.lna (a” ), =u'.a".Ina
S 1 S 1,
(10) (Inx) = (lnu) —;.u
C1 C1
1) (log, x) = Ny (log,u) = T

7. Dao ham cdp hai

o
Choham s6 y = f(x) c6 dao ham y' = f’(x) tai moi diém x (a;b).
Néu ham s6 y' = f’(x) lai c6 dao ham tai x thi ta goi dao ham cta y' = f'(x) l1a dao
ham cap hai cia ham s6 y = f(x) tai x, ki hiéula y" hodc f"(x).
Khi dé: (f(x)) = ().

8 Y nghia co hoc ctia dao ham cdp hai
Mot chuyén dong c6 phwong trinh s= f (t) thi dao ham cap hai (néu cd) cia ham s6

s= f(t) 1a gia t8c tirc thoi cua chuyén dong s=s(t) tai thoi diém t. Ta 6 a(t)= f"(t)
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.‘:; Bai tap
)

R~ Dang 1. Tinh dao ham da thuc - hiu ti - can thuc

— g\? Phuwong phap )
M Ap dung quy tac dao ham:
Khi do: ( ) =ku' (k const)

(2) (ui'u) =u'+v'

r

(3) (uv) =u"-v+u-v

@ (EJ o it (v¢0)—>[lj —-Z (v=0(x)=0)

M Ap dung cong thiic dao ham:
, 1y 1
(1) (x”) =n.x"" 2) (_] =——

X X
"o ax+b) _ ad—be
3 L 4 - .
( >(J;) 2Jx | >(cx+dJ (cx+d)
E@\Vfdu 1.1.
Tinh dao ham cdc ham sd sau:
(1) f(x):(l—x})5 () f(x)=x"-x"+x+200
(3) f(x)=3x"-x"+x-2021 @) f(x)=x" 20 +2 47
X
4
(5) f(x):x—; 6) f(x)=-x"+2x"+3x
3x+5
@ f(x)=(x+1)(x-2) ®) f(x)==
x—2 x—1
9 F(x)=273 W f(x)=2"
. Loi gidi

M) f(x)=(1-°)

Taco f'(x)= (1 X ) (1—x3)' :—15x2(l—x3)4.
(2) f(x)=x"—x*+x+200

& Bién soan: LE MINH TAM - 093.337.6281




Chuong VII.
PAO HAM

!

Taco f'(x)=(x" —x*+x+200) =(x*) —(x?) +2 +200' =42’ —2x+1.
(3) f(x)=3x*—x*+x-2021
Tacs f(x)=(3x —x*+x-2021) =12¢° ~3x* +1.

4) f(x)=x3—2x2+§+7
X

!

Ta c6 f’(x)=[x3—2x2+§+7j =(x3) +(—2x2)'+(§j +(7)’=3x2—4x—£2

X X X
5) f(x)=x->
Ta co f’(x):[x—%J =1+xizz xzx;%.

6) f(x)=-x"+2x"+3x"
Tacs f(x)=(-a" +22° +3x°) =-72° +10x* +9x°.
@) f(x)=(x+1)(x-2)
Taco f'(x)=(x+1) (x—2)+(x+1)(x~2) =x—2+x+1=2x-1.

810
Taco f/(x)= (3x+5) .(2x-1)~(3x+5)(2v-1) 3(2x-1)-2(3x+5) 13
B (Zx—l)2 B (29{—1)2 B (29(—1)2
) f(x)=2=
(oo f(2=2) (-2 (o) -(x=2)(x-1) _x-t-xv2 1
facet (x)_(x—lj_ (x-1) T
W f(x)="—
oy [x-1 '_(x—l)’(x+l)—(x—1)(x+1)’_(x+1)—(x—1)_ 2
face s (x)—(HJ i (x+1) T ) (k1)
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R~ Dang 2. Tinh dao ham lugng gidc

’:‘? Phwong phap )

M Ap dung quy tac dao ham:
Khi do: ( ) =ku' (k Const)

M D€ tinh dao ham ctia ham s6 y = f(x ( ) tai x,

’

(1) (sinx) = COSX

!

(3) (tan x) =

()5

( ,b) ta thuc hién theo cac budc sau:

)#0)

(2) (cosx) =—sinx

r

4) (cotx) =—

sin’ x

E@\Vf dy 2.1.

Tinh dao ham cdc ham so sau:
1) y= sin{%—3x}

(3) y=2cosx’

(5) y =sinv/2+x’
(7) y=2sin’ x—cos2x+x

(9) y=tan’ x+cot2x

2 y= —ésin(g—xz)

x+1

8 y=tan**1
@) y= an—

(6) y=sin(sinx)
(8) y=cos’(2x-1)
10 y=sir1(x2 —3x+2)

= Loi gidi
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(3) y=2cosx?

!

=y = 2.(x2) .(—sinxz) =—4x.sinx?.

4) Y= ’tanxT+1

ey x+1 1 [ x+1 1+tan2x+1 1 l+tan2x+1
A et U2 ) 2 )72 2

(6) y=siny2+x?
:y’:(\/2+x2 ),.COS\/Z-I—XZ =

(6) y =sin(sinx)

cos2+x% =

2x X cos/2+ x?
242+ x? N2+ x?

!

=y = (sin x) .Cos(sin x) = COS X. Cos(sin x)
(7) y=2sin* x—cos2x +x
=y =2.2.cosx.sinx+2sin2x+1=2sin2x+2sin2x+1=4sin2x+1

(8) y=cos®(2x-1)
—>vy'= 3.(cos(2x—1))’ .cos? (2x-1)
= 3.2(—5111(2x—1)).cos2 (2x—1) = —GSin(Zx—l)cos2 (2x—1)

(9) y =tan®x+cot2x

! ' 2 1
:>y':(tan3x+c0t2x) =3.(tanx) .tan’ x——5—=3———tan’ x ——
sin“2x  cos‘x sin” 2x

10 y= sin(x2 —3x+ 2)

= y’=<x2 —3x+2)’.cos(x2 —3x+2):(2x—3)cos(x2 —3x+2).
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R~ Dang 3. Tinh dgo ham mi - logarit

— a\? Phwong phap )

M Ap dung quy tac dao ham:
Khi do: ( ) =ku' ( = const)
(2) (u+v) =u'+v

r

(3) (uv) =u"-v+u-v
(] e

M Dé€ tinh dao ham ctia ham s6 y = f(x ( ) tai x, € ( ,b) ta thiec hién theo cac budc sau:

’

(1) (ex) =e' (2) (a‘*) =a".lna

(3) (lnx)r 1 4) (10&, )

X

E@\Vi dy 3.1.

Tinh dao ham cdc ham sé sau:
(1) y=log, (2x+1)

xlna

2)

(3) y=5>" (8) y=20252

(5) y=x+In(x+3) 6) y=e™

(7) y=e™" +e™ 8) y=10g2(x2 —2x)

9) y=1083(2x2 —x+1) 10) y =3 +log3(x—2x2)
= Loi gidi

(1) y=log,(2x+1)
(2x+1)' _ 2

T Y = oy )in3  (2x+1)in3

(2) y =log, (1-2007x)

(1- 2007x)’ _ -2007
(1-2007x).In3  (1-2007x)In3’

Taco y'=

(3) y — 523(71
Ta c6 y' =(2x —1), 571 In5=25""In5.
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() y = 20252
Tac6 i = (2025 %) & y' = 2025 *%.1n 2025.
(5) y=x+In(x+3)

, (x+ 3)' 1
Taco y' =1+ =1+ .
x+3 x+3
<6) y — esinx
Ta ¢ y' =(sin x)' ™" =cosx.e™.

<7> y — e2x—3 +e2025

Taco y' = (ez’“3 +e?® )' =(2x- 3)’ 7% =27,
8) y=1log, (x2 - 2x)

(x* ~2x) -2
(x*—2x)In2 - (x*-2x)in2’

Taco y'=
9 y= log3(2x2 —x+1)

o , (2x2—x+1)' 2x—1
Taco y =(10g3(2x2—x+1)) = (2x2—x+1)1n3: (sz _J;Jrl)lng'

10 y =3"+log, (x — 2x2)

—(x—zxz)' 3 In34

Tacd y'=(3" +log,(x—2x*)) :3xln3+(x—2x2)ln3 (x-22%)In3’
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.q Luyén tap
L

Cau 14. Tinh dao ham cua cdc ham s0O sau:

(1) y:—2x3+4\/; (2) y:(3x2—1)2
(3) y=—2x"+4x*+1 4) y=%x3—2\/5x2+8x—1
2x+1 x*—x+1
5 y= 6) y=
2 4 x+2 © 4 x-1
2 2
7) X +x+3 T +3x-3
g x*+x-1 &y 2(x-1)
9) y=x"(2x+1)(5x-3) 10) y =(x* +1)(5-3x*)
Loi giai
(1) y=—-22°+4Jx
' 2
:>y’:(—2x3+4\/;) :—6x2+T.
x
2
2) y=<3x2—l)

=y = ((sz —1)2), = 2(3x* —1).(3x* 1) =12x(3x* -1).
(3) y=—2x"+4x*+1
=y = (—2x4 +4x° +1)’ =—8x°+8x.

@) y=%x3—2\/§x2+8x—1

:y':(%x?’—Z\/Ex2+8x—lj =x° —4\/Ex+8.

2x+1
S y= x+2
, (2x+1]’ (2x+1)’(x+2)—(2x+l)(x+2)' 3
=y'= = : =5
x+2 (x+2) (x+2)
x> —x+1
6) y= |
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(x2—x+1)’(x—l)—(x2—x+1)(x—l)'
(x-1)
(2x—1)(x—1)—(x2 —x+1) _ 2 -3x+1-x"+x-1_ x"-2x

(x-1)° (x-1) (x-1)

x> +x+3
7 y- xP+x-1
Céch 1:= 1/ = XX +x+3 ,_(x2+x+3)'(x2+x—1)—(x2+x+3)<x2+x—1),
e Crx-l) (x2+x—1)2
B (2x+1)(x2+x—1)—(x2 +x+3)(2x+1) ~ (2x+1)(x2 +x—1—x2—x—3) ~ —4(2x+1)
_ (x" +x-1) . (2% +x-1) ) (2 +x-1)
Cach 2:
Ta cé: CxX*+x+3  xX*+x-1+4 14 4
T 1T Pax1 Paxd
:y,:[x22+x+3]’=(1+ : 4 J’=1,+( : 4 j':_4(x2+x—12' _ —4(2x+1)2
¥ax-l X +x-l x+x-1 (x2+x—1) (x2+x—1)
—x*+3x-3
8 y=—2(x_1)
jy,:[—x2+3x—3j _ (—x2+3x—3)’(2x—2)—(—x2+3x—3)(2x—2)'
2x=2 (2x-2)

(—2x+3)(2x—2)—2(—x2+3x—3) _ 40" +10x—-6+2x" —6x+6 _ 22" +4x _ —x"+2x

(2x-2) ) (2x-2) a(x-1)  2(x-1)

9) y=x"(2x+1)(5x-3)
Cach 1:
= y'=[x*(2x+1)(5x-3)]
:(xz)'(2x+1)(5x—3)+x2(2x+1)’ (5x_3)+x2(2x+1)(5x_3)'
= 23((109(2 —x—3)+ 2x° (5x—3)+5x2 (2x +l)

=20x* — 2x* —6x +10x> —6x% +10x° + 5x% = 40x° —3x* —6x
Cach 2:
Ta co y=x"(2x+1)(5x—3)=x° (1Ox2 —x—3) =10x" —x°* —3x?
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=y = [xz (2x +1)(5x—3)]' = (1Ox4 ~x° —3x2)' =40x* - 3x* —6x
10) y=(x*+1)(5-3x")

=y =(x2 +1)' (5—3x2)+(x2 +1)(5—3x2)'

- 2x(5—3x2)—6x(x2 +1) =10x —6x% —6x% —6x = —12x° + 4x

Cau 15. Tinh dao ham ctia cac ham s0 sau:

(1) y=+ax® +3x+1 (2) y=+x*+x+3

(3) y= ix+—21 @) y=(x"+2x+3)

(5) y=~2x% +1 6) y=(2"~3x-7)

(7) y=+1-3¢2 ®) y=(2x-1)Vx*+x

9) y="* *24 1) y=* —ax*+7
. Loi giai

(1) y=+/4x® +3x+1
y'=(\/4x2 +3x+1)’ = (4x2 +3x+1) _ 8x+3

oJax? +3x 41 2MAxP +3x+1

2) y=+/x*+x+3
. (x2+x+3)' o 2x+l
I 2\/x2+x+3 - 2\/x2+x+3 .
2x—-1

3 y= x+2

Chch 1 y,:(zx—1) .(x+2)—(22x—1).(x+2) :2.(x+2)—(22x—1).1: 5 N

(x+2) (x+2) (x+2)
Cich 2. y - 2.2-1.(-1) _ 5

(x+2)°  (x+2) '
4) y:(x2+2x+3)5
y'=5(x% +2x+3) (2x+2)=10(x +1)(x* + 2x+3)
(5) y=v2x*+1

PN eyl Gk N S

T2+l 2oxiel Aaiel
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6) y=(26"-3x~7)

y'=3(22° —3x—7)2 (10x*-3).

) y=v1-3<

Y = —6x _ —3x
2J1-3x2  1-3x?

8 y =(2x—1)\/m.
y'= (2x—1)' .\/m+(2x—l).(m)'

(2x-1)(2x+1) 4x° -1
=2. x2+x+ ) x2+x =2 x2+x+m.
-3x+4
9) y= >
. (-3v+4) (x-2)—(x-2) (-3x+4) -3(x-2)-(-3x+4) 2
' (-2 a2 )
10 y=+vx*—4x*+7
B (x4—4x2)' 2 —4x
2\/x4—4x2+7 \/x4—4x2+7'
Cau 16. Tinh dao ham cuia cac ham s0 sau:
2x-1 3
Vy=43 2V
2x+1 _ x*-3x+3
<3)y_1—3x 4) y= 1
23t —4x+1 Cl+x—x?
(5>y_T ©) S l-x+x?
(7) y=x*x 8) y=(2x-3)(x*—2x)
9) y=x(2x-1)(3x+2) 10) y = (x* - 2x+3)(2x* +3).
Loi giai
> _2x-1
y_4x—3
y,z(4x—3)(2x—1)'—(4x—3)'(2x—1):2(4x—3)—4(2x—1)=8x_6_8x_4= 10
(4x—3)2 (4x—3)2 (4x—3)2 (4x—3)2
) = 3
Y oxt
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!

3. (2x+1)-(2x+1) 3 _6
(2x+1)° (2x+1)

=y =

o (2x0+1) (1-3x)—(1-3x) (2x+1) 2(1-3x)+3(2x+1) 5
:y = ; = > = > -
(1—3x) (1—3x) (l—3x)

_x*—3x+3

@) y |

(x2 —3x+3)’ (x—l)—(x2 —3x+3)(x—1)’

(x-1)°
(2x—3)(x—1)—(x2—3x+3) _ 2x* —5x+3-x*+3x-3 _ x?—2x

(x-1) (x-1) (x-1)"

!

=y'=

2% —4x+1
x—3

2 2_
:2x 4x+1:2x+2+ 7 oy =2 7 :2x 12x+1l.

= =T ey ey

Cl+x—x?

(5) y

6)

1-x+x°
(1+x—x2)’(1—x+xz)—(l+x—x2).(l—x+x2)’
(1—x+x2)2
(1-2x)(1-x+x") = (1+x—x")(2x 1)
(1—x+xz)2

(1—2x)(l—x+x2+1+x—x2) 2(1-2x)

=>y'=

(1—x+x2)2 (1—x+x2)2.
(7) y=x*x

A 2 ’_ ,» 1
=Yy —(x ) .x/;+x (\/;) —2x.\/;+x m

:Zx\/;+#=gx\/;.

8 y= (2x—3)(x5 - Zx)
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y':(2x—3)’(x5—2x)+(2x—3)(x5—2x)'
=2(x* - 2x)+(2x-3)(5x* - 2)
=2x° —4x+10x° —4x —15x" +6 =12x° —15x* —8x +6.
9) y=x(2x—1)(3x+2)
y:x(Zx—l)(3x+2):x(6x2+x—2):6x3+x2—2x
y'=(6x3+x2—2x)' =18x*+2x-2.
10 y=(x2—2x+3)(2x2+3).
y'=(x* ~20+3) (227 +3)+ (x ~2x+3)(22% +3) =(2x~2) (22 +3) + (x* ~ 22 +3)(4x)

=4x° +6x—4x° —6+4x> —8x* +12x =8x> —12x%* +18x 6.
Cau 17. Tinh dao ham ctia cac ham s0 sau:

(1) y=x®+x+1 2) y=(x2—x+l)5

3 y=—rs @) y=(x—2)VF 1
x“+1

(5) y=+/5x"—2x+1 6) y:(xzx—_x;lj

7) y= i 8) y=x+4-x
x*+1

9) yZ(Z;jllj 10 y=1x+Vxr+x

Loi giai
(1) y=x®+x+1

yr:( /x2+x+1), _ (x2+x+1)’ _ 2x+1

_2\/x2+x+1 __2\/x2+x+1'
2) y=(x2 —x+1)5

y'= [(x2 —x+1)5] = 5(23(—1)(x2 —x+1)4.

2
X +1) 1 2x -X

()| _ _
y_{\/xz"'lJ (x2+1)2 x2+1'2\/x2+1 (x2+l)\/x2+l
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@) y=(x-2)vx*+1

!/'Z\/x2+1+(X—2) 2> _ x2+1+x(x_2) _ 2x* —2x+1

20x?+1 Jx? +1 Jx2 +1
(5) y=+/5x? —2x+1

y':(d5x2—2x+1)’ (3 -2ev))  g0re2 5x —1

- 2\/5x2 -2x+1 - 2\/5x2 —2x+1 - \/5x2 —2x+1 .
2_ 4
6) y:[x x+lj
x—-1

;[P —x+1 ' 4 W—x+1) (22 -x+1 '_4 ¥ —x+1) ¥t —2x
y x-1 x-1 ) x-1 x-1 .(x—l)z.

7) yo XL
xt+1
| (x—l)'m—(x—l)(‘/m)r
y'= (m)z
) \/m_(x—l)ztf; Cxflo(x-1)2x® xfl-(x-1)2° x4
x*+1 B \/(x4+1)3 ) \/(x4+1)3 : \/(x4+1)3 .
8) y=x+a-x*

, —2x V4—-x* —x

I e Jarx
2
(9) y:[2x+1)
x-1

2x+1
!:2
Y [x—l

j(2x+1j:2(2x+1j -3 _ 12x+6
x-1 =1 )(x-1)  (x-1)
(10)y=\/x+m

ey’ =x+xex
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(]
2\[x+\/;

L (“I)' 1, zJ_

Zy 2y.2yx+x 23/ 2y.2yx++/x
2\x +1

2\/x+\/x+\/— 8\/x+\/x+\/_\/x +\/_

Cdau 18. Tinh dao ham ctuia cac ham s0 sau:

<2y =1+

<Yy =

1 :;052916 (2) y = cosx.sin’x
X+
(3) y:sin2x+sin2x 4) y:m
(5) y =cos”3x (6) y = SnxFcosx
sinx —cosx
2
7) y=ean+ cotx ® y= fsin[ )
2x+1
1-x xsinx+cosx
9) y=cos’ 10) = XSINX+cosx
o T 2x+3 1 4 XCOsx—sinx
Loi giai
(1) _ Cos2x
3x+1

(cos Zx)’ .(3x +1) —Cos 2x. (Bx +1)I B -2 (3x +1) sin 2x —3cos 2x
(3x+1)’ (3x+1)’

y'=

(2) y =cosx.sin’x
’ "2 . 2 . 3 2. o
y'=(cosx) .sin x+cosx.(sm x)=—sm x+2cos’x.sin x
(3) y=sin’ x+sin2x

!

y'= (sin2 X +sin Zx) = 2sinxcosx +2cos 2x

(4) y=+1+cos® 2x
! (1+ cos’ 2x ) —2.sin 2x cos 2x —sin4x
y'= (\/1+ cos’ Zx) = =— =

21+ cos? 2x 1+ cos? 2x J1+cos? 2x '

(5) y=cos®3x

y = (cos2 Bx), =—6sin 3x(cos 3x)
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sinx + Ccos x
6) y=—"—"—"7"-
sinx —Ccosx

! !

(sinx +cos x) (sinx —Cos x) — (sinx +cos x)(sin X —COS x)

y'=

. 2
(smx—cos .'X)

(cosx —sin x)(sinx —COos x) —(sin X +COS x)(sin X +COS x)

. 2
(smx—cos X)

. 2 . 2
(Sll’lX—COSX) +(SII’1X+COSX)

. 2
(smx —COoS x)

sin® x —2sin x cos x + cos? x + sin’+ 2sin x cos x + cos® x

. 2
(smx—cos X)

B 2(sir12 x +cos’ x) ~ 2

. 2 . 5 -
(sinx—cosx) (sinx — cos x)

(7) y=+/tanx+cotx

, ! (tanx+cotx)
Y :(\/tanx+cotx) =
2+/tan x + cot x

!

1 1
_sin®x  cos®x _ cos” x —sin’ x
2\ tanx+cotx  2sin®x.cos’® x/tan x + cot x
cos® x—sin®x cos?x—sin’ x

2sin® x.cos’® x

sinx cosx o , |sin® x+cos® x
+— 2sin” x.cos” x,|———
cosx sinx sin x.cos x

B cos®x—sin’ x

2sin x.cos x+/sin x.cos x
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2x+3 2x+3

—3@&52\/ 1-x sin\/ 1-x
2

2x+3 \/ Jl—x \/ . \/1—x
sin sin
2x+3 2x+3 1—x 2x+3 2x+3

1 X
\}2x+ 2x+3

XSII'IX+COSX

10 y

 xcosx—sinx
(sinx+xcosx—sinx)(xcosx—sinx)—(xsinx+cosx)(cosx—xsinx—cosx)

' —
]/ - k 2
(x Cosx —sin x)

X cosx(x COosx —sin x) —(x sin x + cos x)(—x sinx)

. 2
(x cosx — smx)

XZ(COSZX-FSil’IZ x)—xcosxsinx+xcosxsinx [ X JZ
B . 2 = .
(xcosx—smx) X COS X —Sin x

Cau 19. Tinh dao ham cap 2 cua cac ham sd sau:

(1) y=xv1+x° (2) y=sin [% —3x]
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(3) y=siny2+x? (4) y=sin® x +sin2x
(5) y=2sin’ x—cos2x+x 6) y= x+3
1-2x
() y=vx?+x+1 8) y:(3xz_1)2
x?+x+3 o
Q) y= R 10 y =sin(sinx)

Loi giai

(1) y=xy1+ 2
. y’=x(\/1+x2 ),+(x)' Vi+x? =x

2 2
Y T SN T e
241+ x° 1+x° 1+ 12

!

| () e (22t 41) ()
! _(\/1+sz ) (\/1+x2 )2
) Ax\1+x? —(2362 "‘1)\/1i7 B 4x(1+x2)—x(2x2 +1) _ 20+3x
= 1+X2 - (1+x2)m _\/m.

2) y=sin(z—3xj
6
. y’:{sin[z—SxH z(z—BxJ Cos(z—?)xj =—3cos(z—3x}
6 6 6 6
ey’ { 3cos ——3x } =3[z—3xj sin[z—ij=—9sin[z—3x).
6 6 6

3) y=siny2+x°

' x
. y’=(sin\/2+x2) :(\/2+x2) . cosy2+x° :\/_.(:05\/2+x2
2+x°

" X \/_2
. = . COSN2+Xx
/ (\/2+x2 J

\/ x —X.
_ Bk o
( 2+x° ) V2+x°

X 2)'
cosv2+x
V2+x° (

(m)’ sin(m)
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=#COS\/2+XZ— X X sin(\/2+x2)

(2+x2)3 J2+x 244
2
- 2 : cosy/2+x% ——> - .sin(\/2+x2).
(2+x2) 2+x

(4) y =sin® x+sin2x
e y'= (sin2 X +sin Zx) = (sin2 x) + (sin 2x), =2sinx.cos x +2cos 2x = sin 2x + 2¢cos 2x

«y'= (sin 2x +2cos 2x)' = (sin 2x), +(2cos 2x)’ =2cos2x—4sin2x.

(5) y=2sin’ x—cos2x+x
oy :(ZSinzx—c052x+x)

= (251n2 x) —(cos Zx)' +(x)' =4sinxcosx+2sin2x+1=2sin2x+2sin2x+1=4sin2x+1

e y'= (4sin2x +1)' =8cos2x.

<6)y=1x—+2§c
] ,(x+3) (1-2x)—(x+3)(1-2x¢) 1-2x+2(x+3) 7
- (1-2x)’ o (-2) (-2
I N A N
Ty ) ) (o)
(7) y=x® +x+1

' 2 1,
° y’:(\/x2+x+l) :(x i ) = 2x+1
2\/3(2 +x+1 2\/x2 +x+1

!

Cyro| o 2t (20+1) 2V o) (2w1) 2V
¥y = 2(@) - 4(x2+x+1)

ax* +x+1-2(2x+1)- 2x+1

_ 20x% +x+1 3

4(x2+x+l) 4(x2+x+1)\/x2+x+1

8 y= (3x2 —1)2
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y=[ (1) =2 (3¢ )3t 1) <12x- (32" 1)
-y =|12x- (3¢ —1)] =12(3x* ~1)+12x - 6x =108x> ~12

X +x+3

@ y="1
x“+x-1

! !

(x2+x+3) -(xz +x—1)—(x2 +x+3)-(x2+x—1)

oy':

(xz+x—1)2
_ (2x+1)-(x2+x 1) (x2+x+3)-(2x+1) _ —4-(2x+1)
x +x— 1) (x2+x—1)2

x +x-1 (szrx—l)4 (x2+x—l)3

{ 2x+1 ] (x +x - 1) +4-(2x+1)-2(2x+1)(x2+x—1)_24x2+24x+16
=sin smx)

!
sy = [sm smx ] smx) cos(sinx):cosx-cos(sinx)
’

[cosx cos sin x)] (cos x)' -cos(sinx)+(cos x)~(cos(sinx))
= —smx-cos(sm x)+(cos x)-(cos x)-(—sin(sin x))
= —sinx-cos(sinx)—cos’ x-sinsinx)
Cau 20. Tinh dao ham cap 3 tai cac diém dwgc chi ra dudi day

(1) Cho ham s6 y=-3x"+3x* —x+5. Tinh gia trj ctia y(s) (2017) .

(2) Cho ham s6 y = 1i Tinh gia tri cta y( ) ( )
+x

(3) Choham s§ y = le—l' Tinh gia tri caa y(3) (2).

(4) Cho ham s8 y =cos’x. Tinh gia tri ctia y(s) (%j .
Loi giai
(1) Choham s6 y =-3x+3x* —x+5. Tinh gia trj ctia y(a) (2017) .
Ta cé: y'=-9x° +6x—1

y"=—18x+6
y”l — _18

= ¥ (2017) = -18.
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(2) Chohams6 y = % Tinh gia tri caa y(s) (1).
+x

)3 2.3! 12

Cach 1:Ta co: y(S) = (—1 (1+x)4 (1+x)4

3
:y(a)(l):—z
‘ Lo 2
Cach2: Tacod: y :_(1+x)2

L 22(1+x) a4

(1+ x)4 B (1+ x)3 .

y(3)_[ 4 J_12(1+x)2_ 12

Yy

(1+ x)3 (1+ x)6 (1+ x)4
=49 (1) :_g.
1

(3) Choham s y = I Tinh gia tri ctia y® (2).
—2x
(-

2(x 1) +22x(x*-1) 20 2(x* 1488  gy7 42

Taco: y'=

- (v 1) ) ()

0 12x(x2 —1)3 —Gx(x2 —1)2 .(6x2 + 2) ~ 12x(x2 —1)— 6x(6x2 + 2) | —24x° —24x
hT (1) R ()
N y<3>(z):_8_3?.

(8) Cho ham 6 y = cos’x. Tinh gié tri ctia y” [%j :

Ta co: y'=-2sinx.cosx =—sin2x.
y'" =—2cos2x.

y¥ = 4sin2x .
=y (%) =243.

CAu 21. Chting minh rang:
(1) Véi ham s§ y=+2x—x* tacd y°y"+1=0.
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(2) Véiham s6 y=x++/x*+1 ta co (y—x)3 y"-1=0.
(3) V6i ham s6 y = xsinx ta c6 xy”—2(y'—sinx)+xy =0.

"

ta c6 2y =(y—1)y .

(8) Véiham s§ y="
Y x+4
5) Voi ham s8 y=cot2x tacd y' +2y*+2=0.

6) V6i ham s6 y = xtanx ta c6 xzy"—Z(x2+y2)(1+y)=0.

8) Véiham s8 y=+/x?+1 ta cd vy +xy =y .

9) Véi ham s6 y:x/m tacod ¥y +xy =y.

10) Vi ham s y=+1-2 tacd y’.y" —xy +y =0.
Loi giai

(5)
6)
(7) Véiham s6 y=tanx tacod y'—y°—1=0.
8)
9)

(1) Véi ham s8 y=+2x—x* tacd y’y"+1=0.
1 1-x

Tacd Y =—F———=.(2-2x) =—=
Ry 2N2x —x° ( x) V2x —x?
2 1-x
) (—1).\/2x—x —m.(l—x)_ x2—2x—(1—x)2

-1

f— = =
J 2x—x° (Zx—xz).\/2x—x2 ( /2x—x2 )3
Khi dé: yg.y”+1:(\/2x—x2 )3._—13+l:—1+1=0 .

2x — x°

Vay ys.y”+1:0.
(2) Véiham s6 y=x++x*+1 taco (y—x)s.y”—lzo.

2x 14 X
2x? +1 Jx?+1

N —

2 2 a2 1
:yr/: X +1 X +1 X _

x*+1 z\/x2+1.(x2+1) ( x2+1)3

Khi do: (y—x)3 Yy -1= (x+\/x2 +1—x)3.;3—1 :(\/x2 +1)3 .%—1:1—1= 0

Taco y' =1+

Vay (y—x)3 y'=1=0.
(3) V6i ham s6 y = xsinx ta c6 xy”—2(y'—sinx)+xy =0.

aco Yy =si
T "=sinx+xcosx
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= y" =cosx+cosx—xsinx =2cosx—xsinx

Khi dé: xy"—2(y’—sinx)+xy
:x.(2cosx—xsinx)—2(sinx+xcosx—sinx)+x.(x.sinx)

= 2xcosx —x”sinx —2xcos x +x° sinx:(2xcosx—2xcosx)+(x2 sin x — x? sinx):O
Vay xy”—2(y'—sinx)+xy:O.

"

taco 2y% =(y-1)y".

(4) Véiham s8 y = el

x+4
Tacd y= x_3,di‘éu kién: x=—4.
x+4
Ly 7 e ~14
(x+4) (x+4)
Khi do: 2y =(y—1)y”
2
P :(x—s_lj 14 98 _ -7 -14 _ 98 _ 98
(x+4) ) \x+d (x4 (x4a) X+ (x44)  (x+4) (x+4)"

Véy 2y12:(y_1)yu.
(5) V&i ham s8 y=cot2x tacd y'+2y*+2=0.
Ta c6 y =cot2x, diéu kién: sin2x¢0<:>x¢k§,keZ.

2

sin® 2x

!

=>y'=

Khi d6: y'+2y* +2 =—— —+2cot’ 2x+2 =—2(L+cot’ 2x)+ 2cot’ 2x+2 =0.
sin” 2x

Vay y'+2y° +2=0.
(6) V&i ham s8 y = xtanx ta cd xzy"—Z(x2+y2)(l+y):O.

14 N\A - A 7-(_
Ta c6 y =xtanx, diéu kién: cosx;t0<:>x¢5+k77,keZ.

= y'=tanx+———=tanx+xtan’ x+x.

COS X

1
= y"'=———+tan’ x+2xtanx ———+1.
cos’ x cos® x

Khi d6: x*y" -2 (x2 +1° )(1+ y)

1
=x2.( : +tan®x+2xtanx - +1j—2(x2+x2tan2x)(1+xtanx)

COS X COs Xx

= xz.[l+ 2tan’ x + 2xtanx(l+ tan® x)+1}— 2(x2 +x° tan? x)(l+xtanx)
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=2x° +2x° tan® x + 2x° tan x + 2x° tan® x — 2x° — 2 tanx — 2x* tan’ x — 2x° tan®x =0
Vay x*y" - <x2+y2)(l+y):
(7) V6i ham s8 y =tanx tacd y'—y* -1=0.

7 O\A - A T(_
Ta co y=xtanx, diéu kién: Cosx¢0<:>x¢z+k7r,keZ.

:>y’=(tanx)' = =1+tan’x

cos’ x

Khi d6: y'—y* —1=1+tan’ x—tan’ x—1=0 .
Vay y' -y -1=0.
(8) Voiham s6 y=+x*+1 tacod y>.y"+xy' =y.

g B x

X
2xt+1 i+l v

2 - 2 3 3 3 °

o] T e
y y y y y y

Khi dé: yz.y”+xy’:y2,i3+x.£ 1. _
y y vy y y
Vay ¥y +xy'=y.
(9) V6i ham s8 y=x?+1 ta cd v’y +xy' =v.
2 x2
x .y":m P+l 1 ;
x4l x*+1 (2 +2)¥a® +1

Khi do: yzy" +xy' = (x2 +l)

Taco: y' =

1 X x? +1 x2+1=y
(x2+1)\/x2+1 \/x +1 \/x 1

Vay y'y'+xy'=y.
10 V&i ham s8 y=+1-x" tacd y>.y"—xy' +y=0.
—J1-x% +x. X 5
Taco y_ ’1 x :>y Z;yrr: 2\/1—x2 =_(1—x2)_:c — —1 .
\/ —X 1=x (\ll—xz) (\ll—xz)

Khi d6 yz.y”xy’+y=(1x2)'(ﬁl7)3 \/(1% et

2
:_\/11 2+J1x =+ 1-x" = - 11 = +41-2% = —1-x? ++1-x* = 0(DPCM)
— —-X —x
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Cau 23.

Cau 24.

Cau 25.

Cau 26.
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Cho f(x)=x"—4x*+3 va g(x)=3+10x—7x*. Giai phuong trinh f"(x)+¢'(x)=0
Loi gidi

Tacd f(x)=x"—4x"+3= f'(x)=4x"-8x; f"(x)=12x"-8.

g(x)=3+10x-7x* = g'(x) =10—14x.

X =

Khi do f"(x)+g'(x)=0<12x" -8+10-14x =0 < 122" ~14x+2=0 <
X =

ol

Vay tap nghiém ctia phuong trinh 1a S= {l;%} .

Cho ham s6 f(x)=x"—-3x? +4x—6. Gii bat phuong trinh f"(x)< f'(x)-1
Loi giai

Tacd f(x)=x"—-3x*+4x—6= f'(x)=3x>—6x+4; f"(x)=6x—6.

Khi dé f"(x)< f'(x)-1<6x-6<3x"—6x+4-1<3x" -12x+9>20 < jf

Vay tap nghiém cta bat phuong trinh la S = (—0;1]U[3;+0).

Cho ham s8 y = x° —3x* +4x—6 . Giai bat phuong trinh 3" <0.
Loi giai

Tacd y' =3x* —6x+4;y"=6x—6.

Do dd6 y"'<0<6x-6<0<x<1

Vay tap nghiém ctia bat phuong trinh 1a T =(—o; 1) .

Cho ham s8 y = f(x)= 5(x+1)3 +4(x+1) . Giai phuong trinh f”(x)=0.
Loi giai

Taco f'(x)=15(x+1) +4x; f"(x)=30(x+1)+4.

Lo _ _ —_3 :_E
Do dé f"(x)=0<>30(x+1)+4=0<cx+1= TRRGET:

Vay tap nghiém cta phuwong trinh la T = {—%} .

Cho ham s6 y=f (x) :cos(Zx—gj . Tim cac nghiém thudc doan [O;w] ctia phuwong
trinh f“)(x)=-8.
Loi giai

Ta co f’(x) = —ZSin(Zx—%J;f”(x) = —4cos(2x—%}.
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f"'(x) e 851“(2x_gj;f(4) (x) =16 cos(Zx —gj

Do dé f(4)(x):—8<:>16cos 2x-2 |=—8< cos| 2x—— _ 1
3 3 2
T 2w T
2x ——=—+k27 x=—+km
= 3 32 S 2 (keZ).
x-—=-ZL4k2r |x=—Z+knr
3 6
Do xe[O;w]

Xét x =L +kr.Taco O§E+k7r£7r<:>—££k££ﬂ>k=0:>x=z.
2 2 2 2 2
. ™ , T 1 7T ez 57
Xét x:—€+k7r.Taco OS—E'FkT(SW@gSkSE—)k:lZJC:?.

Vay tap nghiém ctia phuong trinh 1a T = {5% ,g} .

Heét
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