SO GIAO DUC VA PAO TAO BAC GIANG KY THI CHON PQI TUYEN
HOQC SINH GIOI QUOC GIA THPT
PE THI CHINH THUC NAM HOQC 2024-2025

Mén: TOAN
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u, =2,u,=3
Cau 1 (4 diém). Cho day sd (u,) xac dinh boi U u

n+l

a) Tinh gio1 han |im u—”.

n—>+o0
un+1

a

£ . u R T S VI T R
b) Xét day so (v,) cho bdi v, =—= . Tim tat ca cac gia tri cua a d¢ day so (v,) co6 gidi han
n

hitu han khac 0.

Céu 2 (4 diém). Tim tit ca cic ham s6 f:R — R théa méin
JOSW+f(x+y) =)+ f(0)+ [ (¥)+2xy voimoi x,yeR.

Ciu 3 (4 diém). Cho tam gidc ABC khong can. Pudng tron noi tiép (I) tiép xuc v6i ba canh BC,
CA, AB lan luot tai D, E, F. Goi M, N lan luot 13 giao diém cua IB, IC v6i DE, DF; S, T'lan luot
1a trung diém céc canh 4B, AC.

a. Chimg minh rang b6n diém M, N, S, T thang hang.

b. Goi J 1a giao diém ctia MN va I4. Chirng minh ring dudng tron tdm J ban kinh J4 tiép xuc véi
dudng tron ngoai tiép tam giac DMN.

Cau 4 (4 diém). Cho a,b,n 1a cic s6 nguyén du’O‘ng(n > 2) . Biét (an —-a +1)3bn. Datx = %.

a. Chung minh rang: [x] khong chia hét cho n.

b. Kihiéu {x}=x—[x]. Tinh §= ZI{M} :

=l | N

Céu 5 (4 diém). Cho sé nguyén duong n. Cho a ;a.;a.; ...;a . la mot hoan vi cua céc 5O

177727737 2

1;2;3;...;2n sao cho hai di¢u kién sau dugc thoa man:

1) a <a, <a, <..<a, ;

1) a,>a, >a;,>..>aq, .

a) C6 bao nhiéu hoan vi théa man cac tinh chit trén?
b) Xéc dinh tit ca cac gi4 tri ma tong S = |a1 — a2| + |a3 — a4| + ...+ |a2n_1 — a2n| c6 thé nhan.
Thi sinh khéng dwoc sie dung tai liéu va mdy tinh cam tay;
Cdn bo coi thi khong giai thich gi thém.
Ho va tén thi sinh: SBD:



SO GIAO DUC VA PAO TAO BAC GIANG

PAP AN PE THI CHON POQI TUYEN

HOQC SINH GIOI QUOC GIA THPT

NAM HQC 2024-2025

Mén: TOAN
CAU NOI DUNG PIEM
a. Tathdyu, > u;. Gia st Uy, > Uy, V2 <m < k.
f o Ukt1 _ Ug-—1 1 \ _ Uk+1
Ta co e i 1+ T Maug_q >u; =2>1,suyra ™ > 1 hay 1
Ug4q > Ug-
Do d6 (u,) 1a day tang.
Gia sir ton tai M sao cho u,, < M Vn > 1. Khi d6 day s6 (u,,) c6 gi6i han hiru
, 2
han. Dat liIP U, = L. Chuyén qua gidéi hanta co L = LL_l = L=0(volydo
n—>+0oo -
U, >uy =2vn = 2). 1
Do d6 lim u, = +oo.
n—-+o
Vay lim = Jim “==l = Jim (1-—)=1.
n—+oo Un41 n—+oo Up-1 n—+oo Un—1
Caul |b.
4 did Uy,
(4 diém) e Umlnen < Up_q _1> U Upy
n+1 n Up_q — 1 n n Up_q — 1 Up_q — 1 1— 1
Up—1
u
u - 1
= lim (g —uy) = lim —2%+ =1,
n—+oo n—-+oo 1 _ 1
Un-1
Do d6, theo dinh 1y trung binh Cesaro ta c6 lirP u;” =1.
n—+oo
Vay a = 1 thoa man bai toan.
Ta s& ching minh a # 1 khong thoa méan dé bai. That vay
,oo . . u_% — . u_% — . u_n a—1 —
+) voia > 1.nl—1>r-|poo n nl—1>r-|1:100(n ) nl—l>r-|poo(n .un ) +oo. 1
iy i I up 1 _
+H)voia < 1.111—1)1}—100 = nllToo(n 'u,%‘“) =0.
Ta co: [f(x)—l][f(y)—l]+f(x+y)—l:f(xy)—1+2xy+1
bat g(x) = f(x)—1 ta dugc phuong trinh 05
g)g+g(x+y)=g(y)+2xy+1LVx,yeR (1) '
Ki hiéu P" (a;b)1a phép thé x = a,y =b vio phuong trinh (1).
Cau2 | p0(0;0): g(0)=1 hoic g(0)=-1 05
@ diém) | 1p11. 00)=1, xét PV(x;0) ta duge g(x)=1,Vx e R. Thir lai khong thoa man '
TH2: g(0)=-1, P”(1;-1): g(1)=1 hodic g(-1)=0
Xét g(1) =1, xét PV (x;1) taduge g(x)=2x—1,VxeR= f(x)=2x,VxeR. 0.5

Thur lai thoa man.




o Xétg()#1l=g(-1)=0,xét
PO(x;-1):g(x-1)=g(-x)-2x+1,VxeR
= g(—x-D=gx)+2x+1,vxeR (2)
Xét PV(x;1):g(x)g()+g(x+1)=g(x)+2x+LVxeR
Sag(x)+gx+)=2x+1,VxeR (a=g(1)-1#0) (3)

Tu (2)(3) taco

ag(-x—=1D)+g(x+1)=Qa+2)x+a+1=ag(-t)+g(t)=Qa+2)t—a-1,Vt (4)

Tu (4) ta c6 ag(t)+ g(—1) =—(2a+2)t —(a+1),Vt
Tir (4)(5) taco (a” ~1)g(t) =—2(a+1’t—(a+)a—-)=>a =1

)

0.5

Néu a=—1,tir (4) tacod g(r) = g(~t), xét
PO (x;—x), PV (x;x) = g(x) =x* —=1= f(x)=x>,Vx. Thtr lai thoa man

0.5

Néu a #-1= g(x)=cx—1, thay vao (1) ta duoc
c=-1,g(x)=—x-1= f(x)=—x,Vx e R, thi lai thoa man
Hodc ¢=2,g(x)=2x—1loaido g(1)#1

Vay f(x)=x>,VxeR hoic f(x)=2x,VxeR hoic f(x)=-x,VxeR.

0.5

Cau 3
(4 diém)




a. Ta co:

1
£AIN = £]JAC + 2ICA = E(ABAC + £ACB) = £BFD = £AFN

0.5
Suy ra tt giac AIFN ndi tiép. Suy ra ZANI = 90°. Tuong ty ZAMI = 90°.
Tam giac ANC vudng tai N co T 1a trung diém ctia AC nén ta cé:
2ATN = 2£TCN = £ACB
Suyra TN || CB. 0.5
Tuong tu SM || CB, ma TS || CB nén bdn diém M, N, S, T thang hang.
b. Goi H 12 hinh chiéu ctia 4 1én BC. Theo cau a do M, N, S, T thang hang nén
MN 1a trung truc cua AH. Do d6 J nam trén trung truc AH. Khi d6 duong tron 0.5
tam J ban kinh J4 di qua H.
Goi R 1a giao diém ctia 4J va BC. Ta ¢6 J 1a trung diém ciia AR. 0.5
Goi P 1a diém d6i xtng véi I qua BC. Dé thay P va A lién hop dang giac trong
0.5
tam giac /IBC.
Goi K 13 trung diém AP ta c6 K 1a tam dudng tron ngoai tiép tr giac DHMN. 0.5
Goi O 1a diém d6i xtng v6i 4 qua BC ta c6 P, O, R thang hang nén H, K, J thang 0.5
hang. '
Suy ra cac duong tron tim J ban kinh JH va duong tron tim K ban kinh KH tiép
xuc nhau. 0.5
a. Ta ching minh tong quat [ix] khong chia hét cho n v&i moi
ie{l;2;.;n—1}.
bit ia =bk+1(k,t e N) va 0<r<b-1.Khido:
. 0.5
ﬂ:k+£:>ix:k+£:>[ix]: k+ll=k.
b b b b
Cau 4 Ta can chimg minh & /7. That vay gid sit kin,suyra k=nk'(k'eN).Khi |5
(4 diém) 46
i(an—a+1)=n(nbk'+t)—(bnk'+t)+i:bn = nt—t+i:bn.
Vin>2 nén nt—t+i>0,dodo 0.5

bn<nt—t+i=t(n—-D)+i<(b-D(n-)+m-1)=b(n—-1)<bn (vo1y).
Do d6 diéu gia st trén 1a sai, ttre 1a [ix] khong chia hét cho n véi moi

i €{1;2;..;n—1}. Yéu cu dau bai tmg voi truong hop i =1.




Ta chirng minh {[0x];[1x];[2x];...;[(n —l)x]} 1a mot hé thing du day du
mod n. Tir ching minh phan a ta thiy chi can chitng minh [ix] # [ jx]
(mod n) véimoi 1<i< j<n—1.
That vay gia su ton tai 1<i< j <n-—1 théa man [ix] = [jx] (mod n). Dat
ia=bk+t; ja=bg+t'(k,q,t,t'eN) va 0<t,1'<b-1. Vi ia<ja nén
k<g. Khi d6 ching minh twong ty phin a ta co
[ix] :[%a} zk;[jx] :{%’} =g vatheo gid st trén thi n|g—k . Ta co:
a(j—i)=b(g-k)+(t'-t)=>b(q—k)=a(j—i)—(t'-1):bn
= n-Da(j-i)—(n=1)(t'-1):bn
Ma a(n—1)=—1{bn] nén —(j—i)—(n—1)(t'-1):bn hay
(j=D)+m=D(t'-¢t):bn. Gia st (j—i)+(n-)(t'-)=0= j—i:(n-1),
vOolyviO<j—i<n—1.Dodd (j—i)+(n—-1)(t'-¢)#0.Suyra
bn£|(j—i)+(n—1)(t—t')|
Lai co:
=D+ (=Dt <|j—i|+|[(n=D =1 < (n =)+ (n=1)(b—1) < bn
(v0 Iy). Vay diu gid st trén 1a sai suy ra {[0x];[Lx];[2x];..;[(n—Dx]} 1a

mot h¢ thang du déy du mod n. Tt do:

[x]] _ n—-1_n(n-1) n-1
z{ n”+n_2n_2'

0.5

0.5

0.5

0.5

0.5

Caus
(4 diém)

V&i mdi cach chon n s6 tir cac s6 1;2;...; 2n ta thu dugc mot day duy

nhat cac s6 a, a,,...,a, , thoa man a <a, <a, <..<a, |;

nhiing s0 con lai a,;a,;...;a, clng ¢ duy nhat mot cach sap xép

théa man a, > a, > a, >...>a, . Do d6 s6 cac hoéan vi thoa man

n A \ n
yéucaula C) .

Véi mdi k nguyén duong cb dinh (1 < k < n) ta ching minh

3 *
a, <n<a, hoaca, <n<a,. )

Theo cac tinh chit (i) va (ii) ta c¢6

a <a, <..<a, ,<a,  <a <..<a

2k+1 2n—1

va a2>a4>...>a,_>a4>a2k+2>...>a2n

e Néua,  >a, thia, Ionhonn sO Ay Qyyeeny @y o VA

Qs Aoy gyenny By nen a,, | >n.




a, a, a

Mat khac a,, nho honn s6 a,,a a ob 1 Qopigs s By

2777407 2k72;
nén a, < n.

e Tuong tu, néu a, , <a, thitaciingcod a, <n<a,.
Ta chirng minh xong (*).
Tong S s& c6 mot trong cac dang
S = :|:<0L1 — a2> + (a3 — a4> +...+ (a%il — a%)
Do c6 tinh chat (*) nén khi phé cac diu ngoic sé& c6 n s6 a,
mang dau cdng (ng véi nhimg s6 16n hon n) va n sé hang con
lai mang dau trir.
Do dé
S=-1-2—..—n+(n+1)+(n+2)+..+2n=n’.

Nhu vay tong S chi c6 thé nhan mot gia tri duy nhat1a S = n’.




Xem thém: PE THI HSG TOAN 12
https://toanmath.com/de-thi-hsg-toan-12
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