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LOI MO PAU
Co lé thi trirong sach tham khdo chira bao gic ““phéat trién” nhie hién nay. Béi véi ban doc, d@é tim mgt
cuon sach vé mét chu dé ndo dé lai gap rdt nhiéu khé khan. Khéng phdi béi sy khan hiém, ma ban doc dimg
trieéc qua nhiéu su lwa chon. Khi cam trén tay cudn sach nay, chdac chan ban ciing dang ban khodn liéu ddy c6
phdi 1a cuén séch pht hop danh cho ban. Néu chi doc mét vai trang dau, chdc chdn ban sé chwa cam nhdn hét
droc cach viét va y tuéng ma tac giad muon gui gam théng qua cusn sach nay .

Ban cd thé hinh dung y tweng cua viéc gidi toan, giong nhuw ban phdi tim ding con dwong dé vé dich va
chon mét con dwong ngan nhdt luén la diéu chiing ta muén huéng téi. Bé 1am tot duoc diéu ndy, trén hanh
trinh tim ra dich dén, chiing ta thiong nhé téi cac moc, nhitng dia diém dé nhé gan lién véi dich dén. Va trong
cuon sach nay tac gid thiét ké dira trén y tucng dé, bang céch tao ra nhiing “diém mac” thong qua 10 bai toan
goc. Trén con dwong dé tim dén “ddp s6” cac ban sé can nhing bai toan nay. Nghia /a khi nhin thdy ching,
ban @A biét cach dé tim ra duwoc 16i gidi cho cdc bai todn. Pdy la 10 bai todn quan trong, 14 “linh hon” dé tao
ra c&c bai todn khac. Cd thé sé c6 rat nhiéu ban sé ngac nhién khi doc néi dung cac bai todn gac, vi thuc ra nd
khd don gian. Nheng cdc ban ¢6 biét rang, y tudng dwoc 1dy tir cac bai toan nay chinh & “nguon cam hing”
cho cac cau héi xudt hién trong dé thi quac gia. Ching gan nhuw gidi quyét hau hét cdc bai todn thi Pai Hoc
trong cdc ndm vira qua va tac gid tin no sé c6 gia tri rat nhiéu trong céc ki thi Quac Gia sap téi. Mong rang véi
cach tiép cdn hoan toan méi nay sé gitp ban doc thdy thich thi va viéc chinh phuc cac cau héi lién quan dén
hinh hoc phang Oxy khéng con 1a vin dé |6n dai véi cac ban. Ciing hi vong cudn sach sé gitp ich cho cac ban
hoc sinh trong qud trinh hoc tdp, 6n thi mgt cach chu déng, tur tin burdc vao ki thi Quac Gia va 1a tai liéu tham
khao hizu ich cho céc thay c6 trong qué trinh gidng day.

Trong cudn s&ch nay tac gid gidi thiéu téi cac ban 5 phan:
PHAN 1: TONG HQP KIEN THU'C CO BAN
PHAN 2: NHUNG BAI TOAN CO BAN
PHAN 3: 10 BAl TOAN HINH HQOC PHANG OXY
PHAN 4: SANG TAO VA PHAT TRIEN TU CAC BAI TOAN HINH HQC PHANG
THUAN TUY
PHAN 5: BAlI TAP TONG HQP TU LUYEN

Mic du rat nghiém tlc trong qua trinh bién soan, song chic chin s& khdng tranh khoi nhitng sai x6t va khiém
khuyét. Rat mong nhan duoc sy phan hdi, gop ¥ va xay dung tir phia ban doc, dé cudn sach dugc hoan thién
hon cho nhitng 1an tai ban sau.

Moi ¥ kién dong gop mong dwoc guri V& dia chi:
Nguyén Thanh Tiing
S6 9 — Ngb 880 — Bach Bang — Hai Ba Trung — Ha Noi
hoac theo e-mail: giaidaptoancap3@yahoo.com

Trén trong cam on !
Tac gia
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PHAN 3: 10 BAl TOAN HINH HQC OXY

1. BAl TOAN 1
A. NOI DUNG BAI TOAN 1

Tim toa dé diém M thudc dwong thdng A da biét phwong trinh va céch diém | cho trwéc mét khodng
khéng d@éi R ( Ml =R = const).

B. CACH GIAI CHUNG

C6 thé trinh bay loi giai bai toan nay theo 2 cach (ban chat 1a mét).

R=cons '/ ! R
M(?) —— M(?) a

M(7) A

Ml =R . A
Cl:GoiMt)eA— f())=0=t="=M C2: Toa do diem M la nghiém cua hé : {(C)

(o ddy (C) la dwong tron tdm | ban kinh R)
GIAI THICH CHI TIET :
Nghia 7a khi gap bai todn c6 ngi dung nhw Bai toan 1 thi ta c6 thé tim diém theo 2 céch trinh bay sau:

1) Céch 1 (C):
*) Do M thudc dwong thang A @ biét phirong trinh nén ta sé tham sé héa diém M theo dn t. Cu thé néu

dé bai cho dwong thang A dudi dang :
X=X, +at

hogc chinh tdc: 220 = y_byo thi ta sé goi M (x, +at; y, +bt)

+) Tham s6 : {
y=Y,+bt a

Xx=1-t

Vi nhw: M thude dwong thang A :{ thi ta sé goi M (1-t; -2+ 3t)

y=-2+3t
+) Tong quat ax+by +c¢ =0, khi dé dé viéc goi diém M don gian va tranh toa dé viét dudi dang phan
so ta nén goi nhur sau:
Neu a=1 hay A:x+by+c=0 thitagei M(-c—bt;t). Vi nhu A:x+3y—-5=0 thi goi M (5-3t;t).
Néu b=1hay A:ax+y+c=0 thitagoi M (t;—c—at). Vi nhw A:2x—y+1=0 thi goi M(t;1+2t).
(voi a=-1 hoac b =-1 ta lam twong tu)




10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

. la=#l 25 . .
Neu {b . (o ddy (a,b,c) =1) thi ta chuyén vé dang tham so dé goi M .
#+

Vinhu A:2x—-3y—-3=0 ( Q =(3;2), Adi qua M,(0;-1))= A:{§:3t1+2t = M(3t;-1+2t)
(Pdy la chi 1a nhitng “tiéu tiét”” nhé - song néu tao cho minh mét théi quen thi viéc tinh todn sé giam nhe va
han ché kha nang sai x6t trong cdc buéc tinh toan ).

*) Khi d@é viéc sir dung diz kién M1 = R sé giup ta thiét ldp dwoc mot phirong trinh chira t (f (t) =0), tir
ddy giai phiwong trinh im t va suy ra dwot toa dé diém M .
2) Céch 2 (C2):

Do Ml =R nén M thude duwong tron (C) tam |, ban kinh R . Khi dé toa dé diém M chinh 1a nghiém

A
cua hé phuwong trinh (mgt phuong trinh A va mét phuwong trinh dwong tron (C)) : {(C)

C. VI DU GOC

Trong mat phing toa d6 Oxy, cho diém 1(5;2) va duong thang A:2x—y+3=0. Timtoa do diém M
thudc duong thang A sao cho MI =5.

Bai gidi:

1(5:2)
: /

M(?) A:2x—-y+3=0
Céch 1: +) Vi M € A nén goi M (t;2t+3)
t=1 |M(&5)
+)Taco MI =5 MIP =25 (t-5)°+(2t+1)° =255t -6t +1=0 = 1= (147)
5 55
Céch 2: +) C6: MI =5 nén M thudc duong tron (C) tdm 1 va R=5 co6 phuong trinh: (x—5)° +(y-2)* =25
_{x:l
y=>5 :
. . . . 2x—y+3=0 1 M(LS5)
+) M € A néntoa do diem M Ila nghiém cua hé: , , Sl =2 = 117
(x=5)*+(y-2)*=25 5 M| =—
5 5
,-17
L 5
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Nhan xét:

*) Vgi C1 chling ta khdng can quan tam téi bai todn vé su tuwong giao giita dwong thang va dwong tron
(dé cap ¢ C2) va gidi theo phirong phdp dai s6 thong thuong.

*) Vgi C2 ta thdy rd hon ban chdt cia bai toan (diém can tim 1a giao cia dwong thang va dwong tron).

*) C1 va C2 la hai céch trinh bay khac nhau cia cing mét phirong phdp thé trong gidi hé phirong trinh.

*) Néu tim duoc duy nhat mér diém M khi d6 IM L A ( hay dwong tron (1;R) tiép xdc véi A tai M).

*) TOy vao dé kién cia bai todn, ¢ thé linh hogt trinh bay theo C1 hogc C2 ( C2 “manh” hon C1 khi dé

cdp t6i nhitng diém c6 cling vai trd — cac ban sé thay rd diéeu nay qua cac vi du minh hea ¢ phan sau).

D. CAC VI DU MO RONG
Nhu vay dé chuyén cac bai toan vé Bai toan 1, ta can chi ra dugc dugc 2 diéu :
+) Piém can tim dang thugc mét dwong thing da biét phuong trinh.
+) Biém can tim cach mét diém da biét toa d6 mgt khoang khéong doi.
Vi vay dé co duge diéu nay cac ban can tra loi cac cau hoi:
Chum cau héi 1: Biém can tim thugc dudng nao ? Puong d6 da biét phuong trinh chua? Néu chua thi c6
viét dugc khong? Viét bang cach nao?
Chum cau héi 2: Biém can tim cach mat diém cho trude (d4 biét toa do ) mot khoang bang bao nhiéu ?
Cat nghia dit kién cua bai toan nhu thé nao dé tinh dugc khoang cach d6?
Va cac hoi trén duoc “thiét ké” qua cac cach ra dé sau:

1. CACH RA DE 1: Cho biét M thude duong thang A va diém | cho truede, do dai IM dé bai

khéng cho ludn. Can “cdt nghia” cdc di kién cia bai todn dé tinh d dai doan M

Vi du 1 (D - 2006). Trong mit phang toa dd Oxy, cho dudng tron (C): x* + y*> —2x—2y+1=0 va dudng

thang d:x—y+3=0. Timtoa do diém M namtrén d sao cho duong tron tdm M , ¢6 ban kinh gip doi ban

kinh duong tron (C), tiép xtc ngoai véi duong tron (C).
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Phantich: *) Med:x-y+3=0
(L1
*) (C)i{

. 1) va khai thac diz kién suy ra Ml =3R =3 — chuyén vé Bai toan 1.

Gidi :
+) Puong tron (C) c6 tam 1(L;1) va ban kinh R =1
+) Goi A 1a diém tiép xdc ngoai cua dudng tron tim M va duodng tron (C).
Suyra: Ml =MA+ Al =2R+R=3R=3
+) Goi M (t;t+3)ed
Khido MI =3 MI’=9 (t-1)°+(t+2) =9t +t—2:0<:{t:1 :{M(l;ll)
t=-2 M (-2;1)
+) Vay M (L, 4) hoac M (-2;1).

Vi du 2 (A - 2011). Trong mit phang toa dd Oxy, cho dudng thing A: x+y+2=0 va duong tron
(C):x*+y?—4x—2y=0.Goi | latamcua (C), M 1a diémthuéc A. Qua M ké cac tiép tuyén MA va MB
dén (C) (A, B lacéc tiép diém). Tim toa d6 diém M , biét ta giac MAIB c6 dién tich bang 10.

Phan tich:

I Med:x-y+3=0
*) Syas = 2S5 = BI.MB =+/5.MB =10 = MB = 2y/5 = MI =5 — chuyén vé Bai toan 1.

©
S

S.
+)Taco (C):x*+y*—4x-2y=0= (&)
' R=IB=+/5

+) Vi MA va MB I céc tiép tuyén (A va B 1a céc tiép diém)
= S,us = 2S5 = IB.MB =+/5.MB =10 = MB = 2y/5 = MI =+/MB? + IB? =5
+) Goi M (t;-t—2) e A
t=2 M (2;-4
+)Khido MI =5 MI?=25< (t-2)° +(-t-3)° =25t +t-6=0< = (2~4)
t=-3 M (-3;1)
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Vi du 3 (B —2002). Cho hinh chir nhat ABCD c6 tam | (%0) phuong trinh duong thang AB 1a x—2y+2=0

va AB = 2AD. Tim toa do cac diém A, B, C, D biét ring A ¢6 hoanh do am.

Phan tich hwong qidi:

*)CO Aec AB:x-2y+2=0

*) AD =2d (I, AB) - AB =? — Al =? — chuyén vé Bai todn 1— toa dé diém A — toa dé B,C,D.
Gidi :

A7) , H , B(?) x-2y+2=0
(x,<0) T
1 If=:0
AB=24D I W2
c(?
D(?) (7)
;+2 NG
Goi H 14 hinh chiéu vuéng goc cia | trén AB . Khido IH =d (I, AB) = ==
V17 + 22 2
AB > > 5 5
Suyra AH :T:AD:ZIH =5 = IB=1A=+IH2+AH? = Z+5=E

Do d6 A, B la cac giao diém cua duong thing AB vé&i dudng tron tron tdm |, ban kinh R = g

X—2y+2=0 ) 5
X=— X =
Vaytoaddo A, B langhiém cua hé : 1Y , 25 hoac
X—E +y :T y:0 y:2

Suy ra A(-2;0),B(2,2) (Vi x,<0)
Mit khac | 1a trung diém cia AC va BD nénsuy ra C(3;0), D(-1-2)
Vay A(-2;0),B(2,2),C(3;0),D(-1-2).
Nhdn xét :
Khi bai todn yéu cau tim tir hai diém tré lén, ma cdc diém c6 vai trd nhu nhau (trong bai trén A, B c6 vai tro
nhuw nhau ) thi cac ban nén trinh bay theo C2 dé tir diém nay ta suy ra dwoc diém kia.

Vi du 4 (B - 2009 — NC). Trong mit phang toa do Oxy , cho tam giac ABC can tai A c6 dinh A(-1:4) va céc
dinh B,C thudc duong thing A:x—y—4=0. Xéac dinh toa do cac diém B va C, biét dién tich tam giac ABC
bing 18.
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Phén tich hwong qidi:
*)COB,CeA:x-y-4=0

*) S5 =18 = BCz%BC): BH = AB = AC =+ AH? +BH? — chuyén vé Bai toan 1

Gidi :
+) Goi H la hinh chiéu vudng goc cua A trén A
Khi d6 H 1a trung diém cia BC va :
bia-d_o

AH =d (A A) = ——H
NN
= BC:%:%:«E:BH =CH =22

J2
— AB=+vAH?+BH? = /%+8= /%
7

+)Vay AB=AC = ,/97 ,suy ra B,C thudc duong ti__

97

tdm A(-1;4) va bankinh R = ,/% c6 phuong trinh : (x+1)* + (y —4)? ==

X-y—-4=0 y=x—4
+) Khi d6 toa @6 B,C la nghiém cua hé : {

=
(x+1)2+(y—4)2:% 4x* —28%x+33=0

y
+) Vay B g;—E ,C E;g hoic B E;E .C E;_Ej_
2 2 2 2 2 2 2" 2

Vi du 5. Trong mat phang toa ¢ Oxy, cho hinh vudng ABCD, ¢6 BD nam trén duong thing c6 phuong
trinh x+y-3=0, diém M (-12) thudc dudng thing AB, diém N(2;-2) thudc duong thing AD . Tim toa
d6 cac dinh cua hinh vudng ABCD biét diém B co6 hoanh d6 dwong.

Phén tich huong qQidi:

*) Trong céc dir kién cia bai toan ta nhan thay diém 6 “lgi” d@é ta khai thac dau tién chinh la diém B,

bsi B thugc BD @ biér phwong trinh va B ¢6 hoanh dé dwong.
8
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*) Ta dA biét toa dé hai diém M (=1;2) va N(2;—2) nén néu tinh duwoc do dai doan BM hodc BN ta sé
tim ra duwoC toa do diém B nho Bai toan 1. Nghia la ta dang can yéu té vé dinh lwong, diéu ndy goi ¥
ta di tinh d(M,BD) hogc d(N,BD). Trong hai dai lwong nay , dai lwong d(M,BD) sé gilp ta de
dang tim dwoc do dai BM (do MBH =90° ), tir d6 “thdo” dwoc diém B theo goc nhin cia Bai toan 1.
*) Khi tim dwoc toa dé diém B ta sé tim duot toa dg cdc diém con lai nho viét duwoc phuong trinh AB, AD va
tinh chdt trung diém cia hai dong chéo.
Sau day la loi giai chi tiet cho vi du trén:

Gidi:
A() M(-1:2) x+y=3=0
B(?)
N(2:-2) o
I
D(7) C(?)

+) Goi H la hinh chiéu vudng géc cia M trén BD = MH =d(M, BD) :w:ﬁ
V12 +17
Do MHB la tam giac vuéng can tai H = BM =\2MH =2
+) Goi B(t;3—t) véi t>0, khidé :
BM? =4 (t+1)2+(t-1)° =4 < t° =1t =1 hoic t =1 (loai)= B(L2)
+) AB diqua B vd& M nén c6 phuong trinh y =2
AD diqua N vawvubng goc vai AB nén c6 phuong trinh x =2
Suyra A(2;2)
+) Toa 6 diém D 13 nghiém ciia he: {X =2 o {X =2 _ b1
X+y-3=0 y=1
Goi | 1a trung diém cia BD = | (ggj C(L1) (do I 1atrung diém cia AC)
(C6 thé tim C qua hé thac DC = AB)
Vay A(2;2),B(12),C(L1),D(2;1)

Vi du 6. Trong mat phang toa o OXy , cho hinh thang ABCD vuéng tai A va D, c6 AB = AD <CD, diém
B(L2), duong thing BD c6 phuong trinh y = 2 . Biét duong thang A:7x—y—25=0 cit cac doan thang

AD, CD lan Iuot tai hai diém M, N sao cho BM vudng géc véi BC vatia BN 12 tia phén giac trong cia MBC .
Tim toa d6 diém D biét D c6 hoanh d6 duong.
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Phén tich hwénd Qidi :

*) Vi dir kién bai todnta cd D e BD:y =2 va diém B(L;2), nén néu tinh dwoc dé dai dogn BD ta sé nhin
thay ludn Bai todn 1 va viéc tim ra diém D khdng co gi 1a kho khan. Nghia la ta dang can ¢ yéu té vé “dinh
liwong”. Liic nay dwong thang A da biét phwong trinh nén ta nghi #6i viéc tinh khodng cach tir B téi A va tgo
moi lién hé gan két véi dg dai BD .

*) Vi dir kién con lgi ciia bai toan va bang phwong phdp hinh hoc thuan tly ta dé dang chi ra duroc

BH =d(B,CD) =d(B,A), khi dé ta sé tinh dwoc do dai BD va duwa ra 161 giai day dii cho bai toan.

Sau day la loi gidi chi tiét cho vi du trén:

Gidi:

An B(l:2
A Tx—1p-25=0 t:2)

™~

J_:f 0

e D(7) “f\% [

+) Goi H 1a hinh chiéu vudng géc cia B trén CD, khi d6 ABHD la hinh vuéng
Suy ra CBH = MBA (hai goc cung phu véi IWB\H)

Tur day ta c6 dwgc ACBH = AMBA (g.c.g)= CB = MB = ACBN = AMBN (c.g.c)

L ~ _ |7-2-25 4

Khi d6 BH _d(B,CN)_d(B,MN)_T_ﬁ

Ma tam giac DHB vudng can tai H nén BD =+/2BH =4

+) Goi D(t;2) e BD vai t >0, khi d6:
BD? =16 < (t-1)° =16 < t =5 hoic t = -3 (loai) = D(5;2)

Vay D(5;2).

Vidu 7 (A, Al - 2012 — CB). Cho hinh vuéng ABCD. Goi M 1a trung diém ciia canh BC, N 1a diém trén

canh CD sao cho CN = 2ND. Gia st M (%%j va AN co phuong trinh 2x—y—3=0. Tim toa do diém A.

Phén tich hweng qidi :

*) Ae AN: 2x-y-3=0

*) Diém M biét toa dé nén néu tinh duwoc dogn AM thi coi nhur diém A sé “thdo” dwoc nho Bai toan 1. Lic
nay ta sé gan AM vao tam giac vudng AMH véi canh MH =d(M, AN) ta dé dang tinh dwgc. Nhu vdy néu
biét thém mét yéu té vé canh hodc vé géc trong tam giac vudng nay thi ta sé tinh duoc do dai AM . Do cac

10
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canh cua tam giac AMH déu c6 thé biéu dién thong dé dai canh hinh vubng nén ta sé nghi ngay t6i viéc tinh
g6¢c A nho dinh li cosin trong tam gidc. Do d6 ta sé c6 1o gidi cu thé nhw sau :

Gidi; A7) B
+) Goi H la hinh chiéu cua M [én AN 1+
‘2 11 1 3‘ u(“:l
L MH —d(M,AN) =22 T_ 35 o T
V27 +17 2 D \ c
N
ND =2a;: NC=4a
Pit AB=6a = Jx—1p—3=0
MB = MC = 3a

(vi ABCD Ia hinh vuéng va CN =2ND)

(Céc ban co thé dat AB =a, & day ta dat AB =6a dé viéc biéu dién cac do dai khac duge don gian)
Khi d6 4p dung Pitago ta dugc: AM =3v5a; MN =5a va AN = 2/10a
AM?Z+AN?—MN?  45a%+40a>-25a>  60a’ ﬁ

2AM.AN T 23J5a2i0a 60424’

— /MAN = 45° = AMAH cantai H = AM =+/2MH :ﬁ.%:i *)

Trong AAMN ta cd: cos ZMAN =

+) Goi A(t;2t—3) € AN

2 t=1 [A®L-1
+) Taco am? =2 (theo (*)) < (t—E] (Zt—zj =£c>t2—5t+4=0<:> = (L) :
2 2 2 2 t=4 | A(4;5)

+) Vay A(L;,-1) hoac A(4;5).
Nhdn xét:

*) Khi mudn chuyén viéc tim diém vé Bai todn 1 ma yéu to dg dai MI chua biét (trong bai toan ndy AM
chura biét) thi thuong ta hay “cat nghia ” théng qua dir kién vé dinh lwong. Néu khéng cé diéu nay thi trong dé
bai thwong an chira nhing yéu té bat bién nhuwr géc (vi nhw trong bai todn nay goc MAH ta luén tinh duwot),
khodng cach (trong vi du ndy d(M, AN) ciing [a mét dai lwong khong déi)... Tir day viéc tim dé dai Ml (trong
bai toan trén 1a AM ) sé khd don gian va bai todn goc sé xudt hién ding nhw néi dung cia Bai toan 1.

3J10
2

*) Ngoai cach tim ra duoc AM =

nhw & Vi du trén, cAc ban c6 thé tham khdo viéc tim AM theo cach

522 av/10
3

sau: Dat AB=a= S, =Ssco —(Saon + Scam +SBAM)=§ va AN =

5a’
2.2
Khi dé: d(M, AN) = ZSmm 35 "1 o o p AM_af 310

AN 2 aJ1o 2
3

11



10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

Vi du 8. Trong mit phang Oxy, cho hai duong thang A, :3x+y+5=0, A, :x—2y—-3=0 va duong tron
(C): x> +y?—6x+10y+9=0.Goi M la mot diém thuoc duong tron (C) va N 1a diém thudc duong thing
A, sao cho M va N di xang nhau qua A,. Tim toa do diém N .

Phan tich :

piém N thugc dwong thang A, da biét phuong trinh, do dé dé tim toa dé diém N ta can thém mét yéu to
lien quan téi N . LUc ndy ta sé quan tam tdi cdc diém da biét toa dé trong dir kién cua bai toan. O day dwong
tron (C) c6 tam 1(3;-5), néu tinh dwgc d dai NI ta chuyén luén dwroc vé Bai toan 1. Song bai toan nay viéc
tim NI sé kh& phuc tap. Vi vdy sé can mét diém khac ma viée tinh khodng cach tir N téi diém dé don gian.
Trong bai toan c6 chira yéu té doi xieng (M va N doi xing nhau qua A,), diéu dé khién ta nghi téi diém |1
doi xumg véi | qua A,. Va diém nay hoan toan xac dinh dwoc, tu day suy ra dwoc NI'=1IM =R =5. Nhu vay
liic nay ta d3 nhin thay Bai toan 1 dé tim toa dg diém N . Cu thé :

*) NeA, :3x+y+5=0

*) N cdch diém 1" da biét toa dg mét khoang NI'=5.

(Thuee ra & chwong trinh 16p 11 cac ban dioc hoc phép doi ximg truc va khi dé ta sé tra loi dwoc cau héi vi
sao lai di xdc dinh thém diém |' nhu thé — song ¢ cach gidi duwéi ddy tac gia da trinh bay theo cach ma dé
ngay cd cac ban hoc 16p 10 ciing c6 thé hiéu duwoc).

Gidi :

M

ABx+y+5=0

Ay ix—2y-3=0

ﬁ

B \H'l
f"i‘f(?}

+) Puong tron (C) c¢b tdm 1(3;-5) va ban kinh R =5.

+) Goi 1" 1a diém d6i xirng voi | qua A, ,suyra Il' diqua | vavudng goc véi A, nén co phuong trinh :

2x+y-1=0

Goi 1I'nA, ={H}, khi d6 toa d diém H la nghiém ciia hé :

2x+y-1=0 x=1 R . g,
S =>H@-)=1'-L3) (viH latrungdiémcua Il")
Xx—2y-3=0 1

12



10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

+) Goi N(t;—3t—-5) €A, ,khidé do N,1" lan luot 14 hai diém dbi xang cia M, 1 qua A, nén:

o o 2 , ) , 3 {tz—l {N(—l;—Z)

NI'=IM =R=5& NI? =25 (t+1)2 + (3t +8)2 =25 > t? + 5t + 4 =0 =
t=-4 |N(-4;7)

+) Vay N(-1-2) hoac N(-4;7).

Nhdn xét :

Khi di fim toa do cia mét diém nghia la bai todn dang chira hai dn (tung dé va hoanh dé cia diém ds), vi
vdy viéc giai nhiing 16p bai todn nhiw thé nay thuc chdt 1a viée chiing ta di cat nghia sé liéu cia bai todn dé
diege hai phwong trinh (hai ddu “=""). Dit kién diém thugc dicong luén giiip ta c6 dwot mot phiong trinh va cac
diz kién chura khai théc sé gilp ta cat nghia dé tim thém mét ddu “="" con lgi. Kinh nghiém 1am nhéing bai toan
tim diém cho ta biét diroc Xac sudt roi vao Bai toan 1 thuong khé cao (c6 1é d6 ciing 14y do va li do dé tac gia
gisi thigu Bai toan 1 dau tién téi cac ban) . Vi vdy trong cac vi du cu thé, néu diém da thugc mét dwong thang
cho trueéc thi hudng tw duy dau tién ta wu tién nghi t6i 14 chi ra mét diém co dinh va khodng cach tir diém can
tim ti diém do xdc dinh duoc.

Vi du 9. Trong mat phing Oxy , cho tam gidc ABC vudng tai A(L;—+/3) c6 géc ABC = 30°, dudng thing
A:x—y+2=0 latiép tuyén tai B cua dudng tron ngoai tiép tam giac ABC . Tim toa do cac diém B va C,
biét B c6 hoanh do Ia mot s6 hitu ti.

Phén tich hwénd Qidi :

*) dddy B dang thudc duwong thang A va A la diém da biét toa do do d6 néu tinh dwoc do dai doan AB ta sé
chuyén duwoc vé Bai toan 1. LUc ndy ta sé cat nghia dir kién ciia bdi todn d@é lam diéu nay (c&c ban xem viéc cat
nghia ¢ phan loi gidi chi tiét).

*) Khi da tim dwge diém B ta dé dang viét duwoc phwong trinh cia BC va AC va suy ra toa dé diém C.

Gidi :

‘l+\/§+2‘ 3+4/3
V2o 2
Tam giac ABC vudng tai A nén duong tron ngoai tiép tam gidc ABC nhan BC 1a duong kinh

Mit khac: A 14 tiép tuyén tai B caa duong tron ngoai tiép tam giac ABC nén A L BC .

13
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10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

Khi do : ABH = 60° va xét tam giac vubng AHB ta cd: AB = _AH == 3++3 =J6+2
sin60 \/E\f
+) Goi B(t;t+2) v6i teQ ,khido : AB2=8+4+3 < (t-1)2 +(t+2+~/3)2 =8+4+/3
St?+1+/3)t=0<t=0 hoic t=-1-+/3¢Q (loai)
Suy ra B(0;2).
+) Khi d6 BC di qua B(0;2) va cé vécto phap tuyén @ = Q =(31) nén co phuong trinh: Xx+y-2=0
AC diqua A(L—/3),co n,. = BA=(L,—2—+/3) c6 phuong trinh: x—(2++/3)y—4-243=0
+) Vi BCNAC ={C} néntoado diém C la nghi¢m cia h¢:

x—2+i
X+y-2=0 J3 2 2
= =>C|2+—;—
x-(2+\3)y-4-2y3=0 " | __2 SERE
J3

Vi du 10. Cho hinh thoi ABCD ngoai tiép duong tron (C): x* +y® —2x+2y—18=0. Biét AC =2BD, diém
B c6 hoanh d6 dwong va thudc duong thing A:2x—y—-5=0. Viét phuong trinh canh AB .

Phén tich hwénd Qidi :

*) O ddy B dang thudc dwong thang A va | 1atam cia dwong tron (C) @A biét toa do do dé néu tinh dwoc dé
dai doan Bl ta sé chuyén dwoc vé Bai todn 1. LUc nay ta sé cat nghia dir kién ciia bai todn dé lam diéu ndy
(cac ban xem viéc cat nghia ¢ loi gidi ).

*) Khi da tim duoc diém B ta chuyén vé bai toan viét phirong trinh duong thang AB di qua diém B d biét
toa dé va cach diém | cho truéc mét khodng khéng doi R nghia [a ta chuyén bai todn vé Bai toan 6 (Cac ban
sé dwoc tim hiéu ki bai Bai toan 6 ¢ phan sau).

Gidi :

14




10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

+) Duong tron (C) ¢ tam 1(L;—1) va ban kinh R=2+/5
Goi H la hinh chiéu ciia | trén AB,suyra IH=R=25
Vi ABCD Ia hinh thoi va AC =2BD nén Al = 2Bl , khi d6 xét tam giac vuong ABI taco:
1011111
Al BI* IH® 7 4BI*? BI* (245)?
+) Goi B(t;2t—5) e A v6i t>0,khidé: Bl =5 BI? =25« (t-1)% + (2t —4)* =25

< Bl =5

&5t ~18t—8=0 >t =4 hoic t:—é (loai) = B(4:3)

+) Goi vécto phap tuyén cia AB 1a n,; = (a;b) véi a%+b? > 0, khi d6 phuong trinh AB c6 dang :
a(x-4)+b(y-3)=0<= ax+by—-4a-3b=0

a-b—-4a-3b
Taco: d(I,AB)=R<:>| |:2\/§<:>(3a+4b)2=20(a2+b2)
Ja%+b?
2
<1122 — 24ab + 4b’ :0@11(3j —24(9j+4:o@ 3 _ ) hosc 2-2
b b b b 11

a=2
+) Voi %:2 chon { , khi d6 phuong trinh AB la: 2x+y-11=0

a=2
vei & _2 chon , khi @6 phuong trinh AB la: 2x+11y—-41=0
b 11 b=11

Vi du 11. Trong mit phiang toa d Oxy cho hinh chit nhat ABCD ¢6 E, F lan luot thuc cac doan AB, AD
sao cho EB =2EA , FA=3FD, F(2;1) vatam giac CEF vudng tai F . Biét ring duong thang
x—3y—-9=0 diqua hai diém C,E . Tim toa d6 diém C, biét C c6 hoanh d6 dwong.

Phén tich hwong gidi:
*) C e CE d4 biét phwong trinh va F(2;1). Diéu d6 goi y ta di tinh dg dai CF , néu lam duwoc diéu nay ta

sé dé dang cé dwoc ddp s6 theo goc nhin cua Bai toan 1.
*) Vi dir kien EB = 2EA , FA=3FDva tam gidc CEF vuéng tai F ta sé tim diroc méi lién hé giira hai canh
cua hinh chiz nhdt. Song ta van dang thiéu mét yéu to vé dinh lwong. Néu trong dé bai khong cho thi ta sé nghi
ngay tdi viéc di tinh d(F,CE) (yéu té an trong bai toan) Thong sé nay sé gilp ta co duwoc dg dai doan CF .
Do d6 ta di dén loi gidi chi tiét sau:

15



10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

Gidi :
B c(?)
H |
1
E
_T—S}'—Ely
1 2
4 Fa P
+) Tacd F, = C, (vicung phu voi F, )vé/A\ =D = 90° , suy ra AAEF ~ ADFC = AE AR _EF
DF DC FC
1 1 3
AE =—AB “AB S AD
EB =2EA
Ma {FA_3FD=> 31 , sy —=4 @ABZ:%ADZQ%:%
a DF == AD; AF==AD ~AD
4 4 4
1
~AB
Do d6 EF _AE_3 =1= EF =FC, suy ra AFEC vudng céan tai F

FC DF E AD
4
+) Goi H 1 hinh chiéu vudng goc cia F trén EC . Khi d6 :
2-3-9
CF =+/2FH =+2.d(F,CE) = \/E.Qz 2.5
VI +3
+) Goi C(3t+9;t) véi t>-3 (do x. >0). Suyra:
CF?=20= (Bt+7)+(t-1)° =20 t* +4t+3=0 <t =-1 hoic t = -3 (loai) = C(6;-1)
+) Vay C(6;-1).
Nhdn xét:

O Vi dy trén viéc tim diém C theo goc nhin cua Bai toan 1 1a kha “tw nhién” khi C dang thugc mét duwong
thang biét phwong trinh va diém F(2;1) cé dinh. Song néu cau héi bai toan khong chi ding lai ¢ viéc tim diém
C ma phdi di fim tat cd cdc dinh cia hinh chiz nhdt ABCD ta van hoan toan c6 thé gidi quyét triér dé bai toan.
Cu thé:
+) Khi tim duge diém C ta sé viét duge phwong tinh EF (@i qua F va vubng goc véi CF)

va suy ra dwoc toa dp diem E (véi CENEF = {E})
AE =2
AF =32
hay A I giao diém cia dwong tron (E;~/2) va (F;3v2) = toa dé diém A
(chay A,C khac phia EF dé logi bot I diem A)
‘ {E = 3AE
+) Tur

+) Viéc chi ra ﬁ:E vaFE=2/5=
AD 4

__ __ tasuyraduoCtoa do diém B va D.
AF =3FD

16



10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

Vi du 12. Trong mit phiang toa do Oxy, cho hinh thang ABCD vuéng tai A va D c6 day 16n CD va

BCD = 45°. Puong thing AD va BD lan luot c6 phuong trinh 3x—y =0 va x—2y =0. Viét phuong
trinh duong thang BC biét dién tich hinh thang bang 15 va diém B c6 tung d6 duong.

Phén tich hwéng didi :
*) Véi viec B e BD d4 biét phwong trinh va diéu kién B ¢6 tung dé dicong gitip ta nghf téi nén di im toa do
diém B trusc. Do AD NBD = {D} ta dé dang tim duoc toa d¢ diém D, khi d6 B € BD va néu cat nghia duoc

dir kién ciia bai todn dé tinh dg dai BD ta sé tim duwoC toa dg diém B theo Bai toan 1. O ddy c6 dir kién

Spscp =15 (*) ma S,.., phu thugc vao AB, AD va DC . Nghia la trong dang thirc (*) chiza téi 3 an. Néu thé
S& can gidm sé dn, diéu nay chi ¢ thé lam duwoc khi AB, AD va DC c6 maéi lién hé véi nhau, hay néi cach
kh&c sé c6 hai trong ba dn trén biéu dién diroc theo dn con lai. Vdy ta sé can khai thac sé liéu cu thé cua bai
toan. D ki¢n bai toan cho goc BCD = 45° va AD,BD d4 biét phuong trinh, tir ddy goi Y ta nén di tinh goc

Npp N |3+ 2|
‘n \ ‘n \ " 1045 f
lan heot vudng can tai A va B. Llc nay ta sé biéu dién duwoc AD,BD theo AB ; tir (*) tasé suy ra duoC AB
va dé dang cé duoce dg dai BD.
*) Khi tim dwoc B suy ra duoc phuwong trinh BC do CB L BD (tam giac DBC vuéng tai B).

Gidi :

ADB (ta nh&p cos(AD,BD) =

— ADB = 45°). Nhu vay tam giac ABD va DBC

Jx—y=0

D

3X 0 x=0
+) Do AD N BD = {D} nén toa do diém D Ia nghiém ciia hé : { 2y 0 { = D(0;0)
X—cy= y=
Ta c6 cac vecto phap tuyén twong ting caa AD va BD Ia: @ =(3;-1), nBD =(-2)

Nap-Nep |3+ 2|

nAD‘ ‘nBD \/7\/7 \/7

Suy ra: cos(AD,BD) = = ADB = 45°

Khi d6 tam giac ABD va BDC lan Iuot vudng can tai A va B,suyra: AB=AD :D—C

(AB+DC).AD _ (AB+2AB).AB _3 ., _

> . =15 = AB=+/10 = BD=2./5

+)Tacd: Sy =

17



10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

+) Goi B(2t;t) voi t>0

Khido: BD =25 < BD?*=20< (2t)2 +1? =20 = t? =4 < t =2 hoac t = -2 (loai) = B(4;2)
+) Puong thing BC di qua B(4;2) va c6 vécto phap tuyén :ny. = Uy, = (2;1)

(vitam gidc BDC wvuéng tai B) nén ta c6 phuong trinh : 2(x—4)+(y-2)=0< 2x+y-10=0

Vi du 13 (B — 2013 — CB ). Trong mit phing toa dd Oxy, cho hinh thang cAn ABCD c¢6 hai duong chéo vudng
g6c vai nhau va AD =3BC . Puong thang BD ¢ phuong trinh x+2y—6 =0 va tam gi4c ABD ¢0 truc tam la
H(-3;2) Timtoa do cac dinh C va D.

Phén tich hwéng qidi:

Véi yéu cau cia bai todn, ban dau sé cho ta dwrot chim c&c cau héi va cde hwdng phan tich sau: “Véi C va
D ta wu tién Am diém nao truéc ? D dang thude dwong thang BD da biét phirong trinh, C thuge dirong
thang AC ma ta hoan toan cé thé viét dieoc phirong trinh (AC di qua H va vudng goc véi BD ). Khi dé giao
diem {1} =BD N AC hodn toan xdc dinh. Ta can thém nhing diz kién ““c6 lgi”” cho C va D ™. Do ABCD Ia

hinh thang can nén IB=I1C = BCI =45° = BCH la tam giac can tgi B = | la trung diém cia HC . Nghia /a
ta sé tim duwot toa dé diem C trudc. Lic nay cac di kién chua duwoc khai théac 1a

BC// AD va AD =3BC , tur ddy ta nghi toi dinh Iy Ta— Lét va suy ra duwoc DI =3Bl =3IH . Khi dé viéc tim
toa dé diém D duwoc dwa vé Baitoan 1. Cuthé: *) DeBD:x+2y—6=0 *) DI =3IH

Gidi:

B c(?)

x+2y—6=0
+) Vi AC L BD =N, =Uy, =(2-1), nén AC c6 phuong trinh 1&: 2(x+3)~(y-2) =0 2x—y+8=0
Goi BDNAC ={I} . Khi d6 toa d6 diém | 1a nghi¢m cta h¢:

X+2y-6=0 X=-2
o
2Xx—-y+8=0

= 1(-2;4)

+) Do ABCD la hinh thang cn nén IB = IC = BCI =45° = BCH la tam giac can tai B
Suyra | latrung diém cia HC = C(-1;6)

+) Ap dung dinh I Ta— Iétvéi AD//BC taco: %:2_223: ID=3I1B=3IH =35
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10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

+) Goi D(6-2t;t) e BD, khidé 1D =35 < ID? =45
& (2t -8)° +(t—4)> =45
t=1 {D(4;1)

StP-8t+7=0< =
L:? D(-8:7)

Vay

{C(—l; ) pozc {C(—l; 6
D(4;1) D(-8;7)
Nhdén xet:

Khi bai todn yéu cau tim tir hai diém tré 18n thi thit tw im diém thieong weu tién theo cdc dir Kién sau: Piém
can tim c6 lién quan t6i hé thite vée to (trong vi du trén | la trung diém cia HC ciing duoc hiéu 1a C lién hé
véi H, 1 qua hé thirc vecto HI = 1C ), diém thuge dwong da biét phwong trinh...

Vi du 14. Cho tam giac ABC vudng tai A, diém B(L1). Tréntia BC liy diém M sao cho BM.BC =75.
Phuong trinh dudng thing AC :4x+3y—32=0. Tim toa d6 diém C biét ban kinh dwdng tron ngoai tiép tam
55

giac MAC bang —

Phén tich hwénq Qidi :

*) Ta dé dang tim duwoc toa dé diém A la giao cia ACva AB (AB di qua B vavubng goc véi AC).

*) Khi bai toan c6 diz kien BM.BC =75 thurong ching ta nghi tdi tam gidce dong dang va tir giac ngi tiép
dwong tron (kién thizc hinh I6p 9 hay dé cap téi diéu nay) . Trong bai toan lai ¢6 yéu to ban kinh dwong tron
ngogi tiép tam gidc MAC, dé khai thdc dwoc dit kién ndy goi ¥ ta dung thém diém D sao cho ACMD ndi tiép
duwong tron, viéc ndy sé gilp ta cat nghia duot tat ca nhing thong sé trén ( Cac ban sé thdy rd trong loi gidi
cua bai toan).

*) Sau khi dung diém D ta sé cat nghia cdc s liéu ciia bdi todn dé di tinh dé dai doan AC, khi dé ta sé tim
duot toa do ciia diém C theo géc nhin cia Bai toan 1. Cu thé:

+) Ce AC:4x+3y-32=0

+) C cach A mg¢t khodng xdc dinh AC .

Giai :
dx+3y—-32=0
» 3 c(?)
(MACY ™ "2
BMEBC=175
D
.
y B(L:1)
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10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

+) AB diqua B(1;1) va vudng goc véi AC (u,. =(3;—4)) nén c6 phuong trinh: 3x—4y+1=0
4x+3y—-32=0 X=5

3x—-4y+1=0 {
+) Ké MD vubng goc véi BC vacit AB tai K,suyra ACMD lati giac noi tiép duong tron duong kinh
CD (ciing chinh 1a duong tron ngoai tiép tam giac MAC ), khi d6 : CD = 2R =55

Tacd ABMD ~ ABAC (g.g) nén %:E: BD = BM.BC = 7

BA BC BA V42 + 32
— A namgiita B va D .
Khi d6 AD =BD-BA=15-5=10, suy ra AC =+/CD? — AD? =/(5+/5)? -10? =5

+) Goi C(8+3t;—4t) e AC, khidé AC =5« AC* =25 <> (3t+3)* + (4t +4)> =25
t=0 C(8;0)
t=—2 {0(2;8)

= A(5;4)

Do ACNAB :{A} nén toa do diém A 1a nghiém cua hé: {

=15 >5=AB

@25t2+50t=0@{

+) Vay C(8;0) hodc C(2;8).

2. CACH RA PE 2: Cho biét M cach | (a4 biét toa dg) mét khodng khéng d@oi. Can dya vao
cac dir kién cia bai todn dé viét phwong trinh dwong thang chiza M .

Vi du 1 (B —2005). Cho hai diém A(2;0)va B(6;4). Viét phuong trinh dudng tron (C) tiép xdc véi truc hoanh
tai diém A va khoang cach tir tam cia (C) dén diém B bang 5.

Phén tich hwénd didi :
Muén viét phwong trinh dwong tron (C) can tim toa dé tam | vaban kinh R=1A.
*) | cach B m¢t khodng khong doi 1B =5.
*) Puong tron (C) tiép xUc vdi truc hoanh tai diém A nén | thude duwong thang di qua A
vubng goc vai truc hoanh (truc Ox)
Nhur vy viéc tim diem | da duwoc chuyén vé Bai toan 1.

Gidi :
. -
(o A(2:0) x
+) Puong tron (C) tiép xdc véi truc hoanh tai diém A nén IA L Ox, suy ra phuong trinh 1A: x=2
. . t=1 1(2;1
+) Goi 1(2t)e Al,khidd IB=5< IB? =25 4° +(t-4)* =25 < (t—4)° :9@L_7 :{lgz-?))
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+) V6i 1(2;1) thiban kinh R = 1A =1, suy ra phuong trinh duong tron : (x—2)* +(y-1)* =1
+) V6i 1(2;7) thiban kinh R = IA=7, suy ra phuong trinh duong tron : (x—2)>+(y—7)> =49
Vay phuong trinh duong tron can lap 13 (x—2)? +(y—1)? =1 hodc (x—2)>+(y—7)> =49 .

Vidu 2 (B -2009 - CB ). Cho duong tron (C): (x—2)% + y? :% va hai dudng thang A, :x—y =0 va

A, :x—T7y=0.Xac dinh toa d6 tim K va ban kinh cta duong tron (C,); biét dwong tron (C,) tiép xdc véi
cac dudng thang A, A2 vatam K thudc duong tron (C).

Phén tich huwong gidi -
*) (C,) tiép xuc véi A, A, = K thugc dwong phan giac cia goc tao bsi A, va A, .
2
*) Ke(C)= IK=R=—=
J5
—s chuyén vé Bai toan 1.
idi :

9]

+) Buong tron (C) cd tdm 1(2;0) va ban kinh R :%.

+) Taco: (C) tiép xdc voi A, A, = K thudc duong phéan giac cia goc tao bai A, va A,.

Khi d6 goi K(x;y)=d(K,A)=d(K,A,) < |X\/—§y| = |X—7y|

52
5(x—y)=x-7y 2X+y=0
= =
5(x—y)=7y—X x—-2y=0
+) Voi duong phan giac d, :2x+y=0 . Goi K(t;-2t)ed,

Vi K e(C)= IK =%© IK? =g<:>(t—2)2 +4t2 =%c>25t2 —20t+16=0 (vO nghi¢m).

+) V6i duong phan giac d,:x-2y=0 . Goi K(2t;t) ed,
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Vi Ke(C)=IK _ 2 oK =ﬂ<:>(2t—2)2 =2 o5 _a0t+16 =0t =2 = K(gﬂj
NG 5 5 5'5
¥
Khi d6 ban kinh cta dwong tron (C,) : d(K,A1)=5_\/§5:¥

Vidu 3 (B -2012 - CB). Cho dudng tron (C,):x*+y? =4, (C,): x* + y* —12x+18 = 0va dudng thang

d:x—y—4=0. Viét phuong trinh dudng tron c6 tdm thudc (C,), tiép xdc voi d va cat (C,) tai hai diém phéan
biét A va B sao cho AB vubng géc vai d.

Phén tich hweng gidgi: Muon viét phiong trinh dwong tron ta can:
*) Xdc dinh tdm | bang “géc nhin” cia Bai toan 1. Cy thé:

Ta di lap phwong trinh 11, di qua 1, vudng goc véi AB (tinh chdt dwong noi tam) hay song song véi d . Khi
dé: +) | el dabiét phwong trinh. +) 1e(C,) hay Il,=R,

(Taco thé lam theo Cach 2 véi {1} =11, (C,) — toa do | - cach trinh bay khac cia Bai toan 1).
*) Xdc dinh ban kinh: R nho R=d(l,d)
Gidi:

d:x—y—4=0

Goi | la tam dudng tron (C)can viét phuong trinh. Tacd (C,): x* +y? =4 =tdmcua (C,) 12 1,(0;0)
Vi {HllAB: II,// d = phuong trinh 1l;: x—y=0.
AB L d
Goi I(t;t)ell, ma 1 e(C,) =>t* +t°-12t+18=0 < t°-6t+9=0<t=3 = 1(3;3)

- X , . _ 4
Ma (C) tiep xtc véi d = R:d(l’d):w

V12 +1

=24/2 . Vay phuong trinh (C)1a: (x—3)?+(y-23)? =8
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Vi du 4. Trong mat phang toa &6 Oxy , cho tam giac ABC cantai A noi tiép duong tron (T) c6 tam
1(0;5) Puong thang Al cat duong tron (T) tai diém M (5;0) véi M = A. Pudng cao tir dinh C cat dudng

tron (T) tai diém N (—%;—gj v6i N #=C . Tim toa do cac dinh cua tam gidc ABC , biét B c6 hoanh do

duong.

Phan tich hwong qidi:
*) V/gn mét cau héi quen thuge dau tién nén dat ra ““ Véi dir kién cua bai toan, thir tu cdc diém sé duoc tim nhu
thé nao ?” . O day chiing ta dé dang tra loi dwoc cau héi nay bang viéc tim duwoc toa dé diém A dau tién (do

| la trung diém cia AM ) . Tiép dénsé la diém B (dirkién B c¢6 hoanh dg dwong goi y diéu nay)

*) IB=IM =542 , ta can thém mét diF kién lién quan téi diém B. LUc nay can to ra mdi lién hé diém B véi
cac so liéu da biét cua bai toan. Tacd M (5;0),N (—%;—gj d4 biét toa dp va bang viéc vé hinh chinh xac ta
c6 thé suy dodn 1B L MN . Néu c¢é duge diéu ndy ta sé dé dang viét duwoc phiong trinh IB va viéc tim diém B
I khong khé khi ta @A nhin thdy Bai toan 1.

*) Bang kién thizc hinh hoc sor cap (kién thic hinh hoc cdp 2) ta dé dang chitng minh dwoc 1B L MN .

*) Sau khi tim duwoc toa do diém B ta sé suy ra duot toa dé diém C (do C doi ximg véi B qua AM ).

Sau déy la 161 gidi chi tiét cho vi dy trén:

Gidi:

AD)

5
CONEH|/ B0
M(5:0)
+) Vi | latrung diémcaa AM nén A(-5;10)
+) Tacé NCB = MAB (ciing phu véi ABC) => BN =BM (tinh chét goc ngi tiép)
Suyra IB la duong trung truc cia MN , khido 1B diqua | vudng goc véi MN nén c6 phuong trinh:
Lo 42 6 6
7X+y-5=0 (VoI MN=| —;—= |=—=(T7:1
y-5-0 ( -2 )--2am)
+) Goi B(t;5-7t) v&i t>0, khido:
IB°=IM? & t? +(7t)* =50 & t* =1t =1 hoac t=-1 (loai) = B(L;,-2)
+) Phuong trinh AM :x+y-5=0, suyra BC diqua B vudng goc AM co6 phuong trinh: x—y—-3=0
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= =H(4)
X+y-5=0 y=1

Do H latrung diém ciia BC = C(7;4). Vay A(-5;10), B(L;—2), C(7;4).

. . . ) -y-3=0 =4
Goi AM(BC :{H}, suy ra toa d6 diém H la nghiém cua hé {X y {X

Vi du 5 (A—2012 - NC). Cho duong tron (C): x2 + y? =8. Viét phuong trinh chinh tic cua elip (E), biét
rang (E) c6 do dai truc 16n bang 8 va (E) cat (C)tai bén diém phan biét tao thanh bén dinh cua mét hinh
vuong.

Phén tich huong qQidi:

2 2
*) Phurong trinh (E): %+§ =1 nhuwr vdy ta can tim a;b

*) (E) ¢6 do dai truc lon bang 8= 2a=8=a =4

*) Dir kién (E) cdt (C)tai bon diém phan biét tzo thanh bon dinh cia mét hinh vudng nén 4 dinh nam trén hai
dwong phan giac thugc goc phan e thir nhat va thiz hai . Ta gid sir ¢é dinh A thuge dong phan giac A

y = x . Vdy viéc tim toa dg diém A quay vé Bai toan 1 nho-

+) AcAiy=Xx +) AO=R=2y2 (hay Ae(C))
*)Ma Ae(E)= b — phuong trinh (E).
Giai:
AY /J'=x
(B) A—T—RIED
¥ | \ \
el 4 3 X
% 1 o 1) #
M/j s (. L
cy
. . o , ; Xy
Goi phuong trinh chinh tac cua elip (E)co dang: _2+b_2 =1
a

+) (E) ¢6 do dai truc I6n bang 8= 2a=8=a=4

+) (E) cat (C)tai bon diém phan biét tao thanh bén dinh ciia mat hinh vuéng nén 4 dinh nam trén hai duong
phan gi4c thuoc goc phan tu thir nhat va tha hai .

Tagiast A la mot giao diém cua (E) va (C) thudc duong phan gidc A: y=x .

+) Goi At;t) e A (t>0). Tach: Ac(C)=>tP+t°=8<t=2 (Vi t>0)= A(2;2)

2 2
+) Ma Ae (E) :%+§—2:1:> pe =18
B XZ y2
Vay phuong trinh chinh tac cua elip (E) 1a: —+ 2~ =1
16 16
3
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Vi du 6 (D - 2013 — NC ). Cho duong tron (C): (x—1)? +(y—1)> =4 va duong thang A:y—3=0. Tam giac
MNP c6 truc tdm trang véi tdm caa (C), cac dinh N va P thuoc A, dinh M va trung diém cua canh MN
thuoc (C). Tim toa do diém P.

Phén tich hwong Qidi:
*) Vi dir kién cua bai todn ra dé dang tim duoc toa dé diém M qua g6c nhin cia Bai toan 1. Cu thé:

+) M thude duwong thang di qua | vudng goc véi A. +) MI=R=2( M €(C)).
*) Khi tim duwgc diem M tasétim diém N théng qua diém K va tiép tuc sir dung Bai toan 1. Cu thé:
+) N(t)eA:y—-3=0 = K(t) (do K la trung diém ciia MN). +) KI=R=2.

*) Vigc tim diém P duwoc vdn dung nho Bai toan 3
(CAc ban sé dwoc tim hiéu ki théng qua Bai todn 3 ¢ phan sau)
Gidi:
M

(€)

Ary—-3=0

N P(7)
+) Buong tron (C) co6 tdm 1(1;1) va bankinh R=2.

1-3 g . : X 5
Do do d(I;A):Q:Z:R: A tiep xac voi (C). Khiddé IM L A, suyra phuong trinh IM la: x=1

+) Goi M(Lit)eIM. Ma M e(C):(l—l)er(t—l)z=4c{:_3

= M (% -1) hoac M (L3) (loaivi M gA)

+) Voi M (1;,-1), khido goi N(a;3)e A =K (aTJrl;lj 1a trung diém cia MN .

a+l

Do Ke(C):{T—l) +(1—1)2=4<:>(a—1)2=16©{a=5 :{'\‘(5;3)

a=-3 N(-3;3)
+) Goi P(m;3) € A , khi do voi:

{W=(4;2) e
NG =] ,tr INMP =0 4(m-1)+24=0<m=-1= P(-13)
MP = (m—14)
{mz(—4;2) R
*) N(-3;3)=1__ ,tr INMP =0 —4(m-1)+24=0<m=3= P(3,3)
MP = (m—1;4)
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Vi du 7. Cho hai duong tron (C):x*+(y—1)*=2 va (C'):(x—4)*+(y—-5)*=8.Cho AB la mot duong kinh
thay doi caa duong tron (C*) va M 1a mot diém di dong trén duong tron (C). Tim toa do cac diém M, A, B
sao cho dién tich caa tam giac MAB 16n nht.

Phén tich hwénq Qidi :
*) Puong tron (C) c6 tam 1(0;1) va ban kinh R=+/2, (C") c6 tam 1'(4;5) va ban kinh R'=2+/2
Vi Me(C) néntac6: MI=R= J2. Vdy néu ta chi ra duoc M dang thugc mét dwong thcfng da biét
phirong trinh thi viéc tim diém M sé quay vé Bai toan 1.
*) Ta sé cat nghia dir kién tam giac MAB ¢ dién tich Ién nhat (khép ddu “=") @é chi ra dwgc diéu nay
Cac ban tham khao phan cdt nghia ¢ loi gidi chi tiét sau day:
Gidi :

A7)

B(7)
+) Puong tron (C) c6 tam 1(0;1) va bankinh R=+/2, (C") c6 tam 1'(4;5) vabankinh R'=24/2.
Khidé 11'=4+2>3J2=R+R' nén (C) va (C') ngoai nhau.

Goi H la hinh chiéu vudng géc cia M trén AB. Khido: S, =%MH.AB:%MH.2R'=\/§MH

Taco: MH<MI'SMI+11'=+/2+4J2=5J2 .Dod6: S,,, =+2MH <+/25J2 =10

+) Dau “=" xay ra khi vachikhi H =1'va II'n(C)={M} véi | namgitta M va I'va AB L II'
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— x=t
Taco I1'=(4;4)=4.(11) nén 11" c6 phuong trinh : {
y=1+t
M (1, 2)

Goi M(t;1+t)ell',khido M e(C) nén t2+t2=2©t2:1©t:ﬂ:{m( 1:0)

+) Voi M(L2), khido MI'=+/32+32 =3J2<11' = M nimgiira | va I' (loai).
Véi M (-10), khidsé MI'=~/5"+5 =5J2>11"'= | namgiita M va |’ (thoa man).
+) AB wvubng goc vai 11" vadiqua |' nén cod phuong trinh: x+y-9=0
Khi d6 toa do A, B la nghiém cua hé:
X+y-9=0 y=9-Xx X=2;y=7 A(2;7),B(6;3)
S o =
(x—4)>+(y-5)°=8 (x—4)>=4 | x=6;y=3 A(6:3),B(2;7)
Vay M (-10),A(2;7),B(6;3) hoac M (-1,0), A(6;3),B(2;7)

3. CACH RA DE 3: (Két hop tir Cdich ra dé 1 va Cich ra dé 2).
Dya vao cac di kién cua bai toan can:

+) Tinh dwoc do dai dogn M1 (Vi | da biét toa do).

+) Viét phirong trinh di qua diem M .

Vidu 1 : Cho duong tron (C): x?+y? —2x+4y—20=0 va diém A(4;2).Goi d latiép tuyéntai A cia (C).
Viét phuong trinh dudng thing A diquatam | cua (C) va A cit d tai M sao cho tam giac AIM c6 dién
tichbang 25 va M c6 hoanh d6 duong.

Phén tich hwénd didi :
Mudn viét duwoc phwong trinh A trong bai toan trén ta can tim duoc toa do ciia diém M .
*) Ta viét duge phuwong tinh d di qua A vavudng goc véi 1A, khidé M ed : da biét phuong trinh.

*) S,y =25= MAzzsﬂ —> chuyén vé Bai toan 1.
MA

Gidi :

A(?)

+) buong tron (C) cé tdm 1(1;-2) va ban kinh R=5.
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. A ek £ . , e — . X=4+4t
Vi d latiep tuyentai A cua (C) nén n, =1A=(3;4) = u, =(4;-3), suy ra phuong trinh d: »_ 3t
y=2-

+) Taco: S,,, :25@%MA.|A=25@ MA=10 (v6i IA=R=5)

+) Goi M (4+4t;2-3t)ed , khidé MA=10 < V16t* +9t* =10 < 5|t| =10 < t = +2
= M (10;-4) hoac M (-4;8) (loai)

Xx=1+0t

+) Khi d6 M = (9;-2), suy ra phuong trinh A
y=-2-2t

Vi du 2. Cho tam giac ABC c6 dién tich bing 2, duong thang di qua A va B c6 phuong trinh x—y =0. Tim
toa do trung diém M cua AC biét 1(2;1) la trung diém cua BC.

Phén tich huwonq didi :

*)Vi | 14 trung diémcaa BC nén S, =%S apc =1
. ’ X 1x ’ A N\ 28ABI
Khi d6 ta dé dang tinh dugc d¢ dai doan AB =——=—.
d(l, AB)

*) Lic nay ta s& nhin thiy toa do diém M “Io dién” qua gdc nhin cua Bai toan 1. Do MI la duong trung binh
cua tam giac ABC nén
+) M e Ml : la duong thang di qua | song song véi AB +) Ml =%

Gidi :

+) Tacé d(I,AB)= 24 _1

Je+? 2

+) Do | la trung diém cua BC nén S, = Shec =1
Khido AB=—22m__21_5 15
d(l,AB) 1
2

+) Mat khdc MI 1a duong trung binh caa tam giac
ABC nén IM diqua | songsong véi AB cd

AB 242 7
= — = 2
2

phuong trinh: x—y-1=0 va Ml :7

+) Goi M (t;t-1)e MI, khiddo Ml =v2 & MI?=2c (t-2) +(t-2) =2 (t-2)° =1
t=3 [M(32)
= =
t=1"_|M(L0)
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Vi du 3 (B — 2003 ). Cho tam giac ABC c6 AB = AC, BAC =90°. Biét M (L 1) la trung diém canh BC va

G (%;Oj la trong tdm cua tam gidc ABC . Tim toa do cac dinh A, B,C .

Phén tich huwonq didi :

*) Do G latrongtam nén AM =3GM = toa do diém A.
Khi d6 B,C thugc dwong thang di qua M vudng goc véi AM .

*) AABC vubng cantai A nén MB=MC =MA (B,C thugc duong tron tdm M ban kinh MA)
—s chuyén vé Bai toan 1.

Gidi :
+) Do G latrongtim AABC nén AM =3GM = (L -3) c(?)
Goi A(X;y) = AM = (1—x;—-1-y)
1-x=1 x=0 | M(L-1)
Suyra = = A(0;2).
-1-y=-3 y=2 G(34:)
+) BC diqua M (L) vanhan AM = (-3 s - B()
lam vecto phap tuyén nén c6 phuong trinh :

(x-1)-3(y+1) =0 hay x-3y—-4=0.

+) AABC vudng cantai A nén MB=MC =MA=+/10, suyra B,C thudc duong tron (M:+/10)
c6 phuong trinh 1 (x—1)* +(y+1)* =10

+) Vy toa d6 hai diém B,C la nghiém cua hé :

X=4 B(4;0)
X=3y+4
{X—Sy—4=0 {x:3y+4

y=0 C(-2;-2)
) ) & ) &41y=0 < =
x=D)"+(y+1)° =10 10(y+1)° =10 { _ X=-2 B(-2;-2)
’ {y=—2 {C(4;0)
Vay A(0;2),B(4;0),C(-2;-2) hoac A(0;2),B(-2;-2),C(4;0).

Vi du 4 (D - 2013 — CB). Cho tam giac ABC c6 diém M (_%gj 14 trung diém cua canh AB, diém

H(-2;4) vadiém 1(-1;1) lan luot 1a chan duong cao ké tir B va tam dudng tron ngoai tiép tam giac ABC
Tim toa d¢ diém C.
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Phén tich huwonq didi -

*) Néu ta biér duoc toa dé diem A, thi ta sé tim duwot toa do diém C theo géc nhin cia Bai toan 1.
Cu thé : +) C e AH : la dwong thing di qua hai diém H, A d biét toa do.
+) Cl = Al (C cach | mét khodng khéng doila 1A).
*) Nhu vdy van dé 1a phdi di im diém A. LGc ndy Bai toan 1 tiép tuc 1a s lwa chon dé ta di im diém A
Cuthé: +) AeAB :ld dwong thang di qua M vavudng goc véi MI .

+) AM = MH (tinh chdt dwong trung tuyén trong tam giac vudng).
Gidi :

H(-2:4) i )

+) AB diqua M (—%g] vanhan MI = (%—%j = %(7; —1) lam vécto phap tuyén nén c6 phuong trinh:

7(x+%)—(y—gj:0 hay 7x-y+33=0.

+) Goi A(t; 7t +33) € AB, khi d6 theo tinh chit dudng trung tuyén trong tam giac vudng ta co:

2 2 2 2
AM =MH < AM? = MH? @(H%) +(7t+33—gj :[%—ZJ +(4—§j

2
) B t=-4 A(-4;5)
St°+49t+20=0< =

t=-5| A(-5;-2)
+) Voi A(—4;5),khido AC diqua A(—4;5) va H(-2;4) nén c6 phuong trinh:
X%‘Ly—‘f@ x+2y—6=0 .Goi C(6-2c:c) e AC, khi do:

Cl=Al ©CI*=Al° < (2c-7)*+(c-1)* =3 +4* =c°-6c+5=0

c=1 .
C{C_S: C(4;1) hoac C(-4;5) (loaivi C=A)

+) V6i A(-5;-2), khiddé AC diqua A(-5;-2) va H(-2;4) nén co phuong trinh:
X+5 y+2
3 6

GoiC(m;2m +8) € AC, khi d¢ :

< 2x-y+8=0

Cl=Al =CI?=Al"” & (M+D)*+(2m+7)° =4 +F &m*+6m+5=0

=-1 o
@{2 5: C(-16) hodc C(-5;2) (loaivi C=A). Vay C(-16).
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Vi du 5. Cho cac diém A(10;5), B(15;-5) va D(-20;0) la cac dinh ciia hinh thang can ABCD trong d6 AB
song song vai CD . Tim toa do dinh C.

Phdén tich hwéng gidi : O vi du ndy ta c6 thé tim toa dé diém C theo hai céch :
Cach 1: Tasétim C theo g6c nhin cia Bai toan 1. Cy thé:
*) C thudc dwong thang di qua D va song song véi AB nén dé dang viér dioc phirong trinh CD .
*) ABCD Ia hinh thang can nén ta cé diéu kién can: CB = AB =54/37 .
Sau khi tim duoc C ta sé kiém tra diéu kién dii BC khong song song AD va két ludn duwoc toa do diém C
can tim.
Céach 2: Goi 1,J lan luot la trung diém cia AB va CD, khi db :
*) Ta dé dang viét duwoc phwong trinh 13 va tim ra duweoc toa do diém J .
*) J la trung diém cia CD (vi ABCD la hinh thang can) nén ta suy ra duoc toa dé diém C.
Gidi :

A(10:5) B(15-5) AQ0:S) g B(15.-5)
D(-20:0) C(?) D(=20.0) * 7 * c(7)
Céach 1 Céach 2

Cach1:

L= . R R =-20+t
+) C6 AB = (5,—10) =5.(1;:~2) , khi do CD// AB nén CD ¢6 phuong trinh: {X 2t "
y=-
+) Goi C(-20+t;-2t) eCD, khid6 ABCD Ia hinh thang can nén ta co:
t=5 C(-15;-10
AD=BC < AD? =BC? & 30%+5° =(t—35)* + (2t -5)° = t*-18t+65=0< = ( )
t=13 | C(-7;-26)
+) Vi C(-15;-10) = BC = (-30;-5) = AD = BC //AD (khong thoéa man vi ABCD I hinh thang cén)
+) V6i C(-7;-26) = BC = (-22;-21), khi d6 BC, AD khong cung phuong (thoa man). Vay C(-7;-26).
Céch 2:
+) C6 AB =(5;-10) =5.(1;—-2) , khid6 CD// AB :@=n—AB =(2;1) va CD diqua D(-20;0)
nén c6 phuong trinh: 2(x+20)+y=0< 2x+y+40=0

+) Goi 1,J lan Iuot 1a trung diém cia AB va CD, khi d6 |(2—25;oj va 1J L AB

(do ABCD Ia hinh thang can) nén 1J c6 phuong trinh: 1.(x—§] -2.y=02x-4y-25=0
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q _ 2X+y+40=0 __=f
#) Vi 13 ACD={J} néntoado diém J Ia nghiém ciia hé: { Ty X ( 27;—13)

Ix—dy—25-=0""
X=dy—oo= y=-13

+) Do J la trung diém caa CD nénsuy ra C(~7;-26).

Vi du 6. Cho hinh thoi ABCD c6 tam 1(3;3) va AC =2BD . Piém M (2;%] thuoc duong thang AB, diém

N (3; %) thugc duong thang CD . Viét phuong trinh duong chéo BD biét dinh B c6 tung do nguyén.

Phén tich hwéng Qidi :
Néu tim duoc toa dg diém B ta sé dé dang viét duoc phwong trinh BD (di qua 1 va B). Viéc tim toa do
diém B sé duwoc chuyeén vé Bai toan 1. Cu thé :

*) Liic nay khai théc tinh doi ximg cua hinh thoi ta sé tim dwoc toa dé diém N' thugc AB doi ximg véi N
qua | va khi dé ta sé viét dwoc phwong trinh AB di qua hai diém M, N ' da biét toa dp. Nhe vdy diém B
thuge duwong thang AB da biét phirong trinh.

*) Ta sé khai thac dir kién cudi cing cua bai todn 1a AC = 2BD dé tinh do dai dogn 1B (chi tiét xem & phan
loi gidi)
Gidi :

(7)

+) Goi N' 1a diém ddixang véi N qua | (hay | la trung diémcaa NN')suyra N'(3;§] thudc duong

thing AB khiddé AB nhan MN'= (1;%} = %(3;1) 1am vécto chi phuong , suy ra n,, = (1;—3)

Phuong trinh AB:x—-3y+2=0

3-9+2 4

NN

+) Goi H la hinh chiéu vubng goc cia | trén AB nén IH =d(I, AB) =

Mat khac AC =2BD = Al =2IB. Khi d6 xét tam giac IBA ta co :
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1 1 1 1 1 5 )
P SN S 2o IB2=21B=42
IB2 IA> IH®  IB? 4IB*> 8

+) Goi B(3t—-2;t)e AB V6i teZ ,khidé: IB?=2< (3t—-5)2+(t—3)* =2

 5t2—18t+16 =0 <> t = 2 hoic t :% (Ioai).

+) Vay B(4;2), khi d6 duong chéo BD di qua hai diém B(4;2) va 1(3;3) nén c6 phuong trinh:

Xx-3 y-3

270 Y% hay x+y-6=0

4-3 2-3 Y y
Nhdn xét: Vi hinh binh hanh, hinh thoi, hinh chiz nhdt va hinh vuéng nhén giao diém hai dwong chéo 1a tam
doi ximg cba hinh dé. Nén néu trong dé bai cho mét diém thugc mét canh thi cac ban nén nghi #6i viéc tim
diém doi ximg cia diém dé qua tam ciia hinh chiza n6 (¢ ddy tam da biét toa do).

Vidu 7 (D-2010 - CB): Cho tam giac ABC co6 dinh A(3;-7), truc tdm la H(3;-1), tam duong tron
ngoai tiép 1a 1(—2;0) . Xéac dinh toa do dinh C, biét C c6 hoanh do duong.

Phén tich hweng qidi : Ta can tim toa dé diém C . Véi
*) Cl = IA=+[74 .

*) Néu viét duwoc phuong trinh canh BC ta sé chuyén bai todn vé Bai toan 1. Lic nay viéc viét
phirong trinh BC ta chi can tim thém toa dé mét diém thugec BC . O day ta c6 thé tim dwoc hinh chiéu D cua
| xuong BC hodc chin dwong cao K cua A xuong BC (khi dé bai todn dwot gidi quyét triér d@é) qua cac

cach gidi cu thé sau:

Gidi :
A3:-T) HG-1)
I(-2:0)
I
_
B\_ D c(?) K\_/r:@
u:c:}- 0)
Céch 1.1 Céch 1.2 Céch 2

Céach 1: Tasé di tim toa d6 hinh chiéu D cua | trén BC (hay chinh la trung diém caa BC) qua 2 cach sau:
Céch 1.1
+) Goi D, E lan lwot 14 trung diém cua BC va AC.

Khidé: HAB = IDE va HBA = IED (gbc c6 canh tuong irng song song)
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Suy ra AHAB ~ AIDE nén %:%:2: AH =2ID (*)

+) C6: AH =(0;6) . Goi D(x;y)= ID = (x+2;y) ,khidé tur (*)<:>{6 ) 3 = D(-2;3)

0=2(x+2) {x:—Z
&
Céach 1.2
+) Kéo dai Al cit duong tron tai diém M (khac A), khido | 1a trung diémcia AM nénsuyra M (=7;7)
Mat khac : BH //MC (cung vudng goc véi AC) va CH //MB (cung vubng géc véi AB),
suy ra MBHC 1a hinh binh hanh, khid6 D ciing 1a trung diém cia HM nénsuyra D(-2;3)

( Trong Céch 1.2 ta c6 thé chi ra luén dugc AH = 21D (*), sau khi c6 dugc D la trung diém caa HM ).

Céch 2: Ta sé di tim toa 6 chan duong cao K cua A xudng BC.
+) Tacd A(3;—7) va H(3;-1) nén duong thing AH co phuong trinh: x=3
Kéo dai AH cit duong tron tai diém H' (khac A). Goi H'(3:t)e AH Vvoi t=—7, khido :
IH? = IA2=R? & 52 +t* =52+ 72 <>t =7 hoic t=—-7 (loai) = H(3;7)
+) Goi AHNBC={K} va BHNAC={B'}, suyra KHB'C noi tiép dudng tron

:>6 = BHK (cung buvéi B'HK ). Mat khac: C=BH'A (cung chan cung AB).
Suyra BHK = BH'A haytamgi4dc HBH' cantai B = K 14 trung diém cia HH' = K (3;3)
( Nhw vdy khi biét toa do @iém D hode diém K thi ta dé dang viér dieoe phirong tinh BC . O phan trinh bay
tiép theo ta ldy sé liéu cia diém D (diéem K twong tu)).
+) BC diqua D vac6 véc to phap tuyén AH = (0;6) nén phuong trinh BC la: 6(y—3)=0 hay y=3
+) Goi C(t;3)eBC (voi t>0),khido:
Cl=IA=\T4 &Cl?=T4 & (t+2)?+3F =T4< (t+2)’ =65
& t=-2++/65 hoic t=-2-+/65 (loai)
Vay C(-2++/65;3)
Nhdn xét:
Vi du ndy con kha nhiéu céch gidi, trong dé cé ca céch gidgi cia Bé Gido Duc — Song céch giai nay “thiéu tw
nhién’” nén tac gia khéng trinh bay o day.

Vi du 8. Cho hai diém A(L;2), B(4;3). Tim toa do diém M sao cho MAB= 135° va khoang céach tir M

Jio
95

dén duong thaing AB ban

Phan tich hwéng Qidi -
*)VI MA di qua A, hop véi dwongthang AB goc 45° (bl véi goc 135°) nén ta sé viét diroc phuong trinh
MA (C&c ban sé duroc tim hiéu ki’ ¢ Bai toan 6) .
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*) Do d(M,AB) = @ nén ta dé dang tinh dwoc dé dai doan MA = J5.
Nhu vy diém M da dwoc “lé dién” theo géc nhin cia Bai todn 1. Cy thé:
+) M e MA: da biét phurong tinh. +) MA=+/5

Gidi :

M(?)

H A2 B(4:3)

10

+) Goi H la hinh chiéu vudng géc cia M trén AB, khidé : MH =d(M, AB) =
Tacdé MAH = 180° — MAB = 180° — 135°= 45°, suy ra tam giac MHA cantai H , khido6 :
MA = v2MH :ﬁ.@:«/ﬁ

+)Tacd AB=(3;1) nén n,, =(L-3), khi d6 phuong trinh AB 1a: x-1-3.(y—2)=0<> x-3y+5=0

- : : a—3b| 1
Goi n,,, =(a;b) véi a’+b*> =0, khido cos(MA,AB)=|—:cos45°:—
w NS 2

a) _a b2

c>(a—3b)2:5(a2+b2)©2a2+3ab—2b2:OQZ.(EJ +3.E—2=0<:> 2 .

b 2

Vi MAB= 135° nén AM.AB = AM.AB.c0s135" <0
. a=2 — : X
+) Véi a_o chon { = ny, =(2;-1), khidé AM co6 phuong trinh: 2x-y=0

Goi M (t;2t) e AM , khidé MA=+/5 < MA2=5
t=0 M (0;0
S -1 +(2t-2)’ =5 (t-1) =1l = (0:0)
t=2 M (2;4)

V6i M (2;4) = AM = (L;2) = AM.AB=5>0 (loai)

Vi M (0;0)= AM = (-1, —2) = AM.AB =-5<0 (thoa man).

. a=1l — . .

+) Voi a_l chon{ = Nya =(L2), khid6 AM c6 phuong trinh : x+2y-5=0
Goi M (5-2t;t)e AM , khi d6 :

t=1 [M(31

MA=+5 < MA2 =5 < (2t—4)2 +(t-2)? =5 (t-2) =1 = (3:0)

t=3 M (-1,3)
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Véi M(3;1)= AM = (2;-1) = AM.AB =5> 0 (loai)
Vi M (~13) = AM =(-2;1) = AM.AB = -5<0 (thoaman). Vay M (0;0) hoic M (-1;3).
Chu y: Ngoai cach gidi ¢ vi du trén, cac ban c6 thé tham khao thém cach gidi sau:

o
2

+) Goi H la hinh chiéu vudng géc cia M trén AB, khido: MH =d(M, AB) =
Tacdé MAH = 180° — MAB = 180° — 135°= 45°, suy ra tam giac MHA cantai H , khido6 :
MA = +2MH =\/§.@=\/§

+) Goi M(x;y),suyra AM =(x—1y—2) voi AB =(3;1) khido taco hé:
3.(x=-D)+(y-2)

& \/E.\/(x—l)zjt(y—Z)2
(x=1)*+(y-2)*=5

{(mm) —135°

1
=c0s135° = BN {&(x—l) +(y-2)=-5
MA? =5

(x-1?+(y-2)*=5

3

y

a=x-1 3a+b=-5 b=-5-3a
+) Pat , khi d6 hé c6 dang: =
b=y-2’ a’+b’=5 a®+3a+2=0
X:
y=0 M (0;0)
{x: M(-L3)

{

+) Vay M (0;0) hoic M (-1;3).

Vi du 9. Trong mat phang toa dd Oxy , cho hinh chit nhat ABCD ¢6 cac canh AB va AD tiép xic voi
dudng tron (T) c6 phuong trinh (x+2)? +(y —3)? = 4. Puong chéo AC cat dwong tron (T) tai hai diém

M,N.BiétM (—% ?) truc tung chira diém N va khong song song véi AD ; dién tich tam giac ADI

bang 10 va diém A c6 hoanh d6 &m va nho hon hoanh dé cua D . Tim toa do cac dinh cua hinh chir nhat
ABCD.

Phén tich hwong gidi:
*) Véi dit kien A ¢ hoanh dj &m goi ¥ ta nén di Aim diém A trudc . Nghia 14 ta sé can tim va khai thac
cac diz kién “c6 lgi” cho diém A.
*) Ta nhdn thdy Oy(N(T) ={N} =toa dg diém N
+) Suy ra phwong trinh AC (di qua hai diém M ,N biét toa dg)
+) Do AB, AD tiép x(c véi dirong tron (T) = Al = RV2 = 242
Nhur vdy ta dé dang tim duwoc toa dé diem A theo goc nhin cia Bai toan 1.
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*) Dirkién S,;, =10 va truc tung khong vudng goc AD goi y diém tiép theo ta di im sé la diém D .
+) AD diqua A vacach | métkhoang R =2 = phuong trinh AD (sé duroc tim hiéu ki ¢ Bai toan 6)

+) AD:—ZSAD' =
d(l,AD)

Nhue vy diém D tiép tuc dwroc “thdo” theo géc nhin Bai toan 1.
*) Khi da tim duoc hai diém A, D thi viéc chi ra dwoc toa do C,B la khd don gian.
Sau day la loi gidi chi tiét:

Gidi :
A M P B(7)
A N
Q I
D(7) c

+) Buong tron (T) c6 tdm 1(-2;3) va ban kinh R=2.
+) Do OyN(T)={N} néntoad diem N Ia nghiém cua h¢:

(x+2)2+(y—3)2=4<:> y=3 5) 5
Khido AC (diqua M,N) c6 phuong trinh: x+2y-6=0
+) Goi (T) tiép xuc véi AB, AD lan luot tai P,Q (P,Q la cac tiép diém)
Suyra APIQ la hinh vudng nén Al = IP/2 =R/2 =24/2
+) Goi A(6-2t;t) véi t>3 (do x, >0)

{X=° {X=0:> N(o;s)zwz(%;—gji(z—l)3@41?2)

Khido Al*?=8< (2t—8)°+(t—3)* =8 <5t -38t+65=0 <t =5 hoic t:% (loai) = A(—4;5)

+) Goi vecto phép tuyén caa AD la n,, =(a;h) v6i a>+b2=0; b=0 ( AD khdng song song voi Oy)
Suy ra phuong trinh AD:a(x+4)+b(y—-5)=0< ax+by+4a-5b=0

_ |-2a+3b+4a—5b|

IQ=d(l,AD) < 2 <la-b|=+va’+b* < 2ab=0<a=0 hoac b=0 (loai)

a’+b’
Véi a=0, chon b=1 ta dugc phuong trinh AD:y-5=0
+) S, =SIQAD & AD =220 _210_ 44
2 1Q 2

Goi D(m:5)e AD Véi m>—4 khi do:
AD? =100 < (m+4)* =100 < m =6 hodc m=-14 (loai)= D(6;5)
+) Khidéo DC diqua D(6;5) vavubng goc voi AD nén c6 phuong trinh: x—6=0
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\ _ -6=0 =6
Khi d6 toa do diém C 14 nghiem cia hé 4 =7 2 c6:0)
X+2y-6=0 y=0
L Xg+4=0 Xg =—4
+) Tacd AB=DC = o = B(-4,;0)
Ye -5=-5 B~
Nhdn xét:

Qua vi du trén ta nhdn thay, khi xem xét mgt bai toan ta can dat ra cac cau héi “véi dir kién bai toan nhiing
diém nao co thé tim duwoc ludn toa @é? , nhitng dwong thang nao can thiét co thé viér diege ? . Sau dé can dat
tiép cau hoi “ diém nao nén tim truede 2. Pé tra loi cho cau hai nay thi mét kinh nghiém 1a nhitng diém dé bai
cho diéu kién (nhw hoanh d dirong, toa dj 1a cac sé nguyén...) hodc dang nam trén mét dwong thang da biét
phirong trinh (hogc dé dang viétr diroc) cling véi cac dir kién “cd loi” cho né vé yéu té dinh heong nhie dién tich,
khoang cach...

Vi du 10 (Khéi A, Al —2014). Trong mat phing vai hé toa o Oxy, cho hinh vudng ABCD c6 diém M la
trung diém cia doan AB va N 1a diém thuoc doan AC sao cho AN =3NC . Viét phuong trinh dudng thang
CD, biét rang M (1;2) va N(2;-1).

Phén tich hwong gidi:
*) Yéu c4u bai toan viér phwong trinh CD, gitip ta hwdng téi viéc gan két cac dir kién dé tim cac yéu té lién
quan téi dwong thang CD . Viéc bai toan cho biét toa dé hai diem M (1;2) va N(2;-1) cung véi diz kién

AN = 3NC, khién ta nghi #5i viéc tim toa dé diém E (véi MN NCD ={E}). Diéu nay hoan toan cd thé lam

duroc nho vao Bai toan 5.1 khi ta suy lugn dwoc MN =3NE (cac ban sé duoc tim hiéu ¢ phan sau trong Bai
toan 5.1)

*) Lc nay néu tim thém dwoc mgr diém trén CD thi coi nhur bai todn gidi quyét xong. Nho Bai toan 1 ta sé
nghi t6i viéc tim diém D . Cu thé véi kién thirc hinh hoc so cdp ta sé chi ra duoc tam gidc MND vubng can
tazi N nén D thudc duong thang ND (viér dicge phirong trinh) va cach N mgt khodng khong déi MN (

DN = MN ). Nhuw vdy bai todn d4 chuyén vé diing néi dung Bai toan 1 nén ta c6 loi gidi sau:

Giai:

+) Goi MNNCD={E} va H Ia hinh chiéu vuéng géc

cia M trén CD. Khi do theo Talet ta co: M(1;2) I
MN AN o : g
MY AN _3 MN =3NE (¥)
NE NC
+) Goi E(x;y) suyra NE = (x—2;y+1)
va véi MN = (1;-3), nén: N(2:-1)
D 7 F [

38




10 bai toan trong diém — tu duy dot pha — chia khoa giai nhanh hinh hoc phang Oxy

7
(*)<:>{l:3(x_2) S XZE :E(Z;—Zj
) 3
y=-2

-3=3(y+1

+) Goi d 1a dudng thang di qua N vudng goc véi AB, cit AB,CD lanluot la 1,J .
INM = JDN = MND =90°
DN = MN = DN? =10
Khi d6 phuong trinh ND: x-3y-5=0
+) Do D € ND nén goi D(3t+5;t) . Khido (*)
t=0 D(5;0)
=
t=—2 | D(-1-2)

Khi d6 AMIN=ANJD:>{ (*), suy ra n,, = MN = (L -3).

S B3+ (t+1D)* =10 (t+1)° :l<:>{
Puong thang CD di qua E(%;—Zj va D nén vai:
+) D(5;0) suy ra CD c6 phuong trinh: 3x—4y-15=0

+) D(-1-2) suyra CD c6 phuong trinh: y=-2 hay y+2=0

4. CACH RA PE 4: Tim diém M gian tiép théng qua mér diém khac thugc Bai toan 1
(néu biér diém thugc Bai toan 1 ta sé suy ra dwot toa do diem M)

Vi du 1. Trong mat phang toa dd Oxy, cho duong tron (C): x?+y2 —2x+4y—20=0 va hai duong thang
d,:2x+y-5=0, d,:2x+y=0. Lap phuong trinh dudng thang A tiép xuc véi duong tron (C) tai A va cat
d,,d, lan lugt tai B va C sao cho B 1a trung diém caa doan thang AC .

Phén tich hwénd didi :

*) Nhw cdch tw duy thong thieong dé viét dwong thang A |, ta sé nghi 16i viéc tim mét diém ma A di qua ciing
Véi vecto phap tuyén hodc chi phwong ciia n6. Lic ndy c6 ba sir lya chon la diém A, B hogc C. Song cd ba
diém trén déu chua biét toa dg. Vdy cau héi lc ndy 1a nén tim toa dg diém nao ? Ta nhan thdy hai diém B,C
c6 loi thé la déu dang thuée cac dwong thang da biét phwong trinh, nhung gan nhw dé la dir kién co loi duy
nhdt cho B va C. Nghia [a viéc tim toa @6 B,C 1a gdap “khé khan”. Chi con mét su lia chon la diém A. Co

vé hop Ii , Vi néu tim dwoc toa dé diém A, ta sé tim duwoc vecto phap tuyén cia A 1a 1A va suy ra phirong
trinh A. Thé tim diém A bang cach nao ? Véi dir kién bai toan ta chi ¢cé duoc 1A=R=5. Vdy viéc tim diém
A tryc tiép l0c nay lai gap tré ngai. Khi dimg trwéc nhing tinh huong bi bach kiéu nay, mét kinh nghiém 1a ta
hay chl y téi nhing thdng sa, dir kién ciia dé bai va rat c6 thé trong d@é dang an chira nhiing yéu té ddc biét sé
gilp ta thao g& diroc “nit that * cua bai toan. Nhdn thdy, cé hai yéu to vé sé liéu khd dac biét 1atam | cua
(C) thugc d, va d,//d,. Nghia /a JB la dwong trung binh trong tam giac IAC véi d, n1A={J},suyra J
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la trung diém cua 1A. Néu tim duoc toa dé diém J ta sé suy ra toa do diém A vaviét duoc phuong trinh A.
Vdy thay vi di im A ta sé tim gian tiép thong qua diém J .

*) Tanhgnthay : Jed, va JI = % :% . Nhu vdy lic nay da *“1¢ dign” Bai toan 1, c6 nghia /a ta sé tim duoc
toa dg diém J nho Bai toan 1.

Gidi :

+) Buong tron (C) c6 tam 1(3;,-2) thuoc d, vabankinh R=5.Goi d,nIA={J}.
Do d,//d, nén JB la duong trung binh trong tam giac 1AC, suy ra J 1a trung diém cua IA.
+) Goi J(t;5-2t)ed,, khido : JI :%:E:gc JI? :§c>(t—l)2 +(2t-7)? :§

< 4(5t* =30t +50) =25 <> 4t — 24t +35=0 =t :g hoac t:%
Do J latrung diém cua 1A nén:
+) Vi t= g =J (g;Oj = A(4:2), khido A diqua A(4;2) va c6 vecto phap tuyén 1A= (3;4)

nén c6 phuong trinh : 3(x—4)+4(y-2)=0< 3x+4y—-20=0.
+) Voi t= % =J (g —2) — A(6;-2), khidé A diqua A(6;-2) va co vecto phap tuyén 1A = (5;0)

nén c6 phuong trinh : 5(x—4)+0.(y-2)=0< x=4.
Vay A co6 phuong trinh: 3x+4y-20=0 hoac x=4.
Nhédn xét :

Vi di trén 1a kiéu bai toan khéng mau myec, nghia [a véi cdc cach tw duy théng thuong (chwa dé y téi nhiing
s6 lidu cu thé ) ta kho 6 thé dua ra dwoc 10i gidi cho né. Khi dé giai phap cho nhiing lép bai toan trén 1 khai
thac triér dé so liéu dac biét ciia dé bai, va chinh sé ligu nay méi 1a ““chia khoéa” giiip ta di dén dap s6 cia bai
toan. Cac ban sé tiép tuc tim hiéu cac 16p bai toan nay qua cac vi du tiép theo.

Chuy:
Ngoai cach gidi theo gc nhin cia Bai toan 1 & trén, cac bgn co tim truc tiép diém A bang céch sau :
+) Do d,// d, va khoang céach giita hai duong thang nay bang 5.
Do d6 A sé& thuoc duong thang d song song véi d, va cach d, mot khoang bang 5.
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Suy ra duong thang d : 2x+y—10=0 hoic d:2x+y=0 (loai vi d =d,)

X

2x+y-10=0 {y
=N

X +y>—2x+4y-20=0 {

4
2 {A(4; 2)
6

+) Khi d6 toa d6 diém A 1a nghiém cua hé :
A(6;-2)

-2

X
y

Vi du 2 (A — 2010 — CB). Cho hai dudng thang d,: J3x+ y=0va d,: J3x— y =0. Goi (T) la duong tron
tiép xtic v6i d, tai A, cat d, tai hai diém B va C sao cho tam giac ABC vudng tai B. Viét phuong trinh

cua (T), biét tam giac ABC c6 dién tich bang ? va diém A co6 hoanh d6 duong.

Phén tich hwénd didi :
*) Nhu ta da biét dé viét phwong trinh ciia mét dwong tron ta ludn can hai yéu té 1a toa @6 tam va ban kinh.
song véi bai toan nay néu xdc dinh dwot toa dé tam | cua (T) thi ta sé tinh dwoc bankinh vi R=d(l,d,) va

suy ra dwoc phirong trinh (T). Vay tim | nhwthé ndo ? | thugc AC song chiea biét phuong trinh. Nhur vy
viéc tim tim tryc tiép diém | 1a khong kha thi. Luc nay ta sé nghi i viéc tim diém | gién tiép thdng qua cac
diém c6 mai lien hé véi né. Véi dir kien ABC vudng tai B , suy ra AC la duwong kinh (| la trung diém cua
AC). Vi vdy néu biét toa d diém A ta sé tim duoc toa dé diem C (Vi khi dé ta viét duwoc phuong trinh AC
va d, " AC ={C}), tir d6 ta suy ra duwot toa dé diém 1| .
*) Xdc dinh toa dé diém A nho Bai toan 1. Cu thé:
+) Aed, :+/3x+y=0.

+) C6 d,nd, ={O} véi O(0;0) va khai thac di kién S, :% détinh OA=?
Gidi :
dy J3x—y=0
o
B 1(7)
0(0;0) dlzﬁx— y=0
/ 4
+y=0 [x=0 9
4y xéthe: VXY @{X — 0(0;0) 1 giao diém caa d, va d,.
J3x-y=0 (y=0

Véc to phap tuyén cua d,,d, lanluot la: n =(+/3;1), n, =(+/3;-1), suyra:
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Gdy- NONERSRE 1)‘
cos(d,,
' Br13+1 2
Mit khac tam giac ABC vudng tai B, do d6 ~AOB =60° = ~/BAC =60°.
. OAV3
g X . |AB=0A 0=="°
+) Xét tam giac AOB va AOC ta co: OAsIn60 2

AC = OAtan 60° = OAV3
;OA[OAII 3IOA2

Khido S,,5c = % AB.ACsin60° =

Do d6 S, B op2B
2 3
+) Goi A(t;—/3t) Vvai t>0, khi do:
OA= ZI < OA” = 4 t2+3t2=f@t2=1@t—— t=—i (loai) = A[i;—lj
3 3 NE N NE
Suyraa AC qua A,vudng géc d, co phuong trinh: (x—ﬁ]—«/é(y+1)=0<:>\/§x—3y—4:0

Khi d6 toa do diém C 1a nghiém cua hé:

10
-3y-4=0 |x=2rp (_
V3x-3y =N \/§:>C[—2;—2j

+) Vitamgidc ABC vudngtai B nén AC la duong kinh .
Do d6 duong tron (T) can viét co:

[ 2 2
Tam | —1 —E va ban kinh R = AC: (\/5) 1 =1
23" 2 2 2

2 2
Suy ra phuong trinh duong tron (T): [X+ij (y+3j =1.

243

Vidu 3 (B -2011-NC). Cho tamgidc ABC c¢ dinh B(%;l}. DPuong tron noi tiép tam gidc ABC tiép

xUc vai cac canh BC,CA, AB twong tng tai cac diém D, E, F. Cho D(3;1) va duong thing EF c6 phuong
trinh y—3=0. Timtoa do dinh A, biét A co tung do duong.

Phén tich hwong Qidi:
Tanhdn thdy A dang nam trén cac dwong AB, AD, AC . Nhur vdy lic ndy viéc tim diém A c6 thé di theo
nhitng hieong sau: “Huwdng 1: néu viét dige phiong trinh ciia mot trong 3 dwong trén va tinh dwege dé dai doan
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AB (hogc AD) thi ta sé chuyén né vé Bai todn 17 hodc “Huwdéng 2: néu biét dwoc phwong trinh cia hai trong
3 dwong trén ta cing suy ra duocC toa do diém A . bé chon hwong di thich hop ta can khai thac cac dir ki¢én
cuia bai toan. Véi céc so liéu cia bai toan cho ta thay Hidng 1 ¢6 vé khdng may kha thi, Vi viée tinh duwoe do
dai AB (hodc AD) sé gap tré ngai. Llc nady ta nght #5i gidi phap thiz 2. Biém B va D deu da biét toa dé

1
nén ta sé nghi i viéc viét phirong trinh AB va AD. Ta sé phan tich chi tiét so liéu bai toan: B(E; j:>
D(3;1)
phirong trinh BD : y =1 song song Vi dwong thang EF @y —3=0. Khi dé ta sé chitng minh dwoc tam giac
ABC cantai A. Do dé AD 1 BC. Nhu vdy ta viét duoc phuong trinh AD . LUcC nay viéc viéc Viétphwang
trinh  AB  sé can sur “tro gilp” cia diém F . VA ta nhdn thdy Bai toan 1 sé cho ta dioc toa do diém F . Cu

thé: *) FeEF:y-3=0 *) FB:BD:g

Sau day la loi gidi chi tiét ciia bai toan.

Gidi:

+) Goi | la tdm duong tron noi tiép tam giac ABC

1
ID L BC . |Bl =1 .
Khi d6 {IALEF (1) . Véi (2 j:phu:ongtrmh BD: y=1,suyra BD//EF hay BC//EF (2)

D(3;1)

(vi phuong trinh EF :y—-3=0)
Tu (1) va (2) suyra A, I,D thang hang hay AD L BC, nén phuong trinh AD la: x=3
+) Goi F(t;3) € EF, khi d6 theo tinh chat tiép tuyén ta co:

2 ? t=-1 [F(-L3
BF =BD < BF?=BD? < t—l +2% = S otP-t-2=0 (=L3)
2 2 t=2 | F(23)

U

+) V6i F(-1;3) = BF :(-%;2) = U, = (4;3), khi d6 phuong trinh BF Ia:
4x+1)+3(y-3)=0<=4x+3y-5=0

4x+3y-5=0
=

Do BF N AD ={A} nén toa do diém A la nghiém cua hé: { 3
3

+) V6i F(2;3) = BF :(2;2] :@ = (4;-3), khi d6 phuong trinh BF Ia:
4(x—2)-3(y-3)=0<=4x-3y+1=0

q _ 4x-3y+1=0 -
Do BF N AD ={A} nén toa dj diem A la nghiém cua hé: { X=2y+ = 13 = A(g;ﬁ]

x=3 y=—
Vay A(3;§]
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Binh ludgn sau Bai Toan 1:

Nhue vdy trong cde dé thi Quac Gia, nhiém vu ciia ngueoi ra dé 1a sé lam “mo” bai toan goc cia ching ta
bang céc dir kién va so liéu di kem . Nhiém vu cua c&c ban 1a dung cac kién thize co ban dé cat nghia bai todn,
lam cho bai toan gac “hién nguyén hinh” . Qua Bai Toan 1 cac ban thdy phan nao tam “sdt thwong” va tinh
hiéu qua ciia nd trong viéc gidi quyét cac bai toan tim diém va cac bai toan lién quan khac...N6 gilp céac ban
biét cach dat ra cac cAu hoi hudng vao cdc doi trong va dit Kién ciia dé bai ma ta dang can va c¢é dwoc dinh
heéng dé e duy va thao gé bai toan. Néu biét cach “lam chi” Bai toan 1 c6 nghia [a cac ban dang c6 trong
tay mgt cong cu don gidn nhwng khd hiéu qud va viée dwa ra ddp sé chinh xéac cho cac bai toan khong c6 gi kho
khan véi cac ban. Ching ta con kha nhiéu c¢ong cu hifu hiéu khac. CAc ban sé tiép tuc di Aim hiéu thong qua 9
bai toan tiép theo.

Trén dy l1a doan trich tir ban thio cia cudn sach:

10 BAl TOAN TRONG PIEM
TU DUY POT PHA - CHIA KHOA GIAl NHANH
HINH HQOC PHANG OXY

Moi théng tin chi tiét cac ban cé thé tham khao qua:

Web: http://www.toanmath.com/

CAM ON CAC BAN PA QUAN TAM !

44





