TRUONG THPT CHUYEN PE ON TAP TONG HQP TUAN 1 THANG 3 NAM 2020

HA NOQI - AMSTERDAM Nim hoc: 2019 — 2020
T6 Toan — Tin hoc MON TOAN LOP 11
Thoi gian lam bai: 120 phut
Ngay 02/03/2020

A — Tric nghiém (7 diém): Chon ddp dn ding (Hoc sinh ghi dap dn diing vao gidy lam bai)

Céu 1. Cho day s (uy), biét u, = %n +1, n > 1. Khang dinh nao sau day 13 diing?

r . /4 4 1
A. Day s0 nay khong phai 1a cap s6 cong B. Un+1 ZE n
C. Téng cta 5 sb hang dau tién 1a Sg = 12 D. Up+1—U, :1
Céu 2. Trong céc diy s (U,) duoc cho boi cong thire tong quat sau, diy sb nao 1a diy s ting?
V4 1 2n+3
A u =)= B.u, =(-1)*"(3"+1 Cu =—r— D.u =
n ( ) n+«n+1 3n+2

u, +u, =10
U, +u, =14
Al B.2 ‘ C. 4 ) ,D.—2

Cau 4. Mot tam gidc vudng co chu vi bang 3, do dai cac canh 13p thanh mét cap s6 cong. PO dai ba
canh do¢ la:

Ciu 3. Cho cip s6 cong (U,), n > 1 théa man: { . Tim cong sai cua cp sb cong.

A. 1;1;§ B. 1;1;§ C. 1;1;Z D. §;1;E
2 2 o 3’ 3 4 4 4 4
Cau 5. Cho cap so nhan c6 15 s0 hang: Uj; Up; ...; Uss. Pang thitc nao sau day la sai?
A. Up.Up = Up.Upp g B. Ui.Up=Us.Up 4 C. U;.Uy= Us.Up s D. Uj.Up = Ug.Upgs1

Céu 6. Cho 3 s6 x; y; z theo thir tu d6 1ap thanh cap sé nhan voi cong boi khac 1. Biét ciing theo thir ty
d6 ching lan luot 1a sO hang thr nhat, thir tu va thir tam ctia mdt cap so cong vdi cong sai la d = 0.

Tinh i
d
A9 B.3 C. 4 D. 4
, ’ 7 3 9
Cau 7. Tim tat ca cac gia tri cia tham s6 m dé phuong trinh -3 +mx+2-m=0co3 nghi¢m

phan biét 1ap thanh cap sb cong.

A.m>3 B.m=0 C.m<3 D.mtuyy

Ciu 8. Trong sin van dong co tat ca 30 diy ghé. Biét day dau tién c6 12 ghé, cac diy lién sau c6 sd
ghé nhiéu hon diy trude 1a 5 ghé. Hoi sin van dong d6 co tit ca bao nhiéu ghé?

A. 2535 B. 1920 C. 2610 D. 4200

Ciau 9. Cho tam giac ABC can tai A. Biét rang d6 dai canh BC, trung tuyén AM va d6 dai canh AB theo
thir tu d6 14p thanh mot cdp s6 nhan c6 cong bdi g. Tim cong boi q cua cip sé nhan do.

A 1+42 5 J2+242 c ~1+2 5 —2+2\2
S22 -2 -2 -2

Cau 10. Cho I}inh lang tru tam gidc WABC.A'B'C'. Goi G, G' lan lugt 1a trong tdm cua cac tam giac ABC

va A'B'C". Thi¢t dién tao boi mat phang (AGG') vai hinh lang tru da cho la:

A. Hinh thang B. Tam giac vudng C. Hinh binh hanh D. Tam giac can

Cau 11. Tim ménh dé sai trong cdc ménh dé sau:

A. Mot hinh binh hanh c6 thé 13 hinh chiéu song song ctia mot hinh thang nao dé.

B. Mot hinh binh hanh c¢6 thé xem 1a hinh chiéu song song cia mot hinh vudng nao do.
C. Mot tam giac c6 thé 1a hinh chiéu song song cila tam giac déu nao do.

D. M6t doan thang c6 thé 1a hinh chiéu song song cia tam giac nao do.



Céu 12. Cho hinh hop ABCD.EFGH. Cac vecto c¢6 diém dau va diém cudi 13 cac dinh cua hinh hop va
béang vecto AB la:

A. DC;GH;EF B. DC;HG;EF C. DC;HG;FE D. CD;HG; EF
Cau 13. Cho ba vecto a 5

A. Néu gia cua ba vecto a,
B. Néuba vecto a,b,c co

¢ khac 0. Trong cac khang dinh sau ddy, khang dinh nao sai?
b,c cling song song voi mot mat phing thi ba vecto d6 dong phang.
mdt vecto 1a 0 thi ba vecto ddng phang.

C. Néu trong ba vecto a,b,c c6 hai vec to cung phuong thi ba vecto d6 déng phang.

D. Néu gia cta ba vecto a,b,c citnhau timg d6i mot thi 3 vecto ddng phang. ?
Céu 14. Cho hinh tr dién ABCD. Goi M, N lan lugt 1a trung diém cua AB va CD, | 1a trung di€ém cua
doan MN . Ménh d¢€ nao trong cac ménh dé sau la sai?

AMN-_(AD+CB) ~ B.AN=_(AC+AD)  C.IA+IB+IC+ID=0  D.MA+MB=0
Céu 15. Cho tir dién déu SABC. Goi M 14 trung diém cta AB, N 13 mot diém di dong trén doan AM.

Goi (P) 1a mit phang di qua N va song song v6i (SMC). Tinh chu vi cta thiét dién tao boi mit phang
(P) va tir dién SABC biét AN = x.

A. 3x(1+ J§) B. 2x(1+ J§) C. x(1+ J§) D. Két qua khac

Cau 16. Cho tir dign ABCD va cic diém M, N dugc xic dinh boi AM =2AB-3AC,
DN = DB+ xDC. Tim x dé cac duong thang AD, BC, MN cuing song song v&i mdt mét phing.

A x=-1 B.x=-2 C.x=1 D.x=2

B — Tu luin (3 diém):

. u
Bai 1. Cho day so (u,), n > 1: a (Vp),n>1véiv, =—"—,
i o day so (Uy,) . _(n+2)u, i _1va(n) VoLV, =—

e 2(n+1)
a) Chung minh rang day s6 (V) 12 mot cap sb nhan.
b) Tim s6 hang tong quat u,. Xét tinh ting, giam va bi chan cua day sb (uUp).
Tuy thudc vao chwong trinh hoc trén I6p, hoc sinh chon mét trong hai dé bai sau:
Bai 2. Cho hinh hop ABCD.A'B'C'D' ¢c6 AB=a, AA'=b, AD=c. Goi M, N 1a cac diém théa min

M—Az—EMD, NA':—ZNC.
4 3

[

a) Biéu dian cac véc to BM , BN theo cac vécto a,b,cC.
b) Chimg minh cac vecto MN , AB', AD' dong phang. Nhan xét vi tri tuong ddi cua duong thang MN
va mit phiang (AB'D").
¢) Gia st hinh hop ABCD.A'B'C'D' di cho & trén c6 tit ca cac mat déu 1a hinh thoi canh a. Biét Z/BAA'
= Z/BAD = ZDAA' = 60°. Tinh géc giita 2 duong thang MN va AC'.
Bai 2. Cho hinh chop S.ABCD c6 day ABCD la hinh vuéng tam O va SA L (ABCD).
1. Chttng minh: BC 1 (SAB); CD L (SDA).
2. Goi (P) 12 mit phang qua diém A va vudng goc voi SC cit cac canh SB, SC, SD lan luot tai cac diém
H, I, K.

a) Chimg minh AK vudng goc véi mat phang (SCD).

b) Chirng minh: SH.SB = SK.SD.

¢) Chirg minh: Mit phang (SAC) 1a mat phépg trung truc cua HK.

HET




TRUONG THPT CHUYEN PE ON TAP TONG HOP TUAN 1 THANG 3 NAM 2020

HA NOQI - AMSTERDAM Nim hoc: 2019 — 2020
TO TOAN - TIN Mén: TOAN 11T1
Thoi gian 1am bai: 180 phut
Ngay 02/03/2020

Bail.Cho ham s6: y = —x* + 4x
1) Khéo sat sy bién thién va vé do thi (C') cua ham so da cho.
2) Tim diéu kién ctia tham sb m dé phuong trinh sau ddy c6 4 nghiém phan biét:
x*—4x* +logm =0
3) Tim toa d cuia diém A thudc (C') biét tiép tuyén tai A song song véi d : y =16x + 2020
Bai2.
1) Tim m dé phuong trinh sau c¢6 nghiém
1

x—1

m~\x +

) — _ 1
+,/x(x 1)——\/;+m

2) Trong cac sb phirc z thoa man : |z -2+ i| = ‘E -3+ 2i‘ . Tim s6 phirc c6 modul nho nhét.
Bai3.

1) Cho hinh chép S.ABCD c6 day ABCD 14 hinh chit nhat, v6i AB = a, BC =2a. Cac mit phing (SAB) va
(SAD) vudng goc v6i mit phing day, dudng thang SC hop voi ddy mot goc 60° . Tinh thé tich khdi chop
S.ABCD.

2) Cho mot hinh try ¢é d6 dai truc 00’ = Q\E . Tt gidac ABCD la hinh vudng canh béng 8, c6 cac dinh nim
trén hai duong tron dy sao cho tim cua hinh vuéng 13 trung diém ctia doan OO’ . Tinh thé tich cua hinh
tru do.

Bai4._Giai cac phuong trinh sau:
1) 2cos’ x+4cosx+2sinx+2=0 2) 1—tan’ x = 2tan x tan 2x

3) \/E(sinercosx) = tanx+cotx . 4) sin’® x —/3cos’x = sinxcos’x —+/3 sin” x cos x

Bai5*. Cho 7 14 s6 nguyén duong. Chimg minh ring tit ca cac s6 c6 dang x" +y",(x, y 13 cac s6 nguyén duong

. . 1 Do g
tuy y) c6 s6 cac so du khong vuot qua n(n2+ ) khi chia s6 d6 cho n’

Bai6*. Cho tam giac nhon ABC ndi tiép duong tron (Q).Goi P va O 14 hai diém nam trong tam giac ABC sao cho
ZABP = /CBQ va ZACP = /BCQ. Tit P va Q ké cac duong thing vudng goc véi tia phan gidc ciia goc
BAC, hai duong thang ndy cit cac canh AB, AC tai cac diém B,;B,;C,;C, ( Xem hinh v&).



Q\
Goi W 1a diém chinh giita cung BAC cua dudng tron (Q). Hai dudng thang WP va WQ cat (Q)tai diém thu
hai lan luot 1a P;Q,.

Chirng minh 6 diém BB q;C p;C ~h ;O, cung nam trén mot dudng tron.
. a, =1
Bai7*. Cho day cac so tu nhién (a,) thoa man : _ ,Vn>1
" a,, =a,-+ a[ﬁ]

Chirng minh rang véi moi s6 nguyén dwong k, ton tai mot s6 hang ciia diy (a,) chia hét cho k.

HET




TRUONG THPT CHUYEN PE ON TAP TONG HQP TUAN 2 — THANG 3
HA NQI - AMSTEDAM Nim hoc: 2019 — 2020
TO TOAN-TIN MON TOAN LOP 11
Thai gian lam bai: 120 phut

Bai 1: (2 diém) Cho day sb (un) duoc xac dinh nhu sau:
up=1, u=2+4,
Us=3+5+7, U=6+8+10+12
Us=9+11+13+15+17, ...

Xéc dinh sé hang tong quat cua un?
Bai 2: (2 diém) Cho cap s6 cong (un). Chang minh rang véi m, n, p d6i mot khac nhau ta co:

m(un —up)+n(up—um)+ p(u,—u,)=0

Bai 3: (2 diém) Tim cap s6 nhan gom ba s a, b, ¢ biét:

—+—+-—=14
a b c

ab+bc+ca:—i
108

Bai 4: (2 diém) Cho day sé (un) :

Uy, =4u, —9,VneN
Chiing minh rang: u, =5.4"*+3,VneN".

Hoc sinh chen 1 trong 2 bai sau:

Bai 5: (2 diém) Cho hinh lang tru tam gidc ABCA’B’C’. Goi G la trong tdm cua tam giac
ABC.

a) Xac dinh giao diém | cua A’G véi miat phang (AB’C’)? Tinh IA”:1G?

b) Goi (P) la mat phang qua G va song song véi mit phang (AB’C”). Xac dinh thiét dién cua
hinh ling try bi cit bai mat phang (P)?

¢) Biét tam giac AB’C’ 1a tam giac déu canh a, tinh dién tich thiét dién o trén?

d) Goi (d) va (d”) 1an luot 12 giao tuyén caa mp (P) v6i mp (ABB’A”) va mp (ACC’A’). Ching
minh rang d, d’, AA’ ddng qui.

Bai 6: (2 diém)

a) Trong khong gian cho tam giac ABC. Chirng minh rang néu diém M thuoc mp(ABC) thi ton
tai 356 X,y,zmax +y +z=1sao cho OM = xOA+ yOB +zOC véi moi diém O.

b) Cho hinh chép S.ABCD. Lay cac diém A’, B, C’ lan luot thudc céc tia SA, SB, SC sao cho

SA =aSA’, SB =bSB’, SC = ¢SC’, trong d¢ a, b, ¢ 1a céc s6 thay doi. Chimg minh rang mat
phing (A’B’C’) di qua trong tdm cua tam gidc ABC khi va chi khia+b + ¢ = 3.

ST



TRUGNG THPT CHUYEN  DE ON TAP TONG HOP TUAN 2 THANG 3 NAM 2020
HA NOI - AMSTERDAM Nam hoc: 2019 — 2020

TS Toan - Tin hoc MON TOAN LOP 11T1
Thaoi gian lam bai: 180 phut
Ngay 09/03/2020

Bai 1. Tim tat ca cac ham s6 f : R — R théa man

f@®) = f(y°) = (@® + 2y +y°) - (f(2) = f(y)) Yo,y €R
Bai 2. Cho s6 thyc a va day s6 thuc (z,,) xac dinh béi:

r1=a, Tpi1 =In(3+cosz, +sinz,) —2020, Vn>1

Chitng minh rang day s6 (z,) c6 giéi han hitu han khi n tién dén duong vo cluing.

Bai 3. Chitng minh ring véi mdi s6 nguyen duong n chin thi n? — 1 chia hét 2™ — 1

Bai 4. Cho tam giac ABC khong vuong véi hai duong cao BE, CF. Xét diém M trén dudng tron ngoai
tiép cia tam gidac. Goi P la giao diém ctia M B va CF, @ la giao diém ctia MC va BE. Chting minh
rang FF di qua trung diém PQ.

Bai 5. Tim tat ca cac s6 thuc x théa man phuong trinh

146° 2777 =8

Bai 6. Cho hinh chép tit gide déu S.ABCD dinh S, canh day ctia hinh chép c¢6 do dai bang 2, chiéu cao
bang h. Goi C1(O;r) 1a hinh cau tam O ban kinh 7 noi tiép hinh chop; goi Cy(K; R) 1a hinh cau tam K
ban kinh R tiép xic v6i 8 canh clia hinh chép. Biét ring khoang cach tit O dén mit phing (ABCD) bing
khoang céch tit K dén mit phing (ABCD).

1. Chiing minh ring

V1+h2-1
7" = —
h

2. Tinh gia tri clia h, tit d6 suy ra thé tich ctia hinh chép

Bai 7. Cho s6 nguyén n > 2. Chitng minh ring trong moi ho gom it nhat 27! + 1 tap con khong réng
phan bigt ctia tap {1,2,...,n} déu tim duge ba tap ma mot trong ching 1a hgp ctia hai tap con lai.

HET




CHUONG IV: GIOl HAN
§1: GIOI HAN CUA DAY SO

A - KIEN THUC CO BAN

I. GIOI HAN HU'U HAN CUA DAY SO:

1. Dinh nghia

Dinh nghia 1. Ta noi day s6 (up) c0 gioi han la 0 khin dan t6i duong v cuc, néu |uy| ¢ thé nhé hon
mot s& duong bé tiy ¥, ké tir mot sd han nao d6 trg di.

Kihiéu: limu, =0 hay u, >0 khi n— +wo.

n—>+o0

Vidu 1. Iimlzo Ilm( 1) =0.

n—+w n—>+o n

Pinh nghia 2: Ta néi day s (v,) c6 gi6i han 1a sb a (hay Vv, dan t6i a) khi n —+e0, néu lim (v, -a)=0.

n—+oo

Kihi¢u: limv, =a hay v, >a khi n—+o

Vi du 2. Cho day s6 (v,) v6i v, = 2n+1 . Chitng minh rang lim v, =2

N—+o0

Gidi: lim (v, -2)= lim [2”—”—2j ~ lim £ =0

N—+w0 n—>+ow n n—-+0 N

Vay limv, = lim 2"+

N—+o0 nN—>-+o0 n

2. Mot vai gi¢i han dac biét:

=2

a) lim 1=0; lim i—0 véi k nguyén duong

n—+o0 n—+o0 n
b) limq" =0; néu |q <1
n—-+o0

¢) Néuu, = ¢ (c 1a hang s0) thi limu, = limc=c

N—-+o0 nN—-+o00

Chu y: Tir nay vé sau, thay cho lim u_ =a, ta viét tit 1a: limu_=a

n—>+o0

II. PINH Li VE GIOI HAN HU'U HAN CUA DAY SO:
Dinh li 1.
a) Néu limu, =a va limv, =b thi:

e lim(u,+v,)=a+b e lim(u,-v,)=a-b
e lim(u,v,)=ab o lim=2 néub=0
v

n

b)Néu u, >0 véimoinva limu,=a thi a>0 va limJu =+a

3n? - x/1+ 4n?

Vidu 3. Tim a) lim b) lim———
1+n? 1-2n
Giai:
, X 2 _n 3_1
a) Chia tir sO va mau so cho nz, ta duoc: = n
1+n* 11
——+1
n n

Vi Iim(B—iJ_llmB—llm— 3-0=3; Ilm(
n n

3|H
:ll—\

+1j _timEgimE £ lim1=0.0+1=1
n n



T . 3
nén lim > —|Im1 1 1 —I:S
+n ——+1 Iim('+1j
n n nn
1 f 1
n2(+4j n.,|—+4 — +4
/ 2 2 3
b fim Y4 i L \N im0’ ¥t 2
1-2n 1-2n 1 1 -2
n| -2 =2

Pinh Iy 2. (Pinh 1y kep) Xét ba diy s6 (Uy), (Vn), (Wy). Gia st voi moi n ta cd Uy <V, < Wy, Khi d6 néu
limu, = limw, =L thi limv,, = L.
Hé qua. Xét hai ddy s (Uy), (V). Néu |ug| < Vi v6i moi n va limv, = 0 thi limu, = 0

sinn

Vidu4.CMR: lim——=0
' Jn
Giai: Ta co sinn < i, vn va limi = 0. Tlr d6 suy ra diéu can ching minh.
il Jn Jn

I11. TONG CUA CAP SO NHAN LUI VO HAN:
Cép s6 nhan vo han U;,u,d,..6,q" c6 cong bdi g, vai |g| < 1 dugc goi 1a cAp s6 nhan lii vo han.
Téng cap s6 nhan 1ui vo han (u,) 1a:

ul

S= : <1
1-q (al <D
. . 2 , ,, 1

Vi du 5. Tinh tdng cua cap s6 nhan Iui v6 han (u,) biét U, =3—n,Vn21.

1
ey L gL 3 _1
G1a1.U1—3,q—3:>S—1_—1—E.

3

IV. GIOI HAN VO CUC:

1. Pinh nghia.

e Tanoi day sb (up) c6 gidi han +oo khi n — 40, néu u, 6 thé 1én hon mot sb duong bat ki, ké tir mot
s6 hang nao d6 tro di.
Ki hi¢u: lim u, = 400 hay u, — 4o khi n — +o0

e Diy s6 (u,) dugc goi 12 ¢6 gidi han —so khi n — -+ néu lim (—Uy,) = +o0
Ki hi¢u: lim u, = -0 hay u, — —o0 khi n — +w

Nhin xét: lim u, = +o0 < lim(-u,) = —©

2. Mot vai gi¢i han dac biét:

a) lim n“ = 400 voi k nguyén duong;

b) lim g* = +o0 néuq>1

3. Pinh 1i 3
a) Néu lim u,=a va lim v, = oo thi Iim:J/—n =0
n
b) Néu lim u,, = o0 va lim v, = a # 0 thi lim(u,v, )duoc cho trong bang sau:
lim u, DAu cua a Iim(unvn)
+00 + +00
+oo - —00

2



—00 + —00
0 — +00

A 1e . \ - - . 2, A \ f o a1y ge U
¢) Neulimu,=a =0, limv,=0vav,> 0 hoac v, <0 v4i moi n ké tir s0 hang nao d6 tr¢ di thi lim—=
Y,

n

dugc cho trong bang sau:

. . _u
Dauctaa | Daucua v, lim—

+ + +00
+ - —o0
- +

2n® —n+1
2

Vi du 6. Tim c4c giéi han sau: a) lim(3n® — 101n — 51) b) lim

Gii:
a) lim(3n? — 101n — 51) = nz( in_iﬂ
n

Vi limn®= +oo va Ilm(B—g—ﬁj 3> 0 nén lim(3n* — 101n — 51) = +o

n n

5_ 1+1
2 -n+1 . n2  n
lim =lim
b) li i 11
3

n n

3_
Vilim(z—iz+i3):2>o,|im(i3—1j=0vai3_1<0véimoinnén|im2”—”2+1:_oo
n~ n n~ n n° n 1-n

B — BAI TAP TU LUAN

Dang 1: Tim limu, véi U, = (Tham khao Vi du 3, 6b)

Q( )
Vi du 7. Tinh céc giéi han.

2 1 2 _ ] 3 ' n n+l
n+ im\/n +n-3n C)“m3n : 5n+1 d) hmz +5

a) lim
L +41 +3 1-2n n° +4 1+5”

HD: a) lim32n—+1: lim2—N_




2" 5"

n | zn+l n n T+5'T
d) limi: |imﬂ: lim 2 S :0+5:5
1+5” 1+5" i+g 1
5" 5

Dang 2: Néu biéu thirc chira n dwéi dau cin thi nhin ca tir va miu véi biéu thire lién hop.
Dung cac hang dang thuc -

Wa-o)Nasdb)=a-t  ({a-Vp) a2 +Yab+Y?)=a-b

Vi du 8. Tinh gidi han: lim(’\/m2 —311—11)
(] _ . (Wn*=3n-n).(¥n*=3n+n) . -3n 3 -3
HD: hm( n2—3n—11)— lim m_”] —Ilmm+n—l+l_ 5

Dang 3: Sir dung Pinh ly kep (Tham khao Vi du 4)
2

.2
Vi du 9. Tinh cac giéi han: lim C;sn
n +1
2 ) 2
HD: Vi 0< 2%« 2 i lim—2— =0 nén m 227 =
n“+1 n°+1 n’+1 7 +1

Dang 4: Sir dung dinh 1y quan trong vé giéi han v6 cwe (Tham khao Vi du 6)
Vidu 10. Tinh céac gioi han
a) lim(* —4n+1)=1lim 1* (1—f+ij = +o0

n n2

b) lim(—ﬂ2 + o +1) = lim 7 [—I-FL-FLJ:—OO

Vo o

Dang 5: Tong ciia cip s6 nhén lui vé han (Tham khao Vi du 5)
Vi dy 11.

a) Tinh S PN SR

2

) ) 242
i 1a 1 CSN vé6i cong sai |q|=i<1 nén S 2

V2 V2 {241

b) Biéu dién s6 thap phan vo han tuan hoan 0,777... duéi dang phan sb.

HD: Day 2,—/2;1,—

7
77 7 10
HD: Ta 6 0,777... = —+—+ 4 =10 T
10 10* 10 L9
10
Bai 1. Tinh céc gidi han sau
2
- . 2n+1
a) limon+3 b) lim # ¢) lim—22"
2n—7 345 +2n+1 L +41 +3
3 2 4
d lim1*1" =2 e) lim 7
n+1 (n+ )2+ (i +1)
Bai 2. Tinh cac gioi han sau
1 11 437 7n+1 _93n n
a) lim 2 b) lim 227 ¢) lim =2 *+6
443" 2.5"+7" 2731 _5)



Bai 3. Tinh cac gidi han sau

VAt +1+2n-1 - enn+ )W n+3)
b) lim 2 V=7 ¢) lim
\/n2+4n+1+11 No* +1+1 (2+1)(a+2)

Bai 4. Tinh cac gidi han
a) lim(-n? +2n-3) b) lim(n® —9n’ +1) c) lim(4" -8.2"°)
Bai 5. Tinh cac gidi han
a)Iim(«fn2+1—n) b) Iim(«/n+1—x/ﬁ) c) Iimn(«/n2+1—n)
d)Iim(\%n2 +n —n) e) Iim»\/n—l(\/n+2—ﬁ)

Bai 6. Tinh cac gidi han

a) lim

2 1V 2 _
20308n b) lim( 1)"sin(3n+n") c)lim2 22cosn
n°+1 3n-1 3n“+1

Bai 7. Tinh cac gidi han

a) lim

a) lim[i+L+ +;J b) lim 1 + 1 - 1
13735 7 Qu-1)2na+l) 21442 32423 7 (n+1)Vn+nn+l

(1 1 1 1 im| L ! 1
C) ||m(1—1—2j(1—?j(1—?j(1—F) d) llm(l__2+2_.3+ . + H(n—l—l)]

Bai 8. a) Tinh tong sau: S :1—%+%—...+(—1)”.2—1n+...

b) Biéu dién s6 thap phan vo han tuan hoan 34,121212... duéi dang phén sb.

C - BAI TAP TRAC NGHIEM ‘
Bai 1. Day s0 nao sau day co6 gidi han bang 3?

2
2 2
A 307 +2n B. (6n-1) C.6_3n2 D. (x/gn+1)
1-n? 2n% +n+1 1-n 2n% +1
2
Bai 2. Cho day s6 (uUy) v6i u, = % D¢ day so da cho c6 gidi han bang 2, gia tri cia a la:
an

A.a=-4 B.a=4 C.a=3 D.a=2
ﬁn_2n+l+1 2n2+3 _a\E
52n+ Jgn+l_3 7’12—1

Bai 3. Biét rang lim +c¢ Vvéi a, b, c € Z; % 1a phan s6 tbi gian.

Tinh gia tri cta biéu thic S =a® +b* + 7.
A.S=26 B.5=30 C.S=21 D.S=31

Bai 4. Cho diy s «, Vv6i u, = \n’ +an+5—n* +1, trong d6 a la tham sd thuc. Tim a dé limu, = —1.
A.3 B. 2 C.-2 D.-3

Bai 5. Mot qua bong r6 duoc tha tir ¢ cao 100m. MJi 1an qua bong cham mat dat, no s& nay 1én dén vi
tri 80% d0 cao trudc do6. Tinh tong do cao ma qua bong di chuyén cho dén khi ngung chuyén dong.

A. 900m B. 800m C. 600m D. 500m



CHUONG III. VECTQ TRONG KHONG GIAN.
QUAN HE VUONG GOC TRONG KHONG GIAN
§2. HAI PUONG THANG VUONG GOC

A - KIEN THUC CO BAN

I. Tich v6 hwéng cia hai vecto trong khong gian
1. Géc giira hai vecto trong khong gian

Pinh nghia: Cho @,V = 0. LAy mot diém A bt ki, goi B, C sao cho: AB=1ii, AC=V
Khi d6 ta goi goc BAC 1a goc giita hai vecto 7.

Ky hiéu: (i,v) =BAC.

Cha y: 0° <(4,v)<180°.

Vi du 1. Cho tir dién déu ABCD c6 H 1a trung diém cua AB.
Hay tinh goc gitta cac cap vecto:

a) AB va BC b) CH va AC
Giai. (AB,BC)= B'BC =180° - ABC = 120%;

(CH,AC)= HCC' = 180° - ACH = 150°,
2. Tich vo hudng cia hai vecto trong khong gian

Pinh nghia: Cho 1,v=0. Tich v hudng ctua u,v=0 ld mét sé, ki hiéu 1a 0.V, duoc x4c dinh boi cong

thire: v =dl .|\7|.cos(ﬁ,\7)

Qui u6c: =0 hoicv=0 thi: 4.v=0.
Nhén xét:

o il =52 .cos(ﬁ,v)zﬁ eCho G,v#0: GLlVveiv=0
ul.|v

Vidu 2. Cho hinh lép perong ABCD.A'B'C'D'.

DABED. . o
a) Hay phan tich AC' va BD theo AB,AD,AA". b) Tinh cos(AC’,BD)? .
Glal’_ s B —1{c
a) AC' = AB+AD+AA'; BD=AD-AB. |

2 .2 Af==—-1D
b) AC'BD = (AB+AD+AA')(AD—AB): -%+%+o:o:> cos(Ac',BD)=o.B J_ = /

IL. Vecto chi phwong ciia dwong thing

1. Pinh nghia: Vecto a =0 dugc goi 1a vecto chi phuong (VTCP) cua dudng thing d néu gia ciia @ song
song hodc trung véi d.

2. Nhan xét

a) Néu 4 1a VTCP cua d thi ka (k # 0) ciing 1a VTCP cua d.

b) Mgt duong thfmg d trong khong gian dugc hoan toan xac dinh néu biét mot diém A e d va mot VICP &
cua no.

¢) Hai duong thang song song v&i nhau khi va chi khi chung 13 hai duong thang phan biét Va c6 VTCP cung
phuong.

IIL. Géc giira hai dwong thiang

1. Pinh nghia: Goc giita hai dudng thang a, b trong khong gian 1a goc giita

hai duong thang &', b’ cing di qua mot diém va lan lugt song song vdi a, b. b

2. Nhan xét \
a) bé xac dinh goc gitta a va b ta co thé 1y I thudc mot trong hai duong .

thang a, b rdi v& mot dudng thang qua | va song song véi dudng thing kia.
b) Néu a c6 VICP #,bco VICP ¥ va (1,v) =a thi goc giita hai duong
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: ‘ a néu 0° < o <90°
thangavab = 0 -0 0"
180" —a néu 90" < a <180
¢) Néu a =D thi goc giita hai dudng thing nay la 0°.
Vi du 3. Cho hinh 1ap phuong ABCD.A’B'C'D’ canh a.
Tinh goc gitra cac cap duong thang:

a) AC va B'C’ b) AC' va BD c) A'C' vaB'C |

Giai. B/—

a) Ta co6 B'C' // BC = goc giita AC va B'C' 1a goc gitta AC va BC bang 45°. L 7
—_— — |

b) Theo Vi du 2, ta c6 goc gitta AC'va BD 1a 90° nén goc gitra AC' va BD 1a 90°. g g——

——_ A'C'BC A'C'BC /
) cos(A'C',B'C) = - = B -~
‘A'C’HB’C‘ av2.a42

Mit khac. A'C'B'C = A'C'.(B'C‘+C—’C) ~A'C'BC+A'C'CC= aﬁ.a.%+ 0=a>

Do do: cos(A'C',ﬁ) - % nén (A’C’,ﬁ) =60°. Vay goc giita A'C’ va B'C 1a 60°.

V. Hai dwong thing vudng goc ) .

1. Pinh nghia: Hai duong thang dugc goi 1a vudng goc véi nhau néu goc giira ching biang 90°.

2. Nhan xét

a) Néu i,v lan luot la vtep ctiaavab thira L b < 2.v=0.

b)a//b,cLa=cLlb.

¢)a L b= a, b cit nhau hodc chéo nhau.

Vi du 4. Cho tir dién ABCD c6 AB L AC, AB L BD. Goi P, Q lan luot 14 trung diém cua AB, CD.

CMR: AB 1 PQ.

Giai.

Tacdo PQ=PA+ AC+CQ
PQ= PB+ BD+ DQ

= 2PQ= AC+ BD

Vay 2PQ.AB=(AC+ BD).AB= AC. AB+ BD.AB=0= PQ.AB=0
Vay AB L PQ.

B - BAI TAP TU' LUAN
Dang 1: Ung dung cua tich vo huéng.
Phwong phap giai:

1. Muén tinh d6 dai doan thang AB hodc tinh khoang cach gitra hai diém A va B ta dwa vao cong thirc:

A -|aB|-\aB".

. . N , .o uv
2. Tinh goc giira 2 vecto ta dua vao cong thic cos(u,v) =

ldl. ¥l

(Tham khao Vi du 2)

Dang 2: Chimg minh hai dudng thing vudng goc v6i nhau.

Phwong phap giai:

1. Khai thac céc tinh chét vé quan hé vudng goc da biét trong hinh hoc phang.

2. Str dung truc tiép dinh nghia goc cta hai dudng thang trong khong gian.

3. Chimg minh hai duong thang AB va CD vudng goc voi nhau, ta can chimg minh AB.CD =0.
(Tham khao Vi du 3a, 4)
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Dang 3: Dung tich v hudéng dé tinh goc cua hai duong thang trong khong gian.
Phwong phap giai:

, _— — —\_ AB.AC

1. Mudn tinh goc (AB,AC) ta c6 thé dua vao cong thuc: cos(AB AC) _ABAC_ tr d6 suy ra goc
48| |ac]

(4B.4€).

2. Néu duong thang a c6 VTCP 7, duong thang b ¢6 VITCP ¥ va (ﬁ,? ) = o thi goc giita hai dudong thang a

o e néu 0° <o <90°
vabla 0 S 0"
180" —« néu 90" <a <180
(Tham khao Vi du 3b,c)

Bai 1. Cho tir dién ABCD c6 hai mat ABC va ABD la céc tam giac déu .

1. Chiing minh rang: AB L CD.

2.Goi M, N, P, Q lan luot 1a trung diém céach canh AC, BC, BD, DA. Chimg minh rﬁng tor giac MNPQ 1a
hinh chir nhat.

Bai 2. Cho hinh hp ABCD.A'B'C'D' ¢6 cac canh béng a, BAD = 60°, BAA' = DAA" = 120°. Goi O Ia tam
hinh vuéng ABCD.

1. Goi S 1a mot diém sao cho OS =OA +OB+0C +0D +OA'+OB'+0C'+0D'. Tinh khoang cach giira
hai diém S va O theo a.

2. Chirng minh rang: AC L B'D".

3. Tinh d6 dai doan thang AC'.

4. Tinh goc giira cac cap duong thang AC' va AB, AB va A'D, AC' va B'D.

5. Tinh di¢n tich cac hinh A'B'C'D va ACC'A".

C — BAI TAP TRAC NGHIEM

Bai 1. Ménh d nao sau day 1a ditng?

A. Hai duong thing ciing vudng goc voi mot dudng thang thi song song v6i nhau

B. Hai duong théng cling vudng goc v6i mot duong thang thi vudng goc véi nhau

C. Mot duong thang vudng goc voi mot trong hai duong thang song song thi vudng goc véi duong thang kia
D. Mot dudng thang vudng goc voi mot trong hai duong thang vuéng goc véi nhau thi song song véi dudng
thang con lai

Bai 2. Cho hinh hop ABCD.A'B'C'D' ¢ tAt ca cac canh déu béng nhau. Trong cadc ménh dé sau, ménh dé nao
¢ thé sai?

A.AC LBD B.BB' L BD C.A'B L DC' D.BC' L AD

Bai 3. Cho hinh hgp ABCD.A'B'C'D'". Gid str cac tam gidc AB'C va A'DC' ¢6 3 gbéc nhon. Goc gitra hai
duong thang AC va A'D 1a gdc nio sau day?

A.AB'C B. BB'D C.BDB’ D. DA’C’

Bai 4. Cho tir dién ABCD c6 AB = AC = AD va BAC = BAD = 60°. Goi I, J 1n luot 1a trung diém ctia AB va
CD. Hay xac dinh goc gifra cdp vecto AB va IJ .

A. 120° B.90° C. 60° D. 450°

=3cmva ‘B‘:Scm. Tinh ‘ZzH;‘.

Bai 5. Cho hai vecto a va b tao vdi nhau mot goc 120°. Biét |a

A. 19 B.7 C. 19 D. Dép 4n khéc
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