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sO PHUC

sal 1.  DANG PAI SO CUA SO PHU'C VA CAC PHEP
TOAN TREN SO PHUC

A. TOM TAT LY THUYET

1. Binh nghia

Dinh nghia 1. M&i biéu thitc dang a + bi, trong d6 a,b € R, i2 = —1 dugc goi 14 mot sé6 phiic.
D6i v6i s6 phiic z = a + bi, ta néi a 1a phan thuc, b 1a phan ao ciia z, i goi la don vi 0.
Tap s6 phitc C = {a + bila,b € R,i> = —1}. Tap s6 thuc R C C.

VI DU 1. S6 phiic z = 3 — 2i ¢6 phan thuc la ...... phan 40 1a ......

Loi giai.
S6 phiic z = 3 — 2i ¢6 phan thuc 14 3 phan 4o 14 —2. O

Dic bist
— Khiphan 40 b =0 2z =a € R & 2 13 s6 thyc.

—— Khi phan thyc a = 0 & 2 = bi < z 1a s6 thuan 4o.

— S6 0 =0+ 0i vira 1a s6 thuec, vira 1a s6 4o.

2. Hai s6 phirc bdng nhau

Hai s phiic 1& biing nhau néu phan thuyc va phan 4o ciia chiing tuong ting bing nhau.

at+bi=c+di & {Zf;, véi a,b,c,d € R.

VI DU 2. Tim céc s6 thuc z, y biét ring (22 + 1) + (3y — 2)i = (x + 2) + (y + 4)i.

Lai giai.

. ~ 2r4+1=x+2 rz=1
Tt dinh nghia ta cé O
Jy—2=y+4 y=3.
3. Biéu dién hinh hoc cla sé phuc
Diém M (a;b) trong hé truc toa do vuong goc ciia mit phang duge goi 1a diém biéu dién clia sé phic z = a + bi.
Vi DU 3.
Quan sat hinh vé bén canh, ta c6 Y
3tD
(@ Diém A biéu dién cho s6 phtic ............... ol ’T‘
|
(2) biém B biéu dién cho s6 phtic ............... 3 ) i
(3) Diém C biéu dién cho s6 phitc ............... i o i 3%
| |
(@) Diém D biéu dién cho s6 phtic ............... (‘J ffffff -2
|
—3 == B

Loi giai.
Ta c6
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(1) Diém A biéu dién cho s6 phiic z = 3 + 2i.
(2) Diém B biéu dién cho s6 phitc z = 2 — 3.
(3) Diém C biéu dién cho s6 phitc z = —3 — 2i.
(@) Diém D biéu dién cho s6 phiic z = 3i.

4. M6-dun cla sb phic

Gia sit s6 phiic 2 = a + bi dugc biéu dién bdi diém M (a;b) trén mit phang toa do.

(D Do dai clia vée-tc OM duge goi 1a mo-dun clia s6 phiic z va duge ky higu la |z|.
Khi do, || = ‘OM’ = |a + bi| = VaZ T B2

|
|
|
|
1
(2) Két qua, v6i moi s6 phiic z ta c6 5 P

(a) |z]|>0va|z|=0<2=0.
(b) z-z=z|%
¢) |z = |zl.

)

(c)

(d) |21 zo| = [21] - [22]-
)

(e _ |Zl‘

 zl

Vi DU 4. Tim mo-dun ciia cac sd phic sau

@ z=1+iV3=|z|=[1+iV3|=V......... =

Loi giai.
Ta co

@ |z| =13 —2i| = /32 + (-2)2 = V13.
@ |2| = |1 +iV3| = /12 + (V3)2 = 2.

5. Sé phiec lién hop

bPinh nghia 2. Cho s6 phiic z = a + bi, (a,b € R). Ta goi a — bi 1a s6 phiic lien hgp ciia 2z va duge ky hieu la
zZ=a— bi.

Vi DU 5.
QD Choz=-3-2i=Z2=.........
@ Choz=4+3i=z2=.........

Loi giai.
@ Cho z = -3 —2i=z= -3+ 2i.
(2 Choz=4+3i=2=4- 3.
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— Trén mat phang toa do, cac diém biéu dién z va z déi xting v6i nhau qua truc = a+bi
Ozx. L ‘
|
— Tt dinh nghia ta c6 cic két qua sau !
|
= — |
2 z=1z |Z| = |2| o ta >
- _ I
2 2129 =21 £ 2. w
|
221'2’2:21'22. D O [ ‘
zZ=a—bi

z z
-

z9 Z92
2 z1as6 thuc < z = Z.

2 z 14 s6 thuan 40 & z = —Z.

6. Cong, trlr, nhén, chia sé phic
Cho hai s6 phiic z; = a + bi V& 2o = ¢ + di.
(1) Phép cong va phép trit hai s6 phitc duge thic hien theo quy tic cong, trit da thic.
— Phép cong: z1 + 20 = (a+ bi) + (c+ di) = (a+ ¢) + (b + d)i.

— Phép tri: 21 — 20 = (a+ bi) — (c+ di) = (a — ¢) + (b —d)i.
— S6 phiic ddi cta ctia s6 phiic z = a+bi 1a —2 = —a — bi. Do d6, 2+ (—2) = (—2) + 2 = 0.

VI DU 6. Cho hai sb phtic z; = 5+ 2i vA 2o = 3+ 74. Tim phan thuc, phan 40 vA mo-dun ciia sbé phiic
W = 2 + 29 va b phitc W' = 23 — 2.

Loi giai.
Ta 6w = (5+20) + (3+7i) = 8+ 9i vaw = (3+7i) — (5+2i) = —2 + 5bi.
Nhu thé
e w c6 phan thyc 1a 8, phan 4o 1a 9 va mo-dun 1a |w| = /82 + 92 = /145,
e w' ¢6 phan thyc 1a —2, phan 40 1a 5 va mo-dun 1a |w’| = /(—2)% + 52 = v/29.
[l

(2) Phép nhan s6 phiic duge thyc hien theo quy tic nhan da thiic, r6i thay i = —1 trong két qua nhan dugc.
Cu thé, 21 - 29 = (ac — bd) + (ad + be)i.
1 Z1 -+ Zo Z1 -+ Zo ac+bd bec—ad

z
Phép chia: — = = = -1 0).
(3 Phép chia " an f 21 & T (22 #0)

Z P . > » . \1 z z (L—bl
@ Sophlrcnghlchdaocuaz:a—l—bz#ola;:W:a2+b2 =2

VI DU 7. Cho hai sb phtic z; = 5 + 2i vi 25 = 4 + 3i. Hay tinh

L T B
21

L e
22

Loi giai.
Ta cé
o w=2z-20=(5+2i)(4+ 3i) =14 + 23i.
® 21 2o =(5+2i)(4—3i) =26 — 71 =26 + Ti.
21 5+2i (5+2i)(4—-3i) 26-T7i 26 7

T L, T 4T3 (4+s3@d—3i) 2 25 25 "
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B. DANG TOAN VA BAI TAP

(O DANG 1.1. Bai todn quy vé gidi phuong trinh, hé phuong trinh nghiém thuc

Phuong phdp gidi. Hai s6 phitc la bang nhau néu phan thuc va phan do cia ching twong wng bing nhau.

a==c

, wdia,b,cdeR.
b=d

a+bi=c+di & {
— Biéu dién s6 phitc can tim z = a + bi vdi a,b € R. Bién doi thu gon phuong trinh cia bai todn vé dang
A+ Bi=C+ Di.
A=C

— Gidt hé phuong trinh
a1 he p ng trin {B:D.

1. Vidy

VI DU 1. Tim céc sb thuc = vi y thoa cac didu kién sau

@D 22+1+(1—-2y)i=2(2—1i) +yi—x. bS:z=1y=1
@ (1-2i)z+(1+2y)i=1+1. PbS:z=1y=1
Loi giai.

@D Taco 22+1+(1-2y)i=22—-i)+yi—rze22+1+(1—-2y)i=4—ax+ (y—2)i
2r+1=4—-2x =1
= 4
1-2y=y—-2 y =1

r=1 r=1
(2 Taco (12i)x+(1+2y)z’1+i@x+(2x+1+2y)i1+i¢>{ @{

Vayx =1,y =1.

—2z4+142y=1 y=1.
Vayx =1,y =1.

VI DU 2. Tim sb phic z théa méan diéu kien ben dudi. Tt d6 xéc dinh phan thue, phan 4o, sé phic lien hop va
mo-dun cia z.

@D 2+3i)z—(1+2)z=T7—1. DS:2=2—i
@ |z—(2+1)| = V10 va z - 7 = 25. DS: 2 =3+4i,z=5
Loi giai.

@ Goiz=a+bi=7%=a—bi,(a,beR). Taco

(24 3i) (a+bi)— (1+2)(a—bi)=T—1i
& 2a+ 2bi + 3ai + 3bi2 — a4+ bi — 2ai + 2bi2 =7 — i
& (a—5b)+(a+3b)i=T7—i

a—5 =17 a=2
<~
a+3b=-1 b=—1.

Suyraz=2—i=|z|=[2—i] =/22+ (=1)° = V5.

Vay phan thuyc ctia sé phiic z 14 2, phan 4o bang —1, s6 phtc lién hop z = 2 + 1.

Nhan xét. Khi bai todn yéu cau tim cdc thudc tinh ciia sé6 phitc (phan thae, phan do, mo-dun hodc s6 phiic lién
hgp) ma dé bai cho gid thiét chita hai thanh phan trong ba thanh phan z,Zz,|z| thi ta sé goi s6 phic z = a + bi =
Z=a—bi,|z| = VaZ +b% vdia,b € R, roi sau dé thu gon va st dung két qud hai s6 phiic bang nhau, gidi hé.

(2 Goi z =a+bi,(a,b € R). Ta c6
la+bi—2—i] =VI0 & /(a—2?%+(b-1)? =10« (a—2)* + (b—1)* = 10. (1)

Trang 4 "Todn hoc la mon thé duc cia tri tué "-Isocrates


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

BIEX PAGE TOAN HOC SO CAP https://www facebook.com/MATHDDT/

Lai ¢6 a2 4+ b2 = 25 & (a —2)° + (b— 1) + 4a + 2b = 30. (2)
Thé (1) vio (2) ta duge b= 10 — 2a. Khi d6 a2 + (10 — 2a)® = 25 < 502 — 40a+ 75 = 0 = B
a =
Véia=3=b=4.
Véia=5=5b=0.
Vay ¢6 2 s phitc z thda man dé bai la z =3+ 4i vd z = 5.
O
VI DU 3. C6 bao nhieu s6 phitc z théa man |z + 2 — i| = 2¢/2 va (z — 1)* 1a s6 thuan 40?
z=—1
DS: |z=-1+V3+(2-V3)i
z=—1-V3+(2+V3)i
Lo giai.
Goi z =a +bi, (a,b €R).
Ta c6
(z—1)°=22—2241=(a+bi)> —2(a+bi)+1
= (2—1)2:a2—|—2abi+b2i2—2a—2bi+1:(aQ—b2—2a+1)+(2ab—2b)i.
Vi (z —1)? 1a s6 thudn 4o nén phan thyc ciia n6 bing 0, nghia 1a c6 e — b2 —2a+1=0< (a —2)> — b2 = 0. (1)
Taco|z4+2—i|=2v2 < Ja+bi+2—i|=2v2<|(a+2)+(b—1)i| =22 (a+2)° + (b—1)> =8, (2)
T (1) va (2) ta c6 hé phuong trinh
—{azo
b=a—1 b=a—1 b= -1
b = (a—1)? (@+22+(b-1°=8 22 =0 a=-1+3
9 9 = 54 54
(a+2°+(b-17°=8 b=1-a b=1-a b=2-3
(a+2>+0b-1)>%=8 a®>+24—-2=0 a=-1-3
L b=2+ V3.
Vay c6 ba so phifc thoa man yeu cau bai toan la z = —i,z = —1 +v3+ (2= V3) i,z = =1 — V3 + (2+ V3) i.
Nhan xét. S6 phiic z = a + bi dugc goi la s6 phic thuan do < phan thuc a = 0 va z la 86 thue < phdn do b= 0.
(Il
2. Bdi tGp ap dung
BAI 1. Tim cac sb thuc z va y thoéa cac diéu kien sau (nhém sit dung hai sé phitc bing nhau).
@) 3z + 2y — iz + 5y = 7 + 5i. DS:z=—-1,y=2
Loi giai.
) . . . . . 3x+5y =17 rz=-1
Tacoé3x+2iy—iz+by=7+5<3x+5y+(—x+2y)i=T7T+5i<
—z4+2y=5 y=2.
Vay x = -1,y = 2. ([l
@x1+91:3+2i. DS: 2 =5,y ——1
—i
Lo gisi.
‘ _5
Tacéx1+y,2—3+2i<:>:c+yi—(3+2i)(1z’)<:>:c+yi—5i<:>{x X
_ y=—1.
r—3 y—3 .
= 1. DbS:z=-29y=
OF Fu sl e rETRY=S
Lo giai,
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-3 -3
Ta ¢6 f;;ﬂ, +g_i —ie@—3)3—9)+(y—3)B+i)=B+i)(3—1i)io3x+3y—18+ (—z +y)i = 10i
3xr+3y—18=0 r=—-2
—z+y=10 y=8.
Vay o = ~2,y = 8. -

BAI 2. Nhém bai toan tim phan thue, phan 4o, sé phic lien hop va mo-dun ciia z.
@ 2z —iz =2+ 5i. DS: z=3+4i
Loi giai.
Goiz=a+bi=2zZ=a—-bi(a,b€R). Taco
2(a+bi)—i(a—bi)=2+5i
& 2a+2bi —ia+ bi® =2+ 5i
& (2a-b)+(20—a)i=2+5i

2a —b=2 a=3
=
—a+2b=5 b=4.

Suy ra z = 3 4 4i.

Vay sb phiic z ¢6 phan thuyc la 3, phan 4o béng 4, s6 phic liéen hgp 1a Z = 3 — 4i, mo-dun béng |z| = 5. O
@ 2+ (2+i)z =3+ 5i. bS:z2=2-3i
Loi giai.

Goiz=a+bi=%Z=a—bi(a,beR). Taco

a+bi+ (2+14)(a—bi)=34+5i
& a+bi+2a— 2bi+ai —bi2 =3+ 5i
< (Ba+b)+(a—0b)i=3+b5i

3a+b=3 a=2
<
a—b=5 b=-3.

Suy ra z =2 — 3i.

Vay s6 phitic z ¢6 phan thuyc 1a 2, phan 4o béng —3, s6 phic lien hgp zZ = 2 + 3¢, mo-dun bang |z| = v/13. O
3 2:+3(1—-i)z=1-9. DS: 2 =2+3i
Loi giai.

Goiz=a+bi=Z=a—"0i(a,beR). Taco

2(a+bi)+3(1—i)(a—bi)=1—-9
& 20+ 2bi+3a—3bi —3ai +3bi2=1-19i
< (ba—3b)—Ba+b)i=1-9i

5a—3621® a=2
3a+b=9 b=3.

Suy ra z = 2 + 3i.

Vay phan thyc ctia s6 phitc 2 1a 2, phan 4o bing 3, s6 phic lién hgp z = 2 — 3i, mo-dun béng |z| = v/13. O
@ 32—-2)(1+i)—52=8 —1. DS: 2 =3-2i
Loi giai.

Goiz=a+bi=zZ=a—bi,(a,beR). Tacod

[3(a+bi)—(a—bi)](1+i)—5(a+bi)=8i—1
& (20 +4bi)(144) —5(a+bi) =8 —1
& 2a+ 2ai + 4bi + 4bi%® — 5a — 5bi = & — 1
< (—3a—4b)+(2a—-b)i=8—1

—3a—4b= -1 a=3
<~
2a —b=28 b= -2
Suy ra z = 3 — 2i.
Vay phan thyc ctia s6 phiic 2 1a 3, phan 4o bing —2, s6 phiic lién hgp zZ = 3 + 24, mo-dun bing |z| = v/13. O
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® (2-3i)z+ (4+i)z=—(1+3i)°. DS: z = —2+ 5i
Loi giai.
Goiz=a+bi=Z=a—bi(a,b€R). Taco
(2 — 3i) (a+bi) + (4 + 1) (a — bi) = 8 — 6i

& 2a+ 2bi — 3ai — 3bi% + 4a — 4bi + ai — bi®> = 8 — 6i
& (6a+4b) —2(a+b)i=8—6i

6a +4b =38 a=—2
=
2a+2b=06 b=>5.

Suy ra z = —2 + bi.

Vay phan thyc ctia s6 phiic z 1a —2, phan 4o bang 5, s6 phric lien hgp z = —2 — 57, mo-dun |z| = v/29. O
® (3—2i)z+5(1+14)z=1+5i. DS:z=1—i
L giai.

Goiz=a+bi=z=a—bi(a,b€R). Taco

(3—20)(a+bi)+5(1+1)(a—bi)=1+5i
& 3a+ 3bi — 2ai — 2bi* + 5a — 5bi + 5ai — 5bi* = 1+ 5i
< (8a+T7b)+ (3a—2b)i=1+5i

8a+T7b=1 a=1
=
3a—2b=5 b=-—1.

Suyraz=1-—1.

Vay phan thuc cia s6 phitc z 1a 1, phan 4o bing —1, s6 phiic lien hgp Z = 1 + i va mo-dun |z| = /2. O
@ B+i)z+(1+2i)2z=3—4i. DS: 2 =2+ 5i
Loi giai.

Goiz=a+bi=%Z=a—bi(a,b€R). Taco

(3414) (a—bi) 4+ (1 + 2i) (a + bi) =3 — 4i
& 3a—3bi+ai — bi® + a+ bi + 2ai + 2bi®> =3 — 4i
& (da—Db)+ (Ba—2b)i=3—4i

4a—-b=3 a=2
~
3a —2b=—4 b=>5.

Suy ra z = 2 4 bi.

Vay phan thyc ctia s6 phiic z 1a 2, phan 4o bang 5, s6 phiic lien hgp z = 2 — 54, va mo-dun |z| = /29. O
® (1+2i)%z+7=4i—20. PS: z=4+3i
Loi giai.

Goiz=a+bi=%Z=a—bi(a,b€R). Taco

(1+2i)% (a+bi) +a—bi =4i—20

& (=3+4)(a+bi)+a—bi=4i—20
& —3a— 3bi+ 4ai + 4bi* + a — bi = 4i — 20
& (—2a—4b) + (da — 4b)i = 4i — 20
—2a —4b=-20 a=4 .
& & =z =4+ 3i.
4a —4b=4 b=3
Vay phan thyc ctia s6 phiic z 1a 4, phan 4o bang 3, s6 phiic lien hgp z = 4 — 34, vA mo-dun |z| = 5. O
@ 22+ |z|=0. DPS: z2=0;2z=+i

Lai giai.
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Goiz=a+bi=Z=a—bi(a,b€R). Taco

2 32 2 2 _
(a+bi)2+\/a2+b2:O©a2—b2+\/a2+b2+2abi:0©{gb b0+ @67 =0
ao =

=0
a=0 a
2 2 _ _
a®—b"++Va2+b2=0 {—24—\/()»2:0 {b—O
& & b

& = =41
{Z (()) {bo b=0
= , - =
a®+Va2=0 {a:O.
S z=0
r
e z = +1.
Vay c6 3 s6 phiic théa man dé bai la z = 0,z = . O
10) |2| +(z—3)i=1. DS: 2 =3—4i
Loi giai.

Goiz=a+bi=Z=a—bi(a,b€R). Taco

a2+ 02+ (a—bi—3)i=1e Va2 +02—bi*+(a—3)i=1% (Va2 +52+b) + (a—3)i=1

& a2+b2+b:1<:> “=3 & @=3 = 3—4s
z=3— 4.
a—3=0 VE+9=1-b |b=-4
Vay phan thuyc cia sé phiic z 1a 3, phan 4o bang —4, s6 phtc lién hop z = 3 + 4i. O
(1) 2 +2=10va [¢] = 13. DS: z =5 + 12
Loi giai.
Goiz=a+bi,(a,beR). Tac62a =10 a=5=Vb>+25=13=b=+£12.
Vay c6 2 s phiic z théa man dé bai 1a z = 5 4 12i. O
z2=2+2
12) |z +1-2i|=[z—2—i| va |2 — 1| = V5. DS:{ ,
z=—1—1
Loi giai.
Goi z=a+bi, (a,b €R) =%z =a — bi. Ta cod
2 4+1—2] =[F—2—i| & |a+bi+1—2i]=|a—bi—2—i
Sa+1)’+0b-22=0-2°+0b+1)°<a=0h
b=2
Laicé|z1|\/5<i>(a1)2+b25.Thayabvéotaduﬁc}c(bl)2+b25<:>L_ .
Vay c6 2 s6 phtic z thda mén dé baila 2 =24+ 2i vi z = —1 — 4. O
z=1+1
@ 2P +2z-Z+Z°=8vaz+z=2. DS: { _
z=1—1
Loi giai.
Goiz=a+bi,(a,beR)=Z=a—-bi. Tac6z+zZ=2=2a=2=a=1.
b:
Laicc’)|z|2—|—2z~z—|—|z|2:8:>4(a2+b2):8<:>a2+b2:2:>b2:1:>{b .
Vay ¢6 2 s6 phitc z thdaman débaila z=1+ivaz=1—1. O
) w=z+iz+22v6iz+(2—0)Z=5+1i. DS: w = —3i
Loi giai.
Goi z =a+bi, (a,b€R) =Z=a—bi. Taco
z4+(2—-i)Z=5+1
& a+bi+(2—14)(a—bi)=5+1
3a—b=5 a=1
= =
—a—-b=1 b=-2
= w=1+i(1-2)+(1-2i)°ew=-3i
Vay s phtic w can tim 1a w = —3i. O
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(15) w =2+ 2% v6i (1 — i) z + 2iz = 5 + 3. DS:w=06—1i
Loi giai.
Goi z=a+bi, (a,beR) =Z=a—bi. Taco
(1—i)z+2iz=5+3i
& (1—4)(a+bi)+2i(a—bi)=5+3i
& a+bi—ai—bi® +2ai — 2bi® =5+ 3i
& (a+3b)+(a+b)i=5+3i

a+3b=5 a=2
=4 ~
a+b=3 b=1.
= z=24+i=>w=2+i+2(2—-10)=6—1.
Vay s6 phtic w can tim 1a w = 6 — 1. O

BAI 3. Nhém bai toan tim céc sb phitc z théa méan biéu thic s6 phic 1a s6 thuc, s6 thuin 4o.

N N N N z=2+1
(D |z| = /5 va phan thyc biing 2 lan phan &o. bS: { 5
z2=-2—1
Loi giai.
Goi z =a+bi, (a,b € R).
Ta c6 phan thiyc bing 2 1an phan 4o nén a = 2b.
Mit khéac |z| = V5 & a® +b? = 5.
a=2
a=2b a=2b a=2b b=1 z=2+1
Ta ¢6 hé phuong trinh 9 9 = 9 s 9 & = .
a“+b°=5 (20) +b2=5 b =1 a=—2 z=-2—1
b=-1
Vay c6 hai s6 phtic théa man yéu cau bai toan 1a 2 =2 +1i,2 = -2 — 1. O
. N z=1=x1
@) |z| = V2 va 22 1a s6 thuan 2o. DS:{ )
z=—1%1
L3 gidi.
Goi z = a+bi, (a,b € R).
Ta c6 22 = a? — b + 2abi 13 s6 thuan 40 nén a? — b% = 0.
Mzt khac \z|:\/§<:>a2—|—b2:2.
[ [a=1
b=1
a=-—1 z=1+1
a>—b*=0 a® =1 b=1 z=-1+i
Ta ¢6 hé phuong trinh ) 9 = ) & = )
a“+b°=2 =1 a=1 z=1—1
b=-1 z=—-1—1.
a=-1
b= -1
Vay c6 4 s6 phitc théa man yéu cau baitoan la z =14+, 2= -1+i,2=1—4,2=—1 —1. ([l
Z z =
B |z—i=v2va(z—1)(Z+1) las6 thuc. bS: )
z=—-14+2

Loi giai.

Goi z = a +bi, (a,b € R).

Taco (z—1)(Z+i)=2-Z+z2zi—zZ—i=a’>+b+ (a+bi)i—(a—bi)—i=a’>+b>—a—b+ (a+b—1)i.
Do (z—1)(z+1i) 1as6 thycnén a+b—1=0.

Talaico |z —i| =vV2 e |at+bi—i|l=vV2ea®+(b-1)7=2.

a=—1
a=1-b a=1-b b=2 z=1
2 2 = 2 = . O
a®+(b-1)°=2 2(b—-1)°=2 {azl z=—1+2i.

b=0

Ta c6 hé phuong trinh {
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@ |22 —%| = V13 va (1 + 24) 2 1a s6 thuan o. DS: {Z 21_
z=-2—1
Loi giai.
Goi z = a+bi, (a,b € R).
Ta c6 (1 +2i)z = (1 + 2i) (a+ bi) = (a — 2b) + (2a + )zlaséthuénaonena—?b—O:>a—2b.
Ta lai ¢6 |22 — 2| = V13 & |2 (a + bi) — (a — bi)| = V13 & |a + 3bi| = V13 & a? + 9b? = 13.
a=2
a=2b a=2b a=2b {b—l z2=2+1
Ta c6 hé phuong trinh 9 5 & 5 5 ST & = .
a”+ 9" =13 4b° 4+ 90 =13 b*=1 =-2 z=—2—1
b=
Vay c6 2 sd phtic z théa mén yéu cau bai toan 1a 2 =244,z = —2 — 4. O
B z=1
®) |z — 1] =5 va (2 — 1) (Z + 2i) 1a s6 thuc. DS:{ o o
2=2-12

Loi giai.

Goi z =a+bi, (a,b € R).

Taco (z—1)(Z+2i)=2-Z+2iz2—2—2i=a?+b>+2i(a+bi)— (a—bi)—2i =a?+b%>—a—2b+ (2a+b—2) la
s6thucnén 2a +b—2=0=b=2 — 2a.

Talaico |z =1 =vVh e la—1+bi| =V5< (a—1)° + b2 =5.

a=0
b=2-2a b=2—-2a b=2—-2a b=2 2 =92
Ta c6 hé phuong trinh & . & =4 =

(a—1)°+bv=5 5(a—1)% = (a—1°=1 a=2 2=2-2i
= -2
Vay c6 2 s phitc z thda man yéu cau bai toan 1 z = 21,z = 2 — 2i. O
(6 247 =6 va 22 + 2z — 8 la 56 thuc. bS:z2=3+2%

Loi giai.

Goi z =a+bi, (a,b € R).

Tac6z4+Z2=6<2a=6%<a=3.

Ta lai ¢6 22 +2z — 8i = a® — b +2abi +2 (a — bi) — 8i = a® —b*> +2a — (2ab — 2b — 8) i 14 56 thye nén 2ab—2b—8 = 0.

Suy ra b= 2.
Vay s phiic z théa mén 1a z = 3 + 2i. O
9 . R
@ |z —3i| = |1 —iz| vA 2 + = 1a s6 thuan Ao. DS: 2 =2
z
Loi giai.
Goi z = a +bi, (a,b € R).
9 9 9(a—bi . . 9
Tacéz—&—f:a—l—bi—&-i‘:a—i—bi—l—uIEmséthuanéonéna—I—ia:O.
z a + bi a? + b2 a? + b2

TalLai ¢6 |z —3i| = |1 —iz| < ja+bi —3i| = |1 —i(a—bi)| a2+ (b—-37=(1-b)>+a2 < b=2.
9
Suy ra a + 2a =02ad>+13a=0<a=0.
+4
Vay sb phtic z théa méan 13 z = 2i. a

(O DANG 1.2. Xdc dinh cdc yéu td co bdn clia s6 phirc qua cdc phép todn

Phuong phdp gidi.

— St dung hop lij cic phép toan cong, tri, nhan, chia dé tim dugc s6 phitc z. T dé tim duge phan thuc, phan
do, mo-dun cia z va tim duoc Z.

— Hai s6 phiic bing nhau thi c6 mo-dun bing nhau. St dung cdc két qud
2 |Zl . 22| = |2’1| 0 |ZQ|
2 z-z=|z|%
2 |z| = 2|.

|24

= — vdi 2z # 0.
|22

2 |2t

22
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1. Vidu
Vi DU 1.
L
@ Cho z théa (2+i)z+1—+%:5—i. Tim céc thudc tinh ctia w = 1 + 2z + 22. DS: w =8 — 6i
1
(2) Cho z théa z = 2 + 4i + 2i(1 — 3i). Tim céc thudc tinh ctia 2. DS: 2 =846
@ Timhz=1+4 1+ +1+i)>+ 1 +i)°+--+(1+9)*. DS: z = (210 +1)i — 210

Lai giai.

o1 _ (=) i) , 9 ,
Ta c6 (2 — =5—-1& (2 ———==5—-15(2 — =5
@ Taco ( —|—z)z+1+i i< ( +Z)Z+(1+i)(1—i) i (241i)z+ 5 i
. 5 5(2 — i) .
2 — = —_— — :2— .
& (2+4i)z=5&2 2+Z_<:>z g i
Dodé,w=1+22422=14202-49)+(2—i)?=1+4—2i+4—4i+i*>=8—6i.
Vay w ¢6 phan thyc 1a 8, phan 4o 14 —6, mo-dun la |w| = /82 + (—6)2 = 10 va w = 8 + 64.

Nhan xét.

— V@ phuong phdp tu luan, dé thuc hién phép chia 2 sé phiic, ta can nhan thém sé phic lien hop ciia mau so.
2 NPT 11— (1—1)2
Chang han, trong loi gidi trén ta co =

1+i (1+i)(1l—i)
— Néu st dung Casio, ta chuyén vé ché do CMPLX (mode 2) (i tuong iing ENG). Chuyén vé tim z va nhap

. 1—x
5—1— T
T T s¢ duge két qua 2 — i, nghia la tim dudc 6 phite z = 2 —i. Cdc phép todn con lai thao tic tuong
i

tu trén Casio.

@ Tacéz=2+4i+2i(1—3i) =2+ 4i +2i — 6> =8 + 6i.
Vay z ¢6 phan thuyec la 8, phan 4o 1a 6, mo-dun 1a |z| = v/82 + 62 = 10 vA z = 8 — 6i.

(3) Ta c6 s6 phiic z la tong ctia 21 s6 hang dau tién ciia mot cap sé nhan véi s6 hang dau u; = 1 vi cong boi ¢ = 1+ 4.

o 20 N 1 +Z 21 1
Khldoz:1—|—]§(1+z) - %
Talai ¢6 (1+9)2 = [(1+0)°] (1+1) = 20)"° (1 +1) = —210 (1 +4).
Vay = — —210 (1i+z') -1 _ (210 n l)i— 910
O
VI DU 2. Cho s6 phiic z théa man z — 4 = (1 +i)|z| — (4 + 3z)i. Ménh dé nao sau day ding?
A 0< |z <1. B. 1< |2 <3 C. 3 < |2 < 10. D. 10 < |z| < 50.
Loi giai.

Tu gid thiét ta c6 z —4 = |z| +i|z] —4i — 3iz & (1 +3i)z = (|2] +4) + (|z] — 4)i.
Lay mo-dun hai vé ta dugce |(1+ 3i)z| = |(|z] +4) + (|z| — 4)i| & |(1 + 33)| - |2] = \/(\z| +4)% + (2] — 4)2
& V10]2] = 1/2|2|2 + 32 < 10]2|? = 2|22 4 32
=8P =32s2P =45 2| =2

Nhan xét. Liy mo-dun hai vé cia mot biéu thic sé6 phic thuc ra la viéc st dung phép kéo theo ciia hai s6 phitc bing
nhau z1 = zo = |z1| = |22]. Do dé ta chi thuc hién dudc né khi bicu thic gid thiét cia bai todn duge dua vé cac
dang chuan sau

— a+bi=c+di vdia,b,c,d € R.
— (a+bi)z =c+di vdia,b,c,d € R.

bi bi
a—+ Z:c—i—di hodca+ 7

=c+di vdi a,b,c,d € R.

Ta thuong st dung cdc tinh chat |z| = |2], z-Z = |2]? = |2]%, |z122] = |21] - | 22| va )
z

Chon dap an (I
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2. Bdi tGp ap dung

BAI 1. Nhém bai toan tim phan thue, phan &o, sé phiec lien hop va mo-dun cia z, w.

@ (1+i)z =14 2i. DS: 2=6—8i
Loi giai.
14 — 24 14 —2¢)(1 — 14 12 — 161
Tacor= 22 _ (1420070 L= 6-8i.
1474 2 2
Vay z ¢6 phan thyc la 6, phan 4o la —8, mo-dun 1a |z| = 1/62 + (—8)2 = 10 v z = 6 + 8i. O
@ (1—i)z+(2—1i)=4—5i. DS: 2 =3 i

Lai giai.

2— 43 2—43) (1414 6 — 21
Taco (1—i)z4+(2—i)=4-bie (1—i)z=2—4is z= 1 ,Zﬁz:w@z: ‘

—1 2
2l =+/32+ (-1)2 =10 vaz =3 +i. O

Vay z c¢6 phan thuyc 1a 3, phan 4o 13 —1, mo-dun 1a

(@) w = 2, — 2z biét ring z; = 1 + 2i, 20 = 2 — 3i. DPS: w=-3+28i
Loi giai.
Ta ¢ w=1+2i —2(2—3i) = —3 + 8i.
Vay w c¢6 phan thyc 1a —3, phan 4o 1a 8, mo-dun 1 |w| = /(=3)2 + 82 = /73 vi w = —3 — &i. O
(@) w = 212 biét ring 21 = 2 + 5i, 20 = 3 — 4i. DS: w =26+ T7i
Loi giai.
Ta ¢6 w = (2 + 57)(3 — 4i) = 26 + 7i.
Vay w ¢6 phan thyec 1a 26, phan 4o 1a 7, moé-dun 1a |w| = v/262 + 72 = 51/29 va w = 26 — Ti. O
9+ 7i
G (1-2i)z— 3+ ' —5-9i DS: 2 =1+3i
—i

Lai giai.

9+7i T+i
Ta c6 (1 — 2i)z — 3+ _’:5—2z’<:>(1—2z‘)z—(2+3z’):5—2¢<:>(1—2z‘)z:7+z’<:>z=%@z=1+3¢.

— 1 — 41
Vay z ¢6 phan thyec la 1, phan 4o 1a 3, mo-dun 1 |2| = V12 4+ 32 =10 vaz = 1 — 3i. O
® (1+i)2(2—d)z2=8+i+ (1+2i)z. DS: 2=2-3i

Lai giai.
Taco (14+3)22—i)z=8+i+ (1+2i)z2e2i(2—i)z=8+i+(1+2i)z< (24+4i)z=8+i+ (1+2i)z.

84 i
S (142)=84ic =T .93
142
Vay z ¢6 phan thyec la 2, phan 4o la —3, mo-dun 1a |z| = /22 4+ (=3)2 = V13 va z = 2 + 3i. O

BAI 2. Nh6m bai toan liy mo-dun hai vé cia ddng thitc s6 phtic (dé can tinh |z| hodc P (|z])).
(1) Tim mo-dun clia s6 phitc z théa man 2z — 2 = (1 —4)[Z| + (2 — 2v/2)i. DS: |z| = V2
Loi giai.
Tit gid thiét ta c6 (2 +iv2)z = (|Z] +2) + (2 — [Z])i.
Lay mo-dun hai vé ta duge V6|z| = \/(|E\ +2)24+(2—|7))2  6|z]> = 2|7)> + 8 < 6]2]% = 2|2|* + 8
s4zP=8sP=2<|z|= V2
Vay |z| = V2. O
(2) Cho s6 phiic z # 0 théa man 2 [(2 + 3i)[Z] — 3 + 2i] — v/26 = 0. Tinh gia tri ciia |Z|. bS: z|]=1
Loi giai.
Tit gia thiét ta co z [(2|Z] — 3) + (3|7 + 2)i] = V/26.
Lay mo-dun hai vé ta duge |z|\/(2|2\ —3)2 4 (32| +2)2 = V26 < |2 (13]z]* +13) =26
s 2P (2P +1) =2
slZ*+EP-2=0
o =1
P =—2 (voly)
Vay [z] = 1. O

<zl =1.
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P 1—14 2—-3i)z
(3) Cho s6 phiic z # 0 théa man - ( | |22)Z + 2 — 4. Tinh gia tri cda |z|. bS: |z| =1
z
Loi giai.
£ 1—1 2-3i)z 1—7 2-3 —1+2
Tit gif thiét taco - = Z7IZ oy 170 278, G AT,
z 2Z
P P 5
Lay mo-dun hai ve ta duge |\/——| =Vhe |z =1
z
Vay |z| = 1. O
PR . , V1o . D P S -
(@) Cho s6 phitc z # 0 thda man (1 + 2i)|z| = ~—— + 4 — 2. Tinh gia tri ciia |Z|. bS: z]=1
z
Loi giai.
£ v10
T gia thiét ta c6 (|2 +2) + (2]z] = 1)i = —.
z
. . V10
Liy mo-dun hai vé ta duge \/(|z] +2)2 + (2]2] — 1)2 = T & |2)? (5] +5) =10 < |2]* + 2> —2=0
|2]* =1
) ez =1
.
Vay [z = |2 = 1. O
P . . V26 e s
(5) Cho s6 phiic z # 0 thda man (2 + 3i)|z| = ~—— + 3 — 2i. Tinh gié tri ctia |2|. bS: |z| =1
Z
Loi giai.
V26

Tu gid thiét ta c6 (2]z] — 3) + (3|z| +2)i = —.

Liy mo-dun hai vé ta duge /(2|2 — 3)2 + (32| + 2)2 & /1322 + 13 =

sz (2P +1) = 2@ |z|4+ 2> —=2=0

|2|* =1
9 <zl =1
lz[7=—-2 (voly)
Vay |z| = 1. 0
6 pht b2 ma Nz 4V 4 2
(6) Cho sb phiic z # 0 théa man (1 — 3i)[z] = —— + 3+ i. Tinh gia tri cia P = [2|* + |2|2. DS: P =16
Loi giai.
. 4v/1
Tit gid thiét ta c6 (2] — 3) + (=3/7] — 1)i = Y10,
z

. ) 4v10 10
Lay mo-dun hai vé ta duge \/(|z| —-3)24+ (=37 —1)2 = £ V10Z2 4+ 10 = T/|_

|2|
s EP(EP+1) =162+ 2> =16
szt + 2> =16
Vay P = 16. 0

(3 DANG 1.3. Chuén héa sé phirc

1. Vidu

VI DU 1. Cho s6 phiic z; # 0, 25 # 0 théa man |z;| = |22| = |21 — 22|. Tinh gia tri ciia biéu thitc

z 4 z 4
r- ()2
2 z21

PS: -1

Lai giai.
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Chuan héa z1=1, suy ra |21]| = 1, dat 20 = a + bi (a,b € R), khi d6 |22| = Va? + b2.

Ta c6
_1
|z1] = [22| =1 mzl a+b* =1 a2+ b2 =1 a_§
< ; < 2 2 = 2 2 A
|21 — 2| =1 I(1—a)—bi|=1 (1—a)?+b*=1 b2 =0 b:iﬁ
5
L, V3 1 V3
Chon 23 = 5 4 i th 21 = 2 = 5 = ==
Ta thay |z1] = |22] = |71 — 22| = 1, théa méan yéu cau bai toan.

Do d6 P = {(2)2}: KZ)TZ_L O
2. Bai t&p dp dung

BAI 1. Cho hai s6 phiic z; va 2, thoa man |z| = 3, |22| = 4, |21 — 20| = V/37. Biét 6 phitc z = ZL g4 bi. Tim |b].
22

3 V3 S\f

A b =-. B. |b = . |b] = D. | =<
8 8
Lai giai.
Ta ¢6 |z| = al_lal_3 nen va? + b? hay a2 + b2 g
Z92 ‘22| 4 16
— - V37 V37 21
Lai ¢6 | O =2 =1 =Y Suyra Jla—1)2 102 = —haya +b%—2a=
| 22| Z2 Z2 4 16
Ta c¢6 hé phuong trinh
9 9 3 3
2+b2—7 a2—|—b2 - a=—= 4= ——
16 = 16 8 o 8
a® +b? 2 —2a—§ b? Ell b 73\/3
16 4 64 bl = 8
3v3
ay I = 2%
Chon dap an @ O

BAI 2. Cho hai s6 phtic 21, 2o thoa man = /2. Goi M, N lan lugt 13 diém biéu dién sé phiic z; va ize. Biét
rang MON = 45° véi O 1a goc toa do. Tinh |23 + 423|.
A, 4V2. B. 4. C. 6. D. 4v/5.
Lo gidi.
Ta 6 22 + 422 = 22 — (2i22)% = (21 — 2i20) (21 + 2i20).
Lai ¢c6 (OM,ON) =45° va |23 +423] = (21 — 2i22)(21 + 2i22)| = |21 — 2i2a| - |21 + 2iza).
Mat khac

2

21 — 2i29)% = |21|% + 4]iza|? — 4|21 ||izo| cos 45° = 22 + 4 - \/52—4-2-\@-£:4.
2
2

|21 4 2izp|? = |z1\2+4|iz2|2+4\z1|\122|cos45°:22+4-(\/§)2+4-2-\/§-§:20.

Do d6 |27 + 423 = V4 -20 = 4V/5.

Chon dap an @ (I
BAI 3. Cho ba sb phtic z1, 22, z3 thda méan |21] = |z2| = |z3] = 1 v& 21 + 22 + 23 = 0. Tinh gid tri ctia biéu thiic
P=22+22+22
A P=-1. B. P=0. C. P=1. D. P=2.
Loi giai.
Ta c6
2 2 2 2 1 1 1
P = Zl —+ 22 —+ 2’3 = (Zl —+ ) —+ 23) — 2(2’122 —+ Z92%3 —+ 2,’32’1) = 72212223 + Z —+ ;
2 3
z zZ Z z zZ z
= —2Z1ZQZ3< = =2 4 = > = —2212223( 12 22 32) = —2212923 (21 + 22 + 23)
Z1%1 29292 Z323 |21| |2’2| ‘Z3|

= —2212923-21+ 22+ 23 =0.

Chon dap an O
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(D DANG 1.4. Bai todn str dung bét déng thire trong sé phirc

Vi 56 phitc z = a+bi dugc biéu dién bdi diem M (a;b) trén mat phdang toa do. Do dé ta cé thé zem véc-to OM = (a;b)
cting biéu dién cho s6 phitc z. Nghia la c6 thé sit dung bt ddang thicc véc-to trong phép todn max —min ctia s6 phic.
Cho ba véc-to U = (a;b), U = (x;y), W = (m;n), khi dé

@ |@ — 7| >|u| - |V|. Dau “=" zdy ra khi @, U cung chiéu, tic la % = g hay g = %
@ |u + 7| <|¥| +|7|. Dau “=" zdy ra khi ¥, U cung chiéu, tic la % = 39/ hay g = %
@ |u|-|V| > W - V. Diu “=" zdy ra khi ¥, U cing chiéu, tic la % = ; hay 2 = %
@ |7+ 7V + 3| < |U|+ ||+ |D|. Déu “=” zdy ra khi % = 5 = %

Cadc bat dang thic co dién thuong duge st dung
(D Bat dang thic Cauchy

a+b
2

o Vgia>0,b>0 thi > Vab. Déu “=” zdy ra khi va chi khi a = b.
b .
o Vdia>0,b>0,c>0 thi % > vabe. Dau “=" zdy ra khi va chi khia =b = c.

(2 Bat ding thitc Cauchy — Schwarz (Bunhiacopwki)

. ) 2?2 y?  (z+y)? o .
o Vdia>0,b>0wvax,y bat ky ta luon c6 — + " > atb (dang cong mau so). Dau “=" xdy ra khi
a a
a b x oy
—=—hay — = =.
r oy a b

) (a-z+0b-9)* < (¢ +0°)(@® +¢%) a b
o Voia, b, x, y bat ky ta luon co . Dau “=" zay ra khi — = — hay
|a~x+b-y|§\/(a2+b2)(ﬂc2+y2) T oy

) (a-x+b-y+c-2)? < (a®+ b+ ) (2 +y* +2%) )
o Voia,b, c, z, y, z bat ky ta luon cé . Dau “=”
\a-x+b~y—|—c-z|§\/(a2+62+c2)(x2+y2+z2)

b
xdymkhig:—zghayfzg:f,
r Yy oz a b ¢

Luu 9y
(@ Ta c6 thé sit dung phuong phdp ham s6 (hodc tam thic) dé tim max — min.

(2 Ngodi ra con si dung phwong phdp hinh hoc.

1. Vidu
VI DU 1. Cho s6 phic z théa |z — 3 + 44| = 4. Tim gia tri 16n nhét ctia P = |2|. DS: Ppax = 9.
Loi giai.
Cach 1. Ap dung bat ding thic | — 7| > |Z] — | 7] (hay |21 — 22| > |21] — |22]).
Ta c6

4=|z-344|=z—B—-4)| > |z| - 13—4i|=4>|z| -5 =|2] <09.
Vay gia tri 16n nhat ctia P bang 9.
Cach 2. St dung lugng giac hoa.
Goi z =2z +yi (xz,y € R). Ta co6

2 2
— 4
|z—3+4i|=4<:>|(m—3)+(y+4)i|:4<:>(x—3)2+(y+4)2:16<:>(x 3) +(&> Y
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z—3

Dit , khi d6

y+4

=sina {x:4sina+3
hay
y=4cosa—4

= COos

P = |z|=+22+ 2:\/(4sina+3)2+(4cosa—4)2:\/41+24sina—32cosa:\/41+\/242+32251n(04—ﬁ)
\/41 + 40sin(a — B),

24 32
Vi ————= = cos }, ———= =sinf.
V242 + 322 B V242 + 322 P

Lai c6

—1 <sin(a—f) <16 —40 < 40sin(a — f) <40 & 1 < 41+ 40sin(a — §) <81 & 1 < /41 + 40sin(a — ) < 9.

Suy ra Ppin = 1 va Ppax = 9.
Cadch khdc. Ap dung bat ding thiic |a -z +b-y| < /(a2 +02) (22 + y?).
Ta c6

|24 sina — 32cosa| < \/[242 + (—32)? (sin® a + cos2 ) = 40
& —40 < 24sina — 32cosa < 40
& 1 <414+ 24sina—32cosa < 81
& 1<V41 +24sina —32cosa < 9.

Suy ra Ppin =1 va Ppax = 9.
Cach 3. Stt dung phuong phap hinh hoc.
Goi z =2+ yi (z,y € R). Ta ¢

|z —3+4i|l=4c |(x-3)+(y+4)i| =4 (x—3)°+ (y+4) =16.

Do dé tap hop biéu dién s6 phiic 2 1a mot dudng tron c6 tam I(3; —4) va ban kinh R = 4.

Tit hinh vé ta c6 Y
‘Z|min:OM1:OI*IM1:OI*R:1 Y
‘Z|max:OM2 :OM1+2R:9 O 1 : &
|
|
Dé tim 2z ¢6 mo-dun 16n nhat va z ¢6 mo-dun nhé nhéat chinh 13 toa do hai diém M, |
M, ciing 1 toa do giao diém ctia duong thing OI va dudng tron. !
Duong thang OI qua O(0;0) va cé véc-to chi phuong 1a O = (3; —4) c6 dang g = % ****** 7
4
hay y = —gm.
) 3 4 27 36
Ta tim dudc céc giao diem M, <3, —g), M, (E7 7?) o

Nhan xét. Cdch 2 va 3 t67ng qudt hon, coé thé tim Puax 00 Prin cung mot lic. Ty vao yéu cau cta bai todn ma ta chon
phuong phdp cho phi hop cho tric nghiém hodc tu lugn.

O

VI DU 2. Cho s6 phiic 2z théa man diéu kién |iz 4+ 4 — 3i| = 1. Tim gia tri nho nhat cta |z|. DS: |2|min = 4

Loi giai.
Cach 1. Goi z =z + yi (z,y € R). Ta o

liz4+4—-3i|=1<|d—y)+(x-3)i|=1< (-3 +(@y—4>=1

rT—3=slnw r=3+sina .
bat hay , khi do
y—4 =cosa y =4+ cosa

|z| = Va2 + 92 = \/(3+sina)2 + (44 cosa)? = V6sina + 8cosa + 26.

Mat khac

|6sina + 8 cosa| < \/(62 + 82)(sin? a + cos? a)
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|6sina 4+ 8cosa| < 10

—10 < 6sina + 8cosa < 10

16 < 6sina + 8cosa + 26 < 36
4 < +v/6sina + 8cosa + 26 < 6.

K

Suy ra |2|min = 4, |2|max = 6.
Cach 2. Ap dung bat déng thic |7 — T| > |Z| — | 7| (hay |21 — 22| > |21| — |22]).
Ta c6

1=liz+4-3i|=4—-3i—(—iz)| > [4—-3i| — | —iz| =5—|z| = |2| > 4

Suy ra |z|min = 4.

2. Bdi tGp dp dung

BAI 1. Cho s6 phitc z théa man |22 — i| = 1. Tim gia trj 16n nhat cta bidu thic P = |z|.
Loi giai.

Ta c6

1=22 =i > —|ilel1>|zP-1a 2> <2= |2 < V2

Lai c6 P = |z| = |z|. Do d6 Puax = V2.

BAI 2. Trong cac s6 phtic z théa man |z — 2 — 4i| = |z — 2i|, tim s6 phtic c6 mo-dun nhd nhat.

Loi giai.

Goi z =z +yi (z,y € R). T gia thiét dé bai ta c6

|z 4+ yi — 2 — 4i| = |z + yi — 21|

Iz =2) + (y = 4)il = [z + (y — 2)i
Ve =224 (y =42 = /2> + (y - 2)?
r+y—4=0

& y=4—=x.

t o0

Cach 1. Sit dung danh gia hing dang thitc A2 > 0.
Ta cé

2| = Va2 +y2 = /22 + (4 — 2)2 = /222 — 82 + 16 = /2(x — 2)2 + 8 > 2V/2.

Déau “=" x3y ra khi z — 2 = 0 hay = = 2.

Vay s6 phiic z ¢6 mo-dun nhé nhéat bing 2v/2 khi z = 2 + 2i.

2 P
b

2
Cach 2. Bat dang thitc Cauchy — Schwarz dang cong mau — + M
a

>
~ a+b

Ta c6

2 2 4
Izlzx/a:2+y2=\/$1+ylz\/(z+y) = |2 > 2V2.

1+1

Dau “=" xdy ra khi 2 = y = 2.
Vay s6 phiic z ¢6 mo-dun nhé nhéat bing 2v/2 khi z = 2 + 2i.
Cach 3. Stt dung hinh hoc.

Tap hop biéu dién s6 phiic z 1 duong thing d: x +y — 4 = 0. Y
S6 phitc ¢6 mo-dun nhé nhat khi va chi khi 2|y, = OH va s6 phiic cAn tim chinh \
14 toa do diém H & hinh chiéu ctia diém O lén d.

Vi OH 1 d nén phuong trinh cia OH ¢6 dang  — y +m = 0.

Lai ¢6 O(0;0) thuoc OH nén m = 0, suy ra phuong trinh ciia OH la z — y = 0.
Toa do diém H la nghiém ctia hé phuong trinh | .

r+y=4 r =2 )
<~ T/
T—y= y=2. /

Ds: Pmax = \/§

O
DS: |2|min = 22

Vay s6 phiic z c6 mo-dun nhé nhéat bing 2v/2 khi z = 2 + 2i.

"Toan hoc la mon thé duc cua tri tué "-Isocrates
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BAI 3. Trong céc sb phitc théa man |z — i| = |z — 2 — 3d|, tim s6 phtic ¢6 mo-dun nhd nhét. DS: |z|min = ¥
Lai giai.
Goi z =z +yi (z,y € R). T gia thiét dé bai ta c6
24+ (y—Dil=(x-2)—(y+3il o2+ (y—1)°=(@-2 +(y+3)° <40 -8y —12=0 =2y +3.
Ta c6
6\, 9 _3V5
2l = Va?+y? =/ (2y+3)* +y> = VBy? + 12y + 9 = 5<y+3> te2 7\[
P 6 3
Dau “=” xay ra khi y = g T
N Z £ P 2 ~ . . N £ P 2 ~ 2 £ \/5
BAI 4. Trong céc s phic théa mén |iz — 3| = |z — 2 — 4|, tim s0 phic c6 mo-dun nhé nhat. DS: |2|min = =
Lai giai.
Goi z =z + yi (x,y € R). Tu gia thiét dé bai ta c6
(—y—3)+ail=|(z—2)+@y—1i|l e (—y -3 +2°=(x -2+ (y—- 1) 4 +8y+4=0c2=—2y— 1.
Ta c6
1 5
2l = Va2 +y? = (=20 = 1) + 92 = VB +dy + 1 =5 y+ 52%-
P 2 1
Dau “=" xay ra khi y = —E T = —E
1 2
Vay |z|min = ? khi z = = gz O
N Z £ - 2 = . N LA N £ P z ~ 2 £ 2\/g
BAI 5. Trong céc so phic théa (z — 1)(Z 4 2¢) 1a s thyce, tim s6 phic ¢6 mo-dun nhéd nhat. DS: |z|min = —~
Loi giai.
Goi z =2+ yi (xz,y € R). Ta co
(z—1)(242) = z-242iz—2—-2i=|21>+2i(z—1) -z =2+ >+ 2i(x +yi— 1) — (z — yi)
= 22 +yP 422 -2y -2 —wtyi= (2 +y P —x—2y) + 2z +y—2)i.
Vi (z — 1)(2 + 2¢) 1a s6 thuc nén 2z +y — 2 =0 hay y = 2 — 2.
Ta c6
A\? 425
|zl = Vaz+y2 =22+ (2—-22)2 =/ —8r+4 = (m—g) +3ZT\[
4 2
Dau “=" x4y ra khi x = R y = £
2v/5 4 2
a min = —— khi z = - 4+ —i. ]
Vay || 5 iz=¢ + X
BAI 6. Trong cac s6 phtic théa méan |z — 1| = |z — |, tim mo-dun nhé nhét ctia s6 phiic w = 2z 4+ 2 — i.
3V2
DS: |w|min = T\[
L3 gidi.
Goi z =z + yi (z,y € R). Tu gia thiét dé bai ta c6
(z—1)+yil=|z+@y—-1ile(@-1) 2+ =22 +(y—-1)>2 e 220+2y=0=2=y.
Tacow=2z4+2—-1=20+2yi+2—-i=20+2+ 2y —1)i =22z +2) + (2= — 1)i.
Khi do
1\ 9 _ 3V2
|lw| =22z +2) + 2z — 1)i| = \/(2x+2)2+(2$—1)2: V8x2+4r+5= 8(56-1-1) +§ > T\[
Dau “=" xay ra khi x = Lol
=" xdy =-pYv=-7
2 1 1
Vay |w|min = % khi z = 1= 12 O
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BAI 7. Cho céc s6 phitc z, w théa man |z + 2 — 2i| = |z — 4i| v w = iz + 1. Tim gia tri nhé nhit cta |w|.
2
DS: [1]min = g
Lo giai.
Goi z =z +yi (z,y € R). T gia thiét dé bai ta c6
(z+2)+(@y—2)i|=lz+(y—4)i|e (x+2)*+(y-22 =2+ (y—-4)? cdr+dy—8=0y=2—u
Tacow=iz+1l=wzi—y+1=(1—-y)+ai=(x—1)+zi.
Khi do
/ LLlove
Ve—12+22=v222 -2z +1= )
|w| = +/(x +z x+ Jc 2 5
. 1 3
DA “:77 2 kh' — — = —.
au xay r\a[ ir=g, 5
2 1 3
BAI 8. Cho s6 phitc z théa man diéu kien |z| > 2. Tim tich ciia gid tri 16n nhat va nhé nhét ciia bidu thic P = il
z
3 2
A - B. 1 C. 2. D. -.
4 3
Loi gidi.
Dathz—ﬂ,tacé
z
. . . 1 1
wz:z+z®(w—l)z:z®|(w—1)z|:|z|<:>|w—1|\z|zlﬁ\w—1|:ﬂ(:>|w—1|Si.
z
Lai ¢6
wl=1<jw-11< 5= ol <3
w| — w— w| < -
2 2
Mat khac
1 1
=1 =l-wls[-1-(u)lel-|u<|lw-1]< 5= |uwf 2.
1 3 et e DU o 3
Suy ra Py, = ok Prax = 3 Do d6 tich cta gia tri 16n nhat va nhé nhat ctia bieu thic 1a T
Chon dap én@ O

BAI 9. Cho s6 phitc z théa man |z — 3| + |z + 3| = 8. Goi M, m lan lugt gia tri 16n nhat va gia tri nhé nhit ctia |z|. Tim
M +m.
A 4—T. B. 4+ /7. C. 7. D. 4+ /5.
Loi giai.
Ta ¢6 Goi E(z;y) la diém biéu dién ctia s6 phic 2, A(3;0), B(—3;0).
Ta c6 FA+ EB = 8 nén E thuoc elip c6 truc 16n bing 8, tieu cu bang 6, truc bé bang 2v/7.
Do d6 |Z‘max = 4 Zmin = \/7
Suy ra M =4, m = V7. VayM+m—4—|—f
Chon dap an O

BAI 10. Cho s6 phtic z thoa man |z| = 1. Tim gia tri 16n nhat ctia biéu thic P = |1 + 2| 4+ 3|1 — z|. DS: Ppax = 2V/10.
Loi giai.
Goi z =z + yi (z,y € R). Tu gia thiét dé bai ta c6

lzl=1e Va2t =12’ +y’ =1y =1-22

T két qué trén ta thay z € [—1;1].

Mit khac
P = [1+z2]4+3[1—zl=|(z+1)+yi| +3|(1 —2) —yi| = /(z + 1) + 32+ 31/(1 — x)2 + y2
= Vo242 4+1+1—-2243V1—-20+a2+1—a22=/2@x+1)+3/2(1 —z).
1 3
Xét ham s6 2(x + 1)+ 34/2(1 — z) trén doan [—1;1] ¢6 f'(x) = — Ve € (—1;1).
fl@) = /2 V2( ) an [—1;1] ¢6 f'(x) i) Vai—o) ( )

4
Phuong trinh f'(x) = 0 ¢6 nghiém =z = —c € [—1;1].
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Laicé f(—=1) =6, f(1) =2, f (-%) = 2V/10.

4 3 4 3
DOdéPdeZQ\/lokhIZ‘:—g,y:igtﬁ’ClaZ:gigl
Céch khdc. St dung bat dang thic a -z +b-y < \/(a® + b?)(22 + y?).
Ta cé
P=1-\(a+ 12 492 43¢/ (12 432 < /(124 32) [(w + 12 + 42 + (1 - 2)? +37]
= P <4/20(z2 4+ y% + 1) = 2V10.
(]
N i . . _ R 1 1 2 p Z1
BAI 11. Cho s6 phtic 21, 22 théoa méan z; # 0, 20 £ 0, 21 + 29 # 0 va = — + —. Tinh |—
21+ 29 z1 z9 )
A B[22 al_vs c. |2 Zava I
z9 2 z9 2 zZ9 Z9 \/§
V2
DS
2
Lo gidi.
Ta c6
1 1 2
=—4+— & z120=1(21+22)(22+221) © 2120 = 2122 —|—22f + zg + 22129 & 2zf + 22129 + z% =0
Z1 + 22 21 22
2 ,
-1+
2<Z1> I R S R N L
zZ9 z9 z9 2
Do o || = V2.
zZ9 2
Chon dap én@ O
BAI 12. Cho s6 phiic z théa méan diéu kien |22 — 2z + 5| = |(z — 1 + 2i)(z + 3i — 1)|. Tinh min |w|, véi w = z — 2+ 2i.
1
A. min|w|:g. B. min|w| = 2. C. min|w| =1. D. min|w| = 3
Loi giai.
|22 =22+ 5| =|(z — 1+ 2i)(z + 3i — 1)
< J(z=1-2))(z—14+2i)|=|(z -1+ 2i)(z+ 3i — 1)]
& |z—1-2i-|z—1+42i|=|z—14+2i -]z —1+3i] (1)
Dz=1-2izw=-1=|w=1.
@ 2#1—2i. Goi z =2 +yi véi z,y € R.
(1) & |z—1-2i|=]z—1+ 34
& -1+ -2)il=[z-1)+ @y +3)i
& (@-1D)+@y-2"=@E-1)"+@y+3)°
1
& y=—=.
V=73
. 1 1. . 3. 2 93
Siy=-—-=>z2=z— . Khidbw=x2—2+2 —Jz—22+2>2
Véi y 2:;,2 = 5t 11dow x —|—2z:>|w| (x )—|—4 5
:>min|w|:§khiz:2—§i.
Vay min |w| = 1.
Chon dap én@ ([
BAI 13. Cho s6 phtic z théa man didu kien |22 + 4| = |2? + 2iz|. Tinh gia tri nho nhat ctia P = [z + .
A. minP =2. B. minP =1. C. minP = 3. D. min P =4.

Lai giai.

‘22 —|—4} = |22 + 2iz‘
< |(z—2i)(z 4 20)] = |z(z + 29)]
& |z =2 |z 421 = 2| - |z +2i] (%)

@ z=-2i=P=|—i=1
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(2 2 # —2i. Goi z = x + yi v6i 7,y € R.

& |z —2i] = |7

&z + (y—2)i| = |z + yil
2 2_ .2, .2

& 4+ y—-2)=2"+y

& y=1

Véiy=1=z=o+i Khidé P=|r+2i|=va2+4>2.
= min P = 2 khi z = 1.

Vay min P = 1.

Chon dap an ([

BAI 14. Cho s6 phitc z = = + 2iy, (z,y € R) thay d6i thoa man diéu kién |z| = 1. Tinh téng S ciia gia tri 16n nhat va
nhd nhét ciia P = x — y.

A. S=—5 B. §=0. C. S=/5. D. S =2V5.
Lai giai.
—1<z<1 —1<z<1 3 3
zl=1le|z+2iy =122 +4=1= 1 1 = 1 1=>——-<z-y<-.
—5<y<; —5 <Y< g 2 )
2 2 2 2
.. 3 ... 1 3. 1
DodommP:—i khlx:—l;y:—i VamaXPzikhlx—l,yzi.

Vay S = 0.

Chon dap an ([l

sil2.  BIEU DIEN HINH HOC CUA $& PHUC VA BA
TOAN LIEN QUAN

A. KIEN THOC CO BAN

(@) Diém M (a;b) trong hé truc toa do vuong goc ctia mat phang duge goi la diém biéu dién sb phitc z = a + bi.

(2) Céc diém M (a;b) va M'(a; —b) biéu dién s6 phiic 2 = a + bi va Z = a — bi.

Y
M(a;b)
b ,,,,,,,,,,
\
|
l
© \
O I = tany = p
|
\
|
Y S
M’ (a; —b)

Bai toan: Trong mit phing toa do Ozy, hay tim tap hgp cac diém M (x;y) biéu dién sé phic z = 2 + yi thoa
man diéu kién cho trudc.

— Budc 1: Goi M(z;y) biéu dién s6 phiic z = 2 + yi (v6i 2,y € R)

— Buéc 2 : Bién d6i diéu kien K dé tim méi lién heé gitta z, y va két luan.
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Mbi lién hé gitta = va y Két luan tap hop diém M (z;y)
cAx+ By+C =0 La dudng thang d: Az + By + C = 0.
o(x —a)? + (y —b)?>=R? La dudng tron (C') c6 tam I(a;b) va ban kinh R.
ox? +y? + 2ax +2by +c=0 La duong tron (C) c6 tam I(—a; —b) va ban kinh R = Va2 + b% — c.
o(x —a)*+ (y —b)> < R? La hinh tron (C) c6 tam I(a;b) va ban kinh R.
ox? + 9% + 2ax +2by +c <0 La hinh tron (C) c¢6 tam I(—a; —b) va ban kinh R = Va2 + b2 — c.
oR? < (x—a)*+(y—0)? <R3 La hinh vanh kh#in tao bdi hai dudng tron dong tam I(a;b) vA ban kinh
R1 va RQ.

0 \ - (_ b _é)

oy =azx® +br+c La Parabol (P) c6 dinh I ; .
2a"  4a

2 2 —
o% + 2—2 =1 v6i {MQ;;]ZZZ ; ;Z La duong Elip (E) ¢6 truc 16n 2a, truc nhod 2b va tidu ey 2¢ = 2va? — b2.
o|MA| = |MB La duong trung tryc ctia doan AB.

B. BAITAP VAN DUNG

Bai tap 1. Nhém 1. Bai toan xac dinh diém biéu dién sd phiic co ban va bai toan lién quan.

Cau 1. Quan sat hinh vé bén canh, ta c6:

Diém A(2;1) biéu dién cho s6 phitc z; = 2 + . 3. ¢
Diém B(...;...) biéu dién cho s6 phiic 23 = .. .. !
Diém C(...;...) biéu dién cho s phitc z3 = . . .. 2lp !
Diém D(...;...) biéu dién cho sb phitc 24 = ... Eo--mmmmmmmmms A !
Diém E(...;...) biéu dién cho s6 phiic z5 = .. .. ! ) !
Diém F(...;...) biéu dién cho s6 phitc z5 = . . .. ! |
-3 —11 o1 2 x
T S +B
L2
Fé----

DS: B(2;—-1),20 =2 —14; C(1;3),23 = 1+ 3i; D(0;2), 24 = 2i; E(—3;2),25 = =3+ 2i; F(—1;-2),20 = —1 — 2i.

S6 phtic z; = 2 + 4 va s6 phtc lien hop Z; = 25 = 2 — i ¢6 diém biéu dién trén mat phing toa do Ozy la A vd B
déi xting nhau qua truc Oz.

Cau 2. Diém A trong hinh vé duéi day 14 diém biéu dién ctia s6 phiic z.

Tim phan thuc va phan 4o ciia s6 phiic z. 9
A. Phan thyc 13 —3 v phan 4o 1a 2i. B. Phan thyc 14 3 va phan 4o 1a —2.
C. Phan thyc 13 3 va phan 4o 1a —2i. D. Phan thyc 14 —3 va phan 4o 1a —2.

<
B

Wr-=-=-=-=-=----
8

Lo gidi.
S6 phtic z = 3 + 2i nén s6 phiic lien hop z = 3 — 2i.
Vay z c¢6 phan thuyc 1a 3 va phan 4o 13 —2.
Chon dap an @ |
Cau 3. Cho s6 phtic z = 2 — 4. Trén miit phing toa do, tim diém biéu dién s6 phitc w = iz.

A. M(-1;2). B. N(2;-1). C. P(2;1). D. Q(1;2).
Lo giai.
w=1iz=1i(2—1i)=2i —i?> =1+ 2i. Suy ra diém biéu dién s6 phiic w = iz 1a Q(1;2).
Chon déap an @ O
Cau 4. Cho sb phtic z théa man 2i + z(1 — i) = (3 — 7). Trén mat phang toa do Ozy, diém nao dudi day 14 diém biéu
dién s6 phiic z.

A. M;(1;0). B. M;(0;1). C. M4(0;2). D. M,(0;-1).
L3 gidi.
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i(3—i)—2 1+i
. 1—i  1—i
Suy ra diém biéu dién s6 phic z 1a M;(0;1).

Chon dap an O

Cau 5. Cho s6 phtic z = 3 — 2i. Tim diém biéu dién ctia s6 phitc w = 2z + i - Z.
A. A(1;-5). B. M(5;-5). C. M(1;1). D. M(5;1).
Loi giai.
Ta cé: w=Z+i-§:3—2i+i-(3—‘r2i)23—2i+3i+2i223—2i+3i—2:1+i.
Suy ra diém biéu dién s6 phiic w 1a M(1;1).

Taco: 2i+2(1—i)=i(3—1i) = z= = 1.

Chon déap an @ O
Cau 6. Diém M (zo;yo) biéu dién clia s6 phitc z thda (1 + i)z + (2 +14)Z = 3 +i. Tinh 2z + 3yo.
A. 1. B. 8. C. 5. D. 1.

Lai giai.
Do M (z0; o) biéu dién ctia s6 phitc z nén z = xg + yoi.
Ta cé:

3xg =3 xog=1
(1+i)(a:0+yoi)+(2+i)(x0—yoi)=3+i<:)3x0+(2x0—y0)i=3+i<:>{ 0 @{ 0

25607y0:1 y():l.
Vay 2z29 + 3yo =2+ 3 = 5.
Chon dap én@ ([

Cau 7. Cho hai s6 phtic z; = 1 — 34, 20 = —4 — 6i ¢6 cac diém biéu dién trong mat phing toa do lan lugt 1a M, N. Goi
z 1a s6 phitc ma c¢6 diém biéu dién 1a trung diém doan M N. Tinh mo-dun ciia sé phic z.

~3v10

==

24/10
A. |z| = 3V10. B. |z|:T\ﬁ. C. |z| = V10. D. ||
Lai giai.
Ta c6 M(1;—3) va N(—4; —6).

I 1a trung diém doan M N nén [ (—g; —g)
9

. . s s , 3
Ma z la so phiic c6 diem bieu dién la trung diém I doan M N nén z = 5~ —i.

2
_ 3v10
Vay |z| = —

Chon dap an @ O

Nhan xét. Vi diém biéu dién cia s6 phitc = = a + bi la M(a;b) hay OM = (a;b). Do dé can nhd nhimg kién thic co
ban vé vécto, hé truc Oxy va hé thitc lugng trg)ng tam gidc.

Cho ham gidac ABC, hai vécto @ = (ai;as), b = (by;b2) va R, r, p lan lugt la ban kinh duong tron ngogi tiép, noi tiép
vd nida chu vi tam giac ABC.

(@D Cac phép todan co bin trén vecto:

— Quy tdc ba dz'é,m:;fg:;l‘éer, AB - AC = CB.
— Quy tdc duong chéo hinh binh hanh ABCD: AC = AB + AD.

@ AB = (vp —2aiyp —ya) = AB = |AB| = /(a5 — 24)* + (yz — ya)*.

3 M la trung diém ciia ABéxM:w va yM:M.
N R - TA+2ITp+To | Yya +yB t+Yc
G la trong tam tam gidc ABC@xG:f va yng.
. N I . a; =b
(@) Hai vecto bang nhau: @ = b < .
as = by
(8 Hai vecto cung phuong @ 11 bed=kb o % = % (b1, by #£0).
1 2
TLb & a5 =0
. N Z —>'_): :—>._’ (= 7 N 47;
(6) Tich vo hudng @.b = a1by + asbs = || ’b‘cos(a,b)ﬁ cos(a,b): a 2
@l ||

b c

sinA sinB sinC R

() Dinh li ham sin:
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a® = b* + ¢ — 2bc. cos A
Dinh li ham cos: { b* = a® + ¢* — 2ac.cos B.
& =b%+a® — 2ab.cos C

A

B a C

2, 2y _ 2
mZ:Q(b +c?) —a

4
2 2\ _ 32
(9) Cong thic trung tuyén: mi = W
9 2(b2+a2) —c?
mi=——-+—.
4
1 1 b b
Dién tich: S = —ah, = zbcsin A = ase =pr=+/plp—a)(p—>b)(p—c);p= M: nita chu vi.
2 2 4R 2
Cau 8. Goi M va N lan luot 13 diém biéu dién ctia cac sd phiic 21, 22 nhu hinh bén dudi.
Hoéi khéng dinh nao sau day sai? Jy_ Y
A. |z — 2| =MN. B. |z1] =0OM. !
C. |z2| = ON. D. |z + 22| = MN. M !
| ol
1 1 O 1:
Lo giai.
Diat 21 = a1 + bii, 20 = as + bai, suy ra M(ay;b1), N(ag;be)
= MN = \/((12 — a1)2 + (bg — b1)2.
Ta c6 21+ 290 = (a1+a2)+(b1+b2)i:> ‘Zl+22| = \/(al +a2)2+(b1+b2)2 #MN
Chon dap an (D) O
2 2 ~ 2z 2 2 2 = z 1
Cau 9. Goi M la diém bieu dién s6 phtc z; = 3 — 44 va diem N 1a diém biéu dién s6 phiic zo = 3 (1+14) 2. Tinh dién
tich S ctia tam giac OMN véi O 1a gbc toa do.
15 25 25 31
A S=—. B. = —. . = —. D S=—.
S 5 S 1 C. S 5 S 1
Lo gidi.
1 1 1
Ta cd z1 =3 —4i, 29 = 5(1+i)21 :;f §iéM(3;—4), N(g;fi).
ey 71 —r 1 7 ey
Ta c6 NO = (—5; 5) , NM = (—5; —§> = NO.NM = 0= AOMN vuong tai N.
NO = 5\2—@ va NM = %

1 25
Vay Saomn = §~NO~NM= T

Chon dap an ([l

s o AB = (a;b) lla b 1
Can nhé: Tinh dién tich NABC : { __, = SaaBc = = = —|ad — bc|.
AC = (¢;d) 2fc df 2

Cau 10. Trong mat phéng phiic cho 3 diém lan lugt 14 diém biéu dién ctia s6 phitc z; = 1+, 20 = (1 + i)2 , 23 =M —i.
Tim tham s6 m dé tam gidac ABC vuong tai B.
A. m=3. B. m=-2. C. m=-3. D m=2
Lai giai.
Tacdzy =1+i= A(1;1), 21 = (1 +i)? = 2i = B(0;2), 23 =m —i = C(m, —1).
BA = (1;-1), BC = (m;—3).
Dé AABC vuong tai B« BABC =0« 1-m+(—1)-(-3) =0 m+3=0<m=—3.
Chon dap an @ O

Trang 24 "Todn hoc la mon thé duc cia tri tué "-Isocrates


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

BIEX PAGE TOAN HOC SO CAP https://www facebook.com/MATHDDT/

Cau 11. Trong mit phang phiic, goi A, B, C'lan lugt 1a diém biéu dién ciia cac s6 phiic z; = 3+2i, 2o = 3—2i, 23 = —3—2i.

Héi khing dinh nao sau day la sai?
A. B va C dbi xttng nhau qua truc tung.
. 2
B. Trong tam cta tam giac ABC la diem G (1; §)
C. A va B d6i xting nhau qua truc hoanh.
D. A, B, C nam trén dudng tron tam la gbc toa do va ban kinh bang 1/13.
Lai giai.

Ta 6 21 =3+ 2i = A(3;2), 20 =3—2i = B(3;-2), 23 = -3-2i = C(-3;-2).

B va C déi xting nhau qua truc tung.

2 2
Trong tam G cla tam gidc ABC: G (1; —g) # (1; 5)

A va B d6i xting nhau qua truc hoanh.

OA=0B=0C =13 nén A, B, C nim trén dudng tron tam la gbc toa do va ban kinh bing v/13.

Chon dap an @

O

Cau 12. Cho ABCD la hinh binh hanh véi A, B, C lan lugt 1a céc diém biéu dién cac s6 phitc 1 — i, 2+ 3i, 3+ i. Tim

s6 phiic z c6 diém biéu dién 1a D.
A z2=2-3i. B. z=4+5i. C. z=4+4 3.
Lo giai.
Ta c6 A(1;—1), B(2;3),C(3;1).
Goi z =z +yi (z,y € R) = D(z;y). Khi d6 AB = (1;4),DC = (3 —2;1 —y).

Do ABCD la hinh binh hanh nén AB = DC < =

D. z=2+5i.

Vay z =2 — 3i.
Chon dép an (A) O
Cau 13.
Cho hai diém M, N trong mit phang phitc nhu hinh vé, goi P la diém sao cho OM NP 9 ?_J_ _ _]\,4
14 hinh binh hanh. Héi diém P biéu thi cho s6 phiic nao sau day? !
A 2z =3- 3. B. 23=-2+1. C. zg=4+41. D. z1=2—1. I N
s 5
o 1 3 T
Lai giai.
Ta ¢6 O(0;0), M (1;2), N(3;1) va OM NP 1a hinh binh hanh = P(2; —1) = P biéu thi s6 phtic 2; = 2 —i.
Chon dap an ([
Cau 14. Trong mit phang phitc, goi A, B,C lan lugt 1a cic diém biéu dién cic s6 phic 23 = (1 —4) - (2+1),20 =
1+ 34,23 = —1 — 3i. Héi khang dinh ndo sau day ding?
A. Tam giac ABC la tam giac vudng nhung khong can.
B. Tam giac ABC 13 tam gidc can nhung khong déu, khong vuong.
C. Tam giac ABC 1a tam giac vuong can.
D. Tam gidc ABC 1 tam giac déu.
Lai giai. . . N
Tac6zy =3 —inén A(3;—-1),B(1;3),C(—1;—-3). Khi d6 AB = (—2;4),AC = (—4;-2),BC = (-2;-6).
AB-AC =0
Do nén tam giac ABC vudng can tai A.
AB=AC =2V5
Chon dap a4n @ ([
Cau 15.
Cho s6 phitc z thoéa |z| = 2¢/10. Héi diém biéu dién ctia z 14 diém nao trong 4 y 44
hinh? \
A. Diém P. B. Diém M. C. Diém N. D. Diém Q. N 5 |
- ==~ 1
| -3 6
—4 1) 3 I
Y IS 1
Lo 3 Q
P
Lai giai.
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Ta c6: M (3;4) = |2| =5, N (—4;2) = |z| = 2V/5, P(=3;-3) = |2| = 3V/2, Q (6; —2) = |2| = 2V/10.

Chon dap an @ |
Cau 16.
Trong mat phéng toa do, diém M la diém biéu dién s6 phiic z. Diém nao trong hinh vé la Q Yy E
diém biéu dién ciia s6 phitc 227
A. Diém N. B. Diém Q. C. Diém E. D. Diém P.
x
N P

Loi giai. .
Dura vao hinh vé ta thiy OF = 20 M.
Vay diém F la diém biéu dién ciia s6 phiic 2z.

Chon dap an (C) O
Cau 17. .
Cho s6 phiic z c6 diém biéu dién 1a M. Biét s6 phitc w = — dugc biéu dién bdi mot trong P Yy

z
bén diém P,Q, R, S nhu hinh vé. Héi diém biéu dién ctia w 14 diém nao? 1E--- M

A. Diém S. B. Diém Q. C. Diém P. D. Diém R. !
Q1 z
R
S

Lai giai.

1
Taco M (1;1)nénz=1+1d,suyraw=— =
z

Vay diém biéu dién ctia w 1a diém Q.
Chon dap an O

Cau 18.
Sé phiic z duge biéu dién trén mat phing toa do nhu hinh vé. Héi diém biéu dién ciia s6 phiic Yy
w=< nim & géc phan tu thit miy trong hé truc toa do Ozy? 1h----
z
A. Thit nhét. B. Thi hai. C. Tht ba. D. Thu tu. z

Loi giai.
Goi z = 2 + yi, (x,y € RT) sao cho 0 < 2% + % < /2. Khi d6

i i(wdyi)  —y+w Yy x

= = — 1.
I’*yl I2+y2 1’2+y2 :172+y2+x2+y2

Q|| =

N Yy
Ma — < 0;
& 2 + 9?2 24y

Chon dap an O

Cau 19.

5 > 0 = diém biéu dién clla 6 phitc w ndm & gé¢ phan tu thi hai.

P ) 2 . . . ~ .
Cho s6 phic z thoa |z| = g va diem A trong hinh vé bén la diém bieu dién cta z. Biét trong Q Y
. . ~ . 1 P N .
hinh vé, diém biéu dién cta s6 phiic w = — 1a mdt trong bon diem M, N, P, Q. Khi d6 diém
iz

biéu dién ctia s6 phiic w 1a diém nao sau day? A

A. Diém Q. B. Diém M. C. Diém N. D. Diém P. M\ |-~

I i
N
P

Lai giai.
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1
Goi z = x + iy, (z,y € RT) sao cho 22 + 4% = 3 Khi d6

1 1 —y — T
w:.—: - =
iz —y+xi 22+ 2

= —2y — 2z1.

Dita vao hinh vé clia dé bai ta suy ra diém biéu dién ctia s6 phitc w 1a diém P.
Chon déap an @ O

Cau 20. Trén mit phang phiic, goi M 1a diém biéu dién s6 phitc z = (2 — 3i) - (1 +4) va ¢ la géc tao bdi chidu duong

truc hoanh va véc-ta OM. Tinh sin 2¢.
A. sin2 > B. sin2 > C. sin2 13 D. sin2 13
. sin2p = ——. . sin2p = —. . sin2p = —. . 8in2p = ——.
LT 7T LA L
Lai giai.
Tacoéz=(2-3i)-(14+i)=5—inén M (5;-1) = OM = (5;—1).
Do t on sin 2 2tan¢ 5
otanp =—— nén sin2p = ———— = ——.
¥= 75 T ity | 13

Chon dap an @ ([l

Cau 21. Trén mit phéng phic, goi M 1a diém bidu dién sb phitc z = (2 4 i)*- (4 — i) v goi ¢ la goc tao bdi chiéu duong

truc hoanh va véc-ta OM. Tinh cos 2.

87 87 87 87
A. cos2p = T B. cos2¢p = ViR C. cos2p = TS D. cos2p = 5

Lo giai.
Taco z = (24i)°- (4 —i) = 16 + 13i nén M (16;13) = OM = (16;13).
1 —tan? ¢ _ 87
1+tan®p 425
Chon déap an @ O
Cau 22. Cho A, B,C,D la bén diém trong mat phing toa do theo thit ty bidu dién cac sé phic 1 + 2,1 4+ /3 + 4,
143 —i,1—2i. Biét ABCD la ti giac noi tiép duong tron tam I, ban kinh R. Héi toa do diém I biéu dién sé phiic
nao sau day?

A. z=4/3. B. z=1-1iV/3. C. z=1. D. z=-1.
L3 gidi.
Taco A(1;2), B(1+v3:1),C (1+ V3 —1), D (1;-2) va goi I (z: ).
Do ABCD la tit gidc noi tiép duong tron tam I, ban kinh R nén IA = IB = IC = ID = R. Suy ra:
HIA2=ID>= (-1 +@y—-2°"=(@-1)1>+@wy+2)>=>y=0.

2

H)IA2=IB2= (v -1)°+ (y-2)* = (2 —1—-V3) + (y — 1)°, véi y = 0 ta tim duge z = 1.
Vay I (1;0) nén I biéu dién sb phiic z = 1.
Chon déap an @ O

Cau 23. Cho hai s6 phiic zp, 2; khéac 0 théa man 22 — 2921 + 22 = 0. Goi A, B lan lugt 1a cac diém biéu dién cho s phiic
z0, z1. Héi tam gidac OAB la tam giac gi?

13
Do tany = 6 nén cos 2p =

A. Tam giac déu. B. Tam giac vuong tai O.
C. Tam giéc tu. D. Tam gidc c6 mot géc bing 45°.
Loi giai.
Ta c6
20\? =z
zg—zozl—l—zf:() = (70) —£+1=O
zZ1 zZ1
(20 1—iV3
PN Z1 B 2
zo 1+ iv3
- 21 2
i 1—iV3
zZ0 = B z1
<
1+iV3
zZo0 = Z1.
L 2
1—1iv3
— Xét truong hop 2o = Z\le.
1—iV3 1—14v3
OA:|20‘: T,Zl = 9 |21|:‘21|ZOB

"Todn hoc la mon thé duc cia tri tué "-Isocrates Trang 27


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

PAGE TOAN HOC SO CAP https://www facebook.com/MATHDDT/ BIEX

AB:’O_B>—O—A>’:|21—ZO|: 21—1_;\/321 = = |z1| = OB.
Nhu vay: OA = OB = AB = AOAB la tam gidc déu.
— Xét truong hop zo = L+ Z\/gz
OA = |z| = ”;\/gz 21| = 21| = OB.
AB = ‘O—B>—O_A>’ = |21 — 20| = |21 — 1+2i\/§z1 ~ |2 _;\/gzl =|z1| = OB.

Nhu vay: OA = OB = AB = AOAB la tam gidc déu.
Tém lai, ba diém O, A, B tao thanh tam gidc déu (O la gbc toa do).
Chon dap an @ O
Cau 24. Xét s6 phiic 2 va s6 phiic lien hgp ciia n6 c6 diém biéu dién 14 M, M’. S6 phitc z (4 + 3i) va s6 phiic lien hgp
cia n6 c¢6 diém biéu dién lan lugt 1a N, N’. Biét ring M M’N'N 1a mot hinh chit nhat. Tim gia tri nhdé nhét ciia biéu
thic P = |z + 4i — 5.

. 5 . 2 . 1 . 4
A. mlnP—\/3>4. B. mmP—\/g. C. mmP—\/i. D. mlnP—\/ﬁ.
Loi giai.
Dat z = a + bi. Khi d6 z(4 + 3i) = 4a — 3b + (3a + 4b)i va y
M (a;b); M'(a; —b), N(4a — 3b; 3a + 4b), N'(4a — 3b; —3a — 4b). b

MN = (3a — 3b;3a + 3b).

Theo tinh chat d6i xing thi M NN'M’ la hinh thang can. Do d6 dé MNN'M’
la hinh ch@ nhat thi MN cting phuong véi truc Oz hay 3a+3b=0< b= —
Ta cé

3a + 4b
z+4i -5 = \/(a—5)2+ (b+4)
— V(@=52+(—a+4)2 = \/2a> — 18a + 41 w
9\* 1 ~3a — 4b
= 2({a—2 Z
(a 3) T3
> L
=N
—b
A1 . AP 9 9 9.
Daubangxayrakhlvachlkhla:5hayz:ifiz.
P N 1 9 9
Vay gia tri nhé nhat cta |z + 4i — 5| béngﬁkhivachikhiz:§—§i.
ChQHdépéH@ O

Cau 25. Cho hai s6 phtic 21, z; théa man |z1| = 2, |2z2| = v/3 vA néu goi M, N lan lugt 1a diém biéu dién ciia z;,izo thi
MON = 30°. Tinh P = |27 + 423
A. P=/5. B. P=4VT. C. P=3V3. D. P=5V2.
L giéi
Ta 6 22 + 423 = 27 — (2iz2)% = (21 — 2i20)(21 + 2i29).
Lai c6 (OM,ON) =30° va |23 + 422| = |(21 — 2i22)(21 + 2i20)| = |21 — 2i20| - |21 + 2i2a].
Mzt khac

3

|21 — 2iz2)? = |21)? + 4)iza|? — 4|21 ]|iz2| c0s30° =22 +4- (V3)2 —4-2-V/3. g =4.
3

|21 + 2iz0|? = |21|? + 4]iza)? + 4|21||iza] cos 30° = 22 +4 - (V3)2 +4-2-V3 . g = 28.

Do d6 |2f +423| = V428 = 4V/7.
Chon dap an O

(3 DANG 2.1. Tdp hop diém clia sé phitc Ia dudng théng va cdc bai toén lién quan

Phuong phdp gidi
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BAI 1.
(D) Cho s6 phiic z thdéa méan |z — (1 + )| = |z + 2i|]. Tap hgp cac diém biéu dién s6 phitc w = (3 — 4i)z — 1 trén mat
phing toa do la mot dudng thing. Viét phuong trinh dudong thing dé. bS:3z+y+8=0
Loi giai.

Goi M(z;y) la diém biéu dién sé phitc w = = + yi (z,y € R). Ta c6

. ) z+ 14yt
=3—-4i)z—1= = —"
w=( 1)z r4yisz FYT
Do do
. . 4+ 14y . z+1+yi .
|z — (1+4)| = |z + 24 T4 ( +z)‘ T4 +2i
- (x—6)+ (y+1)i| [(@+9)+ (y+6)i
3—4i N 3—4i
o 1@=06)+@+1) _ |[(z+9)+(y+6)il
|3 — 44| |3 — 44|
& |(z=6)+(y+1)i|=[(z+9)+ (y + 6)i
& J@-62+(@y+1)2=/(z+9)?2+ (y+6)
& (x-62+w+1)2=(z+9)7*+ (y+6)?
& 3z+y+8=0.
Suy ra, tap hop cac diém biéu dién sé phiic w 1a duong thing c6 phuong trinh 3z + y + 8 = 0. ]

(2) Cho cac s6 phiic z théa man |z — 2 — i| = |2 + 2i|. Tap hgp cac diém biéu dién s6 phitc w = (1 + i)z — 2 trén mat
phéng toa do 14 mot dudng thing. Viét phuong trinh dutng thing do. bS:3z+y+5=0
Loi giai.

Goi M(z;y) 1a diém biéu dién s6 phic w = x + yi (z,y € R). Ta c6

2) — (x — 2)1
w:(1+i)z—2:m+yi®z=(x+y+) (x=y+ )Z.

2
Do do6
2) — (x — 2)1 2 — 2)1
o2l = |rt o |EEYE )Z(x vt )1—2—1": (r+y+ );(x y+2i L,
o (+y—2)—(r—y+4)i| |(@+y+2)+(@—-y+6)i
2 N 2

&S l(z4+y—2)—(z—y+4d)i|l=|(z+y+2)+ (z —y+6)i

& Jaty-22+@-y+42=\/(e+y+2)?+(x—y+6)

& (@t+y-2°+(@-y+4)?=(@+y+2?*+(@—-y+6)°

& Jr+y+5=0
Suy ra, tap hop cac diém biéu dién sé phiic w 1a duong thing c6 phuong trinh 3z + y + 5 = 0. O

BAI 2. Cho s6 phitc z théa man 2 |z — 2 4 3i| = |20 — 1 — 2Z|. Tap hgp cac diém M biéu dién sb phiic 2 trong mit phing
toa do Ozy la duong thing c6 phuong trinh nao sau day?
A. 20z — 16y — 47 = 0. B. 20z + 16y — 47 = 0. C. 20z — 16y + 47 = 0. D. 20z + 16y + 47 = 0.
Lai gidi.
Goi M(z;y) 1a diém biéu dién s6 phitc z = x + yi (z,y € R). Ta ¢6
20z — 24 3i =2 — 1 — 23]
2|(z + yi) — 2+ 3i| = [2i — 1 — 2(x — yi)|
2|(x—2) + (y+ 3)i| = |(—2z — 1) + (2y + 2)1]
2/(zx = 2)2 + (y +3)2 = /(—22 — 1)2 + (2 + 2)
Af(x =2+ (y+3)°] = (22 -1+ (2y + 2)°
202 — 16y — 47 = 0.

OB R
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Suy ra, tap hop cac diém biéu dién sé phiic z 1 dudng thang cé phuong trinh 20z — 16y — 47 = 0.

Chon dap an @ O
Cau 26. Tim tap hgp diém biéu dién s6 phiic z théa man |z| = |z — 2 + 3i|.

A. Duong thing d: 4z — 6y + 13 = 0. B. Duong thang d: 4z + 6y — 13 = 0.

C. Duong théng d: 6z — 4y — 13 = 0. D. Dudng thing d: 6z — 4y + 13 = 0.
Lai giai.

Goi M(z;y) la diém biéu dién s phitc z = 2 + yi (z,y € R). Ta c6

|2] = |z — 2 + 3i]

|z 4+ yi| = |(x — yi) — 2 + 34|

|z +yil = |(z —2) + (3 - )il
Va7 = /(x -2 + (3-y)?
4yt =(-2%+B-y)?

4 + 6y — 13 =0.

te ¢ O

Suy ra tap hgp cac diém biéu dién s6 phiic z 1a duong thing cé phuong trinh 4z + 6y — 13 = 0.
Chon dap an O

Cau 27. Trong mit phing toa do Ozy, tim tap hop cic diém biéu dién s6 phiic z théa man z(1 + i) la s6 thyc.
A. Truc Oy. B. Truc Oz. C. y=—=x. D y=u=x.
Loi giai.
Goi M (x;y) la diém biéu dién s6 phic z = + yi (z,y € R). Tacd 2(1 +1i) = (z + yi)(1 +1i) = (x — y) + (z + y)i.
D@ z(1 + i) 1a 86 thuyc diéu kien can va di laz +y =0 & y = —x.
Suy ra, tap hop cac diém biéu dién sé phiic z 1a dudng thang cé phuong trinh y = —x.
Chon dap an @ O

Cau 28. Trong mit phang toa do Ozy, tim tap hdp cic diém biéu dién s6 phitc z thda man didu kien w = 2(2+3i) +5—i
13 s6 thuan ao.

A. Duong thing 2z — 3y +1 = 0. B. Duong thing 2z — 3y + 5 = 0.
C. Dudng thing 3z +2y +1 = 0. D. Duong thing 3z 42y — 1 = 0.
Loi giai.

Goi M(z;y) la diém biéu dién s6 phitc z = z + yi (z,y € R). Ta ¢6
w=2z02+3i)+5—i=(x+yi)(2+3i)+5—i= (22 -3y +5) + 3z + 2y — 1)i.

Dé w = 2(2+ 3i) + 5 — i la s6 thuan 4o diéu kién can va di 1a 2z — 3y + 5 = 0.

Suy ra, tap hop cac diém biéu dién sé phiic z 1a dudng thang cé phuong trinh 2z — 3y +5 = 0.

Chon dép an O
Cau 29. Tim tit ca cc sd phitc z théa man |z — 2i| = /5 va diém biéu dién s6 phitc z thuoc duong thing d: 3z —y+1 =
0.

2 1
A z=1—4. B.z:1+4ihoacz:fgfgi.
2 11 2 1
C. z=—-1-2i hoa = -4 —i. D z=——+—1i.
z 7 hoac z 5+52 z 5+52

Loi giai.
Goi M (z;y) 1a diém biéu dién s6 phitc z = z + yi (z,y € R). Ta ¢6

|z —2i|=V5 & |(x+yi)—2i=5
& o+ (y-2)il=V5
& 224+ (y—2)?=5.

Mat khéc, diém biéu dién s6 phiic z thudc dusng thing d: 3z —y + 1 = 0 nén ta c6 hé phuong trinh

2
2 2 r=_2
"+ (y—2)"=5 =1
(v ) = o hoac 5
3r—y+1=0 Y= 1
Z/——g
N . 2 1.
Tudosuyraz:1+4zhoécz:—g—gz.
Chondépén@ O
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Cau 30. Cho sb phifc z théa man |z —i| = |z — 1 + 2i|. Tap hop céc diém biéu dién s6 phiic w = (2 — i)z + 1 trén mit
phang toa do 1a mot dudng thang. Viét phuong trinh duong théng do.

A z—Ty—9=0. B. 2+ 7y—9=0. C.z+7y+9=0. D. z—Ty+9=0.
Loi giai.
Goi M(z;y) 1a diém biéu dién s6 phitc w = x + yi (z, y € R) thoa bai toan.
1 ;
Tacéw:(Q—i)z—i—l:x—i-yi@z:inw.
—1
T do
—1 ; —1 ;
Iz —i| = |z — 1+ 2i ToEY |- w1+2i‘
2—13 2—1
(—2)+ @ —2)i] _[(z—-1)+(y+5)i
= - = p
|2 — i |2 — i
e V@-22+@y-22=/(z-1)2+(y+5)
& 4+ T7y+9=0.
Chondépén@ O

Nhan xét. Bai todn cho z, yéu cau tim tap hop diém biéu dién w (logi gidn tiép) thuong ta sé goi w = x + yi, sau dé
biéu thi z theo x, y sé tim duoc tap hop diém.

Cau 31. Cho tat ca cic s6 phitc 2 = x + yi (z, y € R) théa man |z + 2i — 1| = |2 + i|. Biét z dugc biéu dién béi diém
M sao cho M A ngan nhat v6i A(1;3). Tim P = 2x + 3y.
A P=09. B. P=11. C. P=-3. D. P=5.
Loi giai.
Goi M(z;y) 1a diém biéu dién s6 phitc z = x + yi (z,y € R). Ta ¢6

|z4+2i—1|=|2+i] & |v+yi+2i—1=|z+yi+i]
& |@—1)+ @+l = o+ (y+ )i
& (-1’ +(y+2°=2"+(y+1)°
& r—y—2=0.

Nhu vay, tap hop cac diém biéu dién s6 phtic z 14 duong thing A: 2 —y — 2 = 0. Goi H 13 hinh chiéu vuong goc ctia
diém A(1;3) trén dusng thang A khi d6 H(3;1).

Ta luon ¢c6 MA > M H. Néen, M A ngan nhat khi va chi khi M = H, hay M(3;1).

Dodo P=2x+3y=2-3+3-1=09.

Chon déap an @ O

Cau 32. Cho hai s6 phitc 2; = 1+ 3i vi 29 = —5 — 3i. Tim diém M(z;y) biéu dién s6 phiic z3, biét réng trong mit
phéng phitc diém M nim trén duong thing x — 2y +1 = 0 v mo-dun s6 phiic w = 323 — 25 — 221 dat gia tri nho nhét.

A. M(—é;—l). B. M(§,—1) C. M(é,l) D. M(—§,1)
5 5 5 5 55 55

Lo giai.
Vi diém M (z;y) nim trén duong thang z — 2y + 1 =0nén M = (2y — 1;y). Do d6 z3 = (2y — 1) + vi.
Ta c6 w =323 — 22 — 221 = 3[(2y — 1) + yi] — (=5 — 3i) — 2(1 + 3i) = 6y + (3y — 3)i.

|w| =\/(6y)2+(3y—3)2=\/45 (y—%> 430 %.

E =
Déng thtic xay ra khi va chi khi y = —.

Nhu vay |w| nhé nhat khi M (77; -

Chon déap an @ O

(3 DANG 2.2. Tap hop diém cuia sé phirc 1& dudng trdn, hinh tron, hinh vanh khan

Phuong phap gidi

BAI1. (D) Trong mit phing toa do Ozy, tim tap hop nhitng diém biéu dién s6 phtic z thoa man diéu kien |z — (3 — 44)| =
2. DS: Duong tron (C): (x — 3)? + (y + 4)? = 4.

Lai giai.
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Goi M(z;y) la diém biéu dién s phitc 2 = x + yi (z, y € R) théa man bai toan.
Ta co

z—B3—-4i)|=2 & |z+yi—(3—-4i)]=2
& [(x=3)+(y+4)i|=2
o J@-32+@y+42=2
& (z-3P2+(y+4)° =4

Vay, tap hop cac diém M (x;y) 1a diém biéu dién s6 phitc z théa man bai toan 1a duong tron (O): (z—3)2+(y+4)? = 4

c6 tam I(3; —4), ban kinh R = 2. 0
(2) Cho sb phiic z théa man |z + 2| = 5. Biét riing tap hop diém biéu dién cia sé phiic w = (1 — 2i)z + 3 1& mot dudng
tron tam I vh ban kinh R. Tim I va R. DS: I(1;4), R = 5V/5.
Lai giai.
Goi w =z +yi (z, y € R). Theo dé bai ta c6
w—3
=(1-2s 3 & =
w = ( i)z + 2=
w—3
& 2=——+2
z+ Y +
o 249 w—1—-43
z+2=—"——
1—-2
-1 —4)i
o 4o @D+ -4i

1—-2;
Lay mo-dun hai vé ta dudc
(z—-1)+(y—4)i

2 =
2 +2] 1—2i
|(z— 1)+ (y — 4)i
& 5=
11— 2i|
-1 2 —4 2
o s VE-1?+{y—4)
NG
& (2-1)+(y—4)° = (5V5)*.
Vay, tap hop céc diém biéu dién s6 phiic w 1a dudng tron c¢6 tam I(1;4), ban kinh R = 5v/5. |

V10

(3) Cho sb phiic z théa man (2 +1i) |z| = —— + 1 — 2i. Biét tap hop diém biéu dién ctia s6 phitc w = (3 —4i)z — 1+ 2i
2
13 mot dudng tron tam I va ban kinh R. Tim I va R. bS: I(-1;2), R=5.
Loi giai.

10
Ta c6 (2+i)|z\:nglf?i@(2|z|71)+(|z\+2)i:

o

Lay mo-dun hai vé, ta c6

|y

|<2z|1>+<|z|+2>z|—‘z

10

& J(zz|1>2+<|z+2>2*g
1
& 5|z\2+5:—02
B

& 5l 452 -1=0%s |2/ =1

Goi w =z + yi (z, y € R). Theo dé bai ta c6

. _ w+1-—2¢ (x+1)+ (y—2)i
=B-4i)z—-14+2i2=—7"-"T—& 2= .
w=( i)z + 2% =z PYYE z T4

Lay mo-dun hai vé ta dugc
(x+1)+ (y—2)i

= < =
4 - g

|(z+1) + (y — 2)i
13 — 4i
V(e +1)2 + (y —2)2
5
& (v+1)2+ (y—2)% = 25.

&S 1=
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Vay, tap hop diém biéu dién s6 phitc w 14 duong tron tam I(—1;2), ban kinh R = 5. O

(@) Hay xac dinh tap hgp cac diém trong mat phéng phitc biéu dién céc s6 phiic z théa man 1 < |z — 1] < 2.
Loi giai.
Goi M(z;y) la diém biéu dién s6 phiic z = = + yi (z, y € R) thda man bai Yy

toan.
Theo dé bai ta cé

1<lz—1<2 & 1<|z—1)+yi| <2
S 1<y/(z—1)2+y2 <2

e 1<(@-1)2+y2 <4

Vay tap hop cic diém M (x;y) biéu dién s6 phitc z théa man 1 < [z — 1| < 2
13 hinh vanh khan 13 phan nim giita hai duong tron dong tam I(1;0) véi ban
kinh R; = 1, Ry = 2 nhu hinh vé bén (khong tinh nhitng diém nim trén hai
duong tron).

Cau 33. Trong mit phang toa do Oxy, tim tap hgp nhing diém biéu dién s6 phitc z théa man didu kien |z —i| =
[(1+1)z|.
A 22+ (y—1)2=4 B. (z—-1)2+y*=4. C. 22+ (y+1)2?=2. D. (z+1)2+y>=2.
Loi giai.
Goi M(z;y) 1a diém biéu dién s6 phitc z = x + yi (z,y € R). Ta ¢6

|z =il = (1 + )2 (@ +yi) — i = [(1 +9) (2 + i)

[z + (y — 1)i| = [(z —y) + (z + y)il
Va2 +(y—12 = /(2 -y + (2 + )
B+ (y—17=(e-y*+(xr+y)?
2?24+ +2y—1=0

24+ (y+1)P2 =2

(R R

Vay, tap hop nhitng diém biéu dién s6 phitc 2z théa man diéu kien |z —i| = [(1 + i)z
224+ (y+1)2=2.
Chon dap an @ O

1& dudng tron (C) c¢6 phuong trinh

Can nhé nhitng kién thiic co ban vé dudng tron trong mit phing toa do Oxy.
(@ Dé viét phuong trinh dudng tron ta can tim tam I(a;b) va ban kinh R.

Dang 1 Dudng tron (C) c¢6 phuong trinh (x —a)? + (y — b)? = R.
Dang 2 Dudng tron (C) c¢6 phuong trinh 2% + y? — 2ax — 2by + ¢ = 0, v6i R = Va? + b2 — c.

(2 Chu vi dudng tron p = 27 R va dién tich hinh tron S = TR2.

Cau 34. Trong mit phing phitc, tap hgp cic diém biéu dién s6 phiic z théa man |z — 3 + 5i| = 4 14 mot dudsng tron.
Tinh chu vi p cia dudng tron do.

A. p=dnr. B. p=27. C. p=38m. D. p=16m.
Lai giai.
Tap hgp céc diém biéu dién s6 phiic z théa méan |z — 3 + 5i| = 4 14 dudng tron tam I(3; —5), ban kinh R = 4. Chu vi
duong tron la p = 27 R = 8.
Chon dap an @ ([

Cau 35. Cho s6 phiic z thda man (z + 1)(z — 2i) 12 mot s6 thuan do. Tap hop diém biéu dién s6 phiic z 14 mot duong
tron c6 dién tich S bing bao nhiéu?
A. S=5m. B.S:%. C.S:EE. D. § = 25m.
Losi giai.
Goi M (z;y) la diém biéu dién s phiic 2 = z + yi (z,y € R).
Taco (z4+1)(2—2i) = (z+yi+ 1)(x —yi — 20) = [(x + 1) + yi] - [z — (y + 2)i] = (2% + y* + z + 2y) — (22 + y + 2)i.
2

P N 1 )
(z+1)(z — 2¢) 1a mot s@thuanéokhivachikhiw2+y2+x+2y20<:)(x—l—i) +(y+1)2:1.
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2 ? ~ £ 1
Suy ra, tap hgp cac diem biéu dién s6 phic z 1a dudng tron (C) tam [ (—5; 71), bén kinh R = ?
Dién tich hinh tron (C) 1a S = 7R? = %r

Chon dap an O

Cau 36. Cho s6 phiic z théa man |z — 1| = 2. Biét ring tap hgp diém biéu dién s6 phitc w = 2z — i 13 mot dudng tron
tam I v ban kinh R. Tim khéng dinh dang.
A. I(2:-1), R=2. B. I(2:1), R = 4. C. I(2;-1), R = 4. D. I(-2:1), R=2.
Lo giai.
Goi w =z +yi (z, y € R). Theo dé bai ta c6

. w—+ 1
w=2z—1 & z= 5
w+1
= —1= -1
2
- 1 w—2+1
2 — =
2
-2 1
o a1 ETATEAD

Lay mo-dun hai vé ta duge

(x=2)+ (y+1)i

2= 1] = -
P (GRS IR VRS
o 2= \/(x—2)22+ (y+1)

s (r-2)2+ (y+1)? =16.

Nhu vay,tap hgp diém biéu dién s6 phitc w = 2z — i la mot dudng tron tam I(2; —1) va ban kinh R = 4.
Chon dap an @ O

Cau 37. Cho s6 phiic z théa man |z — 1| = 1. Biét réing tap hop diém bidu dién s6 phiic w = (1 +iv/3)z + 2 la mot
duong tron tam I va ban kinh R. Tim khing dinh ding,.
A. 1(3;V/3), R=4. B. I(3;V/3), R=2. C. I(3;—V3), R=4. D. I(-3;V3), R=2.
Loi giai.
Goi w = x + yi (x, y € R). Theo dé bai ta c6

w — 2
=(1+iV3)z+2 & z2=—¢
w=( )z z i3
w— 2
S z—1=——1
14+iV3
= 2717711;*372'\/5
14+iV3
N R e

1+iv3

Lay mo-dun hai vé ta duge

1+iV3
(@ =3)+ (y— V)i
s 1=
'1+z‘\/§'
N h;¢@—3ﬁ;@—¢a2

s (-3 +(y—V3)? =4

Nhu vay,tap hop diém biéu dién s6 phitc w = (1 + iv/3)z 4+ 2 1a mot duong tron tam 1(3;+/3) va ban kinh R = 2.
Chon dap an @ O
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Cau 38. Cho sb phiic z thda man |z — 1+ 2i| = 3. Biét tap hgp diém biéu dién s6 phitc w = z + 1 — i la mot dudng tron
tam I va ban kinh R. Tim khang dinh dang.
A. I(2;1), R =3. B. I(1;2), R = /3. C. I(2:1), R=4. D. I(1;2), R = 5.
Loi giai.
Goi w =z +yi (z, y € R). Theo dé bai ta c6

w=z+1l—-1 & zZz=w—-1+1

Z=(x—1)+(y+1)
z=(x—1)—(y+1)i
z—=1+42i=(@x—-1)—(y+1)i—1+2i
z—142i=(x—2)+(1—y)i.

K

Lay mo-dun hai vé ta duge

[z =142 =|(z —2)+ (1 — )i

& 3=\/(e-22+(1-y)
e (z-27%+@y—-12=09.

Vay, tap hop diém biéu dién s6 phiic w = z + 1 — i la mot dudng tron tam I(2;1) va ban kinh R = 3.
Chon dap an @ (I

Cau 39. Cho sb phtc z théa man |z + 1|* = % Biét ring tap hop diém biéu dién sé phic w = (1 + 2i)z + 1 13 mot
duong tron tam I va ban kinh R. Tim I va R.

A. 1(0;-2), R = /5. B. I(1;-4), R =/10. C. 1(0;2), R = /5. D. I(—1;-4), R =+/10.
Loi giai.
Goi w =1z +yi (z, y € R). Theo dé bai ta c6

1
w=(1+2i)z+1 & qulu—l-%
(x—1)+yi
& =" _7
“ 1+2i
Tu doé ta co
2z (x—1)+yi > 1 (—-D4yi (@—1)—yi
11°P=2 & | 2T = -
[z 417 =5 T+2 2 1+2 1—2
o lEt i’ 1 @14y
14 2i ) 5
x2+(y—|—2)2_1 (r —1)2 4 ¢?
5 2 5

& 2022+ (y+2)? =@ -1+
& (z+1)*+ (y+4)* = 10.

Nhu vay,tap hgp diém biéu dién s6 phitc w = (1 + 2i)z + 1 14 mot dudng tron tam I(—1; —4) va ban kinh R = 1/10.

Chon dap an @ (Il

~ Fe -, 2 ~ . — 2\/§ . L > ~ + 2 2 . Fe 2 - R BN
Cau 40. Cho sd phtc z théa man (1 — i) |z| = — + 1+ 4. Biét rang tap hop diem bieu dién s6 phic w =iz —1+1i 1a
mot dudng tron tam I va ban kinh R. Tim khéng dinh ddang.

A I(-1;1), R= V2. B. I(1;1), R=2. C. I(1;1), R=2. D. I(-1;1), R=2.
L&i giai.

2v3 2v3 2v3

Ta c6 (1—i)|2|:?\[+1+i<:>(1—i)|z\:?\[+l+i<:>(|z|—1)—(|z|—|—1)i:?\[.
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Lay mo-dun hai vé, ta c6

(2l = 1) = (2] + 1) = 2—“3
. ¢<|z—1>2+<|z|+1>2=2|\f
& <|z|—1>2+<|z|+1>2=i|22

s '+ 2P -6=0
= |z*=2
= |z|=V2.

Goi w = x + yi (x, y € R). Theo dé bai ta c6
w=iz—1l+iez=—w—i—-12z=(y—1)+ (—z—1)i.

Tu do ta co

2=y -+ (—z—-1)] & vV2=1/(y—1)2+ (1)
& (z+1)2+@y-1)>2=2.

Vay, tap hop diém biéu dién s phtic w la duong tron tam I(—1;1), ban kinh R = v/2.
Chon dap an @ ([l

176 — 82¢

Cau 41. Cho s6 phiic z thda méan (3—7i) |z| = + 74 3i. Biét tap hop diém biéu dién s6 phiic w = (1+i)z+2—4

z
la mot dudng tron tam I va ban kinh R. Tim I va R.
A. I(2;-1), R=5. B. I(2;1), R=5. C. I(2;-1), R=5V2. D. 1(2;1), R = 5V2.
Loi giai.
176 — 82i 176 — 82i
Ta ¢6 (3 — 7i) || :TZ+7+3Z‘@(3|2\—7)—(7|z|+3)i:%.
Lay mo-dun hai vé, ta c6
L |176 — 82i
(3121 = 1) = (T J +3)il = |25
V37700
& VB -1+ + 3 =
37700
& (3|,z|—7)2+(7|,z|+3)2:7
z
s 2 42 —650=0
= |z2°=25
= |z| =5.
Goi w = x + yi (x, y € R). Theo dé bai ta c6
—24i —2 1)i
w:(1+i)z+27i®z:u@z:(m )—l—(y-l— )Z.
141 1+

Tu do ta co

(x—=2)+(y+1)i

2| =

142
o s lE=2+wrD)i
11+
V(@ =22+ (y+1)?
& 5= NG

& J@-22+@y+1)?=5/2
= (-2 + (y+1)*=50.

Vay, tap hop diém biéu dién sb6 phtic w la duong tron tam I(2; —1), ban kinh R = 5v/2.
Chon dap an @ O
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Cau 42. Cho s6 phiic z thda man |3z 4 i|* < z-2+9. Tim tap hop diém bidu dién sé phitc w théa man w = z+1—i.

A. Hinh tron (x—1)2+( —|—5>2<73 B. Duong tron (x—1)2+< —|—5>2<73
' IT8) S ' & ITR) Ser
C. Duong tron (z — 1) + (y +3)2 < 9. D. Hinh tron (z —1)2+ (y +3)2 < 9.
Lo giai.

Goi w =z +yi (z,y € R). Ta c6
w=zZ+l-iezi=@-1)+@y+l)icz=(—-1)—(y+1)i.

Tu do ta c6

324> <z-2+9

Bl@—1) —(y+ i +il" < (@ - 1° + (y+1)* +9

13(z —1)— By +2)i> < (z —1)>+ (y+1)>+9

9z -1+ By+2°<(@-1)°+(y+1)°+9

5\2 73
—1)2 ( 7) <=,
(x )+y+8 < 51

r ¢3¢

e 5\° 73
Vay, tap hop diém biéu dién s6 phitc w 1a hinh tron (x — 1)% + (y + g) < 61

Chon dap an @ ([l

Cau 43. Trong mit phang toa do Oxy, tim tap hdp cac diém M biéu dién s phitc w théa man w = (1 + 2\/§)z + 2 véi
|z —1] < 2.

A. Hinh tron 22 + (y — 1)? < 4. B. Hinh tron (z — 3)%2 + (y — v3)2 < 16.
C. Hinh tron 22 + (y — 1)? = 16. D. Hinh tron (z —3)? + (y — v3)? = 4.
Loi giai.
Goiw=z+yi (z, y € R). Tacod
. w—2 (x—2)+yi
w=14+iV3)z+2c 2= Sz=—".
( ) 1+4V3 1+iV3
T d6 ta co
|z —1] <2
W_1’§2
1+iV3
o |E=Bru-VRI|
IEAVE]
,32 _ 32
Vi RAVETET

s (r-3)2+ (y—V3)?2 <16
Vay, tap hop diém biéu dién sé phiic w 1a hinh tron (z — 3)% + (y — v/3)? < 16.
Chon dap an O

Cau 44. Tap hop cic diém biéu dién s6 phiic w = (1 +4)z + 1 v6i 2 la s6 phitc théa man |z — 1| < 1 14 hinh tron. Tinh
dién tich S ctia hinh tron do.

A. S =4m. B. S=2m. C. S=3m. D. S=m.
L3i gii.
Goiw=z+yi (z,y €R). Tacod
-1 -1 ]
w:(1+i)z+1(:>z:w @z:m
1+7 1+1
Tu do ta co
lz—1] <1
(Ilw_l‘gl
141
PN W_1‘<1
1414
—9)2 EERV)
VESTAGTE
V2

s -2+ (y-1)?%<2
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Vay, tap hgp diém biéu dién s6 phitc w 1a hinh tron (z —2)? + (y — 1)? < 2. Ban kinh hinh tron 1a R = V2, dien tich clia
hinh tron 14 S = 7R? = 27.

Chon dap an O

Cau 45. Trong mit phing toa do Ozy, tap hgp cac diém M biéu dién s6 phiic w théa man w = 2+ 1 —i véi |2z + i|2 <
3zZ + 1 1a mot hinh tron. Tim tam I va ban kinh R.
A. I(1;-1), R=2. B. I(1;1), R=2. C. I(-1;-1), R=2. D. I(1;1), R = 4.
Lo giai.
Goiw=z+yi (z, y € R). Tacod
w=zZ+l-iez=w—-1+iez=(x—-1)—(y+1)i.
T do ta co
122 4+i|° <32z +1
2[@—1) = (y+ Vil +4> <3[(@ - 1>+ (y+ 1)*] +1
2(x —1) = 2y + il <3[(x = 1)+ (y +1)*] +1
4z —1P2+ 2y +1)2<3[(z—- 1)+ (y+1)*] +1

(x =1+ (y-1)* < 4.
Vay, tap hop diém biéu dién s6 phiic w 1a hinh tron c6 tam I(1;1) va ban kinh R = 2.

Chon dap an O

Cau 46. Trong mit phing phitc Ozy, tap hop biéu dién s6 phitc z thdéa man 1 < |z + 1 — 4| < 2 14 hinh vanh khan. Tinh
chu vi P ctia hinh vanh khan.

A. P=A4r. B. P=m. C. P=2n. D. P=3nr.
Loi giai.
Gia st s6 phiic z ¢6 dang z = = + iy, v6i z, y € R.
Khidéo z+1—i=a+iy+1—i=(x+1)+(y—1)i.
Dodé |z+1—i=/(z+1)%+ (y— 1)
Xét [z+1—i|=2e@z+1)’+@y-1)>=2& (z+
Tufdngtutaxét|z+lfi\*1¢>\/x+12 Fy—1)7?
Do d6 P la tong chu vi hai dudng tron (Cy) va (C2). Ma
nen P=2n-Ry — 27 - Ry =27 -2—2m -1 = 27.
Chon dap an @ O

Cau 47. Cho s6 phiic 2z théa man diéu kien 3 < |z — 3i + 1| < 5. Tap hgp céc diém biéu dién s6 phiic z tao thanh mot
hinh phang. Tinh dién tich S ctia hinh phing do.
A. §=25T. B. S=238nr. C. S =dn. D. S =16m7.
L3i gii.
Gia st s6 phitc z ¢6 dang z = x + iy, v6i z, y € R.
Khidoz—3i+1l=ao+iy—3i+1=(z+1)+ (y —3)1.
Do d6 |z —3i+ 1) = /(z+ 1)* + (y — 3)°.
Xét |z —3i+1] =5 /@+1)>?+@-32=5e @+1)2+@u—32=25 (C1).
Tuong tif taxét [z —3i+ 1| =3 /(2 +1)°+(y—3)° =3 @+ 1>+ @y —-3>=9 (Ca).
Do d6 S 1a dién tich hinh vanh khan tao bdi hai dudng tron (C) va (C3). Ma dudng tron (C;) ¢6 ban kinh Ry = 5 va
(C3) c6 ban kinh Ry =3 nén S =7-R? —7-R2=7-5% —7-3%2 = 167.
Chon dap an @ O

Cau 48. Goi (H) la tap hop cac diém trong mit phéng toa do Ozy biéu dién sb phitc 2 = x + yi (2, y € R) thdéa man
diéu kié?)n 22 —fyz <1<z —y. Tinh dién tich hinh H.
T T
A. 1 + 5" B. 1 C.
Loi giai.
Do gia thiét sb phiic z ¢6 dang z = = + iy, v6i x, y € R.
Khi d6 ta xét 22 +9> =1 (1) vaphuongtrinhz —y=1<y=x-1 (2).

t ¢

3

1)2 —1)2 =4 (Cy).
(z+1)°+@y-1D* =1 (Cy).

tron (C1) ¢6 ban kinh R; = 2 va (C3) ¢6 ban kinh Rp =1

+ (
=1
duong

D. 1.

~1
N =

Thay (2) vao (1) tacé 22+ (x —1)° = 1 & 224222041 =1 & 22222 = 0 =

=+1-2?
Mat khac 22+’ =1l y?=1-22 < Y \/7 . -1 1 x
=—v1-—2z2

Do gi& thiét suy ra hinh H giéi han béi cac duong z = 0; 2z = 1, y = ¢ — 1 va -1
y=—V1-—2z2
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Khi dé dién tich hinh H bing

1 1 1 1
S:/(x—1+\/1—x2)dx = /xdx—/dx—i—/\/l—xde
0 0 0

2
7

/ V1 2da

1
—§+/\/1—x2dx.
0

1
Xét J:/\/l—xzdx, dat x =sint, v6i t €

Khlx_Osuyrat—O khixz=1suyrat=

s

5
Do dc’)J:/\/1—sin2tcostdt:/|cost|costdt.
0

—g; g} suy ra dx = costdt.

Vlcostzovaimoite[o;g] nén
% 1 2t 1 % 1 % 1 % 1 %
+ cos s
= — " ) dt== [ dt+ = 2tdt = —t —sin2t| = -.
J /( 2 ) 2/ +2/COS o, Tt T
0 1 0 0
v
Dod6 S =—=+ —.
o do 2+4
Chondépén@ [

03 DANG 2.3. Tap hop diém cla sé phirc Ia elip

Dinh nghia 1. Cho hai diém ¢ dinh F| va 5 v6i FiFy = 2¢ > 0. Duong elip 1a tap hop cac diém M sao cho
MF, + MF, =2a (a > c). Hai diém Fy, F, dugc goi la cac tiéu diém ctia elip. Khoang cich 2¢ duge goi la tidu cy
cua elip.
Phuong trinh chinh tic ciia elip (E) : — + % = 1.

a

Cac thong s6 can nhé:

— Truc 16n A1 A5 = 2a.
— Truc bé BBy = 2b.
— Tiéu cu F1 Fy = 2¢.

— Ma&i lien hé a? = b2 + 2.

—— Bén kinh qua tiéu cua M 1a MF| = a + E:IZ, MFy; =a— ‘.
a a

Cau 49. Biét tap hop cac diém M biéu dién hinh hoc s6 phiic z thda man |z + 4| + |z — 4] = 10 1a mot elip (F). Hay
viét phuong trinh elip do.
2 2

A. (E): %+g—5:1. B. (E):

2,2 2 2 2
Y Y T
— =1 . (B): = =1. D. (E): —
+3 C.(B):y5+7 (B): —

8]

2
y
1.
3

&5
D

Loi giai.
Goi M (x;y) la diém biéu dién s6 phiic z = 2 + iy, v6i , y € R thda man bai toan.
Khidéz—4=z+iy—4=(x—4)+yi.
Do d6 4 =/ (z —4)% + 2.
Tuong tu, xét z+4=x+iy+4 = (z+4)+ yi.
Do d6 |z + 4| = \/(z + 4)* + 2
< 2 L £ 2 2 2 2
T gid thiét suy ra \/(m—4) +vy —|—\/(x+4) +y2=10 (%).
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2 2

Nén tap hop diém M (x;y) biéu dién s6 phitc z 14 mot elip (E) : r + Y_ _ 1 v6i hai tieu didm P, F.

a? b2
Do MFy + MFs =10 suy ra 2a = 10 < a = 5.
Mit khac F1F, =8 suy ra 2c =8 < ¢ = 4.
MébQ:a2—c2<:>b2:25—16<:>b2:9<:>b=3.
z? y

Vay phuong trinh elip (E) : % + 9= =1

Chon dap an ([l

Cau 50. Biét tap hogp cac diém M biéu dién hinh hoc s6 phitc z théa man |z — 2| + |z + 2| = 10 1a mot elip (F). Hay

viét phuong trinh elip dé.
2 2 2 2 2

A. (E): x—+ﬁ 1. B. (B): —+2L =1 c. (B):—+2L =1 D. (E): 5

v _
9
L3 gidi.

Goi M (x;%) la diém biéu dién s6 phiic z = 2 + iy, v6i , y € R thda man bai toan.

Khidé z—2=z+iy—2=(xr —2) + yi.

Do d6 |z — 2| = \/(z — 2)* + 42.

Tuong tu, xét z+2 =z +iy + 2 = (z + 2) + yi.

Do dé (z +2)° + 32

Tu gid thiét suy ra \/(:17 — 2%+ 2+ \/(x +2%4+y2=10 (%)
Dit Fy (—2;0) va Fy (2;0) thi (x) & MF, + MF, = 10 > F,F, = 4.
2 2
Nén tap hop diém M (x;y) biéu dién s6 phiic z 13 mot elip (F) : % + Z—z
a
Do MFy + MFy =10 suy ra 2a = 10 < a = 5.
Mit khac F1Fo =4 suyra2c=4 < c=2.
Mabl=a?-c2ob?=25—-4<b?=21<b=+21.
2 2
Vay phuong trinh elip (E) : 9265 + = y =1.

Chon dap an |

Cau 51. Biét tap hgp cac diém M biéu dién hinh hoc s6 phiic z théa man |z — 1| + |z + 1| = 4 14 mot elip (F). Hay viét

phuong trinh elip doé.
22 g2 22 g2 2 g2 2 2
A (F): —+==1. B. (F): —+ = =1. C. (F): —+Z==1. D (F): —+Z==1.
(B): 5 +7 (B): T +3 (B): 5 +3 (B): T+

= 1 v6i hai tieu diém Fy, F.

Lo giai.
Goi M (x;%) la diém biéu dién sé phiic z = x + iy, v6i , y € R théa man bai toan.
Khidé6z—1l=z+iy—1=(z—1)+yi.

Do d6 |z — 1| = \/(z — 1)* + 2.

Tuong tu, xét z+ 1=z +iy+1=(z+ 1)+ yi.

Do d6 (z+1)° + 2

< 2 SAL 2 2 2 2

Tu gid thict suy ra /(z — 1) "+ 32 +/(z+ 1) +y2 =4 (x).

Dat I (—1,0) va Fy (1,1) thl( )<:>MF1 +MF2_4>F1F2_2

y?
Nén tap hgp diém M (z;y) biéu dién s6 phiic z 14 mot elip (E) : =5 —|— b—z =1 v6i hai tieu diém Fy, F.
Do MFy + MF; =4suyra2a=4<a=2.
Mit khac F1Fo =2suyra2c=2<c=1.
Mab2:a2—c2<:>b2:4—12<:>b22:3<:>b=\/§.
Vay phuong trinh elip (E) : % + % =1.

Chon dép an O

Cau 52. Biét tap hop céc diém M biéu dién hinh hoc s6 phic z thda man ‘z - \/5‘ + ‘z + \/5’ = 8 la mot elip (F). Hay

viét phuong trinh elip dé.
2 2 2 2 2 2 2 2
A (B): L+ =1 B. (B): —+L -1 Cc. (B): —+L -1 D. (B): —+L —1.

Lai giai.

Goi M (x;y) la diém biéu dién sé phiic z = x + iy, v6i 2, y € R thda man bai toan.
Khic’[éz—\/?—x—i—zy V2 = ( \f)—i—yz

R TN e

Tuong tu, xét z + V2 =2 +iy +v2 = (x+\/§) + yi.

Do do
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z+\/§‘=\/(x+\/§)2+y2.

Tt gia thiét suy ra \/(x - \/5)2 +y2 + \/(gc - \/5)2 +y2 =8 ().

Dat F1 (—v2;0) va Fp (v2;0) thi (x) & MF + MF, =8 > FiF; = 2V/2.
2 2
Nén tap hop diém M (x;y) biéu dién s6 phiic z 13 mot elip (E) : % + ‘7;—2 =1 v6i hai tieu diém Fy, Fh.
Do MFy + MFy, =8 suyra2a=8<%<a=4.
Mat khac Fi Fy = 2v/2 suy ra 2c = 22 < ¢ = /2.

Mabz=a2—c2@b2=16—%®b2=144:}1):\/14.

2
Vay phuong trinh elip (E) : 315_6 + % -

Chon dap an ([

Do do

[0 DANG 2.4. Bai todn lién quan dén gid tri 16n nhét, gia tri nhd nhét

S dung phuong phdp lugng gidc hoa

D6i véi nhém bai toan tap hop diém biéu dién s6 phite 1a mot duong tron thi viec lugng gidc héa té ra kha hieu
qua va nhanh chéng.

) — a2 —b\? )
Gid st ¢co d]j(jc g]é thiét (1’ — a)2 + (y — b)2 — R2 = (I'Ra) + (yR ) = ]_7 sé gGl ta déen C@l’lg thic Sil’l2t+

Tr—a

dé dua bai toan vé dang luong gidc quen thudc. Ngoai

) = sint xr = Rsint+a
cos“t = 1 nén ta dat

y= Rcost+b

—— =cost
R

ra, ta can nhé nhing danh gia thudng dudc sit dung

— —1<sint<1,-1<cost<1vaasint+bcost =+va?+b?sin (t + «).

— Bét déng thic Cauchy-Schwarz dang 1: |ax + by| < /(a2 + b2) (22 + y2).

— asint + bcost < \/(a2 +b2) (sin® t 4 cos? t) = Va2 + b2.
sint  cost

Dau déng thitc xay ra khi va chi khi a b

asint + bcost = v/ a? + b2

— asint + bcost > —\/(a2 +b2) (sin® t + cos2t) = —vaZ + b2
sint  cost

Dau dang thitc xay ra khi va chi khi a b

asint + bcost = —v/a? + b2

BAI 1. Cho s6 phitc z = x + iy (z,y € R) théa man dong thoi cac diéu kien |z — 2 — 3i| = 1 va biéu thic |z + i + 1| dat
gia tri 16n nhat. Tinh gid tri ctia biéu thitc |3z — 2.
5V/13

DS: |3z — 2y| = 13

Lai giai.

Tacolz—2-3il=1e|@-2)+@W-3)il=1e/@-2 +@u-3°=1a@@-2+uy-3>=1 (x

T = sint + 2

—— Cach giai 1. S dung lugng giac héa Dat
y =cost+3
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Ta c6
Z+i+1l] = |lz—yi+i+l]
= J@+ 1)+ 1yl
= Ve+) +1-y)?
= V@-2+3+(-2- (y-3)’
= V(@-2 +6@—2)+9+4+4(y—3)+(y—3)°

Tt (%) suy ra [Z+i+ 1| = /62 + 4y — 10.
Khi d6 /62 + 4y — 10 = /6sint + 4 cost + 14.
Theo bat dang thitc Cauchy - Schwar ta c6

(6sint + 4cost)® < (6% + 4%) (sin®t + cos® t)2 & (6sint +4cost)’ < 52 < |6sint 4+ 4cost| < 213

Suy ra /6x + 4y — 10 < /213 + 14

Dau déng thitc x4y ra khi

. . 3V13
LMZCOSt 2sint — 3cost =0 sint = ———
6 4 . PN 13
6sint +4cost = 213 3sint +2cost = v13 cost=721~313
3v13
x = sint + 2 =3 +2
Do suy ra .
y =cost+ 3 24/13
y=——+3
13
5v13

— Cach giai 2. St dung truc tiép bat ding thitc Cauchy - Schwarz
Ta c6

Z+i+l] = |lz—yi+itl]
(@ +1)+ (1 —y)i
= V@+1P -y’
= V@-2+3+(-2- (y-3)
= V@ -2 +6@—-2)+9+4+4(y—3)+(y—3)°

Tu (%) suy ra [Z4+i+ 1| = /6 + 4y — 10 = /6 (z — 2) + 4 (y — 3) + 14.

Theo bat dang thitc Cauchy - Schwar ta c6
6z =2 +4y -3 <(6®+4) [(2-2°+ (v -3)°] &6z —2) +4(y—3)| <2VI3

Suy ra /6z + 4y — 10 < /213 + 14

Déu déng thic xay ra khi

V1
r-2_y-3 2z —3y=-5 e=? 3+2
13
6 4 @{ &
13
5v13

—— Caéch giai 3. Sit dung hinh hoc (hinh chiéu va tuong giao)
Giai stt M (z;y) 1a diém biéu dién sb phiic z.
Tt (*) suy ra tap hop bidu dién s6 phic z 1a dudng tron ¢6 phuong trinh (C) : (z —2)° + (y — 3)* = 1.
Goi I, R 1a tam va ban kinh duong tron (C) ta ¢6 I(2;3), R=1.
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Mat khéc Y
Z+i+l] = |lz—yi+i+l]

= [(z+1)+ (1 —-y)i

Vie+ 12+ (1 -y)?

Vie+1)% +(y - 1)°

Gid st N (—1;1) suy ra MN = \/(x +1)% 4+ (y—1)>%
Bai todn trd thanh tim vi tri diém M trén dudng tron (C) sao cho do dai

MN dat gia tri 16n nhéat. Y o 5 >
Goi H, K lan lugt 1a giao diém cia dudng thang NI véi dudng tron (C)
nhu hinh bén.
Dé thAy NH < MN < NK suy ra max MN = NK khi M = K.
, . 1 -1
Ma phuong trinh dusng thang di qua hai diem I, N la vl yT &
22 =3y +5=0.
Khi d6 toa do diém K la nghiém clia hé phuong trinh
245
{2x—3y+5=0 vy=—3
2 2 = 2
e N R =) I
_2r+5 245
s VT3 Y773
9(z—2)°+ 2z —-4)>=9 1322 — 522 +43 =0
[ _ 3v13
2z +5 TEAt T
3 2v/13
e y=3+—
& =2+ V1 & 3
13 _, 3VI3
L 3VI3 — Y13
B 13 s 2V13
L B 3
r=2+ 3v13
) 3v13 3v13 - 5v13
Suy ra toa do diem K ( 2+ ——:;3+ —— ]. Do d6 13 jen |3z — 2y| = ——.
13 13 2+/13 13
=3+ 3

O
Cau 53. (Dé tham khéo - Bo Gido duc v Dao toa nam 2018 - Cau 46)
Xét cac s6 phitc z = a + bi véi a, b € R théa man |z — 4 — 3i| = v/5. Tinh P = a + b khi |z + 1 — 3i| + |z — 1 + 4| dat gia
tri 16n nhat.
A. P=10. B. P=4. C. P=6. D. P=8.
Loi giai.
Taco|z—4—3il=vVEe|(a—4)+(b-3)il=vVie /(a4 +(b-3>=vVEe (a—4>+(b-3)7=5 ()
a=+bsint +4
bat

b=+5cost+3

Ta c6
Q = |z+1-=3i|+|z—1+1]
= Va+1)2+0-32+(@a-12+(b+1)°
= \/(\/gsint—&—B)Q—&— (\/gcost>2+ \/(\/gsint—i—?))Q—f— (\/5(30515—1—4)2

= \/5Sin2t+ 10V5sint + 25 + 5cos? ¢ + \/5sin2t—|—6\@sint—|—9+50082t+8\/5(:ost—|—16
= \/10\/5sint+30+ \/6\/Ssint+8\/5cost+30
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Theo bat dang thitc Cauchy - Schwar ta c6

2
<\/10\/5sint+30+\/6\/3sint+8\/5cost+30) < (12+12) (10V5sint + 30 + 6v5sint + 8v/5cost + 30)

< 2(16v5sint +8v5 cost + 60)
< 16v/5(2sint + cost) + 120

Suy ra

\/10\/581nt+30—|—\/6\/gsint—|—8\/5(zost+30§\/16\/5(281nt+cost)+120
Ma
(2sint + cost)® < (22 +1?) (sin®¢ 4 cos® t) & (2sint + cost)” < 5 < |2sint + cost| < V5
Neén

V16v/5 (2sint + cost) + 120 < V200 < /16v/5 (2sint + cost) + 120 < 10v/2
Suy ra Q < 10y/2 dau déng thitc xay ra khi

. . 2
smt:cost sint — 2cost — 0 Smt:ﬁ
2 1 & . & 1
2sint + cost = V5 2sint + cost = Vb costzﬁ
N a:\/gsint—l—ll a=06
a suy ra .
b=+5cost+3 b=4
Nén P =a+ b= 10.
Chon dap én@ O

Cau 54. Xét cac sb6 phiic z = a + bi (a, b € R) théa man |z + 6 — 8i| = 2¢/5. Tinh P = a + b khi Q = |z + 6 + 2i| +
|z — 2 — 2i| dat gi4 tri 16n nhat.
A. P=10. B. P=4. C. P=6. D. P=38.
Lo giai.
Tacé|z+6—8i|:2\/5<:>\(a+6)+(b—8)i|:2\/5<:>\/(a+6)2+(b—8)2:2\/5<:>(a+6)2+(b—8)2:20 (%)
{a:2\/gsint—6
bat

b=2V5cost + 8
Ta c6

Q

|z + 6 + 2i] + |z — 2 — 2]
= Va+62+0+22+V@-27+(b-27°
\/(2\/5$int>2 + (2\/gcost+ 10)2 + \/(2\/gsint — 8)2 + (2\/5C08t+ 6)2

\/20sin2t+20c052t+40\/5cost+ 100 + \/2OSin2t— 32v/5sint + 64 + 20 cos? t + 24v/5 cost + 36
\/40\/5cost+ 120 + /=325 sint + 24v/5 cos t + 120

Theo bat dang thiic Cauchy - Schwar ta c6

2
(\/40\/5cost +120 + \/—32\/5 sint 4+ 24v/5 cost + 120)

< (12+12) (40V5cost + 120 — 325 sint + 24v/5 cost + 120)
< 2(64v5cost — 32v/5sint + 240)
< 64V5 (2cost —sint) 4 480

Suy ra

V405 cost + 120 + v/ —32v/5sint + 24v5 cost + 120 < \/64v/5 (2 cost — sint) + 480
Ma
(2cost —sint)? < (22 + (—1)?) (cos®t +sin®t) < (2cost — sint)® <5< [2cost —sint| < V5
Nén

\/64\/5(2cost—sint) + 480 < v800 < \/64\/3(2cost—sint) + 480 < 20v2
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Suy ra Q < 20/2 dau ding thitc xay ra khi

- Y.
&St:w 2sint +cost =0 sint = 5
2 -1 & ] &
2COSt—Sth:\/5 2COSt—SlI’1t:\/5 (30St:72\/g
5

N a=2vV5sint — 6 {az—S
a suy ra .
b=2V5cost +8 b=12

Nén P=a+b=4.

Chon dap an
£ N — 2 . ) .
Cau 55. Cho sb phitic z théa man diéu kién “ = Ja 56 40. Tim gié tri 16n nhat cta bieu thic P = |z — 1|+ |z — i].
P
A. 5V2. B. 3v2. C. 2V5. D. 3v2.
L3 giai.
Gia st s6 phitc z = a + bi v6i a, b € R. Khi d6
2—2 a+bi—2  a+(b—2)i
z2—2 a+bi—-2  (a—2)+bi

[a+ (b—2)i][(a —2) — bi]
[(a —2) + bi] [(a — 2) — bi]
ala—2)—abi+b(b—2)+(b—2)(a—2)i
(a—2)% + b
_ a(a—2)+b(b—2)+<(b—2)(a—2)—ab>i
(a—2)% + 12 (a —2)° + b2

Do gia thiét suy raa(a—2) +b(b—2) =04 (a—1)>+ (b—1)> =2 (%)
a=+2sint+1
bat

b=+2cost+1
Ta co

e
I

|z = 1|+ |z — i
Vie— 12482+ /a2 + (b 1)?
\/(\/ﬁsint)2 + (\/icost—ﬁ— 1)2 + \/(\/isint—f— 1)2 + (\/Qcost)2

= \/281n2t+2cos2t+2\/§cost+1+ \/QSin2t+2\/§sint+1+2c082t
\/2\/§cost+3+ \/2\/§sint+3

Theo bat didng thitc Cauchy - Schwar ta c6

IN

2
(\/2\@cost+3+ \/2\/§sint+3) (12 +1?) (2\/§cost+3+2\/§sint+3)

IN

2 (2\/§cost+2\/§sint+6>

< 4V2(cost +sint) + 12 = 8cos (x— %) +12

Do—lgcos(x—g)gltasuyra

2
(\/2\@C08t+3+ \/2\/§Sint+3> <20 = \/2\@608t+3+\/2\/§sint+3§2\/5

Do dé P < 2v/5 dau déng thic x4y ra khi
\/Qﬂcost+3: V2v/2sint + 3 St — cost sint —

1 1 2N &
( 7T) {cost—i—sint:\/g
cos x—z =1
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M a=+V2sint+1 {a2
a suy ra .
b=+V2cost+1 b=2

Nén max P = 24/5.

Chon dap an @ O
Cau 56. Cho s6 phiic z théa méan |z — 3 — 4i| = /5. Goi M va m lan lugt la gia tri 16n nhat gia tri nhé nhét cia bidu
thic P = |z + 2|* — |z — i|>. Tinh modun ciia s6 phic w = M + mi.

A. |w| = 2V/314. B. |w| = 2v/300. C. |w| = V1258. D. |w| = 3/137.
L3 gidi.
Gid st s6 phiic z ¢6 dang z = a + bi (a, bER)
Tacolz—4—3il=vEe|(a—4)+(b-3)il=vVEe/(a—40 +(b-32=vse (a—4>+(b-3)7=5 (+)
Khi dé
P = [z42°—]z—if

= (a+2° 40> —a®—(b—1)

= a’+da+4+0*—a®> - +20-1
= 4a+2b+3

= 22(a—4)+(B-3)]+25

Theo bat dang thiic Cauchy - Schwar ta c6

20a—4)+0-3) < (22+1%)[(a—4)"+ (-3)°]
2

Nén
15<22(a—4)+(b—3)]+25<35
Suy ra max P = 35 va min P = 15 hay M = 35; m = 15.
Khi d6 |w| = V152 4 352 = 5V/58. O

3WV2 32

————z

Cau 57. Xét s6 phitc z = a+ bi (a, b € R) théa man |z — 2|° + |z + 2|* = 26 va biéu thic dat gia tri

16n nhéat. Tim gid tri ctia biéu thic P = |a + b|.

A. P=6. B. P=3V2. C. P=4. D. P =2
Loi giai.
Gia st s6 phtic z ¢6 dang z = a + bi (a,b € R).
Ta cé

|z =2 + |2+ 2)° = 26

s (a—2240+(a+2)+b* =26
o d?—da+4+b+a>+4a+4+02=26
& A+ =9 (%)
Ma
_3v2osvey (0 3V2Y b_i
2 2 n 2
= a — —— b_i
2
9 9
= \/a2—3ﬁa+§+b2—3\/§b+§
Do (%) nén Z,£,7 \/18 3v2(a+b).
2
Ta c6

(@a+b)?<2(a®+b?) & (a+b)° <18 |a+b| <3V2
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0<18-3v2(a+b) <364 0</18-3v2(a+b) <6

V2  3V2
Suy ra max Z—T\[—T\[i =6 khi do a+b\:3\/§. O
. — 2 P N .
Cau 58. Xét s6 phitc z = a+ bi (a, b € R) théa man S l1a 86 thuan &do v modun ciua z dat gid tri 16n nhat. Tinh
- _
gi4 tri ciia biéu thic P = a + b.
A. P=0. B. P=1+2V2. C. P=4. D. P=1+3V2.
Loi giai.
Gia st s6 phitc z = a + bi v6i a, b € R. Khi d6
2-2  a+bi—2  a+(b—2)i
z2—2 a+bi—2  (a—2)+bi

[a+ (b—2)i][(a —2) — bi]

[(@—2)+bi][(a —2) — bi]
ala—2)—abi+b(b—-2)+(b—2)(a—2)1i
(a—2)% + b
_ a(a—2)+b(b—2)+<(b—2)(a—2)—ab>i
(a—2)% + 12 (a —2)% + b2

Do gi& thiét suy ra a(a —2)+b(b—2)=0& (a—1)°+(b-1>=2 (%)
Dt a=+2sint+1
a
b=1+2cost+1
Ta c6
lz2| = va®+b?
2 2
\/(\/isint—i—l) +(\/§cost+1)

\/2sin2t+2\/§sint+1+2coszt+2\/§cost+1
\/2\/§(cost+sint) +4

™
4 ( —f) 4
\/cos x 1 +

Do —1 < cos (x—%) <1 ta suy ra \/4(?05(;10— %) +4 < 44/2.
Do d6 |z| < 4v/2 dau déng thiic x4y ra khi

cos(x—%)zlﬁx—gzk%r@x:%—i-k%r (keZ)

s
A az\/isint—l-l‘ a:\/§51n<z+k2w)+1 {a:2
a suy ra - & .
b=v2cost +1 b:\/ﬁcos(z—l—k%')—i—l b=2
a=2
Nén max |z| = 4v/2 khi {b2'
Do d6 P =4.
Chon dap an (C) O
Cau 59. Xét sb phitc 2 = a+bi (a, b € R) théa man |z — 1 + 2i| = 3. Tim gi4 tri l6n nhat ciia biéu thic P = |z — 2i|.
A. 3+ V1T B. 3-V17. C. 1+5V2. D. /26 +6/17.
Loi giai.

Tacolz—1+2i|=3a|(a—1)+(b+2)i|=3c /(a1 +(b+2>=3c(a—1)°+(b+2)°=9 ()

a=3sint+1
Dit
b=3cost—2
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Ta co

P = |z=2i|=+a2+ (b—2)
= \/(3sint—|—1)2—1—(3cost—4)2
= V9sin®t+6sint+ 1+ 9cos2t — 24 cost + 16
— /6 (sint —4cost) +26

Theo bat dang thiic Cauchy - Schwar ta c6
(sint — 4 cost)® < (12 4+ (—4)?) (sin®t + cos® t)
& (sint —4cost)® < 17
< |sint —4cost| < V1T

Nen /6 (sint — 4 cost) + 26 < /6117 + 26.

Dau déng thitc xay ra khi

; ) V1T
cost _ sint {cost—4sint=0 st = - 15
—4 1 s &
sint — 4cost — V1T sint —4cost = V17 cost——ng
3V17
. a=3sint+1 a=- 15 +1
Ma suy ra
b=3cost —2 b 124/17
=5
Vay max P = /26 4+ 6v/17.
Chon dap én@ O

C. DANG TOAN VA BAI TAP

0O DANG 2.5. S& dung binh phuvong vé huéng

Déi vdi mot s6 bai todn tim max, min viéc si dung binh phuo’ng v6 hudng dé tim diém roi nham dp dung bat ding
thite ax + by < +/(a? + b?)(2? + y?) hodc @ b= | - ’b’ cos a; b) <l|al- ’b‘ t6 ra kha hiéu qud. Ta can nhd

binh phuwong vo hudng |2 + B> = |T)° + |T|° £ 20 - T

1. Vidu

VI DU 1. Cho hai s6 phiic 2, zp théa man |21 + 225] = 5 v& |327 — 2»| = 3. Tim gia tri 16n nhit ciia biéu thitc

/155
:|Zl|+‘22| DS: Pmax: ﬂ

L3i gii.

Goi M, N lan lugt 1a dlem biéu dlen cla z1 va zz

Suy ra |U| = |21 + 222| = |OM—|—20N| =5va |3z1 —zz| = |3OM ON| =3.

Phan tich. Bai toan trg thanh tim M, N dé P = |OM| + |ON| dat gia tri 16n nhat théa man |OM + 20N| =5va
|3O—Z\4> - O—N)| = 3. D& tim Ppax ta sit dung bat dang thic az + by < /(a2 + b2)(22 + ¢?).

Tl’l’ctimP:|O—]\/[)|+\O_N>|=$~(a’O—]\Z[)D—i-%-(ﬁ‘O—J\fD hay

P (ool 5 (o1om) < (G + o) (o2 o]+ (o).

2 2
Do d6 can phai tim téng binh phuong vo huéng a? ‘OM‘ + B2 ’ON’ = const, do6 la chia khoa.
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Ta co
OM +20N| =5 ]0_1\4"2+4‘0_N’(2+40_M’-0_N’=25

OM ~ON|=3 | o[oM| +|ON| - 60N . ON =9
3’0_1\4"2+12’0—N"2+12()_M’-0—N’:75 e e

e e . . =21|OM| +u|ON| =

18|0M|" +2|ON| - 1200 - ON =18

Ap dung bét déng thic Cauchy-Schwarz

P = |OM|+|ON| = —=(v21-|0M|) + —= - (V14| -ON|)
03]+ |oN = 7 )+ 7m (V|
11 2 2 11 155 155
< 5+ 57) (2t]0M] +14] N‘): (7 7). _ B p /155
- \/(21+14)< ‘O ‘Jr © \/21+14 73 g me 14
210M = 140N ON — 3,/155
Dau bing x4y ra khi va chf khi 155 < sV 14 (]
OM +ON =1/ =~ oM = 2 [155
S5V 147

VI DU 2. Cho s6 phitc z théa man |z — 1 —i| = 1 va biéu thitc P = 3|z| + 2|z — 4 — 4i| dat gia tri 16n nhit. Tim
mo-dun clia sd phiic z.
A |z|=V2-1. B. |z| = 4. C. |z| =2 D. |z =V2+1.

Lo giai.
Goi M (z;y) 1a diém biéu dién s6 phitc z = = + yi (z,y € R).

Colz—1—-i|l=1e|(z—-1)+(y—1)i|=1«< (z—1)>+ (y—1)?> = 1. Do d6 tap hgp diém biéu dién sb phic z 1a mot
duong tron tam I(1;1) ban kinh R = 1.

Taco P =3|z| + 2z — 4 — 4i] = 3/22 + 42 + 2¢/(z — 4)2 + (y — 4)2.

Xét 0(0;0), N(4;4) thi P = 30M + 2NM = 3 ’O—M‘ +2 (W‘

—2 — —\ 2 —|2 —|2 — —
‘OM’ = (0I +IM) :‘OI' +‘IM‘ +9201-TM =3+201 - IM

Ta c6 —> — —\ 2 —>12 —>2 — = — —>
‘NM):(NI—i-IM) :’NI‘ —i—‘IM’ Y ONT-TM =19 +2NI-IM
Nhan thay rang ¢ _, = IN =301 <30I +IN=0.
IN = (3;3) =3(1;1)

a2 2 N SN 2 2
Suy raS’OM’ +‘NM‘ :28+21M'(3OI+NI):28:>3’OM‘ +’NM‘ - 2.

K o = 3[0%] + 2 |V3| = v3 (va[OM]) + 2- 0] < | (s + ) (a[OMT] -+ [W8T]") = 1.

1 ——
T
Vay Puax = 14 dat duge khi § | | 2 @‘OM‘:2:|Z|.
3 ’OM‘ +2 ‘NM’ ~ 14

Chon dap an @ O

2. Bdi tGp dp dung

Cau 60. Cho s6 phtic z théa méan |z| = 1. Tinh gid tri l6n nhat cia P = |z + 1| + 3]z — 1].
A. 2+/10. B. v10. C. 3v10. D. 4v10.

L giai.

Goi M la diém biéu dién s6 phiic z va A(—1;0), B(1;0), O(0;0).

Khi d6 |z|:1<:>‘OM’:1v?aPz|z+1H—3\z—1|:’m)—f—?)’BM’.

—|2 —_— =\ 2 ——>2 ——|2 —_—_— —_—

|[AM|" = (40 + OM)" = 40| + |OM| +2-40-OM =2+2.40-OM

Ta c6
—>2 — —\ 2 — |2 —>|2 —_— > —_—
|BM| = (BO+0M)" = |BO| +|0M| +2-BO-0M =2+2-BO-OM.

D& thay A0+ BO = 0.
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— 2 — 2 — — —
Suy ra ’AM' + ’BM‘ = 4+20M - (A0 + BO) = 4.

Ap dung bét déng thiic Bunyakovsky ta c6

—_— —_— —|2 —|2
P = ’AM‘ +3’BM‘ < \/(12 +32) (‘AM‘ + ‘BM‘ ) — V10 = 2/10.
1 BM = 2VT0
o . | AM = ZBM =3 V10
Déau bang xay ra khi va chi khi 3 & 1
AM + BM = 2v10 AM = V10,
Chon dap an @ O
Cau 61. Cho sb phiic 2z thda man |z — 1 — 2i| = 2 va biéu thitc P = |z| + |z — 3 — 64| dat gia tri l16n nhat. Tinh [Z].
A [zl =147 B. [z] = V7. C. |z| =2V7. D. [z =2+ V7.

Loi giai.
Goi M 1a diém biéu dién sb phitc z va I(1;2), O(0;0), A(3;6).

Khi d6 |2 —1—2i| =2 |[TM| =2 va P = |2| + |2 — 3 - 6i| = |OM]| + | 4M].
[ |o¥i[ = (@1 + 130" = |01 + ||+ 201 -3 0.+ 207 - ThE
[Ani|" = (a1 + 18)’ = |d[" + |FR[" + 27 - T3 = 24 4 27 - THA.
Mat khac {?{:(_2;_4) = AT +201 =T,
0l = (1,2)

2 2
Suy raQ}OM‘ —|—‘AM‘ =42.

Ap dung bét déng thiic Bunyakovsky ta c6

P = (o]« ] = 2 va[om] + [47H] < (4 1) (oo + [70°) <57

2 ’O—M)‘ - (m\ .
Déu bing xéy ra khi vachikhi { | | = ’OM‘ =VT= 2| =vT= 7 = V7.
‘OM‘ + ‘AM‘ =37

Chon dap an ([l
Cau 62. Cho hai s6 phiic z;, 22 théa man z; + 22 = 8 + 6i va |21 — 25| = 2. Tim gid tri 16n nhat ctia biéu thiec
P = |Zl| + |ZQ|

A. 2+/13. B. v13. C. v26. D. 2v26.
Loi giai.

Goi M, N lan lugt 1 hai diém biéu dién s6 phiic z1, 22 va O(0;0).
Ta c6 21 + 20 = 8 + 6i = |21 + 22| = 10.

Khi do |21722|:2@’O_M’70—N)‘:2; |z1+z2|:10<:>‘0_M+0_N":10vaP:‘0_M"+‘0_N".
|03 — ON| = 4 oM["+|[oN|" —208 ON =4 . .
Suy ra e 2 R L :>‘OM’ +‘ON) = 52.
)OMJrON‘ ~ 100 ‘OM‘ +‘0N‘ +20M - ON =100

Ap dung bét déng thiic Bunyakovsky ta c6

—_— —_— — 2 —|2
P = ‘OM‘ + ‘ON‘ < \/(1 1) (‘OM‘ + ‘ON‘ ) — 2v/26 = Prax = 21/26.
Chon dap an @ |
Cau 63. Cho s6 phic z = z + yi v6i z,y € R thoa man 4|z + i| + 3|z — i| = 10. Tim |2|min-
A. 4. B. 3. C. 2. D. 1.

Loi giai.

Goi M la diém biéu dién sb phiic z va A(0; —1), B(0;1).

Suyra4|z+i|—|—3|z—i|:10©4'm‘+3‘3—l\/f’ =10; |2| = ‘O_]\/f’

ON[" = (04 + AM)’ = 04% + AM? + 204 - AN

Ta c6 2 ey .
OM|" = (OB + BM)" = 0B+ BM* + 20B - BM.
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Dé thay OA = (0;—1), OB = (0;—1) = OA = —OB va OA? = OB% = 1.
Suy ra

—>2 B e
2‘0M’ OA? + OB? + AM? + BM? +2(OA- AM + OB - BM)
— 2+AM2+BM2+2(T4’(H4’—W)

— 24 AM? 4+ BM?+20A - AB = AM? + BM? — 2.

Ap dung bat ding thic Bunyakovsky ta c6

4 ym) +3 ]W’ < /(32 +4%) (AM? + BM?) & 10 < /25 (AM?2 + BM?2) = AM? + BM? > 4.

2 N
Vay2’OM‘ :AM2+BM2—224—2:2:>‘0M'21:>|z\min:1.
ChQHdépéﬂ@ O

Cau 64. Cho s6 phitc z thda man |z — 3 — 4| = /5 va biéu thitc P = |z + 2|2 — |z — i|> dat gia tri 16n nhat. Tinh
|z + 1.
A. 3V5. B. V61. C. 5V3. D. VA41.
Lai giai.
Goi M(z;y) 1a diém biéu dién s6 phiic z.
Suyra |z —3—4i| =56 < (z—3)2+ (y —4)% =5.
Khid6 P=|z4+22—|z—i’=(x+2)?+¢y* -2 —(y—1)? =4da +2y +3=2[2(x — 3) + (y — 4)] + 23.
Ap dung bat ding thic Bunyakovsky ta c6

2a —3)+ (y—4) < /(22 +12)[(z —3)2 + (y —4)? =5
= Pupax =2-5+23=33.

PR . . L_:& =y—4 {x =

Dau bang xay ra khi va chi khi 2 &
2c—3)+(y—4)=5 (Y=?
Khi d6 |z +i| = V/61.
Chon dap an @ O
Cau 65. Cho s6 phiic z = 2 + yi v6i z,y € R théa man |z — 4 — 3i| = /5. Tinh = + y biét ring biéu thic P =
|z +1—3i| + |z — 1 +1i| dat gi& tri 16n nhat.
A. 4. B. 6. C. 8. D. 10.

Lai giai.
Goi M(z;y) 1a diém biéu dién s6 phiic z.
Khi d6 [z—4-3i| = V5 & (2—4)*+(y—3)? = 5va P = |z+1-3i|+|z—1+i| = /(. + 1)2 + (y — 3)2+/(z — 1)2 + (y + 1)%.
Ap dung bat ding thitc Bunyakovsky ta c6

P = \Jz+1)2+(@y-32+/(z - 12+ (y+1)?
< V20@ 124+ (y—3)2 + (2 — 12+ (y + 1)2) = /2 [2(22 +y2) — dy + 12]

Mit khéac (z — 4)? + (y — 3)? =5 & 2% + y* = 8z + 6y — 20.
Suy ra P < /2 (16z + 8y — 28) = 2\/8z + 4y — 14.
Lai 6 8z + 4y — 14 = 8(z — 4) + 4(y — 3) + 30 < /(82 + 42) [(z — 4)2 + (y — 3)%] + 30 = 20 + 30 = 50.
Do d6 P < 2v/50 = 10v/2 = Poax = 10V2.
r-4_y-3 r=6
DAu bing x4y ra khi va chi khi 8 4 <:>{ =z +y =10
8(z—4)+4(y—3)=20 (Y=4
Chondépén@ O

Cau 66. Cho sb phiic z thda man |z| = 2 va biéu thitc P = |z — 1| + |z — 1 — 7i| dat gid tri nhé nhat. Tinh mo-dun ciia
s6 phitc w = z — 1 + /3.
A |w| = 2V/2. B. |w| = 2/3. C. |w|= 4+/3. D. |w| = 3v/2.
Loi giai.
Goi M(z;y) la diém biéu dién sé phic z va A(1;0), B(1;7).
Khidé || =2 a2 +92 =4va P =|z— 1|+ |z — 17| = ‘W’JF‘W’ > ]ﬂz".

P s . rz=1
Suy ra Py, = AB = 7. Phuong trinh tham s6 ctia dudng thang di qua hai diem AB: { - véit € R.
y =
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Ma 22 + 42 :4¢t:ﬁ:§ = M, (1;v/3) hogc My (1;—V/3).

D& thiy diém AM; + BMy < AMy+ BMy = My =M = 2z =1+1iV/3 = w = 2/3i = |w| = 2V/3.

Chon dap an ([l

Cau 67. Cho s6 phiic z thda man |z — 1 —i| = 5 v& biéu thic P = |z — 7 — 9i| + 2|z — 8i| dat gid tri nhé nhat. Tim
2.
A. V3T. B. vA4l. C. v/29. D. V17.
Lo giai.
Goi M(z;y) la diém biéu dién s phitc z va I(1;1), A(7;9), B(0;8).
Khi dé |z —1—1i| =5« MI =5 = tap hgp diém M nim trén dudng tron (C) c6
tam I ban kinh R =5 va P = AM +2BM.
C6 ITA =10 va cac diém A, B déu ndm ngoai dudng tron (O).

— 2,
Lay A’ trén doan IA sao cho AI' - JA=R?>=TA = % JA= A <g,3>

Suy ra MA=2MA' = P =2(MA'+ BM) > 2A'B = Py, = 2A'B = 51/5. M

. . r=—1
Khi d6 M 1a giao diem ciia duong tron (C) va dudng thing A'B: { 8+ 9t voi \\O/ ‘
y =
teR.

t=—1= M(1;6)

t=—-5= M(5-2).

Dé thay M(1;6) thi Ppin = MA+2MB = |z| = V/3T.

Chon dap an @ ([l

Thay vao (C): (z — 1)+ (y—1)* =25 =

Cau 68. Cho sb6 phiic z = x + yi v6i 2,y € R théa man |z — 3 — 3i| = 6. Tinh = + y biét ring biéu thic P =
2|z 4+ 6 — 3i| + 3|z + 1 + 5i| dat gia tri nho nhat.

A. 2+2V5. B. 1- /5. C. 2-25. D. 1+ 5.
Lai gidi.
Goi M(z;y) la diém biéu dién s6 phiic z va A(—6;3), B(—1; —5).
Khi d6 tit |z — 3 — 3i| = 6 suy ra M thuoc dudng tron (C) c6 tam I(3;3) ban kinh
R=6. Déthéy[A:Q:;-R.

Goi C =TAN(C) va D théa man 1D = gf_é:D(—l;?)). A D I
3

|
SuyraID-IA:§R~§R:R2. N\\
AM  TA 3 \o ;

Suy ra AIMD ~ AIAM = 0n = 0 = o hay 2M A = 3MD. g/

Laic6 P=2MA+3MB=3MD+ MB) > 3DB.

|
|
et M
Déu bing xay ra khi va chi khi M B, M D ngugc huéng suy ra M(—1;3 — 21/5). ’;
Vay z +y =2 —2V5.
Chon dap an @ ([l
(3 DANG 2.6. S&r dung hinh chiéu va tuong giao
Cho dudng thing (A): ax +by +c = 0 va diem M € (A). Diém N ¢ (A) thi (A) ¢
NM nhé nhat khi va chi khi M = K vdi K la hinh chiéu cia N tréen (A). M
— m1n|z\ =O0H = d[o a)) = L
’ va? + b2
Khi d6 M = H va H=(A)NOH. K
: . lax N + byn + ¢ N H
— min|z — (zny +ynt)| = NK =d =
|z = (&n +yni)| N,(A) N
Khi d6 M =K va K=(A)NNK. o T
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Cho tap hop cdc diém M (x;y) biéu dién s6 phic z = x+vyi (x,y € R) la
duong tron (€) cé tam I(a;b) va ban kinh R. Goi N la diém biéu dién
50 phic 2'. Khi dé Y
M
min|z| = min OM = OM; = |OI — R N < M,
max |z| = maxOM = OM; = OI + R. N,
Khi d6 OI N (€) = {My; My). x
N.
min |z — 2’| =min MN = NN; = |[NT — R| M ?
max |z — 2’| = max MN = NNy = NI + R.

1. Vidu

VI DU 1. Xét céc s6 phic 2 = 2 + yi, (z,y € R) théa man |z — 2 — 4i| = |z — 2i| va |2| dat gid tri nhé nhat. Tim

P =3z —2y.
A. 2. B. 3. C. 4. D. 5.
Loi giai.
Ta c6 Y
|z—2—di| = |z -2 < [(z - 2) + (y - )|:| + (y —2)i
S@@-2°+@y-4)2=2"+y-2> cz+y—4=0.
Vay tap hop diém M (z;y) biéu dién cac s6 phfr =z +yi, (z,y € R) 1a duong

thang (d):m+y—4—0.

min |z| = min OM = OH vé6i H 1a hinh chiéu ctia diém O len (d).

ViOH Ld:2+y—4=0=0H:z—y+m=0.

Do O(0;0) e OH=m=0=0H:2—y=0.
x+y:4©{x:2. o x

r=y y=2 (d)

Toa do diém H = (d) N OH théa méan hé {
= P=3x—-2y=2.

Ngoai cach gidi sit dung hinh chiéu va tuong giao (hinh hoc), ta c6 thé giai theo cdch khac nhu: Sit dung A? > 0,
bat dang thitc cong miu dé tim min |z|.

Chon dap én@ (I
VI DU 2. Cho céc s6 phitc z = x + yi, (z,y € R) thoéa man |z + 2 — 2i| = |z — 4i|. Tim gia tri nhé nhét cia
liz + 1.

2 2
A 2V2 B. V2 c. V2, D. 2
2 2
Loi giai.
|2 +2 = 2i| = |2 — 4i| & |(& +2) + (y - 2)i |—|x—|—(y il sz +y—2=0. Y

Vay tap hgp diém M(z;y) biéu dién s6 phic z = = + yi, (z,y € R) la dudng thing
(A): T+y-— 2=0.
Ta lai c6 =10 (m+y2)+1)| =|(1—y)+zi| =+/(2?) + (y—1)2 = MN v6i N(0;1).
Bai todn trd thanh tim diém M € (A): 2 +y — 2 = 0 théa man M N nhd nhéit.

ey +ynv—2]  [0+1—-2] V2

inliz + 1| = min MN = djy.(ay = = o
min |iz + 1| = min [N3(A)] VIZ+ 12 V2 2

(A)

Ngoai cach gidi sit dung hinh chiéu va tuong giao (hinh hoc), ta cé thé giai theo cach khac nhu: Sit dung A? > 0,
bit déng thiic cong miu dé tim min |z|.

Chon dap an @ ([
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VI DU 3. Cho céc s6 phitc z = 2 + yi, (2, € R) thoéa man |z — (2 + 4i)| = 2. Goi 21, 22 1an lugt 14 hai s6 phiic c6
mo-dun 16n nhat vi moé-dun nhé nhat. Tinh téng phan 4o clia hai s6 phiic 21, 2o d6.

A. —4. B. 4. C. -8 D. 8.
L3i gii.
2= 244D =2 |(z-2)+(y—4Di|=2e (2 -2+ (y—4)> =4 Y 2
Vay tap hop diém M (x;y) biéu dién s6 phiic z 1a dudng tron € c6 tam 1(2;4) va ban
kinh R = 2.
Ta lai ¢6 |z| = /a2 +y2 = OM. I

Bai toan trd thanh tim M € ¢: (z — 2)? + (y — 4)> = 4 thda man OM nhd nhit va
OM 16n nhét.

} min |z| = minOM = OM; = |OI — R| M) M
Theo hinh vé c6

max |z| = maxOM = OMy = Ol + R~
Ltic nay toa do biéu dién sb phiic 21, 29 1a hai diém M;, M, la giao ctia OI véi (7).
Phuong trinh dudng thang OI di qua diém O(0;0), c6 véc-ta chi phuong O = (2;4)
Y 1o} x

X
=2 = 2.
A= ey=2

Vay toa do ctia M7, M5 la nghiém cta hé
=2 2 2 4
Y ) ) & (ryy) = 2—4—7\[4 5 hodc (z;y) = 2—£4—i
(x=2)7"+(@y—4)" =4

5 5 5
4 4
Suyraz1—2+2\[+<4+\f> ,22:2—2\5/5—&-(4—\5/5)1'.
45
5

. N . 4
Do d6 tong hai phan &o ctia s6 phic 21, 29 1a (4 + \5/5> + (4 — =38.

Chon dap an @ ([

2. Bai tGp dp dung

i (z,y € R) thoa man |z —i| = |2 —2—3i| va

3 c o D. 2.
5 5 3

Cau 69. Xét cac sb phic z =z +y
A. 3. B.

Lo giai.

|z—il=Z-2=-3ilez+(y—-1)i|=|(x-2)— (y+3)i
S®+(y-17°=(@-27"+(y+3)? ) g
& 2y+1=—-4zx+4+6y+9 M
Sr—2y—3=0. (d) H

Vay tap hop diém M (z;y) biéu dién céc s6 phiic z = = + yi, (z,y € R) la dudng

thang (d):  — 2y —3 = 0.

min |z| = OH vé6i H 1a hinh chiéu ctia diém O lén (d).

ViOH L d:x2—-2y—3=0=0H:2x+y+m=0.

Do O(0;0) e OH =m=0=0OH: 2z +y = 0.

3
L . r—2y=3 T=x
Toa do diem H = (d) N OH théa man he =P=3x—y=3
2r+y=0 _ 6
V=3
Chan’[épén@ O
z+1—5¢
Cau 70. Xét cic so phiic 2 = r+yi (z,y € R) théa man i3 i =1 va |z| dat gid tri nh6 nhat. Tinh T = 3z +y.
12 12
A.T:i. B T=——. C. T=—. D. T_—i
12 5 5 12
Loi giai.
z+1-5i| 1+ (y—5)i| _, y
Z+3—1 z+3—(y+1) H
Sler+14+(y—5)il=|(z+3)— (y+ 1)
S@@+1)?+ -5 =(@+3)°+({y+1)°
O T

& 2rx+1-10y+25=6x+9+2y+1
Srx+3y—4=0.

(d)
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Vay tap hop diém M (z;y) biéu dién cac s6 phitc z = x + yi, (x,y € R) 1a dudng thing (d): » + 3y — 4 = 0.
min |z| = OH vé6i H 1a hinh chiéu ciia diém O len (d).
ViOH Ld:2+3y—4=0=0H:3x—y+m=0.

2
L .. [x+3y=4 T=5%
DoO(O;O)EOH:>m:0:>OH:3x—y:0.Toade1emH:(d)ﬁOchoamanhe{3 3 _0@ 6
T—y= y=¢
=T =3z+y=0.
ChQHdépéﬂ@ O

Cau 71. Cho céc sb phitc z = z + yi (z,y € R) théa man |z — 1 — 2i| = |z — 2 + i|. Tim gi4 tri nhd nhét ciia biéu thic
|24+ 2 — 3i.

11 11410 121
A —. B. v10. . . D —.

10 VIO c 10 10
Lai giai.
lz—1-2i|=]z—-2+il<|(z-1)+(y—2)i|=|(z—2)+ (y+ 1)i| ©x— 3y =0. Y
Vay tap hop diém M (z;y) biéu dién cac s6 phiic z = x + yi, (x,y € R) la dudng thing N
(d): z—3y=0.
Talai c6 |z4+2—3i| = [(x+2)+ (y —3)i| = /(z +2)2 + (y — 3)2 = M N véi N(—2;3).

-2-3-3 114/10
Vay min |z + 2 — 3i| = min M N = djy q)) = | | = \/> M
’ V10 10 5 >
Ji4 (d)

Chon dap an @ O

Cau 72. Cho s6 phiic z = z +yi (v,y € R) théa man |z — 3 + 44| = 4. Tinh tdng gia tri I6n nhat va gia tri nho nhat cia
biéu thic P = |z|.

A. 12, B. 11. C. 9. D. 10.
L3i gii.
lz—3+4i|=4e|(z-3)+y+4)i=44 (x—3)2+ (y+4)2 =16. v
Vay tap hgp diém M (z;y) biéu dién cac s6 phiic z = x + yi, (v,y € R) la dudng tron o ] o
% c6 tam I(3;—4), ban kinh R = 4.
Ta ¢6 |z| = /22 +y? = OM.
R B /{min|z|:min0M:OM1:|OI—R|:5—4=1 M I
Theo hinh vé ¢6 .
max |z| =maxOM =OMy; =0l +R=5+4=9
Vay tdng can tim 1a 9 + 1 = 10.
2
Chon dap an @ ([l

3. B&i tGp ren luyén

Cau 73. Cho s6 phiic 2 = z + yi (z,y € R) théa mén |z —i| = |z + 1| va biéu thic P = |z — (3 — 2i)| dat gia tri nho
nhat. Tim T = |z — y|.

A T=1. B. T=3. C. T=5. D.T=T.
Lai giai.
z—i=lz+1 & |lz+@w—-1)il=|(x+1)+yi| s xz+y=0. Y

- 5 = 2 d
Vay tap hop diem M (z;y) biéu dién céac sb6 phic z = = + yi, (z,y € R) 1la dudng @

thing (d): z +y = 0.

Ta c6 [z —(3—2i)| = [(x—3)+ (y+2)i| = /(z — 3)2 + (y + 2)2 = M1 v6i I(3; —2).
Vay P = M1I nh6 nhat khi M trung v6i H 1a hinh chiéu cta I trén (d). o r
ViIH L1l (d):z24+y=0=IH:z—y+m=0.
DoI(3;-2)eIH=m=-5=1IH:z—y—-5=0.

ery:O(:) T=35

Khi d6 toa do ciia H thdéa man hé

Chon dap an @ O

Cau 74. Cho sb phitc z = z + yi (z,y € R) théa man |z — 1 + 2i| = /5 va biéu thic P = |z + 1 +i| dat gid tri 16n nhat.
Tim @ = |z — 2y|.

A Q=3 B. Q=5 C.o=T1. D. Q=9
Loi giai.
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lz—1+42=Vhe|z-1)+Wy+2)i=vVie (z—-1)2+(y+2)2 =5 v
Vay tap hop diém M (z;y) biéu dién cac s6 phic z = = + yi, (z,y € R) la duong tron
(%) c6 tam I(1; —2) va ban kinh R = /5. o z
Tacé P=|z+1+i| =|(z+1)+(y+1)i| = /(x +1)2 + (y + 1)2 = M N véi N(—1;—-1). N
Dé thay N € (%) nén M N 16n nhét khi va chi khi M = M; 1a diém d6i xiing v6i N qua M
I bi
r=2zx;—azny=2-14+1=3
Suyra{ ! N =>Q=|zr—2yl=9. M,y
y=2yr—yn=2-(-2)+1=-3
Chon dap an @ O
Cau 75. Cho sb phitc z = z+yi (7, y € R) théamén |2iz—1+3i| = 1. Tim gia tri 16n nhét ctia biéu thic P = |2+2-3i|.
A. ﬂ B. M C. M D. M
2 2 2 2
Loi giai.
Y
N

2iz — 1+ 3i] = 1 < |2i(z +yi) — 1 +3i| =1
S (=2y—1)+ 2z +3)i| =1
1

3\’ 1\?
=4 — — = —.
(“ 2) * (y+ 2) 1
Vay tap hgp diém M (z;y) biéu dién cac sé phic z = = + yi, (z,y € R) la dudng tron

L a 31\ . . 1
(%) c6 tam I(_ﬁ’ 5) va ban kinh R = 5

Taco |z+2—3i] =|(z+2)+ (y — 3)i| = /(@ + 22 + (y — 3)2 = MN véi N(—2;3). M@ 0 @
M,

5v2 1 1+5V2
VaymaxP:maxMN:NMl:NI—!—R:T\[—Fg:%F.

Chon dap an @ O

Cau 76. Cho s6 phitc z = x + yi (z,y € R) thda man |z — 1 + 2i| = 4. Goi M, m lan lugt 1a gia tri 16n nhat v gia tri
nhoé nhét ciia biéu thic P = |z + 1 —i|. Tim M + m.

A 4. B. 8. C. V13. D. 2V13.
Loi giai.
lz—1+2il=4s|(z-1)+(y+2)il=4 (z - 12+ (y+2)? = 16.
Vay tap hgp diém M (z;y) biéu dién céc s6 phic z = x + yi, (z,y € R) la dudng M
tron () c6 tam I(1; —2) va ban kinh R = 4. %
Taco |z+1—i| =|(z+1)+(y—1)i| = /(x+ 1)2+ (y — 1)2 = MN véi N(—1;1)

Yy
Theo hinh vé c6 0 v
m=minP=min MN = NM; = |[NI - R|=|V13—-4|=4-+vV13 :
M = max P = max MN = NMy = |[NI + R| = V13 + 4. M
Vay M 4+ m = 8.
My
O

Chon dap an

Cau 77. Cho s6 phitc z = z +yi (z,y € R) thda man |z — 1 —i| + |z — 7 — 4i| = 3v/5. Goi a, b lan lugt 1a gia tri 16n nhat
va gia tri nhé nhét cta P = |z — 5 + 24|. Tim a + b.

Loi giai.

Goi M(z;y) la diém biéu dién s6 phitc z = x + yi (z,y € R). Trong y
mit phing toa do xét cac diém A(1;1), B(7;4) va I(5;—2).

B

Taco |z —1—i|+|z—7—4i| =3V5 & MA+ MB = 3V/5 = AB.
Suy ra tap hgp céc diém M biéu dién s6 phiic z 1a doan thing AB. M
Ta lai ¢6 |z — 5+ 2i] = IM. Theo hinh vé, ta ¢c6 IM > IH va Je
IM < IB.
Phuong trinh duong thing AB di qua A(1;1), ¢6 véc-ta chi phuong A
— —1 y-1
AB = (6;3) a x6 :yThayz—QyH:o.

W

2. (=2)+1
min|z— 542 = = 222,08 0 v
Ta c6 V5 .
max |z — 54 2i| = IB = /(T - 5)2 + (4 +2)2 = 2/10
Vay a + b = 2/10 + 21/5.
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O

Cau 78. Cho hai s6 phiic 21, zp théa man |z; + 5| = 5 va |22 + 1 — 3i| = |22 — 3 — 6i|. Tim gid tri nhé nhét ctia biéu thiic
P = |Zl — ZQ|.
Lai giai.
Goi M, N lan luot 13 diém biéu dién clia sb phic z1 vi zs.
Ta c6 |21+ 5| =5 |[(xm +5) + ymi| =5 < (xn + 5)% + 33, = 25. M
Vay M nam trén dudng tron (€) tam I(—5;0) va ban kinh R = 5.
Ta lai co N

|22+1*3i|:‘22*376i| M
< [(@ny +1) + (yv — 3)il = [(zn — 3) + (yv — 6)1] (A)
& 8x + 6y —35=0.
Vay N nim trén dudng thing (A): 8z + 6y — 35 = 0.
Hon nita |21 — 20| = /(zm — 2n)% + (ym — yn)? = MN.
Goi (d) la dudng thang di qua I v vudng goc véi (A), (d) cit (A) tai
H, doan thing IH cit (%) tai M;. Khi d6 dé P = M N nhd nhat thi
M =M, va N =H.

18- (=5) +6-0 — 35| 5

S in MN = My H = dj,ay — R = =a
uy ra min 1 (I5(A)] V2 +62 2

O

Cau 79. Goi S la tap hgp tat ca cic gia tri cia tham s6 m dé ton tai duy nhat sé phiic z = x + yi (z,y € R) théa man
2Z =1 va |z — V3 +i| = m. Tim s6 phan ti ctia S.

A 1. B. 2. C. 3. D. 4.
Loi giai.
Z=1e (v+yi)(z—yi) =122 +y>=1.
Vay tap hgp diém M (x;y) biéu dién cic s6 phitc z = x + yi, (z,y € R) la duong Y
tron (%) c6 tam O(0;0) va ban kinh R = 1. M’
Ta ¢6 |z—\/§+i|:m<:)\/(x—\/§)2+(y+1)2:m<:)MN:mvéi N,
N(v3;—-1).
Vi dudng tron (%) nhan ON lam truc déi xttng nén dé ton tai duy nhét s6 phiic 5 x
z hay ton tai duy nhat diém M théa man MN = m thi M phai la giao diém
ctia ON va (%). ", /
Ma ON cét (%) tai 2 diém Ny, No nén s6 phan tit ctia S 1a 2. N

Chon dap an (I

Cau 80. Tim gia tri 16n nhat ctia P = |22 — z| + |2% + 2| v6i 2 14 s6 phiic thda mén |z| = 1.

A. V2. B. 2V2. C. V3. D. 2V3.

Lai giai.

lzl=1e2?+y* =1

Vay tap hop diém C(z;y) biéu dién céc s6 phitc z = x + yi, (x,y € R) la dudng tron y

(€¢) 6 tam O(0;0), ban kinh R = 1. M

Ta cé

P = 2% — 2|+ 2% + 2| = |z]|z = 1| + |2]|2 + 1]
—l(z — 1)+ gl + (= + 1) + i B 4
= e -1y w12+ g2 0 ’
=MA+ MB

v6i A(1;0) va B(—1;0).

Dé thiay AB la duong kinh ctia dudng tron (¢') nén AB = 2.

Khidé P=MA+ MB < \/2(MA2 + MB?%) = V2AB? = 2//2.

Déng thitc xay ra khi MA = MB hay M la diém chinh gitta cung AB. Suy ra
max P = 2/2.

Chon dép an O

b — | +
1z a—
1—i

Cau 81. Cho s6 phic z =z + yi (z,y € R) théa man

2 N
1z + 1‘ = 4. Goi M va n lan lugt la gia tri 16n
i —

nhét va gia tri nhé nhat cta |z|. Tinh M - n.
A M- -n=2. B. M-n=1. C. M- n=2V2. D. M-n=23.
Loi giai.
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Ta co y
iz + 2 + |z + 2 4
iz+ —— iz+——| =
1—1 i—1
Sli(z+yi) + 144 +|i(r+yi) —1—i|=4 A

Sl(—y+ 1)+ @+ )il +|(~y—1) + (z - 1)i| =4
e@+12+ @y -12+/(@- 12+ (y+1)2=4

©CA+CB=4>2V2=AB.

véi C(x;y), A(—1;1) va B(1;—-1).

Vay tap hgp diém C(z;y) biéu dién cac s6 phitc z = x +yi, (z,y € R) la elip (E) nhan
A va B lam hai tieu diém vé6i do dai truc 16n bing 4, tieu cy bing 2v/2.

Dé thay O la trung diém ctia AB nén O la tam déi xing ctia elip (E).

Ma |z| = OC nén OC' 16n nhét khi C nam trén truc 16n va nhé nhéat khi C' ndm tren
truc nho cua elip (E).

M=2_9
2
=
SO (22 s
n= 5 5 = V2.
Vay M -n = 2v/2.
Néu tap hop diém bidu dién » 1a mot elip (B): o + L =1 (0> b>0) g | "X Fl = maxOM =a
eu tap Op diem bleu dien z la mot elp o a2 b2 = a 1 mln|z| _ manM _ b .
Chon dap an @ 0

sAl3. PHUONG TRINH BAC HAI TREN TAP O PHUC

A. DANG TOAN VA BAI TAP

(O DANG 3.1. Cdan bac hai clia s6 phirc

Can bac hai cia s6 phic z = x + yi la mot s6 phitc w = a + bi va tim nhy sau

2 2 32 o~ =z
at+bier+yi=(a+bi) < (a®—b°)+ (2ab)- i =z +yi & ol
a :y

Gidi hé nay ta tim dugc a, b. Tw dé tim dudc cin bac hai cia s6 phic z.

E Ta c6 thé lam tuong tu ddi v6i cac trusng hgp cin bac ba, bac bén. %
1. Vidu

Vi DU 1. Tim can bac hai ctia s6 phitc z = —3 + 4i. DS:14+2iva—1—2¢
Loi giai.

Goi w = a + bi 1& c&n bac hai ciia s6 phitc z khi d6

—3+4i = (a+bi)> = (a® —b?) + (2ab) -1 = —3 + 4i

4
{f—wZ:—s a’— = +3=0 {&+3f—4=0
= a =
2ab =4 ab =2 ab =2
a® =1 a==+1
5 . a==x1=b=+2
& a*=-4 & a=3x2 & _ .
a==+2i=b==+i.
ab =2 ab =2
Vay c6 hai can bac hai ctia s6 phiic z 1a w; = 1 + 26 va wy = —1 — 2i. O
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I\ Tum can bac, cin bac bén ciia 6 phitc z = a + bi bing may tinh b6 tii: DEé may tinh ¢ ché do ra-dian | SHIFT)| -

-[ 4] va dé ché do s6 phiic | SHIFT| -[ MODE] - [2].
— Tim can bac hai \/|a + bi|Z (arg(a;— b) + 27;X> {X “0Z e =

X=1=wy=...
X=0=w; =...
. bi 2 X X=1=wy=...
— Tim can bac bon \4/|a+bi|é<arg(a+ Z)Jr T ) CALC ?
4 1 X=2=ws—...
X=3=wy =

Trong dé | | bing [ SHIFT| - [HYP]; / bing -[(5)]; ara( ) bing -[2]-[1]

2. Bdi tGp ap dung

BAI 1. Tim c#in bac hai ciia sé phic sau

@ 2= -5+ 12i. DS:w=+2+3i (2)2z=28+6i. DS: w=+43+i
3 z=3— 4. DS:w=+2Fi (4 z=33—56i. DS:w=+7F4
() z = 4+ 6/5i. DS:w=43+iv5 (® 2=—1—2V6i. DS: w=+vV2FiV3
LJi giai.

@ Goi w = a + bi 13 cin bac hai ciia s6 phitc z khi d6

—54+12i = (a + bi)* & (a* = b*) + (2ab) - i = —5 + 12i

36
{a2—b2:—5 a’>— = +5=0 {a4+5a2—36:0
Qa <~
2ab =12 ab =6 ab=06
=1 0= 42— b= 43
= =b=
o = -9 ol la=+3i o |° _ _
a = +3i = b= F2i.
ab=6 ab=16
Vay c6 hai can bac hai clia s6 phitc z 1a w1 = 2 + 3i vA wy = —2 — 3i.

(2) Goi w = a+ bi la can bac hai ctia s6 phitc z khi do

8+ 6i = (a+ bi)> < (a* — b?) + (2ab) - i = 8 + 6i

{a2b28 aQ—%—S:O {a48a290
a <
2ab =6 ab =3 ab =3

a’=9 a==+3
9 . a=1+2=0>bb==+1
o ot =-1 & a==+1 & . ,
a==+i=b=F3u.
ab=3 ab=3

Vay c6 hai can bac hai clia s6 phiic z 1a w; = 3 +14 v wy = —3 — 4.
(3) Goi w = a + bi la can bac hai ctia s6 phitc z khi do

3—4i=(a+bi)?* < (a® —b%) + (2ab) -i =3 — 4i

4
{aQ—bQZB a’—— -3=0 {a4—3a2—420
= a =
2ab = —4 ab = —9 ab= -2
a’ = -1 a=+i
9 . a==4i=0b==42i
& a*=—-4 & a=212i & . .
a==+2i=b=+£2i.
ab:—2 ab:72
Vay ¢6 hai cén bac hai ciia s6 phitc z 1a w; = —2 4+ i vh wy = 2 — 4.
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(@) Goi w = a+ bi la can bac hai ctia s6 phitc z khi d6
33 — 56i = (a + bi)? < (a® — b?) + (2ab) - i = 33 — 561
4
{a2—b2=33 a2—@—33:0 {a4—33a2—78420
& a &
a’ = 16 a = +4i ki b — i
= = =
& a?=49 o a=+7 o | ! !
a==+7=b=F4
ab = —-28 ab = —28
Vay c6 hai can bac hai clia s6 phitc z 1a w; = 7 — 44 v wy = —7 + 4i.
(5) Goi w = a + bi la can bac hai ctia s6 phitc z khi do
44 6V5i = (a + bi)> & (a® — b?) + (2ab) - i = 44 6V/5i

{a2—b2:4 a2—4—5—4:0 {a4—4a2—45:0
a? PN

=
2ab = 6v/5 ab—3V5 ab = 3v5
a2:9 a::|:3
) _ a=+3=b==+V5
= a“ =-5 & a::tzx/gﬁ
a=+V5i = b= TF3i.

ab =35 ab =35
Vay c6 hai can bac hai ctia s6 phiic z 1a w; =3+ +/5i vh wy = —3 — /5.
(6) Goi w = a + bi la can bac hai ctia s6 phitc z khi d6
—1—2V6i = (a+bi)? = (a* — b?) + (2ab) - i = —1 — 2V/6i
{a2—b2:—1 a2—%+1:0 {a4+a2—6:0
a =

=
2ab = —2V6 ab= —/6 ab=—v6
a’>=2 a::t\/i
5 a=+V2=b=FV3
& a?=-3 & a=+iV3 &
a=+iV3=b=+iV2.

ab=—V6 ab=—6

Vay ¢6 hai can bac hai ciia s6 phiic 2z 1a w; = V2 — i3 va Wy = —V2 +iV3.

O
(3 DANG 3.2. Phuong trinh bac hai véi hé sé phuc
Xét phuong trinh bic hai az®> +bz +c=0 (1) vdia # 0 cé biet thic A = b* — 4ac.
. b
— Néu A =0 thi phuong trinh (1) ¢6 nghiém kép z1 = z9 = ~3a
a
£ N . [ PN ., N N £ . 9N A FURTN —b + g N
— Néu A # 0 va goi 0 la cin bac hai cia A thi phuong trinh (1) ¢é hai nghiém phan biét la z1 = 5 V0
L —b—94
> 20
1. Vidu
VI DU 1. Biét z;, 25 13 hai nghiém phic cia phuong trinh 22 — 2z 4+ 4 = 0. Tinh |z1] + | 22|
2411v12 2 —iv12
PS:z1=———— v 2zg = ————.
2 2
Lai giai.
Ta c6 A = b? — 4dac = —12. Can bac hai cia A 1a +iv/12.
C2-i/12 -

24 iy/12
Suy ra phuong trinh c6 hai nghiém phan biét z; = +ZT va zg = 5
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2. Bdi tGp ap dung

BAI 1. Giai cac phuong trinh sau trén trudng sé phic C.

@D 22— (1+4)z2+6+3i=0. DS: 2 =1—2iva 2o =3i
@ 22 +3(1+1i)z+5i=0. DS:z;=-1-2ivaz=-2—1
@ 22+(1+i)z—-2-i=0. DS:zy=1vaze=-2—1
@ 22 —8(1 —i)z + 63— 16i = 0. DS: 2z =5—12i vi zp = 3+ 4i
1 5
B (2-3i)22+ (4i—3)z+1—i=0. Ds:z1=1vazz=—ﬁ—l—3i
3 5 11
®) 422+ (12 —4)2 + 21 — 8 = 0. DS:z1=-——ivazg=—-— i
2 2 2 2

Loi giai.

@ Tacé A= (1+14)2—4(6+ 3i) = —24 — 10i # 0 nén phuong trinh cé hai nghiém phan bigt.
Goi 6 = a + bi 1a can bac hai ctia sé phitc A khi do6

—24 —10i = (a + bi)? < (a® — b*) + (2ab) - i = —24 — 10i
{aQ—bQ——Qél a2—§+24:0 {a4—|—24a2—25—0
a =

=
ab=— _ ab=—
2ab 10 ab= —5 b 5
a?=1 a==+1
9 . a=x1=b=7F5
o a? = -25 & a=1H & . .
a = =+5i = b= *1.

ab= -5 ab= -5

Suy ra c6 hai cin bac hai ctia s6 phitc A 13 §; =1 — 5i va §, = —1 + 5i.
Vay phuong trinh da cho ¢6 hai nghiém z; = 1 — 2i va 29 = 3i.

(2 Tac6 A= (3+3i)2 —4-5i = —2i # 0 nén phuong trinh cé hai nghiém phan bigt.
Dé thiy can bac hai ctia A 1a —1 47 hodc 1 — 4.
Vay phuong trinh c¢6 hai nghiém phéan biét zy =1 — 2 va 2o = —2 — 4.

(3 Tacé A= (1+14)2+4(2+1i) =8+ 6i # 0 nén phuong trinh c6 hai nghiem phan biét.
Goi 6 = a + bi 1a can bac hai ctia sé phitc A khi dé

8+ 6i = (a+bi)? < (a®> —b%) + (2ab) -i = 8+ 6i

{aQ—b2=8 a27%78:0 {a4—8a2—9:0
a

=
2ab =16 ab =3 ab=3

@ =1 o=+ +i= b= F3i
a==%i=b=7F3i

PN =9 < a=43 & ™
a==13=b==l1.

ab:3 ab:3

Suy ra c6 hai cin bac hai cia s6 phitc A 1a §; =3 +14 va dy = —3 — .
Vay phuong trinh da cho c6é hai nghiém z; =1 va 29 = -2 — 4.

(@) Ta c6 A = (8 —8i)2 — 4(63 — 16i) = —252 — 64i # 0 nén phuong trinh c6 hai nghiém phan bigt.
Goi 6 = a + bi 1a can bac hai clia sd phitc A khi d6

—252 — 64i = (a + bi)*> & (a® — b?) + (2ab) - i = —252 — 64i

1024
{aQ—b2=—252 a’® — 02 +252=0 {a4+252a2—1024:0
. = a = .
2ab = —64 ab = —392 ab=—-32

@t =4 o= 12 b= 16
a = — =
<= a’ = —256 < a=+16i < ) + )
a= 1167 = b = +21.
ab = —32 ab = —32

Suy ra c6 hai can bac hai cfia s6 phitc A 1a §; = 2 — 16i va dy = —2 + 164.
Vay phuong trinh da cho c¢6 hai nghiém z; =5 — 12¢ va 2z, = 3 + 4i.
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(B Tac6 A= (4i —3)% —4(1 —i)(2 — 3i) = —3 — 4i # 0 nén phuong trinh c6 hai nghiém phan biét.
Goi § = a + bi 13 can bac hai clia s6 phiic A khi do6

—3—4i=(a+bi)? < (a®>—b*) + (2ab) -i = —3 — 4i

4
a’— b =-3 > ——+3=0 [a'+3a®-4=0
& a &=
2ab = —4 ab = —2 ab= -2
a* =1 a==+l1 b
= = b=
& =4 & a=22 & |° _ $,
a==+2i = b= +i.
ab= -2 ab= -2

Suy ra c6 hai cin bac hai clia s6 phitc A 13 §; =1 — 2§ va §y = —1 + 24.
1 5
Vay phuong trinh da cho cé hai nghiém z; =1 va 29 = 13- 1—32
(6 Taco A = (12i — 4)2 — 16(2i — 8) = —128i # 0 nén phuong trinh c6 hai nghiém phan bigt.
Goi 6 = a + bi 1a can bac hai ctia sd phitc A khi do6
—128i = (a + bi)? < (a® — b%) + (2ab) - i = —128i
a?—bp>=0 a=b=8i
=
2ab = —128 a=—b=—-8i.

Suy ra c6 hai can bac hai cia s6 phitc A 1a §; = —8 + 8 va J, = 8 — 8i.
1 1.

Vay phuong trinh da cho ¢6 hai nghiém z; = g — g va 29 = 5~ 5t
O
BAI 2. Giai cac phuong trinh sau trén tap sé phtec.
@ 22 —2(1+14)22+4(1+i)z — 8 = 0. DS: 2 =2i, 2 = 14i/3.
Loi giai.
Phuong trinh twong duong véi
(z—2i)(2* =22 +4) =0
z =21
it 2
z°—=2z+4=0. (1)
Giai (1). A’ = —3 ¢6 mot can bac hai 1a v/3i nén (1) ¢6 hai nghiem phan bigt 2z = 1 £ /3. O
1 V11
@ 23+ (1+14)22 + (3+14)z+3i = 0. DS:z:—i,z:—§i22 :
Loi giai.
Phuong trinh twong duong véi
(z+i)(2*+2+3)=0
z=—1
= 2
z°4+24+3=0. (1)
-1+ 1134
Giai (1). A = —11 ¢6 mot can bac hai 1a v/114 nén (1) ¢6 hai nghiém phéan biét z = fl d
(3 2%+ (2 —2i)2% + (5 — 4i)z — 10i = 0. DS: 2=2i,2=-1+£2;
Lai giai.
Phuong trinh tuong duong véi
(z—2i)(2* +22+5)=0
z =21
2 +224+5=0. (1)
Giai (1). A’ = —4 ¢6 mot can bac hai 1a 2¢ nén (1) ¢6 hai nghiém phan biét z = —1 £ 24. O

BAI 3. Giai cac phuong trinh sau trén tap sb6 phic.
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1
2° =9z +3z+3+ (2z+ 1)1 =0. tz=—=,z2=14+1,2=2—1.
223 =522 + 32+ 3+ (2 1)i=0 bS 5 144 2—1
Loi giai.
Phuong trinh tuong duong véi

(22 +1)(22 —=324+3+i) =0
1

& 2
22 -32+3+i=0. (1)

Giai (1). A = —3 — 44, goi a + bi 14 mot can bac hai clia A, ta c6

2 _ 32 b 2
a®—b"=-3 =T b)) = (1; -2
" i [ = -
2ab = —4 o 4 (a;b) = (—1;2).
a —7—_3
a
Do d6 A ¢6 mot can bac hai 1a 1 — 24 nén (1) ¢6 hai nghiém phan bigt z =144, 2 =2 —i. O
2 23 —21+9)22+3iz+1—-i=0. DS:z2=1,2=i,2=1+1.

Lai giai.
Phuong trinh tuong duong véi

(z—1)(2* - (1+20)z—1+i)=0
z=1

54 9 . .
2= (14+2))z—14:¢=0. (1)
Giéi (1). A =1 c6 mot can bac haila 1 nén (1) ¢6 hai nghiém phan bigt z =i, z =1+ 1. d
(3 22— (2i —1)22+ (3—-2i)2+3 =0. DS:z=-1,z2=—i,2 = 3i.
Loi giai.
Phuong trinh tuong duong véi
(z4+1)(2*> = 2iz+3)=0
z=—1
= 9 .

22 —=2iz43=0. (1)

Giéi (1). A’ = —4 ¢6 mot can bac hai 1a 2 nén (1) ¢6 hai nghiém phan biét z = 3i, z = —i. O

BAI 4. Gii cac phuong trinh sau trén tap sé phiec.

. 22 11
®z4fz3+%+z+1:0. DS: 2 =14, 2= — £
Loi giai.

R& rang z = 0 khong 1a nghiém ciia phuong trinh. Chia c& hai vé cho 22 ta duge phuong trinh tuong ducng

1 1
2 —z+2—|— + 220
o (1) -(-2)+i-
z 2 0
1 1-3
P o=
—_g— z
Ta co A 9 = (3i)® nén 1 143
z——= :
z 2
1 1-3¢ 1 1
— V6iz— - = 232@222—(1—32'),2—2:0,A:8—6i:(3—i)2.Dodéz:1—i;z:—i—ii.
z
1 1+ 3¢ 1 1
—V(’jiz—;: —;Z@2,22—(14—32')2:—2:0,A:8+6i:(3+i)2.Dodéz:1+i;z:—§—|—§i.

"Todn hoc la mon thé duc cia tri tué "-Isocrates Trang 63


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

PAGE TOAN HOC SO CAP https://www.facebook.com/MATHDDT/ BTeX

@ (z—i)(z + 2i) (2 + 4i) (2 + Ti) = 34. DS: z = 41— 3i, z = (-3 + 3v/2)i.
Loi giai.
Phuong trinh tuong duong véi

(2% +6iz +7) (2* 4 6iz — 8) = 34.

Dit 22 + 612 + 7 = t ta dugc phuong trinh

t=17
= -2

tt—15) =34 t* - 15t —34=0 <

— V6it=17T=22+6iz—10=0, A’ =1= 2= -3i+ 1.

2
— Vi t=-2=22+6iz+7=-2 A =-18= (3V2i) = 2= —3i £3/2i.

O
(3 DANG 3.3. Tim cdc thudc tinh ctia sé phirc thda mén diéu kién K
Phuong phdp gidi
— Buwde 1: Goi s6 phic can tim la z = x + yi vdi x,y € R.
— Budc 2: Bién doi diéu kien K (thuong lien quan dén mo-dun, biéu thic c¢é chita z, Z, |z|,...) dé dua vé
phuong trinh hodc hé phuong trinh nhd hai s6 phic bang nhau, 107 suy ra x, y vd 2.
Trong tap s6 phitc C, cho so phitc z = x + yi cé phan thac la x phan do la y vdi z,y € R va i? = —1.
Khi dé, ta can nhé
— Mo-dun cia so phic z = x + yi la |z| = /22 + y2.
— 86 phic lien hop clia z = x +yi la Z = x — yi.
.z . . . s . .. ) L1 = T2
— Hai so phiic zy = x1 + Y11 va 2o = To + yai duge goi la bang nhau khi va chi khi {
Y1 = Y.
v
Trong tai liéu nay, dé cho ngdn gon, ta ki hiéu phan thiuc va phan do ciia s6 phitc z lan kgt la Re(z) va Im(z).
1. Vidu
Vi DU 1. Tim phan thyc, phan 4o, sé phic lien hop va tinh mo-dun ciia s6 phitc trong cac truong hop sau:
2—1 141 7 14 V5
D z=(2+4i)+2i(1 —3i). DS: 2 =8+6i, |2 =10. 2)z= 1_2:, - ?::Z. bS: z = 1—5—|—1—5i, |z| = 1—\/5_
Loi giai.
D Tacoz=2+4i+2i+6=8+6i,nén z =8 — 6i, Re(z) =8, Im(z) =6 va |z| = /62 + 82 = 10.
2-i)1+2) (1+di)i 2+2+@A—1)i —1+i 17 14,
T 5 = — = = — —1.
@ Tacs 2 1+4 =3 5 MR GRS T
_ 17 14, 17 14 <7)2 (14)2 75
= — = — = — I = — V3 = —_ —_ = —
Suy ra z TR Re(z) 15 m(z) T z| \/ T + i I5
O

VI DU 2. Tim céc sb thuc z, y théa man diéu kién:

2 43
D@Q—ir+2+y)i=2+2. DSiz=1y=1. @”iﬂﬁi_i

=1 DS:z=1,y=4.

Lai giai.
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@ Ta co
2—d)z+2+y)i=2+2i
& 20+ 2+y—a)i=2+4+21
20 =2 z=1
=
24y—xz=2 y=1
(2 Taco
r—2 y—3
11 10

(z—-2)1—-)+@w-3)1+i)=i(1+1)
(x+y—5)+y—x—1)i=2

r+y—5=0 r=1
=
y—xr—1=2 y=4.

¢t o0

2. Bdi tGp ap dung
BAI 1. Tim phan thue, phan 4o, sé phiic lien hgp va tinh mo-dun ctia sb6 phic trong céc trudng hop sau.
@ 2= (3-2i)2+ (2+1)3. DS: 2z =7—1, |2| =5V2.
Lai giai.
Tacoz=(9—4—12i)+(8+12 —6—1i)=7—1.

Suy raZ =741, Re(z) =7, Im(2) = =1 va |z| = /T2 + (—1)2 = 5V/2. O
(2 w =2, — 22y, biét ring 2y = 1 + 2i, 20 = 2 — 3i. DS: w=-3+38i, |w| =V73.

Loi giai.

Tacow=1+2i—2(2—3i) = —3+8i,nénw = —3 — 8i, Re(w) = -3, Im(w) =8 va |w| = /(-3)2 +82 =+/73. O
(3 z = (1+1)", v6i n € Z théa man logy(n — 3) + log,(n +9) = 3. DS: z =8 —8i, |2| = 8V2.

Lo giai.

Ta co

logy(n —3) +logy(n+9) =3 n-3)n+9)=43=n="1.
Do dé z=(1+4)" = (20)3(1+1i) = —8i(1+i) = 8 — 8i. Suy ra Z = 8 + 8i, Re(z) = 8, Im(z) = —8 va 2| = 8v/2. O

1+414)'% 4
Loi giai.
Ta c6
o (141)100 = (27)30 = 250 . (;2)25 — _ 950,
o (1—i)% = (—20)8 = 248 . (j2)24 = 248,
o i(1+14)% =i(20)1 = —2%9 . (2)2 = —299,
50 2
Do d6 z = 24;i 530 = 1__32 = —g. Suy ra z = —%, Re(z) = —%, Im(z) =0 va |z| = % O
® 2= (21—322)2015,Vai 2= A+ 30, 2 = —i. DS: 2 = —i, |2 = 1.
429
Lai giai.
Ta c6 21-3% 443031 .
4z9 —44
Nén z = 2915 = (42)1007 . j = —j. Suy ra z = 4, Re(z) = 0, Im(2) = —1 va |z] = 1.
O
® z=(V2+1)%(1 —iv2). DS: z =5 — /2, |2| = V2T7.
Lai giai.
Tac6z=(2—1+2vV2)(1—iv2) =1+4+ (22— V2)i =5+ /2.
Suy ra z = 5 — V/2i, Re(2) = 5, Im(2) = —v/2, |2| = 3/3. O
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3
1+4v3
@z':( H[). DS: 2 =2 + 2i, || = 2v/2.
1+
L3i giai.
1+ 31 ; —9 — ) — 4 41414
To o6 » = +zx/§) _ —|—3\/§z. 9 3.\/522 8 _ 4 _40+9 _, .
(1+7)3 1+3i—3—1 —242i 1-—1 1+1
Suy ra Z = 2 — 2i, Re(z) = Im(2) = 2 va |z| = 2V/2. O
BAI 2. Tim cac sb thuc z, y théa méan diéu kien.
@O Q1 -2i)z+ (1+2y)i=1+1. PS:z=1y=1.
L3i giai.
Ta c6

(1-20)z+(1+2y)i=1+1
& s+ (1+2y—2x)i=1+14

=
142y —2x=1 y=1.

O
r—3 y—3 .
= 1. DS: :_2 :8
O e T T=-2y
Lai giai.
Ta c6
z—3 yf?)_i
3+ 3—i
& (-3)B3-0)+w-3)B+49)=1i9+1)
< (Bx+3y—18)+ (y— x)i = 10¢
3z 43y —18=0 r=-2
<~ <~
y—z =10 y=28
O
X 1\? 1)* 1)* 1\ —1+iV3
BAI 3. TinhP:(z—l-*) +<z2+—2> +<z3+—3> +(z4+—4) ,biétz:ﬂ. DS: P = 15.
z z z z 2
Lai giai.
Ta c6
N —1+i\/§+ 2 (14032 +4  (1-3+4-2v3i)(-1—iV3)
2 2 —1+iv3  2(-1+iV3) 2(1+3)
_ 20-VBHA+VE) _ —(1+3) _
B 8 4T
Suy ra
1\2
2 _ —
2+ = <z+7) —2=-1;
z z
| 1\? 1
Z+—= = (z+-) =3(z+-) =2
z z z
1 1)?
4 _ 2 _
Do dé P = (—1)2+ (-1)3 4+ 2% 4 (—1)® = 15. O
3. Bdi tGp ren luyén
BAI 4. Tim phan thuc, phan 4o, sd phiic lien hgp va tinh mo-dun ctia s6 phiic trong céc trusng hop sau.
D w = 21 - 29, biét ring 21 = 2+ 5i, 2o = 3 — 4i. DS: w = 26 + 7i, |w| = 5v/29.
Lai giai.
Ta c6 w = (24 5i) - (3 — 4i) = 6 + 20 + (15 — 8)i = 26 + 7i.
Suy ra @ = 26 — 7i, Re(w) = 26, Im(w) = 7 v& |w| = /262 + 72 = 51/29. O
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4 -2

I DS: z =19 — 19, || = 19V/2.

2 z2=(2—4i)(5+2)+

Lai gial.
2(2 — i)(1 — i
Tacéz:1o+8+(4—20)i+%

Suy ra Z =194 197, Re(z) = 19, Im(z)

=18 —16i+ (2 — 1)+ (=2 — 1)i = 19 — 19i.

—19 va |z = /192 + (—19)? = 19V/2. O

@ z = (1+14)%0%. DS: z = —21010 || = 21010,
Loi giai.
Ta c6 z = (1 + 20 — 1)1010 = 21010(42)505 — 91010 'Nap » = —21010 Re(z) = —21910 Im(2) =0 va |z| = 21910, O
@ z=1+10+)+ 1A +)2+ 1 +3)> 4+ (1+1)%. DS: z =210+ (219 + 1) 4.
Loi giai.

Theo cong thitc téng clia mot cap sd nhan ta ¢

1 [1 — (1+i)21]

L C1—(20)"°(1 +19)

1—(1+14) —i

=[1+2"1+4)]i=-2"+ 2" +1)i.

Suy ra z = —210 — (210 4 1)i, Re(z) = —210, Im(z) = 1 + 210, || = /220 4 (210 4 1)?, 0

BAI 5. Tim cac s6 thuc z, y théa méan diéu kien.

®$1+y.223+2i. DS:z=5y=-1
-4
Loi giai.
Ta co
T+ Y ) ) ) ) . ) r=2>5
! i:3+21<:>x+yz:(3+21)(1—z)@x+yz:3+2+(2—3)z<:> )
— y=—1
O
1
@ (—1+4i)z+ (1+2i)3y =2+ 9i. DS: z = %;y: 7—7.
46 46
Loi giai.
Ta co
(=14 4i)x + (14 2i)3y = 2+ 9
& (144 +(1+6i—12—-8)y=2+9i
& (—z—1ly)+ (dz —2y)i =2+ 9¢
. 95
—rz—1ly =2 T
< Y = 46
4 —2y =9 :7H
LT
(I

BAI 6. Tim x, y dé hai s6 phiic z; = 9y? — 4 — 10xi® vA 2o = 8y? + 204! 13 lien hop ciia nhau. DS: z = —2, y = +2.
Lai giai.
2 = 9y? — 4 — 10zi° = 9y*> — 4 — 10xi
Ta cé 9 11 ) ,
2o = 8y~ 4+ 200" = 8y~ — 201.
_ 9y? — 4 = 8y? T = -2
Do d6 z1 = 7z2 & &
— 10z =20 y = +£2.

Trong bai toan tim thudc tinh clia s6 phitc z théa diéu kien K cho truée, néu K la thuan z (tat cd déu z) hoiic
thuan Z thi d6 1a bai toan gidi phuong trinh bac nhat (phép cong - trit - nhan - chia s6 phitc) v6i an z (hoic z).
Con néu chita hai loai tré 1én (z,%, |2|) thi ta sé goi 2 = z + yi (z,y € R) = Z = x — yi. Tt d6 sit dung cac phép
toan trén sb6 phiic dé dua vé hai s6 phitc bang nhau khi va chi khi thuc = thue, 40 = &0 dé giai hé phuong trinh
tim 2, y = z can tim.

BAI 7. Tim phan thue, phan 4o, s6 phic lien hop va tinh mo-dun cfia s6 phiic trong cac trudng hop:
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@ (1—i)z+ (2 i) =4 5i. (TN - 2011) DS: 2 =3 1.
Loi giai.
. . ; . . . 2—-4 )
Taco (l—d)z+2—i)=4-hie(1l-iz=2-4icz= 1 - =3—1.
-1

Vay s6 phtic z = 3 — i ¢6 phan thyc 1a 3, phan 4o la —1, s6 phic lien hgp 1a zZ = 3 + 4, mo-dun 1a |z| = v/10. O
() 2z —iz=2+5i. (CD - 2014) DS: 2z =3 + 4i.

Loi giai.

Goiz=z+vyi(z,yeR)=>Z=x—yi. Tacod

o . . . . . . 20 —y =2 r=3
22—iz=2+5i<2xz+yi)—i(lr—yi)=2+5ic2r—y+ 2u—2)=2+5i & &

20—x =5 y =4.

=z =3+ 4.

Vay s6 phiic z = 3 + 4i ¢6 phan thyc 1a 3, phan 4o 1a 4, s6 phic lién hgp 14 Z = 3 — 44, mo-dun 1a |z| = 5. O
@ (1+4)%(2—i)z =8+i+ (1 +2i)z. (CD - 2009) DS: 2 =2-3i.

Loi giai.

Taco (14322 —i)z=8+i+(1+2i)2 e (2+4i)r— (1+2)z=8+is (1+2i)r=8+ioz= 18;1_ —23i.

i

Vay sb phtic z = 2 — 3i ¢6 phan thyc 1a 2, phan 4o 14 —3, s phiic lien hop 14 Z = 2 + 3i, mo-dun 1a |2| = V13, O
@ (2—-3i)z+ (4+1i)z=—(1+3i)% (CD - 2010) DS: z = —2 + 5i.

Loi giai.

Goiz=z+vyi(r,yeR)=>Z=x—yi. Tacod

(2-3i)z+(d+i)z=—-1+30)? & (2-3i)(x+yi)+ 4+i)(z—yi) =8 —6i

6x 4+ 4y =8 r=-2
@6x+4y—(2x+2y)i:8—6i®{ Y @{

2r+2y=6 Yy = 9.
=z =—2+4 1.
Vay s6 phiic z = —2 + 5i ¢6 phan thyc 14 —2, phan 4o 1a 5, s6 phiic lién hop 1a 7 = —2 — 5, moé-dun 14 |z| = /29.
[l
® z+(2+1i)z=3+5i. (A, Al - 2014) DS: 2 =2-3i.
Loi giai.

Goiz=xz+vyi(r,yeR)=Z=x—yi. Taco

3r+y=3 T =2
z—|—(2+i)z:3+5i®z+yi+(2+i)(a:—yi):3+5i®3x—|—y+($—y)i:3+5i®{ Y @{

T—Yy=25 y=-3.
=z=2-31.
Vay s6 phitc z = 2 — 3i ¢6 phan thyc 14 2, phan 4o 1a —3, s6 phiic lien hop 14 Z = 2 + 3¢, mo-dun 1a |z| = V13. O
® 22 +3(1—i)z=1—9i. (B - 2014) DS: 2 =2 + 3i.
Loi giai.

Goiz=x+vyi(r,yeR)=Z=ux—yi. Tacod

or — 3y =1 =2
2z43(1—-1)z2 =1-9i & 2(x+yi)+3(1—i)(z—yi) = 1-9i & br—3y— (Bz+y)i = 1-9i & { Y = {

3x+y=9 y=3.
=2z =2+ 3i.
Vay s6 phitc z = 2 4 3i c6 phan thye la 2, phan 4o la 3, s6 phitc lien hgp 1a Z = 2 — 3¢, mo-dun 1a 2| = v/13. O
@ 32—2)(1+14) —52=8i—1. (D - 2014) DS: 2 =3 - 2i.
Loi giai.

Goiz=x+vyi (z,y eR) =z=2a—yi. Tacod
(32 —2)(1+1)—52=8i—1 < (22 +4yi)(1 +14) — 5(x + yi) = 8i — 1
3z+4y =1 {x:?)
=

& -3r—4dy+2r—y)i=8i—-1e
20 —y =38

y = —2.

=2z =3 - 2i.
Vay s6 phiic z = 3 — 2i ¢6 phan thyc 1a 3, phan 4o 1a —2, s6 phtic lién hop 14 Z = 3 + 24, mo-dun 13 |2| = /13, O
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® z—(2+3i)z=1-09i. (D - 2011 CB) DS: z=2—i.
L3i giai.
Goiz=x+vyi(r,yeR)=>Z=x—yi. Taco

- . . . . . . . —z-3y=1 T =2
z2— (24302 = 1-9i & x4yi—(24+3i)(z—yi) = 1-9i & —x—3y—(3z—3y)i = 1-9i < =

3z -3y =9 y=—1
=>z=2—1.
Vay s6 phiic z = 2 — i ¢6 phan thyc la 2, phan 4o 1a —1, s6 phiic lién hgp 1a Z = 2 + i, mo-dun 1a |z| = /5. O
1 1
@ (22— 1D)(1+i)+ (Z+1)(1—i)=2—2i. (A - 2011 NC) DS: 2= 5 - i
L3 giai.
Goiz=z+vyi(z,yeR)=Z=x—yi. Tacod
2 DA+ +E+1)(1—i)=2-2 < Qe—1+2yi)(1+i)+(@+1—yi)(l—i)=2—2
1
) ) 3x —3y =2 =3
&3 -3y+(z+y—2)i=2-2i< &
r+y—2=-2 _ !
Y 3
N 1 1.
z2==——i.
3 3
. 1 1 N 1 N 1 1 1 2
Vay sb phiic z = 3~ gz ¢6 phan thuc 1a 3 phan 4o 1a —3 0 phtic lién hop 1a z = 3 + §i’ mo-dun 1a |z| = £ O
V1 1
(10) 2z +3(2 —7) = 4 - 3i. DS:z:j:T5—§i.
L3 gidi.
Goiz=z+vyi(z,yeR)=>Z=x—yi. Tacod
V15
2+’ =4 T =t
zz—l—S(z—z):4—3i®x2+y2+6yi=4—3i®{6 5 & 12
Yy=- __ 1
Y 9
o= VB L
/z— 5 5t
Ket luan
P v1s 1 N V15 N 1 Vv15 1
—S(A)phfICZZT—ii ¢6 phan thyc la T,phan 4o 1a —§7s€)ph1’1’c lien hgp léE:T—i—ii, mo-dun 1a
|z] = 2.
P V1 1 N V1 N 1 V1 1
— S0 phtc z = 775 — 5 ¢6 phan thuc la 775, phan o la —5 s0 phiic lién hgp 1a z = 775 + §i’ mo-dun
la |z] = 2.
[
—3+V3— (1+3V3)i —3—V3—(1-3V3)i
@z3:18—|—26i. DS: z2=3+1i; 2= 5 ;2= 2 .
L3i giai.

Goi z =z +yi (z,y € R). Ta co

23— 3xy? =18 (1)

3 . 3 . 3 2 2 3\ .
22 =184260 & (x + y1)° = 18 4+ 260 & x° — 3xy” + (3x°y — 1 =184 261 &
(z + yi) y"+ BTy —y°) {3x2y_y3:26 @)

Tt (1) va (2) suy ra 13(2® — 32y?) — 9(32%y — y®) = 0 & 1323 — 2722y — 3929% + 9y = 0 = = = 3y, thay vao (1),
ta duge 27y> — 9P =18 y=1=2=3= 2 =3 +1.
Do d6, ta c6 2° =184+ 26i < 2° = (3+1i)3 & (2 =3 —i) [22 + (3+14)z +8+6i] =0

z=3+1

22+ (B3+i)z+8+6i=0
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z2=3+1
—3+V3— (1+3V3)i
s | A= 9
B —3—\/3—(1—3\/3)2’

) 2
Két luan

— S6 phitic z = 3 + 4 ¢6 phan thyec la 3, phan 4o la 1, s6 phiic lien hgp 1a z = 3 — ¢, mo-dun 1a |z| = +/10.

, —3+V3 - (1+3V3)i X —3+V3 . 1+3v3
— S0 phitic z = 2( ) c6 phan thuc 1a %[, phan 4o 1a —i, sO phiic lién hogp 1a
—3+V3+ (1+3V3)i
zZ= 2< ) , mo-dun 1a |z| = v/10.
) —3-v3-(1-3V3)i . o N 1-3v3
— SO phiic z = 2( ) c6 phan thyc la T\[, phan 4o la _T\[’ sO phtc lién hgp la
-3-V3+(1-3V3)i
zZ= 2( ) , mo-dun 1a |z| = v/10.
Vay sb phiic O
@22+|z|:0. DS: 2 =0; z = +i.
Lai giai.
Goiz=z+yi (v,y €R) = |z| = /a2 + y2 Taco
2 2 /a2 2=0 z=0 z=0
P4lz=0e -y a2+ 2+ 2yi =0 & oyt vVEty & hoic
= 2z = 0 hoéc z = 7 hoac z = —i.
Két luan

— S6 phtic z = 0 ¢6 phan thyc 1a 0, phan 4o 1a 0, s6 phiic lien hgp la z = 0, mo-dun la |z| = 0.
— S6 phtic z = 4 ¢6 phan thyc 14 0, phan &o 1a 1, s6 phiic lien hgp 14 Z = —i, mo-dun la 2| = 1.
— S6 phitc z = —i ¢6 phan thyc 14 0, phan 4o 1a —1, s6 phiic lien hop 14 Z = 4, mo-dun 1 [z| = 1.

(Il
2 2 | = 1 1.
@z =|zI*+z. (A - 2011 CB) DS:z:O;z:—§i§z.
L3 giai.
Goiz=zxz+vyi(z,yeR)=>Z=x—vyi, |z| = /22 + y2 Ta co
2= +z @ty =+ tr—yier® Y+ 2ryi=a®+y o —yi
Poyt=dt iyt e fo=-2
2y = —y 2z 4+1)y=0
x=0 r=-3
s 0 hoi#c 1
Yy = — 4=
Yy 9
1 1
=0 2=—=+-i.
=>,z 0; 2z 3 21
Két luan
— S6 phtic z = 0 ¢6 phan thyc 1a 0, phan 4o 14 0, s6 phiic lien hgp 1a Z = 0, mo-dun 1a |z| = 0.
P 1 1 N 1 N 1 | 1 2
— S0 phttc —= + =i ¢6 phan thyc 14 —=, phan &o 14 =, s phtc lién hgp 14 Z = —= — =i, mo-dun 1a |z| = £
2 2 2 2 2 2 2
P 1 1 . 1 N 1 1 1 2
— S6 phic —= — 51 ¢6 phan thuc la bt phan ao 1a —3 sO phic lién hgp 1a z = —3 + ﬁi’ mo-dun la |z| = g
O
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1
(19) (2 +1)%+ |z — 1]> +10i =z + 3. DS: z=1-2i; 2=~ —5i

Loi giai.
Goiz=x+vyi (z,y eR) =z=2a—yi. Tacod
(z+12+z-12410i=2+3 & (@+yi+1)?+(@-1)*+y* +10i=2—yi+3
s -y +14+2zyi+2yi+20+22 20 +1+y*+10i =x+3 —yi
22 +2=1x+3
=227+ 24+ 20y +2y+10)i=2+3 —yi &
2zy +2y+10 = —y

1

r=1 r=—=

=3 B hoac 2
y=-2 y = —b.

1
éz:1—2i;z=—§—51.

Két luan
—— S6 phitc 1 — 2i ¢6 phan thyc 1a 1, phan 4o 1a —2, s6 phiic lién hop 1a Z = 1 4 2i, mo-dun la |z| = /5.
P SN N P .. r . 101
— S0 phic —= — 5i ¢6 phan thuc la —5 phan 4o la —5, s0 phtc lién hgp 14z = —3 + 54, mo-dun 1a |z| = —5
|
5+1v3
+iv3 PS: 2= —1—iv3: 2=2— i3

(15) z - = —1=0.(B - 2011 CB)

Loi giai.
Goiz=z+vyi(z,yeR)=Z=x—yi. Tacod

S 3V g o E—z=5+iV3
z

2,2
4y —r=95
2, .2 . ,
St +y —x—yz:5+2\/§(:>{
y=—V3

{1]2—1 ) {x:Q
= 0ac
y=—v3 y=—v3

éz=—1—ix/§;z=2—i\/§.

Két luan

— S6 phitc —1 —iv/3 c6 phan thuyc 13 —1, phan 4o 1a —/3, s6 phiic lien hop 14 Z = —1 + iy/3, mo-dun 1a |z| = 2.
— S6 phiic 2 — i1/3i c6 phan thuyc 1a 2, phan 4o 14 —+/3, s6 phiic lien hgp 1a Z = 2 + i1/3, mo-dun 1a |z| = V7.

O
iz — (14 3i)z 5 45 9
= DS:2=0,2=—— — —
143 2] FTYET 96 26
Lo gisi.
Goiz=zx+vyi (z,yeR)=z=a—yi, |2| = /22 +y2 Tacod
1z—(1+30)z . . . .
EUANE o ity — (44 20) (0 — i) = 2607 +47)
— 3z — 3y = 227 + 2y
& =3z —3y+ by —2)i =222 +29° & Y Y
S5y —x =0
45
rT=——
€r =
@{ B hoac 296
y:_%_
éz—O-z——ﬁ—gi
ST 260 26
Két luan
— S6 phtic z = 0 ¢6 phan thyc 1a 0, phan 4o 1a 0, s6 phiic lién hgp 1a Z = 0, mo-dun 1a |2| = 0.
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. 45 9 . 45 . 9 45
— S0 phiic —%—%i ¢6 phan thyc la ~ 26’ phan 4o la ~56 sO phic lién hgp 135:—%4—%@ mo-dun 1a
12| 9v26
2| = ——.
26
(Il
1+ . .
Q=+ =z~ L0k DS: z = —i.
Lai giai.
Goiz=z+vyi(z,yeR)=>Z=x—vyi, |z| = /22 + y% Tacod
141 P
z—i—ﬁ:(l—iﬂd éozé—i—i:(1—i)|z|§<:>x2+y2+i:(1—i)(x—yi)\/m2+y2
— 1)z
sl +yP+i=(z—y)Va? +y? - (¢ +y)Va? +y?
22 442 = (z — y)/22 + 42 /22t 2= —y
= = 9 9
l=—(z+y)Va?+y? y —at =1
xr >
2y =0
S<exy=0 & _
P og?=1 vy=
=z = —1.
Vay s6 phtic z = —i ¢6 phan thyc 1a 0, phan 4o 1a —1, s6 phiic lien hgp 14 Z = 4, mo-dun 1a |z| = 1. O
z 1 1, V2
i~ (i+1)- 2 =% DS:z=—-— -+
z—l—z (Z+)z z S: 2 5 (2 2)2
Lai giai.
Goiz=x+vyi (z,yeR) =z=ax—yi, |z] = /22 +y2 Tacod
S ?_,Zéog._. - = N2, - N (s o — 2 2
z+1 (2+1)~Z—z Z2tiz—(i+1)z=z2ze (cr4+y)’ +i(lz+yi) — i+ D(z—yi) =2"+y
s -y +2uyitri—y—zi—y—a+yi=z>+y°
22 —y? —x— 2y = 22 + o> 22 4+2y+2=0
2zy+y =20 2z +1)y=0
1
rx=—=
PN 2
—1+V2
y=—5—"
_ 1+71ﬁ:\@,
2=—=4+ ——ai.
] 2 2
Két luan
P 1 -1 2 N 1 N —1 2 1 -1 2
— So6 phtic z = f§+ii ¢6 phan thuc lafi,phan 4o la %[,S(A) phtic lién hgp laz = 757%[1‘,
V4 —2v2
mo-dun 1 |z] = %
P 1 —1—-+2 . 1 N —1—-v2 | 1 -1 2
— S0 phtic z = —§+T\[i ¢6 phan thuc 151—5, phan éo la T\[’ sO phic lién hgp 1laz = —§+%[i,
V4 —242
mo-dun la |z| = %
O
BAI 8. Tim s6 phtic vi cac thuoc tinh ctia né trong cac trudng hgp sau:
5% 4
D we142422 v 225D 9 (A - 2012 NC) DS: w = 2+ 3.

z4+1
Loi giai.
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Goiz=z+vyi(z,yeR)=Z=x—yi. Tacod

57 ) z —_
EE) oi Byt =2 tyit ) e sy 2+ Ty+0i=0

3r—y—2=0 rz=1
= -
r—Ty+6=0 y=1
=z=1+i.Dodé,tacow=1+z+22=1+1+i+(1+i)?=2+3i.

Vay s6 phtic w = 2 + 3i ¢6 phan thyc 1a 2, phan 4o 1a 3, s6 phic lien hgp 1a w = 2 — 3i, mo-dun la |w| = v13. O

1—4v3

Q@ w=z+iz, v6iz = T, DS:w=1+1.
—1
Loi giai.
o 1=iVB 14+VvB 1-VB. 1+V3 1-V3.
Tacoz= — = + 1=z = — 7.
1—1 2 2 2 2
1 3 1—-+v3 1 3 1—-+v3
Do do, tacow =241z = +\[+ fH—i Jr\[— fz =1+i.
2 2 2 2
Vay s6 phitc w = 1 + i ¢6 phan thyc la 1, phan 4o la 1, s6 phitc lien hgp 1a @w = 1 — i, mo-dun 1a |w| = /2. O
3
(-3
@w=z+iz,véiz=f.(A-2010NC) DS: w = -8 — 8i.
—1i
Loi giai.
3
(-3 s
Ta c6 z = - = -=—4—4i= z=—4+ 4.
1—1 1—1

Do do6, taco w=Z+iz=—4 —4i +i(—4+4i) = —8 — 8i.
Vay s6 phitc w = —8 —8i ¢6 phan thuc 14 —8, phan 4o 1a —8, s6 phiic lien hop 14 @ = —8 + 8i, mo-dun la |w| = 8v/2.

(]
z—2z+1 . . . .
@w:T,VOI(1+2)(Z—1)+2222Z. (D 2013) bS:w=-1+3i
Lai gidi.
. . . ) . , -1+3
Taco (1+i)(z—i)+22=2i< B3+i)z=—-1+3ie 2= sy
i
z—2 1 —i—2i1+1
Dodé,tacéwzz §+ — ‘2Z+ = -1+ 3i.
z i
Vay s6 phitc w = —1 + 3i ¢6 phan thyc la —1, phan 4o 1a 3, s6 phiic lién hgp 1a w = —1 — 37, mo-dun 1a |w| = V/10.
(]
& w=z+ v6i 142 = [z —i|? + (iz — 1)2. DS:wzQ—iw:—z—i—zi.
241’ ’ 2 2
Lo giai.

Goiz=x+vyi(r,yeR) =>Z=x—yi. Tacod

1+z=Z—i>+(iz—1)? el+z—vyi=|v—yi—i>+ (vi—y—1)?
sltr—yi=2>+(y+1)? -2+ (y+ 1) —22(y +1)i
{1+w=2(y+1)2 {IQ(yH)Zl

y=2x(y+1) Ay+1° -2y +1)—y=0
1
{x:l Y
= hoac
y=- _ !
Y= 73
1 1
=z=1—-2i hodc z = —z — 1.
z 7 hoac z B 224 )
N IS PR 411 4 7T
dlZ—_i_il,acow—z+ﬁ—_§_§l+#—§+*l.

Két luan

— S6 phitc w = 2 — i ¢6 phan thuc 14 2, phan 4o 1a —1, s6 phiic lien hgp 1a @ = 2 + 4, mé-dun 1a |w| = /5.
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P N N . 2
— S0 phic w = 7 + Zz ¢6 phan thuc la z, phan 4o 1a Z, sO phiic lién hgp la w = T zi, mo-dun la |w| = M
2 2 2 2 2 2 2
(I
12
(144v3) " (2—1)
® w=b+ci, véi 5 13 nghiém ctia phuong trinh 22 + 8bz + 64c = 0. DS: w= -2+ 5i.
(1-iv3) (1+4)°
Loi giai.
12
(1+iv3) " (2—1)
Ta co 5 = 8 + 161.
(1-iv3) (1+4)°
Theo dé bai, ta c6
(8 + 160)% + 8b(8 + 16i) + 64c = 0 < —102 + 256i + 64b + 128bi + 64c = 0
— 192+ 64b+ 64c =0 o b=-2
256 +128b =10 c=5.
= w = —2+ bt.
Vay s6 phitc w = —2 + 5i ¢6 phan thyc la —2, phan 4o 1a 5, s6 phiic liéen hgp 1a w = —2 — 57, mo-dun la |w| = v/29.
(Il
BAI 9. Tim s6 phitic v& cac thuoc tinh khi né théa man dong thai céc didu kien sau:
(@ |z| =5 va phan thyc bing 2 1an phan 4o. DS: z = 25 + V51, z = =25 — V/bi.
L3 giai.
Dit z = a + bi (a,b € R). Theo gia thiét ta c6 heé phuong trinh
a=2b a=2b a=2b
= 4
Va2+b2=5 b =5 b=+V5.
V(’Sibzx/g,az%/g, 2 =25 + V5i.
V6i b= —/5, a = —2v5, z = —2/5 — /5. O
(2 |z — 2 +i| = 2 va phan 4o nhd hon phan thyc 3 don vi. DS: z =242 - (1 FV2)i.
Loi giai.
Dit z = a + bi (a,b € R). Theo gia thiét ta c6 he¢ phuong trinh
b=a—-3
a—b=3 b=a-3
\/ Ay 1 2<:>{( 2)2+( 2)2 4(:) a=2+V2
a—2)24+(b+1)2 = a— a—2)° =
(a—=2)2+(b+1) 423
Véia=2+v2,b=-14+2,2=24+V2+ (-14+2)i.
Véia=2—-v2,b=—-1-v2,2=2-2—(1+2)i. O
3 |z +2i — 1| — v/5[Z — 2+ 3i| = 0. vA phan thyc bing 2 lan phan 4o. PS:z2=4+2i, 2=3+ gz
L3i giai.
Dit z = a + bi (a,b € R). Theo gia thiét ta c6 hé phuong trinh
a=2b
Via=12+b+2)2 - /5(a-2)2+(3-0)2=0
a=2b
= 2 2 2 2
(26—1)"+(b+2)°=5[(20—-2)+(3-0b) =0
a=2b
PN b=2
3.
h="2
2
V6ib=2,a=4,2=4+2
Véib:g,a:3,Z:3—|—%i. O
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2
@ |z+1-2i)|=5vaz -z=34 DS:Z:3+5i,z:—€9+gi.
Loi giai.
Dit z = a + bi (a,b € R). Theo gia thiét ta c6 heé phuong trinh
a=2b—-17
a’ +b* =34 A+p2 =34 a=2b-7 3
= = 9 9 = b= -
\/(a—|—1)2—|—(b—2)2:5 a=2b—-17 20—-7)"4+0b*"=34 5
b=5
3 29 29 3
Gib=—,a=——,2=——+ —i.
Véi 5,a 5,2 5—1—52
V6ib=5,a=3, 2= 3+ bi. O
®) |z —(2+14)| =10 va z -z = 25. DS: 2 =3 +4i, 2 =5.
Loi giai.
Dit z = a + bi (a,b € R). Theo gia thiét ta c6 hé phuong trinh
b=10-2
a’? +b? =25 a2 +b2 =295 b=10—2a 5 ¢
= = = a =
\/(a_2)2+(b_1)2:,/10 b=10-2a a® + (10 — 2a)? = 25
a =
Véia=3b=4, 2 =3+ 4i.
Véia=5b=0,2z=>5. ([
® |z+1—-2i|=|2—2—i] va|z—1] = /5. DS:z=—-1—i,2=2+2i.
Loi giai.
Dat 2 = a + bi (a,b € R). Theo gia thiét ta c6 he phuong trinh
=b
Vet 12+ 0-22=(a-22+(b+1?  (a=} ‘
& 9 o & b=-1
fla—1)2+b2 =15 (a—=1)*4+b"=5 b9
Véia=b=—-1,z=—-1—1.
Véia=b=2 2=2+ 2. (]
1
20z —i| = |z — 7+ 2i| va |22 — 72| = 4. DS: z = V44 —~i.
@ :
V4
Loi giai.
Dat z=a+ bi (a,b € R).
2z —i| =z =24 2i] & 2y/a2+ (b—1)2 = \/(2b+ 2)2.
|22 —Z?| = 4 < |ab| = 1. Ta c6 hé phuong trinh
a? a= V4
2¢/a?+ (b—1)2 = 4/(2b+2)? b=—
{ @+ O-12=y/2+2? | Jb=" .
jabl =1 =1 | °= 37
1
Suyraz:{q’/li%—%i. O
N N 1 1
2| =1 va |22 — 22| = /3 vdi phan thue duong va phan 4o am. DS:Zzﬁ—fi,z:f—ﬁi.
® |z] p gvap 2 2 2 2
Lai giai.
Dit 2 =a+bi (a,b € R,a > 0,b < 0). Theo gia thiét ta c6 he phuong trinh
2:73 b2: 3
a+b2=1 b2 = 3 16a? 1647
16a2 2 _ 1 _1
\/g = 3 = a :i = a_i
lab] = == 2 =1 :
4 a +16a2 a2:§ _@
4 “= 7
| V3 1 V3,
lea—§,b——7,2—§—72.
1 1
Véia:ﬁ,b:—f,z:ﬁ—fi. [l
2 2 2 2
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BAI 10. Tim s6 phic va céc thuoce tinh khi n6 théa man déng thoi cac diéu kien sau:
Nhan xét. S6 phiic 1a thuan do khi phan thyc bang 0 va s6 phiic 13 thuan thyc khi phan 4o bang 0
@ |z| = V2 va 7% 1a s6 thuan do. PS:z=1+4,z=—-1+1.
Loi giai.
bat z =a +bi (a,b € R).
Ta c6 z2 = a® — b®> — 2abi, theo gia thiét Z? thuan o suy ra a® — b? = 0. Ta c6 hé phuong trinh

a4+ =2 a=+1
==
a2—62:o b::tl

@) |z —i| =Vv2va (2 —1)(Z+1) lasd thye.  (D-2010 CB) DS:z=1,2=—1+2.
Lai giai.
Dit z =a+bi (a,b € R).
(z—1)Z+i)=a?>+b>—a—b+ (a+b—1)ilasd thiuc < b= 1— a. Theo gia thiét ta c6 he phuong trinh

b=1-a b=1-a
= .
a®+(b—-1)7%=2 a==1

Suyraz=1x+14, 2=—-1=%1. (I

Véia=1,b=0,z=1.

Véia=-1,b=2,z=—-1+2i. ]

< 7 21
(3 (1 —3d)z 14 s6 thyc va |z — 2 + 5i| = 1. DS: 2 =2+46i, z = 7+€i.
L3i giai.
Dat z=a+ bi (a,b € R).
(1-3i)z=(1-3i)(a+bi)=a+3b+ (b—3a)i € R < b= 3a. Theo gia thiét ta c6 he phuong trinh

b=3a

b:?)a a=2

=
(a—22+(B-b2?=1 7.
5

5 5 +€z. g
@ (z—1)(Z+2i) 1a 86 thuc va |z — 1] = /5 DS: 2 =2i, 2 =2~ 2i.
Loi giai.
bit z =a+bi (a,b € R).
(z—=1)(z+2i)=a?+b%>—a—2b+ (2a + b — 2)i 1a 86 thic & b =2 — 2a. Theo gia thiét ta c6 he phuong trinh

b=2-2a

b=2-2a 0
= =
(@a—1)2 402 =5 ¢
a=2

Véia=0,b=2 2=2i.
Véia=2b=-22=2—2i.

1
® |z —z+1—i]=5va(2—2)(i+7) lasb ao. DS: %
2

Lai giai.
bit z =a+bi (a,b € R).
(2-2)(i+%)=—a?—b>+2a+b+ (2 —a— 2b)i la s 4o suy ra —a? — b*> +2a + b= 0.
|z—Z+1—i=+v5< (a+1)?+(2b—1)? = 5. Ta c6 he phuong trinh
—a? = +2a+b=0

—a*=b*+2a+b=0 b——l

2 2 = 2

124+ (2-1)2=5

3
b=3

Trang 76 "Todn hoc la mon thé duc cia tri tué "-Isocrates


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

BIEX PAGE TOAN HOC SO CAP https://www facebook.com/MATHDDT/

1 1 1,
1L _("T2_ 772 2
leb——§:> 3= 3 1
a=— z2==——1i.
2 2 2
1 1+3,
3_|“T2_ |72
Vc51b—§:> a_§: Z_§+§i O
2 2027
. +
®) 2|z —i| = |z —z+ 2i| v& (2 — 2)(i + Z) 1a b thuc. DS:z:—li\/5+3 2\/51'.
Loi giai.
bit z =a+bi (a,b € R).
(2-2)(i+%)=—-a®>—-b>+2a+b+ (2 —a—2b)i las6 thyc suy ra a = 2 — 2b.
Theo gié thiét ta c6 hé phuong trinh
= =
o Ja2+ (b— 12 =[2b+2]  L4[2—2b)>+ (b—1)2] = (2b+2)? b:?’iz\/g,
Véib:3+2\/5,a:flf\/g,z:—l—\/nggg\/gi.
3—+vb 3—Vb5
Véi b = 2\[,a:—1+\/5,z:—1+\/5+ 2fi. O
BAI 11. Tim z thoa: |z — 3i| = |1 — iZ| va z — 9 1 86 thuan 4o. DS: 2z = 2i, 2 = £/5 + 2i.
z
Lai giai.
Dat z =a+bi (a,b € R).
2 _ 0> 2 b2_ 2 b2 bi . .
Tacéz—f:(z 9)2:((1 + 9)at(a”+ +9)Zlaséthuénéosuyra
z |z]? a? + b2
@48 - Na=0e | """
a —9)a=
a?+v*=09.
|z =3il=1-izl ©a®+ (b-3)2 =(b-12+a? < b=2.
Véia=0,b=2,2=2i
Véia?2+b2=9,b=2, z= 45+ 2i. O
N p — 2 . . —16 £ v 1 vV
BAI 12. Tim s06 phtc z sao cho |z + 1 —2i| = |2+ 3+ ¢| va i+,z la s0 thuan 40. DS: z = 66 67+ 7:F6 671’.
)

Lo giai.
bat z =a+bi (a,b € R).
o z2—20  (a+(b—2)i)(a+ (b—1)i)
) 1
1

= , 14 s6 thuan 4o khi va chi khi a® — (b—2)(b—1) = 0.

T:
R a2+ (b—1)2

5
[z4+1-2i|=z+3+i| < (a+ )2—|—(b—2)2=(a+3)2+(b—1)2®b:—2a—§. Ta nhan duge hé phuong trinh

[, _ ~16+67
B 6
5 p_ 17— V6T
b=—2a— - G
2 S
A~ (b-2)(b—1)=0 . 16— V6T
6
p_ 1T+ V67
LU 6

—16i\/ﬁ+17;c\/ﬁi

S =
uy ra z 5 5

BAI 13. Cho hai sb phifc 2, va 2y thoa man |z; + 2|2 + |21 — 222 = (|21] + |22])°. Chiing minh ring |2 | = |2s].
Loi giai.
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Dat z1 = a1 +b1i, 29 = ag + bai (al,bl,ag,bg € R)
|21+ 22” + |21 — 22 = (|21] + | 22)”

(Cll + a2)2 + (bl + b2)2 + (Cl1 - a2)2 + (b1 — b2)2 = Cl% + b% + CL% + b% + 2\/(0,% + b%)(a% + b%)

=
& ad + 02 +ad + b3 = 2y/(a2 + b2) (a2 + 13)
2
= (\/a%er%— Vag+63) =0
& z1] =2
(Il
BAI 14. (1) Tim céc s6 phitc z;, 2, théa man 4z; — 3 - 2013 =iz + 5 va 2 _ 23013 — 4,
21
DS: 21 = 1414, 2o = 4+ (4 — 21007)4,
Loi giai.
Ta co
5+ 37
421 =3 =iz 450 (4—i)1 =5+3i ez = 4+ ,Z =141
-1
S L20M (] 4 )2014 _ (971007 _ 91007
= 2o =4z + 2" =4+ (4 219
(I
—12 5 —4
@ 2—81' = o v 2_8‘_1. DS: z = 6+ 8i, z = 6+ 17i.
Lo giai.
Dit z =a+bi (a,b € R,a > 0,b < 0). Theo gia thiét ta c6 he phuong trinh
2 2 2 2 a=6
9(a — 12)2 + 9b% = 2542 + 25(b — 8)
(a—4)2 40> = (a —8)2 +b? < b=8 .
b=17
Suyraz=6+48i, z =6+ 17i. |
BAI 15. Gi& sit 21,22 1a hai s6 phiic thoa man dong thoi cac didu kien (621 — i| = |2 + 3iz1|, 620 — i| = |2 + 3iza| va
1 3
|21—22|:§.Tinh mod dun clia 21 + 2». DS: \zl—&—z'g\:g.
Lo giai.
bat z1 = a1 + b1t, 29 = as + bat (al,bl,ag,bg € R) Ta c6
1 1
2,12 _ 2,12 _
[621 —i| = |2 + 3iz] a1+b1_§ a1+b1—§
— gl = ; 1 1
o |12+3122|@ atbh=g @ ath=g
|21 — 22| = = 1 1
3 (Cl1 - a2)2 + (bl - b2)2 = § 2(&1&2 + b1b2) = §
212 2 12 1 2 2 _ 1 V3
Suy ra af + b5 + a3 + b3 + 2(araz + b1b2) = 3 & (a1 +a2)’ + (b1 +b2)° = 3® |21 + 22| = 5 O
BAI 16. Cho s6 phtic z théa man (1 — 2)(i + Z) 1a s6 thuan &do. Tim gia tri 16n nhat va gia tri nhoé nhat ciia biéu thitc
P=|z—i| DS: Puax = V2 khi 2 =1, Py =0 khi z =i

Loi giai.
Dat z =a+bi (a,b € R).
Taco (1—2)(i+2)=—a?—-b>+a+b— (a+b—1)i, 1a sd thuan 4o khi va chi khi

1\? 1\? 1
—a2—b2+a+b:0<:>(a—§) +(b—§) =5

Mzt khac

P2:a2+(b—1)2=a—b+1=<a—;>—(b—;)+1<\/2 {(a—;)2+(b—;)2}+1:2

= 0< P < V2.
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1
a—===-—-b>0
. . . 2 2 a=1
Vay Puin = 0 khi 2 = i, Ppax = v/2 khi 12 12 1(:){()()(:)2:1. (Il
(a=3) +(b=3) =3

z— 21

BAI 17. Biét 13 56 thuan do. Tim gid tri 16n nhat Tyax ctia biéu thic T = |z — 1| + |z —i|.

DS: Trox = 25 khi 2z = 2 + 2i.

z —

Lai gidi.

Dit z=a+bi (a,b € R).

Taco 2220 (e (0=2(a=2=bi) | o3 fo khi va chi khi
z—2 (a—2)2 + b2

ala—2)+ (b -2b=06a> 15~ 20— 2B =0 (a— 1)+ (b-1)* =2,

Ta lai ¢6
T?=(|z—1+|z—i)’ =22 =1 —i> + | = 14+i®> =4(a®> + b*) —4(a+b) + 4 = 4(a +b) + 4
=4(a—1)+4(b—1)+ 12
<4y/2[(a—1)2 + (b—1)?] + 12 = 20.
Suy ra Tpax =2V khia—1=b—1=1a=b=2 2 =2+ 2i. O

Dang toan 2: Biéu dién hinh hoc ctia s6 phtic va bai toan lién quan

Loai 1 Trong mit phing toa do Ozy, hiy tim tap hgp diém M biéu dién cac s6 phiic z = x + yi théa man diéu kien K
cho truée.

e Budc 1. Goi M(x;y) la diém biéu dién s6 phitc z = 2 + yi (x,y € R).

e Budc 2. Bién doi diéu kien K dé tim mdi lien he gitta x,y vA két luan.

Mbi lién hé gita = va y Két luan tap hop diém M (x;y)
e Ax+ By+C =0. La duong thang d : Az + By + C = 0.
[(z—a)® +(y—b)? =R . X ) oy
o, La dudng tron (C) c¢6 tam I(a;b) va bén
[2"+y” —2az —2by+c=0. kinh R = Va? 1 5” —c.
[(z—a)® +(y—b)? <R’

o, La hinh tron (C') ¢6 tam I(a;b) va ban kinh
|27+ y° —2ax — 2by +c < 0. R=+vVa2+b2—c.

e R2< (v —a)*+ (y—b)? < R3. La nhing diém thudc mién vanh khin tao

bdi hai duong tron dong tam I(a;b) va ban
kinh lan lugt Ry v Rs.

oy =azr’+br+ca#0. La mot parabol (P) ¢6 dinh
g (_i._é)
2a’ 4da/)’
Y o JIMFPy+ MEy[=2a | . o
° —2—|—b—2 =1véi {F o9 5 La mot elip ¢6 truc thuce la 2a, truc 4o 1a 2b
@ 12 =2c < za. va tieu cy 2¢ = 2V — b2 véia > b > 0.
;52 y2 . |MF1—MF2‘:2(1 N . . . .
P =1v6 {F o9 5 La mot hypebol c6 truc thuc la 2(.1, truc ao
a 152 ¢ > 2a. 1& 2b va tieu cu 2¢ = 2va? + b2 v6ia, b > 0.
e MA=MB La duong trung truc ctia doan thing AB.

Nhém I (Loai dé cho truc tiép)

BAI 18. Tim s6 phitc z théa man diéu kién |z — 2i| = /5 va diém biéu dién ciia z thugc dudng thing d: 3z —y+1=0.

2 1
PS:z=14+4i,z2=—-— =i
z + 4, z 5 51
Loi giai.
Goi z = a + bi, a,b € R. Theo bai ra ta c6 he
2+ (b-22=5 (a®+(b-22%=5 (a®+Ba-12%=5 [o=Lb=4
& & & 2 1
3a—b+1=0 b=3a+1 b=3a+1 a:_?b:_g,
SRS , s 1s N 2 1,
Vaycohznsophu’czthoamanbaltoanlaz:l+4zvaz:—5—gz. ([l
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— , e e
= (3 —1)z. Tim toa do diém biéu dién s6 phiic z trong mét

N . N 2
BAI 19. Cho s0 phiic z théa mén dieu kién (1 — 2i)z — T

+1
8 1 7
hang toa do . DS:M(—'—)
phang toa do Ozy 10° 10
Loi giai.
Phuong trinh da cho tuong duong véi
(—2—4) _2—@'@ B i—2 _i+l'
VI T T U+ )@+ 10107
a2 ez 4ix a2 o . 3.2 1 7
Do d6 diem bieu dién ciia s6 phic z la diem M E’E . (I

BAI 20. Trong mit phéng toa do Ozy, tim tap hgp diém M biéu dién cac s6 phitc z théa man diéu kien |z| = |2 — 2 + 3i.
DS: d: 4z + 6y — 13 =0

Loi giai.

Dit z = 2 + yi, 2,y € R. Gia thiét tuong duong véi

2?2 +y? = (2 -2+ (~y+3)* e dr+6y—13=0.

Vay, tap hop diém M biéu dién céc s6 phitc z 1a dudng thing c6 phuong trinh 4z + 6y — 13 = 0. (]
=2.

BAI 21. Trong mat phéng toa do Oxy, tim tap hop diém M biéu dién cac s6 phiic z thoa man diéu kien |z — (3 — 44)]

DS: (C): (z -3+ (y+4)3?* =4
Loi giai.
Dit z = o + yi, z,y € R. Gia thiét tuong duong v6i (v — 3)2 + (y +4)? = 4.
Vay, tap hgp diém M biéu dién cac s6 phiic z théa man diéu kién |z — (3 — 44)| = 2 1a dudng tron (C) c6 tam I(3; —4),
ban kinh R = 2. 0O
BAI 22. Trong miit phing toa do Ozy, tim tap hop diém M biéu dién cac sb phtic z théa man diéu kien |z —i| = |(1 +)z|.

DS: 22+ 2 +2y—1=0
Lo giai.
Vi [(14+d)z| = |1 4+1] - |2| = v2|z|, do d6 néu goi z = = + yi, =,y € R ta co
lz—il= |14z e 2?+(y—1)2=20*+y*) 2> +y° +2y —1=0.

Vay, tap hop diém M biéu dién céc s6 phiic z thda man yéu cau bai toan 1a dudng tron c6 phuong trinh 224132 4+2y—1 = 0.
U

BAI 23. Trong mit phing toa do Ozy, tim tap hop diém M biéu dién cac sb phiic z théa man diéu kien z -| = 3.
z—1
9\ 9
bS: (O): 2? <—7> = —
(@2 +(y-3 ol
Loi giai.
bat z =z + yi, z,y € R. Khi d6
—3<:>|z|—3|z—i|@x2+y2—9[m2+(y—1)2]@x2+(y—9)2—9
zZ—1 8 64"
o ) 9\* _ 9
Vay, tap hop diém M biéu dién cac so6 phitc z 1a dudng tron (C): x* + y—g =1 O

BAI 24. Trong mit phéng toa do Oxy, tim tap hgp diém M biéu dién céc s6 phiic 2z théa man didu kién |z| < 2.
DS: 22+ ¢y2 < 4
Loi giai.
bat z =z +yi, z,y € R. Ta co
2| <22 +y% < 4

Vay, tap hop diém M biéu dién cac s6 phiic z l1a phan trong ciia hinh tron tam O(0;0), ban kinh r = 2. O
BAI 25. Trong mat phing toa do Oxy, tim tap hop diém M biéu dién cac sé phic 2z théa man diéu kien 1 < [z — 1| < 2.

DPS: 1< (z—1)2+y%<4
Loi giai.
bat z =z +yi, x,y € R. Ta cod

l<lz—1l<2el<(z—-1)2+y? <4

Vay, tap hgp diém M biéu dién céc s6 phiic z 14 phan trong ctia hinh tron (z — 1)? + y? = 4 v khong thuoc hinh tron
(-1 +y2=1. O

Trang 80 "Todn hoc la mon thé duc cia tri tué "-Isocrates


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

BIEX PAGE TOAN HOC SO CAP https://www facebook.com/MATHDDT/

BAI 26. Trong mit phéng toa do Ozy, tim tap hop diém M biéu dién cac sb phiic 2z thoéa man diéu kien 2t Z 13 s6 thuan

z—1i
ao. DS: 22 +y? =1, (z #£0)
Ldi gidi.
bat z =z 4+ yi, xz,y € R. Ta c6
z+i w4+ y+1)i jp+(y+ iz (y—-1)i] 2Py -1 N 2z y
z—i w+(y—1)i w2+ (y - 1)? St (y-1)? 2?4 (y-1)2
Do d6 Z 1a s6 thudn 4o khi va chi khi 2% + 2 — 1 = 0,2 # 0, titc I tap hop diém M bidu dién céc s6 phitc = a dudng
tron ¢6 phuong trinh 22 + 32 =1, (z # 0). O
BAI 27. Trong mit phéng toa do Oxy, tim tap hop diém M biéu dién céc sb phiic z théa man didu kien |z —i|+ |z +i| = 4.
2
? y
DbS: (F): —+==1
(B): o+
L3i giai.
bat z =z +yi, z,y € R. Ta c6
2 =i+ |z il =4 e a2+ (y— 12+ /a2 + (y+1)2 =4
S+ (y—12=16—-8/a2 + (y+1)2 + 2 + (y + 1)*
22 42
422+ y+1)?]=U+y’ e Z+§ =1.
. . s . 2 y?
Vay, tap hop diém M biéu dién céc s6 phiic z 1a dudng Elip (E): T + 3= 1. O
BAI 28. Trong miit phing toa do Ozy, tim tap hop diém M bidu dién cac sb phic z théa man diéu kien 2|z —i] =
2
|z — % + 2i|. DS: (P):y:xz
Lai gidi.
bat z =z +yi, xz,y € R. Ta c6
22
20z —i|=|z—z+2| e 4[+(y—1)*] = 2y+2)° ©y= T
. s s , x?
Vay, tap hgp diem M biéu dién céac s6 phiic 2z 1a dudng Parabol (P): y = vy O

BAI 29. Trong mat phing toa do Oxy, tim tap hop diém M biéu dién cac sé phic z thoa man didu kien ‘22 — (5)2’ =4.

1
bS: (H): y=+—
x
Loi giai.
bat z =z +yi, z,y € R. Ta c6
|22 - ()| = 4 & dlayl = 4 & ay = 21.
. . ~ 2 1
Vay, tap hgp diem M bieu dién cac s6 phic z 1a dudng (H): y = +—. O
x
BAI 30. Trong mit phing toa do Oxy, tim tap hop diém M biéu dién cac sb phtic z théa man diéu kien (14i)z+(1—14)z =
—2x —1
20z + 1. DS: (H);y:;”T, (z > 0)
Loi giai.
bat z =z +yi, x,y € R. Ta c6
. . 20y = —2x — 1
I4+idz+1—-i)z=2z+1 2z -2y=24/(z+1)?+y? & o (1).
rzy
+ Nhan thdy z = 0 khong théa mén (1) nén ta xét x # 0.
+ Néu z < 0 thi tit (1) suy ra 222 + 2z + 1 < 0 (mau thuan!).
+ Néu z > 0 thi tit (1) suy ra 222 + 2z + 1 > 0 (luon ding).
. . ~ . —2x—1
Vay, tap hop diém M bieu dién céc s6 phiic z 1a dudng cong (H): y = ;7, (z > 0). O
x
BAI 31. Trong mit phing toa d6 Oxy, tim tap hop diém M biéu dién cac s6 phiic z théa man diéu kien |z 4 Z|+(z +2) i =
2z. bS:y=z, (z>0)

Lai giai.
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bat z =z +yi, z,y € R. Ta c6

22| =2z
|z 4+Z|+ (24 2)i =22z & 22| + 221 = 22 + 2yi & {|2 | sy=z(x>0)
r =2y
Vay, tap hop diém M biéu dién cac s6 phiic z 1a phan dudng thing y = z, (z > 0). O
BAI 32. Cho sb phitc z = m + (m — 3)i, (m € R).
(@) Tim tat ca cac tham s6 m dé diém biéu dién s6 phtic z nim trén dudng phan gidc thi hai y = —z.
2

(2) Tim tat ca cac tham s6 m dé diém biéu dién s6 phiic z ndm trén dudng hypebol (H): y = —=.
T

3
DbS: 1.m:§;2.mzlvam=2
Lai giai.

, . . R 3
(1) Diém biéu dién ciia s6 phiic z 1a M (m;m — 3). Yeu cau bai toan tuong duong véi m —3 = —m & m = 5
(2) Diém biéu dién ciia s6 phiic z 1a M (m;m — 3). Yeu cau bai toan tuong duong véi

m=1

2
m-3=——om?-3m+2=0< )
m m=2

([l
N . . . A s B} 41
BAI 33. Xét céac diem A, B, C trong mit phang phtic theo thi tu bieu dién lan lugt cac s6 phic: 23 = - 11, Z9 =
i—
2+ 61
u—wu+zn@w3=3+7.
—1

(1) Chiing minh ring AABC la tam gidc vuong.
(2 Tim sb phiic biéu dién diém D sao cho ti gidac ABCD la hinh vuong.
DS: 1. AABC vuong tai B; 2. z =1+ 5
Loi giai.
(@) Tacé 2y =2 —2i, 20 = 3+, 23 = 2i. Suy ra A(2;-2), B(3;1), C(0;2).
Tinh dugec AB = BC = /10, AC = /20. Nhan thdy AB? + BC? = AC? nén AABC vudng can tai B.
(2 Goi D(z;y) 1a diém biéu dién ciia s6 phitc z = x + yi, (x,y € R). Diéu kién can va dia dé ABCD la hinh vuong la

r=1

A—B>:D_C><i>(1;3):(x;y—2)<i>
y—2=23

r=1
{ = z=1+ 5.
y=>5

O
BAI 34. Cho cac diém A, B, C, D, M, N, P nim trong mat phing phtc 1an lugt biéu dién cac sb phitc 1+ 3i, —2 + 24,
—4—2i,1—7i, =3+ 44, 1 — 3i vd —3 + 2i. Chiing minh réng hai tam gidc ABC vd MNP c6 ciing trong tam v tit giac
ABCD la tit gidc noi tiép duge ma ta phai tim tam va ban kinh. Tim diém @ trong mit phing phiic sao cho M NPQ la

5

hinh binh hanh. DS: G (—g; 1)7 I(1;-2), R=15, Q(1;-5)
Lai giai.
Ta c6 A(1;3), B(—2;2), C(—4;-2), D(1;-7), M(—3;4), N(1;-3) va P(-3;2).
Goi trong tam tam gidac ABC va tam gidc MNP lan luct 1a G, G'. Ta c6

o l-2-4 5 ¢ 341-3_ 5

¢T3 T 3. )T 3 T3
3422 ’ 4-3+2

yo = —— =1 yor = ——5— =1

Tt d6 suy ra G = G'.
Gia sit diém I(x;y) sao cho IA%? = IB% = IC? = ID?. Khi d6 ta c6 he phuong trinh

(1-2P?+B-y’=(2-2°+(2-y)? 62 + 2y = 2 .,
(-2- 22+ (2—yP = (-4—2)+ (-2—y)? & { dot8y— 12 @{x:_g
(a4 (2 g =(-aP+ (-T-y? (Wr-ty=30 7
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Do d6, tit gidc ABC'D nai tiép dusng tron tam I(1; —2), ban kinh R = IA = 5.
Goi Q(a;b). MNPQ 1a hinh binh hanh khi va chi khi

,y  — a+3=4 a=
MN=QP< 4,-1)=((@+3b—-2)& b9 7@ B 5:362(1;75).

Nhém IT (loai dé cho gian tiép)
BAI 35. Trong mit phing toa do Ozy, tim tap hgp diém M biéu dién céc s6 phitc w théa man diéu kien w = (1 —2i)z+3,

biét z 14 s6 phitc théa man |z + 2| = 5. DS: (O): (z—1)2+(y—4)? =125
Lo giai.
Tacéw—(1—2z)z+3:>z—11u7 Do dé

|z+2|:5<:)“u__2i+2‘:5(:)w—1—4i|:5|1—2i|<:>|w—1—4i|:5\/5(1).

Dat w =z + yi, (v,y € R), tacod (1) & (z —1)2 + (y — 4)? = 125.

Vay, tap hop diém M biéu dién cac s6 phitc w 1a dudng tron c¢6 phuong trinh (x — 1)? + (y — 4)? = 125. O
BAI 36. Trong mit phéng toa do Ozy, tim tap hop diém M biéu dién cac s6 phitc w théa man diéu kien w = (1 + z\/§> z4+
2, biét z 1a s6 phitc théa man |z — 1| = 2. DS: (C): (z—3)2+ (y—V3)2 =4
Lo giai.
w— 2
Tacow=(14+iV3)z24+2=>2=—"_Do dé
( ) 1+ z‘\/§
|z—1|—2<:)' ‘:2(:>|z—3—i\/§|=21+i\/§|(:)|z—3—i\/§|=4 (1).
1+ \f
Dit w = z + yi, (z,y € R), ta c6 (1) & (x — 3)% + (y — V/3)% = 16.
Vay, tap hop diém M biéu dién cac s6 phiic w la dudng tron cé phuong trinh (z — 3)2 + (y — v/3)? = 16. O

BAI 37. Trong mit phing toa do Oxzy, tim tap hop diém M biéu dién cac s6 phic w théa man didu kien w =z + 1 — 1,
biét z 1a s6 phic théa man |z — 1+ 2i| = 3. DS: (C): (z -2+ (y+1)?=9
Lai giai.
Tacow=z+1—-i=Z=w—-14+i<z=w—1—14 Do do

2= 142 =3 w—1—i—1+2i|=3c [w—2+i =3 (1).

Dat w =2z +yi, (zr,y €R),tacé (1) & (x —2)* + (y+1)2 =9.

Vay, tap hop diém M biéu dién cac s6 phiic w 14 dudng tron cé phuong trinh (z —2)% + (y +1)2 = 9. O
BAI 38. Trong mit phing toa do Ozy, tim tap hop diém M biéu dién cac sb phitc w théa man diéu kien w = 2z — i, biét
2z 1a 86 phiic théa man |z — 1| = 2. DS: (C): (z -2+ (y+1)2=16
Loi giai.

w—+ 1

Tacéz_w;Znén|z—1|_2c>‘ —1‘_2<:>|w—2—|—i—4(1).

Dat w =z + yi, (z,y € R), tacod (1) & (z —2)> + (y + 1)? = 16.

Vay, tap hop diém M biéu dién cac s6 phiic w 13 dudng tron c6 phuong trinh (z — 2)% + (y + 1) = 16. O
BAI 39. Trong mat phing Ozy, tim tap hgp diém M biéu dién cac sb phiic w thoa didu kien |w — iz — 2| = 2, biét z la
L (14 V/30)3
hic z = ————. DS: (O): z? 2=4
e T (I & (C):a®+y
Lo giai.
) A+v3)? 1 1 o .(1 1,) (1 1.)
T = = — — — . Khidé, jw—iz—% =2 |w—i——— —t—i)|=2e|w =2
a co, z 6017 16 162 ido, |lw—1iz—7%Z| w—il16 ~ 16 + 16—1-161 |w]
Vay tap hop cac diém biéu dién cho s6 phiic w 1a (C): 22 + y? = 4. O

BAI 40. Trong mit phing Oxy, tim tap hop diém M biéu dién céc s6 phitc w théa diéu kien w = (1 + 2i)z + 1, biét z la

s6 phtic thoa |z+1| il DS: (C): 2?2 +y? —22+8y+7=0

5
Loi giai.
-1
bat w =z + yi, (x;yGR)Tacé,w:(1+2i)z+1¢>z:;U+2,.
i
Khi do
ZZ |2|? w—1 2 Jw—1
11P=2 o 1P=C0 el | = |
FH1 =3 2 +1 =5 112 ' ‘1 2

& 2wt2if =lw-1f 222+ (y+2)?] = (z-1)2+4°

s 224y -2+ 8y+7=0.
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Vay tap hop cac diém biéu dién cho s6 phiic w 1a dudng tron (C): 22 +y? — 22 + 8y + 7 = 0. O
BAI 41. Trong mit phing Ozy, tim tap hgp diém M biéu dién cac s6 phitc w théa diéu kien w = (1 + iv/3)z + 2, biét z
1 s6 phiic théa |z — 1| < 2. DS: (C): (z—3)2+ (y—V3)2 < 16
Loi giai.

Ta co,

w=1+iV3)z+2 & w=(14iV3)(z—1)+3+iV3
& w—(3+iV3)=1+iV3)(z—1)
& Jw—(B+iV3)|=2]z-1<4.

. Vay tap hop céc diém biéu dién cho s6 phitc w la hinh tron (C): (z —3)? + (y — V/3)? < 16 O
BAI 42. Trong mit phing Ozy, tim tap hop diém M biéu dién cac s6 phitc w thoéa diéu kien w = (1 + 1)z + 1, biét z la
s6 phiic thoa |z — 1] < 1. DS: (C): (z—2)2+ (y—1)> <2
Loi giai.

Ta co,

w=1+iz+1 & w=>A+i)(z—-1)+2+1i
s w—2+i)=0+i)(z—-1)
& Jw— (240 =V2|z-1] < V2.

. Vay tap hop cic diém bidu dién cho s6 phiic w 14 hinh tron (C): (z — 2)2 + (y — 1)2 < 2. O
BAI 43. Trong mit phang Ozy, tim tap hop diém M biéu dién cac sé phitc w théa didu kien w = Z + 1 — 4, véi sd phiic
z théa méan:
5 1
@ 3z+i*<z-7+9. DS:(C):x2+y2—2x—|—1y+1§O

Loi giai.

bat w =z + yi, (z;y € R).

Tacow=z+1l—-iez=(-1)+@Wy+l)icz=(—-1)—(y+1)i

Khi do,
Bz4i*><z-2+9 & [Bz+i <|z*+9
& Ba-1)-3y+i+i’<(x-1)2+uy+1)2+9
& 9z -1+ (-3y—2<(z—-1*+(@w+1)2*+9
5 1
2 2
-2 - - <0.

& o4y m+4y+4_0
N ~ 2z - 2 . 2 -3 A _, N 2 2 5 1
Vay tap hop cac diém biéu dién cho s6 phitc w la (C): 2 +y —2x+1y+1§0. O

@ 2z +i><3z-7+1.
DS: (C): a2 +y?—22 -2y —-2<0
L3i giai.
bat w =z + yi, (x;y € R).
Tacow=z+1l-iez=(-1)+@Wy+l)icz=(—-1)—(y+1)i.

Khi do,
2z +i> <3z-24+1 & [2z+i><3z2]°+1
& 2@-1)-2y+1)i+i* <3@-1)2+3@y+1)>+1
e 4x-1)2+ (21 <3@x—-1)2+3@y+1)?+1
& da? 20+ 1)+ 4y + 4y +1<32% — 60 +3+3y* +6y+4
s 224y -2 —-2y—2<0.
Vay tap hop cac diém bidu dién cho s6 phiic w 1 hinh tron (C): 22 4+ y? — 2z — 2y — 2 < 0. O

Loai 2. Tim sb phiic z ¢6 mé-dun nhé nhéat, 16n nhat théa man tinh chit K cho trudc.

(@) Budéc 1. Tim tap hgp diém biéu dién cac s6 phiic z dé duge mdi lien he gitta z va y.

(2) Buéc 2. Dya vao méi lien he gitta z va y & bude 1, dé tim [2] ;. 2] 0
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Thong thudng véi loai nay, ngudi ra dé hay cho tap hgp diém biéu dién sb phiic z 1a mot dudng thing hoic dudng
tron. Khi dé, ta c6 hai huéng xit Ij: mot 1a sit dung phuong phap hinh hoc, hai 14 st dung phuong phép dai s6 (bat
déng thitc).

BAI 44. Trong mit phing phiic, hdy tim s6 phic z ¢6 mo-dun nhé nhat. Biét ring s6 phic z théa man diéu kien:

@ |z —2— 4i| = |z — 2i|. DS: 2 =2+ 2i VA [2|min = 2V2
Loi giai.
bat z =x + iy, (z;y € R). Ta c6 Y
lz—2—4i|=|2-2i] & |[(x—2)+@w—4)i|=]|z+ (y—2)i 4

e (-22+y—-4)2 =22+ (y—2)?
& 2? —dr 4+t —Sy+16=a>+y? -4y +4
& z4+y—4=0.

Vay tap hgp céc diém biéu dién cho sb phiic z 1a duong thang A: z +y—4 = 0.

Goi K la diém biéu dién cho s6 phitc z va H 1a hinh chiéu vuong géc ctia O lén o)
dudng thang A thi OK > OH nén H la diém biéu dién cho s6 phiic c6 mo-dun AN
nho nhat.

Goi d 1a duong thing qua gbc toa do va vuodng goc véi duong thang z+y—4 = 0
thid: z—y=0.

r—y=20

. .2 - z+y—4=0 z=2
Khi do, toa do diem H thoa man & 5
y=2.

Vay z =2+ 2i VA |2|min = 2v/2.

|
3 6 3vV5
@ |z—i| =z —2-3i|. DS:z:5—5iV?a|z|min:T\[
Lai giai.
bat z = x + iy, (z;y € R). Ta co, Y
lz—il=1z2-2=3i] & |z+(y—1)i]=][-2)+(-y-3)i
e P4+ (y—1)2=(@-2)>+(-y-3)>
& Pyt l=a—4dr+4+y*+6y+9
& x—-2y—3=0. ; 3 T
Goi d 1a dudng thang qua gbc toa do va vudng goc véi dudng thing thi D) K
d: 2z +y=0. /‘

Vay tap hop céc diém biéu dién cho s6 phitc z la dudng thang A: x — 2y — 3 = 0. Goi K la diém biéu dién cho s6
phtic z va H 13 hinh chiéu vuong géc ctia O lén dudng thing A thi OK > OH nén H la diém biéu dién cho s6 phiic
c6 mo-dun nhoé nhat.

j ) , . . ) r—2y—3=0
Goi z 1a s0 phitc ¢c6 mo-dun nhd nhat thi diem biéu dién cho z 1a diem H c6 toa do théa méan {2 +y 0
r4+y=
3
Tr=-
5
“Y 6
y= 5 \[
3 6 3vH
1 2
B liz—=3|=|z—2—1| DS:z=—-—2i
5 5
Loi giai.

bat z = x + iy, (z;y € R). Khi d6,
liz—3|=]z—2—1i] < |i(x+iy)—3]=|x+1iy)—2—1
& |~y =3)+iz|=]@—-2)+(y - Dil & (~y—3)* +2 = (x = 2)* + (y - 1)°
s PHoy+9+ai=a—dr+4+9y>—2y+1
& r+2y+1=0.
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@

®

Vay tap hop cac diém biéu dién cho s6 phiic z 1a duong théng d:x+2y+1=0.

Tacé|z\:\/x2+y2:\/( 2y —1)2 =4/5 y+ +f_\/>

Vay |z|mm = \/> khiy=——,suy rax = _3'
Viay 2= —— — - O
ay z = 5 52
. 4 2 25
(z — 1)(Z + 24) 1a sd thuyc. bS: z = £ + E VA | 2| min = T\[
Loi giai.
Dit z = 2 + iy, (z;y € R). Khi do, Y
(z-1)EF+2) = [(z—-1)+iy][z+(2—y)i] 2
= (e —1)+ (@ —1)(2 - y)i+zyi—y(2 —y)
z(x—1)—y2—y)+ 2z +y—2)i. 0 1
Vi (2 — 1)(Z + 2i) 1a s6 thuc nén 22 +y — 2 = 0. r
Goi d 1a duong thing qua goc toa do va vuong goc véi dusng thang 2z + y — 2 = 0 thi
d:x—2y=0. K

Goi K la diém biéu dién cho s6 phitc z va H 1 hinh chiéu vudng géc ctia O lén A thi OK > OH nén H la diém
biéu dién cho s6 phic c6 mo-dun nhé nhat. Goi z 1a s6 phic ¢6 mo-dun nhé nhét thi toa do diém biéu dién cho z

4
. 2 —-2=0 r=z
Ia diém H théa man 7 5
z—2y=0 _ 2
y—g-
4 2 2v/5
Va = — — V3 = — O
Wr=ghgwa 5
z+1—51 2 6 V40
—| =1 DS: 2= -+ =i va |2|lmin = —
13- z 5+5zva\z| 5
Loi giai.
Dt z = z + iy, (z;y € R). Khi do, Y
. 4
z+1—057 o |z41-5i=[z+3—1 3
= z —bi| =1z —1
Z4+3—1i 3| /H
< |@+1)+(y—-5)i[=|(z+3)+ (-y—1)i K
& @+’ +(y-5>=(@+3)°+(~y-1)° © -
& r+3y—4=0.
Goi d 1a dudng thing qua gbc toa do va vuong goc véi dudng thang z+3y—4 =0
thid: 3z —y=0.
2
. NP . . ~ Iy z < o 3.2 .2 Cx > x+3y—4:0 ng
Goi z 1a s0 phtic ¢6 mé-dun nhé nhat thi toa do diém biéu dién cho z thda 3 _0 & 6
T —y = y=3.
V40
_— O

2 6
Vay z = g—&—gz VA | 2| min = z

BAI 45. Trong mit phing phic, hay tim s6 phtic z ¢6 mo-dun nhé nhat v mo-dun 16n nhit. Biét ring sé phic z thoa

man diéu kién:
2 =142, |2|min = V5
@ |z —2—4i| = 5. DS: g
2 =3+ 6i, |2|max = 3V5
Loi giai.
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Dat z = 2 + iy, (z;y € R). Khi d6, |z—2—-4i] = 5 y
S (@-22%+y—-4)?2=
Vay tap hop cac diém biéu dién cho 2z la duong tron
(O): (x —2)2+ (y —4)2 =5.
Goi d 1a duong thing di qua goc toa do O(0;0) va tam I(2;4) cla
=2
(C) thi d: { , (teR).
y =4t
Thé * = 2t va y = 4t vao phuong trinh cia (C) ta dugc
1
t=—
(2t—2)2+ (4t —4)2 =5 2062 — 40t + 15 =0 & :
t=".
2
. 1 r=1 ) z
@V@t:itm 2.Tacéz:1—|—2zv§1|z|min:\/g.
y =
. 3 z=3 .
@ Vsit= g thio . Tacz=3+6iva 12| max = 3V/5.
(I
1—|—z z2=1,|2|min =1
=1. DS:
@ ’ ‘ {z3i,|z|max3
Loi giai.
Dt z =z + iy, (z;y € R). Khi do, I
1 2—-2
’(1“) +2/=1& |1+ ‘ T = =V2&|z-2=1e22+(y—-2)>% =1
Vay tap hgp cic diém biéu dién cho z 14 (C): 22+ (y —2)? = 1. Goi d 14 dudng thing
) r=0 )
di qua goc toa do O(0;0) va tam I(0;2) thid: { " (teR). Théx=0vay=2t
y =
3 L
vao phuong trinh ciia (C) ta c6 (2t —2)? =1 & %
t==. z
2
. 1 .
®@ Véit= = thi z =1, [2|mn = 1.
2
3
@ Véit= 3 thi 2z = 34, |2|max = 3.
U

@) |z —2+2i| =2v2.

Lo gidi.

Diat z = x+1y, (z;y € R). Khi do, [z — 2+ 2i| = 2v2 & (v —2)%+ (y+2)? = 8.
Vay tap hop cac diém biéu dién cho s6 phiic z 1a (O): (v —2)? + (y +2)? = 8.
Goi d la dudng thing di qua géc toa do va tam I(2;—2) cta (C) thi

x =2t .
d: { o’ (t € R). Thé z = 2t va y = —2¢ vao phuong trinh cia (C) ta
y=-
t=20

duge (2t —2)2 4+ (2-2t)2=8 &8> - 16t =0 & o

@ V6it=0thi 2=0, |2|mmn=0.
@ Véit=2thi z=4—4i, [2|max = 4V2.
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L _36+VE) 45+ V5)

i

|z—3+4i|+1> 5 5
log;( - =1. DS:
@ logy 2|z —344i| +8 _3(5—\/5)_4(5—\/5)i
5 5
Lai giai.
Dt z =z + iy, (z;y € R). Khi do, Y
|z —344i| + 1
log1 - =1
3\2|z—3+4i|+8 x
. 2 L. 8
& |z—3+4z|+1=§|z—3+4z|+§
& 3|z—34+4i[+3=2]z—-3+4i|+8
& 32-3)2+3y+4’+3=2x-3)+2@y+4)*+38
s (r-3)2+ (y+4)? =5
Vay tap hgp cac diém biéu dién cho s6 phiic z 1a (O): (z—3)?+(y+4)? = 5.
Goi d la dudng thang di qua gdc toa do va tam I(3;—4) cta (C) thi
xr =3t £
d: { m (t € R). Thé x = 3t va y = —4¢ vao phuong trinh clia
Yy=-
L5tV
(C)taco: (3t—3)2+ (442 =552 —10t+4=0 5
(3-8
=5
5 5 3(5 5 4(5 )
@ Véit= +5\fth‘1z: ( Jg\[)— ( ;f)i, |2 max = 5 + V5.
55—V 3(0—+v5 4(5 — /5
@ Vsit= \fthiz:( vh) A f)i, 12| min = 5 — V5.
5 ) )
(I
® |z+1] = Z;Z—l—S‘. DS: z = -2, |2|min = 2
Lai giai.
® Cach 1. B
Dat z =x + 1y, (z;y € R). Khi do, |z 4+ 1] = Z;Z—FS‘@(m+1)+iy|=|x—|—3|(:>4m—y2+8=().
Khido, |22 =22+’ =22 +42+8=(2+2)?+4>4 = |2|pn=2khiz = -2,y =0nén 2 = 2.
@ Cach 2.
Dat z =x + iy, (z;y € R). Y
Khi do, |z + 1| = Z+Z+3‘@(x+1)+z'y|x+3|@4xy2+80.
. dr —1y?+8=0
Xét duong tron tam O(0;0) va ban kinh bang 2. Xét he | 24
i 4y’ =
Ta dugc 22 + 42 +4=0< 2= —2. Vay 2 = -2, |2|min = 2.
x
-2 0
]
5 ) 5 )
z=— +\[—2- +\[i, 2| max = V5 + 1

® |2+ 1+2i|=1. DS: g 5
57\/5_2'¥ia ‘Z|min:\/g_1

Lai giai.
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Dat z =z +iy, (z;y €R). Khide, |z +1+2i|=1< (z+1)2+ (y+2)? = 1.
Vay tap hgp céc diém biéu dién cho 2z 1a (O): (z + 1)2 + (y + 2)? = 1. Goi d la dudng théng di qua gdc toa do

va tam I(—1;—2) ctia (C) thi d: , (t €R). Thé x = —t va y = —2t vao phuong trinh cta (C) ta duge

y=—2t
L5tV
112+ (2-26)2 =152 —10t+4=0 o
(1-t2+2-2) sy
=—
5 5 5 5 )
(a) Véit = +5\[ thi z = — +5\[ -2 +5\[z VA |2 max = V5 + 1.
55— 5—10 5—145
(b) Véi t = \fthiz:— f—z- \[iva 2| min = V5 — 1.
5 5 5
U
BAI 46. Hay tim s6 phitc w v6i w = z—(3—2i) c6 mo-dun nho nhét, trong dé s6 phiic 2 thoéa man diéu kien |z — i| = |z + 1.
2 5 5
DS: |z|min = g khi z = 3 51
Loi giai.
Diat z =z +iy, (r;y €R). Khido, [z —i|=|z+1| 22+ @y -1)2=(x+1)2+¢y> ©y=—x
5 1 2
Taco,w=z—3-2i)=(x—-3)+(y+2)i=(2-3)+2—2)i e |w=/(z-32+2—2)2= 2(:5—5)—1-5 > %
f 5 5
Vay |2lmin = = khi 2 = 2 — 24,
ay |2| Pz=g—gi
(I
BAI 47. Trong tit ci cac s6 phitc z théa man |z — 1| = 1, tim s6 phitc z sao cho s6 phiic z — i ¢6 mo-dun nhé nhat.
DS:z=1— i + g
L giai.
Dit z = x + 4y, (z;y € R). Khi d6, (r—1)24+y*=1.
Ta c6 két qué sau: Trong cac s6 phiic z théa méan |z — 21| = 1. Hay tim gia tri 16n Y M
nhat va gia tri nhé nhit cia P = |z — o). A\\
Goi I, A vd M la cac diém biéu dién cho 2z, 22 va z. Khi d6, TA = |2; — 25| = ro nén 5
max P = AMy =11 + 1o
min P = AMs = |r; — ro].
x
w

Ap dung ta c6 21 = 1, zp =4, 1(1;0), A(0;1) va TA = |z, — 23| = V2 nen |z — | imin ‘1 — \[‘

. . r=1 )
Ta ¢6 dudng thang qua hai diem A, I 1a d: Ly (t e R). Thé & =t, y = 1 —t vao phuong trinh (x —1)2 +y% =1
y=1-
2
t:1+§
taduge (t—1)2+(1—-t)?’=1¢«
=17+ (1-1) A
t=1- Y2
2
2 2
2 2 2 2 2
@Vc’jit=1+\2[th‘1M1(1+\2[;—\2[) vaAMlz\/(1+\2[) +<1+\2[> — V241
2 2
2 2 V2 2 2
oviir—1-YZuman(1- 2 Y wan=J(1-Y2) s (1-Y2) _vmo
2 272 2 2
Vayz—l—g—i—i 0
BAI 48. Cho céc s6 phic z théa man diéu kien |z — 14 2i| = /5. Tim s6 phitc w c6 mo-dun 16n nhét, biét ring
w=z+1+1. bS: 2=3-3

Lai giai.
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Dat z =z +iy, (r;y € R). Khido, |z —1+2i| =5 < (z - 1)+ (y +2)? =5.

N ., r=1-2t B
Goi I(1;-2), A(—1;—1). Khi d6 phuong trinh duong thang d di qua hai diéem I va A 1a d: { 94t (t € R) The
y=-
t=1
x=1-2t viy = —2+t vao phuong trinh (z —1)2 + (y +2)? =5 ta dugc t> = 1 & L_ )

® Vit =1 thi My(—1;-1) vi AM; = 0.
® V6i t = —1 thi My(3; —3) va AMy = 21/5.

Vay z = 3 — 3.

BAI 49. Tim s6 phitc z thoa man diéu kién |2z + 1| = |z +Z + 3| sao cho s6 phitc w = z — 8 ¢6 mo-dun nhé nhét.

DS: z2=74+4ivaz=7—-4i
Lo giai.
Dat z = z +iy, (v;y € R). Khid6, |22+ 1] = [z +Z+ 3] & |2z + 1) + 2ui| = |22+ 3] & (22 + 1)? + 4y = (22 + 3)?
sy =22+ 2.
Khi do, [z — 8> = (¢ —8)2 4+ = (2 —8)?+ 20 +2 =02 — 142+ 66 = (z — 7)2 + 17 > 17.

Vay |z — 8|, = V17T khiz =7 vay = 4.
Két luan c6 hai s6 phiic théa 1d z = 7 +4i v 2 = 7 — 4.
[
BAI 50. Cho sb phiic z = = + 2yi, (z;y € R) thay ddi thoa man |z| = 1. Hay tim gid tri I6n nhat va gia tri nhé nhét cta
. 5 5
bieu thic P =x —y. DS: minP:—g va maxP:%
Lo giai.
Dit z = + iy, (z;y € R). Khi do, |2| =1 & 22 + 49% = 1. (1)
Tt P=x —y tacoy=ax— P thé vao (1) ta dudc 22 + 4(x — P)? =1 < 522 —8zP +4P? -1 =10 (2)
5 5
Phuong trinh (2) ¢6 nghiém khi A’ >0 & 5 —4P? >0 & —g <P< %
Vay min P = —75 va max P = ?
([l

BAI 51. Tim tap hop diém M biéu dién s6 phtic z sao cho |z — 1 — 2| = 2v/2, (*). Tit d6 hay tim s6 phtc z théa (*) dé

N N z=—-14+4
phan 4o cua z bang 4. .
z=3+4
Loi giai.
Goi z = a + bi.

Dolz—1-2i=2V2¢ /(a—1)2+(b-22=2v2& (a—1)2+ (b—2)? =38.

Vay tap hgp diém M biéu dién s6 phiic z théa |z — 1 — 2i| = 21/2 la duong tron (C) tam I(1;2) va ban kinh R = 2v/2.
. —1=2 Z3

Dozcophandob=4nén (a—1)?+4=8s (a—1)? =4 & ¢ ) 2(:){(1 )

a—1=— a=—1.

Vay c6 hai s6 phtic 1a z = —1 + 44; 2 = 3 + 44. O

[0 DANG 3.4. Phuong trinh bac hai va bac cao trong sé phirc

Xét phuong trinh bic hai az®> +bz +c¢=0, (*) vdia#0 cé biét s6 A = b*> — dac. Khi do:

. b
(@ Néu A =0 thi phuong trinh (*) cé nghiem kép z1 = zo = ~%
P e o, N N DN, —b+6
@ Néu A # 0 va goi § la mot can bac hai cia A thi phuong trinh (*) ¢ hai nghiém phan biét la z, = 5
a
—-b—96
hod = .
odc zy %

Trang 90 "Todn hoc la mon thé duc cia tri tué "-Isocrates


https://www.facebook.com/MATHDDT/?modal=admin_todo_tour#TO�N H�C S\T5\OHORN  C�P

ETEX PAGE TOAN HQC SO CAP https://www.facebook.com/MATHDDT/

~ b c
@ Heé thiic Vi-ét van ding trong truong phic C: z1 + z0 = —— va 2129 = —.
a a
@ Cdn bac hai ctia s6 phitc z = x + yi la mot s6 phiic w va tim nhu sau:
+ Budc 1. Dat w = a + bi vdi x,y,a,b € R la mot can bac hai ciia so phic z.

2 _ g2 —

) i a‘ —b° =2 a =
+ Budc 2. Bién doi w? = z+yi = (a+bi)? & (a® —b*)+2abi = z+yi {Qb {b—
ab=y =

+ Budc 3. Két ludn cdc cdn bic hai ctia s6 phitc z la w = a + bi.

Ta c6 thé lam tuong tw doi vdi truong hop can bac ba, can bac bon. Ngodai cich tim can bac hai ciia s6 phitc nhu
trén, ta cé thé tach ghép dua vé sé chinh phuong dua vao hing ding thic.

1. Vidu
Vi DU 1. Tim cén bac hai clia s6 phic z = 16 — 30:. DS: 2z = +5F 3¢
Lai giai.

Dit w = a + bi 1a can bac hai clia s6 phtic z = 16 — 307 véi a,b € R.
a>=b*=16 (1)

Khi dé bi)? = 16 — 30i < a® — b* + 2abi = 16 — 30i &
ido (a+ bi) i < a + 2abi i {Qab:—SO @)

15 225 b =9 b=-3
T (2) = a = —— thay vao (1), tacé —— —b?> =16 = b* + 160> — 225 =0 = =
@ p thay vao (1) b2 b2 =925 (VN)  |b=3.
Véib=-3=a=5 Véib=3=a=-5 Vayw=—-5+3i, w=>5— 3i. O
VI DU 2. Giai phuong trinh: 22 + 2z 4+ 5 = 0 trén tap s6 phitc C. DS:z=-1+2i
Loi giai.

Ta c6 A’ = —4 = 4i? nén § = 2i 1A mot can bac hai ctia A’. Vay phuong trinh ¢6 hai nghiém phitc phan biét 1 o = —1£24.
O

2. Bdi tGp ren luyén

BAI 1. Tim céin bac hai cfia cac s6 phic sau:

2 z=—5+12i. DS: w=+2+3i
2 z = 8+ 6i. DPS: w=+3+1
2 z=3—4i. DS: w=12F1
2 z =33 — 56i. DS: w=+7T 4
2 2z =4+ 6v/5i. DS: w = +3+iV5
2 z=—1-26i. DS: w=+V2FiV3
Loi giai.

@ z=-5+12i.
Dat w = a + bi 14 cin bac hai clia s6 phiic 2 = —5 + 127 véi a,b € R.
a> = =-5 (1)
2ab =12 (2)
b’ =9 b=-3
=
b =—4 (VN) b=3.

Khi d6 (a+bi)2:—5+12i<:>a2—b2+2abz‘:—5+12i<:>{

Tir(Q)ia:gthayvéo(l),tacé%—b2:—5:>b4—5b2—36:0:>
Vib=-3=a=-2.V6ib=3=a=2. Vayw=2+3i, w=—2— 3i.

(2 2 =8+6i.
Dit w = a + bi 1a can bac hai clia s6 phiic z = 8 + 6i v6i a,b € R.
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Khi d6 (a + bi)? = 8 + 6i < a? — b% + 2abi = 8 + 6i < @-pt=8 ()
idé (a+bi)° = i< a® — abi = i
2ab =16 (2)

N 73 h N 4 9 b2* b4 b2 _ b2:1 =-1
Tu(?)éafgt ayvao(l),tacob?f =8=b0"+8-9=0= b2=—9(VN)é b1
Véib=—-1=a=-3.Véib=1=a=3. Vayw=3+1i, w=-3—1i.

B3 2=3—4i.
Dat w = a + bi 14 cin bac hai clia s6 phiic 2 = 3 — 44 v6i a,b € R.

. .2 . 2 2 . . a2ib2:3 (1)

Khi dé (a+bi)° =3—-4i<a®*—b°+2abi=3—-4i &
2ab=—-4  (2)

. - . 4, A ) =1 b= —1
Tu‘(2):>a:Tthayvao(1),tacob—z—b =3=0"4+3"-4=0= b2:—4(VN):> e 1.
Vib=—-1=a=2.Véib=1=a=-2 Vayw=2—1, w=—2+1.

@ z =33 — 56i.
Dat w = a + bi 14 can bac hai clia s6 phitc z = 33 — 567 véi a,b € R.
. ) . 2 2 . . a’2_b2:33 (]‘)
Khi d6 (a + bi)? = 33 — 56i < a® — b° + 2abi = 33 — 56i &
2ab = —56 (2)
—28 784 b’ =16 b=—4
Tit (2) = a = —— thay vao (1), tacé6 —— — 0> =33 =b*+3302 - 784 =0= =
@ p thay vao (1) 2 B =-49 (VN) |b=4.
Véib=—-4=a=7.Véib=4=a=-T7Vayw=T7—4i, w=—7+ 4.
® z=4+6V5i
Dt w = a + bi 1a can bac hai ciia s6 phitc 2z = 4 + 6v/5i véi a,b € R.
2 32
a“—b"=4 (1
Khi d6 (a + bi)? = 4 + 6v/5i < a? — b? + 2abi = 4 + 61/5i < W
2ab = 6V5  (2)
4 b =5 b=—V5

Tfr(2);>a:3—\/5thayvao(l),tacé—27b2:4éb4+462745:0é 9 =

b b b =—-9 (VN) b= /5.

Véib=—/b=a=-3.Véib=+56=a=3. Vay w=—3 — V5i, w = 3+ /5i.

®) z = —1—26i.
Datw:a—i—bilacénbachaicﬁaséphfrcz:—1—2\/62‘V61a7b6R.
2 32
a®—=b"=-1 (1
Khi d6 (a + bi)? = —1 — 2v/6i < a® — b? + 2abi = —1 — 2V/6i & W
2ab = —2v6  (2)
-6 6 v’ =3 b=—V3
Tfr(2):>a:ithayv?ao(1),tacé—2—b2:—1:>b4—b2—620:> , =
b b b*=—-2 (VN) b=+v3.
Véib=—/3=a=v2Véib=V3=0a=—v2. Vay w =v2 —V3i, w=—v2 + /3.
O
BAI 2. Tim ciin bac ba clia cac sb phic sau:
1
@ 2= —i. DS:w:i,w::I:Effi
3 2
3 3v3
2 2= -2T. DS:w:—3,w:§:t \2[1
1-v3 1 3 1 3 -1 3
B3 z2=2+2i. bS:w=-1+4+4w= \[— +\[i,w: +\f—|— Jr\[i
2 2 2 2
—2-3V3+V21 -12/3i 243 — V21 +12/32
@ »= 46+ 9. DS: w — \[+2 fl,z:2+31',z: +3V3 . T 12V/3i
Lai giai.
@ 2= —i.

Dat w = a + bi 1a can bac ba clia s6 phtic z = —i v6i a,b € R.
a®—3ab> =0 (1)
Khi d6 (a + b)) = —i < a® — 3ab® + (3a%b — b%)i = —i & 0 g
3ab—b>=—-1 (2)
a=0

T (1), suy ra a(a® — 3b%) =0 <
(1) suy ra. af ) a® —3b* = 0.
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Véi a = 0 thay vao (2), ta c6 —b*> = —1 & b= 1. Vay w = i.

1
V61a27362:0¢>a2:3b2thayvao(2),tacéQbB—b:S:fl@b:—iéa2:§éa::|:

4
V3 o1

Va =+— — —i.
aw 2 2!
z = —=2T7.
Diat w = a + bi 1a can bac ba ctia sé phiic z = —27 vé6i a,b € R.
a® —3ab* = —27 (1)

Khi d6 (a + b))% = =27 < a3 — 3ab® + (3a2b — b3)i = 27 &
( ) ( ) 3a’b —b* =0 (2)

Tir (2) bEa?— 1) =0 |0
U (2), suy ra b(3a® — b%) =0 &
Y 302 — b = 0.
V6i b = 0 thay vao (1), ta ¢6 a® = —27 < a = —3. Vay w = —3.
3 27
V613a2—b220<:}b2:3a2thayvao(1),tacéa3—9a3:—27<:)a:§:>b2:Z:>
3,3V3
ay w= o+ 22
Vay w 5 5 1
z =24 2.
r=2+2
bat
y=2—2i.
Ta c6 (z +y)> = 2% + 3 + 3ay(z +y) =4+ 6(x + y).
T+y=-2
Suy ra ta c6 phuong trinh (z +y)® —6(z +y) —4=0= t+y=1++3
x—i—y:l—\/g.

Mit khac zy = V2 + 2 - /2 — 26 = 2.

SES

X=-1+1

+ V6i x4+ y = —2 va xy = 2. Khi d6 z, y la nghiém ctia phuong trinh X2 +2X +2=0=

Kiém tra ta thay w = /2 + 2i = —1 + .

X=-1-1.

+ V6iz +y=1++3vhzy =2. Khi d6 z, y la nghiém ctia phuong trinh X2 — (1 +v3)X +2=0.

Taco A= (1++3)2-8=—4+2V3=(4—-2V3)i> = (V3 —1)%>

1 3 3—1
X = +2\[+\[2 i
Do dé6 ta c6 hai nghiém
1+v3 V3-1.
X = - i
2 2

. P 1 3 3—-1

Kiém tra ta thay w = /2 + 2i = +2\f+ \f2 i

+ Véi z+y=1—+/3vazy = 2. Khi d6 z, y 1 nghiém ciia phuong trinh X2 + (1 — v/3)X +2 = 0.

Taco A= (1-+3)2-8=-8-2V3=(V3+1)%2

1— 1
P 2\/§+\/§2+i
Do dé6 ta c6 hai nghiém

1-v3 V341,

X = — 1.

2 2

. . . 1-— 1
Kiém tra ta thiy w = /2 +2i = 2\/§7\/§2+ i.

@ 2= —46 + 9i.

pas [ V=46 + 9i
e .
y = /46— 9i.
Ta c6 (z+y)> =23 + 93 + 3zy(x + y) = =92 + 39(z + y).
r+y=4

Suy ra ta ¢6 phuong trinh (z+14)% —39(z +y) +92=0= |z +y=—-2+3V3
T4y=—-2-3V3.

Mt khac zy = /—46 + 95 - /—46 — 97 = 13.

X=2+3i

+ V6i x4+ y = 4 vd 2y = 13. Khi d6 z, y 14 nghiém clia phuong trinh X2 —4X +13 =0 =

Kiém tra ta thiy w = /—46 + 9i = 2 + 3i.
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+ V6i . +y = —2+3v/3 va zy = 13. Khi d6 z, y 1a nghiém ctia phuong trinh X2 — (=2 + 3v/3)X + 13 = 0.

Ta c6 A =31 — 12¢/3 — 52 = —21 — 12V/3 = (21 + 12/3)i2.
C —243V3+ V2141230
N 2

C —243V3 - V21 +12V3i

— 5 .

—2+43v3— /21 4 12v/3i
5 .

X

Do dé6 ta c6 hai nghiém

X

Kiém tra ta thiy w = &/—46 + 91 =

+ V6iz +y=—2—3V3 va zy = 13. Khi d6 z, y 1a nghiém ctia phuong trinh X2 + (2 + 3v/3)X + 13 = 0.

Ta c6 A =31+ 12¢/3 — 52 = —21 + 12V/3 = (21 — 12/3)i2.

—2—3v3+ /21 —12V3i
2
—2-3V3—21 —12V/3i
5 .
—2—3vV3+ 21 —12v/3;
5 .

X =

Do dé6 ta c6 hai nghiém

X =

Kiém tra ta thiy w = /—46 + 97 =

BAI 3. Giai cac phuong trinh sau trén truong sé phic C:
@ 222 —5x+4=0.

2 22 —4x+7=0.
3 22 —22+2=0.

(@) 822 —42+1=0.

® 222 —iz+1=0.

® (2 —9)2+4=0.

@ 2*+7224+10=0.

22+ 22-6=0.

@ (z+i)*+422=0.
Loi giai.

@ 222 - 52 +4=0.

Taco A= (-5)2—-4-2-4=—7="7i*> nén § = +/7i la mot can bac hai ciia A.

Se VT 5, VT,
4 4"

Vay phuong trinh c6 hai nghiém phitc phan biét z; 5 =

2 22 —4x+T7=0.
Taco A = (—2)2 —1-7= -3 =3i? nén § = v/3i 1a mot cin bac hai ctia A’
Vay phuong trinh c¢6 hai nghiém phitc phan biet x1, =2 £ V/3i.

B3 22 -20+2=0.
Taco A’ = (-1)2—-1-2=—1=1i?nén § =i la mot can bac hai ctia A’.
Vay phuong trinh c6 hai nghiém phitc phan biét z; 2 =1+ 4.

@ 822 —4z+1=0.
Taco A’ = (—2)2 —8-1 = —4 =4i? nén § = 2i 1A mot can bac hai ciia A’
2+ 2 1:‘:1'
= -+ —i.

Vay phuong trinh c6 hai nghiém phiic phan biét z; o = —3 —17%1

(®) 222 —iz+1=0.

Taco A= (—i)2—4-2-1=-9=9i? nén § = 3i 1A mot can bac hai ctia A.
i+ 3i i — 3 1
Vay phuong trinh c6 hai nghiém phtc phan biét z; = ! _Z L 1 VA 29 = ! 1 ! j

® (z—i)2+4=0.
Ta c6 (zi)2+40¢>(zi)24i2@{

z2—i=2 {z:?)i
=

z—1=—2 z = —1.

Trang 94

= —51.

O

5 VT,
DS: 1,2 = iiTZ

DS: 712 =2+iV3
DS:z10=1=%1

1, 1.

DS: 21,2 = Z + ZZ

. 1.

DS: 21 =i, 20 = 751

DS: 21 =36, 20 = —i

DS: 215 = +iV/2, 234 = +iV/5
DS: 210 = +/2, 234 = +iV/3
DS: 21,2 = 1, 23,4 = (—2 + \/g)l
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@ 2*+7224+10=0.

t =
Dit t = 22, khi d6 phuong trinh trd thanh t2 + 7t +10 =0 < L

= —5.
Véit=—-2=22=-2=22=22= 2 =+2.
Véit=—-5=22=—-5=22=5i?= 2=+5i.

® zt+22-6=0.

t=2
Dat t = 22, khid(’)phtrdngtrinhtréthanth—i—t—G:O@L_ 3
Véit=2=22=2=2=+2.
Véit=-3=22=-3=22=3i?=»=+/3i.
@ (z+i)*+422=0.
z4+1)? =2iz 22-1=0 1
Taco (z+1i)2+42° =0 (2 +i)* =4i%22 & ( )2 S W
(z41)° = —2iz 22+4iz—1=0 (2)

Theo (1) thiz? =1 =022 =1 210 = £1.
Theo (2), ta c6 A’ = (2i)? +1 = —3 = 3i% nén 6 = v/3i 13 mot can bac hai ciia A’.
Khi dé phuong trinh (2) ¢6 hai nghiém phitc phan bigt 1a 234 = —2i £ v/3i = (=2 £ /3)i.

O
BAI 4. Giai cac phuong trinh sau trén truong sé phic C:
42 —3—Ti
@%:z—%. DS: 2) =3+, 20 = 1 + 2
@ 22— (1+4i)z2+6+3i=0. DS: 2y =1—2i, 20 = 3i
3 22 +3(1+1i)z+5i = 0. DS: 21 =-1-2i, 2p=-2—1
@ 22+ (1+i)z—2—i=0. DS:z=1,20=-2—1i
®) 22 —8(1—1i)z+ 63 — 16i = 0. DS: 2y =5 — 12i, 25 = 3+ 4i
1 5
® (2—3i)22+ (4i—3)z+1—i=0. DS:z1=1,20=—— — —i
13 13
@ 2(1+14)2% — 4(2 — 4i)z — 10 4 14i = 0. DS: 2y = —1, 20 = —1 — 6i
Loi giai.
—1
4z —3—Ti
Taco =2 9= 22 (3i+4)z+1+T7i=0.
zZ—1

Khi d6 A = (3i +4)? — 4(1 + 7i) = 3 — 4i nén § = 2 — i la mot can bac hai ciia A.
Ji+4+2—1 3i4+4—-241
et s Sl SRS WU U e SsLRE GPYS

Vay phuong trinh c6 hai nghiém phic phan biét z = 5 5

@ 22— (1+1i)z+6+3i=0.
Taco A= (1414)>—4(6+3i) =1+2i —1—24— 12 = —24 — 10i.
Goi 6 = 1 — 57 1a mot can bac hai ciia A. s .
14i+1—5i 1+i—1+5i
Vay phuong trinh c¢6 hai nghiém phic 1a z; =¥ =1 — 2 hodc @z%z&'.
@ 22 +3(1+1i)z+5i=0.
Taco A=9(1+1i)? —4-5i =18 — 20i = —2i.
Goi 6 =1 — 7 13 mot can bac hai cia A. s sl s s 1
Vay phuong trinh c¢6 hai nghiém phtec la 21:%4__2:—1—21' hodc @:#:—2—2'.
@ 22+ (1+i)z—-2—-i=0.
Taco A= (1+4)2%—4(-2—i)=1+2i —1+8+4i =8+ 6i.
Goi 6 = 3 + 7 14 mot can bac hai cia A.
—1—i+3+1i —1—-i—3—1
Vay phuong trinh c¢6 hai nghiém phic 1a z; :%:1hoac 2o = % =—-2—1.
(B 22 —8(1 — i)z + 63 — 16i = 0.
Ta c6 A’ = 16(1 — )% — (63 — 16i) = 16 — 32i — 16 — 63 + 16i = —63 — 164i.
Goi d =1 — 8¢ 14 mot can bac hai cia A'.
Vay phuong trinh c¢6 hai nghiém phitc 1a z; =4(1 — i) +1 —8 =5 — 12i hodic 20 =4(1 —4) — 1 + 8 = 3 + 4i.
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® (2—-3i)2>+ (4 —3)z+1—i=0.
Taco A= (4i—3)2 —4(2—-3i)(1 —i) = —16 — 24i + 9+ 4 + 20i = —3 — 4i.
Goi § =1 — 27 1a mot can bac hai cia A.
—4i+3+1—-21 4-—6¢ —4i+3—-1+2 1 5 .

Vay phuong trinh c¢6 hai nghiém 1a z; = 202 = 30) = 1-6i =1 hoéic z, = W = 3~ ﬁz.

@ 2(1+1)2% —4(2 —4i)z — 10 + 14i = 0.
Tacoa—b+c=2+2i+8—16i — 10+ 14i = 0.
. . . —10 + 144 .
Vay phuong trinh c¢6 hai nghiém la 2y = —1va 20 = ——— = —1 — 6i.
242
O
BAI 5. Goi 21, 25 1a hai nghiem phitc ctia phuong trinh 22 + 2z + 10 = 0. Hay tinh gia tri ctia bidu thitc A = |21|? + |22|%.
bS: A=20
Lai giai.
Ta c6 A/ = —9 = 952 nén 6 = 33 1a mot cin bac hai ctia A’.
Khi d6 phuong trinh c¢6 hai nghiém phic la z; = —1 — 3¢ va 20 = —1 + 3.
Vay A = |z1]? + |22|? = (vV10)? + (v/10)? = 20. O
|21 % + |22|?
(21 + 22)2012°

11
DS: M = o

BAI 6. Cho 21, 2 la cac nghiém phiic ctia phuong trinh 222 —4z+11 = 0. Hay tinh gia tri ciia biéu thic M =

Loi giai.
Ta cé6 A =4 —22 = —18 = 182 nén § = 3v/2i 1a mot can bac hai ciia A,
3v2 3v2 .
2

Khi d6 phuong trinh ¢6 hai nghiém phtic phan bigt 1a z; =1 — Tz va zg =14+ —1.

2 2 11, 11
. 2012 _ 92012 /s R e T R .
Do d6 (21 + 22) =2 . Vay M = (21 + 22)2012 T 92012 T 92012° 0

N , z=3+1 z=1—-2
BAI 7. Tim s6 phitc z va w théa z + w =4 — i va 25 + w® = 7 + 28i. DS:{ ,hofac{ .

Lai giai.
7+ 28i
41—

=5 — 5i.

Taco 22+ w3 =T7+28i & (2 +w)(2? + w? —zw) =7+ 28i & 22 + w? — 2w =
7i— (4 —1i)?
-3
Khi d6 z va w 14 hai nghiém ctia phuong trinh X? — (4 —4)X + 5 — 5i = 0.

Tac6 A= (4—1i)? —4(5—5i) = =5+ 12i nén § = 2 + 3i 12 mot can bac hai ciia A.
4—1+2+3i 4—1—-2—-3

Khi d6 phuong trinh c6é hai nghiem X = — 5 = 341 hoac X = — 5 = 1—24.

z=34+1 z=1—-2
Vay . hoac . O
w=1-—2 w=34+1

Mit khac 22 +w? — 2w =Ti & (z +w)? = 32w =Ti & 2w =

PHUONG TRINH QUY VE BAC HAI

Trong giai phuong trinh bac cao, néu dé cho phuong trinh c6 mot nghiém thuan 4o, ta thé z = bi vao phuong trinh
va giai tim b = z = bi. Do ¢6 nghiém z = bi nén chia Hoocner dé dua vé phuong trinh bac thap hon ma da biét
cach giai dé tim nghiém con lai. Con néu dé bai cho biét c6 1 nghiem thite. Khi d6 can dén kha nang nham nghiem
ctia phuong trinh bac cao (néu c6 i thi ta sé nham nghiém sao cho triét tieu di 4).

BAI 8. Gii cac phuong trinh sau, biét ring ching c6 mot nghiem thuan &o.

@ 22 —2(1+14)22+4(1+i)z — 8 = 0. DS: z = 2 hoiic z = 1 £iV/3
1 /11

@ 2+ (1+)22+ (3+1i)z+3i = 0. DS:z:—ihoacz:—§j:22

(3 2%+ (2 —2i)2% + (5 — 4i)z — 10i = 0. DS: z =2 hoic z = —1 £+ 2i

Loi giai.
@ 22 —2(1+i)22 +4(1 +i)z — 8 = 0.

Gia stt phuong trinh c6 mot nghiém thuan 4o 14 z = bi nén ta co:
(bi)2 —2(1 +0)(bi)? + 4(1 4+ 4)bi — 8i = 0 & —b3i + 2b? + 2b%i + 4bi — 4b — 8i =0
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b=0
20 —4b =0 {b:z _—
== = 0= 2.
— b3+ 202 4+4b—8=0 h=2
b= —2

z—21=0 2=

Khi d6 phuong trinh da cho trd thanh (z — 2i)(z2 — 2z +4) =0 < =
brine ( I ) 22-2:44=0 z=1+1iV3.

@ 22+ (1+i)22+ (3+1i)z+3i =0.
Gi4 sit phuong trinh ¢6 mot nghiém thuan 4o 14 z = bi nén ta cé:
(bi)2 + (L +4)(bi)> + (3+i)bi+3i =0 —b% — b —b* +3bi—b+3i=0

b=0
{—bQ—bzo b=-1

& < b=-1.
—b—b*+3b+3=0 b=-1
b=+V3
Khi d6 phitong trinh d cho trd thanh (2 +8)(=2 + 2 +3) = 0 | o0 0 T
1 dO uon, rin a cho tro an z 3194 z = <~ <~ ;
P & 2+2+43=0 Z:_li“/ﬁ,
2 2
(3 2%+ (2 —2i)2% + (5 — 4i)z — 10i = 0.
Gia st phuong trinh c6 mot nghiém thuan 4o 14 z = bi nén ta co:
(bi)3 + (2 — 2i)(bi)% + (5 — 4i)bi — 10i = 0 & —b%i — 2b + 2b%i + 5bi +4b — 10i = 0
b=0
—2b*+4b=0 b=2 b9
~ <~ b= 2.
— b4+ 20* +5b—-10=0 b=2
b=+V5
z—21=0 z=2i

Khi d6 phuong trinh da cho trd thanh (z — 2i)(22 + 22+ 5) =0 < =
btong (2 = 20)( ) 242 45=0 |z=-1+2i

O
BAI 9. Giai cac phuong trinh sau, biét ring ching c6 mot nghiem thuc.
1
@ 222 —522+32+3+ (22 +1)i = 0. DS:iz=—c,z=1+i2=2-1i
@ 22 —2(1+i)22+3iz+1—i=0. DS:z=1,z2=4,2=1+1
Lai giai.
@ 223 - 522 +32+3+ (22 +1)i =0.
. 1\? 1\2 1 1 , A 1. o, o
Vi 2 -5) - 5 —3 +3 —5 + 12 —3 +1)i=0nén z= —5 la mot nghiém cta phuong trinh da cho.
224+1=0 (1)
Khi d6 phuong trinh da cho trd thanh (22 4 1)(22% — 62+ 6+ 2i) = 0 & ) ‘
22" —624+6+2i=0 (2).
1
Véi (1), tac622+1:0<:>z:—§.
V6i (2), thi A =9 — 2(6 + 2i) = —3 — 4i.
Khi d6 goi ¢ 1a can bac hai ciia A’ thi § = 1 — 2i.
3+1—2 3—1+2¢
Vay phuong trinh (2) ¢6 hai nghiém phiic phan biét z = % =2—ivaz= % =1+i.
@ 22 —2(1+i)22+3iz+1—i=0.
Vil+4 (—2—2i)+3i+1—i=0nén phuong trinh c6 moét nghiém la z = 1.
z—1=0 1
Khi d6 phuong trinh da cho tré thanh (z —1)(2* — (1+2i)z24+i—1)=0& | ) ) 1)
22=(1+2)z+i—1=0 (2).
Voi(1)thiz—1=0&2=1.
» N 2 ) R . P " SN 1+20+1 o
Véi (2) thi A = (1 + 2i)* — 4(i — 1) = 1 nén phuong trinh c6 hai nghiém phan biét z = —s = 1417 va
C142i-1
p=—p— =i
O

BAI 10. Giai cac phuong trinh sau trén tap sd phic C
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@D 22— (20— 1)22+(3—-2)2+3=0 DS:z=-1;2=—i;2=23i
Loi giai.
Ta ¢6
22— (2i-1)22+(B3-2)24+3=0 & (2*+2%) —2iz2(z4+1)+3(z+1)=0
& (z4+1)(22=2i2+3)=0
z=-—1

& z=—1

z = 3.
Vay phuong trinh c¢6 nghiém la z = —1, 2 = —i, z = 3. (]
. -2+
@ i2®+22—(14+4i)2—-2=0 DS:z2=2;z2= 2\[ 21
Loi giai.
Ta c6
i2 42— (14+4i)2—2=0 < (i —4i2)+ (2> —2-2)=0
& iz(z—2)(z+2)+ (2 — )(z+1)
& (2-2)z(z+2)+ (2 +1)] =
& (z-2[2+Q2i+1)z+1] =
— V6iz—-2=0&2=2.
-2+
—Véii22+(2i+1)z+1:0<;$z:T\/ngiz.
-24+v3 1
Vay phuong trinh c6 nghiém laz:2,z:T\[+§z. (]
i3, 2 _ 1 1.
@ 24—z +?+z—|—1:0 DS:Zzl:I:z;z:—izlziz
Loi giai.
Ta thay z = 0 khong phai 14 nghiém ctia phuong trinh, do d6 phuong trinh tuong duong véi
1 1 1
2
Z+;—<Z—*)+§ 0. (1)
= 1 2 1 2 N N 2 5 1 3
Dit w =z — - = 2° + — = w*® + 2. Thay vao phudng trinh (1) ta dudc w —w+§=O<:>w:§:t§z.
z z
=141
1 11 1 ¥
—Véiw:7+§i,tacéz77:7+§i©zzf(7+§z‘>z—1:0@ 1 1
22 2 22 22 PR
L 2 2
=1-—1
1 3 1 3 1 N
—Véiwzi—gz,tacoz—;—§—§z© 2—(5—22>z—1:0@ :_1_1
L 2 2
- N . S _ 1 1,
Vay phuong trinh c6 nghlemlaz:liz,z=—§:|:§z. |
. 1 j
@ 42* — (6 +10i)2% + (150 — 8)22 + (6 + 10i)z +4 =0 DS:z ¢ {75; 2; 2i; %}
Loi giai.
Ta thiy z = 0 khong 1a nghiém ctia phuong trinh, do d6 ta c6
4<22+i>—(6+10i)(z—1)+(15i—8):0 (1)
22 2 '
3
1 w=3
Dit w = z — —, thay vao (1) ta duge 4(w? +2) — (6 + 10i)w + 15i —8 = 0 & 4w? — (6 + 10i)w + 15i = 0 & gz
z
w=—.
2
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1

3 Z=—7

— Viw=—-,tacbz—-—=-222-——2-1=0& 2
2 2

z=2.

5% 1 5 5% !

z==

—V(jiw:—Z,tacéz—f:—Z@zQ——zz—1:0© 2

2 z 2 2 Y= 9

Vay phuong trinh ¢6 nghiem la z = +1 — 3i, z = (=3 & 3v/2)i.

O
®) (2 —i)(z + 2i)(z + 4i)(z + Ti) = 34 DS: 2 = +1—3i; 2 = (-3 + 3/2)i
Lai giai.
Ta c6 (2 —i)(z + 2i)(2 + 44) (2 + Ti) = 34 & (2% + 6iz + 7)(22 + 6iz — 8) = 34.
=17
Dift w =22 +6iz 4+ 7, ta co wiw—15) =34 S w? — 15w —34=0s | )
w=—2.
— Véiw=17,tac6 22 +6iz+7 =17 22 +6iz — 10 =0 < z = +1 — 3i.
—V(’jiw:—2,tacé22+6iz+7=—2@22+6iz+920®z=(—3i3\/§)i.
Vay phuong trinh c6 nghiem 1a z = +1 — 3i, z = (=3 & 3v/2)i. O
7 15
® (22 +32+2)(2%2 + 112 + 30) = 60 bS: z € {O; -7 Qigi}
Lai giai.
Tacé (22 +32+2)(22 +112+30) =60 = (2 + 1)(2 + 2)(2 + 5)(2 + 6) = 60 < (22 + 72 + 6)(2? + 7z + 10) = 60.
Dit w =22+ 72+8, ta c6 (w+ 2)(w — 2) = 60 < w? = 64 & w = 8.
z=0
— Véiw=28,tacoé 2> +72+8=8« .
z=-T.
1
—V(’jiw:—8,tacéz2+7z—|—8:—8@22+7z+16:0©z:—gi§'.
7 15
Vay phuong trinh c6 nghiémléz:O,z:—?,z:—iigi. O
(D DANG 3.5. Dang lugng gidc cua sé phirc
2 a b
Cho s6 phitc z =a +bi (a, bER). Dit r = Va2 + b2, cosp = ———, sinp = ———. Khi dé
y f DELY o= JEvw TS Jarw

(@ Dang lhigng gidc ciia s6 phiic z la z = r(cos ¢ + isin ).

(2 Mot acgument ciia s6 phic z la .
b

3 tanp = —.
a

@ 2" = r*(cosny + isinny).

VI DU 1 (B-2012). Goi 21, 25 la hai nghiém ctia phuong trinh 22 — 2v/3iz — 4 = 0. Viét dang lugng giac ciia z; va

2 2
29. DS: 2 (COS?T( + i sin g) va 2 <cos§ + i sin g)
Loi giai.
21 =2 (cosEJrisinz)
2 =1+V3i 1= 3 3
Tacd 22 —2V/3iz—4=0< ! = - - |
zg = —1+3i z2:2(c0s?+isin?).

. L R .o
VI DU 2. Viét s6 phtic z dudi dang lugng gidc, biét ring |z — 1| = |z — iv/3| va iZ c6 mot acgument bing —

DS: - — 7r+_,7r\ _1< 27T+,.27T)
.Z—C083 zsm3vaz-2 cos3 zsm3
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Lo giai.
Goi z =a+bi (véia, beR). Taco

|z—1] = [z—iV3| & |(a—1)+bi| = |a+(b—V3)i| & (a—1)2+b* = a*+ (b—V3)? & 2a—1 = V3(2b—V3) & a = V3b—1.

T b V3
Talaic6iZ=b+ai=> —— =cos— = ———— = ~—— = p2 =302 = b = +/3a.
va? + b? 6 Va2 +b? 2
1 1
—Véib:\/ga,tacéa:?)a—l#a:f.Dodébzééz:f—l—éizcosﬁ—&—isinﬁ.
2 2 2 2 3 3
1 1 1 2 2
—V(’jib:—\/ga,tacéa:—Ba—léa:—Z.Dodébzééz:—i+§i:§<cos§+isin§).
1 2 2
Vayz:cosg+isingvémz:i(cos%Jrisin%). O
1 5 P - P . _ \Z+3 B N N ™
VI DU 3. Tim s6 phtc z, biét rang |1 — 2z| = |i — 22| va 3 0 mot acgument bang 1
3+3v3  3+3V3. | -3+3v3 3F3V3,
DS: z = — 1Va 2= + 1
2 2 2 2
Lai giai.
Goi z=a+bi (v6ia, b €R). Tacd
|1—2z2| = |i— 22| & |(1—2a) —2bi| = | —2a+ (2b+1)i| & (2a—1)* +4b? = 4a® + (2b+1)? = da—1= —4b—1 < a = —b.
. z+3  (a+3)+bi  [(a+3)+bil(a—3)—bi] (a®+b*—9)—6bi
Ta 1 = = = .S
O T3 T (a—3) + bi (a—3)2+ b2 (@a—3)2Ztp oW
2a% — 9
cos = = ¢ & (202 — 9)% = 3602 < 242 — 9 = +6a.
4 \/(2a% — 9)% + 36a>
+
—V(’ji2a2—9:6a<:>2a2—6a—9:0<:)a=%.
. 3+3V3 . 3433 3+3vV3 3+3V3,
— Neua=———thib=———"—=2= — i.
2 2 2 2
. 3-3V3 . 3-3V3 3-3V3 3-3V3.
- Neua=—"—thib=—""-—"=2= — 1.
2 2 2 2
-3+
—V(ji2a279:—6a®2a2+6a79:0¢>a:3#3\/3.
. -3+ 3V3 3—-3V3 -3+3v3 3-3V3
—Néua:ﬂthibz%:zz *‘2\[+ 2\6.
C Néwa_ T373VB L, 343V8 L —3-3V3  343v3.
2 2 2
. 3£3v3 3+3v3 -3+3v3 3F3V3
Vay c6 4 so phic thdéa mén la z = 2f— 2\[iva,z: 2f+ :F2\[i. O

(1+1)z

VI DU 4. Tim sb phic z, biét réng |z| = |22 — V3 + 4| va
2l =1 | 1—V3+ (14 V3)i

P N 0
c6 mot acgument bang 5

DS: 2 =3+

Loi giai.
Goi z=a+bi (v6ia, b €R). Ta co

2| = |22—V3+i| & |a+bi| = [(2a—V/3)+(—2b+1)i| < a®>+b* = (2a—V/3)*+(20—1)? < 3a>+3b*—4v/3a—4b+4 = 0. (1)

Ta lai c6
(1+i)z _ A+ )(a+ b)) - V3 - (1+V3)q]
1—V3+(1+V3)i 8
_ la=b)+(a+b)ill —v3 - (1+V3)i]
8
_ (a+V3b) + (—V3a+b)i
1 :
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o —V3a+b 1 —V3a+b
Suyratan (—— )= ————— ~ = —— = Y " " — 4 =/3bh.
uy r Il( 6) a+\/§b \/g a—|—\/§b a \[

Thay vao (1) ta duge
9% +3b> — 120> —4b+4=0<b=1=a= 3.

Vay z = V3 +i. O
VI DU 5. Tim s6 phiic z thoa man |z — 1| = |z — 3] vd mot acgument ciia z — 3 bing mot acgument ctia z + 3 cong
véi g DS: z=2+iV5

Lai giai.

Goi z=a+bi (v6i a, b€ R). Ta c6
lz—1=|z=3|<|(a—1)+bi|=|(a—3)+bi| = (a—1)>+*=(a—3)>2+b*=22a—-4)=0=a=2.

Laicéz—3=(a—3)+bivaz+3=(a+3)+bi.
Goi 1, o lan lugt 13 acgument clia z — 3 v z + 3. Theo dé bai ta c6

p1 = P2+ g < sin g = sin (gog + g) & sin @) = cos ps.

Do vay

& b=1/5.

b a+3 b 5 {b>0

Vie=12+02  J@a+3)2+b0>  VI+2 25+02 bv/25 4 b2 = 5/1 + b2

Vay z = 2+ i/5. O

VI DU 6. Cho s6 phiic 2z théa man |z| + (1 +iv/3)z = 3. Hay tim mo-dun ctia s6 phitc w = z + 22 + 2123,
bS: jw| =2

Loi giai.
Goi z=a+bi (v6i a, b €R). Ta c6

Izl + 1+ iV3)z=3 o Va2 + 2+ (1 +iV3)(a+bi) =3 < (Va2 + b2 +a—bV3) + (a3 +b)i =
Do da \/a2+62+a—b\/§:3@ Va2 + b2 +a—b/3=3
O do

b+avV3=0 b= —aV3.

1
a=g (théa man a > 0)

6a =3 (néua >0)
Suy ra 2|a| + 4a =3 < ) &= 3
2a=3 (neua a= (khong théa man a < 0).
1 V3 1
51 = — i = —_—— = - — K
Véi a 2thlb 5 =z 5 2 COS( )+251n( ) hi d6
12 12
w = cos (fz)+isin (fﬁ)qLcos( )Jrzsm( £)+COS (fﬁ)+isin (7&) =—1-V3i=|w =2
3 3 3 3 3
Vay |w| = 2. O
« . 2 2
VI DU 7. Tim acgument am 16n nhat ctia s6 phitc z = (1 + iv/3)10. DS: o = —?ﬂ

Loi giai.

1 1 1
Taco 1 +ivV3 =2 7+£i :2<cos—+zsm ) = (1+44/3)10 —210<cosﬂ+isinﬂ).

2 2 3 3 3 3

, 1 P P

Ta thay % +k2r <0 =k< —g. Vik € Znén k = -2, —=3,.... Do d6, acgument am 16n nhat ctia s6 phtc

2
z=(1+iv3)101a — ;T O

VI DU 8. Tim sb phiic z théa man |z + 3 4 iv/3| = v/3 va c6 acgument duong nhé nhét. PS: 2 =-3

L3 gidi.
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<

Goi z=a+bi (v6i a, b €R). Ta c6

z4+34+iV3|=V3& (a+3)%+ (b+V3)? =3.

Goi M la diém biéu dién s6 phiic z, khi d6 M (a;b) nim trén dudng
tron tam I(—3; —v/3) ¢6 ban kinh R = /3. D& thay dudng tron tam I
ban kinh R = /3 tiép xtic v6i truc hoanh tai diém My(-3;0). | e------—4----—1 -3
Vi acgument cua z la géc tao bdi OM va tia Oz nen diém biéu dién s6
phtic ¢6 acgument duong nhé nhat tring véi diém My, hay z = —3.

|
‘ NP A . 3—iv3\",. .
VI DU 9. Tim céc s6 nguyén duong n théa mén z = m la so6 thuc. DbS:n=6k,1<kecZ
—3i
Loi giai.
3—iv3  V3—i  (V3-i)(1+iv3) 2vV3+2 V3 1. T
Ta c6 - = - = = = —+ -1t =cos— +isin —.
V3-3i 1-iV3 4 4 2 2 6 6
Suy ra z = 3—72\/§ —COST—Fisinﬂ
Y V3 —3i 6 6
. . . onm nw
Dod(),dézlas@thu’cth\lsm?:O@?:Im@n:ﬁk.DoneN*nénkzl(kGZ). O
i £ P \/g_l " N A NS . 5—1 e N ~ N £ ~
VI DU 10. Cho s0 phitc 21 = | ———= la s0 thuyc va so phtc zo = - la s6 40. Hay tim sd nguyén
1—iV3 2—3i
duong n nhé nhat. DS:n=12
Lai giai.
CVB—i (V3= +iv3)  2v3+2 V3 1. o V3—i\" nr .. nmw
Ta co6 = = = — 4+ —-1=cos— +18in - = 2z = = cos — +¢sin —.
1—iV3 4 4 2 2 6 6 1—+/3i 6 6
Dodé,dézléséthu’cthisin@:0@%:kw@n:6k(l§€N*). (1)
. b—i (5—9)(2+3i) 13+13i , ( T 7r) L+2< (n+2)r . (n+2)77>
= = = = — — = 2 - - ).
Magfgi 13 3 142 \/5 (zos4—i—zsm4 = 29 =2 cos 1 + 7 sin 1
. . R 2 2
Dézglaséthuanéothicosw:0®W:g+kﬂ'®nz4k(kEN*). 2)
Tu (1) va (2) suy ra s6 nguyén duong nho nhat thda man yéu cau bai toan 1a n = 12. O
1+v3-2\'
VI DU 11. Cho sb phic z théa man 22 — 2z + 4 = 0. Tim s6 phﬁcw:<2+>.
z
2 + +
DS:wz%(cosTg—i—isinl—;)
Loi giai.
Tacé 2?2 —2:4+44=0&2=1%iV3.
— V6i z =1+1iV3, ta co
i S 1+V3-2z V3—-iV3  1-i  (1-9(W3-14) V3-1-i(1+3)
' 2+ 2 3+ivV3 V34 4 4 '
ta 7r+ta T
. 1 3 n na 7
Goi ¢ 1a acgument ctia s6 phiic z1, khi d6 tany = V3 = 4 = 37r = tan (I—l—z) = tan —~. Suy ra
1-v3 1 —tan —tan - 43 12
. 4 3
T
= —. Tur d6 5
%) 12  do ta cb
1 7 7 2 7 7 2 49 49 2
zlzi-Q\@(cos%—l—isin%):§<cos£+isin£>:>w:2—{<cosl—2ﬂ-—|—isin1—;>:24(cosl7r—2+isin%)
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— Véiz=1—1iV3, tacod

S 14VB—2 VB+iv3  1+i (1+)(WB+i)  VB-1+i(1+V3)

zZ9 =

24z  3—iV/3  V3—i 4 B 4 '
tanﬂ—i—tanﬂ
£ 1 1 E}
Goi ¢ 1a acgument ctia s0 phtic 2o, khi dé tanyp = — Jr\/ng 4 = 37r = —tan (eqﬁ):tan (771)
1-V3 1 —tan —tan - 43 12
. 4 3
Suyragozf—ﬂ.Tfrdétacé
12
z _1 Q(cos_—h—i—isin_?ﬂ):>w—£<cos_49ﬂ+isin_49ﬂ->—Q(COS_—W—FZ'Sini)
T4 2 12 12 o2 12 12 /) 24 12 12/°
P 2 + +
Vay c6 4 s0 phic thdéa méan law:2—4(cosl—;r+isin1—;). O
T £ P 2 ~ . N £ P 2012 1 3 \/g
VI DU 12. Cho s6 phitc 2z théa man 2|z| + v/3iz = 4 — z. Tim s6 phiic w = 22012 + %013 DS: w= 5~ 5t
Lai giai.
Goi z=a+bi (v6ia, b €R). Ta c6
22|+ V3iz=4— 2 2V/a2 + b2 +iV3(a+bi) =4 — (a+bi) & (2va® + b2 — bV3) + aV/3i = (4 — a) — bi.
2va2 + 02 - bV3=4—a 2Va2 + 02 - bV3=4—a
Do dé &
av3=—b b= —aV3.
2a =1 (néua >0) 1
Suyrala|+a=1< ) = a = = (théa méan a > 0).
0=1 (néua<0) 2
1 3 1 3 1 1 3
V(’jia:ithib:—giz:i—gi:cosg—isingVa;:§+gi:cosg+ismg.]&{hidé
20127 . . 20127 20137 . . 20137 2r ., 27 . 3 V3.
w = COoS —18in + cos + 28In =COS— —1sln— +cosSm+isInw = —— — —1.
3 3 3 3 3 2 2
3 V3
a =—=— —i. O
Vay w 5 7 i
Vi DU 13. Tim phéan thuc va phan 4o ctia cac sé phiic sau
. 1 V3
@ z=(V3+1i) DS: Re(z):—2—9, Im(z)=2—9
(1+1)t°
2=~ DS: Re(z) =0, Im(z) = —24
@ = ) (2
Loi giai.
1 1 8 8 1 1 3
@Tacc’)\/g+i=2(cosg—i—ising):z:QS(cos;r—i—isin;):QS(—Z—i—\gi).
" 1 V3
Vay Re(z)=—2—9, Im(z):ﬁ.
(2 Ta co
(144)? =2 = (1+i)'° = (24)° = 324,
1 1 1
\/§+i:§(cosg+ising)=>(\/§+i)9:¥(cosgg+isin9§>:—2—9.
1 -\ 10
Do vayz:ﬁzfQMiéRe(z):O, Im(z) = -2
(V3 +1)°
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Vi DU 14. Tim phéan thuc va phan 4o ctia cac sé phiic sau
1 B 1
@D w= 2201 + 2014 biét z + o= 1 DS: Re(z) = -1, Im(z) =0
(1 +)2012
2= = DS: Re(z) = 23016 I'm(z) = 23016. /3
@ == 5 (2) (2)
Loi giai.
1 1 3
@ Tacc’)z—&—;:1@22—2—1—1:0@z:§igi:cosgiising.
Véi T L T 20147 Lis 20147 L 20147 . . 2014w 1
— V6i z = cos — + isin — = w = cos isin cos — isin =—1.
3 3 3 3 3 3
Do d6 Re(z) = —1, Im(z) = 0.
. T .. 7 20147 . . 2014w 20147 . . 2014w
—lez:cosg—zs1n§:>w=cos — 18In 3 ~+ cos 3 +2sIn = —

Do d6 Re(z) = —1, Im(z) = 0.
(2 Taco
(144)2 = 2i = (14 4)2012 = (24)1006 — _91006,
V3+i= 1 (cos T +isin g) = (V3 +1)201 = L <cos 2011w + isin 2011#) 1 <1 + \/§Z> )

2 \"7 3 92011 3 3 /) 22011 \2 7" 2
) (14 )22 1 V3 , . f
Do vay z = B — _93017 5— i) = 93016 | 93016 .\ /3j . Re(z) = —23016 [in(z) = 23016 . \/3,
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