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BAl 1. SO PHU'C VA MOT VAI NG DUNG

A. LY THUYET
1. Mot s6 dinh nghia.
@ Mot s6 phic z 1a mét biéu thic dang z = a + bi, trong d6 a va b la nhiing s6 thuc
va i 1a s6 théa man i2 = —1. S a goi 1a phan thuc, b goi 1a phan 4o cta sé phiic

z = a+ bi, con i goi la don vi do.

& Cho hai s6 phic z = a + bi vaz’ = a’ + b'i. Khi d¢:

z=7 & a=d
b="V.

& Tap hop tat ca cac sb phic thuong duogc ky hiéu 1a C. Vay:
C = {a+10bila,b € R}.

& S phtic z = a + 0i c6 phan 4o bang 0 dugc coi 1a s6 thue va viét 1a:

a+0i=acRCC.
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& S6 phitc z = 0 + bi c6 phan thuc bang 0 duoc goi 1a 56 4o (con goi 1a s6 thuan 4o)
va viétla z = bi.
& S60 = 0+ 0i = 0i vira 1a s6 thuc vira 1a s6 ao.

2. Mbdun ctia s6 phitc. Cho s6 phitc z = a + bi, khi d6 v/a2 + b? dugc goi la moédun (do
dai) cta z, ky hiéu la |z|. Vay |z| = Va2 + b2.
3. S6 phirc lién hgp. Cho z = a + bi € C, khi d6 s6 phtic lién hgp véiz1az = a — bi.
4. Biéu dién hinh hoc ctia s6 phirc. Trong mat phang toa do Oxy, méi s6 phitc z = a + bi
dugc biéu dién bai diém M(a;b). Ngugce lai méi diém M(a;b) biéu dién mot sb phic la
z = a + bi. Ta con viét 1a M(a + bi) hay M(z).
5. Cac phép toan trén s6 phic. Cho hai s6 phitc z = a + bi va 2’ = a’ + b'i. Khi dé:

& Tong ctia haisé phitczvaz' la:z+z = (a+a') + (b+ V)i

& S6 dbi ctia s phiic z = a + bi la s6 phic —z = —a — bi.

@ Hiéu ctahaisé phiczvaz' laiz—z' = (a—a') + (b— V)i

@ Tich ctia hai s6 phic z va 2z 1a: zz' = (aa’ — bb') + (ab’ + a'b) i.

& Nghich déo ctia s6 phitc z = a + bi # 0 la:

1 z
-1 - - _ . _ =~
SR (a = bi) ( |z| >

@ Thuong cda hai s6 phic z va 2’ # 0 la:

z -1 ; a’ v,
aa' +bb"  ab' —a'b,

T R - R R R ) L.

@ Lay thtra cta ) phtrc z duge dinh nghia nhu sau:

n

zo=1,7z"=zz...zv0in € N*.
H/—-/

nchirz

1
z" oy voiz#0,n=-1,-2,-3,...

& Céanbacn (n € N*) ctia s6 phtic z, ki hiéu {/z, 1a s6 phuc z; sao cho z = z.

Chu y 1. D€ chia hai s6 phttc duge nhanh chéng ta lam nhu sau:

zz oz
! Z’.? - ’Z/IZ'

L 1s 3R s Z > A ~ s X A PETOR »
Tirc la dé tim — ta chi can nhan tir va mau cho s6 phic lién hop cta 2’
z

6. Tim can bac hai cua so phuc z.
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@ Néu z = 0 thi z ¢ mot cin bac hai la 0.
& Néu z = a > 0 thi z ¢6 hai can bac hai 1a \/a va —/a.
@ Néuz =a < 0thizcohaicinbachaila/—aiva —/—ai.

& Néuz = a+bi (b+#0) thita tim cdn bac hai ctia z nhu sau: Ta can tim s phtc
x + yi sao cho:

2 2

N2 . 2 .2 . . X =Yy =a
(x+yi) =a+bisx y+2xyz—a+bz<:>{2xy:b.

Gidi hé nay ta tim dugc x va y, tuc la tim dugc x + yi.

7. Dang lugng giac ctia s6 phitc. Cho s phiic z = a + bi # 0. Trong mét phang Oxy, s6
phtic z = a + bi duge biéu dién béi mot diém duy nhat M(a;b). Ta c6:

lz| = Va2 +b? = ‘W‘

S6 do (radian) ctia mbi goc lugng giac ¢ = (Ox, OM) goi la acgumen ctia s6 phtc z. Vay
taco:a =rcos¢, b =rsing,

z=r(cos¢p +ising), véir = |z| = Va?+b> = ‘W‘

va z = r(cos ¢ + isin ¢) duogc goi la dang lugng gidc ctia s6 phic z = a + bi.

Luu y. Néu ¢ la mot acgumen ctia z thi moi acgumen ctia z ¢6 dang ¢ + k271, k € Z (ngudi
ta thuong noéi acgumen cuta z # 0 sai khdc k27, k € Z).

8. Cac cong thirc thuong dung cta dang lugng giac. Cho hai s6 phuc:

z=r(cos¢ +ising) # 0,z =r'(cos f+isinB) # 0.
Khi dé:
zz' =1’ [cos(¢ + B) + isin(¢p + B)]

z r

o= [cos(¢ — B) +isin(¢p — B)]

Z/
7" = [r(cos¢ +ising)]" = 1" (cosn¢ +isinng),¥n =0,1,2,...

Cong thic sau cung goi la cong thitc Moa-vro.

9. Can bac 1 cia s6 phirc. Cho sb phtic z = 7 (cos ¢ +ising), r > 0.
Khi d6 cac can bac n ctia z 1a

2 2k

@ Céc can bac hai ctia s6 phitic z = 7 (cos ¢ + ising), r > 01a

zo:\ﬁ(cosg—i—isin%), z1 :—\ﬁ(cosg—i—isin%).
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@ Céc can bac ba ctia s6 phitc z = r (cos ¢ +ising), r > 01a
o Q.. @
zo—\/?<cos3+zsm3>,
2 2
zlzeﬁ(cosq)—; 7T+isir1(P—; 7t>,

Z = %(cosw+isinq)+34n).

Cha y 2. M6t phuong trinh nghiém phtc f(z) = 0, véi z = x + iy, ta bién d&i thanh

h(x,y) =0

h(x,y) +ig(x,y) =0 < { 2(x.y) = 0.

Nghia la mot phuong trinh nghiém phuic, bang cach tach phan thuc va phan do luén c6
thé dua vé hé phuong trinh.

10. Pa thic véi hé s6 phic.
Dinh nghia 1. P(z) = apz" +a1z" '+ - +a,_1z+a, véicachésba; € Cvabiénz € C.

Ta ciing dinh nghia bac, nghiém... nhu da thic véi hé sb thyc. Pinh Iy Viet cling dugc
Phat biéu thuan va dao nhu da thic hé s6 thue.
Dinh 1i 1 (D’ALEMBERT). Moi da thiic bic n hé sé phiic:

P(z) =apz" +mz" '+ +a, 1z +a, (ag #0)
déu co dii n nghiém phiic phan bigt hay trimg nhau.
Hé qua 1. Néuzy,zo,...,z,1an nghiém cta

P(z) =apz" +mz" '+ +a,_1z+a, (ag #0)
thi ta c6 phan tich:

P(z) =a0(z—2z1)(z —22) ... (2 — zp).
11. Giai phuong trinh bac hai trén C :
Az +Bz+C =0 (v6i A #0)

Phuong phap. Tinh A = B2 — 4AC.

) —B
@ Neu A = 0 thi phuong trinh ¢6 nghiém kép z; = z, = EYR
@ Néu A # 0 thi phuong trinh c6 hai nghiém phan biét
. —B+46 —B—-¢
1— 2A 7

trong do ¢ 1a moét can bac hai ctaa A.
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B. Vi DU GIAI TOAN
BAI 1 (DH 2013D). Cho sb phtic z théa man diéu kién
(14+1i)(z—1i)+2z=2i.

£ z—2z+1
Tim médun cua so phuc: w = %
(¢ Loi gidi
Ta co
(1+i)(z—i)+2z2=2iz—it+iz—i>+2z2=2i
<:>3Z+iz:3i—1<:>(3+i)z:—1+3i(:>z:_;i—i?,l
@z—(_1+3i)(3_i)<:)z—1—0i<:>z—i
B 32— 12 - 10 o
Pods z—2z+1 i —2i4+1 1-3i
w=2" §+ :_Z_,21+ = l:—1+3i:>|w|:\/10.
z i -1
N 1 3
BAI 2. Chos:—2+\2fi.Héytinh:
@ (a+ be + ce?) (a+ be® + ce); @ (a+0b) (a+be)(a+be?);
@) (ae? + be) (ae + be?).
(¢ Loi gidi
1 V3
Tacé: e = —= + —i. Do do:
aco:e 2+ 5! o do
— 1 £ l_ﬁﬂ_%lﬂ__}_@i
N 2 ! 2 4 2 27

2+
\f V3 1 3, 1 3
= ( I CRRad R R G RS

(1) Theo trén ta co:
(a -+ be+ ce?) (a+ be? + ce)
=a? + %3 + %€ + abe® + ace + bae + bee? + cag® + che*
=a* + b* + ¢ + (ab + be + ca)e® + (ab + be + ca)e
=a* 4+ b* + ¢+ (ab+ bc + ca) (e + €%)
=a* 4+ b* +c* — (ab+bc +ca) (doe+ & = —1).

(2) Ta co:

(a+b) (a+be) (a+be?) = (a+Db) (a® + abe® + bae + b*e”)

= (a+1D) [a® +ab(e® +¢) + b*] = (a+b) (a* —ab+b?) = a° + b°.
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(3) Ta co:
(ag® + be) (ae + be?) = a’€> + abe* + abe® + b€’
=a® + abe + abe® + b* = a® + ab(e + &) +b* = a* —ab + b°.
O
BAI 3 (Kosovo National Mathematical Olympiad 2013, Grade 11). Cho z; va z, 1a hai

s6 phtic thod man |z; + 2z3| = |2z1 + z3|. Chitng minh rang v6i moi sb thuc a, ta c6:

|Zl +ﬂ22| = |a21 +22|.

& Loi gidi
Gidstzy =p+qi,zo =r+si(v6ip,q,r,s € R). Khido
|21 + 222| = |221 + 23]
Sl(p+2r)+i(g+2s)| =|2p+7)+i(29 +5s)|

@y (p+2) + (g 4252 =/ @p+1)+ (29 +5)

S(p+2r)+(q+25)" = Q2p+1)"+ (29 +9)*

Sp® +4pr + 47 + ¢ +2gs + 4% = 4p® + 4Apr +r* +4¢° + 4gs +
e+ =P+ " & |zl = |z (1)

Ta c6 su tuong duong sau:

|Zl +tZZz| = |1121 —f—Zz‘
& |\p+qi+a(r+si)| = |a(p + qi) +r +si|
& |(p+ar) + (g +as)i| = [(ap + 1) + (ag + s)i]

e/ (p+an?+(qg+as) = \/ap+ 1)+ (ag +5)°

& (p? + 2apr + ar®) + (q* + 2asq + a°s?)

=(a?p? + 2apr +1%) + (a7 + 2aqs + 5%)

Sp? +a*? 4 ¢+t = ap? + 1P+ a?g? + P

s +q* (P> + %) =r* + 5> —a*(s* + 1)

(@ —1)(p* +4%) = (a> = 1)(r* +5°) (dung, do (1)).

Ta c6 diéu phai chitng minh. O
BAI 4 (DH-2012D). Giai phuong trinh z +3 (1 + i) z +5i = 0 trén tap hop cac sb phtic.
(¢ Loi gidi

Tacé A = 9(1+1)2 — 20i = 9(2i) — 20i = —2i = (1 — i)2. Vay nghiém la

—3-3i+1—i
z= 2 z=—1-2i

33— 14i | y=_o_;
z = 2

O
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BAI 5. Giai cac phuong trinh sau trén tap sb6 phic:

@ (z+3i)(z2 -2z +5) = 0; ) 2%+ (2i —3)z* + 5z —2i — 3 = 0.
@ Loi gidi
. N2 _ z=—3i z=-3i
@ Taco (z+3i)(z°—2z45)=0< 2_0245-0 T | 20 142

Vay phuong trinh c6 ba nghiém: z = —-3i,z = -1 - 2i,z = —1 + 2i.
(2) Phuong trinh c6 mot nghiém dic biét z = 1 nén chia da thic ta dugce
224 (20 —3)22 +52-2i—3=0
S(z—1)[224+ (20 —2)z+2i+3] =0

z=1
< [ zz+(2i—2)z+2i~|—3:0(>|<)

Phuong trinh (*) co
N=(G(-1)2%-2i+3)=i*—-2i+1-2i—-3=-3—4i=(1-2i)%

z=1

L0 _3i Vay phuong trinh da cho c6 ba nghiém la

Dodé(*)@[
z=1,z=1, z=2-—3i.

O
BAI 6 (DH-2012B, phan riéng chudng trinh Nang cao). Goi z; va z; 1a hai nghiém ctia
phuong trinh z2 — 2+/3iz — 4 = 0. Viét dang lugng gidc ctia z; va zo.
# Loi gidi
2
Phuong trinh 22 — 2y/3iz — 4 = 0 c6 A’ = (\/51') +4 =3 +4 =1, c6 hai nghiém la

Z1 :—1+\@i:2<—cosg+singi>;zz:1+\f3i:2<cosg+singi>.

Vay dang luong giac cua z3, z; la:

2 .. 2 .
21:2(cos—n+zsm—n),~zz:2(cosz+zsmz>.

3 3 3 3
0
s . L. 27 .. 27 N Ay A < A
BAI 7. Tinh (1 +¢)", vdi e = cos 5 +isin N la mot sO tu nhién.
(¢ Loi gidi
Ta co:

2 2
1+e= 1—|—cos§+isin§ :2coszg—|—2$ingcos§.i

:2cosE (cosz—kisinE) :cosz—l—isinE
3 3 3 3 3°
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n
Vay: (14¢)" = (cosg + isin%) = cos% + isin %
Luu y. Ta ¢6 cdc cong thic luong giac sau day:

X .2 X .
1+ cosx = 2C052§, 1—cosx = 2s1n2§; sin2x = 2 sin X cos X.

0
BAI 8. Str dung s6 phtic, chiing minh rang: cos 5x = 16cos’x — 20cosx + 5 cos x.
(¢ Loi gidi
Ta c6 (cos x + isin x)° = cos 5x + i sin 5x. (1)
Mat khac
(cos x +isinx)®
=cos’x + 5cos*x (i sin x) + 10cos®x (i sin x)?
+10cos?x(isin x)> + 5 cos x(i sin x)* + (i sin x)°
—=(cos’x — 10cos>xsin?x + 5 cos xsin*x)
+(5cos*x sin x — 10cos?xsin®x + sin’x)i. (2)
T (1) va (2), suy ra
cos 5x = cos’x — 10cos’xsin®x + 5 cos xsinx
= cos’x — 10cos®x(1 — cos?x) + 5 cos x(1 — 2cosx + cos*x)
= 16c0s°x — 20cos®x + 5 cos x.
Ta c6 diéu phai chitng minh.
Luu y. Qua 16i giai bai tdp 8 nay ta con thu dugc két qua:
sin 5x = 5cos*x sin x — 10cos®xsin’x 4 sin’x.
O

BAI 9. Cho sina + sinb = \26, cosa+cosb = \f Tinh:

cos(a+b), sin(a+ D).

@ Loi gidi
Patz; = cosa+isina, zp = cosb + isinb. Khi do
1
le:|21‘2:1:>a:f.
Z1
_ 1 1 zi+z z1+ 22
Tuongty,z; = —. Tacoz1+2 = —+ — = = Z12p = — M
Z1 22 Z122 Z1+ 22
z1+z \@—l—iﬁ—\@(cosn—l—isir\n)
1= 2 6 6/
Ve V2 -7 ., -7
1+ 2—2—12—\@<c0s6+1sm6>
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nén V2 (cos i +isin E) - -
2129 = —76r En :cosg—kising.
V2 <COS v +isin 6)

Lai ¢6 z1zp = cos(a +b) +isin(a +b). Vay

>[5

1
cos(a+b) = cos T _ —,sin(a+b) = sin T

3 2 3
O
BAI 10. Cho a,b, ¢ 1a cac sb thuc thoa man diéu kién:
sina +sinb +sinc = 0, cosa + cosb + cosc = 0.
Chung minh rfing: sin2a +sin2b +sin2c¢ = 0, cos2a + cos2b + cos2c = 0.
@ Loi gidi
Dat zy = cosa +isina, zp = cosb + isinb, z3 = cosc + isinc. Theo gia thiét, ta co
1 1 1 .
z1+224+23 =0.Vi|z1| = |z2| = |z3] =1nén — =72z, — =725, — =z3. Vi the
21 Z2 Z3
B+B+2E= (21 +20423)* — 2 (2120 + 2223 + 2321)
1 1 1
= 0% — 2212523 ( +—+ ) = —2212p23 (Z1 + 22 + 23)
Z1 Z Z3
= —27212723 (21 + 272 + 23) = —2212723.0 = 0.
Do d6 cos 2a + cos 2b + cos 2¢ + i (sin2a + sin2b + sin2c) = 0. Vay
sin2a + sin2b + sin2¢ = 0, cos?2a + cos2b + cos2c = 0.
O

BAI 11. Rdt gon téng S = sin x + sin2x + - - - + sin nx.
@ Loi gidi
Khi sing =0 x =2k, tacd S = 0. Tiép theo gid st x # 2k7t, k € Z. Ta c6

(14 cosx+cos2x+ -+ cosnx)+ (sinx +sin2x + - - - +sinnx) i
=1+ (cosx +isinx) + (cos2x +isin2x) + - - - + (cos nx + isinnx)

=1+ (cosx +isinx) + (cosx +isinx)> + - - - + (cos x + isinx)"

1 —(cosx +isinx)" [T —cos(n+1)x] —isin(n+1)x
~ 1—(cosx+isinx) (1 —cosx)—isinx
[1—cos(n+1)x —isin(n+1)x] [(1 — cosx) + isin x|
(1 — cos x)* — %sin’x
~ [1—cos(n+1)x —isin(n+1)x] [(1 — cos x) + isin x|
B 1 — 2cos x + cos2x + sin’x
[1—cos(n+1)x —isin(n+1)x] [(1 — cosx) + isin x|
2 —2cosx
[1 —cos(n+1)x] (1 —cosx)+sin(n+1)x sinx+

X
4sin?Z
Sln2
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[(1—cos(n+1)x)sinx —sin(n+1)x (1 — cosx)]i

+ X
4sin®Z
sin”>
1—cosx —cos(n+1)x +cosnx sinnx+sinx —sin(n+1)x,
= X + X !
4sin2§ 4sin2§
2 1 2 1
2sir125+251nwsinE ZSinECOSE—ZCOSMSiHE
_ 2 2 2 2 2 2 2;
- X X
4sin25 4sin2§
__ 2 2 + 2 2 ;
- X X
2sin — 2sin —
2 2
. (n+1)x  nx . (n+1)x . nx
SIH?COS 7 SlnT Ssin 5 .
B sinf i sinE -
2 2
. (n+1)x | nx
sin ———— sin —
Vay S = sinx +sin2x + - - - +sinnx = 2 ¥ - . Tom lai:
sin —
2
. (n+1)x . nx
SIH?SIHT )
sinx +sin2x + -+ +sinnx = sinf Khi x # 2krt, k € Z
0 khi x = 2km, k € Z.

Luu y. Qua 10i giai nay, ta con rit gon duoc tong

COS X + cos2x + - - - + cos nx.

BAI 12. Rt gon téng S = cos x + cos3x + - - - + cos(2n — 1)x (x # k7).
(¢ Loi gidi
Ta co

[cos x + cos3x + - - - + cos(2n — 1)x] + [sinx + sin3x + - - - +sin(2n — 1)x] i
= (cosx +isinx) + (cos3x +isin3x) + - - - + [cos(2n — 1)x + isin(2n — 1)x]

= (cosx +isinx) 4 (cosx + isinx)> + - - - + (cos x 4 isinx)*" !
1— .. 2n
— (cosx +isinx) (cosx +isinx)

1— (cosx + isinx)*

1 — (cos x + isin x)*"

= (cosx +isinx) 2sinx (sinx —icosx)

1— (cosx +isinx)*

2

= (cosx +isinx) (sinx +icosx) — _ :
2sinx (sin”x — i?cos?x)
;1= (cosx +isinx)®™" 1 — (cos2nx + isinan)i

2sinx - 2sin x
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i — (icos2nx +i*sin2nx)  sin2nx +i (1 — cos2nx)

2sinx 2sin x
sin2nx  sinZnx |
== - 1.
2sinx sin x
sin2nx

Suyra$S = cosx+cos3x+---+cos(2n —1)x = Seiny
Luu y. Qua 16i gidi nay ta con thu dugc két qua
2

sinx 4+sin3x 4 -+ - +sin(2n — 1)x = Sm 71X

sinx

BAI 13. Tim da thic du khi chia da thic x290 4 3x19 — x 4 1 cho da thic x% + 1.
 Loi gidi
Vi da thirc x? + 1 ¢6 bac 1a 2 nén da thitc du c6 dang ax + b, v6ia va b 1a cac hfang s thuc.
Da thttc x% 4 1 ¢6 hai nghiém trong C la i va —i. Pat P(x) = x20% 4 3x1% — x + 1. Khi d6
P(x) = x® 0 4 3x¥ — x4+ 1= (x> +1)Q(x) + ax + b, Vx € R. (*)

Trong (*) lan lugt ldy x = i va x = —i, ta dugc

200 4319 it 1=ai+b

(=)0 4 3(=))P +i+1=a(—i)+b

o BB it 1 =ait+b
2000 319 +i4+1 = —ai+b

i
- (i2)1000+3i.(i2)9 —i4+1=ai+b
(i2)1000 o 31"(1‘2)9 4+i+1=—ai+b

PN 1-3i—i+1=ai+b
143i+i+1=—ai+b

o 2—4i=ai+b o b=2 oo
2+4i=—ai+b 2ai = —8i b
Vay du khi chia da thire x2°% 4 3x1¥ — x + 1 cho da thire x? + 11a —4x + 2. O

BAI 14. Ching minh rang v&i moi n € N thi da thirc (x 4+ 1)*"*! 4+ x"*2 chia hét cho da
thae x% + x + 1.

—4
2.

& Loi gidi
Da thitc x2 + x + 1 c6 hai nghiém la
1 3. 2 .. 27
w——§+71—cos?+zsm?,

1 V3, 2\ . 27
B = —5 5 i=cos (—3) +1sin <—3>.
Ki hiéu: P(x) = (x +1)*"*! 4 x"+2, Khi d6:

2 2
w+1:1+cos§+isin?ﬂ :2coszg+2isingcosg
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Tuong tu: 2T . 2T
B+1=1+cos Y +isin —3

77\ 2n+1 7T LT 2n+1 27T 27T n+2
= (2cos §> (cos§+zsm §> + <cos3+zsm 3)
(2 1 (2 4)m 2 4
:[cos(zn—gl)n—i—isin nt ]—i—[ n+ —I—isin(n;)n}
18k (2 4)r 2 1
= c057(2n+4)n+cos (2n+ sin n+ —|—sin( ntn
3 3
4
:2cos(n—g5)cos7zr+21s1 ( )n =0.

Vay a la nghiém cuta da thuc P(x). Tuong tu ta cing c6 P(ﬁ) = 0, hay $ 1a nghiém caa
P(x). Vay tt cd cdc nghiém cta da thirc x? + x + 1 déu 1a nghiém ctia da thitc P(x), ta c6
diéu phai ching minh. O
BAI 15. Cho da thuc f(x) € Rx] va deg f(x) > 0 hoa man f(x) > 0, Vx € R. Chiung
minh rang ton tai A(x), B(x) € R[x] sao cho f(x) = A%(x) + B?(x).

(¢ Loi gidi

Ta c6 hang dang thic:

(a* + b*)(c* +d?) = (ac +bd)?* + (ad — bc)>. (1)
Dé théy, néu z la nghiém ctia da thiic thi z ciing la nghiém ctia da thite. Do deg f(x) > 0
va f(x) >0, Vx € Rnén f(x) khong c6 nghiém thuc, suy ra f(x) c6 phan tich
x)=c][(x—z)(x—%), zi € C.

Datz=a+bithi (x —z)(x —2) = x> —2ax +a®> + b*> = (x +a)> + 1>

Ap dung hing dang thic (1) ta suy ra dpem. O
BAI 16. Tim tat ca cac da thic hé s6 nguyén P(x), 1a monic bac 2, sao cho ton tai da thuc
Q(x) € Z[x] ma cac hé s6 cta da thirc R(x) = P(x)Q(x) déu thuoc tap {—1;1}.

(¢ Loi gidi

Theo gia thiét, P(x) c6 dang P(x) = x> + ax 41, v6i a 1a s6 nguyén. Gia st

n
x) =Y aix’;a;€{—1;1}.
i=0

Goi z € C 1a moét nghiém cua R(x) sao cho |z| > 1. Khi d6 ta c6

n—1 a; n—1 n—1 ; |Z’” -1
2" = = [ L 22 < LI = Yl =
i—0 n i=0 i=0 2|
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Do d6 ta cé

1
n =1-—<1=|z| <2
Vay moi nghiém ctia R(x), néu c6 modul 16n hon 1 thi sé ¢6 modul nhé hon 2. Gid st 23,
z la 2 nghiém cta P(x) € Z[x], khi d6 z3, z» 1a 2 nghiém ctia R(x). Theo Viet ta c6

|2122] = [21] [z2] = 1.

1< |Z1‘ <2

0 S |Zz‘ S 1.

Talaico |a| = |z1 + 22| < |z1| + |22] <3 = a € {£2;£1;0}.

Q) =x+1  [Q(r)=1
P(x) =x*—1 {P(x) =x* 41
Truong hop 2: Véia = +1tadugc P(x) = x> +x+1= Q(x) = 1.
P(x) = x*+2x+1 (= Q(x) = £1)
P(x) = x> +2x —1 (= Q(x) = £1).
Thix lai, ta dugc cac da thirc thdéa man yéu cau dé bai la:

Gia st |z1| > |z2|, khi d6
Truong hop 1: Véia = 0 ta dugc {

Truong hop 3: Véia = £2 = [
P(x) =x*—1,P(x) =x* +1,P(x) = x>+ x+1,P(x) = x> £2x £+ 1.

BAI 17. Tim tat ca cac da thitc P(x) € R[x] théa man

P(x)P (x*) =P (x> +2x),Vx € R.
(¢ Loi gidi
Xét deg P (x) = 0 tuc P (x) = C thay vao (1) ta dugc C = 0 hoac C = 1, hay P (x) = 0,
P (x) = 11a hai da thitc thda man yéu cau dé bai. Gia sit deg P (x) > 0. Goi x; 1a nghiém
(thyc hodc phiic) ctia da thic P (x) ma |x;| c6 gia tri 16n nhat. Néu x; = 0 thi

P(x) = x*Q(x),Q(0) # 0,k € N*.
Suy ra xQ (x) Q (x?) = (22 + Z)k Q (x* +2x), v6i moi x. Thay x = O suy ra Q (0) =0,

gdp mau thuan, vay x; # 0. Dat x; = 2 (chi y t € C) tir gia thiét suy ra t° + 212, > 4 2¢
cung la nghiém, suy ra

{\t2}2]t6+2t2} 1> |# 42|
2] > [# +2¢] 1> |2 42|

Tal> |t +2] > t|* —2suyra || < V3 < V2.
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Vay tacé |2 +2| < |t| < V2. Ditz = > ta Yy
duge |z+2| < V2va |z2+2| < 1suyraz
nam trong dudng tron tim (—2;0) ban kinh
bang R = /2 va z2 ndm trong dudng tron z
tam (—2;0) ban kinh R’ = 1.

Goi ¢ € [0;27] 1a mdt acgumen cuaa z, do
z nam trong duong tron tdm (—2;0) ban 3 o _1 o 1 5 X

kinh R = v/2.suyra ¢ € <3:/547r> suy ra 1

o N

2¢ € [327[, 527-[] la acgumen ctia z2 diéu nay 9
dan dén z? khéng nam trong dudng tron

tam (—2;0) ban kinh R’ = 1 diéu nay vo

ly. Vay P (x) = 0, P (x) = 1 la hai da thuc

can tim.

Nhan xét 1. Bai toan trén con c6 thé gii theo cach don gian nhu sau: Xét deg P (x) = 0
tic P (x) = C thay vao (1) ta dugc C = 0 hoacC =1, hay P (x) =0, P (x) = 1la hai da
thitc thda yéu cau deé bai. Xét deg P (x) = n > 0. Dat

P(x) = apx" +a, 1x" 1+ +a1x +ap.
So sanh hé sb tu do hai vé ta ¢c6 ag = 0 hoac ag = 1.

@ Néuay = 0dattiép P (x) = x™ - Q (x) véideg Q (x) = n —mva Q (0) # 0. Thay lai
vao phuong trinh ta dugc x2"Q (x) Q (x2) = (x2 +2)" Q (x® + 2x), cho x = 0 suy
raQ(0) =0,voly.

& Néuay = 1dattiép P(x) = x™-Q(x) +1vSidegQ(x) = n—mvaQ(0) # 0.
Thay lai vao phuong trinh ta dugc
MQ (x) Q (¥%) +Q (x) +x"Q (x?) = (¥ +2)" Q (¥* +2x),
tir day chox = 0suyra Q (0) =2"Q(0) & Q(0) =0, vo ly.
0

Chu y 3. St dung s6 phic dé giai phuong trinh ham da thic sé dugc dé cap ki hon & bai
2 (& trang 39).

. BAI TAP
1. Dé bai
BAI 18. Phan tich ra thira s6 phuc:
@ a® +1; @a?>—a+1; (3 2a* - 5;
@) 4a> + 9b?; (®) 3a% + 5b%; (6) 3a% — 2ab + 7b.

BAI 19. Véi x, y 1a hai s6 nguyén. Xét s6 phiic z = x + vi.

(D Ching minh rang z" = x,, + iy, V6i X, Y, 1a nhiing s6 nguyén (n € IN*).
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(2) Ching minh rangnéu A = x>+ 2 thi A" = x2 +y2 (n € Z, n > 1).

(3 Ching minh rang néu A la téng binh phuong ctia hai s6 nguyén thi A" ciing la téng
binh phuong ctia hai sd nguyén (n € Z, n > 1).

BAI 20. Giai phuong trinh sau trén tap sé phuc:

(z—=1)*+(z+3)* +128 = 0. (1)
BAI 21. Chiing minh rang:
Chy = Gyt Chy — -+ CH(-1) -+ Ci(~1)" = 2" cos .
Chy = Gyt Gy =+ G DS G (1) = 2 sin

BAI 22. Thuc hién cac yéu cau sau:
a) Tinh tong: Cy, + Cop10 + Cop10 + -+ - + Co010-
b) Chimg minh: C9y;o + C3p19 + Cogo + - - - + Ciogg = 2277

¢) Tinh tdng: 3Clyyo + 3°Coy0 + 3°Coop0 + - - - + 3209C20%.
1
d) Chung minh: Cgmo + C§010 + -+ C%S% + ng%g = 5(22010 +2).

BAI 23 (Chon ddi tuyén Romanian nam 1988). Cho cac s6 thuc x, Y,z thod man diéu
kién x + y + z = 0. Chiing minh rang: |cos x| + |cos y| + |cos z| > 1.

BAI 24 (D& nghi IMO nam 1989). Cho a,b, c 1a cac sb thuc thoa man:

cosa+cosb+cosc  sina+sinb +sinc
cos(a+b+c) sin(a+b+c)

Ching minh rang: cos(a + b) + cos(b + ¢) + cos(c + a) = m.

BAI 25. Vi gia tri nao ctia s6 tu nhién 7 thi da thic P(x) = x?* 4+ x" + 1 chia hét cho da
thie Q(x) = 22 +x + 1.

BAI 26 (Mathematica Excalibur 5.1996). Tim a € Z sao cho da thic x2 — x + a chia hét
da thuc x3 + x + 90 trong Z|x].

BAI 27 (Viét Nam TST 2019). Véi n la s6 nguyén duong, chitng minh rang da thtic
- k
Pu(x) = Y2 CH - (x— 1)
k=0

c6 dung n nghiém thuc phan biét.
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2. Loi gidi
18.
@D Tacéa®>+1=a>—i*=(a—i)(a+i).

) Tacé A =1—4 = —3 = 3i%2. Phuong trinh > — a + 1 = 0 ¢6 hai nghiém la

1—+/3i 1+ v/3i
2 T T

A —a+1= (a—l_\/gl> (a— 1+\/§1>.
2 2
Cach khac. Ta c6

1 1 3 1\? 32
2— = 2— —_ —_ —_ = _—— —_
a a+1=a 2.a.2+4+4 <a 2) 1

() ) )

a; =

Do d6

(3) Tacod

(@) Néu b = 0 thi 4a® + 9b* = 4a. Néu b # 0 thi

(2]

— b (2; - 31') <2b” + 3i> _ (24— 3ib)(2a + 3ib).

2
4% + 9% = 1 (4212 +9> — 2

Cach khac. Ta co6
4a% 4 9b* = 4a® — 9V*i* = (2a)* — (3bi)?® = (2a — 3bi)(2a + 3bi).
(5 Tuong tu cau (4).

(6) Néu b = 0 thi 3a> — 2ab + 7b*> = 3a2. Néu b # 0 thi

2 2 _ a2 (0N _,al 7
3a% — 2ab + 7b* = 3b {(b) 2.b.3+3]
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3 3 3
— (30— b— v20bi) ol V2,
3 3
Két luan: 3a%> — 2ab + 7b* = (3a —b— @bi) (a — g + \/3270bi>

19.
(1 Ta chiing minh bang phuong phap quy nap.
Ménh dé diing khin = 1viz! = z = x + iy, x, y la nhiing s6 nguyén.
Gid st z" = x, + iyn, V6i Xn, Y, 1a nhiing s6 nguyén. Ta c6

2" = 2"z = (x, + i) (x +iy) = (x5 — yyn) + 1 (X.yn + X0Y).

Dat x.x; — Y.Yn = Xni1, XYn + XnY = Yui1, khi d6 x,,41, ¥y+1 12 nhitng s6 nguyén
va 2" = x,11 + iy,+1. Theo nguyén li quy nap suy ra diéu phdi ching minh.

@ Tac6 A =x2+y? = (x+yi)(x —yi) = zz (doz = x + yi). Suy ra
A" = (22)" =2"(2)" = (xu + iyn) (X — iyn) = X + V5.

(3 Suy ra tir cau (2).

Luu y. Sit dung két qua bai todn trén ta tra 16i dugec mot sd cau hdi héc bua, chéng han:
252011 ¢ phai 1a téng binh phuong ctia hai s6 nguyén hay khong? Cau tra 16i 1a ¢6, vi
25 = 3% + 42,

20. Datz = x — 1. Thay vao phuong trinh (1), ta duoc
(x—2)*+(x+2)* +128 =0 x* +24x* +80 =0
& [ ii _ :4210 & [ ﬁ _ 4216212 = {—21‘,21’,\/%1',—\501'}.
'mpngﬂ@nde)ﬁ{—1—2@—1+2L—1+«ﬁ5@—1—v§@}
21. Taco

(1+i)%"
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:an + C%nl + C%niz —+ C%ni?’ + C%ni‘l 4+t C%Zfli2n71 + C%Ziz"
— {an —C +Co -+ ng(—l)”}
+ [C%n - an + an 4+ .4 C%Zfl(_l)nfl] ;

Y 1 R T T T .
Matkhac.1+l—\f2<ﬁ+\/§1> —\/§<C054+zsm4).Suyra.

2 2 2
(1+0)*" = V2 <cosT+isinT) =2" (cos%—i—isin%).

Do d6 dong nhét phan thuc va phan 4o ta dugc hai dang thiic can chitng minh.

22, Xét
flx) = (1+x)*"
= C10 + Cao10% + Co10x” + - - - + Caopex™™ + 10210, vx € R.
a) Ta c6
Cor0 + Cao10 + Coo10 + - - - + Caong = f(1) = 22°.
b) Ta c6
£(1) =221 = Cyo; + Choro + Coro + - - - + C3050 + Cao10-
f(=1) =0 = Chy10 — Cao10 + Coo10 + - - - — G050 + Caoto-
Do do
F(1) + f(=1) =221 = 2(Chy10 + Coo10 + Cao10 + * - - + Ca10)-
Suy ra

Coio + Coio + Caoro + - - - + Cpto = 222
c) Tuong tu cau b), xét f(3) — f(—3).
V3 27

1 2
d)GQiz:—E—i—iT:cos?—f—isin?n.Khidézz—i—z—i—l:OVéz3:1.Goi

A = Coy19 + Copao + - - - + Cong + Coono
B = Chg10 + Coo10 + - - - + G306
C = Cp10 + Cooro + - - - + Cooto-

Ta co

1+1)*0=A4+B+C
(14 2)" = Chy1p + Choro% + Cop107” + Capao2” + - - - + Cp10 2™
= A+zB+z°C
(142%)*% = oy + Capoz” + Coproz* + Cono2® + - - - + Capioz> 2"

= A+ z°B + zC.
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Suy ra
3A = 22010 =+ (1 + 2)2010 + (1 + 22)2010. (*)

T (*), dung cong thic Moivre ta tim duoc

4 4
(1 +2)210 = 24020 — (o 80407 + isin 8040

= €0s 26807 + 1sin 26807 = 1.
4020t . . 40207
+1sin

(1 + ZZ)ZOlO — Z2010 = cos

= c0s 13407 + isin 13407t = 1.
1
Do d6 (14 z)2910 4 (1 + 2z2)2010 = 2 B&i vay tir (*) suy ra A = 5(22010 +2).

23. Viz = —(x+y)néncosz = cos(x + y). Xét s6 phiic
a = cos2x +isin2x, b = cos2y + isin2y.
Ta co

1+4a = (14 cos2x) +isin2x = 2cos? x + 2i sin x cos x

= 2cos x (cosx +isinx).
Suy ra |1 + a| = 2|cos x|. Tuong tu: |1+ b| = 2|cosy| Ta ¢
14 ab =1+ cos(2x +2y) + isin(2x + 2y)

= 2cos?(x +y) + 2isin(x + y) cos(x +v)
=2cos(x +y) [cos(x +y) +isin(x +y)].

Suy ra |1+ ab| = 2 |cos(x + y)| = 2 |cos z|. Vay ta can chitng minh:
14+a|+[1+0b|+|1+ab] > 2. *)
Ta co

1+a|+|1+b|+|1+abl > |1 +a|+[1+ab— (1+D)]
=1+a|+[b(1—a)|=|1+a|+|b|1—a
=1+al+1—-a|>[14+a+1—-a|=]2]=2.

Vay (*) ding, ta c6 diéu phai chitng minh.

24, Patx =cosa+isina, y =cosb+isinb, z = cosc +isinc.
Khi d6 xyz = cos(a+b+c) +isin(a+b+c).
Mat khac

x+y+z=(cosa+cosb+cosc)+i(sina+sinb + sinc)
=mcos(a+b+c)+imsin(a+b+c)
=m(cos(a+b+c)+isin(a+b+c)| = mxyz.
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1
Vay: x +y+z = mxyz:—y—i—y—z—l—a—m. (1)
Tacé |x)* = |y|* = |z|* = 1,suy ra
— _ _ 1 1 _ 1 _
X—yy—yy_lj;—x,g—y,g—Z- (2)

N\
N\
K
I
3

Thay (2) vao (1) ta dugc: x.y + .
Ma ta lai c6

©)

X.y = (cosa —isina) (cosb —isinb)
= (cosacosb —sinasinb) — i (sinacosb + cosasinb)
= cos(a+b) —isin(a+b).

Tuong tu: .z = cos(b+c¢) —isin(b +c), z.x = cos(c +a) —isin(c + a). Thay vao (3) ta
duogc:

cos(a+b) + cos(b+c) + cos(c+a)
—i[sin(a+ b) +sin(b + c) + sin(c +a)] = m.

Ma m = m + 0i nén cos(a + b) + cos(b + ¢) + cos(c + a) = m.
Luu y. Qua 10i gidi trén ta con thu dugc:

sin(a +b) + sin(b + ¢) + sin(c +a) = 0.
25. Pa thuac Q(x) ¢6 hai nghiém 1a
\/5 2 .. 2m

e —— 1 -,
= COS 3 4+ 1sin 3

1 ;v8
2 2
1 V3 21 . 27
'B— E T—COS (—3> 4+ 1sin <—3>
Giasun=3q+r,véir=0,1,2.
& Khin = 3k, ta co:

NN = —

P(a) = a + a3 41

= cosz—n+isin2—n 6k+ cosz—n+isin2—n 3k+1
- 3 3 3 3

= cos4km 4 isin4krt 4 cos 2kt +isin2kmr +1 =3 # 0.
™ Khin =3k +1, ta co:

P(“) — “6k+2 + a3k+l +1

2, . 271 6k+2 2 .. 21w Bk+1
= cos?%—lsm? + cos?%—lsm? +1

—cos4—n+isin4—n+cos2—n+isin2—n—|—1—0
B 3 3 3 3 e

Tuong ty, ta ciing ¢6 P(B) = 0.
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& Khin = 3k + 2, ta co:

P(IX) —_ “6k+4 + “3k+2 41

2t .. 21w Gk+4 2, . 21 Sk+2
= COS?—I—ZSII’I? + COS?—I—ZSII’I? +1

—c058£+isin8—n+cos4—n+isin4—n+l—0
- 3 3 3 3 -

Tuong tu, ta cing c6 P(B) = 0.

Vay P(x) chia hét cho Q(x) khi va chi khi n = 3k + 1 hodc n = 3k + 2.
1, V3

2 2
Cach khac. Ta ¢6 ¢ = —5 + 1'7 = cos ?n + isin?n la mot nghiém caa Q(x). Vay
Q(e) = 0.
Nhan xét 2. P(x) chia hét cho Q(x) khi va chi khi P(g) = 0.
Ching minh. Gia st da thire P(x) chia hét cho da thitc Q(x). Khi d6 ton tai da thic
H(x) sao cho P(x) = Q(x).H(x). Suy ra: P(e) = Q(e).H(e) = 0. Gid st P(e) = 0. Gia s«
P(x) = Q(x).H(x) + R(x), v6i R(x) 1a da thitc bac nhét hodc R(x) la da thitc hang. Ta c6

0= P(e) = Q(¢e).H(e) + R(e) = R(e) = 0.
Do ¢ 1a s6 phitc va R(e) = 0 nén R(x) = 0. Suy ra P(x) chia hét cho Q(x).

Trd lai bai toan: St dung nhan xét trén suy ra diéu kién dé P(x) chia hét cho Q(x) la
P(e) = 0 hay

2 . 2w\ ™" 2m ., 2m\"
cos — +1sin — +lcos— +isin— | +1=0

3 3 3 3
dnrt . . 4nm 2nmt . . 2nTm
< c0S —— +isin—— +¢cos—— +isin— +1=0
3 3 3 3
s cos%—n—l—coszn—n—i—l +1 sinM—n—i—sinzn—ﬁ =0
3 3 3 3 a
2nrm dnm 2 2
cos+<1+cos>:0 cosﬂ—l—Zcoszﬂ:O
~ 3 3 =
Cdnm . 2nm sin4nn—sin —2nm
smT—ksmTzo 3 = 3
@COSZnn__E@ n=3k+1
3 2 n = 3k + 2.

26. Gia str da thitc x'3 + x + 90 chia hét cho da thitc x? — x + a trong Z[x]. Khi d6
B+ x+90= (22 —x+a)g(x), q(x) € Z[x]. *)
Thay 1an lugt cac gid tri x = —1;0;1 vao dang thirc (*) ta dugc:
88 = (2+44a)g(—1); 90 = ag(0); 92 = aq(1).

Bdi vi a chia hét 90 va 92 va a + 2 chia hét 88 vay a chi nhan gia tri 2 hodc —1. Nhung da
thic x> — x — 1 c6 modt nghiém thyc duong, con da thic x!3 + x + 90 khong c6 nghiém
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thuc duong, vdy nén a = 2 va ta can chiing minh rang x* — x + 2 chia hét x'® 4+ x +90 .
That vay goi w la mot trong hai nghiém phtrc ctia x> — x + 2 ta ¢6

w? :w—Z,w4 = —3w—|—2,w8 = 3w — 14,

12 — 450 — 46, w" + w +90 = 0.

Ta c6 diéu phai chiing minh.
Loi binh. Loi gidi trén 1a mot su két hop hai hoa Pa thitc nguyén, phép chia hét va nghiém
s6 phtic ctia da thirc.

27. Trudc hét, ta thay rfing néu P,(xp) = 0thi 0 < xo < 1. That vay:
& Néu xg > 1thixg > 0,x9 — 1 > 0nén P,(xp) > 0, mau thuan.

& Néu xg < 0thidityy = —xo > 0, ta c6 P, (x0) = (—1)"Py(yo), nhung P, (yo) > 0
nén P, (xo) # 0, cing khong thoa.

Tiép theo, ta sé rut gon P, (x). Xét xg € (0;1) va dat 2xp = a2, 1 — xo = b* thi
(0= 1)"" = ((=1) (1 = x0))" " = (i)™,

n
trongd6i? = —1.Taduave T, = ) 3k g2k (ib)zn*zk. Xét khai trién
k=0

(a +ib)? Z ck -t (i), Z ck (—1)ka - (ib)***.

(a +ib)*™" + (a — ib)*"

> . Ta thay a® + b> = xyp + 1 nén

SuyraT, =

(i) () -

Dat = sing vsi ¢ € (0; g) Khi d6

a b
——— =C08 p, ———
xo+1 4 Vaxg+1

(cos ¢ + isin @)™ + (cos ¢ — isin ¢)*"
2

Tn:

Theo cong thitc de Moive cho liy thira ctia s6 phic thi

cos(2ng) + isin(2n¢) + cos(2n¢) — isin(2ng)
2

T, = = cos(2ng).

Tir d6 suy ra rang

Pa(x0) = 0 & Tu(x0) = 0 < cos(2ng) = 0 & ¢ = %+k%, V60 <k <n—1.
Ung v6i mdi s6 ¢, ta xac dinh dugc duy nhat s6 xp € (0;1) nén c6 1 s6 xg sao cho
P,(x) = 0, ching té rang da thitc da cho c6 n nghiém thuc phan biét. Ta c6 diéu phai
ching minh.
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Luu y. Bi€u thic ctia bai toan c6 1é xuat phat tir viéc rut gon tong nhi thic Newton dang
“chdn -18” quen thude: Y CHa" 2b¥ véi viec xét khai trién (a +b)" va (a — b)". Tro
0<2k<n

ngai lén & day chinh 1a mt cta cac s6 hang va hé sé nhi thuc lai khong khép nhau. Di
nhién ta khong thé chuyén C%’,; — Ck duge nén buoc phai nang lay thtra cia ma thanh
binh phuong. Tuy nhién, néu chi dit don thuan 2x = a2, 1 — x = b? thi ngay & tong chin
ctia dé cho cling dan diu. Chinh dau hiéu la d6 da goi y cho ta xét s6 phic 2 = —1 dé
khac phuc diéu nay. Chu y rang s6 2F trong dé bai c6 thé thay bang a* véi a > 0 bat ky
va bai toan van dting. Ngoai ra, néu d6i viéc xét cdc nhi thitc & vi tri chan c6 thé thay
bfmg cac vi tri chia hét cho 3,5, . .- hay s6 nguyen t0 p bt ky cling sé tao thanh nhiéu tinh
huéng thu vi khac. Cach t1ep can bang s6 phuc & day c6 leladuy nhat, vi viéc chi ra cac
khoang chita n nghiém ctia P, (x) 1a khong kha thi; con néu quy nap theo bac  thi lai kho
tim dugc cong thic tuong minh nhu & bai toan da thirc Chebyshev.

D. S0 DUNG $O PHI'C CHUNG MINH BAT PANG THU'C

Tiép theo ta sé xét mot s6 vi du vé dung sb phitc dé chiing minh bat dang thic. Day
la phuong phap rat doc déo, thu vi, dung cai do d€ chiing minh céi thyc. Ta thuong st
dung cac két qua sau:

4 |Z1 —|—Zz| < |Z1| + |Zz|, Vz1,2z2 € C.
™ |zi+z+ -+ 2z <|z|+ 22|+ -+ |2n| V21,22,...,24 € C.
BAI 28. Chung minh rfing vdi cac s6 thuc a, by (k =1,2,...,n) thi:

\/(a1+a2+--~+an)2+(b1+b2+-~-+bn)2

g\/a%—l—b%—i—\/a%+b§+---+\/a%+b%. (1)

(@ Loi gidi
Datay + byi =z (k=1,2,...,n).Khi dé
zi+z+ - +zp=(m+a+--+a,)+ (b +ba+- -+ by)i
Bat dzfmg thitc (1) can chitng minh c6 dang
lz1+ 20+ +zu| < |za| + |22] + -+ |20l (2)

Bat dang thitc (2) dting vi médun ctia téng céac sd phtic thi khong 16n hon téng ctia ting
modun. O

BAI 29. Cho ba s6 thuc a,b, ¢ théa man a + b + ¢ = 6. Chiing minh rang:

V1t Va1 +v/9+2>6V2.

@ Loi gidi
Xétcécséphfrczl =a-+1i,zp =b+2i,z3 =c+ 3i. Khi do

21 + |22 + |z3] = Va2 + 1+ V02 + 4+ /2 +9.
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Mat khac

z1+2z+z3=(a+b+c)+6i=6+6i

= |z1 + 224 23] = V62 +62 = V72 = 6V2.

Ma |z1 + zp + z3| < |z1| + |z2| + |z3]| nén

VIt +Va+12+V9+2 > 6V2.
Ta c6 diéu phai chiing minh. O
BAI 30. Chting minh rang véi moi sb thuc a, b thi:

\/4coszacoszb +sin®(a — b) + \/4sin2asin2b +sin®(a — b) > 2. *)

(¢ Loi gidi
Dat z; = 2cosacosb +sin(a — b)i, zp = 2sinasinb + sin(a — b)i. Khi d6

|z1]| = \/4coszacoszb +sin®(a —b), |z2| = \/4sin2asin2b + sin®(a — b).
Mit khéc

21+ 22 =2 (cosacosb + sinasinb) + 2sin(a — b)i
= 2cos(a —b) 4 2sin(a — b)i.

Do dé |z1 + z2| = \/4(:052(51 —b) + 4sin®(a — b) = 2. B&i vay

(*) = |Z]‘ + ‘Zz’ > |Z] —|—Zz| (dﬁng).

BAI 31. Ching minh rang véi cac s6 duong a, b, ¢ thi:

Va2 +ab+ b2+ b2+ bc+ 2+ 2 +ca+a?>V3a+b+c)

@ Loi gidi
Xét cac s6 phuc
V3¢ a, 3a

—i,zz3=(c+=)+—1i.

V/3b . c
Tt 2 2 2

2 122:(b+7)+

b
a=(+y) 2

Khi do
21+ Jz2l + 3]
b2 \/§b2 \/ c\2 \/502 \/ a2 \/3(12
:\/(“‘1‘2) +(T) + (b‘|‘§> +(T) + (C+§> ‘f‘(?)

=\ 4 ab+ b2 + /b2 + be + 2 + /2 + ca + a.
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Mat khédc: z1 +zp + 23 = ;(a—l—b—i—c)—i—\f(a—i—b—i—c)i.Dodo’

9 3
|z1 + 22 + 23| = \/4(a+b+c)2+4(a—|—b+c)2:\/§(a+b+c).

Do |z1 + 22 + 23] < |z1| + |22| + |z3| nén ta c6 diéu phai chitng minh.
BAI 32. Chitng minh rang néu a, b, c 1a cac s6 duong théa man:
ab + bc + ca = abc

2102 b2 1002 21052
Va2 + +\/btc+\/cc:a2\/§'

thi

NS N . a.b, -
(¢ Loi giai
Bat dang thic can chiing minh twong duong véi

1 2 1, 2
\/b2+ +\/+bz+\/az+czzf3.

1 \
= Ta can ching minh

batx= -,y =

m\»—\
S| =

\/y2—|—2x2+ 22 4+ 2y2 + /22 + 222 > /3.

Tur gia thiét ab + bc + ca = abe, ta c6

LI T
a b ¢ y o

Xét cac sb6 phuc
Z1 =Y+ \foi, ) :z—i—\/iyi, z3 = x + V/2zi.
Khi d6

|z1] + |z2| + |z3] = \/y2 +2x2 + /2% 4+ 2y% + / x% + 222,
Mat khac

ntzmtzs=(x+y+z)+V2x+y+az)i

=|z1+2+2z3) = \/(x+y+z)2+2(x+y+z)2:\/§_

Ma |z1 + 23 + 23] < |z1] + |22 + |z3] nén ta c6 (x), diéu phai chitng minh.

BAI 33. Ching minh rf?mg v6i moi sb thuc a, b, ¢ va s6 duong k, ta co

(Ka+b+c) —abc)2 < (2 +k) (PP +K) (P +k).

& Loi gidi
Xét da thuc f bac 3, nhan 4, b, c lam nghiém nhu sau:

f(t)=(t—a)(t—=b)(t—c) =t —t*(a+b+c) + t(ab + bc + ca) — abc.

(*)
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Bdi vi
|A+ Bi|> = (A+Bi)(A — Bi) = A2+ B> > A% (véii* = —1),
nén ta co
£ (it)|> = [P — 22(a + b + ¢) + it(ab + be + ca) — abe|*
— |=if® + 2(a+ b+ c) + it(ab + be + ca) — abc|*
> (P(a+b+c) —abc)”
F(i)|? = (it — a) (it = b) (it — )
= |it — a|?|it — b|?|it — c|?
it — a)(—it — a) (it — b) (=it — b)(it — c) (=it — )
2 22) (1 — 2R (& — )

= (
- (g
= (a® 4+ £2) (B> + £2)(c® + 12).
Do do

(Pla+b+c) —abe)’ < (@ +£2) (V2 +£2) (2 + 1), *)

véi t 1a s6 thuc bat ki. Do d6, dat k = #2, tir (*) ta c6 diéu phai ching minh.
Luu y. Chon k cu thé ta sé dugc nhitng bai todn mdi, Chfang han chon k = 3, ta dugc bai
toan: Cho a, b, c la cdc sb thic dwong théa man a2+ b* 42 < 3. Chirng minh rﬁng

abc+8>3(a+b+c).

O
BAI 34. Chung minh rf!mg v&i moi s6 thuc a, b, ¢, d va s6 duong k, ta co
(K2 — k(ab + ac + ad + be + bd + cd) + abed)? < (> + k) (B + k) (E+k) (2 +k) .
@ L&i gidi
Xét da thuc f bac 4, nhan 4, b, ¢, d lam nghiém nhu sau:
flt)=(t—a)(t=0b)(t—c)(t—4d)
=t*—(a+b+c+d)+t*(ab+ac+ ad + be + bd + cd)
— t(abc + bed + cda + dab) + abed.
Ba&i vi
|A+ Bi|> = (A+Bi)(A — Bi) = A2+ B> > A% (véii* = —1),
nén véi moi sb thuc ¢, ta cé
If(it))* = |i** — PP (a+ b+ c 4+ d) + 22 (ab + ac + ad + bc + bd + cd)
— it(abc 4 bed + cda + dab) + abed) |?
= | +it(a+b+c+d) —t*(ab+ ac + ad + bc + bd + cd)
— it(abc + bed + cda + dab) + abed|?
2
> (t4—tz(ab+ac+ad+bc+bd+cd) —i—abcd) . (1)
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(i) ? = [(it —a) (it — b) (it — c) (it —d)[?

= |it — a|?|it — b|?|it — c|?|it — d|?

= (—a+it)(—a—it)(=b+it)(=b—it)(—c+it)(—c—it)(—d +it)(—d —it)
= (a® — 2#) (V* —i*?) (P — i*#) (d* — °F%)

= (a®+12) (B> + 1) (*+12) (d* + 7). 2)

Tix (1) va (2) ta c6 diéu phai chirng minh. O

BAI 35 (Romanian Mathematical Olympiads 2003, Shortlist). Cho cac s6 duong a, b,
¢, d théa man a% 4 b? + ¢? + d*> = 1. Chiing minh rang

ab+ac+ad+ bc+ bd + cd < Z+4abcd.

(¢ Loi gidi
Trong két qua bai toan 34, 1ay k = 0,25 ta dugc

2
(116 —(ab+uc+ad+b6+bd+cd)—l—abcd)

<(3+) (i+2) (5+2) (5+)

Theo bat dang thitc Cosi, ta c6

4
T\ /1 N/l \/(1, » 1+ (@ +b* + 2+ d?) 1
Z i - - < = .
(3+2) (5+2) (5+¢) (3+4) < . e

Do do
1 1 21
——f(ab+ac+ad+bc+bd+cd)+abcd <=
16 16
1 1 1
:>R—f(ab+ac+ad+bc+bd+cd)+abcd> -1
:>Z—|—4abcd >ab+ac+ ad + bc + bd + cd.
Ta c6 diéu phai chiing minh. Ddu "="xady rakhia=b=c=d = % O

BAI 36 (Titu Andreescu, Gabriel Dospinescu). Cho cac s6 thuc a, b, ¢, d théa man
(a®+1) (b*+1) (*+1) (d®+1) = 16.
Chung minh rfmg

—3 < ab+ac+ ad + bc + bd + cd — abed < 5.

@ L&i gidi
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Trong két qua bai toan 34, lay k = 1 ta dugc
(1— (ab+ac+ ad + bc +bd + cd) + abed)* < (a* +1) (b> +1) (> +1) (4> +1) = 16.
Do dé

—4 < (ab+ac+ad+bc+bd+cd) —abcd—1<4
= —-3<ab+ac+ad+ bc+ bd+ cd — abed < 5.

n_mn

Ta c6 diéu phai chiing minh. Ddu "=" xay ra chang han khi

O

BAI 37 (USA Mathematical Olympiads 2014). Cho céc sb thuc a, b, ¢, d théa man diéu
kién b — d > 5 va tat ca cac nghiém xq, xp, x3, X4 cua da thuc

P(x) = x* +ax’ + bx* +cx +d
déu la nghiém thyc. Tim gia tri nho nhat cta biéu thirc
(F+1) (3 +1) (3 +1) (xg+1).
 Loi gidi
Theo dinh li Viet, ta c6 d = x1xpx3x4 va
b = x1x0 + x1X3 + X1X%4 + X2X3 + X2X4 + X3X4.
Dob—d > 5nén
(x1X2 + X1X3 + X1X4 + X2X3 + X2X4 + X3X4) — X1X2X3X4 > 5.
Trong két qua bai toan 34, léy k =1 ta duogc

(1 — (122 + X133 4 X124 + XoX3 4 X224 + X3x4) + X1X2%3%,)°
<(1+4x3) (14x3) (14x3) (1+x3).

Do d6

16 < (1 — (X1X2 + X1X3 + X1X4 + X2X3 + X2X4 + X3X4) — x1x2x3x4)2

< (1) (14 23) (14 42) (1+2).

Xét da thic P(x) = (x — 1)* c6 4 nghiém x; = xp = x3 = x4 = 1, khi d6
(x34+1) (x34+1) (x3+1) (x3+1) = 16.

Vay gia tri nhd nhat cta biéu thitc da cho 1a 16. O
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E. SU DUNG SO PHU'C GIAI PHUONG TRINH, HE PHUONG TRINH
Mot phuong trinh nghiém phirc f(z) = 0, v6i z = x + iy, ta bién déi thanh

h(x,y) =0

h(x,y)+ig(x,y) =0« { 2(xy) = 0.

Nghia 1a mot phuong trinh nghiém phtic, bang cach tach phan thuc va phan 4o luén ¢6
thé dua vé hé phuong trinh.

5 . . 2x3 —6xy* =5 (1)
BAI 38. Giai hé phuong trinh { 6x2y — 2y — 5 V3. 2)
(¢ Loi gidi
Nhan hai vé ctia (2) véi i rdi cong véi (1) ta duge

2x% — 6xy? + (6x%y — 2y°)i = 5+ 5v/3i

ex3 —3xy? + (Bx%y — )i = g + 5\2/51_
&x° + 3x%yi + 3xy?i® + >0 = g + 5\2/51'

e(x+yi)> =5 <;+2i

. 1 3
Véy x + yi la can bac ba cta so phicz =5 <2+\2fi> :5<cosg+isin§).Mézcé

cac can bac ba la

_ 3 T
zo—\fS(cosg+zsm9),
T12n T12n 7 7
21:\3@ cos3+ +isin3+ = /5 Cos—n—i—isin—n ,
3 3 9 9
T 1 4rn T 1 4n 1 1
zz:\SfS(cos?‘—t5 +isin 2 3 )z%(cos?—kisim?).

Viéy cac nghiém cta hé phuong trinh la

7 1?71

7
xz%cosﬁ x:%cos—n x = v/5c08 ——
y:%cosg / y:%cosg y:%cos—.

Luu y. Cach giai nay rat doc dao va nhanh hon nhiéu so véi cach sit dung tinh dang cap

ctia hé, rdi dua vé phuong trinh da thic bac ba. ]
BAI 39 (HSG Quéc gia nam hoc 2006-2007). Giai hé phuong trinh
12
1-— =2
( y+ 3x> VX

12
<1+y+3x>\/y—6.
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& Loi gidi
biéu kién x > 0, y>0,y+3x #0.batu=+v3x>0,v = VY = 0. Thay vao h¢, ta duoc

12 u 12u
(1-tw) 5= [ =2 @

u? 4 02
< 120 )

Nhén phuong trinh (2) v6i i, sau d6 cong vdi phuong trinh (1) ta duoc

12(u — vi)

u-+vi— =
u? +v?

2v/3 + 6i. 3)

Xét s6 phitc z = u + vi, v6i u > 0, v > 0. Khi d6 (3) viét lai
12z 12
z—z—;:2\f3+6i<:>z—?:2(\f3+3i)

=22 -2(V3+3i)z—12=0. (4)
Ta co

AN = (V3+3i)24+12=—6+6V3i+12 =6+ 63
1 V3, T, 7n
—12(2—|—21>—12(cos3—|—zsm3>.

Vay A’ ¢6 hai can bac hai la

i\/ﬁ(cos%JrisinZ) :i@(?Jr;i) :i(3+ﬁi).

Tir (4) ta co
z=V3+3i+34+V3i=+v34+3+(3+3)i
z2=+3+3—-3-3i=v3-3+(3-V3

Dou >0vav > 0nén

i

{u:\@+3 x:(ﬁ+3)2 @{x:4—|—2\@

v=13+3 ~ 3 2 y=3<4+2\@)'
y=(V3+3)
Lo da ok ) hig d nh‘ x:4—|—2\@ O
t
¢ da cho c6 nghiém duy nha y:3<4+2\/§).

BAI 40. Giai phuong trinh

x> +45x* +210x% 4 210x + 45x +1 = 0. (1)
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@ Loi gidi
Xét x < 0. Taco C%é(iﬁ)Zk = CH(—1)%(—x)k = C2kxk. Suy ra
(1 + z\/—Tc)w + (1 - i\/Tx> . <C?0 b+ Chat C%8x5) .
Do do
(1) ©2(Cly + Clox + Cipx® + -+ + Cigx”) = 0

10

@(1+i\/—7X)10+ (1—1'\/—7)10 —0& (Hi\/jx) — 1.

1—iy—x
141y — .. .
Nghia la 1—H7x la moét can bac muoi cia —1 = cos 7t + isin 71. Do d6
—iy/—x

141/ — k2 k2
Tl X _ os7T+ 7T+isinu

— ,k=0,1,2,...,9. 2
1—iv—=x 10 10 @)
Ta co
) T+k2r .. nm+ k27w
<1—z\/—x> <coslo+zsm10>
T+ k2 .o+ k2r . m+ k2w T+ k2 .
= <cos10 + v —Xxsin 10) + (smlo — 1/ —Xcos 10) 1.

Tir (2) ta nhan chéo, sau d6 dong nhat phan thuc véi phan thuc, phan do véi phan 4o
dugc két qua
\/—x:tann—;gzn, k=0,1,2,...,9. 3)
Do \/—x > 0 nén trong (3) ta chi cho k chay tir 0 dén 4. Vay phuong trinh (1) c6 5 nghiém
la
o T+ k27T
an"—————

20
Nhung (1) 1a phuong trinh da thic bac 5 nén c6 khong qua 5 nghiém. Vay (4) cho ta tat
ca cac nghiém cua (1).
Luu y. Sé 1a sai lam néu cho rang

x=—t ,k=0,1,2,3,4. (4)

s _ (V)Y (- vt

Cg)o + C%Ox + C%OXZ + tee + Clox 2

va (1+ /) 0y (1—+vx) "> 0nén suy ra (1) vo nghiém. Can nhé rang gidi phuong
trinh la tim x thudc tap xac dinh va thoa man phuong trinh (1). Bai toan 40 nay con duogc
gidi nhu sau :

(1) & (x+1) (x* +442° +166x> + 443 +1) = 0.

Phuong trinh x* + 44x% + 166x% + 44x + 1 = 0 goi la phuong trinh v6i hé s6 phan hoi,
truong hop dic biét nay, goi 1a phuong trinh ddi xing. O
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BAI 41. Giai phuong trinh

64x° — 2112x° + 7920x* — 7392x3 + 1980x% — 132x + 1 = 0.

(¢ Loi gidi
Dét x = pt, thay vao phuong trinh, dan t6i can phai chon p = 2. M6t dau hiéu khac cling
kha r6 rang, d6 1a hé s6 tu do 1a 1, s6 hang chia luy thira cao nhét 12 64x6 = (—2x)°. O

BAI 42. Ching minh rang (1 + /x) 204 (1—+vx) 0 = Pyo(x), trong d6 Pyo(x) 1a mot da
thirc bac muoi. Giai phuong trinh Pjp(x) = 0.

(¢ Loi gidi

Ta c6 Pio(x) = 2(CY+ C3px + Copx? + - - + C39x1%) . Vay Pjp(x) 1a mot da thue bac
muodi. Dé thdy rang x > 0 khong thod man phuong trinh Pyg(x) = 0. Tiép theo xét
x < 0.Khi do

20 20
Pio(x) = (1 + i\/—x) + (1 - i\/—x> .
Phuong trinh Pj(x) = 0 tuong duong véi

20

(1+i¢fx)20 = —(1- i\/fx)zo = <1 +i\/jx> — -1

1—iy—x
1+iy—x . - .
Nghia la 1+\ﬁ la mot can bac hai muoi cia —1 = cos 7t + i sin 7. Do d6
—iy/—x

1+iyv—x o 7T+k27t+ .Sin7T+k27r

STV g BT ok =0,1,2,...,19. 1
VT Cos 20 i 20 )

Ta co

k2 k2
<1 — i\/—x> <cos % +isin ﬂzon)

T+ k2w . o+ k2 . m+ k2w T+ k2 .
= (cos20 + v/ —Xxsin 20) + (sm20 — 1/ —XcCos 20) 1.

Tix (1) ta nhan chéo, sau d6 dong nhat phan thuc véi phan thuc, phan do vé6i phan 4o
dugc két qua

k2
\/—x:tan%oﬂ, k=0,1,2,...,19. @)
Do /—x > 0 nén trong (2) ta chi cho k chay tir 0 dén 9. Vay phuong trinh Pyo(x) = 0 ¢6
10 nghiem 1a ¥ = —tan2" 2T K _ 0,1, 9. 0

40

¥y —yox =

\ -6’y +yt =3 (1)
BAI 43. Giai hé phuong trinh 1 2)
1-

@ Lyi gidi
Xét s6 phitc z = x +yi, véi x,y € R. Vi

2t = (x +yi)* = 2t + 4xByi + 6x2P + dxyP® + it
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= (x4 — 6x%y? + y4) +4 (Py —yPx)i.

nén tir hé da cho ta c6 z* = \/§+i:2(cos%+isin%) . Vay z = x 4 yi la mét can bac

4 . & P mw .. T (o omo 1A 1A 2 A ) T L TN o
bon caa so phuc 2 (cos 3 +isin g> . Cac can bac bon caa so phuc 2 (cos 3 +isin g) la

137 13
ffZ(cos——Hsm—) \f2<cos+z in 7r>’

24 24 24 24
4 2571 . 251\ 371 . 371
2 —_— 2 e .
\f<c 08 5y Tisin 24>’f<c 08 Sy Tisi 24)
Hay
._4 s s
x+y1—\f<c0521%+zsm241>3
. T . T
X4yt = V2 cosﬂ—i—zsmﬂ
257 257
x+yi =2 cos——kisinj
, 37m . 37
_x+y1 V2 cosj—kzsmj
Hé da cho c6 4 nghiém :

13
x:{ﬁcos;; x—\@cosz—f
y:\AL/ESil’I— ’ y:\ﬁsjni ’

257 37
x—\/icos—4 x—ﬁcos;f
y:{l/isin— , y= \[sm
24
O
3y —
\ coe 1A N xs 4+
BAI 44. Giai hé phuong trinh Cx+3y
24y

(¢ Loi gidi
Diéu kién x? + y? # 0. Xét s6 phiic z = x + iy. Khi d6

iz=ix—y 2+ =|z" =22

Hé phuong trinh da cho viét lai

3x —vy
o 1
x+x2+% 3

X +3y,
=0. (2
vi-arai =0 (2)

Léy (1) trir (2) theo vé ta duoc
x_yi+3x—y+x—|—3y =3 x— yi+3(x+yl) y=1 _3

2412 242 x2 412 _x2+y2
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Hay
. L
43+ 2 302 43-+L =30 (2-32+3+i=0.
z.Z z.Z V4 z

Taco A =9 —4(3+1i) = —3 — 4i. Xét s6 phitc a + bi thod man diéu kién

2 2
2 2 a-—b*= -3
T N2 a —b = -3
3 —4i = (a+bi) (:){Zab:—él @{b:_Z‘
a
Khi dé 1
az—a—zz—3<:>a4+3a2—4:0(:>a2:l<:>a:i1.

Vay (a;b) = (1, -2); (a;b) = (—1;2). Do d6 A = —3 —4i c6 hai can bac haila + (1 — 2i).
Suy ra

5 “(12—7-1) 2
_3-(d-2) .,
2
Nghia la
x—yi=2—1i - (x;y) =(2;1)
x—yi=1+i (x;y) = (1,-1).
A A o ax e v s o Jx=2 [ x=1
Vay hé phuong trinh da cho c6 hai nghiém la { y=1 va { y=—1 O
BAI 45 (HSG qubc gia-1996). Giai hé phuong trinh:
vax (14 ) -

(¢ Loi gidi
Diéu kién x > 0vay > 0. bat u = \/x, v = ,/y. Hé phuong trinh tr& thanh:

u(14 ) =
u? + 02 V3
U<1_ 1 >:4ﬂ

u? 4 v? V7

Vi u? + v? la binh phuong ctia médun ctia s6 phitc z = u + iv nén ta bién déi hé phuong
trinh thanh:

u 2 U 2
M utare=5 W
. v :4ﬁ < i v :4\61' 2)

uz+02 /7 u 402 7

Cong (1) va (2) theo vé ta dugc:

u—iv 2 4+/2i

w2+02 3 7 ©)

u—+iv—+
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—i z z 1 )
vi et 2 2 _ " nen(3) vibtlai
u? + v? E1 zZ z
1 2 42 1 2V2i
zZ+—-—=—-+ =4 -2 —=+4 z4+1=0.
z 3 7 (\@ ﬁ)
Ta co

2
Ao (Lp2vEy 1 8 4vRi 38 4V
7 V21 21 21

N B

Xét s6 phutc a + bi thod man diéu kién

» 2 38
38  44/2i . T
——+——=(a+bi)? e
TV, SRl IV
V21
Khi d6
8 —38 ~19+23 4
2 _ _ 4 2_q_ 2 _ _ =
= oy =210 +381°—8=0<ua T T
Vay (a;b) = (Z-ﬁ)(a-b) = (—2-—\@) Do dé
y 4 \/ﬁ’ 7 7 \/ﬁ/ .
1 2 22
z=Uu+iv=—=+ — | + —i\@ 1.
() (2F v
oL, 2
Viu>0vav > 0nén \@ \/ﬁ Do do6
U—Lﬁ—l-\@
7 .

Pl b
21 3¢/7
_22+8f

(4)
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F. HE LAP SINH BOI CAC DA THU'C OI XUNG BA BIEN

BAI 46. Tim cac sb phtc x, y, z khac nhau d6i mét va thoa man:
x=y+2°
y =22+
z=x3+1°.

(¢ Loi gidi
batoy = x+y+z, 0o = xy +yz +zx, 03 = xyz. Khi do:

PP+ =3z + (x+y+z) (P Y+ 22— xy —yz —zx)
=303+ 071 (0’12 —3(72) = Uf — 30107 + 303.

|

Hay x,y, z la nghiém ctia phuong trinh:

Hé da cho viét lai:

0"13 — 30907 + 303 — x3
03 — 3010 + 303 — i°
o3
1

— 30105 + 303 — 2°.

N = R
I

t =07 — 30100 + 303 — £ < 12+t — (07 — 30105 + 303) = 0. (1)
Mat khac, theo dinh li Viet thi x, y, z cting la nghiém ctia phuong trinh:
3 2 —
7 —otc+opt — o3 = 0. (2)

Tir (1) va (2) suy ra:

—01 = 0 o = 0

=1 = ;=1

—03 = — (0’% — 30107 + 303) o3 = 0.
Nhu vay x, y, z 1a nghiém ctia phuong trinh:

P+t=0ct(F+1) =0« {ti

= —i

Vay nghiém ctia hé da cho la (0;i; —i) va cac hoan vi. O

BAI 47. Tim céc s6 phtc a, b, ¢, d khac nhau d6i mét va thoa man:

a* =bed +1
b* =cda+1
ct =dab+1
d* = abc + 1.

@ L&i gidi

MUC LUC



37 | Nguyén Tai Chung - Gido vién THPT Chuyén Hung Vuong - Gia Lai

Dat 04 = abed. Lan luot nhan phuong trinh thi nhét, th hai, thit ba, tht tu véia, b, ¢, d
ta duoc:

a® = abcd + a > =o04+a
b° = abed + b W =o04+0b
c® =abed + ¢ < C=0+c
d® = abcd +d =0y +d.

Nhu vay a, b, ¢, d 1a nghiém ctia phuong trinh:
P=o+test—t—0=0. (1)

Tuy nhién phuong trinh (1) c6 du 5 nghiém phucla a, b, c,d va r. Khi d6 4p dung dinh li
Viet, taduogc: oy = roy < 04 (r —1) =0. (2)

@ Néu r = 1 thi do 11a nghiém ctia phuong trinh (1) nén

PP—-1-03=0<04,=0.

& Néu r # 1 thi tir (2) suy ra o4 = 0.
Nhu vy, ta luén c6 o4 = 0. Vi thé nén (1) tuong duong:
P—t=0&t(-1)(F+1)=0stec{0;1;,-1;i;—i}.
& Do 04 = 0 nén trong 4 sba,b,cd phai c6 mot sO bﬁng 0.
™ Honnwabo (a;b;¢;d) = (0;1;4; —i) khong thoa man hé.

& Véia,b,c,d € {0;1;,—1;i;—i} thi a*,b*,c*, d* € {0;1}, do d6 tir hé da cho suy ra:
abe, bed, cda, dab € {0; —1}, dan tdi trong 4 sba,b,cd phéic6 du3sb0,i, —i.

Suy ra cac nghiém cua hé la (0; —1; ;i) va 23 hoan vi khéc cta no. d

BAI 48. Tim cac sb phtc x, y, z khac nhau déi mot va thoa man:

x3+x2:y2+'Zz

yz—1

24,2

3 o Z°+x

¥ty sz_lz

?+¥—x y.

L xy—1

# Loi gidi

Diéu kién: xy # 1, yz # 1, zx # 1. Néu x = 0 thi thay vao hé ta dugc

Y +2z2=0 Y +22=0
34,2 .2 3 _ y=0
y+y:-=-z2 & =0 <91 2=0
2 +22 = —y? =0 -

mau thudn véi gia thiét cac s6 phuc x,y, z khac nhau déi mot. Nhu vay x # 0 va tuong
tu, tasuyray # 0,z # 0. Dat:

o1 =Xx+Yy+z 0p=xy—+Yyz—+zXx, 03 = XYz.
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Khi d6: 22 + 42 + 2% = (x +y +2)> — 2 (xy + yz + zx) = 0% — 205. Phuong trinh th nhat
ctia hé da cho trg thanh:

2 2

Srx? — x4 o3x —x* = 0% — 200 — x

ex® — o3x? — o3x + 0% — 200 = 0.
Diéu nay c6 nghia la x 1a nghiém cta phuong trinh:
2 —o3t? — o3t + 012 — 20, = 0. (1)

Tuong tu, ta cing suy ra dugc y, z la nghiém cua (1). Mat khéc, theo dinh 1i Viet suy ra
x,Y, z cing la nghiém ctia phuong trinh:

2 — o2 + oot — o3 = 0. (2)
T (1) va (2) suy ra:
01 =03 03 = 071 03 = 071
0y = —03 ~ 0) = —0 ~ 0 = —0
03 = —0% + 203 0 = —07 — 203 0%+ 301 =0
=0 (01;09;03) = (0;0;0) (loai)
~ 02 = —01 ( e _ <_3.3. _3)
0_1 6 {0; _3} 01102103) - i .

Nhu vay x, y, z 1a nghiém ctia phuong trinh:

t+1)°
P+37+3t+3=0¢ t+13:—2<:><—> =1. 3
(t+1) 7 ®
N T 2 o R , o
Phuong trinh (3) nghia la—s—ﬁla can bac 3 ctia 1 = cos0 + isin0 hay:
rot+1 I _ 2
—%zcosO%—isinO t+1 V2 L
t+1 27 .. 2% t+1=—v2 -2+ 25
—— = =C0S — +1isin— <& 2 2
V2 3 3
—ﬂ—cosg—l—ising t+1=—-v2 _l_éi
L V2 3 3 I 2 2

Nghiém (x;y;z) ctia hé la

(ren(408)-n(4-9)-)

va cac hoan vi. ]
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BAI 2. SO DUNG $O PHU'C BE GIAI PHUONG TRINH
HAM DA THUC

Nghiém ctia da thic dong vai tro quan trong trong viéc xac dinh mot da thire. Cu thé,
néu da thic P(x) bac n (n € N*) ¢6 n nghiém x1, x, ..., x, thi P(x) c6 dang

P(x) =c(x—x1)(x —x2)...(x — xp).

Tuy nhién néu chi xét cic nghiém thyc thi trong nhiéu trudong hop sé khong di sd nghiém.
Hon nita trong bai toan phuong trinh ham da thitc, néu chi xét cac nghiém thuc thi 16i
giai sé khong hoan chinh. Dinh 1i co ban ctia dai s6 vi vay dong mot vai tro hét stic quan
trong trong dang toan nay.

& Dinh li co ban caa dai s6. Moi da thitc bac n hé s6 phitc (thuc)
P(x) = ayx" + A1 X"V ax4ag (VO a, £ 0)
déu c6 du n nghiém phic (phan biét hay trung nhau).

@ Dinh li Viet thuan: Néu x1, xp, ..., X, 1a n nghiém (phan biét hay tring nhau) ctia
da thic P(x) = apx™ +a, 1x" '+ - +a;x +ag (a, # 0) thi:

An—1
S1=xi+x2+ -+, =—
an
an-—2
Sy =x X0+ X1X3 + -+ X1 Xy =
n
an—3
S3 = X1X2X3 + X1X2X4 + - + Xp_2Xpy_1Xy = — p
n

& Dinh li Viet dao: Néu 1 56 x1, X, ..., x, thoa man

X1+x+-+x, =51
X1Xp + X1X3 + -+ + Xp_1Xy = Sp
X1X2X3 + X1X2X4 + - - + Xp_2Xy_1Xy = S3

thi x1, x2, ..., x,, la nghiém cta phuong trinh

X" — S 4 Sox T (—=1)IS, i x + (—1)"S, = 0.

@ Cho hai sb phiic z; va z;. Khi dé:
|2122| = |z1] |22 o
|z1 + 22| < |z1| 4 |22|, dau bang xay ra khi va chi khi z; = kzp, v6i k > 0.
|21 — 22| = [[z1] = |z2][.
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BAI 1 (Olympic Hong Kdng-1999). Cho k 1a s nguyén duong. Tim cac da thirc hé sd
thyc thoa man diéu kién P (P(x)) = [P(x)]%, Vx € R. (1)
& Loi gidi

Xét truong hop P(x) = C (C 1a hang s6). Tir (1) duge C = CF. Khi k = 1 thi C 1a hang s6
bat ki. Khi k > 1 thi:

C:Ck<:>C<C"‘1—1) —0e [ g,flozl.

Néu k chan thi C = 1 hodc C = 0, néu k 1é thi C = 0 hodc C = 1 hodc C = —1. Tiép theo
ta xét truong hop deg P > 1. Vi da thic P(x) — x ludn c¢6 nghiém (xét ca nghiém phiic)
nén véi moi n € IN*, ton tai &, € C sao cho P(a,) = a,. Tir do

P(an) = P (P(an)) "= [Pl = o, ¥n =1,2,... @

Tit (2) suy ra da thirc P(x) — x* ¢6 v6 s6 nghiém, hay P(x) — x¥ = 0, nghia la P(x) = x*.
Th lai thiy thoa man.
Két luan: Néu k = 0 thi P(x) = C (C la hang s6 bt ki). Néu k > 1 thi cac da thtc thoa
man dé bai la

P(x) =0, P(x) =1, P(x) = x~.

BAI 2. Tim tat ca cac da thitc hé s6 thuc P(x) thda man:
P(x)P(x +1) = P(x* +x +1),Vx € R, (1)
@ Loi gidi
Néu P(x) = a (a 1a hang s6) thi thay vao (1) ta dugc
i*=asaa-1)=0sac{0,1}.

Bay gio ta xét P(x) 1a da thirc c6 bac 16n hon hodc bang 1. Gia st a 1a mét nghiém cta
P(x).Khi d6 a® + a + 1 cing la nghiém. Trong (1) thay x b&i x — 1 ta dugc

P(x —1)P(x) = P(x* —x +1),Vx € R,

Vi P(a) = Onénsuy ra P(a*> —a+1) = 0, vdy a*> — a + 1 cling 1a nghiém cta P(x). Chon
a la nghiém c6 modun 16n nhat (néu c6 nhiéu nghiém nhu thé thi ta chon mot trong
chung). Tit cach chon suy ra

\a2+a+l\ < lal,

o> —a+1| < |a].
Theo bat dang thitc vé modun ta c6

20| = [(a*+a+1)+ (—a*+a—1)| < |i*+a+1|+]|-a>+a—1
=|a®+a+1|+|a* —a+1] <|a|+ |a| =2|a] = |2a].

Nhu vay dau bang phai xay ra & cac bat dang thic trén, suy ra

[(®+a+1)+ (-a®+a—1)| = | +a+ 1|+ |-a*+a—1

7
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suyraténtaiséthucs205aochoa2+a+1:s(—az—i—a—l).
Néu |a? +a+1| < |a* —a+ 1| thi:

20 —a+1| > |a® —a+1|+|a® +a+1| > |2a] = [a* —a+1| > |a].

Tuong tu néu |a? +a+ 1| > |a* —a+ 1] thi [a* +a+ 1| > [a], mau thudn véi cach chon
a.Vay [a* —a+1| = i +a+1|. Tudés = 1vataco

Pta+l=—-d*+a—-1ed>=—-1<a=+i

Vay P(x) = (x> +1)"Q(x), trong d6 Q(x) 1a da thirc khong chia hét cho x2 + 1. Thay vao
(1), taco

(¢ +1)"Q(x) (x* +2x +2)"Q(x + 1) = [(»* +x +1)> +1]"Q(x* + x + 1).

Hay Q(x)Q(x +1) = Q(x? + x + 1). Vay Q(x) ciing thda (1). Néu nhu Q(x) c6 nghiém
thi ta 1am tuong tu nhu trén, nghiém c6 moédun 16n nhat phai la i, —i. Nhung diéu nay
khong thé vi Q(x) khong chia hét cho x? + 1. B&i vay Q(x) 1a hang sb. Gia st d6 1a ¢, thay
vao (1) ta duge ¢ = 1. Vay P(x) = (x? 4+ 1)™. Th lai ta két luan: tit ca cac da thic thoa
man dé bai la

P(x) =0,P(x) =1,P(x) = (x* + 1)" (v6im =1,2,...)

U
BAI 3. Tim tat ca cac da thitc P(x) v6i hé sb thuc thoa man:
P(x)P(2x*) = P(2x® 4+ x), Vx € R. (1)
(¢ Loi gidi
V6i da thitc hang P(x) = a,tacéa? = a < Z B (1)

Vay P(x) = 0 va P(x) = 1 thda man bai ra. Tiép theo xét truong hgp P(x) khac hang sé.
Gia su
P(x) = apx" +a, X" 1+ 4 ajx+ay véia, #0
la da thirc théa man cac yéu cau bai toan. Tur (1) ta ¢6
(aX™ 4 -+ -+ a1x + a9) [an(2x%)" + - - - + a1 (2x%) + ag)
= [a,(2x° + x)" + -+ - + a1 (2x° + x) + ap).

So sanh hé sb ctia x*" va hé s6 tu do & hai vé ta duogc

2"a2 = 2"a, N a2 =a, doay#0 [ a, =1
a% = ag ap € {0,1} ap € {0,1}.

Truong hop 1. a, = 1 vaag = 0. Khi do

P(x) =x"+a,_1x" 1+ 4 ayx = x'P(x), v6i £ € N*, P1(0) #0.
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Thay vao (1) ta dugc

x'P(x)(2x2)°Py (2%%) = (2% 4+ x)'P (2%° + x), Vx €R
=P (x)(2x2) P (2x%) = (2x% +1)'P1 (263 + x), Vx # 0. )

Do ham da thtc lién tuc trén IR, nén tir (2), cho x — 0 ta duge P;(0) = 0, dén day ta gap
mau thuan. Vay truong hop 1 khong xay ra.

Truong hop 2. a, = 1 va gy = 1. Gid sit « la mét nghiém thuc cta P(x). Khidodoag =1
nén a # 0. Ta c6 P(24® + &) = P(a)P(24%) = 0. Suy ra 24> + & cling 1a mot nghiém cda
P(x). Xét day s6 (a,) nhu sau:

o =0a #0; a1 :sz%—i—zxn, vn=20,12,...

Néu a > 0 thi (a,) 1a day ting nghiém ngat, néu a < 0 thi (a,) la day gidm nghiém ngat.
Tir day suy ra néu P(x) c6 mot nghiém thuc khac khong thi né sé c6 vo s nghiém thuec.
Diéu nay khong thé xay ra. Két hop P(0) = 1 # 0 suy ra P(x) # 0 véi moi x € R. Suy ra
P(x) chi c6 nghiém phtic z3, zy, . . ., z,. Theo dinh 1i Viet ta c6
z21.22...2p = (=1)" = |z1] |z2] .. . |zu] = 1. 3)
Néu ton tai z; sao cho |zi| > 1. Diéu nay dan dén
22 +1| = 225 — (-1)| > [2z5]| — |-1| =2|z| -1 > L

Do d6 |2z} + zi| = |z |228 + 1| > |z|, suy ra P(x) 6 v0 s6 nghiém, diéu nay khong thé
xay ra. Vay véi moi k = 1,2,...n thi |z < 1, tr day va tir 3) suy ra |z¢| = 1, Vk = 1,n.
Gia st & = cos ¢ + isin ¢ 1a nghiém phiic ctia P(x), khi d6 2a® + & cling 1a nghiém cta
P(x) va

1=|20° +af = [a]. |20 + 1] = [2a® + 1| = [2cos 2¢ + 2i sin2¢ + 1|

= |(2cos2¢ + 1) + (2sin2¢) i| = \/(2(:0524) +1)% 4 (2sin2¢)*.

Tu do -
(2c0s2¢ +1)* + (2sin2¢)> =1 < cos2p = —1 & ¢ = > + k.

Suy ra @ = &i. Do d6 P(x) = (x2 + 1)k, k € N. Thtt lai thdy thoa man.
Vay tat ca cc da thirc théa man yéu cau dé bai la

P(x)=0; P(x) = (x*+1)%, ke N.
Luuy.

@ Trong truong hop 1, dé suy ra P;(0) = 0 (dé tao ra mau thuan) ma khong can dung
gi6i han ta c6 thé lam nhu sau: Tir (2) suy ra da thic

Py (x)(2x2) Py (2x%) — (2x% + 1) Py (2x% + x)
6 vo s6 nghiém nén no la da thitc khong, nghia la
Pr(x)(2x3) P (2%%) = (2x2 +1)'P(2x® + x), Vx € R.

Tir day cho x = 0 ta dugc P;(0) = 0, mau thuan.
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@ Ban doc hay lién hé bai toan 3 nay vdi bai toan ?? & trang ??.

BAI 4. Tim céc da thiic P(x) c6 hé sb thuc thda man diéu kién:

P(x).P(2x*) = P(x* + x), Vx € R. 1)

(¢ Loi gidi
l=ns& Zi? Ta thay P(x) = 0va P(x) = 1 thoa
man bai ra. Tiép theo xét trudng hop P(x) khéc hang s6:

Véi da thitc hang P(x) = a,tacd a

P(x) = anx" + a,_1x" '+ -+ mx+ag, a, #0,n € N*. (2)

Tir (1) ta c6 P(0) = 0 hodc P(0) = 1. Do d6 ap = 0 hoac ap = 1.
Truong hop 1. a9 = 0. Khi do6 gia su

P(x) = x"Q(x), Q(0) #0, m € N".
Thay vao (1) ta dugc
X"Q(x).(2x%)™.Q(2x%) = (x® + x)"Q(x* + x), Vx € R
=Q(x).(2x*)"Q((2x*) = (¥ +1)"Q(x® + x), Vx € R. 3)
Tir (3), cho x = 0 ta dugc Q(0) = 0, dén day ta gdp mau thuan.

Truong hgp 2. 49 = 1. Dong nhat hé s bac cao nhat & (1) ta dugc

an.an.zn = dy = ay = 27.
Tix (1) suy ra néu P(xp) = 0 thi P(x3 + x9) = 0, vy néu xo la nghiém thuyc ctia P(x) thi
x3 + xo cing 1a nghiém ctia P(x). Xét day sb (x,) nhu sau:

X0 #0; xy01 = xi +x,Vn=0,1,2,...

Néu xo > 0 thi (x,) 1a day tang nghiém ngat, néu xy < 0 thi (x,) la day gidm nghiém
ngat. Tir day suy ra néu P(x) c6 mot nghiém thuc khac khong thi né sé c6 vo sb nghiém
thuc. Diéu nay khong thé xdy ra. Két hgp P(0) = 1 # 0 suy ra P(x) # 0 vdi moi x € R.
Suy ra P(x) chi c6 nghiém phtic z1, z, . .., z,. Theo dinh 1i Viet ta ¢6

21.22...2p = (=1)".2" = |z1| |z2| ... |z0| = 2".
Vi vy ton tai zx sao cho |z;| > 2. Diéu nay dan dén
‘z%—i—l‘ = }zi - (—1)‘ > |zﬂ — -1 = ‘zi} —1>3.
Do d6 |z} + zi| = |zk| |22 + 1| > ||, vay P(x) c6 v6 s0 nghiém, diéu nay khong thé xay
ra.

Vay chi ¢6 hai da thitc thda man yéu cau dé baila P(x) = 0va P(x) = 1.
Luu y. Bai todn 3 va bai toan 4 dugc tong quat hoa thanh bai toan 5 sau day. O
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BAI 5. Cho s6 thuc & € [0;2]. Tim tat ca cac da thiic khac khong P(x) véi hé sb thuc thoa
man dong nhat thirc
P(x)P(2x?) = P(ax® + x), Vx € R.

(¢ Loi gidi
e Khi a = 0 thi P(x)P(2x?) = P(x), Vx € R, dan t6i P(x) =0, P(x) = 1.
e Khi & = 2, tién hanh tuong ty nhu bai toan 3.
e Khi 0 < a < 2, tién hanh tuong tu nhu bai toan 4. ]
BAI 6 (Dé& nghi thi Olympic 30/04/2011). Tim tat ca cac da thitc P(x) hé sé thuc théa
man phuong trinh ham
P(x)P(3x*) = P(3x® 4+ x), Vx € R.
BAI 7. Tim tat ca cac da thuc f(x) € R[x] thoa man

f(sinx + cosx) = f(sinx) + f(cosx), Vx € R. (1)

(¢ Loi gidi
Dé thay da thuc f(x) = c (c 1a hdng s6) théa man cac yéu cau dé bai. Tiép theo gia st
deg(f) = n > 1. Ditt = tan ~, khi d6

2
sinx = i Ccosx = 1-#
12 12
Viy (1) tro thanh
1+ 2x — x2 2x 1—x2
—— T ) =fl—"= — ). 2
f( T+x2 ) f<1+x2>+f(1+x2> @
n Z N
Gid st f(x) = ¥ axx* + ag. Nhan ca hai vé ctia (2) v6i (1 + x?)", r6i thay x béi i (i 1a don
k=1
vi o, i> = —1) ta dugc
an(2+2i)" = a, [(2))" +2"] & (1 +i)" =1+i" (3)

S6 phirc (1 +1)" 6 médun la V2" . Taco

n
1—|—i”:1+(cosz+isinz) :1+C05ﬂ+is.imE
2 2 2 2

2
=|14+i"| = \/<1+Cosnzn) +sin2% = \/2+2cosnzﬂ = \/4coszn47r.

Do d6 tu (3) suy ra

2" = 4c052% o272 = cosz%. 4)

Khi n = 1 thi (4) dting. Khi n = 2 thi (4) khong ding. Khin > 2thi 272 > 2 > COSZ%,

vay (4) khong dung khin > 2. Tom lai (4) < n = 1. Doddé deg(f) = 1 hay f(x) = ax +b.
Thay vao (1) dugc b = 0. Vay f(x) = ax. Cac da thirc théa man yéu cau dé bai la

f(x) =c, f(x)=ax (a,clacichangsd, a # 0).
O
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BAI 8. Tim tat ca cac da thic hé sb thuc f, g thoa man:

f(8(x)) = f(x)g(x), Vx € R. (1)

(¢ Loi gidi

Néu g(x) = 0 thi tir (1) suy ra f(x) la da thitc théa man £(0) = 0. Néu f(x) = 0 thi moi
da thic g(x) déu thdéa man yéu cau dé bai. Tiép theo gia st f(x) # 0va g(x) # 0. Tir (1)
suy ra:

deg(f).deg(g) = deg(f) + deg(g)- )
Do deg(f),deg(g) 1a nhitng s6 tu nhién nén (2) < jgggg jzgg ;

& Khi deg(f) = deg(g) = 0. Gid st f(x) = a, g(x) = b (a,b 1a nhitng hang s khéc
0). Thay vao (1), ta dugc:a = ab < b = 1.

@ Gia stt deg(f) = deg(g) = 2. Goi xg 1a mdt nghiém ctia da thic g(x) (xo 6 thé la
s6 phtrc). Tir (1) suy ra:

£(0) = £ (g(x0)) = f(x0)g(x0) = 0= f(x) = ax® + bx (a # 0).
Luc nay (1) trd thanh:
a[g(x)])? + bg(x) = (ax* + bx) g(x), Vx € R

sag(x) +b =ax*+bx, ¥Vx € R

og(x) =ax® + zx — z, Vx € R.

Két luan: cac cap da thic thda man yéu cau dé bai la

f(x)=apnx"+---+a1x, g(x) =0

f(x) =0, g(x ) la da thirc hé s6 thuc

f(x) =a, g(x) =1 (alahang sb khac 0)

f(x) = ax* +bx, g(x)=ax*+ x—g (a,blahang so, a # 0)
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