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Thi truomg sach tham khao toan hi¢n nay c6 qua nhiéu nhimg cuén
sach tiéu dé nhu “Bo dé thi Pai hoc™, “Céc chu dé 6n thi Dai hoc™, hay
“Cac bai giang 6n luyén mon Toan™... ma da phan ndi dung khong khac
nhau nhiéu, thuong chi xoay quanh vi¢c giai bai tip, con phuong phap va
cach dn dit rit so sai. Didu nay khién cac si tr trude ki thi cang trg nén
kho khﬁn‘ va mét mpt hon trong viéc lya chon mét guon sach hay cho
minh. Hiéu dugc phan nao tim li dy, nha sach Hong An xin dugc chia sé
vai doc gia mot tin vui:

Néu ban dang lo léng .Ban mudn biét cau triic dé thi dai hoc nhitng
ndm gdn ddy ? Co qua nhiéu kién thirc, ban muén biét phdn nao la trong
tdm ? Ban muén bzet phdn nao hoc tén it thoi gian nhung kha nang thi
cao nhdt ? Ban mudn hoc hoi kinh nghiém, nhitng ki ndng mém” trudc
khi bucc vao phong thi ? |

Tét ca da c6 trong cudn sach ma ban dang cam trén tay:

“Kién thirc va kinh nghi¢gm lam bai
. qua cdc ki thi Dai hoc mon Todn”

Sau déy, nha sach Hdng An xin duorc c6 doi dong cam nhén vé nhém

tac gia Nguyén Phi Khanh - V& Qubc B4 Cdn — Trdn Qudc Anh.

e Nguyén Phit Khanh 1a sang lap vién (hién dang la admin) cta Dién da
toan hoc Viét Nam maths.vn. Ong da lap ra mot h¢ thong thu vién tal liéa
cling nhu gido an online trén website ndi tiéng ndy véi wdc mo phd cfy
kién thirc t6i nhimg viing siu, viing xa cho gido vién, hoc sinh nghé«
vuot kho va la tac gia nhiéu cudn sach hay, 6n thi Dai hoc hién nay.

o V3 Quéc B Can — Trén Quoc Anh, dugc vi nhu “Bic Kiéu Phong, Nan
Md Dung” trong [inh vuc bat ding thirc so cép ¢ nudc ta. ’I‘rong thon g1a|
qua, voi phong cach vidt “hwong dbi tuong”, “dan dit 161 giai ty nhién
bo doi tre tudi niy dd thyc sy tao nén hiéu ting bdt dang thirc qua ghi
mudi dau sach dugc xuit ban tai Viét Nam va ca trén thé gioi.

Ba ngwoi thay — Mjt thong digp

Su két op dy d3 a0 nén mét phong céch viet “tré trung” va “giau kinh
mnghiém”, chic chén s lam hai long ca nhitmg ddc gia ki tinh nhét.

Nha sich Hong An
Trin trong zidi thi¢u



M6t mua thi nira lai dang dén gan. ..

Thuc su, nhém tac gia chung t6i khong khoi chanh long khi nhin vao
thyc trang thi cir hi¢n nay. Hoc sinh cac tinh d6 don vé nhung thanh phd
lon dé hoc ‘trung tam”, con hoc sinh thanh pho thi “chay s6” khﬁp “16
luyén” nay dén “1o luyen khac. Phu huynh thap thom, dimg ngdi khong
yén, tinh du moi phuong an chon truomg. .. Toan canh birc tranh nay cé thé
tém gon trong hai cum tur: “bon chen” va “mat phuong huong”.

Xin dimg nghi rang cir hoc nhiéu thai gian hon ngudi khac, ban s& vugt
1€n. ,

Diéu nguoc lai hoan toan cé thé xay ra. Pung dé roi vao hoan canh “hoc
tai, thi phan” ma hdy “hoc diing cach, thi ding nang luc™.

Dung cach la thé nao ? Theo chung t6i, ding cach & day co nghia la:

Hoc vira dui. hiéu qua cao. Vimg tam Ii, lam bai 161, ,
~ V6i myc dich truyén dat toi céc ban thi sinh ndi dung cu the cua thong
diép nay, nhom tic gia di cb ging bién soan cudn sach “Kién thirc va
kinh nghiém lam bai qua cac ki thi Dai hqc moén Toan”.

bing nhu tén goi cua no, sach bao g gdm nhimg klen thuc can thiét, t6i
wu nhét duge hé thong ddy du qua nhimg chuyén dé ngan gon. Ngay sau
do, ching ta sé& di vdo thuc hanh. Phin dé thi nhitng ndm gan dady va ca
nhimg dé w luyén (kém dap an) s€ gitp thi sinh nidm duoc rd cdu tric dé
ciing nhu van dung thanh thao kién thuc tir phén trudc. Cudi cung, khéng
kém phin quan trong la nhimg chia sé cubi sach. Nhimg chia sé ndy thuc
su dd mang lai thanh cong cho nhiéu thi sinh qua cac mua thi, nay xin dugc
trai long cing ban doc.

Gitr ddy. chung t5i chot nhé 161 clu danh ngon cia dai thi hao William
A.Ward: “Nguai thay trung binh chi biét néi. ngudi Ihay gioi biét cdch
gidithich, nguoi thdy xudt ching biét cdch minh hoa, con ngudi thay.vi dai
biét cdach truyén cam hzmg '

Va ching tbi thue su hi vong ring cudn sich ndy s& trd thanh ngudn
cam himg ciing nhur tur liéu bd ich cho céc ban thi sinh trong ki thi Dai hoc
sap 1.

Thén mén

Cic tac gia



PHAN 1
- MOT SO CHUYEN DE CHON LOC

O CHUYEN PE 1

BAT BANG THUC VA cyC TR]

Chdc hdn ban doc sé dong V rdng nhiéu khi, néu ta cé thé giai quyét
dioc nhitng van dé kho thi diéu do sé gop phdn cung ¢é niém tin ciing nhie
su e tin khi giai quyet nhitng vdn dé binh thudng. Ddy chinh la Ii do khién
chiing 16i chon phan mo ddu la chuyén dé “Bdt ddng thirc va cwc tri” chir
khong phai chuyén dé vé ham s6 nhu nhiéu sdach tham khdo cing loai khdc.

Nhic dén “bat ddng thirc”, da s gido vién va hoc sinh déu lic dau
ngao ngan Ciing dung thoi, khl ma khong it gido vién hi¢n nay khong
lam ndi cau bét ddng thic & dé thi dai hoc thi hoc sinh “doc dé xong, gio
tay hang”™ 4u ciing la dleu dé hiéu. Xin chia sé mdt chat, truge day, ching
toi uung nhu cac ban, dén mua thi ciing phai_ cb ging “chay s6”, di hoc du
hét cac trung tm uy tin, ddi khi chi dé “bing ban bing bé”. Nhung c6
mo! diéu tha vi ma ching t6i nhan ra, d6 la nhimg “bac thay Iuyen thl
déu c6 mot dlem chung, ho thuong ty nhdn minh khéng gioi bat dang
thire va tir chdi day phin nay. Ciing ¢6 vai vj ma ching t6i biét kién thirc
tuy han ché nhung lai tuyén bd réit hing hén “Toi c6 day cac em ciling
khéng 1am duoc, théi thi khong day nira”. Lai c6 mdt sb it “bac thﬁy cao
tha hO'n d6 la thi sin, hay noi cach khac 1a hoc thude vai bai bét ding
thirs rdi di day lai cho hoc sinh ma khong hiéu du‘qc vi sao 1o giai lai nhu
vay. Va thé 1a chi con rét it ngudi giai thich, hé théng dugc cac dang bat

dang thirc va dinh hudng cho hoc sinh con dudmg tu nhién nhét dé dén
duee vai lGi giai.

Thyc ra, nghé thuat giang day chinh la cach bién nhimg vén d& phic
tap trd nén don gian. Va chung t6i 1a nhing ngudi yéu nghé thuat. Cude
harh trinh kham pha chu dé “Bét dang thirc va cyc tri luyén thi dai hoc”
s& bt ddu ngay sau day.




Dga vao kinh nghu;m tong hgp va phén tlch nhiéu nim, ching t8i. cé
thé khiing dinh gin nhwr chiic chin ring: bai bit diing thirc (hodc cwre ttri)
trong cdc ki thi dai hoc luén ludén chi roi vao m{t trong hai dgng sir duang
y twong “gidm: buén hoéc sir dung truc tlep ciic bt dﬁng thire cb dién.

Trudc khi di vao chi tiét hai  dang toan nay thi ta can “trang bi" cho miinh
nhimg cdng cu théng dung nhét trong giai bat dang thire, tim cuc trj (lww y
khi di thi, cac ban hoc sinh duge ap dung ma khong can chimg minh lai ccac
két qua nay).

- Bét dang thirc Cési cho hai sb va ba sé voi cac dang:

1) Vé&i x,y>0 thi x’+y* >2xy va x+y2:2\/—.5.

-

2

£

2) Véi x,yeR thi (x+y)’ 2 4xy va U,S(Hy)

3
: ‘+z
3) V&1 x,y,z20 thi x+y+zz3.,-‘/xy:z va &vzs(ﬁii—m—) :

~

- B4t dang thuc Bunhiacopxki cho ba sé.
Véi a,b,c,x.y,z2 bét ki, ta ludn co:
(ax+by+cz)’ <@ +b +7)x" +y P +z27)
Déy con goi la dang “nguyén thuy” clia bét diang thirc Bunhiacopxki.
- Bt dang thic cong miu sb (he qua truc tiép cua bat ding thhirc
BunhiacOpxki).
Véi a.b,ceR va x,y,z>0, taludn cé:
2 2 2 2
a . b L€ 2(a+b+c)
x y oz X+y+z
Co nhiéu gido vién goi ddy 1a bat déng thic Schwarz (Svac). Nhung thhyce
ra, cach goi chinh xac theo chuan qudc té phai la Cauchy Schwarz. Truy
nhién, do tinh myc dich cua cubn sich nay nen chiing to1 s¢ sur dung céch
goi don gian va dé nho 1a bét ding thirc cong mdu so.
* Ddc gia c6 thé tham khdo thém vé lich si cdc bdt dang thirc trén troong
hai cuén sach ciing bé la
- St dung phirong phap Cauchy Schwarz dé chimg minh bt ddng thire,
- Sir dung phuong phdp AM-GM dé chimg minh bt ding thitc.
(Téc giG: Vo Quéc Ba Cén — Tran Quéc Anh, Nha xudt han DHSSP).
Chung t6i s& khong lam mét thoi gian cua ban doc bang nhitng chimg miinh
cho céc bat dang thirc “co ban” trén, diéu di qua “quen thudc” va “tran ngapy” &

céc sach tham khao khac. Dé nhé va hiéu duge img dung cua nhimg két aqua
trén, chiing ta s& budc vao phén bai tap minh hoa cho timg dang.
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Dang 1. Nhirng bai toan sitr dung y twéng “giam bién”.

Thé giGi bét dang thic ton tai mot quy luat rit quan trong, d6 1a “Trong
mdt dang cu thé thi nhig bat dang thire cang nhiéu bién cang khé™. Diéu
nay cing dong nghia véi viéc khang dinh “Bai toan s€ tro nén dom gian hon
néu ta dua dugc mét bat dang thirc nhiéu bién vé dang it bién'hon”. ‘

Sau day, nhom tac g,ta s€ chia s¢ voi doc gia huong giai quyét khi gap
phai dang toan nay, mau chét chinh la: “Quan sdr, chon dn. tim diéu kién
cho én, va... quy an”. Cu thé, chung ta can 1am ba budc nhu sau

- Budc 1. Quan sat dé bai va cac dir kién da cho dé xem bai toan ¢6 kha
thi dé dua duge vé mot bién hay khong, néu ¢o thi bién d6 phai 1 gi.

- Budc 2. Sau khi da du doan duoc, ching ta s& khai thac dir kién cia
bai toan, két hop véi cac bit dang thirc quen thude dé thiét 1ap diéu
kién cho bién d6. Luu y: Bét ding thic thuong ding nhit & budc

- nay la bit dang thirc Cosi.

- Budc 3. Str dung hang dang thire, bat dang thirc phu va nhimg bién
doi twomg duong dé quy nhimg dai luong cin danh gia theo 4n do6
(ching t6i thuong goi vui la “quy an™).

Bai tap 1. Cho hai s6 thuc khong 4m x,y thoa man x+y=1. Tim gié tri
16n nhat va gia tri nho nhit cua biéu thirc
S =(4x” +3y)}4y’ +3x)+25xy
(Trich dé thi Pai hoc khdi D ndm 2009)

Lai gidi.
V6i nhimg bai todn doi ximg chira hai bién x va y (tirc vai trd cia x va
y li nhur nhau), thi cach giai quyét tu nhién va nhanh chéng nhét chinh la
quy chiing vé mdt bién dé co thé két thiic bang viéc khao sat ham mét bién
hodc stt dung nhimmg danh gia don gian.
O vi du nay, dé thay véi x+ y =1 thi,

S=12(x*+ ) +16x°y" +34xy = 12(x + ) x* ~xp+ ¥’ | +16x°y7 +34xy.
=12(x+ p) (x+ y)’ =3xy | +16x°y + 34xy = 12(1-3xy) + 16277 + 34y

; _ 1) 191
=16.0xy) - 2xy+12=]| 4xy—— | +-—.
(xy) —2xy (xy 4) e

T 49, ta cé ngay S'>I—9—l—
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Dau dang thire ¢ day xay ra khi:

)
x+y=1 x+y=1 (xy) (— +f 4\/_
1 < ] & —
4»\'}’22 x)’"—‘;g (xy)z(“_\/g ._+v'3)
o _ L 4 " 4
Do dang thire ¢6 thé xay ra nén ta két luan duoc gia tri nho nhat cua S 1a
191
16
. s khAne A ua Ar o o x+yY 1
Mat khac,do x.y khongdmva x+ y=1néntaco 0 < xy < 5 =z
] 1 3
Suyra: ——<4xy-—<—
YR TR
Tir d6 d3n dén: S=(4x'—-1-) +-1-9—1_~;(3) S
4 16 \4 16 2
x+y=1 |
Déu ding thirc c6 thé xay ra khi 1] ©@x=y=—.
xyr-z 2

. IR o I . 25
Vay ta két ludn duoc gia tri Ion nhdt cua S la —5-
Nhin xét. Ta ciing c6 thé quy bai todn vé viéc khao sdt, tim cwc tri cuia ham

mot bién S=f(t)=161> -2t +12 trén dogn [0, i—] NES

Bai tdp 2. Cho hai sb thyc x, y théa man xy 0 va xy(x+y)=x’ —xp+)".
Tim gié tri 16n nhiit cia bidu thite: 4=+
xy
(Trich dé thi Dai hoc khéi A nami 2006)

Huwong din giai

Bai todn nay c6 kha nhiéu cach giai. nhét la voi nhﬁng hoc sinh chuyen
toan thi ho cé nhlcu phuromp phap, kinh nghi¢ém hay n6i vui la nhiing “v
khi hang ndng” dé giai quyét van d&. Thé nhung cau hoi dat ra la lam the
ndo dé mét hoc sinh trung binh kha (thneu kinh nghlem. thiéu cong cu, thiéu
ki niing) ciing c6 thé tim ra mdt 15 giai that don glan tu nhién chond ?

Céu tra 1o thuc ra da duoc dé cdp & ngay phén loi din a déu chuong, do
1a: “Nhitng bai todn doi ximg hai bién thu'(mg quy dwgc vé dang S.P (tic
long — tich) va sé tro nén thdt sy don gian néu chi con mét bién"".

Hay chiém nghiém ciu néi trén va ddi chiéu voi 1oi giai sau.
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Loi gidi.

Néu dat S=x+y) va P= xy thi tir gia thiét xp(x+y)=x" —xy+y2
suy ra ngay .S = S =3P . Dé thuc hién muc tidu quy bai toan vé mot bién,
ta can tim ra mét phép thé P theo S hodic S theo P.

l’Lr hé thiuc P.8 =S" -3/, ta thay ngay néu rat  theo S s¢ dom glan

hon réat nhiéu.
g‘l
3 + S

That vdy, P.S=8"-3P = P3+8)=8"= P =

Mat khac, két hop vdi gia thiét a suy ra

. 11 x4y (x+ i —xy+y7)
As—mt—=——"7""= 3
x oy X'y (xv)

() "P”( s )3" S S

3+8
Vay dé tim gia tri Iom nhit cia A4, ta chi can tim gia tri nho nhit cia S
tic gia tri nho nhatcua x+ y .
Tir gia thiét xp(x + y) = x* - xy + > sir dung bit ding thirc Cdsi bd hai s,

_x+y)xpx+y) ST S _(3’““5)3—(1-+~-~3-)2

XX+ ) =x'+y —xy22xy-xy = xy
Hay xy(x+y)zxy=>x+yz1=> 8521

Suy ra A=(l+§-) $[1+-3-] =16.
S 1

ISR +y=x’-xy+y’ 1
Daudﬁngthucxayraa{x 4 ) Sx=y=—.
x=y 2
Viy ta két ludn dugc gia tri 16n nhét cua biéu thirc Az-—l-;+—l;- la 16,
Xy

dat dugc khi vachikhi x=y = -:12-

*Nhdn xét. Ddy khong phdi cach lam ngdn nhdt nhieng la cdch lam tw nhién
va “dé nght ra’ nhar bii ké ca voi nhitng béi todn twomg ne, bé ngodi

khdc mot chiit ta vdn hoan toan sic dung dwoce y twong “dinh hueong tong
tich — quy vé mdt bién” nay.
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Bai tép 3. Cho x, y,z la cac sb thuc duong thoa man x(x+ y+2z)=3yz.
Chimg minh ring
(x+ Py +(x+2)' +3(x+ )y +2)(z+x)<5(y+2)
(Trich dé thi Dai hoc khii A nam 20009)

Huwdng din gidi
Pay duoc coi 1a bai bat ding thic “khé nhét” trong cac Ki thi dai hocc ¢
nudc ta tir treroc dén nay. Chung ta hay thir xem liéu 14n ndy, y tudng “gidm
bién” con phat huy tic dung hay khong nhé.

Loi gidi.

Do tinh dong béc clia bai todn nén ta hoan toan co thé gia sir x+ y+2z =3,

- Khi dé. gia thiét cia bai toan s& tro thanh x = yz. Nhin xét ring tbit
dang thirc dé bai d6i ximg véi y va z. Quan sat ca diéu kién x = yz, mét
cich ty nhién ta s€ du doan rang néu mudn quy bai toan vé mot 4n thi 4n (d6
chi c6 thé 1a x hodc yz. Do x= yz nén thuc ra ta chon &n nao ciing: la
twong duong. Tuy nhién, ta s& chon x véi li do nhin x “nhé gon”, “dé viéét”
hon so vai yz.

- Chon dugc an r_fii, ta s tién hanh budc thir hai. do la khai thac cac «dir
kién ciia bai todn, két hop vai céc bat dang thic quen thude dé thiét 1ap diiéu
kién cho an.

Pé vy ring. sir dung bét ding thirc Cosi bd hai s6, ta co

x+yY (G-x)
x=yzs(-—5—}—) = A

(3-x)
4

T dé suyra x < S (x-Dx-920 (1)

Mt khac, x. y,z 1a cac s thuc duong va x+ y+ 2z =3 nén hién nhién
x<3<9. (2)
Két hop (1) va (2), ta da thiét 1ap duoc diéu kién cho an, dola 0 <x<1i.

- Budc 3 1a sir dung hing déng thirc va nhimg bién dbi tvong duong de
quy nhimg dai lugng trong biéu thurc theo 4n do.

Cu thé, & bai toan nay, trrde hét ta s& “xir Ii” dai lugng (x +y)* +(x+2)’ .

Bing cich sir dung hing déng thic @' +b' =(a+b) —3ab(a+b) wéi
a=x+y,b=x+z kéthop gia thiét x= yz ,taco

(x+p) ' +(x+2) =Q2x+y+2) =3(x+ Y)(x+2)2x+y+2)
=(2x+ y+2z) -3[x(x+y+z)+yz](2x+y+z)
=(x+3) =303x+ yz)(x+3) =(x+3) = 12x(x+3)

12



Mit khéac, (x+ y}y+zXz+x)=(x+y+z)Xxy+yz+zx)— X372
=(x+y+2)|x(y+2)+ yz]-xyz =3[x(3-x) + x]-x* =12x—4x?
Va 5(y+z) =5(3-x)’
Suy ra bt ding thirc can chimg minh twong diong véi
(x+3)’ —12x(x+3)+3(12x —4x*) < 5(3 - x)’
Sau khi khai trién va phén tich thanh nhan tr, ta duoc
(x—6)(x=3)x=1)<0
(hién nhién ding véi 0 <x<1).
Bai toan duoc chimg minh xong. Ddu dang thirc xay ra khi va chi khi
x=y=2z
* Nhdn xét. Trén cdc dién dan todn hoc Viét Nam, 1on tai khoang hom 10 loi
gidi cho bai todn nay. Tuy nhién, da 56 cdc loi gidi cé y twomg xuat phat
thiéu tw nhién, thuéng chi dua vio nhung ki ndng cua mot so ca nhdn
giau kinh nghi¢m. Trén ddy, nhom tdac gia da trinh bay chi tiét mot loi
giai te nhién va phit hgp vai moi doi tugng hoc sinh.
Dang 2. Nhirng bai toan sir dung tripc tiép cac bét ding thirc cd dién.
Bat dang thirc cb dién la mang dé tai rong lon va phong phi, gbém nhiéu
bat ding thirc nhu Cési, Bunhiacdpxki, Trébusép, Mincopxki,..
Tuy nhién, trong chuong trinh phé thong va thi dai hoc, ta thuo'ng chi st

dung hai dang, do 1a bit dang thirc cong mau sb (hay con goi 1a Cauchy
Schwarz) va bat ding thirc Cosi (hay con goi la AM-GM).

Bﬁit{lpl.Chox,y,z>0vé—1-+—1—+—1-~:4.1“unguiuilénnhata’mbiéuthﬁc
Xy z

] + 1 N 1
2x+y+z 2y+z4+x 2z+x+Yy
(Trich dé thi Dai hoc khéi D ndm 2007)

P=

Léi gidi.

Sur dung lién tidp bit ding thirc cong méu sé dang ! s-'-(l ') tacd
a+b 4\a b

1 1{ 1 1 111 1f1 1
~———-—<— —t || — =] — 4=
2x+y+z 2x y+z) 4]2x 4\y =z

1 [ D N |
Suyra ———S—| —+—| —+—
2x+y+z 412x 4\y :z

Hoan toan tuong tu, ta ciing c6
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1 o 1(1 1)‘ 1 iy
———— e b | = ) ———— e e | — 4+ —
2y+z+x 42y 4z x)J 2z+x+y 412z 4\x y

n L, 4l . n : Lo A TR N
Cong ba bat dang thirc trén lai theo vé, két hop vot gia thiét —+ — +-- =4,

x y z

MSuyraPSi[l+L+l]=l.
4ix y =z

Piang thirc xay ra khi vachikhi x=y=z= j;i :

Bai tip 2. Cho x,y,z>0 va xyz =1. Tim gia tri nho nhét cua biéu thirc

P Xy +2) Y (z+x) 2 (x+y)
yyy +2 \/— \/;+2x\/— X t+2y\/_

(Trich dé thi Dui hoc khoi A nam 20607)
Loi gidi.
Véi nhimg bai toan ba bién ma x, y,z > 0, du bang thuong chi xay ra khii va
chi khi x = y = z. Do d6, & bai toan nay, két hop didu kién xyz =1, ta du deodn
Min P =2 khi x = y = z =1. Sau ddy, ta s& chimg minh nhéan dinh nay, tirc

X (y+7) y'(z+x) 2 (x+y)

>2
y y+2z~/— z z+2x\/_ X x+2y\[_
Sir dung bit déng thirc Cési, ta co
. , 2
x*(y+12) x*.2\yz B x.\/; 2xJx

>
Yy +2z 2z y y+22\/— y y+2z\/_ y\/_+7z\
Thiét 1ap hai bdt ding thirc twong tu va cdng lai, ta s& quy bai toan vé wige

b < 21véia=x\/;,b=y\/_,c=2~/;-

+ +
b+2¢ c¢+2a a+2b

Qua thyc, bt ding thic nay hién nhién dung theo bat ding thic cedng
x A
mau so.

chimg minh

£

,
a b ¢ a’ b? ¢’
+ —

Pé y ran + = + + .
Y gb+2¢ c+2a a+2b ab+2¢c) b(c+2a) c(a+2b)

suy ra

~J

a b c (a+bh+c) | @ +b +c 2
+ + 2 =—, +—
b+2¢c c¢+2a a+2b 3(ub+hc+ca) 3 ab+bc+ca 3
Vay ta két luan duge Mia P =2 . Ddu danz thic xayra < ¢ =
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Bai tap 3. Cho a. b. ¢, d la cdc 56 thuc dicong. Chirng minh rdng

[ _
a b ¢ d
\j-———' + J + J + > 2.
b+ec+d c+d+a d+a-+b u+bte

Loi gidil.
Sir Jung bat ding thirc Cosi dang Yy < 22 taco
a N a S a . 2a
b+c+d Jab+c+dy“q¢pffﬁd a+b+c+d
2

Hodn toan tuong ty, ta cing co

b S 2b ¢ S 2¢
qc+d+a “a+b+c+d’ \}d+a+b Ta+b+e+d’
’ d > 2d |
a+b+c a+b+c+d

Cong bdn bét ding thirc trén lai theo vé, ta duoc

a b C d
+ + + 2 2.
b+c+d c+d+a d+a+b a+b+c

a=b+c+d

. o Jb=c+d+a
Ping thirc xay ra khi va chi khi- :
c=d+a+bd

d=a+b+c

‘Thé nhung, h¢ nay khéng c6 nghi¢m duong. Va vi vay dang thic khong
thé xay ra dugc. Bai toan dugc chimg minh hoan toan.

Bai tip 4. Cho x,y,z la ba 56 thwc dwong thay doi.
Tim gid tri nho nhdt cia biéu thic

P=x f—+—l-— +y(-"—’-+—l——}+z(i+—l—-
2 ¥z 2 zx; 2 xy

(Trich dé thi Dai hoc khéi B nim 2007,

Hudng din gigi
Trudc hét, ta s& phan tich bai toan. Du doan dau bing s& xay ra kh
xX=y=2z.

” 2
Khidé: P=x £+—l— +y(!—+-‘—]+z l+L =3_'T_+_3’_
2 yz 2 z 2 2 x



O day, déu bang xay ra khi —“—r—:-l-c:»le.
2 2x

Vay tadu doan Min P dat dugc khi x=y=2z=1.
Tir d6, dan dén 16i giai sau.

Loi gidi.
2 2L 2 2.2
Dé y rang: p-Xrr I XAy e =(x2+y3+zz)(-l-+-~!~—]
Xyz 2 9z
l(Jc +yl+2° )(1+L+——L)
2 xXyz xyz

Téi day, sir dung lién tiép bat ding thirc Cdsi b ba s6 (sao cho didu bamg
dugc bao toan), ta cé

P=-—(x +y +z7’ )( +———+———)> 9Yx’y’z’.

xyz

Bai tip S. Xét mot hinh vuong va mot hinh tam gidc. Néu ching cé dién tiéch
béang nhau thi hinh nao co chu vi lom hon?

- Loi gidi.
‘Ta chimg minh chu vi cua tam giac khong nhé hon chu vi ciia hinh vuéng. .
Goi d dai ba canh tam gidc 13 a, b, ¢, dudmg cao img vdi canh a la .
Goi d¢ dai canh hinh vudng Ia . Ta can chimg minh
a+b+c>4x

ah . .

voi —-2-- = 2’, hay ah, = 21" (do theo gia thiét thi hai hinh ndy c6 diién
tich bing nhau).

Ap dung dinh li vé quan hé giira duomg xién va hinh chiéu, dé thidy
b>h,c>h nénsuyrab+c>2h.

Bai toan quy vé chimg minh: @ + 2h > 4z.

Sir dung truc tiép bt déng thirc Cosi, ta ¢d

a+2h > 2\fa-2h = 2,/2ah_: = 2v2- = 4z.
Pay chinh 13 diéu phai chimg minh. Bai toan duoc giai quyét hodn toan.
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~ ~
O CHUYEN DE 2
y . ol ”,
SO PHUC.

Vi tinh img dung cao cho nhiéu nganh khoa hoc, s6 phuc da dugc dua
vao glang day & bac pho théng ctia nhiéu nuéc trén thé gidi, tuy nhién no lai
la n6i dung md&i dbi vai hoc sinh phd thong cta nudc ta. Vai ndm gin day,
sO phire bit dau xudt hién trong nhimg dé thi dai hoc va duogc coi la mot
trong nhimg cau “gd diém”. Chinh vi thé, dé dam bao sy ¢ g0 diém” d6 mét

cach chic chin thi trong chuyén de ndy, chiing t5i s& dé cap ddy du cac dang
toan lién quan dén s6 phirc bao gdm:

- Giai phuong trinh phirc (tim phin thyc, phin 4o cia mét s phirc),
dua trén kién thic vé z va |z].

- Tim tap hop diém trén mit phing phirc.

- Tinh can béc hai ciia mdt sé phirc

- Giai phuong trinh bac hai 4n phirc.

- Bét déng thirc va cyc trj lién quan dén sb phirc.

- Argument ciia mét sé phirc - dang luong gidc cuia sb phirc dé.
- Cubi ciing 1a “Ung dung cua cong thitc Moivre”.

Bai tap 1. Tim s phuc z, biét 2° + !zl =
Loi gidi.
Gidsirz = x+yi v x,y e R,khidé

. N TS
z2+|zl=0<:>(x+y1) +\/;<z+y’ =

. N S -y xi+y =
<:>(x2—y‘+\/x“+y2)+zxy1-0¢;~{ y y

2xv..0

. . F(x;:o

’X=0 {X::ﬂ 4 y-n

1=yt +ly el =

SN | S i

g b = | -

le2+!X‘= -lel(l+ xl):u ‘{:-g (tlu ix!i:»())
LA



x=0y=0
x=0,y =1
x=0,y =-
y=0,x=0

Vay co6 ba s6 phirc thoa dieukiénla z = 0,2 = —i,z = 1.

Bai tdp 2. X4c dinh phan thuc, phin do cua sb phirc z biét

z=(1+i)"

Léi gidi.
Deyrang (1+i)Y =1+i*+2i=2i.Suyra
2=+ =[] = (20) = 200
Mat khéc, i = (@) = (1) = -1.

Tir d6, d& thiy z = 22 = 7 = 2%% = 2% 1 ()
22006

Vay phén thuc cua sb phuc z 1a —2°%, phin 4o cua z bang 0.

* Nhén xét: Ban doc hdy thu gidi bai todn nay béng cdch dwa z vé damg
luong gidc, tiép do sir dung cong thic Moivre (Moa vo ro) va cuo: cing,
s0 sdnh hai cdch giai dé thdy dwgc voi cdch lam trén, ta da tiét kiiém
dwgc nhiéu cong doan tinh todn nhur thé naa

Bai tap 3. Giai phuong trinh sau (trén tap s6 phuc):
(z+2011-1)? -4(z+2011-/)+8=0

Lai gidi.
Pit ¢ = z+2011-1, khi d6 phuong trinh &4 cho c6 thé viét lai thanh
P-4t+8=0¢& (1-2) =—4=4i* =(2i)’
t=2+42i [z+2011-i=2+2i [z=-2009+3i
Suy ra R & ,
t=2-2i z+2011-i=2-2i z=-2009-i
z=-2009+3i

Vay ph trinh ¢6 hai nghiém |3 :
dy phuong c6 hai nghiém la [z=—2009—i

Bai tip 4. Giai phuong trinh: 2% +2011=0

Lo gidi,
bat z=a+bi (a,beR).
Khidé, 22 =(a+bi)’ =a’ +b2.i* +2abi=a’ —b* + 2ab.i
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Suyra z' =a -bH =2abi. Flwrong trinh da cho trd thanh
a’~h* -2abi+2011 =0 a’-b" +2011-2abi=0
@{az ~p+2011=0
~2ab =0
Dé thay o hé trén. b khong thé bang 0 (sé dan dén vo li vi a® =-2011).
a=0
b=+J2011
Véy s6 phirc can tim 1a z = +y2011.i

* Nhin xét: C6 mot diéu kha thi vi néu ban doc dé y do 1a

Vay chi co thé xay ra truomg hop {

Véi z=u+bi (a,beR) thi 2 =(E) =a’ -b* -2abi

Bai tap 5. Tim phan thyc cia sb phic z=(1+i) ,n€ N thoa mén
phuong trinh: log, (n — 3) + log, (n + 9) = 3.

Loi giai.
Piéukién: n >3, ne N
Phuong trinh

log, (n — 3) + log, (n +9) =3 ¢ log, (n—3)(n +9) =3
(1;*3)(114-9):43 @112+611—9:Q®n=7(d0:n>3)
o=+ 4] = (| f] = (o9 = 4 )(-8) = -

Véy phén thurc ctia sé phirc z 14 8.

Bai tip 6. Xac dinh tdp hop cac diém trong mit phang phirc biéu dién céc
sdphirc z thoa min |z| = "z--2 +3i‘.

Loi gigi,
Gci sb phitc z cAntimla z=x+yi (x,y€R).
Tudo, suy ra ngay z= x—-yi.
L y réing viéc xdc dinh tdp hop cdc diém trong mét phing phirc dong
 nghiavéi viéc thiét Idp mot biéu thirc quan hé giita x va y dua vao cdc di
~ kién tx bai todn.
Cuthé & day, ta cod
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|z|=|-z-«-'2+3i|<::¢-|x+yi|=|x—-yi—2+3i|
e+ yil=|(x-2)+C-pi| o x"+y  =(x=2 +3-y)
& 4x+6y=13
Vay tap hgp céc diém trong mat phiang phic biéu dién cac s phirce z
théa mén |z|=‘3—2+3i‘ la dudmg thing 4x+6y =13,

Bai tip 7. Tim can bac hai cia céc s phirc sau:
1) 8 + 6i 2) 33 - 56i

Giai:
1) Giasir z = x + yi v6i x,y € R1a mét cin bac hai cua 8 + 6i tuc l&a

(x+iy)2 =8 +6i & x’ —y* +2ixy =8 +6i

xX-y* =8 x’ -y’ =8 x’=9 Ix=1t3

= =>4, 7, X =N
2xy =6 X" +y =10 y =1 y=%1
x=3

X
Vi b =6 > O0nén x, y cing dau do d6 { hosc {
y=1 y=-1
Véy 8+6i ¢6 2 canbdc haila =3 —i va 3 +1.
2) Gid sir z = x +yi v6i x,y € R1a mit can bac hai cua 33 - 56i tiree 1a
(x +iy)’ =33-56i & x* —y* +2ixy = 33 - 56i

x: -y? =33 x’ —y* =33 x? =49 x = +7
=4{ =4, 7, o4, &
2xy = ~36 X" +y° =65 y =16 y =14

Vi b= -56 <0 nén x.v tréi dhudodé 1 ¥~ hotc 1¥ " "
= -56 < 0 nén x, y trai dau do y= 4 odic ;=4

Viy 33 - 56i c6 2 can bdc hai 1a =7 +4i va 7 - 4i.

Bai tdp 8. Gidi phuong trinh: 2? +(1-3i)z - 2(1+1) =0.

Loi gidi.
Taco: A=(1-30)? +8(1+i)=2i=1+ +2=(1+i).

Tir 46 suy ra phuong trinh ¢6 hai nghiém la

z, =~%[-1+3i+(1+i)]=2i; z, =~,13[—1+3i-(1+i)]=-1+i
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42 -3 -Ti

Z—1

Bai tdp 9. Giai phuong trinh sau trén tap s6 phirc: =z—2

Loi gidi.
Diéu kién: z = i
Phuong trinh

<:>4z—3—7i:(z—i)(z—2i)¢:>z2——(4+3i)z+1+7i::()

Ta co: A:(4+3i)2—4(1+7i)z3—-—-4i=‘22—4i+i2=('2—-i)2
. =4+31+(2—l)=3+i; 22:4+31—(2—1)=1+2i.
2 2

K&t hop diéu kién, ta thiy phuong trinh dé cho c6 hai nghiém
z, =3+i2, =1+2i.

Bai tp 10. Tim céc sb thuc a, bdé phuong trinh (4n z ) sau nhdn z=1+i
lam mét nghiém: 2 +az +b6=0.

Léi gidi.
D¢ 1+i la mdt nghiém cia phuong trinh z? +az+b=0, tacan cé
o , a+b=0 a=-2
A+i) +a(l+i)+b=0=a+b+(Q+a)i=0 = .
24a=0 b=2

Viy hai s6 thuc can tim 1a (a.5) =(-2.2).

Bai tip 11. Cho sb phirc z= ——— " m € R. Tim gié trj nho nhét
1-1n(m—21)
cta s thue k sao cho tdn tai m dé lz——l]Sk.
 Léi gidi,
Tico: z = — — 2=._1 =>~z—1=1———l—1-1-—4--—l
—i“+2mi—m 1—m m-—i
|z— I_il“m'*'li_ m* — 2 + 2
Im—ll m2+1
k>0
—_ | - 2 ¢ ¢
—=|4 1|_<_1\© m —'21n+25k2-
m? +1
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)
m* —2m + 2

Xét ham sb f(m) =

w? + 1
2([11"2 *"*111*-1) 1 +5
Taco: f'(in) == = f'(m) =0 m=-——-
(m"2 + l) 2

[ r _ .‘P
Lap bang bién thién ta ¢6 1min f(m) =f L +2‘[‘; _3 2“/:_
; 2o 3—V5 _J5  J5-
#Yéucéubﬂtoén@kzzs 2‘/‘;@1(2 3 2\/*:\,-)2 1

Viy k = la gia tri phai tim,

Bai t3p 12. Cho s6 phirc z thoa man |z — 3 + 4i| = 4. Tim gia trj 16n nhét

va gia tri nho nhét cia H .

Loi gidi.
Cich 1. Ap dung bit ding thirc tam giac, ta c6
2|13 4i {Iglz«-(3-—4i)4=4:> ~4+|3-4if<]d <4+ 13- 4i]

==>1_<_lz|§9.

° |z|=1<:>z=g-—-§—i=$min’z|:1
)

° |z|=9®z:"~?;7—.—%i-i:$nmx|zl = 0.
5

Cich2.Dit z=x +iy =z -3 +4i=(x-3)+(y +4)i
Nén tir gia thiét = (x -3’ +(y +4)* =16
S +y-2Bx—-4y)+9 =0 (M)

Do (3x--4y) §25(x2+y2)=>—5 x? +y° §3x——4y§5\/x2+y2

Nén b (%) ta of X2 +y? —10yx? +y* +9<0
en tu a Co. :
x’ +y2+1()\/x2 +y24+9>0
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1<yt 3’ 9= 1< <9,

Tuwong tu nhu trén: miu’z! =1va max‘z‘ =9,

*Chua y: Ta co thé giai bai toan theo cach sau

T (x-3)Y +(v+4°=16=3n e [0: 21(] sao cho:
X =3+ 4sincy = —4 + 4 cosce. Khi do:

2 | : .
|z| = (3 +4dsina)f’ + (=4 + dcosa)® =41 + 8(3sine — 4 cos o)

2
Do —5§3si1m~4c0'su§5:>1Slzl _<_81:>1§|z|§9.

.. o b A 3 A . ” . » 7[’
Bai tap 13. Tim mdt argument ctia 6 phitc z =1 —-cos:‘— +z.sm—Z .

Loi gidi.
Ta co:

T .7 RSPV S 1 Y I S i
z=l-cos—+i.sin—=2sin" —+ 2i.sin—cos — = Zsm—(sm—ﬂcos—}

8 8 8 8 8
Tuy nhién, luu y 14 dang luong giac cia mot s6 phic z 14 r(cos@+isiné)
chir khong phai r(sin @ +icos®) . Vay nén néu & day, két luin mdt argument
. T N ce ~ T . .
cia z la — thi ta dd mac phai mét trong nhirng “sai lam thudng gip khi

giai todn”.
Dé thu dugc 1o giai ding, ta s& tiép tuc bién dbi nhu sau,

2 O AR . 1 T ) .. (7m =
z=2sin—| sin—+icos— | =2sin—| cos] ——— {+isin| ———
lanricong)-asng o35 )orwn(5-5)

. n( k7, S 37:]
=2sin—! cos— +1sin—
8 8 8

*Nhén xét: Y tudng cha dao & dﬁy la ching ta dd sir dung cong thirc
“phu chéo” dé hoan d6i dang r(sin@+icosf) veé r(cosf+isind) mot cach

khéo léo.

Bai tip 14. Biéu dién s6 phuc z = tanig-ﬂ dudi dang lugng giac.

Loi gidi.

, St ] ( 7 2 rr)
Taco: z=tan—+i= sin— + i COs —
8 Sr 8 8

COS -
8
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Luwu y rdng mét sé phirc z ¢o dang lugng gidc la z = r(cos@+isinéf)
vai diéu kién r >0,

Vdy nén & bai toan nay, 5y (sin%%—icbség—) khong phai daing
cos -

8

lugng gidc ciia z can tim boi néu thé, r =

Sau day 1a 101 giai dung,

.7, S ( 5t 57;]
Z=tan—+1=— sm—s-—-tcos——

Sn 8

COS —~
8

] 7 2 4 ] . 137 137
=35 | TSing—ieosTr = ——| sin = +zcos-—8—
cos = cos =
(do sina = -sin(r +a) va cosa = —cos(r +a)).

Vay s phirc z cén tim dugc biéu dién duéi dang lugng giac la
[ . 13 137:)

z= sin—— +i cos —

8 8

6
Bai tip 15. Tim dang luong gidc cua s6 phirc z = ( 4 )
1+i3

Lai gidi.,
V6i dang toén nay, diéu ta can 1am 13 tryc cin thire & méu dé dua s6 phirc: z
vé dang dai s 14 a + bi , tir 46 chuyén sang dang luong giic.

4,-_;_41'(1-%/5)__4i(l~_~i\/§)=\/§+’_
_1+:J§'1z_(iﬁ)3" 4

=2 ﬂ-f--l—i =2(cos£+isin£).
2 6 6

2
St dung cong thirc Moivre,

6 6
n /4 6 . .
cos——+|sm =2"(cosm +isinx).
(IHJ_) [ ( 6)]

Vay dang lugng gidc cua sb phirc z can tim 13 z =2%(cosm +isinx).
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* Nhdn xét; Y nghia cua cong thiec Moivre trong giai toan do chinh la ha
hdic (tir do rut gon) mot biéu thiec phuc.

f m Y
| Bai tip 16. Vi s6 nguyén duong n nao thi sé phuc z =[1\/; \[3:’ } 1a so
| | —V3i

thuan thuc ?

Loi gidi.
Déyrén V3-i (f_l)(l+fl) ﬁ+nl—j=cos—7£+i.sin£
-3 1-37 2 2 6 6

Tir d6, sir dung cong thitc Moivre, ta ¢6

N
3 —i T Y nr . . nw
cos—+z sin— | = ¢os— + i.sin —
6) 6 6

]'—\/-I

Dé thiy sb phirc z 1a sé thuin thuc (tirc phén ao bing 0 ) khi va chi khi

sinié’f-—:o@-’ié’f:kn@n:ék(kez*)

O CHUYEN PE 3

PHUONG TRINH LUGNG GIAC.

I. Céng thirc lwgng giac co ban.
o) Cong thirc cung nhdn dbi, cong thirc ha bdc, céng thirc cung nhdn ba.
sin2a = 2sina cosa ;
cos2a = cos’a -sina =2cos’ @ -1=1-2sin’ .
.2 1-cos2a »  l+cos2a
sin a=———i—-—; cos az——-i———-

. . . 3
sin3a =3sina —4sin’ @ ; cos3a = 4cos’a ~3cosa.

b Céng thirc cong cung
sin(a + f) =sina cos f+sin B cosa
sin(a - f) =sina cos B —sin f cosa
cos(a + f8) = cosa cos f—sina sin f
cos(a - ) =cosa cos f +sina sin f
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¢) Céng thirc bién téng thanh tich.
a + a-—
ﬂ COS 5 ﬁ

a+ﬂsina—‘8
2

a+ﬂcosa—,6’
2

GH‘Bs.ina;'6

cosa +cosf} = 2cos

cosa —cosff = —-2sin

sina +sin f = 2sin

sina —sin f = 2cos

d) Cong thirc bién tich thanh téng.
cos(a + ) +cos(a ~- f3)

cosa cosff = .
sing sin B = _Cos(d — ) ; cos(a + f3)
sina cosf = sin(a + f3) %2- sin(a - B)

e) Mot 56 cong thirc hé qua théng dung khdc.

sin@ +cosa = V2 sin(a + -Z—) = \/Ecos(a —*Z-)

sing-cosa =2 sin(a __Z_) . ﬁcos(a +_})

sin® & + cos’ =1 - 2sin? 2 = 2325054
4 8
sin @ +cos*a =1 —-;—Sin2 2x = 3 +C; sdx
. Cac phwong trinh lIweng giac co ban.
—a+k27
sinx =sina ¢ * 4 (keZ)
xX=m-a+k2r

cosx=cosa <> x=ta+k2x (kelZ)
tanx=tana <> x=a +kx (ke Z)
cotx=cota <> x=a+knr (keZ)

* Mot 50 phurong trinh dic biét (thirong gap):
sinx=0 <> x=k7 (ke Z)

sinx=1 < x=-72i +k27 (ke Z); sinx=-1 x=-—72-r-+ k2n (keZ)
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cos x=0 <> x=§—+k;r (keZ)

cosx=l<=>x=k2x (ke Z) . cosx=-1< x=2k+1)r (keZ)
Ill. Cos déi, sin bi, phu chéo.

Pay co thé coi 1a cdu than cha “don gian. dé nhé™ nhat trong luong giac
nhung no lai dong vai tro la mét trong nhirng nhén t6 ¢in thiét, hiéu qua
nhit khi giai phuong trinh luong giac.

Cos doi tirc 1acos ctia hai géc dbi nhau thi bing nhau, tirc cosa = cos(-a).

Sin b tirc 1asin cua hai goc bi nhau thi béng nhau, tirc sina = sin(r —a)

Phu chéo tic 1a véi hai goc phu nhau (c6 tong bang 90°) thi sin goc nay
bing cos goc kia va ngurge lai, tuc:

. v 4 1
sma :cos(—z—-a); cosa =sm(-2~——a)

_Ta hay thu dén voi vi du nhé sau ddy dé thdy duoc hiu qua cia “cdu
than chi” nay.
* Giai phuong trinh lugng giac: sinx =cosa .
RO rang, & phan 11, ta chi biét cach giai cho phuong trinh sinx =sina,
vay cOn phuong trinh sinx = cosa thisao ?
Ciu tra 1oi ¢ day chinh la “phu chéo”, bai

X = % -a+k2n
sin x = cosa <> Sinx=sin (% —a) =t (keZ)

x=:t—{£—-—a]+k271'
i 2

x=£—-a+k27r
o 2 (keZ)
x=-§-+a+k27r

Qua vi du nay, chéic hiin néu trong bai thi gip nhimg phuong trinh dang nhu
sinx=cos(-§— - x] , cac ban hoc sinh s& khong con cam thdy ling ting nita.
Sau ddy 1a mt sb cong thirc wong tur kha thong dung khac:
sina = —sin{(—a) ; cosa = —cos(m - a)
sin{a + 7) = —sina ; cos(a + 1) =—cosa
tana = —tan(—a) ; cola = —col(—a)
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Sau khi nim vimg dwgc nhimg kién thirc & trén, cé thé néi ddc gia
da tw trang b! dugc cho minh nhimg “hanh trang”, nhl"rng comg cy
cin thiét nhit d¢ bwéc vao con duing chinh phuc thé giéi mamg tén
phlm'ng trinh hrgng giac.

M4u chét ciia vu;c giai phuong trinh lrgng giic trong dé thi dai
hoc Ia sw dgmg cic cong thire va kién thlrc co ban (trong muc [ va
muc I1I) dé dwa phuong trinh da cho vé m{t trong hai dang: phweong
trinh tich hoﬁc phlm'ng trinh m{t in bic 2 hodc 3. Tir d6, ta s‘é quy
bai todn vé viéc gidi nhimg phwong trinh lwgng gidc co ban di dé cip
o myc I1.

Chung 16i viza chia sé vai doc gia mot cach 16ng quan vé con duémg te
duy dé tim ra két qua cudi cing. Va trén con dunmg do, dé tranh bi lac
phmg huong ta 5€ co cac cm méc cu the nhu the nao ?

.....

- Tru-é'c nen ta cin dit diéu klgn dé phlrung trinh c6 nghia (neu
¢6). Diéu nay rit quan trong vi cudi cing, khi tim dugc ho nghiém cia
phuong trinh hé qua, ta cin két hop vai diéu kién d6 dé xac d;nh duoc
nghiém cua phuong trinh ban dau. Théng thudmg, ta s& dit di¢m ki¢n
khi phuong trinh chira tana hodccota. Pé “don giin héa” mhimg

sina

bai toin nhw thé, hiy thay tana bﬁng (twomg tw véicota)

cosa
nhim myc dich dwra phwong trinh di cho vé quan h¢ giira hai gi# trj
lwgmg gidc sin va cos ma thol.
- Véi phuong trinh xudt hi¢n nhiéu cung khic nhau, ta s& sir dung
céc cong thirc co ban dé dua vé mét cung duy nhét.
Vi dy. Giai phuong trinh:

\/icos[x +§—) +sin(x +m)+cos2x+1=0

Pé y ring ba hang tir \/icos(x+—}), sin(x+ ), cos2x déu c6 thé
quy vé mdt cung duy nhat 1a x. That vay,
\/icos(x+%) =sinx-cosx ; sin(x+ ) =-sinx ; cos2x = 2cos” x-1.

Tir d6, phuong trinh da cho trd thanh
2cos’ x —cosx =0 ¢> cosx(2cosx~1)=0

/4
cosx=0 xX=—+kn

=t 1 < . (k,meZ)
CosSXx =—
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Sau diy. ban doc hay tham khao ki nhitng bai tap minh hoa sau dé hiéu
rd hon diéu ching t6i mudn dé cip.

Dang 1. Nhirng phwong trinh lirgng giac quy vé phwong trinh tich.

Xin dugc nhic lai diéu tdi quan trong, do la: Mau chét cua viéc giai
phuong trinh lugng giac trong dé thi dai hoc la sir dung cac cong thire va
kién thire co ban (trong muc | va muc 1) dé dua phuong trinh di cho vé
mdt trong hai dang: phuong trinh tich hodc phuong trinh mot an bic 2
hodc 3. Tir d6. ta s& quy bai toan vé viéc giai nhimg phuong trinh luong
gidc co ban da dé cap o muc I1.
Ngodi ra, theo 16ng hop cia nhom tdc gia, trong dai da s6 cdc phwong
trinh lueong giac thi dai hoc trong 10 ndm tro lai day thi xdc sudt thi vao
dang phuong trinh tich la khoang 70% (tham chi trong 5 nam gdn ddy
la 90%,). Vi vdy, chiing 16i sé wu tién dua ra nhiéu bai tdp trong phan
ndy dé cdc ban hoc sinh 6 thé lam quen véi nhiéu thu thudt tdch ghép,
chon thica 56 chung, ndng cao kinh nghiém va su tur tin khi lam bai.

Bai tip 1. Giai cac phuong trinh:

cos’® x. (cos X — 1)

T
1) 2sin{2x + = | +4sinx =1 =2(1+si
) Slll( X ] sl X 2) —2(1 SIFX).

sin X + cos X

Loi gigi.
1) D& thdy phuong trinh da cho khéng c6 diéu kién. Vi vy, mjt cach ty

ca s ca L 48 . : n H
nhién, y tuong dau tién cia ta la tim cach dwa cung 2x + 5 vé cung x dé

bai to4n tr& nén don gian hon. Muén lam duoc diéu nay, ta s& sir dung cdng
thirc cong cung va cdng thirc cung nhin doi.

2sin(2x+-g-)+4sinx =1

&> V3sin2x +cos2x +4sinx-1=0
& 23 sinx cosx — 2sin’ x + 4sinx =0
<:>2(J5cosx—sinx+2)sinx =0

Téi diy, ta di dua duge bai todn vé dang phweng trinh tich. Tir 46,
quy vé viée gidi cdc phurong trinh lwgng gidc co bin dé fim nghi¢m.
Z(ﬁcosx ~sinXx + 2)sin x=0

. sinx =0
{3inx =0
| . <l B
Lﬁcosx—smx+?.=0 -iq:nx—-é-cos_r;:g
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= [ n) <> S (k,meZ).
sin = = 2

o4

Vép phuong trinh ¢6 2 ho nghiémla x = kn va x = ?6£+ m2n (k,melZ).

cos® x. (cos X — 1)

2) = 2(1 + sin x).

SN X + Cos X
Diéu kién: sinx + cosx # 0
Phuong trinh trén tuong duong vai

. (1 —sin’ x)(cosx - 1) = 2(1+sinx)(sinx +cosx)
o (l + sin x)(l +cosx + sin x +sinx.eosx)=0

< (1+sinx)(1+cosx)(l +sinx)=0

sinx = -1

& (thda man diéu kién) -
cosx = -1

) . |
X = -—-2—+k21t (k,m EZ)
X = T+ m2n

Bai tip 2. Giai phucmg trmh sinx+sin’ x+cos’ x =0

* awe

Ldi gidi,

Thoat nhm ba1 todn ndy, ta co cam giadc mudn quy no vé phuomg trinh

mét 4n 14 sinx hoic cosx. Tuy nhlen ta khong thé thay sinx theo cosx,

va

cling khong thé bleu dlen cos’ x theo sinx, chinh vi thé, phuong trinh

nay khéng thé quy vé mot 4n. Vdy chi con lai mdt lua chon, d6 chinh la quy
vé phuong trinh tich. Tuy nhién, lan nay phép nhom khong con “hu;n nhién”
nhu 6 bai t3p 1 ma doi hoi sy khéo léo, tinh t€ hon. That vy, dé y rang

30

sin x +sin® x + cos® x = 0 < sin x(1 +sin x) + cos x(1 —sin’ x) =0
<> sin x(1+sin x) + cos x(1 -sin x){(1 +sinx) =0
<> (1 +sinx)(sinx +cosx~sinxcosx)=0

sinx = -1 *)
<l )
sinx+cosx—sinxcosx =0 (**)

(*)<:>x=—-§—+k27r (keZ)



Sau day, ta sé xét phuong trinh (**), tic
sinx+cosx—sinxcosx =0

Dy la dang phuong trinh lién quan dén téng va tich. Vi thé, ta sé ap
dung cach lam quen thudc 13 dit

t:sinx+cosx=ﬁcos(x—%} (suy ra |l|_<.~/5).
(sinx+cosx)’ —(sin’ x+cos’x) 17 -1
2 2

—‘—] 3 l:!_—_l—“ﬁ

Mt khac, khi d6 sinxcosx =

Va (**) tothinh -2 =01 -2-1=0c
t =1++/2 (loai)

Suy ra (**) < \5005(3(*%] =1 -»w/i et cos(x—»-Z—] = 1_—_2‘/_2

Ta dat 1= = cosf thisuyra cos(x—%)zcos@@ x—%=i9+m2ﬂ

<:>x=i:—it9+m27r (meZ,0<0<2r).
Vay phuong trinh d3 cho c6 cac ho nghiém la
x=--’25+k2n (keZ)

X = -Z—+¢9+m27r (meZ,0<8<2m), cosB=-!-~——£—/——§—

Bai tip 3. Giai phuong trinh: cos’ x + cos’ 2x +cos’ 3x +cos’ 4x =2
Loi gidi.
Véi nhimg phuong trinh ¢ céc hang tir béc hai, ta thuong dung cong
thirc ha bac d¢ bai toan tré nén don gian hon.
Sir dung cong thirc ha bic, phuong trinh d4 cho twong duong véi
l+cos2x 1+cosd4x 1+cosbx 1+cos8x
+ + +
2 2 2 2
& cos2x+cosdx+cosbx+cos8x =0
T6i day, ban doc hdly chi ¥ ta s& ghép bon s6 hang nay thanh hai c3p sao
cho hiéu (hodc téng) cac cung cia ching bing nhau, tic trong trudong hop
nay s& 4 y 2x—4x =6x-8x. Tai sao lai phai ghép nhu vdy ? Li do rét don

gian, chiing ta cin nhimg “thira s6 chung” dé nhém ra ngoai, dua bai toan vé
dang phuong trinh tich.

=2
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cos2x+cos4x +cos6x+cos8x =0

<> (cos2x +cos4x) +(cosb6x +cos8x) =0
<> 2cos3xcosx+2cos7xcosx =0

<> 2cosx(cos3x+cos7x)=0

<> 2cosx-cos2x-cosSx =0

r e

x=2+kn x=2vkn
cosx=0 2
=4 cost=0<:><2x=—7-2r-+k;r<:>< =%:—+—]%r—(k Z)
cosSx =0
/4 T km
Sx=—+kr X=———
2 10 5

Bai tip 4. Giai phuong trinh:
sin X + sin® x + sin” x + sin’ x = cos x + cos® x + cos’ x + cos’ x
Loi gidi,
Véi phuong trinh d6i ximg giira sinx va cosx, ta luén dua dugc né vé
dang phuong trinh tich véi mot nhin tir 14 sin x —cosx ..

sin X + sin? x + sin” x + sin® x = cos x + cos® x + cos” x + cos® x

o (sin X - cosx).[2 + Z(Sin X+ cosx) + sin x.cosx] =0

sinx —cosx =0
<> . \
2+ 2(sm X+ cosx) + 8in x.cosx = ()

+ Véi sinx-cosx=0<::~x=%+kn (keZ)

+V& 2+ 2(sin X+ cosx) + Sin x.cosx =0 (*), dat

t = sinx + cosx,t € [—-«/5,&]
[t=-1

Phuong trinh (*)@t’+4t+3=0@it=“3

-

. : . n
t=-1¢& SINX + COSX = -1 & x[Q—sm(x +Z) = -1

(m,n e Z)

X =7n+min
=

,x::---—*—nn
L 2
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Vay phuong trinh d4 cho c6 3 ho nghiém:

n « n
x=z+k1r, X = T+ m2n vax=-§+n21t (k,mune Z).

Bai tap 5. Giai phuong trinh:
sinx+sin2x+sin3x=1+cosx+cos2x

Ldi gidi.
Phuong trinh d3 cho tuong duong vai
(sinx +sin3x) +sin 2x = (1 +cos2x) +cosx (*)
Pé y rang
(sinx +sin3x) +sin 2x = 2sin 2xcosx + sin 2x =sin 2x(2cos x +1)
va | |
(1+cos2x)+cosx =2cos’ x+cosx = cosx(2cosx +1).
Nén suy ra (*) tuong duong véi
sin2x(2cosx+1)=cosx(2cosx+1)
<> (sin2x—cosx)(2cosx+1)=0
< (2sinxcosx—cosx)(2cosx+1)=0
= L‘OS);(ZSin x=1)2cosx+1)=0

_ x=—7£—+k7r .
2
cosx=0 i
I x=£+k27r
o|sim=s 6 (keT).
2 n
X=-—+k2r
1 i 6
COSI"'—-""E 5
) cosx=i—;—+k27t

Bai tap 6. Giai phuong trinh:
tan x + cot x = 2(sin 2x + cos2x)
Lai gidi,
Thong thuimg, ta sé¢ dit diu ki¢n khi phwong trinh chira tanc

hodccota . Pé “don gidn héa” nhimg bai todn nhw thé, hiy thay tanc
si

e (twong ty véicotr) nhim muc dich dwa phwong trinh di

~ bing
: cos
cho vé quan hé giira hai gia tri hrong gidc sin va cos ma théi,
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.. |sinx 20 A
biéu kién: < 2sinxcosx#0
cosx =0

. kr .
¢:>sm2x¢0¢:>2x¢kzr<:x¢—_)—(ke£
Phuong trinh dé cho twong duong vai
. .2 2
sinx cosx . sin” x+cos” x
+ ——— = 2(sin 2x + COs 2x) & —— =sin2x + cos 2x
cosx sinx 2sinxcosx

&

- = §in2X +COS 2x <> — =sin2x+cos2x
2sinxcosx sin2x

<> sin 2x(sin 2x + cos2x) =1 < sin 2x- cos2x = 1 -sin’® 2x

<> sin 2x- c0s2x = €05 2x
<> cos2x(sin 2x —cos2x) =0

@costw/i-sin(h-'-%J =0

cos2x=0

&>
sin(Zx—£)=O
4

- -

2x=£+kzr : kzﬂ
=S 2 o
R T omr

| 4 " 8 2
Két hop v6i diéu kién, ta suy ra: Phuong trinh d3 cho c6 hai ho nghiém la

(k,meZ).

x=z+-57£ ho#c x=%+—"'2£ (k,melZ)

Bai tip 7. Gidi phuong trinh:

sin2x+2tanx =3
Lai gidi,

Diéu kién: cosx¢0<::x¢-§+lm (ke Z).

Phuong trinh d4 cho ¢6 thé viét lai thanh
(1-sin2x)+2(1—tanx) =0 *)
Mt khéc, dé ¥ ring

1-sin2x =1-2sinxcosx =sin® x + cos® x — 2sin x cos x = (cos x - sin x)’



sinx cosx-sinx
l-tanx=1- =

Cosx COos X

2(cos x —sinx)

Do do, (*) < (cosx—sinx)” + =0

COos X

<> (cosx—sinx)| cosx—sinx +
coS X

cosx—sinx=0 (1)

= .
COSXx—sinx+

=0 (2)
cos X
Xét phuong trinh (1), ta cé

cosx—sinx =0 < ﬁ.cos(x+%)=0<:>cos(x+i4r—]=0
n T T ; . A <
¢:>x+~£=—2—+kfr®xzz+k7r (k€ Z) (théa man diéu kién).

Xét phuong trinh (2), cosx—sinx + ={

COsSXx

= sinx =Cosx+

&)

COS X
Lai c6 sin’ x+cos’ x =1 nén suy ra

2
(cosx-!— ) +cos’x=12cos’x+ +3=0

COs X COS X

Tuy nhién, diéu nay 13 v6 i vi hién nhién: 2cos® x + +3>0

'COSX

Do d0, (2) v nghiém.
Vay phuong trinh d3 cho chi ¢6 duy nhét ho nghiém 1a

x=§-+¢kn' (keZ).

Dang 2. Nhirng phwong trinh lirgng giac quy vé phwong trinh mét én.
Bude 1: Quan sat, dua vao nhimg cong thirc bién ddi co ban dé chon dn
phu hep.

Buge 2: Sir dung y tuong tir Bude 1, bleu dién tét ca cac sd hang trong

phuong trinh theo 4n d6. Quy bai toan vé phuong trinh mdt 4n duy nhét
(thudmg la bac hai hoic bic ba).

Bugc 3: Giai phuong trinh tuong duong vira thu duge va suy ra ho
nghiém can tim, hru y két hop diéu kién dé bai (néu co6).
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Bai téip 1. Giai phuong trinh: cos3x ~cos2x+3cosx+2sin’ x =3
Loi gidi.
Pé y ring cos3x =4cos’ x—3cosx, cos2x=2cos’ x—1, sin’ x =1 - cos’x
nén ta s& quy bai to4n vé phwong trinh mt 4n 13 cosx .
Sir dung nhimg céng thirc co ban trén, phuong trinh di cho c6 thé viét
lai thanh |
4cos’ x —3cosx ~(2cos’ x—1)+3cos x + 2(1 —cos’x) =3

<> 4cos’ x—4cos? x =0 & 4cos’ x(cosx~1)=0

cosx=0 £+k7r
<:>[ = (k,meZ).
1cosx =1

x—m27r

2 ¢
Bai tap 2. Giai phuong trinh: 2cos4x +6cos” x + 1 + 3cos2x -0

COS X

Loi gidi,
Piéu kién: cosx # 0 x¢§+kn (keZ)

G bai toan nay, néu ta tlep tuc chon én duy nhat 1a cosx thi s€ thu duorc
mét phuong trinh bac 4, rit khé co thé giai quyet tiép. Tuy nhién, sy xult

hién cia cos’ x khién ta nghi t6i viéc sir dung 16i “tu duy nguoc”, ha bic
cos’ x dé quy phuong trinh vé dang mét 4n duy nhéit, khong phai cosx ma
1a cos2x.

Thét vay, phirong trinh da cho twong duong véi
2(20082 2x — 1)+ 3(1 + cos2x) +1+3cos2x =0

& 2c08’2x - 3cos2x +1=0

cos2x =1 x = %
= 1 27t (m,n € Z)
cos2x = x=t—+nn

Thoa man didu kién x # -’25 +kn.
Véy phuong trinh da cho c6 ba ho nghiém la

X=mn,X = 16+n1t mneZ.
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Bai tip 3. Giai phuong trinh: sin’ x + cos’ x = 2cos’ x - 1

Loi gidi.
Pé y rang:
[L!] 6 2 s 2 3
sin’ x +cos X = (sm x) + (cos” x)

3
= (sm X + cos’ x) — 3sin? x cos’ x (sz X + cos’ x)
3

: =1-—§;—sin2 2x=—cosz‘2x+l.

Suy ra phuong trinh di cho tuong duong véi
%cos'2 2x +;ll- =cos2x <> 3cos’2x —4cos2x +1=0  (¥)

Pét t = cosx (-1 £t £1). Khi do,

Phuong trinh
cos2x =1 x = kmt
¥] e < 1 (kmeZ
( ) cos2x=-:1; x=i(—1—+mn,cosa=§( )

sin 3x — cos 3x
2sin2x -1

Bai tap 4. Giai phuong trinh: 7( ~ cos x) =4 - cos2x

vai X € (0;1t).

Loi giai.
Piéu kién: sin2x = 1 X E1-t-~4~ K27 VA X # — + k2n (kelZ)
2 12 12
Tacod: sin3x —cos3x = 3Jsinx — 4sin’* x —4cos’ x + cosx
= 3(sin X + Cos x) -4 (sin X + cos x)(l — sin X cos x)
= (sin X + cos x)(4 sin X cos x — l) = (sin X + cos x)(?sin 2x — 1)

sin 3x — cos 3x .
Suy ra _ = 8in X + cos X,
2sin2x -1

Véy phuong trinh da cho tvong duong véi

7(sinx + CcosS X -cosx) =4 - cos2x

& Tsinx z4-—(1—231112 :a()¢:>2$in2 X-=Tsinx+3=0
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1
i 1 X = —+ 27
Sinx = —

R= 2 <:>sinx='71—<:> 6 (m,n € Z).

sin x = 3(loai) 2 X = dld + n2n

Do ta can tim x € (0; n) nén suy ra chi c6 2 nghiém théa man dé bai la

x=£véx=§£

* Trén thuc 16, ngodi hai dang trén, con rdt nhiéu dang phuorg trinh
lugng gide khong mau muc khdc nhw phuong trinh su dung dao ham, tinh
chdt ham 16i, hay tinh chdt cia bdt ddng thiec. Tuy nhién, do tinh muc dich
cia cudn sdch nén chiing téi khéng d@é cap tdi nhzmg ngi dung nay. Chi xin
gidi thiéu 161 bagn doc mot vi du minh hoa don gian, thay cho phdn két cia

chuyén dé nay.

Vi

du. Giai phuong trinh sin®" x +cos™'x =1

38

Loi gidi.
Pé yringdo —-1<sinx <1 tacd

sin’x(1-sin””x) > 0 = sin®"' x <sin’ x
Hoan toan tuong ty, dé dang nhan thay cos™''x < cos’x.
Tir 46 suy ra sin®"' x +cos™''x < sin’ x + cos’x =1,

r ] *
sin?®"'x=sin’x

2011

20 5 4 cos?'x =1 {cos®™ 'x=cos’x

Vay sin

tsin2 x+cos’x =1

<m[smx:l ol x-—+k27r hmeZ)

cosx =1
x-m2n‘




O CHUYEN PE 4

PHUONG TRINH - HE PHUONG TRINH.

O cac dé thi tuyén sinh Dai hoc mdn Toan, giai doan tir naim 2002 — 2005
(nhimg nam dau tién thi dé chung), déc gia sé bat gap nhimg bai phuong
trinh va hé phuong trinh rit co ban, chung duoc danh gia ¢ mirc do “céu g&
diém”. Tuy nhién, nhimg ndm gin day, dé thi ngay cang chira nhiéu dang
“khong mau muc”, di kém ca bién luin theo tham s6. Su thay d6i nay da
gdy nén su ling tung cho khéng it hoc sinh boi da 1a “khong mau muc” thi
cang kho hé thong, phan loai. Chinh vi li do d6, & chuyen dé nay, nham muc
dich tranh khong gy cho dfc gia “su choang ngop”, chung t6i s& khong
khai thac qua nhiéu bai toAn ma chi tap trung dua ra nhimg “h¢ thong I
thuyet thuong dung nhit, duge rut ra mét cach tong quan tr nhimg dé thi
gén ddy. Tin chic rang khi nim vimg dugc luong kién thirc i wu ndy, kém
theo hudng giai quyét ap dung cho nhimg bai toén cu thé da thi, cac ban hoc
sinh s& tu dinh hudng duogc con dudmg tr duy cho nhiing vén dé tuong ty.

Bai tip 1. Giai phwong trinh: V3x +1 — V6 —x +3x> —14x -8 =0

D thi Pai hoc khdi B niim 2010.
Loi gidi,
L [tz [x»-L 1
Piéu kién: 6 >0 1 T 3=>x€|-—;6
Xz x<6 3

Cich 1. Xét ham sb: £(x) = V3x +1 - ¥6— x +3x* — 14x — 8 lién tuc

trén doan —%;6.
T 6x —14,x € |16
)= e + g Ox e

¢ xe [-7?;6] :£'(x) >0 = f(x)ddng bién trén

7 :
3;6] va f(5)=0.

%;6] phuong trinh f(x) = Ocb ding 1 nghi¢m x = 5.

Do 46 trén
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® XE

_%;:;.]:_-}J3x+1~—s/6-x <2\[2-—E?

17
3'3)
Viéy phuong trinh ¢6 nghiém duy nhét x = 5.

Céch 2. Phuong trinh : v3x + 1 — Y6 — x + 3x> — 14x — 8 = 0

c-‘;(\/3x+l-—4)+(l—-\/6—x)+3x2——14x—5=0

3x _ 14x _8< -3 = f(x )< 0,Vx €

3(x 5) (x-5)(3x+1)=0
\_,13x+1+4 \16 x+1
1
._5-—___-.-._____ —— . —
@ b9 e et o

nén phuong trinh

1
3

3 1
Viem———t+—=—=—+3x+1>0,x€
Brrl+d Joaxsl o TIZOX
()¢=>x—5==0®x=5
Vay phuong trmh d3 cho c6 nghiém duy nhét x = 5.

Ky hi¢u Kla mqt doan, mgt khoang hoic mét nira khoang,
o Néu f(_ )llen tuc trén doan [a,b]va f( : ( )< 0 thi phuong trinh

f(x) =0 co it nhit mdt nghi¢m c € (a;b).

Néu f(x)lién tyc va dom digu tén K thi phuong trinh f(x) = 0o

khing quié m§t nghi¢m trén K.

Téng quit:

Néu f (x) lién tyc va ting trén K, g(x)lién tuc va giam (hodc la
ham hing) trén K thi phuong trinh f(x)= g(x)c6 khong qué mot
nghiém trén K.

. Néu_ phuong trinh f '(x) =0 cé nnghiém trén khoang (a;b) thi
phuong trinh f (x) = 0 ¢6 khong qua n + 1nghiém trén khoang (ab)

e Téng cia 2 ham tang trén K 14 mét ham ting trén K, téng cla 2
ham giam trén K 1a m§t ham giam trén K.
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e Néu f(x)la ham tang trén K thi a.f(x)tang trén K néu a > Ova

af (x) giam trén K néu a < 0.

Bai tap 2. Giai hé phuong trinh sau :

(4> +1)x + (y - 3)¥5-2y = 0 (1)
4> +yP + 203 —4x =7 (2)

(Dé thi PH khoi A nim 2010.)

Loi gidi.
L4 "‘l - . 3 5
Cdch I: Dicu kién: x < Z,y < 2

(4x* +1)x +(y—3)/5-2y =0
& (42 +1)2x +2(y-3)J/5-2y =0
& (ax? +1)2x = (5 -2y +1)V5 — 2y codang
f(2x)=f(J5_-Ty)
Xétham sb £(t) = t(t? +1) lién tyc trén R

DE thdy f'(t) = 3t +1> 0,Vt € R.

I

3
0<x<~
Dods f(2x) = f(V5-2y) @ 2x=V5-2y & 2,
y:
L 2

2

+2V3 - ax = 7(3).

5 — 4x2

Khi d6 (2) viét lai 4x® +

Vi x = 0,x = — khong la nghiém cua (3)

ol o

5 — 4x?2

)

2
+2v3 —4x -7

Xét ham sb: g(x) = 4x* +

li€n tuc trén khoang [(},-2-]
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4
3 —4x

Taco g(x) = 4x(4x’ - 8) - =t <0 [02] 5 g(x)

nghich bién trén khoang [0;213—] va g[%] =0= (3)0(’) nghiém duy nhét

1
X=—= =92
9 Yy
*Chuyl:
‘ 2
TﬂCéthédat:u::Qx@usg_,v: ,5—2y,V20=>y=5 ‘2V
2
Phuong trinh (l)=> (u2 +1)§_V 2"'1\,:0

@(u——v)(uz+uv+v2+1)=0¢¢u=v=>2?<=\/"5—2y

vivl+uv+vi+1>0vVyveR.

g2
ot voit=20

“Chiyp2:Dat:\5 -2y =t & y =

t2 +1

Khid6(1)=>(4x2+1)x= t < 8x3 +2x =t2 +t
_ 2 2 1) = - 3
& (2x t)(4x + 2xt + t +1) 0=t 2x=>t€[0,2]
* Phuong trinh (2) tré thanh

2
5— t? | .
t2+-(—-'—4—'—)—'+2\/3—2t .=.7@t4—-6t2+8‘\/3—2 -3 =0

0;53—]
2

Xét ham: f(t) = t* — 6t + 83 — 2t — 3 lién tyc trén doan

Tacé: f'(t) = 4t® —12t - 5_<owte 0;-‘3-] va f(1) =0 nén
v3-2t 2
trong doan 0;—3— va f(t) = Océ nghi¢m duynhit t =1 = x = -21-,,y =2,
Cich 2.

Pit u = 2x,v = /5 - 2y
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Tar (1) = (uz + l)u —(\'2 +‘1)v =0=u=v

2x = 5 — 2y
4x* +y* +2V3 —dx = 7(2)

Vdit=y—-1w=+v3—-4x = v3-2u

Ta co hé:

=3-2t >0 wt =3-92¢
= {t? =3 - 2w = {t? = 3 ~2w
;\/3—2U>0 W2=3-—-——2u
_1
= U = = = 2
=2
3 5
Cdch 3. Didu kién: x < Z y < 5
(1)<=>4x +X = 225y + 2;5y®2x=\]2——5y
0§x§§
& 4
y___5—4x2
- 2
| 5— dx? |
(2) & 4x* + 2| +2v3-4ax =7

& 16x* —25x° + 8V3 —4x -3 =0
& 16x% — 25x2 +5+8(\/3—-4x—-1)=0

16(1 — 2x)

& (4}(2 - 1)(4x2 -—5) +—m =
& (2x - 1)|(2x +1)(4x? -5)——5—\/___%:-1-] =0 (3)

3 .
0<x <= (2 +1)(4x* ~5) <0

. 16
=>(2X+1)(4X2—5)-—\/3—j+1 <
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Bai tip 3. Tim tham s thyc 1n dé phuong trinh x + v3x +1 = m ¢6
nghiém thyc .

Léi gii.
Xét ham sb f(x):x+\/3x2 +1 vay=m
Ham s f(x)=x + v3x* + 1 lién tyc rén R.

V3x% +1+3x

3x
Taco: f'(x =1+ =
() \/3x2+1 J3x? 41
X X <0
f'(x)=0& V3’ +1=-3x & 3 11— 0y

x <0 —g/g’f[—\/f.i]:\lé

A g & X =
xzit—l—-—-iga 6 | 3

=

Lép bang bién thién va suy ra f(x) >

Do dd, véi m > i:;(?‘-thi phuong trinh da cho ¢6 nghiém thyc .

Bai tip 4. Tim tham s6 thuc m dé bét phuong trinh

Jx’ —2x+24 <x* — 2 + m c6 nghiém thyce trong doan [—4;6].
| Loi gidi.
Pt t= Vx’ —2x + 24, Vx €[~4:6] > t € [0;5)]

Bai toin trd thanh tim tham sd thuc m dé bit phuomg trinh
t* + t—24 < m cd nghiém thyc t€[0;5]

Xét ham sb f (t) = t? +t — 24 lién tuc trén doan [0; 5] .
£'(¢)=2t+1>0,¥t €[0;5] = £(t) lién tuc va dbng bién trén doan [0;5].
Viy bit phuong trinh d3 cho cé nghiém thyc trén doan [0; 5] khi

maxf(t)<m & fB)<m&=6<mem>6.

ne{lr.r.!‘



Chi § : Cho ham sé y = f(x) xc dinh va lién tuc trén khoang (a;b).
Dinh ly 1: Phuong trinh f (x) = m c6 nghiém thudc doan

[a;b} & miuf(x) <m< maxf(x).

ach! LR
N S

Dinh ly 2: Bit phuong trinh f (x) 2 m ¢0 nghiém thudc doan

{a;b] = ma.xf(x)z m.

Ea:h!

Pinh ly 3: Bat phuong trinh f(x) < m c6 nghiém thude doan

[a; b] = mig}f(x) <m.

’ Ea:hl
Pinh ly 4: Bét phuong trinh f (x) > m nghiém ding véi moi
X € [a;b] = rer'nf(x) > m.

Pinh ly 5: Bit phuong trinh f (x) < m nghiém dung véi moi

X € [a;b] = $:h f(x)gm.

O CHUYEN PE 5
- A - ” ~n" =~ | -~
HAM SO VA CAC VAN DE LIEN QUAN.
Ham sb 1a bai todn “cd dinh” va ciing la “thir thach” dau tién trong dé thi
dai hoc mdn toan, gom hai y 12 khao sat ham s va cau héi phu

Phin khao sat ham sé dugc coi la phén d& nhit trong dé va hau nhu khong
thi sinh nao bo qua co héi “an diém” nay.

Tuy nhién, ¢ y tiép theo la cau hoi phu thi khong it ban lai “bo qua” dé lam
phan khéc. Diéu ndy thyc ra kha tu nhién boi 1€ cau hoi phu ¢o nhleu dang
ngodi viéc phai nim vimg kién thirc co ban, dé dén dugc dép sb ding cudi
cung, né con doi hdi & ngudi gxax su cin than va nhanh nhay khi tmh toén.

Chinh vi vay, & chuyén dé nay chiing toi khong dé cap dén vén dé “khao
sat ham s6” von di qua quen thudc ma s& tip trung gitip cac ban gidi quyét
vén dé “khé khan” hon, d6 chinh la: “Cac dang cdau héi phy”. Vi dy minh
hoa ¢ phan nay duoc chon loc, sap xép tir d& dén kh6. Nhém tac gia da han
ché t6i da viéc sur dung phuong phap ning cao, thay vao d6 1a nhing y
twong goi mé rdt d6i tu nhién dé ban doc ty kham pha, tir 46 dén dén hoan
thién ki ndng tu duy cia minh khi dimg truéc mdt bai toan.”
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Bai tip 1. Xét chiéu bién thién cia cac ham sb sau:

1)yzx+1—2\[x2+3x+3 2)y=x2—‘2x—3|
Hurdng dén gidi
% + 3 \/x2+3x+3~—(2x+3)

yy'=1-——2+3
\}x2+3x+3 Vx’ +3x+3
g(x)ZO

e Khi y'zO,bﬁitoé.ndu‘avédang:\/-f(—x)zg(x)@{ 9f \-
f(x) =€ (x)
Dao ham y' x4c dinh va lién tuc trén R,y' = 0 tai diém x = —1, do
vdy trén khoang (-oo;—l),y' gitr ddu khong dbi va y'(—-2) > 0. Tuong tu
trén khoang (—-1;+oo),y' gitr ddu khéng doi va y'(O) <0.
o Ngoai ra bai toan c6 thé yéu cau:
tim x dé y'> O(y' <Oy'>20y'< 0)

Bai toén quy vé dang sau:
| 'f(x) >0 'f(x) >0
4
Lg(x)<0 f(x) <g(x)©<g(x)>0
VB8l = )2 (<) <2 (x
f(x)>€*(x)
2 Ial A khi A>0
D=1 A ki A <o
Va sau ddy Ia Ioi gidi chi tiét.
| Loi gidi,
1) y=x+1—-2\/x" +3x+3
Ham s6 33 cho xé4c dinh trén R.
2% + 3 _.\/x2+3x+3—-(2x+3)

Tach: y'=1— —————= =
vxt +3x +3 VX +3x+3

-
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vi=0e Jx' +3x+3 =2x +3
3

X > —=
& 2 & x = —1

x° 4+ 3x +3=(2x + 3)
Bang bién thién :

X —a0 -1 +00
L)

A + 0 -

y / \.

Ham sb dbng bién trén khoang (—ao; --1) , nghich bién trén khoang (--1; +oo)

x’—2x—3 khi x<-1V x>3
~x+2x+3 khi —-1<x<3

2)y = xz——2x—3|=

Ham sb da cho xac dinh trén R .

2x —2khi x<-1V x>3

Tachd: y'=
aco: ¥ l—2x+2khi —1<x<3

Ham s6 khong c6 dao ham tai x = —1 va x = 3,
+ Trén khoang (-1;3):y’ =0 x=1;

+ Trén khodng (—~0;—1):y' < 0;

+ Trén khoing (3;+):y' > 0.

Bang bién thién:

X —c0 -1 1 3 +00
oy - || + 0 - W+

Ham sb déng bién trén mdi khoéng(—l;l) va (3;+oo), nghich bién trén

mdi khoang (—0;~1) va (1;3).
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Bai tip 2. Xét chiéu bién thién cia ham sb: y = 2sin x + cos2x,x € {ﬂ;‘n] i

Huwéng din gidi
e Néuham sb f lién tyc trén [a;b|va c6 dao ham f'(x)> 0 trén khodng
(2;b) thi ham s5 £ déng bién trén [a;b|.
K Néu ham sb flién tuc trén [a; b] va c6 dao ham f ‘(x) < (0 trén khoang
(a; b) thi ham sb f néhich bién trén [a; b]. |
e Gia sirham s f lién tuc trén doan [a;b).
* Néu hiam sb f ddng bién trén khoang (a; b) thi ddng bién trén doan [a;b].
* Néu ham sb f nghich bién trén khoéngi (n; b) thi nghich bién trén doan
[a; b].
* Néuham sb f khong ddi trén khoang (a;b) thi khong déi trén dogn

|asb)]-

Phuong trinh Iugng gidc co ban:
u=v+Kk2n

COSU = COSV & )
u=-v+k2n

cosu = 0,cosv = (0

tanu = tanv &
u=v+kn

u=v+Kk2n

sinu = sinv & ]
=n—v+k2=x

sinu = 0,sinv = 0

cotu=cotv &
u=v+kn

Va sau ddy 1a 1oi giai chi tiét.
Loi giai,
Ham sb d cho x4c dinh trén doan[ 0; |

Taco: y'= 2cosx(1—25inx).

48



Ta can tim nghiém cia phuong trinh y' = 0 trén khoang (Ogn):
X € (0;11)

. cosx = ()

T
y'=0& <=>X=-—2-,X,:

Dira véo bang bién thién suy ra : ham sb dng bién trén cac khoang

0:Z |va -’-t--;EE , nghich bién trén cac khoang Z.x0va -5—15;1t .
6 2 6 6 2 6

Chii ¥: Ta c6 thé két lugn: ham sb ddng bién trén mdi doan [0;%]

va | Z:5™ | nghich bién trén m&i doan | =% | va [ 2Zin .
2'°6 62 6

Bai tip 3. Tim a dé ham s y=-§x3 +ax’ + 4x + 3 ddng bién trén R.

Hirong dén gidi
*Hémséyzf(x,m) tangtrén]R@y'ZOVxelR@mig y'>0.
X€
"He‘unsi")yzf(x,m) giémtrénR@y'S_OVxGR@maﬁ{ y'<O0.
Xe
Chu y:
1) Néu y'= ax® + bx +c thi
[a=b=0 a=b=0
le>0 le<o
*y'20VxeR &} *x y'<O0VxeR & |
a>0 a<0
la<o 1la<o
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2) Ham déng bién trén R thi n6 phai xéc dinh trén R .
Va sau ddy 1a 101 giai chi tiét,
Loi gidi.,
Ham s6 da cho xac dinh trén R .
Taco y'=x* +2ax+4 vaco A'=a’—4
Bang xét ddu A'
& | —w -2 9 +o0
A | + 0 - 0 +

+ Néu -2 <a < 2thi y'>0 véimoi x e R.
| Ham sb y dbng bién trén R.
+ Néua=2 thi y':-~(x~i-2)2 ,tach:
y'=08x=-2y'>0,x = -2,
Ham s6 y dong bién trén mdi nira khodng (—oo; —2] va [-—2:;+oo) nén
ham s6 y dong biéntrénR .
+ Tuongtynéu a = -2 . Ham s6 y ddng bién trénR.
+ Néua<—2hodica>2 thi y'=0 cé hai nghi¢m phan bigt x ,x, .
Gia sit x, < x,. Khi d6 ham s6 nghich bién trén khoang (xl;x2), ddng
bién trén mbi khoang (—oo; xl)vz‘l (xi; +oo)
Do d6 a < —2 hofic a > 2 khong thoa man yéu céu bai toan .
Vay ham s6 y ddng bién trénR khi va chikhi —2 <a <2.

Bai tjp 4. Tim m € R dé cdc ham sé sau ;

X+m
2) y=2x" —2x* + mx — 1 ddng bién trén khoang (1;+oo).

1) y= mx +4 ludn nghich bién trén khoang (—oo; 1).

3) y=mx"—x"+3x +m—2 dbng bién trén khoang (-3,0).
| Lai gidi.

1) y_mx-i—ti
X +m

ludn nghich bién khoéng (—oo;1).
Ham sb 4 cho xéc dinh trén khoang (—oo;1).
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Ham sb nghich bién trén khoang (—o00;1) khi va chi khi
y'<0,‘v’x€(—oo;1) m’-4<0 —2<m<?2
&~ 1 L=
—m & (—woo;l) —m ¢ (—o0;1)  |-m2=>1
[-2<m <2

= S -2<m<-1
m<-—1 -

Vay : véi —2 < m < —1 thi thoa yéu céu bai todn .
2) y = 2x" —2x* + mx — 1 ddng bién trén khoang (1;+oo).
* Ham sb da cho x4c dinh trén khoang (1;+0o) .
* Taco:y'=6x’*—4x+m
Céich 1. Ham s6 d4 cho ddng bién trén khoang (1;+o00) khi va chi khi
y'>0,vx € (1;+oo) & g(x) = 6x* —4x > —m,x > 1.
Xétham sb g(x) = 6x* — 4x lién tuc trén khoang (1;+00),tacé
g'(x) =12x-4>0,Vx>1& g(x) dong bién trén khoang (1,;-{700)
a i = lim (6x* —4x)=2, i =
va erE g(x) xl_.rg( X x) Z,x_’tgg(x) +00
* Béng bién thién.
X -1 +00
gl(x) +

| __2 |
Dua vio bang bién thién suyra 2> —m & m > —2

Ciich 2. Ham sb da cho d6ng bién trén khoang (1; +oo) khi va chi khi

+a0

y'>0,Vx € (1;+oo) & f(x)zﬁx2 —4x+m>0Vxe (1;+oo)
Khi va chi khi hofic A' =2 — 6m < 0 > m 2%(3)
hogc f(x) = 0 c6 hai nghi¢m théa mén x, < x, <1(*).
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Patt=x—1=>x=t+1,khidé g(t)=f(t+1).

Diéu kién (*) > g(t) = 6t* + 8t + 2+ m c6 hai nghiém khong duong,

A >0
ticla {S <0 & (b). Tir (a)va (b)suyra m > —2.
P, >0 |

' 3) y=mx* —x* + 3x + m — 2 ddng bién trén khoang (-3;0).
Ham sb da cho xac dinh trén khoang (—3;0) .

Tacod: y'=3mx’ ~2x +3
Ham sb d& cho ddng bién trén khoang (—3;0) khi va chi khi
y'>0, Vxe (‘3;0).

Hay 3mx’ —-2x +3>0,Vx € (-—-3;0) & m> 2x— 3

T osxt

Vx € (—3;0)

Xét ham sb g(;()= —~ lién tuc trén khoang (;3;0),tacé

3x
g (x) _ —6x’ +18x

4

< 0,Yx € (~3;0) = g(x) nghich bién trén khoang

9x
(-30) v lim g{e) = -1 ) = o0
Bang bién thién:
X -3 0

£t | |-
| | T~

Dya vio bang bién thién suy ra mz—%.

—00

Bai tip 13. Cho him sb : y = x® — 3x* +2 ¢6 db thi 1a (C). Viét phuong

mnhﬁépmé:lmaa&ﬂﬁ(c)biétﬁépuxyéndimmdié:n A[gg;—z].
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Hudng din gidi
Hai dudng cong (C) Ly = f(x) va (C') 1y = g(x)
tiép xiic nhau tai M(x,;y, |
khi diém M € (C)N(C') va tiép tuyén tai M ciia (C)trimg voi tiép tuyén

f -
tai M coa (c ) chi khi hé phuong trinh sau: {f'((’:u)) =gg(')z:( )(,) c6 nghiém x, .
Loi gidi.

Goi M, (x“;y“) € (C) Phuong trinh tiép tuyén (d)cﬁa (C) tai M, 1a
Y=Yy = y‘(x”)(x - x”) Sy- (xﬁ — 3x§ + 2) = (3x3 - 6x“)(x - xn)
Do (d)di qua diém A[%?i;—i’]nén

. | . 23

-2 —(x} = 3x§ +2) = (3x§ — Gx[,)[? - x“]

& 6x5 — 32x2 +46x, —12=0

' Xg=2=>y=-2

& (x, —2)(3x) —10x, + 3) =0 &> |x, =3 => y = 9x — 25
1 5 61

xu=§=>y=§x+-§?

Viy qua diém A[%B’—;—Q] ké dugc ba tiép tuyén dén db thi ham sb da

5 61
chola: y= -2,y =9x -2,y = —x 4+ —.
y y =9 . y=3x+

Biitip5. Tim m € Rdéhamsd y = —2x + 2+ myx®> —4x + 5 cd cye dai.

Hudmg din gidi
r ! X :0

Ham so datcuc daitai x = x, y ( “)
y“(xo)<0

Va sau ddy la loi gidi chi tiét.
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Loi gidi.
Ham sb d4 cho xac dinh va lién tuc trén R.

x—2 _ m

Y= :
2 3
Jxt —4x +5 \/(xz_4x+5)

Budc tiép theo, ddc gia c6 thé chon mét trong hai cach sau:
Cich 1. -
+ Néum=0 thiy=-2<0 Vxe R nénham sé khong c6 cuc tri.

Mitkhac,taco: y'= -2+ m

+ m =0 vidiucia y"chi phu thudc vao m nén dé ham cé cuc dai thi
trudchét y"<0e© m<0. -

Khi d6 ham s c6 cyc dai <> Phuong trinh y' = 0 c6 nghiém (1).

Taco: y' =0 2(x—2) +1=m(x-2) (2).
Djt t = x — 2 thi (2)trd thanh :

mt = 2t +1 @{

t<0 t<0
1
' m?’ - 4
= (1) co nghiém & m’-4>0& m< -2 (Do m<0).
Viy m < —2 thi ham sb c6 cyc dai.
Céch 2. Ham s dat cyc dai tai x = x,

(m2--4)t2=1@ ¢ =

y'(x):O m(xo—-Z) =9 ’\/;;‘);-4){“-#5_21 (1)
0 . j - ‘.
had y"(xo)<0® m;]xi;4xu+5 N ) <x6,-2 2

V6i m < Othi (1) = x, <2.

' 2 _ 4y +5
Xéth&msé:f(x)=‘/;‘“ , S X, <2
0 X — 2 0
0
7 _
lim f(x,)= lim VX, — 4%, +5 = -1,
X——x X—— % Xy — 2
2 r
lim f(x,) = lim VX 4%, +5 = —00.
x—2" x—2 Xy — 2
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-2
(x” — ‘2)2 \/xf. —4x,+5

Taco f‘(x”) = < 0,Vx, € (~—cx;:‘2)

Phuong trinh (i)cc') nghi¢gm x, <2 & 1;1 <-lem<-2.

Bai tdp 6. Cho ham sb: y = x’ —3mx’ + 3(m+6)x +1cé dd thj Ia
(Cm),m e R. Khi ham sb ¢o cuc tri, hdy tim tham s thue m dé diém

A(35) nim trén dudmg thing di qua cac diém cyc trj ctia dd thi ham s6 .

Loi gidi.
Ham sé da cho xac dinh va lién tuc trén R .
Tacd y'=3x* —6mx + B(m + 6). Ham s6 da cho ¢6 cyc tri khi va chi
khi y' = 0 ¢6 hai nghiém phan biét
m < -2

v _ 2 o
& A —9(111 m f))>0<=>{m>3 .

m< -2 , : L
Voi [ 53 (1) thi ham soO co cyc tri va toa do cac diem cyc tri cua do
1mn

thi ham sb da cho 1a nghiém cia hé phuong trinh:
y=x"-3mx’ + 3(m + 6)x +1
y'= 3(xz - 2mx + m+6) =0

y =(x—m)(x" -2mx +m -+~6)+‘2(--~m”’4-111-1»6))(-”11‘2 +6m+1
<
X -2mx+m+6=0

=y= 2(—-111"2 +1m + 6)x +m’ +6m + 1 (d.,.) la duomg thing di qua
cac dém cuc trj cta dd thj ham sb.
. _ m=4
Dm A(3;5)e(d, ) & 5m’ -12m-32=0< 8 (2)
11 = "‘;
J

Te (1) va (2) suy ra m = 4 la gia trj cin tim.
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Bai tap 7. X4c dinh gi4 tri tham s m € R dé ham sb:
y=x'-6x+3(m+2)x-m-6

dat cuc dai va cyc tiéu disng thoi hai gia tri cuc tri cing diu.
Huwong dan gidi
Giast y' =ax’ +bx +c.
Ham sb c6 cye dai, cuc tiéu khi y' = 0 c6 hai nghiém phén biét < A' > 0.
Goi A(xl;yl),B (x,z'; y2) la cic diém cuc tri ctia db thi ham sb thi X)X,

1a nghi€ém cia phuong trinh y' = 0.Theo baitoan : y .y, >0
Viéc thyc hién tim y,,y, don gian bing cach ldy y chia y' ta duoc:

y=%(x—2).[3x2 ~12x + 3(m +2)| +2(m - 2)x + m 2.

DEthdy y' = 3x’ —12x + 3(m +2) = 0 ham s6 ¢6 hai diém cuc tri A,B.
Khi d6 dudng thang di qua hai diém A,B 1a y = 2(m —2)x + m —2.

Ngoai cach ldy y chia y', ta c6 thé tim cy thé toa 46 A,B rdi viét
phuong trinh dudmg thing di qua hai diém A,B.

Néu X,,%, 1a hai nghiém cua phuong trinh : y' = ax’ +bx +¢ =0 thi

+ X b X, ¢
X ===, X .X, =
1 2 a 1772 a

Chi y: Goi A(x,;y,),B(x,y,)
la cac diémcuctriciadb thihamsb y = f (x)
o D& ham sb c6 hai cyc trj ¢6 gid trj cyc trj cing ddu < y, .y, > 0.
e Dé him s c6 hai cyc tr nim vé 2 phia dbi véi tryc tung < y,.y, < 0.
o Dé ham s ¢6 hai cyre tr nfim vé 2 phia d6i véi tryc tung <> x .x, < 0.
i . . 3 . y, +y,>0
e Dé ham sb c6 hai cyc trj nim trén truc hoanh < {™' Y2 .
y,”y,>0
Ay s L .4 .. . y1+y2<0
e Dé ham sé cé hai cyc tr] ndim dudi truc hoanh < .
y,y, <0
e D& ham s6 ¢6 cyc tri tiép xuc vai tryc hoanh & y,¥, =0.
Va sau ddy la 1oi gidi chi tiét.
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' Loi gidi.
Ham s0 di cho xac dinh va lién tuc trén R
Tacé: y'=3x’ —12x + 3(m +2).
Ham s ¢6 cuc dai . cuc tiéu khi yv' = 0¢6 hai nghiém phan biét
=S A':36-—9(m+2)>0 S2-m>0&m<?2
1

y = g(x —2).[3){2 —12x + 3(m + 2)] :|-2(1'n —‘2)x +m—2

y :%(x—Q).y'-F 2(m——»2)x +m -2

Goi A(x 1y ) B( ) la cac diém cuc trj cia db thi ham sb thi X, X,
la nghiém cua phuong trinh g( ) 3x? —12x + S(m + 2) 0.

Trong do : 'y‘ - %(xl _2)'3"("1) + 2(“‘ "2)"1 +m—2
y

()0

( )x +m -2
I,_é.( 2) y'(x,) + 2(m —2)x, +m -2
(xz)=

=Y, -2(1n—2)x2+m—2

Theo dinh ly Vi-ét,tacéd: x, +x, =4,x,x, =m + 2
Theo bai todn :
y,y,>0& [Q(m —2)x] + 1 -2”2(m -—-,2))(2 +m ——2] >0

& (m—2) (2, +1)(2x, +1)> 0
2
& (m - ‘2) [4xlx2 +2(x, + x.z) + 1] >0

& (m - 2) [4xx, +2(x, +x,)+1]> 0 (m—2) (4m +17)> 0

‘ r * "A - A A ¢ » A' 17 by . p hd ‘A by
Keét hop vai diéu kién bai toan , vy Y < m < 2 lagiatrj can tim .
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Bai tp 8. Tim a € R dé db thi cia ham s6 y = x* — 3x’ +2 (C)co diém
cyc dai va diém cyc tiéu & vé hai phia khac nhau cia dudng tron (phia trong
va phia ngoai): (Ca) 1x* +y’ —2ax —day + 5a° —1=0.

Huong din gidi
Puong tron : (C) : (x - x“)2 + (y - yu)2 = R? ¢6 tdm I(x“;y”) va ban
kinh R

2 2
A(x,;y!) va A = \/(xI —x") +(y} ——y”)
Néu A 1a diém nam trong duomg tron thi 1A < R.
Néu A la diém nimi ngoai duomg tron thi JIA > R.
Va sau ddy 1a I6i gidi chi tiét.

Loi gidi.
Ham so6 da cho xac dinh va lién tuc trén R.
x=0=y=2

Taco: y'=3x* —6x; y' =0«
X=2=y=-2

(C,):(x —a) +(y ---za)2 =1 ¢6 tam 1(a:2a) va ban kinh R = 1

Ta ¢o6: IB = Ja - ) ('Za. +'2)2 = \/-‘Sn2 +4a + 8

IB = J5[ ] 36 \/‘ >1=R= diém B nam ngoai (C)

do 46 diém A ndm trong ducmg tron,
(ClelA<ie Ja’+2-2) <1

@5&2—8a+3<0@%<a<1

. 4a 2 mx —4m+ 3 e e s .
Bai tip 9. Cho ham s0 y = — . cho mhai gia tri m va m,.
X —m

Tim h¢ thirc lién h¢ gita m, va m, dé mot trong hai dudng cong

(c.,) va(C,, ) suy ra tir duemg kia nhs mot phép tinh tién.

Loi gidi.
mx —4m+ 3 m?—-4m+3
y = =m++ X Z i
X —m X —
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Xét truong hop m = 1,m = 3.

Tinh tién hé truc toa dp Oxy theo vec to OI . cong thirc chuyén hé toa dé:
x=X+m
y=Y +m

"Phuong trinh duomg cong (C, )ddi véi h¢ toa do IXY la:

i

2 fe 2 g
Yam=mas™ 41n+dhayY=m 4m+3.

(X+m)—1n X

mf - 4m1 + 3

Phuong trinh (c ) dbi véihg toa dd T XYY =

Ilzll

2
: ~4
Phuong tinh (C,, ) d6i véi h¢ toa dd 1,XY : Y = 22— 3
MOt trong hai dudmg cong (C“ )Vé (C... ) suy ra tir duong kia nho mét

phép tinh tién khi va chi khi: m! —4m, +3=m)-4m, +3

Sim-m)j{m+m -4)=0&
( ! 2)( ! 2 ) m, +m, =4
Khi m, =1=m, =1 hoic m, = 3.

Khim =3 = m, =1 hofc m, = 3.

Bai tip 10. Cho ham sb y = 2x +11 . Goi (d) 12 dudmg thing 6 h¢ sb
. .
goc m va di qua diém B(-2;2). Tim m dé (d) cat (C)tai hai diém
phin bigt M,,M,. Cac dudng thang di qua M, M, song song v&i céc
truc toa do tao thanh hinh chir nhit . Tinh cac canh cua hinh chir nhéat
d6 theo m € R, khi nao hinh chir nhit ndy tr¢ thanh hinh vuéng.
| Loi gidi.
(d) di qua diém B(—'Z;‘Z) ¢6 phuong trinh y = m(x + 2) + 2
D¢ (d) cit (C)tai hai diém phan bi¢t M, M,khi phuong trinh
2x + 1
x—1

m(x+2)+2=

¢6 hai nghiém khac 1, hay phuong trinh

mx> + mx — 2m — 3 = 0 ¢6 hai nghiém phén biét khac 1. tuc 1a
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rm:«tO m=10 : )

IA = m? +4m(2m + 3)> RS ‘[m < 4 o W< T3 (*
: |

mi? + ml = 2m -3 = 0 l"‘ >0 ,lm >0

Gia sit M, (x,:y,).M, (x,:y, ). hai canh hinh chir nhat M PM,Q c6 do

dai la

M,P = ]x2 - Xll - \/gln;il;fl = MQ= |y2 B yl| = \/9“‘2 +12m

Hinh chit nhit M PM,Q tr& thanh hinh vudng khi va chi khi

\/91112 + 12m
imj
Shl=1<m=1 (do (*))

MP=MQ<& = y0n? + 12m

Bai tdp 11. Cho ham s6 y =(x+1)(x’ +2mx +m +2)c6 db thi I
(C,,). m1a tham s thyc. Vi gia tri ndo cia m thi dd thi (C,,) cla
ham sb cit truc hoanh tai 3 diém phan biét A(wl;()),B,C sao cho
dién tich tam gidc KBC bang 2 (dvdt) véi K(-S:l) .

Hurong din gii
Nhdc lgi mpt 56 tinh chdt cia ham sby = ax* + bx’ + cx + dfa # O) .

ax" +bx’+cex+d = (x - x")(sz + Bx + C) = 0(1)

X = X“
g(x)_z Ax* +Bx+C= 0(2)
+ Phuong trinh (1) ¢6 nghiém duy nhét khi d6 & thi cita ham s cét tryc
Ox tai 1 diém.
—Ag <0

Cich 1. < (2)vd nghiém hogc (2) c6 nghiém kép x, & | |A, =0
] g(x") =0

Ciich 2. <> Ham 50 ludn don di¢u hoje o6 cye dai, cye tiéu ma y ., ¥y > 0.
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* Phuong trinh (1) co ding hai nghiém khi d6 d6 thi cia ham s tiép xic
vai truc Ox.

Cich 1. <> (2)c6 nghiém kép khdc x, hozc (2) c6 2 nghiém va mét

(A, =0

Lg(x“) # ()

A >0

ig(x“) =0

Cich 2. <> Ham s6 c6 cyc dai, cye tiéu va y .y, .,y = 0.

<

nghiém x, <

-

+ Phuong trinh (1) c6 ba nghi¢m phan biét khi d6 do thi cia ham sb cit
tryc Ox tat 3 diem phén biét.

AJE >0

g(xu) 0

Cach 2. < Ham sb c6 cuc dai, cuc tiéu va y( (‘D)y( ) < 0.

Cich 1. & (2)c6 2 nghiém phan bi¢t khic x, <

Tro lgi bai todn:
Hoanh d giao diém cia dd thi (C,) cia him s6 va tryc hoinh la
nghiém cia phuong trinh: (x + 1)()(2 +2mx +m + 2) = 0(1)

x+1=0
< g(x)=x2+2mx+m+2=0(2)

Db thi (Cm) cia ham sb cit truc hoanh tai 3 diém phan biét
A(-1;0),B,C khi va chi khi phuong trinh (1)c6 3 nghigm phan bit,
nghia la phuong trinh (2) c6 2 nghi¢m phén biét va c& 2 nghi¢m deu khdc

A'>0
()20

Cich 1. dt(AKBC) = %BC.d(K, BC)

Phuong trinh canh (BC) y=0>> d(K,BC) =1.
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BC? = (x, -x,) =(x, +x,) - 4x,x,
=(-2m)’ - 4(m +2) = 4(w’ - m - 2) |

Tir dt(AKBC)=2=>m = 7.
Cach 2.
+ Viét phuong trinh dutmg thing (d') qua K va vuéng géc véi (BC) = (d)
+(d') cit (d) tai diém H. Toa do diém H 1a nghiém cia h¢ (d') va (d).
+d(K,BC) = KH
Déy'- ring,

+ Khoang cach giita hai diém A(xA,yA),B(xB,yB) la:

AB = J(xn — xA)2 +(yB ——yA)
+ Khodng cich tir M(x,,y, ) dén dudmg thing (d):Ax+By+C =0 Ia

2

|Ax0 + By, + Cl
Jarep
+ Phuong trinh duong thing

(A') : {Qua M(xuaY())

d(M,A)

(AYL(A): Ax+By+C=0

=(A"): B(x - xn) ~ A(y - yu) =0.

M rgng bai todn: Tim tham sé m d& db thi ctia ham s cét tryc hoanh tai
3 diém phan biét co hoanh d§ x ,x,,x, théa man: x3 + x> +x; =17.
Theo bai toan: phuong trinh g(x) =0 c6 hai nghi¢m phén bit x ,x, va

A'>0

ci 2 nghiém déu khic -1 & {g (_1) L0

. 2
Méxf+x§+x§=17¢#xf+xg=16¢>(x1+x2) —2xlx2=16

2

¢:>(—'2m)' —2(m+2) =16 <> m = ?, so v6i diéu kién suy ra m cin tim.
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Dt ciu hoi ngwgec lai : néu phuong trinh bac 3 dang ax® + bx’ + cx +d =0
ma viéc tim nghiém x, phén tich vé dang (x —~ x")(Ax'“’ + Bx + C) =0
nhu bai toan trén gép khoé khan thi ta lam thé nao?.

+ Dé y phuong trinh: ax® + bx* + cx +d =0 (a = 0) c6 ba nghiém

X, +x2+x3:~:
[y

. c
X, X, X, thi 1x,x, + x,x, + x,x, = —

a
d

XXX, = —-—
17273 a

* xf + xg + x§ = (x1 +x, + x3)2 —'2(x1x2 + X, Xy + x3x1)
Va sau ddy la loi giai chi tiét,
Loi gidi.
Db thi (C,, ) ctia ham s cét truc hoanh tai 3 diém phén biét A(-1;0),B,C
khi va chi khi phuong trinh
(x +1)(x* + 2mx + m +2) = 0(1) ¢ 3 nghiém phén biét hay
g(x) = x* +2mx +m +2 = 0(2) c6 2 nghiém phén bigt va ci 2 nghiém

_ ) m< -1
N A'>0 m’-m-2>0
déukhac -1 & &5 &Sl 2<m <3(3).
g(-1)#0 " |3-m =0
Lm>3

dt(AKBC) = %BC.d(K, BC).
Goi B(x,;0),C(x,;0) 14 toa dd théa mén yéu cdu bai ton, khi do
BC? =(x, - x,)" = (x, + x,)" —4x,.x,
=(-2m)’ -4(m +2) = 4(m"" -m-2)
Phuong trinh canh (BC):y = 0= d(K,BC) = 1.

Ma dt(AKBC) =2 & %Q.sz ~-m-21=2
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m = —2

(4)

Sm-m-2=14 @{
m=3

Tu (3) va (4) suy ra m = -2 théa méan.

2x—3
N » x - 2 -

cic duong tiém can tai hai diém phan biét A,B. Tim toa 40 diém M

sao cho duong tron ngoai tiép tam gidgc IABc6 dién tich nho nhét , véi

I 1a giao diém hai tiém cén .

Bai tdp 12. Goi (d)la tiép tuyén cua b thi (C):y = tai M cit

Loi gidi.
Goi M(x“;y“) € (C) >y, = 2x, —3 vay' = ____.1...__5.
(%, —2)

X, —2

0

Phu'oﬁg trinh tiép tuyén (d) cua (C) tai M:

-1 2x, —3
y:—---——-.-z-(x-wx")-l' _" 2
(xu - 2) Xo —
() cAt hai dudmg tiém can tai hai diém phén biét
2x, — 2|
A[2; To ] B(2x, - 2;2).
X0 -2

DE thiy M I trung diém AB va 1(2;2)1a giao diém hai duong ti¢m can.

Tam gidc TAB vudng tai Inén dudng tron ngoai tiép tam gidc IAB c6
dién tich

: 2
S = wIM? = =(x, — 2)° +[2x‘, =3 —‘2]

Xy — 2
=1t(x{,—2)2+ ! ) > 2x
( (1"2)
£l . . PRy 1 x(,:1=>y0=1
Dau dang thirc xay ra khi (x"——Z) =TT Tl =3y =3
| | (xu“z) o= Yo =

Vay M(1;1) va M(3;3) théa mén bai toan.



Bai todn c6 thé mé réng: Tim nhimg diém trén (C) c6 hoanh d§ x> 2sao
cho tiép tuyén tai d6 tao véi hai dudng tiém cdn mét tam giac cé chu vi
nho nhat,

Hudng din:

2x“ -2

Tuong tu nhu trén, ta c¢6: A [2; ,B(2x, — 22) = IA,IB.
Xy —

Khi do, chu vi tam gidc AIB la

P=1A+IB+AB=1IA +IB + VIAZ + IB? > 2VIAIB + V2IAIB
Ping thirc xay ra khi va chi khi IA = IB.

Néu trudmg hop tam giac AIB khong vudng thi P = IA + IB + AB, dé
tinh AB ta cin dén dinh 1y ham sb cosin

AB? = IA? + IB? — 2IA.IB cos (nﬁﬁ).

P =1IA+IB+VAB? > 2/IAIB + JIA" +IB% — 2IA.IB cos(IA, IB)

P> 2IAIB + JQIA.IB _ 91AIBcos (IA, IB) .

Ping thirc xay ra khi va chi khi IA = IB.
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O CHUYEN PE 6

TiCH PHAN VA UNG DUNG.

Tich phén 12 mdt dé tai kha rong, do khudn khd va tinh muc dich cia

cuon sach nén nhom tac gia s& chi dé cdp t6i nhimg vi du “dién

hinh™ cho ba

“dang” thuong gip qhét trong dé thi dai hoc, d6 la: tich phén timg pbéin, tich
phén dung phép dit an phu va sir dung tich phan dé tinh dién tich, thé tich.

Bai tép 1. Tinh tich phan:

1 = ]xe"dx L= ]111(27( +1)dx I, = f
0

0

-lilidx

Lai gidi.
1
I = fxexdx
()
5 u=x du = dx
t: =
? dv = e*dx v=¢"
| X X ! | X X 1 Xl
=>I1 =[xe dx=(x.e lﬂ—-{e dx =(x.e )“ —e ) =1
o
L= [In{2x +1)dx
=ln(2.x+l) u= 2 dx
pat{ =1 2x+1
dv =dx v=x
1
=1, = [In(@2x+1)dx
i
y -1 3
=x.ln(2x+1)l,l,-—f(2x+1) dx:—2-ln3-l

o 2x +1

I, _flnx

€<



u=Inx u:ldx
bat: 1 = X
dv = —dx 1
X k Ty
:>l —fl—nidx—[—--—lnx +f—)—(—2—dx-—-[—~-}-1(-lnx |(1 + —i—]
| {) 1
= - }-lnemllll]—{l—l :1——2-.
e e e
Bai tdp 2. Tinh tich phin: T = f JEPRE ax
0 1+ cos® x
Loi gidi,
Pit: x=71-t = dx=-dt,sinx = sint,c032 X = cos’ t
DA i x=0=t=mx
01 cdn :
an x=1n=>t=0
Khi d6 - I“‘f X sin x f 7 sin tdt f tsmtcit
1+cosx 1+ cos®t 1+ cos“t
f'nsm xdx f x sin xdx
1+ cos? x 1+cos
L]
T sin xdx l dt . %2 2
=>21=1tf ’Kf 3 = f =— == —,
) l+cos’x Y14t o 2 4

Bai tap 3. Tinh tich phan: T = f 1n[(1 +tank)e
()

Loi gidi.
1 2
1+ta,n—-]dx+fxdx=:-§x2 +I 3 +I trong d¢6

2
fln
H
Ilzfln
0

1+ tan—]dx
2
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2 4
x=0-—_>t:--‘~1—‘-
Pdi can 2
™
x=—=>t=0
2
0 x t % l—tan—t—
-—fln 1+tan(————]]dt=fln 1+—-—-———% dt
x 4 2 0 1+tan—
2 2
= x n
2 2 2 ¢
f — =fln2dt—fln[1+tan—]dt.
l1+tan— 2
0 5 0 0

2
=t - I, =3211n2--11=> I, =-2—1n2=>l=%—+-2—1n2.

Bai tip 4. Tinh dién tich hinh phing gi6i han boi d6 thj ham sd y = x°,
truc hoanh va hai dudng thing x = —1,x =2,

Laoi gidi.
Dién tich cén tinh 14 :
g 2 s 0 3d 2 3 x40 x42 17dd
= = | (- x'dx = —— — =— t).
!;lex £(x)x+{xx 4_1+40 4(v)

Bai t§p 5. Tinh dién tich hinh phing gi6i han boi cac duong
Dy=xy=x+2vix=-Lx=2

2) y=(x—6) ,y=6x-x*vdx=1x=5

Laoi gidi,
1)-y=x2,y=x+2 viax=-Lx=2
Phuong trinh hoanh 49 giao didm x* = x+2 & x = -1Lx =2
Véy dién tich cén tinh I3
2 3 L2
3 2

(3 —x-2)ax

-1

S =
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2 2
2) yz(x—G) ,W=6x—-x"vax=1Lx=95
Phuong trinh hoanh d6 giao diém
(x-—-6)2—-(6x—-x2):0®2x2-—18x+36=0¢=>x:3,x:6

Viy dién tich cén tinh la
6

S =0

i

fi(sz —18x + 36)dx
3

3
= [—2);— —9x? + 36x

3

Bai tap 6. Tinh thé tich vat thé sinh ra boi phép quay quanh truc Ox cua
giéi han hinh phing boi: y = ,/1og2 X,Xx+y=3y=0.

Loi gidi.
Giao diém ctia dd thi ham sé y = ,/1og2 x va x+y=31aA(21)

2 3 .
Vo, = 'n[flog_‘2 xdx +f(3- x)zdx =V, +V,
1 2
2 2
oV = 'rrflog2 xdx = 'nanflnxdx =..= ﬂln2.(2ln2 - 1)
1 1
3 ‘
oY, =1r[(3-—x)zdx:...==-§-
Viy Vg, =xIn2.(2In2 - 1) +-’3i (dvtt).
Baitdp 7. Chimg minh ring:
1-——(-3-:L+9—?L+...+ (_1) C, _ _246.2n ,VneN
3 5 21+1  135..(2n+1)

Ldi gidi,
(1-%) =1-Cix® +Cpx* +...+(-1) Clx® ,Vn e N’
1

=>z“(l ~ x2)“ dx = f{l - C:‘xz + C_"z‘x4 + ..+ (—1)n C:xz“]dx

0
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’ R _IHCH
—1-lo 1l +...+£—~—l——"-
3 * 5" 2n +1

. T .
Mit khic , von x = cost,t € [(),72— = dx = —sin tdt

L

T
1

Taco I = f(l ~x? )“ dx = j‘sinz“+1 tdt

{} 0

X u=sin®™t du = 2nsin®! t(cos t)dt
bat: , =
dv = sin tdt v = —cost
®
= 2
= I" = —cost.sin®" t|2 + 2n f cos? tsin®"! tdt = 2n
(}

0 -

y = ‘.'»ZnIn

2
= f (1 — sin® t) sin®" ! tdt = 2nl
0

o 2nI _ 2.4...2n I 2.4.6...2n

" ="“_'2n+1 "85 (2m+1) " = "1.3.5...(2n +1)

A e 4.6..
Viy:1- G --"-+...+( ) Co _ 246..2n VneN
3 5 M+1  1.35.. (211 + 1)
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O CHUYEN PE 7

4 - - ~r
TO HQP VA XAC SUAT.

T6 hgp va xac suit 1a nhimg dang toan thudmg gap trong dé thi tot nghiép
va dbi khi ciing “tinh ¢&” xuat hién trong nhimg dé thi dai hoc, tit nhién véi
xac sudt it hon. Do viy. chung t6i chi xin dua ra mot sb bai tap dién hinh dé
minh hoa r6 nét cho timg dang toan.

Bai tdp 1. Giai phuong trinh :

5 x!—(x—-l)!=_1_ 2 (x+1)!(x-1)!=144
(x+1)! 6 x!(x - 4)!
Loi gidi.
1 x!-(x -1)! le (x-Di(x-1) 1
(x + 1)! 6 (x +1)! 6

]

<:>6(x—-1)=x(x+1)<:>x2-5x-+-6=0<:>

i

2) Piéu kién: {
X
Phuong trinh da cho tuong duong vai

(x ;l)! E: :3: =144 o (x +1)(x -1)(x -2)(x - 3) =144

Lai co: VP =23.4.6=(5+1)(5-1)(5-2)(5-3)

Nén phuong trinh trén ¢6 thé viét lai thanh

(x+1)(x - 1)(x-2)(x-3) =(5+1)(5-1)(5-2)(5-3).

Tirdé suy ra x = 5 (thoa mén diéu kién).

Bai tép 2. Giai phuong trinh :

x!

x!
1) x+80=— 2) —=24
8 '

! y!
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Loi gidi.
1) Didu kién xac dinh: x e N.
Phuong trinh dé cho <> x.8!+ 80.8! = x! & x!- x.8!-80.8! =0

Xét ham sé: f(x) = x!- x.8!-80.8! véi x e N.
Nhén xét: x = 10 1a mét nghiém cia phuong trinh f(x) =0.
Pén day, do x € N, nén:
Néu x < 10 thi f(x) <0,vxeN
Néu x > 10 thi f(x)>0,vx e N
Vi vy, x = 10 la nghiém duy nhét cua phuong trinh da cho.
X 4 ea . {x,y e N
2) Diéu kién xac dinh:
X>y
Phuong trinh da cho tuong duong véi
x(x - 1)...(y + l)y!
y!
Mt khéc, khi phén tich thanh thira s tai vé phai thi :24 = 4.3.2.1 = 4.3.2
x=24 x =24
y+1=24% {y=23'

Trudmg hop 2: VP =4.3.2 khi d6

=24 & x(x —1)...(y+1) =24

Trudmg hgp 1: VP = 24 khi d6 {

x{x-1){x-2)=4.3.2 =4

{(y + I)(y + ‘2)(y + 3) =4.3.2 e {Y =1
Trudmg hop 3: VP = 4.3.2.1 khi d6

{x(x—l)(x-?)(x -3)=1234 {x =4

(r+1)(v +2)(v+ 3)(y +4) - 1235 Fly=0

x! N x! < 1
6!(x -6)! 51(x-5)!  (x-5)!

Bai tip 3. Giai bit phuong trinh :

Laoi gidi.
x26

'i ‘a , . 1.
Diéu kién xac dinh: {x eN

x!(x-5)+ 6x! ____ 6
6!(x-5)! 6‘!(x—5)! 6!(x—5)!

Bét phuong trinh dd cho &
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Vi 6!(x —5)!> 0,Vx € R nén bét phuong trinh di cho
- x!(x—5)+6.x! < 6!

<::>x!(x—5+6)$6!¢::>(x+1)!S6!<:>x+1£6<:>xSS

Ddi chiéu didu kién ta thdy bit phuong trinh d cho vé nghiém.

—— ——

Bai tip 4. Tim so co6 ba chit so abc, biét abc = al+bl+c!.

Loi gidi.
Taco: abc <999 = al+ b+ ¢! £999 nén a,b,c <6 hay abc < 666.
Cho nén a'+ bl+ ¢! <666 suyra a,b,c <5 do do:

al+ bMc! <514+ 545! =360
Tudiytaco: a<3 =al+blc! <3454+5!=246=>a<2 (1).

Giasir b=c=5 thitaco: adb5 =a'+ 531+ 5!' = al+ 240 = abb
néntaco: a =2 (2)

Tu (1) v (2)suy ra a = 2. Thur lai ta thdy: 255 # 2!+ 514+ 5!.

b<4

Cho nén mét trong hai s6 b hoc ¢ phai nhd hon 5 hay [c <4

— a=1
Tudaytacéd: al+ b4+ c! <2+ 4+ 5!=146::abc$146:>{b<4.
Béy gid ta xét truong hgp ca ¢ < 4, ta s€ co:
abc =al+bHc! <11+ 414+ 4! =49 (vo ly,do 6 diy a = 0).
Do do: a =5 vatacod: 1b5 =11+ bl+ 5!

—100+10b+5=1+b!+120 < 10b =16+ b!(a-)
b!=10b-16

thmguinh:(*)c:«bszl
LbceN

Nhur vy b s nhén gid trj trong tdp hop s6 {0,1,2,3,4}.

+ b=0=2>0!'=0-16 = -16 ( khong thoa)
+ b=1=1'=10-16 = —6 ( khong thoa)



+ b=2=2'=20-16 =4 ( khdng thoa)
+ b=3=>3!'=30-16 =14 ( khong thoa)
+ b=4=4!'=40-16 = 24 (ding. chon)

pem———

Nhuvdy b = 4. Thir lai: abe = al+ b+ ¢t = 1+ 444 51 = 145, théa man.

ER——

Vay s6 abc phaitim la 145.

Bai tip S. Trong thu vién ¢6 12 bd sach gom 3 bd sich Toan gidng
nhau, 3 bd sach Vit ly giong nhau, 3 bé sach Hoa hoc giéng nhau va
3 bd sach Sinh hoc gidng nhau dugc xép thanh mét day sao cho khong
c6 ba by nao ciing mot mon dimg ké nhau. Héi co bao nhiéu cach xép
nhu vdy ?

Léi gid
Goi A 1a tip hop cic cach xép 12 bé thanh mét ddy tuy y
Goi A, 1a tap hop céc cdch xép 3 bd sach Toan dimg ké nhau

Goi A, 1a tap hop cic cich xép 3 bo sach Ly dimg ké nhau
Goi A, 1a tap hop céc cach xép 3 b sich Hoa dimg ké nhau
Goi A, la tap hop céc cach xép 3 bd sach Sinh dimg ké nhau
Goi A' 1a t3p hop cac cach xép thoa yéu cau dé bai
.Ma |A| = =" = 369600

sy

'U I ¢ 1 -y oS ol = 6096
RCHNCO RN

= | 369600 — 60936 = 308664 .

Taco A"=A UA =|A"| =|A|-

Bai tip 6. C6 bao nhiéu s6 c6 8chir sd dugc lap tir cic chir
§6:0,2,4,6,8,9 trong d6 chir sb 9 c6 mat ding 3 14n con céc chir sb

con lai c6 mit ding 1 lan.

Loi gidi.
Xét sb c6 8 chir sé cin tim c6 hinh thirc : 99902468 , c6 8!s6 .
Do hodn vj ba chir sb 9 nay thi sé khong thay d6i va c6 3!cach hodn vi

: ., 8!
nén so cac hoan vij nay la 3 = 6720.




Trong cac s6 hoan vi ndy c6 nhimg s6 c6 chit sb 0 dimg dau, vy sd cac
c e a p X 7!
hoan vi nay bang 3 = 840.

Viy cac s6 can tim o tit ca 1a : 6720 — 840 = 5880

Bai tip 7. Xung quanh bo hd hinh tron ¢o 17 cdy cau canh. Nguoi ta du
dinh chat bot 4 cay sao cho khéng ¢6 2 cdy nao ké nhau bi chat. Hoi
¢0 bao nhiéu cach thuc hién khac nhau?.

Loi giai.

Chon 1 cdy bt ki trong hang céy, danh déu la cdy A. Co hai trudng hop
sau xay ra:

Trudng hop I: Cay A khong bi chat. Khi do xét hang cdy goém 16 ciy con
lai. Ta s& chit 4 cdy trong s6 16 cay d6 sao cho khong c6 hai cdy nao ké
nhau bi chit.

Gia sir di chat duge 4 cdy thoa yéu ciu néi trén, lac nay hang ciy con
lai 12 cay (khong ké cay A). Viéc phuc héi lai hang cay la dat 4 cay da
chit vao 4 vi tri da chit, s6 cach lam nay bang voi sb cach dat 4 cay vio 4
trong s& 13 vi tri xen k& giira 12 cay (ké ca 2 diu), nén:

Sb cach chat 4 cay ¢ trudong hop 1 la: C,, = 715 (cach).

Ti m‘t)‘ng hgp 2: Cdy A bj chat. Khi d6 hang cdy con lai 16 cay Ta s& chit 3
cay trong s6 16 cay con lai sao cho khong cé hai ciy nao ké nhau bj chit
( hai cay & hai phia cua cdy A ciing khong dugc chat).

Gia sir da chat duge 3 cdy thoa yéu ciu néi trén, lic nay hang cdy con
lai 13 cly. Do hai cdy & hai phia cdy A vira cht khong dugc chét nén ta
xét hang cdy godm 11 cdy con lai.

Tuong ty nhu truomg hop 1, ta c6 s6 cach chit cay la: C;, = 220 (cach).

Suy ra: sb cach chat cdy thoa yéu clu dé bai 1a; 715 + 220 = 935 (céch).

Bai tip 8. Mot to chuyén mén gom 7 thiy va 5 ¢b gido, trong do thiy P
va co Q 14 vo chéng. Chon ngiu nhién 5 ngudi dé 13p hdi ddng chém

thi 'van dap. Tinh xac suit dé sao cho hoi ddng co 3 thy, 3 cb va nhit
thi¢t phai c6 thay P hoéc cd Q nhung khong c6 ca hai.
Loi gidi.
Két qua cia sy lya chon 1a mdt nhém 5 ngudi tirc 1a mot td hop chip 5
ctia 12. Vi vdy khong gian mau Q gom:
C:, = 792 phan tur.

_Goi A la bién cb can tim xdc sudt, B la bién c6 chon dugc hi dong

gom 3 thay, 2 c6 trong d6 c6 thay P nhung khong ¢6 ¢cd Q.
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C 1a bién cb chon dugc hdi ddng gdm 3 thiy, 2¢cb trong dé co c6 Q
nhung khong c6 thiy P .

Nhu viy: A=BnC va n(A) = u(B) + n(C)
Tinh n(B) :

e Chon thﬁy P,c6 1 cach.

«Chon 2 thay tir 6 thay con lai, c6 C’ cach.
eChon 2 cd tir 4 ¢d, c6 C: cach.

Theo quy téc nhan: n(B) = C2.C? =90

Tuong ty: n'(C) =1.C,.C, =80

Viy n(A)=80+90=170 va P(A) = n((g; = ,lrgg
. Il

Bai tip 9. Goi a,,a,,a,,..a, 14 cac hé sé trong khai trién sau :

10 ! P A A
(x + 1) (x +2)=x"+ax" +ax" +..+a, Hiytinhhés a,
Léi gidi.

. 10 w2 4 H{}
=C,x +C x"+..+Cx"+C x+C

10

Cadch 1. Tacé (x + 1)

10 1t HE 10 10

- il 1 L | 9 2 LY
=Cx" +C x" + ...+ C x" + C x* + C| x

+2C" x" + 20 X" + .. +2C x* +2C" x +2C"

g 1)) 14 10 H w*

=>(X+1)m(x +2):-(Cu " +C X"+ +C P +C x+ C“’)(x+2)

Do d6 a_ chinh 14 hé s6 cia s6 hang chira x* nén ta ¢6
a, =2C. +C' =672.

10
\11 19

Cdch 2. Tacod f(x) = (x + 1)10 .'(x + 2) = (x + 1) + (x + 1)
fx) = 1(x+1)" +10(x +1)"
= f"(x)=1110.(x + 1)’ +10.9.(x + 1)"...

£ (x) =11.10.98.7.6.(x +1) +10.987.65.(x +1)
f((i) .
Sa = (0) _11109876+1098765 _ .,
Y 1.2.3.4.5.6
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Bai tip 10. Trong khai trién cua (x + a)3 (x - b)o, hé s x" la —9 va

a r A B 8 .
khong ¢6 s6 hang chira x”. Tim a.b .

Loi gidi.
$& hang chira x 1a: [Cg C2(-b) +ClaCl (-b) + C§a2cg]x7

S6 hang chira x* la: {C)CL(—b) + ClaCy)x®

Theo yéu ciu bai toan ta c6 hé:
15b° —18ab+3a*=-9 |a=2b |a=2 |a=-2
= bé _ = _ \% _ .

—6b+3a=0

O CHUYEN PE 8

PHUONG PHAP HINH HOC TRONG CAC
BAI TOAN VE BA DUONG CONIC.

Khi giai mot bai todn c6 lién quan dén ba dudmg conic, nhiéu hoc sinh
thuomg co thoi quen su dung "phuong phap gidi tich". Do la phwong phdp
co ban, dé nght nhung ndng vé tinh todn va dé bj nhdm lén. Vi vdy, trong
bai viét ndy, tdc gid muon trao déi véi cdc ban mét phwong phdp khdc, dé
la "phwong phdp hinh hoc", nghia la ching ta s€ si dung dinh nghia vé ba
dudng conic dé c6 mot loi giai ngdn gon va it tinh todn hom cho mjt s6
dang todn lién quan dén chimg minh tinh chdt, tim quy tich, dung hinh,
diém cé dinh, duong cé dinh, ..

Kién thirc co ban cin nho:

1) Trén mat phing toa d6 cho hai diém c6 dinh F,, F; véi FiF=2c. Quy
tich nhimg diém M sao cho MF;+MF,=2a (a>c) la mét elip. F,, F, goi 14 hai
tiéu diém cua elip, F{F,=2c goi 14 tiéu cy cua no.

2) Cho hai diém F,, F; cb dinh trén mit phing, véi F\F,=2c. Quy tich
nhimg diém M sao cho |MF;-MF,|=2a (a<c) goi la hypebol. F,, F, goi 14 hai
tiéu diém, con 2c goi 1a tiéu cyr caa hypebol

3) Tép hop céc dlem trén mat phing cach déu mot dudmg thﬁng (d) cb
dinh va mot diém F c6 dinh khong thuoc (d) 1a mét parabol. F goi la ti€u
diém, duong thing (d) goi 13 dudmg chuin.

Behleurﬁhonvephuangphapnay,méxcécbantheodﬁlmotvﬁlwdum
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1. Chung minh céc tinh chét hinh hoc.

Bai tip 1. Cho d:em M tuy y thude Elip (E), voi Fy, F; 1a hai ti€u diém.
Goi t 1a tiép tuyén qua M ddi vé&i (E). Chimg minh ring t 1a phan giac
ngoai cua goc FiMF,.

Loi gidi,
Trude tién ta s& chimg minh mot bb dé:

Bd dé 1. Cho hai diém A, B cing ndm vé mét phia ddi voi duong thing d.
M la mot diém chuyén dong trén d. Khi 46 MA+MB nhé nhét khi va chi
khi M la diém théa man d 12 phan giac ngoai ciia goc AMB.

Chirng minh,

Goi A' la diém d6i ximg véi A qua d. M 1a giao ciia A'B v6id. M' Ia
diém bét ki trén d khac M.
Theo bét ding thirc tam giac, ta c6
AM'+BM'=A'M'+BM'>A'B=A'M+MB=AM+BM.
Do d6 M la diém théa man MA+MB nhé nhat. Hién nhién, d 1a phan gidc
ngodi ctia goc AMB.
Tré lai véi bai todn:
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Goi M' la diém bét ki khac M trén t. M'F; ciit (E) tai K.

Ta c6 M'F +MF,=MF,+MK+KF>F K+KF;=F ,M+F;M.

Do d6 M 1a diém trén t thoa man MF,+MF; nhd nhét.

Ap dung bo dé 1 ta suy ra t 1a phan gidc ngoai cia goc FiMF,. (dpecm)

Bai tip 2. Trén mat phang toa dg cho parabol (P): y =2px. voi F 1a tiéu
diém. M 1a mot diém trén parabol. V& tiép tuyén A voi (P) tai M. Goi H
la hinh chiéu caa M trén duong chuin d cta (P). Chimg minh A 1a phan
giac trong cua goc HMF.

Loi giii.,
AV

i

)

A\ 4

Ga sir phiin giac | ciia goc HMF khong phai 14 tiép tuyen Acua (P)tai M.

Kai d6 | cit (P) tai diém M.

Goi H' 14 hinh chiéu cia M trén dudng chuan d.

Tic6 MH=M'F. 4}

Mit khic do M ndm trén phan giac | cia goc HMF va MH=MF nén
AHMM' = A FMM' (c.g.c).

Siy ra M'H'=MTF. (2)

Te (1) va (2) taco MH=M'H'.

Tieo tinh chit dudmg xién va hinh chiéu: M'H>M'H' nén suy ra vo ly.

Viy A la phén giic trong cua goc HMF (dpcm).
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2.Tim quy tich

Bai tap 1. Cho M & m{t diém thuoc Elip (E) c6 tam O, hai tlcu diém F),
Fa. tla tlep tuyén qua M d6i voi (E). Puong thing qua O va vudng goc
véi t cit MF,, MF, lin luot tai My, M. Tim quy tich M), M, khi M
chuyén dong trén (E).

Lai gidi.

Goi I 1a diém d6i ximg véi F, qua t.
Theo bai toan 1 ta ¢6 I, M, F; thing hang.
MaOM; Lt Fl1L tnén F\I//OM,.
Do d6 OM; 1a dudmng trung binh cia tam giac F1F,.
1 1
Ta suy ra: F;My=2 Fal =2 (F;M+MI) = 2 (F;M+F M) =a.
Viy quy tich ciia M5 14 dudmg tron (F»,a).
Tuong ty, quy tich cua M, 1a dudmg tron (F,, a).
| (Déc gid tw chimg minh phdn déo).

Bhtépz ChodufmgtxbntamAbankmhavamotdiémBmmnmdmbng
mbn.TunquyuchtamMcuadudngu'bnquviuepmwh(A,a).

Loi gidi.
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G

Truwdmg hgp 1: (M, MB) tiép xiic ngodi véi (A,a). Goi tiép diém 1a C.

TacoMA-MB=AC+CM-MB=AC=a ()
Truwdmg hop 2: (M, MB) tiép xiic trong véi (A, a).
Goi C la tiép diém ta suy ra
MB -MA =MB-(MC -AC)=AC. (2) .

Tir (1) va (2) suy ra  MA-MB|=a.
_ Véy quy tich tim M 1a hyperbol nhén A, B lam hai tiéu diém va truc thye
béng a.
3. Céc bai toan lién quan dén yéu té cé dinh
Bai tiip 1. Cho parabol (P): y 2=2px va duimg thing a di dong di qua tiéu
diém F cua parabol va cit (P) tai hai diém phén b1¢t M, N. Chitng minh

rang cac dudmg tron duomg kinh MN ludn tiép xic véi mét dudmg
thiing ¢b dinh. .

Loi gidi.
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Goi I 13 trung diém cia MN; L, R, Q lan luot la hinh chiéu cia M, I, N
trén duong chuan d.

Ta c6 ML = MF, NQ = NF nén MN = MF + NF = ML + NQ.

Do IR // ML // NQ nén IR la dudng trung binh cua hinh thang LMNQ.

Suyra IR =—;— (ML +NQ) = -;-MN

Do 46 R thudc dudng tron dudng kinh MN.

Suy ra dudmg tron dudomg kinh MN luén tiép xiic véi duong chuén d.

Tir 46 suy ra diéu phai chung minh.

Bai thp 2. Trén mit phang toa d§ cho dudng tron (C) tam (R, 0), bén
kinhR. M 14 dlem chuyen dong trén mét phing sao cho MT=MH véi T
va H thir ty 12 tiép diém cua tiép tuyén ké tu M dén (C) va hinh chiéu
cia M trén Oy

a, Chimg minh ring céc dudng tron tdm M, ban kinh MT ludn tiép xuic
véi mot dudng tron b dinh. Viét phuong trinh ctia duong tron nay.

b, Chimg minh ring M nim trén mdt parabol. Viét phucng trinh cua

parabol ndy.

Léi gidi.

R\

a, Goi L 1a giao diém cta IH véi (M, MH).
Do MT la tiép tuyén ctia (C) nén IT la tiép tuyén ciia (M, MH).
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TacOILIH =IT* = R* = I* .
Ma tam giac IOH vudng tai O nén OL L TH.

Do d6 néu goi N 1a giao diém cia OL véi (M, MH) thi NH 14 duong kinh
cua (M). Suy ra M la trung diém NH.

Goi J la trung diém OI. Ap dung dinh Iy Ta-lét tasuy ra I, J, M thing hang.
Viy (M, MH) luén tiép xiic voi dudng tron tdm J 1a trung diém Ol ban

kinh bang LS
2
RZ

2
Phuong trinh cia dudng tron nay la (xw—lzi) +yt = T

b, Goi d la dudng thang c6 phuong trinh x=:;- .
K 14 hinh chiéu cia M trén d.
Tacéd MK=MH+HK=ML+—§- =ML+LJ=MJ.

Do d6 M nim trén parabol (P) c6 tiéu diém F, dudmg chudn d.
Phuong trinh cia parabol nay 13 y*=2Rx.
4. Cac bai toan vé dng hinh

Bai tap 1. Cho parabol (P): y2=2p)5. Hay dung dudmg tron (1) vira tiép xic
vai tia Ox tai ti€u diém F vira tiép xuc vai (P).

Lai gidi.
ANY
H
K/ S
0 F “x
/
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Gia s ta c6 (I) tiép xtic véi Ox tai F va tiép xuc vdi (P) tai M.
Goi H la hinh chiéu cia M trén dudng chuén d.
Ké ti€p tuyén t d6i véi (P) qua M. t cdit Ox tai K.
Theo bai tap 2 myc 1, ta c6 t 1a phan giac trong cia goc HMF.
Tacé HMK = FMK . Ma MH//Ox nén HMK = MKF .
Do d6 tam gidc MKF déu.
Suy ra OFM =60°.
Véy M 14 giao diém cta (P) véi dudng thing qua F va tao véi tia Ox goc 60°.
Tir 46 x4c dinh dugce tim L
Bai toan c6 hai nghiém hinh.
5. Cac bai toan vé cyrc tr

Bai tdp 1. Cho mét dudmg thing d nam ngoal Elip (E). Tim vi tri céc
diém M trén (E) sao cho khoang cach tir M dén d l6m nhét, nhé nhat.

Lai gidi.,

Tinh tién duom thang d dén hai vj tri d|, d; tlep xuc véi (E) 1an lugt tai
M,, M;. Khéng mat tinh tbng quat ta co thé gia sir d va (E) khac phia so véi
di, d va (E) nim ciing phia so véi dz

KéMH,  d, M>H; | d. V&i mbi diém M’ ndm trén (E) khiac M, vaM,.

Ké M’H’ | d, cét d, tai K. MoH, cét d, tai J.

Do M’ nim trén phin mit phing gi6i han bai hai dudng thing d, va dz
nén 0<M’K<MJ.

Suy ra_M|H|<M K+H’K<M,J+H,J hay M H;<M’H’<M;H,.
Viy M, 1a v tri thoa méin khoang céch tir M dén d nho nhat, M, 1a vj tri
thoa mén khodng cach tr M dén d 16m nhat.
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Nhdn xét. Trong khi lam bai tap s€ cho biét phuong trinh dudng thing d va (E),
yéu cau tim toa d0 cua M. Ta biét dugc hé sb goc cua d; va d; nén dya vao
diéu kién tiép tuyén cua Elip s& d& dang giai quyét dugc bai toan.

Bai tdp 2. Cho Parabol (P): y*=2px voi F la tiéu diém. Mot duong thing d
bét ki di qua F cat (P) tai hai diém M, N. Tim d sao cho MF NF nhé nhit.
Loi gidi.

ANY

A 4

Goi H, K lan luot la hinh chiéu cia M, N trén dudng chuén d. 1 13 trung
diémHK.

Ta ¢6 MH=MF, NK=NF nén cac tam gidc HMF va KNF 14n luot cén tai
M, N. |

= HFO = MHF = MFH,KFO = NKF = NFK

Suy ra HFK =90° nen TH=IF.

= IHF = IFH , ta thu dugc IF vudng goc vai MN.
Mit khéc , theo vi dy 5, tam giac MIN vuéng tai I néntaco
FM.FN=FI?>FJ*=p’.
Déu ding thirc xay ra khi va chi khi duong thing MN vuéng géc véi Ox.
Cudi cung, cac ban hay thir giai nhing vi dy trén va cac bai tip dudi day
bang ca phuong phap giai tich va phuong phap hinh hoc dé c6 thé so sanh
duoc loi ich ciia mbi phuong phép.
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6. Baj tp.
2

: ",
Bai 1. Cho diém M tiy § tén Hyperbol (H): g-z- -{-;,; =1. Goi (t) 1a tiép tuyén
qua M déi v6i (H). Chitng minh riing (t) 12 phan giac trong cua goc F{MF,.

2 2

Bai 2. Cho diém M tiy y thue (H): x_2 —%—2— =1 va(l) lla'l tiép tuyén cua (H)
a :

qua M. (t) cit truc tung tai N. Goi N, N; 14 hinh chiéu vudng goc cua N
lén MF,, MFz Chimg minh duong théng (N|N,) di qua mét diém ¢ dinh
khi M thay d6i trén (H).

Bai 3. Cho Parabol (P): y*=2px véi duong chuén d. I 1a diém bét ki wrén d.

Tir I ké hai tiép tuyén IM, IN t6i (P). Chimg minh ring MIN =90°.
2

Bai 4. Cho Elip (E): -’55-+%' =1va dudmg thing (d): x+y+18=0. Tim toa dé

cac diém M thudc (E) sao cho khoang cach tir M dén (d) 16n nhét, nhé nhét.

Bai 5. Cho Parabol (P): y2—4x véi tiéu diém F. Hai diém M, N chuyén dong
trén (P) sao cho M, F, N thing hang.

a, Tim M, NsaochoMNnhonhat

b, Chimg minh ring _A_ll—l-: +T 14 mot héng sb.

¢, Gia sir MN cit Oy tai K. Chimg minh ring KM.KM=KF?,
d, Chimg minh ring tich khoang cich tir M, N dén Oy 1a mjt hang sb.

Bai 6. Cho Elip (E) v6i hai tiéu diém F), F.Mla dlem bat ki nam ngoai (E).
K¢ hai tiép tuyen qua M téi (E), véi X, Y 12 hai tiép diém. Chimg minh
rﬁng F\M, F;M lan luot 1a phén gidc cua goc XF,Y, XFZY

Bai 7. Cho Parabol (P). y2-2px Ba diém X, Y, Z bét ki nim trén (P) Ké
céc tiép tuyén t6i (P) qua X, Y, Z. Chung cét nhau tao thinh tam giac
ABC. Tim qu§ tich tric tdm H cua tam gidc ABC.

Bai 8. Cho hai dudmg tron (Cy): (x+5) +y2—441 (C2): (x-5) +>P=25 Tim quy tich
tAm céc dudmg tron (C) tiép xtic trong véi (C;) v tiép xtic ngodi véi (Ca).

2 2

Bai 9. Trén mit phing cho Elip (E) cd phuong trinh 3—5 + 116_ =1 c06 hai tiéu
diém F,, F2 ; A va B 1a hai diém trén (E) sao cho AF,+BF,=8. Tinh
AF>+BF; ?

2 2

Bai 10. Cho Elip (E) c6 phuong trinh: %’5"'%@ =1, hai titu diém F), F. M

la diém bat ki trén (E). Chimg minh réing tich khoang cach tir Fy, F; t6i
tiép tuyén cua (E) di qua M ludn khong doi.
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x? y2 4\/—

Bai 11. Cho Elip (E) c6 phuong trinh: —9—+—4—=1. Piém M (1,

thuge (E). Tim d;em M’ trén (E) sao cho tiép tuyén t6i (E) tai M’ song
song vOi tiép tuyén téi (E) tai M.

)

Bai 12. Cho Hyperbol (H): -:‘—- y' =1. M la diém tay y trén (H).

a, Chimg minh réng tich khoang cach tir M dén hai tiém cén 12 mot hing sb.

b, K¢ tiép tuyen t6i (H) qua M, cét hai tiém céan tai A, B. Chimg minh
ring M 1a trung diém AB.

¢, Goil la glaq diém cua hai tiém can. Chimg minh réng dién tich tam
giac IAB khong doi.

O CHUYEN PE 9
THE TiCH KH®1 DA DIEN & UNG DUNG.

Dé thi dgi hoc thuong c¢6 mgt cau hinh hoc khong gian ma trong do, bai
todn vé thé tich khéi da dten luén chiém mot vi tri quan trong. Sau day,
chiing ti xin gtm thi¢u mot so  phurong phdp tinh thé tich va dwa ra hai img
dung ddc sdc cuia thé tich khéi da dign la tinh khoang cdch tir mot diém dén
mot mdt phdng va chirg minh déng thirc, bét ding thirc.

I. CAC PHUONG PHAP TiNH THE TiCH.
1. Tinh tryec tiép.

Trong phuong phap nay, cén x4c dinh chiéu cao va du;n tich déy cua
khdi. Viéc tinh dién tich day thuorng duoc thl,rc hién kha dé déng Vién dé
khé khan hon la tinh chidu cao nén trong nhiéu truomg hop ta cén sir dung
céc dinh ly vé quan hé vudng goc da hoc & lé'p 11, cac phép tinh lu'qmg giac,
dinh ly Pi-ta-go,... Céac bai toan thujc loai nay ludn ddi héi vi¢e tinh toén
cin than va chinh xac. D& tim hiéu ki hon, chiing ta ciing xem xét mdt so bai

t3p sau:

Bai tip 1. Cho lang try ABC.A'B'C’ c6 3% dai canh bén bing 2a, ddy ABC
14 tam giadc vuong tai A, AB=a, AC= a+/3 va hinh chiéu vudng goc
cia dinh A trén mjt phing (4BC) la trung diém cia canh BC. Tinh
theo a thé tich khdi chop 4 .4BC .

(Trich dé thi Pai hoc khéi A ndm 2008)
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Goi H latrung diém BC,suyra AH L (A4BC).
Mat khéc, lai do tam giac ABC vuéng tai A nén

AH----BC-"—\/AB2 AC? -——\/a +3a’ =a

2
Do d6 AH2=AA2—AH2=3a .Tirdésuyra AH=a3

3

. 1 . a
Vay V. inc =3—.A HS,, =--i- (dvtt).

Bai tép 2. Cho hinh chép S.ABCD c6 didy ABCD la hinh thang vuéng
taid va D; AB=AD=2a, CD=aqa. Goc giita hai mit phing (SBC)
va (ABCD) bang 60°. Goi I la trung diém cta canh AD . Biét hai mjt
‘phing (SBI)va (SCI) ciing vuéng goc véi mit phiang (ABCD).

Tinh thé tich khéi chép S.4BCD theo a.

- (Trich dé thi Dai hoc khdi A nam 2009)

Léi giii,
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Goi K 1a hinh chiéu cua / wén BC.
Do hai mat phang (SB/) va (SCT) cing vudng goc vai mat phing
(ABCD)nén SI L(ABCD) = SI 1 BC.

Ma IK L BC nén BC L (SIK) = SKI = 60",

2
Tatinh duge S ,,,,, =34’ , tong dién tich cac tam giac ABI va CDI bang -3%_
< as . 3a’
Tuwdosuyra Sy =S 50 =Sap =S ==
BC = (AB—CD) + AD* = a5 = IK = 222*5' = 3‘?"
= SI = IK.tan SKI = 3‘?"
Vay thé tich khi chop Vy juis = ':IE'S S = g"‘é@aj (dvtt).

Bai tap 3. Cho hinh lang tru tam gidc ABC.ABC c6 BB =a. Goc giira
duomg thing BB va mit phing (ABC) biang 60°. Tam giac ABC
vudng tai C co BAC =60°. Hinh chiéu vudng géc cia diém B lén
mét phang (ABC) trung vai trong tdm cia tam giac ABC. Tinh the
tich khéi tr dién 4 ABC theo a.

(Trich dé thi Pai hoc khéi B nidm 2009)

C

Goi M la trung diém AC, G l4 trong tdm tam gisc ABC.
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Ta c6 BG L (ABC) nén tam giac BB’G vuéng tai G. Ma B' BG =60°

suy ra B'G=9—2J§_ va BG=—7~ BM*—%G

l BC  «x
2 tan BAC 243

bat BC =x.Taco: CM =%AC -

Theo dinh ly Pi-ta-go,

2 2 .
BM? = BC? +CM? ¢:>21a-g-=x2+f—2-:>x2 =—2-la:'.

52
Suyra S, = ;CBCA---—%=—91-[——a’ (dvdt)

£

Do AB//ABnén ¥V, .=V, ;BG S —Ez—a (dvit).
2. Phén chia khéi da dién thanh tbng hoic hiéu ciia cac khéi co ban
hodc sir dyng ti s& thé tich (tinh gian tiép).

Trén thyc té, khong phai liic nao ta ciing d& dang tinh tryc tiép thé tich
khéi da dién theo phuong phép 1. Trong nhidu bai toan, ta kho c6 thé xac
dinh va tinh duge chiéu cao hay dién tich ddy. Khi gip trudng hop do, thong
thudng ta c6 thé 1am nhu sau:

- Phén chia khdi cén tinh thé tich thanh tdng hodc hidu cia cac khéi co
ban ma nhimg khéi nay co thé tinh dé dang hon.

- Sir dung ti s thé tich.

1) Cho hinh chop S.ABC, v6i A € 84, B € SB, C € SC . Khi d6,

Viawe: _SA' SB' SC*
Vi SA SB SC’

2) Cho hinh chop da gide S.A|A,...A,. Mot diém A’ bat ki trén 54, . Khi d6

Ve Ay Ay A A,A '
V\'.A.A,A‘m A, SAI

Bai tiip 1. Cho hinh chép S.4BCD c6 day ABCD la hinh thoi canh bing
J5(cm) , dudmg chéo AC = 4(cm). Doan thing SO = 22 (cm) va vudng
goc véi day, & day O 1a giao diém cita hai dutmg chéo AC va BD.Goi M
14 trung di€ém canh SC. Gia sir mét phing (ABM)cat SD tai N .

Tinh thé tich khdi chép S.ABMN .
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A B

Ta c6 AB//CD suy ra AB//(SCD).

Do d6 giao tuyén ciia (ABM) va (SCD) 1a MN//CD (N e SD).

Vi M la trung diém SC nén N la trung diém SD.

1 1

5 Vs..mn = Z ['.s'_.m e
V. SN SM SB 1 1 1
V::: = <D SC SB = 2 = Vg = ZV.\'.B('!) = 'S'V\'..«mm .

3,
Suy ra V.\iamm =-§V_\. ARCD (1)
Mt khic géc AOB vudng nén OB = \/AB2 A0 =5-4=1.
8\/_

Suy a Vs M;(D-—-j- SO. SAB(_'[)“E SO.— AC BD=—— (2)

Ta co: l,.\".‘lﬂ.ilh 4 N.ABN

\48:\+V\B\%I :V

Ta()va(2)suyra V; gy = V2 (dvtt).

Bai tiip 2. Tinh thé tich khéi tir dién ABCD biét AB=a,4C=b,AD=c
va BAC =CAD = DAB=60".

(Trich dé Du bj khdi A nam 2002 )

Loi gid.
Trén AB, AC, AD lan luot ldy cac diém B, C’, D’ sao cho
AB = AC =AD =1.

Theo gia thi€t, ta c6 ‘B'AC'=C'AD"=D’AB'=60° nén céc tam gidc
AB’C’, AC’D’, AD’B’ déu va c6 canh bang 1.
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sB~C-D'=% B'D'C'D'.sin60" = -‘{3 (dvd).

c
Goi O 13 tim tam gic B'C’D’ suy ra O I hinh chiéu ciia A trén (B’C’D’).
Taco AQ=vAD?-0OD" = 2oy L 40S,, "‘Tlg'

\/'3' ARG T 3

AB' AC' AD' 1 z,{{ﬂ,,’=abc.-]-‘/—2_2-(dvtt)

(dvit).

Mé VAB'("I)‘ - . . -
Viun AB AC AD  abc

Bai tip 3. Cho hinh chop tam giac S.ABC c6 day la tam giac déu canh
bing a. SA=2a va SA vudng goc v6i mit phing (ABC). Goi M, N tuong
{mg 12 hinh chiéu vudng goc cua A trén SB, SC. Tinh thé tich khéi chop
A BMNC theo a.

(Trich dé thi Dai hoc khéi D nim 2006)

Loi gidi.
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Ta c6 Vasmnc=Vs.asc-Vs.amn. Do SA L (ABC) va AB=AC nén SB=SC.
Theo hé thirc lugng trong tam giac vudng:
SN.SC=SA’=SM.SB suy ra SM=SN.

SB = \/_4-;,4_- \[— Sa = SM = LA - da
" e 5
V. .o 2
S AMN =SM.SN Z(SM) =1_6—:> Vs anaw =}_6_V~;Am'-
Vian- SB SC SB 25 ) 2

_y 9 912\/',3\/'

A BAMNC ‘EVsm =553 O-Ta a’ (dvtt).

Il. ’'NG DYNG CUA THE TiCH KHO!I DA DIEN
1. Tinh khoang cach.

Phuong phép nay rét hitu ich trong bai toan tinh khoang céch khi ta dé
dang tinh dugc thé tich mét khoi da di¢n va dién tich mot day. Viéc tim céc

khoang cach nay dua vao cong thic don gian: h= }_K

Tacod

Bai tip 1. Cho hinh chop S.ABC, SA=a vi SA tzo vdi mit phing ddy géc
60°. Biét hinh chiéu vudng goc cua S trén (ABC) trung vdi trong tdm
tam giac ABC, BAC =90°, ACB =« . M la trung diém SC.

Tinh khoang cach tir M dén mit phang (SAB) theo a va a.

Léi gidi.
S

Goi N I trung diém BC. Ta c6 tam giac AGS vudng tai G nén AG=§-,

suyraAN'——*}f:»BC:ZAN:%.
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Lai do AC=BC.cos®, AB=BC.sin% nén

1 | B 1 9a’ a’
Sasc= -2—AB AC = 3 BC- . sina.cosa =z .sin 2ar. Y =sin 2a (dvdt)
1 13 94 &’.3\3.sin2a
=V -SGS,, =—.—a.sin2a. = dvtt 1
S ABC 3 w3, a 16 2 ( ) (D)

Do M la trung diém SC nén d,,, ., = %dm iy -

Mit khac, goi H 1a hinh chiéu ciia S trén AB . Do AB1SG, AB1SH

nén theo dijnh ly ba duong vuéng goc,
GH1 AB= GH =—1-CA =~1~.-3£.cosa =2 rosar .
3 32 2

]

-

Neosla+3

2
= SH =VGH? + 5G =J“—.cos2a+ ja_a
- 4" 4 2
=S = Y st aB=1 8 Jeosa+3.22 sina
: 2 22 2

P!
= §-g— sina.Jcos’a +3 (dvdt) (2)

1 W,
2 o =g
cong thirc (1) va (2).

Bai tdp 2. Cho hinh chop S. ABCD cb day ABCD la hinh thang. Bay lém
AB=2a, BC=CD=DA=a. SA vudng goc vdi mjt phiing day va goc tao
bai (SBC) vai day bc’mg a . M 1 trung diém AD.

Tinh khoang cach tir M dén mét phing (SBC).

Loi giai.
S
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Goi N la trung diém AB.

Ta c6 AN//DC va AN=DC=a nén ADCN la hinh binh hanh.

Tir d6 NC=AD-=a.

Suy ra NA=NB=NC=a hay ACB =90".

Do SA L (ABCD) nén SALBC.

Ap dung dinh ly ba duong vuéng géc ta suy ra SCL BC = SCA=a.
NE]

Mit khéc, tam gidc NBC déunén NBC =60’ = AC = = AB= Va.

= S4A=AC.tana = Jia.tana.

NE]

Dé dang tinh duge S, = e a’ (dvdt).

Suyra V, ., = ;SA S iwen = 3 \/-a tana. i?a i a.a’ (dvit)

Kéo dai MC cét AB tai P suy ra M la trung diém PC.

: 1
Suy ra dMI(.\‘H(') = Edf'/(sm')

Mit khac, Spam=Scmp nén Spac=Sascp, suy ra Vs apcp=Vp.sec -

= 4 W aue,  Stanad’ _9.tana a’ _Y9sina.a
PO S 2SCCB f 3a 23
COSQ‘
Viy dw/(SBC)= 95;’\'/?'“ .

2. Chirng minh ddng thirc, bt ding thirc.
Bai tdp 1. Cho hinh chop S.ABC. Goi G la trong tam tam giac ABC. Mt
phiing (P) bét ki cit cac tia SA, SB, SC, SG lan hrot tai A’, B, C*, G".
SA SB SC -3 SG
SA' SB' SC'  SG'
Loi gidi.

Chimg minh ring;

DoGla trong tdm tam giéc ABC nén Vg ABG=VS.BCG=VS.ACG=‘§' Vs ABC.
Vy pwe-_ SA' SB' SC' |

Ta céd = . .
Vi SA4 SB SC

().
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Mmkhk V.’S.A'B'(" - V.\'.A'B'(r" + VS.B'("(F' +

V.\'.( A
V.\'.AH' V\ AR V:\‘.AB’(' V.\‘.Aﬂ('

r
I l L AT AL l LW
S.ARBG } NBCG } SOCAC

W= ]

\ V.\',ABU Vs.mt; Vs.(;«.'
(SA' SB' SG'+SA' SG' SC'+SG' SB' SC')
\SA SB SG SA SG SC SG SB SC
_ 184" SB' SC' SG'( S4' SB' SC

3SA "SB’ SC SG(SA SB SC)
Ké hqp véi (1), ta suy ra ngay diéu phai chimg minh.

Bai t§p 2. Cho tir dlen OABC c6 ba canh OA, OB, OC d6i mdt vudng
goc voi nhau. Goi a, 8,7 1dn hugt 1a goc giira mat phing (ABC) véi
céc mjit phing (OBC), (OCA), (OAB).
Chlmg minh ling cosa +cosﬂ +cosy S J3.

(Trich dé Dy bj khoi B ndm 2002)

Lai gidi,
0




Ha OC* L AB. Do OA 1 OC, OB L OC nén theo dinh ly ba dudéng vudng
6c suy ra AB-L OC.

MaOC’' LAB suyraCC’J.AB:b()/CTTE‘-—-y.Tuo*ngtL_rvéi a,B.
04" OB' 0OC'

+ +

A'A B'B C'C
_0A4'.BC OB AC OC AB _ Sy + S04 S0
AABC B'B.AC CCAB S s

Ké OH L CC”.Do AB L (COC’) nén AB L OH. Suy ra OH 1 (ABC).

= cosa + cosf +cosy =

1 1 1 3V, ...
Ta c6 Sgoc+ScoatSaos=3V . +—+ , Sapc=—Q248C
Boc+ScoatSa08=3 Vo asc ( o1 OB OC) ABCT =y

Do d6 ta can chimg minh
2
1, 1,1 £®(1+1+1)< 3

< <
O4 OB OC OH \OA OB 0OC) OH

Do tam giac C’OC vudng tai O nén
1 1 1 1 1 1
Tt s ottt e
OH® 0OC® 0C" O0C° 04~ OB

Véy(l)c:( 1 + 1 + 1 )253( l + 1 + 1 )
OC 04 OB 0C? 04 OB’
Hién nhién dung theo bét ding thirc Bunhiacopxki.
DA4u déng thirc xay ra khi va chi khi OA=0B=0C.
l. BAI TAP.
3ai 1. Cho hinh lang tru ding ABC.A’B’C’ c6 ddy la tam gidc vudng ABC
tai B. Gia sit AB=a, AA’=2a, AC’=3a. Goi M Ia trung diém ciia A’C’ va
I 1a giao diém ciia AM va A’C. Tinh thé tich tir dién IABC.
(Trich dé thi Dai hoc khdi D ndm 2009)
34i 2. Cho hinh chép S .ABCD c6 déy 1a hinh vudng ABCD canh a, mjt bén
SAD I tam giac d€u va nim trong mit phing vudng gdc véi day. Goi M, N,
P 14n luot la trung diém SB, SC, SD. Tinh thé tich tir dién CMNP.
(Trich dé thi Dai hoc khoi A ndm 2007)
Bai 3. Cho hinh chép S.ABCD d4y I3 hinh chir nhit ABCD véi AB=a,

AD=2+/2, SA=a va SA L (ABCD). Gia sir [ 1 giao diém ciia BM va AC.
Goi M, N lan luot 14 trung diém AD va SC. Tim thé tich t& dién ANIB.

(Trich dé thi Pai hoc khoi B ndm 2006)
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oat % LA0 nn op LR IAdE ADL DA DL L Gdy 1d I YHOHE G
bang a, chiéu cao AA’=b. Goi M la trung diém cua canh CC’. Tim t
tich tir dién BDA'M.

(Trich dé thi Dai hoc khéi A nam 20(

Bai 5. Cho hinh chép S.ABCD day la hinh thoi c¢6 SO vudng géc voi day va

" 1a giao diém cua AC va BD. Gia sir SO=2v2, AC=4, AB=+/5. Goi M
trung diém cua SC. Tinh khoang cach giira hai duong thing SA va BM .

(Trich @ thi Pai hoc khoi A ndam 20(

Bai 6. Cho hinh lap phlmmg ABCD.A’B'C’D’ ¢6 canh bang 1. Goi M, N |
luot 1a trung diém AB, CD. Tinh khoang cich giira hai duong thing A
va MN.

(Trich @ thi Pai hoc khéi A ndm 20(

Bai 7. Cho tir die;n ABCD, cac mit (ACD) va (BCD) tao v&i nhau mdt goc
sina

CD
Bai 8. Cho tir dién ABCD. Goi d v o lan luot 14 khoang cach va goc gi
AB va CD.

. . 2
Chlmg minh réng: VABCD=‘3—S,« ‘n 'Sm'n'

Chimg minh riing: V., ; ABCDd.sina.
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PRAN 2

CAC PE THI Mﬂ(l va PE T(,l' I.(IYEN
(CO KEM PAP AN) oo oW

LR e

OPLE 1

DE THI TUYEN SINH DAI HOC KHOI A NAM 2010

I. PHAN CHUNG CHO TAT CA THI SINH
O Caul: Chohamsd y = x* - 2x* + (1 - m)x +m (1), m la sb thue.

1. Khao sat su bién thién va v& d6 thi cia ham sé khim = 1.

2. Tim m dé db thi cta ham s (I)Cét truc hoanh tai 3 diém phan biét c¢
hoanh d x,x,,x, thoa man diéu kién: x; + x; + x} < 4.

O Cau ll:

(1 + SIn X + Cos 2x)siu[x + -Z)

1
1. Giai phuong trinh : = —=COSX.
P 5 1+ tanx J§
2. Giai bt phuong trinh : x-Vx 1.

1- 2(x*—-x+1)

1 2 x 2 x
O Cau HE: Tinh tich phan : I = [Z—° t2xe g
0 1+ 2e"
Q Cau 1V: Cho hinh chép SABCD c¢6 ddy ABCD la hinh vudng canh a
| Goi M va N lan luot 14 trung diém cua cadc canh ABva AD. Goi H [

giao diém ciia CN va DM. Biét SH vudng goc voi mit phing (ABCD)

va SH = ay/3 . Tinh thé tich khéi chép S.CDNM va khoang céch gitt
hai duong thing DM va SCtheo a.
0 Cau V: Giai hé phuong trinh:
4x +1)x +{y-3)y5-2y =0
( x .)x (=) ’ (x.y e R).
4 +y? + 293 ~-dx =7
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IL PHAN RIENG
Thi sinh chi duge chgn Iam m{t trong hai ph&n (phin A hojc B)

A. Theo chuang trinh Chuan |

O Cau'VlLa |

Nt Trong mit phing toa ¢ Oxy, cho hai dudng thing d, : J3x+y=0
va d, : Jéx -y =0. Goi (T)la duong tron tiép xuc voi d, tai A, cit d,
tai hai diém B va Csao cho tam gidc ABC vudng tai B. Viét phuong
trinh cia(T), biét tam gidc ABCco dién tich bing -‘gi va diém A cé
hoanh d¢ duong.

2. Trong khong gian toa 40 Oxyz, cho duong thing A : l‘_é'__l. = -)1-,- =2 +12

va mit phing (P): x -2y +2z = 0. Goi C la giao diém cia A véi (P), M Ia

diém thude A. Tinh khoang cach tir M dén (P), biét MC = V6.
O Céu VILa: Tim phén 4o cua sb phirc z, biét

- 2

z=(‘/5+i) (1—~/§i).
B. Theo chuong trinh Nang cao

O Céiu VLD
1. Trong mit phing toa dp Oxy, cho tam gidc ABCcan tai A c6 dinh

A(6;6) , duomg thing di qua trung diém cua cac canh AB va AC ¢ phuong
trinh x +y ~4 = 0. Tim toa d3 cdc dinh B va C, biét diém E(1;~3) nim
trén dudmg cao di qua dinh C cua tam giac d4 cho.

2. Trong khong gian toa 46 Oxyz, cho diém A(O; 0; --2) va dudng thing

:";2 - y;Z =2*3 Tinh khoang céch tir A dén A. Vit phuong

trinh mt ciu tim A, cét A tai hai diém Bva Csao cho BC = 8.

- (1- \/éi)2

@ Céu VILb: Cho sé phirc z théa man z =

A

T Tim m&dun cua sd
-1

phic z +iz.
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O PAP ANDPE 1

U Caul
. Ban doc tu lam,
2. Phuong trinh hoanh d9 giao didm cta d6 thi va Ox

x' — 2x* +(1-—m)x+m =0 (x—l)(x2 —x—-m)=0
x=1
< . .
x!~x-m=0 (*)
Pé db thj cua ham sb cit truc hoanh tai 3 diém phan biét c6 hoanh 46
X, X,, X, thoa mén xf + xj + xz‘ <4
&> (*) co hai nghiém phan biét x,,x, khac 1 théa x} +x} +1 < 4
2 2 . P _ |
& X +x, <3 (giasrx, =1)
r [ 1

A=1+4m >0 m>-‘Z mz#0
Nghia la: {m = 0 < m=0 91
| -—<m<]
(x, +x,) -2x,x, <3 |1*+2m<3
Vay m € (-%;1} \ {0} 1a nhimmg gi4 tri cén tim.
Q Caull
(1+sinx+coa32x)sin(x+§~]
1. Gidi phuong trinh : = —=COS X
P & 1+tanx J§
r T
. lcosx#0 X*‘i*‘k’t
Piéu kién: =X ,kelZ
tanx # -1 n
X ¢—Z+kn

Khi d6 phuong trinh da cho tuong duong véi

(1 +sinx + cost)\/isin(x + EJ

=cCcosX

sin x
1+
COS X
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cosx(l +sinx + cos’Zx)(siu X + cos x)
L= - - = QoS X
Sin X + cos x

> l+sinx+cos2x =1 (Do cosx = 0)

< cos2x +sinx =0 2sinx —sinx-1=0
<> sinx =1 (loai do cosx # () ) hoic

T
sinx = —— & 6 thoa dieu kién
2 LAY
X = — + k2n
6

Vay phuong trinh ¢6 hai ho nghiém:
X=-~-g-+k27t, X =Zé-t-+k2nvéi keZ.

Cha y: Phuong trinh cos2x + sinx =0

n
- X = —+ k2n
& cos2x = ~sinx =cos| X +— | & 2 :
2 T ., 2n
X=-—+k—
1 6 3

So voi didu kién, suyra x = ——g +k2n, x = -7G£ +k2nvédi ke Z.

2. Giai bat phuong trinh : x-Vx
1—\/2(}(2 ~—x+1)
x20

Diéu kien:{ & x20.

21

2P -2x +2# 1
Céch 1:

* 2
Tacé:l-—\/2(x2-x+1)=l— 2 x-—--l- +§ 51—\/§<0
2 4 2
Nén bét phuong trinh tuong duong véi

x — VX Sl—JQ(xz—x+1)<:>\/;+1—x_>.\/2(x2--x+1) (*)

Doa+bs ,/2(&2 +b*) voimoiab va ding thirc c6 khi a = 1> nén ta cé:

J—;+(1—~x)s\/2(x+(l-x)2)=\/2(x2—x+1).




DOV@Y(*) X=1—-x<:>{x-_3x+1=”<:>x=3-\/g.
D<x<1 2
\/;+1—x20
Chuy: (*) = PR —JE =
) () 2(x2—x+1)£(\/;+1—x)2
x+1-x20  [2Jx 20 x<1 3-45
\/;+1—X=0 \/;(_=1—'x xz(l—x)z 2

Céch 2: Tacod (*)<:>x+12\/‘2(x2—x+1)-\[;

4;:»()(4»1)2 22(){2—x+1)+x—2\/2x(x2—x+1_)

<:>2\/2x(x2—x+1)2x2+x4-1

Ap dung BDT Cosi,tacd: VT €2x + x> —x+1=x*+x+1

Dau "=" xay ra khi 2x~~——x2—x+1¢rbx='3_2'\/g (do0<x<1)

1 1
Cach3:Taco(*) e 2| x-1+— s——+1—s/;.
=[x+

Tathdy x = 0 khong thoa man, véi x = 0, dat t=—\/-1..——\/§ ta dugc:
X

2(t2+1)5t+1<:>{

Chi §: it t = Vx (£20)

Phuong trinh (+) = \[2(t' ~t? +1) S1-¢" + ¢

1-t2+t20
« . E 2
2(t"—t’+1)s(1—t‘+t)

. Y.



(1-t2+t20 1-t"+t20 1-t>+t2>0
& 9 . Ll - &
2t+1<0

tt +2t° - t? (t2+t—1)2S0 tt+t-1=0
(2 > 0 5
ol qag=i=2
t = 2
i 2
;—.>~/§=J§—1=>x=3_\/g
2 2
Céich 4: Taco (+) ¢:>1-x2‘/’2(x2-—x+1)—\[; (+)
Do ‘f(x -x+1 2% —3x+2 >0
\/2x—x+1 \/_
0<x«l
Nén {**) & _ -
( ) xz-2x+12‘2x’—x+2-—2\/2—x(x2—x+1)
bsx<1 |
9 . s
2\/2x(x2-x+1)2x2+x+1
(0<x<1 0<x<1
& < 1 & . .
8x(x2—x+1)3(x2+x+1)2 x' —6x' +11x* -6x+1<0
r05)‘[“(1 0<x <1 3_\[5
L= ) 2 & 2 o X = -,
, (x.—3x+1) <0 X" =3x+1=0 2
| x? + e +2x%
O Caulil: Tinh I = | ‘ dx
: ; 1+ 2¢*
x2[1+2e* )+ ¢ | S
I=I ( ) dx=J'x2dx+ C—dx
b 1+ 2" M a1+ 2"
3! Ld(1+ 2e* :
=X +-1-I ( )=l+—1-lnl1+2e‘ =—1—+-1-ln1+2‘3
3|, 2] 1+2¢ 3 2 L3 2 3
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QCaulVv

5.CDXNM

Tacod: V. = %SH.S

MXNDC

Ma Snxnc‘ = SAB(‘[) - SAA.\[.\' - Sa,\mc

_AD - %(AM.AN + BCBM)

A 1 = 5a° 5v3a“
Nén V, =§a\/§. = (v,

Lai thiy:
S om = L onk - 56) LoBc - 5T - pal - e
| DM.CN=§(2DA—DC).§(2DC—DA)=DA -DC = 0.
Vay CN L DM tr d6 SC L DM bai vay :
2i . . .
d(SC;DM) = d(H;SC) = Sunc SHOH_SHCOH

SC  SC  JSH’+CH®

Lai ¢6: CH = QSAC\m _ 2(SABCD = Spam ~ SAC‘.\!B) _2a

—_— T ee—

DM DM e

V57

Tir d6 suy ra: d(SC;DM) = 2a =

Chii y: Trong mat phéng (SHC) ha SH L SC, khi dé:

AADM = ADCN = ADM = DCN = DM L CN = DM L (SHC)

= DM 1 HK = HK la doan vudéng goc chung cia DM va SC.
Trong ADCN, ta co:

2 2
CD2=CH.CN:aCH=E%-=-—-—QP.—m=__

Trong ADCN, ta co:

1 1 1 HSHC avd7
2 = 2 + 2 :>I{ -___7_—w_f- “1a
HK® HS* HC HS? + HC? 19

0 Chu V: Diéu kién: x < %,y <

o O
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Csach 1: Phuong trinh thir nhat tuong duong vei:

4x“+x=( ‘2—5“"}J+ V2 -5y o x=Y2T2%
2 2

2

5—4x* .
¢>2x=\/5—2y<:>y=3 2)\ . ()stg thay vao phuong trinh

r 2y

5 —4x ] + 23 -4x =7

thir hai ta co: 4x* + (

& 16x' - 25x2 +8Y3-4x =3 =0

<:>16x‘—25x2+5+8(\/3—4x—1)=0

<:>(4x2—1)(4x2—-5)+—3/§—(__j—4;;3§);=0
<:>(2x-1)[(2x+1)(4x2—5)——5—JTI‘:;—-—;:—;J=O<:>X=%=>y=2.

(Do 0% x % 2 = (2x + (4’ - 5) < 0 nén bidu thirc trong du | ludn &m),
Céch 2: Tu phuong trinh thir nhat dé dang suy' rax >0. |

Pt J5- 2y =2t 2 0, ta duge y = 24'3

Thay vao phuong trinh déu ta c6: x-(4x2 + 1) = t(4t” + 1)

Viham f(u) = u(4u’ +1) ddng biéntrén R* néntacé x = t,suy ra

54x

2
Thay vao phuong trinh thir hai ta dugec:

(5 -4x2)2
4

y_

4x? + +2V3-4x =1T.

Trong khoang [0, %J,ham s0 g(x) = 4x’ +—(;l5——-:~)(—)—— +2v3 - 4x cb:

g'(x) = 4x (4)(1‘Z - 3) -

— < ‘4x(4x2k - 3) <0.



N\

1
Mat khac lai ¢o g(EJ = 7 vi vay phuong trinh g(x) = 7 chi c¢6 nghiém
; h) l
juy nhat la x = 3 suyra y = 2.

Viy hé da cho c¢6 nghiém duy nhit {X B

y =
Chay:
1. (4):2 +1)x = (3—}.-) 5 — 2y

o) +1]ox- [(m)z ; 1]\/5_5 & £(2x) = £(5-2)
Xét £(t) = (£ +1)t,t € R va f(t)déng bién trén R . do o
f(2x) = f(ﬂ)«a-zx = J5-2y |
Ngoai cdch phan tich trén, ta ¢6 thé dit u = 2x,v = 5 2y,v 20
Phuong trinh (4x” +1)x = (3-y)\5-2y = ...
e (u-v)(o’+v +uv+ljv =0 u=v.

2.Pat u = \/5 2y, u20=2y=5-2°
Phuong trinh thir nhat bién dbi vé dang:

2(4x2 + l)x = [6 - (5 -u )] u e 2}([(‘2)()2 + 1] = (u2 + l)_u
Dang f(2x) = f(u).
0 Ciau Vlia
1. Vi AABC vudng tai B nén AC la dudng
kinh cia (T). |

e —

Goi E}=(d,,d2)= t tacod

BAC=ASB=t
(g6c cd canh twong (g vudng goc).




Gia sir ban kinh (T) laR tacod:

SAAB(‘ = BC;BA = ACsin t_:zAC cost =2R*sintcost

\/—\/3+1( )

Mit khac: cost = ———== =l:>t=£
) 2 2 3
\/_ +1 +——)

=R'—5—tudocoR*1

suyra S,, ..

Do Aed,Ced, nén A(ﬂ;—a\/g),C(C:C\/g) thém nira vecto chi phuron,
ciad lau (1;—\/§ ) ¢6 phuong vudng goc voi AC nén;

Xé.ﬁl =0 c-a-3(c+a)=0=c=-2a.
Mit khac

AC=2R=2¢::~\/(c—a)2 +(~/§(c+a))2 =2

<:>2l|\/_ 2vum>0nena-—

Tam dudmg tron la trung diém qua AC la:
a+c \/— a 3\/55-1 \/5 3
I (c—x) - = -—=-=].
2 2 2 6 2

2 2
Véy phuong trinh cua (T) la (x + —?] -z{y + g-] =1.

Chuy:
(AB) di qua A va vudng goéc ( ) (AB) X + \/—y+2a 0

(A8} ) (5] =] - 3.2
(AC)dlquaAvavuonggoc(d) (C):x—\/gy—4a=0
(AB)~

AB}n ( ) {}ﬁC(—Za—Qa\/—)
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J§J§1

AABC c6 dién tich bang _ — = 3 AB.CB

2

Csch 2: Taco d, tiép xuc v6i (T)co duong kinh 1a AC nén AC L d,
Tir gia thiét ta co :
AOx = 60",BOx = 120" = AOB=60",ACB=30"

S =%AB.BC=§ABZ:>[§ABZ=§ = AB=1

AABC

—

Aed, :>A(x, \/gx) x>OOA-T
OC=20A=-4—:>C(--2—-;—z].

N

Dubngtri)n( )ducngkmhACco I[ j_ SJ R =—=1.

Phuong trinh (T): [x+———-—) (y+-—]

Chuy:
P 1

1. d,,d, cAt nhau tai diém O va cos(AOB) = cos(d,,d, ) = =

— . T 1 )

Ma S, =-AB.AC.sin(BAC)
2

AlC

3
(OA sin AOB )(OA fan AOB)sm BAC < OA? = 2

3
? +(-—-a\/§)2 = 513- =a= :]1'5 = A[-j—g-;—lj,c(—%;-z}

;y) € (T) ¢ MA L MC = MAMC =0

»

M( )
3. (x,y) & (T) <> AMAC vuéng tai M & MA® + MC' = AC?

s
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X=1+2s1
Z.Cicil:PhuangtrinhthamsécﬂaA:{y:t ,telR.

z=-2—-1
a/ Toa do diém C la giao diém cia (A) va (P
la nghiém cua hé :
[x =1+ 2t (t = -1
T (e =
A/ tx—2y+z=0 Lz:—l
Piém Me A & M(1+26t-2-t) = MC =6
@(2t+2)2+(t+1)2+(t+1)2=6
[~
b= 0= M(1:0;-2) > d(M;(P)) = :1/-_6
<

-t = 2= M(-3,-2,0) = d(M;(P)) = T.

Cich 2: Puong thing A c6 VTCP u = (2;1,-1)
Mt phiing (P)c6 VTPT n = (1;,-2;1)

Goi H la hinh chiéu cia M lén(P) , suy ra coslﬁ/-fé =

cos (u, nN

d(M,(P)) = MH = MC. cos HMC = —.

J6
Q Céu Vil.a

Ta cb: 'z'=(1+2\/§i)(1-\/§i)=1-J§i+2J§i-4i* =5+ V2

= z=5-+2i. Vay phin #o clia z bing —v2 .
Q Ciau VLb
1. Goi d:x+y—-4=0.
Vi BC/ /d = phuong trinh BC codang: x+y+m =0
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Lay I{1:3)e d.taco: d{I,BC}=d(A.d)=4v2

= hn + 4' =8=>m=-12,mm =4
Vi A val o cung phia so voi BC néntacd b |

m=4=BC:x+y+4=0.

Puomg cao ha tir dinh A ¢6 phuong trinh: \%A
x—y=0. B C

X—-y=0

cryra=0= P22

Toa do trung diém P cua BC: {
Be BC = B(b;-—4 - b) . P la trung diém BC suy ra C(—-4 - b;b)
AB1CE= (b-6)(b+4)+(b+10)(b+3)=0<¢>b=0b=-6
Vay c6 hai by diém thoa yéy ciu bai toan: B(0;—4), C{-4;0)hogic
B(-6:2), C(2-6).
Chay:
AH diqua A va vuéng goc MN = (AH):x—y =0.

I 1a giao diém AH va MN = 1(2;2) = H(-2;-2).

x=—-2+tt R
€
y=-2-t

BC diqua H va vuéng goc AH = (BC) : {
Be (BC) = .B(—2 +t-2 - t) vi B,C dbi Ximg nhau qua H nén

: C(—¥2 -2+ t)
Vi E(1;-3) € (d), (d) Ia dudmg cao di qua diém C cia AABC nén

ABJ_CE:>KI§E}_E.‘,=0@...¢:M"—‘2t—8=0‘

Aqua M (—2; 2 —3)vé vtcp

il
w

: [#3.]
u =(2;3‘,2); d(A,A)= =
Illl
Goi H 13 hinh chiéu cia A 1én A thi AH =3 vi
H la trung diém cia BC nén BH = 4.
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Vay bén kinh mat cdu 1a AB = VAH? + BH? = 5.
Nén PT mit chula x* + y* + (2 +2) =25.

0 Cau VILb
Céch 1: Taco:

7=1 ( \/_1) (1+i)=%(1—3\/§i+3.1.3i2 - 3V3i")(1+ )
=—(1 3\/-1 9+3s/—1)(1+1) (1+1)21z-—-—4 4i.

Dodo[z+xz|—|—4 4i - 4i - 4| 8I1+1|~8\/_

Cich 2: Ta co (1-V3i) = 2(cos(——§J ¥ isi.n(——g-n
=>(1-V3i) = 8(cos(~x) + isin(-x)) = -8

_—__>-z-= -8 =-8(1+i)
1-i

=z +iz=—4-di+i(-4+4i)=-§(1+i)= lz+1z| 842 .

=4 -4

O PE 2

PE TH! TUYEN SINH DAI HOC KHOI B NAM 2010

I. PHAN CHUNG CHO TAT CA THI SINH
2x +1

Q Céul: Chohaimsd y = =
x+1

1. Khéo sét sy bién thién va v& d6 thj ham sb d4 cho.
2.Tim m € R ¢ dudng thing y = ~2x + m cét dd thi (C) tai hai diém

6 dd thi la (c).

phén biét A, Bsao cho tam gisc OAB c6 dién tich bing V'3 (Ol géc toa d9).
Q Céu II:
1. Giai phuong trinh: (sin 2X + COS 2x)cos X +2cos2x —sinx = 0.

2. Gidii phuong trinh: V3x +1-V6-x +3x* ~14x -8 =0 (x € R).
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(d Cau I11: Tinh tich phan: I = I ~dx.
1 X (2 +1n x)
0 Céu 1V: Cho hinh lang try tam giac déu ABCA'B'C' ¢6 AB = a, goc
gita hai mat phing (A’BC) va (ABC) bang 60". Goi G 1a trong tdm

tam giac A'BC. Tinh thé tich khéi ling try da cho va tinh ban kinh mat
cau ngoai tiép tu du;n GABCtheoa.

Q Cau V: Cho cac sp thyc khong am a,b,c théamén: a+b+c=1. Tim
gia tri nho nhat cia biéu thic |
P= 3(a,2b"2 +b%® + cza'z) + 3(ab +bc+ ca) +2Val +b2 + ¢,
II. PHAN RIENG
Thi sinh chi duge chgn Iam m{t trong hai phdn (phin A hojc B)

A Theo ¢nuong rinn Liudan

0 Céu Vl.a
1. Trong mit phing toa d9 Oxy, cho tam gidc ABCvudng tai A, ¢

dinh C(—4;1), phén gidc trong géc A cé phuong trinh x +y — 5 = 0. Viét,

phuong trinh dudmng thing BC, biét dién tich tam gisc ABC bing 24 va
dinh A c6 hoanh d¢ duong.

2. Trong khong gian toa do Oxyz, cho cic diém A(I;O;O),B(O;b;ﬂ),
C(O;O;c) trong d6 5,0 dwong va mit phing (P) :y—-z+1=0. Xéc dinh
b va ¢, biét mjt phing (ABC)vuéng géc v6i mét phing (P) va khoang
cach tir diém O dén mit phing (ABC) bing -;—

Q Céu VILa: Trong mat phing toa 46 Oxy, tim tip hop diém biéu dién cic
s6 phuc z théa man: Iz - i| = |(1 + i)zl .

B. Tnec ciucng .
Q Cau VLb
1. Trong mt phing toa dd Oxy, cho diém A (2; J3 ) va elip (E) c6 phuong

ian Nang o4t

2 2

trinh %+12- =1.Goi F,va F, la céc tiéu diém cta (E) (F, c6 hoanh d am),
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M Ia giao diém c6 tung ¢ duong ciia dudng thing AF, véi (E), N Ia diém dbi
ximg ctia F,qua M . Viét phuong trinh dudmg tron ngoai tiép tam gidc ANF, .
R . X X : . X y-1 =z
2. Trong khong gian toa dQ Oxyz, cho duong thang A : 5 = ——1—- =3
Xac dinh toa d§ diém M tren truc hoanh sao cho khoang cach tr M dén A
bing OM .

o log2(3y-l)=x |
0O Ciu VILb: Giai hé phuong trinh : . (x,yeR)
| 4 +2% = 3y’

ODAPANDE2

QCaul o R ﬁ W —
2. Phuong trinh hoanh d9 giao diém cua (c) va auemg thang
Y=—2x‘+fn 1a: =+l = 9%+ m & 2x’ +(4—rﬁ)x+l—m =0 (*)
- x+1 :

- (vl x = -1 khong la nghiém)
Phu'dng. trinh (*) ¢6 A=m>+8>0,Vme R nén d luén cat (C)tai
diémA,B.
A(xA;yA) ed= A(xA;yA =-2x, + m)

B(xB:;yn) ed> B(yxn;y]3 =-2x, + m)
Tacéd: S, = \/E = -;-leyB - xByAl = \/-3-
N le (—2xB + rn) - xB.(-'ZxA + m)l =23

m +8 =12

<:>[L.n(xA-~x.B)| 2\/_©m (x =K ) =12 & m?

om+8m’-48=0om’ =4 m=12.
Q Cau II.

1. Phuong trinh < (sin2>_c +éos2x)cosx +2cos2x —sinx=0
= coS?x(cosx + 2) + sin'x(Zcos"x - 1) =0
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o> cos'Zx(cosx + '2) +sinx.cos2x =0

o cr)s‘zx(cosx +sin x +2) =0 cos2x =0

<::>2x=zt—+kn<:>x=£+‘k£, keZ.
2 4 2

2. Piéukién: -~ <x <6
Cach I:
Phuong trinh < V3x +1 -4 +1-V6-x +3x> -14x -5 =0
3x-15 X~9

& +
\/3x+1+4 1+\/6—x
2 . 1 _
S ix-5H S— + -+ 3Ix+1|=0
( )(\/3x+1+4 V6-x +1 J

2 1

___.___._+.__..____.
V3x+1+4 6-x+1

Nén phuong trinh dé cho c6 nghiém duy nhét x = 5.
Céch 2:

Xétham sé: f(x)= v3x +1—V6~x +3x’ —14x - 8

+(x-5)(3x +1)=0

Vi +3x+1>0Vxe[-§—;6]

lién tuc trén doan -»?1;,6]
Taco:f'(x) == +6x-—14x€(—-1-,6
2| 3x +1 ,/ R
s XE |- ] ( ) ngbxentren[ va f(5)=
Do d6 tré -7— 6] phuongtrmh f( ) 0cé ding 1 nghiém x = 5.
-xe—-lé-,-g- = 3x+1—\/6——x<2\/§— -
J

11

31
17

3’3)

Vdéy phuong trinh ¢6 nghiém duy nhét x =5

3x2——14x-8S-3=>f(x)<0,VxE
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Q Cau Il

bit u=Ilnx = du =ldx.
x

I
Tacod I = —————du— ! - 2 u

n(2+u) a2+ u (2+u)2

| |
=(lnl2+u|+ 2 )1=(1113+2)—(1112+1)zln(é]-}-.
2+1u i 3 12 3

Chu y: Dat u=2+lnx:>du=-1—dx

Goi H 1a trung diém cua BC, theo gia
thiét ta c6 :

(A'BC)n(ABC) =BC
{A'H 1 BC
AH L BC

= (A'BC),(ABC) = A'HA

hay A'HA = 60".
:>AH~§-£ A'H =2AH = a3
2
S ac = afvaAA' AHth'HA-—-l@t 60"==§2?‘-.
2 3
Véy thé tich khéi lang try V, ... f:*; - 3*"8‘/5 (dvtt).

Goi I Ia hinh chiéu vudng géc cia G trén (ABC), suy ra I la trong tim

cia tam gidc ABC, suy ra GI / /AA' = GI L (ABC)

GQI J 12 tim mat cAu ngoai tiép tir dién GABC suy ra J la giao diém cua
GI v6i dudmg trung truc doan GA. M 1a trung diém GA, ta co:
GMGA GA’ T7a

Gl  2GI 12

GMGA=GJGI=>R=GI=
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QCauyVv

_ (a.+b+c)2
Patt=ab+bc+ca=>0<t< : =

1

3"

Khido: a’ + b +c¢c?>2ab+be+ca

:>1=(a+b+c) =3a° +b +c? +2(d.b+bc+ca) 3(ab+bc+ca)

3(;12b2 + b + cza.?) > (ab + be + 0;1)2 = t?

a’ +b® + ¢’ =(ﬂ+b+c)2—2(ab+bc+ca.)=l-2t
Ciach I:

Do do: P> t? + 3t + 2v1 - 2t = t? +3t+2(\/1 2t - 1)

. [(t+3)1 2 +t- 1]
Jl——ﬂ-n] 1441-2t

Do (t+3)\/1—‘2t23 1—%=J§>1

t[(t+3)\/1—-‘2t+t——l] ) ]
= — ‘ >0Vte[ ]SuyraP>2Vte[0 ]
Tevi-2t '3 3

a+b+c=1

=t(t+3— +2

Ping thirc xady ra <> {ab+bc+ca =0

ab=bc=ca

L |
& trong ba sd a,b,c ¢o hai s6 bang 0, mdt so bing 1. Vay minP = 2,

Cédch 2: Xét ham sb f(t) véi t e [0:%] ta co:

! " P 2 : _1
(1) =204 3- :f(t)-_-z____...._fw, v;e[o,g]

2
VI-2t (1-2t)
Suyraf()lahamgnamtren[ ]nenf' >f'(;]>0
:>ftang:>f(t) 2Vte[ ]TudétacéduqcnunP 2.
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Q0 Céu VLa

1.

Goi D la diém déi ximg voi C qua duom,
A thang d:x+y-5=0,tatim dugc D(4;9).
Vi A thudc duong tron duong kinh CD né
A 1a giao diém cua dudng thing d va duon,
tron duomg kinh CD, suy ra toa dg caa A |
nghi€ém cua hé:

< 4
x+y-5=90 y—-5=-x ‘
x2+(y—5)2 =32¢:> x2+(—x)2 =32=>A(4;1)(v1 x, > 0).
= AC=8= AB = 2mi _g_
AC

B thudc dudng thing AD :x -4 =0 =>'B(4;y)

y=-5=o B(4;—5)

. - — 2—

Vi d la phén giac trong cua goc A nén AB va AD cung huéng suy r:
B(47).
Vay phuong trinh BC: 3x — 4y +16 =0.

Chii y: Phéan giac trong cia goc A c6 phuong ;rinh X+y-5=0 (son
song véi dudmg phén gidc phan tu thir IT) nén:

AC//Ox>y, =y.=1x, =4= A(l;4)

2. Phuong trinh (ABC):E;-+%+~Z=
Vi (ABC)l(P):--%:Og b=c::>.(ABC):bx+y+z—b=C
Ma d(O,(ABC))z%::» blzb‘ =§-¢: b=% (do b > 0).
- +2

Vay b=c=% la gid trj cdn tim.
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U Ciu Vil.a
Goi M( ) la diém biéu di&n cua sb phirc z = x + yi (x,y € IR)

Suy ra z~n=\/ \—1

|(1+1 zl=|(1+1)(x+y )I—\/(x-y)z-!»(x-ky)z

Nén Iz—il='(l+i)zl¢:>x2+(y—1) =(x—y)2+(x+y)2

"-——’

<:>x2+(y+1)2=2.

Viy tap hop diém M 13 dudng tron: x° + (y + 1)2 =2.

Q Cau VLb
1. Ta co: F](—I;O), F, (l:O).Duc‘mg thang AF, : x+1 =—j—_~
Toa dd diém M la nghiém cua hé:
(x+1 y
3 3
2 2
Y o152 ) o n(543 ) 5 aM=mE, - 28
13 2 3 3 3
£y>0

Do N ddi ximg véi F, qua M néntacé MN = MF,
= MA = MF, = MN . Suy ra dudng trdn ngogi tiép tam gisc ANF, co

tam 13 diém M, b4n kinh R = MA = ?_*?{_‘3 nén n6 ¢6 phuong trinh

2
(x-—1)2+[y—g-§§-] =§-.

Chi y: NANF, = 0 = AANF, vudng tai A . Do dé dudmg trn ngoai tiép
AANF, ¢6 dudng kinh F,N nén c6 phuong trinh:

g
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2.ViMeOx > M(m;O;O)

Puomg thing A di qua N(0;1,0) ¢6 u = (21:2) 1a VTCP nén

d(M,A) _ I[Nl\i{’ u] _ \/51112 +4m + 8
g :

s/ 5m® + 4m + 8

Nén dM,A) =OM <

= |m| Sm'-m-2=10
Sm=-1, m=2.
Vay c6 hai diém M thoa yéu ciu bai toan: M, (~1;0;0), M, (2:0;0).
Q Ciu VILDb

2% +1 |
y =3 27 +1
Ta ¢6 hé d& cho > - & 1)2@ Y=3
. A x _
4 40 = 24 +2°-1=0
\ 3
y__:2"4-1 x = -1
= 13 ¢<{. 1 lnghiém ciahé di cho.
2 == y=3
U2

=~
ODE 3
dDE THI TUYEN SiNH DA HOC KHOI D NAM 2010

L pmiN CHUNG CHO TAT CA THf SINH
O Cauk: Choham sé y = —x* - x* +6 c6 dd thi Ia (C).
1. Khao st sy bién thién va v& 4 thi (C) ctia ham s6 da cho.
2. Viét phuong trinh tiép tuyén ctia d6 thi (C) , biét tiép tuyén vudng goc
v6i duomg thing y = Eli—x -1.

Q Cau II: 1. Giai phuong trinh: sin2x — cos2x + 3sinx —cosx -1 =0.
2. Gidi phuong trinh; 422 4 9% = g2 L o¥iviné(y € R,
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O Céu IH: Tinh tich phin: I = I(Qx ~ lj-)ln xdx.
X
|

0 Céau IV: Cho hinh chép SABCDc6 day ABCD la hinh vudng canh .
canh bén SA = a, hinh chiéu vuéng goc cia dinh S trén mat phang

(ABC‘D)Ia diém H thudc doan AC,AH = %?_ Goi CM la dudng cao

cua tam giac SAC. Chimg minh M la trung diém cua SA va tinh thé
tich khéi tir dién SMBCtheo a.
J Cau V: Tim gia tri nhé nhét cua ham s6 :

= \/—xg +4x +21 - \/wx2 + 3x + 10 trén mién xac dinh cua no.
L PHAN RIENG
~ Thi sinh chi duge chon 1dm mgt treng hai phan (phén A hodc B)

“ren cnaong ttinh Chuan

O Cau VlLa
1. Trong mat phé_ng toa do Oxy. cho tam gidc ABC co dinh A‘(3', —7) ,

trye tim 14 H(3;-1), tim duong tron ngoai tiép la 1(~2:0). Xéc dinh toa
d6 dinh C, biét C ¢6 hoanh d9 duong.
2. Trong khong gian toa d0 Oxyz, cho hai mit phing (P):

x+y+z-3=0 vd (Q):x -y+z-1=0. Viét phuong trinh mt phing
(R) vudng goc voi (P)vé (Q) sao cho khoang cach tir O dén (R)béng 2.

0 Ciu VILa: Tim s6 phic z thoa min I | 2 va 2 la s6 thuin do.

E. Theo chuong tninh Nang cao
Q Cau VLb
1. Trong mjt phing toa dd Oxy, cho diém A((} 2)vé A 12 dudmng thing

di qua O. Goi H 14 hinh chiéu vubng goc ciia A trén A, Viét phuong trinh
dudmg thing A, biét khoang cach tir H dén truc hoanh bing AH .

2. Trong khong gian toa dd Oxyz, cho hai dudng thing

X=3+t . ) 1
X =5 - 7
A :dy=t vaA : = -
Y 2 Ty 1 R
z=1t

Xac dinh toa d0 diém M thudc A sao cho khoang cach tir M dén A, bing 1.
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Q Céu VILb: Giai hé phuong trinh :
XX -4x+v+2=0

2log, (x ——'2) - logé y=0 (x,y—e R)'

O PAP AN PE 3
QCéul.
1. Ban doc tir lam

2. Goi dudmg thang (t)12 tiép tuyén cia 46 thi (C).
Theo bai toan (t) vudng goc véi dudng thing y = -é—x —1, nén dudng
théing (t) c6 hé sb goc bing —6.
Cdch 1:
Goi M(x,;y,) 1a toa dd tiép diém cua (t) va (C).
Theo bai toéan, ta ¢6 phuong trinh: y'(xu) = —6 & —4x) —2x, = —6
& (x0 - 1)(‘2xﬁ + 2x, + 3) =0 (*)
Vi 2x2 +2x, + 3 > 0,¥x, € R nén phuong trinh (%)
S x,=1=y, =y(l) =4 = M(L4).
Phwong trinh tiép tuyéﬁ cintim la: y = -6(x - 1) +4 =~6x+10.

Phuong trinh (t) codang y = ~6x +m

(t) tiépxtic (C) tai diém M(x,:y, ) khi hé phuong trinh sau o6 nghi¢n x,

4 2 — ’
—X, — X, + 6= Bxu + n

—4x; ~ 2%, = —6

X, =1

¢6 nghié =
ghIgm X, m =10

1
Phuong trinh tiép tuyén cén tim la: y = —6(x — 1)+ 4 = —6x +10.

Q Caull.
1. Phuong trinh da cho tuong duong véi

2sin x cos X — cos X -(1 — 25in’ x)-— 3sinx-1=0
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= (ZSinx —'1)(sinx + cosx + 2) = ()

<:>sinx=-$1_;(do sinx+cosx+2=s/§sin(x+—}]+‘2>0 Vxe R)

=

<::>x=-g+k21t. x=36£+k2n voi ke Z.

2. bidu kién: x = -2.
Phuong trinh da cho tvong duong voi
42x+dm _ 4‘2+J;H_‘2 — 2x3+4x—~l _ .2,\'3

o 257 (2= _16) = 27 (2% - 16)

2" =16

4ix ).Jr;— x' —-I _
(2 16)(2 ~2 ) 0| mm

Phuong trinh thir nhét co nghiém x = 1 (théa).
Phuong trinh thir hai tuwong duong véi 2Vx +2 = x* -4

, ; NE 9
2(\/x+2~—2)=x'—8<:>(x—2)[x2 +2x+4—m]=0

-m—-?—-_2x2+2x+4—2=x2+2x+3>0
Jx+2+2 2

nén tacé x = 2 (thoa).

Vay phuong trinh di cho ¢6 hai nghu;m lAx=1vix=2,
Chay:

Xét ham s g(x) = 2%+ 2 - x* + 4 lién tyc trén nira khodng [‘\'/Z;m).

Do x*+2x +4 -

Ta co: g'(x) -3x'<0,Vxe [\[; +oo) = g(x) nghich bién

“|"

trén nira khoang [\/i 400§ va (2) = (), do d6 phuong trinh g(x) =0 cb
nghiém duy nhit x = 2
Q Ciu 111

S

Tacoé I = j2x In xdx — 3]%)5 dx =t[1n xd(xz) - 3]111 xd(ln x)
1 1 1 |}
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=x*In xlv - ]xzd(ln x) - 3]ln xd(ln x)
1

i
1

=e’ - ]xdx -—Eluz x[" =’ - x” +3In’x =%
, 2 h 2 2
Chuay:

‘ u=lInx
A= !xln xdx . Dat {dv - xdx

“Inx =Inx
B= j---dx Pat ]

1 V = *—dX

X
Q Cau lV.
e Chimg minh M la trung diém SA
Tacé: AH = “'—‘-f— = SH = VSA? - AH’ = —‘{1-3_1
HC = §—‘*-£ = SC = VSH’ + CH? = a2
Suyra SC = AC = AACS cén tai C nén M la trung diém SA.
¢ Tlnh vb\lB(‘
Vi M la trung diém SC nén
1 1.
Syent = ESSAC = Vaume = 9 | sABC
1 a'v14
= ESHS!\AH( = 48 (d"ﬂ).

s X +4x+2120
0 Cau V. bicukién: { < -2<x<5
: -x" +3x+1020
Céch 1:
Xéttrénmién -2 <x <5,taco:
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neny'z-——(x—Q) + X"E =0
{25~ (x~2) \/49(3]
4 2
@(x—Q)\/%g—(x~g~T=(x——é)J25—(x—2)
-2<xX<5
= (x—Q)(x—-g)?_O

3
X € (—2;5] ) [2,5) .
& 9 2 —<X= g
25[x - 3) - 5-9(;( ~2)
| 2 4

Tacd y(-2)=3; y[-;-]-: V2; y(5) = 4.
Viaymaxy = y(;] V2.

-24x<%

Céch 2: Piéukién: -2<x<5.
Vi(-—x’+4x+21)-—(—-x2+3x+10)=x+11>0:>y>0

>y =(x+NT-x)+x+2)5-x)-2r(x+3)(7T-x)(x +2)(5-x)

= (Je+3)5-x) -l +2)(T %)) +222

Suy ra yzﬁ’,di'iubéngxéyrakhi va chi khi
Jx+3)(5-x) - (x+2)(7-x) =0

(x+3)(5-x) = (x +2)(7- x)@gxq:o@x:%.

Viy miny = \/_ khi x =

oolH
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0 Ciu VLa

1. Cich 1: Goi T(x:y) la trung diém cia BC . D la diém ddi ximg véi A
qua O . Tacé BH/ /CD,CH / /BD nén tir giac BDCH 1a hinh binh hanh
nén T 4 trung diém BC

X =~2

ym3= T(-2-3)

T d6 su Xﬁ"‘ZWT_I.: 0=2(_2--)()<::>
‘ y ra, = 6:‘2(—y)

Puomg thing BC qua T c6 AH(0;6) 12 vipt c6 phuong trinh 13 y + 3 = 0.

MiIA=IC o 5+ (-—7)2 = (a + 2)2 + (—3)2
oal+d4a-61=0a= —21&:0(—2+J6—-5;-3)

Cich 2. Pudng tron ngoai tiép tam gisc ABC c6 tim 1(-2;0) va ban

kinh TA = V74 phuong trinh :(x + 2) +y? = 74.

Phuong trinh AH: x=3,do BCLAH=>BC:y=m (m # -7)
. Toa d¢ B, C Ia nghiém cta phuong trinh :

2 ; ; ;
(x+2) +tm=TMox*+4x+m’ -70=0 (*)
Vi (*) ¢6 hai nghi¢m, trong d6 6 it nhét mdt nghiém dwong nén Jm| < V70
Khi d6: B(-2— 74-~m2;m), C( 2+ 74 ) |

ViBH LAC= ACBH=0& m?+4m-21=0<>m=3

vay C(Ve5 - 2;3). '
Chay:

l)Gox AD 1a dudng kinh thi BCHD 1a hinh binh hanh nén HD di qua
trung diém M cia BC, khi d6 IM la duong trung binh ctia tam gidc

DAH = AH = 2IM = M(-Z;S).
BC qua diém M vudng goc véi AH::>(BC):y—3=0
'(x+2)2+ *=74
: A ad \ on . 4m Y= X=J6-g-2
Toa d) diém C langhiémcuahé: {y -3 =0 = .

=3
£y>0~ y
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2) Co thé goi E la giao diém cua AH va (C),t(_)a do E la nghiém cta hé:
l(x +2)2 Y =74 {x =3 E(3:7)
x-3=0 y=1
HE cat BC tai rung diém N cia HE = N(3;3)
BC diqua N vavudng géc AH = (BC) y-3=0.
2. Mat phang (P) ¢6 i1, (1:1:1) la VTPT, mp(Q) ¢6 i, (1;-1;1) la VTPT.
Do {%3 lL gg)) = mp(R)co i, = %[ﬁp,ﬁq] = (1;0;-1)1a VTPT

'=>(R):x—z+m=0

Taco d(O,(R))=2<=>"T:|;-\/——:_-:3I-:—;=Z@ n 31‘.2\/5
Vay (R):x-z£2V2 =0,
-0 Céu VILa
Céch 1:

Gia thiét z* 12 sé thudin do nén 2> +2° = 0 = (z +‘z’)2 —2|zr =0
Z2+Z=2 |
z+Z =-2

Mt khic ciing tir 22 +2° = 0=> (2~ Z) +2|d =0
z2-Z =2

“z-7 = -2

Do d6 ta c6 céc sb phirc thoa man 1a :
z=1+lz=-1+i,z=1-iz=-1-1.

Céch2: Dit z = a + bi = 2> =a’ - b? + 2abi va |z|=\/a.2+b2

al-b’=0 {a2=1

Tugiathiétsuyray , , o9 .
& 4 {a2+b2=2 b? =1
Viy cacsd phirc cantim: z =i+l z=-1+i,z=1-i,z=-1-1i.
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Q Cau VLb
I. Goi H(asb), tacé: AH* =a? +(b-2)", d(H,Oy) =
Suy ra: a’ + (b—- 2)2 = b?
Do H thudc duomg tron dudmg kinh OA nén: a* +(b-1) =1

al-4b+4=0
a’+b?-2b=0

H(zJJE ~2:45 - 1) holic H[-NJE —2;45 - 1)
Viy phuong trinh duomg thing A 13 |

(JE-l)x-z ¥5 -2y = 0 hotic (JE-l)x+2 J5-2y=0.

2. Puimg thing A, qua A(21;0) c6 vicp Ia u = (2;1;2)

T 46, ta co: { , giai hé ta dugc

MeA = M(3+t;t;t)=» m(tﬂ;t—l;t)
= [Xﬁ&] = (t—2;—2;3— t)
[5:]

1

Nén d(M,Az) =1 *I -

u

@(t-——Z)kZ +(-—2)'2 +(3-—t)2 =9
t=1=>M(4;1;1)

2 -10t+8=0< .
t=4= M(7;4;4)
0O Ciu VILb Piéukién: x >2,y >0.

Phuong trinh thir hai c6 thé viét lai thanh: 2log, (x - 2) - 2log,y = 0
< x —2 =y. Thay vao phuong trinh thir nhit, ta duogc:

x2—4x+(x——2)+2=0<::>x2—3x=0-¢:>x==3 (do x >2)

Vdy hé da cho c6 nghiém duy nhit (x,y) =(3,1).
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O DE 4

PE THI TUYEN SINH DAI HOC KHOI A NAM 2009

. PHAN CHUNG CHO TAT CA THI SINH

Q Caul: Cho ham s y =

X+2
2;:23 (1) |

1. Khao st sur bién thién va v& dé thi cia ham sb (1).

2. Viét phuong trinh tiép tuyén cta do thi ham sb (1) , biét tiép tuyén do cat
truc hoanh, truc tung lan luot tai hai diém phan biét A,B va tam gisac OAB
can tai géc toa do O.

Q CauIl:
(1 — 2sin x)cos X

1. Gidi phuong trinh : (1 + 2sinx)(1 - sinx)

=3 (1

2. Giai phuong trinh : 2¥3x — 2 + 3V6 —5x —8 =0 (2).
O Cau IIL: Tinh tich phén: I = _[(cos“ X — l)cns'2 xdx.

0

Q Cau IV: Cho hinh chép SABCD c6 ddy ABCD 14 hinh thang vudng
tai A va D;AB = AD = 2a; CD = a; goc giita hai mit phing (SBC)
v (ABCD) bing 60". Goi 1 la trung diém ca canh AD. Biét hai mit
phéing (SBI) va (SCI)cimg vudng goc véi mit phing (ABCD), tinh thé
tich khdi chép S.ABCD theo a.

0 Cau V: Chimg minh ring véi moi s thyc dwong x,y,z thoa

X (x +y + z) = 3yz (*), ta ludn c¢:

[»

(x 4‘-3()3 +(x + z); +3(x +y)(y+z)(z+x)$ 5(y+z)3.

IL. PHAN RIENG
Thi sinh chi duge chon lam m§t trong hai phdn (phdn A hodc B)

A. Theo chuong trinh Chuan
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O Céu V6La |
1. Trong mit phang véi hé toa dd Oxy cho hinh chir nhat ABC D co diém

I (6, 2) i gino diém cua2 duomg chéo AC vA BD. Diém M(L; 5) thue

duong thﬁng AB va trung “diém E cua c,anh D thude dtr(mg, thang
d:x+y 5=0. Viét phuong trinh duomg thang AB.

2. Trong khong gian vdi hé toa dd Oxyz. cho mat phang (P) co phuong
trinh: 2x—-2y-z—-4=0va mit ciu (S) c¢6 phuong trinh
x*+y’ +2° ~2x -4y ~62—11=0. Chimg minh ring mat phéng
(P)cét mat cdu (S)theo mot duémg tron. Xéc dinh toa do tam va tinh ban
kinh ctia dudng tron do.

O Céu VILa: Goi z,,2, la hai nghiém phirc cta phuong trinh:

. 2 2 2
z* + 22 +10 = 0. Tinh gia trj cia biéu thire: A = |z [ + |z, .

Theo cnuena {rav s,

Ciu VIb (2,0 diém)
1. Trong mt phéng voi hé toa 0 Oxyz cho duong tron (C) ¢6 phuong trinh
XX +y: +4x+4y+6=0 véduc‘mgthéng A:x+my—-2m+3=0 véi
m 1a tham sb thyc. Gei I 14 tim cia (C). Tim m dé A cét (C) tai hai
diém phan biét A, B sao cho tam giac IAB c6 dién tich 16 nhat.
2. Trong khéng gian véi hé tea do Oxyz cho mjt phing (P)co phuong
trinh :.x—2y + 2z -1 =0 va hai duong thing
dl:x-}-l_z__z_-{-f)’ d2:x_—1=y*3= z+1-
1 1 6 2 1 -2
Xdc dinh toa d9 diém M thudc duomg thing d, sao cho khoang céach tir M
dén dudng théng- d, vakhoang cach tir M dén mat phiang (P) bang nhau.
O Céu VILD (1,0 diém) Giai hé phuong trinh sau:
log‘2 (x"2 + y2) =1+ log, (xy) (
ge-xn? g

x,yER).
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O PAP AN DE 4
U Caul

1. HS tu lam.

2. Bai toan thudc dang toan viét phuong trinh ti€p tuyén. D€ giai bai toan
trén ta co thé di theo hai huong sau:

Cich 1: Goi M(x,:y,) la tiép diém.

Vi tam giac OAB cén nén dudng thang AB (chinh la tiép tuyén) phai
vudng goc voi phan gidc cua goc (chinh 13 phan giac hai truc Ox, Oy va ¢6
hai phan giac la y = x hodc y = —x) nén suy ra ticp tuyen phai vudng goc
v&i mot trong hai dudng thang y = x hodc y = —x. Tirc la: y'(xu) = +1

Mado y'(x :———:l—f<0 vx :c—?- nén chi xay ra
0 2 0 9
(‘2x“+3)
2 2x, +3=1 x, =—1
Mx,)=-1e(2x, +3) =1 | " &
’ (x“) ( o ) 2x, +3=-1 |x,=~2

* x, = 1=>y, =1 = phuong trinh tiép tuyén: y = —(x + 1) +1=—x
loaivi A=B=0.
* x, = —2 =y, = 0 = phuong trinh ti¢p tuyén .y = —x — 2
Viyy=-x-21a tiép tuyén cén tim.
Céch 2: Phuong trinh tiép tuyén A c6 dang :
x, +2

-1
T (x—x )40
(2x" + 3-)2 (x x”) 2x, +3

y= yi(xu)(x - X“)+ Yo =

y=0

A=ANOx=A:{ -1 X, +2
—_—x - + —

L(zxn + 3)2 (x xn) qu +3

x=2xﬁ+8xu+6
=
y=0

0

&> A (2x'f, + 8x,, + 6; O)

’x=0

BzAﬂOy:#B:«y -1

+2
(O—X“)"in):;ﬁ-

fl
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(x =0 |
2"(2; + 38x, +6

(‘2x” + 3)2

<=>.Y:2X3+8x“+6=>}3 0:
) 2
(‘2xn+3)

Xy * —1
*)

ViA,BzO=>2xf,+8x”+(izU<=>{ _
| X, = =3

Tam gidac AOB vudng cantai O & OA = OB
| l2x;z, + 8x,, + 6|

& |22 +8x, + 6 = .
(2x" + 3)

x, =-=1()
X, = —2 (n)

0

1
(2x, +3)

Viy phuong trinh tiép tuyén la: y = —x — 2.
Q Cau ll

&l= (do diéu kién (*)).

) 1
1. Didukign: {""* 7 73
sinx =1

(1) & (1 - 2sinx)cosx = ¥3(1 + 2sinx){1 - sinx)
& cosxX —2s8inxcosx = \/5(1 + sin x — 2sin? x)

&> cosX — \/i-’;sinx = sin2x + \/gcos‘ZX

= —l—cosx - ——@sinx = -l—sian + -—écos2x
2 2 2 2
2X—~3=X+E+k21t
~ T 6 3
@cos[x+§-]zcos[2x—-é-)¢> e -
2% — = = —|x +—|+ k2=
6 3]
0 ' 0 27
Sx=—-kK2nhodicx=—-——+k—
2 18 3

Vay phuong trinh ¢6 hai ho nghiém :x = % —k27; x = ——-1% + k%“
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Déi chiéu voi diéu kién ta chi nhan ho nghiém: x = _T% + k%"- :

. A . A (i ~ & . . - . r At . »
2. Diéu kién: x < —. Dé giai bai nay ta c6 thé lam theo hai céch sau
")
t+2
Cich 1: Pat t=33x -2 = x =

va t < —5\/2:— thay vao phuong
5

trinh ta dugc

5(t" +2) ,
2t + 3 6_———-——_3———8:U® 24 — 15t° = 8 — 2t

t<2 2
1 35 & | i

24— 15t = (8 - 2t) 24— 154" = (8- 21-,)

t<——-—
< \/_ St=-2&x=-2

1,)1; 4t 32t +40=0

Vay phu*orng trinh da cho ¢6 nghiém duy nhét x = -2,

5a° = 15x — 10
Cich 2: Bat a = I3x —2: b =6 -5%, b>0= 5
3b° =18 — 15x

= 5a% + 3b? = 8.

}_ __8—;-‘2a
2+3b-8=0 [T 3
Khi do ta ¢6 h¢: ’ 5 & 1 2
5a® + 3% = 8 \ (8.-2a)
TR —
3
8 —2a 8 —2a
b= b=
=X 3 = 3

1527 +4a? =322 +40=0 (a ~ 2)(15;1" — 26a + 20) _ 0

a=—2 3 :
::»f] A & x=-2,do 15a% —26a +20>0,Va € R.
3} =

Ciich 3: Phuong trinh 2(\/" 3x -2 + -2) " 3(J6 _bx ~ 4) =0
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Binh luan:

1. Phuong trinh da cho thudc dang phuong trinh lugng giac khong mau
myc. Pé giai phuong trinh khong miu muc ta sir dung cac phép bién dbi
luong giac dua phuong trinh dd cho vé phuong trinh thuomg gap.hoac
phuong trinh chi chita mdt ham sé lugng giac hodc phirong trinh tich. Trong

bi todn xudt hién V3 thi ta co thé lién wong toi cach dua vé dang phuong
.trinh béc nhat ddi vai sin va cos.

2. Piy 1a mot phuong trinh vo ti chira hai can léch bac. Vé nguyén tic
chung dé giai phuong trinh - bit phuong trinh chira can thirc thi ta phai tim
cach loai bo cin thirc. C6 hai cich ta thudng ding dé loai bo can thic d6 1a
lujf thira hai vé va dat an phu. O phuong trinh trén ta khong thé luy thira hai
vé duge vi trong phuong trinh chira hai cin léch bac, do d6 ta nghi 161 dat
mdt cin bang t khi d6 trong phuong trinh chi chira mét can thirc va viéc luy
thira d& dang thuc hién dugc. Véi cach giai thir hai ta d3 lam ting s an can
tim, phuong phap nay kha hiéu qua khi ta gip cac phuong trinh chira cic
ciin léch béc va cac biéu thirc trong cin dé thdy méi quan hé giai thoat 4n x .

Ta c6 dugc dang tong quat: u.',’/n ~f (x) + {i.f,"/b +f (x) =c
Pé giai phuong trinh nay ta dat u = ,"/a - f(x):v = =§jl) + f(x) .tacd hé:

oau+ 3v =c

ll“ + \,m =a+ b

= x n
. 2 2 2
QCaulll. Tacé: I = j(cos" X — cos’ x)dx = Icos" xdx - J‘cosz xdx

L 1}

4
- L V— ——

Tinh I, = 7: Djt t = sinx = dt = cosxdx

Pdican: Véi x =0 =t = 0, x=-:§-=>t=l
1

D

1_11 "21—11 27+t )dt =t ?‘t,“ lt"'
=>1—I(—-t)(t-j(—t+t)(t— -t

1t { 0

=>Il=1~»—2—+l=-§—.
3 5 15
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1 2
Tinh 12 = 7 E j 1+(o\2}\ dx = —3—(\( +%si112x}

Viy [ = 2 = &
ay [ = — ——.
y 15 4

Binh luin: Day la bai tich phan lugng giac kha co ban. Luu y khi gap tich phan
codang [ = fsin'“ (nx + b)cos“ (ux + h)dx ta thuong xur li nhu sau:
* Néu m ¢ ta thuc hién phép doi bién sd t = cos (ax + h)
* Néu n 1¢ ta thyc hién phép ddi bién sb t = sin(ax + b)
Véi luu y: sin’ (ax + b) =1 - cos” (ax + b)
* Néu m,n chin thi ta ha bac va bién dbi tich thanh tdng néu can.

Y, 1 — cos2a ) 1 + cos2a
Luuy: sin“a = ———— . cos” a = -——-—3——-

QCaulv
S

Vi hai mat phing (SBI) va (SCI)cx‘mg vuong
géc véi mat phing (ABCD) nén giao tuyén
cuia hai mat phing dé (SI) vudng goc vé mit
phing (ABCD)hay la SI L (ABCD)nén

D CK
V‘w ABCD T SI'SABLD
‘ AD(AB+CD)
Tacd:S, . = 5 =3a’.

Goi H Ia hinh chiéu cita I xuéng BC = BC L (SIH)

= SHI = ((SBC),(ABCD)) = 60"

Tam giac BCI vuong tai [ nén ta ¢é:

2
BC = CE + BI® = a5 > Same = %”?SAMB =a’.
S, . =§ S, —§ 3 2

= OApcT T PABCD —( AlDC AMH) '2'3
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2S ine.  3avh 3av15
= JH = —AIC » 3(“/; = SI = IH. tan 60" = Javis
BC 5

53

: &‘Jﬂ
Vay Vg apop = SISMM) =22 (dva.

Q Cau V.

Céch 1: Vi gia thlet va BDT (1) la nhimg biéu thirc dang cip dong thoi gia

thiét va BDT cén chimg minh déi ximg dbi voi y va z nén ta nghi toi
cach diat y = ax;z = bx.

Khi d6 (*) tro thanh: x(x + ax + bx) = 3abx?
& 14+ a+b=3ab (**) va(l) tré thanh:
(x + a.x):; + (x + bz«c)3 + 3(x + ax)(nx{- bx)(bx + x) < 5(ax -+ bx)3

& (1 + a)x + (1 + b)3 + 3(1 + a)(l + b)(a + b) < (a + 1))3 (2).

Vi (**) va (2) la nhimg biéu thirc dbi ximg ddi voi a,b nén ta nghi téi
cichdat S=a + b;P =ab

M,:- h. .ﬁ_ S ﬁP]‘ 822413 <=> ::l_g_.s_
-MOdi quan hé giira S v i T .
1+S5=3P |30 _45_4>0
p=1F>
Aad 3
S>2
Khi d6 :
1+S 4{1+8S
(1+a)(1+b)"~=1+a+b+ab::l+S+ o _ ( )

3 3
(1+a) +(141b) =(2 tas b) = 3(1+a)(1+b)(2+a+Db)
=(2+8) —4(1+5)(2+5)

Nén (2) & (2+S) —4(S* +35+2)+48(1+8) < 55"

25’ ~35-220¢ (25+1)(S—2)> 0 luon dingdo § > 2.
Viy bai toan da dugc chimg minh. '
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Ciach 2:
Dé théy dyz = (\ + z)z - (\ - z)2 < (\ + z)2
Tir gia thiét:

x(x+y +z) =J3vz = dvz = K(\: + \'+z)+yz z(x+y)(x+z)

:>(x+3)(\+;) (\ +4) = i(\+\)(x+z)(y+z)s3(y+z);s(1).

Ta s& chimg minh (x + y)'; +(x +z) 2(\ + z): .
That vay :

(x+y¥) +(x+2) =(x+v +\+/)[(\+\) -—(‘<+\)(x+z,)+(x+7)2]

3

(x+y) +(\+A (\(+y +\+4)[y + 2 +2x(x+y+.4)—4yz]

B

(x+§,) +(wc+/ (x+s+x+4)[v"’+z2+x(x+y+z)—yz]

)
= (x+y+x+2)(y +2" +3vz-yz)
(x+s)3+(x+4) (‘{+y+x+z)(y+z)2(2)
DE dang chimg minh duoc: v° + 2+ 14yz = 4(y +2) -3(y - 2)
(x+y+x+2) =4 +Ax(y +2) + (v +2) =4x(x +y +2) +(y +2)

= 4.3yz+(y+z)

(x+y+x+z)2—14y.4+y + 2 -4(\ +/) ~—3(y z) <4(y+z)2
:>x+y+x+z$2(y+z)(3)
Tir (2).(3) suy ra (x+ 5)' +(x+2)' 2(y +2)'(4)
T (). (1)suy

(x+‘\.)"+(x+z)a+3(x+})(x+é)(‘ +:s) | (} +£)'s‘
ra=x+y r):"—"'—‘12-(a+l)—-c)
Céchszaa:;ﬁhfg’zzwyzé(a_hﬂ)
LC_)-F& Z=_-12-(—-1+b+c)

—
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Tir gia thiét: x(x + v+ z) =zt =at+bh' - ah(l)
e ¢ o= (u + h)ia —3ab 2 (n + h)! - %(a + b)}3 = ;}( L+ l))£
Hay (Vu + h)2 < (20)2 =a+hb< 2(5(2)

Dang thirc can chimg minh < a' + b' + 3abe < 5¢*

<> (a + l))(:12 + b = nb) +'.3a!'>c < 25¢*
& (a+h)c” + 3abe < 25¢* (do (1))
Hay & (n + h)c: + 3ab < 25¢° (3)

Tu (2) = (a + h)c <2 (4)

¥

Mit khac: ab < :11'(:1, + l))* < —}(2() < ab<c? (5)

Tur (4) va(5) = dpem.

¢ =a’+b =ch

Ping thirc xay ra khi =>DX=y=2.
a = l) =C
Chay
rn=x+y
Cich3:bat: b=y +z
c=2+X

Tu giéthiét: x(x +y+ z) =3yvz=>bi=a’+c -ac

= b’ ==%(n+(:)2 +-§(a.—c)2 =>{

.t A . » . . . v h
Diéu cin chimg minh suy ra:a® + ¢* + 3abe < 5b°

a+c<2b

ac € b?

VT =a' +¢* + 3abe = (n + c)(zf +¢ - ac) + Jabe = (a + c)b'2 + 3abce

< (‘Zb) b? + 5b2 b = VT < 5b* (dpem).
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{ Cau Vl.a

1.

A -y, . .o . ‘ - - :
= Vi Eed= I:.(_a::) - n):> 1E :(u—~6:3-a)-
. | Goi N la trung diém cua AB =1 la trung diém

D ¢ coa LN nén :

Xy :'.le — X =12-a

: yo = 2y[ Sy =acl = N(I'Z—n:n— l)

= MN = (11 —aza - 6). Vi E L MN = MNIE =0

<:>(ll—;L)(n——ﬁ)-{—(u—ﬁ)(i}«—n):()¢:> ‘::g

*a=6= MN =(50)= pt AB:y-5=0
* a:7:>:‘\—lhl'—\!4:(4:1):*-f|)t AB:x -4y +19= 0.
2. Miit ciu (S) cO tim 1(1:2:3), bankinh R =5.

ﬁp—4_3~4

Khoang cich tir 1 dén (P): d(L(P)) '=3<R

= mjt phang (P)céu mat cau (S) theo mét dudng tron. Goi H, r lan
luot 14 tim va ban Kinh duomg tron d6=> H la hinh chiéu vudng goc cia I
1én mit phing (P) nén toa do cua H 1a nghiém cta hé

x =142t '
y=2-2t =9
3y &y = 0= H(%072).
Iy —z—d=0 £T2

Ban kinh r = JR? ~IH? = 4.
J Céiu Vll.a
Taco : z? -!~'2z+10={)«::>(z+l)2 :—9:=(3i)2
=z, = -1+3iz, =-1-3i.

= |4 = || = V10 = A =10+ 10 = 20.
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Q Céu VLb
1. Dudng tron (C)e6 tam1(=2:~2): ban kinh R = 2
Goi H 1a hinh chiéu cua l rén A.
Pé Acat duong tron (C) tai 2 diém A.B phén biét thi: [H < R
2 A2 2 32
iy = STHAB = HHA < T AHA AV R
AL 2 2 2

=1 khilH=HA=1<R

Khi do S

= max Sm_m

Il—dml > 5 )
4#-——--——=1<:>|l-—41u!: m +1<1-8m+16m° =m° 41

\/1‘112 +1

S15m’ —8m =0 =0 holic m = T8?—'
)
- . . s . » ’ -~ ~ a N . 8
Vayco2giatriciamthoamianyéucdula: m =0 vam = T
<}
L amBsnAB < liamoss, <R
Chiy:S,,,, = EIA.I[ sin A1} < 7 A = Span < 5 = 1

Ping thic Xy ra khi: sin AIB =1 hay AIB =90" = AAIB vuén;

15

cintai [ = d(I:A) = —\I;—_- = m = hodc m = _3_3_
2

2. Cich 1: Gid st M(a:bic)la diém cin tim.

VINIGAI—‘—'> " = - = c=Gb-9

a+1 b ¢c+9 a=bhb-1
=
1 G

Khoang cach tir M dén mp (P) la:

la, =2l + 2¢ - 1| B |1 th — 2u|

\/;’ + (—2)2 +2? |

Goi (Q) la mp qua M va vudng goc vai A, . ta co:

| d= (I(M:(P)) =

—-

nQ) = !_;A.z = (2; 1:-—2):;‘» (Q):'Z(.\' —n,) + 1(_\" - b)-—‘Z(z—c): 0
Hay (Q):2x +y =22+ 9h—16 =0
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Goi H la giao diém cua (Q) va A, = Toa do H la nghiém cua hé :

2x +v —224+9b—16 =0 |
x—1 v—=3 241 :¢H(\—2h+3:~h+4;2h~3)

2 ! 2
5 MH? = (3b— 4} + (2~ 1) + (1 - 6) = 29b% - 88h + 68
Yéu cau bai toan trér thanh: M = o

) (11h -~ 2())2
& 20h° — 88h + 68 =

& 261H? — 792b + 612 = 121b*% — 440b + 400

b=1
& 140b% - 352b + 212 =0 < 35b> - 88b + 53 =0 & 53 .
bh=—
35
Viy ¢6 2 diém thoa man la: M{0:1:=3)va M 18, ﬁ;-:’l- :
353535
’x =1-t
Cich2: A :{y=t .teR.MeAl::»M(l—t;t;—9+6t)‘
z = -9+ 0t
A, diqua A(1;3:-1) vi c6 VTCP u, = (21;1)
|[m'_‘:] 11t - 20
d(M;A,) = = = V20¢* - 88t + 68,d(M:(P)) = I-—-—-—--i
Uz '
. 11t — 20
d(M;a,) = d(2:(P)) & V291" - 88t + 68 = l—-_-—-—-l
&> 3587 -—88t+53-0<::>t-—1t-—3§:>M.
J
Q Cau VIl b,
2 2
: >0
DPiéu kién * Ty S xy >0,
xy >0

Viét lai hé dudi dang:
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2 -y
=3 'S:; :‘) =0 ) < {x? '\4 == (x:y) = (2:2).(—2z~ 2): thoa man

diéu kién. Viay nghiém cua hé la: (x: y) = (‘2;’2). (——2; —2).

~
ODES
DE THI TUYEN SINH DAI HOC KHOI B NAM 2009

1. PHAN CHUNG CHO TAT CA THI SINH

OCiul Chohamsé y =2x' - 4x* (1)
1. Khao sat sy bién thién va vé& db thi cia ham sb (1)

2. Véi cac gia tri nao cua m, phuong trinh x* 'x2 —‘2‘ =m co ding 6

nghiém thyc phan biét?.
Q Ciu il
1. Giai phuong trinh:

- - fa W ¥ . s 3
sin X + cos X sin2x + \/gcos 3x = 2(cos4x 4 sin x).

xy+x—}-1:7y

2. Giai h¢ phuong trinh { , . .
*P & x%y? + xy +1 = 13y

(x,yGIR).

B

O Céiu 1L Tinh tich phan [ = [>-*12X

| (x + 1)

Q Ciu IV. Cho hinh lang try tam gidc ABCA'B'C' ¢6 BB'=a, goc
gita dudmg thing BB' va mat phing (ABC) bing 60 tam giac ABC

dx .

vudng tai C va BAC = 60". Hinh chiéu vudng goc ciia diém B' 1én mat
phing (ABC) tring véi trong tdm cua tam gidc ABC. Tinh thé tich
khéi tir dién A'ABC theo a.
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0 Cdu V. Cho cic s6 thue x. v thay doi vathoa man: (x + v)* + dxy > 2.
Tim gia tri nho nhat cua biéu thuc:
A= :5(_'.\" v+ xz_\’z) ~ 2(.\:'“" + )’2)-!- 1.
II. PHAN RIENG ‘
Thi sinh chi duge chon Iam mét trong hai phan (phin A hodc B)

U Cau Vl6a

1. Trong mat phing v6i hé toa db Oxy cho dutmg on (C): (x — 2)° +y% = =
vahai duomg thing A, :x—v =0, A, :x -7y = 0. Xéc dinh toa dd tim §
va tinh ban kinh cua dudmg tron (CI ):biét dudng tron (Cl)iiép xuc vai cac
dufmg thang A;. A» va tim K thude duomg tron (C ) :

2. Trong khong gian véi hé toa d0 Oxyz cho tir dién ABCD ¢6 cac dinh
A(12:1), B(-21:3), C(2-1:1)va D(0:3:1). Viét phuong trinh mat
phing (P) di qua A. B sao cho khoang cach tir C dén (P) bing khoang céch
tir D dén (P).

O Ciu VILa. Tim s6 phirc z thoa man: lz — (2 + 1)‘ = \/E va z.; =25.

B, Thes caudng (inn N3ad 040
0 Céu VLb. | ‘

1. Trong mat phiang va&i hé toa d6 Oxycho tam giac ABC céan tai A ¢6 -
dinh A(-1:4)va cac dinh B.C thudc dudmg thing A: x —y —4 = 0. Xéc
dinh toa dj cac diém B va C | biet dién tich tam gidc ABC bang 18.

2. Trong khong gian voi hé toa 4 Oxyz . cho mat phéng () 6 phuong
trinh:x — 2y + 2z — 5= Ova hai diémA (~3:0:1), B(1:~1:3). Trong céc
dudmg thing di qua A va song song véi (P) . hily viét phuong trinh duémg
thing ma khoang cach tir B dén dudmg thing d6 12 nho nhit.

U Ciu VILb.

Tim cdc gia tri cua tham sé m € R dé duong thing y = —x + m cit d6
2

tai 2 diém phan biét A,B saocho AB = 4.

- A X
thj ham s6 y =
X
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O DAP AN PE 5

O Céau l.
1. Khao sat
e Tap xacdinh: D =R
e Su bién thién

* Chidu bién thién: y' = 8x® —8x; y'=0 &> x =0 hoic x = +1

Ham sb nghich bién trén (_,_,.,U:*l) va ( ():1);
dong bién trén : (—1:0) va (1:+m)
* Cyc tri: Ham sO dat cyc dai tai x = 0, Yep =03
dat cuc tidutai x = £1. Yor = —2.

*Gigihan: lim y = lim y =+~

X—— N— 4

* Bang bién thién

X | — -1 0 1 +00
y' - 0 +0 - 0 +
+00 0 +00
-2 -2
* P) thi:
_ Ya

------------------

- "
’ it
=

Py P

22 4

!

2. Timm...

Ta cé: x? Ix"2 —2| =1m & 2lex"2 - 2\ =2m (*)
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Phuong trinh ¢6 ding 6 nghiém phin biét < duong thang v = 2m cat

do thi ham s v = 2x° |><2 - 2[ tai 6 diém phan biét
D()\) [hl dlrfmg thﬁng y = 21m va ham Sé y = 2}(2 [x'_) _ 2I

2xt — 4x? khi x < —‘\/‘5 hay x > \/E

}?:2x2'x3-2|: _
m('Zx' — 4}(“)) khi — \,/5 <X < \/E
Khi do y = 2x"-’|x'2 —2| tring véi db thi ham sé y = 2x' — 4x? khi

X s—\/§ hoac x ?.\/‘E va d6i ximg cia d6 thi ciia ham sb (1) khi

- ‘2<x<\/5.

Ta ¢6 db thi cia ham sb y = 2x° |x2 _ 2[

...............

= X

S o o1 s

Dya vio db thi (C')ta thiy yéu ciu bai toan

e0<2m<2e0<m<l.
Q Cau II. |
1. Giai phuong trinh ...
Phuong trinh dd cho tuong duong véi

(1 — 2sin’® x)sin X + cos x sin 2x + \/gcos 3x = 2cos4x
& cos2xsin X + cosx cos2x + \[.‘;(‘,033)( = 2cos4x

& sindx + \[gcos 3x = 2cos4dx & cos [3}( — -E] = cos4dx

¢>4x=3x~—-%+k2w holic 4X"—'-’-3X+%+k2ﬂ

Véyx=—3+k21r ho#c x=—“-_-+k—2—15- (kEZ)
6 42 7
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2.Giai hé ...
Vi y = 0 khong théa hé di cho nén hé di cho:

1] «x
x+}_+l—_—7 X+; +;
& y ) = \ "2
2 X 1____ 3 1‘ %
X+t =1 X+ — 13

y Yy { y} y

1 . 1 .
Dita =x+—; bm—}i=>x2+—2-=n2-'2b.
y y y
a+b=7 a+b=7 la=4

a=-5

Ta cd hé: .
acohe b=12

) = ) <
al—-b=13 |a’+a—-20=0 |[b=3

hodc {

»

1
._.3r 3
X =9} x=3=>y=1

—
—

1
Al [x2—4x+3:0 x=1=y=
~ -~
3

ke |

— _F

»

1
+ — 2 [t .
+9x+12=0 ..
«f Y e hé vo nghiém.
1

_ x = 12y

2

« |

R , a 1
Vay h¢ da cho c6 hai cip nghiém: (x; y) = [1;-51,(3; 1) .

Chi y:

[xy +x+1=7Ty Xy+l=Ty-x
Hédacho ¢ , .

) & 2 .
Xy +xy+1=13y" " |(xy+1) =13y’ - xy

2

= (Ty - x) =13y’ + xy < (12y - x)(3y ~ x) =0.
0 Céu 1l
Tinh tich phén...
(u=3+Inx | dx
pat {5, dx = | "X

=(x+1)2 ‘V"'""— 1
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A

___>I=_$+ln\| I dx _ 3+l“3+,_3_+]‘dx s
L+x | {x(x +1) 4 > I T
— 3—-In3 +lul H ~lux+1|| [3+111£]
! 16
Q CaulV.

Tinh thé tich hinh chop...

Goi D la trung diém AC, G la trong tim AABC

s ——

= B'G L (ABC) = B'BG = 60"

G

= B'G = BB'.sinB' BGza

a \]

= B'G =BB'.sinB'BG =

BG=-2-=>BD_%;‘_ it AC = x

Trong AABC, tacé: BC = ACtanCAB = x tan60" = xv/3

=5 .'=¢2-BC.AC _ V9

Al
BC? + CD? = BD? =>-§—-+3x' LN LAY

2 B
= SaaBC = 9? J_(d dt) va B'G = BB'sinB'BG =-Pf‘-\.-[-_-

Thé tich khéi tir dién A'.ABC:

93

Y 5 (4.

A'ABC

Q Cau V.
Tim gi4 trj nho nhit. .

= Vyanc

1 1
= EB GSMB(

(x+y) +4xy > 2

Ta co: =>(x+y)3-+(x+y)2-—220

(x+y) —4xy >0

=x+y=>1.
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3(x +) )2 .’2}*2(x +y ) 1
2 (x2+y2)2]‘
>3(x2+yz) — 1
= -i-(x2 -i-yz)2 ‘-—2(3{2 +y2)+ 1.
( \
Patt=x>+y* > x+“) 2% t > -;—vaAE%t2-—2t+1

Xét ham sb: f(t)=§t2w2t+1,t2% co

f'(,t)z-g—t-?>0 Vt2%=>f(t)2f 2| =

=:>A_>_'-9-.Dﬁngthl.'rcxéyra ¢>x=y=-1—.

16 2

Viy gia tri nho nhit cia A béng I%
Q Ciéiu VLa

1. X4c dinh toa 43 tim K ...
Goi K(a;b), K € (C) & (n—2)’ +b2:f15— (1)
(C,) tiépxicvéi A, A, & d(K;A,)=d(K;4,)
I O L

A

Tur (1) va (2) tace:

[5(». 2) +5b2 =14 [5(41 z) +5h2 =4 0

5'& bl 'a. 7hl ‘\. b“-a b
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S{a—2) 4507 =4
Hodac )(»L ) Con (H)
HS{a - l)) = —a 4+ 7h
250 20 +16=0
(D) = vO nghieém.
h = —2a
a = 2h 8 4)
I & 5 = (:1;})) =|=1—
25h% —40b +16 = 0 55,
a—bl 2y2 8 4) 2V2
Ban kinh (CI,):Rzl l-—"— J_.Véy —i= véRzz—\C.
B2 5 55, 5

2. Viét phuong trinh mat phang (P)

Mit phang {P ) thoa man véu cau bai toan trong hai truomg hop sau:
Y ) g g hop

Truong hop 1: (P)di qua A.B song song véi CD

Véc to phap tuyén (I))Z;l = —A—I—.}.CD AB (— —1; 2) CD = (—2;4;0)

-y

= n= (-~8;~4:—14).

Phuong trinh (P) cAx +2y + 72 -15=10.

Trudng hop 2: (I”’)di qua A.B vacat CD = (P) cit CD tai trung diém I

cua CD.
I@h”ﬁ

Véc to phap tuyén ctia mat phénz,

If = (():—1:()).

‘n = [AB All = 2 0;3).

Phuong trinh (1‘) 2x+32-H =0,

Vay (P):4x+‘2y+7z—152() hodc (P):2x+3z—5:0.

Chi y: Goi (P):ax + by +cz+d = 0a’ +b" +c" >0

Ae(P)
Be(P)
d(C:(P)) = A(D:(P))

-

F,

(a+2b+c+d=0

~2a+b+3c+d=0

|‘2n—h+c+(ll 3 |3b + ¢ +d]

Jal+ b+ Jal+bl+ ¢
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Tim sb phirc z ...
Goi z = x + iy, z—-(‘2+i):(x——‘2)+(y—1)i

- (2+i) =10 & (x—2) +(v-1) =10 )

z.;::'Z-Sﬁxz—t-} =25 (2)
Gidi h¢ (1) va (2) ta dugc: (x:v) = (3:4). (5:0)
Vidy z=3+4i hodc z = 5.
Q Ciu VLb

1. Xéac dinh toa 49 B,C ..
Goi H la hinh chiéu cia A én A = H la trung diém BC.

AH = d(A,BC) = j’i BC = i}m =42

AB= AC = JAH2 BC) L .
4 2 |
97

(x+1)2+(y--4)2= >
Xx-y—4=0

Toa dd B,C la nghi€ém cua hé:

Giai hé ta dugc (x:y) [121 ;] hoic ( y) [.;_ __25.]

l"
VyB-l-l--E C-:-}-:——- hoacB?i——,C 1.3
2 2 2_2

2 2 2 2
Chay:

4 . A A ; s
| A\ Tam gidgc ABC cannén BH=CH = 202 va
A 3 HC BeA.B(x”:y“).

| 2 1 i 3 _1_1
- '(X"-——) '*'(.‘u'*'—) =8 o = 2

Ta ¢d h¢: 2 2 <
3
Xo ™Yo~ 4=10 Yo = '.'2'"

2. Lap phuong trinh duéng thing. ..
Goi A 1a duong thing cin tim; A nim trong mit

phing (Q) di qua A va song song voi (P) .
Phuong trinh (Q) X — ?y +224+1=0.




Goi K,H I hinh chiéu cua B trén A. (Q)

Taco BK > BH = AH la duong théng can tim.
Toa dd cua H 1a nghiém cuia hé:

1 -2 2 =H

X -2y +224+1=0

x—1 y+1 z-3
[9'9’9

_1.1.1.1]

AH - [zﬁ_.ﬂ __2_]
9 9 9
Vay phuong trinh A : ___ﬂ:l: Z_l.
26 11 —2
Q Cau VILb

Tim céc gia trj cua tham sé m ...

x? —1
Toadd A,B thoa:| » ~ ~ MW

y=-X++1n

2x’ —mx ~1=0, 0) (1
4=>Ix nx (x = 0) (1)
y=-X+4+1m

Ta thy (1) c6 hai nghiém thuc phén biét x,,x, khéc 0 véi moi m.
Goi A(xl;yl). B( X, Y, ) ta co:

AB? = (xl — x_z)z +(yl - y2)2 = 2(x] —x2)2

Ap dung dinh li Viet cho phirong trinh (1) ta dugc:

an

AB? = 21(){1 + x2)2 —4xx,| = -72-+ 4

2

2
AB=d46& - +1=16¢m =26
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O DE 6
DE THI TUYEN SINH DAI HOC KHO!I D NAM 2009

L PHAN CHUNG CHO TAT CA THI SINH
Q Caul Chohamsdy = x' (3m +2)x" +3m c6ddthila (C ). mla

tham sé thure. ’

1. Khao sat syr bién thién va v& db thi ciia ham sé da cho khi m = 0.

2. Tim m dé dudng thang y = —1cdt do thi (C, ) tai 4 diém phan biét
déu c6 hoanh d6 nho hon 2.
Q Cau Il

1. Giai phuong trinh: \/gcos HX — 2sin3x cos2x — sinx = ().

x(x+y+l)—3:~:()

(x +y)2 ~—32- +1= n(x’y <R).
X

2. Giai hé phuong trinh:

3
O Cau I1L Tinh tich phan: T = [— t
¢ =
Q Cau IV. Cho hinh iang try dimg ABCABC' cé ddy ABC la tam pidc
vuong tai BLAB =a, AA'=2a. A'C = 3a. Goi M Ia trung diém cua
doan thing A'C". I la giao diém cua AM va A'C. Tinh theo a thé tich
khoi tir dién IABC va khoang cach tir diém A dén mat phang (IBC).
O Cidu V. Cho cac sb thuc khong am x, y thay d6i vathoaman x +y = 1.
Tim gi4 tri 1on nhit va gi4 tri nho nht cua biéu thirc:

S = (4){2 + 33’)(4)—'2 + 3\) + 25xy .

dx

II. PHAN RIENG
Thi sinh chi duge chon Idm m§t trong hai phén (phdn A hodc B)

A. Theo chudng trinh Chuan

Q Ciu Via

1. Trong mat phang vé&i hé toa do Oxy, cho tam gidc ABC c6 M(2 0) la
trung diém cua canh AB. Duomg trung tuyén va dudng cao qua dinh A lan
lugt c6 phuong trinh la 7x —2v -~ 3 =0 va 6x —y — 4 = 0. Viét phuong
trinh duomg thang AC.

152



2. Trong khong gian voi hé toa d6 Oxyz. cho cic diém A (‘2: 1:()).
13(1:2:2). C(I:l:(}) va mat phang.

Xac dinh toa do diém D thude duomg thang AB sao cho duong thang CD
song song véi mat phing (I‘) X +y+z-20=10
[ Cau VILa. Trong mat phang toa dé Oxy. tim tip hop diém biéu dién cac

sé phire z thoa man diéu kién 1;: -(3- 4i)| _y

B. Theo chugng trinh Ning cao

Q Ciu VLb.

1. Trong mat phang voi hé toa do Oxy. cho duong tron (() c6 phuong
2 . | , ,
ainh: (x — 1) 4y =1. Goi I la tim cia (C). Xéc dinh toa do diém M
thuge (C)sao cho TMO = 30",

2. Trong khong gian véi hé toa do Oxyz. cho.duong thang

A XTZ = }:2 - Zlvamatphéng (P):x+2y -324+4=0.

Viét phuong trinh duong thang d nam trong (P) sao cho d cit va vudng

goc vai dudng thing A.
0 Ciu VILb. Tim cac gid tri cua tham sé m dé duong thing
x?+x-1

X
A, B sao cho trung diém cua doan thiang AB thudc tryc tung,

y = —2x + m céit d thi ham s v = tai hai diém phan biét

O DAP AN DE 6

O Caul

1. Khdo sat...

Khi m = 0.y = x' —2x*
e Tap xac dinh D =R
e Sy bién thién:

* Chiéu bién thién: v' = Ix* —4x; y'= 0 & x = %1 hojic x = 0.
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* Ham sb nghich bién trén (——m; - 1) va (U; 1) : ddng bién trén
(—»1: ()) va (I;+ 'x;)
* Cuc tri: Ham sd dat cuc tidu tai x = £ 1. Yer = —1

dat cuc dat tal x = 0, yC})=O
*Gigihan: lim y = lim y= 400

N NN

* Bang bién thién

X | —ro ~1 0 1 4+
y' - 6 +0 - 0 +
+ 0 +00
~1 -1
o Db thi:
AY
v _8- -----
v \-1 |01 .
-2 - x

2. Timm...
Phuong trinh hoanh do giao diém cua (C,, ) va dwong thing
y=-1:x"=(3mn +2)x* + 3m = —1
Pat t = x°.t > 0: phuong trinh trg thanh: |
t? —(3m+‘2)t+3m +1=0&t=1hodc t=3m+1.
Yéu cdu bai toan twong duong

O0<3m+1<4 1
S -——<m<lim=0
dm+1=1 3

QCaull
1. Giai phuong trinh...
Phuong trinh da cho twong duong:
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\/5 cos HX — (¢ indHx+ sin x) —sinx =0

& V3 cosDHX — st Hx = 2sinx

J3 1 [~

& ——cos DX — —2—.~:iu-‘3x = SN < sin|—— 3X|{=sinx

T . T
& — —5x = x + k2whodc — —5x = 7 - x + k27

Viy x =—1:—+k3hoéc x:——E—FkE(kEZ).
18 3 6 2

2. Giai hé phuong trinh...

3
x+y+1l-—=0
Hé da cho twong duong : , 5"
(»<+y)—;;+1=0
x+v=;—l x+y=§—l
& A Sd DI X
[--1]--‘3-+1=0 —-=+2=0
X xz | X X
el hojc | X 2 1@[ hodc 3
X+y=2 X +y== y= x=———§
Nghi¢m cua hé : (x:y) = (lzl)vé (x:y) = 12— §- :
2

A *a o« . . A 1
Chiy: Dédongianbaitoan. cothé dit u=x+y,v=—
X

Cach khac: Véi didukién x # Ou = x(x + y),v = x

Hé di cho viét lai: )

x(x+y)+x=3 u+v=3
2 2 hnd
X (x+y) +X° =)

QO Ciu il
Tinh tich phan...
bitt =c",dx = %:x =lLt=ex=3t=¢
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4 4

_pode ol 1)
I#,jt(t—-l)_l__'[[t—l Ulh,

= luit — lléi — ]n!t”f‘ = lu(c" + ¢+ 1)*— 2.

QO CaulVv
Tinh thé tich khédi chop...
a —H : HaIH L AC (H € AC)
iy = IH 1 (ABC): IH la duong cao cta tir dién
20 ANin ‘
SN IABC = IH/ /AA' = M _
A TN AA' CA'
2\
B

= [H= %AA' = -4-;3./-\(.? = VA'C - A'A% = a5,

L4

BC = VAC? — AB? = 2.
Dién tich tam gide ABC:S, . = %ABBC = .

4.3
Thé tich khéi tir dign JABC: V = ~IHS, .. = - .
. 3 A

Ha AK L A'B(K € A'B).
Vi BC L (ABB'A") nén AK L BC = AK 1 (IBC).
Khodng cach tir A dén mat phang (IBC) la AK

AK _ 28:3;\:\‘!3 L A;At[/\l; . 251,\/';)-

A'B \/A'A"’j-%-AB‘2 )
QCauV
Tim gia tr1 lon nhat. gid tri nho nhat
Do x+y =1 nén:

S = 16x%y? + l2(x3 + y;") + 9xy + 25xy

= 16x%y* + 12

156

(.\' + _\')" — 3xy(x + \)] + 3dxy = 16x2y2 - 2xy +12.



Pbat t = xv. ta dugc:

; 2
y (x + _\')
S=16t" =2t +12:0 < xv < "
Xét ham s6 f(t) = 16t° - 2t + 12 trén dogn |0 lil
1

f%t)::32t~»2ﬂ“(qzz()¢¢t;:

f[L]_101 f1)_25
16) 16 {4) 2
maxf(t):f-l- =2—)- uuuf() fi :19-l
. 4 M 16 16
- n-*
g j
25
Gia tri 16n nhat cua S bz"mg: —
X+y=1 11
Khi 1 @(x:y):[— —].
Xy = — 2 2
4
XxX+y=1
Gia tri nhé nhét ctia S bing 191, ; Khi d
16 xy = 16
' 2+V3 2-13 2-v3 2413
& (xy)= ; hoac (x;y) = -3 .
o) =[R2 e ) - [ 2
0 Cau Vla.
1. Viét phuong trinh dudng thang...
Toads A thoamanhe: |~ 2> 27" A(12)
: = Al(L2
oa do oa mén h¢ 6x—y—d=0 (

B dbi xung vai A qua M,suyra B = (3;_

]
léLEMly
4 v

i—(—i:f(u) =12,

2).

Pudmg thang BC di qua B va vudng goc voi dudng thing:

4=0
Phuong trinh BC:x + 6y +9 = 0.

6x —y —
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Toa d6 trung diém N cua BC thoa man hé: %

7x—-2y—-3=0 ] 3 — —_—

Gy 49—0 = N{U_:—_—z— = AC =2MN = (-4 3):
Phuong trinh duomg thing AC:3x -4y +5=0 e,
2. Xac dinh toa do diém D ...

x=2—-1
Kf.i = (—'1; 1;‘2),phl.r0ng trinh AB:{y=1+1¢
7z =21

D thudc duong fhéng AB= D(‘Z —t:1+ t;‘2t) = C_ﬁ = (1 —t; t;2t).
Vécto phép tuyén ciia miat phing (P) = (1; 1;1)

CD//(P)&nCD=0®1(1-t)+11+12t= O@t——-_—%.

2 2
Q Ciu VIia.
Tim tip hop cic diém...
bit z = x+yi(x,y€ IR): z—3+4i= (x—3)+(y+4)i.

Vay D[é:-l—:-—I].

Tir gia thiét, ta co: \/(x —3) +(y+4) =26 (x-3) +(y+4) =4.
Tép hop diém biéu dién céc s phirc 2 la dudng tron tam 1(3;— 4) ban
kinh R = 2.

Q Céu VIb.
1. Xéc dinh toa d9 diém M ...

Goi diém M (a;b). Do M(a;b) thugc (C) nén
(a1 +b2 =10€(C)=10=IM=1.

Tam gidc IMO c6 OIM = 120" nén
OM? = 10? + IM? - 210.IM.cos120" & a® + b? = 3.
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(uwl)z—l—l‘)z:l a:TZ—

Toa do diém M langhiémcuahé: {* = .
a+ b =3 !__,‘/5
) = Lt —
2
,’“.
3 3
Vay M = —:fLJ.
22

2. Viét phuong trinh duong thang...
Toa d diém I cua A voi (P) thoa man hé:
x+2 y-2 z

1 1 —1=(=311).
X+2y—-3z+4=10

Véc to phap tuyén cua ( P) :; = (1:2; —3); vec to chi phuong cua A:
| i=(11-1).
Pudmg thang dcan tim qua 1 va c6 vec to chi phuong
; = [:11_;] = (1;—2;—1).

x=-3+t
Phuong trinh d :{y =1 -2t
z=1-1

01 Céu VIib.
Tim cac gia tri cua tham 56 ...
Phuong trinh hoanh dé giao diém :

xX+x—1

" _:—-2x+1n<=>3x2Qi—(l——m)x——le(x:::O).

Phuong trinh ¢6 2 nghi¢m phén bigt x ;x, khdc 0 vé&i moi m
Hodnh d6 trung diém I cia AB: x, = —L . R ms !
IeOy & x =0®—1P—é-_—1-=0®m=1.
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O PE 7

I. PHAN CHUNG CHO TAT CA THI SINH
QCaul Chohamsd v =x" +3x? +4 codd thi lz‘i(C).

1. Khao sat sy bién thién va vé do thi ((‘) cua ham sd.

2. Gia str parabol (I-’) cv=ax? +bx + ¢ .(n # O)luén di qua cac diém cwn
dai, cye tiéu cta ham sb. Viét phuong trinh (P)dé parabol (P) ludn tiép xi
voi duomg thing y = 2x .

Q Cau Il

1. Giai phuong trinh : 2 sin® x + 4 cos” x = 3sinx.

§ 1
<2x+—+35,
N x 2X

2. Giai bat phuong trinh : 5Vx +

10

Q Céu IIL. Tinh tich phan:1 = | dx

s X=2vx -1

Q Cau IV. Cho tir dién ABCD co:

4

AB;cnz-zx,(uﬂ <—2-2-) viAC=BC=BD=DA=1.
Tinh thé tich tir dién ABCD theo x. Tim x dé thé tich nay Iém nhét v.

tinh gia tej 1on nhit do. |
0 Cau V. Cho céc sb thuc duong a.b,c bit ki. Chimg minh ring:

(a? + Pc)(b.+ c) (b? + c.:a)(c .+ a) (c'z. + ajb)(a.+ b) 5 3‘[2-.
:a.(b2 + cz) | b(c”} + a“’) c(az + bz)
II. PHAN RIENG
~ Thi sinh chi duge chgn Idm m§t trong hai phdn (phdn A hojc B)

A. Trso chysng tninn Chuan |

+

QO Ciu Vla
1. Trong mat phing véi hé truc toa dd Oxy cho duong tron (C)

x? +y* = 1. Duomg tron (C')tam 1(2:2) cét (C)tai céc diém A, Bsao ch

AB = /2 . Viét phuong trinh duong thing AB.
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o

2. Trong khong gian vai hé truc toa dé vudng goc Oxyzcho A(‘Z; 5;3)

‘ . g : x—-1 v z-2
va dudng thang (d): =

2 1 2
(Q)chlfra (d) sao cho khoang cach tir A dén (Q) I6m nhat.

Viét phuong trinh mat phang

O Cau VIla. Tim m dé phuong trinh: x* +mx + 3i =0 c6 tong binh
phuong 2 nghiém bing 8.

B. Theo chudng trinh Nang cao

0 Cau VLb (2,0 diém)

1. Trong mat phing v6i hé toa d6 Oxy cho hai dudng thing
dpx—y=0d;2x+y—-1=0. Tim toa d§0 cac dinh hinh vudng
ABCD biét rang dinh A thuge d . dinh C thudc d, va cac dinh B,D
thudc truc hoanh. |

2. Trong khdng gian Oxyzcho mit cdu (S) :

(x +1) +(y +2) +(z+3) =14 vadiém M(-1-3,-2).

Lap phuong trinh mt phang (P)di qua sao cho (P)cét (S) theo mot
giao tuyén 1a duomg tron c6 ban kinh nho nhat.
Q Ciu VILb. Tinh: S=C), - C}, +C,, +...+ C; + C};
O PAP AN DE 7
O Caul

1. Ban doc tu giai.

2. Theo cau 1. ham sb dat cuc dai tai A (—-2; 0) va dat cyc tidu tai B(O; 4) .

Vi parabol (P) ludn di qua cac diém cuc dai, cyrc tiéu cia ham sb nén ta

co hé {:a:_42b+0=0 @{::za+2:>(l’):y=ax2+2(a+1)x+4.

Parabol (P) ludn tiép xuc dudng thing y = 2x tai diém (xﬂ;yo) , khi hé¢
Jaxa + ‘2(a. + l)x0 +4 =2x,

phuong trinh : 4/

l'\uxé + '2(:1 + 1) Xg + 4)! — (on)' (*) c6 nghi¢m Xg -
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Khid(')(*)c:a . =_La¢“<:>a=4:D(P):yz4x2+1(]x+4.

Q Cau ll
. 3 a4 3 L2 2.
1. 2sin” X + 4cox” X = 3sinx = 3sin x{sin® x + cos x)
 2wind v a2 v ee? v
= 3sin’” X + 3sin x.cos” X

& sind x —cos® x + 3sinx.cos? x —3cos® x =0
<> (sinx - cos x)(si112 X +sin x.cos x + con? x)

+3cos X (sinx —cosx) =0
& (Sin X — Cos x)(si112 X + Sl X. ¢0S X + 4 cos® x) =0
sinX —cosx =0 (l)

2

S| _ ,
sin“ x +simx.cosx +4cos” x =10 (2)

o Giai (1)@ tanx =16 x == +kn
4
o Giai (2)
* DEthiy cosx =0 x = —g— + mn khéng 1a nghiém phuong trinh (2)
* Vi cosx 20> x # % + ., chia ca hai vé phuong trinh (2) cho cos? x
Khi d6 phuong trinh (2) trés thanh : tan® x + tanx +4 =0 (3), phuong
trinh (3) vd nghiém, nén phuong trinh (2) vo nghiém .
n n
Viy phuong trinh da cho ¢6 mét ho nghi¢m x = 1 +km.
2. Didukién: x >0

' 1 1
Bét phuong trinh da cho viét lai : S[J; + ———} < Q[X + Z;J +5 (1)
2Vx

Dit: £ = Vx + ——= 22 (2).do x>0.

e

. . 1 1 -
] A ¢ 2—- m— — 2_
Kh1d0(2)<:>t mx+4x+1:>x+4x t° -1
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I/\

Phuong trinh (1) < 5t sz(r’ —1)+-’5<::»2t"3 -5t+320
' t

IV

1
3
2

>3
2
1 3 ] 2,
i+ —= 22 {2(&)—3&”20
: 2 <

Khi do (2) & 2x 0
x> X
( 1
2 D<x <—
A | VS
x=21
x>0

Vay tap nghiém ciia bét phuong trinh da cho la: T = [0; —i—jl v [1; +oo)

Q Cau 11
Ditx~-1=t> = x =t* +1.dx = 2tdt
Pdicin: x=5=2>t=2x=10>t=3

3 . (s _ 3
Khido 1= | 2 =2I£t——1—)—j—l-dt=2j Lt — [dt
2(t2+1)-2t 2 (t—l)'2 3| t-1 (t-—l)
- 3
=2-lu|t-1|-——t—}-]2= [(1112—-;-]-—(0—1)]=2(ln2+ )
( 1

=2/ In2+ne? =21n(2\/;)=1n(2\/;)2=1n4e.

\
Q CaulV
Goi 1,J14n luot 1a trung diém cia céc canh AB,CD
£ 1 , 1
Dé thy V.mc D= V\KD + Vmcn’ V.-\l(‘D = EAIblcn’ Vmc:) = gBI'Sch
. 1 1
Hay : Vi = =S (AL+BI). S, = 5 1CD

163



Dé dang chimg minh dugc 1] 1a doan vudng goc chung cua AB,CD
Taco: 1)) =CI =CJ  =1-2x"., Al = Bl = x

:>SIC =-é— ]CD-—% 1-2x".2x = xV1 - 2x* (dvdt).

g 2
2: N1 =2x% (dvtr).

VABCD = %Sl('[)(AI+ BI) = %x-” - 2x” (X + x) =

.2,.3{:_ r__1~—2x2=;2—.\/x2.x2(1-—‘2x")<2. x2+x2+(1—’2x2) 3= ,
3 3 3

3 93
Piang thic xay rakhi: x* =x’ =1-2x’ & x = if.
. J§
Vay max VAB(,D = ; \/,. =
QCauVv

it x = a.(bz +c2),y = b(c2 +az),z = 'c(a2 + 1)2). Khi d6, bat ding

thfrccz’inch(mgminhchinhlé:‘/‘Y+z +JZ+X +\/"+y > 342.

X y z

Sir dung bat dang thirc Cosi bo ba sb, ta co

Jy+z+\/z+x /X+v>3\/\/y+z Jz+x \Fwy
X A

(x +y)(y +2)(z +x)
Xyz
Didu nay mot 1an nira lai ding theo bét dang thirc Cdsi vi
(-x + y)(y + z)(z +x) S 2%y - 2yyz zx
Xyz - XYZ
Bét déng thirc chimg minh xong,
Déu déng thirc xay ra khi vachikhia =b=c > 0.
Q Céu VLa
1. Céich 1: Dudmg thing Ol nbi 2 tam cia 2 dudmg trdn (C),(C')1a
dudng phin gidc y = x. Do d6, duong ABvudng géc voi dudng thing
y = x = hé s goc cua dudng thing AB bing -1.

> 8.

Viy ta can chi ra duoc

= 8.
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Vi AB = V2 = A.13 phii la giao diém cia (C) véi Ox,Oy.

Suy ra A((J:l).B(]:())
A'(=1:0).B"(0:-1)
Suy ra phuong trinh (AB) y=-x~—-lLy=-x+1.

Cdch khdc: phuong trinh AB cédang: v = ~x +m.
Phuong trinh hoanh do giao diém cua AB la:

P+ (=x+n)! =1 2x° —2mx +m’ —1=0(1)

(1)co A'=2-m’ . goi x .x,la nghiém cta (1) ta cé:

AB? =2 & 2(x, - x, ) =2¢$(x2—x1)2 =1

4A" :
¢::>-—-_2—=l':::>2--m2 =] & =11,
a

Suy ra phuong trinh (AB) y=-X—-Ly=-x+1,
2. Gia sir mat phéang (Q) ¢6 phuong trinh dang :

ax+bhv+cez+4d=0a+b" +c2 >0,
Cach 1: '
((l) ¢ vecto chi phuong 1a = ('2; 1:2) va qua diém N (1; 0; '2), (Q) ¢

vecto phap tuyén 1 n = (a:hxc) # 0. Mat phing (Q) chira (d) khi

nlu dn+bede=( |l=ath 1

@ : L]

NE(Q)Q a+2c+d=0 C=_251+b ()
2

Khoang cach tir A dén (Q):

I o _2a+b
[20.+ 5b + 3¢ + i 20 +5b+ 3( J +(a+Db)

(afe) 2 2 ;
Jal + 1 +e \/a* b (_ 2a +b]a

d
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Thu gon réi chia hai trudng hop
e b =0, truong hop nay khong thoa dé bai .
e b = 0, chiacatrvamaucho b.

Khoang cach tir A dén (Q) I6n nhitkhi a =1b=-4>c=1d=-3.

Matphéng (Q):x—4y+z—3=().
Ciach 2:
Goi M Ia hinh chiéu vudng goc ctia A 1én duong thang (d). khi d6

{%; (idl)} & ..o M(3:1;4).
Gia sir (P) 1a mat phing thy ¥ chia (d). khi d6 M & (P).
Ké AH 1 (P).khi d6 AH < AM.
Mt phing (Q)chira (cl) sao cho khoang cich tir A dén (Q) Iém nhit
chinh 12 mat phing chira (d) dong thai vudng goc voi AM .

X _jqua M(3:1:4)" : o a
Viy (Q).{\'tpt ;//R—ﬁ:(h_&l)@((}).x dv+2-3=0.
O Céu VilLa
Theo bai ra ta co: x'f + x‘f =8 (x‘ +x2)2 -2x.x, = 8(1) :

U , |x, +x, =-m
Theo dinh 1i Viet ta co . (2)
Xx, =31

Tur (1) va (2)suy ra m* - 6i =8 <> m’ =8+6i = mla mdt cin béc
hai cua 8 + 6i.
Goi z = x + yi,(x.y € R)1a mot céin bic hai ctia 8 + i nghia la

2 . .
(x+iy) =8+6i & x’ -y +2ixy =8+ 6i
xXX-y'=8 |x'-y'=8 x!=9 [x=2%3
= =9, =N o
2xy =6 x*+y =10 v =1 y = %1
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‘ . x=3 _ |x=-3
Do x.v cung dau suy ra hoac
V= ! l\ = -1

Vay 8 +Gico 2 canbac haila 3+1va -3 -1.
0O Cau VLb
LViAed = A(tt). A va C ddi ximg nhau qua BD va
B.DeOx = C(t;—-t).
ViCed, = 2t—t—1=0®t=1 Viy A(:1).C(5-1).
Trung diém cua AC 1a 1{L:0).

IA=IB=1

Vi I 1a tdm cua hinh vudng né :
i I 1atam cua hinh vudng nén D= IA =1

B.D € Ox = B{1x0).D(k:0) =

p-qzl b=0b=2
ld—qzlﬁ'dzudzz

= B(0:0).D(20) hoac B(2:0),D(0:0)
Vay A(1:1).B(0:0).C(L1:~1).D(2:0)
hozc A (1:1),B(2;0),C(1,~1),D(0;0)
2. Mt cu (S) ¢ tam 1(~1:-2-3) vabinkinh R = V14.
Vi IM < R nén mat phing (P)cit mit cu (S) theo mot giao tuyén Ia

dudmg tron .

Pé dudmg tron c6 ban kinh nho nhit < VR? — IH? nho nhét (H 14 hinh
chiéu vudng goc cua T trén mat phang (P))

& IH lom nhite> M = H & IM = (0:1:-1)1a VTPT cia (P).
Vay (P)c() phuong trinh la y -z + 1 = 0.
Q Cau VILb. |
(1+1)" = (O + CLit +CLi' + ..+ Ch) +(Clyi + Cli* + ... + Cli™)
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Phén thyc ¢ vé phai la: C}, + C2i* + CLi' +...+ C (1)
Mit khac:

14 } 1C !
= (\/g) COS8 _1_9_11 + 151N 19w
4 4

Phén thyc & vé phai la: —2"(2).
Tir (1)va (2) suyra C), + C,i* + Cli' +...+ Cl) = =2" = 512

OPE 8

I. PHAN CHUNG CHO TAT CA THI SINH
QCaul.Chohamsd y=x"+ (1 - 21‘11)}(2 + ('2 ~ m)x +m+2 meR.

1. Khao sat sur bién thién va vé do thi (C) cta ham sé véi m = 2.
2. Tim tham s m € R dé d6 thi cua ham sb c6 tiép tuyén tao vai dudmg
thing (d) : X+y+7=0 goc a.biét cosa = -\/—1—_-
26
0 Cau Il
1. Giai phuong trinh: V3* -5 + \/1() -3 - \/15.3x -50-9° =1.

2. Giai phuong trinh: 2cos’ (f:_ - 'Zx) + 3 cosdx = 4cos’x - 1.

’ |
O Cu H1. Tinh tich phan: 1= [—2F1 dx.

“(1+\/1+—‘.2x)2

@ Céu IV. Cho hinh chop tam giac déu S.ABC c6 canh bén bang a, goc &
day cia mit bén 12 a. Ching minh :

V= En:’ COS” (v Jsin(u + 30")si11 ((x — 3()") :
3
Q Cdu V: Cho cic s6 thue duong a.b.c théamin a + b + ¢ = 6.

Chimg minh rng: (11+a”)(11+1?)(11+ ¢’} +120abe 2 4320
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II. PHAN RIENG
Thi sinh chi dugc chgn Iam mét trong hai phan (phin A hogc B)

A. Theo chudang frinh Chuan

0 Cau Vla.

I. Trong mat phang vai hé toa do Oxy cho dicm M (1:—~1) va hai duong
thang d:x-yv-1=04d,:2x+yv-5=0.Goi Alagiao diém coa d, va
d_Z.Viét phuong trinh duomg thang A qua M cit d, vad, lanlugt o B va C
sao cho ba diém A.B.C tao thanh tam giac c6 BC= 3AB.

2. Trong khéng gian Oxyz cho 2 dudng thang

X =2t (x =t
(d])q-' = t,(d2 v =3-t.
kz==4 Lz:()

Viét phurong trinh mat phiang cach déu 2 dudmg thing (dl ) ,((l _2).
O Ciu Vila.
Trén mit phang cho da gidc 16i 10canh T = A A ...A . Xét cic tam gidc c6

3 dinh cia tam giac T. Hoi trong sd céc tam giac c6 bao nhiéu tam giac ma
3 canh cua nd déu khong phai 1a 3 canh cua tam giac T'?

B. Theo chugng trinh Nﬁﬁg ¢ao
Q Cau VLb.

1. Viét phuong trinh dudmg tron di qua hai diém A(2;5),B(4;1)vé tiép
xuc van dudng thang co phuong trinh 3x - v +9 =0,

2. Tim trén giao tuyén cia hai mat phang (P) :Xx+4y-5=0 va
(Q) :3x —y +z~2 =0 nhimg diém M sao cho khoang cich tir M dén
mit phing (b) : 2x =2y — #+ 7 = 0 mot khoang bang 2.

0 Céu VILb. Tim cac gia tri x trong khai trién nhj thirc Newton:

[\}‘212(1"M:;\) + \/—27 -!)MJ biét rang sb hang thir 6 cua khai trién bang 21

va Cl +C) =2C..
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O PAP AN DL 8

QO Caul
1. Ban doc tr giai
2. Goi k 1a h¢ so goce cua ugp tuyén

=5 tiép tuyén ¢6 vécto phap n, :-(k: —1)

Puomg thang ((l:) ¢6 vécto phap u, = (l:'l)

Tacé'cma—m:'—l@ . Ik—ll
' il V26 BVK el
-
o 12k =26k +12 = 0 < 3
k, = =
T3

Yéu cdu ciia bai toan thoa min < it nhdt mét trong hai phuong trinh:
y' =k, (1) va v'= k__,(‘Z) ¢ nghiém x

3x* +2(l —2111),\' +2—-1m = é(.m)
= 2 c6 nghiém
h3x2’ +‘2(1 - 2111)x +2-m= E(h)

A' 20 S’ -2m-120 ms<—-—mz2-— ms<-—
it A'ﬂ>0¢£p i’ 3>0 < 3 e 14
T T e mmemg s m<-=—m2>1 m2 -
. i 4 B 2
OCaull

1LBat: t= V3 =5 +v10-3" (1> 0) = ¢ =5+ 2V15.3° ~50 - 9"
Khi d6 tir phuong trinh da cho suy ra:

. t=3

t"—2t-3=()¢:>{ B 1:> t = 3 thoa man.

A —

Vii t=3 e V3 =5+ Y10 -3 =,3(»:).

bty =3y > 0.
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Khi do (*) =0=5+ 2\/153.*\' ~ 50 - v e \/I')\ - 50—yt =2

| [v=9 [3=9 [x=2
v =IOV 0l =0 =2 <> .
IL\:() 13 =6 x = log, 6
3 :

r

2. Phuong trinh dd cho < | + (-ustg— - ~lx) + \/gcun‘ dx = dcos’ x -1

& sindx + ﬁ(;c)ﬁ-lx = '2(2(:053 X — 1)

o> l sl + [3— cosdx = cos2x

| T X = 1l+k1t
& cos| I —— | = cos2x © 12 keR.

G _T Lk

! 36 3

|
Q Céu 1L Tinh tich phin: | = I A —dx
4 (l +1+ 2x)

t? -2t

Ix
Datt =1+ V1 +2x = dt = ( =>dx=(t-1)dt va x =
| vi+2x ( )

U =20+ 2)(1 - | Lt — -~
Ta co lzlj( ))( ) ="I"It 3t +4t Zdt
2 { 2
1 . . R . !
=-1-j(c.-3+i-3,-}u -1 i—3t+41u|t|+-2- — 22—,
2 ¢S 202 t), 1

QO CiaulV
Goi SH.SI lan luot a duong cao. trung doan cua hinh chép .

Theo gia thiét, goc & day cua mit bén la a < SBC = a,SB =

——

Tuy nhién goc gitra mat bén va mat day la SIA

v=Llg sn=tBC ‘/_su - -—‘EBC“ SH
3 J 12

ASBI vudng. Bl = SB.cosa = acosa = BC = 2Bl = 2a.cosa

2 B(\/_ _ 23

ASBH vuéng, BH = — COS (%
3 3
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i3 —dcos‘

V

SH? = SB* — BH' = f_‘?(.:s ~Jeos' )= SH =a

1

b d -i - !I -
V = —a’ cos’ ovv3 — Leos’ o

3*4C031,(\ :—'_-3—4-1-1’_-—(2—2(—\::2[1

— — CON '.Zw] = ‘2((’03 60" — cos ‘2(\)
2

V= —%a” cos’ (x\ﬁ-‘.iu(u + 3(1").%11((\ - 3()”)
3
O Cau V. Khai trién bat ding thirc can chimg minh. ta thu dugc
121 (n2 +b’ + c"") + ll,(n'“'})"' +h'e’ + c"’n"’) +

+(u3|)2c" + 3()') + 1 20abe 2 3025
Sir dung bat dang tthirc Cosi. ta co: a’b’c’ + 36 = 12abce
Viy bai todn quy vé ching minh
121(a” + 17 +e*) + 11 {a'h? + b’ + ¢'a’) + 132abe 2 3025
=3 11(:;2 +b + ¢ ) +a’h + b +ea + 2;11)(:(;1 +b+ c) > 275
= 11.[36 —2(ab + be + Cu)] +a’h’ + et +cfal +

+2abe(a + b +¢) 2275

o1 - '2'2(nh + he + (:u) + (n.]) + he + C“)z 20

== (ab + be + ca - ll)L 20
Bit ddng thirc cudi ciing hién nhién dang. Chimg minh hoan tét.

[a+b+c=6
Déu bing xay ra khi a.b,c la nghiém cua hé: {abc =6

ab+be+ca=11

\

Tir d6 suy ra a,b.c 1a 3 nghiém phan biét ciia phuong trinh bic ba:
X' = 6X* + 11X - 6 = 0 (theo dinh li Viét dao).
& (a, b, c) = (1. 2. 3)\'& cac hoan vi.
* Nhjn xét: Mot bai toan hoan toan d&i ximg nhung diu bang lai xay ra

khi 3 bién léch nhau va khong ¢ bién néo bang 0. qua la rit dic biét phai
khong céac ban ?
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U Ciu V06a
1. Taco toa do diecm A la nghiém cua hé:

X-v-1=40 X
3 I
2X+v-=-H=10 \Y
Lay diém E(3:2) €d (E £ \) Tatim trén d, diém F.F # A sao

cho EF = 3AE

Do F e (l_) = F(x:-ﬁ—?xl).

fl

f:bA('Z:l)

It

Khi d6: EF = 3AE & (x-3) +(3-2x) =18
[x=0 [F(0:5)

<:>5x2—18x:()<::>[ 18 & (18 11J
X = — Fi—i——

5 :

-

')

3

L.

= BC||EF = A || EF

BC=3AB F§EF AE
Vi = =
EF =3AE BC AB

F(0:5)= EF(-3:3) = A:x+y =0

—(3 )
F(-I-—Sﬂ—l—l—]:»EF(E:—~~—1—]:>A:TX+)’-—6=O
5 5 55

Viy c6 hai duong thing thoa mén yéu cau dé bai la
A:x+yv=0va A:Tx+y-6=0.

2. Puomg thang (d,) di qua A(();():4) va ¢d vecto chi phuong
U, = (2; I; ()),(d.z) diqua A (0:3:0) vaco vecto chi phuong i, = (1; -1 O).

(5 i1, ] = (0: 0. - 3)

AD = (u: 3 - 4)

Tacd:

=[5, | AB =120 = (,),(d,)chéo nhau.
Vi (dl),(d 2) chéo nhau nén mat phang (P) phai di qua trung diém
Icia MN la doan vudng goc chung cua 2 dudng thing (dl),(dg).
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Giasu M e (d!) ::>M((2t: L 4)).N € (clj) = N(t': 3-t" 0)
= MN =(t'-2u3-t'- t: -4

MN 1a doan vudng goc chung cua 2 duong thang (dj ),(dz)

MNii =0 [20-4t-3-t'-t=0
— 4§ T v ,

I\{N.ﬁzz() t'-2t-3+t'+t=0

t=1=M(2;1: 4) MN =(0; 0; — 4)
= = _

t'=2= N(2 1 0) 1(2;1;2)

Mit phing (P) di qua trung diém Icua MN va vudng goc MN nén c6 vecto
phép tuyén 14 MN = ((): (- 4).d0 d6 mit phing (P) cintim:z-2=0.
Q Cau VilLa

S6 tam giac phan biét c6 3 dinh la 3 trong céc dinh cta tam gidc T la
C?, =120. Ung véi mdi canh ctia da gidgc T s& c6 8 cach chon céc dinh con
lai dé tao thanh 1 tam gidc chira canh nay . '

Do d6 so tam giac ¢ it nhat 1 canh 1a canh cua da giac T la 80 tam giac .

Trong 80 tam gidc trén co- 10 tam gide c6 2 canh la 2 canh cua da giac
T dugce 13p lai 2 lan. '

Viy sb tam giac cn tim dé thoa man dé bai la

(C::u - 8()) +10 = 50 (tam gidc )

O Cédu V1Lb
1. Goi I.(n; b) la tim dudmg tron ta co h¢

e @) () =(ama) 4 (0] ()
{IA = d(I;A) = 1(2 _ u)z N (5 _ b)z ) (3&1 —11:)+ 9) (2)

(1) @ a=2b-3 thé vao (2) taco
b’-12b+20=0b=2vh=10
b=2=a=1R=v10=(C):(x-1) +(y-2) =10

b=10=a =17.R =250 = (C): (x - 17) +(v-10) =250
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2. Giao tuvén cua hai mat phing (P).( Q) la

I(\ =0 - 4t
(d):«’\::l e %
|2 = 15+ 1

Me(d)= NM(5-bin-13+1h). teR.

(s ) =2(1) - (- a3 | po-2
(Ms) T V2 )
\/2 + 2’ + —l)’ ?

Theo bai toan

d

|3u - 23tl (30-23t =10

d. =2 =2130-23tl=10>
(M) 5 | | L30-235 =-10

i ( an

=§§ hY! %

\ /

g 10 (40 )

= — M| i—:

QO Céau VIL.b
Diéu kién: n nguyén duong va n 23

| 0t ' |
Taco C' + (% = 20" & ——— 4 — =9

l!(u—l)‘. 3!(11-3)! ‘2!(11-2)! :

n-Im+14=0=>n=7
S6 hang th(r 6 :

7

| ) =21 e 2120 gt g

& lg(10-3)+1g3%? =0 = 10-323"Y =1
& 3 —10.3° +9 = 0(*)
Patt =3t >0

t=1=23 ' =1ox=0

Phuong trinh: {*) => t" - 10t +9 =0 < . )
g trinh: (+) = [t=9:>3"=9=32<:>x=2
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ODE 9

1. PHAN CHUNG CHO TAT CA THi SINH

O Cau L. Cho ham sé: v = ~

x —1

c6 db thi la (C)
1. Khao sét syr bién thién va vé 4 thi (C) cua ham sb.
. . . ' : .z 24) | .
2. Lap phuong trinh dudng thiang (d) di qua di€m A(E’S) va cit (C)

tai hai diém M, N sao cho A thudc doan MN va AN = 2AM.
Q Caull

1. Giai phuong trinh: x + X _ 62 (x € R).

vx’ -9

cas s X X .o 2 M X
2. Giai phuong trinh: 1 + 3111—2—5111 X — cosasml x = 2cos’ [Z - —2—) .

2

Q Céu IiL Cho hai ham s6 g(x) =3 - x.f(x) = (x - 1)
Tinh tich phan ].min {f(ﬂc)g(x)} dx .
3 |

O Cau IV. Cho hinh nén ¢6 dinh S, déy 14 duong tron tim O, SA,SB 1a
hai dudng sinh, biét SO = 3, khoang cich tir O dén mt phing (SAB)
bang 1, dién tich tam giéc SAB b?in'g 18 . Tinh thé tich hinh nén d4 cho.

QO Ciu V. Chimg minh ring v&i moi s6 thuc khdng dm x,y,z, ta ludn c6:

(x + 2y + z)(x +y+ 2)2 > 4(x + y)(y + z)(z + x).

IL. PHAN RIENG

Thi sinh chi duge chgn Iam mt trong hal phén (phdn A hogc B)

A. Tneo chuong trinh Chudn

Q Céu VLa.

1. Trong mit phiang Oxy, cho diém A (1;3) nim ngoai

(C):x* +y’ -6x+2y +6=0.

Viét phuong trinh dudng thing d qua A cét (C) tai hai diém B va C
sao cho AB = BC.
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2. Trong khong gian voi hé toa do Oxyz cho A(23;-1) va mat phing
(a) :2x —y —z-5=10.Timtoadd B dbi ximg véi A qua mit phing (a).
Q Ciu Vll.a,

Giai phuong trinh: 2 + (2 - 2)e" + (5~ 4i)z —10i = 0 biét phuong

trinh ¢6 nghiém thuin do

B. Theo chuong trinn N‘ang cao:
Q Cau VLb.

1. Trong mit phing véi hé toa 46 Oxy cho dudng tron (C) :

2 2 B
(x+1) +(y -2) =13 vadudmg thing (A): x -5y -2 =0.

Goi giao diém cia dudng tron (C)véi dudmg thing (A) 12 A,B. Xic
dinh toa d6 diém C sao cho tam giac ABC vudng tai B va ndi tiép duong
tron (C)

2. Trong khong gian Oxyz cho hai diém A(-1;3;-2),B(-3,7,-18) va
mit phing (P):2x—y+z+1 =0.
Tim toa dj diém M € (P)sao cho MA + MB nh nht.

log, \/x +y = 3log, (\/x -y + 2)

Q Cau VILb. Giai hé phuong trinh: ‘
Jx"’ +y? +1 —\/x’ -y =3

O PAP ANDE 9
QCaul
1. Ban doc tr giai

2.Giasr M| x;1- ! ,N| x,:1- !
X, -1 x, ~1

Theo bai toan, suy ra

.

N=-2AM&1{ 1 1 2(1 1}

= M(O;2),N(2;()) = (d) y=2-Xx
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Q Ciu ll

. x>3
1. PDiéukién: x>’ -9>0 < "
X <-3 v

Néu x < -3 thi x + \/_'5.}_(___ <0< 6\/_2_ phuong trinh v nghiém. .
x' -9

Néu x > 3, binh phuong hai vé phuong trinh

,  9x? Gx* x* .
x? + — + — =72 & +6.———-T72=0{*
x' -9 x' -9 , x' -9 Vx’~9 ()
x‘l
Béttz—;—-—-— (t>()).phuongtrinh(*):>t2+6t-7'2=0¢:>t=6
x‘-9 |

2

Véit=6= =6 x' -36x"+324=0

x' -9

o xP =18 & x = 3J2 thoa x > 3.

. X . X . L slm ox
2. 1+sm55mx—cos~5sm X = 2cos __3

. X . X . 3 T .
@1“‘31!1'5511’1)("0035’8111 x=1+cos|——-x|=1+sInx

1 ( . x X *
&> sinx| sin——-cos—sinx~-11=0

. (. X X .. X X

& sinx| sin— - cos—.2sin—~cos——-1§{=0
\ 2 2 2

( X X X

. . s 3 . .

& sinxtsin— =1 2sin" —+2sin—+1{=0
\ 2 2 2

“Sinx=0
. X = kn x = kn
& lsin— =1 o
Sy §=g+k2n© X =n+ kin

L X X
281112—'+28111':2—+1

oS x=knkelZ
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J Cau I11

+2j(x" -x-2jx - [(x* - x-2)dx =&

“dch 2: )

Xeét £(x)-g(x)=(x-1) ~(8-x)=x'-x-2=(x-2)(x+1)

111in{f(x ,g(x)}=3—x khi xe[-2-1]u[23]

win{f(x).g(x)} = (x=1) ki xe[-1:2]

a+b-la-b
2

S

Suy ra

g

Bai todn dén day da don gian nhiéu: min {a;b} =

d CaulV, '
Goi E la trung diem cua AB, ta cé:

OE 1 AB,SE L AB,suyra

(SOE) L AB.

Dyng OH L SE = OH L (SAB)

viy OH la khoang céch tir O

dén (SAB). theo gid thiét thi OH = 1.
Tam gidc SOE vudng tai O,OH

la dudmg cao 1‘= ! + 1,
OH* S0O* OF?
:>. 1 = 1 - 1
OE? OH® S0O?
=1——1-=§§::>0E2=9-:>0E=§—@
9 9 8 4
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Y 51 9\12

SE =0E’'+S0" =—+9="—-=S8E =—=
3 3 4
25 :
SSAB=7;—AB.SE¢>AB= i K _ s

o

! : 2 1p Yol
OA’ = AE’ + OE’ =| L AB +0E‘2=(4J5) 23943265

> 8 8 8
Thé tich hinh nén da cho: V = %R.OA".SO - ; 2205 32265 0 aw

Q Cau V.
Mgt kinh nghiém ma ching 3i muén chia sé & ddy, d6 1a v6i hau hét ca
bét ding thirc ba bién. nhﬁt la trong ki thi dai hoc thi dang thirc chi xay ra khi
a = b = ¢ hodc abc = 0.

Dleu d6 ciing dan toi phu'o'ng phap xac dinh ddu bang don gian va hié¢
qua nhét la cho ba bién bang nhau hogic mot bién bing 0.

Bét ding thuc nay chi dbi ximg voi hai bién 1a x va z.

Dy doan déu bing xay rakhi y = 0,x = z. Y tuong déu tién ctia ta c6 |
la st dung danh gia don gian y > 0 dé dua vé chimg minh bt dang thir
déi ximg

(x +y+ z);, > 4(x + y)(v + z)(z + x)

Nhung théit dang tiéc vi danh gia ndy dem lai cho ta mdt bét ding thirc s:
(chinghanchicinchoa = b =c¢ = L ta thiy ngay VT = 27 < VP = 32).

Sau day la 1oi giai ding.
Do vai trd cua x va z trong bat dAng thirc trén 12 nhu nhau nén ta hoa
toan c6 thé gia sir x > z. Ap dung bat dang thirc Cosi, ta c6

(x+y+z:) > lx(y +.4)

Sir dung dénh gia nay. dé thiy chimg minh s& hoan tat néu ta chi ra dugc
x(x + 2y + z) > (x + y)((z + x)).

Bit ding thirc nay tuong duong véi y(x — z) > () (dungdo x > z).

Bai toan dugc chimg minh xong.

Béngth(rcxéyrakhxvachlkhn_\'-——zzjz-vay:O.
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Vhdn xét. Khi doc lon giai bar toan nay. hoc sinh thudomg hoi ching toi vi

sao lai su dung bat dang thic (x + ¥y + z); > 4x(y + z) ma khong phai

* 2 2
la (x + v -+ /) > Ll_\'(z + x) hay (x +y+ z) > 4z(x + y).
.. : .. X , .0 2

Cdu tra 101 thyc ra rat don gian. Néu danh gia (x +y+ z) > 4y (z + x)

thi dau dang thire s¢ khong duge bao toan.
R TR , . 1
Nén nh¢ dau bang xayrakhi x =z = —2-\ =0.
Mt khac. voi gia sit x > 2 thi hién nhién 1a x(y +z) > z(x + y) nén

dénh gia (x + v +2) > 4x(v +2) khi d6 s “chat™ hon va hiéu qua dem

lai chidc chan s& tot hon,
Tat nhién. do vai trd cua x va z la nhu nhau nén néu ta gia s\r nguoc lai

la z > x thi khi do s& phai sir dung danh gia (x +y + z)2 > 4z(x +y).
Q Cau Vl.a.
Goi B(x,:y, )l t0a dd diém thude dutmg tron (C), khi d6 ta ¢6 phuong trinh:
X, + Y, - 6x, + 2y, +6=0 (1)
Tir gia thiét AB = BC. suy ra B la trung diém AC, khi d6
C(‘Zx“ - 12y~ .3)
Buomg tron (C') o tam 1(3:-1).bankinh R=2va IC=R (2)
Toa dd diém B.C cin tim la nghiém cia hé :
x +y —0x, +2y +6=0 (l) x,—2y,-1=0
(2x,-4) +(2v,-2) =1 (2) < (2x, - 4) +(2y,-2) =4

23”:)‘(}“1 \”:3:}3"“1
.2 I a1 A T 1
ox, —22x, +21=0 X, =— >y, =—

D 5)

Vay B('S:l). C[—Z—%] va nguoc lai.

} )

Phuong trinh cin tim 1a dudng thing (AB): x+y—-4=0.
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2. Goi A la dudng thang qua A va vuéng goc voi (a) =u= (2;—1:—-1

X =2+2t
12 vecto chi phuong. Phuong trinh duong thang A la: {y =3 -t .
z=-1-t

Toa d¢ giao diém H cua A va (a) la nghiém cta hé:

x =242t (x =3
=3-t . 5 :
<y <y =2 o H(3:E:—§).
z=-1-1 ) 2 2 2
2x-y—-z-5=0 z=—§-
\ | 2
Vi H 12 trung diém cua AB = B(4;'2: -'2).
O Cau VLb

1. Toa 40 giao diém cua (C‘) va (A) [a nghiém cua hé phuong trinh:

{(x+1)' {[ 2)+13] +(s-2) =13

(x+1)—3(v 2)+1; (x+1)=5(y-2)+13

X =2
: . ~2==2
o 26(y-—'2)2 +13()(y—-2)+156=() o *liz'“2=-3<=> {y=0
(x+1)=-‘3(y-—2)+13 = 5y 4+ {x=—3
‘ ) = -1

A.(z;o),B(;3;—1) hogc A(-3:-1).B(2:0).
Tam gide ABC vudng tai B3 va ndi tidp duomg tron (C)suy ra AC |
duomg kinh cia (C). Hay tim O(-1:2) la trung diém cia AC.
Khi dé: A(2:0),B(-3;-1) = C(-4: 4)
A(=3-1).B(2:0) = C(1:5)
2. Vi khoang céch dai sb cia A va B cing ddu nén A va B@ cung phi

v (P)
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Goi A' la diém déi ximg vai A qua (P) , moi diém M € (P) déu théa :
MA =MA'.dodo: MA + MB =MA'+MB > A'B.
Pang thirc xay ra khi A'B cdt mat phiang (P) tai diém M.
x+1 v-=-3 z+2

Phuong trinh AA': * = =
2 -1 1

AA' cit (P) tai H,toa dd H 1a nghiém cua:

2x —v+z+1=10
Xx+1 _,\'—3_2:+’22>H(1»2a‘1)
2 -1 ]

Vi H i trung diém cia AA' néntacéd:

,
2Xy =X,y + Xy
2yy =¥p +¥y = A'(3,,0).
L'ZZH =ty tiy,

A

Tacéd A'B = (—6.6.—18) (cung phuong véi (1:—1;3)) |

Phuong trinh duong thing A'B: > I Syl

z
-1 3
Viy toa do diém M 14 nghiém cua hé phuong trinh

2Xx-v+z+1=0

1 -1 3
Q Ciu Vil.a.
Gia st z = xi la mdt nghiém cua phuong trinh.
Khi d¢, ta cé:

—x*i— (2~ 2i)x* + (5 - 4i)xi—10i = 0
& (-2x! +4x) + (-x* +2¢ +5x - 10)i = 0

2% +4x =0
& 3 2 & x =2
—Xx " 4+ 2x  +0Hx-10=10

= x = 2i la mdt nghiém cuta phuong trinh.
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Nén ta bién d6i phuong trinh di cho vé dang:

iz =21 , if
(2“2‘)(‘ *2‘+))—()¢>|12+2z+5:0@5

L

Q Céau VILb.
Piéukién: x +y > 0.x -y > 0

Hog2 Jx+y =3log (2+ J/x=y)
H¢ <
\/xz-&-y2 +1 —\&2 -y =3
JX+y =2+ x-y
& 9 - - ; D) (*)
L«/;<2+y2+1--\/x2 -y =3

. u=x+‘vkh'd'h: \/_ v=2 (u>v)
Dat: v=x-y 1 do g("‘):> Ju +v? ~Jov =3

u+v=2J/uv+4 u+v=2J/uv+4 (1)
<> 2 2o, ~ 2 _
\/; +; +2 =3 \/(u+\) 22uv+2__m=3(2)

Thay( )vao( - ta duge: \/m +8\/u_\+9 uv =

S uv+8 u\'+9=(3+\[1-;) <:>uv=0(3)

crey m ', wy = () ufd-vj)=0 u=4 X =2
Gxa1h¢(1)va(3):{11"_\':4@{“(:4_)\_ c>{\'=():>{y=2

Viy hé c6 nghiém (\\) = -(2:2).
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O DE 10

I. PHAN CHUNG CHO TAT CA THI SINH
OCaul.Chohamso: v = —x —3x + 1 (l)

1. Khao sat sy bién thién va vé do thi ham sb (l)
2. Vi gia tri ndo cua m thi dudng thiang ndi hai cuc tri d6 thi ciia ham
2 A e e as . . ? 2
SO (1) tiép xac vai duong tron (( ) : (x - m) + (y —m - I) =3.
O Cau ll.

1. Gidi phuong trinh: x' - 2(x + 1)V3x +1 = 22x’ + 5x +2 - 8x - 5.

2. Giai phuong trinh : \/3(2 cos’ X + COSX - ‘2) + sinx(3 —QCOSX) = 0.

Ciu 1L Tinh gigi han : lim lu(l + cos 2X )r.m«.x

hd
N
i

0 Cau IV. Cho hinh chép SABC ¢o day la tam gidc cAntai A,AB = AC = a,
(SBC) L (ABC) va SA =SB =a. Tinh d¢ dai canh SC dé ban kinh
mat cau ngoai ticp hinh chop bing a.

QCauV. Cho x.y € R va x,y > 1. Tim gid tri nho nhat cua :

[ +v) - +y)

)
II. PHAN RIENG
Thi sinh chi dugc chon 13m m{t trong hai phdn (phin A hojc B)

A. Theo chuong trinh.Chuan

p =

Q Ciu Via.
1. Trong mt phing vdi hé toa do Oxy, cho hinh thang cdn ABCD c6

r *
dién tich 12 -1-23- c6 dy 16n AD gp hai lin ddy nhé CD. Biét ring diém
A(Q;O),B((): 4)\';21 diém O ¢o hoanh do duong. Hay viét phuong trinh cia
dudmg thang chira canh CD) . |
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2. Trong khong gian vai hé 10a do Oxyvz cho hai duong thang dva d

X , v -2 Loy X2 ., 4Z+D
lan lugt o phuomg trinh:d - x = ——~ =z va ": =yv-3=

-] 2 -1

Viét phuong trinh mat phang {«) diqua d va o vei d' mét goe 30"
O Cau V1La. Tim 36 hang khong chira x trong Khai trién

— ] b JK”— i«
( XV N *‘:/“:"/ "’11 3¢ -lea.qj_]+22Aj’._._,=

B. Theo chuang trinh Nang cao
Q Cau VL.b
1. Trong mat phang véi hé toa dd Oxy . hiy viét phuong trinh cdc canh
cla tam giac 4BC bidt trye tdm H (.l:(l). chdn dudmg cao ha tr dinh B la
K(O; ‘2). trung diém canh AD Ia ;\1(3'. l).
y-2 z .
—— == vamait
2 2
phéng (P) X — v +7-05=0. Vil phuong trinh tham sb ctia duong thang

’ - . . : X
2. Trong khong gian Oxyvz cho dudmg thang : ((l) L —=

(t) di qua A(:3:~l: l) nim trong (P) va hop véi ((l) mot goc 45",

Q Cau VILb. y
Tim s6 nguvén durong 11 thoa-mén;

.).! 2.' , SPH .1

"+ 2+ =+ 2 (7“=—l-2——-.
R S S n+l " n+l

ODAPANDE

QO Ciul

1. Ban doc tir gidi

2. D6 thi ham sé (l) ¢o cue tidu ( -2 ()) cue dai B(() 1) Phuong

trinh dudmg thing ndi hai cue tri cua ham s6 (I) fa

(AB)._2

(Cm) ¢O tam IW (m:m + l). ban kinh R = \/:)

+%~ o (AB):2x -y +4=0,
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Dudmg thing (:’\B) ticp xtc voi duomg ron (( ) khi
i2(tu)~-(1u+l)+-li -

d(l (A1) =R e - T =V ;m +31=5

i
V2 +(-1)

l—-1114—3-—'-'_3 l:m='2
c:L PN

m+ 3 =-h m = -8

Q Cau 1l
1. Didu kién: x 2 —~
Phuong trinh di cho

=1 |:(‘c +1Y - 2Ax + l)\/:i_x:_; + ( 3x + l)] +

+[( X +§)' 2K 4 5% + 2 +(\/2x +1)z}=0

<:>[(x+l)—-\]3.\:+l] +[( x+§)—(\/2x+l)]‘ =()
V3x+1=x+1 l

Lo . N =
\/‘2x+1 =\/x+2

2. Phuong trinh da cho

o Zvﬁ(l ~ sin’ x)+ \E(‘&m,\; w'.f_’\/i + 3.8 X —2_sinx.cosx = ()

. r
* . : .! . by . . .
&> -—2\/3 SinC X +H3.sinx + V3ceosx —2sinx.cosx =90

. . N ry :
o J:;.sm_x(—'zh'm X + \/:S)+ (_-usx(vl} -—2.~uux) =0

: V3 - 2sinx =0
Yo Jg—Qsillx)(\/;.siux +('n.~':\')=()<::>
\ J3.sinxX +cosx =0

. \/;—g . T Wt T
SlllX“—‘—é—:-‘?lll('—‘“) xz(—l)—_—+1m nez
'C:> l -t <:> 3
T pl !
tanx =-—-—=tan| —— x=—-—+kn keZ
i V3 ( 6) i 6
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J Cau 11
1

cosOx

Cach 1: D¢ thay In (71 + cos2X )‘ = .ln(l + cos‘Zx)

. r
F18

<inp =2 hl%l-l—sin(n—'b(]
L2 P 2 J

CON 3(2,\') sill( no 2}{]

(oL
o (‘Zx) lu[l + hlll( 5 — 2);]:'

B Teos® (2}{) - 3('L)H(2x). sil!( " 2x)

ln|il + siu(n ~—2x):|
1 2

~1(1'u:~’o"".(2x) - 3‘ siu[n —'ZXJ
2

Inj !l +sin n—-'Zx
‘ 1 2 1

lim lu(l + COS2X )' = lim - : = ——
¥ st eos (2:\') -3 N 3
1 z sin]  —2x

Cich 2 : Pat t:x—%.xﬁ%@t——)()

t

liin ln(l + cos2X )‘ = lun
. <t eosOx

4 ]
ln[l + (-sin?t)] (- sin 'Zt)

ln[] + (—-siu'zt)]
= lim — _ = lim >
ol sin Gt t—0 (—siu'Zt) sin Gt

.].11(1 + C()S'ZX)

(——siu 21,) _

]ll[l +(v—.~:in2t)} 2t

= lim . 2_t' N
v (—sin'll) sin Gt 3
Gt
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O Céu IV.

Giastr H la trung diém cua BC . taco AH 1 BC.

Vi (SBC) L (ABC)nén AH L (SBC)= AH L SH.

ASHA ,ABHA cé TIA chung va SA = BA = a nén ASHA = ABHA

Suyra: HA = H3 = H(C. ASBC vudng tai S.

Goi O 1a tim mit cau ngoai tiép hinh chop S.ABC, khi d6 O la giac
diém HA va trung truc AD vé trong mat phing (ABC).

Giasr SC =x.

Goi I la trung diém AD. khi do tr giac OIBH ndi tiép duoc nén:

AOAH = ALAD = R = AO= 2B
2.AH B H
ASBC vudng. nén ¢o:
2 2 0
BC* =SB +S(* =u" +x’ > BH" = i Zx I
ABHA vuong, nén co: A

n'" + xg 3:12 - x"’
1 4

()<x<m/—)

AH: = AR’ - B =" -

i

=.(0 <x <m/§)

__"‘_":____:; /.'2_ 2 _,
R=a&e ‘/3312—312 L(;} 3a x‘/_-_tc}x:a\[i
()<x<n.\/§ 0<x <avd

Vay: SC = a\&
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z
~ . . U
JCauV.Dat t = x + v 1> 2. Tacd xyv §—1—.

tt — 1 — xyv g -2 t’
P = -. Do 3t —-2>0va -xy > —— néntaco
Xy oot | 4
th—t? — t (3‘ - 2) 2
P> 1 _t
_ - . t‘.! - 2
- — U+
4

¥ }

Xét ham sb f(t) = ;—-{:——2— = {"(L) =

f'(t):— 0 &

Lap bang bién thi¢n ta tim duge win P = min f(t) = f(4) =

(. %)

x+y=4 |x=2
dat duogc khi & .
xy =4 y= 2
] Céu VLa
1.Taco KB = (—2:4) = I\B' =
Chiéu cao hinh thang can ABCDI1a L = s __B =5.
AB+CD 35

Phuong trinh dudng thing CD (vecto chi phuong CD = (1; —2)) c6 dang
 2X+y+c=0
2.2+ 1. U +c c=-9
Tacé h = d(A:(‘!I)) | l -5 & |4 + cl 5|
\/'2“ +1 c=1
Tirdo ta cd hai phuong trinh 2x + v -9 =02x+y+1=0.

Lai do diém C ¢6 hoanh do dwong nén dudmg thing thoa man:
2X+y—-9=0.

. Pudmg thing d di qua diém M (O; 2:0) va ¢6 vecto chi phurong 1—1(1;——1;1)

Pudng thang d' di qua diém M‘('Z: 3 —:5) va co vecto chi phuong ;"(2; 1;—1).
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. o

Mp (u) phai di qua di¢m M vi co vecto phéap tuyén n vudng goc vai u

- - .1
(:us(n:ll ')l = cos6) = —
| 2

l \

va

Pat u = (A:13:C') 1a vecto phap tuyén cua (u.).

{;’;\—H+(‘:n

Theo bai toan ta co: )1 2A + B - (] |

JJA + B +C 2
(B=A+(

237 = VYA + (A + ) +

(B=A+C B=A+C
<gA%qun4“zu¢$(A-(‘)(2A+c)=o

A=CD =2\
124 = -C.13 = -A

A=CB=2A=x+2v+z-1=0A=0.

2A=-CB=-A=x-v-22+2=0A=0.
DCii‘uVll.a

Diéu kién n > 1

! —1)!

4C' 25C" | < LYY (“ ) o 4n
.. n- 3!([1-—3)! 3!(11—-4)! n-3

dodo:4<n<l15 (1).

Pidukién n =5

3C!, -18C! +220° =)

&> 3(11 =~ l)(n - 4) - 72(11 - 1) +528 =0
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SN —8Tn+6G12 =0

Tor(l)va(Dsuvra: n=12.

\!L’
Py Py [ 1
Khido: | x¥x + o= U o+ l
\'4 "} i\ HX.!.\/
oe-n) Pk 1oy
- g = S ()
k=0 Oy
) : o 1)
S5 hang this k +1 cta khai rién la: C,(x)" *
& av kha : i 16
S0 hang ndy khong chira x khi vachikhi: 16-—k=0¢ k=5
| O

Vay s6 hang khong chira x trong khai trién 1a : C}, = 792.
Q Cau VLb.

1. Pudmg thang AC vuéng goc voi HK nén nhén HK = (-—1; 2) lam
vipt vi AC diqua Kk A

Nén (AC):x -2y +4=0.

(BK):2x+y-2=0. M

+Do A € AC. B € BK nén gia su

A(2a~4: a). _B(|»;‘2—2h). : C ¢ B
Mat khac M (3 l)la‘l trung diém ciia ABnén ta co hé:

{2&—4-&»1):6 JQ&\A+|)=1() a=4 A(4; 4)
1

= o ‘
a+2-2b=2" Ja-2b=0 " |b=2 B(2 -2)

[—

ABquaAvacoAB( -6)=(AB):3x -y -8=0.
BC qua B va vuong goc vt AH nén nhén

EK=(3;4):>(BC):3x+4y+2=0.
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2.Goi i = (a: i e].(n* +b* + ¢ # 0) la vecto chi phuong ctia dwong
héng (t)

Vi (t) ndm trong (P) nén i Lii, ={L-L1)ea-b+c=0 (1)

Pudng thang (t) hop voi (d) mét goc 45 khi

ln +2b + ‘2c| \/5

cos(ﬁ; ﬁ‘) =
\/n“’+h“’ sl NP4 4 2

¥

L= Q(ﬂ + '2b+2c); = 9(&1"’ + h? +c2)

)

= 2(;1 +2a+2c+ 2(:)‘" =’ + (a + 0)2 +c’]  (do(1))

c=10
o 14t +3ac =0 o 15a
c=-
7
x=3+t

oc=0‘:>a=h=‘l:>(tl): y=-1+t¢

z=1
rx=3+7t
15a
e c=-— ::>n=7:>(:=—1-5;b=-—8:>(t2):4 y =~1-8t.
L z=1-15¢
O Céu VILb.
Xét khai trién (1 + x)" =C + Cx+ Cixz +...+Clx"
Ly tich phz‘mZvé can tir 0 dén 2, ta duoc: .o “
n+l — 2 el u+t
3 1 = 2C" +2—Cl +-2—-C“ ..+ 2 O
n+1 2o 30" n+l1 "
2 ) n+l - n+l -
NG RO S WUy . it YOG SR e
2 3 n+1 ‘2(n+l) n+1 2(n+1)

oS3 =243 o n =4
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O PE 11

I. PHAN CHUNG CHO TAT CA THI SINH
2x — 1|

x -1

QCaul.Chohamsd: v = (1) m la tham sb thuyc .

1. Khao sat sy bién thién va vé dd thi cia ham sé (1)
2. Viét phuong trinh tiép tuyén cua ham s6 (1) biét khoang cach tir diém
1(1;2) dén tiép tuyén bang \E

Q Cau ll.

1. Giai phuong trinh: x* — x - 2V1 + 16x = 2.
2. Giai phuong trinh :

8(sin“ X 4 cos” x) + 3\/; sindx = 3\[§cus2x -9sin2x + 11,

(1L
: dx

Q Céu I1L. Tinh tich phan:1 = j
2Vx ~1

5 X =

" QCaulv. Chq mot hinh try tron xoay va hinh vudng ABCD canh a co hai
dinh lién tiép A.Bnam trén dudng tron ddy thir nhat cua hinh try, hai
dinh con lai nam trén dudmg tron ddy thir hai cua hinh try. Mat phing
(ABCD) ta0 véi day hinh try goc 45°. Tinh thé tich cua hinh try.

Q Ciu V. Cho cac 56 thyc x,y thoaman 0 < x < ,0,<_y_<_§.

T
3

Ching minh ri’mg: cosx + cosy <1+ cos (xy

II. PHAN RIENG |
Thi sinh chi duge chon Iam mét trong hai phin (phén A hogc B)

A. Theo chuong trinh Chuan |

e

Q Cau Vl.a.
1. Trong mat phang toa dd Oxy cho dudmg thang (d)cé phuong trinh:

| x—y =0 vadiém M(2:1).
Tim phuong trinh duomg thang A cit truc hoanh tai A, cit duong thing
(d) tai B sao cho tam giac AMB vudng can tai M.
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2. Tim tham 6 thye m sao cho duomg thang (d) IX = ‘2(y - 1) =7+ 1
cit mat cau (S) X +v 42 +4x -6y +m =0 tai 2 diém phan biét
M. N sao cho d¢ dai day cung NN = 8.

0 Ciu VIlLa.
Cho tip A = {(): 1:2:3: 1:5}_ tr A ¢6 thé lap dugc bao nhiéu s6 ty nhién

gdm 5 chir s6 khac nhau. trong do nhét thiét phai c6 mat chirsd 0 va 32.

B. Theo chugng trinh Néﬁg cao

Q Ciu VLb.
. Trong mat phang voi hé toa 4o Oxy xét elip (E) di qua diém

M(-z-,- 3) va co phuong trinh mt duémg chuén 1a x +8 = 0.
Viét phuong trinh chinh tic cua (E)

2. Cho mat céu (S) cx" 4+ v 428 —10x + 2y + 26z- 113=0 va hai

dudmg thang ((ll): X ;) =2 _31 =2 “;13

u, = (3; --'2:0). Lap phuong trinh mat phéng tiép xic véi (S) va song song

,(dz) c6 vecto chi phuong

voi (d,) va (d,).
Q Ciu VILb.

Chimg minh rang phuong trinh ln(x + 1) - ln(x + 2) + = 0 khong

x+2
¢6 nghiém thyec.

O DAP AN DE 11

Q Caul
1. Ban doc tu giai

2. Tiép tuyén cua (C) tai diém I\»’[(x“;f (xu )) € (C) ¢6 phuong trinh

y = f‘(x“)(x _ .\'“)+ f(x“) & X +(x“ -l)zy—2x02 +2x,-1=0 (%
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Khoang cach tir diém (1: 2) dén tiép tuyén (*) bing V2
|2 - 2x“l

\/1 +(x“ - .1)t

Céctiéptuyéncéntim: x+y-1=0 va x+y-5H=1).
Q Caull

x,=0
=\/E<:>{x 2

I. Didu kién : x > L
16
Phuong trinh :

x: - x - 2V1 +16x =2<::>x2——x=2(\/1+16x+1) (*)

bit Jl+16x+1=2y<:>y’-—y=4x (**),y?_%.

y' ~—y =4x
Phuong trinh (*) ¢> ¢ |
_ X" —x=4y

X=%¥

-_->(x—Y)(X+Y+3)=0®[x+y+3=O (loai)

Khi 6 phuong trinh (**)¢:>x2—x=4x<:>x(x—5)=0<:>[zzg

So véi diéu kién bai toan, suy ra phuong trinh da cho ¢6 nghiém duy nhét
lax=35.

2. Phuong trinh dd cho

Pt 8(1 - i—sin2 2)() + 3\/5 sindx = 3\[‘30052)( -9sin2x + 11

& 33 sin4x — 3v3cos2x = 6sin®2x — 9sin2x +3
& \3sindx — \[?:cost = 2sin? 2x — 3sin2x + 1
o \/ECOSZX,(zsiII 2x - 1) = (2 sin 2x — 1)(sin 2x — 1)
& (2sin2x - 1)(\/§c032>g - sin2x + 1) = ()
2sin2x-1=0
&
V3cos2x —sin2x +1=0
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. on
‘N = — +kn
2sin2x =1 < | 12 (ke Z)
: Y
iy -w“*'“"“'kﬂ
“ b2 -
| T
§x=~—+kn
si2x —\/5(:()52)\‘ =] << _} (k € Z)
in
x =—+kn
i 12

QCaulll. Pat x -1 =t = x = ' + Ldx = 2tdt

Phican: x=0=1=2x=10=t=3

4

Khido 1= | 21t :2.]‘&:—1)—+1-(1t='23 L1 las

er)-20 Doy el (o)

= z[mlt -1 - -—{—I] 2{[1112 - %J—(o- 1)} = 2(1112+%}
[ = 2(1112 + In o'l’ ] = 2111(2\/(“) = 111(‘2\/;,)2 = Inde

Q Cau IV
Goi M,Ntheo thu wr la trung diém
cua ABva CD.
Khido OM L ABva O'N L CD.
Gia str 1 1a giao diém cuia MN va 00'.
it R = OAva h = 00", Khi dé:
AIOM vudng cin tai O nén:

0M=OI:£1'1\1:>¥="/5f‘:> V2

——==>h=—a
2 2
Taco: R: = OA’ = AN + MO = | 2] [ 22
2 4
S22 Q.72 2, a?
= 2—- + L = iﬁ__. P \," = nth = 1. 351 . ‘1\/'2_ = 3\/51:‘1 (dvtt).
45 N 2 16
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QCauVv
Theo BDT Costtaco:

[ _Xx+ty = X+y
0< yxy £ 2),<.‘j;3(‘&).\'\/x_\’_>_(‘05 ')“’

=

X+ v X—V
CO8 X + cos v = 2 cos > COR 5 < 2cos

4

Xty
5 ) < 2cosy Xy

Nén ta chi cdn chirng minh:

1+ cos(xy) > '200:4\/;(; & 14 cos(xy) -2 cos\/;; >0
il
3l

Ta c6: f'(t) = —2tsint? 4 2sint = Z(Siut _ tsintﬁ’) ;f'(l) =0

& 1+cost’ —2cost >0 (1) val t = \Jxy, t €

Xét ham sé f(t) =1+cost’ —2cost

*Néutc ():l) =t>t = sint>sint® > tsint? = f'(t) > ()

.

T . . e e
*Néu t € 1:—3—‘ =t <t = sint <sint’ < tsint® = f'(t)< 0.
i
2

T

>0

L

f(O) = () f(l) =1-cosl > f[%l = cos

Lap bang bién thien= f(t) >0 Vte

0:%;—] = dpcm.

Q Ciu Vi.a
I. A nim trén Ox nén A (u:()). B nam trén dudmg thing x -y = 0 nén

——— ——

MAMB =0
MA =1\B

- ](um-z)(lj—z)—(b—l)%() |
}V/(n. —2)" +1= \/(h —'2)2 +(b -~ l)h

Tam giac ABM vudng cin tai M nén: {




Vi b =2 khong thoa man nén i

? b-1

-2 =

b #2

b-2

(a-2) +1=(b=2) +(b-1)

by —
n—2= R
h =2
< })"‘i ' Lo
ib—2J+’:(“'2)+““*)
rL—Z:]—)—;]—I;qt;z <?1='2
h -2 b=
Lo , ’ , | I
[(})—2)- +(|)—])}_ ——1{=0 <a,:"-i
(l)”Z)k b=3
[ L\

a=2
Véi:{
b=1

Cla=4d
Vai

b=3

duomg thing A qua AB c¢6 phuong trinh x +y -2 =0.

duomg thing Aqua ABco phuong trinh 3x +y ~12=0.

2. (S) X +y 47 A -Gy +m=0

& (8):(x-2) +(y-3) ' +2'=13-m

cO tim 1(2:3:()). ban kinh R = IN=+v13-m,m <13

Dyng IH L MN = MH =HN =4

= IH = VIN' - HIN' = V13— -16 = V- - 3,m < -3

(d) luon di qua A (0:1:-1

u =[1: -1; IJ =
A—i =(—2: 2: l):

2

[

va [H= d(!-.(d))

)

va ¢o vecto chi phuong

AL n]= (3: G: - 6)
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'[Al‘ ‘_‘]I V316 +6° 8l
=d = = = = 3.
(1)) |ﬁ| \/2-3 T 12 492 \/-9_

IH = d(ulm P v':—m — 3= -m-3=9 11 =-12

Vay m = —12 thoa man véu cau bai toan .
Q Cédu VIl.a
Cich 1: Goi sb ty nhién cd 5 chir s6 khac nhau duoc 1ap tir tap A la:

aaaaaa #0

S6 céach chon A, €O 5 cach .Sé cach chon a aaa, la s6 chinh hgp chap

4 cua 5:A;.

Suy racod 5.A = 600 (sd).
Trong 600 s6 trén thi: S6 khéng co chir s 0 dugc lap tir tap
B= {1;‘2: 3: 4:5} la s chinh hop chap 4 cua 5: A} =120 (s0).
Sé khong ¢o6 chir s6 3 duoc lap ur tdp A = {0;1;'2; 4;5}: S6 céach chon
a, # 0 c6 4cach.
S6 cach chon an o lasdhoanvi P .
Suyra:cé 4.P, = 96 (sd).
Vay theo yéu ciu bai todn ta cé : 600 - (120 + 96) = 384 (s6)

Céch 2: S6 cach chon sé tu nhién gébm 5 chir sé khac nhau, trong d6 nhit
thiét phai co mat chir s 0 va 3. chinh 1a sd cach xép 5 chir sé tir tip A
vao 5 0 lién ti€p nhau.

Vi nhét thiét phai co mét chir s6 0 va 3 néntachonsd 0 va 3 xép trude
Vi sé 0 khong duge dimg o vi tri dlu tién nén cé 4 cach xép.
S6 3 ¢c6 4 cach xép vao 4 vi tri con 12i.S6 cach xép 3 sb con lai chinh

1 56 chinh hop chdp 3 cua 1 : A'.

Viy theo yéu ciu bai toan ta ¢6 : 4.4A‘: = 384 (sb).

Q Ciau VLb.

x-_; ‘-:)

1. Goi phuong trinh (E) D+ T— =1 (n>b>0).
' HY )y
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Gia thiét suy ra

r

4 9 , (
—t—== 1 (1) i + ) =1
4”2 b &> LN (f(8 —(2)
a P 2 ’ R |
— =28 (2) b =a’ - ¢ = Re — ¢ :f:(h“«-(')
¢ ,
20 = 17¢+26 =0
b’ = (X ~¢)
3 . , o, NI
c=2=>a"=16,b" =12 (E): —+— =1
16 12
< 13 39 x* oy
C=—= a = 52, b’ = E):—+55=1.
2 4 = (B): 52 39
| 4

2. (d,)c6 véc to chi phuong u, = (%-3:2)va (d,)co véc to chi phuong
1_1; = (3; ”2;0).
Do hai véc to u,,;; khong cong tuyén, ma (dl) va (d?)song song vai

— —

tiép dién (P)cﬂa (S) nén u ,u, la mét cdp véc to chi phuong cua (P) .

Nghia la:
- — - -3 2112 2112 -3 .
u =[u|,u2]=(_2 4,0 313 _2]'—:(4.6.5) 1a véc to phdp cua (P)

Khi d6 tiép dién (P) codang 4x + Gy +H2+D =0
Mat cu (S):(x-5) +(v+1) +(2+13) =308 6 tam I(5~1-13)
va ban kinh R = M

Mt tiép dién (P) tiép xtic voi mit cau (b) khi

20-6-65+D
poaeen o
V4 + 62 + 5’
Viy ¢6 hai tiép dién can tim:
4x + 0y +52+205 =0,4x + 6y + 52 - 103 = 0.

D =205
D=-103

B
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Q Cau ViLb.

Xét ham s0 : f(x}) = lu{x + !)—iu(.\'+2)+

. xac dinh va hén wc
X +2

trén khoang (-1 +4 ).
Ta co:
o | 1 | 1

f! - _ _ - -
(X) X + 1 ) (‘\;—{-2)! (X+1)(X+2) (x+2)2 >0s

Vx>-1= l'(x)l'ién tuc va ddng bién trén khoang (-l;m)
va }2}1[(){) = —C \li}};ji’(x) = (). suy ra f'(x) <0,vx>-~1.

Vay phuong trinh da cho khong ¢6 nghiém thuc.

O PE 12

I. PHAN CHUNG CHO TAT CA THi SINH

.\’ w

{\){l\;

{ Cau 1. Cho ham so v --

1. Khao sat su bién thién va vé do thi (C) cua ham so .

2. Viét phuong trinh tiép tuvén cua do thi (C) . biét tiép tuyén d6 cit tiém

can dimg tai A va cat tiém cin ngang tai B va tam giac IAB can, véi I 1a
giao cua hai dudmg tiém c¢in.
Q Ciu Il

x'-8x =yt 42y

1. Giai hé phuong trinh: { |

X - ::3().2+1) (X,)’GIR).

S

. w :
: x——l—]—Jcosx—smx:O.

NS

2. Giai phuong trinh : 242 cos

: ' L tan x. ln(cus x)
Q Céau HI. Tinh tich phin: | = j ' dx .

il

CONX
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Q Cau IV. Cho hinh hop dimg ABCD.A'B'C'D' cociccanh AB = AD = a,

a3

AA' = ——-—-va BAD = 60" . Goi M va N lan luot 1a trung diém cua
A'D"va A B
Chimg minh AC" L (BDMN) va tinh thé tich khéi chép A.BDAIN .

O Cau V. Cho cac so thuc dwong a,b.cthéamin o’ +b> +¢* = 3.

. X H I :
Chimg minh rang: g—+—-)-+£-+n+h+(' > 6
)

¢ i
II. PHAN RIENG
Thi sinh chi dugec chon 1am mgt treng hai phan (phan A hodc B)

A. Theo chuang trinh Chudn

O Ciu Vl.a.
1. Trong mat phing Oxy. cho dudng tron (() ; (x - 4)2 +y'=4 va
diém E(4;l). Tim toa d6 diém M trén truc tung sao cho tir M ké duoc hai

tiép tuyén MA,MB dén duong tron (C) voi A,Bla hai tiép diém sao cho
duonz, thing AB di qua diém E.
2. Trong khong gian vai hé truc toa dd Oxyz. cho hinh vuom= MNPQ co

M (.J.J,——l). P(Z. .5,---1). Tim toa d6 dinh Q biét dinh N nim trong mat

phing (n):x+y-z~—(i = ().

0 Céu VILa. Xéc dinh tdp hop céc diém M trén mat phang phic biéu dién
céc sb phirc (1+v3)2 + 2. trong 6 Iz — 1 < 2

B. Theo chuong trinh Nang cao

0 Céu VL.b.
1. Trong mat phing véi hé toa d6 Oxy cho duong tron (C) ¢ tim

1(3;2) ban kinh R = \/_S va duomg thang A - mx -2y + m + 3 = 0.

Tim m dé duong thing A cit dudng tron (C) tai hai diém A,B sao cho

466

5}

"tam gidc AIB cd dién tich bing
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2. Trong khong gian vai hé toa Ao Oxyz cho (I’) X—v+2z4+1=0 va
ba diém A(1:1:1),B(0:1:2), C{-20:1).
Tim N € (P) sao cho S = 2NA? + NB’ + NC? nho nhat.

O Cau VILD. Giai phuong trinh nghi¢m phurc : 4+ 2 =¥ —0i.
Z

O PAP AN PE 12
QO Caul
1. Ban doc tu giai

2.Goi A la tiép tuyén cén tim va (x“:_v“) |a tiép diém cua A va (C)

-2
Phuong trinh A:yz——4——;— x—x“)-i-x“ -
(x“ + '2)- X, +2
, — 0
Giao diém ciia A va TCD la A{ +2) giao diém cia A va TCN
‘(U
la B(2x, + 21).
-6
Taco 1(~21) > 1A =22 —1 = —%_ 1B =2, +2]
x, +2 ix“ +2|

AIAB céansuyra

IA=1B & — |"+2p¢h;+ﬂ=2¢;x
X

ko +2
Vaix =0=>A4 :y=x-2
Voix, =—4=>401y=x+T.

Ca hai tiép tuyén déu thoa min
Q Céu 1L,

x:; —8x = y" -+ 2V x' - Ry = }’(}’2 -+ 2)
4 ; ‘ 2 = 3 D)
X' =3=3(y' +1) 7 | =3(y' +2)
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P | 8
3—'*:\“:'5 l\mlf{x—*——]
&> \m] X
=27k - 2] w6 [205 - 1265 +1728 =0
N
'y:-j .\—“"'“
= J\‘)('
x? =9 x' = =
13
. W Vs a8 Jrs
@(x,\) (Sl)( —J:-wl): = g ; .
13 13 13 13
2. Ta co: 2\/5(-05:’ x—El —Jcosx —sinx = 0
g \/'Ecos X-——E]; ~3cosx —sinx =0
j

4 . ;
& (sm X + cos x) - (3 Ccos X + sin x)(siuz X + cos’ x) =0

& —2cos’ X 4+ 2¢os” xsinx = ) & cos? x(coz,x—qu) 0

cosx = () N o= .__%_ kT
& 2 '

tanx =1 -
A :Z_Hm

Chii y: V6i cach dat t = x — 3% dem lai 16 giai dep.

O Céu H1.
Pt t = cosx = dt = —sin xdx

BOlcan*(—():>t—l\——T—[-:>t T

|
&

Tirds 1=— [ty = j-‘-‘_t-(lc
t
1
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{!!:llll _ ?([n:iclt

bat .
‘ {(l\‘=—l_—(lt b |
l v =TT
i t
T o 5 1E] V2
Suyral-+-i,ntE |+ Iv--;‘li =222 -~ 1 \/2—1~——1112
t T ol 2 L= 2
‘\/2 o 2
Q Caulv.
= c
£ A

BD L AC

* Theo gia thiét ta co: )
& DB L CC'

= BD 1L AC'(1)
Goi E € A'B'sao cho A'la trung diém cua EN.
Taco: AE || BN.AE = BN = a.

Theo gia thiét ta co ABD déunénsuyra AC = \/l;a .

5 .
Ia’ 195a°

AC?" = ACP + CCY = 3" + :'
’ 4 4

19a’

EC?"=DB'E’ + B'C"-2B"E'".B'C'cosi20)’ =

AE? + AC” = (" = AE 1 AC'= BN L AC'(2).
Tir (1) va (2) suy ra: AC' L (BDMN).
Goi I,J lan luot 1a trung diém cua BD,MN va H = AC'n1J
Tacé AH la dudng cao cua hinh chop A. BDMN
Tir giac HICC'noi tiép
ACC  Visa

= AHAC'= ALAC = AH = _ — ==
2AC! 5
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Tir giac BDNN la hinh thang ¢an ta ¢o -

O T ILEER O IE

\ T

Dién tich hinh thang BDAIN : S - %IJ(BD +MN) =

2
Vv1hHa

16

Thé tich khéi chop A.BDAIN .

f- I 3

1 I VI Do :

V=SAHS,, - XDV R gy,
3 3 5 16 16

O Cau V.
Ap dung bat dang thirc cdng mau so, ta co

2
a b ¢ a b (” +b+ C)
—4 -4 - — F — 4 — >
b ¢ a ab  be  c¢a ab + be 4+ ca

2
. ' (u + b+ (:)
Vay chi can chirg minh

+a+b+c>6.
ab 4 be + ca

A+ b+
Tuong duong vai o + b + ¢ -+ > 4
ab 4+ bhe + ca

Téi day, néu dit x = a + b+ ¢ thi voi diéu kién a’ +b?+¢* =3, tacd

X =3

ngay ab + be + ca ~

Vi bt diing thae cudi trd thanh bit dang thirc mot bién don gian 1a

X + xﬁ; Srle (x+ 2)(x - 3)2 > () (luén dung véi moi x > 0).
Diu bang xay ra khi vachikhi a =b=c¢=1.
Q Céiu Vl.a.

1. Buong tron (\('.) ¢o tam I(riz()). ban kinh R = 2.
Goi l\l(():m) . gia su T(x:y) la tiép diém cua tiép tuyén v& tir M t6i
(C) = MT = (x:y — m). IT = (x — 4;3').

Te(c) . 4y -8x+12=0

Taco: {—— — C
MTIT =0 X o4y —dx —my =0
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= 4x —my — 12 =0

= phuong trinh duong thang AB : dx —my —12=0
=2>ABdiquakL s lt-m-i2=0&m=4.
Véy M{0:4) la diém can tim,

2. Gia su N(n:b:(-)é ((y) = a+b—c—-6=0 (1)

Goi I 1a tdm cua hinh vuong = IE:B;—:—;-]
INIM =0

Vi MNPQ 14 hinh vudéng nén a
IN = IM = -3—-—‘/2

atc—1=1 (2)
< 7Y ay? 9
[a—;) +(b-3) + 5 (3)

Tor(2)= ¢ =1-a thay vio (I)= b = 7 — 2a thay vao (3) ta dugc

5]‘3
c+—| =
2

2

: ! +(2n-~—1?+ -?———n :gﬁ2a2—l5a+18=:0
2 12 2
@az&azé
2
*a=0=b=-5c=—5= N(6:-5-5)

Vi Q va N ddi ximg qua [ = Q(I:ll;())

* a=§—=>b:4:(-:~»}-:>N 13-;4;——-1 =¢Q(2;2;3).
| 2 2" 2
O Ciu ViLa. Dat w = (1 +v3)z 42 thi z = ~— 2.
1+iV3
Theo baira |z — 1] < 2 nén > "= —1| <2

1+iv3

olw-2-1-i8l<2h+iv3l e jw-B+iBl<a.
Viy tap hop cac diém M 1a cac diém thuge hinh tron tdm 1 1a diém biéu
di&n sb phirc 3 + iv3. 6 ban kinh bang 4.
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0 Ciau VLb.

L Goi = (1.3 =8, = 1A = R - 1
e e \/'—“ h? = .@
= hvld - b o= 3 —-)() = h' - 1300 + o4 =0 & 5
D 25 h? = 2
5
_‘ ;hn l‘
Ma h = (I(I.A) e
‘ \/ztl" + 4
9 . 2 ) .
THL: ' == 5(m—1) = 9(m’ +4) & 7lm’ —40m — 31 =0
0) ' ’
31
Sm=1] m=——,
| 71
TH2: ' = —-);(—{ & -'”)(41;1 — l)? = 56(1‘1;2 + 4)
D
& 24m° -40m—-129=0& m = w
12
31 10 cro: A
Vay m=1 m= ~~:—1—:m = -—--—i—l—5§z—4— 1a nhirng gia tri can tim.
{ .

2. Vi AABC vudngcintai A = AB? = -%BC" =34

Bed= B(-1+2t-1+3t7-4t)= AB = (2t — 6;3t — 6;—4t + 7)
= AB’ =34 & 20t - 116t + 87T =0 & t =3t =1.
Véy B(1:2:3). C(5:8:~5) la nhimg diém can tim.
2.Giasit N(a;hie)e (P)=a-b+ec+l=0&a-b+c=-1 (1)
Taco: NA* = (n 1) +(b—1) +(c—-1)

NB* = a’ +(b-1) +(c-2)

2

NC* = (a+2) +b +(c—1)
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=S = 3(2;12 +1y® +cz) —06b - 10c¢ + 16

2 2
26\&—1—%} +3b—§ +3(c-—])2—---l(n~—h+c)+4
(Y 5) :
=6la+=| +3[b-= +3(c~1)+s:35
3 3

Ping thirc xdy ra < a = -—é:h =—:c=1,

[ |

C

DE thiy bd ba sé nay thoa man (1)
| 24

Vay M[~-§;~;—;1] la diém cén tim va minS = 8.

O Céu VILb. Giasir z = a + bi v6i a.b € R va .1 khong dong thoi bang 0.

s . | 1 a — Di
Khidé z=a—-bi; —= - = L, n_)'
Zz a+bi a4+ Dbh°

_ - 95 25{a — bi)
Khldéphuorngtrinh Z+é=8“6i¢$%t—|)i+—;——‘i‘7—38“6i
z a"+b

a(n“’ + b + 2:3) = 8(;12 + b2) (1)

e b(:ﬁ + b + ‘25) = 6(&2 + b"’) (2)

Léy (1) chia (2) theo vé tacé b = i—a thé vaio (Ntaco a =0 va=4.

Véi a = 0=b=0 (loat).
Voia=4=b=3.
Ta c6 s phirc z = 4 + 3i.
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O PE 13

I. PHAN CHUNG CHO TAT CA THI SINH

Q Can L. Goi (Cm) la db thi ham sb y = —x" + (31[1 + 1)x2 —m-1

1. Khao sat su bién thién va vé do6 thi ham s6 khi m =1

2. Tim m dé do thi (C...) tiép xac voi duomg thang @ y = 2mmx —m — 1.
O Cau ll.

1. Gidi bit phuong trinh: (x + 1)(x — 3)y—x* +2x +3 <2—(x — 1)

2. Tim nghiém trong khoang (0;1\“) cua phuong trinh :
4sin’ % — \[gcost =1+ 2cos’ [x - %’E]

O Ciu L Tim m dé db thij (C) cy=x'—2mx’ +m + 2 cat Ox tai bon
diém phan bi¢t va dién tich hinh phing nim trén Ox gi6i han bi (C)va
Ox bang dién tich hinh phiang phia duéi truc Ox gi¢i han boi (C) va Ox.

Q Cau 1V. Cho hai duong thang Ax va By chéo nhau, goc gilra ching
bing 30". nhan AB =2 lam dudmg vudng goc chung. Trén By ldy C
sao cho BC = 2. Goi D 1a hinh chiéu caa C 1én Ax. Tinh thé tich cua

khdi chép ABCD.
O Cau V. Cho a, b, ¢ lacic sé duong théa a + b + ¢ = 3.

Chirng minh: — L + — 1 + — ! <1.
a’+b+c b 4+c+a " +a+b
II. PHAN RIENG

Thi sinh chi duge chon Idm mét trong hai phdn (phan A hojc B)

A. Theo chuang trinh Chuan

QO Céu Vl.a.
1. Cho hai dudng tron:

(C):x*+y =9 va (CQ):X" +y?—2x -2y -23=0.

Goi A,B la cac giao diém cua (Cl) va (C,z) , viét PT duong thang AB.
Chimg minh rang néuK € AB thi KI, < KI, (véi I;1, 1atam cua (Cl) |
va (Cz)).
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2. Trong khong gian véi hé toa d6 Oxyz. cho hai dudng thang:

A“x—7:ym3:z-9VaAﬁxt3:y—1:zﬁl
1 2 —1 T =T 2 3
Léy hai diém A, B thudc A, sao cho x, = Tz, =12,

B

Ly 2 diém C.D thudc A, vai y,. = 1.
Tim toa do diém D sao cho thé tich cua tir dién ABCD 1a 1008.
O Cau VILa. Giai phuong trinh nghiém phurc:

2

25(52° +2) +4(252+6) =0.

B. Theo chugng trinft NanQ cao

QO Cau VLb.

1. Trong mit phéng véi hé toa do Oxy, cho hinh chit nhat ABCD ¢6 canh:
AB:x—-3y+5=0, dudng chéo: BD:x—y—1=0 va duong chéo
AC qua diém M(—9:2). Tim toa d cic dinh cua hinh chir nhat.

2. Viét phuong trinh hinh chiéu vuéng goc cta duong thing

A X —2 _y+2 _z-1
3 4 ;
0 Céu VILb. Xéac dinh tip hop cic diém trong mat phing phirc biéu dién

Ién mat phang (P):x 4+ 2y +3z—4 = 0.

z .Y en 4 2 '
s0 phic z thoéa mén diéu kién 2t

14 mot sé thue duong.
Zz—2

O DPAP AN DE 13

QCaul
1. Ban doc tr giai

2.(C,,) va () tiép xac véi nhau tai (x,:, ) khi va chi khi hé phuong trinh

—x* +(83m +1)x* —m — 1 = 2mx —m-1 (1)
, co nghiém x|
—-3x"+2(3m +1)x = 2m

Khi d6 phuong trinh (1) e X, [xi - (‘Zm + I)X“ + ‘Zm] = () ¢6 nghiém

i

0

X, 0
X, € |X, 1
X, 2m
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Vay hé co nghiém thi it nhiat mdt trong cac nghiém trén phai 1a nghiém
cua (2) dicu nay twong duong voi

}er =)

f[m =)
I—~3 4'2(3!11 -+—1):: 21 *‘:" ] -

|
. L . o = —
=3me 4 203m A+ Ll =2m | :

U Cau 1l

“du
1. Bit phuong trinh «» (\ —IN - 3)\/~.\'" 4+ X +3<t—-x"4+2x

Pit t = \/:c’ +2x + 3.t > 0.

Taco: —1" < -2 +t7 <t +17 =250

@(t_l)(_t'-’+2t+2)>0¢:>t.>1¢>\/_x*+2x+3>1

& —x° +2x+3>1@x3—2x~2<()©1w\g<x<l+\/§.
, 3
2. <1:~‘in"%- \/g(‘usl?x = 1+2('us‘[x ——}]

= 2(1 - COs x) - \/5(-(_)52x = — sin2x

& V3 cos2xX — sin2x = —2cosx
5 2

,ﬂ X = 2% + k—:— (a,)
& CO8 2N -+- — | = (oS (TT —_ X) & 187“ 3

0 x = —— + k2 (b)

| 6 '
i~ . a ™ . L 17w

Ho nghi¢m (n) cho 2 nghiém trong (U.’K) la x, = —l—g.xz =g

¥y
nghiém (h) chi cho 1 nghiém trong (“:‘ﬂ) la x, = i()_

Vay phuong trinh ¢6 3 nghiém trong (():'n) ia:

%1 17=n 5

= — X, CX, =
18 Y 18 6

X

J Cau lll

- Phuong trinh hoanh d¢ giao diém cua (C) va Ox:

x'=2mxT +m+2=0 (1)
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bit t = x*, t > 0, ta ¢6 phuong trinh :
 —2mt+m+2=0 (2).

Yéu cau bai toan ,

< (2) c6 hai nghiém t > 0 phén biét

(A' = m? -m-2>0

< 1S=2mn >0 < m > 2.

P=m+2>0

Goi t,,t,(0 < t, < t,) 12 hai nghiém caa (2).

Khi d6 (1) c6 bén nghiém theo thir tyr tang dén Ia:

Do tinh déi x{mg cuaa (C) nén yéu cau bai toan
X3 X

4
&> I(x4 —2mx’ +m+ 2)dx = j(-—xl +2mx’ - m - 2)(1x

2mx’

X 3 L (m + 2)){_1 =0 & 3x| —10mx® + 15(111 + '2) =0

& 2
9]

1::‘l —-Qm)c:zl +m+2=0

= x, la nghiém cua hé: )
1 gl ¢ 3}:': — 10mx’| + 15(111 + '2) =0

= 4mx’ — 12(111 + 2) =0=>x= M thay vao hé ta co duoc
_ - m
(m +2)2 ' : 2
9-—-———_2——--——6(m +'2)+m+‘2:: 0& 9(m+‘2)—51n =0
m

(do m>'2)<=:>~51u'“’-—9111—18:()¢=>m:=3=>xl =\/g.

X = *+1

x::i\/g

Viim=3=>1Dex'-6x+5=0&

Vay m = 3 la gia tri cdn tim.
O Caulv
Vatia Ay'/ /By = xAy' = 30"
Goi M la hinh chiéu ctia C Ién Ay' = CM / /AB, CM = AB
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= AM = BC =2 va CM 1 (xAy")
= CM L Ax.Ma CD L Ax = Ax L (CDM) = Ax 1L DM

Trong tam giac ADM wvuédng tai D
taco: DM = AM.sin30" = 1; AD = AM.cos30" = V3
Goi H 1 hinh chiéu cia D lén Ay’ = DH L (ABC)

AM 2
I D 1 V3
S:mnc- = EAB'BC =2=V, = EDH'SAAB(' = 'E" (dvtt).
QCauV

Déi voi bai toan nay. néu thuc hién phép khai trién va bién ddi tuong
duong, ta s& thu duge mdt bat ding thirc bac cao kha phic tap.

Ngoai ra, cac mau thirc ciing khong ¢6 mot sy lién hé nao gidng nhur céc
bai trude (ban doc c6 thé kiém tra thir).

Nhu véy, ta phai lam thé nao dé cé thé giai dugc bai nay?

Cai khé & bai nay chinh 12 ¢ chd cde mdu thire qud khdc nhau, chinh diéu
d6 da tao nén béc cao khi khai trién, mdt diéu ma ta khéng hé mong mudn.,
Nhu thé, liéu ¢o cach ddanh gid nao giup dwa cde mdu thire tré vé giong
nhau hay khong? Day 1a cau hoi ma c6 1& mdi chung ta déu tu hoi sau khi
phén tich dén day. Va tir y tuong ctia ciu hoi nay, ta tim duge cdch giai
quyét cho ca bai toan nhur sau:

Theo bét dang thirc Bunnhiacopxki, ta cé

1 < 1+b+c
?12+h+C —(a+b+c)2

(uz+h+c)(l+h+c)2(u+h+c)2=>
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Tuong tu

1 < l4+c+a 1 - l1+a+Db

b2+c+a—'(a+b+c)2 C2+“'+b—fa+b+c)2

1

/

Cong ba bat dang thic nay lai theo vé. ta dugce

1 1 1 3+ 2(a+b+c)
2 3 — t+t < 2
a’+b+ec b 4+c+a c+a+bh (2 +b+c)
m3+2-3“1

Ping thirc xay rakhi vachikhia=b=c =1.
O Cidu Vl.a
, _ X! +y' =9
1.'Ijaco M(x;y)e (C])H(Cz)@ < 4y - 2% -2y —23 =0

= X+y+7=0.
Vay phuong trinh AB:x+y +7 =0.
Néu K € AB = K(a;—a - 7).tacé:

2

L(0;0).L, (1) = LK = o + (a +7) , LK = (0 —1) +(a +8)

2 2

VILK 1K =(a—1) +(a+8) —a’ —(n +7) =16>0
= LK > IK (dpem).
2. Pudng tron (C) c6 tim la gdc toa do, ban kinh R = 1.
Gia st M € A vatir M ké duoc hai tiép tuyén MA.MB (A,B 1a tiép
diém) téi (C) v hai tiép tuyén nay tao voi nhau mot goc 60"
= AMO = 30°. Trong tam giac vudng AMO, ta cé:

oA =sin 30" = 1 =0M=20A=2=M¢e¢ (O;r = 2)
OM 2

. => yéu cau bai todn < A cit (O;r) tai hai diém phan biét
y p

@d(O,A)<r¢:>|]—n—|<'2<:>|m|<2.
1
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O Cau Vil.a.

Phuong trinh < (25[’ + m)" - (S(Jix +12i) =0

& (252" + 50iz +10 + 12i)(2527 - 50z + 10 = 12i) = 0

i _ .
250 + 501 + 10 + 128 = 0 (52 + 51} = -35 - 12i = (1 - 6i)
252" ~50iz + 10 =121 =0 |

{

(57 = 51) = =35 +12i = (1+6i)

I1-1L 141
L = 4=
1 [ 2 -
& - Do
1+11 -1 -1
Zli: It ./:l - -
) )

L Cau Vl.a.
1. Tacotoa dd cua B 1a nghiém cua hé:

x=J3v+H=10 x =4 _
= 3::>B(4:3).

X-y—1=40 Vo=
BC LAB=BC:3(x~1)+(y-3)=0&3x+y-15=0.

D € BD = D(d:d — 1) = phuong trinh AD: 3x +y — 4d +1=0.

= ADNAB = A ;

Xx=3y+H=10 6d—4 2d+7
= A|— :
3IX+y—4d+1=0 5 5

Goi 1 latam cua hinh chir nhét

(l+4‘(1+2

= 1 latrung diém cua BD = | 5 5

Vi A,IM thang hang nén ta cé:

.‘[X:k.m:}T(l'—ZSZ dd+4¢z>dz-l:dz4.
d -+ 22 -2

*d=4= D(4:3) = I3 loai

*d=-1= D(w-l:—'Z). A(—'Z:'l_) va I[g—%] = C(-’S:())

Viy A(-2:1).B(43).C(5:0).D(-1:~2).
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2. Hinh chiéu cia dudng thang A Ién mp(P)la giao tuyén d cua
mp (a)vé mp(P) vOi (n)!é mit phang chita A va vudng goc voi mp(P).

Taco: u, = (34:1).n = (1:23)

sy

Véc to phap tuyén cua mp (ﬂ,) ‘n, =

—

IIA',II

] = (10:-8:2).

Phuong trinh mp (n) :hx —dy +2z2-19 = 0.

— [ e

Véc to chi phuong ciia dudmg thing d n, = ul,:n“] = (28;28;-'28)

27 i
X— - y—-

Phuong trinh dudmg thang d : 7 = '114 =7

Z

0 Cau VILb
Giastz=x+yi (xyéeR)

2420 x+(y+2)i B [x+()’+2)i”x--(y-—2)i]

z—2  x+(y-2)i <t (y—2)

Taco w =

:x“'+y"-4+4xi2 X' +y' -4 N 4x
-2 xe(y-2) w e (r-2)

il

2
Do d6 w la mét sb thuc duong thi (x:y) thoa mén :

&y > 2
4x = ()

S x =0
Ix’+y"~—4>()
y < =2

Viy tap hop sb phirc z la tryc Oy [-2:2].
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O PE 14

I. PHAN CHUNG CHO TAT CA THi SINH

Q Cau I Cho ham sb: y = x" +(m + ) x* +(m+2)x +2, co dd thi 1a
(C... ) in 1a tham sé thuc.

1. Khao sat sy bién thién va v& d6 thi ham s6 khi m = -2,
2. Tim céac gia tri cua tham s msao cho hiam sb dong bién trén nira
khoang [1;+oo).

O Cau 1.
1. Giai hé phuong trinh: \/_“ +‘\/_“\3_‘ =2 (x.y €R).

2. Giai phuong trinh : sin x cos 2x + cos’ X (tun“’ X ~ 1) + 2sin’ x = 0.

Q Cau 1L
Tinh dién tich hinh phang gidi han bi do thi 3 ham sb

x x’ Jx
f(x)—-4+2 g( ),. 5 4x \all(x) 2+12
Q Céu 1V, Cho hinh chop tam gidc déu SABC. day co canh bang a. Goi
M,N lan lugt 12 trung diém cua cac canh SA.SC. Tinh thé tich cua hinh
chop SABC biét BA vuéng géc vdi AN .
Q Ciu V. Cho a, b, ¢ la cac sd thue duong thoa ab + be + ca = 3.

Chirng minh ring: _1 + ! +‘)] <l

42 b2 P42

IL. PHAN RIENG
Thi sinh chi duge chon 13m mGt trong hai phin (phdn A hojc B)

A. Thec chudng trinh Chudn

Q Céu Vl.a.
1. Trong miit phiing véi hé toa dd Décac vudng goc Oxy, cho hai dudng tron:
(CI) x4y -10x =0, (Cz) v 4 Ix -2y -20=0
Viét phuong trinh dudmg tron di qua céac giao diém cia (Cl ) , (Cz )vé co

tdm nam trén dudng thing x + 6y —6 = 0.
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2. Trong khong gian véi hé toa dd Oxyz. cho 3 diém
A(1:1:0),B(0:2:0).C(0:0:2).
Viét phuong trinh mat cdu ngoai tiép tir dién OABC.
O Ciu Vila. Gigi phuong trinh trong tap s6 phirc  2° + 7] = 0.

B. Thee chuong trinh Nang cac

{J Ciu VLb.
I. Xac dinh toa dd cac dinh B va C cua tam gidc déu ABC . biét

A(:i:— ")) va trong tim G(l:l).
2. Trong khong gian véi hé toa do Oxyz. cho 3 diém A(l:():()),
B((}, 2: 0),C(O; 0 3) . Tim toa d0 truc tam cua tam giac ABC .

O Céu VILb. Chimg minh hé phuong trinh sau ¢6 ding hai nghiém
' +y' =29 (1)

log, xlog,y =1 (2)

O DPAP AN DPE 14

Q Ciau l.
1. Ban doc ty giai

,2.y'=3x2+2(m+l)x+111+2:>A=m"—m—-")

Bang xét ddu A:

111

= y'> 0.Vx € R = ham s ddng bién Vx € R

1+21

6

<mc«<

1-421
2

1-21 1+ 21
2 2

= y'20,Vx € R, ding thirc xay ra tai x =

= ham s0 dong bién Yx e R..
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Tuong ty: m =

1+~/‘2_l
2

ham so dong bién Vx e R

<1+\/'Z

1-V21
2

Viy. ham s6 dong bién Vx € R khi < < > (n).
-1 1+421 .
m < 5 hodc 1in > : thi

y' =0 ¢6 hai nghi¢m phén bigt x .x, (xl < x_)).

Lap bang bién thién. suy ra ham sé dong bién trén hai mra khoang

(—oo:,xl] va [x,,:+oo). nghich bién trén doan [xl, xz].

Do d6 ham s dong bién trén nira khoang [1:+oo) khi vachikhi x, <x, <1.

PDitt=x-1=x=t+1,khido
.V'=3x2+'2(m+l)x+m+'2=()(*)

tr¢ thanh 3t° + 2(111 + 4)t+ 3m+7 = ()(* *).

Phuong trinh (*) cd nghiém x < x, <1 khi va chi khi phuong trinh

(* *) c6 hai nghiém ¢t .t, thoa

A>(0
t,<t2:<_0¢:> t,+t2<0©
t,.tzz()

s

7

1-+21
—-§Sm<
1

1+
2

(b).

m >

Tir (q,) va (b) suy ra -—;3’1 < 1 thoa bai toan.

Chiy:

Voihamsd y=ax* + bx* +cx +d = y' = 3ax? + 2bx + ¢

Khi xét tinh don diéu ctia ham s6 trén nira khoang [a; +oo) , thi ta lru y:

Xét a = dé tim gia tri cua tham s6 m saocho y'20,x € [a;+oo).

Xét a # 0, talap biétsd A.

N a>0
*"1ac<o

thi y'20,xe R=>y df“)ng bién trén R, nghia 1a ciing

ddng bién trén nira khoang [a: +oo) :
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Néu A>0 khi d6 phuong trinh y'=0 cé hai nghiém phan biét
)(],)(2()(l < Xz)

Lap bang bién thién, két hop yéu cau bai toan, suy ra ham sb dong bién
trén hai nira khoang (—oo:xl] va [xz; +co) . nghich bién trén doan [xi,xz].

Do d6 ham s déng bién trén nira khoang [a;+oo) khi va chi khi
X, <X,s0.

Bai toan dua nhiéu huéng giai, giGi thidu ban doc hai cach giai phd bién:
(a2 0
A>0
X, +X, < 20
k(x] - (JL)'(x.2 - a) 20
Cich2:Ditt=x-a=>x=t+a.

Khi d6 phuong trinh y' = 0 ¢6 hai nghi¢m phén bi¢t x, < x, < a khi va

Cach 1: X, <X, £a &

chi khi phuong trinh y'(t + o) = 0 ¢6 hai nghiém phan bit
(a 20

A>0

t,+t, <0

tt, 20

b, <t, S0 &S

L Céu Il
I.Piéukién: x +y >0, x—y>0,y>0

\/x+y+\fx-—y='2\/;®’2x+2\/x2-y2 = 4y

2y —x 20 [2y~—-x20

2 _ 2
< -y =2y—-x &
Ty y—x y=0 V S5y =4x

5y° = 4xy

*y=0= x=9 khong thda 2y — x > 0.
* 5y = 4x thé vao phuong trinh con lai cia hé taco :

\/;+2\/;=3¢>x=1=>y=i;-théa2ymx20.

Viy (xy) = [1;%] la nghiém ctia h¢ dé cho.
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2. Dtéu kién: cosx = 0

Ta ¢6 phuong trinh da cho tuwong duong véi:

Sin X cos 2X + cos’ x(tam"] X — 1) +2sin'x =0
& sinxcos2x +sinfx —~cosl x +2sinfx =0
&> sin x(l — 2sin’ x) +2sinix — 1+ 2sin*x =0
& 2sin° X +sinx—1=0

sinx = —1(loai) |x = E + k2=

< 1 N4 - , (ke Z).
S X = = X = —+k2n
2 G
Q Cau 1L , ‘
Hoanh d¢ giao diém cua dd thi ham f va g 1a nghiém cua phuong trinh:
2 2
%-}—2:%—4)(@ X' ~16x +28 =0 & x =2,x = 14.
Hoanh d6 giao diém cta d6 thi ham f va h 1a nghiém ciia phuong trinh:
2
%+2=~%§+12¢:>x2+6x-—40=()<:>x=—1(),x=4.
Hoanh d6 giao diém ctia dd thj ham g va h 1a nghiém cua phuong trinh:
P ‘
3;--4x=—3—2’5+12<~_->x2—5x—6=0@x=—1,x=6.

V& dd thi f,g va h Ién hé truc, suy ra:

e ‘ | 16 17
S = J[f(x) - g(x)}ix + 4-ﬂjh(x) - g(x)}lx = Yy + Y =11 ( dvdt).
QO Caulv,
Goi O la tim cua ddy = SO L (ABC)
Goi E la diém dbi xtimg véi C qua A ; F 1a diém d6i ximg véi A qua B
— SE / /AN; SF / /BM = ESF = 90’
Ap dung dinh li ¢6 sin cho tam giac EOC, ta cé:
7a’

OE? = CE? + CO* - 2CE.CO.cos30" = e

2
Tuong tu déi véi tam giac OFC tacé: OF = Z@—

2
= SE? = SF? =.—So*+1§-.
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Ap dung dinh li ¢6 sin cho tam giac AEF ta co:
EF? = AE’ + AF? - 2AEAF.cos120" = 7a’
Ap dung dinh li Pitago cho tam giac SEF: FE? = SE? + SF?

= 7a? = 2807 + 14;’ - SO = a2

2
Mas,, . .= £ ;/5 = thé tich can tinh 1a:

2
V“._.’.-:-];-SOS t\.\/-_--rl,\f_ rl.\/_

) AAB(' 3 6 4

(dviv).
QCiuV
Sir dyng bt ding thirc Bunhiacopxki dang

(a2+b2)( +y) (ax-i-by) tacod

(a? +z)[ (boto

> +b+c).

(b+c)
| 1 Ity
Tir d6 suy ra; — < '

ﬂ'2'*'2_(a,-f-b-kc)z’

- (c+ n.)z (a. + b)2

~ .1 2 2
Tuong ty ta cing o0 5 S (a+b+e) +27 (asbtc)
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Do do
NS bY +(b+c) +(c+a)
1 1 1 L oo V‘V R >:—-VV T T T T

T, T, T < 2 2
a‘+2 b 4+2 42 (a +b+c)

_3+a’+b'+c’ +ab+bc+eca

a (2 + b +c¢)

ab+_bc+ca+a2+b2+c2+ab+bc+ca_3
(a +b+c) S

Tir d6 suy ra diéu phai chimg minh.
Pang thirc xay rakhi vachikhia=b=c=1.
] Cau Vl.a.
1. Toa d¢ giao diém cua hai dudng tron (Cl) va (C 2) 1a nghiém cua hé:

x*+y'=10x=0
14x -2y -2=0

x> +y’ —10x =0
2 2 : ‘ At
X +y +4x -2y -20=0

y=7x—10
PENE A o
X —3x+2=0

x=1=>y=-3

x=2=>y=4

= (C,) va (C,) cat nhau tai A(1:-3) va B(2;4).

Goi I la tam cuia dudmg tron(C).1 € A

x+6y-6=0=1(6-yyy) .

A" =1B* & (5-6y) +(y+3) =(4-6y) +(y-4) & y=-1
= 1(12-1), R = 1A = 55.

Vay phuong trinh dudng tron (C): (x — 12).2 + (y + l)2 =125.
2.Goi (8):x* +y’ +2° —2ax —2by —2cz +d = 0
Vi (S) di qua 4 diém O,A,B,C néntaco h¢:

[d=0 0 =0
—2a—-2b+d=-2 b=1
J = )
—4c+d=-4 d=0

Vay (S):x2+y2+z2 —2y—-2z=0.
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0 Céu VILa. Dit z = x +yi (x.y € R).khi do

z? -}-IZI:O«‘,:*»x‘*—y2 +yx +y +2xyi=0
- xz-—y"?-}—mz().

2xy =0
Giai h¢ ta duoc céc cap (x.y)la (0;0),(0;1).(0:-1).
Viy PT ¢ 3 nghiém I 2, = 0,2, = iz, = —i .
O Céu VLb.

1. Goi M Ia trung diém BC = MA = %EK = M(0;4)

Datx=AB=>AM=x;/§=>X\2/§=3s/1_O=>x=2J§(_)

=>BM=CM=32‘-=J3—0.

Gié sit B(a;b) = BM = v/30 & BM? = 30 & a’ + (b - 4) = 30(1)

Mt khic AM 1 BM = AMMB=0&a—3b+12=0
= a = 3b — 12 thay vao (1) ta ¢6 dugc:
b=7=>a=9

—_ 2 — 2: 1—42: :
(Bb-12) +(b-4) =30 & (b-4) =3=| . _ 4

Hai gid trj a, b tuong img la toa d¢ cua B,C.
Vay B(9;7), C(-91).
. X Yy z
2. Phuong trinh ABC):—+=+—-=1.
g trinh mp(ABC): T+ + 4
Goti H(a; b;c) la true tam cia tam giac ABC
b

He(ABC):%+E+§=1 (1).

Taco

K—ﬁ = (a. — l;b',c),gﬁ = (a;b — ‘2;c),—B—é = (0;——2;3), ;\_é = (—1;0;3:

226



S AHBC=0 [-2b+3c=0
Vi Hlatruc tdm coa AABC = { . . = (2)
BHAC =0 |-a+3c=0
Ta(l)va(2)taco hé:
36
[—a+3c=0 49
1-2b+3¢c=0 ¢:>‘b:—l-§=¢»H{§§;—l—§;l—%]
49 49 49 49
6a+3b+2c=6 19
. c = -2
49

aru y: Tu dién OABC la .t dién vuong tai O, nén tryc tdim H chinh la
hinh chiéu cia O trén (ABC). Vi vy ¢6 thé tim toa dd cia H bing
cach: Viét phuong trinh dudng thing A di qua O va vudng géc véi
(ABC) = H = An{ABC).

1 Cau VIL.b
D& thiy néu (x;y) [a mot nghiém cua hé thi x > 1,y > 1.
bit t =log, x,t > 0= x =3 va tr PT thir hai cia h¢ ta cé y=2%

way vao PT (1) tac6 PT 9' + 8§ =17 (3).
Nhan thiy s6 nghiém cia hé bing sé nghiém cua PT (3) .
Xét ham s6 £(t) = 9" + 8 tén (03+00).

L
Tacé f'(t)=9'In9 - 8 32“8

1

2.8'In8
t:!’

f'(t)=9'In"9 + -t%-s% In 8 + > 0,Vt € (0;+00)

Nén ham f'(t) déng bién trén (0;+o00).
1
2
"(t) = 0 c6 nghiém duy nhat t, € (0;1).
Taco f(t,) <£(1)=0 va limf(t) = +oonén phuong trinh f(t) =0

t-s 4 x

Ma f'[ ]f'(l) = 18(1119 - 1n2'2"'“)(1n27 ~In16) g 0 nén phuong trinh

6 dung 2 nghiém duong do d6 hé cd ding 2 nghi¢m.
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O PE 15

I. PHAN CHUNG CHO TAT CA THI SINH

Q Céau l.
2x +1

x—1

1. Khao sit su bién thién va vé d6 thi cuia ham s6 y =

2. Vdi cac gia tri ndo cia tham sdém € R. dudmg thing (dm) di qu
diém A(=2;2) va c6 h¢ sb goc m cit db thi (C) cua ham sb da cho tai he
diém thuc hai nhénh cia (C).

O Ciull.
1. Giai phuong trinh: 243x — 2 + 3v6 — 5% - 8 = 0.
2. Giai phuong trinh : 1 + sinx + cos x + sin2x + cos2x = 0.

Q Cau 1L Tmh tich phan: I = j; (tan X + cosx.e™" )dx

Q Ciu IV Cho hmh chép SABCD. Hai mat bén (SAB) va (SAD) cun

vudng goc véi day. bay ABCD la ur gxac ngi t:ep trong dudng tron tér
O, ban kinh r. Tinh ban kinh mat cau ngoai tiép hinh chop S.ABCI
biét SA = h.

Céu V. Chimg minh ring: sin2x + tanx > 2x v&i moi x € (O;%).
II. PHAN RIENG
Thi sinh chi duge chon 13m mét trong hai phén (phén A hogc B)

A. Theo chuong trinh Chuan §

0 Céu VlL.a.
1. Trong h¢ toa d§ Oxy, cho tam gidc ABC céan tai A cé trong tir

G[—g,%] , phwrong trinh dudmg thing BC: x — 2y — 4 = 0 va phuong trin

duong thing BG : Tx — 4y — 8 = 0. Tim toa d$ cac dinh A,B,C.
2. Trong khong gian voi hé toa d§ Oxyz, cho tam gidc ABC c

A( 1;,—- ) dudng cao BH va trung tuyén CM l4n lugt nim trén h
dudng thing :
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x+1 y—-1 z-4 x—1 y+2 z-35
d ): = = cd, ) = = —
() 2 3 4 (4,) 9 -3 1
Lap phuong trinh dudmg thang chira cac canh AB.AC cua tam giac ABC.

‘du VILa. Mot hdp dung 9 tam the dugc danh s tir 1 dén 9. Hoi phai rut it
nhat bao nhiéu thé dé xac sudt c6 it nhat mot thé ghi sé chia hét cho 4

phai 16n hon -2

B. Theo chvong trinh Nang cao

1 Cau VLb.
1. Trong mat phang voi hé toa d6 Oxy, cho diém C(Z;O)va elip

2 "2 k) ” AY r
E): XT + \T = 1. Tim toa 49 cic diém A, Bthuge (E). Biét ring A, B déi
img nhau qua truc hoanh va tam giac ABC la tam giac déu.

2. Trong khong gian voi hé toa d§ Oxyz, cho mit phéng (P):

X=t
X +y+2z—1=0 vaduong thing d:{y = -2 + 2t.
Z2=—t

Goi A=d ﬂ(P), viét phuong trinh duong thing Adi qua A, nim
ong (P) sao cho goc tao boi A va d bang 45°.

‘du VILb. Tim c4c gia tri cia tham sb m dé dudng thing y = —x + m cit db
L2

thiham sb y = = -1 tai 2 diémﬂphénbiét A, B saocho 2 < AB <23,

X

> PAP AN PE 15

1 Caul.
1. Ban doc tir giai

2. Phuong trinh ctia duong thang (dm) lay=m (x + ’2) +2.

Dudmg thang (d,, ) cét dd thi (C) cua ham s6 da cho tai hai diém thude

ai nhanh cta (C) khi va chi khi phuong trinh :2x +11 = m(x + 2) +2 ¢o
x ——

ai nghiém x va x, saocho x, <1<x,.
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Nghia la phuong trinh : mx* + nx - 2m -3 = ()(*) cO hai nghiém x
va x, thbamidn x <1<x,.

CéchI: x <1<x, <::>(xl -1)(x._,—1)<0<::> X, X, -—(xi +x2)+1<0

@[—2“1_3\—(—1)+1 <()<:>——;}-<U:>m > (
m J | n

Cach2: Ditt=x-1=>x=t+1
Khi d6 phuong trinh (*) tré thanh : mt’ + 3mt -3 = 0(* *)

Phuong trinh(*) ¢d hai nghiém x va x, théa mdn x, <1l<x, ki

phuong trinh (* *) c6 hai nghiém ¢ va t, thoa méan:

tl<0<t2<::>t.].t2<() @—i<():>m>().
1391

QCaull

(2]

1. Didukién: x <=

CJ'!

R 3
Céchl:D&tt=V‘3x—‘2:¢x=t +2.tirx$§:>ts 2 .
5

156" +4t2 - 32t +40=0  |(t+ z)(lst‘* - 26t + 20) =

=t | O

o t‘ -2 <> x = -2 thoa diéu kién x < —.
5

Vay phuong trinh dd cho ¢6 nghiém duy nhit x = -2 .
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5a’ =15x — 10

Cich2: Dat a =V3x -2, b=v6-5x. b20=4
Jb° =18 -15x

2 +3b -8 =0

= 5a" + 31’ = 8. Phuong trinh da cho tro thanh : | \
Ha” +3b° =8

| 5 —2a Ly
} = ——— —
- | 3 ) - 'I)': O 3 1
5a° +—(—8—_—2ﬂ—)—_—_8 152" +4a =322 +40 =0
L 3 :
1)28'7'231 = -9
= 3 3t 4
(2 +2)(15a° = 26a +20) = 0 )=
-2 =Y3x -2
< 9 < x =2
L4=\/6—5x
Ciach 3:

2%3x — 2 + 3 6—-5x—8=()©(2‘3x—2+4)+(3s/6-5x—12)=0

<:>‘2(\/“3x~‘2 +2)+3(\/6—~5x--4)=0

‘ 3x 242" . 6-5x -4
<2 - +3 e =0
(\/“3};—2) _23f3x-2+20  V6-5x+4
6 15
< (x+2) . S =0(*
{(J“Bx—-Z)Z—Q.J‘Sx—QFY J6--5x+4} )

Dé dang chimg minh dugc :

R I o
0 - b <0, Vx <

(\‘/Ex*—-i)z ~24f3x—2420 VO-5x+4

Khi d¢6 phuong trinh (*) & x =-2.

i

Ciach 4: Xét ham sb f(x) = 93x =2 + 36 - 5x — 8,Vx sg .

2. Tacod: 1 +sinx +cos® +sin2x + cos2x =0
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& (Sinx +cosx)+‘23inxcosx +2cosix =0

= (sinx -+ cosx)(l + 2(:05)() = ()

tan x = —1 X = -2 4 kn

1 & 4 keZ.

SN == —— 2
cos X ) X::F“_JE-FI{QTK

sinx +cosx =0 I
g =
14+2cosx =10

L SInx

QCaulll: I = f (t.mx + cos xX.€ “")(lx =

1] i CcOosx

[ ln(cos x) ""J = In \/_ 2+ e? .
QO Caulv s
Vi (SAB) 1 (ABCD),(SAD) L (ABCD).
(SAB)N(SAD) = SA = SA L (ABCD).
Qua O dung dudng thing M
A 1SA=A1(ABCD) = A la tryc
ctia dudmg tron ngoai tiép tir giac ABCD.
Goi M 1 trung diém cia SA, (o) lamat 4

dx + f" cos X.e™" *dx
{1

phing trung truc ciia SAval= AN ((x).
IeA=IA=IB=IC=1ID, I€(a]
=2 IS=TIA=IS=IA=IB=IC=1ID B
nén I chinh 13 tim mit cau ngoai tiép hinh chop S.ABCD.

Tir gide MAOI 1a hinh chir nhdt nén Ol = AM = 52A %

= IA’=0A+0I’ =r° +l—;-l--:fR-~IA_Jr +l—;-—

Céau V Xét ham s0 y =sin2x + tan x — 2x xac dinh va lién tuc trén nira

7t
khoang | 0;— |.
oing 0.2

y'=2cos2x + !

1l-2= . ~‘2(1-—cos'2x)= L

22
_ —— — 4 51n° x
COs™ X COs™ X cos™ X
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N

L 2.
1-sin"2x cos™ 2x

20 vormot x € (():gE

; - va
cos“ X COs™ X
cos2x = ()
1[ .
y'=0.x¢€ ():—-]<3< { T <::>x.r-£.
2 lx € l():}- 4

_— £ . - s e - . , i , - .
Vi ham s6 xac dinh va lién tuc trén nura khoang {():Ejzy' > () v&1 moi

n . Az . . s etk T . 2 4k . %
X € [0:—2—] va dang thirc xay ra chi tai diém x = n nén ham so dong bién

trén nira khoang [Ozg). Dod6 v > y(U) véi mol x € (();%J.

: e T
Hay sin2x + tanx > 2x véimoi x € ({}:TZ—J.

00 Cau Vl.a
x—2y—-4=20

Tx—4y—-8=0 = B(O;——?)

1. Toa d6 dinh B la nghiém cua hé [

Vi AABC ciantai A nén AG I dudng cao cua /.\ABC,

4

AGJ.BC:>AG:‘2[x—§ +1 =0&2x+y—~3=0

Y"*I
3

Goi H = AG N BC thi toa d6 diém H 1 nghiém cua hé

2x+y—-3=0

x——:Zy—-4:0:> H(Q;-—l)

Yo =20 TN 6 (g0).

Vi H la trung diém cia BC = ,
Yo =2¥y ~ ¥y

Taco x_, = “:l;(x,\ + x, + x‘.).yc = —3(\\ +y, + y(,) = A(O;:}).

Viy A(0;3),B(0:-2),C(4:0).
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2. Phuong trinh tham s0 cua cac duong thiang (d{) va (dz) la:

x = ~1+ 2t x=1+2
(d):dy=1+3 . (q,):{y=-2-3t (LseR).
z=4d+ 1t z="0+=s

ViBe(d )= B(2t - L3t + L4t + 1),
CE(d2)=>C(2s+1:—~lis-'2:s+5)
Tacod }\E = (23 +2:—3s—Llis + 3) toa do trung diém M cua AB la

3t—2 2t + 3.

M[t——l

VTCP cia (d,): u,,

By

=(2:3;4),
Vi ACaiy, = 0= 2(2s+2) +3(=3¢— 1) + 4(s +3) = 0

S w4 13=0es=13= C(‘27;—41;18).

t—1=2s+1
ViMe(dz).—->43ta-2=‘2(-~35-—~2):»t_—--% B[1.32
. 3 3 3
2t+3 =545
Do d6 phuong trinh AB : x+1 y+3:z-—2’
2 9 7
AC:X+]=‘Y+3=Z—2.
13 -19 8

Ciu VILa. Trong 9 thé da cho ¢ hai thm thé ghi so chia hét cho 4 ( cédc the
ghi s6 4 va 8), 7 thé con lai ghi sé khong chia hét cho 4.

Gia sorrut x (I_S x<9xe€ N). s6 cach chon x tir 9 thé trong hop la

C;, sb phén tir cita khong gian miu 1a n (SZ) = C}.

Goi A 1a bién c6 » Trong sé x thé rut ra, co it nhat mét thé ghi sb chia
hét cho 4

S6 cach chon tuong (g vdi bién cé Alan (A) = C7.

Taco p(X):—g%#p(A):l—gi.

H] T
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F N r

Do d6 p(A)>;é¢:>1v— s 2 xS 1Tx - 60 < 0

6

S5<x<12=6<x<9(xeN)

Gia tri nho nhat cua x 1a 6. Vay sé thé it nhit phai ratrala 6 .
O Cau VLb
1. Goi A (x”;y“), do A, B dbi xung nhau qua truc hoanh nén B(x“;-y“)‘

AB® = 4y " AC’ ( —x ) +y,°

x2 ‘y 3 4—-}(2
ViA€E=>-~—+*‘~—-—1<=> (1
(E) Tt Y, s
ABC 1a tam gidc déunén AB = AC « dy’ ‘z(x ~2) +y.22)
| _,
Tir (1) va (2) ta c6 : 7x“'-’—16x“+4:0<=> 5
X ==
{} 7

Voix, =2=y =0= A=C loa

48 43

.. 2 ‘ ,

Vé&i x, = —thayvao(l)taduoc y "= — & x = F—
0 =7 y (1) ¢y, 20 T
02493 (2 \/ (2 —av3) (2 443
Viy A hodc A|2: 223 |.p|2,4¥3
7 7 7 7 7 7 7

s sum—

2. Tacs A(L:0;~1), VICP cua (d): u = (12-1),
VTPT ca (P): n = (2:1:1)

Goi u, = (m;bic) (a + b +¢* > 0) la VTCP cua (A)

Vi (A)C mp(P) = u,n=0=20+b+c=0 (1)

Géc giira (d) va (A) béng 45" suy ra

la+2b*—ci

Vb tc

Tu (1),(2) suy ra

cos45’ =

@ Ia + 2b — cl = \/3(212 + b+ 02)(2)
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3ja + bl = (3(a’ + b’ + (20 + b))
& 3a’ + 6ab + 3b° = 5a° + dab + 217

2 s .
Sl —-2ab-bh =0 (\/;1) = (;L + b)e &S bh=—-a4++V3a

*Vai b:#a+m[?_,.chgn ;1.:1:>h:\[§—1:>c:~1-\/§

*Voi b= —a—aVv3, chon ;1:1:>|):—-\/§—1:>c:\/§—1

Tir d6 ta c¢6 hai dudng thang thoa méan cé phuong trinh la :
x—1 y z+1 4 x—1 z+1

1 o1 Sk —1—f a-1
du VILb. A(x;;y,),B(x,:y,) 1a giao diém dutomg thing (d):y = —x +m
2

1ddthj (C): y =>—

X

cua ham s6 nén toa d6 A,Bthoa:

2
x' -1 = —X + 11 2% —mx—-1=0, (x = () (1)
x —

y =-X+m y=-ox+m

D& thély (1) c6 hai nghi¢m thuc phan bigt x|, x, khic 0 vi moi m thoa mén:

(x1+x2 =2 ’
4 12 vay, =-x, +my, =-X,+m,
kxl.xi =3
Khi do
AB? =(x| “xz)z -a*—(yl —~32)2 ‘2(){l -X )2 =2[(x + X )Z-4xx ]
m

¢§AB”=—-+4
2

Theo bai toan:

lll

2 —>0 m#(
2<AB<2\/§:>4<£1-+41<12 <:.::><2 = )
2 m? <8 -4<m<4
L 2
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O PE 16

I. PHAN CHUNG CHO TAT CA THI SINH
Q Caul. Chohamsd y = x* —ux - ¢6 dé thi (Cm ) i la tham sb.

1. Khao sat su bién thién va vé dé thi cua ham s6 khi mn = 3.

2. Tim céac gia tri xdé do thi (Cm) cua ham sé cit truc hoanh tai 3
diém phan biét. |
O Cau ll.
Jx—1-/y =8-x" (1)

(x=1)' =y (2) (x’y : ’R)'

1. Giai h¢ phuong trinh: l

2. Giai phuong trinh : tan x = cot X + 4 cos’ 2x.

| |
Q Cau IIl. Tinh tich phan: [ = J'(xczx -2 - }lx
4-x

Q Cau IV. Cho hinh chop SABCD c¢6 day ABCD 13 hinh vudng canh a
SA 1 (ABCD) va SA = ay3. Goi I I hinh chiéu cia A 1én AC. Ti
I l4n luot v& cac duong thing song song voi SB,SD cit BC, CD ta
P, Q. Goi E,F lin luot 13 giao diém cua PQ véi AB,AD. Tinh th
tich ca khdi chop SAEF va khoang cach tir E dén mat phing (SBD).

0

O Cau V. Cho céc sb khong am a,b.c théaman a + 2b + 3¢ = 4.
Chimng minh bét déng thire sau : ab —be +ca < 2.

II. PHAN RIENG
Thi sinh chi dugc chon lam mét trong hai phin (phin A hogc B)

A. Theo chugng trinh Chudn

0 Céu Vl.a.
1. Trong mat phing Oxy, cho dudng tron (C): (x - 4)2 +y' =4 v
diém E(4;1). Tim toa dd diém M trén truc tung sao cho tir M ké dugc he

tiép tuyén MA,MB dén duomg tron (C) véi A,Bla hai tiép diém sao ch
dudng thing AB di qua diém E.
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2. Trong khong gian véi hé toa d6 Oxyz. cho hai dudng thing
x+1 y-1 z-1 x—-1 v—-2 z+1 .
d : = 2 = 2 =< = va mat phan
o2 ~1 1 | 1 2 > pIAng

(P):xﬁy—~22+3=0.

Viét phuong trinh chinh tic cia dudong thing A, biét A nim trén mat
phing (P) va A cat hai duong thang d; . d; .

O Céu VILa. Chimg minh ring phuong trinh : (x - l)ex - (x + l)c“ =0

¢6 hai nghiém.

B. Theo chudng trinh Nang cao |

0 Céu VLb.
1. Trong mjt phéng vai hé toa 40 Oxy cho dudmg tron (C) cO tdm

1(3;2), bén kinh R =13 va dudng thing A:mx -2y +m+3=0.
Tim m d& dudng thing A cét dudng tron (C) tai hai diém A,B sao cho

466

)

2. Trong khong gian véi hé truc toa d Oxyz cho tam giac ABC véi
A(12;5),B(1;4;3),C(5:2:1) v mat phéng (P):x-y-2z-3=0.

Goi M 1a mét diém thay ddi trén mit phing (P).
Tim gia tri nho nhét cua biéu thic MA? + MB* + MC*.

tam gisc AIB cé dién tich bing

Q Cau VILb. Giéi bét phuong trinh log? x 2 log’ ,/1 - -}

O DAP AN DE 16

Q Céul
1. Ban doc tu giai

2.Tacd: y'=3x" —m
Péy m<0=y'>0,VxeR ham sb dong bién véi moi x € R, do d6
dd thj ctia ham sb cit truc hoanh tai 1 giao diém.

Khi m > 0 = y'= 0 ludn c6 hai nghiém phén biét x = —\/%,x = \/—;é-
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Lap bang bién thién va suy ra : ham so dat cuc dai tai :

i 111 ) 211 ( ﬁ; . .2 .
X = —f—.yl —— | = — — | —m va dat cuc tiéu tai :
V 3 V3 J 3 LV 3
—
Jm 10 2mi (1
=al Y —_— = —-—— — | —111.
3 3 3 3

Pb thi cua ham sb cét truc hoanh tai 3 diém phéan biét khi va chi khi:
(m > 0 (m > ()

m 2in{ [in 2( [n 27
yi-[— >0 |—| /—|-m>0 &—| /[—|>1em>—.
3 s 3 3 3 3 4
y( 11—1-)<0 ——ZE( /E)—m<0
i 3 | 3 3

Q Cau Il

A

x>1
y=>0

1. Diéu kién: [
Thay (2) vao (1) ta dugc: vx ~ 1 m(x _,1)2 —8_x
SVx-1+x"~—x"+2x-9=0
SVx—1-1+x"-x"+2x-8=0
x—2 )
&+ (x-2){x"+x+4]=0
vx—1+1 ( )( )

1 2
SIX -2+ +x+4|=0&x=2=y=1
( )\/x—1+l

Vay (x;y) = (21) 1a nghi¢m duy nhét ciia hé.

2. Diéukién: sin2x = 0 & x = l-g- (1€ Z)

Phuong trinh twong duong voi
c?sx _SBX L deos?2x =0 2(.:082)( +4cos’2x =0
sinx cosX sin 2x
& 2cos'2x[ 4 2coszx] = 0 4 2cos2x (1 +sin4x) =0
' sin 2x
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T T
cos2x = () X:Z+k§
< =S :
sindx = —1 T g
X=—-—+k—
8 2
0 vt diéu kién= ho nghiém cua phuong trinh ia
x=—+k=
4 2 (kez)
0 T
X=-—-——+4K—
L 8 2
1 Ld (4 - x? ! 1 1
JCaulll. I = 1 de(ez") + J-——-(——-—) = }»xe“L _1 Iez"dx +V4- x2L
23 S Wa-xt 2 2,
—-------e‘** +J— ,_¢ +4~/_ 7
1
“hiry: [x.edx.
0
pat|. = j———d Pt t =4 -
t __ = X. x?
¥ dv = e®*dx N
d CaulV

Trong tam giac vudng SAC, ta cé:

. IC AC? 2a’ 2
CI-SC = ACZ => = - - T
SC SC* 2a’+4+3a> 5

2 2a 2a

5 CP=2CB==2viC -——CD—
;OB R OQ 5
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Ap dung dinh li Talet: BE = BP = 3 = BE = gCQ — %{‘.

cQ pPC 2
Tuong tr: DF = 3:" = AE=AF = a + (“ = §—‘
) ) J
1 327
> Sy = 5 AEAF = 5
, 1 1 32 32a°V3
Vay Ve = ESA‘S:_\M:‘F = -3-.1\/3 25 = 75 (dvtt).

Ta co: fD)% - -g- - d(E, (SBD)) - gd(A,(SBD)).

5}
Vé duong cao AH ctia tam giac SAO

Tacé: Al L (SBD) = d (A,(SBD)) =g = JAAOQ a\/g

SO
3&\/5_1'

35

Viy d(E, (SBD)) =
QCauV

Hién nhién1a do be > 0 nén ta chi cin chimg minh a(b +c) < 8 la du.

(x + y)2

2

Mt khéc, lai dé y ring theo bit ding thirc Cési dang xy <

, thi

a 3c
e b+___,
o5

a 3c

A PPN P
2 2 2

b+c¢)<a
a(b +c) < < 1

(a +2b+3c)®
3 =

Bai toan dugc chimg minh xong.

Dau déng thirc xay ra khi va chi khi |

[a+b+c=4

bc =0

Lo = 0 & (n, b,c) = (‘2,1,0) .

2.

i .
& 1
|2 W
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0 Ciu VLa
1. Budng trén (C) ¢ tam 1{4:0). ban kinh R = 2.

Goi M (O;m) , gid su T(x; y) Alé ti-ép diém cua tiép tuyén vé tr M 161
(C) = ﬁ = (x;y - m), ﬁ“ :(x — 4;y).

T €(C) X +y —8x+12=0
Taco: {— — PR
MTIT =0 X" +y —4x—-my =10

= 4x-—my—-12=0

= phwong trinh dudng thing AB : 4x —my — 12 = 0

= ABdiquE®16-m-12=0&m=141,

Vay M(0;4) 1a diém cén tim. |

2. Gia st ;(a; b;c) = 6 14 mot vecto phap tuyén cia mat phing (P).
Phuong trinh mat phing (P): ax + by +cz +2b =0,

Pubmg thing A di qua diém A (1;3;0) va c6 mdt VICPu = (1;1;4).

| A/ /) nu=a+btde=0

* Tir gia thiét ta co o

b thiltme 1y b)) =a T2ty
_/!1.2+b2+02

Thé b = —a — 4c¢ vao (2)taco :
(a+5c)2 =(29,2+17c:’2 +8a¢c)¢>a2-2ac—802 =0

P R -,
- C C

*Véi 2 =4 chona=4c=1=b=-8.
c .

Phuong trinh mét phﬁng(P) :4x -8y +z-16=0.

*Voi 2 =2 chona=2,c=-1=b=2.
¢

Phuong trinh mt phing (P) 2x+2y—z+4=0.

Q Ciu VIlLa
D& thiy x =1 khong la nghiém phuong trinh .
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Xx+1

Véi x = | phuong trinh (x - 1)0“ v(x +1)é“x =0 & e - " =0,
X.....
¢ . A Ty X+l . N ;- B
Xéthamsdé v = e — 1 xac dinh véimot x # 1.
X-q...-
2

Tacd: y'=2e" + >0 voi moi x #1 nén ham so6 dong bién

(x-1)
rén moi khoang (—-oo:l) va (1; +oo).

Matkhac limy = -1, lim y = 400 va limy = +00,limy = —o0,

X——® X =¥+ x—»l x—1"
Lap bang bién thién, ta thiy phuong trinh d4 cho c6 hai nghiém phan
3i€t, trong do mot nghiém nho hon 1 va mdt nghiém lém hon 1.
J Cau VLb

I.Goih=d(IA)=S, = %h.AB — WR? - I?

AAIBR
, 56
G [ =4 h2=—-
= h 13—11'-’-:3&@11"—1311%@3:0@ S5
5 25 hzzg
| 5

B l4m - 1|

e

Mah=d (I,A)

TH1: h' = 9 = 5(4m — 1)2 = 9(1112 +4) < 7lm> —40m ~-31=0
)
31
Sm=1m=-—-—.
TH 2: h? :—5—-6~ = 5(4m -~—-1)2 = 56(m2 +4)
)
& 24’ —40m-129=0 m = %—8—73.

x 31 10 + v874
Viym=1,m=-—m=———
71 ' 12

2.Do (B)/ /(o) =(B):2x +2y—2+D =0 (D=17).
Mt cdu (S)c6 tam 1(1;—2;3), bankinh R = 5.

la nhimg gi4 tri cn tim.
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Puéng tron c6 chu vi 6n nén ¢o6 ban kinh r = 3.

Khoang céch tir I t6i (8) 1a h = JRi - =+5' —3' =4,

D=-7

D =17 (loai)

21+2(-2)-3+D|]
V2t + 28+ (=1)
Vay (B) c6 phuong trinh : 2x +2y —z -7 = 0.

Do do 1 |-5+D|=12«

x>0
Q Cau VILb. Diéu kién: x ©0<x<4.

F e —]

2 x 1 [ x 1
béy: log, J1-—==log |{1-—[log x ==log, x.
g g.;\/ 1=2%| 4] g, x = log,

Khi d6 bét phuong trinh da cho twong duong véi bt phuong trinh

2 2 2
1 1 X 2 X
[--2~log3 x] > [-5 log, (1 - Z)jl =3 (log;i x) > [logn (1 - ZH

< log, log‘x[l—-—]ZO
S x
4
o (0<x <4
| log;,44x 20 iy
Trudmg hop 1: < - X = 21 &x=2
. x(4 - x) 14-x
log, ———=20 4
uh 4 x( —x)_>-1
. 4
( (0<x<4
log, ix <0
"4 -x 4x 4
Trudmg hop 2: | = <1 o0<x<-—.
log )((4—3()<0 14-x 5
3 -
{ 4 x(44—x)Sl

4
Vay bt phuong trinh cho c6 tap nghiém la (0;-;] U {2} .
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O PE 17

I. PHAN CHUNG CHO TAT CA THi SINH

Q Cau L. Cho ham sé v = x* — 3mx’ + 4

1. Khao sat va v& d6 thi khi m = 1.

2. Tim m € R dé phuong trinh x* — 3mx’ +4 =0 c6 3 nghiém phan
biét va cac nghiém déu nho hon 4.
L Cau ll

1. Gidi bt phuong trinh : x* + 3x +1 < (x + 3)\/):2 +1.

. tan’ x + tanx \/5 .
2. Gidi phuong trinh: = —sin

tan’ x + 1

T
X+ —
4

Q Cau I11: Tinh tich phan: T= | sin 2xdx

[t

3 +4sinx — cos2x

O Cau 1V: Cho tir dién ABCD co cac canh AB=BC=CD=DA=a,
AC = x,BD = y. Gia sitr a c0 dinh, hdy xac dinh x va y sao cho thé
tich tr dién ABCD 16n nhét.

Céu V: Chimg minh rang phuong trinh : %—x" +x" —4x - 3 =0 c¢6 nghiém
)

duy nhat va nghiém do thudc khoang (1:'2).
II. PHAN RIENG

Thi sinh chi duge chon Iam m§t trong hai phan (phin A hojc B)
A Theo chuong trinh Ohuan
O Céiu Vl.a.

1. Trong khong gian véi 'hé toa d6 Oxyz, cho 3 diém A(2; 0y O),

C(0;4;0), S(0:0;4). Tim toa dd diém 5 thudc mat phing Oxy sao cho tir gide
OABC la hinh chir nhét. viét phuong trink mit cau di qua 4 diém O, B,C,S.

2. Trong khéng gian véi hé toa 46 Oxyz, cho M(5;2;—3) va mit phing
(P):2x +2y —2+1=0.Goi M, lahinh chiéu cia M trén (P), xéc dinh
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toa d9 ctia M, va tinh MM, . Viét phuong trinh mp(Q) di qua M va chira

duéngthéng(d):x;}-—-yl—l:ZﬂG‘).

(3 -i)’

O Céau VIla. Tim can bac hai ctia s6 phirc z = -
1

B. Theo chugng trinh Nang cao

0 Céu VLb.

1. Trong mat phiang Oxy, cho elip (E) : %+% =1 va duong thang
A:x—2y +2=0. Gid sit A cét (E) tai B,C. Tim diém Ac A dé
dién tich tam giac ABC 16n nhit.

2. Trong khong gian voi hé toa d6 Oxyz. cho cac diém A(I;O;O),
B(0;1;0), C(0:3;2) va mat phang (c): x + 2y +2 = 0. Tim toa 9 ctia diém
M biét ring M cich déu cac diém A, B, C va mét phang (a).

- PE 4P -220 (1)
Q Céu VILb. Giai hé phuong trinh { 7y y2! .
2+ (5] =5 (2)

O DAP AN DE 17

Q Céul
1. Ban doc tyr gidi

) . 4 :
2.Tacod x* -3mx’+4=0& 3m = x+—= f(x)
X :

| Xét ham sb f(x): X +;4-:2- VOl X € ('—rx):())u(():él).

Ta cé f'(x)zl—%,f'(x):ﬂ@xzzz.

lim f(x) = —ow, lim f(x) = Fou

X% x-~f"
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Bang bién thién:

Tir bang bién thién ta thiy PT ¢6 3 nghiém phén biét va ca 3 nghiém déu

nho hon 4 khi vachikhi 1 < <%.

Luu y: Co thé giai bai toan theo cach sau:

Yéu cau bai toan < f (x) = x" — 3mx® + 4 co hai diém cuc dai va cuc

f(x,)f(x,) <0
tiku x ,x, dongthdi {x ,x, <4
f(4)>0

O Caull

1. Bét phuong trinh & x(x +3) = (x + 3)Vx* +1+1<0
@(x+3)(x—\/x_2:)+(\/x7;—1)2—x2 <0
@(M-—x)(ﬁﬂ)go. *)

Do Vx? +1—-x>x? —x =|x]-x 20
sMefd+l<3ox<8e W2 <x<.

Viy —242 < x < 2v2 12 nghiém cua bit phuong trinh da cho.
2. Diéu kién: cosx = 0 & x ¢%+k1t, keZ.

1

Phuong trinh & cos’ x (tnn"! X + tan x) = (sin X + cos x)

T= 2(sin2 X -+ sill X cOs x) - (sin X + cos x) = ()

_ o sinx +cosx =0
& (smx +cosx)(23mx - 1): 0|, .
= 2sinx—1=0

=4

‘¢=>x=—1t-+k1r; X=£+k2’ﬂ’; x=ﬂ+k2'rt
4 6 6

Két hop voi didu kién ta co:

=

X = I +km x = % + k21 x = 363 + k2n la nghiém cha phuong

trinh d3 cho.
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sin x cos xdx

2
O CauIIL. Tacé: I-—I
5 sin’ P x +2sinx +1

Pit t = sinx = dt = cosxdx

1. A . ) T
Délcan:x:0:>t:0;x:72—:>t:l

Khidé:l-—-lj‘_) bt —j(t”—ldt:] dt
SV +20+1 ] (t+1) )L“‘l (t+l)
1
:[lu(t—&-l)—i————]-——] :1112—‘1.
t'ﬁTK#lu 2

O CaulV
Goi M,N l4n luot 14 trung dém caa AC va BD.

Vi cac tam giac ABD,CDB la cac tam giac can nén (ANC) 1 BD.

Doddo: V

ABCD

1
= 5 BDS, ..

Do AANC cin i N nén 8, = ~MNAG

. MN = VAN? - AM?
Ma

= VAB? — BN? — AM?

3, 2
z‘/az_x +y B
4

“\/4a2—(x2+)’2) o
= 5

Suy ra SA(‘.\' = ‘I'NIN.AC = -lx\/éléf2 —~ (X2 + }'2)

o ! SR
Viseo = xy\/:m \c +s IZJ (4a — X —y)

<1
12

———

. ., ) |
X +y +4a’ - x' — y‘z] a’
3 03
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Dang thirc xay ra khi va chi khi x = y =

Stp
w il =

2a" 2a

Vay max V me—= > X =V =

ABCD 9\/3 \/g )

A 4 A 9 1 "y ’ . ~ - a -~
0 Ciau V. Xéthamso y = —x'+ x"' —4x — 3 xac dinh va lién tuc trén R.
5)

—

X = ~1,y(-—1) = -

X = l,_y(l) = —%Q

1
y=x'+3x"-4=>y'=0 o

Lap bang bién thién, suy ra:
y < 0,¥x <1 = phuong trinh khong ¢6 nghiém khi x < 1.
29

Mat khic y(1)=-== va lim y = +w0, do d6 phuong trinh da cho ¢é
D X+
. - 17 . .
nghiém x > 1, hon nira y(?) =—> 0= y(l)y(Q) < 0 = phuong trinh
J

;I_-x"' +x* —4x — 3 = 0 ¢6 it nhit | nghiém thudc khoang (1;2).
3

Dyra vio bang bién thién. ta thdy y déng bién trén khoang (1 +<), do do
ham sd y cit truc hoanh tai 1 giao diém c6 hoanh d§ x e (1;2).

Viy, pitwong trinh : ;_l-x"’ +x' —4x — 3 =0 co6 mot nghiém duy nhét va
]

nghiém do thudc khoang (1:2).

r * - A ]- Y . ¥ ’ . LY L -~
Chi y: Xéthamso y = —x" + x" —4x — 3 x4c dinh valién tuc trén R.
5

Tacd: limy = -0 va limy = +o.

X—»—w X+

Do do ton tai mot s6 am o sao cho y(a) < 0 va ton tai mot sé duong B
sao cho y(B) > 0.

Theo dinh ly vé gia tri trung gian cia ham sé lién tyc, phuong trinh
y = 0 ¢6 it nhdt mdt nghiém c € (a:p).
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Néu ta chimg minh dugc ham s6 y déng bién trén khoang (a;B) . Tir d6
suy ra rang phuong trinh da cho c6 nghiém duy nhit thugc khoang (a;B) :

Nhu vay. theo bai toan ta cin chimg minh dugc y(l).y(?) < (0 va ham
s6 ddng bién trén khoang (1: '2) :
Q Ciéiu V9.a

1. Tt gidc OABC 14 hinh chit nhat = OC = AB = B(24;0), vi 0,C
ciing nhin SB dudi mdt goc vudng nén trung diém 1(1:2;2) cita SB 1a tam

mét ciu va ban kinh R = %SB - 3.

Viy PTmatchu (x — 1) +(y-2) +(z-2) =9.

X=0+4+2t
2. Phuong trinh tham s cua MM, L (P):{y =2+2t
z=-3—t

M, = MM, N(P) nén toa d¢ cia M, 1 nghiém cua hé :

x =5+ 2t 1

X =
y=2+2t .
3y ®<}':—12=>Ml (-2-1).
2x+2y—-2+4+1=0 e=-

Suy ra MM, = J(s —1) +(2+2) +(-3+1) =6
Puimg thing (d) di qua A(LL5) va co VTCP u = (2,5-6),
‘mp(Q)di qua M va chira (d) nén c6 VTPT n = |AM,u

= (2;8;2).
Vay phuong trinh (Q) :X+4y+z-10=0.
Q Céu VIl.a.
2
(3-1)
1+i
Goi z = x + yi 14 can béc hai cua so phirc 7 — i

Ta ¢o: =T7—1.
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2 . J ) . . . Xz_)ﬂ:?
=22 =T—-1&xX -y +2xyi=7-1&

2xy = —1
yz.f’_ v L3
& 2’5 . e ‘bi) -1 2x
x,ﬁ--—-——-:-,-:—-—)— \)—————:—3 4Xl+r))\2—g:
4x° 4 a5’ 4
X = %1
A 3
y==*-
2

Vay 7 —i c6 hai can bic hai la; 1+—§i vi —1-3i.

Q Cau VLb.

1.Giasir A(x,:y,) € (E) la diém can tim.
x” - Jiy(' + 2|
Vi

Iém nhét khi va chi khi AH 16 nhét.

o2 4+ ’].2\/5

Khoang cach tir A dén (A) 1d AH =

+2

0

+2=06= AH <23,

Vi BC khong d6inén S, .

lxu - \/53’(, + 2' < X, — \/Tz-ynl +2=
X[“) sr“

SJlG-——

8

Y
2\/_ 2 ¢ =9
ViAH=23 & hl,ﬂ/}“zo@l |

2 2
Xo Y

8 4

Viy dién tich tam giac ABC 16n nhét khi A-(?;—\[Q- )

2.Goit M (a; b; c)

émz(a—l:b;c).ﬁf\—f (:l h—lc) CM (:1;])—3;c—~2)
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. MA® = M
Do M cachdéu A.B.C =

MB? = M(C?

—2a = —2b ja=h |
& b = —Gb — dc 4 12 = =43 => M(a:n:—a + 3).
d(l;fl ((\). NA & |_3a i 2‘ \[( 1)2 + a’ +( 3)2

A ) =S ez = 4 0L — a a—

’ 7

(a+2) | 23

=3 -8a+l0ea=ha=—.
1)

*a=1= M(l:l:‘Z)

* axg?-@M g-'Sl:'.-z—é:——lh-l- .
3 3 3 3

[ Cau VIL.b Dat u = 2*7 .u > 0, phuong trinh (l) tro thanh
v+ru-2=0 (11 - l)(u + 2) = ()(3).
Viu>0=>u+2>2>0 nén (3)<::> u=1

Veiiu=1=22""=1=2"x-y=0hay x=y.

2x-1
. V. PR K b s 1 e 1 "
Khi d6 phuong trinh (2) tr¢ thanh 2" + (-2-} = 0(4)

Pat v = 2, v > (), phuong trinh (4) viét lai: 2.v + 2 3
- v
| vx'l::».z"--2‘:;>x='-—.l,yz"'_l
S -Hv+2=0 2 2 2,
- 1 1
v=2227 =23 x=—y=—-
L 2 2
A roa N i gl 1111
Vay hé phuong trinh da cho ¢6 hai nghiémla | ——:;—— |.| == |.
2 2)\22
(228 L v _9 =) -2-— +g—_--z=0
2) 2

Chay: { 1Y =25 ..
2"'**(;) =5 2]+ =
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Hédagoivdaitu=2"u>0vav=2,v>0 hodc v= w;—\ > ()

"\ - N . 1 -~ — - )
Néu datu=2u>0vav= ;,\r > (), hé da cho tro thanh

vy +uv-2=90 (Lv) + v —-2=1
3 2 -} < r)
2u +2v =5 (u+v)y —2uyv =—
nv = ... X = ...
< U“!'V:.,.: y:
O DE 18

I. PHAN CHUNG CHO TAT CA THI SINH

Q Caul.
Chohamsé y = x* + (1 — 2111) x* + (2 — m)x +m + 2 (1)
1. Khao sat va v& db thj khi m = 2
2. Tim m dé db thi ham sb (1) co diém cuc dai, cyc tiéu va hoanh do ci:
cac diém cuc tri d6 nho hon 1.
Q Cau Il
1. Giai phuong trinh:
X+ W7 —x = 2\/){ -1+ \/—x2 + Sx —7+ 1 (X ER)
2. Giai phuong trinh: (1 - tan x)(l + sin ‘2x) =1+ tanx.
QO Cau IIL: Tinh dién tich hinh phing giéi han bai cac duomg y = 0 v:
x(l - x)
x4+l
" QCaulv. Cho tir dign ABCD va céc diém M. N, P lan lugt thudc céc canl
BC, BD. AC sao cho BC = 4BM,AC = 3AP,BD = 2BN. Mit phin;

(MNP) cét AD tai Q. Tinh ty s —‘:—g va ty sb thé tich hai phin cua khé
tir dién ABCD duge chia boi mit phing (MNP) .

O Céu V. Chimg minh riing phuong trinh 4* (4x* +1) = 1 ¢6 dang 3 nghién
thuce phén biét.
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L PHAN RIENG
Thi sinh chi dugc chon 1am mét trong hai phdn (phdn A hojc B)

A. Theo chuong trinh Chuéan

J Céau Vla.
1. Trong mat phang véi hé truc toa dd Oxy cho parabol (P) cO phuong trinh:
2
y=x’—2x va elip(E) : 59— + v’ = 1. Chitng minh rang (P) giao (E) tai

# diém phan biét ciing nam trén mdt dudng tron.
Viét phwong trinh dudng tron di qua 4 diém do.

2. Trong khong gian Oxyz cho diém A (5:5;0) va duémg thing

d:x+1:y+1=z—7

2 3 —4
Tim toa 4 diém B,C thudc d sao cho tam giac ABC vuéng cén tai A
A BC = 217

J Céu VILa. Tim g4 tf cia tham s meR dé phuong trinh
logfux-l-\/lOlogf“x +90 = m c6 it nhit mot nghiém thue doan [1;10].

. Theo ¢huong tnnh Nang cao

3 Céu VLb.

1. Trong mit phing véi hé toa dd Oxy, cho hinh chit nhat ABCD c6 canh
AB:x -3y +5=0, dudng chéo: BD:x—-y—-1=0 va dudng chéo
AC qua diém M(—9;2). Tim toa 4 cic dinh cia hinh chit nhét.

2. Trong khéng gian Oxyz cho cic diém A (5; 4: 3),'8(6; 7;2)

va dwomg thing d, :x; = y;;Q = Z‘I?’.Timdiém C thuge d, sa0 cho
tam gidc ABC c6 dién tich nho nhét. Tinh gi4 trj nhé nhat do.

Vx -3 +7T-y=2

Q Céu VILb. Giai hé phuwong trinh , ,
4log, x +9log y = 12log, x.log, y
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O PAP AN DK 18
Q Ciu l.

1. Ban doc tu giai

2. y'=3x*+ 2(1 —21n)x + (2 — m).

y'=0¢ 3x" +2(1-2m)x +(2-m) = 0(*

Pb thj ham s6 c6 diém cuc dai va cuc tiéu ddng thdi hoanh d6 cia ching
nho hon 1 khi va chi khi (*) ¢6 hai nghiém phéan biét nhé hon 1.

Dat t=x —1,(*) rg thanh 3t" — 4(m —2)t — 5m + 7 = 0(**)

(*) c6 hai nghiém phéan biét nhé hon 1 khi va chi khi (**) ¢6 hai nghi¢m

m>Z
IA'=4m* —m—-5>0
m< —1 m< —~1
. Al pia . 2(m-2) <
am phén bi¢t & {S= ——— <0 & |m<2 &5 7
3 —<m<—
P=-5m+7>0 m <L 4 5
Q Cau ll
x—12>0
1.Didukién: {7—x>0 &1<x<T.
—x'+8x-7>0

Taco: x+2V7 —x = 2Vx —1 + —x* + 8x — 7 +1

ex—1+07-x-2fx-1-[[7-x)(x-1)=0
@‘/;{—1(\/)(—-1m2)~\/7mx(\/x—1—2)=0
@(Jx——_1—2)(~/x_—7-_\/7_-7§)=0

x—1=2 -
\/x-1=\/7—x

2. bidu kién: cosx = 0.
Ta co: (1 -~ tan x)(l + sin 2x) = (1 + tan x)

X =25
=

x=4"

2
& (cosx — 8ln x)(cosx + sin x) = cosSX + sinXx
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& (cosx + sin x)(cos’ X — sin’ x — 1) =0

cosX +sinx =0

[mnx = -1
cos2x —1=1)

icos 2x =1 '
{
D Cau Ill

) . X (1 - x)
Phuong trinh hoanh d¢ giao diém : — "
- X+

l :
Dién tich hinh phing: S = —i——)dx = I[-l — ! )dx
L}

|,x-i-l

z(——x + :;—ln(x2 + 1)]

Pit x = tant,dx = (1 + tan® t)dt

*+1 x+1
1

+I=—1+%ln2+l

U

Pdicin: x=0=t=0; Xx=1=t=—

ftan’uldt i t
=j( , ) :Idt=t|4=£.
o tan"t+1 o o 4
R 1 Y
VayS=—1+5h’12+Z(dvdt)
Cau lV

Goi E 12 giao diém ciia MN va CD. Khi d6 Q 1a giao diém cta PE va AD

GoiGla diérq thudc canh AC sao cho DG//PQ va F 14 trung diém cua BC
thi M 14 trung diém cua BF suy ra MN/FD.

Taos: A8 - PG G
AP AP PC
9ED . 2MF
—1422 o 2D
" Ec MC

14222

373
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Goi V' la thé tich khoi wr dién ABCD. V,1a thé tich khoi da dién
ABMNQP. V' 1a thé tich khdi da dién CDMNPYQ.
Khido V, =V -\ .

Taco vl - v,\m;\’ + Vi \’!_-m,gx .
o BM 1 BN 1 S, BMBN 1
BC 4BD 2 5., BCBD 8
S\ne — 3 S e _ l
Speny 8 Syep 2
1., 1 , 13 1
Vi g\f’v.-\.\l.\'l = - V.V PN E‘gvfm.\'c 10
13 \%
:>V1=-—7—V , ==V LT
20 20 vV, 13
QCauVv

Phuong trinh ¢ 4" (4x” +1) - 1=0.
Xét ham sb f(x) = 4" (4x2 + 1) —1,tacod:
f'(x) = 4" (4)(2 In4d + 8x + 1114).

D& thdy f'(x) =0 c6 hai nghi¢m phan bi¢t x = a;x =a,, a, >a,

Bang bién thién

X — 00 X a +00

f! -+ Ul - 02 +

Dura véo béng bién thién, ta thiy phuong trinh f (x) = 0 c6 nhiéu nhét 3 nghiém

1 27

, 1 |
Mat khdc £(0) = f[ | = 0:f(-1)= > 0;f(-3) = —=; <0

Nén phuong trinh dé cho c6 diing ba nghiém phan biét

x, =x, = _%:X;; € (—1;——3).
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Q Cia Vla
1. Hoanh d¢ giao diém cua ( E) va ( P) la nghiém cua phuong trinh

¥ +(x* - 2x)2 =1 ‘)x“ —36xt 3T 0 =0 (¥
Xéuham sb: f(x) = 9x' - 36x' + 37x" - 0
Tacé: f(x) lién tuc trén R ¢ f(—1)f(0) < 0, £{0)£(1) <0,
f(1)£(2) <0, £(2)£(3) <0
suy ra (*) c6 4 nghiém phan biét, do d6 (E) cit (P)'tai 4 diém phan biét.

2
Toa d9 cic giao diém ca (E) v (P) thoa man hé : ;i -:‘yz j’;
9
8x’ — 16x = 8y , s \
& 40y =9 = 0x" +9y" —16x — 8y —9 =0 (**).
(u)léphuunguinhcﬁadubngtxﬁn cotim I = [-g—g—]bankmh R = ——19§l

Do d6 4 giao diém cua (E) Vil (P) cung nam trén dudng tron c6 phuong
trinh (**).

2. Vi AABC vudngcantai A = AB’ = _—;—BC"" =34

Bed= B(-1+2t-1+3u7—dt)= AB = (2t — 6:3¢t — 6;—4t + 7)
> AB? =34 20t 116t + 87 =0 & t = it = 1.

Vay B(L;23), C(5:8;—5) la nhimg diém cén tim,

0 Ciu VILa
bit u = logf" x20vdi xe [1:10] —>0<log,x<1=>ue [0;1].

Bai toan quy vé tim tham s& m dé phuong trinh u + v10u +90 = m ¢6
it nhét 1 nghigm u e [0:1].

Xét ham s6 f(u) = u+ Vv10u + 90 xac dinh va lién tuc trén doan [0;1].
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2
V1Ou + 90
moi u € [{);l]. do d6 ham sb f(u ) dong bién trén doan [0;1].

DE thdy f'(u)=1+ >0 v6i moi uz0=>f'(u)>0 véi

Lap bang bién thién. ta thiy f(0) < f(u)<f(1),vue [0;1]

hay 3v10 < f(u) <11, vu e [0;1].

Vay: phuong trinh log] x + \/10 log'f” x +90 = m cé it nhit mdt nghiém

thuge doan [ 1:10] khi 3J10 <m <11.

Chi y: Dt u = |/10log?, x +90.

Péy logf“ x20= \/1() logf” x+90 2 3\[1—0 hay u 2 3\/5.

2
Tru= \/1()10ng x+90 = logfn X = — 1090 :

u® - 90

Vi x €[1;10] nén 0 < log;, x <1,khi d6 0 < <1

<':>90.<.,112$100:>3\/—16SL1510.

u’ -90

Bai toan trg thanh, tim tham s m dé phuong trinh +u=m ¢

it nhat mét nghié¢m 3\/—16 <u<10.

2

Péy thém

+u = m la phuong trinh hoanh 49 giao diém giira

u’ - 90

hai dd thi y = f(n) = +uvéi 310 <u<10vay=m.
Nhu vdy dé phuong trinh da cho c6 it nhit 1 nghiém thudc doan [1;10],

u? -90

tirc 14 phuong trinh +1u=m co it nhit mot nghiém 3v10 < u < 10.

2
u” -90 . C n LA
+u va y =mco it nhat 1

i

Néi khac hon 1a db thi v = f(n)

giao diém théa min 3\[16 <u<£10.
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Q Céu VILb.
1. Ta c6 toa d) cua B la nghiém cua hé:
lx——3y+5:~:-() [x:4

ad B(4:3).

X—yv—-1=0
BC L AB=BC:3(x—4)+(y-3)=0&3x+y-15=0.

D € BD = D(d;d — 1) = phuong trinh AD:3x +y — 4d + 1= 0.

= ADNAB=A:

x -3y +5=0 A[6<1—4.2d+7]

= )
3x+y—-4d+1=0 5 5

Goi I 1a tAm cua hinh chit nhat = I 14 trung diém cua

d+4 d+2
T2

BD=1

Vi A, M théng hang nén ta c6:

E'=k.iﬁ:> 7d—28:—d+4
d+22 d-2

* d=4=>D(4;3)EB loai

Sd=-1d =4.

*d=-1=D(-5-2), A(-21)va 1[%-;-] = C(5,0)
Vay A(-21),B(43),C(5:0).D(-1;-2).
2. Taco: AB = \/ﬁ . Goi I 1a khoang cach tir C dén AB.

S, = %h.AB =S, nho nhét < h nho nhét

Putng thing AB c6 VTCP: u, = (1:3,~1)

Ced = C(1+2t:2+3t3+t)= AC = (26 — 4;3t — 2;t)

= |u,, AC| = (6t — ;=3 + 4: 3t + 10)
= ;E]l = /54t — 108t + 120 = \/54(t 1) +66 > V66
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1Al
e

Dang thire xdy ra <> t = 1. Vay C(:S; M -‘1) la diém can tim.

Jx-3+7-y =2(1)

4log; x +9log’ y = 12log, x.log,_ v (2)

= h =

.
i

{4 Cau VILb {
Piéukién: x23,0<y<7.
2 2
Phuong trinh (2) &> (210;{_1 x) ~2.23log, x.log, y + (310g5 y) =0

2
< (2log, x - 3log, y) =0 2log, x = 3log , y

< log,x=log,y @ x=y.

Khi dé phuong trinh (1)<:> \/x-3 +\/7—-x =2

¢:>x~—3+2.\/x—3.\/7—x+7—-x-—-4<:>2.\/x-3.\/7wx=0
- Vx-3=0=>x=3,y=3
\/7-—x=0:>x==7,y=7'

Viy h¢ phuong trinh di cho ¢6 nghiém (x;y) = (3;3),(7;7).

O PE 19

1. PHAN CHUNG CHO TAT CA THI SINH

0O Cau L. Cho ham s6 : y=(m+'2)x3+3x2 +mx -5, m léthamséﬂmc.

1. Khao sat sy bién thién va v& dd thi cia ham sé khi m = 0.
2. Tim céc gia tri cia m dé cac diém cuc dai, cuc tidu cia do thi ham sb
dd cho cd hoanh d¢ 13 cac so6 duong.
O Caull
N | 2 X _1 . ,x
1. Giai phuong trinh: — + cos —sin” —
4 3 2 2

2. Gii phuong trinh : v2x +4 — 242 - x =
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4

Q Ciu IIL Tinh tich phan: I = f tanx

z COS xx/l + cos® x

Q Cau IV. Cho tir dién OABC c6 day OBC 1a tam giac vudng tai
0,0B =a, OC = V3,(a > 0) vi duomg cao OA = av/3. Goi M I trung
diém ciia canh BC . Tinh khoang cach gitta hai dudng thing AB,OM .

dx.

x'-4x? +Tx+4=8
Q Céu V. Gidi hé phuong trinh = { ., Y
y -4y  +Ty+4=8x

II. PHAN RIENG |
Thi sinh chi duge chon Iam mét trong hai phdn (phin A hogc B)

A. Theo chuong trinh Chudn
Q Céu Vl.a.

1. Cho ho dudmg cong (C,, ) : x* +y* — 2mx + 4my + Tm’ —2 = 0.

m

Tim tham sb thuc m dé diém A (1; —1) nim ngoai dudng tron (C )

in

2. Trong khong gian Oxyz cho dudmg thing: (d) : —)1—(—=X—2.:2=§ va mit

phing (P): x -y +z - 5 = 0. Viét phuong trinh tham s6 cita dutmg théng (t)
di qua A (3;~1;1) nm trong (P) va hop voi (d) mdtgéc 45°.

Q Cﬁn V1l.a. Giai phuong trinh: ; +2011 =0 trén tip sb phic.

B. Tnec cnuong trinh Nang cao

Q Céiu VLb.
1. Trong m3t phing véi hé toa 49 Oxy cho dudng tron

(C):(x-1) +(y+1) =25 vadiém M(7;3).

Lép phuong trinh dudng thing (d) di qua M cit (C)tai A,B phan biét
sao cho MA = 3MB.
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2. Trong khéng gian Oxyz cho diém A(lO: '2:—1) va dudng théng (d)
x-1 v z-1
2 1 3
Lap phuong trinh mat phang (P)qua A | song song véi (d) va khoang

¢O phuong trinh

cach tir (d) toi (P) la 16n nhat.

6
. 21 4i
Q Cau VILb. Tim dang lugng gidc cia sé phirc z = ( l ) :

. 1+i\/§
O DAP AN DE 19

O Cau L.

1. Ban doc tu giai

2. Ham s da cho ¢6 cac diém cuc dai, cuc tidu co hoanh d 1a cac sb
duong khi va chi khi phuong trinh :

y'= 3(m + 2) x? +6x +m = 0 ¢0 2 nghiém duong phan biét

ra=(m+2)=r&()
A'=9—»3m(1n+2)>() ’A'=-—m2-—2m+3>0
<:';'<P='-~--~~~l-n——->0 S<m<(
3(1n+2) m+2<0
§=—3_ 5 k
| m+2
(3<m<1
< <{im<( & -3<m< -2
m < -2
Q Caull
l-i-cosgJE
l.l+cosz-}§-=lsinz.}f.<_-_>_,l,_ 3 _1l-cosx

+
4 2 4

<=>1+2+2cos-2§x-=l-cpsx

& 2+ 2cos2 X = —-cos 3 X
3 3
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(%)
3 : X
> < 1 COs '3 =0
& leos| 2 == S A
\3} 2 X by
( \ . COS - :COS‘_—
| cos| = =3 (l) | \3) 3
-x Tt
_‘é'za”'"k“ x=§£+k3n
&> o )
o+ kon | x=%n+kén
| 3 3
2. Diduki¢n: -2<x <2
¢ — -4 6x -4
’\[2x+4-2\/2—xx bx -4 fx

L ] =
Vb 44 2x+4+202-x  Jx*+4
@2(3:(—2)[ ! 1 )=o

Pxrdi22-x Ji+a

X =

V2x+4+2y2-x =Vx! +4

o

ke

2
ol 3 |
4J§(2+x)(2—x)+(‘2—x)(x+4)=0
2 y
& "7 3 a1*73.
2

J'z-——x[zl,/z(zu) +(x+4)\/é_——q=0 X =
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Q Cau 1

n bid
1 i
tanx taiXx
J- dx = J ’,__I___dx
r COS \/ +(‘UN n
xvl X N cos X ! ) + 1
f GO X
hd
1
tanx
= e -—-—-—\lx

Tcos xytanix +2

5]

PDitu=tanx = du= — dx..
cos” X
- a L 1 8
D61 cin ; x=——:>u=-~\/:.x=—4—:>u:1
J

i i

Dodo ! = I_____L_du: I(l(m)zmr! =3_ﬁ
7

pvu? +2 1 \[é

=

K

=

u

Pé don gian hon co thé dit t = Vu® +2 = dt = du.

vul +2

QCialVv
Chon hé truc toa d6 nhu hinh vé.

Khi d6: O(0;0;0), A(0;0:a3). B(a:0,0),
c(0:av3:0), (3 a3, o)

d-

Goi N la trung diém cia AC
:>N[0; avd, i‘-/-—?’-]

MN 13 dudmg trung binh cia tam gidc
ABC = AB//MN
= AB//(OMN) = d(AB;OM)

= d(AB;(OMN)) =d(B;(OMN))
OM = [—Z—io)()ﬁ (0%3—‘/:]

@‘ﬁ;@‘ﬂ;(ﬁ";azﬁ;azﬁ)za’f(ﬁ;h )-L85 vei a-(i ).

4 4
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Phuong trinh mét phang (OMN)qua O véi vecto phap tuyén i la

\/§X+y+z=0.
V3a+0+0
Tacé: d(B: (OMN))= a0 l: aV3 _aVis
f Baal s

Vay, dd(B; (OMN))=

QCiuV | |
Xét f(t) =t' — 4t%+ Tt + 4 xac dinh va lién tuc trén R .

avl$s
T

Tacéd: f'(t) =3t -8t+7>0,Vte R = f(t) d6ng bién trén R.
Dodén_éu_x <y thi f(x) < f(y),nghl’ala 8y < 8x = y < x mau thuin.

Viy x=y.
Khi d6 h¢ phuong trinh da cho tvong duong vai hé:
{x3 -4x* + Tx +4 = 8y

X=y

=x'—4x'-x+4=0

<:>x(x2-—1)—4(x2—1)3()4:)(){2—1)(x—4)=0<:>x=il,x=4.

Hé phirong trinh da cho c6 ba nghiém: (x; y) = (—l; —l),(l;l),(4;4) .
O Céu Via .
1. (Cm) xP+y -2mx +4my + 7> -2 =0
=1 (Cm) : (x - m)2 + (y + ‘Zm)2 =2 -2m’
Néu -2m* +2>0 & -1 <m <1 (a)thi (C, ) I3 dwdng tron tim
I(m:-2m), ban kinh R = 2 - 2m’
Diém A(l;-—l) ndm ngoai duong trén (C,..) khi -
IA>R © 7Tm? —6m >0 < m <0 hoiic m>—$(b)

|-1<m<0
T (a),(b) suyra | ¢ thoa mén bai toan .
—<m<l
2. Goi ii = (a;b;c),(a? + b? + ¢* # 0) la vecto chi phuong ciia dudng
thiing (t)
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Vi (t) ndm trong (P) nén 1l n, = (1: -1 1) < a-b+c=0 (1)
Duomng thang (t) hop véi (1) mot goc 45 khi
cos(ﬁ: ﬁ;)’ UREThe 5 ¥2

\/“2 + b+ .\ﬁz +22 4 9? i 2
e 2(a+ 2b+2(:)2 = 9(;12 +bhh+ (:2)

& 2(a+2a+2c+2) = 9[&2 +(a+c) + cz]

c=10
(do(1)) & 14¢” +30ac=0 & 15a
T
’x=3+t
° c=0:>a=b=1:>(tl):< y=-1+t
\z=1
o rx=3+7t
ec=-""=a=7=c=-15b=-8>(t,):{ y=-1-8t.
\Z=1—15t

Cau Vll.abit z = a + bi (a, be R).
Khi d6, 2° = (a + bi)2 =a’+b i +2abi=a’-b*+ 2ab.i
Suy ra z° = a’ - b’ — 2ab.i. Phuong trinh d3 cho trd thanh
a’ -b’ ~2abi+2011 =0 & a’ - b* +2011 - 2abi = 0
| a?-b>+2011=0
o
-2ab =0

D& thiy & hé trén, b khong thé bing 0 (s& din dén v6 li vi a® = —2011).

) a=0
Do d6 chi ¢6 thé xay ra truong h .
Y SHOP {b = +42011

Vay s6 phirc cin tim 1 z = +4/2011.i
* Nhin xét: Co mot didu kha tha vi néu ban doc dé y do 1a
—— )
Véi z=a+bi (a,,b € R) thi z° =(z) =a’ - b? - 2abi.
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Q Ciu VLI.b
1.(C) 6 tam T(1:~1) vabankinh R =5 va IM >R = M nim ngoai
dudmg tron (C)
Mt khac: Py ¢, = 27 va
Pyjc) = MAMB = 3MB?
= MB=3=BH=3
= IH = VR? - BH? = 4 = M(d)].
Ta co: (d)d.( —-7)+b(y—3)z 0,a> +b* >0
=

dM(d)j =4 & ——=" =4 ¢ 12, -

Vay (d):y = 3 hodc (d): 12x — 5y — 69 = 0.
2. Goi H la hinh chiéu ciia A 1én duémg thang (d), khi d6
H(3+2t2+6t:2~t) va u(26:-1) la vecto chi phuong ciia (d).
Khi d6 AHu = 0 = H(3;2:2).
Xét tam giac vubng HAM c6 HM =4, AH=3=> AM=5=R vdi R
14 ban kinh miit ciu thoa man yéu cau bai toan.
Viy phuong trinh mit cau can tim: (x - 1)2 + (y - 3)2 + (z - 4)2 =25.

Q Céu VILD
Vén dang toan ndy, diéu ta can lam la truc cin thirc & miu dé dua sb phirc

z vé dang dai s6 1 a + bi, tir d6 chuyén sang dang lugng giac.

! __4,(-,f) i)
1+iV3 (“/") 4
B3 1) ( m . . =
= 2(—;— + —;—1] = Z[COSE + 15111-6-)

Sir dung cong thirc Moivre

[ 6
n n ,
cos — + isin— = 2%{cosm + isinm).
(IH\/—) [( 6)] ( )

Viy dang 'wong giac ciia s6 phirc z cén tim 13 z = 2° (cosn +isin n) .
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Phu luc.

POI PIEU CHIA SE CUNG BAN POC.

I Kinh nghi¢m lam bai.

Bén canh viéc cung o kicn thiee thi kinh nghiém thiec 1é cho cdc ban thi sinh khi
burdc vao phong thi la vo cing quan ir ong Hav nhe rang khi vao phong thi, c6 nghia

“ddy khong phai la buéi dién 1gp nita”. Chinh vi vdy, nhom tic gia da duc két lai
nhitng kinh nghiém quy bau. nhimg loi lclngven bo ich trong phdn cudi cudn sdch nay.
Hay chu y:

Diéu dau tién, v6 cung quan trong: ban phai chic chin ring khi vao phong thi, dimg nén
dé y toi giam thi hay nhimg thi sinh khéc, hiy tdp trung vao bai lam cua chinh minh. Sy tip
trung s€ gitip ban tiét ki¢m thoi gian va nd chinh 1a cai ndi caa nhimg y tudng,

Tsep theo, sau khi doc dé thi mot lugt, hdy lam lin lrgt nhimg cau tir dé den khé.
Nhu viy ban s& nidm chic diém cua nhun;_, cau do va tao sy tu tin dé lam tnep nhimg
cau kho hon. Tao ra sur thoii mai ban ddu 12 mot yéu 6 rit quan trong dé gitp thi
sinh hoan thanh t6t nhét bai thi ciia minh.

Théng thuong thir ti tir d& dén kho s& la:

+ Khao sat ham s (y dau tién cua cau ).

+ S6 phic (cau VILb).

+ Tich phan (céu 1II)

+ Phuong trinh luong gidc (v déu tién cia cau I1).

+ Phuong trinh — hé phuong trinh — bat phuong trinh (y thir hai cua cau I1).

+ Hinh giai tich trong khong gian, hinh giai tich trong mét phing (ciu Vl.a)

+ Cau hoi phy ham sd (y thir hai coa cau 1),

+ Hinh khong gian (cau IV)

+ Cubi cung la bat dang thirc (cau V).

Sau khi gidi quyét tron ven nhimg cau de néu thiy nhimg cau con lai déu rm vao
nhimg dang la, lic do ban ciing dimg nén mét binh tinh. Hay th& sau, doc ki dé nhiéu
l4n, tap trung nho lai nhirng kién thirc li€n quan da hoc, hay nhimg kinh nghu;m, nhimg
dn do timg dugc nghe. chic chén ban sé& c6 nhimg y tudng dé dén duge voi loi giai.

Nhimg lic cang thang hay lay lai su tyr tin bang cach tho sau va ty nhi ring: “Mink
¢6 thé lam duge!”

V&i nhimg ban hoc sinh trung binh kha, chung téi khuyén cic ban nén bd
nhimg ciu nhu hinh khong gian va dic bigt 13 bit ding thirc. Bgi néu khong c6
klEl’l thirc that vtmg thi xdc suét ban lam duoc hai mang d6 gin nhu bing 0. Tham chi,
néu nhir “thir tim vén may™ voi chang, chac chin ban s& mat mot khoang thb'l gian v
ich va dleu do sé& chi khién tam i ciia ban bi dao dong, anh huémg khong tot 16 viéc
giai quyét nhimg phédn con lai. Mat khac, hién nhién 1a néu “bo qua™ hai phan d6 thi
ban s& c6 thém kha nhiéu thoi gian dé nghi ra nhimg y tuémg méi cling nhu kiém tra lai
cén than nhtmg bai minh da lam.

Mot luu y nita, d6 12 khdng nén lam tricée vio gidy nhap Vi nhimg bai toan mé
thi sinh da dinh hudng dugc cach giai thi khong nén giai hoan toan trén gidy nhap rbi
mgi viét vao gidy thi. Lam nhur vay vira mat thoi gian vira dé sai sot. B&i khi gidi tryc
tiép bai toan la "viét ra nhimg gi & trong dau”, ta sé rat chi dong Con khi chep lai (ke
ca chép nhimg gi minh vira viét) thi sinh lai tro thanh thu dong vi vy rét dé viét nham,
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bo s6t. Do d6, chi nén sir dung giay nhap & nhimg phan cén tinh toan. Cb gang luyén
cho minh ki nang tinh toan linh hoat. bgi toc 4§ tinh todn 1a mot yéu th quan trong &nh
huéng té1 thdi gian cling nhu niém nn khi lam bai cua ban.

Cha y, vai nhu‘ng bai toan kho. néu chi lam duge mot phin ma chua lam duwge
tron ven thi ciing nen viét vao bai lam. Vi nhimg phén ban d3 lam dugc, néu ding
theo ba-rem cham thi vin duogc diém.

Chung t6i xin dugc lay mot vi du don gian la ¢ phan cau hoi phu cua bai khao sét
ham so, chang han dé bau hoi vé cyre tri: “Tim diéu kién cta m dé ham s6 co cuc dai
va cyc tiéu thda man...”. Hay nhd rang clr nhic dén cuc tri, ta phai nghi ngay dén ki
néng tinh nhanh cyc trl Va sau khi str dung ki néng nay, viét dugc phuorng, trinh duéng
thang di qua cuc dai, cuc tiéu thi ban da nam chic duge mot nira sbé diém caa cdu do.
Con viéc “thdoa man™ mot diéu kién nao. néu dleu kig¢n do kho qua ban khong giai tiép
dugc, khdng sao ca. vi ching ta d c6 mét nira sb diém rdi. Hay coi diy 1a mdt thanh
cdng & mirc chap nhén du'()’c

Bleu cudi cung, & mdi bai toin cic ban thi sinh nén ¢6 mét ph.m két ludn. Co
thé 1a viét lai dap sb hogc tra 1oi ciu hoi cia dé bai dé ngudi cham thi biét duge thi sinh
da ket thic bai d6 hay chuwa. Vai Kinh nghiém nhiéu nam chdm bai thi Dai hoc thi bo
phan két Iuan la mét trong nhitng 15i kha phé bién cua cac thi sinh. Pon gan chi thém
mot cau két lugn nhung chic chan cic ban s& gdy duge cam tinh véi ngudi chim beéi
tinh rd rang, mach lac trong bai lam cua minh.

1L Kinh nghié¢m chuin bi tim li trudc khi thi.

Tdm li chdc chdn 5é la vdn dé ma hdt ctr thi sinh ndo ciing déu phai trdi qua. N6 cé
tdm anh huomg khong nho (i kér i thi ma byn s¢ dat dugc. Cau hoi ddt ra la lam thé
nao dé duy tri dwge mét tinh than thoai mdi va met sie khoe tot tricc thie thach kho
khdn nay ? Sau ddy la mot vai kinh nghi¢m ma chung 16i muon chia sé. Nhu'ng kinh
nghi¢m nay trén thyc t¢ dd mang lai sy thanh cong cho nhimg ngudi biét dp dung
chung mot cach hop li.

- Trudc tién, hay nho khong nén nap qui nhaeu kién thirc trong giai doan nuéc
rit. Do tam 1y thi cir _nang né nén nhieu ban da gap rit on tdp ba mon thi mét lic.
Nhung chinh lugng kién thirc qua 1on dé khién ho roi vao trang thai stress va lam giam
hiéu qué 6n tdp. D€ tranh hi¢n tugng nay. cac ban cén phai biét logi ra nhiing kién thirc
khéng can thiét. Néi cach khic. hﬁy "t6i tu héa™ chuong trinh hqc ctia minh.

- Tlep theo, dimg quan taim dén nhfmg thong tin “giy nhicu”.

Nhiéu théng tin * gy nhseu vao giai doan cudi ¢é kha nang sé& lam cho thi sinh mét
tip trung. Vé&i nhimg din do vé chon trudmg, cho doi ty 1€ ‘choi™ dé chim trudmg dur thi,
hay chd doi vao nhimg “tin vit™ kiéu 16 dé™ trén mang... s¢ 1am ban mét tdp trung khi
on tap. Do d6 cin loai bo tit ca nhimg thong tin nay véi niém tin minh s2 triing tuyén.

- Cudi ciing. hily didu haa cim xiic caa mmh gidm sirc ép “dd” - “trugt”

Sirc ép nay s& gay dau dau, cang th’im. . anh hudmg tryc tiép t6i tdm li va sirc khoe
cia ban trude khi thi. Do d6, ban ¢in xdc dinh muc tiéu “hoc hét minh thi hét strc”
Bén canh d6, ban dimg bao gitr nghi dén sirc ép cia gia dinh va ngudi than, Bdi néu
khdng may, ban c6 thi trrgt. ho cling khéng bao gid trach ban vi ban ¢4 nd hyc hét
minh. V&i suy nght nhu vdy. ban s& ¢6 mt tam ly thoai mai trudce khi bude vao i thi
chinh thirc.

HI. Nhimg 1&i khuyén chin thanh cia nhém tic gid.

Mdi con ngu'én déu c6 mot cau chuyén nho cia riéng minh. Nhung hdm nay, ching
16i khdng néi vé ching t6i. Boi ngdy hom nay. ¢6 mét ciu chuyén chung cia céc ban
hoc sinh, mét cdu chuyén ma ching ta khong ngimg quan tdm. D6 1a ciu chuyén ve
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udc mo, vé myc tiéu thie sy ban mudn ¢o duge trong cude doi nay. Hay co gang lya
chon that chinh xac tnrémg dai hge hay bét ¢t con duong nao ban mudn di. Bdi néu
chon sai. do sé 1a sy lang phi rat 1om cho ban thin. cho gia dinh va cho ca x3 hgi.
Chang 16i 1ai nhg dén rnhimg phan tich cua chuyén gia tuyén sinh Tran Dinh Ly:

L3 ra. vé nguyen 1dc viéc chon nganh. nghé cua thi sinh phai tir rat som. nghia la
no mang tinh dinh huvmg. chnr khong phai ngay irecce ky thi tuyén sinh DH-CD.

Thir so sanh vé murc do kinh phi cho viée dinh hiong nghe nghicp dé thi va hoc
cung giong nine 3 mirc dé trong nganh v: phong bénh, diéu tri va cdp ciru. Néu lo 1
dong chi phi dir phong sé giam duoc 10 dong dicu tri truce khi tranh dwoc 100 déng
cdp cuu.

Néu viéc chon lwa xudt phat tir ser thich, nguyén vong cua ban thdn thi sé bén vrmg
hom. Viéc chon nganh khéng phit hop unh hieong rdt lom (theo hucmg tiéu cwe) doi voi
vi¢c hoc hanh va cong vice cua cdc thi sinh sau nav

Hay nha, Dai hoc khdng phui la con dweong duy nhdt dé vao doi.

Néu xic dinh nhie vay. cdc bun s¢ > luon thoai mdi va ty tin vao chinh ban thdan minh. Voi
céc thi sinh ngp nhiéu ho sor, cde ban can lieong sire minh dé chon ? truomg cho phit hop.

Vi sau khi cac ban da dua ra duge lira chon toi uu, hiy sin sang chién dau vi no.
Hiy ty nhi ring “day 1a thir thach can phai vuot qua trén con dudmg chinh phuc udc
mo cta minh™.

Bgn cam thﬁy stress vi ap lue qua I6n ? Ban cam thidy m@t moi vi 6n luyén qua
nlueu ? Hiy tap quen hét diéu dé di, vi thanh cong chi déa khl ta vurgt qua thoi
khic khé khin nhat. Dleu do c6 nghia l1a khi mqu thir tré nén tdi té, dé thuwdng l&
diu hi¢u cho thiy gié sip doi ch:cu Ban co biét ring gidy phit mjt troi sip xudt
hi¢n 12 hic maa dém tré nén den toi nhit ? Hiy nhé lai nhimg bd phim tu'ng xem
v ban ciing c¢6 thé nhin thdy hi¢n twgng ndy. Chi ngay truéc cdi két cé hju,
ngudi anh hung thudng phai trii qua mot giai doan cye ki khé khiin va vd vong.
D6 I khi moi thir 4t nhién xoay chiéu va by phim két thic. D6 ciing 13 cufe song.
Hay bam vao nhimg myc tiéu ban di dy djnh, dimg bao giv quén né, dimg bao
givr am tit di ngon hra dam mé ciaa mmh dimg dé bit cir ai thre hién wée mo ciia
ban thay ban. Khi vugt qua duge tat ci nhimg khé khiin, nhimg ap lyc thi thanh
cong s& dén thit ngot ngio. Cé thé ban khong phai mqt vﬁng duong chéi loi
nhumg ban c6 thé tri thanh mét vi sao lip linh.

Mt lin nira, xin chiic nhimg con nguoi cé wéc mo s& sém dat duge thanh cdng
trén con dwdng minh di chon.

Thin mén

Cac tac gia
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