CHUYEN PE: THE TiCH - GOC - KHOANG CACH
Chuyén dé: Thé tich khoi da dién
Vin dé 1: Thé tich khdi chop
A.Kién thirc cin nhé.
1. Hé thuec luong trong tam gidac vuong ABC vuong tai A:
I ;i
AH? AB* AC?

2.AB* = BH.BC
3.4C* = HC.BC g c

1 1 H
4.8, po=—AH.BC=—AB.AC

2 2
Il. Cac cong thwre trong tam gidc thwong:
1.Dinh Iy ¢6 sin: .
BC? = AB* + AC* —2AB.AC cos BAC
2. Cong thirc dudng trung tuyén:

2(/132 + AC2)—BC2
AM? =
4 y i X )
B 7 M C

3. Cong thic dién tich:

S pe = %AH.BC = %AB.A C.sin BAC
_ AB.BC.CA

= pr
P 4R

4. Cong thirc thé tich:
* Thé tich khdi chop:

v % B4 (B.1a dién tich ddy, h 1a chidu cao)

*Thé tich khéi lang try :

V =B.h (B.1a dién tich day, h 13 chiéu cao)
5. Goc gitra hai duong thang, goc gilta hai mat phang :
- Goc gitra duong thang va mit phang (P) : 1a goc giita dudng thang d6 va hinh chiéu cta
no6 1én mit phang (P)
- Goc giita hai mit phang: 1a goc
gitta hai duong thing nam trong hai
mit phang d6 va cung vudng goc véi
giao tuyén ( xac dinh nhu hinh v&)
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH

B. Cic phwong phap tinh thé tich.
L. Tinh thé tich truc tiép bang cach xic dinh chin dwdng cao :
M5t sd dau hiéu xac dinh chan duodng cao
1. Khoi chép c6 mot canh bén vubng goc véi day thi canh bén dé chinh la dwong cao ciia
khoi chop.
2. Hinh chdp co mot mat bén hodc mat chéo vuong goc voi day thi duong cao chinh la
duwong ké trong mdt bén ( hodc mdt chéo) vudng géc véi giao tuyén.

3. Hinh chdp c¢é 2 mdt mdt ciing vuéng goc véi mdt phang ddy thi doan giao tuyén
ca 2 mat noi trén la dwong cao cua hinh chop.

4. Hinh chop co cac canh bén bcing nhau hodc cac canh bén tao voi mat day nhitng

goc bang nhau thi chdn duong cao la tam duwong tron ngoaqi tiép da giac day.

5. Hinh chdp ¢é cde mdt bén tao véi mdt ddy nhitng géc bang nhau thi chan dwong
cao trung voi tam duong tron ngi tiép da gidc day.

6. Hinh chdp S.ABCD c¢6 SA=SB , hodc SA,SB cing tao véi ddy mét géc bang nhau thi
chan dwong cao ha tur S xuong mat day nam trén duwong trung truc cua AB

7. Hinh chép S.ABCD ¢6 hai mdt (SAB), (SAC) cung tao véi mdt day mét géc bang
nhau, thi chdan duwong cao ha tir S xuong mat day sé nam trén duong phdn gidc trong cua
goc BAC

Bai tip minh hoa:

1. Hinh chép khi biét chan dwong cao.

1.1.1 Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat AB=a, AD=2a va canh bén
SA vudng goc voi mat phang day. Goc gitra SC va mat phing (ABCD) bépg 45°. Goi E
la trung diém cua BC, H 1a hinh chiéu vudng goc cua A trén SB. Tinh thé tich cua khoi
chop S.BDE theo a.

1.1.2. Cho hinh chép S.ABCD c6 day 1a hinh vudng canh 2a. Goi E 1a trung diém cia
AB. Hinh chiéu vudng goc cua dinh S 1én mat day trung voi trung di€ém cua DE. Biét goc
gitra SA va mat ddy (ABCD) bang 60°. Tinh theo a thé tich cua khoi chop.

1.1.3. Cho hinh chép S.ABC c6 day ABC la tam giac vuong can tai A va SC= 2a\/§.

Hinh chiéu vuéng goc cua S trén mat phﬁmg (ABC) la trung diém M cua canh AB. Goc

gitra SC va day (ABC) bang 60°. Tinh thé tich ctia khoi chop theo a.

2. Hinh chép c6 mét mit vudng géc véi mit phing day.

1.2.1. Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai B, BA = 3a, BC = 4a; Mat
phang (SBC) vudng goc voi mit phang (ABC). Biét SB = 2a+/3 va SBC=30°. Tinh thé

tich khdi chép S.ABC.

(Trich dé thi PH khoi D — 2011)
Giai:
+Ha SH L BC(H € BC);(SBC) L (ABC)
=SH L (ABC) . Vay SH chinh la dudng cao ctua
khdi chop.
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH
Ta c6: SH =SBsinSBC =a+/3 ;

1
S anc = EBA.BC =6a’ (dvdt)

+ Vay thé tich khdi chop B
1
1a: Ve apep = 5 SHSuauc = 2a°/3 (dvit)

A

1.2.2. Cho hinh chop S.ABCD c6 day 1a hinh thang vuong tai A va B. AB=SD =3a,
AD =SB =4a,a>0. Duong chéo AC L (SBD). Tinh thé tich khbi chép S.ABCD
Giai:

Tac6 AC L(SBD)=>(SBD)_L(ABCD)
Do vay chan duong cao ha tir S nam trén BD.
Tir gid thiét ta
c6: AD’ + AB® =SB” + SD? = BD’ nén tam
SBSD 12a

BD 5
v6i1 H 1a hinh chiéu vuéng goc cua S 1én BD.

giac ASBD 1 tai S = SH=

Dé dang tinh dugc:

1 2
Syp =5 (AD+BC).AB= 7>
A I 12a 15 15
Vay VC.ABCD ZE.T.?aZ 2733 (tht)

1.2.3. Cho hinh chop S.ABC c¢6 day la tam giac vudéng tai A, ABC =30°, SBC la tam giac
déu canh a va mit bén SBC vudng goc véi ddy. Tinh theo a thé tich cua khéi chop S.ABC.

(Trich dé thi PH khoi A —2013)
1.2.4. Cho hinh chop S.ABCD c6 déy la hinh vudng canh a, mat bén SAB Ia tam giac déu
va nam trong mit phang vudng goéc voi mit phing day. Tinh theo a thé tich cua khdi chop
S.ABCD

1.2.5. Cho hinh chop S.ABCD c¢6 day la hinh thoi canh 2a, SA=a, SBZax/g,Vél
BAD =60°, (SAB) L (ABCD). Tinh thé tich khéi chop S.ABCD.

1.2.6. Cho hinh chop S.ABCD c6 day ABCD la hinh thoi canh bang a, SA=SB=a,
SD =a+/2 , va mit phang (SBD) vudng goc voi ddy (ABCD). Tinh theo a thé tich khéi chop

S.ABCD.
1.2.7. Cho hinh chop S.ABCD c¢6 day ABCD 1la hinh chir nhat ABCD co6

AB=a,AD = a\/g goc gitta (SAC) va mit phing (ABCD) bang 60°, tam gidc SAB can tai

GV: DO BA THANH 3



CHUYEN DE: THE TiCH - GOC - KHOANG CACH
S va thugc mat phang vuéng goc voi mat phang day (ABCD) . goi H, M lan luot 1a trung
diém cua AB va BC. Tinh thé tich khoi chop S.DHM

3. Hinh choép c6 hai mit cing vudng géc voi mit phing day.

Poi véi dang todn nay, dé bai thuong gdn gid thiét géc giita canh bén va mdt day

hodc goc gitta mat Igén \{d mat day hodc viéc tinh do dai dwq‘ng cao, dién tich day kha
phire tap. Do vdy cdan nam vieng cdach xdc dinh goc va mot so ki nang tinh dién tich tam
gidc, twr gidc.
1.3.1. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vudéng tai A va D,
AB = AD =2a,CD = a; gbc giita hai mit phang (SBC) va ddy (ABCD) bang 60°. Goi I
la trunquiém cua canh AB. Biét (SBI) va (SCI) cung vudng goc v6i mit phing (ABCD).
Tinh thé tich khoi chop S.ABCD theo a.

(Trich dé thi PH khoi A — 2009)

Gigi
* (SIB) L(ABCD),(SIC) L (ABCD)suy ra
SI L (ABCD).Goi K la hinh chiéu cua I trén
BC.

Ta co

IK L BC,SILBC=BC L (SIK)=BCLSK
Vay goc gitta (SBC) va mdt day chinh la
SKI=60°.

* Dién tich hinh thang: S, ., =3a’

3a’
SABCD = SAABI + SACDI + SAIBC = 5 + SAIBC

2
SAIBC = 3%:%BC.H{, BC= \/(AB _CD)Z L AD? = a\/g K = 3\/5§a
Ta c6 tanSIK = St Q= 34152
IK 5
: , . =
* Vi thé tich cia khdi chop S.ABCD: V =8 505 ST = 3\/}1

1.3.2. Cho hinh chép S.ABCD c¢6 day ABCD Ia hinh thang can, AB//CD, AB=2CD=4a,
BC= a\/ﬁ , biét mat phang (SAC) va mat phéng (S,BD) ciing vudng goc voi mat phang
day, mat bén (SAB) la tam giac déu. Tinh thé tich khéi chop S.ABCD.
Giai:

Ta co (SAC) ﬁ(SBD) =SO0, theo gia thiét (SAC), (SBD) cung vudng goc v6i mit day
(ABCD) nén suy ra: SO L (ABCD) . Vay SO la duong cao cua hinh chép S.ABCD
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH

A 1
Vay Vg apep = ESO- S aBcD

* Tinh di¢n tich hinh thang:

- Goi H 14 hinh chiéu cua C trén AB, M va N
1an luot 13 trung diém cta AB va CD.

- Tacbo:

AB-CD
HB=—C=a

— HC =+/CB? —HB? =3a

Viy:
S (AB+CD).CH (4a+2a)3a 94
= = =Yva
ABCD 2 2
* Tinh do dai duong cao:
. OM=2CH=2a, sm= 23
3 2 AL M H
~ L
Trong tam giac vudng SOM, ta co:
SO=+SM? -OM? =22
* Vay: D c

1 1
Vsaseo =580- Sucp = 5.2J§a.9a2 =624’

1.3.3: Chq hinh chop S.ABCD c¢6 day ABCD 1a hinh thoiq tam O, canh a, BD=a. Trén canh
AB lay diém M sao cho BM=2AM. Biét rang hai mat phang (SAC) va (SDM) cung vudng
goc voi mat phing (ABCD) va mit bén (SAB) tao v6i mit day mot goc 60°. Tinh thé tich
khoi chop S.ABCD theo a.

Giai:

-Goi H=ACNDM,

Vi hai miat phang (SAC) Vé(SDM)

cung vuong goc voi mat (ABCD)
= SH 1 (ABCD).

A 1
Vay Vg apep = E'SH'SABCD

* Tinh duong cao SH:
-TuHké HK L. AB=SK 1 AB
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CHUYEN PE: THE TiCH - GOC - KHOANG CACH
(vi d& chimg minh: AB L (SHK))
Vay goc gitta (SAB) va (ABCD) la
gbc SKH =60°.

- Do AM //CD nén suy ra

HA AM 1
- — == —
HC CD 3
= AH=-aC=29
4 2

-Ma AABD déu, AO 1a dudng cao nén:

:AH:%:HK:AHsmHAK:af%:af :>SH=HK.tanéO°:%a
*Tinh dién tich hinh thang ABCD:
AC.BD
SABCD = T =a’ \/5
R 1 132 a>/3 a’V3
* Vay Vg apep = E‘SH‘SABCD = = (dvtt)

3872 16

1.3.4. Cho hinh chép S.ABCD c6 day ABC 1a tam giac déu canh 2a\/§ . Mét bén (SAB) va

(SAC) cung vudng goc voi mat day (ABC); mat bén (SBC) tao voi day (ABC) mét goc 30°.

Tinh thé tich khoi chop S.ABC.

1.3.5 ) .

4. Hinh chop c6 cac mat bén tao voi mat phing day nhirng goc bang nhau. .
Hinh chop co cac canh bén bang nhau hodc cac canh bén tao voi mat day nhiing goc bang

nhau thi chan duong cao la tam dwong tron ngoai tiép da gidc day.

1.4.1. Cho hinh chép S.ABCD c6 AB=5a, BC=6a, CA=7a. C4ac mat bén SAB, SBC, SCA

tao v6i day mot goc 60°. Tinh thé tich khéi chop.

Gidi:

- xé4c dinh diém M sao cho AB L (SMH) ,
suy ra goc gitra (SAB) va day la SMH = 60°

MH =SH.cot60°.

Tuong tu nhu vay: OP=ON = SH.cot60°.
Vay O 1 tim dudng tron ndi tiép tam giac
ABC.

OM=r= § Theo Hérong: S = 6x/€a2 , p=9a.
|y
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH

276

Vay SO =OM.tan60° = Ta.ﬁ =22a

1

=V, e = 5so.sABC —8/3a°

II. PHUONG PHAP TINH GIAN TIEP THE TiCH KHOI CHOP

A. Co s& Iy thuyét:

1.
2.

3.

B.

Néu khoi da dién (H) chia thanh hai khoi (H,) va (Hy) thi : Vyy =V, +Vy
Cho khoi chop S.ABC, trén cdc dogn thcfng SA, SB, SC lan luot lcfy cicdiém A’ B’, C’

khiic S, Khi dé:~sawe - SATSBSC
SASBSC

S.ABC
Néu khéi chép (H) va (H’) ¢6 hai da gide day cing nam trén mot mdt phang thi dwong
cao cua (H) va (H’) hoac song song hodc trung nhau.
Bai tap minh hoa:

2.1.1. Cho khdi chép S.ABC biét tam giac ABC 1a tam giac vudng cén tai B, AC=2a,

, 1 ; :
SA L (ABC), SA=a. Goi I 1a diém thudc SB sao cho SI= 3 SB. Tinh the tich kho ti

dién S.ACL
Gidi:

Tam giac ABC vudng can tai B co:

1
AC=2a=AB=BC=a\2=S,,, = ~ABBC = a’
Taco SA L (ABC) nén SA la duong cao cua hinh chop

1 a’
S.ABC= VS.ABC = ESA‘SAABC = ?

V. SASISC 1 1 a’
SAIL = SASBSC = 3 = Vsaic = EVS‘ABCD = 9

Ta lai co:
S.ABC

2.1.’2. Cho hinh chép S.ABCD c6 day A]BCD l1a hinh Vuéqg canh a, canh bén §A=a, hinh
chiéu vudng goc cua dinh S trén mat phang (ABCD) 1a diém H thudc doan thang AC sao
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AC .
cho AH = 1 Goi CM la duong cao cua tam giac SAC. Chung minh rang M 1a trung

diém cta SA va tinh thé tich khdi t&r dién SMBC theo a.

Gidi:

Taco AH= AC = &
4+
SH L (ABCD)= SH L AC= ASAH,ASHC

vuéng tai H = SH =+/SA? — AH? = a*iﬁ

SH? + HC? =a/2

=SC=

Vi SC = AC =a+/2 nén tam giac SAC can tai C ma
CM 1a dudng cao ctia tam giac nén M 1a trung diém
cua SA.

SM 1 1

Vsmnc _

Ta cé: =—= Viupe == Vs anc
S.ABC SA 2 M A
. 1 1 a% aV14 a’J14
Ma VS‘ABC = —SHS AABC = E 7 4 = 24 (tht)
3
a’\14
VS‘MBC = 3 (dvtt)

2.13. Cho hinh chép S.ABCD, day la hinh chir nhat, AB=SA=a, AD = a\/z . SA vudng goc
voi day. Goi M, N lan luot 1a trung diém cua AD va SC, goi | 1a giao diém ctia BM va AC.

Tinh thé tich cta khdi tir dién ANIM theo a.
Giai:

I D

c

Goi O 1a giao diém cua AC va BD, khi d6 O 1a trung diém cua AC nén I 12 trong tAm tam

giac ABD, do do: ﬂzg Al =l nén Varar _ AL AM ll:_ (1)
AO 3 AC 3 V.icon ~AC'AD 32 6
Mat khac: M:N—C:— ()
ACDS SC 2
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH

\Y% 1 1 1 a\/za a’ \/5
Tu (1) va(Q)suyra: —2MN — —_ maV. =—SAS, .. =—a. = dvtt
(1) (2) suy e 12 SACD 3 ACD 3 5 6 ( )
. 1 1 a3\/§ a’ \/5
Vay Vi = EVACDS = E 6 = 7 (dvtt)

2.1.4. Cho khdi chdép S. ABCD c¢6 day ABCD 1a hinh chir nhat, AB=2a, BC=a,
SA =SB =SC =SD = a+/2, E 14 diém thudc canh SC, SE=2EC, F la diém thudc canh SD

1 . .
sao cho: SF = EFD . Tinh thé tich khoi da dién SABSF.
Giai:
S, scp = AB.BC =2a°
BD =+VAB? + AD* =a+/5

Goi O 1a giao diém cua AC va BD,
Khi do6 O 1a trung di€ém cua AC va

1 a\/g

BD.= BO=—AC=——
2 2

- Xét tam giac SBD céan tai S co
SO 1a duong trung tuyén, dong
thoi 1la duong cao cua tam giac
SBD = SO 1L BD

- Twong tu,= SO 1L AC

Vay SO L (ABCD), suy ra SO la
duong cao cua hinh chép

S.ABCD.
2
2 avs a\/g
SO = VSB* - BO? 2) - -
A
1 1av3 ., a
\Y SOS RS, PR
SABCD ABCD 2 \/g
1 1 3 3
Ta c6:~SATE ok : SE =l.2=l:> Vrre =lVSADC =—-2 = (dvtt))
Vipe SD'SC 43 6 6 6 2°\3 12[
Vs SE 2 2 21 a
Y v, Z= (dvtt)
VSABC S C 3 SABE SABC 3 2 \/— 3 \/_
a’ a’ 5a’°

Vay Vguger = Vsaer T Vsase = (dvtt)

1243 ’ 3J3 1243
2.1.5. Cho khéi chop S.ABC c6 day ABC la tam giac déu canh a, SA=2a va SA vudng goc
v6i day. Goi M, N 1an luot 12 hinh chiéu vudng goc ciia A 1én cac duong thang SB va SC .
Tinh thé tich khdi chép ABCNM theo a.
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2.1.6. Cho hinh chdp S.ABCD c6 day ABCD 14 hinh thang, BAD = ABC =90°,
AB=BC=a, AD=2a, SA L (ABCD) va SA=2a. Goi M, N lan luot la trung diém SA,

SD. Tinh thé tich khdi chép S.BCNM theo a.

2.1.7. Cho hinh chop S. ABCD c6 day ABCD Ia hinh vudng canh a, SA vudng goc vdi mat
phing ABCD, SA = a\/g . Goi H, K 1an luot 13 hinh chiéu vudng goc ctia diém A trén céac
canh SB, SD. Mat phéng (AHK) cat SC tai I. Tinh thé tich khoi chép S.AHIK

2.1.8. Cho hinh chép S.ABC c6 day ABC la tam giac vudng cén tai B, AB = BC = 2a;
Hai mit phang (SAB) va (SAC) cung vudng goc voi mat phang (ABC). Goi M 1a trung

diém cta AB, mit phang qua SM va song song voi BC cit AC tai N. Biét goc giita hai
mit phing (SBC) va (ABC) bang 60°. Tinh Vggcnm.

(Trich dé khoi A - 2011).
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Vin dé 2: Thé tich khdi ling tru.
A.Kién thirc can nho.

1. Hinh ling tru: hinh ling tru la mét hinh da dién 16i ¢6 hai mdt ddy song song goi la hai

ddy va cdc canh khéng thuée hai ddy déu song song véi nhau, goi la cdc canh bén

- Hinh bén la lang tru ABCD.A’B’C’D".

- Hai day la hai da giac ABCD, A’B'C'D".
Hai day la hai da gidc bang nhau va nam
trong hai mat phang song song.

- qu canh bén AA’, BB’, CC’, DD’ song song
va bang nhau. Cac mat bén la cac hinh binh
hanh

- Khodng cdch giita hai day chinh la chiéu
cao cua khoi lang tru.

2. Cac hinh lang tru dac biét

a) Hinh lang tru ding: La hinh lang tru co
cdc canh bén vuong goc voi day, cac mat bén
chinh la cac hinh chit nhat. canh bén chinh la
duong cao.

b)Hinh lang tru déu: La hinh ling tru dirng
co day la mot da gidac déu, cac mat bén la cdc
hinh chit nhat bang nhau.

GV: DO BA THANH
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH
c) Hinh hop: la hinh lang tru co day la hinh
binh hanh, ciac mat bén la cac hinh binh
hanh, cdc dwong chéo ciia hinh hép dong quy
tai mét diém.

Luweu y: Néu dir kién khong néi gi, thi hinh
hop khong phdi la lang tru dirng.

d) Hinh hdp chir nhat: /d ldng tru dimg. La da dién c6 6 mdt déu la hinh chit nhdt

e) Hinh 1ap phwong: La ling tru dirng, ¢ tdt ca cdc mat déu la hinh vudng.

B. Cac dang toan:

1. hinh ling tru ding, hinh ling tru déu:

1.1.1. Cho hinh ling try déu ABCD.A’B’C’D’ canh dédy a. Goc giita dudng chéo A’C va
day 1a 60°. Tinh thé tich khéi lang tru va dién tich xung quanh khéi lang tru da cho.
Giai:

- Hinh lang tru ABCD.A’B’C’D’ 1a hinh lang

tru tir giac déu, nén hai day ABCD, A’B’C’D’

la cac hinh vuong, va cac canh bén vudng gbc

v6i hai mit phang (ABCD) va A’B’C’D’. A

(0
o

- Ta co AA’ vudng goc voi day (ABCD), nén
AC 14 hinh chiéu ctia A’C trén mit phang day.

:(m)):/l CA =60° it Euﬁ_f: C

- Trong tam gidc vuong A’AC vudng tai A ta .~ -
co: AA'= AC.tan60° = a\/6

-Vay thé tich «cia khdéi ling tru
VABCD.A'B'C'D' = AA"SABCD = a3\/g (tht)

* Tinh dién tich xung quanh cta hinh lang tru:
S, =4S pp . =4ABAA' = 4a’\J6 (dvdt)
1.1.2 Cho ling tru déu ABC.A’B’C’ ¢6 canh day bang a. Khoang cach tir trong tdm O cia

tam giac ABC dén mat phang (A’BC) bang %. Tinh thé tich cia khi lang tru déu do.
Giai:

Goi M 14 trung diém cua BC, H 13 hinh
chiéu cuaa O 1én A’M.

Ta co:
BC L AM,BC L AA'= BC L(AA'M)
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CHUYEN DE THE TICH GOC KHOANG CACH
= BC 1 OH B A

Do d6: OH 1(A'BC)
= d(0;(4'BC))=0H

- bat AA’=x, khi d6 ta cO0 AMOH déng dang
vO1 AMA' Anén:

a\/g \/7 \/_
OH MO a 6 aNb6 (. N2,
— s —=——2 o x=—-Vay: V. . =AA'S . =——a" (dvtt
AAv MAv 6X 2+3 R 4 y ABC.A'B"C ABC 16 ( )
x —

1.1.3. Cho hinh ling tru dimg ABC.A’B’C’ c6 day la tam giac déu canh a, Biét khoang

a15

cach giira hai duong thing AB va A’C bang — Tinh thé tich khéi ling tru
Giai:

I ” C
Goi M, M’ 1an luot 14 trung diém ciia AB va —
A’B’. Goi H 1a hinh chiéu ctia M trén M’C. khi N s
do ta c6: AB//(A’B’°C) A /,//,"
d(AB;A'C)=d(AB;(CA'B'))=d(M;(CA'B"))
taco: A'B'L(MM'C)=MH L A'B’ P e
Do d6 ta co: p ’_':__/_,_IZI:_J:_F:::::: -
MH 1(A'B'C) d(M;(CA'B")) = M, (\n‘ﬁ

-

-Vay HC = al/é_ £ '— a3

v %f (dvtt)

2. hinh ling tru xién:

1.2.1. Cho hinh hdp xién ABCD.A’B’C’D’ , ddy ABCD la hinh thoi canh a va BAD = 60°,

AA’=A’B=A’D va canh bén hop vi mit phing (ABCD) mét goc o

Xac dinh chan dudng cao cuia hinh hop vé tir A’ va goc « . Tinh thé tich cua khéi hop da
cho.

Giai:

* Tam gidc ABD 1a tam giac déu, ta

c6 AA’=A’B=A’D . Do vay A’.ABD

1a hinh chép tam giac déu.

Goi H la trong tam tam giac ABD,
nén hinh chiéu cua A’ xuong day

GV: DO BA THANH
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH
(ABCD) chinh 1a H.

Go6c hop boi canh bén va mit day 1a
goc A'AH =«
* Tinh thé tich khdi chop:

Trong tam giac déu ABD:
g raf3_a3
3 2 3

Trong tam gidc vuong AA’H:

A'H=AH tan zétana

2
Dién tich hinh thoi ABCD: S ,,., = AB.AD.sin60° =~ f
a’tana
—

1.2.2. Cho hinh lang try ABC.A’B’C” ¢6 day ABC la tam gic vuéng tai C, 4BC = 60°,
BC=2a. Goi M Ia trung diém cua canh AB, hinh chiéu vubéng goc cua C’ trén mat phang
(ABC) trung voi strung diém I cua CM. Goc gifra canh bén CC’ va mat phang day (ABC)
bang 45°. Tinh thé tich khdi lang tru d3 cho va khoang cach giira hai dudng thing BC va
CL

Thé tich khdi hop: Vpep ypep = A 'H.S jpep =

Giai:
Tam giac ABC vuong tai C,
ABC = 60°
. BC
— AC = BC tan 60° = 2+/3a.4B = —4q
c0s60°

1
= S, 5 ZECA.CB:2\/§a2,
CM:%AB:2a:CI:a

Do CI'L(ABC)nén IC 1a hinh chiéu cua
CC’ xubng mit phang day (ABC). Vay
C'CI =45°, vay tam gidc CIC’ 1a tam giac
vuong cantai C= IC=IC'=a

Co

C'I L(ABC)=V e pper = C'LS, 5 = 2430
* Tu I dung

IH 1 BC(H € BC)

C'IJ_(ABC):>C'IJ_IH
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH

Vay IH chinh 1a doan vuéng goc chung cua BC va C’l, vay d(BC; C’I)=IH

[

1.2.3. Cho hinh chop ABCD.A’B’C’D’ c6 day 1a hinh Vuong canh a. Cac mat bén la hinh
thoi, biét AA'B'= A4'D =60°. Tinh V 4y 1pcp =2
Gidi:

AICH vudng tai I, ICH = CBA =60° = IH = CI tan 60° = =

Do cac mat ben 1a hinh thoi nén A'A=A'B'=A'D' Ma ZAA'B'= ZAA'D =60°.
AA'AB, AAA'D 1a cic tam giac déu canh a. Vay nén AA’=AB’=AD’ suy ra chan duong
cao ha tir dinh A’ cta hinh ling tru chinh 13 tAm ctia dudng tron ngoai tiép tam giac
AA’B’D’ . Ma tam gidc AA’B’D’ vudng tai A’ nén tdm cia dudng tron ngoai tiép tam giac
chinh 1 trung diém H cta B’D’

Ta co:
A'H:af AH ,2 AH2 a\/7 a\/5
2 2 2
a2

2 _ —
Siepep =@ =Vigep ppep = AHS ppopy = 2

1.2.4. Cho hinh lang try ding ABC.A’B’C’ c6 day la tam giac déu canh a, hinh chiéu vuong
goc cua A’ 1én médt phang (ABC) trung véi trong tam O cua tam giac ABC . Mot mat phang

(P) chtra BC va vudng goc véi AA’, cit lang try theo mot thiét dién c6 dién tich bé“mg a’ ?

Tinh thé tich khéi lang tru ABC.A’B’C’ theo a.
Giai.
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CHUYEN BE: THE TiCH - GOC - KHOANG CACH
Goi M la trung diém cua BC, Goi H la
hinh chiéu vuong goc M 1én AA’. Khi
d6 (P) chinh 12 mat phang (HBC).

- That vay: A4'1L HM, va

AA'L BC (vi
BC L AM,BC L A'O= BC L(A'AM))

Vay: AA' L (BHC)
- Theo dé bai ra:

azx/g 1 a\/§

SBHC :TZEHMBC:HM :T

AH =~ AM* — HM* :%

A'0  HM _ AO.HM _

Do hai tam gidc A’AO va MAH dong dang nén ta c6: —="—"—= 4'0 a4
AO AH AH 3

1 a3x/§

Suy ra thé tich khoi lang tru: ¥ = 4'0.S . = E.A'O.AM.BC =

(dvtt)
Bai tap rén luyén:
Bai 1. Cho hinh ling try ABC.A’B’C’ ¢6 cac day 1a tam giac déu canh a. Hinh chiéu vudng
goc ctia C’ 1én mit phang (ABC) 1a diém D thudc canh BC sao cho DB=2DC. Géc giita
duong thang AC’ va mit phang (ABC) bang 45°. Tinh thé tich khéi ling tru ABC.A’B’C’
aN17
2
vudng goc H cia S trén mit phing (ABCD) 14 trung diém cta doan AB. Goi K 1a trung
diém ctia doan AD. Tinh thé tich khéi chop S.ABCD va khoang cach giita hai duong thang
HK va SD theo a.
Bai 3. Cho hinh chop S.ABC c6 day ABC la tam gidc vuong can tai B, AB=a, SA vudng
goc v6i mat day (ABC). Goc giita (SBC) va day bang 60°. Goi M 1a trung diém cta AB.
Tinh thé tich khéi chop S.ABC va khoang cach giita hai duong thang SM va AC theo a.
Bai 4. Cho hinh chép déu S.ABCD c6 do dai canh day béng a, mat bén cua hinh choép tao
v6i mat day mot goc 60°. Mit phang (P) chira AB va di qua trong tim G ctia tam giac SAC
cit SC, SD 14n luot tai M, N. Tinh thé tich khdi chép SABMN theo a

Bai 2. Cho hinh ch6p S.ABCD c6 day ABCD la hinh vuéng canh a, SD = , hinh chiéu
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Vin dé 3: Géc va cac bai toan lién quan

A.Kién thirc cin nhg.
1. Géc giira hai dwong thing:
a. Khai niém: Goc giita hai duong thiang a va b
trong khong gian 1a goc gitta hai duong thang a’
va b’ cung di qua mot diém va lan luot song song
v6i hai duong thingava b .

b. chu y: goc gitta hai dudng thing
0° < (ﬁp) <9(°

¢. Cach xac dinh géc giira hai dwong thing a va b
b.

+ Néu hai dudng thang a va b vudng goc thi
(@.b)=90

+ Néu hai duong thing a va b song song hodc tring nhau thi (;,7)) =0°

+ Néu hai duong thang a va b khong song song , khong trung nhau, va ciing khong vudng
goc voi nhau. Khi dé ta xac dinh géc theo cac budce sau:

Buwée 1. Chon diém O trong khong gian sao cho tir O ¢6 thé xac dinh dugc cac dudng
thang a’ va b’ 1an luot song song véi a va b.

Buwéc 2. Trén duong thang o’ ta chon diém M (khéc

0) ; trén dudng thang b’ ta chon diém N (khac O),

sao cho ta c6 thé tinh duoc COS(MON ) dua vao

dinh 1i c6 sin trong tam giac OMN. M

Buwée 3. Két luan goc giita hai duong thang a va b

chinh 1d goc MON néu cos( MON )20 hoje — \

180° (1\707\/) néu cos(MON) <0.

2. Goc giira dwong thing va mit phing:
a. khai niém: )
Cho duong thang d va mat phang (« ) d

+ Truong hop dudng thing d vudng goc véi
mat phang (« ) thi goc gitta d va (« ) bang
90°.

+ Trudng hop néu d va (« ) khong vudng goc
v6i nhau thi goc gitta d va hinh chiéu d’ ctia n6
trén (« ) chinh 1a goc gitta dudng thang d va
mit phing (« ).

b. Chi y: 0° < (d/(E)) <90’
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CHUYEN DE: THE TiCH - GOC - KHOANG CACH
¢. Cach xac dinh goc giira duong thing d va
mat phang(« ).

+Néu d va (o) vudng goc voi nhau thi goc ciia chiing (d ,(OL)) =90’

+Néu d va (a) song song v&i nhau thi: (d,(oc)) =0’

+Néu d va () khong song song va cling khong vuong goc ta xac dinh nhu sau:
Buwéce 1. Xac dinh diém O=d\(a)
Budc 2. Trén duong thang d ta chon diém A (Khac O) sao cho ta c6 thé xac dinh dugc hinh
chiéu H clia A trén («)
Buwée 3. Két luan goc giita d va (a)la: o= AOH
3. Géc giira hai mit phing. 7
a. Khai niém: Goéc gitra hai mat phang la géc gitra

hai duong thang lan luot vudng goc voi hai mat m
phang do
b. Chis 4: 0" <((«).(8) ] < 90"

2 n
¢. Cach xac dinh goc gitra hai mat phang. /
+ Néu hai mit phang vuong goc thi goc bang 90° /{ /

+ Néu hai mit phang song song thi goc bang 0°

+ Néu hai mat phang khong song song va vudng goc
thi ta xac dinh theo cac budc sau:

Buoe 1.

Xac dinh giao tuyén d=(a)N(f)

Buée 2. Lay diém A trén(a), Goi H, O lan luot la
hinh chiéu cia A trén (8),d .Khi d6 goc gifra hai mat
phing (a) va (§) chinh 14 goc @ = AOH .

B. BAI TAP MINH HQA.

1. Hinh c6 lién quan dén viéc x4c dinh géc giira hai dwong thing.

3.1.1. Cho hinh chop S.ABCD c6 day ABCD 1a hinh vuong canh 2a, S4=a, SB = a\/g va
mit phang (SAB) vudng goc véi mit phang day. Goi M, N lan luot 13 trung diém cia cac
canh AB, BC. Tinh theo a thé tich ctia khdi chép S.BMDN va tinh csin cta goc giita hai
duong thang SM, DN.
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Giai: S

+ Vi mat bén SAB vudng goc
v6i ddy, goi H 1 hinh chiéu cua
S trén (ABCD). Khi do
SH 1 (ABCD)

1=

+ Trong tam giac SAB ta co
SA* + SB* = AB* = ASAB vudng

1y s L
Y

1% "
%

%

!

A
Y om—

E=-=—a__

M &=
taiS:SH:ﬂ:aﬁ e -
\JSA4% + SB? 2

+Taco SBMDN = SABCD - (SAADM + SACDN) =24’ (dth)

1 1(1 3 a’y3
Vay: Vs pupy = ESBMDN‘SH = g'(z'aﬁ'zaﬁj'% =2 ;/—(tht)

* Tinh ¢0 sin cia goc SM, DN: 7 )
Trong mit phang (ABCD) ké duong thing qua M va song song véi1 DN va cdt AD tai E.

Goi ¢ 14 goc giira hai duong thing SM va DN, khi dé: ¢ = (SM,DN) - (SM,ME)

5
+ Xét tam giac SAE vudng tai A, nén SE =+/SA” + AE* = a;/_ (1).
5
+ Xét tam gidc MAE vudng tai A, nén ME =~ MA® + AE* = a2 ().
—— 2
Tu (1) va (2), suy ra tam giac SME can tai £ nén ¢ = SME = cos¢ = %. NG
a

3.1.2. Cho lang tru ABC.A’B’C’ c6 d§ dai canh bén béng 2a, day ABC la tam giac vuong tai
A, AB=a, AC=a~/3 va hinh chiéu vudng goc cta dinh 4’ trén mp(4BC) 1a trung diém cua
canh BC. Tinh theo a thé tich khéi chop 4'.4BC va tinh cosin goc giira hai dudong thang 44’
vaB'C’.

Giai.
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* Tinh thé tich khdi chop:

B

+ Goi H 1a trung diém cua BC. Khi d6
A'H J_(ABC)

+ Theo gia thiét, tam gidc ABC vudng tai A
nén: BC =2a,AH :%BC =a.

Xét tam gidc A’AH vuong tai H nén
A'H = AA— AH? =a/3.

3

A 1 , a
Vay VA'.ABC :ESABC‘A H :T(tht)

* Goi ¢ 1a goc gitra hai dudng thang 4°4 va
B’C".

Xét tam gidc 4’B’H vudng tai A’ nén B'H =\ A'B"+ A'H? =2a, do d6 tam gidac BB'H
cantai B’.

o TR (v - BH 1
Tu do, tacdé ¢ =B'BH (vi A’A/BB’ va B’C’//BC). Suy ra cos@ = BB = 2
2. Hinh cé lién quan dén viéc xac dinh goc giira du’O'ng thang va mat phang
3.2.1. Cho hinh chép S.ABC c6 day la tam giac déu canh a. Hinh chiéu vudng goc cia S
trén mat phang (4BC) 1a d‘lem H thudc canh AB sao cho HA=2HB. Gbc gitra dudng thang
SC va mit phang (4BC) bang 60°. Tinh thé tich cua khdi chép S.4BC va tinh khoang cach
gitra hai duong thang S4 va BC theo a.

Giai. s
+ Ta ¢6 HC 14 hinh chiéu cta SC trén mat
day (ABC) nén

(sC.(4BC))=5CH =60

+ Xét ABHC, ta c6:
CH*=BH’ + BC? —2.BH.BC.cos 60’

=CH = ay7
3
+Trong tam giac vudng SHC ta co:
21
SH = CH .tan 60° = “ﬁ—
Viy:
1 1 ax/_l N3 _a'\1
VS.ABC S SH Y
3 33 4 12

+ Ké Ax /BC. Goi N, M lan luot 1a hinh chiéu cia H trén cdc canh Ax va SN. Ta c6
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BC/(SAN) vi  BA :%HA nén d(SA;BC)Zd(B;(SAN))Z%d(H,(SNA)) . Ta cb:

Ax L(SHN)=> Ax L HM do d6 HM L (SNA). Suy rad (H,(SNA))=HM

a3 SH .HN aJ42

+ Taco AH:23—a,HN:AH.sin6O":T:MH: =

Jsaran: 120
av42
8

Vay: d(BC,54)=
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Vin dé 4: Khoang cach
A.Kién thic cin nhé.
1. BAI TOAN 1: Tinh khodng cdch tiv 1 diém dén 1 dwong thing
1.Phwong phap: Dé tinh khoang cach tir diém O t&i duong thang d ta thuc hién theo
cac budc sau :
B, : Trong mit phang ( O;d ) ha OH vudng goc d
voi H thude d o

B, : Tinh d6 dai OH /

H d

Vi du 2: Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tim O, SA=AB=2a,
ABC =60 va SA 1 (ABCD)
a) Tinh d(0;SC)
b) Tinh d(0;SB)vad(D;SB)
Giai:
a)
Goi I 14 hinh chiéu cta O trén SC
Taco SA L(ABCD) =S4 L AC

Vi ACAS déng dang v6i ACIO nén

CS AS AS.CO
—=—.=0Il =
co 10 CS
2
o1 2a.a 2a _a

TSP ACT ad 4 2
a
Vay d(0;5C)=-L
ay d(0;SC) 5

b) K& OH vudng goc véi SB tai H, khi d6 d(O;SB)=0OH. Ta c6
BD 1 AC,BD 1. SA= BD 1 (SAC) ma SO c (SAC)nén BD L SO. Viy tam giac SOB
vudng tai O. Do OH la duong cao cua tam gidc vudong ASOB nén

12= 12+ 12:>d(O;SB):OH:a 30

OH> OB’ OS 4
- Tacb d(D;SB):DB:2:>d(D;SB):2.d(O;SB):a\/3—O
d(0;SB) OB 2

Bai 1. Cho hinh chop S.ABCD c6 day ABCD Ia hinh vudng canh a, tdim O, SA =ava
vudng goc voi mit phang (ABCD). Goi I, M theo thir tir 12 trung diém cua SC, AB .

a) Tinh khoang cach tir I &én CM

b) Tinh khoang cach tir S ¢én CM
Bai 2. Cho hinh chép S.ABCD c6 day ABCD Ia hinh thang vudéng dudong cao AB=a,
BC=2a, SA=a va vudng goc v6i mit phang (ABCD). Ngoai ra con c6 SC vudng goc véi BD.
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Goi1 M Ia moét di€ém trén doan SA, dit AM=x v&i 0< x<a . Tinh khoang cach tr D dén BM
theo a va x. Tim céc gia tr1 cua xdé khoang cach nay c6 GTNN, GTLN

L. BAI TOAN 2. Tinh khodng cdch tic diém M téi mdt phing (P)
Tinh khoang cach tor mgt diém M tG1 mat phang (P) c6 thé thyc hién theo 4 phuong phéap
nhu sau:

Xac dinh truc tiép

Phuong phéap doi diém

Phuong phéap dbi dinh ( thé tich)
Phuong phap toa do trong khong gian

Khoang cach d(M;(P))

1. Phwong phap truc tiép:
B,: Dung OH véi H 1a hinh chiéu ctia O 1én (« ) bang cach:
* Dung mp(P) qua O vudng goc
v6i (o) cdt (a) theo giao tuyén a
* Trong (P) dung OH La taiH
= OH L(a)

B,: Tinh d9 dai OH I

H

0

Bai méu 1. Khodng cdch tir chin dwong
yudng géc téi mat phing
Cho hinh chép S.ABC, SA vudng goc véi day, tam giac ABC khong vudng tai B, C.
V& AE 1L BC,AH 1 SE. Ching minh: AH L (SBC)
*Phan tich bai todn
Tacod san AH L SE (1)

Ta phai chung minh: 4H 1 BC

Thatvay
BC L AE,BC L SA=> BC L (SAE)= BC L AH (2)

Tu (1) va (2) suy ra : AH L (SBC)

- PBé tinh AH ta sir dung cong thuc
1 1 1
= -
AH* SA> AE®

Bai mdu 2. Khodng cdch tiv chin dwong
yudng géc téi mat phing

Cho hinh chép S.ABC, SA vudng goc véi day (ABC), tam giac ABC vuong tai B,
V& 4H L SB. Chung minh: 4H 1 (SBC)

GV: DO BA THANH 23



CHUYEN DE: THE TiCH - GOC - KHOANG CACH
Tacod san AH 1 SB (1) s

Ta phai chung minh: 4H 1 BC

Thatvay
BC L AB,BC L SA=> BC L (SAB)=> BC L AH(2) ’

Tu (1) va (2) suy ra : AH L (SBC)

- Pé tinh AH ta st dung cong thuc B
1 1 1
= -
AH?* SA>  AB?
Vidu 1 : Cho hinh chop S.ABC, co
SA L (ABC),d$ dai céc canh SA = 4cm, AB =3cm, AC = 4cm, BC =5cm
Tinh d(A;(SBC))
Gidi
* Trong tam giac ABC ta c6 AB* + AC* = BC? vay tam
giac vuong tai A.

Trong tam giac ABC ha AE 1 BC (1)
Ta phai chung minh: 4H | BC

Thatvdy BC L AE,BC 1 SA=> BC 1 (SAE)=> BC 1 AH(2)
Tu (1) va (2) suy ra: AH L (SBC). Vay d(A;(SBC))=AH

* Tinh AH.

1 1
= +
AE*  AB*  AC?

- Trong tam giac vudng ABC ta co

- Trong tam giac vudng SAE ta co:

1 1 1 1 1 1
= + —
AH®  SA*  AE?

= - -
SA>  AB* AC?

= d(A;(SBC))=4H = SASE___ 634

Jsa?+sEr 17
Vi du 2 : Cho hai mit phang (P) va (Q) vudng goc véi nhau theo giao tuyén A. Trén
A lay hai diém A, B v&i AB=a. Trong mat phang (P) lay diém C, trong mat phang (Q) lay
diém D sao cho AC, BD cung vudng goc véi A va AC=BD=AB. Tinh khoang cach tir A
dén (BCD) theo a
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- Trong tam giac ABC, ha 4H 1 BC (1)

- Ta can chimg minh AH 1 BD. That
viy BD L AB(vi BD LA), BD L AC
= BD 1 (ABC)= BD L AH (2)

- Tu (1) va (2) tacd AH L (BCD). Vay
d(A, (BCD))=AH

- Tinh AH: trong tam gidc ABC vuong tai A, AH chinh la dudng cao tmg véi canh huyén
1 1 1 AB.AC a

= + > AH=—"— = —
AH®  AB*  AC? JaB* 1 ac? 2

Vay d(4,(BCD))=AH =

V2

Vidu 3: Cho hinh chop S.ABCD c6 day l1a hinh vuong canh a . Mt
bén (SAB) la tam giac cdn tai S va mit phang (SAB ) vudng goc v6i mit phang
(ABCD), canh bén SC tao véi mit phang diy mot goc « .Tinh khoang cach tir
chan dudng cao hinh chép dén mp(SCD)

Giai

- Goi H 1a trung diém cua AB suy ra
SHLAB = HS L (ABCD). SuyraH la
chan duong cao ha tr S cua hinh chép .

- SH L (ABCD)= CH Ia hinh chiéu cta SC
xuong mat phang (ABCD). Vay gbc gitta SC
va day 1a goc SCH =a

- Goi I 1 hinh chiéu cua H xudng DK, khi d6
HI L SK (1)

- Goi K 14 trung diém CD. Ta c6 HK 1 CD

Ta can ching minh IH 1 CD, that vay CD L HK,CD L SH= CD L (SHK ) = CD 1L IH (2)
Tu (1) va (2) suy ra: HI L (SCD)
Vay HI 1a khoang cach tir H dén mp(SCD)

- Trong tam giac vuong BHC vudng tai B

HC =~/BH’ +BC’ = ga
Tam giac SHC vuong tai H
= SH = HC.tana zétana

Trong ASHK vuong véi HK = a , ta co6:
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11 . 1 Stan’a+4 - a/Stana
HI* SH* HK® Satan’a J5tan2 o + 4

b. Bai tip tw luyén:

Bai 1. (Bai 62-SBT). Cho hinh chép S.ABCD c¢6 day 1a hinh thoi, A=90" , BD=a, canh bén
SA vudng goc véi day, goc gitta mp(SBC) va mat day 1a 60°. Tinh khoang cach tir A dén
mp(SCB)

Bai 2. (Cau IV-dé thi Pai hoc khéi D nam 2011). Cho hinh chép S.ABC ¢6 day ABC 1a tam
gidc vudbng tai B, BA=3a, BC=4a; mp(SBC) vudng géc voi mp(ABC). Biét
SB =2a~3 va SBC =30°. Tinh khoang cach tir diém B d¢én mp(SAC) theo a

2. Phuwong phap ddi diém:  Tinh khoang cach tir M dén (P)

Néu diém A 1a chan dudng vudng goc (ta goi 1a diém d&). Viéc tinh khoang cach tir mot
diém dé dén mot miat phiang dugce trinh bay & trén thong qua hai bai mau. Phuong phap do6i
diém do 1a thay vi tinh khoang cach tur mot diém kho dén (P) ta chuyén vé tinh khoang cach
tir diém d& dén mot mit phang (P) sau do suy ra khoang cach can tim théng qua hé thuc ti 16.
- Bé st dung thao phuong phap dbi diém khi 1am bai can tim diém dé. sau d6 xem bai toan
thudc truong hop nao trong 3 truong hop sau:

TH1: Néu AM//(P) thi d(M;(P))=d(A;(P))

TH2: Néu AM khéng song song voi (P) A,M
cung phia voi (P)

Goi I 1a giao diém cia AM va (P).

d(M;(P)) M1

vay: d(4(P)) Al

= d(M3(P) =" a (4(P))

TH3: Néu AM khéng song song véi (P)
AM ¢ hai phia vé1 (P)
- Goi I 13 giao diém ciia AM va (P).

a. Cacvidu:
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Vidu 1: (bH 2013B) Cho hinh chop S.ABCD c¢6 day 1a hinh vuéng canh a, mat bén
(SAB) la tam giac déu va nam trong mit phang vudng goc voi day. Tinh khoang cach tir
diém A dén mat phang (SCD)
Giai

* Xac dinh khoang cach:

- Goi H 14 trung diém cua AB, vi tam giac
SAB la tam giac déu nén ta co SH | AB, mit
khac gia thiét:

(S4B) L (ABCD)=> SH L (ABCD)

-Taco
AH//(SCD) = d( 4;(SCD))=d (H;(SCD))

- Goi I 13 trung diém CD, khi d6 ta co
HI L CD, va SALCD=CD L (SHI)

- Trong tam giac vuong SHI ha HK 1 ST (1).
Do CD L(SHI)= HK LCD (2)

Tu (1) va (2) ta co: HK L(SCD) vay
d(H;(SCD))= HK

* Tinh khoang cach HK:

1 1
= +
HK*> SH* HI’

- Trong tam giac vudng SHI, ta co

- V6i SH 13 dudng trung tuyén ctia tam giac déu nén SH = # va HI =BC=a
62(173
k- SHHI ) :a\/i
JSH? + HI? \/ 0,3, 7
a +—a
4
av21

Vay: d(4;(SCD))=

Vi du 2: Cho lang tru dung ABC. A’B’C’ ¢6 day ABC la tam giac vuong, AB=BC=a.
Canh bén AA’ = a\/§ . Goi M 1a trung diém cta canh BC, E la trung diém cua BB’. Tinh
khoang cach tir B’ dén (AME)
Giai
- Vi E 1 trung diém cta BB’
d(B"(AME)) _B'E
d(B;(AME))  BE
D@ thay hinh chép B.AME c¢6 BA, BE, BM d6i mot vudng goc .
-Ha BK L AM ,tacd AM L BE = AM 1 (BEK)

-Trong tam giac BEK ha BH 1 EK (1) mat khac AM L (BEK)= BH L AM(2)
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-Ttr (1) va (2) = BH L (AME)

B' |
1 1 1 1 1 1
= PR e e Tt
BH® BE® BK" BE° BM~ BA
L S
a’ 1 a a A
2 4
a
= BH =—
NG

Vay khoang cach tir B dén mp(AME) bang

NGl

Vi du 3: Cho hinh chop S.ABCD c6 day ABCD la hinh vudng tim O canh bang a, SA
= g~/3 va vudng goc v6i mit phang (ABCD)
a) Tinh khoang cach tir trung diém M cua SC téi mit phang (ABCD)
b) Tinh khoang cach tir A dén mp (SBC), tir d6 suy ra khoang cach tir O dén mp (SBC)
¢) Tinh khoang cach tir trong tAm G ctla tam gidc SAB dén mp (SAC)
a) Ta c6 MO // SA = MO vuong goc (ABCD)

[

— d(M;(ABCD)) = MO = ESA =4

b) Nhén xét rang

BC 184
= BC L (SAB) = (SAB) L (SBC)

BC L AB}

Ha AH vuong goc voi1 SB = 4H 1 (SBC)
= d(4;(SBC)) = AH

Trong A SAB vuong tai A ta co
1 1 1 1 1 4
AH?  SA> 4B (a3} 4 34

B3

:>AH_a

Vay khoang cach tir A dén ( SBC ) bang LAL]
Vi AO N (SBC)=C nén
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4(0,(55C) _0C _1 = d(0;(SBC)) = —d(A (SBC)) = lAH = ﬁ

d(4;(SBC)) AC 2 4

c) ViBG N (SAC)=Nnén
d(G;(SAC)) _GN _1
d(B;(SAC)) BN 3

— d(G;(SAC)) = —d(B (SAC))

Ta ¢6 (BAC) L (SAC),BO L AC = d(B;(SAC))= BO = a;/_
= d(G;(SAC) = —BO - a*f

b. Bai tap tw luyén:
Bai 1: (Dé thi Pai hoc khdi D nim 2009). Cho hinh ling tru ding ABC.A’B’C’ ¢ day
ABC la tam giac vuong tai B, AB=a, AA’=2a, A’C=3a. Go1 M la trung diém cua doan théng
A’C’, 114 giao diém cua AM va A’C. Tinh khoang cach tir A dén nit phing (IBC)
Bai 2: (Dé thi Dai hoc khdi A, Al nam 2014). Cho hinh chép S.ABCD c6 ddy ABCD la

hinh vuéng canh a, SD = %a , hinh chiéu vudng goc cua S trén mit phang (ABCD) 14 trung

diém cia canh AB. Tinh khoang cach tir A dén mit phang (SBD)

IIL. BAI TOAN 3. Khodng cdch giiva dwong thing va mdt phing song song . Khodng
cdch giita 2 mdt phdng song song.

1 . Phuong phip: A

Pé tinh khoang cach tir d dén

(a)void// (a) (hodc khoang cach tur (&)
dén (B) voi (a)//(B)) ta tién hanh theo cac

budc:

A
B;: Chon 1 diém A trén d (hoic diéNrn g A g
A trén (o )) sao cho cac khoang cach ay dé /( i /
tinh nhét <
A

B,: Két luan d(d;(a))=d(4;(a))

(hodc d((a);(B)) =d(4;(B)))

a. Mét s6 vi du::

Vi du_I: Cho hinh hop thoi ABCD .A’B’C’D’cé tit ca cac canh déu bang a
VaBAD = BAA'= DAA'=60°. Tinh khoang cach gifta 2 mit phing ddy (ABCD) va
(A’B’C’D’).

Gidi

Tir gia thiét suy ra cic tam gidc A’AD, BAD, A’AB 1a cac tam giac déu. Suy ra tir dién
A’ABD la tr dién déu.

Khi d6 hinh chiéu ctia A’ trén mp(ABCD) chinh 1 trong tdm H cia A ABD déu.

Suy ra khoang cach gitra mp(ABCD) va mp(A’B’C’D’) chinh la 6 dai A’H.
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Ta co:

2
2
A'H? = A4"— AH? = &° —(#] - 2;2

Vay khoang cach giita hai mit phang
a\/6
3

day cua hinh hopla A’H= A'H =

Vi du 2: Cho hinh ling tru tam giac ABC .A’B’C’c6 day 1a tam giac déu canh a va
cac mit phiang (AA’B’), (AA’C’), (AB’C’) tao voi mit day mot goc 60°. Tinh khoang cach
giita 2 mit phang day (ABC) va (A’B’C’) .

Giai A C

- Goi H 1 hinh chiéu cta A xubng
day (ABC).

- Tt H ha HM, HP, HP lan luogt

vudng goc voi B’C’, A’C’, A’B’

Ta dé dang chirng minh duoc

AM 1L B'C', AN 1L A'C', AP 1 A'B'

Do d6, gbc giita cac mit phang

(AA’B’), (AA’C’), (AB’C’) tao voi A
mdt day chinh la cac

gécm{,m,@, tir do ta co

AAMH = AANH = AAPH = HM = HN = HP vy hinh chiéu ctia A chinh 13 tim dudng tron noi
tiép tam giac A’B’C’. ( do tam gidc déu nén tdm dudng tron ndi ti€p chinh la tAm dudng tron
ngoai tiép)

- trong tam gidc AAMH , ta c6 tan AMH :ﬂ =3, ma

1 af a a
HM_3 2_2\/5 = AH = \/_\/_ 5
Vi du 3 : Cho hinh chép S.ABCD c6 SA =a+/6 va vudng goc v6i mat
phing (ABCD). Pay ABCD la nira luc gidc déu ndi tiép trong dudng tron dudng kinh
AD=2a. Tinh khoang cach tir AD dén mit phang (SBC)
Gidi
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Vi tir gidc ABCD la nua luc giac déu S
duong kinh AD

= DA//BC = AD// (SBC)
= d(A4D;(SBC)) = d(4;(SBC))
Ha AK vudng gbc véi BC ta dugc

BC 1 AK

BC L AS } = BC 1 (SAK )= (S4K) L (SBC)

Ha AH vuong goc véi SK suy ra AH L (SBC)

= d(4;(SBC))= AH

Do ABCD la ntra luc gidc déu duong kinh A O ) D
AD =2a :AKzBOz#
R SRS SRS NS NS - K ! ‘
ARS8 AR (0f5) (a3) 2 B ©
2
= AH = za
3

Vay khoang cach tir AD dén mp(SBC) bang

\F
—a
3

b. Bai tap tw_luyén:
Bai 1. Cho hinh chop S.ABC c6 day ABC la tam gidc vudng can tai B, va SA vudng gbc
v6i day (ABC). Biét AC=2a, SA=a. Goi M, N, P lan luot 13 trung diém cta AB, BC, SB.
a) tinh khoang cach tir MP dén mat phang (SAC)
b) Tinh khoang cach tir (MNP) dén (SAC)

Phin IV. KHOANG CACH GIUA HAI PUONG THANG CHEO NHAU
1. Kién thirc can nhdé.
1. Pinh nghia doan vuong goc chung:

DPoan MN duoc goi la doan vudng chung cua d ) d
vad’
MN 1. d
&<SMN Ld'
Med, Ned'
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2.Pinh nghia khoang cich giira hai dwong thing chéo nhau:
Thé nao la khoang cach giira hai dwong thang chéo nhau?
Khoéng cich giud hai dudng thang chéo nhau d va d’ ki hiéu d(d,d’) chinh bang d6 dai doan
vudng goc chung MN.
3. Phuong phap tinh khoang cich giira hai dwong thing chéo nhau d va d’
Cach 1:
- Xac dinh doan vuong géc chung
- Tinh d6 dai doan vudng goc chung
Chu ¥: Khi hai dudng thang d va d’ vudng goc voi nhau, ta thuong dung cach 1.
Cach 2:
- Dung ( tim ) mit phang trung gian
(P) chtra d va song song voi d’
- Khi d6 khoang cach tir d dén d’
chinh bang khoang cach tir mot diém
M bat ki trén d” dén (P)

- Khi d6: d(d;d")=d(M;(P))=MH \ Hf

(P)

Cach 3:

- Dung mit phang trung gian (P) chira
d va vudng goéc voi d’.
-M=d'n(P). Tulké MH Ld
d
H

Vaytaco: MH Ld'\MH Ld

Nén MH chinh 1a doan vuong gbc
chung ciad va d’.

M

@)

I1 Bai tap minh hoa.
Bai 1. Cho chop ttr giac déu ABCD ddy 1a hinh vudng canh a, canh bén bang a+/2 . Tinh
khoang cach gifra hai duong AD va SB.
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Cach 1 : tinh truc tiép goi I 1a trung diém AD, d(AD;SB)=d(I;(SBC)) ‘

Cach 2: AD//BC nén AD //(SBC) vay d(AD ;SB)=d(AD ;(SBC))=d(A;(SBC))sb va

Chu y: Trong bai toan nay, ta c6 mat phang trung gian la (SBC) vi (SBC) chira SB va song
song v&1 AD ‘

Bai 2. (KA-2010) Cho chép S.ABCD day ABCD la hinh vuéng canh a, goi M va N lan lugt
1a trung diém ctia AB va AD, H 1a giao diém cua CN va DM, SH L (ABCD), SH = a3 .
Tinh khoang céach giita hai dudng thing DM va SC.
Giai.

- K¢ HK 1L SC(K eSC)

- Dé chimg minh dugc CN vudng goéc véi
DM, vi:

DCN +DNC =90° <> ADM + DNC =90°

(do: ADM = DCN ) NHC = 90"

DM 1 CN

DM | SH
= DM 1 HK

} = DM L (SHC)

Vay: DM L HK;SC L HK = d (DM;SC)= HK
1 1 1

-Tacé ~=——>+——>, Mat khac: tam giac DNC vudng tai D va DH la dudng cao nén ta
HK® HC® SH
, 1 1 1 5 ?
co —=——+ 2:—2:>DH2:a—
DH® DN- DC° a 5
Taco:

2
a

HC?=DC?*-DH* = HC*=d* 5

=HK =a 2
V19

Chii y : Trong bai toan nay DM va SC vudng goc v6i nhau. Do viy c6 thé di theo hai
huéng : xac dinh tryc tiép doan vudng goc chung nhu cach trén, hodc xac dinh mit phang
trung gian 1a (SCN) chtra SC va vuéng goc voi DM va lam theo cach 3.

Bai 3. (KB 2007) Chop tir giac déu SABCD day ABCD la hinh vuéng canh a, E 1a diém d01
xtng voi D qua trung diém SA. M 1a trung diém AE, N 14 trung diém BC. Chimg minh ring
MN vudng goc vai BD, tinh khoang cach gitra MN va AC.
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Giai.
e
H ™
a. MN 1 BD )
Goi K 1a trung diém cua SA, khi do tor giac MKCN Ia hinh binh hanh.
Vay MN//CK (1)

-Tacd BD1 AC,BD 1 SH = BD 1| (SAC) = BD 1 CK (2)
-Tu(l)va(2)tacd: MN L BD
b. Tinh khoang cach MN va AC
- Vi MN//(SAC) nén d(MN ;AC)=d(MN,(SAC))=d(N ;(SAC))
- Tr goi K 1 hinh chiéu ciia N trén AC khi d6 ta c6 :

NK 1 AC

} = NK 1 (SAC)= d(N;(SAC))=NK
NK L SHNK

BH:\/az+a2 a

* Tinh NK : NK = 5

PN
Bai 4. Cho tir dién ABCD, AB=a, tit ca cac canh con lai béng 3a. Tinh khoang cach gitra hai
duong chéo nhau AB va CD.
Giai.

- goi M, N 1an luot 1a trung diém cta AB va
CD.

- Ta cd AANB can tai N vi AN=BN

M la trung diém ctia AB nén suy
ra:MN 1L AB (1)

Tuong ty ta chung minh MN 1L CD (2)

Twr (1) va (2) suy ra MN la doan vuong goc
chung.

2 2
MN? = BN? — BM? = (3a§] —(ﬁj
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I1I Bai tap ren luyén .

Bai 1. Cho lang tru dung ABC.A’B’C’ ¢6 day ABC la tam giac vuong AB=BC=a, canh bén
AA’=a~2. Goi M 1a trung diém cua BC. Tinh theo a thé tich khéi lang tru ABC.A’B’C’ va
khoang cach giira hai dudng thing AM, B’C (PH Khoi D 2008)

Bai 2. Cho hinh chop S.ABC c6 day ABC la tam gidc vudng can tai B, AB=2a. Hai mat
phang (SAC) va (SBC) cung vudng goc voi day (ABC). Goi M la trung diém cua AB, mit
phing qua SM va song song v6i BC cit AC tai N. Biét goc tao boi (SBC) va (ABC) bang
60° . Tinh thé tich khéi chop SBCMN va khoang cach giita hai dudng thang AB va SN

(PH Khoi A 2011)

Bai 3. Cho lang tru ding ABC.A’B’C’ c6 day ABC la tam giac vuong tai a, AB=a, AC=2a,
AA’=a. Tinh khoang cach giita hai dudng thang AB’ va BC.

Bai 4. Cho hinh chép S.ABCD c6 day ABCD 14 hinh vudng canh bang a. SA vudng goc véi
day, goc tao bsi SC va (SAB) 1a 30°. Goi E, F 1a trung diém ctua BC va SD . Tinh khoang
cach gitta hai duong thang chéo nhau DE va CF.

3\/_
Bail. V=22 d(4M;B'C
(A BC) =5
Bai 2. V:a3\/§,d(AB;SN): 2“1*?

Bai 3. d(4B';BC) ="

Bai 4. Thiét 1ap mit phang trung gian 1a (FCI) song song véi DE.
- khi d6 khoang cach giita DE va CF chinh 14 khoang cach tir D dén (FCI). Va ta chi
viéc doi diém sang tinh khoang cach tir diém dé& 1a H dén (FCI) va chung ta lam viéc
trong khdi chép F.HCI

3a\/§

- bS: HR=

31

E. BAI TAP THU'C HANH
Bai 1. (Khdi A, Al 2014) Cho hinh chép S. ABCD c6 day ABCD la hinh vudng canh a,

SD—%a Hinh chiéu vuéng goc ctia S xudng mit phing (ABCD) chinh 13 trung diém cia

canh AB, Tinh khoang cach tir A dén mit phang (SBD).
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Bai 2. ( khbi B 2014) Cho lang tru ABC.A’B’C’ ¢6 day 1a tam giac déu canh a, hinh chiéu
vudng goc ctia A’ trén mit phang (ABC) 1a trung diém ciia canh AB, gbc giita dudng thang
A’C va mit ddy bang 60°. Tinh khodng céch tir B dén mit phing (ACC’A’)

Bai 3. ( Khdi A,A1 2013) Cho hinh chép SABC c6 déy 1a tam gidc vudng tai A. ABC =60°,
SBC la tam giac déu canh a, mit bén SBC vudng goc véi day. Tinh khoang cach tir C dén
mit phang (SAB)

Bai 4.( Khéi B 2013) Cho hinh chop S. ABCD c6 day la hinh vudng canh a, Mat bén SAB la
tam giac déu va nam trong mit phing vudng goéc v4i day. Tinh khoang cach tir A dén mat
phang (SCD)

Bai 5. ( Khéi D 2013) Cho hinh chép S.ABCD c6 day 1a hinh thoi canh a, canh bén SA
vuong goc voi day, BAD =120°,M la trung diém ciia canh BC va SMA =45°. Tinh khoang
cach tir D dén (SBC)

Bai 6. ( Khéi D 2012) Cho hinh hop dimg ABCD.A’B’C’D’ ¢6 day 1a hinh vudng, tam giac
A’AC vudng cin, A’C=a. Tinh khoang cach tir A dén mit phiang (BCD’)

Bai 7. (Khdi A, Al 2012) Cho hinh chép SABC c6 day la tam giac déu canh a, hinh chiéu
vudng goéc ¢ tia S trén mit phang (ABC) 1a diém H thudc canh AB sao cho HA=2HB. Géc
gitta SC va mit phang (ABC) bang 60°.Tinh khoang cach giita hai duong thing SA va BC
theo a.

Bai 8.(Khdi D 2012) Cho hinh hop dimg ABCD.A’B’C’D’ ¢6 day la hinh vudng, tam giac
A’AC vudng cin, A’C=a. Tinh khoang cach tir A dén mit phang (BCD’) theo a.

Bai 9.(Khdi A 2011) Cho hinh chép SABC c6 day ABC la tam gidc vudng can tai B,
AB=BC=2a; hai mit phang (SAB) va (SAC) clng vudng goc v6i mit phang day (ABC). Goi
M la trung diém ctia AB; mit phang qua SM va song song véi BC cit AC tai N. Biét goc
gitta (SBC) va (ABC) bang 60°, Tinh khoang cach giira hai duong thang AB va SN theo a
Bai 10.(Khbi B 2011) Cho hinh ling tru ABCD.A’B’C’D’ ¢6 ddy ABCD 1a hinh chit nhat,
AB=a, AD=a+/3. Hinh chiéu vuéng goc ciia A’ trén mit phing (ABCD) tring véi giao
diém cua AC va BD. Goc giita hai mit phang (ADD’A”) va (ABCD) bang 60°, Tinh khoang
cach tir B’ dén mit phang (A’BD) theo a.

Bai 11. (BH Vinh) Cho hinh chop S.ABCD c6 day ABCD Ia hinh chir nhat, mat bén SAD
1a tam gidc vuodng tai S, Hinh chiéu vudng goc cua S 1én mit phiang (ABCD) 1a diém H thudc
canh AD sao cho HA=3HD. Goi M 14 trung diém ciia AB, biét S4 =24+/3 va dudng thing
SC tao v&i day mot goc 30°. Tinh khoang cach tir M dén mit phang (SBC)

Bai 12. (Chuyén Vinh Phuc) Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat. SA
vudng goc voi mit phang (ABCD) , va goc gitta (SBD) va day 60°, Tinh khoang cach giita
hai duong thang AC va SD
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