Chuyén dé: Chirng minh bit dﬁng thirc http://thaytoan.net

VAN DE I:
Chirng minh Bat dang thirc bang phuwong phap doi bién so

1. Du doan dwgre diéu kién ding thirc xay ra

Vidu1: Cho a+b=2.Chitng minhring: B=a’+b>>2.

e Nhdn xét: Du doan dang thirc xayrakhia=b=1.
Do vaytadat: a=1+x. Tu gia thie¢t suyra: b=1-x,(x € R).
Tacé: B=a +b =(1+x)°+(1-x)° =10x* +20x2 +2>2
Ping thiic xdyra<>x=0,haya=b=1. Vay B > 2.

Vidu 2: Cho a+b =3, a<1.Ching minh ring;: C=b-a®-6b*-a*>+9p>0.

e Nhan xét. Du doan déng thirc xdy rakhia=1;b=2.
Do vaytadat a=1—x, véix > 0. Tu gid thie¢t suyra b=2+x.

Tacd: C=5b-a—6b>—-a>+9b = Q2+x) —(1-x) =62 +x)> —(1-x)> +92 + x)
=257 +x = x(x=1*> 20 (vix >0).

Déngthfrcxéyra@xZOhoécxz1t1'rca=1,b=2hoéca=0,b=3.V€1yC > 0.

Vidu 3: Cho a+b+c=3.Ching minh ring: A = a?+b*+c*+ab+bc+caz6.

e Nhdn xét: Dy doan rang dang thirc xay rakhia=b=c= 1.
Do vaytadat: a=1+x,b=1+y,(x,y € R). Tu gid thiét suyra: c=1-x-y.

Ta co: A= a*+b>+c2 +ab+bc+ca

A+x)?+1+y) > +(1=x=y)? + A+ )0+ )+ 1+ y)(I—x—y)+ 1 —x = y)(1+x)

2
= x2+xy+y2+6 = (x+%y] +%y2+626

. 1
Pang thuc xdyra< y=0va x+5y:O<:> x=y=0 haya=b=c=1.Vay A > 6.

Vidu 4: Cho a+b=c+d.Ching minh ring: D= a +b> +ab>3cd.

e Nhdn xét: Dy doan dang thire xayrakhia=b=c=4d.
Do vaydat: a=c+x,véix € R. Tu gia thi€t suyra b=d—x.

Ta co: D=(c+x)2+(d—x)2+(c+x)(d—x)=cz+d2+x2+cd+cx—dx
1 3 1Y 3
= (cz+d2+Zx2—2cd+cx—dx]+3cd+2x2 = (c—d+5x] +Zx2+30d23cd.

, 1
bang thuc xdyra<> x =0 va c—d+5x:0 &x=0vac=dhaya=b=c=d.

Vay D > 3cd.

Vidu 5: Cho a+b > 2. Chung minh ring; a+bd<at+b*.

e Nhdn xét: Dy doan dang thirc xayrakhia=b=1.
Dovaydat a=1+x,b=1+y. Tu gid thi€t suyra x+y>0.
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Taco: d+b°<a*+b* o (+x)° +A+y)° <A+0)* +1+y)*
o 1+ ' +0+ 0 =1+ -1+’ 20 o x(+x)° +y(1+y)* =0

& x+y+3()c+y)(xz—xy+yz)+3(x2+yz)+x4+y4 >0 (DPingvix+y > 0)
Ding thirc xay ra < x =y =0 hay a =b = 1. Vay bat ding thirc duwoc ching minh.

Vi du 6: Cho a < 4. Chimg minh rang; E=da’(2-a)+3220.

e Nhdn xét: Dy doan dang thic xdy ra khia = 4.
Do vay dat a=4—-x. Tu gia thiét suyrax > 0.

Taco: E= (4—x)22—4+x)=x°—10x>+32x = x| (x=5%+7]20.
Piang thirc xayrax=0haya=4. VAayE > 0.

Vi du 7: Cho ab > 1. Ching minh ring; a?+b*>a+b.
e Nhdn xét: Dy doan dang thuc xayrakhia=b= 1.
Dovaydat a=1+x; b=1+y.

Taco: ab>2 1< (I+x)(1+y)>21<x+y+xy=0

Mat khac: a2+b22a+b<:>(1+x)2+(1+y)22(1+x)+(1+y)©x2+y2+x+y20
Lai c6: x? +y2 >2xy, v01 mQix, y nén ta co:
1
x2+y2+x+y25(x2+y2)+xy+x+y20 (Pung vi xy+x+y > 0)

Ping thirc xay ra < x =y =0hay a=b= 1. Vay BDT duoc ching minh.

2. Dang cho biét diéu Kién ciia tong cac bién nhung khong ( hoic khé) dw doan
) diéu kién cia bién dé dang thirc xay ra.
D061 voi loai nay ta cling c6 thé doi bién nhu trén.

. 2
Vidu 8: Choa < 1;a+b > 3. Ching minh rang: F=3d> +b° +3ab—7720

ePita=1-xvaa+b=3+y. Tirgiathiétsuyrax,y > Onéntaco:b=2+x+y.
2 2
T dé:F= 3(1—x)2+ (2+x+y)2+ 3(1—)6)(2+x+y)—77 = )c2+yz—5x+7y—xy+75
2
1 5 3,09
=|lx——=y——| +=y"+=y=20
( 2" 2j 40 T2
2 . 5 . 3 9
Dangthu’cxayra<:>x=5Vay=0haya=—5vab=5.

Vay bat dang thac F > 0 duoc ching minh.

Vidu 9: Choa,b,c €[1;3] vaa+Db+c=06. Chrng minh réng:

a) a’+b> +c*<14 b) @ +b° +c><36
ePata=x+1;b=y+1;c=z+1.Khidox, y,ze [0;2]va x+y+z=3
Gid st x=max{x;y;z}suyra:x+y+z=3<3x=>1<x<2=>x-1)(x-2)<0
nén: x’+ y2+ z2£x2+(y+z)2 :x2+(3—x)2:5+2(x—1)(x—2)£5

Tac la: x> + y2 +72<5 (*). Tuong tu ta chirng minh duoc x>+ y3 +2°<9 (**)
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a) Ta co: a2+b2+02:(x+1)2+(y+1)2+(z+1)2=x2+ y2+ z2+2(x+y+z)+3 (1)

Thay (*) vao (1) ta co: a® +b* +¢* <14 1a diéu phai chirng minh.
b) Ta co:

S+ =+ D+ O+ D+ @) =P+ + 2 43+ + )3+ y+2)+9 ()

Thay (¥) va (**) vao (2) ta co: a> +b> +¢> <36 la diéu phai ching minh.

2
, 1
Vi du 10: Cho cac sb thuc a, bvoia+b # 0. Ching minh:  a” +b° +( +“b] >2.

a+b
< 1+ab . \ 1 \ A , . 2 1o
e Dit c =- 5 . Taco: ab + bc + ca=—1 va lic nay BDT can chirng minh tré thanh:
a+
2,32, 2 2,32, 2 2 A 4
a“+b " +c" 22 a"+b " +c"=>2-2(ab+bc+ca)= (a+b+c) 20 (ludén dung).

Vay bat dang thire duoc ching minh.

3. Dang bit ding thirc véi diéu kién cho ba sb c6 tich bang 1

Cachll: Pita=2;b=2;c=2,véix,y, z #0.
y z x

Sau day la mot s vi du lam sang té di€u nay.

Vidu 11: Cho a, b, ¢ 1a cac sb thue duong thoa min abe = 1. Chimg minh rang:

1 1 1 3
+ + >=
a(b+1) b(c+1) c(a+1) 2

o Nhdn xét: a, b, ¢ 1a cac sb thuc duong va abc = 1 nén ta dit:

azﬁ;bzz;c:i,véix,y,z 1a cac sb thyc duong.
y Z X
, 1 1 1 3 1 1 1 3
Ta co: P +b +1)+ ( +1)25<:> + + 25
ab+1) ble+ ) cla X(m] y(m] e
y\z Z\X xy
PN LA S 23

xXy+zx yz+xy zx+yz 2
Pay chinh 1a BDT Néb-sit cho ba s6 duong xy, yz, zx, suy ra diéu phai chirng minh.

Vi du 12: (Olimpic qubc t& 2000) Cho a, b, ¢ 1a cac sé thuc dwong thoa min abc = 1.

Chang minh ring: (a—l+lj(b—l+1](c—l+l]él.
b c a

o Nhdn xét: a, b, ¢ 1a cac sb thuc duong thoda man abc = 1, nén ta dit:

X . .
a:—;bzz;c:—,vmx,y,zlacacsothucduorng.

y Z X
Tacé: (a_l+lj(b_l+l](c_l+l]£1© (X—y+Z)(y_Z+X)(Z—x+y)£1
b C a xyz
< (x—y+)(y—z+x)(z—x+y)<xyz (*)

bat x=m+n;y=n+p; z=p+m.Khido6 (*) < (m+n)(n+p)(p+m)=>8mnp (**)
Ap dung BDT Co-si cho hai s6 dwong ta co: m+n>2<mn; n+p>2np; p+m>2 pm
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Ba bat ding thuc trén c6 hai vé déu duong nén nhan vé theo vé ta c6 bat dang thuc can
chirng minh.

Chii y: Ta c6 thé chirng minh (¥) theo cach sau déy:

Do vai trd x, y, z ¢6 vai trd nhu nhau, khong mat tinh tong quat nén gia sitr: x >y > z > 0.
Nhuvayx—y +z>0vay—z+x>0.

+Néuz—x+y < 0thi (*) hién nhién ding.

+Néu z—x+y> 0, ap dung BDT Co-si cho hai s6 duong ta co:

Jor-y+9(r-z+x) <x; Jr-z+0)(@-x+y) <y; Ja-x+y)(x-y+2) <z
Nhan vé theo vé cac bat dang thirc trén, suy ra (*).
Vay (*) dang cho moi x, y, z 1a cac s6 thuc duong, suy ra bai toan dugc chirng minh.

Phdt hign: Viéc d6i bién va van dung (**) mét cach khéo 1éo givip ta gidi dwoe bai toan
6 Vidu 13 sau day:

Vi du 13: (Olimpic quéc t& 2001) Cho a, b, ¢ 1a ba s6 dwong. Chirng minh rang:
a b c

+ +
\/a2 +8bc \/b2+8ca \/02+8ab

a b c
T Y= , 2= .
\/a2 +8bc \/b2 +8ca \/02 +8ab

Ta thay x, y, z déu duong va BDT can ching minh trothainh S = x+y+2z>1.

>1.

e Dit x =

2
Do x = a - xz—{ a ]_ a’ - 1 | 8bc
S T S l==
a® +8bc a® +8bc a~+8bc  x a
1 1
Tuong tu ta co: —2—1:80—;; T—lz%.
y b Z c

Suy ra: (%—1][%—1](%—1]:83 (1)
X y Z

Mit khacnéu S=x+y+z<1

S

— Ta thiy (S —X)S=y)(S-2)=(x+y)(y +2)(z +x) = 8xyz (theo (**)ovidul2) (2)
—Voibasdo duongx +y,y+z z+x talaicod (S+x)(S+y)(S+272)=>64xyz 3)

— Nhan (2) va (3) vé voi vé, ta duoc: (8% —x2)(8% —y?)(S? - %)= 8 x*y%Z?

2 2 2

hay: | S |||
y 2 2 2
X y Z

Tir day suy ra: T > 8° méu thuan véi (1).
Vay S=x+y+z > 1, tirc bai todn dugc chirng minh.

Nguoc lai, ddi véi mot s6 bai toan chitng minh bat ding thirc ma cac biéu thirc ( hoiic
X y. z

bién doi ctia no6) cé chira cac biéu thire ¢6 dang: —; —; —, véi x, y, z # 0. Lic nay viéc
y z X

dat a= ﬁ; b :X; c== , V0i abc = 1 1a mot phwong phap hiru hi¢u, sau day la cac vi du
y b4 X
minh chirng diéu nay:
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Vi du 14: Cho cac s6 thuc duong a, b, c. Chirng minh rang;
b c a a b c

+ + <1 + + >1.
a+2b b+2c c+2a a+2b b+2c c+2a
1) BT & ! +b1 + ! <I.
42 242 42
c a
. a b c , N ‘e
bit xZZ;yz—;z:—.Tacox,y,zlacac s0 thuc duong c6 tich xyz = 1.
c a
1 1 1
Suy ra: ! +b1 + ! <l < 2+ 2+ 231
42 %42 42 e yEe 2w
c a

S T2y +H(y+2)(z+2)+(z+2)x+2) < @ +2)(y+2)(z+2)

S @tyz+tz)+4x+ty+2)+ 12 < xyz+2(xy +yz+zx)+4(x+y +z)+8

S 4<xyz+xyt+tyz+tzx < 3 < xy +yz+zx.

Day la bat dang thirc ding vi ap dung bat dang thirc Co—si cho ba s6 duong ta co:
Xy+yz+zx 2 33 (xyz)2 = 3. Suy ra diéu phai chirng minh.

2) Cach I: Chiing minh tuong tu cau 1).

Céch 2: Ta cb: 2( b_, ¢ . 4 ]+( a b , ¢ ]:3

a+2b b+2c c+2a a+2b b+2c c+2a
Ap dung két qua bai toan 1), ta suy ra bat dang thirc can chirg minh.

Cach 2]: Ngoai cach dit a=-:b=2; c== nhu trén ta con ¢6 cich dbi bién khac. Cu thé
Z

X
y X
ta xét vi du sau:

Vi du 15: Cho ba s duong a, b, ¢ thoa méin abc = 1.Ching minh:
a__ . b L 4 Sl *)
(@+1)? (b+1)? (c+1)? (a+Db+D(c+1) 4

l-a 1-b I-c . I-x I-y 1-z
;Y= ;2= =-I<x,y,z<lvaa= ;b= ;= .

l+a 1+b I+c I+x I+y I+z

Thabc=1= (1-x)(1-py)(1-2)=(1+x)(1+y)(1+z2)=>x+y+z+xyz=0.

e Pat: x=

Mit khac: AU P P I
(a+1)? a+l
4
Tuong ty: b :1—y2;i:1+y va 4e =1—Z2;i=1+z
(b+1)° b+1 (c+1)? c+l1
nén: (*) < da + 4b + 4c <1+2. 2 . 2 . 2
(@+1)?> (b+1)? (c+1) (a+1) (b+1) (c+1)

o 1-x2+1-y? +1-22 <1420+ 01+ y)(1 +2)

o X2 +y2 + 77 +2(xy+yz+z70)+2(x+y+z+xy2) 20 & (x+y+z)2 >0.
Pay la bat dang thic luén dang nén bai toan duoc chirng minh.
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Phdt hign: Viéc d6i bién biang cach dit a= ﬁ; b= X; c== & day con ap dung dwoc rat
y b4 X

hay & bai toin chirng minh ding thirc, vi du 16; 17 sau diy cho thiy diéu nay. (Viéc

duwa ra hai vi du sau nham nhan manh thém tinh da dang va hiru hi¢u cia phuong

phap doi bién trong giai toan ndi chung).

Vi du 16: Cho g, b, ¢ 1a ba s6 thuc thoa méin abc = 1. Chirng minh rang:
1 1 1
+ + =1
l+a+ab 14+b+bc l1+c+ca

Y
4

) , . ~ LA A X

o Nhan xét: Viabc = 1néntacothé dat a=—; b=
y

Khi d6 vé trai ciia dang thirc trén duoc bién ddi thanh:

Z ..
;c=—, voix,y, z #0.
X

1 1 1
+ + = 2 + “ + il =1 (dpcm).
1+£+£ 1+1+X 1+£+£ Xy+yz+zx XxXy+yz+zx Xxy+yi+zix
y z z X Xy

Vidu 17: Cho g, b, ¢ 1a ba s6 thuc thoa méin abc = 1. Chirng minh rang:

R oy e

; , A < X Z L
e Nhan xét: Tuong ty trénta dat a=—; b :X; c=—,voix,y z #0.
y z X
Khi d6 vé trai ctia dang thirc (*) duogc bién d6i thanh:

LI P (S A (E_H_Z]:x‘)’+Z.y—Z+x.z—x+y
Y YI\Z YINX X y Z X

_ =y +)(y—z+x)(z—x+y)
xyz
Tuong tu ta ciing bién d6i duoc vé phai ciia (*) vé biéu thic (1), suy ra dpem.

(1)

4. Poi voi mot s6 bai toan chirng minh bat dang thic chira ba bién a, b, ¢ khdng am cé
vai tré6 nhw nhau ta c6 thé sir dung phwong phap doi bién nhw sau:

bat x=a+b+c; y=ab+bc+ca; z=abc.

Ta c6 cac dang thirc sau:
xy—z=(a+b)b+c)c+a) (D)
x2+y:(a+b)(b+c)+(b+c)(c+a)+(c+a)(a+b) (2)
x2—2y:az+192+c2 3)

3 _ 3,33, .3

x”=3xy+3z=a +b" +c 4)

Cung v&i viée ap dung cac bat dang thirc sau:
x? > 3y (5)
x> 2277 (6)
y2 >3xz (7)
xy 29z (8)
x> —4xy+9z>0 ©))

(Ban doc tu chirng minh céc bat dang thirc trén).
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Sau day la mot so vi du dé lam sang t6 van dé nay:

Vi du 18: Cho ba sé dwong a, b, ¢ thoa min diéu kién abc = 1. Chirng minh:
(a+b)b+c)c+a)=2(1+a+b+c)

eDit x=a+b+c; y=ab+bc+ca; z=abc.
Theo (1) thi bit dang thirc cAn chirng minh twong duong véi:
xy—z22(+x) & xy—-122(1+x) < x(y—-2)=3.
Do z = abc = 1 nén theo (6) va (7) suyra: x > 3;y > 3 suyra: x(y —2) > 3 1a BDT dung.
Ping thic xdy ra <> x =y =3 hay a =b = ¢ =1. Suy ra bai toan duoc chirng minh.

Vi du 19: Cho ba sb duong a, b, ¢ thoa médn: a + b + ¢ = 3. Chtrng minh:

abc+L25
ab+bc+ca
eDit x=a+b+c; y=ab+bc+ca; z=abc.
Khi d6 bat dang thirc can chirng minh twong duong voi bat dang thic sau:
12
z+—2>5 (*)
) y
Theo (9) két hgp véi x=a + b + ¢=3 tacd: 27-12y+9z>0.
4y — 12 _4y-9 12
Suy ra: Pk AN N S . (**)
3 y
4y-9 12
Mat khac: b4 9+—25<:>4y2—9y+36215y <:>(y—3)220(dl’1ngvc’7i moi y).
y

Tu (*) va (**) suy ra bai toan dugc chirng minh.
Dang thue xay ra khi va chi khi: a=b=c =1.

Vi du 20: Cho ba sb khong 4m a, b, ¢, thoa man: ab+ bc + ca + abe = 4 . Chirng minh:
3a?+b*+cH)+abe=10 (%)

eDiat x=a+b+c; y=ab+bc+ca; z=abc.

Do y+z=ab+bc+ca+abc=4,nén theo (3) bat dang thirc (*) tré thanh:
3(x% —2y)+2>10 < 3x° -6>7y.

Mat khac, theo (9) suy ra:

x> +36

4x+9

x> +36

4x+9

P —4xy+9(y+2) 29y = 13 +3629y+4xy = y <

Vay dé hoan thanh bai toan ta cAn chirng minh: 3x* -6 <7.

That vay, tu (5) va (6) suy ra:
2.3
4:y+z£%+;—7 = x> +9x*-108>0 = (x—3)(x2+12x+36)20 = x2>3.

x> +36
4x+9

o (x=3)(5x2+42x+102)=0
Day la bat dang thic ding. Pang thic xdy ra khi va chikhi:a=b=c=1.

Tur d6 ta co: 3x2-6<7. & 1250 —24x+27x% =54 >7x> +252
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Vi du 21: Cho ba s duong a, b, ¢ thoa méan diéu kién ab + bc + ca = 3. Ching minh:

1 1 1 a+b+c 3
+ + > +
a+b b+c c+a 6 a+b+c
eDit x=a+b+c; y=ab+bc+ca=3; z=abc.
, 1 1 1 a+b+c 3
Ta co: + + > +
a+b b+c c+a 6 a+b+c
(a+b)(b+c)+(b+c)(c+a)+(c+a)(a+b)>a+b+c+ 3 *)
(a+b)b+c)c+a) B 6 a+b+c
Theo (1) va (2) thi (*) trd thanh:
2
XV X3 o (24 6x— (2 +18)(Bx—2)3 0
xy-z 6 x
& 6x°+18x=3x" —54x+x°7+182>0 < 3x —36x+x%7+182>0
o 3P -12x+92)+x%2-9220 & 3(x% —4xy+92)+2(x2-9)>0

Do y =3 nén tir (5) suy ra x> >9, két hop (9) ta c6 bt ding thuc trén dung, suy ra bai toan
dugc chirmg minh. Pang thirc xdyra<>a=b=c=1.

Vi du 22: Cho ba s6 a, b, ¢ thudc (0; 1) thod man abc =(1—a)(1-b)(1-c). Chiing minh:
@ +b° +¢ +5abe>1

eTaco: abc=(1-a)1-b)(1-c) =1-(a+b+c)+(ab+bc+ca)—abc.

Do vay, néu dat x=a+b+c; y=ab+bc+ca=3; z=abc thitacod: 2z=1—x+y.

Theo (9) thi ta c6 bat dang thirc can ching minh tré thanh:

x> =3xy+3z+5z21 © x> -3xy+8z21 < x> —4x+3> y(3x—4)
2
Cha yrang: 1-x+y=2z>0 va x223y suy ra: x—1<y<%.

Ta xét ba truong hop sau:
Truong hop I: Néux <1 thi x° —4x+3:(l—x)(3—x—x2)2O>y(3x—4).

: 4
Truong hop 2: Néu 1<x<§ thi: 3x —4<0va0< x—1<y, suyra:
(x> —4x+3)—yBx—4)> (x° —4x+3)—=(x-D)Bx -4 =(x-1> >0
: 4
Truong hop 3: Néu x 25 thi:

2 2
_Qx=3)7

(x3—4x+3)—y(3x—4)>(x3—4x+3)—%(3x—4) 0

Nhu vy trong moi truong hop ta déu co x> —4x+3> y(3x —4) ludn dung, suy ra bai toan
dugc chirng minh.

Ping thic xdy ra khi va chikhi: a=b=c=

N | —

II. Cac bai tap 4p dung:
Bai 1: Chung minh cac bat dang thirc sau:

a)Choa,b>Oth0éme~ma+b=1.Ch1’rngminh:i+ 3 >14.
ab  g* +p?
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b) Cho a+b+c+d= 1. Ching minh: (a+c)(b+d)+2(ac+bd)£%.

4 3

¢)Choa+b+c > 3. Ching minh: a* +b* +c* >a® +b> +>.
d) Cho a +b > 8 va b > 3. Chitng minh: 274> +10b> > 945
1 1

a+1 " b+1 " c+1
Bai 3: Cho ba s6 duong a, b, ¢ thod man abc = 1. Chirng minh:
(a+b)b+tc)c+a)=5@+b+c)—7
Bai 4: Cho céc sb duong a, b, ¢ sao cho abc = 1. Chirng minh:
a+3 b+3 c+3
+ + >3

@+ (b+1)? (c+1)?

Bai 2: Cho a, b, ¢ 13 cac sd duong va =2. Chung minh: 8abc < 1

Bai 5: Cho céc sb duong a, b, ¢ sao cho abc = 1. Chirng minh: £+2+£2%(a+b+c—l).
c a

Bai 6: Cho basd a, b, ¢ khong am thod man: a + b + ¢ = 1. Chirng minh:
0<27(ab+bc+ca)—54abc <7

Bai 7: Cho ba s6 duong a, b, c. Ching minh:
\/2(1 +a®)1+bH)A+c?) = A+a)1+b)1+c)-2(1+abc)

VAN DE II:
Chirng minh Bat dang thirc bang cach sir dung vai tro nhu nhau
cua cac bién

Vi du 1: Cho céc sb thyc a, b, ¢ khong 4m. Chirng minh rang:
ala-=b)a—-c)+b(b—c)b—a)+c(c—a)c—b)=0 (*)

e Do vai trd cta a, b, ¢ 1a nhu nhau nén c6 thé gia stta >b >c.
+ Neéu c0 hai trong ba so a, b, ¢ bang nhau thi BDT hién nhién ding.
+ Néu a > b > ¢, chia hai vé€ cua (*) cho (a—b)(b—c)(a—c) ta dugc BDT tuong duong:

a b0
b—-c a-c a-b
b>0 a b c
1) lubn di a> ; .
(1) udén dang do {O<b—c<a—c: b—c>a—c va a—b>0

Vi du 2: Cho cac sd thue a, b, ¢ d6i mot khac nhau thudc doan [0; 2]. Chiing minh r?mg:
1 N 1 N 1 S 9 *)
(a=b?’ (b—c)* (c-a)’ 4

C . I 1 1
e Sur dung BDT C6-si voix > 0,y > 0, ta co: [—2+—2](x+y)2 >2.—.4xy=38.
X7y Xy

1 8
St
Xyt (x+y)

Suy ra: (1). Pang thirc xay ra < x = y.

2
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Do vai tro cta a, b, ¢ 1a nhu nhau nén c6 thé gia st @ > b > ¢. Ap dung BPT (1) cho cip sd
1 N 1 S 8 _ 8 .
(a-b)* (b—c)* (a—b+b-c)* (a—c)*
Ping thic xdyra<>a—b=b—c.
1 1 1 8 1 9
+ + > + = =
(@=by (b-cy (c-a) (a-0 (c-a? (a—c)
Mat khac, do a, ¢ € [0;2] vaa > ¢1nén 0 < a — ¢ <2. Pang thirc xdyra<>a =2 vac = 0.

1 1 1 S 9 22

+ + P .
(a-by* (b-c) (c-a)* (a-cf 4
Diang thirc xay ra khi (a; b; ¢) = (2; 1; 0) va cac hoan vi.

duong a— b vab—c,taco:

Suy ra:

Do d6:

Vi du 3: Cho ba sb duong a, b, ¢ thoa man: a+ b+ ¢ +abc = 4. Chirng minh rang:
a+b+c>ab+bc+ca

e Do vai trd cta a, b, ¢ 1a nhu nhau nén c6 thé gia stta >b >c.

3

Tur gia thiét ta co: 3c+cd<d=a+b+ctabe<3a+a’ > a>1vic< 1.

+Néua>b>12>cthi 4>a+b>2Jab = ab <4. Do do:

(a+b-2)*>4(a-1)(b-1)=ab(a-1)(b-1)
4—qg-—
<:>(a+b—ab)(ab+1)2(4—a—b)(a+b—1)<:>a+b—ab2%lb(a+b—l) (1)
ao +
4—a-b
ao +
a+b—ab>cla+b-1) < a+b+c>ab+bc+ca (dpcm).
+Néua>1>b>cthitacd (a—D)(b-1)(c—1)>0 = a+b+c>ab+bc+ca+1—abe (2)
Mat khac, ap dung BDT Cd-si cho cac s6 duong, ta co:
4=a+b+c+abc>4Yabcabc = abc < 1.
Két hop véi (2) ta c6 dpem.
Ping thic xdyra<>a =b=c = 1.

Mat khac, tir gia thiét suyra ¢ = . Két hop véi (1) ta co:

Vi du 4: Cho ba sb thuc duong a, b, ¢ thoa man abe = 1. Chirng minh rang;
1 1 3

1
+ + <=
\/1+a2 \/1+b2 \/1+c2 2

e Do vai tro cua a, b, ¢ 1a nhu nhau nén c6 thé giad stta >b >c.
Viabc=1nénbc<1vaa=>1.Tacé:

2 22 22
L1 32( L, 12]=2 P AR Y PR A
J1ap? 1eé? 1467 14c (1+b>)(1+c2) (1+be)?

_ 4 4a
l+bc 1+a
1 1
Suy ra: + <2, -2 (1)
Vi+p? 1+c? 1+a
e 1 ol V2
Mat khac ta co: < (2)
1442 l+a
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Ta s€ chirng minh: ‘/ —<— (3)
I+a 1+a

2
That vy, 3) < 1+3a—22a(1+a) >0 < (@ “Ji+a) >0 (luon dang).

Tur (1), (2) va (3) suy ra dpcm. Pang thic xdyra<>a=b =c = 1.

Vi du 5: Cho céc s thuc duong a, b, ¢ thoa min a + b + ¢ = 3. Chémg minh rang:

a*+b*+c? +abe>4

e Do vai trd ctia @, b, c 1a nhu nhau nén c6 thé gia sta >b >c. Suyrac < 1.
Ta co: a° +b* +c? +abc=9-2(ab+bc+ca)+abc = 9+ab(c—2)-2c(3-c¢).

2 2
Lai co: abs(m_b] :(350] vac—2<0nén

2
3_ 2

a2+b2+0229+(c—2)( ;j ~2¢(3-c) (1)
3_ 2

Ta s& chémg minh: 9+(c—2)( ;j “2e(3-c)24 ()

Thét vay, (2) < (c—1)*(c+2)>0 (ludn dung).
Tir (1) va (2) suy ra dpem. Pang thiic xayra< a=b=c = 1.

Vidu 6: Cho a, b, ¢ 1a cac sb thuc khong Am thoa mén: a’+b* +c* =3. Chtrng minh rang:
ab+bc+ca<2+abc

e Do vai trd cta a, b, ¢ 1a nhu nhau nén c6 thé gia st a = max{a, b, ¢}. Xét hai kha ning:
+ Véia >b 2>c >0. Khi do:

a(b—a)(b—c)30<:>azb+achab2 +ca® < ab® +bc? +ca® <a’b+be? +abe (1)
Ma a’b+bc? -2=bGB-b*)-2=—(b-1)*(b+2)<0 ()

Tu (1) va (2) suy ra dpcm.
+ Véia >c 2b >0. Khi do:

blc—a)c-b)L0 ab® + bc? +ca® < ca® +cb® +abe 3)

Laico: ca’+cb®>-2=c(3-c?)-2=—(c-1)*(c+2)<0 (4
Tu (3) va (4) suy ra dpcm.

Dfmg thirc xay ra < (a;b;c) =(1;1;1), (\/5;0;1), (O;l;\/g), (l;\/E;O).

I1. Bai tap ap dung: ’ .
Bai 1: Cho q, b, c la cac so thuc khong am, thod man a + b + ¢ = 1. Chung minh rang:

ab+bc+ca—3abczi.

Bai 2: Cho a, b, ¢ 1a céc sb thuc khong 4m, thoa man a” + b* + ¢* + abc = 4. Ching minh ring;
abc’+22ab+bc+ca2abc. .
Bai 3: Cho q, b, c la cac so0 thuc thudc doan [—1; 1]. Chirng minh rang:

((a—b)(b—c)|+|(b-c)c—a)|+|(c—a)a-b)|> §|(a —b)(b-c)(c—a)|.

Bai 4: Cho a, b, ¢ 1a cac sb thuc thudc doan [1; 2]. Chiing minh réng:
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(a+b+c)(l+l+l]£10.
a b c

Bai 5: Cho a, b, ¢ 1a cac sb thuc thudc doan [0; 1]. Ching minh réng:
al-b)+b(l-c)+c(1-a)<1.

VAN DE III:
Chirng minh Bat dang thirc ¢ chira bién ¢ mau

I. Mot s6 phwong phap
1. Str dung hai bat dang thirc co ban sau:
Voi a, b, c 1a ba s6 thuc duong tuy y, ta co:

1 1 4 1 1 1 9
—+—2 (1) —+—+=2
a b a+b a b ¢ a+b+c

2)

Vi du 1: Cho ba s6 thuc duong a, b, ¢ thoa mdn a + b + ¢ = 1. Chirng minh rang:

Lol e
ac bc
e Ap dung (1) ta co: L+L:l(l+1]2 4 > 4 =16.
ac bc c\a b) cla+b) (c_'_a_'_bf
2
2 . 1 1
Dangthucxayra@c:g,a:bzz.

Vi du 2: Cho ba s6 thuc duong a, b, ¢ thoa min a + b + ¢ < 3. Ching minh rang;
1 N 2009

>670.
a2 +b*+c% ab+bc+ca
e Ap dung (2), ta co:
1 1 1 9
+ + >
a’+b*+c* abtbctca ab+bctca  g? 4 p? 1+ +2(ab+ b+ ca)
0 o
(a+b+c)
Mat khac, ta co: 3(ab+bc+ca)S(a+b+c)2 = 2007 > 3.2007 >669 (4)

ab+bc+ca  (q+b+c)?
Ttr (3) va (4) suy ra dpcm. Péang thic xdyra< a=b=c=1.

2. Pat mau la cac bién moi

, .2 4
Vi du 3: Cho ba s6 thyc dwong x, y, z. Chimg minh ring: >+ + 9% S 12 (¥
y+z z+x x+y

eDita=y+z,b=z+x,c=x+y (v6ia>0,b>0,c>0).

b+c—a c+a-b a+b—c
Suyra: x= , V= , 7= .
2 2 2
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Taco: VT (*) = 25(b;rc_a)+4(C+a‘b)+9(a+b—c)

2b 2¢
(25b+4“]+(@+9_“]+(4“ %] 19>10+15+6—19=12.
2a  2b 2a  2c 2b  2c
5h=2a

S5c 34 = 5b+5¢c=5a = x=0 (voli). Vay BDT (*) dung.

Ding thic xdy ra < {

3. Panh gia nghich dao

Vi du 4: Cho g, b, ¢ 13 d6 dai ba canh ctia mot tam giac. Chirng minh rang:

+ + >3,
b+tc—a c+a-b a+b—c

/ / 2
e Ap dung BDT C6-si, ta co: 2 btc-a b+c a+1:b+c = a >4
a b+c—a b+c
Tuong ty: ,} ‘/
c+a- b a+c’ a+b c a+b

Ta chi can chirmg minh: >— la xong.
b+c c+a a+b 2

4. Pua vé dong bic

Vi du 5: Cho ba sb thuc duong a, b, ¢ thoa man: ab+ bc + ca =1. Chirng minh ring:

a b c 3
+ + <=.
\/1+a2 \/1+b2 \/1+c2
o Tacod: ——o = a = a <l( a ., ¢ ]
\/1+a2 \/ab+bc+ca+a2 \/(a+b)(a+c) 2\a+b a+c
b 1{ b b c 1{ ¢ c
Tuong ty: <— + , <— + _
e V1+b2 2(04‘1? b+C] N 2(a+c b+C]

Cong cac BDT trén, vé theo vé, ta duoc dpem. Pang thirc xdyra < a=b=c =

-

5. Thém bét biéu thirec dé khir mau

Vi du 6: Cho ba sb thuc duong x, y, z thoa min x +y+z=3. Chirng minh ring:

3 3 3
al + Y + < >—+—(xy+yz+2zx). (*)

y+8 2+8 x*+8 9 27

x3 3

2
e Ta co: +y+2 Y -2y+4 sX o * 29x+y y 6.
y 48 27 27 3 ¥ +8 27
3 2 3 o
Tuong tu: Y 29y+z Z 6; 3z 29z+x X 6.
' +8 27 X2 +8 27

Cong cac BDT trén, vé theo vé, ta co:
10x+y+2) (" +y +25) =18 _ 12-(x+y*+2) _
27 27

VT (%) >
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_ 3+(x+y+z)2—(x2+y2+z2) _ 1
27 9
Piang thirc xdyra< x=y=z=1.

2
+2—7(xy +yz+zx) (dpem).

Vi du 7: Cho ba s6 thuc duong a, b, ¢ thoa min a+ b+ ¢ =3. Chirng minh rang:

a + b + ¢ 23. (*)
1+0% 1+¢% 1+ad® 2
, a a(1+192)—ab2 ab? ab
e Ta co: = =a- >a——.
1+b° 1+b° 1+ % 2
Tuong tu: b Zb—z; ¢ Zc—ﬁ.
1+¢? 2 1+ a* 2

. 1
Do @6, ta chi can chirng minh: a+b+c—5(ab+bc+ca) > %
Tu BDT 3(ab+bc+ca)S(a+b+c)2 suyra ab+bc+ca<3.
1 ,
Do do: a+b+c—5(ab+bc+ca)2%.Déngthfrcxéyra@ a=b=c=1.
6. Panh gia miu

Vi du 8: Cho ba s6 thuc duong a, b, ¢ . Chirg minh rang:

2 b2 02

a

+ +
32 1802 +14ab 3% +8¢2 +14be  \3c2 + 842 +4ca

>Lasbie ™

e Ta c6: \3a? +8b% + 14ab = J(a+4b)(3a+2b) < %(4a+6b) =2a+3b.

Tuong tu v6i cac mau sb con lai. T d6:
2 2 2 2

@ v < (atb+c) _Lia+b+e) (dpem)
2a+3b 2b+3c¢ 2c+3a 2a+3b+2b+3c+2c+3a 5

Piang thirc xdyra< a=b=c.

VT (*)

Vi du 9: Cho ba s6 thuc duong a, b, ¢ thoa min abc =1. Chirng minh rang:

ab bc N ca <1 *)

+
@+ +ab b+ +be ¢ +a +ca

e Trudc hét ta chimg minh BDT: x> +y5 > x2y2(x+y) (1) vé6imoix >0,y > 0.
Taco: (1)< )63(x2 —y2)+y3(y2—x2)20 & ()c3 —y3)(x2—y2)20

& (=) (x+y)(x* +xy+y*) 20 (ludn dung véi moi x > 0, y > 0).

. ab ab 1 1
Do do: < = = )
& +b+ab  a’b*(a+b)+ab abla+b)+abc abla+b+c)
Tuong tu: be < ! ; ca < ! .
b’ +c +be  bela+b+c) & +a’+ca cala+b+c)
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1 N 1 N 1 _a+b+c
abla+b+c) bcla+b+c) cala+b+c) abcla+b+c)
Ping thiic xdyra< a=b=c=1.

Suyra: VT (*) < =1. (dpcm)

I1. Bai tap ap dung
Bai 1: Cho ba sb thuc duong g, b, c. Chirng minh rang:
24° 2b° 2¢° a b c
+ + L—dt—+—.
a®+bc b+ca O+ab bc ca ab
Bai 2: Cho ba sb thuc duong x, y, z thao min x +2y+3z =18. Ching minh rang:

2y+3z+5+3z+x+5+x+2y+5>2.

1+x 1+2y 1+3z 7
Bai 3: Cho hai s6 a, b dwong. Tim gié tri nhoé nhat ctia biéu thic:
p— a+b .
Ja(4a+5b) ++/b(4b+5a)

Bai 4: Cho ba sb thuc duong g, b, ¢ thoa mdn a+ b+ ¢ =2 . Chirng minh ring:

ab bc ca
<1.

+ + <
\/20+ab \/2a+bc \/2b+ca
Bai 5: Cho ba so0 thyc duong a, b, ¢ . Chirng minh rang:
3 6
> .
ab+bc+ca a+b+c

1+

Bai 6: Cho ba s thuc duong a, b, ¢ thoa man a® +b* +¢? =3. Tim gia tri nho nhat cua biéu
5 5 5
, a b c
thirc: M= P B 2+a4+b4+c4.
) b>+c® ¢ +a” a +b .
Bai 7: Cho ba so0 thuc duong a, b, ¢ thod man ab + bc + ca =73 . Chiing minh rang:

1 1 1 1
<

+ + < .
1+a’(b+c¢) 1+b*(c+a) 1+c*(a+b) abc

Bai 8: Cho ba s6 thuc duong a, b, ¢ thoa min a®+b* +c*=1. Chirng minh rang:
a +b N b+’ N & +ad

ab(a+b) be(b+c) calc+a)

Bai 9: Cho ba sb thuc duong g, b, ¢ thod mdn abc > 1. Ching minh rang:

) Gre) o) =
a+ b+ c+ >—.
a+1 b+1 c+1 8

Bai 10: Cho ba s6 thuc duong a, b, ¢ . Chirmg minh rang:

>3(ab+bc+ca)-2.

a’+bc b*+ca c*+ab
+ + >a+b+c.

b+c c+a a+b

Trang 15




http://thaytoan.net Chuyén dé: Chirng minh bit dﬁng thirc

VAN BE IV: ,
CHUNG MINH BAT PANG THUC
TU NHUNG BAI TOAN TRONG TAM GIAC

Mé dau: Trong chirng minh bat dang thic, dic biét 1a cac bai toan cd bién rang budc boi
mot hé thirc cho trude thoat nhin ching ta ctr nghi do la bai toan dai s6 thuan tuy nhung néu
biét bién d6i linh hoat diéu kién dé chuyen bai toan vé dang luong gidc thi cach giai s€ tro
nén don gian hon rat nhiéu. Qua bai viét ndy tac gia mong mudn gui dén cac em hoc sinh
mdt phuong phap ma tir trude dén nay thong thudng cac em it nghi dén.

I. Khi nao thi c6é thé vin dung bt ding thirc trong tam giac?

e Tir didu kién a,b,c € R*, ab+bc+ca=1 ludn ton tai 3 gbc ciia AABC sao cho:
A B
a=tan—, b=tan—, c=tan—
2 2 2

e Tir didu kién a,b,c € R™, ab+ bc+ ca=abc ludn ton tai 3 goc ciia AABC sao cho:
a=tanA, b=tanB, c=tanC
e Tur didu kién a,b,c e RY, a*> =b> +c* —abe (*) v6i a €(0;2) = Tdn tai AABC ¢c6 3 goc
thoa méin diéu kién (*) va ta d& dang tinh duoc goc A thong qua dinh 1y ham sd cbsin........
o Tir diéu kién a® + b +¢* +2abc =1, a,b,c €[~1;1] ludn ton tai:
a=cosA, b=cosB,c=cosCvé1 A+B+C=rx

II. Mt s6 két qua co ban

A 2 1-a*> . A A 1
° Khitadéta:tan—:>smA:—a'cosA: a ;sin— = a ;COS— =
2 V1+d®

1+a* 1+a® 2 V1+a?

ea,b,ceR ,ab+bc+ca=1
=1+a’ =(a+b)a+c), 1+b>=(b+c)b+a), 1+ =(c+a)c+b) (1)

cabeR 1t o )

V1+a? 1+ b2
Thét vay (2) twong dwong v6i (1+ab)> < (1+a>)(1+b*) < 2ab < a* +b*

b 1
e a,b,ceR",ab+bc+ca=1= a + < 3)

1+a> 1+b° 1+

That vay trudc hét ta ching minh:

a b 1+ab
2T 2T
l+a” 1+b \/(1+a2)(1+b2)(1+02)
a(b+c)+b(c+a) 1+ab

@rbibroNcra) (arbbroera O Pangkeaay

S alb+c)+b(c+a)=1+ab< ab+bc+ca=1

vie— 1t ) dpem
VA +a*)(1+b%)
1-a*> 1-b*> _ 2
e a.b,ceR ,ab+bc+ca=1= a + b < ¢

1+a> 1+0b? 1+c?
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. 1—a? 1-b° 2¢(1
That vay trudc hét ta chirng minh a4 b2 = cd+ab)
1+b \/(1+a2)(1+b2)(1+c2)

1+d®
Sau d6 dung két qua (2), ta c6 diéu phai chirng minh.
III. Nhin bai toan bang con mat lwgng giac:

1 N ab
\/1+a2\/1+b2 \/1+a2\/1+b2

A B . A . B A B
< cos—.cos—+sin—.sin— <1< cos| ——— | L1
2 2 2 2 2 2

o Tathiy (2) <1

R rang bat dang thirc nay ludn ding.

< . . C
e Tathay (3) < sinA+sinB < 2cos5

A-B A-B
Nhung ta co6: sinA+sinB:2cos%.cos( 5 ], cos( ]Sl = dpcm.

. . C
e Tathdy (4) < cosA+cosB < 2s1n5

A-B A-B
Nhung ta co6: cosA+cosB:2sin%.cos( 5 j, cos( 5 ]Sl:dpcm.

Bay gio ta sé chirng minh cdc bai todan phirc tap hon.

Bai 1. Cho a,b,c > 0,ab+ bc +ca =1. Chirng minh rang: G b + 3¢ S\/E (D)
2

1+a®> 1+b° NI

e Ta thiy (1) < sinA+sinB+6sin%£ 2\/5.

Laico sinA+sinB < 2cos% , nén ta s€ chung minh 33in%+cos%£ \/ﬁ

2
Theo BDT Bunhiacopxki (3 sin% + cos%j <(9+ 1)(sin2 %+ cos’ %] =10 = dpem.

. 2 2 1
Bai 2. Cho a,b,c > 0,abc+ a+c =b.Chiung minh rang: > >+ 3 3 S—O
l+a® 1+b° 1+¢ 3

)

o Diy 12 bai toan kho nhung nhin k¥ cic ban s& thdy abc+a+c=b < ac +%+% -1,

Tur @6 ta dat a:tané, l:tanﬁ, c:tang.
2 b 2 2

A B 1 1
(2) <:>2cos23—2sin25+3cos2%£—<:>(cosA+1)—(1—cosB)+3(1—sin2%)S?O

*)

W= Yo

A-B
= 2sin£.cos —3sin2££
2 2 2

Vi cos(A;B]g = VT (*)£2sin%—3sin2%

Ta s€ chirng minh:
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2
2sin£—3sin2££l<:>2sin£—3sin2£—l£0<:>—3(sin£—lj <0.
2 2 3 2 2 3 2 3

Piéu nay 1a hién nhién = dpcm.

Bai 3. Cho x, y, z 1a cic s6 duong thoa mén x(x + y + z)=3yz. Chirng minh rang;
x +y)’+x+2>+3(x+y)(y+z)z+x)<5(y+2z)° (TSPH 2009A)
ePita=x+y,b=y+z c=z+xthia, b, clacac ) duong va

b+c—a cta—-b at+b-c
2 2 2
Bai toan trd thanh: Cho a, b, ¢ 14 céc sb duong théa man a® = b% +¢? —bc. Ching minh:
b + ¢ +3abe < 54° (*)

Coi a, b, ¢ nhur 1a 3 canh ctia tam gidc, ta suy ra goc A = 60°

Taco (*)< (b+c)(b* —bc+c?)+3abe = a*(b+c)+3abe < 5a°
<::>a(b+c)+3bc£5a2 (**)

Van dung diéu kién goc A = 60° va cic hé thirc a = 2Rsin A, b = 2RsinB, ¢= 2RsinC

Ta ¢6 (**) <> 24/3(sin B +sinC) +12sin B.sinC < 15

Mat khac ta co:
2
. ([ B+C
B+C (sin B +sin C)* 2sin 2 3
):\@, sin BsinC < < 2
2 4 4 4
Ta suy ra dpcm. Dau bang xdyrakhia =b=c o x=y=z.

sinB + sinC < 2 sin(

Bai 4. Cho a,b,c>0,a” +b* + ¢ +2abc =4 . Ching minh rdng a+ b +c > abc +2 (4)

o Tur gid thiét suyra a,b,c € [0;2], do d6 tdn tai A, B, C € [O;%} sao cho

a=2cosA, b=2cosB, ¢ =2cosC va a’ +b* +c* +2abc =1
Suyra A, B, C 1a cac dinh ctia tam gidc nhon ABC.
(4) < cosA+cosB+cosC>4cosA.cosB.cosC+1

A . B
= sin—sin—sing >cosA.cosB.cosC
2 2 2

2
A+ B ) A-B .2 C
Tacod cosA.cosB < (COS cos ) —sin? g.cos2 (—] <sin?

4 2
Tuong tu c6 2 bat ding thirc nita. Sau d6 nhin vé véi vé, 3 bat dang thirc ciing chiéu ta co
di€u phai chung minh.

x,y,z>0_ . Chirng minh rang: AR S 33\/5
X+ry+e=xyz \/1+x2 \/1+y2 \/1+z2 2

e Dat x =tanA, y = tanB, z = tanC v61 A, B, C 1a 3 géc nhon cua tam giac ABC

33

thi (R R== sinA+sinB+sinC£T

)

Bai S. Cho {
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B A-B . [A+B
.COS <2sin
2 2

C+600]

A
Taco sinA+sinB :2sin{ *

va sinC +sin60° <2 sin(

0
A+B+4C+6O }:4%600 :g

Tu d6 suy ra sin A +sin B +sin C +sin 60° £4sin[

hay sinA+sinB+sinC < % (dpcm).

VAN DE V: ,
CHUNG MINH BAT PANG THUC
BANG PHUONG PHAP LUQNG GIAC

* Pé hoc sinh nam kién thirc mdt cach h¢ thong to1 (¢dc gia) da lap bang mot s6 dau hi¢u
nhan biét sau: ( Gid st cac ham s6 lugng giac sau déu cd nghia)

. . g Biéu thirc lwgng gidc . ] .
Biéu thiwre dai so yng g Cong thirc lwgng giac
: tuong tuw i
2
1+x2 1+tan’¢ I+tan”1=—
cos“t
4x3 —3x 4cos t—3cost 4cos> t—3cost = cos3t
2x% —1 2cos’t—1 2cos’ t—1=cos2t
2x 2tant 2tant
3 — — = tan 2t
1-x 1—tan” ¢ l1—tan” ¢
2x 2tant 2tant )
3 — ————=sin 2t
1-x 1—tan” ¢ l1-tan” ¢
X+ tan o + tan tan o + tan
y tanattanp wnat@anf e+ p)
1—xy I-tanc.tan I-tanc.tan 8
1 1
21 1 3 ~l=tan’a
cos“ a cos“ a

I. DANG 1: Sw dung hé thirc sin® o +cos’ a =1
1. Phwong phap:

x=sina

Néu thdy x* +y* =1 thi dat
a) Néu thay x~ +y ida {y:cosa

MOT SO PHUONG PHAP LUQNG GIAC PE CHUNG MINH
BAT DANG THUC DAI SO

voia € [0; 2x].
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b) Néu thiy x2 +y2 =a® (a> 0) thidgt {* =4SN i g € [0; 2],
) Néu thay x“ +y° =a” (a>0) thida y:acosavmae[ |

2. Cac vi du minh hoa:

Vidu 1: Cho 46 a, b, ¢, d thoa man: a® +b*> =c* +d* =1. Chimg minh ring:

2<S=ac+d)+bc-d) <2 (1)
., Ja=sinu _, |c=sinv
* bat {b:cosu va {d:cosv

= S = sinu(sinv +cosv)+cosu(sinv—cosv)

= (sinucosv +sinvcosu)—(cosucosv —sinusinv) = sin(u+v)—cos(u+v)

~ 2sin[(u+v)—ﬂ = N2<S=a(c+d)+b(c—d)<~2 (dpem).

2 2
Vi du 2: Cho a” +b* =1. Chitng minh ring; (cﬂ +—] +(b2 +i] > 2 )

e Dit a=cosa, b=sina voi0<La<2m.

2 2 2 2
VT (2) = (az +L] +(b2 +L] :(cos2 a+ ! ] +(sin2 a+ ! J
a’ b* cos’ a sin”

4 . 4 1 1 4 . 4 cos* a +sin* a
cos a+sin o+ 2 + 2 +4 =cos a+sin” a + 2 2 +4
cos o sin o cos a.sin” o

) 1
(cos4a+s1n4a)(l+ﬁ +4
cos” ¢.sin” o

2 1
= {(cos2a+sin2a) —2coszasin2a}(l+ﬁ]+4
cos” a.sin” o

= (1—%sin2 2a](1+ 16 ]+42(1—%}(1+16)+4:%+4:% (dpcm)

sin® 2a
Dau "="xay ra < sin2a =1 < lal = b] :%.

Bay gid ta ddy bai toan 1én mirc dd cao hon mot budce nira dé xuét hién a” +b> =1.

Vi du 3: Cho a’+b*—2a-4b+4=0. Chitmng minh rang:

A:

@ —b? +2\/§ab—2(1+2\/§)a+(4—2\/§)b+4\/§—3‘£2 3)

e Bién ddi diéu kién: a® +b> —2a—-4b+4=0< (a—1)> +(b-2)* =1.

Dit a—1=sina N a=1+sinax
“|b-2=cosa b=2+cosa’
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= A= sinza—cos2a+2\/§sinacosa‘
. 3. 1 . V4
:‘\/§s1n2oc—cos2a‘:2751n2oc——cos2a =2|sin 2a—g <2 (dpcm)
1
Dau "=" xay ra < 2 hoac \/g .
b=— b=2+—
2 2

Vi du 4: Cho a, b thod min : \5a+12b+7\ =13. Chimg minh ring: a®> +b*> +2(b-1)>—-1 (4)

e Bién ddi bét ding thie (4) < (a—1)> +(b+1)* =1

., la—1=Rsina ,. a=Rsina +1 2 2 2
Dat R>0 -1 b+1)" =R
¢ {b+1:Rcosa Vol < {b:Rcosa—IQ(a )y o+

Ta cé: \5a+12b+7\ 13 \S(R sina +1)+12(R cosa —1)+7\ ~13

<:>‘5Rsina+12Rcosa‘:13<:>1:R =R <R

5 . 12 . 5
—sina +—cosa sin| a +arccos—
13 13 13

T d6 suyra (a—1)> +(b+1)> =R?>>1 (dpem).

18 8
, GZE GZE
Dau "=" x3 ho3 )
au Xay ra < B _i oac B _é
13 13

II. DANG 2: Si dung tap gid tri lsina| <1; |cosal <1
1. Phuwong phap:

) . T
, , x=sina khi ae|——;—
a) Néu thiy |x| <1 thi dat 272
x =cosa khi ae[O;ﬂ]
) . T
, , x=msina khi ¢ €| ——;—
b) Néu thdy |x|<m (m=>0) thi dat 272
x=mcosa khi ae[O;ﬂ]

2. Cac vi du minh hoa:

Vi du 1: Chimg minh ring: (1+x)? +(1—x)? <27, vé6i |x|<1, p>1.

e Dit x = cosa voi a € [0; «t].

Khiddo (A+x)’+1-x)’ =1+cosa)’ +(1-cosa)?
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p p
= 200s2g + 2sin2g — 2P| cos?? g+sin2"’g <2P coszg+sin22 =27
2 2 2 2 2 2

Vi du 2: Chimg minh ring: v3 -2 <A =2v3a? +2aV1-a? <[3 +2

eThdk 1-a>>0 < |a|£1 néndita=cosa v6i0 <o <= \/1—a2 = sinao.
Khi d6 ta co:

A= 2\/§a2 +2a\1-a® :2\/§cosza+2cosasina :\/§(1+cos2a)+sin2oc

=2|:§cos2a +%sin2a:l+\/§:2sin(2a +%j+\/§ :>\/§—2£A£\/§+2 (dpcm)

Vi du 3: Chimg minh ring: V1+1—a? [\/(1+a)3 _Ja-ay } <22 +2-24 (1)
o Tur dk |a| <1 nén dat a = cosa vo1 a.e[0, rt]

= +l-a :\/Esin%; Vl+a :\/Ecos%; \ll—a2 =sin¢

(1)<:>\/1+2singcosg.2\/§ cosSg—sin3g <242 +2 2singcosg
2 2 2 2 2 2

. a a a . «a 20 .« a .20 . a o
& | sin—+cos— || cos——sin— || cos” —+sin—cos—+sin” — | <1 +sin—cos—
2 2 2 2 2 2 2 2 2 2

= (sin% + cos%j(cos% —sin %] = cos’ % —sin? % = cosa <1 ding = (dpcm)

Vi du 4: Chirng minh rang: S = ‘4(\/(1—a2)3 —a3)+3(a—\/1—a2] S\/E

Tir dk |al <1 nén dit a = cosa véi o € [0, 1] = V1—a® = sina.

Khido: S = ‘4(sin3 a—cos’ a)+3(cosa —sina)‘ = ‘(3 sina —4sin’ oc)+(4cos3 a—3cosa)

sin (30{ + E]
4

a1-b2 +by1-a? +\/§(ab—\/(l—a2)(l—b2)]

b| <1 nén:

= ‘sin 3a +cos 30{‘ = \/5 < \/5 = (dpcm)

Vi du 5: Chirng minh rang A = <2

o Tir didu kién: 1-a>>0,1-b>>0 = |a/ <1,
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bata=sina, b=sinB véia, B € {—%,%}

Khido A =

sina cos B +cosasin 8 —\/gcos(oc +ﬂ)‘

= ‘sin(a +ﬁ)—\/§cos(oc +ﬁ)‘ =2

%sin(a +ﬁ)—gcos(a + ﬁ)‘

=2

<2 (dpcm)

sin{(a +ﬂ)—%}

Vi du 6: Ching minh ring: A = |4a® —24a? + 45a—-26|< 1, Va €[13].

e Doa €[1;3] nén |a—2|£1 néntadat a—2=cosa < a=2+cosa.
Taco: A= ‘4(2+cos0¢)3 —24(2+cosoc)2 +45(2+cosa)—26‘ :|4cos3 a—3cosa

= |cos3al<1 (dpcm)

Vi du 7: Ching minh ring: A = ‘\/Za—az —\/§a+\/§‘ <2, Vael0;2]

e Doa € [0; 2] nén la—1l<1 nénta dat a—1=cosa voia € [0; «].

Taco: A= ‘\/2(1+cosoc)—(1—cosoc)2 —\/§(1+cosa)+x/§‘ :‘\/l—cosza —\/gcosa

1 . \/5 ) T
2| —sina ——cosa sin| o +—
2 2 3

IIL. DANG 3: Si# dung cong thirc: 1+tan’ o = o tan’a =
COS o COS o

Z‘sina— 3cosa‘: =2 <2 (dpcm)

T
-1 (¢ #—+krx
( 5 )

1. Phwong phap:

a) Néu |x|> 1 hogc bai toan c6 chira biéu thie Vx? —1

thi dat x = ! voi oe O;E ) 71,3—”
cosa 2 2

b) Néu |x|>m hoic bai toan ¢ chira bidu thirc v x> —m?

m . T 37
voiae| 0;— |U| T,—
cosa { 2] { 2 ]

thi dat x =

<2, Vld=>1

2. Cac vi du minh hoa:
2
Vi du 1: Chimg minh ring A = Va2 1443
a

Trang 23




http://thaytoan.net Chuyén dé: Chirng minh bit déng thirc

Vo1 o€ {O;%)u{n,%): \/a2 -1 :\/tanza =tana .

e Do |a|21 nén dat a=

cosa
Khi do:
-1
a + ‘ tana+\/— cosa‘ ‘s1noc+\/§cosoc‘ sm(a +%j <2 (dpcm)
: —12va* -1
Vidu 2: Chimg minhrang: —4<A :5—2a£ 9, Vlal>1
a

e Do |a|21 nén dat a=

Vo1 oe {O;%)u{n,%): \/a2 -1 :\/tanza =tana .

cosa
—12va* -1
Khi doé: A = 5—2a: (5—12tana)coszoc =5cos’ o —12sina cosa
_ 5(1+cos2a) 6sin2a
2
5 13( 5 12 . 5 13 5
= —+—| —cos2a ——sin2a |=—+—cos| 2a +arccos—
2 2113 13 2 2 13
1 1 1
:—4:é —3( 1)<A—§+—300s 2oc+arccosi <§ —31—9 (dpcm)
2 2 2 2 13) 2 2
2 2 ‘
Vi du 3: Ching minhréng:A}\/a 1-;\/19 131, >1.
@
1 1
e Do >1néndat a= , b= voia, Pe O;Z ) 77,',3—77: .
cosa cos 2 2
Khi do6 ta co:

A= ‘(tana +tan f)cosa cosﬁ‘ = ‘sinacosﬂ +sin 8 cosa‘ = ‘sin(a +ﬁ)‘ <1 (dpcm)

>2/2, Va|>1

Vi du 4: Chimng minh rang: a+

a—l

e Do |a|>1 nén diat a =

1 1 1
Vo1 e
cosa ( ] / _ cosa /tan a sina

Khi do6:
1 1 1 1 2
a+—e = +—22. = \/_ \/_ (dpcm)
421 cosa sina cosa sina «/s1n20¢
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Vi du 5: Ching minh ring:  yy/x? —1 +4\/y2 —1+3< V26, V|xf:]y 21 (*)
P x*-1 1|4 y2—1 3
¢ Bat dang thic (*) < +— +— <426 (1)
X X y y

1 1 )
y|21néndétx: , V= voia, Be O,E .
cosa cos 2

Do |x

b

Khi d6: (1) < S = sino. + coso(dsinp + 3cosP) <+/26

Ta co: S < sino + cosoc\/(42 +32)(sin2 B +cos’ p) =sina+5cosa

S\/(l2 +5%)(sin’ o + cos® &) = \/% = (dpcm)

IV. DANG 4: Sit dung céng thire 1+tan” o = -
COS o

1. Phwong phap:

% NN , . . T
a) Néu x € R va bai toan chira 1+x> thidit x=tana véia € (—5,5]
2

b) Néux € R va bai toan chira x

e - T
+m® thi dat x =mtana voia € {—5,5]

2. Cac vi du minh hoa:

3x 43
- <1
N \/(1+x2)3‘

Vi du 1: Chirng minh rang: S = }

< r- T /
e bat x=tana voia € {—5,5] = \1+x? =

cosa

Khi d6: S = |3tana.cos o —4tan> a.cos’ oc| = |3 sina —4sin’ oc| = |sin3oc| <1 (dpcm)

_ 3+8d” +124"

Vi du 2: Tim gia tri 16n nhat va nho nhét cua biéu thirc: A )
(1+2a”)

. iy T . .
e Diat a\/zztana voi o € (—5,5] thi ta co:

A= 3+4tan’ o +3tan* o _ 3cos* a +4sin® o cos® a +3sin* «

(I+tan” @)’ (cos® a +sin” a)?
.2
= 3(sin® & +cos” a)* —2sin” acos’ @ = 3_8111220‘
.2
23ty e, 0 g
2 2 >

Trang 25




http://thaytoan.net

Chuyén dé: Chirng minh bét ding thirc

Vo1 a=0thia=0= MaxA=3;

Véi o =Z thi a=L = MinA = 2.
4 2 2

| (a+b)1-ab)| 1

Vi du 3: Chirng minh rang: ‘ 5 ‘
(1+a )(1 +b°)

S— Ya beR

e Dat a=tana, b=tanf.

| (a+b)(1—ab) | _|(tan0¢ +tanﬁ)(1—tanatanﬁ)|

Khi do

1+a)(1+6Y)| | (+tan? o)1 +tan f)

sin( + ) cosa.cospf —sinoc.sinﬁ|

= |sin(oc - ﬂ)| + |sin(ﬂ - 7/)| > |sin(7/ —a)|
Bién dbi biéu thirc vé phai ta co:

|sin(7/ —oc)| = ‘sin [(oc -B)+(B—- ;/)]‘ = |sin(oc -
< |sin(oc — ) cos(f — 7/)| + |sin(ﬂ —y)cos(a —ﬂ)|
= |sin(oc — ﬂ)|.|cos(ﬂ — 7/)| + |sin(ﬂ — 7/)|.|cos(a — ﬁ)|

< |sin(oc - ﬂ)| + |sin(ﬂ - 7/)| (dpcm).

= |cos® a cos? B .
cosa.cos fB cosa.cos fB |
. 1. 1
= ‘sm(a + B)cos(a + [)’)‘ = 5‘sm[2(a + ﬂ)} ‘S 5 (dpcm)
Vi du 4: Chirng minh réng: |a—b| |b_C| > |c—a| , Ya,b,c
\/(1+a2)(1+b2) \/(1+b2)(1+c2) \/(1+c2)(1+a2)
e Dat a=tana, b=tan 3, c =tany . Khi d6:
BDT & —tanﬁ| |tanﬁ—tan;/| S |tan7/—tana|
\/(1 +tan® a)(1+tan’ B) \/(1 +tan® B)(1+tan’ y) \/(1+ tan” y)(1+ tan” &)
&lcosacos f.——m—mm—— sin@=p) +|cos cos;/.M > cos;/cosoc.M
cosa.cos fB cos .cosy Cosy.cosa

B)cos(B —y)+sin(f

—y)cos(a — ﬁ)| <

Vi du 5: Chtrtng minh ring:

Jab ++Jed < Ja+e)b+d), Va,b,c,d>0

(1)

eTaco: (1) \/ ab +\/ cd <
(a+c)b+d) (a+c)b+d)

cd

1 " ab

2)
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d .
bat tanzazﬁ,tanzﬁ:— voia, P e O,E .
a b 2

1 \/tan2 a.tan® S

Taco VT (2) = +
\/(1+tan2 a)(1+tan? B) \/(1+tan2 a)(1+tan? B)
= cosa cos B +sinasin f = cos(a—f)<1 = dpcm.
£ 13 . c d
Dau bang xayra< cos(a—f)=1 < a=p < —:z.
a
L : ; g 6a+4|a* -1
Vi du 6: Tim gia tri 16n nhat va nho nhat cua bicu thic: A= #
a” +1
< o .oy
e Diat a:tanE. Khi do:
6tang+4 tanza—l‘ 2tang tanza—l‘
A= 2 2 =3, 2 +4. = 3sinoc+4|cosoc|
tan2g+1 1+tan2g tan2g+1
2 2
> 3sina +4.0 =3sina 23(-1)=-3 (1)
Str dung bat dang thirc Bunhiacdpxki ta co:
2
A= (3 sinq +4|cosoc|) < (32 + 42)(sin2 a +cos’ a)=25 = ALS (2)

Déu "=" ¢ (1) xay ra < sina = —1 < a =—1 = minA =-3.

sina |cosoc|
3

= maxA = 5.

Pau "=" ¢ (2) xay ra <

V. DANG 5: Déi bién sé dwa vé bt ding thivc tam gidc
1. Phwong phap:

T
XT+y +z27 +2xyz= x=cosA;y=cosB;z=cosC
- (xv250 AB;Ce| 0 X
b)Néu{ ML thi JAABC : {2~ S %5
X+y+z7=2xyz7

x=tanA;y=tanB;z=tanC
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A,B,CG(O;Ej
2
o) Néu {x,y,z>0 thi JAABC - x=cotA;y=cotB;z=cotC
xy+yz+zx =1 A,B,C €(0;7)
A B
X=tan—;y=tan—;z=tan—
i 2 2 2

2. Cac vi du minh hoa:

Vidu1: Chox, y, z >0 vazy + yz + zx = 1. Tim gié tri nhd nhat cia biéu thirc:

I 1 1
S=—4+—+—-3(x+y+2)
Xy z

eTu0<x y z <1 néndat x:tan%; y:tang; z:tang voia, B,y € {0,2]

Do xy +yz + zx =1 nén tangtan£+tan£tanz+tanZtang:1 & tan £+Z]:cotg
2 2 2 2 2 2 2 2 2
< tan £+Z —tan| 2% <:>£+Z:£—g<:>0(+ﬁ+}/:ﬂ'
2 2 2 2 2 2 2 2

1 1 1
—+—+——3(x+y+2)= cotg+cot£+cotz—3(tang+tanﬁ+tanzj
Z 2 2 2 2 2 2

Xy
= cotgg—tgg + cotgﬁ—tgﬁ + cotL —tanL |2 tang+tanﬁ+tanZ
2 2 2 2 2 2 2 2 2

= 2(cota +cot B +cot y)—2(tan%+tan§+tan%]

S

= (cota +cotﬁ—2tangj+(cotﬁ+cot;/—2tan%]+(cot;/ +cota —2tan§]

sin(c+B)  2siny 2siny
sina.sinff 2sina.sinfB cos(a— f)—cos(a+ f)

Dé y rang: cota +cot B =

2siny 2siny 4sinzcosg 4 4
> = = =2tan—= cota +cot f—2tan—=>0
I-cos(x+ ) 1+cosy 202V 2 2
2

Tirdé suyraS > 0. Diu "="xdyra<> x =y =z = = MinS =0

€
V3

Vidu2: Cho 0<x y z<1va x2+ y2+ z2: - 4xyZ2 —. Tim gid tri nho
I-x 1-y° 1-z7 (A-x")1-y")(1-z7)
nhat ctia biéu thuc: S:x2+y2+z2.
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B Y

e Do 0<ux, y, z<1nén dat x:tan%; y:tanz; z:tanE voia, B,y € {O,%j.

) 2 2
Khi @6 tana = x2 ;tan B = J ; tany =
I-x 1- y2 1-7
Va dang thic & gia thiét tro thanh:
2x 2x 2x 8xyz

+ + =
1-x* 1-x*  A-x)1-y>)1-72%)

< tana +tan f+tany = tanatan Stany

tana +tan

& tana+tan f=—tany(l—tanatan f) < = tan(—y)

I-tanc.tan 8

&< tan(a + B) =tan(—y) (1)

Do o, B,y € {O,%j néntu (l)suyra a+pf=n-y < a+pf+y=mn.Khido taco:

B B, v Y

tangtan—+tan—tan—+tan—tang =l xy+yz+zx=1
2 2 2 2 2 2

1
Mit khac: (x? +y? +z2)—(xy+yz+zx)=5[(x—)’)2 +(y-2)° +(Z—x)2}20

= S:x2+y2+z22 xy+yz+zx=1.

. 1 .
Dau"="xdyra< x=y=z = — = MinS = 1.

V3

%,3,2>0 . Chiing minh rang: S = AR A 32
x+y+z=1 xX+yz y+zx z+xy 4

Vi du 3: Cho {

bat ‘/K:tang; E:tanﬁ; ‘/x—y:tanlvéi a, B,y e O,E .
X 2 y 2 Z 2 2
y—zx _Z—Xy

X—yz
Y ; cosf= ; COSYy = .
X+yz y+2zx Z+xy

Do ,}K. “y z.,/ﬂ#‘/ﬂ.dz =x+ty+tz=1
x \y y \Vz z VX
o

B B. Y Y an® 1

nén tan—tan—+tan—tan-—+tan--tan
2 2 2 2 2

< tan £+Z :cotg<:> tan £+Z =tan r e <:>£+Z:
2 2 2 2 2 2 2 2

Suyra: cosa=

NN
|
| R
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@Lﬁﬂ/:£©a+ﬁ+}/:ﬂ-

2 2

S=X+y+Z:l 2x_1+2y_1+2z_1+§
x+yz y+zx z+xy 2{(x+)yz y+zx Z+xy 2

1( x= - —
_ [ xzyz oy zoXy +§
2\x+yz y+zx z+xy) 2

1 3 1 : : 3
—5(cos0¢+cosﬁ +cos;/)+5 = 5[(00305 +cosﬁ)—(coso¢ cos B —sina s1nﬁ)]+5

1|1 1
< 5[5((00505 +cosﬁ)2 +1)+5(sin2 o +sin’ p)—cosa cosﬂ}+%

3 9
= —4+—=— dpcm
2 ;  (dpem)

N | W
N | W

1
= 5[(003205 +sin2a)+(cos2 ﬁ+sin2[)’)+1]+
i 1 2
Chuy: * cosa+cosf =(cosa +cosﬁ).1£5[(cosa+cosﬂ) +1]
% o . 1 .5 .2
31n05.smﬁ£5(31n a+sin” )
BAI TAP AP DUNG

Bai 1. Cho a® +b* =1. Chimg minh ring: |20a> —15a+36b—48b°|<13.

Bai 2. Cho (a—2)%> +(b—1)*> =5. Ching minh rdng: 2a+b<10.

Bai 3. Cho {“;b 20 Ching minh ring: ot +5% > @ + b3

a+b=2
\s . s 1 1 1 1 1 1
Bai4. Choaqa, b, c>21. Ching minhrang: |a—— || b——||c—— |2|a—— || b—— || c——
b c a a b c
Bai 5. Cho x,2y ’ZZO ) . Chirng minh rang:
X 4+y +z77+2xyz=1
1
a) xyzsg b) xy+yz+zx£% C) x2+y2+z22%

1 - - _
d) xy+yz+zx£2xyz+5 e) \/1 x+\/1 y+\/1 ZZ\E

I+x I+y 1+z

1 1 2
+ <
Vi+a? Ni+p? l+ab

Bai 7. Ching minh ring: (a” +2)(b* +2)(c? +2)>9(ab+bc +ca), ¥ a, b, ¢ > 0.

Bai 6. Chung minh rang: ,Va be(0;1]
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Bai 8. Cho {x,y,z>0 . Chirng minh rang: SR A 3\/5.
xy+yz+zx=1 1-x* 1-y* 1-72 2
‘e x,v,2>0 , L X y z 3
Bai 9. Cho B . Chirng minh rang: + + <=
Xry+z=xyz \/1+x2 \/1+y2 \/1+z2 2

x,v,2>0
xy+yz+zx =1

1 N 1 N 1 S 2x N 2y N 2z
\/1+x2 \/1+y2 \/1+z2 \/1+x2 \/1+y2 \/1+Z2

Bai 10. Cho { . Chirmg minh rang:

VANDE VI:
MOT HUONG CHUNG MINH BAT PANG THUC

A. Co s6 li thuyét

Xudt phat tiv bat ding thire (a—b)* =0, Va,b (*)
Ddu “="xdy ra < a = b.
1. Tx () tasuyra:  a®>+b°> >2ab, Ya,b (1a)
2 2
b
Hay 4% > b Va,b (1b)

2@ +b*)=(a+b)*, Ya,b (lc)

2, .2 2
a +b Z(a+b] Vab  (1d)

2 2
2. Véia, b> 0. Chia 2 vé cta (1a) cho ab ta duoc:
a b
—+—22 2
PR ()
+b 2
3. Cong 2 vé cua (1a) voi 2ab ta duoc (a+b)* > 4ab Hay (a 5 ] >ab 3)

b e
T2 Jab (BDT Cosi v6i 2 sb khong am)

4. Véia, b> 0, chia 2 vé cta (3) cho ab(a+b), ta dugc:

Véia, b >0. Khai phuwong 2 vé ta duoc:

a+b2 4 @)
ab a+b
Hay —4i>—2 L, 1,1
a b a+b 4a 4b a+b
5. Vé6ia, b > 0, nhan hai vé cta (2) voi a ta dugc:
2
%+b22a (52)

Hodc nhan hai vé voi b, ta duoc:
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2

a+ L >2b (5b)
a
6. Vdia, b> 0. Liy nghich ddo 2 vé cua (1a) ta dugc:
1 1

—_—2

2ab g% +p?

1 1 a+b
>

(6a)

=N — > nhan 2 vé véia + b
2(1 2b a2+b2 ( )
e sfLlil]yarb (6b)
2\a b) a+b?

7.Véia, b>0,tr (1) a® —ab+b> 2ab < a +b> >ab(a+b)  (7)
8. Tt (a—b)> 20, (b—c)* 20, (c—a)* =20
Suy ra: a®+b* +c* > ab+bc+ca (8a)

Hay 3a?+b*+c?) 2 (a+b+c) (8b)

B. Bai tap ap dung

Bai 1. Cho a, b, ¢ 1a dd dai 3 canh cia mot tam giac ( p 1a nira chu vi). Chirng minh rang:
1 1 1 I 1 1
+ + 22| —+—+—

p—a p—-b p-c a b c
, . , 11 4
e Ap dung (4), voia, b>0tacod: —+—2=>
a b a+b
1 1 4 4
Tu do: + > =— (a)
p—a p-b 2p—-a-b c
1 1 4 4
+ > =— (b)
p—-b p-c 2p-b—-c a
1 1 4 4
+ > =— (©)
p—c p—a 2p—-a—-c b

Cong (a), (b), (), vé theo vé, ta dugc:
2 ! + ! + ! >4 l+l+l = dpcm.
p—a p—-b p-c a b c
Dau"="xayra<a=b =c.

Bai 2. Cho g, b, ¢ > 0. Chtrng minh rang:

a?+b*> bP+c? P+a’
+ +

>a+b+c
2c 2a
a’ b? c?
Tu cong thac (5)tacd: —+c>2a; —+a>2b; 7+b22c
c a
Cong cac BDT trén, vé theo vé, ta duoc:
2 .2 2
a—+b—+c—2a+b+c (1)
c a
2 .2 2
b
Tuong ty : L2 48 satb+e (2)
b ¢ a
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a?+b*> b*+c? P+a’

Cong (1) vo1 (2) ta dugc: + + >a+b+c (dpcm).
2c 2a 2b
Dau"="xayra<a=b =c.
Bai 3. Cho g, b, ¢ > 0. Chirng minh rang:
a’ b* c? a+b+c
+ + >
b+c c+a a+b 2
e Tur cong thuc (5) ta co:
2 2 2
CO” . preyz22a=4a 22t aveys22b=ab 2 L(aib)>200 = 4dc
b+c a+c b+c
, , 4a*  4b*  4c*
Cong cac BDT trén, vé theo ve, ta dugc: a + b + ¢ >2(a+b+c)
’ b+c a+c a+b
Chia 2 vé cho 4 ta dugc dpcm.
- . Ly 2(1 2
Bai 4. Cho x > 0. Chiing minh rang: (1+x) —2+—+1 >16
X X
eTux(3)tacd: (1+x)*=4x>0 (a)
2
va L+g+1:(l+1] 24l>0 (b)
2 x x X

Nhan (a), (b), vé theo vé, suy ra dpcm.
Dau "="xayra<>x = 1.

Bai 5. Cho a, b, ¢ > 0. Chirmg minh rang:

2
3 L+i+i >4 ! + ! + !
ab ac bc a+b a+c b+c

e Tir (3) tacod (a+b)* =4ab. Chia 2 vé cho ab(a+b)* >0, ta duoc: 1,4
ab  (a+b)*

1 4 1 4
Tuong tu: — 2 % —2 3
ac (a+c) be  (b+c)
Cong cac BDT trén, vé theo vé, ta duoc:
I 1 1 1 1 1
—+—+—2>4 + +
ab ac bc | (a+b? (b+c) (a+c)

2
= 3 L+i+i >43 ! + ! + ! >4 ! + ! + !
ab ac bc (@a+b) (a+c)’ (b+c) a+b a+c b+c

(theo (8))

Bai 6. Chiing minh réng: 2(a3 +b+ c3) >abla+b)+bc(b+c)+ac(a+c)

o Tur (7) taco: a+b > ab(a+ b); b+ > be(b+c); A+ad> ac(a+c)
Cong cac BDT trén, vé theo vé, ta duoc:

2@ +b> + )= ab(a+b)+bc(b+c)+(a+c) (dpem).
Déau "="xay ra < a = b=c.
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Bai 7. Cho (x; y) la nghiém cta h¢ phuong trinh: {z):-_ybi} 1: 0.
Tim gié tri 16n nhéat cua biéu thic: P=xy.

e Trudc hét ta tinh x, y.

Thax=by = ax+ay=ay+by = a(x+y)=(a+b)y = y:L = x=

a+b a+b
1
Khi do: o3t 1
(a+b) 4
1 1
Suy ra: Maxxy:Z<:>a:b<:>x:y:5.
Bai 8. Cho g, b, ¢ > 0. Chirng minh rang;
1 1 1 1 1 1
+ + <—+—4—
2a+b+c 2b+a+c 2c+a+b 4a 4b 4c
1 1 1 1 1
o Tur (4) ta co: <—4—= < +
a+b a b 4a+4b 16a 16b
1 1 1 1 1 1 1 1
Suyra —<—+ -+ <
2a+(b+c) 8a 4(b+c) 8a 4b+4c 8a 16b 16¢
1 1 1 1 1 1 1 1
Tuwongty: —— < —+—+—; — < ——+—
2b+(a+c) 8b 16a 16¢ 2c+(a+b) 8c 16a 16b
Cong vé v6i vé 3 bdt trén, roi rat gon ta ¢ dpem.
2 1 1 .
Bii 9. Cho a, b, ¢ > 0 thoa min = =+ Chimg minh ring: -2+ €*0 5 4
a c 2a—-b 2c-b
2 2
Tir gia thiét 2 =27¢ = p=2%
b ac a+c
a+ 2ac 2
Suy ra: atb _ atc _ 4 +2ac:a+3c
2a-b 2a— 2ac 2a 2a
a+c
c+b c+3b
Tuong ty : =
2c—b 2c
, a+b c+b a+3c c+3a ac+3c* +ca+3a*
Do do: + = + =
2a—-b 2c-b 2a 2c 2ac
2., .2
:3(a +c )+2acz3.2ac+2ac_8ac:4 (dpem).

2ac 2ac " 2ac

Bai 10. Cho g, b, ¢ > 0 thoa min a+ b +c =1. Ching minh rang:
a+b+2c>4(1-a)1-b)(1-c)

e T a+b+c=1=btc=l-ava 0<c<l = ?<1=>1>1-¢>20
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Suy ra: 4(1—a)1-b)(1—c) <[(b+)+A-b)] 1-c)= A+ (1—c) = (-1 +¢)
<l+c=a+b+2c (dpcm).

Bai 11. Cho g, b, ¢ 12 d6 dai 3 canh cia mot tam giac. Chirng minh rang:
a b c
+ +

>3 *)
b+c—a c+a-b a+b-c

eDit x=b+c—a;y=c+a-b;z=a+b—-c = x+y+z=a+b+c

_y+z, poZtX. oo XY

b b

2 2 2

1 1
Ta co: VT(*):y+z+z+x+x+y:_ DA A >—2+2+2)=3
2x 2y 2z 2\x x y z z y) 2

Dau “=” xdy ra < x =y =z <> a = b = ¢ hay AABC déu.

Suyra: a

Bai 12. Cho g, b, ¢ 13 d6 dai 3 canh ctia mot tam giac. Chirng minh rang:
abc>(b+c—a)c+a-b)a+b—c)

e Tuong tubai 1l tacod: x+y =2+xy, y+z224yz, z+x>24/2x

X+y y+z z+x

Suyra: (b+c—a)c+a—-b)a+b—c)=xyz< : ) abc
Bai 13. Cho a, b, ¢ >0. Chirng minh rang:
a?+b* b+’ P +d®
+ + >2a+b+c
a+b b+c c+a
2,42
b b
e Theo (1c¢) ta co: 2(az+bz)2(a+b)2 =4 i 2a+
a+b 2
b>+c* _b+c +a’ _c+a
Tuong ty: > , >
b+’c 2 c+ta 2
Cong cac BDT trén, vé theo ve, ta dugc dpem.
Bai 14. Cho g, b, ¢ > 0. Chirng minh rang;
a+b b+c c+a 1 1 1
R R
a“+b> b +c¢° c“+a- a b c
e Theo (6) ta co : a+b Sl l+l .
a+b* 2\a b
b+c 11 1 c+a 1{1 1
Tuong tu: <= —+—1, <= =+—].
b2 +c* 2\b ¢ +a* 2\c a

Cong cac BDT trén, vé theo vé, ta duoc dpem.

2 2
Bai 15. Cho a, b > 0 thoa mdn a+ b =1. Ching minh réng: (a+l] +(b+%] 22—25 (*)
a

2

2,42 2
o Tur (1d) taco: & ;b z(‘”b]
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Suy ra:

2 2 2 2 2 5
a+l +b+l 21 a+l+b+l :l 1+a+b+a+b :l 3+ﬁ+é 25—
a b 2 a b 2 a b 2 b a 2
Bai 16. Cho g, b, ¢ > 0. Chlrng minh rang: ! + ! + ! <a+b+c
1,11 112
a b b ¢ ¢ a
1 1 4
eTu(4)tacd: —+—2= —(a+b)
a b a+b 1 4
7+7
a b
Twong tu: ! <l(b+c) <l(c+a)
A U R D B
b ¢ ) c a
Cong cac BDT trén, vé theo ve, ta dugc dpem.
Bai 17. Cho g, b, ¢ > 0. Chlrng minh rang: - b +—< b+c+c+a+a+b21_5
b+c a+c a+b a b c 2

Theo (2) ta co: £+Q22_
b a

M:b+c+c+a a+b_(é+ +£
a b

ﬁ+é]>2+2+2 6
a c c

a
b
N=|-2 +1[-3
(b+c c+a a+b] (b c ](c+a ](a+b ]

c
a
a
+
:(a+b+c){ ! ]
b+c a a+b
1
1=

—[(a+p)+ (b+c) (c+a)
Suy ra: M+N26+%:1?5.Déu"Z"xéyra@a=b=c.

+ ! + ! —322—3:3
cta a+b 2 2

Bai 18. Cho 2 s6 duong a, b thoa a + b = 1 . Chirtng minh ring:

a)i+ ! >6 b)i+ >14
ab g% +p? ab > +p
1
ea) T (3)tacd 4ab<(a+b)* =4ab<1 :>—bz4 (via, b>0)
a
T (4) taco l+12 4
a b a+b
Suyra:i+ ! = ! + 1+ ! >l4 4 =6
ab > +p* 2ab \2ab G 4p?) 2 (a+b)?

. 1
Dau “="xayra<>a=b= bR
b) Tuong tu nhu trén ta co
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2 3 4 3 1

1 1

_ = + =
ab g2 4+p? 2ab 42 4p?  2ab

A

+ ]21.4+3. =2+12=14
2ab g?+p*) 2 (a+b)*

Bai 19. Cho a, b, ¢, d > 0. Chirng minh rang;

at+tc b+d c+a d+b
+ + + >4

a+b b+c c+d d+a
, . . L1 4
e Sur dung cong thuc (4) ta co: —+—2= .
a a+b
1
Suy ra: are C+a:(a+c)( + jz(a+c)—
a+b c+d a+b d a+b+c+d
Tuong ty: b+d+d+b2(b+d L
b+c d+a a+b+c+d

Cong cac BDT trén, vé theo vé, ta duoc dpcm.

Bai 20. Cho a + b =2. Chimg minh ring: a* +b*>2.

2d’ +b*)=(a+b)’ =4 = a* +b>>2.
2at +bH) > (@® +b*)? 222 =4

at+b*t>2

e Tur (1c) ta co:

va

Suy ra:

(dpcm)

Bai 21. Cho |d| <1,

bl<1,

a+b|=~/3 . Tim gia trj 16n nhét cua biéu thic:

A=1-a? +\1-p?

(Dé thi vao 16p 10 THPT Hai Duong)

eTaco: A= \/1—a2 +\/1—b2 >0

Xét A2=1-a? +1-b> +2{(1-a>)1-b>) <2—(a* +b*)+1-a* +1-b*

=4-2(a* +b* <4—(a+b)* =1
= lAl<1 = -1<4<1

N

A=1lkhia=be 2d=\V3 =4d® =3 a=+

V3

Vay maxA = 1 khi a:b:g hodc a=b=——

2
Bai 22. Giai hé phuong trinh:
2x2
>=y (@)
I+x
22
L=
I+y
272
—=x (o)
1+z
e Tur h¢ phuong trinh ta suy ra duoc: x, y, z>0.
252
Taco: 1+x% >2x = <l=y= xzsx
1+x I+x
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2y? 27°
Tuong tu: z= yzsy, X = Zzsz.
I+y I+z
Nhu vay: x<zZ5y<x > x=y=z.
2 x=0
Do d6 (a) < 2:x<:>x3—x2:O<:>[ -
I+x x=1

Vay h¢ phuong trinh c6 nghi¢m: (0; 0; 0) hoac (1; 1; 1).

S VAN DE VII:
BAT PANG THUC VECTO VA UNG DUNG

I. COSO LY THUYET.
1. ) dai vécto.
Trong mat phang véi hé truc toa do Oxy, vécto u =(x;y) co do dai la:

|L7| = \/xz +y2

Trong khong gian v&i hé truc toa do Oxyz, vécto u = (x;y;z) c¢6 do dai la:

li| =[x +y? + 2
2. Céc phép toan vécto biéu thi qua toa do.
Trong mat phfmg vo1 he truc toa do Oxy, hai vécto i = (x5y,); V =(x,;5,).
Khi d6 ta co

U+v=(x +x,; y1+y2) =V =(X; = X335, =Y )5 ki = (kx;;ky,) (kell)

i.v = lil.[v] cos(u, v); 0.V = X)Xy + Y.V,

IR

Chii y: Trong khong gian cac phép toan giita cic vécto tuong tu nhu trong mit phang.
3. Bat dang thirc vécto.
Cho hai vécto d@,b (trong mit phing hoic khong gian). Khi d6 ta co:

|Zz + 13| < |Zz|+|1;| (1). Dau “=” xay ra < d, b cung hudng.
n n

Tong quat >al<>y|a, (n nguyén duong).
i=1 i=1

° |Zz—1;| < Zz|+|1§| (2). Dau “=” xay ra < d, b nguoc hudng.
|

Zz|. bl<ab< |Zz|.|1;| (3). DAu "=" thir nhat xay ra < d, b nguoc hudng.

Déu "=" tht hai xdy ra < @, b cung hudng.
1. UNG DUNG CUA BAT PANG THUC VECTO.
1. Ung dung dé giai phwong trinh, bat phwong trinh, hé phuong trinh.

1.1. Phwong phap: Ta bién d6i phuong trinh da cho sau d6 xét cic vécto co toa do thich
hop 16i 4p dung mot trong ba BPT vécto trén va xét truong hop ddu bang xay ra dé dua ra
nghiém cua phuong trinh da cho.

1.2. Vi du.

Vi du 1: Gidi phuong trinh sau: xVx+1+V3—x -24x*+1=0 (1.1)
o Diéu kién: —~1<x<3

Khidotacd (1.1)< xvx+1++/3—x=2vx? +1
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Xét hai vécto u =(x;1); v =(Wx+1;4/3—x)
Tacod uv=xvx+1+~+3—x; |u| |v 2x?+1

Ma theo BDT (3 ) ta ¢ ii.v <[iil.[7| = xv/x +1+4/3—-x <24x% +1

_9

Vi i, v #0 nén dau xdy ra<> u, v cung hudng <

0<x<3

<:>£_\/x+120 {O£x£3 x=1
I 3—x

x=1
= = =
x2(3—x):x+1 le—\/z L:1+\/§

x:1+\/5

Vi du 2: Giai phuong trinh sau: \/x2 —-2x+5 +\/x2 +2x+10 = \/5 (1.2)

e Phuong trinh da cho xac dinh v&i moi x.

Taco (12) e J(x—1)%+4+(x+1)> +9 =29
Xét hai vécto i =(x—1,2); v=(—x-13).

Khi d6 i +7 = (- x2-2x+5; [l=Vax2 +2x+10; |+ 7 =29
Ma theo BPT (1) ta 6 lii + 7] < il +[5] < Vx? = 2x+5 + 322 +2x+10 <29
B} , 1 2
Vi i, v #0 nén dau “=" xdy ra u, v cung huéong < al 1:§<:>x:§
_x_

. 1
Vay phuong trinh (1.2) ¢6 mot nghiém duy nhat x = 3

Vi du 3: Tim m dé phuong trinh sau c6 nghiém: VX=2+Vd—-x=m (1.3)

e Diéu kién: 2<x<4.

Xét hai vécto ﬁ:(\/xj;\/m); v=~11).

Pl =2; 5 =Ax—2+d—x

Ma theo BDT (3) ta ¢6 |a.5] <lal.[| & Jx—2+J4—x<2.

Suy ra phuong trinh (1.3) ¢6 nghiem < 0<m<2.

Ta co |ﬁ| =

x+y+z=3
Vi du 4: Giai hé phuong trinh sau x? +y2 +72 =3 (1.4)

)c3+y3+z3 =3

e Ta xét hai vécto u =(x;y;2); V= (1'1'1)

Khi d6 ta c6 |i] = \x? +y +72 = +y+z=3
Tfrtréntathéy |L7\7|:|L7||\7| < u, v cung huéng < %:%:§>0<:>x=y=z>0

Két hop véi hé da cho ta ¢ nghiém duy nhat cia hé (1.4) lax =y =z = 1.

Vi du 5: Giai bat phuong trinh sau: vx—1+x-3> \/2(x —3)? +2x-2 (1.5)

e Diéu kién: x>1.

Xét hai vécto i =(x—3;vVx—1); v=(1;1)
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Khi d6 ta c6 Jil =y/(x=3)2 +x—1; [§]=+2; @rv=vx—1+x-3
T trén va bt phuong trinh (1.5) ta thdy @.v >al.[v] (%)
Ma theo BDT (3) ta ¢6 |i.v] <liil.|[v] (**)

Tu (%) va (**) suyra |i.v|=[il.]?| < i, v cung huéng

2 _ —
o x-3= x—l@{x>_37x+10_0<:>x=5 (Vi ii, 7 #0).
X2

Vay x = 5 1a nghiém duy nhat cua bt phuong trinh (1.5).

1.3. Bai tap tu luyén.
Bai 1. Giai phuong trinh sau: Vx? =242 +dx? +12x+25 =\9x2 +12x +29

Bai 2. Giai phuong trinh sau: cosx +v2—cos” x +cos xy2 —cos’ x =3

Bai 3. Giai bat phuong trinh sau: \/x +1+ \/2x -3+ \/50 -3x <12

Bai 4. Gidi bit phuong trinh sau: /35— 4vx 45+ 4x > 4
Bai 5. Giai hé phuong trinh sau:

(x+y)\/1+x+y +\/3—x—y :2\/(x+y)2+1

xX+y2 \/5
x—y=+2-1
Bai 6. Chirng minh rang hé phuong trinh sau vo nghiém:
{x“ + y4 + z4 =1
X%+ y2 +272 = \/7
Bai 7. Giai h¢ phuong trinh sau:

x+y+z=3
X%+ y2 +7% =3
x2009 + y2009 + Z2009 -3

Bai 8. Giai h¢ phuong trinh sau:

r— f2009

\/1+x1+\/1+x2 +...+ 1+x2008=2008 M
2007

1—x, +41—x, +...+,/1— =2008,|——
\/ X \/ X V1~ %2008 \/2008

2. Ung dung trong bai toan chitng minh bat dang thirc.

2.1. Phuong phap: Ta bién d6i BDT da cho sau d6 xét cac vécto 6 toa do thich hop rdi ap
dung mot trong ba BDT vécto trén va xét truong hop dau bang xay ra dé ching minh BDT
da cho.

2.2. Vidu.

Vi du 1: Ching minh rang Vx,ye/] taco:

\/4c052 x cos’ y+sin2(x—y) +\/4sin2 xsin? y+sin2(x—y) >2 (2.1)
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e X¢ét hai vécto u =(2cosxcosy;sin(x—y)); v =(2sinxsiny;sin(x—y))

= \/4 sin? xsin? v+ sin? (x -y)

Khi d6 ta co |ii| =

U+v=(2cos(x—y);2sin(x —y));
Ma theo BDT (1) taco :
il + 5] > i + 7] = \/4cos2xcos2y+sin2(x—y) +\/4sin2xsin2y+sin2(x—y) >2
Vay BDT (2.1) dugc chung minh.

Vi du 2: Chung minh réng Vx,y,z€ll taco:

\/x2+xy+y2 +\/x2+xz+z22\/y2+yz+22 (2.2)
2 2 2 2
1 3 1 3 [
OTacé(2.2)<:>\/(x+5y] +(§y] +\/(x+5zj +(§Zj > yz+yz+z2
Xét hai vécto i = x+ly;£y V= —x—lz;ﬁz
272 2 2
Khi d6 ta co |L7|:\/x2+xy+y2; *|:\/x2+xz+zz
o |1 1 Lo
u+v:{ay—5 gy gz] i+ =y +yz+2°

Ma theo BDT (1) ta co:

|| + %] > | + v <:>\/x2 +xy+y2 +\/x2 +xz+72° 2\/y2 +yz+z
Vay BDT (2.2) dugc chung minh.

2

Vi du 3: Cho céc s6 thuc duong a, b, ¢ thoa min ab + be + ca = abe . Chirng minh rang:

\/Cl2+2b2 +\/b2+262 +\/c2+2a2 2\/5

ab bc ca
e Ta co:
Ja? 1267 b2 +2c2 \/cz+2a2 r,2 [1o2 [1 5
+ 2\/_ — [ —+—+ —+—2\/§
ab b b2 a 2 b2 (12 C2
Xetbavectou—[1 \/_], [ ] [l ﬂ]
b a a ¢
. a, , \/a +2b2 _ \b 21202 \/cz+2a
Khidd tacod u = V=
ab
(11 1\/5 2 ﬁ i
U+V+w=| —+—+—;— —+— D lu+v+ —+ +—
a b ¢ a b c
(Vi ab+bc+ca= abc<:> + +—:
a b c

Ma theo BDT (1) ta co:

\/a2 +2b° \/b2 +2c? \/c2 +24° \/’
+ + >+/3
ab bc ca
Vi i, v, w0 nén ddu “=" xdyra < i, v, w cing huéng < a=b=c

|ﬁ|+|§|+|w|2|ﬁ+§+w|c>
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Ma ab+bc+ca=abcsuyra a=b=c=3.
Vay BDT (2.3) dugc chung minh va dau “=" xdyra<> a=b=c=3.

2.3. Bai tap tu luyén.
Bai 1. Chiing minh réng VXx,y,Z € Uj ta co:

\/x2 +xy+y2 +\/x2+xz+z2 +\/y2 +yz+z2 Z\/g(x+y+z)
Bai 2. Chimng minh rang Va,b,c,d €] taco:

\/(a+c)2+(b+d)2 S\/a2+b2 +\/c2+d2
Bai 3. Ching minh rang Vx,ye/J ta co:

[ta-a| 1
‘(1+x2)(1+y2)‘ 2
Bai 4. Chiing minh réng Va,b,c,x,y,z€l] taco:

a) |ax+by+cz|£\/a2+b2+c2.\/x2+y2+z2

b) \/c12+192+c2 +\/x2+yz+z2 2\/(a+x)2+(b+y)2+(c+z)2

C) \/az—a+1+\/a2—\@a+1 2\/5

Bai 5. Chiing minh réng Vx,y,2>0, x+y+z<1 taco:

1 \
\/x2 +L2+\/y2+i2+\/z2+—22\/8_2 (D& thi DH nim 2003)

y b4 X
Bai 6. Cho ba sé thuc x,y,z d6i mot khac nhau. Chérng minh rang:

|x—y| |y—z| |z—x|

+ >
\/1+x2\/1+y2 \/1+y2\/1+z2 \/1+z2\/1+x2

Bai 7. Chiing minh réng véi moi sb thuc a, b ta ludn co:
a) Va2 + 1> —2a-2b+37 +Na® + b +6a—6b+18 > 5

b) Va2 +4+a? —2a+b> +143b> —6b+10 > 5
Bai 8. Chiing minh rang Va,b,c /] taco:

\/a2+2a+5+\/a2—2ab+b2+1+\/b2—2bc+02+1
N —2cd +d? +1+3d? ~10d+26 > 632
Bai 9. Ching minh réng Ya,b,cell, abc =1 tacod:
- be e ab - >3 (D& thi PH NNI_2000)
a’b+a°c b c+b°a c a+c’bh 2
Bai 10. Cho x,y,u,vel/ : u® +v? :x2+y2 =1. Chémg minh rang:
|u(x—y)+v(x+y)|2\/5
Bai 11. Ching minh rang Vx,ye/] taco:

a) \/cos4x+cos4y +sin’ x+sin2y2\/5

b) ‘sinx+\/2—sin2x +sinx\/2—sin2x‘£3

Bai 12. Ching minh réng Ya,b>c>0 taco: \/c(a —c) +\/c(b —c) <+ab
Bai 13. Ching minh ring Va,b,c €[] ta co:
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a) a2+b2+022abc(a+b+c) b) a’+b>+c? >ab+bc+ca
x2+xy+y2 =3

2

) taco:  xy+yz+zx <8
yo+yz+z° =16

Bai 14. Ching minh rang Vx,y,z €/ thoa min {

Bai15.Cho 2<nelJ ;al,az,...,an,bl,bz,...,bn e /] . Chung minh réng:

Zn:\/al.2+bi22 (éai] +(§bi]

i=1

Bai 16°. Chirng minh ring Vx € [0;1] ta co: \/;+\/1—x +4/;+\4/1—x < \/5+3/§
Bai 17". Ching minh rang Va,b,c /] ta co:
la— bl b—c| lc—al
+ >

\/ 2009+ a’ .\/ 2009 + b> \/ 2009 + b2 .J 2009 + ¢> J 2009 + ¢> .\/ 2009+ a’
Bai 18". Cho n sb thuc a,,a,,...,a, . Chimng minh rang:

\/(1—a1)2+1 +\/(a1 —a2)2+l+...+\/(an_1 —an)2+1+\/(n+2—an)2+1 > (n+12

3. Ung dung trong bai toan tim gia tri 16n nhAt, gia tri nhé nhit ciia ham so.

3.1. Phwong phap: Phuong phap chu yéu 1a ta xét cac vécto c6 toa do thich hop 161 st dung
mot trong ba BT vécto trén dé tim gia tri 16n nhat, giai tri nho nhét ciia ham sé di cho.
3.2. Vi du.

Vi du 1: Tim gi4 tri nho nhét ciia ham s6 sau day:

f(x):\/xz—x+1+\/x2+x+1

e TXD: [J
2
Tacod f(x)=,| —x+=| +| — | +,||x+=| +| —
2 2 2 2
Xét hai vécto ﬁ:(—x+l;—3]; ﬁ:(x+l;_3]
Khi d6 ta co |ﬁ|: x2—x+1; v :\/x2+x+1; L?+\7:(1;\/§); i
Ma theo BDT (1) ta ¢6 il + 7] > |ii + 7| < f(x)=2

Dau “=” xay ra khi va chi khi x = 0.
Vay gia tri nhé nhat ctia ham s6 f(x) da cho 1a 2 dat dugc tai x = 0.

Vi du 2: Tim gi4 tri nho nhét cta ham sé:

f(x) :\/coszx—2003x+5 +\/coszx+4cosx+8

e TXD: [J
Xét hai vécto 1 =(1—cosx;2); v=(2+cosx;2)

:\/cos2x+4cosx+8; U+v=

Khi dé: |ﬁ|:\/coszx—200sx+5; \7|
Ma theo BDT (1) ta ¢6 |il + |3 > i + 7| < f(x) =5

: 2 2
Dau “=" xay < x—?+k2ﬂ (kell ) hoic xz—?ﬂ+l2n’ (lell)
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Vay min f(x) = 5 dat duoc tai xzz?ﬂ+k2ﬂ (k€] ) hoac x:—z?ﬂ+l2ﬂ (lell).

Vi du 3: Tim gi4 tri nh6 nhat trén khoang [20007;20027] cta ham sb

f(x):\/coszx—6cosx+10 +\/cos2x+2cosx+2

e TXD: [J
Xét hai vécto 1 =(3—cosx;1); v=(cosx+1;1)

=20

Khi d6 ta c6 i] =
Ma theo BBT (1) taco il +]5] =i+ & f(x)>~20

Dau “=" xay ra khi va chi khi x=k27 (kel/)

Xét trén doan [20007;20027 ] ta c6 k = 1000; 1001 twong img v&i x = 20007; 20027

Vay trén doan [20007;20027] thi minf(x) =v20 dat duoc tai x = 20007 hodc x = 20027 .

3.3.Bai tap tu luyén.
Bai 1. Cho ham s& f(x)= Asinx+ Bcosx (A%Z+B* #0)
a) Tim gia tri 16n nhat, gia tri nhé nhat cia ham sd trén.

|cos3x+acos3x+1| 1+v1+3a?

b) Dung ciu a), chirng minh rang
‘ 2cos3x | 3

, Vx,aell

Bai 2. Tim gia tri nho nhat cta biéu thic:
A:f()c,y):\/)62+y2 +2x+12y+37+\/x2+y2—6x+6y+18
Bai 3. Tim gia tri 16n nhat cia ham so sau: ‘
fx)= \/(x +6)% +100 + \/(x+ )% +4
Bai 4. Tim gi4 tri nh nhit ctia ham sb sau:

)):\/)62—2p)c+2p2 +\/)c2 —2q)c+2q2 (p#q)
Bai 5. Tim gi4 tri nh nhit ctia ham s sau:

y:\/a2 +x? +\/a2 +(c—x)2

VAN DE VIII: -
SU DUNG PAO HAM PE CHUNG MINH BAT PANG THUC

Trong phan nay ta sir dung dao ham thong qua viéc xét tinh don di¢u cua ham 56 hodc dung
dinh Iy Lagrage dé chimg minh bat dang thire, déc biét la bat dang thike ¢é mét bién so.

LOAI 1. SUDUNG TiNH PON PIEU PE CHUNG MINH BAT PANG THUC

Vidu 1. Chimg minhrang: ¢* >1+x  voi x#0

e Xétham s f(x)=e" —x—1 lién tuc va kha vi véi moi x # 0
Ta co: f'(x)=e* -1, f(0)=0
+Néu x>0 thi f'(x)=¢*-1>0 = f(x) dong bién
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= f()>f0) = e —x-1>0 = e >1+x (1)
+Néu x<0 thi f'(x)=¢*-1<0 = f(x) nghich bién
= f(0)>f0) = e —x-1>0 = e >1+x (2)

T (1),2) = e ' >1+x vbi x=0.

2
Vidu 2. Ching minhrang: e* >1+x +x? dung véi moi x >0

2
e YCBT < %+x+1—ex <0, Vx>0

2
Xét f(x)=%+x+1—eX.Tacé Fly=x+1—e, f'(x)=1-e* <0, Vx>0

Do d6 f'(x) nghich bién trong (0;4+0) = f'(x)< f'(0)=0 voi Vx €(0;+w)
= f(x) nghich bién trong (0;4+0) = f(x)< f(0)=0, Vx>0

2 2
= %+x+1—ex<0,Vx>O hay ex>1+x+x? vGi Vx >0.

3

Vi du 3. Chitng minh ring:  x —% <sinx<x Vv6i x>0
sinx < x (a)
BT & 2 voi x>0

x——<sinx (b
6 (b)
a) Tachimg minh sinx<x vo1 x>0
Xéthamso f(x)=sinx—x. f(0)=0
Ta co: f'(x):cosx—ISO, Vx e(0;+0) = f(x) nghich bién trong (0;+00).
= f(x)<f(0) vo1i x>0 = sinx—x<0 voi x>0

3
b) Taching minh x —% <sinx  vo1i x>0

3 2
Xét ham sd f(x):sinx—x+%.Tacé f'(x):cosx—l+%:g(x)
= g (x)=—sinx+x>0 véi x >0=g(x) dongbién = g(x)>g(0)=0vdi x>0

hay f'(x)>0 véi x>0 = f(x) dongbién= f(x)> f(0)=0véi x>0
x3 x3
= sinx—x+—>0 hay x—?<sinx vol x>0

3
\ \ X . .
Tra)vab) = x—?<s1nx<x vol x>0

Vidy 4. Ching minhring ~ 25"% 4pu@nx > o+l v6i 0< x <%

sin x+tan x sinx+tanx

o Ap dung BDT Co-si: 251"% 42180% > g \fpsinxptany — 99 2 —o 2
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sinx+tanx+1
PN 2sinx+2tanx ) 2

sinx+t.amx+ . +t
— sin x +tan x
YCBT < 2 2 >2% o #+12x+1

& sinx+tanx >2x vo1 0<x<5
7 \ A . , . T
Xéthamsd f(x)= sinx+tanx—2x voi 0<x<5, f(0)=0

/ 1 > 1 Cost »o 1
Taco: f (x)=cosx+ 3 —2>cos” x+ 3 -2 > 2.[cos” x. 3 =2 =0
cos” x cos” x cos” x

. 2 . T
(vi cosx > cos” x Vo1 0<x<5 )

= f'(x)>0 = f(x)ddngbién = F(x)> f(0) véi 0< x <%

= sinx+tanx—-2x>0 = sinx+tanx >2x VOi 0<x<5 = dpcm.

. . “x+
Vi du 5. Chimg minh ring ~ 2%1n0% 4.ptanx 5 92" véi 0< x <%

, 1
o Xét him s6 f(x):sinx+5tanx—37x Vi 03x<%

' 1 3 1 3
Taco f'(x)=cosx+ _ __:cosx+cosx+ 2
2.cos”x 2 2 2 2.cos”x 2
Co—si
23.SCosx.cosx. 1 _EZO
2 2 co?x 2

= f'(x)>0, Vxe{o;%] = f(x) dong bién trong {O;%j
. 1 3x T
= f(x)=f0) = smx+5tanx—720, Vx e O;E

. 1 3 .
:s1nx+5tanx2?x, Vxe{o;%] . Pang thic xdyra < x=0

1
| gsiny , panx 5 5 o2 s _ g I 05
Ma 2 +2 >2472 2 =22 >22
1+3x
i 23 T
= pRinTptnryo 2 VXG{O;E].

Piang thirc xayra < x:.O < x=0.
2sinx =tanx

3
. 2.sinx tan x EXH x T
Do d6 2 +2 >2 vo1 Vx e O,E
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Vi du 6. Cho O<a<% Chtng minh ring 20¢+L>3

e Xét ham s6 f()c):Zx+i2 tren( } (3] 39
X

3 3

: 2 2(x*-1
Taco f (x):2——:M<O Vo1 Vxe( }
X X

= f(x) glamtren( %} :f(x)>f{ ], Vxe{o 4}

= f(a)ZfG], Vae(o;ﬂ

:>2a+L22>3 Hay 2.a+L>3, Va e 0;g
g2 18 o’ 4

Vidu7. Ching minhring  v6i O<a<3b<a+1 thi:

ala’ +2b) - @+ @+13+2.5]

2.0°+b 2(a+1) +b
o Xét ham sb f(x)zx(x—”'b) Vi 0<a<x<a+l
2.X°+b
3,32
Taco fF(I6)=3p ~va  flay=2F=0"5,

(2.x° +b)?
— f(x) ddngbién = f@)<f(Ip)<rfa+1) véi 0<a<x<a+l

L al@+2b) oo @+ (@+13+2.6]
2.a° +b 2.(a+1)*+b

(dpcm).

Vidu8. Cho O<a<b< % . Ching minh rang a.sina—b.sinb > 2.(cos b—cosa)

¢ YCBT < a.sina+2cosa > b.sinb+2.cosb

. \ A . , . T
Xét hamsd f(x) =x.sinx+2.cosx VOi 0<x<5

Ta co: f'(x):sinx+x.cosx—2.sinx, f'(O):O

" . .
f (x)=cosx+cosx—x.sinx—2.cosx =—Xx.sin x

= £"(x)<0 (ViO<x<% thi sinx>0). Do dé f'(x)< f'(0)=0 khi0<x<%

— f(x) giam trén khoang (0;%) = f(a)> f(b) V(’yi0<a<b<%

= a.sina+2cosa>b.sinb+2.cosb hay a.sina—b.sinb>2.(cosb—cosa)

Vi du 9. Ching minh rang:  4.tan 59 tan9° <3.tan 6 tan 10°

PN Z tan x L. V4
e Xéthamso f(x)=—— voi 0<x<z
X
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, 2.x—sin2x . . . £ T
Ta co f'(x):ﬁ>0 (vitaddcd sina<a<tana néu O<a<—)
2.x7 cos” 2x 2

— hams6 f(x) dong bién trén (O;%j

Véi5<6thi f(5)< f(6) = f{%}f(l%j ’

Sr 67
tan—— tan——
thcla —A80 o 180 — 6 tan5° <5.tan6” 2)
LA
180 180
Chirng minh tuong ty ta cling ¢6 10.tan 9% <9.tan10° 3)
Nhan (2) va (3), vé theo vé, ta dugc  4.tan 59 tan9° <3.tan 6 tan 10° (dpcm).

2 2 2
Vidu 10. Cho x>y>z>0. Chimg minh: 2422 2% 5,202, 2

Z X y
3.2,.2 3,23
¢ BPT & Xy +z7y +x.Z 2x2+y2+z2
xX.y.Z
32,2 3,23 32 3 2 2 2
Xy Py X2 2xz(x2+y2+z2) & x—3+z—2+z—3.x—22£.5[x—2+z—2+1]
Y yooyr oy oy Yyt oy
bat uzﬁ,v:i. Taco u>1>2v>0.
y y
Nén BDT c6 dang WA+ ut > u.v(u2 +1? +1)
& u3(1—v)+uz.v3 —u.v(1+vz)+v2 >0 (D)

+Néu v=1 thi(1) co dang u®—2u+1>0, tircla (2)dung

+Néu 0<v<1.Xét ham sb f(u):u3(1—v)+u2.v3

Tacod f'(u)= 3.u2(1 —-V)+ 2 —v(1+ v2)
F"w)y=6ul—v)+20° >0 (do O<v<lva u>1)

= f'(u) dongbién khi u>1 nén véimoi u>1 tacd f'(u)>f'(1)

Ma f'(D=v —4v+3=(v-D(*+v-3)>0 nén f '(u)>0 = f(u) ddng biénkhi u>1

Tacla Vu>1taco f(u)= f(1)=v>-2v+1l=(v-1)>>0

—M.V(1+V2)+V2 voi u>1

Vay: u3(1—v)+u2v2—u2v3— uv(1+v2)+v220 Vo1 Yu>1>v>0
2 2 2

Hay 24 22 20 5020302022 461 x>y> 250 (dpem).
Z X y

2
Vidull. Chimg minh x—%<ln(1+x)<x v6imoi x>0

2
¢ a) Chirng minh x—%<ln(1+x), Vx>0
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2 2

, 1
Xét F()=In(l+x)—x+—, x>0, f'(x) =————1+x=
2 1+ x 1+x

>0, x>0

= f(x) dongbién véimoi x>0
2 2
:1n(1+x)—x+%>0,x>o :x—%<ln(1+x) véimoi x>0

b) Chiing minh In(1+x)<x, x>0
bat gg(x)=x—-In(1+x) vo1 x>0, g(0)=0

1 X

= g'(x)=1- >0,khi x>0

1+x 1+x
= g(x)>0 Vx>0 = x—In(l+x)>0, khi x>0 = In(l+x)<x,véi x>0

2
Tir a),b) = x—%<ln(l+x)<x, v6i moi x >0

2

Vi du 12. Ching minh ring -2 < <x V61 x>0

X
vx+1

1<1

2
1 N
eDO x>0 nén x—m<c—F cx & -], Vx>0 o JVATH]

Vx+1 2 Jx+1 1 s1-X
Vvx+1 2

a) Ching minh

<1, Vx>0

1
Vx+1

Vi x>0 nén x+1>1 = +Jx+1>1 =

X 1
b) Chung minh 1-—< , Vx>0
2 Jx+1
1
Pit g(x)= + 21, x>0, g(0)=0
Jx+1 2

1
Jx+1)?

= g(x)>g(0)=0 voi Vx>0 =

! 1 7. A P4 7.
Taco: g (x)=—|1- >0, v61 x>0 = g(x) dong bién v6i x >0

1 X X 1
+—=1>0, Vx>0 ©l-—<—, Vx>0

X2 X

<] & x—«<
Vx+1

Vay 1—§< <x, Vx>0

1
Vx+1

. _ _ 4 .
Vi du 13. Chiing minh rang: (sinx) 2<x 241 - véi 0<x <X
V3

L, 4
e YCBT & (sinx) > —x > <1-— voi O<x<%
T

Xét hamsd f(x) =(sinx) 2 —x2 véi 0< x <% .
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Taco f '(x) = =2(sin x)_3.cosx +2.x7° > 0, O0<x <%

- . _ 1 CoS X sin x sin x
= 2.x7° > 2.(sin x) 3 cosx = >3 ; 5 >0
x°  sin” x Ycosx Ycosx
!
= sinx.(cosx) 3—x>0

bat g(x)= sinx.(cos x)_g -xXx =g '(x) = (cos )c)E + g(cos )c)_g.sin2 x—1, g '0)=0

-2
" 4 2 . . " " .
= g (x):—(cosx)3.sm2x Vo1 O<x<% = g (x)>g (0)=0 véi O<x<%

= g'(x) dong bién trén (0;%] = g'(x)>g'(0) = g(x) dong bién trén (O;%j

= g(x)>g(0)=0 = f(x) ddng bién trén (0;%)

2
= f(x)ﬁf(%j = 1—(%) zl—iz VéiVxe(O;%]
n
n

N2 4 N2 - 4
Do d6 (smx) —x? Sl——z Hay (smx) <x 2+1——2 Vxe(O;Ej
T T

Vi du 14. Cho 3 s6 @, b, ¢ >0 thoa mdn a® + b* +¢* =1. Chitng minh ring;
a b c 3.\/5
+ + 2

2. 2 2, 2 2 27 (*)
b°+c” c¢“+a° a " +b 2
o Tirgia thiét = b2+ =1-a®, E+a®=1-0> va > +b*>=1-¢>
Thay vao (*) ta dugc:
a b c a b c
+ + = + +
b2+c? PF+ad® A +bt 1-a* 1-b7 1-¢2
a* b* c? 3.\/5
al-a*) b(1-b*) c-c*) 2
Xéthamsé  f(x)=x(1-x)=—x"+x , xe(O]). f'(x)=-3.x"+1
= f'(x)>0,Vxe(O;L] va f’(X)<O,Vxe(L;]
5 7
1 .
= SO<f(x)gf(L]:L - 23\/5
V) 3453 fx)~ 2
2
Dodé O<a(l-a®)<—2— = 1 23«/5 N a 23\/5.612
3V3 al-a®) 2 ol_a?) 2
2 2
Tuong tu b 23'\/5.192, < 23\/5.&
b1-b*) 2 c1-c*) 2
Do do a b , ¢ >3\/§ (dpcm).

pP+c? P +d dP+b? 2
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n m
Vidyu15.Cho e<x <x,<...<x <y <y,<y;<..<y Vi le.ZZyy :

i=1 =1

n m
Ching minh: [ ]x, > ]y
i=1 y=I

1=InX 6 khi x> e

, 1 . :

o Xét ham sb f(x)=—2% véi x>0. Tacd f'(x)=
X X

Nén f(x) 1a ham s6 nghich bién. Tur gia thiét ta co:

>1nxn>1ny121ny22 >1nyn

Inx, Inx
72

X Xy X N Y2 Yn

. , In Y
T d6 ta co In x| > X

1 n
Hay Zlnxi>&.2xi2

_.Zyi (1)

Mat khac Iny, <y,.

1

= Ylny,<—L3y, ()
i=1 1 i=l

n m
Tr (1)va(2) = > Inx, > Iny,  hay 1T1x>11v;
i=1 i=1 i=1 y=1

LOAI2: DUNG PINH LY LAGRANGE

1. Dinh ly lagrange
Néu ham s6 y= f(x)lién tyc trén doan [a;b] va kha vi trén (a;b)thi tdn tai mot sb

c €(a;b) sao cho f’(c):M.
b—a
2. Cacvidu
Vi du 1. Chirng minh rang: b%<ln2<b_a voi0<a<b
a a
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e Xéthaimsd : f(x)=Inx = f’(x):l, f’(c):l
X c

Ham sé f (x) =Inx thod man dinh ly Larange trén[a; b]

= 3ee(b): £ 0= LOLD o 2 _hoohe

b—a c b—a
1 1 1 1 Inb-1 1 - -
Do 0<a<c<b=>—<—-—<— nén —<M = b a<1n2<b a
c a b b—a a b a a
Vi du 2. Chirng minh rang véi moi x, y R ta co: |sinx—siny| £|x—y|
e Xét ham s f(t)=sint, f'(t):cost = f'(c):cosc
Hamsd f(t)=sint dinh Iy Lagrange trén [x; y] = 3Jce(x;y) tacod:
f,(c):f(y)—f(x) o cose Sy —sinx lcosc| = sinx —siny|
y—x y—Xx xX—y
= |sinx—siny|£|x—y, Vx;yeR

Vi du 3. Chtrng minh ring: “? tanb-tana< véi 0<a<b<
cos” a cos” b
o X6t ham sb f(x)=tanx lién tuc va kha vitrén [a;b]
' 1 ' 1
Flo=——. flo=—
cos” x cos” ¢
' b)— tanb—t
= Jdce(a;b) saocho f (c):f( ) f(a): an ana
b—a b—a
1 tanb—tana b—a
= ;= = tanb-tana= :
cos” ¢ b-a cos” ¢

Do a<c<bva y=cosx nghichbién trén {O;%j nén

b—a b—a b-a b—a b—a . T
< < 3 = 3 <tanb—tana< vo1 O<a<b<—.
cos“a cos“c cos“b cos“ a cos“ b 2
Vidu 4. Cho x>1 vag > 1. Chimg minh rang: x'=1>a(x-1)

e Xéthamsd f(1)=1% v6i 1<t<x.Tacd f'(t)=a.t*"

\ , —f(
Theo dinh Iy Lagrange thi ton tai ¢ € (I; x) thod man f (c¢)= f(x)—{()
x —

= a.ct =2 = x“l=(x-Dac®! = x—I>ax-1)  ~¥ixa>l)

Vidu 5. Ching minh rang: In(x+1)<x moi x>0.

. , 1
e Xéthamsd  f(H)=Int v&i re[l;1+x]. fl=r—.
nt

3 , 1 - fd
Theo dinh Iy Lagrange s€ tontai ce(l;1+x): f (¢)= W
+x)—
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1 In(l+x)

In(l+x)=2<X=1 hay In(x+l)<x moi x>0
c X c 1

Truong hgp gap bai todn chua thé vin dung dinh ly Lagrange dwgc ngay thi viéc chon
ham s6 thod man cdc diéu kién ciia dinh Iy Lagrange rit quan trong.

l+x X
Vidu 6. Cho x > 0. Chirng minh rang; 1+ ! > 1+ ! (1)
1+x I+x

e Day la dang bai toan chua thé van dung dinh 1y Lagrange duoc ngay.

Ta co: (1)<:>(1+x)ln(1+L]>xln(l+l] V61 x>0
I+x X

Xét ham s6 f(x):xln(1+l] = x[In(x+1)—Inx]
X

f'(x)=In(x+1)—Inx - ()
1+x

Xét ham s GG(t) =1In(r) trén [x;x + 1] . Theo dinh 1y Lagrange thi tdn tai ¢ e (x;x +1)

G(x +1)—G(x) L mGx+D-Inx
(x+1D)—x ¢

sao cho G'(¢)=

1
Vi c<x+1 nén —>

c x+1
= f(x) ddng bién trén [x;x+1]

= f(x+D)>f(x) = (1+x)ln(1+L]>xln(l+l]
1+x

X
1 l+x 1 X
hay |1+ > 1+ vol x>0.
1+x 1+x

1 '
= Inkx+D)-lnx>—— = f (x)>0
x+1

Vidu7.Cho ne Z*. Ching minhring:  x"l-x < % véi moi x e (0;1) (*)
2ne
1 1
eTachH: (*)< xzn(l—x)<2— < x*"2n(1-x) <= véimoi x e (0;1) (1).
ne e
Co—si _ 2n+1 2n+1
" 2n(1-x)= x.x..x(2n-2nx) < [2’% +Q@n 2””} _[ 2" 2
T 2n+1 2n+1
2n+1
\ \ . 1 . 2n 1
Tu (1) va (2), tasé chirng minh: <—
2n+1 e

& @n+D[In@rn+1)-In2n)]>1 <  InQn+1)—In2n)> !
2n+1

Xéthamsdé f(x)=Inx thoa dinh Iy Lagrange trén[2n;2n + 1] .

f@2n+1)— f(2n)

= Jeen2n+): f'(c)=
( )i fo)= 2n+1-2n c

=In(2n+1)—-In(2n) .

1
Do 2n<c<2n+1 nén —> Rt In2n+1)—In(2n) >
c 2n+l1 2n+1
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Vay  x"Vl-x <

! voimoi xe(0;1) va ne Z7.
\2ne
Vidu 8. Cho 0<a<b, n>1.Ching minh ring:
nd" N(b-a)<b" —a" <nb" (b -a) €))
e Xéthamsd:  f(x)=x", xe[a;b]. f£'(x)=nx""!
Theo dinh Iy Lagrange thi ton tai ¢ € (a;b) thoa mén:
_fb)-f(a) 1 b"-d"

f’(c)—T < ndt = - o b —d" = n" N b-a)

Néntacé (1) & na"(b—a)<b" —da" <nb" (b—a)
o nd" W b-a)<nc ' (b-a)<nb" (b-a)

o d" < <™ (vin(b-a)>0) (2)
Bét dang thie (2) dang vi 0<a<c<b, n>1
Vay (1) da dugc chirng minh.
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