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CHUONG IV. GIOI HAN

BAI 1. GIOI HAN CUA DAY SO
A.KIEN THUC CO BAN CAN NAM
1. Dinh nghia diy s6 ¢ giéi han 0
Day (u,) c6 gi6i han la 0 khi n dan dén duong vo cuc, néu mdi s6 duong bé tity y cho triede, moi s&
hang cta day s6, ké tir s6 hang nao do trd di, lunl déu cd thé nhd hon mot s duong do.

Ki hiéu: lirn(un ) =0 hay limu, =0 hodcu, —0

limun=O<:>V8>O,Eln0eN,Vn>n0:>|un|<s

(Ki hiéu "limu_=0" con duoc viét "limu_=0", doc day s6 (u,) c6 gidi han la 0 khi n dan dén duong vo
N>+
cuc)
Nhan xét: Tt dinh nghia ta suy ra rang
a) Day s0 (u,) c6 gidi han la 0 khi va chi khi day s6 (|un|) c6 gidi han 0
b) Day sd khong d6i (u, ), v6i u_ =0 c6 gidi han 0.
2. Cac dinh 1i
* Pinh li 1: Cho hai day s0 (un) va (Vn) . Néu |un| <v, véimoinva limv, =0 thi limu_=0
*Pinh 1i 2: Néu |g|<1 thi limq" =0
3. Dinh nghia day c6 giéi han hiru han
* Dinh nghia 1: Ta néi day (v,) c6 gi¢i hanlas6 L (hay v, dantéiL)néu lim (v, -L)=0.

n—+w0
Ki hiéu: limv_ =L hayv, —L

Ngoai ra ta cling c6 thém dinh nghia nhu sau (Ngon ngtt ¢ ):

limvn =L<:>V8>0,Eln0 € N,Vn>n0 :>|Vn —L|<s

4. Mot s6 dinh li
*Pinh li 1: Gia st limu_ =L. Khi do
. lim|un|=|L| va limﬁziﬁ
e Néuu >0 véimoin thi L>0 va lim\/gzﬁ
*Pinh1i 2: Giastk limu, =L valimv, =M =0, ¢ la mot hiing s3. Ta c6:
u  limu,

. . . . . ) a

hm(u +v )=aib; hm(cu )=cL; limu_.v. =limu_.limv_; lim-—=2%= =—
n n n n n n n :

v, hmvn b

>

5. Tong cta cip s6 nhan lui v6 han
» Céap s6 nhan lui v6 han 1a cap s6 nhan v6 han va c6 cong boi q thoa man |q| <1
A 7 ’ A? A A A N . A u]
* (COng thitc tinh tong cap sO nhan lti vo han:S=u, +u, +....+u_ +...= Ta
—-q
6. Day c6 gidi han +o
Pinh nghia: Ta ndi day sd (u,) c6 gidi han +wo , néu v6i moi sd dwong tuy y cho trude, moi s6 hang cta

day s6, ké tir s6 hang nao do tro di, déu 16n hon sd duong dé.
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Ki hiéu: limu_ =400 hay u  — +o0

limu =+0<VM>0,39n,eN,Vn>n, =>u >M

7. Day c6 gidi han —o
Pinh nghia: Ta n6i day s6 (u_) c6 giéi han —o , néu véi moi s6 am tly y cho trudc, moi sd hang cua
day s6, k€ tir s& hang nao do tro di, déu nho hon s6 duwong do.

Ki hiéu: limu_ =—o hodc u, — -0

limun =—0<<VM>0,dn, e N,Vn>n, =>u <-M

Chu y: Cac day s6 ¢ gidi han 400 va —o dwgc goi chung la day s ¢6 gidi han v6 cuyc hay dan dén vo
cie
8. Mot vai quy tac tinh gidi han vo cuc

¢ 1 < - L4 U
a)Néu limu_ =a va limv_ =zoo thilim—=0
Vl’]
o1 < . R
b)N€u limu, =a >0 va limv_=0va v_ >0 v6i moin thi lim—+ = +o0

Vn

Tuong tu ta 1ap luén cdc trudng hgp con lai
¢) Néu limu_ =+o0o va limv, =a>0thi limu v =+o0
Tuong ty ta 14p ludn céc trudng hgp con lai

B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP
Dang 1. St dung dinh nghia tim gi¢i han 0 ciia diay sé
Phuwong phap: limu_ =0 khi va chi khi lun| c¢6 thé€ nho hon mét s6 duong bé tuy y, ké tir s6 hang nao do
tro di.
Vi du 1. Biét day s6 (un) thod man |un| < n_J;l v6i moi n. Chirg minh rang limu_ =0
n

Giai

Tac6 limv, =lim -1 = 0. Do d,

Vn|cc’) thé nhd hon mot s6 duong tiy y k€ tir mot s6 hang nao d6 trd di (1)
Mt khéc, theo gid thi€t ta c6 |u |<v, <|v,| ()

Tir (1) va (2) suy ra |u, | ¢6 thé nhé hon mot s6 duong tiry y k€ tir mot s6 hang

nao d6 trd di, nghia la limu_ =0

Vi du 2. Biét rang day s6 (us) c6 gidi han 1a 0. Giai thich vi sao day s (vn) v6i ve=lunl ciing c6 gidi han 1a
0. Chiéu nguoc lai c6 dung khong?

Hudng dan

Vi (u,) c6 gi6i han 1a 0 nén |u,| c6 thé nhé hon mot s6 duong bé tiry ¥, ké tir s6 hang

nao do trg di.

Mat khéc, |v,|=|lu,| = |u,|- Do d6, |v,| ciing c6 thé nhé hon mot s& duong bé ty ¥, ké

tr mot s hang nao d6 trd di. Vay (u,) c6 thé nhoe hon mot sd duong bé tury ¥, k€ tir mot s&
hang nao d6 trd di. Vay (v,) cling ¢6 gidi hanla 0.

(Chtrng minh tuong tu, ta c6 chiéu ngudc lai cling ding).

Vi du 3. Vi sao day (u,) véi u, =(~1)" khong thé c6 gidi han 12 0 khi n— -+ ?
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Vi du 4. Sir dung dinh nghia chtng minh ring lim >t =0
n
Huéng dan
Ta co
sinn| 1 1 el
|un—0|= <—<eg<n>-—,n,eN. Khido:
n n €

Vve>0,9n, eN:Vn>n, = |un — 0| <e. Vay:limu =0
Dang 2. Sir dung dinh 1{ dé tim giGi han 0 cia ddy sé
Phwong phap: Ta dung dinh li 1 va 2 va mot s6 gidi han thuwong gép

€+—)1iml =0 (haylimé =0 j

n n
6—)limL =0 ; limi =0 v6i k nguyén duong
n n*

®limq" =0 néu |q|<1

Vidul
a) Cho hai day s6 (u ) va (v, ). Chiing minh r?mg néu limv, =0 va |un| <v, véimoin thi limu_ =0

b) Ap dung két qua cau a) &€ tinh gidi han ctia cac day s6 6 s6 hang tong quéat nhu sau:

_ _ _1\h
ou oL byu 2 D o u 220D
" n! T 2n-1 " 14202
d)u, =(0,99)" cosn e)u, =5" —cos\ﬁn
Vi du 2. Tinh gidi han sau:
n+l _ 4n+l n n n+l ] n 4+ 30
a) limi ; b)lim5 1 ; c)limu; d)limL
3" 42n 5" -1 25"+ 7" (_2)““ 430+l
Hudng dan va dap s6: St dung cong thikc limq" =0, q| <1
a)3 ) )7 d)%
Dang 3. Swr dung dinh nghia tim gici han hitu han
Phwong phap: lim v . =a < lim (Vn - a) =0
n—+oo n—+o
. , . - , . . 3n+2
Vi du 1. Stt dung dinh nghia chttng minh lim - 3
n+
Hudéng dan

|un—3|=L<l<s<:>n>l;ch()n n, >l,n0 e N. Khi d6:
n+l n € €
‘v’a>O,EIn0 eN:Vn>n0 :|un —3|<8. Vay:limu =3

_ 1\
Vi du 2. Str dung dinh nghia chtiing minh lim(l + ), J =1

n
, ~ . s . 3n+2
Vi du 3. Cho day (un) xac dinh boi: u_ = 1 +1
n+
. o 1
a) Tim s6 nsao cho |u —3| <—
1000
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b) Chtng minh réng véi moi n > 999 thi cac s§ hang cta day (un) déu nam trong khoang

(2,999;3,001).
Huéng dan

<n>999
1 1 1
3 <u, <3+——<2,999<u <3,001

un—3|<—<:> -
1000 1000

1
D) [u, 3 “h+l 1000

b) Khin>999 <

2n+1
n+2

BTTT: Cho day (un) xac dinh boi: u_ =

1

100
b) Chtng minh rang véi moi n > 2007 thi cac s6 hang ctia day (un) déu nam trong khoang

un—2|<

a) Tim sO n sao cho

(1,998;2,001).
Dang 4. Str dung cdc gi6i han ddc biét va cdc dinh lyj dé gidi cdc bdi todn tim gidi han

day.
Phuwong phap
; limézoo@ limv, =0

. . . A .
* Tathuong st dung: lim— =0« limv_ = ;
n n—»o0 Vn n—»o0

= Néu biéu thitc c6 dang phan thikc tir s§ va mau s8 chita luy thita ctia n thi chia ttr va mau cho
nk véi k 13 mil cao nhat bac & mau.
Néu biéu thic chtra can thirc can nhan mét luwong lién hiép dé€ dwa vé dang co ban.

A-B lugng lién hiép la: A+B

JA -B_ lugng lién hiép 1a: VA +B

JA B lugng lien hiep 1a: VA + VB

Ya-B  luonglién hiep 1a: [ YAZ + BYA + B2

YA +B  lugng lien hiep 1a: [ YA —BYA + B2

3n° —5n% +1

Vidu 1. Tinh lim .
2n® +6n% +4n+5

Giai
3 2 3_§+i
: 3n” =5n" +1 : n 3 3
lim = lim —— 31 =
2n’ +6n° +4n+5 nowe, 64 52
n p?> 5
Va2 +1
Vi du 2. Tinh 1imL2+5n.
1-3n
Giai

lim

Vi du 3. Tinh lim(\/nz +7 —\n? +5)
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Giai
> > n>+7-n%-5 2
lim(\/n +7—\/n +5j=lim =lim =0
x/n2+7+\/n2+5 x/n2+7+\ln2+5
Vidu4. Tinh lim(x/n2 +3n —\/nzj
Giai
lim(x/n2+3n—x/n2jzlim 3n zlim;zg
2 j 2
\/n +3n +4n 1+§ +\ﬁ
n
BAI TAP AP DUNG
Bai 1. Tinh c4c gidi han sau:
2 2
:;1)limM b)limn—Ill C)lim(n2 _2 j
3+2n° 2n° +5 n+1
. a,n™+an™ ' +...+a_ n+a
Tong quat: Tinh gi6i han: lim -2 1 m-l___m
n>we b +bnP 4. +b  n+b
p p
_ Xétp=m ~ ) ~
HuéngDan: | Xétn >p .Chia cd t& va mau cho nP,p 1a bac cao nhat & mau
Xétn<p
Tinh gidi han sau:
3 2
4_ 42 2-3n) (n+1
d) Tim— 20— *1 e) lim( ) (5 )
(2n+1)(3—n)(n2 +2) 1-4n
(N 27
Dap so0: a) 2 b)0 c)+ oo d)-1 e)T
Bai 2. Tinh céc gidi han:
. 2n* +n? -7 . «/3n2+1—\/n2—1 . xi3n2+14+n . \/32n3+n
a)lim—; b)lim ; ¢) im ——; dlim—
2n® —n+3 n n>+o  1—2p2 n+2
, 2
Dap sé: a)g b3 —1 )0 d)3f

Bai 4. Tinh cac gidi han sau:
a)lim(xfn+1—\j;) b)lim(\/n2+3n—n+2) c)lim(3 n® —2n —n)
d)lim(\/n2+n—n) e)lim 4 +1-2n+1 f)limn(\/n2+1—\/n2—2j

\/n2 +2n —n

g) lim(3 n-n’ +n+2)
Hudéng dan va dap s6: Nhan luwong lién hiép
7 2 1 3
0 b) — —— d)— 1 f)— 3
a) ) 5 c) 3 )2 e) )2 g)
Dang 5. St dung cong thiic tinh tong ciia mot cdp s6 nhin lii v0 han, tim gidi han, biéu
thi mot s6 thdp phdn v6 han tudn hodn thanh phin sé

Phuong phap: Cdp s6 nhan lui v6 han la cap s6 nhan v6 han va c6 cong boi la 1ql<1.

» Tong cac s6 hang cia mot cap sd nhan lui vo han (un)

S
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S=u, +u, +..+u_+ &
=u +u, +..+tu +..=——
1 2 n l_q
> Moi s6 thap phan déu dugc biéu dién dudi dang luy thira cta 10
a, a a n
X=N,a,a,a;..a,...= N+ —22+—3+...+ a
10 10 10° 10"

+...

I. Cac vi du mau
Vi du 1. Viét s6 thap phan m=0,030303...( chu ky 03) dudi dang s6 hiru ti.

Giai
3
m=3+i+ > +...+ 3 =3+-100 =3+i=3+i=@
100 10000 100" L 99 33 33
100
Vidu2.T1’nht6ngS=2—\/§+1—%+%—...
2
Giai

la cap s0 nhan q = \F

1
N (\5)2 \F :la |_

2 22
\/_+1_4 2\F

Xét day: 2,-2 1, -

Vay S=

II. Bai tap rén luyen
Bai 1. Hay viét sO thap phan vo han tuan hoan sau dudi dang mot phan s6. o =34,1212... (chu ky 12).
Huéng dan va dap s6
1

@=341212.. =344+ 2 12 12 54 qp) 100 |_1134
100 100 100" L] 33
100

Bai 2. Tinh tong ctia cap s6 nhan lui vo han:

a)S=1+l+i+...+ L. b)5=@+ L 1.
4160 4 V2-1 2-2 2
Huéng dan a)qzi S:% b)qzz_z\ﬁ;s=4+3\5

N e ~ A? /4 ? . ~ ~ N\ . A /4 A~? \ A A 2
Bai 3. Tim s6 hang tong quat ctia cdp s6 nhan i v han ¢6 tong 5=3 va cong boi q = 3

n-1
Dbap s8: Cap s6 nhan lui vo han d6 1a: 1; % g (EJ

Bai 4. Tim cap s6 nhan lui v6 han, biét tong S=6. Tim hai sd hang dau u, +u, = 4%
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I3 x . 1_ —
Hudng dan: q = 1=>q=%t—
woruaeal u (1+q)=4= 2
1 1q_ 2 2

Bai 5. Giai phwong trinh sau: 2x +1+x% — x> +x* = x> +...+ (=1 nx“Jr...:E voi x| <1
P g 6

14 x ~ A n \ A A A A re A A
Huong dan: Day so xz,—x3,x4,—x5,...,(—l) x"... ]a mot cap s6 nhan vdi cong boi q=—x.

bsS: x=l;x=—z
2 9
Bai 6.
a) Tinhtdng S=1+0,9+(0,9)" +(0,9) +...+(0,9)" " +...

b) Cho 0<a<§. Tinh tong S=1—tana +tan” a.—tan’ oL + ...

c) Viétso thap phan vo han tuan hoan sau duéi dang phan s hitu ti
a=0,272727...... b =0,999999999...........

d) Cho day {bn}=sinoc+sin2oc+sin3oc+...+sinnoc vOi (x;thrkrc . Tim gidi han day bn.

Hudng dan:
a) S——_—10
1-0,9
b) S=—
l1+tana

2 7 2 7
a=0+—+—+—+——+

10 10> 10° 10*

1 1
U ey S [\ N (N
10 10° 107" 10> 10* R T T
o 1 107 107
b:E.—lzl
1-—
10
c) Cdp s0 nhan lui v han d) limb, = sm.oc
—simao
n s6 hang
f—/%

.. , . a+aa+..+ aaa..a
Bai 9. Tinh lim

n—»o 10“

Huéng dan: Ta cd
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a+aa+..+ aaa.a =a|l+11+...+ 111..1 |=a

— +ot
9

n sd hang n s6 hang
[ 9 9

10-1 100-1 10“—1}

10(10“ —1)—9n

.81

n sO hang
.. a+aa+..+ aaa.a 10a[10"-1-9n| 10a
Vay lim = | = = |=—"
n—-+o 10" 81 10" 81

Dang 6. Tim gidi han vé cing ciia mot day bang dinh nghia
Phuwong phap
= limu, =+o0 khi va chi khi un c6 thé 16n hon mot s6 duong lon tuy y, ké ttr mot s6 hang nao
do tro di.
* limu, =—00 < lim(-u, )=+w0

Vi du 1. Dung dinh nghia gi6i han cta day s6. Chtiing minh:

2

alim™— 2 _ o b)lim Y1 —n> = —o
n+1

Hudng dan:

a)Lay s6 duong M 16n tuy y.

n?+2 n’-1
>
n+1 n+1

n

=n—-1>M<n>M+1;

2

Chonn, >M+1,n,eN. Khid6:Vn>n,=>n>M+I1=u I 2
n+1

>M.Vay limu_ =+o0

b)Ta c6: 1-n° =(1—n)(n2 +n+1)<1-n;VneN
Lay s0 duong M 16n tuy ¥.

u, :\f3 1-n° S3 I-n* <-M e n>M> +l;chonnO >M?> +1,n, eN.

Khi d6: Vn>n, =n>M>+1=u_=31-n’ <M. Vay:limu_=—o0

Vi duy 2. Cho day (un) thoa man u, > Jn véi moin. Chting minh rang limu_ =+
Giai

lim/n = 400 vi vay +/n 16n hon mot s6 duong bat ki k& tir mot s6 hang

nao d6 trd di. mat khac u_ >+/n nénu_ 16n hon mot s6 duong bt ki ké

tr mdt s6 hang nao dé.

Viy lim u =400

n—+w n

Vi du 3. Biét day s6 (un) thod man u, >n” véi moi n. Chting minh rang limu,_ =+
Giai

Vi limn? =400 nén n? ¢6 thé 16n hon mot s& duong tiy ¥, k& tir s6 hang nao d6 trd di

Mit khdc, theo gia thi€t u_>n” v6i moin, nénu, ciing c6 thé 16n hon mot s& duong tiry
¥, k€ tit s6 hang nao d6 trd di. Vay limu_ =+o0.

Vi du 4. Cho biét limu =—o va v, <u_ v6i moin. C6 két ludn gi vé gidi han vn.
Huéng dan

limu =-0< lim(-u )=+0=-v >-u = lim(-v )=+0
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Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Vi du 5. Cho day s8 (un) hoi tu, day (va) khong hdi tu. C6 két luan gi vé sw hoi tu ctia day (u, *v, ).
Huéng dan: Két luan day (u, +v, ) khong hoi tu
That vay:

Xétday (u, +v, ), gid sit n6 hoi tu nghia Ia lim(u, +v, )=a va limu, =b.
Khi d6 limu + limv =a

Viy limv =a- limu

Vi limu =b= limv =a-b

Vay(v,) la hoi ty, di€u nay khong ding.

Viy day (un * vn) khong hoi tu.

Vidue.
a) Cho hai day (un) va (v»). Biét limu =-—cova v <u _v6imoin.
C6 k&t luan gi vé gi6i han clia ddy (v, ) khi n — +00?
b) Tim limv_vé6iv, =-n!
Huéng dan
a) Vi limu_ =-—oofin lim(-u_)=+c0. Do d6, (un) cé thé 16n hon mét s6 duwong 16n tuy y, ké tir mot s6
hang nao d¢ tro di. (1)
Mit khac, vi v_ <u_ v6éimoinnén (-v )>(-u )véimoin. (2)
Tte (1) va (2) suy ra (-va) 6 thé 16n hon mét s6 dwong 16n tuy y, ké tir mot s6 hang nao do tréd di. Do
do, lim(-v_)=+o0 hay limv, =-o0.
b) Xét day s6 (un)=-n.
Ta c6: —n!<-nhayv_ <u_  v6imoin. Matkhiclimu =lim(-n)=—co. Tlt két qua cau a) suy ra

limv =lim(-n!)=-0

Dang 7. Tim gidi han ctia mét ddy bang cdch s dung dinh Iy, quy tdc tim giéi han v6
cuc
Phuwong phap

Vi du 1. Tim cac gidi han cta cac day s (un) véi

a)u, =-n° =50n+11; b)u, = V109> —n*; ou, =v105n% -3n+27 ; d)u, —\8n3+n%-2

Dép s6: a)—; b) —oo; c) +oo d) +o0

Vi du 2. Tim cac gidi han cta cac day sd (un) voi

3n—n V2n* —n?+7 2n? —15n+11 (2n+1)(1-3n)
aju =——; by =————; Ou, =—F——= ; du, =
2n+19 3n+5 \3n2-n+3 In® +7n% -5

Dép s6: a)—; b) +oo; ) +oo; d)—o

Vi du 3: Tinh cac gidi han

a)lim

b) lim(\/2n2 +3—n2+ 1)

1 .
\/n2 +2—\/n2+4’
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Vi du 4: Tinh cac gidi han

n__ n+l n
a)lim(3.2" _5ng 10); b lim———1 1. Olim2 3> 3
14720 300 47.47
Dép s6: a)—oo; b) + o, c) —oo;

rar Foinhy Oy n




Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.
MOT SO DANG TOAN NANG CAO {Tham khao}

Dang 1. Tinh gi6i han caa day s6 c6 quy luat

Vi du 1 :Tinh cac gidi han sau:

. nW1+2+3+..+n . 14+243+...+n
a) lim b) im ——M—
n—+oo n2 +n+ 1 n—>+oo n2
Huéng dan
(1+n]
n,|n 3
. n1+2+3+..+n . 2 . nyn” +n 1
a) lim > = lim — = lim ————=—
n—>+0 n“+n+1 n>+© n 4+n+1 n—>+oo(n2+n+1 \/5 \IIE
1
b) —
) 2
Vi du 2. Tinh cac gi6i han sau
2 n _
a)lim1+a+a +...+a v6i a|<1,b<1; b)hmn«/1+3+...+2n 1
l1+b+b? +...+b" 2n° +n+1
Hudng dan
1 (1+2n-1)n
1—a l-b nf1+3+...+2n—1 n 2 1
a) S= lim —%=—+ b) S= lim = lim =—
n—>+o 1 1-a n—>+oo 2I12+I1+1 n—>+oo 2n2+n+1 2
1-b
, , . 1 1 1 1
Vi du 3. Tinh gidi han sau: lim + + +..+
n>+o| 1.2.3 234 3.4.5 n(n+1)(n+2)

Hudéng dan

St dung: k(k+11)(k+2) :%L(klﬂ) - (k+1)1(k+2)}

Vay: N B 1 11 1
123 234 n(n+1)(n+2) 2{2 (n+1)(n+2)

Viy lim + ! + 1 +...+ ! =limll—; :l
ool 123 234 345 n(n+D(n+2) | n>2|2 (n+1)(n+2)| 4

) L . 2 2 2
Vi du 4. Tinh gidi han hm(l—ﬁj(l—ﬁ]m[l—mJ

Hudéng dan

Vay:[;/‘%][l%}{l@ Lzl)nl(é:%

9]
—~
~
I
I
~—
—_
~
+
\e]
~—~—
—_—~
=
|
I
=
+
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Bai tap ap dung: Tinh cac gidi han sau

1 1 1 1
a) lm | —+—+—+.. +——
n>+o| 1.3 3.5 5.7 2n-D(2n+1)
2174327 +...+(n+1)n2
b) lim
n—+o0 n4

1 1 1
¢) lim + +...+
n»+w{2\/f+\/§ 32123 (n+1)\/ﬁ+n\/n+1]
wo. 1 3 5 2n—1
d)lim|—+—+—+...+
n>+o 2 92 93 on

Hudng dan va dap s6

1 1 1 1 1 1 1 1 1 1
—t—t—tt—————— = - —+———+...+ -
1.3 35 57 Cn-1D)2n+1) 2 3 35 2n—-1 2n+1

1 1- ! nén limS_ =—
2| 2n+l B

a)S, =

b)Tacé: S, =2.17 +3.2> +..+ n+1 = 1+1 2+1)22+...+(n+1)n2
1 1)(2n+1
S, =P +2%+..+n +17 +2% + { nr } n{n+ )6( n+1)
2
lims—nzlim nz(n+1) . (n+1 ) l
n* 4n* 4
1 (n+1)\E nvn +1 1 1
¢)Ta coé: = : _
(n+1)\/:+n\/n+1 (n+l) n—n2(n+1) \/: Jn+1
S, = ! + ! +.ot !

Wiz 32+283 (n+1)Vn +nvn+1
—1—L+L—L+ +L— ! =1- ! =1limS_ =1
GRETTR e e

1 3 5 2n—1

2 3 2[1
1 1 3 1 5 3 2n—-1 2n-3) 2n-1
S, —=S,=—+| == |+| = |[+...+ - -
2 n 2 22 22 23 23 21’1 211 21’1+1
1

1
11 1 2n-1 1 2 ol 2n-1 1 1 2n-1
=—+—4+—+..+ - =—+ — =—+1- -
2 2 22 211*1 21’1+1 2 1 B l 21’1+1 2 21’1*2 2n+l
Suy ra —Sn:l+1— I _2n-l S =3-— 1 2n 1
2 2[1—2 2n+1 n 211—3 2[1 211
Mit khac: | = —1 < Ma lim —2—=0= lim -~ =0
2 (1+1)n n-— n—+wo N — n—>+oo0 PN
Véiy lim S =3
n—+w

raar Faimby O
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Dang 2. Dung nguyén li kep

Phuong phap
Cho ba day s6 (un), (vn) va (wn). Néu
u <v_<w_v6imoin
Va limu =limw_=L(LeR) thilimv_ =L
Vi du miu. Tinh lim( 21 + 22 F— 2“ j
n->+0o\n“+1 n”+2 n“+n
Giai
Ta thay:
1 2 n 1+2+...+n 1
+ +ot > =—
nZ+1 n?+2 n +n n? +n
1 2 n 1 2 n n(n+1)
\'% + +...+ < + +..+ =
n?+1 n’+2 n2+n n’+1 n?+1 n+1 2(n2+1)
n(n+1
Vaylg 21 + 22 +...+ 2n < ( )
2 np"+1 n"+2 n“+n 2(n2+1)
n(n+1
Ma lim —( ) :l
n—>+w2(n2+1) 2
Viay lim( ! + 2 bt jzl
n>+e\n? +1 n?+2 n? +n 2
BAI TAP REN LUYEN
Bai 1. Tinh gidi han ctia cac gidi han sau:
n . .
a) lim l_i b) lim 3sinn +4cosn o) lim n+sinn
n—>+0 3n n—+0 n+1 n—+0  3n+4
i —1) +3n
d) lim sin2n + cos2n o) lim ( )
n—>+w 3n+1 n—>+0  cog +51’1
f) lim ! ! +...+;
N>t \/n +1 \/n +2 n®+n

Huéng dan va dap s6

raar Eyimby
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lwong cao Mon Toan, TP Hué.

a)0<l—i<l:>0< l—i < l ,VneN*.Bs:O
2 3n 2

2 2 3n
- <u <——.Ps:0
n+1 n+1 1 ) 1 1
O)—l<sinn<l= D DTSN 0FL b o
3n+4 3n+4 3n+4 3

d)Tuongtuciu b
e)—iﬁ cosn Siz- Tacéllm(—%J=hm(%j:O: lim Cozn =0

n’ n’ n n n n
_nn
(—D)" +3n? ( 2) 3 3
Nén:lim - =lim n =3
cosn+5n cozn+5
n
f) ! + ! +...+ ! u < ! + ! +...+ !
<u, <
\/n2+n \/n2+n x/n2+n \/n2+1 \/n2+1 n? +1
n n Lo n ) n
= <u £——.Tacé:lim =lim——=1

—_ n_ e =
n?+n \In2+l \in2+n \/n2+1

Dang 3. Chitng minh mdt day s6 c6 gi¢i han
Phuwong phap
1. Ap dung dinh ly Vayostraxo:
e Neéu day s0 (un) tdng va bi chan trén thi nd co gidi han.
e Neéu day so (un) giam va bi chadn dudi thi nd c6 gidi han.
2. Chitng minh mét ddy s ting va bi chan trén ( ddy s6 ting va bi chan dwéi) boi s6 M ta thuc
hién: Tinh mot vai s6 hang dau tién cta day va quan sat mdoi lién hé dé du doan chiéu tang
(chiéu giam) va sd M.
3. Tinh giéi han ctia diy s6 ta thuc hién theo mét trong hai phwong phép sau:
* Phuwong phap 1:
> Dat limu =a
> Tt limu_,, =limf(u ) ta dugc mot phreong trinh theo an a.
> Giai phuong trinh tim nghiém a va gidi han ctia day (un) la mot trong cac nghiém cta
phuong rinh. Néu phuong trinh c6 nghiém duy nhat thi d6 chinh la gi6i han cau day can
tim. con néu phuong trinh ¢6 nhiéu hon mét nghiém thi dwa vao tinh chat ctia day s6 dé
loai nghiém.
> Chu y: Gidi han ctia day s6 néu c6 la duy nhat.
* Phuwong phap 2:
> Tim cong thic tong quat un cia day s8 bang cach du doan./
> Chting minh cong thiic tdng quat u» bang phuong phép quy nap toan hoc.
> Tinh gidi han ctia day thong qua cong thirc tong quat do.
I. Cac vi du mau
Vi du 1. Chting minh day (us) boi cong thiic truy hoi {“1 =2 .
ne1 =4/2+u, véin>1
Chttng minh day c6 gidi han, tim gidi han do.

Giai
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Ta co: u, Z\/EVEI u, :af2+un,uIl >0 vGi VneN

% Ta chttng minh: u <2 v6i VneN (1)

Véin=1, ta c6 u, =2 <2 thi (1) diing
Gid sir bat bat ding thirc ding v6i n=k thi u, <2.
Viyu <2,VneN

% Chtng minh day (un) tang:

Xétu , >u, <::>1f2+un >u, <:>ui -u —-2<0&-I<u <2
Ma O<u <2n€nu_,>u .Vay(u )ladayting (2)
Tu (1) va (2) suy ra (u ) c6 gidi han.

% Dat lim u =athi0<a<2
n—+o0o

Ta co:

u ., = 2+un:> lim u = lim 2+u[1

1

n n—»+o0
:>a=;]2+a:>az—a—2=0:>a=—1hozflc a=2
Viu >O0nén lim u =a>0.Viy lim u =2

n+l

. n—+oo _ N+ »
Luu y: Trong 161 giai trén, ta da dp dung tinh chat sau:
"Néu lim u =athi limu 6 =a"
n—>+o0 n—+o0

u, =2

Vi du 2. Cho déy (un) boi cong thic truy héiy -~ _, 1.
n+l

u
n

Chting minh rang day s& (un) c6 gi6i han va tim giéi han d6.

Giai
Ta c6
1 2+1 4 1 1
u, =2;u, =2——=%=;;u3 =§=3%;u4 =%.Tfl' d6 ta dy dodn: u =% €))
Chiing minh dy doan trén bing quy nap:
—VG6in=l, ta c6: u; =2 (ding)
k+1

—Gia st dang thite (1) ding v6i n=k (k > 1), nghia 1a u, = "

-Vayu, =L,VneN*.
n+1 |
. . +
Tu @6 ta co hmunzhmn =1
n

1
u =—
BTTT. Cho day (un) boi cong thic truy hoi 2

u = néun>1
n+l
2—un

Chting minh rang day s& (un) c6 giéi han va tim giéi han dé.

Huéng dan: limu_ = lim—— =1
n+l1

Vi du 3. Chting minh day (un) dugc cho boi cong thiec u_ =sinn;n e N". Chiing minh day khéng c6 gidi
han.
Huéng dan
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Gid sit lim u, = lim sinn=a.Khido lim sin(n+2)=a= lim [sin(n+2)-sinn |=0
n—»+oo n—>+00 n-—»>+oo n—+oo

<2 lim cos(n + l)sinl =0= lim cos(n +1) =0= lim cosn=0
n—>+owo n—>+oo . 1’1—)-!:00
mat khac: cos(n + 1) =cosncosl —sinnsinl,Suy ra lim sinn=0

n—+0
Suyra: lim (cos2 n +sin’ n) =0, vo ly
N o) o . R PP
Viay day s6 (u,) véiu =sinn khong c6 gidi han.

IL. Bai tap réen luyén

Bai 1. Chting minh day (ur) v6i u_ = \/2+\/2 4242 1a day hoi tu.

n dducin

Hudng dan
% Budc 1: Ching minh day (un) tang
% Budc 2: Ching minh (un) bi chén trén

u =0

Bai 2. Cho day truy hoi u
u =

3 (122)’ Tim gidi han ctia day.
- (2

n

Hu6ng dan va dap s6

’ n—1
4

n-1
bing phuong phdp quy nap chitng minh u =1- (%j

1 n—1
Vay lim [1-| — =1
sy jim |1 ]

n—+wo

u =2
Bai 3. Cho day truy hoi u, _ +1 . Chtig minh day (un) c6 gidi han, tim gidi han do.
== 022)
Huéng dan va dap s6

Cach 1

n-1
Dy doanu, = 1

21_—1 1

lim u_ = lim 2—t1=1

n—-+ow n—>+0 2N _q

Cach 2
» Chting minh day giam va bi chdn duoi.
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

lim u =a, tima

n—+w 1
> Giase lim u = lim u__, =a=i<:>a=1
n—>+00 n—>+00 2
lim u =1
n—>+00
Bai 4.
u =2
a) Cho day truy hoi u, +1 (1)’ Chiing minh day (un) c6 gidi han va tim gidi han do.
Uni1 = n=
2

O<u, <1

b) Cho day (un) xac dinh boi: 0 (1_ un) >i =1

Chtng minh day (un) c6 gidi han va tim
gidi han do.
Hu6ng dan va dap s6
b) * Chiéng minh (u, ) 1a day taing va bi chdn trén

"l:a c6: 0<u, <LneN
Ap dung bat ddng thic cauchy

unﬂJr(l—un)ZZJUHH(l—un)22\F%=1:>unJrl >un,neN*

Viéy (u,) la day tdng va bi chdn trén thi (u ) thi ddy c¢6 gi6i han
*bit lim u =a,a>0

n—-+ow
2
Tacé:um](l—un)zi: lim [un+l(l—un)]ZiGa(l—a)ZiQ(a—%l SO:az%
n—+w
vy Jim v, =

Bai 5. Cho day (us) x4c dinh boi u_, | = %[u ¥ i] vau, >0
u
n

a) Chtng minh rang u_ > J2 véi moin>2
b) Chting minh day (un) c6 gidi han va tim gidi han do.
Huéng dan va dap s6

a) Tacé:u; >0,u l un+ij:>un>O,VneN*

n+l 2

u

z z 2 . n

Ap dung bat dang thic C0 si:

un+1=% un+i > un.izx/i,Vnzl,na:N
u u

n n
Suyrau, >\E,Vn22,neN
b)Ta cé: u, >\2,n>2,neN nén (un) 12 day bi chin dudi

2
1 2 1 u ®
Xétun+l—un=—[ n+—]—un=—[ ——“}<0,Vn22,neNnén u ., <u,vneN

2 u, u, 2
*Pidt lim u =a,a>+~2.Ta cé:
n—;+00
umlzl un+i = lim u_,, = lim 1 un+i <:>a:l a+% sal=2s a:‘/5
2 u, n—+o0 n—+w 2 u, 2 a a= _\/5

Vay lim u =
n—-+w
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Bai 6. Ching minh day (un) dwoc cho boi cong thitc u_ =cosn;ne N". Chting minh day khong c6 gidi
han.
Huéng dan

Gid st lim u = lim cosn=a= lim cos(n+2)=a:> lim [cos(n+2)—cosn]=0

n—»+o0 n—+00 n—»>+o0 n—+oo
<=2 lim sin(n+ﬁsin1 =0= lim sin(n+1)=0=> lim sinn=0
n—>+o0 n—>+00 n—>+w
mit khac: sin(n + 1) =sinncosl + cosnsinl,Suy ra lim cosn=0

2 ) n—+wo
Suyra: lim (cos n+sin“n|=0, vo ly

nN—+00 . ~ L g
Viy day s6 (u,) v6iu_ =cosn khong c6 gidi han.

Bai 7. Chttng minh cac day sau hoi tu:

a)o, =1+i2+i+...+i;neN

Tior
bja, =l+—+—+..+—;neN
2?3 n"
Hudng dan
a) Ta thay
~ 11 | PR s A s
Daya =1+ Sttt —21a day ting, ta chi can chiing minh day bi chan.
2° 3 n | |
I+—=+—=+. +—=<l+—+—+...+ =2-—<2
22 32 n2 1.2 23 (n—Dn n
Viay day hoi tu.
b)
~ 11 Lo s A g e
Day an:1+—2+—3+...+—nla day ting, ta chi can chitng minh day bi chédn.
3 n
1 1 1 1 1 1
an=1+—2+—3+...+—£1+—2+—2+...+—2<2
n" 2° 3 n

Viay day bi chdn trén nén hoi tu.
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.
BAI 2. GIOI HAN HAM SO
A. KIEN THUC CAN NHO
1. Giéi han ham s6 tai mot diém
a) Gidi han hitu han
Pinh nghia: Cho khoang K chita diém xo va ham s6 y=f(x) xac dinh trén K hodc trén K\ {x}.
Ta ndi ham s6 y=f(x) ¢ gi6i han la s6 L khi x dan dén xo néu v6i day s6 (x») bat ki,
x, €K\ {xy} vax —>x,,taco f(x, ) >L.

Ki hiéu: lim f(x)=L hay f(x) - L khix —x,

X—)XO

lim f(x)=L < V(x,),x, e K\{x,},limx_ =x,=limf(x )=L
X—)XO

b) Gidi han v6 cwc

Cac dinh nghia vé giéi han +oo (hodc —o) ctia ham sd duoc phat biéu tuong tw cac dinh 6 trén

Chang han, giéi han —o ctia ham s& y=f(x) khi x dan dén dwong vd vuc dugc dinh nghia nhu sau:

Pinh nghia: Cho ham s6 y=f(x) xac dinh trén khoang (a; +oo) .

Ta néi ham s6 y=f(x) c6 gidi han la —o khi x—>+0 néu véi moi day s6 (x,) bat ki,

X, >avax —+o, taco: f(x ) —>—oo. Kihiéu: lim f(x)=—o0 hay f(x) ——oo khi x — +0
X—>+00

lim f(x)=-0< V(x,),x, >a,limx_ =+o0=limf(x )=-00
X—>+00

Nhan xét: lim f(x) =40 < lim f(—x)=-o0
X—>+00 X—>+00

* Cac giodi han dac biét:

. . C L PR ~
1. lim c=c lim —=0 v§ic 1a hing so
X—>+o0 Xx—>to0 X
2. lim y/X =400
X—>+00 .
3 lim xX =/*® néuknguyén duong
" X0 0 néu k nguyén am
4 llm Xk — +00 né’u k Chfin
0 —00 néuk1é

2. Gi6i han ham sé tai v6 cuc
Dinh nghia
* Cho ham s0 y=f(x) xac dinh trén khoang (a;+w). Ta n6i ham s6 y=f(x) c6 giéi han la s6 L khi khi
X —-+o0 néu voi moi day so (xn) bat ki, x  >a va x_ —+ootacé: f(x )—L.

Ki hiéu: lim f(x)=L hay f(x) > Lkhix — +o0

X—>+00

lim f(x)=L<V(x,).x, >a, im x =+00= lim f(x,)=L
X—>+0 n—>-+0 n—>+0

= Cho ham sd y=f(x) xac dinh trén khoang (—0;a). Ta n6i ham s6 y=f(x) c6 gidi han la s& L khi khi
X ——o0 néu voi moi day s6 (xn) bat ki, x  <avax_ ——ootaco: f(x, )—>L.

Ki hiéu: lim f(x)=L hay f(x) > Lkhix — —o0

X—»—00

lim f(x)=L < ‘v’(xn ),xn <a, lim x_ =+00= lim f(x_ )=L
X—>—0 n—+oo n—+oo

3. Mot s6 dinh 1i vé gi¢i han hitu han
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Dinh ly 1:
Gidi sit lim f(x)=L va lim g(x)=M.Khi d6:

X—>X, X‘)XO

* lim [ £(x) T gx)[=L+M

X—)XO

* lim [ £(x).g(x) |=L.M
X*)XO

* Jim {@} _L (né’uM # 0)

xoxo| gx) | M

Dinh 1y 2: Gidi sir Xl_i)rxn0 f(x)=L va Xl_ig(lo g(x) =M.Khi d6:

a) lim fx)[=[L|

b) gmo o =L

ONEUT(x)>0va Tim £(x)=L thi:L >0 va lim Jroo =L

XA)XO XA)XO
(Dﬁ’u cta f(x) dudgc xdc dinh trén khodng dang tim gidi han, vGi x # Xo)
4. Gioi han mot bén
Pinh nghial: Cho ham s6 y=f(x) xac dinh trén khoang (xo;b). S L duoc goi la gidi han bén phai cia ham
s6 y=f(x) khi x —>x, néu véi day sd (xn) bat ki, x,<x,6 <bvax 6 —x,tacé:f(x,)>L. Ki hiéu:

lim f(x)=L

X*)X‘S

lim f(x)=L < ‘v’(xn),xo <x, <b,limx =x,=limf(x )=L
+
X*)XO

Pinh nghia 2: Cho ham sd y=f(x) xac dinh trén khoang (a;xo). S6 L duoc goi la gidi han bén trai cua ham
s6 y=f(x) khi x —>x, néu vé6i day s6 (x») bat ki, a<x, <x,vax, 6 —x,tacé:f(x,)—>L. Ki hiéu:

lim f(x)=L

x»xa

lim f(x)=Lc>‘v’(xn),a<xn <Xg.limx =x,=limf(x )=L

X=X
Nhan xét: lim f(x)=L < lim f(x)= lim f(x)=L
X=X X—X x»xa

5. Gidi han vo cuc

Cac dinh nghia lim f(x)=+o0; lim f(x)=—o0; lim f(x)=+o0; lim f(x)=—o0; dugc phat biéu tuong tu
X=X X=X xaxg x»xg

dinh nghia 1 va dinh nghia 2.

Dinh Iy: Néu lim [f(x)|=+c0 thi lim 1
X=X x—xq f(X)

6. Cac quy tac tinh gi6i han vé cuc
a) Quy tic im gioi han caa tich f(x).g(x)
Néu lim f(x)=L#0va lim gx)= +oo( hoac—oo) thi lim f(x)gk) duoc tinh theo quy tic trong bang

XA)XO XA)XO X*)XO
sau:
lim f(x) lim g(x) lim f(x).g(x)
X*)XO X‘)XO X—)XO
L>0 +00 +00
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—o0 —o0
+00 —o0
L<0
-0 +o0
¢ g o f(x)
b) Quy tac tim gidi han caa tich —
g(x)
lim f(x) lim g(x) DA4u cua g(x) i f(x)
X—X() X—=X( Xgilo @
L +o0 Tuyy 0
+ +00
>0
- —00
0
+ —o0
L<0
- +00

Cac quy tac trén van dtng cho céc treong hop x — Xg»X —> X(),X —>+00,X —> —00
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B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP
Dang 1. Dung dinh nghia dé tim gidi han

Phuwong phap
L lim f(x) =L V(x,).x, eK\{x,}, lim x =x;= lim f(x)=L
X‘)XO n—+oo n—+oo

2. D& chitng minh ham s& f(x) khong c6 gidi han khi x — x, ta thiec hién:
Chon hai day sd khac nhau (xn) va (yn) thod man: x», yn thudc tap xac dinh ctia ham s6 va khac xo

u lim x_ =x . lim =X
n 0 n 0
n—>+ow0 n—>+o0

* Ching minh lim f (xn ) # lim f (yn) hodc mot trong hai giéi han d6 khong ton tai

n—>+oo n—>+oo
, X2 +x-2 § .
Vidul Chohamso y= 1 Dung dinh nghia chitng minh rang hni f(x)=3.
X = X—>
Giai
Ham s6 y=f(x) xac dinh trén R\ {1} Gia st (xn) la day so batki x_ =1 va x_, —1
2
+x =2 X +2)(x_ +1
lim f(x_ ) =lim 11 i Ca * 20 +1) ~lim(x, +2)=3
x, —1 x, —1
. o 2x% +x -3 . . ~ , . .
BTTT: Cho ham so: f(x) = 1 Dung dinh nghia chitng minh: hni f(x)=5
- X—>

Vi du 2. Cho ham s y=f(x)= {;_x ?123;3 8 . Dung dinh nghia chiing minh ham so y=f(x) khong c6

giéi han khi x -0

Xétday (xn)z{%}—m G>0J

lim f(x_ )= lim oo

n—+w —>+0 1
Xétday (x, )= {—%} khi n — +o0;x_ —0

Giai

n—+w n—+w n

lim f(x )= lim 2+lj=2 2)
Vay v6i (1) va (2) ham s& khong ¢6 gidi han khi x — 0

BTTT: Cho ham s&: f(x)={* néux 20 Dung dinh nghia chitng minh ham s& khong c6 giéi han
I-x  n€ux<0
khi x -0
Vi du 3. Cho ham s6 f(x)= cosi2 . Dung dinh nghia chting minh rang ham s& f(x) khdng c6 giéi han khi
X

x dan dén 0.

Hudng dan
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Ham s : f(x)= Cosi2 xac dinh trén K=R\{0}
X

! eKva limx =0;limf(x )=Ilim cosL =limcos(2nm) =1
\2mn xi

1 1
———=¢eKvalimy_ =0;limf(y_)=1lim cos— = lim cos(2nm + E) =0
f T y 2
2nn + — n
2

Vay ham s6 khong cé gidi han.
BAI TAP AP DUNG

Bai 1. Dung dinh nghia chitng minh cac gidi han sau

*Lay ddy so (x,)=

*LAy day s (y,)=

2
D) lim X226  b) lim ——— = +o0; o) lim 23— 4. d) lim =L oo
x>-3 x+3 ot x2 —1 x—>53—-Xx x—+0x2 4]
Huéng dan
. C x2-9
a)V(x,),x, #-3,limx_ =-3=lim—*" =-6
X, +3
bIV(x, )X, e(1;+oo),1imxn 1= lim = 4o
Xi—l
X, +3 543
)V(x ),x. #3limx_ =5=lim-2 =——=-4
JYG)X, n 3-x, 3-5
x + b
) ) X2 +1 ) X2
d)V(x,),limx  =+00 = lim —2— =1lim L = 400
X2+1 1+ —
n + 2
Xl’l

Bai 2.

2 A
1. Choham sd f(x)= X2 ne/uxZO.
x“—1 néux<O0

a. Vé do thi ham so f(x). Ttt d6 du doan vé gidi han cta f(x) khi x ->0.
b. Dung dinh nghia chitng minh dy doan trén.
Huéng dan

a) Du doan: Ham s6 khong c6 gidi han khi x — 0

m/
o
I
|
I

b) Lay hai day s6 co s6 hang tong quatla a_ = l; v
n

2. Choham 6 f(x)= sini2 . Chitng minh ham s6 khong ¢6 gidi han khi x - 0.
X

Bai 3.

a) Chimg minh rang ham s3 y=sinx khong c6 giéi han khi x —> -+

b) Giai thich bang d6 thi két luan cau a)
Huoéng dan: Xét hai ddy (an) vGia_ =2n7m va (bn) véib = g +2n7n
Bai 4. Cho hai ham sd y=f(x) va y=g(x) cung xac dinh trén khoang (—oo;a) . Dung dinh nghia chttng minh
réng, néu lim f(x)=L va lim g(x)=M thi lim f(x)g(x)= LM

X—>—00 X—>—00

X—>—00
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Huéng dan
Gid st (x)la day bat ki thoa man X, <avax, 6 ——ow Vi lim f(x)=Lnén lim f(x )=L
——0 —>+00
Vi hm g(x) M nén hm g(x )=M. Do d6: lim f(x )).(g(xn) =L.M. "
+0
Tu dmh nghia suy ra: hm f(x).g(x)=LM "
Bai 5. Cho ham s8 y=f(x) xac dinh trén (a; +oo). Chiing minh r?ang néu lim f(x) =+o0 thi ludn ton tai it
X—>+00

nhat mot s6 ¢ thudc (a; +oo) sao cho f(c)<0.

Huéng dan
Vi lim f(x)=—c0 nén v6i day s& (x, ) batly, x, >a va x, —+oo taludncé lim f(x )=
X—>+00 n—>+o0
Dodé lim [—f(x,)]=+
n—+0

Tu dmh nghia suy ra—f(x ) c6 thé€ 16n hon mot so duong tuy y, ké tir mot sd hang nao d6 tr6 di.Bai 6. Cho
Néu s6 dudng nay la 2 thi -f(x,)>2 ké tir mot s6 hang nao dé trd di.

N6i cach khac, ludn ton tai it nhat mot s& X, € (a +oo) sao cho -f(x,)>2 hay f(x,) <-2<0

bitc=x,, ta céf(c)<0

khoang K, x, €K va ham s0 f(x) xac dinh trén K\ {xo} .

Bai 6. Chiing minh rz?mg néu lim f(x)=+oo thiludn ton tai it nhat mdt s ¢ thudc K\ {xo} sao cho f(c)>0.
X—)XO

Hudng dan

Vi lim f(x) =+ nén vdi diy sd (x ) batly, x EK\{XO} va x, — X, taludncé lim f(x )=+ .
X—)XO n—+o0o

Tuw dmh nghia suy raf(x,) c6 thé 16n hon mot so duong tiy ¥, k& tir mot s6 hang nao dé trd di.
Né&u s6 duong nay la 1 th1 f(x,)>1 ké tir mot s6 hang nao dé trd di.

No6i cach khéc, ludn ton tai it nhat mot s6 x, €K \{ } sao cho f(x,)>1.

bitc=x,, ta c6f(c)>0
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Dang 2. Tim giéi han ctia ham s6 bang cong thiic
Phwong phap: Dé tim gidi han cua ham s6 thudc dang vo dinh ta thuc hién:

1. Néu f(x) la ham s8 so c&p xéc dinh tai xo thi lim f(x)=f(x,)
X*)XO

2. Ap dung cac dinh ly tinh gi6i han va cac quy tac vé gidi han oo

Vi du 1. Tinh c4c giéi han cua cac ham s6 sau:

2
a)lim(\/2+x2—1 j; b)limX 1; e)limX 4

x—1 X%3X+3 x—>22x+2
Giai
2

a)lim(\/2+x2—1)= i1-1=-1 bhm L3l L i X220

x—1 XH3X+3 3+3 3 x—>22x+2 4
Vi du 2. Tim céc gidi han ctia ham sd sau

2 L6 6

a) lim( x2+5—1); b)lim(x3+5x2+10x—l); o) lim 22, d) fim LFSIMX Scoix

X—>-2 x—0 x—>-1 X+ x_)g 1+Sin X —COS X

Hu6ng dan va dap s6

a) 2 b)—1 c)%
. 6 6
d) f(x) = LS X=3COS X+ dinh tai x =~ nén lim f(x) = >0 _;
1+sin” X —cos” X 2 X +1-0
2
Vi du 3: Tim cac giéi han ctia ham s0 sau
2 2
a) lim——>_. b) lim > o) lim 25 . d) lim ——%
4 (x -4’ xomt X1 5 (x+5) A (x—4)’
bap s6
. . 2 . 3—-x
a)Ta co: hm(3—x)=—1<0 va hm(x—4) =0nén lim =—00
x—4 x—4 x—4 (X _4)2
x2+1
b) lim = +00; )+ oo; d)—oo
x—>-1 X+ 1

Vi du 4. Tinh cac gidi han sau

1 2
_ I-— (xz—x—6) 2
plimx[2-2 |; b)lim Vx-3 . olim—X: d)lim ). ) lim | X0
x—0 X x—9 ox — X2 x—0 1+ l Xx—-2 X3 + 2X2 x—-3 X2 +3x
X
Pap s6: a)-3; b)—i- c)—1; d)0; e)é
p . s 54 s s s 3
Vi du 5. Tim céc gidi han sau
3 4.2
a) lim 2x” =7x +11; b) lim x 2x +1 : o) lim 2x+3
x>0 3x0 4+ 2x7 —5 x>0 \3x% 4 x%2 42 x>0 a2 3
ny J6
Dap s0: a)0; b) ?; ) —\j2_
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Dang 3. Stt dung dinh nghia tim gidi han mot bén
Phuong phap

lim f(x)=L<:>V(xn),x0 <x, <b, lim x =x,= lim f(x )=L
x—)xg n—>+00 n—>+0
lim f(x)=L<:>‘v’(xn),a<xn <Xg, lim x =x,= lim f(x )=L
x—>x6 n—+00 n—+o0

Vi du 1. Stt dung dinh nghia tim céc gidi han sau

a) lim ! ; b) lim
x—)2+x—2 x=1” X +3x—-4

Vi du 2. St dung dinh nghia tim cac gidi han sau

a) lim \2x—4; b) lim (\/7—)( +3x)

x—27" x—7

Dang 4. St dung dinh ly va cong thitc tim gioi han mot bén

Phuwong phap
lim f(x)= lim f(x)=L= lim f(x)=L
X—Xg xaxa X=Xg
I. Cac vi du mau
X2 —2x+3 néu x <3
Vidu 1. Cho hamsd f(x)=<1 néux=3
3-2x? néu x >3
Tinh lim f(x); lim f(x) ; limf(x)
x—3t x—3" x—3
Hudéng dan

* lim f(x)= lim (3-2;8):3—2.32 —~15
x—3" x—3"

* im f(x)= lim (x2—2x+3)=33—2.3+3=6

*Tim f(x)# lim f(x) nén ham s& khong c6 gidi han khi x — 3

x—3" x—3
Vi du 2. Cho ham s§ f(x)=1+[2x—6|. Tinh lim f(x); lim f(x); lim f(x)
x—3" x—3" x—3
Hudéng dan

‘. _|2x=6  n€ux=3 4 _|2x—=5 néux>3
Ta co: |2X_6|_ —2x+6 néux<3 nenf(x)—{_2X+7 néux <3

* lim f(x)= lim (2x-5)=2.3-5=1

x—3" x—3"
* lim f(x)= lim (2x—5)=—2.3+7:1

X—> X—>
+lim f(x)= fim f(x)=1= limf(x) =1

x—3" x—3" x—=3

Vi du 3. Cho ham s6:
1

f(x) = E_x3—1 néux>1
mx +2 n€ux<1

Tim gia tri cia m d€ ham sd f(x) c6 gidi han khi x — 1. Tinh giéi han d6

Giai
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2
* lim f(x)= lim (L— 3 ]: lim X X2
x—1T x—1T x—1 X3 -1 x—1T X3 -1

= lim (x=1)(x+2) ~ lim X2

x—1* (x—l)(x2 +x+1) xolt X2 +x+1
*lim f(x)= lim (mx+2)=m+2
x—1t " x%1+_ i . .
Ham s6 f(x) c6 gi6i han thi lim f(x)= lim fx) ©1l=m+2<< m=-1

X . x—IT x—1
*khi dé limf(x)=1
x—1

Vi du 4. Tinh céc gidi han sau

2X+\/;_ 9-x2 \fx2—5X+4

b) lim ; ¢) lim

a) lim

0™ X—2\/;, x—37 46 —2x x—4" 16—)(2
II. Bai tap rén luyén
Bai tap 1.
X2 +x—-2 »
a) Chohams§ f(x)={ 7 ™U*>!  Tih lim f(x); lim f(x); lim f(x)
x> +x+1 nfux<l ot x>l =
b) Cho ham s8 f(x)= 2% Tinh lim £(x); lim £(x); lim f(x)
|X - 5| x—5T x—5" x—5
baép so:
a) 3
b) lim f(x)=-1; lim f(x)=1
x—5" x—5"
x> -1 »
Bai tip 2. Cho ham sd f(x)= 1 néux<l vygi giad tri nao ctia m thi ham s6 f(x) ¢ gidi han
mx +2 néux=>1

X —>1
Bai tap 3. Tim gia tri m dé ham s6 sau c6 gidi han tai x=1
1 2

F={%-1 21

mx+5 viix <1

véix>1

Bai tap 4. Tim gia tri ctia a d¢€ ham s6 sau c6 gidi han tai x=0

. 5i x>0
f(x) = |SInNX V(fl_x_
x) 3x+a v6ix<O0

Dép s6: a=0
Bai tap 5. Tinh céc gidi han sau

2 3x+6 _
a) lim i 1; b) lim u; ¢) lim VX —x
xoit X1 X;)(—Z)-F X+2 x—0" V2X + X
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Dang 5. Tinh gidi han vo cuc

Bai 1. Tim giéi han ham s6 sau:

3
a) lim V4x2 —x+1 b) lim Zx—”f

X—>+00 X—>—2 (X + 2)
2
Pép s6: a) lim V4x? —x+1= lim w:-i-oo b)—o0
X—>+00 X—>+00 4X2 —x+1

Bai 2. Tim giéi han ham s6 sau:

a)y = f(x) = V4x2 +2x +5 khi x — —o0; b)y =f(x) =3x> +6x +1

Oy =) =22 Khix>-2  dy=fx)=2"0
X+2 X+2
Dép s6:a) +o b)— c)—oo d)+o

Dang 6. Tim gi6i han cia ham s6 thudc dang vo dinh %

Phuwong phap:

1. Nhan dang v6 dinh 9: lim v khi lim u(x)= lim u(x)= 0

x—=xq V(X) X=X X=X
2. Phan tich t&¢ va mau thanh cac nhan t va gian wdc

fim 2 iy B TXIA®) AR G en fim A®)
g VOO xmg (X—Xg)B(O) 3oy B(X) g B(X)

Néu phwong trinh f(x)=0 c6 nghiém la xo thi f(x)=(x-xo0).g(x)
Dac biét:

2

% Neéu tam thitc bac hai

% Phuong trinh bac 3: ax’ +bx% +cx+d =0 (a=0)

khi x — —o0
khix > -2~

f(x)= ax> +bx + ¢,ma f(x) =0 c6 hai nghi€m phan biét x ,x,
thi f(x) dugc phan tich thanhf(x)=a(x-x, )(x-x, )

a+b+c+d=0 thi pt c6 mdt nghiém l1a x, =1, d€ phan tich
thanh nhan t ta dung phép chia da thiic hoic dung so dd Hooc-ner

a—b+c—d=0 thi pt c6 mdt nghiém la x, =—1, d€ phan tich
thanh nhin tif ta diing phép chia da thitc hodc diing s6 dd Hooc-ner

3. Neéu u(x) va v(x) c6 chita dau can thi c6 thé nhan tir va mau vdi biéu thirc lién hiép, sau d6 phan

tich chiing thanh tich d€ gian udc.
A-B lugng lién hiép la: A+B
JA -B_ lugng lién hiép 1a: VA +B
JA B lugng lién hiép 1a: VA + B

YA -B  lugng lién hiep 1a: | YA? + BYA + B2

YA +B  lugnglién hiep 1a: [ YA% —BYA + B2

I. Cac vi du mau

X2—X

Vi du 1. Tinh gidi han sau: lim

x=>1 x—1
Giai
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2 _ x(x—1
lim2X—% — lim ( ):limX=1
x>l x—1 x-1 x-1 x—l1

2
Vi du 2. Tinh giéi han sau:  lim 4-x
X22\x+7-3

¢) lim

—x?+x-1
x—1

e)—5

Ka-dxrds

Giai
4_x2 (2—X)(2+x)(\/x+7 +3)
lim ———=1im
x—>21,X+7_3 x—2 (x—2)
= lim [—(2—x)(\/x+7 +3)} ——4.6=-24
x—2
II. Bai tap rén luyén
Bai 1. Tim céc gidi han ctia ham s6 sau:
3
2 _ 1+x) -1
a) thM b) lim&
x—1 2X2 —x—1 x—0 X
35 <2 3
d)limx 5x° +3x+1 e)limx 2x +4
x>l x* 48x* -9 x>l x% 42x
(o~ 4 1
Dap so: a)— b) 3 c)2 d)——
3 5
Bai 2. Tim céc giéi han ctia ham s6 sau:
4-x> X —
a) im —— b) lim —— c)lim
)x—>2,,x+ — )x—>5\/;_\/§ )x—>2 Xx—5
. x—x+2 . 2_4 _ Nl+x—1+x
d)lim ———— e) lim ———— f)lim ——
x5 J4x +1-3 x>233x -2 +2 x>0 X
Dap sé: a)— 24 b) 25 c)% d)%

Bai 3. Tinh gi6i han cia ham so sau:

\/XT\/_ x-1

b) im——

1
e)—16 f)—
) )6

\/l+x+x2 —\/l—x+x2
¢) lim

x% x—1 x—0 X —X
d) lim \/x+9+ X+16 — \fx+ \/5 x> £) lim 241 - X—\3/8 X
x—0 X x—>1 x—0
. N5— X—x/X +7 . \/X+1—\/§
g)lim h) lim————
x—0 X -1 x—1 %/; -1
. 1 7 11 5 3
Dap so: a)—= b)3 c)—1 d)— e)— f)—— g)—-— h)——
243 24 12 12 242
Bai 4. Tinh céc gidi han sau
3.3 2 4 4
h—0 h x—a x3—2a3 x—>a X—a
3 3 n_ .
d) lim 2(x+h)’ -2x : o) lim X —nx+n-—1
h—0 h x—l1 (x — 1)2

Bai 5. Tinh céac gidi han sau
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

3_2_ 2, 4 2
a)hmx X+1’ b) lim 2X° +X 6; C)limx x° =72
x>1 _x?43x -2 x>-2 x348 x93 x? —2x -3
_ 1992
d) lim x> —5x2 +3x+9; e)limX—JrXZ
x>3 x*_8x*-9 ol x990 L x 2

Bai 6. Tinh cac gidi han sau

. 2 1 . 1 3 X+2 x—4
a)lim ; ¢c)lim| —— ; d)lim +
=l x2 -1 x-1 x>l 1-x %3 x>l x2 —5x+4  3(x*-3x+2)
Bai 7.Tinh cac gidi han sau

— 2 — —_
a) Tim vx+1 \/x +x+1 b) lim \/ -2 ¢) lim 2 X+2 d) hm»\/4x+1 3

x—0 X x—>7 49 _—x?2 x>2x2 _3x +2

Bai 8. Tinh c4c gidi han sau

C Nx+1+4x+4-3 \/X+9+ x+16 -7 _ Ax+1+x+4-3
lim b. 1 c. lim
x—0 x—>0 x—>0 X
d. lim \/x+ x/x+ o x/x+ —33x+5 ¢ lim %/8x+11—\/x+7
’x—> ' x—)l X -1 .x—>l X2—3X+2

Dang 7. Dang v6 dinh il
o0
Phuwong Phap:
1. Nhan biét dang v6 dinh =

o0

u( ) khi lim u(x)=+o0, lim v(x) =00

x»xo v(Xx) X=X XX
lim u(x )khl lim u(x) =200, lim v(X) =200
x—10 V(X) XX X=X

2. Chia t& va mau cho x" véin 1a s8 mii cao nhat ctia bién & mau ( Hoéc phan tich thanh tich chira
nhan te x" roi gian wdc)

3. Neéu u(x) hodc v(x) c6 chira bién x trong ddu can thi duwa x* ra ngoai dau can (Véi k 1a mii cao
nhat ctia bién x trong dau can), sau d6 chia tir va mau cho lu thira cao nhat ctia x (thuong 1a bac
cao nhat & mau).

I. Cac vi du mau

3%° + 5%

Vidu 1. Tinh giéi han lim >

X—>+00 6X3 + X

Giai:
3x° +5x 3 iz 1
lim = lim X __
X—>+00 6X3 + X2 X—>+00 64— 2

X
Vi du 2. Tinh gidi han sau lim (\/4){2 +X +2xj
X—>—00
Giai:

Trarm E3imby oy =



Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

(\/4x2+x +2X)(x/4x2+x—2xj <
lim (x/4x2 +X +2xj = lim = lim
o o (\] 4x% +x — 2x) o [\/4){2 +X - 2x)

= lim —— =

X—>—0©0 1
—[4+—=-2
X

II. Bai tap ren luyén

Bai 1. Tim c4c gidi han cuia cac ham s sau

2
. 2x>+3x—4 . (3x +1)(5X+3) . xt—7xP+x+5
a) lim — b) lim ; ¢) lim ————
x>+ _x3 _x2 4] X—>+00 (2X3—1)(X+1) X—>—00 3|X|—13
1
. \/xz—l—\/4xz+1 . AXTHx+2+3x . x+1+3
d) lim e) lim f) im | 22—
X—>+00 2x+3 X0 402 1y x—-1 2x-3
X2 +3x+2
Pap so

f 2
X“+x+2+3x
khi X — +o0: lim =4
X—>+00 2
a)—2 b) 0 )+ d)% €) el \/\%—1 f)_l
X

24x+243x_ 2 5

khi X > —o0: lim =
>0 J4x? 41-x-1 3

Bai 2. Tinh cac gidi han sau

2 5
. 1-2x+3x° . (X _1)(1_2X) . X2 +2x+3 +4x+1

a) lim — b) lim 7 ; ¢) lim \j:

X—>Fo0 x> -9 X—>+00 X' +x+3 X—>to0 2 —x

\/9X+X+1—\i4xz+2x+l xt—7x% +x+5 \/X2+2X+3

d) lim ;0 e)lim —————; f) Im —

X—>+00 x+1 X—>+00 3|x| —-13 x—*o 3 X3 x4l
baép so:
a)3; b) —32; ¢)5 khi x — +00;—1 khi x — —o0; d)1 khi x = +o0;—1 khi x — —o0

e)%khix—>+oo;—% khi x — —o0; f)1 khi x — +o0;—1 khi X — —0

Bai 3. Tinh cac gioi han sau:

2 12 2
a) lim XVx +1 : b) lim 3x(2x° —1) : ¢ lim x=D"(7x+2)

x—>+0x? 4 x 4+1 X—>-0(5x —1 x2+2x) X—too 2x +*
f 2 ; 2 f 2
d) lim 4x +1; e) lim X 3x+2x; £) lim X“+x+2+3x+1

x> 3x—1 xo+o  3x—1 X—>+oo \mﬂ—x
Bai 4. Tinh cac gioi han sau:
2 lim \/4X2—2x+1+2—x; by fim \/x2+2x+3+4x+1; o lim xVx+3
X \/ﬁJer X \m+2—x x> x? 41
I +2x2 +x Yo +2x2)? +x3Yx +2x2 +x2 xVx +x—Dx +1)

d) im —— ; e) lim ; ) lim
X—>—00 2x =2 X—>—00 3x2 —2x X —>+00 (x+2)(x-1)

Dang 8. Dang v0 dinh oo —o0;0.00

Trarm E3imbhy Owy @
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

1. Néu biéu thtrc chira bién s6 dudi ddu can thi nhan va chia véi biéu thic lién hop
2. Néu biéu thitc chita nhigu phan thiec thi quy dong mau va dua vé cing mot biéu thirc.
3. Thong thuong, cac phép bién doi nay co thé cho ta khit ngay dang v6 dinh oo —o0;0.00 hodc

chuyén vé dang vd dinh f;g
o 0
Vi du 1. Tim cac gidi han ctia ham sd sau:
a) liml[ ! —1] b) lim 4x% —x +2xj
x=>0x | x+1 X—>— oo
¢) lim (2){—3—\/4){2 —4x—3j d) hm X
X—>to0 x—>1+
e) lim (\/XZ—ZX—I—\/XZ—7X+3) f) hm x> +1- )
X—>+o0 X—)+<>0
bap so:
a)—1 b)i ¢)khi x - +0:DS: 4 ;khi X > —0:DS: - d)0

e)khix—>+oo:BS:§;khix—)—oo:BS:—% )0

Vi du 2. Tim cac gi6i han ctia ham sd sau

a) lim (\/xz—x—\/x2+1) b) lim \/x2+8x+3—\/x2+4x+3)
X—>to0 X—>to0

¢) lim (%/X3 +x2 —x/xz —xj d) lim \éx+xfx+ —\/;j
X—>t0 X—>+00

bép s6

a)—l khix—>+oo;l khi x = —o0;  b)2 khi X = 400;—2khi X - —0

2 2
¢) lim %/x3+x2— xz—sz lim (\3/x3+x2—x+x—x/x2—x)

X—>+0 X—>+00

X2

1
XFe 3 2\ 3/ 3 x+\/x x| 3
3(x +x) +xalx +x? +x2

1
j N 1’1+
d) lim (x’x+«/x+ \/xj— lim Xt = lim S =
X—>+00 X—>+00 X—>+00
x}x FUX+VX +4x

+
N | —
AN | W

M| =
>
=

II. Bai tap rén luyén

Bai 1. Tinh céc gidi han sau

a) lim (2x3 —3x); b) lim \/Xz —-3x+4; c) lim (x}xz +X —X)
X—>to0 X—>Fo0 X—>*to

Bai 2. Tinh céc gidi han sau

a) lim (VX2—2X+4—X); b) lim (Nx+2 —vx —2); ¢) lim (\/X —4x+3 - \/X —-3x+2)

X—>1o0 X—>+00 X—>to0

Bai 3. Tinh cac gidi han sau

a) lim x(Wx2+5+%x);  b) lim Bx+2—9x2 +12x —3); o) lim (Vx2 =3x+2 +x—2)

X—>1o0 X—>to0 X—>to0

Trar £3imbhy wpy  ®



Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Bai 4. Tinh cac gidi han sau

a) lim (\IX2—3X+1—X+3); b) lim (xf3 x> —x%+x +X); ¢) lim (%/x3+2x—1—\/xz—3x)
X—>to0 X —>*o0 X—>Fo0

ram Foinhy Oy



Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

MOT SO DANG TOAN NANG CAO {Tham khao}

Dang 1. Tim gi6i han ctia cdc ham s6 lugng giac ( dang vo dinh %)

Phwong phap: Van dung cac cong thikc lwong giac dé€ bién d6i ham s6 luwong giac thanh dang c6 thé st

dung dinh li:

. sinx L. . sinu(x) . u(x)
lim =1hodc limu(x)=0= lim ———==1; —_— =
x—=0 X x—0 ux)-0  u(x) u(x)—0 sin u(x)

Vi du 1. Tinh cic giéi han ctia ham s6 sau

. 2
. . 1—sin2x —cos2x . 1—cos™2x

a)lim b) lim - ¢) im——

x—0 <3 x—01+8in2x — cos2x x>0 Xsinx

tanx —sinx

Huéng dan

_ . .2 X
. sSinx 1 2sinxsin’® =
. tanx-—sinx coSX . )
a)lim = lim = lim =
x—0 X x—0 X3 x—0 X~ COSX
. 2X
sinx st 1 1
=21lim lim lim =—
x>0 X x-0 2 x50cosx 2
2
. 1-sin2x—cos2x . 2sin’x—sin2x . 251nx(s1nx—cosx)
b) lim : =lim = lim — . =1
x—>01+sin2x —cos2x x—0 2sin2x+sin2x x—0 251nx(smx+cosx)
. 1-cos?2x . sin?2x . 4dsinxcos’ x
¢)lim——— = lim———= lim——— =4
x>0 XsinXx x>0 XSINX 40 X
Vi du 2. Tinh cic gi6i han ctia ham s sau:
. sin3x . 1—cos5xcos7x . cosl2x —cosl0x
a)lim— b)im—— ¢)lim
x>01—-2cosx x—0 sin?11x x>0 c0s8X —cos6x

Huéng dan va Dap s6

sin 3x e
,datx =——t

a)Xét ham so f(x) =
1-cosx
Sin mw— 3t) Sin 3t

l—cost—\/gsint

Lﬁcdé:f(x)zf[ﬁ—t -
3 T LT
1-2 Cosgcost+sm§smt

_ sin 3t _ sin 3t
. t .t t
1—sm25—2\/§s1n50085 2Sin;(sin;—\5cos;J
g sin 3t
. sin3x . sin 3t . 2" 3t
lim = lim = lim — _\/g

x>0 1—COSX (50~ . tf . t t >0 ~ . tf .t t
2sin—| sin——+/3 cos— 2sin—| sin——+/3 cos—
2[ 2 \F 2) 2( 2 I 2}

Trarm £3imbhy
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

1-cos5xcos7x 1—cos5x +cos5x —cosS5xcos7x

2sin’ S—X + cosSx(l - cos7x)

b) lim > = lim 5 =lim 5
x—0 sin“11x x—0 sin“ 11x x—=0 sin“ 11x
25 . 2 5x 49 . 5, Tx
—=sin” — ——sin” —
5x 7x
2sin? S—X +2cos5xsin? x [2) [2)
) 2 .
=lim 5 =2lim 5
x—0 sin” 11x x—0 12 8in 11x
(llx)
25, 49
o4 4 37
112 121
cos12x —cos10x sinllx 11

=lim =—

¢) lim -
x—0 sin7x 7

x—0 Cc0S8X —cos6X

II. Bai tap rén luyén

Bai 1. Tinh céac gidi han sau
a)lim _2 —cotx |; b)limﬂ;
x—0{ sin2x x—1 tan(x - )

.| 98( 1—-cos3xcos5xcos7x . cos*x—sin*x -1
d)lim| — ;e) lim ;

o)lim N2x+1 —\/3 x> +1 \Jcosx —\3fCOSX

- h) lim
x—1 sinx x—0 sin” X
(o 7 1
Dapso: a)0 b) 2 c) > d)1 e)—4 H1 2l
Bai 2. Tinh cac gidi han sau
a) lim sin 5x b) lim 1—cos2x ¢) lim COSX —COSs7X
x>0 3x x>0  x x—0 %2
. tgx —si . . i i
¢) lim gX —sinx f) lim '1 _ 3 x g lim sin 2x'+ sin X
x=>0  x x>0 sinx sin3x x>0  3sinx

Dang 2. Gidi han kep
Phuwong phap: h(x) <f(x) < g(x),VxeK\ {xo},xo eK

va lim h(x)= lim g(x)=L= lim f(x)=L

X—)XO X—)XO X—)XO
I. Cac vi du mau

x% +5sin2x + \/’gcos 2X

Vi du 1.Tinh giéi han lim
3x% +6

X—>+00

Giai

Tram E3imby

¢) lim {tan 2x tan (E — XH
-~ 4

£)lim sin (sin x)

x—0 X

h) — —
) 12

d) lim cosx—zcos?)x

x—>0 sin“ x

h) lim 1—sinx —cos2x

x—0 sinx

{ o1 v
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Ta nhan thdy: -2 <sin2x + Jeos2x <2
x> -2 < x? +sin2x+\/§cos2x < x> +2

Viay < <
3x2+6 3x2+6 3x2+6
| 2
2 2 -
Ma lim =2 = lim 22 _ i —x2 1
X—>+00 3X2 +6 xo+® 3X2 +6 X—)+oo3+£ 3
2
X
e x2+sin2x+«Ecos2x 1
Viy lim ==
X—>+0 3x% +6 3

‘. . ) .1
Bai 2. Tim lim x? sin—
x—0 X

Giai

o1
2 2sm—Sx2

X

Ta nhan thdy : —x” <x

lim (—xz) —1limx2 =0
x—0 x—0

Viy lim x*sin—=0
x—0 X

I1. Bai tap rén luyén
Bai tap1. Tim gidi han ctia cac ham sd sau:
2x +sin” X — 5c0s2x )

. . 1 .
a) lim ; b) lim xzcos—; ¢) lim
X—>+00 X2 +3 x—0 X X—>+00

@cos( X+1+\/;)

Huéng dan va Dap s6:\

a) Ta co: sin’x —5cos2x =11sin*x -5
2x -5 < 2X +sin’x — 5¢c0s2x < 2X +6

X243 x* +3 X243
....Ds:0

b) Tuong tu bai miu 2. PS:0
c)Ta co: —1Scos(x/x+1+\g)sl,VXeR
X+1+\/;S XJrlJr\/;cos( x+1+«/;)
X

X
...BS:0
Bai tap 2. Tim gidi han ctia cadc ham sd sau:

x+1+x/;

<NET TNV Ux e R\{0}
X

2 ) .
a) lim mﬂ; b) lim 221X, ¢) lim Sin2x +2c0s2x
e x7 -] x50 %2 41 xoto  x24ix 4]

Hudéng dan va Dap s6

a)

>l<THI:VX>1,X SSX +5COSXSX +5: lim X +SCosx:O
X32—1 2X3—1 x32—1 X—>+00 2X3—1

*TH2 :Vx < 1,> _SZX +SCosx2x +5:> lim mﬂ:o
X,3 -1 X3 -1 x3 —.1 X—>+0 X3 -1

b) —X < XSinx < X — lim XsSimx -0

2x> +1 2x°+1 2x*+1 x> 0x’ 4]
c)bS:0

Trarm £3imbhy
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cw. SDT: 01234332133. Luyén thi va gia sw chat lwong cao Mon Toan, TP Hué.
BAI 3. HAM SO LIEN TUC

A. KIEN THUC CAN NHO

1. Ham s6 lién tuc tai mot diém

Pinh nghia: Cho ham sO y =f(x) xdc dinh trén khodng K va x, eK. Ham sO

y =f(x) lién tuc tai x, khi va chi khi lim f(x)=f(x,). Ham s0 khong lién tuc tai X, duoc goi la gian doan
X—)XO

tai x,
2. Ham sd lién tuc trén mot khoang, trén mot doan
Dinh nghia:
e y=f(x)lién tuc trén mdt khoéng n&u né lién tuc tai moi di€ém cla khoang d6
o y=f(x)lién tuc trén doang [ab] néu nd lién tuc trén khoang (ab) va

lim f(x)=f(a), lim f(x)=1(b)

x—a x—b
» Nhan xét: D6 thi cua ham s6 lién tuc trén mot khoang la mot “ duong lién” trén khoang do.
3. Cac dinh li:
Pinh 1i 1:
a) Ham s da thiic lién tuc trén toan bg tap so thuc R
b) Ham s6 phan thirc htu ti va ham s luong giac lién tuc trén ting khoang cua tap xac dinh
ctia chuing
DPinh i 2: Gia st y =f(x) va y =g(x) la hai ham s lién tuc tai diém diém x . Khi do:
a) Cacham s

£(x) +g(x), f(x) —g(x) va f(x).g(x) ciing lién tuc tai diém X,
f(x)

b) Ham so ﬁ lién tyc tai di€m x,,, néu g(xo);t 0
g(x

Dinh li 3: Néu ham s y=f(x) lién tuc trén doan [a:b] va f(a).f(b)<0 thi ton tai it nhat mot diém
ce (a;b) sao cho f(c)=0
Ménh dé tuong duong: Cho ham s0 y=f(x) lién tuc trén doan [a;b] va f(a).f(b)<0. Khi d6 phuong trinh
f(x)=0 c6 it nhat mot nghiém trong khoang (a;b)
B. PHUONG PHAP GIAI BAI TAP
Dang 1. Xét tinh lién tuc caa ham s6 f(x) tai di€ém xo
Phuwong phap

f,(x) khi x # X,

Cho ham s0: f(x)= {f x) Khi X — x
2 0

Dé€ xét tinh lién tuc hodc xac dinh gia tri ctia tham s6 d€ ham s6 lién tuc tai di€m xo, chiing ta thwc hién
theo cac budc sau:
» Buoc 1: Tinh
lim f(x)= lim f,(x)=L

X—)XO X—)XO
> Buéc2: Tinh f(x,)="£,(x,)

» Budc 3: Danh gia hodc giai phuwong rinh L =1, (XO ), tte d6 dwa ra két luan

Tram 5inh Cw @



Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

I. Cac vi du mau
Vi du 1. Xét tinh lién tuc cia ham s6 sau tai diém x, =1

Xz—

f(x)= —y khix#1
X+a khix =1
Giai
Ham s6 x4c dinh v6i moi x e R
Tacé:
x2 -1
lim f(x) = lim = 1im(x+1)=2
x—1 x—1 x—1 x—1
f()=a+1
Viy:
*Néu:

2=a+l<a=1<f(1)=2=1limf(x), thi hAm sd lién tuc
. x—1

*Néu:
2#za+loazlo f(1)#1=1limf(x), thi hAm s& gidn doan tai diém X, =1
x—1

Vi du 2. Xét tinh lién tuc ctia ham s6 sau tai diém x =—1

f(x) = % khi x #—1
khi x =-1
Giai
Ham da cho xac dinh trén R.
Ta co
lim £06) = fim =24 g en)ixrd) (x+4)=3

x—>1 x—1 x+1 x——1 x+1 x——1
f(-1)=3.
Vay ham s6 lién tuc tai x =-1.

2

X“—x-2 .
Vi du 3. Tim m d& ham s§ f(x)=1 NEUX#2 Jign tyc tai x=2

m+1 néux=2

Giai
Ham da cho xac dinh trén R.
Ta co
Xx=2)x+1

1imw=hm(x+1)=3 va f(2)=m+1.
x—2 X—2 x—2
D& ham s0 lién tuc tai x =2thi 1imf(x)=f(2)<:>m+1=3<:>m=2.

x—2

Vi du 4. Xét tinh lién tuc ciia ham s6 sau tai diém x, =0

x+1+ﬁx—l

f(x) - , khix=#0
X
2x +1, khix#0
Giai
II. Bai tap rén luyén

BT 1. Xét tinh lién tuc ciia ham sd sau tai diém x, =1

Trarm £3imbhy
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Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.

Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

3.2

X> —X"+2x-2 .

f(X) — T khl x#1
4 khix=1
Huwéng dan giai

Ham da cho xac dinh trén R.

Ta co

:lim(X2 +2) =3.

x—1 x—1 x—1 x—1 x—1
f(1)=4.

Vi limf(x) # f(l) nén ham sd gian doan tai x, =1
x—1

BT 2. Cho ham s6: f(x)= 21 n€ux#l 0 m dé ham s lién tuc tai x="
m?x  nfux=1

>

Hudng dan giai
Ham da cho xac dinh trén R.

Ta co

N B ! a f(1)=m>.

lim =1lim =— vV
x—)lX -1 x—1 X +1 2

Dé& ham s0 lién tuc tai x =1thi 1imf(x)=f(1)c>m2=l<:>m +T

x—1

BT 3. Xét tinh lién tuc cta cac ham s sau trén tap xac dinh cua ching:

x* -2 &, I=x néu x #2
Ofx=1_J néux=2 b2 =1 (x—2)’
2\/5 néu x = \/5 2 néu x=2

Huéng dan giai
a) Ham da cho xac dinh trén R.

Khi x¢\/5 thi f(x)

-

Ta xét tinh lién tuc ctia ham s taih diém x = \/5 )

Ta co

Xlirj_x \/_ Xlir\riz(x+\/_) 22 va f(\ﬁ):z\ﬁ.

Vi lim f(x):f(\E) nén ham s0 lién tuc tai x=\/5.
X2

Vay ham s6 lién tuc trén R.
b) Ham da cho xac dinh trén R.

Khi x#2 thi g(x)=——o X - laham phén thire hitu ti nén lién tuc trén (—00:2) va (2i400).

(x-2)

Ta xét tinh lién tuc ctia ham s6 taih diém x=2.

Trarm £3imbhy
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Ta co
. 1-x . _
)1(1_)n§(x_2)2 =—00 Va g(2)—2 .
Vi lim g(x)=g(2) nén ham s6 khong lién tuc tai x =2.
x—2

Vay ham s6 khong lién tuc trén R.

Bai 4. Xét tinh lién tuc cuia cdc ham s sau tai diém x=0 va x=3

a Khix =0
2_ —
fx) =1 2270 ik —3x 20
X{X—
b khi x =3

Bai 6. Xét tinh lién tuc ctia ham so sau:

2

X . 1 -
a)f(x)=1+x+—— n€ux=0 b)f(x) = XCOSX2 néux =0
0 néux=0 0 néux=0

Dang 2. Xét tinh lién tuc ctia ham s0 tai mot diém

Phuwong phap

\ ~ f(x) khix<x
. = 1 0
Cho ham s0: f(x) {fz () khix>x,

Dé xét tinh lién tuc hodc xac dinh gia tri ctia tham s6 d€ ham s6 lién tuc tai diém xo, ching ta thuc hién
cac budc sau:
- Buwdc 1: Tinh f(xo)=f2(xo)
- Buwdc 2: (Lién tuc trai) tinh:
lim f(x)= lim f,(x)=L,
X—X() X=X
Danh gia hodc giai phuwong trinh L, =1, (x), tir d6 dwa ra két luan lién tuc trai.
- Budc 3: (Lién tuc phai) tinh:
lim f(x)= lim f,(x)=L,

XX X))
Danh gia hoac giai phuong trinh L, =1, (x), ttt d6 dua ra két luan lién tuc phai.
- Budc 4: Danh gia hodc giai phuong trinh Li=La, tir d6 dua ra két luan
I. Cac vi du mau

Vi du 1. Xét tinh lién tuc ctia ham s6 tai diém xo=0:

x2+1  khix>0

Giai

f(X):{x+a khi x <0

Trar E3imby oy o«
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Ham s6 x4c dinh tai moi x € R.

Ta cé:
lim f(x)= lim (x2+1):1 va lim f(x) = lim (x +a)=a.
x—0" x—07" x—0" x—0"
£0)=1
Vay:

_N&ua=1thi lim f(x) = lim f(x)=f(0)=1< Ham s6 lién tuc tai x, =1
+

. x>0 x>0 - :
—N€ua =1 thi lim f(x)# lim f(x) < Ham s0 gidn doan tai x, =1

x—0" x—=0
2
X" —3x+2 .
Vi du 2. Cho ham s6: f(x) = W khi x #1
a khix=1

a) Tim a déf(x) lién tuc tai trai diém x=1
b) Tim a déf(x) lién tuc tai phai diém x=1
c¢) Tim a dé€f(x) lién tuc trén R.
Giai
Ta co:
x—2 khi x >1
f(x)=<a khix =1
2-x khi x <1
a) Déf(x) lién tuc trai tai diém x=1
< lim f(x) tdn tai va lim f(x) =f(1)
x—1" x>l
Tacé: lim f(x) = lim (2-x)=1va f(l)=a
Lxol x>l
Vay diéu kién la a=1
b) Dé f(x) lién tuc phai tai diém x=1

< lim f(x) ton tai va lim f(x) =f(1)
+ +

x—1 x—1
Tacé: lim f(x) = lim (x-2)=-1va f(l)=a
Lxol x—1

Vay diéu kién la a=-1
c) ham s6 lién tuc trén R triede hét phai co:
lim f(x)= lim f(x) < 1=-1 (miu thuin)
x—1 x—1t . ” ..
Vay khong ton tai a d€ ham s0 li€n tuc trén R
II. Bai tap rén luyén

. . ‘n .1 A, . 2a khi x<0
Bai 1. Xét tinh lién t h tai x, =0: f(x)=1","

ai e ien tyc cua ham so sau tai x, (x) {x2 x4l Khi x>0

Bai 2. Xét tinh lién tuc ctia cdc ham s0 sau:

x—1

a) f(x)=+x+5 taix=4 b)e®) =1 x_1 neux<l  ix=1
-2 néux>1
Bai 3. Xét tinh lién tuc ctia ham s0 sau tai x=1 va x=-1
X .
f(x) = cos— kh1|x| <1

|x—l khi|x|>1

Trarm £3imbhy
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5x —sin3x

Bai 4. Xét tinh lién tuc cia ham s £ =1 x  "U*>Y i digm x=0
x2—2x+2 néu x<0
J 2 X A? Ay ~ - A . - A?
Bai 5. Cho ham s0 f(x)= {ax neux < 2 Tim a d& ham s6 lién tuc tai diém x=2.
3 néux>
Px+2-2 .
- . . ——— néux>2 )
Bai 6. Tim a dé€ ham s f(x)= Xl_ 3 lién tuc trén R
ax+— néux <2
2x? néu |X| <2
Bai 7. Xét tinh lién tuc ctia ham s sau: f(x) =15 néux =2
3x—1 néu |x| >2

Dang 3. Xét tinh lién tuc ciia ham s6 trén mot khoang K
Phuwong phap
Dé xét tinh lién tuc hodc xac dinh gia tri ctia tham s6 dé€ ham s6 lién tuc trén khoang K, chiang ta thuc
hién theo cac budc sau:
» Budc 1: Xét tinh lién tuc ctia ham sd trén cac khoang don
» Budc 2: Xét tinh lién tuc ctia ham s0 tai cac diém giao
» Budc 3: Két luan.
I. Cac vi du mau

Vi du 1. Chiing minh cac ham sd sau lién tuc trén R:

_ xcosL khi x#0
f(x)= X2
0 Khi x=0
Giai
Ham s6 f(x) lién tuc v6i moi x # 0.

Xét tinh lién cia f(x) tai x=0
Ta cé:

=eljeos 5| <

1
cos—
2

1
X.COS—
2

:_

x| < x.cosi2 < |x| = lim (x.cos%) =0

x—0
Mitkhac £(0)=0 )
Do d6, lim f(x)=1f(0)= Ham s0 lién tuc tai x =0.

x>0, « NN ~
Vay ham s6 li€én tuc trén toan b truc sod.

Vi du 2. Xét tinh lién tuc ctia ham s6 trén toan truc so:

f(x)= x> +X néux <1
ax+1 néux =1

Huéng dan
Ham s6 xac dinh vdi moi xeR
1. Khix <1. Ham s0 lién tuc
2. Khix>1. Ham s0 lién tuc
3. Khix=1

» a=1: Ham lién tuc tai x=1

Trarm £3imbhy wp  »
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» a=1:Ham s0 gian doan tai x=1
Két luan:
* a=1: Ham s0 lién tuc trén toan bd truc so
* a%1,ham so lién tuc trén (—oo;l)vé(l;+oo) va gian doan tai x=1
IL. Bai tap ren luyén
1-x

———— néfux<l
2-x-1
2x

Bai 1. Cho ham sd y = f(x) = . Xét sy lién tuc ctia ham s0.
néux>1
Huéng dan va dap s6
- Vi x<1: ham s0 lién tuc
- Vdix>1 Ham so lién tuc
- Xét x=1: Ham s@ lién tuc. Vay ham s lién tuc trén R

Bai 2. Xét tinh lién tuc cua cdc ham s6 sau trén tap xac dinh cua ching;:

2 1-x .
X =2 . N
» , neux#2
a) f(X)= — 2’ neuxixﬁ b) g(X)= (X_2)2
2\/5 né’ux=\/5 3 néux=2

bap so
a) y=f(x) lién tuc trén R
b) y=g(x) lién tuc trén (—oo;2) va (2; +oo) nhung gidn doan tai x=2

x—1

Bai 3. Tim gid tri ctia tham s6 m dé€ ham s6 f(x) = 21 néux#1 5 tuc trén (O;+00) )
m? néux=1

Dbép s6: m _il

[\S]

Bai 4.

x> —x+4 néux>2

a) Cho ham s6 f(x)=q9 x-2 Chting minh rang ham sd lién tuc trén khoang

néu -7<x<2°

x+7-3
(—7;+oo).
1 né'/u x<3
b) Chohamso f(x)=<ax+b néu3<x<5.Timavab déham s lién tuc, vé do thi ctia ham s6.
néux>5

Hudéng dan
a) x>2:ham s6 lién tuc trén khoang (2;+oo)
. Xx—2 A R
-7<x<2 thi f(x) = ——=———— lién tuc trén (-7;2). Vi sao?
x+7-3
x=2: Ham s0 lién tuc.
Két luan: Ham s0 f(x) lién tuc trén khoang (—7; +oo)

b) a=1 ba b=-2 thi ham s0 lién tuc.

Tram Binh Cwy o«



Bai gidng Giai tich 11. Chwong IV: Giéi han ham sé.
Ths. Tran Dinh Cu. SDT: 01234332133. Luyén thi va gia sw chat lugng cao Mén Toan, TP Hué.

Dang 4. Tim diém gian doan cua ham s f(x)
Phwong phap: xo la diém gian doan ctia ham s6 f(x) néu tai di€ém xo ham s& khong lién tuc. Thong
thuong xo thoa man mot trong cac treong hop:

1. f(x) khong ton tai

2. lim f(x) khong ton tai, lim f(x)=# f(x,)

X—)XO X—)XO
2 J— J—
u néux(x —3)7&0
x(x —3)
Vi du 1. Cho ham s6: f(x) =<a néux =0
b néu x=3

Véi a, b la hai tham s6. Tim c4c diém gian doan ctia ham s6
Giai
D=R nén ta chi xét sy gian doan ctia ham s0 tai cac diém x=0 va x=3
2

e Taix=0, ta co f(0)=a va lim f(x)=lim X X6 +00
x—0 x—0 x(x — 3)
Vay x=0 la diém gian doan ctia ham s&
2 — _
e Taix=3vaf@3)=b va limf(x)=lim>* =0 _jjmX¥f2_3
x—3 x—3 x(x—3) x—3 X 3

A . 5 N 2 . < s R (3 2 N A1
Vay khi b# 3 va v6i moi a thi di€ém gidn doan ciia ham s6 la x=0;x=3

. N e . S R 2z N 21N
Khi b== va v6i moi a thi di€m gidn doan cia ham s6 1a x=0

W | W

ax—b néux<l
Vi du 2. Tim cac gid tri cua a va b d€ ham s0 f(x)=13x néu l<x <2 lién tuc tai diém x=1 va gian
bx>—a néux>2
doan tai x=2
Hudéng dan va dap s6
Ham s0 lién tuc tai x=1 va gian doan tai c=2 thi
lim f(x)= lim f(x)=f(1)
x—>1 x—1
Iim f(x)# lim f(x)
x—27" x—2"

a—-b=3 a=b+3
:{4b—a¢6©{b¢3

Vi du 3. Tim cac diém gian doan ctia ham s6:

¢2+3x—2

Df(x)={x —1  n€ux#0 b)f(x) = néux #8
-2 néux=0 x—8 »
0 néu x =8

Dang 5. Chitng minh phwong trinh f(x)=0 c6 nghiém
Phuwong phap
1. Chtng minh phuong trinh f(x)=0 c6 it nhat mot nghiém
- Tim hai s6 a va b sao cho f(a).f(b)<0

- Ham s06 f(x) lién tuc trén doan [a;b]
N,

Brsary iy oy 45
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- Phuong trinh f(x)=0 cd it nhat mot nghiém xoe (a;b)
2. Chuing minh phuong trinh f(x)=0 cé it nhat k nghiém
- Timk cdp s6 ai,bi sao cho cac khoang (ai;bi) roi nhau va
f(a,)f(b)<0,i=1,....k
- Phuong trinh f(x)=0 ¢6 it nhat mét nghiém x, € (ai;bi)
3. Khi phuong trinh f(x)=0 c6 chtra tham s6 thi can chon a, b sao cho :
- f(a), f(b) khong con chita tham s6 hodc chwa tham s6 nhung dau khong déi.
- Hoac f(a), f(b) con chira tham s& nhung tich f(a).f(b) luén &m
I. Cac vi du mau
Vi du 1. Chiing minh rang phuong trinh 2x®> —10x —=7=0 c6 it nhat mot nghiém am
Huéng dan
Xét ham s6

f(x)=2x> —10x =7, ta ¢6 f(-1)=1; f(0)=-7; £(3)=17
nén f(-1).£(0) = -7 < Ova £(0).£(3) =-119 < 0.

Mat khdc: f(x)=2x" —10x -7 1a ham da thifc nén lién tuc trén [~1;0] va [ 03]

Suy ra, phuong trinh 2x> —10x —7 =0 ¢6 it nhat mot nghi€m x, € (—1;0) va X, € (0;3)
Vay phuong trinh 2x3 =10x —7 =0 c6 it nhat hai nghiém.
Vi du 2. Chting minh rang phuong trinh (1 -m? )x5 —3x—1=0 ludn c6 nghiém v6i moi m.

Hudéng dan
Xét ham s&
f(x) = (1 —mz)xs —3x—1, ta ¢6 f(0)=-1 va f(-1)=m>+1
nén f(-1).f0) = —(m2 + 1) <0,VmeR
Mit khéc: f(x):(l —mz)xs ~3x—11a ham da thitc nén lién tuc trén [~1;0]
Suy ra, phuong trinh(l -m? )X5 —3x—1=0 c6 it nhat mdt nghiém X, € (—1;0)
vay phuong trinh (1 —m? )x5 —3x—1=0 ludn c6 nghi€ém véi moi m.

1
- +
sinX COsX

Vi du 3. Chiing minh rang phuong trinh

~ . N ; T I .
=a ludn co nghiém trong khoang [E;nj vOi moi a

Hudéng dan

s X 1 A Y T
Xétham sd f(x)=——+ —a lién tuc trong khoang | —;=
sinX COsX 2
. 1 A A . AT e
lim | —+ —a |=-o0onén ton tai x; gan — d€ f(x,)<0
LT\sinx  cosx 2

. 1 1 A (A : A £
lim | —+ —a |=+oonén ton tai x, gan nd€ f(x,) >0
s \sinxX  cosx

Suy ra f(x,). f(x,) <0 nén phudng trinh f(x)=0 luén c6 nghi€m trong khoéng(g;nj
N . L~ 1
Vi du 4. Chting minh rang phuong trinh x° +x—1=0 c6 nghiém duy nhat xo thod man 0<x, <

5

Huéng dan:

Trar £3imby (wp
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Xétham sd f(x) = x> +x-1, ta ¢6 f(0)=-1 va f(1)=1 nén (0).f(1)<0
Mit khac: f(x) = x> +x-112 ham da théc nén lién tuc trén [0;1]

3 3 2 2
f(x,)—f(x,) (xl +X, —1)—(){2 +X, —1) (Xl —)(2)(x1 + XX, +X5 +1)

X% X% B X1 =%
2
2 2. X, 3x5 S .
=X] XX, +X; +1=| X, +7 +T+1>O v6i moi x;x, thugc R
Suy ra f(x) = X2 +x-1 ddng bi&n trén R nén phuong trinh x> +x-1=0 ¢ nghiém duy nhat X, € (0;1)
Theo bat ding thitc Co si:
lzxg +X, >24fx3 :>1>2xé :>x(2) <%:>0<x0 <$
I1. Bai tap rén luyén
Bai 1.
a) Cho ba s6 thuc a,b,c thoa man a<b<c
Chttng minh phuong trinh (x-a)(x-b)+(x-b)(x-c)+(x-c)(x-a)=0 luén c6 hai nghiém phan biét.
b) Cho phuong trinh ax* + bx +c=0(a # 0)thda man 2a+6b+19c = 0. Chitng minh phuong trinh cé

nghiém trong {0; %}

P L 0vEim>0)
m+2 m+1 m

¢) Cho phuong trinh ax?® + bx +c=0(a # 0)thda man
Chting minh phuong trinh c6 nghiém (0;1).
Huéng dan va dap s6
a) Xét ham so f(x)=(x-a)(x-b)+(x-b)(x-c)+(x-c)(x-a) la tam thirc bac hai c6 hé s6 A=3 nén phuong trinh
f(x)=0 c6 nhiéu nhat hai nghiém
Ta co: f(a)>0;f(b)<0);f(c)>0
Vay f(a).f(b)<0 va f(b).f(c)<0
Mat khac f(x) 1a ham da thirc nén né lién tuc trén [a;b] va [b;c]
Suy ra, phuong trinh f(x)=0 c6 nghiém x, € (a;b) Va X, € (b;c) .
Vay phuong trinh ludn c6 hai nghiém.

b) Xét ham s6 f(x)=ax” +bx +c(a #0) lién tuc trén R

Tinh f(0)= c;f[%j = é(a +3b+9c)

f(0)+ 18f(1) =0
3
Suy ra f(O),f(%j trai dau hoic f(0) = f(%} =0
Vay phuong trinh ax> +bx+c= O(a # 0) c6 nghiém trong {O;%}
¢) Xétham s8 f(x)=ax>+bx+c lién tuc trén R
+ Khi =0, ta c6 ax?+bx=0

b C . LA N A A
+ +—=0 suy ra b=0, phuong trinh c6 vd s6 nghiém nén

e Néu a=0 thi tir gia thiét
m+2 m+1 m

phuong trinh c6 nghiém trong khoang (0;1)
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e Néu a=0,tacod ax2+bx+c=0<:>x(ax+b)=0

x=0
= _b_m+l

(0:1)

a m+2
e Khi c#0, tacé f(0)=c va f| DL |- =C
m+2 m(m+2)

Suy ra phuong trinh f(x)=0 c6 nghiém trong khoang (0; = +;] c (0;1)
m+

Bai 2.
a) Chting minh phuong trinh 2x* —6x+1=0 c6 3 nghiém trén khodng (-2;2)
b) Chting minh phuong trinh 2x” —x—-2=0 c6 3 ¢ nghiém duy nhat x,, > Ne
¢) Chting minh phuong trinh x* —x—3=0 c6 3 c6 nghiém X € (1;2) va x, > 2
Huéng dan va dap s6:
a) Tinh £(-2);£(0);£(1);£(2)
b) Xét ham f(x)= x> —x —2 lién tuc trén R va f(1) =-2; £(2) =28 = f(1).f(2)<0
ta ching minh dc ham f(x) dong bién trén (1,2) nén phuong trinh
x> —x —2 =0 c6 nghiém duy nhat X € (1;2).

Ta co: xg:x0+2>2 2X, <:>x})0>8x0<:>x(9)>8<:>x0>3/§

c¢) Twong ty cau b)
Bai 3.
a) Cho phuong trinh ax” +bx +c =0 thda min 2a+3b+6c=0. Chiing minh phuong trinh c6 nghiém
trong khoang (0;1)
b) Cho phuong trinh atan®x +btanx +c =0 thoa man 2a+3b+6c=0. Chting minh phuong trinh c6 it

nhat nhat mot nghiém trong khoang (kn;g + knj keZ

Hudéng dan va dap so6:

b) atan’ x+btanx+ c= 0 (1) va 2a+3b+6¢=C
D4t t=tanx V6ixe(kn;§+kn]:>te(0;l), tacé:at>+bt+c=0(2)

e Truong hop 1: Néu c=0 thi at>+bt=0
+ khi a=0 thi b=0....

[SSHN S N

t=
+Khi a#0 thi _E:%’ tlr phuong trinh at2+bt=0<:>[t_
a =

e Truong hop 2: Néu c#0, ta cé f(0)=c va f[%} = %(— 12¢+ 9¢) = —g
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Phuong trinh (2) c6 nghiém [0;%jc(0;1) nén phuong trinh (1) c6 nghiém trong khoang
[kn;g+knj,kez

Bai 4. Chiing minh phuong trinh : 2x +63/1-x =3 ¢6 ba nghiém phén biét thudc (~7:9).
Bai 5. Chting minh réng véi moi m phuong trinh x* + mx* —1=0 luén c6 mot nghiém duong.
Bai 6. Cho phuong trinh: |x|3 —mx” + (m + 1)|X| -2=0
a) Giai phuong trinh véi m=1
b) Chttng minh rang véi moi m phuong trinh ludn ¢ it nhat hai nghiém phan biét
Huéng dan va dap so:
Dat t=IxI, t>0, ta duoc: 3 —mt? +(m+1)t—2:0
a) x==I1
b) Xét ham
f(t)=t> —me* +(m+1)t -2 lién tyc trén R

Ta c6: £f(0)=-2<0,

lim f(t) =+c0 = dc >0 sao cho f(c)>0
t—+0

Suy ra:
£(0).f(c) < 0,(2) c6 mdt nghiém t, €(0,c) = x =1,
Vay, v6i moi m phuong trinh ludn c6 it nhat hai nghiém phan biét.

. 3
Bai 7. Chting minh rang véi moi m phuong trinh: ( X — 1) +mx =m+1.ludn c6 moét nghiém 16n hon 1.
Giai
Pitt =x — 1,diéu kién t > 0
Khi d6 phuong trinh c6 dang:
f()=¢ +mt> —t=0
Xétham s§ y=f(0) lién tyc trén [ 0;+0)

Tacé:
f(0)=-1<0 R ,
lim f(t) =+o00,vay ton tai c>0 dé f(c)>0
t—>+o0

Suy ra:

£(0).f(c)<0
Viay phudng trinh f()=0 ludn ¢6 nghi€ém t, € (O;C), khi dé:
x-1=ty =2 +1>1
Vay v6i moi m phudng trinh luén c6 mot nghi€ém 16n hon 1.

Bai 8. Cho a,b,c 1a ba s§ dwong phan biét. Chiing minh rang phuwong trinh:
a(x—b)(x—c)+b(x—a)(x—c)+c(x—b)(x—a)=0
ludn c6 hai nghiém phan biét.
Giai
Khong mat tinh tdng quat, gia st a <b<c va dit:
f(x) :a(x—b)(x—c%+b(x—a)(x —c)+c(x—b)(x —a)

Ta c6: f(b)<0 va hé s8 x? clia f(x) bing a+b+c>0
Vay phuong trinh ¢6 2 nghi¢m phan biét théa min x;, <b<x,
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Bai 9. Chting minh rang phuong trinh : p(x - a)(x - c) + q(x - b)(x —d) =01udn c6 nghiém, biét rang
a<b<c<d, p vaqlahaisd thuc bat ki.
Bai 10. Chiting minh phuong trinh

a) (—m2 + l)x3 —4x—1=0 ludn ludn c6 nghiém.
b) cos2x=2sinx —2 cd it nhat 2 nghiém tong khoang [—g;nj

¢) Vx®+6x+1-2=0 cé nghiém duong

d) x’—x*-2x—-1=0 cé nghiém.
Hudng dan va dap s6:

a) Xét £(0) va £(1)

b) Xétham s6 y=f(x)=cos2x-sin2x+2

Xét trén khoang —E,E ; E;n
6 2 2

) Xét £(0) va f(1)
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MOT SO BAI TAP LY THUYET {Tham khao}
Bai 1. Cho vi du vé mét ham s lién tuc trén (a;b] va trén (b;c) nhung khong lién tuc trén (a;c).
Huéng dan
x+2, nfux<0

Xétham so f(x) = iz’ néu x>0

* Truong hgp x <0:
f(x) Ia ham da thdc, lién tuc trén R, nén né lién tuc trén(—Z;O]
*Trudng hgp x>0

f(x)= iz 12 ham s6 phan thic hitu ti nén lién tuc trén (0;2) thudc tap xdc dinh cla

no. Nh)l(,l’ vay f(x) lién tuc trén (-2;0] va trén (0;2).

Tuy nhién, vi lim f(x)= lim iz =+o0 nén ham s6 f(x) khong c6 gii han hitu han

tai x=0. Do déf:gkhéng fi—é?:tl);(c tai x=0. Nghia la khong li€n tuc trén (-2;2).

Bai 2. Chiing minh rang néu mot ham s lién tuc trén (a;b] va trén [b;c) thi né lién tuc trén (a;c).
Hudng dan

Vi ham s8 lién tuc trén (a;b] nén lién tuc trén (a;b) va lim f(x)=f(b) (1)

Vi ham s6 lién tuc trén | bsc)nén lién tuc trén (bsc) va lim f(x)=f(b) (2)

+
N
Twr (1) va (2) suy ra f(x) lién tuc trén cac khoang (a;b)vg (Db;c) va lién tuc tai x=b
(vilim f(x) =f(b)). Nghia la n6 lién tuc trén (a;c)
x—b

x—1)x
Bai 3. Cho ham so f(x)= ﬂ Vé d6 thi ham s6 nay. Ttr d6 thi du doan cac khoang trén d6 ham sd
X

lién tuc va chitng minh duw doan do.

Hudéng dan

x  |I-x,n€ux<0
Ham s& ndy x6 tp xédc dinh 1a R\{0}.
b) Tir dd thi du dodn f(x) lién tuc trén cdc khodng (—00;0),(0; +o0),nhung
khong lién tuc trén R. That vay:
* V6i x>0, f(x)=x-1 1a ham phan thdc nén lién tuc trén R. Do d6 lién tuc trén (0;+0).
* VGi x>0, f(x)=1-x la ham phan thdc nén lién tuc trén R. Do d6 lién tuc trén (-o0;0)
Dé& thdy ham s& gidn doan tai x=0, vi lim f(x)=-1; lim f(x)=1

x—07" x—0"

Bai 4. Cho ham s6 y=f(x) lién tuc trén doan [a;b]. Néu f(a).f(b)>0 thi phuong trinh f(x)=0 c6 nghiém hay
khong trong khoang (a;b)? Cho vi du minh hoa.

a)f(x) = (X—1)|X| _{x—l,né:ux >0

Hudéng dan

Né&u ham s6 y=f(x) lién tuc trén doan [a;b] vaf(a).f(b) > 0 thi phuong trinh f(x)=0
c6 thé c6 nghiém hoic v6 nghiém trong khoang (a;b).
Vi du minh hoa:
* f(x):x2 —11ién tuc trén [-2;2],(-2).f(2)=9>0.Phuong trinh x?-1=0
c6 nghiém x== Itrong khoang (-2;2).
* f(x)=x> +1 lién tuc trén [-1;1],f(-1).f(1)=4>0. Phuong trinh x> +1=0
c6 nghiém x=+ ltrong khodng (-1;1).
Bai 5. Néu ham s6 y=f(x) khong lién tuc trén doan [a;b] nhung f(a).f(b)<0, thi phwong trinh f(x)=0 c6
nghiém hay khong trong khoang (a;b)? Hay giai thich cau tra 1di bang minh hoa hinh hoc.
Huéng dan
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Né&u ham s6 y=f(x) khong lién tuc trén doan [a b] nhung f(a).f(b)<0 thi
phuong trinh f(x)=0 c6 thé c6 nghiém hoic v nghiém trong khoing (a;b)

Minh hoa hinh hoc: B6 sung hinh vé /185.SBT
Bai 5. Chitng minh phuong trinh:
x" + alxn_1 + azxn_2 +..+a_x+a_ =0 ludn cé nghiém véin la so ty nhién lé.

Huéng dan

Ham s6 f(x)=x" +a, x" +212x“72 +..ta 1x+a xac dmh trén R.

*Ta co: hm f(x)= +oo Vi hm f(x) =400 nén v&i day s6 (x,) bat ki ma X, =+,

ta ludn c6 hm f(x,) = +o. Do do f(x )c6 thé 16n hon mot s& du'dng tuyy,
ké tir mot s6 hang nao dé trd di. N01 cach khdc, ludn ton tai s6 a sao cho f(a)>1. (1)

*Ta c6: lim f(x)=—o0o (donlé).Vi hm f(x) = —o0 nén vé6i day so (x,)
X—) 0 —00

bat ki ma X, —> —o,ta luén co lim f(x ) =—00 hayhm [—f(x )] =400 .

Do dé f(x )co thé 16n hon mot s& du’dng tuy ¥, k& tir mot s6 hang nao d6 trd di.
Né&u s6 dlIdng nay la 1 thi -f(x )>1 k€ tir s6 hang nao d6 trd di. N6i cach khéc,
ludn ton tai s6 b sao cho f(b)>1 hay f(b)<-1. (2)

Tu (1) va (2) suy ra f(a).f(b)<0.

Mat khdc ham da thifc f(x) lién tuc trén R, nén lién te trén [a;b |

Do dé, phuong trinh f(x)=0 ludn c6 nghi€ém

Bai 6. Cho ham s f(x) lién tuc va dong bién trén doan [a;b]. Chiing minh rang véi moi day hitu han ¢
cac sO ¢1,¢2,C3,...,cn cung thudc [a;b] thi phuong trinh: f(x) :l[f(cl)+f(cz)+...+f (cn )] luén c6 nghiém
n

trong doan [a;b]
Hudéng dan

Ta c6: a<c <bhja<c, <bja<c,; <b;..
Ham s6 f(x) ddng bién trén [a;b]

f(a)<f(c,)<f(b)

f(a)< f(cz) <f(b)
Nén : f(a) <f(cy) <f(b)

f(a) < f(c,) <f(b)
Suyra:

nf(a) <f(c)) +1f(c,y)+...+1f(c,) <nf(b)

= f(a)<— [f(c )+f(cy)+...+f(c,) | < f(b)

PitM =M :;[f(cl)+f(cz)+...+f(cn)]

Xét ham g(x)=f(x)-M lién tuc trén [a;b]; g(a)=f(a)-M <0 va

g(b)=f(b)-M > 0.Suy ra: g(a).g(b) <0.

*Khi g(a).g(b)=0 < [ggi)) (()) nén a hoic b 1a nghiém cda phudng trinh f(x)=M
*Khi g(a).g(b)<0 thi phuong trinh f(x)-M=0 c6 it nhat mot nghiém trong (a;b)

1
Vay, phuong trinh : f(x)=—=] f(c,)+f(c,) +...+f(c,) ] luon c6 nghi¢m trong [ a;b |
n

Bai 7. Cho ham s§ y=f(x) xdc dinh trén khoang (a;b) chita diém xo. Chting minh rang néu

. T —-1(xg)
lim ———
X—>X( X —XO

=L thi ham s6 f(x) lién tuc tai xo

f(x)-1(xy)

Huéng dan: Dit g(x) = —L va biéu dién f(x) qua g(x)

X0
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ON TAP CHUONG 4
Bai 1. Tinh cac gidi han sau:
2 _ 3 -2)" +3n
a) lim # b) lim n3r21—+2 ¢) lim L
X=>40 20 +3n4+2 X=+0  4n~ +1 X—>+00 (_2)“+1 430+
Pap so: a)l b)+o0 C)l
psor @3 3

Bai 2. Tinh tong cac cdp s6 nhan lui v6 han:
a) 1+0,03+(0,03) +...+(0,03)" +...

n—1
b)l—l+l—l+...+ —l +...
2 4 8 2

O1+0,9+(0,9) +..+(0,9)" " +...

3 1
Hudng dan va Dép s6: a)1+&:@ b) 1+ —2 _3 ¢) 10
3 97 1 3
- 1+—
100
Bai 3. Viét s0 thap phéan vo han tuan hoan 2,131131...( chu ki 131) dudi dang s6 htru ti.
131
Pip s6: S=24+ 1000 _, 131
131 999
1000
Bai 4. Cho day s6 (x): x, = 201
3n+1

a) Chung minh day sd (xn) day tdng
b) Day (xn) hoi tu cé gidi han hitu han.
Hudéng dan va dap so:
a) Ching minh x ., -x >0,VneN
b) limx = 2
3
Bai 5. Dung dinh nghia gidi han chiig minh:

a))l(iir}(2x—6):—4 b)}(ig}(l_x)z

Bai 6. Tim cac gidi han sau:

= 400

D lim—2"2 . pylim 73, o lim 2 FX =8 =X, d) lim (x+x/x2+l).
x—2 X2 —3x+2 x—2 Xx—=2 x—0 X X—>—00

; 2 13
Pap so: a) 1; b)= c)— d)0
p ) )3 )12 )

- . Chting minh ham sd lién tuc.
X“+x+1 néux<l

Bai 7. Cho ham s& y = f(x) = {1 . néu x 20
Huwéng dan:
» Vi x#0:Hamso lién tuc.

> Véi x=0. Ham s0 lién tuc
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= Vay ham s6 lién tuc trén tap xac dinh

X+a né€u x <0

5 - . Tim a,b d€ ham s6 lién tuc.
ax” +bx +1 néux >0

Bai 8. Chohams6 y=f(x) = {

Dép s6: v4i a=1, b bat ki thi ham s6 lién tuc trén R

Bai 9. Tim cac gidi han sau:

3 2 B B 2 3 B
W fim [ ) ) 223 o lim Y23 Otim 7 =2
2
X—>+00 3X —4 3x+2 X—>+00 1_2\/; X—00 X+5 x—1 Xx—1
; 2 1
Pap s6: a)— b)—oo o)l d)—
P )9 ) ) )12

Bai 10. Chiing minh phuong trinh sau c6 nghiém:
a) 3x+2x%+3x—2=0 c6 it nhat mot nghiém
b) Chtng minh rang phuong trinh x> —3x* + 6x> + x* —4x —1=0 c6 nghiém trong khoang (0;2)
¢) 4x> —12x* —x+3=0 c6 3 nghiém trong cac khoang (-1,0),(0;1),(2;4).
Huoéng dan:
f(x)=0 c6 nghiém trong doan [a;b] < f(a).f(b) <0
a) khoang (0;1)
b) (0;2)
o) (-L0),(0;1),(2:4).

Fyry oLy 54

g

Trar 3



