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1. NHUNG QUY TAC CHUNG TRONG CHUNG MINH BAT PANG THUC
SU DUNG BAT PANG THUC CO S1

Quy tiic song hanh: hiu hét cic BDT déu c6 tinh di xtng do d6 viée sir dung cac chimg minh mét cach
song hanh, tuan ty s& gitp ta hinh dung ra duqc két qua nhanh chong va dinh hudng cach gia nhanh hon.

Quy tic diu bing: ddu bang “ = ” trong BDT la rit quan trong. N¢ gilip ta kiém tra tinh ding dan cua
ching minh. N6 dinh hudng cho ta phuong phép giai, dya vao diém roi cia BDT. Chinh vi vdy ma khi day cho hoc
sinh ta rén luyén cho hoc sinh c¢6 thoi quen tim diéu kién xay ra ddu bang mic du trong cac ki thi hoc sinh ¢é thé
khong trinh bay phan nay. Ta thiy duoc uu diém cia ddu bang dic biét trong phuong phap diém roi va phuong
phap tach nghich dao trong k¥ thuat stir dung BDT C6 Si.

Quy tic vé tinh dong thoi cia dz'lu bz‘mg khong chi hoc sinh ma ngay ca mot s6 gido vién khi méi nghién
clru va chimg minh BDT ciing thuong rat hay mic sai lam nay. Ap dung lién tiép hodc song hanh cac BDT nhung
khong chu y dén diém roi cua dau bang Mot nguyén tic khi 4p dung song hanh cac BDT 1a diém roi phai duoc
ddng thoi xay ra, nghia la cdc déu « = ” phai dugc cung dugc thoa mén véi cung mot diéu kién cua blen

Quy tic bién: Co so clia quy tic bién nay la cac bai toan quy hoach tuyen tinh, cac bai toan tdi uu, cac bai
toan cyc tri c6 diéu kién rang budc, gia tri 16n nhit nho nhét ciia ham nhiéu bién trén mot mién dong. Ta biét ring
c4c gia tri 16n nhét, nho nhat thuong xay ra & cac vi tri bién va cac dinh ndm trén bién.

Quy téc dbi ximg: cac BDT thuong c6 tinh dbi ximg vy thi vai tro cua cac bién trong BDT 1a nhu nhau
do @6 dau “ = thuong X4y ra tai vi tri cac bién d6 bang nhau. Néu bai toan c6 gan h¢ diéu kién ddi xing thi ta c6
thé chi ra ddu “ =" xdy ra khi cac bién bang nhau va mang mot gia tri cu thé.

Chiéu ctua BPT : “>”, “ < ” ciing s& gitip ta dinh hudéng duoc cach chimg minh: danh gia tir TBC sang TBN va
nguoc lai

Trén 14 5 quy tic s& giup ta c6 dinh huéng dé chimg minh BDT, hoc sinh s& thuc sy hiéu dugc cac quy tic trén qua
c4c vi du va binh luan & phan sau.

2. BAT PANG THUC CO SI
(CAUCHY)
1. Dang téng quat (n sé): VX1, X2, X3 ........X; > 0taco:
X +XxX,+...... X
1Y n
e Dangl: Z X Xyeerrnennnns X
g1, A0 prm—
o Dang2: X+ Xy FriXy 27 AN Xperrninnn X,
XX, X, )
e Dang 3: ( 1 2 nj > X| Xgereennnnen X,
n
Dau xdy ra khi va chi khi: X Xy T eeeeeennnnn, =X,
Hé qua 1
S n
Néu: X, +x,+........ +x, =S =const thi Max(P XX eeeeneeannns x”):(_j
n
e o _ S
khi X, =X) =..ocoenee, =Xy =
Hé qua 2
Néu: XX, x, =P =const thi Min(S X+ X +x2):n@
Khi X =) = .o =x, =4P
2. Dang cu thé (2,3 s6):
n=2:Vx,y>0khido: n=3:Vx,y, z>0 khi do:
X+ X+y+z
2.1 2y21/xy +2,3/xyz
2.2 xX+y=2xy X+y+z233xyz
2 3
X+ X+y+z
23 (—yj > Xy (Lj 2 Xyz
2 3
2 3
2.4 (x+y) >4xy (x+y+z) 227xyz
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2.5 l+l> 4 l+l+l>L
) X y x+y X y z X+y+z
2.6 L>L 1 > 4

' v (x+y) Xz (x+y+z)
Binh luén:

e D¢ hoc sinh dé nh¢, ta néi: Trung binh cong (TBC) > Trung binh nhan (TBN).
e Dang 2 va dang 3 khi dat canh nhau c6 vé tam thuong nhung lai giup ta nhan dang khi sir dung BPT Co6 Si: (3)
danh gia tir TBN sang TBC khi khong ¢6 ca can thic.

3. CAC KY THUAT SU DUNG

3.1 Panh gia tir trung binh cong sang trung binh nhan.

Danh gia tir TBC sang TBN 1a danh gia BDT theo chidu “ > . Danh gia tir tong sang tich.

Bai 1: Chimg minh ring: (@’ +b7)(b* +¢*)(¢* +a* ) 28a’b’c® Va,b,c
Giai

Sai lam thwdng gip:

St dung: Vx,ythi x* - 2xy +y* =(x-y)’>0 < x> +y* >2xy. Do dé:

a*+b*>2ab
b*+c*>2bc = (a2 +b2)(b2 +c2)(c2 + az) >8a’b’c* Va,b,c (Sai)
c*+a’*>2ca
2>2-2
Vidu: {3>—5 = 24= 234> (2)(-5.3 =30 (Sai)
4> 3
Loi giai dang:
Sir dung BDT C6 Si: x> +y* >2./Xx’)* = 2[xy| taco:
@’ +b*>2|ab|>0
b+ > 2‘bc‘ > () :>(a2 +b2)(b2 4—02)(02 +a2) >8|a*h*c?|=8a’*b*c* Ya,b,c (Ping)
ct+a’ 22‘061‘20

Binh luin:

e  Chinhan cac vé cia BDT cung chiéu ( két qua duoc BDT cung chiéu) khi va chi khi cac vé cung khong 4m.

e Cinchayring: x*+y* >2./x’y* = 2[xy| vix, y khong biét am hay dwong.

e Noi chung ta it gap bai toan s dung ngay BDT C6 Si nhu bai toan ndi trén ma phai qua mot va phép bién doi
dén tinh hudng thich hop 61 méi st dung BDT C6 Si.

e  Trong bai toan trén ddu “>" = danh gia tir TBC sang TBN. 8 = 2.2.2 goi y dén viéc sir dung bat ddng thirc
Cosi cho 2 s0, 3 cép so.

8
Bai 2 : Ching minh rang; (JE + \/E) > 64ab(a+b)* Vab>0

Giai
4 oS 4
(\/E-F\/E)g =[(«/5+«/5)2} =[(a+b)+2\/ET < [2,/2(a+b)\/%} :24.22.ab.(a+b)2 =
— 64ab(a+b)’
Bai 3: Ching minh ring: (1 +a+b)(a+ b+ ab)>9ab V a, b>0.
Giai
Taco: (1+a+b)a+b+ab)>3R1.ab. 33Jab.ab=9ab
Binh luén:
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° 9= 3.3 goi y st dung Cosi cho ba sé,’2 cip. Moi bién a, b dugc xuét hién ba lan, vay khi str dyng C6 Si cho
ba s0 s€ khtr duoc can thirc cho cac bién do.

Bai 4: Chung minh rang: 3a’+ 7b%>9ab* vV a, b >0
Giai
Cosi
Taco: 383 +7b°> 3a° +6b° =327 +36°+3b° = 333°a3h’ = 9ap?
Binh luin:

e 9ab’=9.ab.b = goiy dén viéc tach hang tir 7b’ thanh hai hang tir chira b’ dé khi 4p dung BDT Cosi ta ¢6 b’.
Khi da c¢6 dinh hudng nhu trén thi viéc tdch cac hé s6 khdng co6 gi kho khan.

a,b,c,d >0 1
Bai5: Cho:{ | N 1 N 1 N 1 >3 CMR : abcd Sﬁ
l+a 1+b 1+c 1+d

Giai
Tu gia thiét suy ra:

1 1 1 1 )\ b c d i bed .
1+a2(1_1+bj+(1_mj+(l_l+dj_ 5 Tre 1+d = 3§/(1+b)(1+c)(1+d)vay'
1 bed >0
l+a (1+b)(1+c)(l+d)_

v

3

1
1+b

1
l+c

cda

(o(i+d)i+a) | abed

Za )i ind)  (ra)ieb)(ire)(i+d)
(1+d)(1+c)(1+a)

v

_ = =w

3

v

3

1

abc
>0
1+d

(I+a)(1+b)(1+c)

v

’_‘Q

33

abcd <—
51
Bai todan tong quadt 1:
X5 Xyy Xgporrninnne. ,x >0
Cho: 1 1 1 1 S CMR: xxx

+
I+x,  1+x

Binh luén:

e  Doi voi nhiing bai todn c6 di€u kién la cac biéu thire doi ximg cua bien thi viéc bién doi dicu kién mang tinh
doi xung s€ giup ta x1r 1i cac bai toan chirng minh BDT dé dang hon

Bai 6: Cho a,b,¢>0 CMR: l—1 l—1 l—1 >8 (1)
a+b+c=1 a b c

Gidi

l-a 1-b 1=¢ _b+c c+a a+b i 2Jbc 2Jca 2Jab _
P . = . . > . T —8(dpcm)

rr)= b ¢ a b C a b

Bii todn tong quat 2:
I D T ,x >0 )
Cho: {xl T2 7T CMR: [l—lj[i—lJ{i—lJ ........ (i—ljz(n—l)
X+ X, + X, e +x,=1 X X X X
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Bt 7 MR (1+a+b+0] > (e a)f1+b)(1+¢)>(1+¥abe) 28/aBc Vabez0
3 S
Ta co: (1+%b+c)) = (1+a)+(1;b)+(l+c) < (1+a)(1+b)(1+c) )

Ta c6: (1+a)(l+b)(l+c)=[1+(ab+bc+ca)+(a+b+c)+abc}

Cosi 3
> (1+3§/a2b2c2+3§/abc+abc)=(1+\3/abc) Q)
3 Cosi 3
Ta co: (1+\3/abc) > (2\/1.\3/abcj =8Jabc A3)
Dau“="(l1)xdyra<> l+a=1+b=l+c<a=b=c
Diu“="(2)xdyra<>ab=bc=cavia=b=c<a=b=c
Dau “ =" (3) xdy ra < 3 abc =1 < abe = 1
Bii todn tong quat 3:
Cho X1y X2y X3geennnns ,XHEO. CMR:
Y 2 )
X+ X 4tx, )L n
1 2 n n
[1+ ” ] 2(1+x1)(1+x2) ...... (1+x)2(1+n/xx ..... x) 22" |X,X,......X, Binh

luin:

e Baitoan tong quat trén thuong dugc sir dung cho 3 s6, ap dung cho cac bai toan vé BDT lugng giac trong tam
giac sau nay.

e  Trong cac bai toan cé diéu kién rang budc viée xir li cac diéu kién mang tinh ddng bd va ddi xung 1a rat quan
trong, gitp ta dinh huéng dugc hudng chung minh BDT ding hay sai.

Trong viéc danh gia ttr TBC sang TBN c¢6 mdt k¥ thuat nhoé hay duoc sir dung. D6 1a ki thuat tdch nghich ddo.

3.2 KY¥ thuat tach nghich dao.

Bai 1: CMR: b+b>2 Yab>0
Giai
a b Cosi ab
7. - = > 7 =
Ta co: b+a > 2 ba 2
2
a+2
Biai2: CMR: ——2>2 VYaeR
Ja?+1

a2 +2 (dz +1)+1 1 Cosi \/ 1
Ta co: = —Ja*+l+—0m— > 2 NP+l —— =2
o va’+1  Na*+1 Jaz+1 Ja? +1

, 1
Diu“="xayrac Va’ +l=——— < a*+1=1<a=0
Ja® +1
Bai3: CMR: 44— >3 Va>b>0
b(a—b)
Giai
Ta c6 nhan xét: b+ a— b = a khong phu thudc vao bién b do d6 hang tir diu a s& dugc phan tich nhu sau:
1 1 Cosi 1
a+———=b+(a=b)+——— = 3 Jb(a—b)———=3 Va>b>0
b(a—b) b(a—b) b(a—b)
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1

Déu = xdy ra < b:(a—b)zb(a—_b) ea=2vab=1.
Bai4: CMR: a+ 4 23 Va>b>0 1)
(a—b)(b+1)

Vi hang tr diu chi c6 a cin phai thém bt dé tach thanh cac hang tir sau khi sit dung BDT s& rat gon cho
céc thira s§ duéi miu. Tuy nhién biéu thirc dudi miu c6 dang (a — b) (b+ 1)2 (thira s6 thir nhét 1a mot da thue bac
nhat b, thira s6 2 1a mét thirc bac hai cua b) do do ta phai phén tich vé thanh tich cta cac da thire bac nhat doi véi b,
khi do ta c6 thé tach hang tir a thanh tong cac hang tur 1a cac thira sO ciia mau.

Vay ta co: (a —b)(b + 1)2 —(a-b)(b+ 1)(b+ 1) = ta phan tich a theo 2 cich sau:

b+l b+l

2a+2=2(a-b)+(b+1)+(b+1)hoéca+l=(a—b)-l— D) D)
Tu do ta c6 (1) twong duong :

VIi+1=a+1+ 4 2=(a—b)+b+1+b+l 4

+
(a=b)(b+1) 2 2 (a-b)(b+1)(b+1)
Cosi b+1 b+1 4
4.4la-b). . . =4
i R o e T T
1
224 azx
5>

Giai
Nhan xét: Dudi mau s6 b(a-b) ta nhan thiy b + (a—b ) = a. Chuyén ddi tat ca biéu thirc sang bién a 1a 1 diéu

mong mudn vi viéc sir 1i voi 1 bién s& don gian hon. Bién tich thanh tong thi day 14 mot mit manh ctia BDT Cosi.
Do doé:

. N : b+(a_b) az
Ta c6 dénh gia vé mau so nhu sau: 4.b(a—b)£4. — =4.Z=a2
234+1 s 283 +1 dP+ad+1 1 Cosi 1
Viy: ——— 2 = =a+a+— =2 33a.a—=3
Y 4b(a—b) a2 a2 a a
b=a-b a=1
Dau “ =" xdy ra < ] < 1
a:—2 b:—
a 2

Binh luin:

e  Trong viéc xr li miu s ta da sir dung 1 k¥ thuat d6 1a danh gia tir TBN sang TBC nham lam triét tiéu bién b.
e  DOoi voi phan thire thi viée danh gia mau so, hodc tir so tir TBN sang TBC hay nguoc lai phai phy thudc vao
dau cua BDT.

Bai 6: Bai toan tong quat 1.

Cho: X, > X, >X;>.ccccevurnnn ,X,>0val<keZ cMmr:
1 (n —1)k+2
al + k k k
an(a1 —az) (a2 —a3) ............... (aw1 —an) [t il
Gidi
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_an+(a1;a2) +( ‘; 2)+..+(a”‘lk a”)+...+(a” lk_a”)+ - 1 7 K
k k an(al_aZ) (aZ_aS) (an l_an)
[(l’l 1)k+2} [n 1]k+2a (al_aZ) (a a ) (an l_an) (an—l_an) 1
"k k k k a,(a az)k(a —a )k (a, l—an)k
k k
B (n—l)k+2

Tom lgi: Trong ky thudt tach nghich dao ky thudt can tach phan nguyén theo mdu sé dé khi chuyén sang TBN thi
cdc phan chira bién s6 bi triét tiéu chi con lai hang $0.

Tuy nhién trong ky thudt tach nghich dao doi voi bai todn cé diéu kién rang budc cia dn thi viée tach nghich
ddo hoc sinh thuong bi mdc sai lam. Mot ky thudt thuong dwoc sie dung trong ky thudt tach nghich dao, danh gid tir
TBN sang TBC la ky thudt chon diém roi.

3.3 K§ thuét chon diém roi

Trong ky thuat chon dlern roi, viéc sir dung diu « = ” trong BDT Cosi va cac quy tic vé tinh dong thoi cua
dau “ =", quy tic bién va quy tic ddi ximg s& dugc st dung dé tim diém roi cua bién.
) 1
Bai 1: Cho a>2 . Tim gi4 tri nh6 nhat (GTNN) caa S =a+—
a
Giai
- NI : 1 1
Sai 1Am thudong gip cia hoc sinh: S=a+— > 2, ja—=2
a a
Diu“="xdyra< d=—<>a=1 = vo li vi gia thiét laa > 2.
a
Cach lam dang:
. | .
Ta chon di€ém roi: ta phai tach hang tir a hodc hang tir — d¢€ sao cho khi ap dung BDT Cosi dau “ =" xay ra khia =
a
2. Cé cac hinh thirc tach sau:
1 a;lj (1) Chang han ta chon so d6 diém roi (1):
a a (so do diém roi (2), (3), (4) hoc sinh ty lam)
1
aa,— 2
( 1 j aj @) 1 g= 2
“ )= «“Ta 2.1
a a'i 3) @ N ) = a=4.
‘aa 1_1 a
o a 2
L) @
L a
1 3a_,]al 3a 32 5
Va tac():S——+— +—22 |——+—F—21+=——== . Dau“="xayrac>a=2.
> 4 a 4 \/ L S Y
Binh luin:
° Ta str dung diéu kién ddu “ =" va diém roi la a = 2 dua trén quy tac bién dé tim ra o. = 4.

e O day ta thay tinh dong thoi ctia ddu “ = trong viéc ap dung BDT Cbsi cho 2 s6

cal 3a. .
—,— va ——dat gia tri 16n
4 a

4

nhét khi a = 2, ttc 1a ching c6 clng diém roi la a = 2.

Ky thudt sit dung Bt ding thire C6-Si 7




, q 1
Bai 2: Cho a > 2. Tim gia tri nho nhat ctia bi€u thurc: S=a +—2

a
a_2
S chon didm roi. [22 a o _ 2_1
So do6 chon diém roi: :> L_l = P =>a=38
a> 4
Sai 1Am thwong gip:
1 1) 7a a17a27a27.2279 9
_> —_ _:_ _ _ - = 4 —_ —_
S=at s (8 aj 3 N8 E R Ra B o2 8 474 47 MnSTg

Nguyén nhan sai 1Aim:
. 9 : . ;
Mac du chon diém roi a =2 va MinS = Z la dap so6 dung nhung cach giai trén da mac sai lam trong viéc danh gia
2 2
J_ B2 4
D¢ thyc hién 10i giai dung ta can phai ket hop véi ki thuat tach nghich dao, phai bién ddi S sao cho sau khi sir dung
BDT Cési s& khtr hét bién s6 a & mau sd.

mau sd: Néu a> 2 thi —— la danh gia sai.

1 aal 6aCOSl aal 6a36a3629
Loi giai ding: S=a+— +— 2> 33 22— ==
Bt Cung: @ & 8°4)"8 882 8 478°478 4
Véia=2th‘1MinS=2
4
a,b,c>0 111
Bai 3: Cho 3. Tim gi4 tri nh6 nhat cua S = a+b+c+—+—+—
a+b+c<§ a b c
‘ Giii
Sai lam thwong gap:
1,11 111
S=a+b+c+—+—-+—>6fabc—.—.—=6 =MinS=6
a b c abc
Nguyén nhan sai 1am :
I 1 1 B S R
MinS=6o a=b=c=—=-=—=1 = a+b+c=3>= trai voi giai thiét.
a b c 2
Phan tich va tim toi o1 gidi:
Do S 1a mot biéu thirc ddi ximg vdi a, b, ¢ nén du doan MinS dat tai diém roi a=b=c=%
a:b:C:l
So @b dibmroi: a=b=c==x = 2 31:2 = a=4
2711 1 1 2 2 «a
aa ab ac «
Hoiic ta c6 so do diém roi sau:
(04
1 Ozazabzocc:j a 1 -
a=b=c=% > —Z=2 > a=4==== = a=4
2 I 1 1 2 2 «
—:—:—:2
a b c
Vay ta c6 cach giai theo so db 2 nhu sau:
1,11 111
S=|4a+4b+dct_+o+- —3(a+b+c)>644a.dbdc.— - ——3(a+b+c)
a b abc
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>12-3. %—% Véi a:b:c:% thiMinS=%

a,b,c>0 T : ]
Bai 4: Cho 3. Tim GTNN ctia S = \/ —2+\/b2+—2+\/cz+_
a+b+c<§ b c

Giai

Sai 1Am thwong gip:

1 1 1 1
Sz3i/\/ +F'\/b2+c_2'\/cz+?:3i/(a sz [bz > j(c ty j
>3 (2 a .iJ.[szZ.%Mz\/CZ%}:?a% ~3V2 = Mins=32.
Nguyén nhan sai 1im:

MinS=3v2 @ a=b=c===

Phan tich va tim toi loi giai

i

%:1 = a+b+c=3>% trai voi gia thiét.

S
S| —

, , 1
Do S 1a mét biéu thire doi xting voi a, b, ¢ nén dy doan MinS dat tai d = b=c= j

1

2 12 2

“oheTy 1% o 416

1 1 1 4 4 «a
ad® ab* ar a
Loi giai
S=la* + Fon. +L+ b* + I Foet + |t + L. 1
16b* 16b* 16¢* 16¢° 16a* 164*

16 16 16
1 ] 1 ] 1

> 16b2 ..... et 4D° 16c ..... e t 17,.le Tea? " T6a

16 16 16

b? c? a b c
\/ 616b32 + \/1717 1616032 + \/1717 1616a32 = \/ﬁ(l</168b16 +l</168016 +l</168a16 ]
b c
17 3 1 ) =3
\/\/168b16 \/1686,16 Y 1654 \/_ 1654 sbs 5 217,72512[)20

3J17 3J17

2 . Déu“=”xéyrakhia:b=czl:>Min8=@
ZJ(zzsz 2 : 2
' 3

Binh luén:

v

e  Viéc chon diém roi cho bai todn trén da giai quyét mot cach ding dan vémit toan hoc nhung cach lam trén
tuong ddi cong kénh. Néu ching ta 4p dung viéc chon diém roi cho BDT Bunhiacopski thi bai toan s& nhanh
gon hon dep hon.

e Trong bai toan trén ching ta d3 dung mot k§ thut danh gia tir TBN sang TBC, chiéu cua ddu cua BDT khéng
chi phy thude vao chiéu danh gia ma n6 con phu thudc vao biéu thirc danh gia ndm & mau sb hay ot )

Bai 5: Cho a, b, ¢, d > 0. Tim gi4 tri nhé nhét cua biéu thirc:

__a b L€ d +b+c+a’+c+d+a+a+b+a’_|_a+b+c
b+c+d c+d+a a+b+d a+b+c a b c d
Ky thudt sit dung Bt ding thire C6-Si 9




. Giai
Sai lam 1 thwong gap:

a b+c+d b+c+d
+ >2 =2
b+c+d b+c+d a
+d+a +d+
2 += d ZZJ ira Z - =2
c+d+a c+d+a’ . §324242+2=8
+b+ +b+
c_.a b d22J a+b+d _»
a+b+d a+b+d ¢
d +a+b+ 2\/ atb+c _,
a+b+c a+b+c d
Sai 1Am 2 thuwong gip: )
Str dung BT C6si cho 8 s0:
S>8# a b c d b+c+d c+d+a a+b+d a+b+c_8
~ \b+c+d c+d+a a+b+d a+b+c a b ¢ = d
Nguyén nhan sai 1im:
a=b+c+d
. b=c+d+a
MinS=8 < —atb+tc+d=3(@+b+c+d)=1=3= Voly.
c=d+a+b
d=a+b+c

Phan tich va tim toi 101 giai ) ) ) i

D€ tim Min S ta can cht y S 1a mot bi€u thirc d6i xing vdi a, b, ¢, d do d6 Min S néu céwthu’éng dat tai “diém roi tu

do”la:a=b=c=d>0.(ndi la diém roi tu do vi a, b, c, d khong mang moét gia tri cu the). Vay ta cho truéca=b =
: 4 40 . .

c=ddydoan Min § = 3 +12= 3 Tur d6 suy ra cac danh gia cua cac BDT bo phan phai c6 diéu kién dau

bang xay ra la tap con ciia diéu kién dy doan:a=b=c=d>0.

Ta c6 so do diém roi: Choa=b=c=d>0ta co:

a b ¢ _d 1
b+c+d c+d+a a+b+d a+b+c 3 1 3
1_2 -9
b+c+d:c+d+a:a+b+d:a+b+c:§ - 3 «o - ¢
a b c d a

Céch 1: Stt dung BDT Coési ta co:

b+c+d 8 b+c+d
S = a g oterd,
a;;d(b+c+wi+ 9a j+ﬂwd9 9a

>8§/ a b C d b+c+d c+d+a a+b+d a+b+c
~ \b+c+d c+d+a a+b+d a+b+c 9a =~ 9 ~ 9¢ = 9

+8 SRS M R A R R
9(a a a b b b ¢c ¢c ¢ d d d

8.8, [bcdcdaabdabc) 8 8,, 40
aaabbbcccecddd) 3 9 3
Véia=b=c=d>0 thi Min S = 40/3.

b dcdaabdabcj

3.4 Ky thuat danh gia tir trung binh nhan (TBN) sang trung binh cgng (TBC)

Neu nhu" danh gia tie TBC sang TBN la ddnh gid véi ddu “> 7, danh gia tir tong sang tich, hleu nom na la thay ddu
T+ bang dau “. 7 thi nguoc lai dénh gid tir TBN sang trung binh cong la thay ddau “. ” bang diu “ . Va
ciing can phdi chii y lam sao khi bién tich thanh tong, thi tong ciing phdi triét tiéu hét bién, chi con lai hang S0.

Bai 1: CMR Ja_+Jc_§\/(a+c)(b+d) Ya,b,c,d >0 ()

K thudt sir dung Bt ding thire C6-Si 10



= \/( ab +\/ cd <1 Theo BDT Cési ta co:
a+c

)(b+d) \(a+c)(b+d)
| b 1{ c b l{a+c b+d) 1
VTS2(a+c+mJ+§(a+c+b+dJ §(a+c+b+cJ 2(1+1) 1 @pem)
Binh luin:

e Néu giir nguyén vé trai thi khi blen tich thanh téng ta khong thé triét tiéu an so = ta c6 phép bién ddi tuong
duong (1) sau d6 bién tlch thanh tong ta s& dugc cac phan thirc c6 cing mu sb.
e Diu“<” goiy cho tanéu sir dung BDT Cési thi ta phai danh gi4 tir TBN sang TBC

BﬁiZ:CMR\/C(a—C)-l—\/C )<\/_ V{Zizig 1)
Gii
Ta c6 (1) trong duong v6i : ,/C(i;) +,/C(Z;C) <
Theo BDT Cosi ta cé
(a—c) ac) lc(b_c)_lab
\/ V (‘ alate —5(5 bj H@pem)
Bai 3: CMR 1+\3/abc£{/(1+a)(1+b)(l+c) Ya,b,c>0 1)

Ta c6 bién d6i sau, (1) twong duong:

M1+ abe <3(1+a)(1+b)(1+c) Qi/

1.1.1 N abc
(1+a)(1+b)(1+c) \ (1+a)(1+b)(1+c)
BDT Cosi ta co:

VT<l 1 N 1 N 1 +l a N b N c 1a+1+b+1+c+1 13:1
“3l1+a 1+b 1+c| 3|1+a 14b 1+c| 3|1+a 1+b 1+c| 3

Dau“="xdyra<>a=b=c>0.

<1Theo

Ta c6 bai toan tong quat 1:
CMR: f(/alaz ....... a, +dblb2 ....... b, < d(a1 +b1)(a2 +b2) ........ (an +bn) Va,b > O(i :L_n)

Bai 4 : Chimg minh ring: 16ab(a—b)* <(a+b)* Va,b>0
Gidi

Ta cb: 16ab(a—b)2=4.(4ab)(a—b)2s4{4ab+(2a_b)z} :4[@} —(a+b)*

a,b,c>0 . 8
Bai5: Cho { Chirng minh rang abc(a+b)(b+c)(c+a)£—

a+b+c=1 729

Giai
So do diém roi:
. . . 1 .

Ta nhan thay biéu thirc c6 tinh d6i ximg do d6 dau “ =" cia BPT sé xdyrakhi a=b=c = § . Nhung thuc té ta
chi can quan tdm 14 sau khi sir dung BDT Cdsi ta can suy ra dugc diéu kién xay ra ddu “="1a:a=b=c. Do dé ta

c6 101 giai sau:

abc(a+b)(b+c)(c+a)cis[“+§+C} (a+b)+(b+c)+(cta) 3:@3{%)3:&

3 3)13 729
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Trong ky thuat danh gia tir TBN sang TBC ta thay thuong nhan thém cdc hang sé dé sao cho sau bién tich thanh
tong cdc tong do triét tieu cac bién. Bdc biét la doi voi nhitng bdi todn cé thém diéu kién rang budc ciia an sé thi
viéc nhan thém hang sé cdc em hoc sinh dé mdc sai lam. Sau ddy ta lai nghién ciru thém 2 phwong phdp nita d6 la
phirong phdp nhan thém hang sé, va chon diém roi trong viéc danh gid tir TBN sang TBC. Do da trinh bay phiong
phdp diém roi & trén nén trong muc nay ta trinh bay gép ca 2 phan .

Ky thudt sit dung Bt ding thire C6-Si
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3.5 Kj§ thuit nhin thém hang s trong danh gia tir TBN sang TBC

Bai 1: Chimg minh ring; a\/(b —1) +b\/(a —1) <ab Va,b>1
i ) Giai
Bai nay ching ta hoan toan c6 thé chia ca 2 vé cho ab sau d6 ap dung phuong phap danh gia tir TBN sang TBC nhu
phan trudce da trinh bay, tuy nhién ¢ day ta ap dung mét phuong phap méi: phuong phap nhan thém hang so
i (b-1)+1_ab
—1) = - < A i
a\/(b 1) a\/(b 1).1 S a5 3

Taco : N N
b(a=1)=b,f(a—1).1 < b,@:a_zb
N a(b-1)+bfa-1) < %b %b=ab

b—1=
-1

1
a 1

. b=2
Dau“="xdyra
a=2
Binh luin:

e  Ta thy viéc nhan thém hing s6 1 vao biéu thirc khong hoan toan tu nhién, tai sao lai nhan thém 1 ma khong
phai 1a 2. Thuc chat ciia van dé la ching ta da chon diem roi cia BDT theo quy tac biénlaa=b=1/2.

Neéu khong nhan thirc duoc rd van dé trén hoc sinh s€ mac sai lam nhu trong VD sau.

Bai 2: Cho {Z’f’;:co:l Tim gia tri 16n nhit: S =va+b+Vb+c +Jc+a

Sai 1Am thwong gip: o
Jb+c= J(b+c).1 < w - \/a+b+\/b+c+\/c+aSz(a+b2+c)+3=%
Je+ra= (c+a).l < —(C+j)+1

Nguyén nhan sai 1Aim

Dau“="xayra<a+b=b+c=c+a=1=a+b+c=2 trai vdi gia thiét.

Phan tich va tim toi loi giai:

Do vai tro cua a, b, ¢ trong cac biéu thirc 12 nhu nhau do d6 diém roi cia BPT séla a=b=c= § tr d6 ta du

2 N 4 \ 2
doan Max S = \/g.:a+b=b+c=c+a=§ = hang s0 can nhan thém la §.Véylérigiéidﬁngla‘1:
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3 2(a+b+c)+3.z 3
:\/a+b+\/b+c+\/c+a£\/;. 5 3=\/;.2=\/€

) . ‘ , a,b,c>0
Bai toan trén néu cho dau bai theo yéu cau sau thi hoc sinh sé ¢6 dinh hudng tot hon: Cho { ’ ,b 1 Chirng
a+b+c=

minh ré‘ing: S = \/ a+b+ \/ b+c+ \/ c+a< \/6 . Tuy nhién néu ndm duoc ky thuat diém roi thi viéc viét dau
bai theo hudng nao ciing c6 thé giai quyét dugc.

Bai 3: Ch Osxs<3 Tim Max A =(3 12-3y)2x +3
ai 3: 0 0<y<4 im Max A = (3 —x)(12 - 3y)(2x + 3y)
3
1 cosi | (6—2x)+(12-3y)+(2x+3y
= (6-2x)(12-3y)(2x+3y) < ( 4 3 4 ) =36
. {x=0
Dau“="xdyrac6-2x =12-3y=2x+3y=6 & _»

Binh luén:

e  Viéc chon diém roi trong bai toan nay d6i v6i hoc sinh thuong bi ling ting. Tuy nhién cin cir vao yéu cau khi
danh gia tr TBN sang TBC can phai triét ti€u hét bién cho nén can cit vao cac hé so cua tich ta nhan thém 2
vao thira so thir nhat 1a mot diéu hop ly.

()c+y)3

Bai 4: Cho x, y > 0. Tim Min f(x, y) = 5
Xy

Giai
3
1 1 (4x+2y+2 1|4 4
Taco: Xxp° = 16(4X)(2y)(2y) ?(Wj 16{3(x+y)} 27(x+y)3

(c+y) | (xty) - 4

:>f(X,Y): X 3 4 B 2—7 = Mln f(x’y) :2—7
4 ~=(x+y)
27 q
Déu “ =" xdy ra < 4x = 2y = 2y <> y = 2x > 0. D6 1a tap hop tét ca cac diém thudc dudng thing y = 2x véi x
duong.

Thuyc ra vige dé hé sb nhu trén c6 thé tlly ¥ duge mién 1a sao cho khi sau khi 4p dung BDT Cosi ta bién tich thanh
tong cua x +y. ( Co thé nhan thém hé s6 nhu sau: 2x.y.y).
Binh luén:

e  Trong bai toan trén yéu cau la tim Min nén ta c6 thé sir dung ky thuat danh gia tir TBN sang TBC cho phan &
dudi mau so6 vi danh gia tr TNB sang TBC la danh gia voi dau ““ < nén nghich ddo ciano s€ la “>".
e  Taciing c6 the danh gia tir so tor TBC sang TBN d¢ c6 chiéu “>"

Bai toan tong quat 1:

14+243+..4n
S C RS e A +x,)
Cho X, X, Xyererrnnnnes x,>0. Tim Min f = —
b 1S St SPUPR X,
2 3

Bai 5: Chimg minh ring: /7 <142 (1) Vne N (n >1)
Jn
Gidi
Véin =1, 2 ta nhan thay (1) dung.
Véin >3 taco:
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Jn+Jn+1+1...... +1
— 2dn+(n-2
G [l < G _2nt(n=2) pedin g, 2
n-2

n n n  Jn

Bai toan tong quat 2:

. 1 m 1 n
Chirng minh rang: [1 +—j < [1+—j Vm<neN 6))
m n
Giai
1" 1
Ta bién déi (1) vé bat dang thirc trong duong sau: 7 (1 + —J < 1+-—
m n

Tacé:n(l—i—lj _ (1+lj.(1+lj ....... (1+lj.1.1 ......... 1
m n m m m) 0w

”'(HIJ{HIJ ....... +(1+1J+1+1+ ......... +1 m(1+1j+n—m
Cosi m m m _ m

1
< =1+=
n n n
Binh luén
e Cin phai binh luan vé d4u “ = ": trong bai toan trén ta coi 1/m = a thé thi khi d6 d4u bang trong BDT Cési xay

ra khi va chi khi 1+ a = 1 < a = 0. Nhung thuc té thi diéu trén twong duong voi m tién t6i +oo, khi m 14 hitu
han thi ddu “<” 14 hoan toan dang. Chiing ta ciing nhin thiy néu m tién ra + oo thi hai vé ctia BDT cang dan
t6i cling mot gia tri 1 e (co s tu nhién ctia ham logarit). Ta hiéu 1a trong qué trinh nay thi VP tién nhanh hon
VT nhung sau nay khi tung ra oo thi tdc d6 dan bang nhau va khoang cach ngay thu hep.(Muc nay xin chi binh
luan cung vai cac ban dong nghiép)

Tom lai : Dé sir dung BDT Cési tir TBN sang TBC ta can chii y: Chi sé cin thire la bao nhiéu thi sé cdc sé hang
trong can la bay nhiéu. néu socac so hang nho hon chi so can thi phadi nhdn thém hang so dé so cac so hang bang
chi so can

a,b,c>0

TimMax S =3/a+b+3/b+c+3c+a
a+b+c=1

Bai 6: Cho {

Giai

a+b)+1+1
ﬁa+b:1Ka+b)LIS£———;———
Vhreo '—b+c < b+c)3+1+1

Sai 1Am thwong gip:

Je+a= (c+a)11S(c+a;+l+1
2 b 6
= S=Ya+b+3yb+c+ic+a< (a+ 3+c)+ :%zMastg
Nguyén nhan sai 1Aim:
g a+b=1
Max§= 3 < b+c=1 = 2(a+b+c)=3 = 2=3 = Voly
c+a=1

Phén tich va tim toi loi giai:
Do S 1amét biéu thie ddi xung véi a, b, c nén Max S thuong xay ra tai diéu kién:
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a+b=

@by¢>0 a=b=c ! b+c
= =D=C=— & =
a+b+c=1 3

W[ N

C 2
= Vay hang s6 can nhan thém la §

D WD Lo o

o
+
AN

I

N
N

—~ W

+b)+Z+
m:i/gﬁ(ch)Z.zS ‘ )3 3

2 b 4
= S:%/a+b+%/b+c+%/c+asi/g (a+ 3+C)+ :i/%_gzqg

a+b=

S
+
o
I
0
Q
I
S
I
)
I

Vay Max S = J18 . Dau“=" X4y ra <

W N W W
W | —

ct+a=

3.6 Ky thuit ghép doi xirng
Trong k¥ thuat ghép d6i ximg chiing ta can nim duge mot sd kiéu thao tac sau:
2(x+y+z)=(x+y)+(y+z)+(z+x)
Pme%‘x+y+Z:x+y+y+z Z+x
2 2 2
Phép nhan: x°y°z> = (xy)(yz)(2x) ; xyz=yJxyyzvzx  (x,y,z 20)
bc  ca  ab

Bai 1: Chimg minh rang: —+?+—2a+b+c Ya,b,c>0
a C

) Giai
Ap dung BDT Cosi ta co:

be ca)y |be ca_
a b)) \Na b

ca ab bc ca ab )
—+—j2 ?.—=a :>—+7+—2a+b+c .Dau“="xayra<a=b=c.
C a C

N — N—= =
S
()

2 2 2
Bai2: Ching minh ring: %+b—2+c—222+%+g Yabc#0
C a a C

Giai

Ap dung BPT Cbési ta co:
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l _+E > a_Zﬁ_2>£
200> ) \Nb ¢t el e
1(b* | ¢ b* ¢ |b|_b b2 b, c, a
|4 > > - - -
2 cz+a2 “\c?a? aza - b2 c2+ 72 ‘b‘ ‘ ‘ a+b+c
Ya e, @ e e
2\ @ b a> |b|” b
Bai 3: Cho tam giac AABC, a,b,c la s6 do ba canh cua tam giac. CMR:
1 1 | | 1,1,1
_ — — sl . > [ S
a) (p—a)(p—b)(p c)sgabc, b)p—a+p—b+p—c_2(a+b+cj
a) Ap dung BDT Cbsi ta co:
(p=a)+(p=b) c
J(p=a)(p-b)< 5 =>
p—b)+(p—c 1
\/(p—b)(p—c)ﬁ( )2( ):% = (p-a)(p-b)(p c)Sgabc
Jp-ajp-a<L=ddr=a. b

b) Ap dung BPT Cési ta co:

v
v

1
papb

\%
I

J
( 1 j N 1 1 2
pb p=c) ° Jp=b)(p-c)  (p=b)+(p=¢) 4
J

v
N}
v

1
2\ p-a P ¢

= R SR S |
p—-a p-b p-c a b c
Dau “ =" xay ra cho ca a) va b) khi vao chi khi A ABC déu:a=b=c

a+b+c

(p la ntra chu vi cua tam gidc AABC: p = >

)

Bai 4: Cho A ABC, a, b, ¢ 1a s6 do ba canh cta tam giac. Chung minh rr:ing:
(b+c—a)(c+a—b)(a +b—c) <abc

) Giai
Ap dung BDT Coési ta co:

Ky thudt sit dung Bt ding thire C6-Si



OS(C+a—b)(a+b—c)

0£(b+c—a)(a+b—c)

0£(b+c—a)(c+a—b) <

(b+c—a)+(c+a—b)

\®}

- (c+a—b)+(a+b—c)

\S]

- (b+c—a)+(a+b—c)

\&}

c

a

=N 0< (b+c—a) (c+a—b) (a+b—c) < abc
DAu

“="xay ra < A ABC déu

:a=b=c.
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3.7 K¥ thuit ghép cip nghich dio cho 3 s, n s6

Noi dung can ndm dugccac thao tac sau:

1 1 1
1. +y+z)|—+—+=129 V >0
(x+y z)(x 5 Z] X, V,Z
1 1 | 2
2 [t X, )| +— | >0 Vx, XX, >0
XX, X,
Bai 1: Chung minh ring : b+C+C—ga+a+b26 Ya,b,c>0 1
c
Ta bién déi (1) trong duong: (1+%) + (1+C+Taj + (l-i-azbJ > 9
o dtbtc btcta ctatb, g @(a+b+c) LIS ) B (dpem )
a b c a b ¢
Bai 2: Chimg minh rang; 2 2 2 > J Va,b,c>0

+ >
a+b b+c c+a a+b+c
Giii

o 1.1, 1
Ta bién d6i twong dwong BDT nhu sau: 2(@+b+c] (a+b+b+c+c+a > 9

@{(a+b)+(b+c)+(a+cﬂ (a}—b+b-1|-c+c-|l—a] > 9 (dpem)

Bai 3: Ching minh ring: aib+bic+c4[zazg Va,b,c >0 (BDT Nesbit)
Ta c6 bién d6i trong duong sau: (1+a—j_l)j+(l+ﬁj+(l+%J2%+3=%
- a+b+c N a+b+c N a+b+c 22
a+b b+c c+a 2

1 1 1 9
> Z
C>(a_i_b-'_c)(cwb+b+c+c+aj 2

& [(a+b)+(b+c)r(a+e)] (aib+bic+ciaj > 9 apem)

c’ a’ b? >a+b+c

Bai 4: Ching minh rang: a+b+b+c cra- 3 Va,b,c>0
2

Ta bién déi BT nhu sau: | ¢ +——— |+ a+a—2 +| b+ b 23(a+b+c)

a+b b+c ct+a 2
3(a+b+
= c(1+ij+a(1+ a j+b 1+ b > (@ )
a+b b+c c+a 2
3(a+b+c)

o (a+b+c){ c ,a b }2

a+b b+c c+a 2
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c a b 3
+ + >=
a+b b+c c+a 2

c a b 9
- - >
e (1+a+bj+(l+b+cj+(l+c+a]_ 2

o [(a+b)+(b+c)+(a+c)]( Ly 1,1 J > 9

a+b b+c c+a
3.8 K¥ thuit doi bién sd

C6 nhirng bai toan vé mit biéu thic toan hoc tuong ddi cong kénh hodc kho giai, khé nhan biét duoc phuong
hudng gidi,ta c6 the chuyén bai toan tur tinh thé kho bién doi vé trang thai d€ bién doi hon. Phuong phap trén goi 1a
phuong phép doi bién.

. c a b 3
Bai 1: Ching minh rang: + + >= VYa,b,c>0 (BPT Nesbit
g & 4+b b+c c+a 2 > ( )
Giai
b+c=x>0
+z— +x— +y—
bat: C—|—a:y>0 &S a:u;bzw;c:w‘
2 2 2
a+b=z>0

Khi d6 bat dang thirc da cho twrong duong véi bt dang thirc sau:
+z—x Z4+Xx— X+y—z X zZ X z
o2 + Yoy u > | Xy 202 X 2 >6
2x 2y 2z x y) \x z
Bét déng thirc trén hién nhién dang, That vay ap dung BDT Cési ta co:

VT> 2\/Z.i+2\/5.5+2\/1.5:2+2+2=6

Xy X z zy
Diu“="xdyrac>x=y=z<a=b=c
: a’ b? c?
Bai 2: Cho AABC. Chtng minh ring: + + >a+b+c
b+c—a c+a-b a+b-c
Giai
b+c—a=x>0
+z Z+x X+
bit: sc+a—-b=y>0 C>a=y2 ;b= 5 ; C= 2y.
a+b—c=z>0
Khi d6 bat dang thirc da cho trong duong véi bt dang thirc sau:
2 2 2
+z zZ+X X+
S 0) ) + ( ) +( y) 2xX+y+z Q)
4x 4y 4z

Tacs: VT (@) = 22 + 22X 4+ ﬂzl(ﬁ+ﬁj+l[ﬁ+ﬁj+l(£+ﬂj

X y z 20x y) 2y =z ) 2\x =z
YL P PE oy
S\ x y y z X z
Bai 3:ChoAABC.CMR :(b+c—a).(cta—b).(at+b-c)<abc 1)
Gidi

b+c—a=x>0

pit: sc+a—-b=y>0 C>a:y+z;bzz+x;c:x+y

2 2 2
a+b—c=z>0
X+y y+z z+x

2 2 2

Khi d6 ta c6 BPT (1) twong dwong véi bit ding thirc sau: xyz <
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] X+ +z z4+Xx
Ap dung BDT Cosi ta co: Y .y 5 2 \XYJyzAzX =Xyz (dpcm)

2 2
Bai 4: Cho AABC. CMR: 1 -+ 1 -+ 1 -2 P 1)
(p=a) (p=b) (p=c) (p-a)(p-b)(p—c)
p—a=x>0
pit: { p—b=y>0 M(ncw%%=%+j?2£i2i£ Q)
=250 x* oyt oz Xyz

Ta co:

1(1 1 1(1 1 (1 1 I 1 1 1 1 1
el It E N DAl ANt S Sl R B > - = — —
VT (2) 2(x2+y2j+2(y2+zzj+2[x2+22j _\/xz'y2+\/y2'zz+\/x2'zz
_ 1 b x+y+z
Xy yz zX Xyz

Diau“="xdyrac>x=y=z<a=b=c< A ABC déu.

1 1 1

24a 2+b 2+4c
Gidi

Bai 5: Chimg minh rang néu a, b, ¢ > 0 va abc = 1 thi :

Bét déng thirc di cho twong dwong véi:

1 1 a b c
1_2+a+1_2+b+1_2+ >1c>2+a+2+b+2+c2

P
z

[E—

bit a=";b= Z =Z; thoa diéu kién a.b.c= =1. Bét dang thtrc dé cho tuong duong voéi:
Z X

‘<|><
><|N

X.
y
z
A A >1
xX+2y y+2z z+2x
Ap dung bit ding thirc Bunhiacopski ta co:

(x(x+2y)+y(y+22)+z(z+2x))( PR A JZ(x+y+z)2

x+2y y+2z z+2x

=1

- ( X .y .z )2 (x+y+z)2 :(x+y+z)z
x+2y y+2z z+2x (x(x+2y)+y(y+2z)+z(z+2x)) (x+y+2)

3.9. MOT SO BAI TAP VAN DUNG
K¥ thuit chon diém roi va danh gia tir TBC sang TBN:

1
3.9.1 Cho a > 6. Tim gié tri nh6 nhét ctia biéu thirc S =a +Tg
a
Lo 1
3.9.2 Cho0<ac< E Tim gia tri nho nhat cua biéu thie S =2a +—
a
a,b>0 1
393 Cho . Tim gi4 tri nh6 nhét cia S =ab+—
a+b<l1 ab
a,b,c>0 1
394 Cho . Tim gi4 tri nho nhét cua S = abc +——
a+b+c<l abc
. . atb +b Vab
395 Cho a, b > 0. Tim gi4 tri nho nhat cta biéu thirc S = _—
\/ab Cl +b
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a,b,c>0 111
3.9.6 Cho 3 . Tim gia tri nhé nhitcia S =a+b+c + +—-+—

a+b+c<= b ¢

2

a,b,c>0 111
3.9.7 Cho 3. Tim gia trj nho nhat cia S =a’+b* +¢* +—+—+—

a+b+c<§ a b c
3.9.8 Cho a, b, ¢, d > 0. Tim gia tri nho nhat cua biéu thirc:

2a 2b 2c 2d

3.9.9 S=1+= || 1+= || 1+= || 1+==

a,b,c>0 . 1 1 1 2 2 2
3.9.10 Cho{ Chung minh rang; S——+—+—+—+—+—>81

{a+b+c§1 8 g b? ab bc ca

a,b,c>0 2 pr 21 11
3.9.11 Cho Chung minh rang: S —a—+b—+c—+ +—+—-2>28

a+b+c<l1 b ¢ a a b c

K¥ thuét chon diém roi va danh gia tir TBN sang TBC:

1 (a—kb)ﬂf—ab) 1
3.9.12 CMR: -— <=
2 (1+a )(1+b2) 2

a,b,c>0 :

7 Chimg minh ring ab+bc+ca—abc < —
a+b+c=1 27
a,b,c>0
a+b+c=1
K¥ thuit chon diém roi va nhin thém hing s trong danh gia tir TBN sang TBC

3.9.13 Cho {

3.9.14 Cho { Chtng minh rang 16abc<a+b

a>3
3915 Cholb>4 Tim Maxs = 9bNe=2+beJa—3+caVb—4
232
c>2
6
(x+y+z)

3.9.16 Cho x, y, z>0. Tim Min f(x, y, z) = 33
xy’z

3.9.17 Chimg minh rang; {/E<l+L (1) V1<neN

/2+ /3+ n+l
3.9.18 Chung minh rang: S =1+, [—— +3[——+........... +1 <n+l
n
+
3.9.19 (Goiy: CMR 7 1+P)

300 N mb¢;d>0
. (0]
a+b+c+d=1

TimMax S =vVa+b+c+Vb+c+d +Jc+d+a+Jd+a+b

TimMax S =32a+b +32b+c +32c+d +32d +a

beda—2 +cailb—6+abic—12

a,b,c,d >0
3.9.21 Cho

a+b+c+d=1

3.9.22 Choa>2,b>6;c>12. TimMin S =

o abc

K¥ thuat ghép cap nghich dao cho 3 so, n so0
a,b,c>0 1 1 1 9
3.9.23 Cho CMR : + + > =
a+b+c=1 a+b b+c c+a 2
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a,b,c>0 c 1 1

L 59

3.9.24 Cho
a+b+c<l1

MR: a’+2bc * b*+2ca * c*+2ab

3.9.25 Cho tam giac ABC, M thudc mién trong tam giac. Goi MA, MB, MC thu tu giao voi BC, AC, AB

tai D, E, F. Chung minh:

MD  ME MF MA MB A MC

Y i B TR Y oatER TR T
MA MB MC DA EB FC

>
YupvEMESS D watus e

MA  MB +MC

9o e T uE Y
MD ME MF
D9 T e > ?

5. MOT SO UNG DUNG KHAC CUA BAT PANG THUC
Ap dung BPT d¢é giai phwong trinh va hé phwong trinh

Bai 1: Giai phuong trinh
Giai

\/;+\/y—1+x/z—2 :%(x+y+z)

Didukién: x>0,y > 1, z>2. Ap dung bat ding thirc Cosi cho hai s6 khong am ta c6:

\/— \/—<x+1

Jy—1=J(y—l)-ls(y_—2D+l

_ (z—=2)+1 _ z-1
Vz—2—wKz—2)lS > =

Jx+y-1+Jz-2 S%(x+y+z)

x=1 x=1

Suyra:

Dau “=" xay ra khi vachikhi { y—1=1 <<y =2.
z-2=1 z=3
Vay phuong trinh c6 nghiém (x, y, z) = (1; 2; 3)
Bai2: Giaiphuong trinh: 41— x2 + Y1+ x2 +#1+x =3
biéu kién: -1 <x < 1. Ap dung bat dang thirc Co-si ta co:

Y1=x* =yJVlI-xAl+x < m; Itx
N N .13—“_2“1
fTrx=JTrx .13—“3‘”

Cong (1), (2), (3) ta dugc:
Mit khéc, lai theo bat ding thirc Cosi ta co:
T x=Ji-x)i< (1‘)2‘)” _ 2;)“

Jrx=JIrx)1< (“;)“ =2;x

Tur (4) va (5) suy ra: \4/1—)62 +i‘/1+x+i‘/1+x <3

(1)
2)
3)

VI=x2 +Yl—x+ Y1+ x <1+Jl—x +1+x

= l+Jl-x++1+x £1+%+&—3

2
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=x =7

Dau “=" xay ra khi va chi khi:{1—x =1 & x=0
I+x=1
Vay phuong trinh ¢6 nghiém duy nhét x =0
Bai3: Giai phuong trinh: \/x2+x—1+\/x—x2+1:x2—x+2 1)
Giai
2 2
+x-1)+1 +
N pat > ) ==
Ap dung bt ding thirc Co-si, ta co: 5 5
5 (x=x*+D+1_ x—x"+2
x—x"+1< =
2 2
= X Hx—l+x—x2+1<x+1 @)

Kéthop ()va(2)tacod: x* —x+2<x+1e (x-1)’ <0 x=1.
Thur lai ta ¢6 x = 1 14 nghiém duy nhét ciia phuong trinh

(x=1)Jy+(y—DVx =2xy

Bai 4: Giai hé phuong trinh:

xy—1+yJx—1=xp
Gidi

Pidu kién: x > 1,y > 1. Ap dung bét ddng thirc Co-si, ta c6:
1+(x-1
Jx—1:¢1.(x—1)s%:%:>y/—x_lggy "

Tuong tu: dy-lS%bx y—lﬁ% Q)
Cong (1), (2) ta duge X[y —1+ p/x —1< xy.

x—1=1

Déu“=”xéyrakhivéchikhi{ Sx=y=2.

y=1=1
Thir lai thdy: x =y =2 ctng thoa méan phuong trinh thir nhit cia hé
Vay h¢ c6 nghiém duy nhat (2;2)

1 1
A £ A a1 A ) NL=F 5T
Bai 5: Cho s0 nguyén n >1. Giai h¢ phuong trinh: 2 X

............................

Giai
Tu hé da cho suy ra xi, X, ... , X, 1a cung diu. Gia st x; > 0 v6i moi i. Ap dung bat déng thirc Co-si, ta co:
1 1 .
X ==X, +— > 1 . Tuong ty: x; > 1 véi moi i.
2 X,
. o o I 1 1
Cong n phuong trinh cta hé theo ting vé ta duogc: X +xX,+..+X, =—+—+.. . +—
X X, X,
. R | I 1 1
Vixi21nén x, 2—voimoii,suyra: X, +X, +...+X, 22—+ —+..+—
X, X X, X,
Déu “=” xay ra khi va chi khi x;= x,=...= x,=1
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2x*
1+x°
. s ]2y
Bai 6: Giai h¢ phuong trinh: >=Z
I+y

227
1+2z*

Gidi
R rang hé c6 nghiém x =y =z = 0. Véi x,y,z # 0, tir hé da cho suy ra x>0, y>0, z>0. Ap dung bat dang thirc Co-si,
ta co:
2x? _ 2x?
14X 22x=> y=""2 < =X

1+x* 2x
2y? . z’
Tuong tu: z= <y va Xx= <
et 1+y? Y 1+2?
Vay : ySX<zSy,suyrax=y=z
Thay y = x vao phuong trinh thir nhat ta duoc:
2x? .
T =xo2x=l+x*<x=1(vix >0)
X

Vay h¢ c6 hai nghiém (x, y, z) = {(0; 0; 0) ; (15 15 1)}

Bai 7: Tim s6 nguyén duong n va cac sb duong a; = a,= ... = a, thoa cac diéu kién
a,+a,+...+a, = (1)
I 1 1
—F— 4 t+—= (2)
a, a, a,
Giai

n

. . . 1 1 1
Lay (1) cong (2) v€ theo Ve, ta dugc:| @ +— |+| @, +— |+..+| d, +— =4
al Cl2 a

) . 1
Ap dung bat dang thirc Co-si, ta co: @, +— 2 2 v6ii=1,2,....n

a.
Suyra4 >2nhayn <2:
a, =2 a+a,=2
Véin=1:hé< 1 _9 vOo nghiém; Véin=2:hé < | + 1 _9 conghiéma, =a,=1
a a a

1 1 2
Viy:n=2vaa =a,=1

Sau day s& 12 mét sé bai tap twong tw gitup hoc sinh 6n luyén kién thirc
BAI TAP PE HQC SINH VAN DUNG
1. Giai ciac phwong trinh sau:
a) P+D(7+2)(z2+8)=32xyz (x,y,z2>0)
b) Xx+2-x>=4y"+4y+3
0) 16 4 4 4 1225
Jx-3 Jy-1 Jz-665
—1)3 —
d) x+1+4(y Diy—-1+4 10
SE (R
2. Gidi phwong trinh:
a) x-1+x-3= \/2(x—3)2 +2x-2.
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b) AR A— z _3
2x+y+z 2y+z+x 2z+x+y 4

2x? _y
1+x?
3
3. Gidi hé phuong trinh: % =z
I+y*+y
4z* .
l+z°+z%+z°

4. Xac dinh s6 nguyén dwong n va cac sé dwong X, X,, ..., X, théa:
X, +X,+..+Xx, =9

I 1 1

—+—+.+—=1

X, X, X,
x+y+z=1

5. Giai hé phwong trinh: . 4 4
X'+y'+zi=x)z

JI+x +J1+x, + o+ I+x, =n ntk

6. Giai h¢é phwong trinh:
\/l—xl —i-\/l—x2 . t+yl=x =n
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