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Ngay thi: 22/10/2019

Bai 1. (2,0 diém)

Giai phuong trinh X +/2x+5++/4—2x = 4x—1.
Bai 2. (3,0 diém)

Cho day s6 (u,) duoc xac dinh nhu sau:

=+/2— =42+u, voimoi n=12,..

Tinh Iim(2n 2-u, )

Bai 3. (3,0 diém)
Cho hai da thic P(x) va Q(x)=aP(x)+bP'(x) véi a,b la cic s6 thuc va a=0.
Ching minh rang néu da thic Q(x) vO nghiém thi da thic P(x) ciing vo nghiém.
Bai 4. (5,0 diém)
1. Tim tat ca cac s6 nguyén té p c6 dang a?+b?+c? véi a,b,c 1a cac s6 tu nhién sao
cho a*+b*+c* chiahétcho p.
2. Trén bang ké 6 vudng 2xn ghi cac s6 duong sao cho tong cua hai s trong mdi cot
bang 1. Chirng minh rang c6 thé bo di mot sé trong mdi cot dé trén mdi hang cac s6

con lai c6 tong khong vuot qué %1

Bai 5. (7,0 diém)

1. Cho tam gidc ABC (AC <BC) ndi tiép trong dwong tron tdm O. Phan giac goc C
cat duong tron (O) tai R. Goi K,L lan luot 1a trung diém cua AC va BC.
Puong vudng goc voi AC tai K cat CR tai P, duong vudng goc véi BC tai L
ciat CR tai Q. Chung minh rang dién tich cua cac hinh tam giac RPK va RQL
bang nhau.

2. Cho hinh chép S.ABC c6 SA,SB,SC doi mot vudng goc. Goi R va r lan luot 12
ban kinh mit cau ngoai tiép va ban kinh mat cau noi tiép hinh chép; Vv 1a thé tich
khdi chép va h 1a duong cao cua hinh chop tir dinh S. Tim gia tri 16n nhat caa

biéu thirc (=1
R°rh



LOI GIAI CHI TIET

Bail. (2 diém)
Giai phuong trinh x* 4+/2x+5 + /4 —2x = 4x —1.
Loi giai

Diéu kién: —g <x<2.

Phuong trinh da cho twong dwong
X2 +[2X+5 44 —2x —4x+1=0

& \J2X+5-3 +/4—2X+x2—4x+4=0
2 X—2 2
@—+1/2 2—X + x—2 =0
J2x+5+3
2 x|——N2X 2 x 2=x|=0

X
\N2X+5+3
J2—x=0

= 22— x ).
2-x 2—x+L- 27 0
\J2X+5+3

5 22— x 5
Vi x>—>nén 2x+5+3>3 < — \/2 X > [——]:—ﬁ
PA=Ty nen N 2
_2NZZX 0 >__ (1).
«/2x+ +3

Déu “=” xay ra khi va chi khi x = —.

Mait khac, do x <2 nén 2—Xx J2—x>0,¥x <2 (2).
D4u “=" xay ra khi va chi khi x = 2.
Tt (1) va (2) suy ra:

X N2—x ++2 - _2N2-Xx ———— >0 (do d&u “=" khong dong thoi xay ra).

A ’ +
Khi d6 (*) < v2—x =04 x =2 (thoa man diéu kién).
Vay tap nghiém ctia phuwong trinh da chola S= 2 .
Bai2. (3 diém)
Cho day s6 (u,) duoc xac dinh nhu sau:
=42- J2, U, =+2+U, ,véimoi n=12,..
Tinh: lim(2" 2—un).
Loi giai
=2-+2 = 2+Zcos— = 2cos— = 2cos?;

bit u, =2cosg, pe(0;7)=Uu,,, =/2+2C0sp =U,,, =2cos 2.

14 14 3 3
Do d6 ta cé: u, =2COS—Z., U, :ZCos—f,.....,u =2C0S——
2 2




Bai 3.

Bai 4.

3z

. N . N 3z . N e 3T SN o3 37 3w
Suy ra lim(2 2—un):llm 2", [2—2c0s— |=lim| 2".2.sin — | =lim —_— =
( 2n+2 2n+3 37[ 4 4

2n+3

(3 diém)
Cho da thirc P(x) va Q(x)=aP(x)+bP'(x) véi a,b 1a cic s6 thuc va a# 0. Chiing minh
rang néu da thirc Q(x) vd nghiém thi da thirc P(X) cling v6 nghiém.

Loi giai
Néu b =0 ta c6 ngay diéu phai chitng minh.
Ta xét cac treong hop sau day véi b =0 .
Dé thdy hai da thite Q(X),P(x) ciing bac.
Ma Q(x) vo nghiém nén hai da thitc Q(x), P(x) bac chan.
TH1: Néu P(X) cd nghiém boi X = x, thi X, cling la nghiém cuta Q(X) = aP(X) + bP'(X)
(mau thuan vdi gia thiét).
TH2: Néu P(x) ¢ hai nghiém don lién nhau x, < X, thi P'(x,).P'(x)<0.
Q(%,)=aP(x,)+bP'(x,)=bP"(x,)
Q(x)=aP(x)+bP'(x)=bP'(x)
Q(x) la da thitc nén lién tuc trén R, do d6 theo trén suy ra Q(x) cé nghiém X, & (X,,%, )

Mit khéc: { = Q(%)Q(x%)=b’P'(x))P'(x)<0.

(mau thuan véi gia thiét).
Vay néu da thitc Q(x) vd nghiém thi da thic P(X) ciing v6 nghiém. (dpem)
(5 dién)
1. Tim t4t ca cdc sd nguyén t6 p co dang a*+b*+c® véi a,b,cla cac s6 tu nhién sao cho
a*+b*+c* chiahétchop.
Loi giai

Nhan xét: do pla s6 nguyén td nén trong 3 s a,b, ¢ phai co it nhat 2 s6 khong nho hon 1.
Theo dé bai, ta can tim sd nguyén td p c¢d dang sau:

p=a’+b*+c*vdi a,b,ceN.
Do a,b, ¢ cd vai trd nhu nhau nén khong giam tong quat, ta c6 thé gia st c=min{a,b,c}.
RS rang p|(a® +b?+c?) . Khai trién ta cé p|(a* +b* +c* +2a%h? + 2b%c? + 2a%?).
Theo gia thiét ban dau ta ¢6 a*+b* +c* chia hét cho p.
Do d6 ta suy ra duoc p| (2a2b2 +2b%c? +2a’c? ) . Xay ra 2 truong hgp nhu sau:

Truong hop 1: p|2.

Trong treong hop nay, hién nhién p=2 la gia tri duy nhat thoa yéu cau bai toan. Khi dé
(a,b,c)=(11,0) va cac hodn vi ctia chiing la cac gid tri thoa man dé bai.

Truong hop 2: p| (azb2 +b’c® +a’c? ) (1)

Ma p=a®+b®+c*nén ta suy ra duoc p|c’ (a2 +b? +cz) hay p| (a202 +b?c? +C4) ).

Tt (1), (2) ta suy ra duoc p|(c’ —a’h?).

Ta lai c6 ¢* —a’h’ = (C2 +ab)(c2 —ab). D&y rang 0<c’+ab<p va plasd nguyén t& nén

pl(c* —a’b?) khi va chi khi p|(c*-ab).




Bai5.

Mit khéc, ta c6 dénh gid sau: |c* —ab| < |c?|+|ab| <a® +b* +c* = p.

Vay p|(c*-ab)khi va chi khi ¢’?-ab=0hay ¢’=ab. Do c=min{a,b,cjnén d&du déing
thitc xay ra khi va chi khi a=b=c.

Thay a=b=cgia thiét p=a’+b’+c’ta dwgc p=3a’. Do pla sd nguyén t6 nén gid tri tw
nhién duy nhat ctia a thoa yéu cau bai todn 1a a=1. Khi dé p=3.

Vay p=2 hodc p=3la2s6nguyén td duy nhat thoa yéu cau bai toan.

2. Cho bang 6 vudng 2xn v6i n>3. Hai 6 ctia cft tht i cta bang duoc dién bdi 2 s6
thuc khong a,b, sao cho a +hb =1. Chting minh rang c6 thé chon dugc tir mdi cot mot s&

sao cho tong cac s6 dwgc chon & moi hang khong vuot qua nTJrl
Loi giai
a, a, a, a,
b, b, b, b,

Gia st ta c6 bang nhu trén vdi @ <a,<a,<..<a,. Tw désuy ra b >b, >h, >...>b . Diéu
nay 1a hop 18 vi viéc d6i chd 2 cdt cho nhau khong anh huwong gi dén két luan caa ban
toan.

. 4 . \ ~ 4 7 1 ~ 4 2
Khi do goi k la s6 16n nhat sao cho a, +a, +a, +...+a, < n% Ta s€ ching t6 a,,a,,4a,,..., 8,

va b.;,b.,,b.5,..,b, 1a cdc s6 can chon.

Nhu vay ta can chirarang b, +b,,,+b, ,+...+b, < %L (*). Theo dinh nghia ctia s6 k thi

, n+l n+1 n+1
ta co ai+az+a3+"'+ak+ak+1>Tnensuyra (k+D)a., > 4 <:>a'<+1>4(k.4_1)'

D& ¢6 (*), ta sé chiing minh (n—k)b,, < %L hay (n—k)(1-a,,)< %L, ta duwa vé

(n—k)(l— 4(”k++11)js n:‘:l@(n—Zk—l)z >0

BDT trén la hién nhién nén ta c6 dpcem.

(7 diéin)

1. Cho tam gidc ABC (AC <BC) noéi tiép trong
duong tron tim O . Phan gic goc C cat duong tron
(O) tai R. Goi K,LIan luot 1a trung diém caa AC
va BC . Puong vudng goc véi AC tai K cat CR tai
P, duong vuong goc véi BC tai Lcit CR tai Q.
Chiing minh rang dién tich tam gidc RPK va RQL

bang nhau.

Loi giai

Ta cé: Sgpp = % RP.PK.sinRPK; S, = % RQ.QL.sinRQL

Dé thdy CPK =CQL =90° —% — RPK =RQL.




Vay Sgex = Sgpq. & RP.PK =RQ.QL (1)

+ Ta sé chitng minh RQ =CP va RP =CQ

Xét hai tam giac RPA va RQB

C6 RAB =RCA=PAC = RAP =CAB = RAP =QRB; RA=RB

APC =2KPC =2CQL =CQB = APR =RQB = ARP = RBQ

Vay hai tam gidc RPA va RQB béang nhau (g.c.g), suy ra RQ = PA=> RQ =PC, tir d6
cting suy ra RP =CQ

Khi dé (1) < CQ.PK =CP.QL & Q_ g, diéu nay dang do hai tam giac vuéng

CP PK
CQL va CPK dong dang véi nhau, suy ra diéu phai chitng minh.

2. Cho hinh chép S.ABC c¢6 SA, SB, SC ddi mot vudng goc voi nhau. Goi R, r Tan lugt 1a
tam madt cau ngoai tiép va tam madt cau nodi ti€p hinh chop S.ABC; V la thé tich khoi
chép S.ABC va h 1a chiéu cao cua khoi chop S.ABC ha tit dinh S . Tim gia tri nho nhat

cua biéu thirc

Loi giai

Dt SA=a, SB=b, SC=c.Keé SH L BC tai K, SH L SK tai H = SH =h.
+) Ta co iz=i2+i2+i2:>h= abe .

h® a® b" ¢ Jalh? +b%c? +c?a
+) Vi S.ABC 6 ba goc tai dinh S Ia cdc goc vudng nén ta cb: Rzéx/a2+b2+cz va

1

V ==abc.
6
2.2 242 2.2 2.2
+) Lai co SK = be =>AK=\/a2+EC2:\/ab +b‘c +ca.
Jb? +c? b?+c b2+

Suy ra S5 = % BC.AK = %\/azb2 +b*c*+c%a’.

3V B abc
asag T SASBC + SASCA + SAABC ab+bc+ca+ \/azb2 + b202 + C2<‘312

Khidd r=




abc( abc B abc )
g V(h-r) 6 Ja?h? +b%c? +c’a?  ab+bc+ca++/a’h? +b2c? +cla

. =
Rhr 1(a2+b2+02) abc abc

Ja?b? +b%c? +c2a® ab+bc+ca++ah? +b2c? +ca

V(h-r
(2 )=3,a?+bf+cjlsg vi ab+bc+ca<a’®+b*+c’Vva,b,c duong.
R°hr 3 a“+b"+c° 3

Déng thiic xay ra khi va chikhi a=b=c.
V(h-r) 2

> =—<a=b=c.
Rhr 3

Vay max
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