CHU BE HAI PUONG THANG VUONG GOC
I. KIEN THUC TRONG TAM
1) Tich v6 huwdéng cua hai vecto trong khong gian
e Goc gilra hai vecto a va bkhac 0 dugc dinh nghia bang goc
AOBv6i OA=a; OB=bh . -
Néu a hoic Bbéng 0 ta quy udc goc giita chung c6 thé nhan mot gia
tri tuy y.
e Tich v6 hudng cua hai vecto ava bla mot s6, duoc ky hiéu abva \E B
duoc xac dinh bdi ab= ‘ZIHB‘ COS(ZZ;B)'[I‘I d6 suy ra cosin goc gitia hai

ab
-

Pic biét khi ﬂl}@cos(&;é)=0©&5=o.

vecto ava bla cos(Zz;l;)z

e Tinh chat cta tich vo hudng:
Cho 3 vecto a; b ; ¢va sb thuc k. Khi do ta co:
i) ab=ha. ii) 5(13+E)=Zz.z3+&.2.

2 -2
=a .

a

iii) (k&).zé = k(afa) = Zz.(ki)). iv)

2) Géc giira hai dwong thang trong khong gian
¢ Dinh nghia:
Trong khong gian cho 2 duong thang a, b bat ky. Tir mot diém O

nao d6 ta vé 2 duong thang ', b’ lan lugt song song v6i a va

r N 2 2 al
b . Ta nhan thay rang khi diém O thay doi thi goc gitra 2 duong / .
thang a' va b' khong thay doi. 0
Do d6 ta c¢6 dinh nghia:

Pinh nghia: Goc giita 2 duong thang ava b trong khong gian 1a

goc gitta 2 dudng thang a' va b’ ciing di qua mot diém va lan lugt song song voi ava b .

e Cich xic dinh géc giira hai dwong thing:

Dé xéc dinh goc giita 2 dudng thing ava b ta co thé lay diém O thudc mot trong hai dudng thang do6 roi
v& mot duong thing qua O va song song voi duong thang con lai.

Néu u 12 vecto chi phuong ciia dudng thing a va v 1a vecto chi phuong ctia duong thing b va (;t,;) =a

thi goc gitta 2 duong thang a va b bang a néu 0° < o < 90°va bang 180°—a néu 90° < o <180°.

Néu 2 duong thang a va b song song hodc tring nhau thi goc giita chiing bang 0°.
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Goéc giita hai duong thang 1a goc c6 s6 do 0° < <180°.
e Phuong phap tinh goc giira hai dwong thing:
Dé tinh goc gitra hai dudng thing trong khong gian ta cin nhd cac cong thirc sau:

AB* + AC* — BC?

— Pinh 1y ham s6 cosin trong tam giac ABC': cosBAC =

2.AB.AC
— 2 2 2 - 2 2 5
Tuong tu ta c6: cosABC = BA"+BC - AC va cosACB = CA"+CB - 4B .
2.BA.BC 2.CA.CB

Chii ¥ cong thire dic biét: AB.AC = AB.AC cos BAC = %(ABZ +A4C* - BC?).

— Tinh goc giita hai duong thang ABva CD ta tinh goc giita hai vecto ABva CDdya vao cong thirc
1ECD |[4B.CD

cos(@;@) = W = cos(A4B;CD) :W

Tir d6 suy ra goc giita hai duong thang ABva CD.
3) Hai dwong thang vudng goc
e Hai duong thang duoc goi 1 vudng goc néu goc giita chung bang 90°.
Ky hi¢u: a L b hodac b La
allb

e Mdi quan hé gita quan hé song song va vudng goc: { N —clb
cla

II. HE THONG Vi DU MINH HQA

Vi du 1. Cho hinh chép S.4BCcé day la tam giac déu canh a, SAJ_(ABC) va Sd=af3. Goi M,
N lan luot 1a trung diém AB va SC . Tinh cosin clia goc giita hai duong thang AN va CM .

Loi gidi:

Cich 1: Dyng hinh binh hanh AMCE suy ra AM = CE = %

Khi do AE//CM = (M) = (AN;AE) =p.
Mit khac SC =+/S4% + AC* =2a = 6 dai duong trung tuyén AN la

AN:%:a. AE:CM:a\f.

Do AABCdéunén CM L AM — AMCE 14 hinh chit nhat.
Khi 6 CE L AE ma CE 1 SA = CE 1 (SAE)= CE L SE.

ASEC vudng tai E c6 dudng trung tuyén EN = %SC =a.

o 2 2 A2
Ta co: cosNAE:AN +AE” - NE :£>0:>cosgo:—3.
2.AN.AE 4 4
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Cich 2: Ta c6: AN == (45 + AC);CM =AM ~ AC = 4B~ AC

e e (1= =) 1———— 1 2 3
Khi dé AN.CM=—(AS+AC)(_AB—AC]=—AB.AC——AC2 _ L2 cos600 9 =73
2 2 4 2 4 2 8
34>
8
Lai 06 AN =5 = 4 CM:&:cosgo: :ﬁ.
2 2 a3 4
a.——
2

Binh ludn: Dya vao hai cach lam trén ta thdy rang, trong mét sé truong hop, viéc sir dung céng cu vecto
dé tinh géc gitra hai dwong thang givip bdi todn tré nén dé dang hon rdt nhiéu!

Vi du 2. Cho hinh chop S.ABC c¢6 SA=SB=SC=A4B=a; AC=a2 va BC= a3 . Tinh cosin goc
giita hai duong thang SC va 4B.

Loi gidi:
Cach 1: Goi M, N, P lan luot 1a trung diém S4, SB va AC.
. [MPysC . ,
Khi = (SC;4B)=(MP;MN).
MN//AB
Taco MN=AB_a. yp_5C_4a
2 2 2 2
A 2
Mit khac ASAC vuéng tai S = SPzTC: a2 .
2 2 2
ppr  BAABC AC* 3, L, a6
2 4 2 2
2 2 2
Suyra pN? =[5 +PB_SB 3 p @3
2 4 4 2
— 2y MP*-NP* 1 —
Khi do coshagp =N Y MP = NP1 e 120° = o= (SC: AB) = 60°.
2.MN.MP 2

Cach 2: Ta co: ZE=§§—§2:Z§.SZ’=(§E—§Z).§E=§E.SZ’—§ZISE

a2

= l(SB2 +SC? —ACZ)—l(SAZ +S8C*— 4AB*)=——
2 2 2

2
—a

Suy ra cos(SC; AB) = 2 :%:(SC;AB):60°.
a.a

Vi du 3. Cho tr dién ABCD c6 AB=x,,CD=x,;AC=y,,BD=y,,BC=z,AD =z,. Tinh goc giira hai
duong thing BCva AD .

Loi gidi:

Tacé BC.DA= R‘(D—(H@) = CB.CD-CB.CA

Trang 3




= l(CB2 +CD? —BDZ)—l(CB2 +CA> —ABZ) :l(AB2 +CD* - BD? —CAZ)
2 2 2

[BEDA] | +x3 31 -]

Khi d6 cos(BC;DA) =

BC.DA 22,2,
o =(BC; AD)
Dic biét: Néu AB=CD=x; AC=BD=yva BC=AD=z tadit { = (AB CD) thi ta co:
y =(AC:BD)
-7 -~ |2* -]
cosq="——; cosf3= ; Cosy="—
z x %

Vi du 4. Cho hinh chop S.ABCD c6 day la hinh vuéng ABCD canh 2a, SA L (ABCD) va SB=av5.
Goi M la trung diém AB va N latrung diém BC. Tinh cosin goc giira hai dudng thing SM va DN .

Loi gidi:
e Cich 1: Do S4 L (4BCD).

Ta co: SA=~/SB*> —4AB* =a. Goi E 1a trung diém ctia AD va I 1a trung
diém AE. D@ thiy BNDE 1a hinh binh hanh va MT1a duong trung binh
trong tam giac ABE . Khi d6 DN//BE//MI .

Taco: AM —a: A1 =2E_ 2,
2 2

Mit khac: SM? = SA> + AM* = 24%; SI® = Sa”

o 2 2 2
12=A12+AM2=5— Do vay cosSMI—SM M =S :m:
4 2.8M .MI

e Cich 2: Ta cb: W.ﬁ"\f:W(ﬁ—SB):W.W—WSB
=l(SM2 + SN2 —MNZ)—l(SMZ +SD2—MD2)
2 2
Mat khac: SN? = S4> + AN? = SA*> + AB> + BN* = 6a4°, MN:%: a2, SD* =54>, MD* =54>.

2‘ B 24’ :m_

SM.DN  a2.a/5

‘Za

Do d6 SM.DN =2a*> = cos(SM;DN) =

Vidu 5. Cho hinh chop S.ABCD c6 day ABCD]1a hinh chit nhdtcdé 4B =a;AD = a2, SAL (ABCD)
va SA=2a.

a) Tinh cosin goc giita hai duong thang BCva SD .

b) Goi I 1a trung diém caa CD. Tinh cosin goc giita hai dudng thang SBva Al .
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Loi gidi:

a) Do BC//AD = (SD;BC)=(SD; AD) = SDA

ASAD vuodng tai 4 = cos SDA = AD = AD :L.

SD  Jup*+s42 B3
b) Goi M, K lan luot 1a trung diém cua ABva SAthi MK la duong trung
binh cua tam giac S4B . Khi d6 MK//SB, mat khac MC//AI .

L —

Suy ra (SB; Al) = (m)

2 2
%: 54 ;AB :“\/E;Mcz MB2+BC2:37a;

KC =+\KA*+ AC? =2a.

Taco: MK =

. 2 2 2 7
Khi d6 cos KMC =S4 +MC —KC__ 1 :cos(SB;AI):L.
2.KM MC 35 35

Cich 2: Ta co: SB.AI = §§(§—§A7) — SB.SI — SB.SA

:%(SBZ +8I° —312)—%(532 +S4° —ABZ)

2
Do SB*> =5a*;SI> =SA* + AD* + DI’ = 254“ : Al =/ AD* + DI* =37a=IB.

2
o sBai S
Suy ra SB.AI =—=> cos(SB; Al )= = = )
2 SB.AI ~, [5 34 35

2

Vi du 6. Cho hinh chép S.ABCD co6 day 1a hinh thoi canh a, ABC =60°. Tam giac SABcan tai Sva
thudc mdt phang vudng goc véi day. Biét rang SC tao voi day mot goc 30°. Tinh cosin cuia goc giita

a) SDva BC.

b) DHva SC,v6i H 1a chan duong cao ha tir S xuéng mat day (ABCD) .

Loi gidi:
a) Do AB =BC =a, ABC = 60° = AABC déu canh a.
Goi H latrung diém cia 4B, do tam giac SABtai Snén SH | AB.

SAB) L (ABCD
Mat khac {( ) ( )

4B =(s48) (o)~ AT

AABCdéunén CH =%,(§E(_,Fc)) — SCH =30°

Ta c6: SH = HC tan30° =§.
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a7

Do ABC = 60°=> BAD =120° = HD =~ AH? + AD* =2 AH .AD c0s120° ==

Suy ra SA=~/SH* + HA> = “22 ,SD =SH> + HD* =a\2 .

DS*+DA* -S4 52

Mat khic AD//BC =5 (BC;SD)=(AD;SD),cos SDA =
2.DS.DA 8
52
=

Do vay cos@ =—

b) Ta 6 SC.DF = SC(SH - 5B~ SC.5H - SC.5D

1 1

=—(SH? +5C* - HC*)-—(SC* + SD* -CD’) = _3a
2 2

4
‘R’DH‘ 3a NG
: 37
Mit khic SC=~/SH? + HC? = a = cos(SC; DH ) = =—4 __
' a= cos( ) SC.DH a7 14

a.

2

DH /1Bl
Cich 2: Goi 7 1a trung diém CD =

DH = BI = a7

MI//SC 5
Goi M la trung diém SD = Wy SC _a .Lai ¢ BD = a/3; SB =/SH? + HB =a2 '
T2 2
2 2 2 - Iy 2_ s
Do do BM2=BD +B5 _SD =§a2:>cosMIB=MI +1B" —MB =3\/ﬁ.
2 4 4 2.IM.IB 14

W17

Suy ra cos(DH;SC) = BV

Vi du 7. Cho hinh chop S.ABCD c6 day la hinh thang vudéng tai 4va Bco AD=2A4B =2CD =2a va
SA L (ABCD). Biét rang SC tao v&i day mot goc 60°. Tinh cosin goc giira:

a) BC va SD.

b) Al va SDvéi I 1atrung diém CD.

Loi gidi:
a) Ta co: AC =N AB* +BC> =a2 . s
Do $4 L (ABCD) = (SC;(4BC))=SCA = 60°.

Khi d6 S4= ACtan 60° = a6 .

Do AD//BC = (BC;SD)=(AD;SD).
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AD AD

Mait khac cos ADS = =
SD  \S4* + AD?

_ 2a B J10
J6a* +4a> 5
b) Goi Elatrung diém AD = AE = DE = BC = a = ABCE 14 hinh vudng canh « .

=cos(BC;SD).

Do CE:%AD:AACD vuong tai C.

Ta co: CD =+/CE* + ED* =a\J2 = ID = “\2/5.

Lai co: AI.SD = (FI—EZ)SB —SI.SD—SASD = l(512 +SD? —Dlz)—l(SA2 +SD* - AD)
2 2

2 2
Trong d6 AI° = AC? +CI* :5%3312 =SA’ + A’ = 17; .

3a® 3a® 3

Do d6 AI.SD =3a’ = cos(AL;SD) = = ==,
ALSD  a\10 5
2 .a~'10

Ml //SD

Cich 2: Goi M 1a trung diém SC = D a\/m,/u:”*ém,AM:%:aﬁ.
MI=22=
2 2
2 2 2
Khi d6 cos M4 =AM —AM” 3
2.IAIM 5

Vi du 8. Cho hinh lang try ABC.A'B'C’ c6 day la tam gic déu canh a, hinh chiéu cta diém A’ xudng
mat day (ABC ) tring véi trung diém cua BC . Biét canh bén tao véi mat day mot goc 60°.

a) Tinh tan goc tao boi B'C" va A'C.

b) Cosin goc tao boi CC' va AB.

Loi gidi
a) Goi H la trung diém BC.
Ta co: BC//B'C':(M)z(m)z A'CH . B '

—

Mit khac A'H L (ABC)=(AA';(ABC))= A'AH =60°.

AH =4

3 :>A’H:AHtan6O°:3—a.
2 2
AH

Xét tam giac vuong A'HC'ta co tan ACH = 3. B c

Vay tan(m =3. ’ 4

b) Do CC'// AL = (CC'; AB) = (AA'; AB)
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Tacd: AA=~NAH*+HA = a3

o 12 2 _ Irp2
AB=Jar +mp =0 s gap- A4 +AB 4B :ﬁ.
2 2.44' AB 4

&

Vay cos(CC’; AB) =T.

Vi du 9. Cho tir dién ABCD c6 AB vudng goc vGi mit phang (BCD) . Biét tam

a6
2

giac BCD vudng tai C va AB = LAC = a\/i, CD=a.Goi FE latrung diém

ciia AC (tham khao hinh vé& bén). Goc giita hai duong thang 4B va DE bang
A. 45° B. 60° B D
C. 30° D. 90°

Loi gidai
Goi H la trung diém ctia BC khi d6
EH//AB:>EHJ_(BCD):>EHJ_HD. 4

Suy ra (m = (EI}’D\E)

Ta cé: HE=£=“\/€,BC= AC a5 =2 -
2 4 2 B
H
— DH =/DC? + CH* =#

tan DEH = 22 _ 3 = DEH = 60°.
EH

Vay (4B;DE)=(EH;DE)= DEH = 60°. Chon B.

Vi du 10. Cho tit dién ABCD c¢6 AB vudng gbc v6i mit phang (BCD).

a6

Biét tam gisc BCD vudng tai C va AB = = AC= a2,CD=a.Goi E
1a trung diém cta AC (tham khao hinh v& bén). Goc giira hai dudng thang
ABva CE bang

A. 60° B. 45°

C. 30° D. 90°

B o

Loi gidi
Goi H la trung diém BD = EH //AB= EH 1 (BCD)

o2

2
2

Vay EH L CH ,tacé BC=+AC*> - AB* =
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Suy ra BD:mzéjaqz%:# 4
E
Lai co EHz%z%zCH:AEHC vuong can tai H
B r

Do d6 (4B;CE)=(EH;CE )= CEH = 45°. Chon B.

C

Vi du 11. Cho hinh 1ap phuong ABCD.A'B'C'D' canh a. Goi M, N, P lan luot 1a trung diém cac canh
AB, BC, C'D'. Xac dinh goc giira hai dudng thing MN va AP .

A. 60° B. 90° C. 30° D. 45°
Loi gidi
D@ thidy MN la dudng trung binh trong tam giac ABC nén A’ o
MN //AC = (MN; AP) = (AC; AP). ; /
., T o avS B i 1
Lai c6 AC=av2,CP=~yCC™ +C'P* = P T
e
rp2 2 12 rp2 2 361 MA'J \\\
AP = A'P* + AA4* =N A'D" + D'P* + 44 == P
B N C

2 2 p2
Do d6 cosCAPzAP +AC -CP :ﬂ
2.AP.AC 2

— CAP = 45° = (MN;CP). Chn D.

Vi du 12. Cho hinh chép S.4BC c6 tat ca cac canh déu bang a. Goi 7, J lan luot 14 trung diém cua
SA4, BC . Tinh s do ctia goc hop boi IJ va SB.
A. 45° B. 30° C. 60° D. 90°

Loi gidi
Goi M la trung diém AB thi MI, MJ lan lugt la duong trung binh ciia tam giac ASB va ABC.

Ta co: MI:MJ:%

Mit khac JA4 = JS = % — tam gidc JSA can tai J = JI L SA

a2

Khi d6 IJ =~/SJ* - SI* = - MI? + MJ* = IJ* nén tam giac MIJ vudng

can tai M = (IJ;SB)=(IJ;IM )= 45°. Chgn A.

Vi du 13. Cho hinh chép tir gidc déu S.4BCD diay ABCD 1a hinh vudng, E 1a diém ddi xtmg voi D
qua trung diém SA. Goi M, N lan luot 1a trung diém cia AE va BC. Géc giita hai dudng thang MN
va BD bang
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A. 90° B. 60° C. 45° D. 75°

Loi gidgi
Goi I 1a trung diém SA thi MICN 1a hinh binh hanh nén MN //CI

... /BDLAC o .
Mat khac (voi O 1a tdm cta hinh vuong ABCD)
BD 1 SO

Suy ra BDJ_(SAC) = BD 1 CI = BD 1 MN

Vay (MN;BD)=90°. Chon A.

Vi du 14. Cho hinh ling try tam gidc déu ABC.A'B'C' ¢6 AB=a va AA' =a2 . Goc giita hai duong
thang 4B’ va BC' bang

A. 30° B. 90° C. 45° D. 60°
Loi gidi
Goi E 1a diém thudoc A'B’ sao cho B'A'=B'E A c

Ta cd ABEB' 1a hinh binh hanh nén 4AB'//BE v

Lai c6 A'E =2a, B'C' =%A’E = AEA'C' vubng tai C’

Khido C'E=\AE*—A'C? = a3, BE= AB' = a3 & &
BC' =+BB" +C'B" = a3 = ABEC' 14 tam gi4c déu. B

Do d6 (AB'; BC')=(BE; BC') = EBC’' = 60°. Chon D.

Vi du 15. Cho ti dién ABCD c¢6 AB=6, CD =3, goc giita AB va CD 1a 60°va diém M trén BC sao
cho BM =2MC . Mit phang (P) qua M song song v6i AB va CD cit AC,AD,BD lan luot tai
N, P,Q . Dién tich MNPQ bang

A. 242 B. 3 C. 23 D.%
Loi gidgi
Do MN //AB, theo dinh ly Talet ta C()M:C—M:l
AB CB 3
3MN=£=2
3
MQ_BM _2 2

Tuong tu MQ//CD = :>MQ=§CD=2

ChD BC 3

Lai c6 MN //AB, MQ//CD = (MN;MQ) = (AB;CD) = 60°

Khi d6 S,,,, = = MN.MQsin(MN; MQ)

28

MNQ

=2.2.5in60°=2+/3 . Chon C.
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Vi du 16. Cho tir dién ABCD c¢6 AB vudng goc véi CD, AB=4, CD=6. M 1a diém thudc canh BC
sao cho MC =2BM . Mit phing (P) qua M song song v6i AB va CD. Dién tich thiét dién cta (P)
voi tir dién 1a

17 16

A. 5 B.6 C. — D. —
3 3

Loi gidi
Mit phing (P) qua M song song véi AB va CD cit AC, AD,BD
lan luot tai N, P,Q.

Do MN //AB, theo dinh ly Talet ta cc'>M:C—M:z
AB CB 3
oy =248 8
3 3
TuongtuMQ//CDzM—Q:%:l:MQ:lCD:2
CD BC 3 3

Lai c6 MN//AB, MQ//CD = (MN;MQ) = (AB;CD)=90°

Khi d6 Syypp =

28,0 = MN.MQssin (MN; MQ)

§.2.sin 90° = E Chon D.
3 3

BAI TAP TU LUYEN

Cau 1. Trong cac ménh d¢€ sau, ménh dé nao dang?

A. Hai dudng thang cung vudng goc voi mot duong thiang thi song song voi nhau.

B. Mot duong thang vudng goc voi mot trong hai duong thang vudng goc voi nhau thi song song voi
duong thang con lai.

C. Hai duong thiang cing vudng goc voi mot duong thiang thi vudng goc véi nhau.

D. Mot duong thang vudng goc véi mot trong hai duong thang song song thi vudng goc véi duong
thang kia.
Céu 2. Trong khong gian cho 3 duong thang phan biét a,b,c . Khang dinh nao sau day dung?

A.Néua//bviclathiclh

B. Néu goc giita a va ¢ bing goc gita b va ¢ thi a//b

C.Néu a va bcung vudng goc v6i cthi a//b

D.Néu a va b cing nim trong mit phing (a)//c thi goc gitta a va ¢ bang goc gilta b va ¢
Céu 3. Cho hai dudng thang phan biét a,b va mit phang (P), trong d6 a L (P). Ménh dé nao sau day la

sai?
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A.Néu b L(P) thi b//a B.Néu b L(P)thibLla

C.Néu b//a thi b L(P) D.Néu b La thi b//(P)

Cau 4. Cho ti dién déu ABCD canh a. Goi M 1a trung diém BC . Tinh cosin goc giira hai duong thang
AB,DM .

NRE B Y3 ¢ p.!
2 6 3 2

Céu 5. Cho hinh 1ap phuong ABCD.A'B'C'D' . Géc giita hai duong thing BA',CD bang
A. 90° B. 60° C. 30° D. 45°
Cau 6. Cho hinh chép tir gidc déu S.ABCD c¢6 AB=a,0 la trung diem AC va SO=b. Goi (A) la

/14
6

. Gid

duong thang di qua C ,(A) chta trong mit phang (ABCD) va khoang cach tir O dén (A) la

tri lugng giac cos [(SA),(A)] bang

A 2a B a C 2a D a
3W4ab? -24a* 20% +44° 3V2b% +4a* 3W4b* -24?

Céu 7. Cho hinh chép S.ABCD c6 day 1a hinh vuéng ABCD, canh bén S4 vudng gbc véi miat phang
day. Puong thang SD tao voi mat phiang (SAB) mot goc 45°. Goi I 1a trung diém cua canh CD. Géoc

giita hai duong thang BI va SD bang (s6 do goc dugc lam tron dén hang don vi)

A. 39° B. 42° C. 51° D. 48°
Céau 8. Cho hinh chép S.ABCD déu cd SA= AB =a. Goc giita S4 va CD 1a
A. 60° B. 30° C. 90° D. 45°

Cau 9. Cho lang try tam gidc déu ABC.DEF c¢6 canh bang a, chiéu cao bang 2a. Tinh cosin goc tao boi
hai dudng thang AC, BF D F

J5

A, —
10

o ¥
5

=

&

& »&
b
>

Cau 10. Cho hinh 1ap phuong ABCD.A'B'C'D' (tham khao hinh v€). Goc o,
giira hai duong thang AC va BD' 1a
A. 30° *
B. 90°

C. 60° o X
A B
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D. 45°

Cau 11. Cho hinh 14p phuwong ABCD.A'B'C’'D' (tham khao hinh v&). Goc gitta A I
hai duong thing AC va A'D 1a i
A. 45° o - 1
B. 30° o i
C. 60° /
D. 90° D o

Céu 12. Cho hinh l4p phuong ABCD.A'B'C'D'. Goi M,N,P lan luot la

trung diém ctia cac canh 4B, AD,C'D'. Cosin ctia goc giita hai duong thang

MN,CP bang
5 5
L 3
V1o NI

Céu 13. Cho hinh hop ABCD.A'B'C'D’ . Gia st tam giac AB'C va A'DC' déu c6 3 goc nhon. Goc giita
hai dudng thing AC va A'D 1a goc nao sau day?

A. AB'C B. DA'C’ C. BBD D. BDB'
Céau 14. Cho hinh 1ap phuong 4BCD.A'B'C'D’ . Chon khing dinh sai?

A. Goc giita AC va B'D' bang 90° B. Goc gitta A4’ va B'D' bang 60°

C. Goc giita AD va B'C bang 90° D. Goc giita BD va A'C’ bang 90°

Cau 15. Cho hinh lap phuong ABCD.EFGH . Hay xac dinh goc gifra cdp vecto AB va DH ?
A. 45° B. 90° C. 60° D. 120°

Cau 16. Cho hinh 1ap phuong ABCD.EFGH . Hay xac dinh goc gilra cdp vecto AB va EG ?
A. 90° B. 60° C. 45° D. 120°

Céu 17. Cho hinh 1ap phuong ABCD.A'B'C'D" .Goc gitta AC va DA’ 1a
A. 45° B. 90° C. 60° D. 120°

Cau 18. Cho t&r dién ABCD c¢6 AB = AC = AD va BAC = BAD = 60°. Hay xéc dinh géc giita cp vecto

AB va CD ?
A. 60° B. 45° C. 120° D. 90°

— e~~~ -

Cau 19. Cho hinh chop S.ABC c6 SA=SB=SC va ASB=BSC=CS4, BAC =BAD =60°. Hay xac

dinh goc giita cap vecto AB va SC ?
A. 120° B. 45° C. 60° D. 90°
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Céau 20. Cho hinh chép S.4BC ¢6 SA=SB va CA=CB. Tinh s6 do cua goc giita hai duong thiang chéo
nhau SC va 4B.

A. 30° B. 45° C. 60° D. 90°
Cau 21. Cho hinh chép S.4BC c6 AB=AC va SAC = SAB. Tinh sb do cta goc giita hai dudng thing
chéo nhau S4 va BC.

A. 30° B. 45° C. 60° D. 90°

Ciu 22. Cho tit dién ABCD ¢6 AB= AC = AD va BAC = BAD =60°, CAD =90°. Goil va J 1an luot
la trung diém cia 4B va CD.Hay xac dinh goc gitra cip vecto AB va IJ ?

A. 120° B. 90° C. 45° D. 45°
Céau 23. Cho hinh chép S.ABCD c6 day l1a hinh vuéng ABCDcanh a va cac canh bén déu bang . Goi
M va N lan luot 1a trung diém AD va SD. S6 do cua goc (MN,SC) bang

A. 45° B. 30° C. 90° D. 60°
Cau 24. Cho hinh chop S.4BCD c¢6 ddy ABCD 1a hinh chir nhat, AB=a. Canh bén S4 L (ABCD),
SA = a. Goc giita hai duong thang SB, CD bang

A. 90° B. 60° C. 30° D. 45°
Cau 25. Cho hinh choép déu S.ABC ¢6 SA=9a,AB=6a. Goi M la diém thudc canh SC sao cho

SM = %MC. Cosin ciia goc giita hai dudng thang SB, AM ?

J19 . 14

C. —

A L 2
2448 2 7 3448
Cau 26. Cho hinh chép S.ABCD déu c6 day 1a hinh vuong ABCD, E la diém ddi ximg ciia D qua
trung diém S4.Goi M, N lan luogt 14 trung diém AE , BC . Tinh goc giita duong thang MN va BD.

B

A. 60° B. 90° C. 45° D. 75°
Céu 27. Cho hinh 1ap phuong ABCD.A'B'C'D’ .Géc giita hai duong thang BA' va B'D’ bang
A. 45° B. 90° C. 30° D. 60°

Cau 28. Cho hinh chép S.ABCD cé day la hinh vuéng canh bang 2, canh
SA4 =1va vudng goc voi day. Goi M 1a trung diém CD. Tinh cosa v6i o 1a goc

tao boi hai dudng thang SB va AM .

A2 B. -2
5 5
c.t p. 2
2 5
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Cau 29. Cho hinh lap phuong ABCD.A'B'C'D'. Goi M la trung diém A’ &
DD’ (tham khao hinh v& bén). Tinh cosin cua goc giita hai duong thing B'C va D, E C.
C'M . :
M i
22 1 A e
A —— B. — >
9 \/ﬁ L (i
1 1
C. — D. —
3 3

Céau 30. Cho hinh chép S.ABCD c6 day ABCD 1a hinh thoi tim O, SA nam trén duong vudng goc véi
mat phéng (ABCD) . Trong cac khéng dinh sau, khfmg dinh nao sai?
A. AD 1 SC B. SA 1L BD C. SO L BD D. SC L BD
Céau 31. Cho hinh lap phwong ABCD.A'B'C'D’ . Tinh s6 do goc ¢ giita hai duong thang BC' va B'D'.
A. p=60° B. p=90° C. p=30° D. p=45°
Céu 32. Cho t dién ABCD ¢6 AB=CD. Goi I,J,E,F lan luot 1a trung diém AC, BC,BD, AD. Géoc
giita JE va JF bang
A. 30° B. 45° C. 90° D. 60°
Céu 33. Cho tr dién ABCD c6 AB vudng goc voi mit phang (BCD). Biét tam 4

giac BCD vudng tai C va AB :%,ACza\E, CD=a. Goi E la trung diém
B D
AC (tham khao hinh v& bén). Goc gilta 4B va DE bang V
A. 45° B. 60° =
C. 30° D. 90°
Cau 34. Cho to di€n OABC c6 OA,0B,0C d6i mdt vuong goc voi nhau va A
OA=0B=0C.Goi M latrung diém BC (tham khao hinh v& bén). Goc giita
hai dudng thing 4B va OM bang
A. 90°
B. 30° ° B
M
C. 45° C
D. 60°
Cau 35. . Cho tir dién déu ABCD. Goi M la trung diém CD. Cosin ctia goc A
giita hai duong thang 4C va BM bang
A3 B, 3 D
> B M
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Cau 36. Cho hinh hop chit nhat ABCD.A'B'C'D' (tham khao hinh vé

bén) c6 AD =a, BD =2a . Goc giita hai duong thang 4'C’' va BD la - Ir_qi; = ”
A. 60° .
B. 120° i
C. 90° ,ﬁ'ﬁﬂ ---------- €
D. 30° A "D

Cau 37. Cho t&r dién ABCD ¢6 AD=14,BC=6. Goi M,N lan lugt 1a trung diém cta cac canh
AC,BD . Goi «a la goc giita hai duong thang BC va MN . Biét MN =8, tinh sina .

A.ﬁ B.ﬁ C.l D.£
4 2 2 3

Céau 38. Cho ling tru tam gidc déu 4BC.A'B'C' ¢c6 AB=a va AA' = a2 . Gée A ¢
giita hai duong thang 4B’ va BC’' bang y

A. 30°

B. 90° A o

C. 45°

D. 60°
Cau 39. Cho tir dién ABCD c6 ABvudng goc voi CD. Mit phang (P) song song v6i AB va CD lan
lugt cit BC, DB, AD, AC tai M,N,P,Q. Tt gisc MNPQ 14 hinh gi?

A. Hinh thang. B. Hinh binh hanh.

C. Hinh chit nhat. D. Tt giac khong phai hinh thang.
Ciu 40. Trong khong gian cho hai tam giac déu 4BC va ABC' c6 chung canh AB va nam trong hai mat
phang khac nhau. Goi M, N, P,Q lan luot 14 trung diém cic canh AC,CB,BC' va C'd. TG giac MNPQO
1a hinh gi?

A. Hinh binh hanh. B. Hinh chit nhét. C. Hinh vuéng. D. Hinh thang.
Céu 41. Cho tir dién ABCD c¢b6 ABvudng goc véi CD, AB=CD =6 . M 1a diém thudc canh BC sao
cho MC =xBM (0<x<1). Mat phang (P) song song v6i AB va CD lan lugt cit BC,DB, AD, AC tai
M,N,P,Q. Dién tich 16n nhit cua tir giac béng bao nhiéu?

A.9. B. 11. C. 10. D. 8.
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PAP AN VA LOI GIAI BAI TAP TU LUYEN
1-D 2-A 3-B 4-B 5-D 6-C 7-C 8-A 9-A 10-B
11-B |12-C |13-B [14-B |15-B |16-C [17-C |18D |19-D |20-D
21-D |22-B [23-C [24-D [25-D |[26-B |[27-D |28-A [29-B |[30-A
31-A [32-C [33-B [34-D |[35-C |[36-C |37-B [38D |39-C |40-C
41-A

Cau 1: Trong khong gian mot duong thiang vudng gbc voi mot trong hai dudng thang song song thi
vudng goc v6i dudng thang kia. Chon D.

Cau2:Néu a//b va ¢ La thi ¢ Lb. Chon A.

Ciu 3: Khang dinh sai 1a B. Chon B.

Chu 4: Goi N 1a trung diém cta AC thi MN//AB va MN:%AB:% A

(tinh chit duong trung binh)

Khi d6 (4B; DM )=(NM;DM) s
B ?
o 2 2 2
Lai 6 DM = DN =93 cos gy - MO+ MV —DN* V3 M
2 2.MD.MN 6
C
Vay cos(AB; DM ) = g. Chon B.
A D"
Céu 5: Do CD//AB nén (BA';CD)=(BA'; AB) = A'BA=45°. Chon D. d
» ;rl' E e
F oAb W
B - c

Ciu 6: Goi K 1a diém thudc CDsao cho AK //A

av'14
6

Mt khac SO L AK = AE L (SOE)

Dung OFE L AK thi OF =

L —

Ta c6 (S4;A)=(S4; AK ) = SAE

Xét tam giac vuong SAK ta cod cosSAK = AE 5 v /
SA4 =
2 2
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2
—_— 2
3AE=§,SA:\/OA2+S02 =4/%+b2 = cosSAK =——= 2 . Chon C.

2 - 2 2
3\/a2+b2 32a% +4b

DA 1 AB

= DA 1 (S4B)
DA L 54

Cau 7: Bat AB=2a,do {

Do d6 (SD;(SAB)) = DSA=45°=> SA= AD =2a

Goi K la trung diém AB = DK //BI

Do d6 (BI;SD)=(DK;SD)

Mit khac SD =2a+2,SK = DK = a+/5

2 2 o2
Suy ra cos SDK = DS” + DK 5K = 1o
2.DS.DK 5

— SDK ~50,77°. Chen C.

Cau 8: Taco AB//CD nén (S4;CD)=(S4; AB)
Mit khac S.ABCD la chép déu nén S4 =SB do d6 tam giac SAB déu

nén SAB = 60°.

Viy (54;CD) = (S4; AB) = SAB = 60°. Chon A.

Cu9: Tacé AC//DF = (AC;BF)=(DF;BF) D

Mit khiac BD = BF =~/4a”> +a*> = a/5,DF =a

—  FD*+FB*-BD* /5

Do d6 cos DFB = —>0
2.FD.FB 10
A C
Vay cos (m = % Chon A. -
B

AC L BD
Cau 10: Ta co :>ACJ_(BDD'):>ACJ_BD'

AC L BB’
Vay goc gitra hai duong thang AC va B'D 1a 90°. Chon B.

Cau 11: Dt AB=a,tacé AC//A'C'=(AC;AD)=(A'C;AD)

Mit khac A'D=DC' = A'C' = aJ2 = AA'DC’ 14 tam gisc déunén DA'C’ = 60°

Vay (AC; AD)=(4'C’; AD) = DA'C' =60°. Chon B.

Céu 12: Dat AD =2a, goi O la trung diém B'C’ thi PQ//B'D'//MN do d6 (MN; CP) = (PQ; CP)

Tacod PQ:%zzaf:a\E
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-
-

CO=CP=4/(2a)" +da* = a5

- 2 2 2 : P
Do d6 cosCpo =22 +PC 0" _ | 5 ! C
2.PO.PC J10 ;
Vay cos(MN;CP)=——. Chen C b\t --hp
d 5 \/E v " :, #,_.-f’
Jf
B C
Cau 13: Tacé AC//A'C'( A'B'CD 1a hinh binh hanh) A D
M BFC nhon nén (AC: D)= (4T AD)= DAC" A
Chon B.
D
B c
Cau 14: Ta c6 (m = (m —BB'C=90° . Khiang dinh B sai. Chon B.
Cau 15: Vi DH = AE ( ADHE 14 hinh vudng) E H
— P — — F 1
Nén (AB; DH) = (AB; AE) = BAE =90° ( ABFE 1 hinh vuong). : G
Chon B. A ]
s D
B &
. E H
Cau 16: Vi EG = AC (AEGC 14 hinh vudng) A
— — ] G
Nén (AB; EG) = (AB; Ac) = BAC =45° (ABCD 14 hinh vudng). ;
2 v
Chon C. e D
B &
Cau 17: Goi ala do dai canh céa hinh 1ap phuong. Khi do, tam gidsc AB'C 1a - 4
B
tam giac déu (AB' =B'C=CA= ax/i)—)B'CA =60° : 3
, . ‘A
Lai c6 DA'//CB' nén (AC;DA’)=(AC;CB')= ACB' = 60°. e
Chon C. o i <
Céau 18: Ta c6 E.C—D:E(E—E):@.ﬂ)—ﬁ.ﬁ \
= ‘E‘.‘E‘COS(A—B;E) —‘EHE‘ cos(4B; AC)
R I B D
= ‘ABHAD‘COS 60°—‘ABHAC‘ c0s 60°.
cC

Ma AC:AD:ZEEE:O:»(ZE;EJS):%O. Chon D.
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Cau 19: Ta c6 SC.AB = R*(ST% —571) =SC.SB-SC.SA
- \S‘ﬁ\.\b“é\cos(ﬁaﬁ)—\SZ‘\.\Q\COS(SE;@)
= SC.SB.cos BSC — SC.SA.cos ASC .

Ma S4=SB=SC va BSC = ASC—>SC.AB =0

Do d6 (E;E) =90° . Chen D.

Ciu 20: Xét SC.AB=-CS (@ . @) —CS.CA-CS.CB

5
fi‘ '
B
&
=CS.CA.cos S/Cjél —CS.CB.cos S/CTE
2 2 oy2 2 2 op?
:CS.CA.SC +CA” -S4 —CS.CB.SC +CB” - SB A ]
2.5C.c4 2.85C.CB
_ SC?* + CA* — SA* _SC2+CB2—SB2 SA=SB 3
5
A‘ C
B
A
I
B "y
J
D

- =0 (do )
2 2 CA=CB

Vay SC 1L AB. Chgn D.

Cau 21: Xét SA.BC = 5‘7(@—5—3) = SA.SC - SA.SB
= ‘Q‘.‘E‘ces(ﬂ;ﬁ?) - ‘?AHST%‘ cos SAB

= SA.SC.cos ASC — SA.SB.cos SAB (1)

SA4 chung
Tacd 1 AB=AC = ASAB=ASAC (c—g—c)

SAB =SAC

SC =SB
Suyra< (2
ASC = ASB

Tu (1) va(2) suyra SA.BC =0. Vay S4 1L BC. Chgn D.

Céu 22: Xét tam giac /CD ¢6 J 14 trung diém
— 1/— —
CD :IJ:—(1C+ID)
2

) AB=AC .
Tam gidc ABC c6 ¢ = AABC déu = CI L 4B
BAC =60°

Tuong ty ta c6 AABD déunén DI L AB

Tacs 1J.AB = (IC+1D) 4B = IC.AB +2 IDAB =0

Trang 20



:ﬁiﬂa:(ﬂe;ﬁ):w. Chon B.

Cau 23: Do ABCD 1a hinh vuéng canh a = AC = a2 i
= AC* =24’ = SA* + SC* = ASAC vuéng tai S
Taco MN la duong trung binh cia ADSA = NM = %ﬂ s

—— —_— _— B c
Khi d6 NM .S :%SA.SC:0:>MNJ_SC:>(MN;SC):90°.

Chon C. :

CAu 24: Vi AB//CD nén (SB;CD)=(SB; AB)=SBA

Tacd SAL(ABCD)= SA L AB ma SA=AB=a i
—>ASAB vudng cantai 4 = SBA=45° : v

Viy (SB;CD) = SBA =45° .Chon D.
Ciu 25: Ké MN //SB(N e BC)
——>(SB; AM )= (MN; AM ) = AMN

Faeo BV M 1 BC gy oS
BC SC 3 3 3

3a

Suy ra AN> = AB> + BN*> —2AB.BN.cos60° = 284’

o 2 2 2
Lai c6 cos ASC = S +5C" —AC :Z
2.54.8C 9

Suy ra AM? = SA* + SM? — 2SA.SM .cos ASC = 484’

AM’ + MN? - AN®> 56 14

Do do6 cosA/MTV = = = .
2.AM MN 1248 3./48

Chon D.
Cau 26: Goi / 13 trung diém S4 = I 14 trung diém ED

Suy ra

MI//AD
MI 1a duong trung binh AEAD = 1

MI = 5 AD

Tacdo NC//AD = NC//MI ma NC:%AD:NC:MI

Do @6 MNCI 1a hinh binh hanh = MN //IC

—>(MN; BD) = (IC; BD)

Lai co6 BD 1 (SAC)=> BD L IC nén (IC;BD)=90° .
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Chon B. A’

— L — o
=

Céu 27: Vi B'D'//BD nén (BA';B'D')=(BA';BD) = A'BD B

Xét AA'BD c6 A'B=BD = DA' (3 duong chéo ctia ba mat) '

Suy ra A4'BD déu —> A'BD=60° . Chon D R

Cau 28: Goi [ = AM N BD nén AIDM ~ AIBA s

ot 2 25
A 2 3 3

Ké IN//SB (N eSD) nén (SB; AM )= (IN; Al ) = AIN >
D

J5 M

Taco IN:lSB:—;

v T
3’

Va AN =+ AD? + DN® —2AD.DN.cos ADN =

- 2 2 _ 2
Suy ra cos AIN = A+ IN” = AN :g. Chon A.
2.AI.IN 5

Cau 29: Goi N la trung diém A'D' = MN//A'D ma A'D//B'C = MN//B'C

o

Do d6 (B'C;C'M ) =(MN;C'M )= CMN

NG 1 NG

Tam giac C'MN c6 C’M:C'N:T;MNZEA’DZT

"sr2 2 g2
Suy ra cosC'MN:CM FMN”—CN :l: \/gﬁ :L.ChQnB.
2.C'M .MN 2 2

Jio

)  (SALBD
Cau 30: Ta c6 = BD 1 (SAC)= BD L SO. Chon A.
AC 1L BD

Cau 31: Tac6 B'D'//BD = (BC'; BD')=(BC';BD)=CBD - s

Tam giac C'BD c6 BC'=DC' = BD (3 duong chéo 3 mat bén)

Suy ra AC'BD 1a tam giac déu = C'BD = 60°. Chon A. L

Cau 32: Taco IF//CD,IF :%CD va EJ//CD,EJ:%CD
Suy ra IF//EJ,IF = EJ —— IJEF 1a hinh binh hanh

Lai co IJ:%AB:%CD:IJ:IF:IJEF 1a hinh thoi = /E 1 JF . Chen C.
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Céu 33: Goi F la trung diém BC—>EF //AB

Do d6 (4B; DE) = (EF; DE) = DEF

BCLCD
Ta co :>CDJ_(ABC):>CDJ_AC
AB 1 CD
Tam gidc DEF vuongtai F ,cd EF = a\4/_ DE = a\z/g
Suy ra cos DEF = EF _ave : a6 :l:>EE77:60°. Chon B.
DE 4 2 2

Céu 34: Goi N la trung diém AB ——> MN //AC
Do d6 (AC;0M ) =(MN;OM )= OMN

a\/i AC a\/z

Tam giac OMN c6 OM =ON = 5 ;MN:TZ

Suy ra OM = ON = MN —>AOMN déu = OMN = 60°

Chon D.
Céu 35: Goi N la trung diém AD ——>MN//AC -
Do d6 (AC; BM ) =(MN;BM )= BMN -
Tam gidc BMN c6 BM = BN_§ MN—% 5 ¥ 5
—  BM?*+MN*-BN> & a3 B3 *
Suy ra cos BMN = =—: =—. C
2.BM .MN 472 6
Chon C.
AC' LBD

Ciau 36: Ta co { = A'C' L(BDD'B')= A'C' L BD. Chon C.

A'C' L B'B
Céu 37: Goi P 1a trung diém CD —> NP//BC
Do d6 (m:(m):m:a

Tam gidc MNP ¢6 MN =8, MP=7,NP =3

. 2 2 2
Suy ra cosMNP—MN *PNT - MP :l:sina:—3. c
2.MN.PN 2 2

Chon B.

Cau 38: Goi M 1a diém d6i xing v6i A’ qua B —> AB'//BM

Do d6 (4B';BC")=(BM;BC")= MBC'
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Tam giac BB'M vuéng tai B'= BM =~/BB? + BM* = a3

Tam gidc BB'C' vudng tai B'= BC' =~/BB” +B'C"* =a\3

Va MC' =N B'M>+B'C"” —2B'M.B'C.cos MB'C' = a\3

Suy ra ABMC' déu —> MBC' = 60°. Chon D.

Ciu 39: {Eg ;S;BC) MO vo/ap

Tuong tutacd NP//AB= NP//MQ va PQ//MN //CD

Do d6 tir giac MNPQ 1a hinh binh hanh
AB 1. CD

Mait khac < AB//MQ = PQ L MQ do d6 t&r giac MNPQIa hinh chir
CD//PQ

nhét. Chon C.

Céu 40: Dit canh cac tam giac déu bang a.

Goi I latrung diém 4B thi CI 1 AB

Mt khac C'I L AB nén AB L (A'IC)= AB L CC'

Lai ¢6 MQO//CC' va MQ:%:% (tinh chit dudng trung binh),

Po=2<

twong tu ta c6 NP//CC', NP = % .

MQ//cc’
Suy ra MNPQ 1a hinh thoi, mat khac < PQ//AB
CC' 1L AB
= MQ 1 PQ suy ra MNPQ 1a hinh vuéng. Chon C.
Cau 41: Do MN//AB, theo dinh 1y Talet ta c6

M:C—M:x:MN:x.AB=6x
AB CB
MO _BM _|
CD BC

= MQ =(1-x)CD =6(1-x)

Tuong twu MQ//CD =

Lai c6 MN//AB, MQ//CD = (MN;MQ)=(AB;CD)=90°

Khi d6 S,pp = 2S,p = MN.MQsin (MN; MQ)

D
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=36x(1-x)sin90° = 36x —36x" =9 - (6x—3)" <9

Do d6 [ Sy | =9 Chon A.
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