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CAC PHUONG PHAP TIM NGUYEN HAM

* Pé tim ho nguyén ham ciia mot ham s y=f(x) , ciing c6 nghia 14 ta di tinh mot tich
phan bét dinh : | = f (x)dx. Ta c6 ba phuong phép :

- Phuong phap phan tich .

- Phuong phap d6i bién s6 .

- Phwong phap tich phén ting phan

Do d6 diéu quan trong 14 f(x) c6 dang nhu thé nao dé ta ngién ctru c6 thé phan tich chung
sao cho co thé sir dung bang nguyén ham co ban dé tim dugc nguyén ham cta chung .
Hodc sur dung hai phuong phap con lai

- Sau day 1a mot s6 goi y giup cac em c6 thé nhan biét dang cia f(x) ma c6 phuong phap
phan tich cu thé , tir 46 tim duoc nguyén ham cua chung .

PHUONG PHAP TiM NGUYEN HAM BANG CACH PHAN TiCH

L.TRUONG HOP : f(x) LA MOT HAM PA THUC
s f(x)=ax"+a, X" +...t+a,

A.CACH TIM
1. Str dung cong thirc tim nguyén ham cia ham s6 : f(xX)=x* = F(x) = il.x"”1 +C
a+

2. Do d6 nguyén ham cua f(x) 1a: < F(x)= a”lx”*1+ Gty +a,Xx+C
n+ n

B. MOT SO Vi DU MINH HOA .

Vidu 1. Tim nguyén ham cac ham s6 sau

1. J.(lx4+4x3+3/x_2+x—2jdx 2. I(mx3—3x2+ l+4—m+£—7mjd
4 X 2x
3. [(me"+2a"+log, x—2sin2x+3cos4x)dx 4. J(i+3x—tanx+3x-2jdx
X
GIAT
5
1. J(ix“+4x3+3/x_2+x—2jdx=ix5+ix4+§x3+1.x2—2x+C
4 20 3 5 2
3
2. I(mx3—3x2+ 1+4—m+i—7m]dx_mx —-X +2(x 1)5—4—mz—i2—7mx+c
X 2x 4 3 2.X° 2X
3. j(mex+2ax+logsx—23in 2x+3cos4x)dx=meX +i(xlnx—x)+c032x+§sin4x+C
Ina In3 4
4, J(i+3x—tanx+3x-2jdx:4\/_ |cosx|+§x2—2x+c
X
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P(X)

Q(x)
* Truong hop : Bac cua P(x) cao hon hodc bang béc cla Q(x) , thi bang phép chia da thic
ta 1dy P(x) chia cho Q(x) dugc mot da thirc A(x) va mot sé du R(x) ma bac cta R(x) thap
hon béc cua Q(x). Nhu vay tich phan cta A(x) ta tinh dugc ngay ( nhu da trinh bay &
trén). Do vay ta chi ngién ctru cach tim nguyén ham cua f(x) trong trudng hop bac tur thap
R(X)
Q)

II. TRUONG HOP f(x)LA PHAN THUC HUU TY : fx)=—"

hon bac ctia mau , nghia 1 f(x) c¢6 dang : f(x) =

Trude hét ta ngién ciru cach tim nguyén ham cta f(x) c6 mot sé dang dic biét .

1. Ham s6 f(x) c6 dang : | :J‘ﬁdx (a=0)
+bx+

2
* Ta phan tich : ax’ +bx+c=a x+£ _ A , ma ta da biét & 16p 10 .
2a) 4a’

* Xét ba trudong hop cua A. Ta s€ ¢6 ba dang cua f(x) va ta cling c6 ba cach tim nguyén
ham goi1 y sau :

. b)Y A u_x+£ k=2
-Néu: A<0—-A>0ax*+bx+c=a (x+—j -—|= 2a 2a
2a 4a )
a(u +k2 )
_ , _
“Néu: A=0=a (x+£j —AZ = au? [u:x+£
2a 4a 2a
p bV A b—JA  —b+/A
-Néu: A>0=a||x+— | —— |=a(x- X—X = X, =
e e R P )
Do vy tich phén trén co thé giai nhu sau
1 1
- Truong hop : A<0,thi | =| ——dx==|—"—
’ & nop -[ax2+bx+c a-‘-u2+k2
* Néu dat :
u=tant »>du= dt =(1+tan’t)dt
cos’t ( ) :I:l‘f%kzdu.: T(ZJ‘ 1 - .(1+tan2t)dt
U2 +k? =k? tan®t+k* =k? (1+tan?t) asu+ ak®* (1+tan’t)
t r .
= dt=——+C.(VvO1: u=tant >t =arctanu ).
a.kzj. ak? ( )
1 1 1 1
-Truonghop: A=0Othi: I=|————dx=|=du=—==— +C.
g nop Iax2+bx+c -[uz u ( bj
X4 —
2a
1 1 1 1
Hay: I=| ———dx==|———dx=——"—"_+C
y J-ax2+bx+c aj

CEA
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-Tru’(‘mghop' A>0. thi:

1 1 1
_Iax +bx+c __I (x—x) )dx_a(xz—xl) {x—xz_x—xlldx
1 1 |x—x|
————(In{x=x|=In{x=x,|) = In 21+C.
a(Xz_X1)( | 1| | 2|) a(Xz—X1) ‘X X,

Vi du 1. Hay tinh céc tich phan sau :

a.J' > dx .J.z;dx
X°+X+1 X°+2X+3

GIAI
a. [ L dx = | L ~dx. Dat : [x—EJzﬁtant—>dx:£(1+tan2t)dt.
(x—lJer\/g 4 2 2
4 2
1 ~ 1 2\ 3 [ 3
:jmdx_ji(l+tan2t)+.(1+tan t)dt_4jdt 4t+C.

Voi: (x—%j =§tant =t —arctan[i\/_]

X-1

b. _[ . L ke L sdx. Dt x+1=+2tant = dx=+2(1+tan’t)dt .
X°+2X+3 (x+1)2+(«/§)

1 1 1 1
= dx = (1+tan?t)dt==|dt==t+C
J.x2+2x+3 J‘2 tan2t+1)( ) ZI 2
. 1 X+1
Vi x+1=+/2tant = tant = = — X+ <:>t—arctan( j
2 J2
Vi du 2 . Tim nguyén ham cta cdc ham s6 sau
1 1
a. | ———dx b. | —— dx
IX2_4x+4 -'-9x2—12x+4
GIAI
N VN S SRV S
X2 —4x+4 (x-2) X—2
b.J. - ! dx=f ! dx=1 1 dx=l t _ 1 +C
9x° -12x+4 9
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Vi du 3. Tim nguyén ham cac ham s6 sau

a.j;dx b. J' L

5 z—dx
X°—3Xx+2 4x° —-3x-1

GIAI
x=2 +C

1 1 1 1 1
. d = = — — — —
a Ix2—3x+2 X 2—1j(x—1)(x—2)dx J.x—ZdX Ix—ldx In|x 2| In|x ]4 In x—1

L dx—lj ! dx—J' 11dx =

b. [ = s [ -2
axt—3x-1 4 (1—) (x+4)(x—1) 317 x-1 X+

4
_ 4(x-1
1 In|x—~1~In x+1 =£|nx—1+C=l|n(X—)+C
3 4/ 3 x+£ 3 | 4x+1
\ X . Ax+B
2. Ham s0 f(x) co dang : f(x)=———
ax?+bx+c

* Ta ¢0 hai cach tim .
-Cdach mgt : Bién doi tr s6 thanh dang : Ax+B:d(ax2 +bx+c¢)+D =(2ax+b)dx+D

Z . ax +bx+c 2ax+b)d
+) Néu D=0 thi : | AEB _I )zj( o ) X:In‘ax2+bx+c‘+c
ax“ +bx+c ax +bx+c ax“ +bx+c
£ . ax +bx+c 2ax+b)d
+)NeuD¢Oth1:f ;A‘X+B _j ):j( ?XJF ) X+Dj2;dx
ax“+bx+c ax*+bx+c ax“+bx+c ax“ +bx+c
=In‘ax2+bx+c‘+DJ'2;dx+C
+bx+c
Trong do6 : j %dx, d3 biét cach tim o'y 1.
ax“+bx+c o
-Cdch hai :( Chi ap dung cho truong hop mau so ¢6 hai nghién thue x, <x, )
+) Tabiéndéi: > A8 L M N |
ax’+bx+c a(x-x)(x-x%) alx-x x-Xx

+) Sau d6 quy dong mau sb vé phai thanh :
1{M (x—x2)+N(x—x1)J_ 1 (M +N)x—(Mx, +Nx,)

a (X_)Q)(X_Xz) a (X_Xi)(X_XZ)
\ 14 14 14 M N :A
+) Bong nhat hé s6 hai tir s , ta ¢6 hé : { " . T d6 suy ra M,N
—(Mx, +Nx,)=C

+) Thay M,N vao (*) ta tinh dugc tich phan :

Ax+B 1 M
fde:an_xl e+ |

M N
x dx}_?ln|x—x1|+zln|x—x2|+c
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*Chuy:Tacod thé tim M,N béng cach khac 1a thay lan luot hai nghiém cua mau
sO vao hai tir s6 , ta dugc hai phuong trinh .Ttr hai phuong trinh ta suy ra M,N . Cac budc
tiép theo lai lam nhu trén .

CAC VI DU AP DUNG
Vi du 4. Tim nguyén ham cac ham sb sau
alj‘ 2(x+1) N b, J.25x—2)dx
X? +2x-3 X“—ax+4
GIAI
d(x*+2x-3
a-I 22(x+1) dx:j 22x+2 dXZJ‘¥:|n‘x2+2x—3‘+C
X +2X+3 x> +2x-3 X" +2x-3
x> —4x+3
bJ- X 2 dx J‘ 2Xx —4dx _J‘ ( + ):In‘x2—4x+3‘+C
X2 —4x+3 X* —4x+3 x> —4x+3

Vi du 5. Tim nguyén ham cac ham s6 sau

a. .[23)(—+2dx b. J.ZZX—_?’dx
X +2Xx-3 X +4x+4
GIAl
a.Cach 1.
Taco: 23X+2 :E(§X+2)+D=2EZ+D+2E.Déngnhéthéséhaitﬂrsétac()héphu’ong
X°+2Xx-3 X°—2x-3 X°—2X+3
3
. [2E=3 E=3 a4z (42 1
trinh : = 2 =— =< -— )
D+2E=2 D=_1 X°—2X—-3 X°—2Xx-3 X°—-2Xx+3
o 3x+2 3 .d(X* +2x-3) 1 3,

Vay : dex:EI N +_[X2+2X_3dx:—ln‘x +2x—3‘+J(1)
Tinh :J= _[—dx=1( —d - —dsziln|x -In|x+3/= —In x-1 +C

X°+2x-3 4\7 x-1 X+3 X+3
Do do6 J.Md :—In‘x +2X— 3‘ —In X~ 1+C

X +2x-3 X+3
-Cach 2.
Taco:

3x+2 3x+2 A B  A(x+3)+B(x-1),.. (A+B)x+3A-B
X +2x-3 (x-1)(x+3) x-1 x+3 (x—=1)(x+3) (x—=1)(x+3)
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A_5
A Ap 1A A1+ o0 A r 1A A+B=3 T4
Dong nhat hé so6 hai tir s6 ta co hé : = 4
3A-B=2 7
B=—
4
Suyra: 23X+2 >t r !
X’ +2x-3 4 (x+1) 4 (x+3)
Vay : jze’x—+2dx:§ 1ot —dx——ln|x+]4+—|n|x+3|+C
X°+2x-3 47 x+1 47 x+3

+) Phan tich f(x) dén (*) .Sau d6 thay hai nghiém x=1 va x=3 vao hai tir s6 dé tim

5
A="
i . . 3.1+2=A(1+3
A,B, cu thé ta c6 h¢ hai phuong trinh sau : 1+3) A
3(-3)+2=B(-3-1)  |,_7
4
Cac budc tiep theo giong nhu trén .
, - E(2x+4)+D X A1 A1 s .a A
b. Taco: 22X 3 _ (2 ) :2E§+D+4E . Bbong nhat hé s6 hai tir s6 :
X +4x+4 X" +4x+4 X +4x+4
2E=2 E=1
Tacohé < =
D+4E=-3  |D=-7
Suyra: 22x—3 _ 22x+4 B 7 .
X +4x+4 X +4x+4 X° +4x+4
Vay: | 22X_3 dx= | 22X+4 | Fdx=In|x’ +4x+4‘+L+C
X2 + 4% +4 X +4x+4 (x+2)° X+2

3. TONG QUAT :

a. Truong hop mau sb khong c6 nghiém thuc c6 nghiém thuc (Téc 13 mau s vo nghiém).

* Ta phan tich nhu & vi du 5- cach 1
b. Truong hop mau sb co nhiéu nghiém thuc don

* Ta phan tich glong nhu vi du 5a- cach 2.
c. Trudng hop miu sb ¢ ca truong hop khong co nghiém thyce va trudng hop cd nhiéu
nghi¢m thyc don .

* Ta st dung cd hai phuong phap trén .

CAC Vi DU MINH HQA

Vi du 6. Tim nguyén ham cac ham s6 sau

I3X2+3X+12 dx b J~ X?+2X+6 dx
(x=1)(x+2)x Y (x=1)(x—2)(x—4)

GIAI
a.Ta phan tich f(x)= 3¢ +3x+12 A i +E_Ax(x+2)+Bx(x—1)+C(x—1)(x+2)
ap (x—l)(x+2)x_x—1 X+2 X (x—1)(x+2)x '
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Bang cach thay cac nghiém thuc ctia mau s6 vao hai tir s6 ta c6 hé :
Xx=1->18=3A< A=6
x=—2>18=6B=B=3 = f(x)=—+ >0
X=0->12=-2C <C =6 X1 x+2 X

3x? +3x+12 _J-(

iy [ ———jdx 61n[x 1+ 3In[x-+ 2|~ 61n[x[+ C

X=1 X+2 X

b. Ta phan tich

X+2x+6 A .. B C _ A(x=2)(x-4)+B(x-1)(x-4)+C(x-1)(x-2)

(x-1)(x-2)(x-4) x-1 x-2 x-4 (x—=1)(x—2)(x—4)

Bang cach thay cac nghiém ctia mau so vao hai tir s6 ta c6 hé :
X=1->9A=3< x=3
X=2->14=-2Box=-"7T=f(X)=
X=4—->30=6C < C=5

A X*+2X+6 3 7 5

Vay J.(x—l)(x—Z)(x—4)dxzj(x—l_x—2+x—4

f(x)=

3 7 5
— +
Xx-1 x-2 x-4

jdx:3In|x—]4—7In|x—2|+5|n|x—4|+C

Vi du 7. Tim nguyén ham cic ham s sau
2
aIX+2X1 b_[( X +1

X +1) x—l)s(x+3)dx

GIlAl
a. Trong truong hop nay ,rpﬁu sO chura cac biéu thirc c6 nghiém thuc va khong ¢ nghiém
thuc . Cac em hady cha y dén cach phan tich sau .
Ta ¢6 f(x)~ X42x-1 _ A BX+C _ A(X* +1)+(x-1)(Bx+C) .
(x—l)(x2+1) x—1 x*+1 (x—l)(x2+l)
Thay x=1 vao hai tur ta dugc : 2= 2A, cho nén A=1.
1(x*+1)+(x-1)(Bx+C) (B+1)x*+(C—-B)x+1-C
(x—l)(x2+1) - (x—l)(x2+1) '
B+1=1 B=0
Déngnhéthé sdhaitrsd,tacohé: {C-B=2 < C=2= f(X)ZE x22+1
1-C=-1 A=1

Do d6 (1) tro thanh :

A X+2x-1
Vay : Imdx Ix ldx+2'|'

dx:ln|x+]4+2J +C(2)
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X =tant — dx = (1+tan?t)dt
* Tinh J = [—=—dx Dét:{ ( ) .
X% +

1+x% =1+tan’t

Cho nén : J' (1+tan2 t)dt - Idt =t;do: x = tant =t = arctanx

x> +1 B 1+tan

2
Do d6 , thay tich phan J vao (2) ta co : J.( XXl g In|x—1]+arctanx+C

x—l)(x2+1)
X2 +1 __A B C D
(x—l)s(x+3) (x—l)3 (x—l)2 Xx-1 x+3
_ A(x+3)+B(x=1)(x+3)+C(x-1)(x+3)+D(x-1)
(x—1)3(x+3)

b.Ta phan tich f(x)=

X=1->2=4A—> Azé

Thay x=1 va x=-3 vao hai tir s6 ta duoc : c
x=-3->10=-64D >D=-—

Thay hai gia tri cia A va D vao (¥) va dong nhat hé sb hai tir s6 ta ¢6 hé hai phuong trinh

5
0—C+D:>C——D—§ 1 3 5 5

= f(x)= + 7t -+
1=3A—3B+3C - D:>B_§ 2(x-1)° 8(x-1)° 32(x-1)  32(x+3)

X’ +1 5 5
Va d - d
e J. - x+3 X= -[(2 3 (x— 1) 32(x—1) +32(x+3)] "

=— In|x 1|——In|x+3|+C_— t 3 —In

4(X 1)° 8(x—1) 32 4(x-1)" 8(x-1) 32

x-1
X+3

+C

I1I. . NGUYEN HAM CAC HAM SO LUQNG GIAC .

Pé x4c dinh nguyén ham cac ham $6 luong giac ta can linh hoat lya chon mét trong cac
phuong phap co ban sau :

1. St dung dang nguyén ham co ban .

2. St dung phuong phap bién doi lugng gidc dua vé cac nguyén ham co ban

3. Phuong phap d6i bién

4. Phuong phap tich phén ting phan

A. SU DUNG CAC DANG NGUYEN HAM CO BAN .
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BAI TOAN 1.
Xac dinh nguyén ham cac ham so lwgng giac
bang viéc sir dung cac nguyén ham co ban

dx
sin(x+a)sin(x+b)

Dang 1.: Tinh tich phan bat dinh : | =

Ta thuc hién theo cac budc sau :
e Budc 1: Sir dung dong nhét thuc :
1=Sin(a-=b) _ sin[ (x+a)—(x+b)]

sin(a—b) (a-b)
e Budc 2: Ta duoc :
~ dx _ 1 sin[ (x—a)—(x-b)] )
! _-[sin(x+a)sin(x+b) sin(a—b)I sin(x+a)sin(x+b) d
_ 1 J.sin(x+a)cos(x-b)—sin(x—b)cos(x-a)
sin(a-b) sin(x+a)sin(x+b)

dx
B 1 cos(x+b) X_cos(x+a) ‘|
_sin(a—b) Isin(x+b)d sin(x+a) sin(a—b)

B 1 |sin(x+b)|
~sin(a-b) In‘sin(x+a)rrC

[In [sin(x+b)|—Insin (X+a)u

* Cha y Phuong phap trén cling dugc ap dung cho cac dang tich phan sau :

dx ) A Je , sin(a—b)
1. 1= ,su dung d hat thiuec : 1=———
jcos(x+a)cos(x+b) strdung dong nhat thuc sin(a—h)

. I _ o , st dung ddng nht thuc : 1:M :
sin(x+a)cos(x+b) cos(a-b)

1

Py
COSX.COS (X+ 4)

Vidu 1. Tim ho nguyén ham ctia ham s : f(x) =

Giai

COSE COS|:(X+ 4)— X:|
e Cdch 1. St dung dong nhit thirc : 1=—2 = =/2cos Kx+ Zj— x}
cos% cos% 4
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i)

T . T .
COS(X"‘ j Cosx+sin (X+ 4]8 InXx

Tacé:F(x):JEj dx=J§_[ dx
. T . T
sinx.cos| X+ sinxcos| x+ =
%) 3
. T
o (X+ 4} sinx
=2 J'CC_)SX dx+j dx :\/E{In|sinx|—ln cos(x+£ﬂ=«/§ln ———|+C
sinx T 4 o
Cos| X+~ cos| X+~
%) )
e Cdch 2 : Dya trén dic thu cta ham s f(x)
Ta co :
1 1 1 1
Fo=] dx =2 —— dx =2 o =2 [ —————d¥
sinxcos(x+ﬁj sinx (sinx-cosx ) sinzxﬂl- cgsxj sin’x (cotx-1)
4 sinx
-1
:_\/EIM:_\/EIMLX):_ 2 |n|cotx_1|+c
cotx-1 cotx-1
, , A 1A, s dx
Dang 2: Tinh tich phan batdinh : | = | ———
—s L P ' I sinx+sina
Ta thuc hién theo cac budc sau :
e Budc 1. Bién do6i I vé dang :
e Budc 2: Ap dung bai toan 1 dé giai (1)
* Chu y : Phuong phép trén cling ap dung cho cac dang tich phan sau :
Lor=[—% <1
sinx+m
2. |=_[ dx v =J‘L; Im|<1
cosx+m COSX+COS
Vi du 2: Tim ho nguyén ham cta ham sé : f(x) :_;
2sinx+1
o ‘ Gidi
Bién doi f(x) vé dang :
1 1 1 1 1
e o sinx+ _Esinx+sin£ _lein OXET 0s X7 ¥
2 6 12 12
St dung ddng nhét thuc :
pa [6X+72' 6X-71 (6X+7z] (GX-EJ . (6X+7rj . (6X-ﬂj
cos— COsS - Ccos .COS +SIn Sin
fo_6__ |12 12 ] 2 "\ 12 12 12 2 )
cos > NEl V3 sin (6X+”jcos(6x_”j
6 5 12 12
Trang 10 Suu tdm va bién soan : Nguyén Pinh S§ - Thang 1 ndm 2012



Bii s6 4 : CAC PHUONG PHAP TIM NGUYEN HAM

Ta duoc :
cos(6X+”j sm(mJ
F(X)—j— f 61f dx—Iledx =i[ln sin(6X+”j‘—ln‘cos[®(—_”jD
3 Sin( X nj COS( X-ﬂj 3 12 12
12 12
6X+7
2 P 12
=—In +C
V3 005(6)(%)
12

Dang 3: Tinh tich phan bat dinh : | = I tanx.tan (x+a ) dx

Ta thuc hién theo cac budc sau :
e Budc 1: Bién doi I vé dang :

| :J-{sinxsin(x+a)+cosxcos(x+a)_1JdX:(J- cosa dx—jdx]

COSXCOS(X + ) COSXCOS (X + )

= COSO!I dx —x (1)

COSX.COS (X+)

e Budc 2 : Ap dung bai toan 1 dé giai (1)

* Chu y : Phuong phép trén cling duoc ap dung dé giai cac tich phan dang :
1. 1 :Itan(x+a)cot(x+ﬁ)dx

2. 1 :Icot(x+a)cot(x+ﬂ)dx

Vi du 3. Tim ho nguyén ham cta ham sd sau : | = I tanx.tan (x+%) dx
Gidi :
Ta bién doi f(x) vé dang :
sinx.sin(x+”)+cosx.cos[x+ Zj cos
f(x)= 1= 4
T T
cosx.cos(x+4j cosx.cos(x+ 4)

:F(x)zgj. dx dx—J.dx=§I ax dx—x (1)

T v
COSX.COS(X+ 4) COSX.COS(X*‘ 4j

dx

Pé tinh : J =I dx . Ta lua chon hai cach sau :

T
COSX.C0S (X+ 4]

e Céch 1: Str dung dang toan co ban .
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St dung dong nhét thuc :

sin®  sin|| x+= |—=x
4 4 2 ( ﬂj . ( 7[)
1= = =—==.SIN| X+ — |COSX-SINX.COS| X+ —
wr 2w 4
4 2

. T . T
SIn [X + } COSX-SII’]X.COS(X + j

4 sin(x+Zj sinx

T COSX
2]

Ta dugc : J :\/5_[

_ ﬁ[_|n cos(x+%) . In|cosx|J _JZIn

e Céch 2. Dya trén dic thu cia ham sé dudi dau tich phan .

Taco: J:I 1 dX=\/§I 1 _ dX=\/§I 1 . 12 dx
COSX.cos[x + % j Cosx (cosx-sinx ) (1-tanx) cosx

T
COSX.COS(X + 4)

COSX

C
cos(x+) "

=_\/EJ-d(l—tanx)

=—J§In|l—tanx|+C .
1-tanx

Dang 4. Tinh tich phan bat dinh : 1 = Imdx

PHUONG PHAP CHUNG

e Ta c6 thé lya chon hai cach bién d6i
Cach 1: Taco.

| dx 1 dx 1 _[ dx 1

1
~Jal+b? Jsin(x+a) va’'+b’ IZsin XZOK.COS)HOZ at+p? 2tan XTE cos? X+

2 2 2
X+a
d| tan
1 ( 2 j 1 X+a
j In{tan 5

_\/a2+b2 tanXJra _\/a2+b2
2

+C

=1

Chii y : Chung ta cling c6 thé thuc hién bang phuong phap dai s6 hoa véi viée doi

c A A1~ ’ - X
bién s6 bang cach dat t=tan >

2

Vi du 4: Tim ho nguyén ham ctia ham s6 f (x) = asimcrconc
sinx+cosx

Giai
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dx 1 dx
Taco: PO = ‘[\/§SIHX+COSX ZIJ_ __I

27 . T
smx+ COSX sm(x+j
2 6

X 7
dx dx _Id(tan2+12j

:I X X 7 :-[ (X, 7 L7 - X 7))
2tan| = cos? sin| — cos tan| —+-—
2 12 2 12 2 12 2 12 2 12

X 7
tan| —+— [+
(2 12]

a, Sinx+hb,cosx
a, sinx+b,cosx

Dang 5: Tinh tich phan bat dinh sau : | =j

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau :

e Budc 1: Bién doi : a,sinx+b,cosx=A (a, sinx+b,cosx )+ B(a,cosx-b, sinx)
e Budc 2: Khi do
| J-A(a2 sinx+b,cosx )+ B(a,cosx-b, s inx)
a, Sinx+b,cosx

(a, sinx+b,cosx)
a, Sinx+b,cosx

x=Afdx+ Bj

= Ax+BIn|a, sinx+b,cosx|+C

Vi du 5: Tim ho nguyén ham ctia ham s f(x) = I 48'_” X:;’COS X dx
sinx+2cosx

Gidi
Bién d6i : 4sin x+3c0s x = A(Sinx+2c0sX)+B(cosx-2sinx)=(A-2B)sinx+(2A+B)Ccosx .
A-2B=4 {A =2

Pong nhat hé s6 hai tir s6 ,ta dugc : =
2A+B=3

B=-1
A, 2(sinx+2cosx ) —(cosx-2sinx -2si
Khido: f(x)= ( : )=( )=2——C_OSX 2SINX

SINX+2c0sx SINX+2c0sx
Do do:

COSX-2SinX ] =2 J- iy J- (cosx-2sinx ) dx

FOX)=| f(X)dx=|| 2— =2X—In|sinx+2cosx|+C
9 I (9 J.( i Sinx+2cosx | |

SiNX+2cosx
a, Sinx +b,cosx
= I ( 1 dx

Dang 6. Tinh tich phan bat dinh : | = [-—= .
a, sinx+b,cosx)

Ta thuc hién theo cac budce sau :

e Budc 1. Bien doi : a, sinx+b,cosx= A(a, sinx+b,cosx)+ B(a,cosx-b, sinx).
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e Budc 2. Khido :
| _J»A(azsinx+b2cosx)+ B (@,cosx-b, sinx) dx

a,C0sX+b, sinx

d (a,cosx-h, sinx)dx

. : Af +BJ —
(a, sinx+b,cosx) (a,cosx+h, sinx)

A dx 1 A X+« B
= I . —Bj . = In|tan - o,
[a2 +b2 ' sin(x+a) 7 a,sinx+b,cosx m 2 a,c0sx+h, sinx
Trong do6 : sina = b, oS =2

v T s

8cos x

Vi du 6 : Tim nguyén ham cta ham s6 sau : : .
2+/3sin 2x —cos2x

f(x)=

Giai
8cos x 8cos X

Bién doi : — : —= .
3sin? X+ 2+/3sinxcosx+cos?x («/ﬁsinx+cosx)

f(x)=

Gia st : 8cosx = a(\/gs inx+cosx) + b(\/§cosx-sinx) = (a\/ﬁ— b)s inx+(a+bJ§)cosx .

) . Lo . o 3-b=0 a=2
Dong nhat hé s6 hai tir s6 ta c6 h¢ : a3 @{
a+by3=8 |b=23
. 2 243 («/§cosx-sinx)

Khido: f(x)= - - _

J3sinx+cosx  +/3sinx+cosx

J3cosx-sinx ) dx

Do do : F(x)=f_2¢ 3j( ) 1In tan(x ”] A+C

J3sinx+cosx J3sinx+cosx 2 2 12)| 3sinx+cosx
Chii ¥ : Trong vi du trén ta 1y két qua vi du 4 cho : j 2 :

J3sinx+cosx

1
asinx+bcosx+c

dx .

Dang 7. Tinh tich phan bt dinh : |

-

Ta xét ba kha nang :
1. Néu c=+a%+b?.
‘n , A 2. 1 1 1 1
Ta thuc hién phép bién do1 : — = =—
asinx+bcosx+c c[1+ cos(x-a)] 2c cos? X= %
2

a .
Jaz+b?

Trong d6 : sina =
dx

_-[ o2 X7

2. Néu: c=—a?+b?

Khido: |

:_tan( “}

b
cosa=
\/ a

C

Trang 14
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Ta thyc hién phép bién déi : — - ! Sttt
asinx+bcosx+c  c[1-cos(x-a)] 2¢ g2 X-@
Trong do6 : sina -2 . cosoz=—L
Ja®+b’ va® +b?
Khido: 1 =4[ _Le(X=2),c
2c7 . 2 X—a ¢ 2

SIn

3. Néu: c=+a’+b?

Ta thuc hién phép bién ddi bang cach doi bién s6 : t =tan X

2dt
dx:1 z
Khi d6 : " , ,
2t 18t ot
SiNX=——;C0SX=——; tanx=—
1+t 1+t 1t
thay vao tich phan da cho = 1 = I f(t)dt.

2dx
2sin X —Cosx+1

Vi du 7. Tinh tich phan sau : | =

Giai
bat : t=tan~ —> dx = 2dt2 .
2 1+t
dt X
4— tan =
Khido: | =J' 1t :I 22dt :J(}—ijdtzlni+C:ln +C
4 1-t t°+2t t t+2 t+2 X
_ +1 tan—+2
1+t% 1+t? 2

a, Sinx+b,cosx+c, dx
a, sinx+b,cosx+c,

Dang 8. Tinh tich phan bat dinh : I =

Ta thuc hién theo cac budc sau :
e Budc 1. Bién doi :
a, sinx+h,cosx+c, = A(a, sinx+b,cosx+c, ) + B(a,cosx-b, sinx)+C
e Budc2:Khido:
| :J- A(a, sinx+b,cosx+c, )+ B(a,cosx-b, sinx)+C
a, sinx+b,cosx+c,

(azcosx-bzsinx)der J- dx

a, sinx+b,cosx+c, a, sinx+b,cosx+c,
dx

a, Sinx+b,cosx+c, -

= Al dx+ B

= Ax+BIn|a, sinx+b,cosx+c,|+ CI
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dx

Trong do6 : I :
a, sinx+b,cosx+c,

, dugc xac dinh ¢ dang 4.

5sin x

Vi du 8 : Tim ho nguyén ham ctia ham s6 : f(x) =— :
2sin X —cosx+1

Giai
Bién ddi : 5sinx = a(2sin x—cosx+1)+b(2cos x+sinx)+c =(2a+b)sinx+(2b-a)cosx+a+c
2a+b=5 a=2
Pong nhat hé s hai tirs : {20—a=0={b=1

a+c=0 c=-2
e ., 2(2sin x—cosx+1)+(2cosx+sinx)—2 i
Khi do : f(x)= ( . )+( ) :2+2c.osx+smx_ | 2
2sIn X —cosx+1 2sInX-cosx+1  2sinx-cosx+1

" 2C0S X +Sinx ) dx
Do vay : I:ZJ.dx+J'( - ) —2J. - d
2sin X —cosx+1 2sin X —cosx+1
dx

)=
J'25in X —COoSx+1

=2x+In|2sin x—cosx+1-2J +C

Véi . ( Tich phan nay da giai 6 vidu 7)

a, sin®x+h, sinxcosx+c,cos’x
a, sinx+b,cosx

dx .

Dang 9: Tinh tich phan bat dinh : | = I

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau :
e Budc 1 : Bién doi :
a, sin’x+b, sinxcosx+c,cos’x = (Asinx+Bcosx ) (, sinx+b,cosx ) + C (sin? x + cos’x)
e Budc2:Khido:

(Asinx+Bcosx)(a, sinx+h,cosx )+ C (sin® x +cos’x) _ dx
I :I . =J'(Asmx+Bcosx)+CJ' .
a, Sinx+b,cosx a, Sinx+b,cosx
. . C X+«
=—AcosXx+Bsin x+ =—Ac0S X+ Bsin X+ ———==In{tan +C

C J- dx
[aZ +b2 7 sin(x+a) a’ 1+ b?
L' COSa:L.
(& +b? (a2 +b?

Trong 46 : sina =

4sin® x+1

Vi du 9 : Tim ho nguyén ham cta ham sb : f(x) = Tsincacon
SiNX+CoSX

Giai
Bién doi : 4sin? x+1=5sin? X+ cos?X = (asinx+b(:osx)(\/§sinx+cosx)+c(sin2 x+coszx)

:(a 3 +c)sin2 x+(a+bJ§)sinx.cosx+(b+c)coszx :
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av3+c=5 a=+/3
Pong nhat hé s6 hai tr s6 : {a+b/3=0<{b=-1
b+c=1 c=2

Do do : I—J'(\/_smx cosx)dx I—:—ﬁcosx-sinx-%ln +C.

J3sinx+cosx
X 7
tan| —+—
(2 12j

X 7
tan| —+—
(2 12j

Chay:O0vidu4,taco: I$:lln

J3sinx+cosx 2

1 o A 1AL s dx
Dang 10. Tinh tich phan bat dinh : 1 = J. S DS oo X T Caos

Ta thuc hién theo cac budc sau :

, <X 2. A dx
e Budc 1:Biéndoil veé dang: | :I . .
(atan x+btanx+c)cot X

e Budc 2: Thuc hién phép ddi bién s6 :

dx =(1+tan® x)dx = (1+1* ) dx > dx = dt

1+t

t=tanx =>dt=

cos’x 2

dt

Khido: 1= o bree

. (' Ta da c6 cach giai & phan " Ham phan thirc ")

Vi dy 10: Tinh tich phén bit dinh : 1= [ X :
SIN® X—ZSIN XCOS X —CO0S™ X

Giai
dx _J- d(tanx)
3tan® x — 2tan x—1)coszx 3tan’ x—2tan x—1

Taco: I:J'(

+C

Pat : t=tanx= I=[ — 1 1. t-1.1 ‘3t—3

i 1 11I 1 dt = In—lz—ln
3t2_2t—-1 31 t—1 t4 4 t4r 4 |3t+1
3 3 3

Thay tra lai : t=tanx = I:EInM+C
4 |3tanx+1

B. SUDUNG PHEP BIEN POI LUQNG GIAC PUA VE CAC NGUYEN HAM CO
BAN.

Bai toan 2: , . o
Xac dinh nguyén ham cac ham so lugng gidc bang cac phép bién doi lugng giac

PHUONG PHAP CHUNG
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St dung phép bién doi lu’orng giac , dua biéu thirc dudi dau tich phan vé dang quen thudc
. Cac phép bién doi lugng giac bao gdm :

e Phép bién doi : Tich thanh tong ( Chung ta da thay & bai toan 1)

° Habac:cosg(:%; Sian:#.

e Céc k¥ thuat bién d6i khac .

1. Sit dung phwong phdp bién doi : Tich sang tong .

O day ching ta sir dung cac cong thic :

a. cosxcosy:%(cos(x+y) +cos(x-y)) b. sinxsiny= cos(x-y) _ZCOS(XW)
C. sinxcosy= i) +Zsm ) d. cosxsiny= ) —23'” beoy)
Sau do st dung cong thirc nguyén ham : _[cos(ax+b)dx = isin (ax+b)+C.

Vi du 11. Tim nguyén ham cta ham s6 : f (x) = cos3xcos5x

Gidi
Ta bién d6i : f(x)= coschosSx—w = %0038x+ ; COS2X

Khi dé : I—_[f(x)dx——jcosSxdx+ Icostdx ES|n8x+Llls|n2x+C

Vi du 12. Tim ho nguyén ham cua ham s6 : f(x)=tanx.tan (%— xjtan (%Jr xj

Giai

sinx.sin (— x)sm (Jr xj
Ta bién doi1 : f(x) =tanx.tan (%— xjtan (%+ xj = 3 3

T T
COSX.Cos| — — X |cos| =+ X
(3 j (3 }

] 27
S mx.(cost-cos 3j COS2X.SinX+ ;s inx ;(sin 3x—s inx) + ;s inx

_ _sin3x
COSX (c052x+cos 2;) COS2X.COSX- ; COSX ;(c053x+cosx) — ; cosx  COS3X
. a i cosSx
Khi do : I:.[f(x)dx:.[SInSX :1I33|n3x :——j =—Eln|0033x|+c
c0s3Xx c0s3x

2. Swr dung cong thurc ha bdc :
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Ta nhd lai cac cong thire sau :

a. Coszx:M; Sinzx:m_ b. sin?’xzw
2 2 4
C. cos3x:M d. sin“x+cos4x:§+lcos4x
4 4 4
€. cos’x+sin® x =1—§sin2 2X :1—§(1—cos4x) :§+§cos4x
4 8 8 8

Vi du 13. Tim ho nguyén ham ctia cac ham s6 :

a. f(x)=sin®x.sin3x b. f(x)=sin® x.cos3x+cos’x.sin 3x

Giai

a. Taco : f(x)=sin’x.sin3x =sin SX[W) = %sin 3x.sinx-%sin2 3x

= §(cost-cos4x) 1 (1—cos6x) = 3 COS2X+ 1 COSBX- 3 Cos4x- 1 .
8 8 8 8 8 8

Do do6: | :jf(x)dx:_[(§c032x+lcos6x-§cos4x-1jdx:isin 2x+isin 6x—isin 4x—1x+c
8 8 8 8 16 48 32 8

- X A - . . inx-si ) +
b.Ta bién doi : f(x) =sin® x.cos3x+cos’x.sin 3x = cos3x (—33|nx4sm3x j +5in 3x [_cos3x43cosxj

= %(cosBxsinx+sin3xcosx) = gsin 4x

Do do : 1 =I f (x)dx :%J'sin 4xdx = —%cos4x+C

3. Sir dung nhiéu phép bién doi khdc nhau .
Trong phuong phap nay doi hoi HS can linh hoat van dung cac cong thirc luong giac .
Ngoai ra con biét cach dinh hudng dé bién doi sao cho sir dung duoc bang nguyén ham .

Vi du 14. Tim ho nguyén ham cta ham sb : f(x) _ Sin3x.sin4x
tanx+cot2x
Giai :
Ta bién dbi : f x)= sin 3x.sin 4x =— s_|n3xsm 4x = sin3x.sin 4x =sin3x.sin4x.sin 2x
tanx+cot2x  SINX.SIN2X+C0SX.C0S2X COSX
COSX.SiN2x COSX.Sin2x

= %(cosx-cos?x)sin 2X = %[sin 2X.C0SX-COS7XSIN2X | = %(sin 3X+Sinx-sin9x+sinbx).

Do d6: | :I 1(sin 3x+sinx-sin9x+sin5x) x:—icossx-lcosx+lcost-£cosSx+C.
4 12 4 9 5
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PHUONG PHAP TIM NGUYEN HAM
7 BA,N G PHUONG PHAP DQI BIEN SO
~ Phuong phap d6i bién s6 dugc st dung kha pho bién trong viée tinh cac tich phan

bat dinh . Phuong phép d6i bién s6 dé xac dinh nguyén ham c6 hai dang dua trén dinh ly
Sau :
a/ Néu : '[ f(x)=F(x)+C va vdi u=¢(x) la ham s6 c6 dao ham thi : I f(u)du=F(u)+C
b/ Néu ham s6 f(x) lién tuc thi dat x=¢(t). Trong d6 ¢(t) cling v6i dao ham ciia né (¢'(t)
1a nhitng ham sd lién tuc ) thi ta duoc : '[ f (x)dx :j flo(t)]e'(t)dt :_[g(t)dt =G(t)+C.
Tir d6 ta trinh bay hai bai toan vé phuong phap d6i bién sé nhu sau :

Bai toan 1:
St dung phwong phdp doi bién so dang 1 tinh tich phén bat dinh : | = [ f (x)dx

PHUONG PHAP CHUNG
Ta thuc hién theo cac budc sau :
e Budc 1: chon x=¢(t), trong d6 ¢(t) la ham s ma ta chon thich hop .

e Budc 2: lay vi phan hai vé : dx=¢'(t)dt
e Bude3:Biéndoi: f(x)dx=f[p(t)]e'(t)dt=g(t)dt
e Budc 4: Khi d6 tinh : | f(x)dx=[g(t)dt=G(t)+C.

* Luu y : Cac d4u hiéu dan t&i viée lya chon an phu kiéu trén thong thuong 1a :

Dau hiéu Cach chon

T

x=|a|sint<—>—£st§
2 2

x:|a|cost<—>0£tsﬂ

Jx?—a? _x:ﬂete{ 7Z'7Z:|
Jaz+x?

sint 22

x:ﬂete[o;n]\{%}

cost

x:|a|tant<—>te(—£;£]
2 2

_x=|a|cott<—>te(0;;r)

\/a+ X [a-x X=a.cos2t
a—x_ Va+x
(x—a)(b—x) x=a+(b—a)sin’t
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Vi du 1. Tinh tich phan bat dinh

dx dx
af | —— b/ [———
J (1—x2)3 J.\/x2+2x+3

Gidi
a/ Pat : x=sint ; te (—%%) = dx = costdt

dx costdt ~ costdt  dt

. cl ¢ cost  cosit '
Suyra: \/(1_)( ) \/(1-5"1 t) d(tant)
- 1z dx sint X
Khi do : Ijz.[d(tant):tanuc=\/1_Sin2t = N +C
(1-x°)

b/ Vi: x? +2x+3:(x+1)2+(\/§)2,nén

Diat : x+1:ﬁtant;te(—z;fj:dx:\/ﬁ.i'tam:X—+1
2 2 cos‘t

2¢ ! \/E

Suyra: dx 3 dx 3 dt _dt 1 costdt

X2 +2%+3 \/(x+1)2+(\/§)2 \/Z(tan2t+1).coszt J2cost /2 '1-sin’t

1 (costdt_costdtj

22 Usint-1  sint+1)’
Khi dé:.[ x 1 I(cc_)stdt_c_ostdtjz_ 1 s!nt—1|+C(*)

SEraxa3 227 sint-1 sint+1) T 22 |sint+1]

. 5 1)2

Tu: tant:X—+1©tan2t— sint__ (x+1) 2

= = =sint=1-—————. Ta tim duoc sint , tha
2 1-sin®t 2 X2 +2X+3 ' Y

vao (*) ta tinh duoc I .

2
Vi dy 2: Tinh tich phén bét dinh : 1 = | szi
X° -1
Giai
Vi diéu kién : |x|>1, nén ta xét hai truong hop :
o Voéix>l
Pbat x=— ;te(o;z]:dx:—zc_o;zztdt.
sin 2t 4 sin” 2t
.. X%dx 1 2.cos 2tdt 2dt 2(sin’t+cos’t ) dt
Do do: Se-1 Tsin?2t ) sin®2t  8sin’tcos’t
X =1 sin?2t. 1

sin?2t
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:—i(cott 1 +tant. 12 + 2 ) 12 jdt
4 sin’t Ccos“t tant cos‘t

Vay :

I =1 =—lj(—cott.d(cott)+tant.d(tant)+i.d(tant)J=—1[—1cot2t+1tan2t+2In|tant|j+(
tant 4\ 2 2

:%x X —1——In‘x—\/x - ‘+C

o Véix<l.bé nghi hoc sinh tu lé}m L
* Chu y : Tich phan dang na‘ly ta co thé giai bang cach khéac nhanh hon :

TacéH: X X_1+1 1+ I—.[ xdx J'\/ dx+J'\/_—J K (1)

\/xz—l X2 —
)= J-\/x_—dx x\/x_— _[ dx:x\/H—l(a)

Tich phan :
dx
= =In‘x+ x2—1‘:>l=x x2—1—l+ln‘x+ x2—1‘
I e “ :
< 2] = x4/ % —1+In‘x+\/x - ‘:>I ==XVX —1+—In‘x+\/x - ‘+C

Vi dy 3. Tinh tich phan bét dinh : 1 = [——%_
(1+x%)
Giai
- ] T dt
bat : x:tant,te(——,—j—mx:—2
2 2 cost
Suyra: dx == 1 =. dt2 = costdt .
\/(l+x2) \/(1+tan2t) cos’t
Khido: I =[—— Icostdt:sint+C:L+C
J(1+x%) V1+x°
Chuy:

1. So di trong vi du trén c6 két qua nhu vay vi :

cost=———;sint =

pr i e

te [—% ; 5) — cost>0 <> /cos’t = cost;sint=tant.cost=

X
V1+ X
2. Phuong phap trén 4p dung dé giai bai toan tong quat : J %(k €Z).
a’+ x2) '
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Bai toan 2: Str dung phuong phap dbi bién sé dang 2 dé tinh tich phén : | :j f (x)dx.

PHUONG PHAP CHUNG.
Ta thuc hién theo cac budc sau :

Buéc 1: Chon t=¢(x). Trong d6 ¢(x) 1a ham s6 ma ta chon thich hop .
Budc 2: Tinh vi phéan hai vé : dt = p'(t)dt.

Bude 3: Bicu thi : f(x)dx= f [p(t)]e’(t)dt = g(t)dt.

Budc 4: Khi do : 1= f(x)dx=[g(t)dt=G(t)+C

* Chu ¥ : Ta c6 mot s6 dau hiéu dé do6i bién thuong gip

Déu hiéu Cach chon
Ham s6 mau so co t 1a mau so
Ham s6 : f(x;Jgo(x)) t=\Jo(x)
Ham f(x)= a._smx+b.cosx t=tan5;(cos§¢0j
c.sinx+d.cosx+e
Ham f (x)= 1 e Voi:x+ta>0 va x+b>0: bat :
(x+a)(x+b) t=+/Xx+a++/x+b

e Vo1 x+a<0 va x+b<0 ,
dit: t=+x—a++J-x-b

Vi du 4. Tinh tich phan bat dinh sau : | = _[ x*(2-3x° )8 dx

Giai
dt = —6xdx . 9t 1
bit: t=2-3x’= o2t & x*(2-3¢) =(Tjt8=§(2t8—t9).
3
a1 (o2 2\ o 1 8 0wl 2.9 1 1 2 2\ 1 2\10
Vay : 1=[x*(2-3x*) dx_é(zjt dt— [t dt)—Et 3! +C_E(2—3x ) —E(z—sx ) +C
, , A1 KL e 3dx
Vi du 5 : Tinh tich phan bat dinh : [
' P nh: [ =
Giai
1t 2 1-t2)° (=2tdt
Dét:tzx/l—x:{x 1=t X (=)« ):—2(1—2t2+3t4—t6)dt.
dx = —2tdt 1-X t
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3
j X j (-2+4t*—6t" +21°)dt = ot 8,20 ¢
3 5 7

=—2\/1—_x+§(1—x)\/_x——(1 X)X +2 ~(1- x)’V1-x+C

Vi du 6: Tinh tich phan bét dinh : jx5,3/(1— 2x2) dx

Gidi
_ 3
_1-t —>2xdx:—gt2dt

N e ;
bit : t= g(1-2x) =>t° =(1-2x*) & .
3
i o () 300
2 4 8
Viy : jx5«3/(l—2x2)zdx=§j(t7 ~t*)dt :g(%tﬁ _étsj:%(ﬁa B+

= - [5(1-2¢) -8(1-2¢¢) [§1-2¢) +C

Vi du 7: Tinh tich phan bat dinh : 1 = I sin® x+/cosxdx .

Giai
Dit : t= J/cosx <> t* = cosx = 2tdt=-sinxdx .
Do d6 : sin® x+/cosxdx = (1—coszx)\/cosx sinxdx:(t4 —1)t2tdt - 2(t6 —tz)dt .

Vay : I_I5|n X+/COSXdX = Zj dt_é —§t3+C:§c053x cosx—%cosx cosx+C
Vi du 8: Tinh tich phan bt dinh : J' de
1+sin® x
Giai
o
biat: t=1+sin*x= sm_ x=t-1
2sin xcos xdx = dt
in® in? i t—1)dt
Suyra: cosx._sT X 4y 1500 x.Zsm_x.Zcosx.dx _1(t-1) :1(1_1}“.
1+sin® X 2 1+sin® X 2t 2 t
Vay : | :J'de:lj(l—ljdt:i(t—ln|t|)+C :1[1+sin2x—In(l+sin2x)J+C
o 1+sin’ x 2 t 2 2
Vi du 9: Tinh tich phan bét dinh : j cos'X dx
sin® x
Giai
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cos’X coszx(coszx+sin2 x) B (1—sin2 x)2 +(1—sin2 X)sin’ x B

Vi: = =
sin® x sin® x sin® x
dt=——> dx
Pat:t=cotx= sin-Xx
——=1+cot’ x =1+t*
sin? x
2 2
Suyra: X dx = cot? x( jdx cot? x{(ljtcot X) .— }dx:—tz(lthz) dt
sin® x sin® x sin? x
. COS?X 1.,
Vay: | = dx =— t2+2t4+t 4= t+ t +C . Thay : t= cotx vao .
vy J‘sinsx j( (3 j Y

Vi du 10 : Tinh tich phan bat dinh : I o (a=0)

x2+a

Giai
X dx:( VX +a) _tdx _dt_ dx
VX2 +a NG Jxt+a x*+a

J‘— Injt|+C = In‘x+\/x +al+C

bit: t=x+Vx*+aodt=1+

AL dx
Vay : IZIM

Vi du 11: Tinh tich phan bat dinh : 1 = jJ( f')X( =
X+1)( X+
Giai
a. xét hai truong hop
o Véi:{X+1>0:>x>—1. Dat: t=Vx+1+Vx+2 &
X+2>0 :
Suyra: di== ( ! j 1otk _adt dx
2\ Jx+1 \/x+ 2 (x+1)(x+2) t (x+1)(x+2)

=2Inft|+C =2In[x+1+x+2[+C

Vay: I_J«/x+1 x+2 _2'[_

o Voi: {XH <0 =x<-2. Pbatt= \/—(x+1)+\/—(x+2)

X+2<0

! 1 N 1 x:—l tdx <:>_2_dt: dx
Suyra: dt= 2{\/_(“1) \/(x+2)Jd 2\/(x+1)(X+2) t \/(x+1)(x+2)
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Vay: I_J.,/x+l x+2 _ZJ._

:—2In|t|+C_—2In‘\/x+1+\/x+2‘+c

BAI TAP CHO HAI PHUONG PHAP : PHAN TiCH VA POI BIEN SO

Bai 1 : Tim ho nguyén ham cta cac ham sd sau
a/ Ixz (1- x)9 dx
2
c/ | X
(3x+1)

Bai 2: Tim ho nguyén ham cta cac ham s6 sau:

2X
al | ——=——dx
'[x+\/x2—1

C/J‘COSX

\/smx

dx

Bai 3: Tim ho nguyén ham cia cic ham so6 sau:

dx
& -[sin“ X

c/ J. L dx

. T
SINXCOS (X+ 4)

Bai 4: Tim ho nguyén ham cua cac ham s sau:
a/ J'sin2 xcos* xdx

c/ J'sin4 X €0s°® xdx

Bai 5: Tim ho nguyén ham cua cac ham so sau:

dx

23 —6x%+9x+9
b/I x?—3x+2
2
df [—d
(x-2)

d/ J. SINX+COSX dx

3/sinx-cosx

b/ | ! dx

. . T
sinx.sin| x+—
( 6)

d/ | ! dx

ol el

b/ J‘sin2 x c0s® xdx

d/ J‘tan4 xdx

a/ j b/ j _—
sinxcos’x sin® xcos x
sin® x x°dx
c/ d/
J‘1+cos X -[ X8_4)2
Bai 6: Tim ho nguyén ham ctia cac ham s sau:
dx dx
al, [— % b/ [ 9
-fx4—3x2+2 '[x(xlo+1)2
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o e

dj 2x+5
3% —2x— 1

Bai 7: Tim ho nguyén ham cta cac ham s6 sau:

J-sm2x+smx

\J1+3cos x

sin 2x

c/ dx
‘[\/cos 2X +4sin’ X

b/ I\/1+3I;xlnxdx

d/ J-1+sin 2X + C0S 2X
COS X +Sin X

dx

Bai 8: Tim ho nguyén ham cua cac ham so sau:

dx

in2x
a/ sin
-fsinzx+2coszx
inx+ +
C/J s_lnx 7C0SX+6
4sin X+5C0SX+5

dx

s 4 4
SIn” X—C0S™ X

b/j d
sinX+cosx+1

d/ I\/sm X— smx

sin® x tan x

Bai 9: Tim ho nguyén ham cia cac ham so6 sau:

1
af [——
1+ sinx+cosx
cosx+smxcosx
dj

2+sinx

SiNXcosx
b/ f —dx
Ja2cos?x—b?sin? x
sinxdx

d/ |

CoSX~/sin?x +1

LUYEN TAP TAI LOP

Tim nguyén ham cac ham so sau :
1 2 1
X+9
dx 2. |

1. 3

(x+D

dx
(x* +4x +3)

Loy
e
g

X% —3X+2

13, XL g
X+ 2X% X +2

4 —
1

11T—J££:E—dx
0

X% —4x -5

X°—6Xx+9
5 } X3 dx
o (X+D)(X? +3x +2)
1.2
ij +3x+2dX
o X+3
I x
10.] - dx
04—Xx
3
A
+2x+1
2 3
14. I:J-x +2Xx2 :44x+9dx
w2
16. I +3x+10d
+2x+9
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2
17. jx 1 18. j2x—dx
Ox +1 1 X5 =7Tx+12
2
19.£(x)= X +1olx 20. jl“‘
x +1 1,21+x
PHUONG PHAP TiCH PHAN TUNG PHAN
I. CONG THUTC :
| :Judv:uv—fvdu
Chung minh :

Gia st hai ham s6 : u=u(x) va v=v(x) lién tuc va c6 dao ham .
Cho nén : d(u.v)=v.dutu.dv . Suy ra : u.dv=d(u.v)-v.du
va ju.dv:jd(u.v)—jv.du :u.v—jv.du (dpcm).

Ly do st dung phuong phap tich phan ting phan :

Dai khi ta gap phai nhing tich phan ma khong thé sir dung hai phuong phuong
phap : Phan tich va d6i bién s , dé tim ho nguyén ham truc tlep duoc . Vi thé ta phai
thong qua viéc tim ho nguyén ham tryc tiép bang mot ham s6 khac ( ma cé thé sir dung
hai phuong phap da biét dé tim ) .

II. CAC DANG TOAN THUONG GAP

Bai todn I: St dung cong thire tich phan ting phan dé tinh | =j f (x)dx.

PHUONG PHAP CHUNG

Ta thuc hién theo cac budc sau :
e Budc 1: Ta bién ddi tich phan ban dau vé dang : 1 = [ f (x)dx = [ ,(x).f,(x)dx

u=f,(x) {du = f ', (X)dx
%
dv=f,(x) |v= j f,(x)dx

e Budc 3: Khi d6 : ju.dv=u.v—fv.du

e Budc 2: bat : {

x.In(x+\/x2 +1)
X2 +1

Vi du 1: Tinh tich phan bat dinh : 1 = j dx

Giai

Viét lai : I=IIn(x+\/x2+l).\/)(2d_)(1.
X2 +
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1+x
u=|n(x+\/x2+1)
du = N __dx
v = xdx - X+ +1 X2 +1

VX +1 V=X +1
Khi do : I_J'udv_ X +1In(x+ x> + ) Idx_\/x + In(x+\/x + ) x+C

bat :

, , , A 1AL 4 In(cosx
Vi du 2: Tinh tich phan bat dinh : 1 = I # dx
COS°X
Giai
Al dx
Ta viét lai : | = |In(cosx).
' -[ (cosx) CoS°X
=In(cosx) |du =3I tanx
Dat : g g2 d():(osx =3 :ju.dv:tanx.ln(cosx)+'[tan2 xdx..
V=" v= =tanx
COS*X Icoszx

2

Khi do: | =tanx.|n(cosx)+j(cos "

—1) dx = tanx.In(cosx)+tanx-x+C

. I :IP(x)sin axdx .
Bai todn 2: Tinh tich phan bat dinh dang : . V61 P(x) 1a mot da thirc .

| = I P(x)cosaxdx

PHUONG PHAP CHUNG
Ta lya chon mot trong hai cach sau :
e Cach 1: Sir dung tich phan ting phan , thuc hién theo cac budc sau :

du = P'(x)dx
u="P(x) 1
+/ Budce 1: Dat : dv{sinaxdx_> . — Cosax
| cosaxdx RE
=sinax
a

+/ Budc 2: Thay vao cong thire tich phan ting phan :

+/ Budc 3: Tiép tuc thu tuc nhu trén ta sé khir duoc bac cua da thuc .

e Cach 2: ( Str dung phuong phap hé s6 bat dinh ) . Ta thyc hién theo céc budc sau :
+/Budc 1: Taco: | = I P (x)cosaxdx=A(x)sinax+B(x)cosax+C (1)

Trong do6 : A(x) va B(x) la cac da thirc cung béac voi P(x).

+/ Budc 2: Lay dao ham hai vé cua (1) :
P(x)cosax=A'(x)cosax-A(x)a.sinax+B'(x)sinax+aB(x)cosax

+/ Budc 3: st dung phuong phép hé s6 bat dinh ta xac dinh dugc A(x) va B(x).
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* Nhan xét : Néu bac ctia da thie 16n hon 3 , thi cach 1 t6 ra cong kénh , vi khi d6 ta thuc
hién s6 lan tich phan tirng phan bang vdi s6 bac cua da thic . Cho nén ta di dén nhan dinh

nhu sau : , ‘
- N@u bac cua da thic 16n hon hoac bé‘ng 3 : Ta st dung cach 2.
- Néu bac cua da thirc nho hon hoac bang 2 : Ta sir dung cach 1.

Vi du 3: Tinh tich phan bt dinh : [ xsin? xdx

Giai
Tacod: | :Ix(mjdx:ijxdx—ljxcoﬂxdx:Exz—EJ (1)
2 2 2 4 2

Tinh : J :_[xc052xdx

du = dx
U=x
=] :fsin ZX—E'[sin 2xdx :isin 2x+£cost+C
2 2 4

bat : - 1.
dv = cos2xdx V:ESII’] 2X 2

Thay vao (1) : 1=t L 5sin2x+1c;052x 1 xz—xsin2x—10052x +C
4 2\ 2 4 4 2

Vi du 4: Tinh tich phan bat dinh : 1 = j(x?’ - X +2x—3)sinxdx

Gidi
Theo nhan xét trén , ta str dung phuong phap hé sé bat dinh
Taco:
| = I(x?’ —X* +2x=3)sinxdx = (a,° +b,x* +¢,x+d, )cosx+(a,X° +b,x* + ¢,x +d, )sinx (1)

Lay dao ham hai vé cta (1)

<:>(x3—x2+2x—3)sinx=[a2x3+(3a1+b2)x2+(2b1+c2)x+c1+d2]cosx

-[a,x* —(3a, —by) X —(2b, —¢,) x+ ¢, —d, |sinx(2)

a,=0 -a, =1 a=-La,=0

3a,+b,=0 |3a,-b=-1 b =1b,=3
v =

2b+c,=0 |[2b,—C =2 c,=4c,=-2

¢c+d,=0 |-c,+d,=-3 |d,=Ld,=-4

Khi d6 : 1=(=x*+X* +4x+1)cosx+(3x* — 2x +4)sinx+C ,

Pong nhat thirc ta duoc :

* C6 nhan xét gi khi giai bang cach lay tich phan timg phan ba lan ( Do day la da

thirc bac ba ).
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bat :
3 %2+ 2x— du =(3x® —2x+2)dx
u x_ X2 +2X 3_) ( ) :>|:_Cosx(x3_x2+2x_3)+j(3x2—2x+2)cosxdx(l
dv =sinxdx V = —CO0SX
)

Tinh :J=J'(3x2 — 2X + 2) cosxdx
=3x°— du, =(6x-2)d
Dit : {ul 3 2X+2—>{ t ( x-2) X:>J=sinx(3x2—2x+2)—j(6x—2)sinxdx(2)
dv, = cosxdx Vv, =sinx
Tinh : K=j(6x—2)sinxdx

{uz =6x-2 {du2 = 60x
%

Dat : :
dv, =sinxdx V, = —C0SX

.
.

= K =—cosx (6x-2) + GI cosxdx=—cosx (6x-2) + 6sin x
Thay cac két qua tim dugc 1an luot vao (2) va (1) ta tinh duoc I

J=s inx(3x2 —2X + 2)—(—cosx(6x-2)+ 6sin x) =5 inx(?,x2 —2X —4) +(6x—2)cosx
I=—cosx(x3 X +2x—3)+[sinx(3x2 —2x—4)+(6x—2)cosx] =

| = (—x3 + X2 +4x+1)cosx+(3x2 - 2x+4)sinx+C

- Nhu vay van dé dat ra 1a : Em ndo thiy cach nao dé hiéu va khong bi nham 14n ,
thi chon cach do , khong nhat thiét 1a dai hay ngan , quan trong nhat 1a két qua phai chinh
Xac .

| = J.eax sin bxdx

Bai todn 3: Tinh tich phan bat dinh : { .(Véia,b =0)

| = Ieaxcosbxdx
PHUONG PHAP CHUNG
Str dung phuong phap tich phan timg phan , theo cac budc sau :
) " (du = —bsin bxdx
u = cosbx 1
i _ | |dv=e™dx V=1°
e Buodc 1: bat ) =
{u =sinbx du = b cos bxdx

| | dv=e™dx e

a

e Budc 2: Thay vao cong thirc tich phan timg phan
e Chuy: Riéng d6i v6i dang tich phan nay bao gid ciing phai 13y tich phan ting
phan hai lan .

Vi du 5: Tinh tich phan bat dinh sau : | = .[ezx sin® xdx

Giai
1-cos2x
o]

Tacd: I= jezx sin? xdx = jezx( )dx :%J‘e“dx—%je“coszmx =%e2X —%J (1)
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Tinh tich phan J= I e”*cos2xdx .

) U = COS2X du = —-2sin 2xdx
bat : —

=J= —e2X0052x+J' e?*sin 2xdx = 1e“cost+K (2)
dv=e*dx Vv 2 2

1o
2

Tinh tich phan K= '[e“ sin 2xdx .
du, = 2cos 2xdx

u, =Ssin 2x
Pit: > 1, = K ==e"*sin 2x—J'e2Xcoszxdx=£e2Xsin 2x-J (3)

dv, =e™dx vlzzeX 2 2

1 2X
J — K =—=e""cos2x 1
T (2) va(3)tacod hé: 2 < J ==e”(sin2x+cos2x)

1, . 4
J+K :Ee sin 2x

Thay vao (1) ta dugc : I= %ezx —%.%e“ (sin 2x+cos2x) :%e2X (1—%(sin 2x+cost)j+C

Bii todn 4: Tinh tich phan bat dinh : 1 = [ P(x)e*dx

PHUONG PHAP CHUNG
Str dung phuong phép tich phan ting phan .Ta tién hanh theo cac budc sau
u=P(x) du = P'(x)dx

e Budc 1: bat - 1
dv =e®dx v:geaIX

e Budc2:Khido: =1 =§eaXP(x)—§J'P'(x)eaxdx

e Budc 3: Tiép tuc thu tuc nhu trén ta s€ khir duoc da thuc .

Vi du 6: Tinh tich phan bat dinh : I = [ xedx

Giai
du =dx

u=Xx
bat : s 1, =1 :lxe“—lje”dx:lxe?’x—lesx+C
dv =e**dx v==e 3 3 3 9

Vi du 7 : Tinh tich phan bat dinh : | = I x?e**dx

Giai
2 du = 2xdx 1
= | ==x%*— [ xeZdx==x%"-J (1
:leZX 2 J‘ 2 ( )

2

u=x
bat : -
dv = e**dx v
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Tinh tich phan J= Ixezxdx :

du, = dx
U, =X L
bat: | - 1, =17 =£xe2x—ijezxdx=lxezx—£e2X
2 2 2 4

dv, =edx |y, = Eezx

Thay vao (1) ta duoc : I=%x2e2X —(%xezx —lezxj+c :%eZX(ZX2 —2x+1)+C
*Chuy:

Qua hai vidu 6 va 7 ta thy s6 1an 1y tich phén timg phan bang véi s6 béc cua da thirc
P(x) . Nghia Ia : s6 bac ctuia P(x) cang cao thi s0 lan lay tich phan tirng phan cang nhiéu .

Bdi todn 5: Tinh tich phan bat dinh : 1 = [ P(x)In xdx

PHUONG PHAP CHUNG
Ta lay tich phén ting phan , theo cac budc sau :
| du= o
e Budc 1: Dit: {: IS I
v=P(x)dx v:IP(x)dx

e Budc 2: Thay vao cong thurc tich phan ting phan , ta duoc mot tich phan quen
thudc ma co6 thé tinh duoc bang hai phuong phéap da biét .

Vi du 8: Tinh tich phan bat dinh sau : | = _[(x2 - 2x) In xdx

Giai
dx
b {u:lnx d“=7
at : ) -
dv = (x* - 2x)dx v=%x3—x2

:(lxg‘—xzjlnx—j(lx3 —xzj%:(EX‘”’—szInx—FJ.xzdx—J‘xde
3 3 X 3 3
I :Gx3—x2jlnx—lx3+£x2 +C
3 9 2
BAI TAP VE : PHUONG PHAP TiCH PHAN TUNG PHAN

Bai 1. Tinh céc tich phan bét dinh sau :
al J‘(x2 +1)e*dx b/ szsinxdx
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c/ J' X cos +/xdx

Bai 2. Tinh céc tich phan bét dinh sau :

a/ J. e dx

c/ J' e 2*cos3xdx

Bai 3. Tinh céc tich phan bét dinh sau :

al J'(x+1)2 cosxdx
c/ Ixe’ In xdx

Bai 4. Tinh céc tich phan bét dinh sau :

al '[(xz + 2)sin 2xdx

c/ J.\/x2 —4x+8dx

Bai 5. Tinh céc tich phan bat dinh sau :

o J. x+2)

c/j It gx
1-x* 1-x

Bai 6. Tinh cac tich phﬁn bat dinh sau :

J- In x
X+/1+1n x
c/ Jsin 3/xdx

d/ jex (1+tanx+tan2x)dx
Inx )\’

o/ I(Tj g

d/ Isin(ln x) dx

b/ I\/xz +b.dx (b=0)

d/ Ixz log, xdx

b/f

cos? x
(1+sinx)e”

1+ cosx

d/ f dx

b/ Iln(x+\/x2—1)dx
d/ Ix2e3xdx

b/ jezxcos3xdx

In( 1+ x)

d/j
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