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CHU DE: GIA TRI LON NHAT - GIA TRI NHO NHAT
VAN DUNG - VAN DUNG CAO

DANG 1

TIM GTLN - GTNN CUA HAM SO THEO CONG THUC

Caul.

Cau 2.

Cau 3.

Cau 4.

Cau 5.

Cau 6.

Cau?’.

Cho ham s6 y=f(x)= 2XEM ik tong cac gida tri cua tham s& m dé
max f (x)—r[r21;|3r]1 f(x)=2.
A. 4. B. -2. C. -1. D. -3.

Goi A a lan lwot la gia tri 1on nhat, gid tri nhé nhat ctia ham s6: y =|x® —3x+m| trén

doan[O; 2]. Goi S la tap cac gid tri thuc cia tham s6 m dé Aa=12. Tong cac phan t

cta S bang
A.0. B. 2. C. -2. D.
A M n s e s ~ N mx+1 , ., .., ~
Goi T la tap hop tat ca gia tri cua tham s6 m dé ham s6 y= > €O gia tri Ion nhat
X+m
trén doan [2;3] béang % Tinh tong cta cac phan t trong T .
A.E. B.E. C.2. D.6.
5 5

Chohmnsaf(@:(»4f(w@+mm—a+b—2yvéia,beR.B@%uénmuﬁng(—gmj

\ ~ .7 . s A, . 2 . A 5 \ A~ .7 . 2
ham sO dat gia tri 16n nhat tai x=-1. Hoi trén doan [—2;—2} ham so dat gia tri nho

nhat tai gia tri nao ctia x?

A.x:—§. B.x:—ﬂ. C.x:—E. D. x=-2.
4 3 2

4 2 A? Y 2 /4 L4 . ? ~ .7 . 2
Cho ham sd y = (X3 -3x+ m) . Tong tat ca cac gid tri cia tham s6 m sao cho gia tri nho
nhét ctia ham s6 trén doan [-11] bang 1 1a
A. 1. B. —4. C.0. D. 4.
C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé€ gia tri nho nhat cia ham s6

X+m?

y = N trén doan [2; 3] bang 14.
A. 2. B. 1. C. 0. D. 4.
— 2 —
C6 bao nhiéu gia tri cua tham s6 m dé€ gia tri 16n nhat ctia ham s6 y = XTM =2 tren

X—m
doan [0;4] bang —1.
A. 0. B. 2. C. 3. D. 1.
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Cau8. Cho ham s§ y=ax’+cx+d,a=0 c6 min f(x)=f(-2). Gid tri Ién nh&t cia ham s&

xe(—=;0)
y = f (x)trén doan [1;3] bang
A. d-1la. B. d -16a. C. d+2a. D. d+8a.
Cau9. Chohamsdcod f(x) cd dao ham la ham f'(x). D6 thi ham s6 f'(x) nhu hinh vé bén.
Biét rang f (0)+f(1)-2f(2)=f(4)—f(3). Tim gia tri nho nhat mva gia tri 16n nhat

M cta f(x) trén doan [0;4].

A m=1f(4),M=f(2). B. m=f(1),M=1f(2)
C. m=f(4),M = (). D. m=1f(0),M = f(2).

Cau 10. Goi S 1a tap tat ca cic gia tri nguyén ctia tham s6 m sao cho gia tri 16n nhat cia ham sd

y = %X“ — %XZ +30x+m—20| trén doan [ 0; 2] khong vuot qua 20. Tong cac phan te

ctia S bang
A. 210. B. —-195. C. 105. D. 300.

Cau1l. Cho ham s§ y= f(x) :‘x4 —4x3 +4%* +a‘. Goi M,m Tan luwot la gia tri I6n nhat, gid tri
nho nhat cia ham so da cho trén doan [O; 2] . S8 gia tri nguyén a thudc doan [—3; 3] sao
cho M <2m la
A. 3. B. 5. C.6. D.7.

Cau12. Goi S la tap hop céc gid tri cia M d€ ham s6 y = ‘X3 —3x% +m| dat gia tri 16n nhat bang
50 trén [—2;4]. Tong cac phan ti thudc S la
A. 4. B. 36. C. 140. D. 0.

Cau13. Cho ham s§ f(x) c6 dao hamla f'(x). Do thi
ctia ham s6 y = f’(x) cho nhu hinh vé.
Biét réng f(2)+ f (4)=f(3)+ f (0). Gia tri nho

nhét va lon nhit caa f (x) trén doan [0;4] Tan

leot 1a 3
A. £(2),1(0). B. f(4),1(2).
C. f(0),f(2). D. f(2),f(4).

Ciau14. Cho ham s§ y= f(x) c6 bang bién thién nhu hinh dudi day. Tim gid tri 16n nhét cta

ham s6 g(x)= f (4x—x2)+%x3—3x2+8x+% trén doan [1;3].
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Cau 15.

Cau 16.

Cau 17.

Cau 18.

Cau 19.

Cau 20.

A.15. B. & C. E D. 12.

3 3
C6 bao nhiéu sd nguyén m d€ gid tri nho nhat cua ham sd y =|x* —38x* +120x +4m
trén doan[O : 2] dat gid tri nho nhat.
A. 26 . B. 13. C. 14. D. 27 .

Xét ham s§ f(x)= ‘XZ +ax+b|, v6i a, b 1a tham s8. Goi M la gid tri I6n nhat cia ham

s6 trén [-1;3]. Khi M nhén gia tri nho nhat c6 thé duoc, tinh a+2b.
A. 2. B. 4. C. 4. D. 3.
4 2 A? AN, 2 /4 .7 . ~N -
Cho ham s0 y= (X2 + X+ m) . Tong tat ca cac gia tri thyee tham s6 m sao cho [mzlgl] y=4

bang
A.—ﬁ. B. -8. C. —é. D 9
4 4

e
Cho ham s§ y=f(x) lién tuc trén R sao cho max f(x)=f(2)=4. Xét ham s6
xe[0;10]

g(x)=f (X +x)=x*+2x+m. Gid trj ctia tham s6 m dé ine[%g(x)=8 la

A. 5. B. 4. C. -1. D. 3.

Goi S la tap hop cac gia tri cia tham s6 m dé gia tri 16n nhat caa ham s6
X? —mX +2m
X—2
A. —§. B. 5. C.§. D. -1.

3 3
Cho ham s6 y = f (x) c6 d6 thi f'(x) nhu hinh vé

Ty

trén doan [-1;1] bang 3. Tinh tdng tat ca cic phan tkr cua S .

”

Gia tri 16n nhét cia ham s6 g(x)= f (X)—% x° +x—1 trén doan [-1;2] bang

5 1 5 1
A. f(-1)——. B. f(1)—=. C. f(2)——. D. -=.
(-3 v (2)- .
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Cau 21.

Cau 22.

Cau 23.

Cau 24.

Cau 25.

>

Cho ham s§ f(x) lién tuc trén (0;+) thoa man 3x.f(x)—x*f'(x)=2f?(x), véi
f(x)#0, Vxe(0;+x) va f(l)z%. Goi M, m lan luot la gia tri 16n nhat va gid tri nho

nhat ctia ham s8 y = f (X) trén doan [1;2]. Tinh M +m.
A2 B. 2. el D.2.
10 10 3 3
Cho ham s& y = f (x) c6 dao ham f'(x). Ham s& y = f'(x) lién tuc trén tp s6 thuc va

c6 bang bién thién nhu sau:

- | o0
> |

FACH ]

\ b9
'v

Biét rang f (—1)=%, f (2)=6. Gid tri nho nhét ciia ham s6 g(x)= f°(x)—3f (x) trén

doan [-1;2] béng

AL B. 220 c. 1%, D. 198.

3 27 27
Cho ham s8 y =f(x). D6 thi ham s6 daoham y=f'(x) nhu hinh vé duéi day. Xét ham
sSg(x)=f (x)—%x?’ —%xz +gx+ 2018. Ménh dé nao dudi day ding?
A. ?:lsi;ﬂg(x):g(l). B. r[psi;gg(x):g(—B).

: g(-3)+9g(1) .

C. =7 D. =g(-1).

?jgl;{]]g(x) 5 ml;gg(x) 9(-1)

Cho ham s6 y=f(X) nghich  bién trén R va thoéa man
[f()—x]f(x)=x"+3x*+2x*,vxeR. Goi M va m Ian luot la gia tri 16n nhat va gia tri
nho nhat cia ham s6 y = f(x) trén doan [1;2]. Gia tri cia 3M —m bang
A. 4. B. -28. C. -3 D. 33.

Cho ham s6 y = f(x) c6 bang bién thién nhu sau

X |—o¢ 2 4 4
f2lx 0 t+
fox

0
flx) s \ /
' / ~2018

-

Tim gid tri 16n nhat cia ham s8 g(x)= f (X3 —3X)—% x> —% x® +3x —% trén doan [-1,2] ?

A. 2022. B. 2019. C. 2020. D. 2021.

Cau 26. Cho ham s6 f (). Biét ham s6 y = f'(x) c6 do thi nhu hinh bén. Trén doan [—4; 3], ham

s6 g(x)=2f (x)+(1- X)2 dat gid tri nho nhat tai di€ém
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Cau 27.

Cau 28.

Cau 29.

Cau 30.

Cau 31.

\T |

|

\ |

g fin

A. x,=-4. B. X, =-1. C. x,=3. D. x, =-3.
Cho ham s6 f(x). Biét ham s& y= f'(x) c6 d6 thi nhw hinh bén. Trén doan [-4;3],
ham s8 g(x) =2 f (x) + (1— x)* dat gid tri nho nhat tai diém.

Y R

1
-1 O

A.x, =-1. B.x, =3. C.x,=—4. D. x, =-3.

C6 bao nhiéu gia tri nguyén cua tham s& m 'dé max x> —3x% + m‘ <47

A. V0 so. B. 4. C.6. D. 5.

Cho ham s y= f(x) lién tuc trén R sao cho maz)]( f(x)=3. Xét g(x)=f(3x-1)+m.

Tim tat ca cac gia tri cia tham s6 m dé max g (x)=-10.
A. 13. B. —7. C. -13. D. -1.
Cho ham s8 y = f (x) c6 dao ham cdp hai trén R. Biét f'(0)=3, f'(2)=-2018 va bang

xét dau cta f”(x) nhu sau:

J,-r_f{‘!_] ‘ — 0 - (1 L

Ham s§ y = f(x+2017)+2018x dat gia tri nho nhat tai diém x, thudc khoang nao sau

day?

A. (—o0;—2017). B. (2017;+). C. (0;2). D. (~2017;0).

C6 bao nhiéu s6 thwe m dé gia tri nho nhat ciia ham s8 y =‘X2 —4x+m +3‘—4x bang
-5.

A. 2. B. 3. C. 0. D.1.
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Caul.

Cau 2.

>

HUONG DAN GIAI

\ n 2X+m , o . f e ~ o

Cho ham sd y=f(x)= . Tinh tong cac gia tri caa tham s6 m deé
max f (x)—r[r21;|3r]1 f(x)=2.
A. 4. B. -2. C. -1. D. -3.
Loi giai
Hams6 y=f(x)= 2x +£n xac dinh va lién tuc trén [2;3].
X —
V6i m=-2, ham s trd thanh y=2= rgag( f(x)= r[rzus? f (x) =2 (khong thoa).
—2-m

Véi m=-2,tacod y' = .
ST

Khi d6 ham s& luén dong bién hodc nghich bién trén [2;3].

max f (x)= f (2); I’[T‘leg? f(x)=1(3)

[2:3]

Suy ra | _
r[r;as? f(x)=f(3); r[rg;lsrlw f(x)=1(2)
: . 6+m 2+m
Do d6: [max 1 (x)-min f (x)| <[ (3)- f (2) = [ ~(4 )‘:T‘
Theo gia thiét [max f (x)—min f (x) =2 2+m‘:2 {mzz
(2:3] (2:3] m=-6

Vay tong cac gid tri ciia tham s6 M thoa man yéu cau bai toan la: —4
Nhan xét: dé bai cho thém dau gid tri tuyét d6i o trong biéu thitc

=2 la khong can thiét.

max £ ()i 7 ()

Goi A, a Ian luwgt 1a gid tri 1on nhét, gid tri nho nhat cia ham s6: y =|x* —3x+m| trén
doan[0;2]. Goi S la tap cac gia tri thuc ctia tham s6 m d&€ Aa=12. Tong cac phén tir

ctia Sbang
A. 0. B. 2. C. -2. D. A

Loi giai
bit: u(x)=x"-3x+m=u'(x)=3x*-3
x=1€[0;2]
x=-1¢[0;2]

Ta c6: u(0)=m;u(l)=m-2;u(2)=m+2

U'(x)=0<3x*-3=0<

Suy ra: Max u(x)=m+2; Min u(x)=m-2= Max y = Max{jm+2];|m-2]}.
[0;2] [0:2] [0;2]

TH1: (m-2).(m+2)<0=-2<m<2=>a=Min y=0(loai)

[0:2]

(vi ko thoa man gia thiét Aa=12)
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Cau 3.

>

TH2: m-2>0<m>2=>Miny=m-2;A=Max y=m+2.
[0:2] [0:2]

m= 4(TM)
m=-4(koTM)
TH3: m+2<0<m<-2= Min y=—(m+2);Max y=—(m-2).

[0:2] [0:2]

Tl gia thiet: Aa=12=(m+2)(m-2)=12<m’ =16<:{

i ) m= 4(koTM)
Tl gia thiét: Aa=12=(m+2)(m-2)=12cm’ =16 <
m=—4( T™)
Két hop céc truong hop suy ra: S ={-4;4}
Vay tong cac phan tir ctia S bang: (—4)+4=0

mx +1

X +m?

Goi T la tap hop tat ca gia tri ctia tham s6 m d€ ham s6 y = c6 gia tri 16n nhat

trén doan [2;3] béang % Tinh tong cua cac phan ti trong T .

AE B.E. C.2. D.6.
5) 5)
Loi giai
Chon A
Taco y= mx+12L'
X+m
Diéu kién x=-m’.
mx +1 , m’-1
= ==Y =
X+m (x+m?)
~ . X+1 .o N . ~
-Néu m=1 thi y:—l.Kh1 do r[r;ag(yzl, suy ra m=1 khong thoa man.
X+ ;
A 3 \ ! \ A mX+1 A « A A .
-Néu m°-1>0<m>1thi y>0.Suyrahamso y= ~ dong bién trén doan [2;3].
X+m
m=3
3m+1 5
Khi d6 maxy=y(3)=——==<5m"-18m+9=0 .
Hao Ry v() 3+m’ 6 “lm=3
5
Dai chiéu véi diéu kién m>1, ta c6 m=3 thdéa man yéu cau bai toan.
-Néu m*~1<0<>m<1thi y'<0.Suyrahamsd y= mx+% nghich bién trén doan [2;3].
m
m=2
2m+1 5
Khi d6 maxy=y(2)= == 5m -12m+4=0< :
Hao hacy v(2) 2+m* 6 mzé

AN e - A s. AA - A 4 2 2 ~ A A \ . /4
Doi chiéu vdi diéu kién m<1, tacdé m= c thoa man yéu cau bai toan.

Vay T = {3; %} .Do d6 tong cacphan trcua T la 3+§ = % .
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Cau4.

Cau 5.

>

Cho ham s6 f (X)=(X—1)2 (aX2 +4ax—a+b—2), vGi a, beR. Biét trén khoang (—%;Oj

\ ~ . 7 . 14 A, . 2 . A 5 \ 4 ./ . 2
ham s6 dat gia tri 16n nhat tai x=-1. Héi trén doan {—2;—2} ham s6 dat gia tri nho

nhat tai gia tri nao cta x?

A.x=—§. B.x=—ﬂ. gx=—§. D. x=-2.
4 3

2
Loi giai
Tap xac dinh cia ham s6 la R.
Ta co: f'(x)=2(x—1)(2ax* +5ax—3a+b-2).

\ A 2 4 \ N .7 . 7 A, . A \ 4 . .
Vi trén khoang (—— X Oj ham so dat gia tri 1on nhat tai X=-1nén ham so dat cuec tri tai

X=-1( cling la diém cuc dai cia ham sd) va a>0 .
= f'(-1)=0 < 4(-6a+b-2)=0<=b=6a+2.

= f'(x)= 2a(x—1)(2x2 +5x+3).

3
X=-—=
2
Khi d6 f'(x)=0< | x=-1 . ( déu la cdc nghiém don)
x=1

Ham s6 dat cueec dai tai X=-1nén ¢ bang bién thién:

h - - -1 1 o

’

y =

IRl P

= x= —g Ia diém cuc ti€u duy nhat thudc [—2; —ﬂ .

3
2
0 + 0 - 0 +

Vay ham s6 dat gid tri nho nhat tai x = —g trén doan {—2; —%} .

4 2 A? A, 2 /4 .7 . ? ~ .7 . 2
Cho ham s6 y= (X3 -3x+ m) . Tong tat ca cac gid tri cia tham s6 m sao cho gia tri nho
nhat ciia ham s6 trén doan [-11] bang 1 1a

A. 1. B. 4. C.O0. D. 4.

Loi giai
Chen C
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Cau 6.

Cau?7.

>

Xétham sg f (x)=x>-3x+m.
Dé GTNN ctia ham s6 y = (X3 —3x+ m)2 trén doan [-1;1] bang 1 thi mllr]l f (x)=1hodc

r[r]ie;\l)](f(x):—l.

Taco £/(x)=3x2=3; f'(x)=0 {X:_lj f (x) nghich bién trén [-L1].
Suy ra r[gf11>](f(x) f(-1)=2+m va r[TlII’]lf( )=f(1)=-2+m.

Truong hop 1: mlnf(x) l&-2+m=1<m=3.

Truong hop 2: ?jgl)](f(x):—l<:>2+m:—1<:>m:—3.

Vay tong cac gid tri cia tham s m 1a 0.
C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé€ gia tri nho nhat cua ham s6

y=2*m N tren doan [2; 3] bang 14.
X_

A. 2. B. 1. C.0. D. 4.

Loi giai
Chen B

Tap x4c dinh D=R\{1}.

2
Tacoy—(1 :; <0, vxeD.
X_

Do d6 ham s6 nghich bién trén doan [2;3].

+ m A 4 .7 . A ?.
Suy ra mln y=y(3)= 3 1 =14 < m=15. Vay c6 1 gid tri nguyén dwong cua m.
, PN . 7 . » A A? .7 . 7 A, > \ A X_m2_2 A
C6 bao nhiéu gia tri caa tham s6 m deé gia tri lon nhat cia ham s6 y=———— trén
X—m

doan [0;4] bang —1.
A. 0. B. 2. C. 3. D. 1.

Loi giai
Piéu kién: x=m.
Ham s6 da cho x4c dinh trén [0;4] khi m&[0;4] (%).

1Y 7
m-m+2 \" 2) "2
Tacod y = = — >0 véi ‘v’Xe[O;4].
(x—m) (x—m)
\ ~ AVN o« A A . A 2_m2
Ham s6 dong bién trén doan [0;4] nén maxy = y(4)= T
-m? m=2
maxy_—1<:>2 M lem+m-6=0c .
[0:4] 4—m m=-3
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Cau 8.

Cau 9.

>

Két hop v6i diéu kién (*) ta dwoc m=-3. Do d6 c6 mot gia tri cia m thoa yéu cau bai

toan.
Cho ham s6 y=ax’>+cx+d,a=0 c6 min f (x)=f(-2). Gia tri 16n nhét ctia ham s&
xe(—0;0)
y = f (x)trén doan [1;3]béng
A. d-11a. B. d -16a. C.d+2a. D. d+8a.
Loi giai

Tdc gia: Dinh Thi Thity Nhung; Fb: Thity Nhung Dinh
Chon B
Vi y=ax’+cx+d, a=0laham s bacbavacé min f(x)=f(-2)nén a<0 va y'=0 cb

xe(—o0;0)

hai nghiém phan biét.

Ta cé y'=3ax’ +c¢ =0co hai nghiém phéan biét <> ac<0.

Vay véi a<0,¢>0 thi y'=0 c6 hai nghiém d6i nhau x==* ;—i

3a
\ 4 - C C C
Tte d6 suy ra min f(x)=f| - /—— = /——:—2<:> ,’——:2<:>c=—12a
xe(—0;0) 3a 3a 3a

Ta c6 bang bién thién

X | —eo —2 0 1 2 3 +0

y — 0 + 0 —

o 12)
y \f (2 / \ B

Tasuy ra max f(x)=f(2)=8a+2c+d=-16a+d.

xe[1;3]
Cho ham s8 ¢6 f(X) c¢6 dao ham la ham f'(x). D6 thi ham s& f'(x) nhu hinh vé bén.

Biét rang f(0)+ f(1)-2f(2)=f(4)-f(3). Tim gid tri nhé nhat mva gi4 tri 16n nhat

M cta f(x) trén doan [0;4].

m=f(4),M=f(2). B.m=f(1),M=f(2)
C. m=1(4),M = (1). D. m=f(0),M = f (2).
Loi giai

Dua vao db thi cia ham f'(x) ta ¢4 bang bién thién.
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Vay gia tri I6n nhat M = f (2) .
Ham s6 dong bién trén khoang (0;2)nén f(2)> f(1)= f(2)-f(1)>0 .
Ham s6 nghich bién trén khoang (2;4)nén f(2)> f(3)= f(2)-f(3)>0.
Theo gia thuyét: f(0)+ f(1)-2f(2)="f(4)-f(3
< f(0)-f(4)=f(2)-f(1)+f(2)-f(3)>0= f(0)> f(4)
Vay gid tri nho nhat m= f (4) .
Céu 10. Goi S la tap tdt ca cac gia tri nguyén ctia tham s& m sao cho gia tri 16n nhat cia ham s6

y = %x“ — ?XZ +30x+m—20| trén doan [ 0; 2] khong vuot qua 20. Tong cac phan tie

cua S b.:?mg
A. 210. B. -195. C. 105. D. 300.

Loi giai
ChenC

Xét ham sO f(x):%x4 —%xz + 30X + m — 20 trén doan [ 0; 2].
x=-5¢[0;2]
f'(x)=x-19x + 30=0< | x=2€[0;2]
x=3¢[0;2]
Bang bién thién:
X 0 2
Jix) +

(2]
Jix) /
J(0)

voi f(0)=m-20;f(2)=m+6.

Xéthamso y = %x4—%x2+30x+m—20 trén doan [ 0; 2].

+ Treong hop 1: m-20>0 < m 2> 20. Ta co
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I\[gg]xy =m+6 <20 < m <14. Két hop m 220 suy ra khong c6 gia tri m.

+ Treong hop 2: m+6 > 20—m < m >7. Ta co:

Maxy = m+6 <20< m <14. Kéthop m>7suy ra 7< m<14.
[0:2]

Vi m nguyén nén me{7; 8;9;10;11;12;13;14} .
+ Treong hop 3: 20—m > m+6 < m <7. Ta co:

Maxy =20-m<20<m2=0. Kéthop m<7suyra 0<m<7.
[0:2]

Vi m nguyén nén me{0;1;2;3;4;5;6;7} .

5 N e . (14+0).15
Vay S ={0;1;2;...;14} . Téng cac phan t& ctia S bang ~———

=105.
Cau1l. Cho ham s§ y=f(x) :‘X4 —4x3 +4x? +a‘. Goi M, m Tan luot 1a gid tri I6n nhat, gid tri

nho nhat caa ham s6 da cho trén doan [O; 2] . S8 gia tri nguyén a thudc doan [—3; 3] sao

cho M <2m la
A. 3. B.5. C.6. D. 7.
Loi giai
Chon B
Xét g(x)=x"—4x’+4x* +a voi x[0;2].
x=0
g’(x):4x3—12x2+8x:4x(x2—3x+2); 9'(x)=0e=|x=1.
X=2
9(0)=a; g(1)=1+a; g(2)=a.
Bang bién thién g(x)
x 0 1 2
g'(x)] o + 0 — 0

g(*) / " \

Treong hop 1: a>0.Khidé M =a+1; m=a.
ae[-33]

:2;3¢.
aeZ :aE{L }

Tacd M <2m<l+a<a<>a=>1.Vdoi {

Truong hop 2: a+1<0<a<-1.Khidé M =-a; m=—(a+1).
ae[-33]

ae|-3-2!.
ae”Z - E{ }

Taco M £2m<:>—a§—2(a+1)<:>a£—2.Véi{

ae[-33]
aeZ

Truong hop 3: —1<a<O.Véi{ =aed.
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Vay ¢6 5 gia tri a can tim.

Cau12. Goi S la tap hop céc gia tri cia M d& ham s§ y =|x* —3x? +m| dat gid tri 16n nhat bang
50 trén [—2;4]. Tdng cac phan tir thudc S la
A. 4. B. 36. C. 140. D. 0.

Loi giai

7 \ ~ 3 2 7 12 2 7 ! X:O

Xét ham s3 g(x) =x*—3x*+mcé g'(x)=3x*-6x . Xét g'(x)=0< vy
Khi d6 gid tri 16n nhét cua ham s8'y =|x* —3x* +m| trén [-2;4] la:

max y = max{y(O); y(-2);y(2); y(4)} = max {|ml;|m—4|;|m—20|;|m+16]} .

xe[-2;4]
m =250
Truong hop 1: Gia sit maxy =|m|=50 < :
m=-50
V6i m=50 thi [m+16| =66 >50( loai).
Véi m=-50 thi |m-20|=70>50(loai).
m=54
Truong hop 2: Gia st maxy =|m—4|=50 < :
m =—46
Véi m=54=|m| =54 >50 (loai).
Vi m=-46 thi |m-20| =66 > 50( loai).
m=70
Truong hop 3: Gia st maxy =[m—20/=50 < - 30
Véi m=70 thi |[m+16| =86 >50 (loai).

Vi m=-30 thi [m+16/=14 <50, |m|=30<50;

m—4]=34<50 (thoa man).
m=234

m=—-66

Vi m=34 thi [m|=34<50,|m—4|=30<50,|m—20| =14 <50 (thoa man).

Truong hop 4: Gia st maxy =|m+16/=50 < [

Véi m=-66 thi |m| =66 > 50 (loai).
Vay S €{-30;34}. Do d6 tong cac phan tir clia S 1a:—30+34=4.
Cau13. Chohamsd f(x) c6 daohamla f'(x). D06 thi ciaham s6 y = f'(x) cho nhw hinh vé.

Tv
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Cau 14.

Biét rang f (2)+ f(4)=f(3)+ f(0). Gia tri nho nhat va 16n nhat ctia f (x) trén doan

[0;4] Tan lwot 1a

A. f(2),(0). B. f(4),f(2). C. f(0),f(2). D. f(2),f(4).
Loi giai

x=0

Ta cé: f'(X)=0<:{
X=2-

Bang bién thién ctia ham s6 f (x)trén doan [0;4].

X 0 2 4
F(x) + 0 -
f(2)
/(%) / \
f(0) /(4)

Nhin vao bang bién thién ta thay r’[rga}&( f(x)=f(2).

Taco f(2)+f(4)=1f(3)+f(0) < f(0)-f(4)=1f(2)-f(3)>0.

Suy ra: f (4) < 1(0). Do d6 min f(x) =  (4).

Vay gia tri nho nhat va 16n nhét caa f (x) trén doan [0;4] Tan luot la: f (4), f (2).

Cho ham s6 y = f (x) c6 bang bién thién nhu hinh dwéi day. Tim gid tri 16n nhat cta

ham s6 g(x)= f (4x—x2)+%x3—3x2+8x+% trén doan [1;3].

A.15. B. —. C. —. D. 12.

Loi giai

g’(x):(4—2x)f’(4x—x2)+x2—6x+8=(2—x)[2f’(4x—x2)+4—x].
Voi xe[L;3]thi 4—x>0; 3<4x—x*<4 nén f'(4x-x*)>0.
Suy ra 2f’(4x—x2)+4—x>0, vxe[1;3].

Bang bién thién
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Cau 15.

Cau 16.

Suy ra maxg(x)=g(2) = f (4)+7=12.

[1:3]
Cé bao nhiéu s6 nguyén m d€ gia tri nhd nhat cia ham s§ y=|x* —38x* +120x+4m
trén doan[0;2] dat gié tri nho nhat.
A. 26 . B. 13. C.14. D. 27 .

Loi giai
Chen D

Xét u(x)=x"-38x*+120x+4m trén doan [0;2]ta c6

x=-5¢[0;2]
U'=0<4x’-76x+120=0<| x=2€[0;2] .

x=3¢[0;2]
v rgggi(u(x):max{u(O),u(Z)}zmax{4m,4m+104}=4m+104
a
W rgg:iz?u(x):min{u(O),u(Z)}:min{4m,4m+104}:4m
Cach 1:

Néu 4m>0 thi min f (x)=4m>0
[0;2]
Néu 4m+104 <0 < m<-26 thi I‘[Tglzlil f(x)=—4m-104>0
Néu 4m<0<4m+104 < -26 <m<0 thi r[rglzr]l f(x)=0.Vay c6 27 s6 nguyén thoa man.
Cach 2:

Khi d6 min {r[rglzr]l y} =0 4m(4m+104) <0< -26 <m<0. C6 27 s6 nguyén thoa man.

Xét ham so f (X) = ‘XZ +ax+b|, véi a, b la tham s6. Goi M la gid tri 16n nhat cua ham
s6 trén [-1;3]. Khi M nhén gia tri nho nhat ¢ thé duoc, tinh a+2b.
A. 2. B. 4. C. 4. D. 3.
Loi giai
Chon C

Xétham s§ f (x)=|x" +ax+b|. Theo dé bai, M la gi4 tri 16n nhat ctia ham s& trén [-1;3]

M > f(-1) M >[1-a+b|
Suyra{ M>f(3) <M >[9+3a+b| =4M >[1-a+b|+|9+3a+b|+2|-1-a—b|
M > f(1) M >[1+a+b|

>[l-a+b+9+3a+b+2(-1-a—-b) =>4M =8 =M >2.
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Cau 17.

Cau 18.

>

Néu M =2 thi diéu kién canla [I-a+b|=[9+3a+b|=|-1-a—b|=2 va 1-a+b, 9+3a+b
l-a+b=9+3a+b=-1-a-b=2 {a:—z
o

, -1-a—b cung da :
a-b cung au<:{1—a+b=9+3a+b:—1—a—b=—2 b=-1

2
., ta cd, ham so f(X)z‘XZ—ZX—l‘ trén [-1;3].

a=-—
Nguoc lai, khi {
Xét ham s& g(x)=x*—-2x—1 xac dinh va lién tuc trén [-1;3].
9'(x)=2x-2; g'(x)=0<= x=1e[-1;3]

M 14 gid tri Ion nhat cta ham s8 f (x) trén [-1;3] =M =max{|g(-1);|a(3)|g ()]} =

a=-2
Vay {b— 1.Ta co: a+2b=-4.

Cho ham s6 y= (x"z +X+ m) Tong tat ca cac gia tri thwe tham s6 m sao cho [rpzlg] y=4
bang
AL B.-8. c-=. D. 2.
4 4 4
Loi giai
Chon C

Xét u=x"+X+m trén doan [-2;2] tacd u'=0< 2x+1=0< x=—=
, 1 1
Ta tinh duoc u(-2)=m+2; u > =m—z;u(2)=m+6.

Nhan xét m—%<m+2<m+6‘v’meR nén A= r[n2a>](u m+6; a= {nzlgu m—%

1 1Y 9 _ 7
Néu a0 m=>2==miny=m-=| =4 m==(t/m);m=——(I).
4 22 4 4 4

Néu A30©m§—6:>{112i2y=(m+6)2=4<—>m=—8(t/m);m:—4(l).

Néu Aa<0<:>—6<m<%:>{nzi_2y:0(l).

Vay tong cac gid tri thye ctia tham s6 la %—8 = —§

4

Cho ham s§ y=f(x) lién tuc trén R sao cho Xrer[l(g’:}l)é]f(x): f(2)=4. Xét ham so
g(x):f(x3+x) x* +2x+m. Gia tri cia tham s& m dé En[gDZ(g( )=81la
A. 5. B. 4. C. -1. D. 3.
Loi giai
Chon D

Xét ham s8 h(x) = f (x*+x) trén [0;2]. Dt t =x" +x,x€[0;2].
Tacdt'=3x*+1>0 VX e R nén te[O;lO].

Vi vay max f(x°+x)=max f (t)=4 khi t=2 x=1.

xe[0;2] te[0;10]
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Mt khac p(x)=—x*+2x+m=—(x-1)° +m+1<m+1. Suy ramax p(x)=m+1khi x=1.

Vay Ine[%g(x):4+m+1:m+5:8<:>m:3.

Cach 2: Phuong phép trac nghiém

Cau 19.

Chon ham y = f (x) =4 thoa man gia thiét: ham s6 y = f (x) lién tuc trén R ¢6

max f (x)=f(2)=4.

w010

Ta c6 g(x)=f(x3+x)—x2+2x+m=4—x2+2x+m.

9'(x)=—2x+2; g'(x)=0<=x=1.

Xét ham s6 g(x) lién tuc trén doan [0;2], g'(x)=0<>x=1.Tac6 g(0)=4+m,
9(1)=5+m, g(2)=4+m.

Ro rang g(0)=9(2)<g(1) nén maxg(x)=g(1). Vay 5+m=8<>m=3.

x€[0;2]

Goi S la tap hop céc gia tri ctia tham s6 m dé gia tri 16n nhat caa ham s6
2
= % trén doan [-1;1] bang 3. Tinh tong tat ca cac phan tkt cua S .
X_
A. —§. B. 5. C.§ D. -1.
3 3
Loi giai
Chon A
Xétham 8 y= F (x) = X2 e [-11] 6 (x)=1-—F—;
X—2 (x—2)
x=0 3m+1 m+1
f'(x)=0 ; (1) = ; £ (0)=—m; f(1)=——.
(00|  pyy TEO-T 0= 1 )=
Bang bién thién
X -1 0 1
f'(x) + 0 -
f(x) £(0)

Trudong hop 1. f(0)<0<m=>0.Khi dd

3=max|f (x)| = max{|f (-1)[;| (1)|}<:>3=max{3m+1;m+l} om+l=3em=2,

[-11]

Trudng hop 2. f(0)>0<m<0.

f(-1)=0
< m<—1.Khidé 3:r[na>]<|f (x)|: f(0) &m=-3.

Kha nang 1. { £ (1)>0 na,
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Cau 20.

>

f(-1)>0
Kha nang 2. —1<ms-%.Khi do { (-2)2 = max f(x)|:max{f (0);|f(1)|}

. 3=

f@)<o "~ iy

< 3=max{-m;m+1}: Truong hop nay vd nghiém.

L 1 e .

Kha ndng 3. —§<m<0. Khi d6 3=r[1316}1>](f(x)| { ilf @[ f (- |}
nghiém.
Vay c6 hai gia tri thoa man la m, =-3, m, =2. Do d6 tong tat ca cac phan t cua S la
-1.
Choham s6 y = f (x) c6 d6 thi f’(x) nhu hinh vé

Ty

Gia tri 16n nhéat ciia ham s8 g(x) = f (X)—%X3 +x—1 trén doan [-1;2] bang

5
Loi giai

Ta c6: g'(x)=f'(x)=x*+1=f'(x)= (X" ~1) =0 f'(x)=Xx* -1 (¥)

iV
it

Tt d6 thi ta cdo bang xét dau
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Cau 21.

Cau 22.

>

X -1 |

o

g'(x) + 0 -

2(x) g(1) \

Gia tri 16n nhat cia ham s6 g(x)= f (x)—% x°+x—1 trén doan [-1;2] bang f (1)-=

Cho ham s6 f(x) lién tuc trén (0;+) thoa man 3x.f(x)-x*f'(x)=2f*(x), véi
f(x)#0, Vxe(0;+x) va f(l):%. Goi M, m Ian luot 1a gid tri 1on nhat va gid tri nho

nhat ciia ham s8 y = f (x) trén doan [1;2]. Tinh M +m.

A2 B. 2. cl.
10° 10 3

S
w | ol

Loi giai
Chon D

Ta cod 3x.f

(x)=x*f'(x)=2f%(x) = 3x*f (x)-x*f'(x)=2xf?(x)
3 () -xF(x) X = <) X = X =x*+
RO I [ J‘Z o T

Thay x =1 vao ta dugc i=1+C,V‘1 f(l)=% nénsuyra C=2.

f©)

X2+2.Tacc’) f'(x)= (x +2)

3 x* + 6x>

Nén f(x)= >; f'(x)=0<x=0.

1
3

Khi d¢, f(x) dong bién trén [1;2].

1 4

S =f(l)==,M=1(2)==

uyram=f(1)=1;M=1(2)=3.
SuyraM+m—1 ﬂ—§
3 3 3

Cho ham s8 y = f (x) c6 dao ham f'(x). Ham s6 y = f'(x) lién tuc trén tap s6 thuc va

c6 bang bién thién nhu sau:
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Cau 23.

' |_~x- I 0 1 2 f-ox
’ 20 l
@ N s
\“__ — 0
s

Biét rang f (—1):%, f (2)=6. Gié tri nho nhat ciia ham s6 g(x)= f°(x)—3f (x) trén

doan [-1;2] bang

A B. 22 o2 D. 198.
3 27 27

Loi gidi
Tdc gia:Trin Phuong; Fb: Tran Phuong

Xét ham s§ g(x)= f*(x)-3f (x) trén doan [-1;2]
g'(x)=3[f2(x)_1]. £(x), g'(x)=0 Q{:;(();))Zi E12))
x=-1e[-12]

Tt bang bién thién, ta co: (1) < L 2 e[-12]

Va f'(x)>0, vxe[-12] nén f(x) dongbién trén [-12]= f(x)2 f(-1)=—=
= f(x)>1= f*(x)>1, Vxe[-12] nén (2) v6 nghiém.
Do d6, g'(x)=0 chic6 2 nghiém la x=-1 va x=2.
10 .(10) 730

Tacod g(-1)=f3(-1)-3f(-1)=| = | -3| = |=—.

6 9(-) - ()21 ()= ] 3% )-
9(2)=f*(2)-3f (2) =(6)' -3(6)=198.
_130

27
Cho ham s6 y=f(x). D6 thi ham s6 dao ham y =f'(x) nhu hinh vé dudi day. Xét ham

Vay ming(x)=g(-1)

x° - % X% + g X +2018. Ménh dé nao duwdi day dung?

A. m3ing(x)=g(l). B. mng(x):g(—B).
(

[-3

C. ming(x)=f. D. Epsi;[]lg(x):g(—l).

Loi giai

Cho ham s8 y =f(x). D6 thi ham s§ dao ham y =f'(x) nhw hinh vé dudi day. Xét ham
1,

s6g(x)=f (X)_§X —%xz +gx+2018:>g'(x)= f'(x)-x? —gx+g
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Cau 24.

Cau 25.

o 1
1
-3
-4
X=-3
Cho g'(x)=f'(x)-x? S R, I '(x)=x’ PSP V|
2 2 2 2
x=1
Dua vao do thi ta so sdnh dwoc ?_ﬁsl[]l g(x)=g(-1).
Cho ham s6 y=f(X) nghich bién trén R va thoa méan

[f()—x]f(x)=x"+3x*+2x*,VxeR. Goi M va m Ian luot la gia tri 16n nhat va gid tri
nho nhat ctia ham s8 y = f(X) trén doan [1;2]. Gid tri cia 3M —m béng

A. 4. B. -28. C. -3 D. 33.

Loi giai

Ta c6: [ f(x)—x] f(x)=x°+3x"+2x* < f2(x) —xf (x) = x° +3x* +2x°

< 412(X)—4xf (X) = 4x° +12x* +8x° <> 41 2(X) —4xf (X) + X° = 4x° +12x* +9x°
2f(x)—x=2x>+3x C{f(x):x?‘+2x

2f(x)—x=-2x-3x f(x)=—x>-x

Véi f(x)=x+2x=f (x)=3x*+2>0,vxe R nén f(x) dong bién trén R.

Véi f(x)=—x*—x= f (x)=-3x*-1<0,vxe R nén f(X) nghich bién trén R.

Suy ra: f(x)=-x’-x Vi f(X) nghich bién trén R nén M = max fx)=f@Q)=-2

<[2f(x) —x]2 =(2x* +3x)° <:{

va m:r[nl;lz? f(x) = f(2) =-10.

Tt day ,ta suy ra: 3M —m=3.(-2)+10=4 = chon dép an A
Cho ham sd y = f (x) cé bang bién thién nhw sau

x |—x 2 4
fllx t 0 0

400

o

/ ~2018
=X

fix)

, . o 1 2 2
Tim gia tri 16n nhat ctia ham s8 g(x)= f (X3 —3X)—§ X° 3 x® +3x BT trén doan [-1;2] ?

A. 2022. B. 2019. C. 2020.

Loi giai

D. 2021.
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Chon D
g’(x):(3x2 —3) f’(x3 —3x)—x4 —2x° +3:(x2 —1)[3f’(x3 —3x)—x2 —3]
3f'(x°-3x)-x*-3=0
x?—1=0
Ma xe[-12]= X’ -3xe[-2;2]= f'(x*~3x) <0=3f'(x* ~3x)-x* —3<0, do do

9'(x)=0=

9'(X)=0=x*-1=0< x=+1.

Ta co
X -1 | 2
g 0 + 0 -
g(1)
g | / \
g(-1) g(-2)

Vay r[r_11§12>]<y: g(1)=f(-2)+2=2021.

Cau 26. Cho ham sO f (X) .Biétham so y=f '(X) c6 d6 thi nhw hinh bén. Trén doan [—4; 3], ham
s6 g(x)=2f (x)+(1- X)2 dat gid tri nho nhat tai di€ém

A. x,=-4. D. x, =-3.

Taco g'(x)=2f'(x)-2(1-x)=2[ f'(x)—(1-x)]
Vé duong théng y=1-X trén cung hé truc chtra d6 thi y = f’(x).

Loi giai
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X=-4
Dya vao hinh vé tac6 g'(x)=0 < f'(x)=1-x < | x=-1.
X=3
Ta c6 bang bién thién
z |-4 -1 3
g'(z) - 0 *
) a(3)
-4 .
9() at }\ /

g9-1)
Vay ham s8 g(x)=2f (x)+(1-x)’ dat gi4 tri nho nhat tai x, =1
Cau 27. Cho ham s6 f(X). Biét ham s6 y=f'(X) c6 d6 thi nhuv hinh bén. Trén doan [-4;3],
ham s6 g(x) = 2 f (x) + (L— x)* dat gia tri nho nhat tai diém.

Uph———————

Loi giai

TIM GTLN, GTNN THEO CONG THUC 6




Cau 28.

Tacd g(x)=2F(X)+(1-x)>=g'X)=2f'(X)-2(1—-x)=2[ f'(X) - (1—X)]

Xx=-4
g'(x)=0s f'(X)=1-x<| x=-1.
X=3

Ta c6 bang bién thién:

@ —4 —1 3

g'(x) { 0 0 ¢ 0

ag(—4) g(3)

N

ag(—1)

Tt bang bién thién, suy ra g(x) dat gia tri nho nhat trén doan [-4;3] tai x, =-1
Taco:g(x)=2f(X)+(1-x)>=g'(X) =2f'(X)—2(1—-x) =2[ f'(X) —(1-X)]

Vi trong doan [—4;—-1] d6 thi ham s§ y = f '(X) ndm phia dudi &6 thi ham s y =1-x
= f'(X) <1-xvxe[-4,-1]= g'(x) <0V x €[4, 1] = g(X) nghich bién trén (-4;-1)
=09(-4)>9(-3)>9(-1) (*)

Vi trong doan [-1;3] d6 thi ham s8 y = f '(x) nam phia trén d6 thi ham s§ y =1—x

= f'(X) >1-xvxe[-13] = g'(x) >0V x €[-L3] = g(X) dong bién trén (-1;3)

=9 >9(-1) ()

Tt (*) va (**) suy ra g(x) dat gia tri nho nhat trén doan [-4;3] tai x,=-1

C6 bao nhiéu gia tri nguyén cua tham sd m dé€ max x> —3x% + m‘ <47
A. V0 so. B. 4. C.6. D.5.

Loi giai
Chen D

Pat f(x)=x>-3x*+m= f'(x) =3x*> —6x.

f’(x):Oc{X_o.
X=2
Bang bién thién
X 1 2 3
S(x) - 0 +
m
J(x) | m-2 o
am—4
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Cau 29.

Cau 30.

>

Ta thdy rH%]xf(x)z f(3)=m va r[rlns? f(x)=f(2)=m-4.

Ta ¢ max|x® —3x? +m‘ = max{|m|;|m—4|}.
(1:3]

Truong hop 1:
Im|<[m—4| m? <m?-8m+16 {m <2
& S0<m<L2,
max {|m|;|m—4} =|m-4|<4 ~ |-4<m-4<4 0<m<8
ma meZ nén me{0;1;2}.
Truong hop 2:
m|>[m—4| m? >m?—-8m+16 {m >2
P & 2<m<4,
max{|m|;|m—4|}=|m|s4 —4<m<4 —4<m<4

ma meZ nén me{3;4}.

Vay, c6 5 gia tri nguyén cua tham so m.

Vay chon dap an D.

Cho ham s& y= f(x) lién tuc trén R sao cho max f (x)=3. Xét g(x)=f(3x-1)+m.

[-12]

Tim tat ca cac gia tri cia tham s6 m dé max g (x)=-10.

A. 13. B. —7. C. -13. D. 1.
Loi giai
Ta c6: %%g(x):%%[f(3x—1)+m]:m+rB5aﬁ<f(3x—1).
D4t t =3x—1. Ta cd ham s6 t(x) dong bién trén k. Ma x€[0;1] =t e[-12].
Suy ra: max f(3x—1)= max f(t)=3.Suyra rm]xg(x) =m+3.
Do d6 maxg(x)=-10< m+3=-10< m=-13.
[0:1]
Cho ham s6 y = f (X) c6 dao ham cdp hai trén R. Biét f'(0)=3, f'(2)=-2018 va bang

xét dau cta f"(x) nhuw sau:

—0 ]

(%]
f
4

Ham so y=f (x+2017)+ 2018x dat gia tri nho nhat tai diém x, thudc khoang nao sau

A. (—o0;—2017). B. (2017;+0). C. (0;2). D. (-2017;0).

Loi giai.

Dua vao bang xét dau ctia f”(X) ta c6 bang bién thién ctia ham s6 '(x)
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Dt t = x+2017.
Taco y = f(x+2017)+2018x = f (t)+2018t —2017.2018 = g (t).

g'(t)= f'(t)+2018.
Dya vao bang bién thién ctia ham s& f’(x) suy ra phuong trinh g'(t) c6 mot nghiém
don a €(—0;0) va mot nghiém kép t=2.
Ta c6 bang bién thién g(t)
Ham s6 g(t) dat gia tri nho nhat tai t, = a € (—0;0).
Suy ra ham s8 y = f (x+2017)+2018x dat gid tri nho nhat tai X, ma
X, + 2017 € (—0;0) < X, € (—0;—2017).
Céau 31. CO bao nhiéu s thuc m dé€ gia tri nhd nhat cia ham s y =|x* —4x+m+3/—4x bmeg

5.

A. 2. B. 3. C. 0. D.1.
Loi giai

Chon D

Xét f(x)=x*-4x+m+3cod A'=1-m.

TH1. m>1: f(x)20Vx<y=x*-8x+m+3.

X —on 4 4on

+a0 +C
}_1 \ /
m—13

miny =-5<m=8 (TM).

TH2. m<1: f(x)=0 c6 hai nghiém X, =2—+1-m; x, =2+1-m.
[INéu xe(x;X,): y=-x>—-3-m.

y(xl):—8+4\/1—_m.

y(x,)=-8-4/1-m.

= y(x)<y(X)

= miny =-8-4J1-m < -8 (Khong TM).

(xi%)

O Néu X &(X;X,): y=x"—8x+3+m.

+) X, <4<=1>m>-3:
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o= X X 4 +o0

+an oo
g ) R/ /
= m-13

miny =m-13=-5<m=38 (Loai).

+) X, 24 m<-3:

X

— X, 4 X, +o0
+o0 +o0
J.:

= miny =-8—4y1-m < -8 (Khong TM). Vay c6 1 gid tri cia m.
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CHU DE: GIA TRI LON NHAT - GIA TRI NHO NHAT
VAN DUNG - VAN DUNG CAO

DANG 2

TIM GTLN, GTNN CUA HAM NHIEU BIEN

Caul.

Cau 2.

Cau 3.

Cau 4.

Cau 5.

Cau 6.

Cau?’.

3
Cho hai s0 thyc duwong X,y thoa man X +1X = /3y +2. Gia tri 16n nhat ctia biéu thttc
y+

S=6x-y la:
A. @ B. E C. E D. g

12 3 12 3
Cho X,y €R thoa man x+y=-1va X’ +y*+xy=x+y+1. Goi M, m Tan luot la gia tri
16n nhat va gia tri nho nhat caa biéu thiee P = X Tinh M +m.

X+y+1

A.l. B. —E. C.l. D.—E.

3 3 2 3
Cho x,y 1a céc s8 thyc thoéa man x> —xy+y? =1. Goi M,mlan luot la gia tri 1én nhat,

4 4
gia tri nho nhat ctia P = X2+—yz+1 Gia tri cia A=M +15mla:
X“+y +1

A.17-26. B.17+6 C.17+2V6 D.17-6.

Cho hai s6 thuce X, y thoa man X% +y? —4x+6y+4+.]y? +6y+10 =/6+4x—x? . Goi M
, m Tan luot 1a gia tri 16n nhét, gid tri nho nhat ctia bidu thic T = sz Lyl a‘. C6 bao
nhiéu gia tri nguyén thudc doan [-10;10] ctia tham s6 a d& M >2m?

A.17. B. 15. C.18. D. 16.

Cho x, y 1a cac sd thiec thoa man (X—3)2 +(y—1)2 =5. Tim gid tri nho nhat cta biéu

3y? +4xy +7x+4y -1
X+2y+1 '

A. 3. B. /3. C.%. D. 24/3.

Cho cac s6 thyc duong a,b théa man 2(a2 +b2)+ab =(a+b)(ab+2). Gia tri nho nhat

thiec P =

a’ b’ a’ b’
cua biéu thic P = 4(—3 + _3j - 9[ + j thudc khoang nao?
b> a

b2 a’
A. (6 :-5). B. (-10 :-9). C. (-11:-9). D. (-5 :-4).
Cho céc s8 thuc x,y thay d6i nhung ludn théa man 3x* —2xy—y° =5. Gid tri nho nhat
ctia biéu thirc P =x" +xy+2y° thudc khoang nao sau day.
A (47). B. (-2:1). C. (;4). D. (7;10).
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Cau8. Cho s8 phitc z=x+yi (x,y€R). Thoa man |z—2+i|=|z+2+5i| va biéu thirc sau dat
x*+y =3y +1
\/x2+y2+2x—2y+2\/x2+y2—2x—4y+5

gia tri nho nhat: H = . Gia tri cua 2x+y

bang:
A. -6 B. —6++/5
C. 3-45 D. —6-+/5

Cau 9. Cho x,y thoa man log, — X+y =X(x—=9)+y(y—9)+xy Tim gia tri 16n nhat cta

X*+y2+xy+2

biéu thire P =X*2Y =9 14i « y thay d6i.
X+Yy+10
A.2. B. 3. C. 1. D. 0.
Cau 10. Cho cacsd thye X, y thay doi thoa man x* +y? —xy =1 vaham sd f (t)=2t"-3t* +1.
: TN o4 bt T I AE ok T T AR X—y+21
Goi M, M tuong tng la gia tri 16n nhat va nho nhat ctia Q = f X+—y+4 . Tong M +m
bang
A. —4-3V2. B. -4-5V2. C. 4-42. D. -4-2V2.
Cau12. Cho2s6 x,y théaman x*+5y? =1+4xy va ham s8 bacba y= f(X) cé d6 thi nhw hinh
~ . , Ny LC P s 1~ 2Xx—-3y-3
vé. Goi M ,m teong tng la gia tri 16n nhat va nhé nhatcta P=f| —————— |.
—X+4y+4
A
y
10\ 1 x
Tich M.m bang
. -1436 B. 3380 C. 1436 D. 1944
1331 1331 1331 1331
Cau 13. Cho céc s8 thuc x,y thay d8i thoa man X’ +5y*+2xy=1 va ham s§ f (t):t4 —2t*+2
. Mo oS e 1 1 x+y-1 x
Goi M,mla gia tri 1én nhat va gia tri nho nhat caa Q = f Tyz .Tong M +m
+ p—
A. 4f3+2. B. 8v3-2. C. 66. D. 9V3+17

A L , . |Xy+yz+zx=8 | | ~ 2
Cau 14. Cho céac sd thuc x,y,z théa man g Vva ham s f (x)=x*—-4x+5
X+y+z=

Goi M, m la gid trji lon nhat va gi tri nho nhat caa f (x). Tong M +m

A. 3. B.ﬁ. C.Q. D. 2
9 9
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Cau 15.

Cau 1e6.

Cau 17.

Cau 18.

Cau 19.

Cau 20.

Cau 21.

Cau 22.

Cau 23.

Cau 24.

>

Cho cac s8 thuc duong x,y,z thay ddi va thoa man: 5(x2 +y? +22)=9(xy+2yz+zx).
Tim gid tri 16n nhat ctia biéu thitc: P =— X = — 1 - bang
Y +7°  (x+y+2)
A.18. B. 12. C. 16. D. 24.
Cho ham s6 f (x)=2x°+6x"+1 va cdc s6 thuc m,n théa man m’—4mn+5n° = 2J2n-1.
Gia tri nhoé nhat caa f (m — Zﬁj bang
n
A. 99 . B. -100. C. 5. D. 4.
Cho x, y>0 théaman x+y= g va biéu thttc P = ﬂ+4i dat gia tri nho nhat.
X 4y
Tinh x*+y?.
L2 B.2. 2318 p. 13,
16 4 1156 100
2

Cho 0<X, y<1 théa man 2017 = X +2018 . Goi M, m lan luot la gia tri 16n

y? —2y+2019
nhat, gia trj nho nhét cua biéu thire S =(4x*+3y)(4y” +3x)+25xy. Khi doM +m bang

bao nhiéu?

N 1% s 0.3

Biét do thi ctia ham s6 y = x® —3x+2 ti€p xtic vdi parabol y=ax’+b tai diém c6 hoanh
do xe(0;2). Gid tri 16n nhat ctia S=a+b la.

A.S_=-1.  B.S_=0. C.S_=1. D.S, =-3.

Ham s8 f (x)=(x—=1)" +(x=2)" +..+(x—2019)" (xeR) dat gi4 tri nho nhat khi x bing
A. 2020. B. 1010. C. 2019. D. 0.

Ham s8 y =x"+ax’ +bx’* +1 dat gia tri nho nhat tai x=0. Gia trj nho nhat ctia biéu thttc
S=a+b la

A. 2. B. 0. C. 2. D. -1.

Cho cac s8 thuc a,b,c thoa man a®+b’*+c*—2a—4b=4. Tinh P=a+2b+3c khi
biéu thtec [2a+b —2¢ + 7| dat gid tri 16n nhét.

A.P=7. B. P=3. C. P=-3. D. P=-7.

Cho ba s8 thwc duwong a,b,c théa man a®+b”*+c®>—-2a+4b—-6¢c=10 va a+c=2.
Tinh gid trj biéu thize P =3a+2b+c khi Q=a’ +b*+c*—14a—8b+18c dat gid trj 16n
nhat.
A. 10. B.—-10 . C.12. D.-12 .
Cho phuong trinh x* +ax® +bx* +cx+1=0 c6 nghiém. Gi4 tri nho nhat P =a’ +b* +c?
bang
A. 2. B.i. C.§. D. 4.

3 3
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Cau 25. Biét hai ham s f (x)=x>+ax’+4x-2 va g(x)=-x"+bx’—2x+3 c6 chung it nhat mot
diém cuc tri. Tim gia tri nho nhat cta biéu thiec P = |a| + |b|

A. 32. B. 64/2. C.6. D. 3.
BO SUNG BAI TAP TU LUAN HAM NHIEU BIEN

Bail. Cho cac soO thuc a, b, ¢ thudc doan [1;3] va théa man diéu kién a+b+c=6. Tim gia tri
a’b® +b’c® +c’a’+12abc+72 1

16n nhat cua biéu thic P = ——abc
ab+bc+ca 2
Bai2: Cho x,y,ze [1; 2]. Tim gia tri 16n nhat cua biéu thirc
2(xy + yz + 2x) 8 y+z+4

~ xyz+2(2x+ y+z)+2x(y+z)+ yz+4  \fyz+1
Bai 3: Cho cac s6 thuec khéng am 4, b, ¢ thoa man a<1,b<2,c<3. Tim gia tri 16n nhat cta
biéu thirc
B_ 2(2ab+ac+bc)+ 8—b N b
1+2a+b+3c  b+c+b(a+c)+8 12a%+3p2 +27¢2 +8

Bai4: Chox, y, z 1a cac s6 thuc duwong thoa man y+z=x(y2+22).T‘1m gid tri nho nhat cua
11 1 4
@+x) @Q+yf @+zf @+x)1+y)l+z)
Bai5: Cho a>b>c>0.Tim gia tri nho nhat ctia bi€u thic
5 12 1 1 1
P_(a +b"+c _ab_bc_ca{(a—b)z+(b—c)2+(c—a)2}
Bai6: Cho x,y,z>0;xyz(x+y+2)=20. Tim gi tri nho nhat ctia P = (x+ y)x+2)+ y?z’
_|a=b b-c c-a
| c a b |

Bai8: Cho a,b,c>0,a2+2b? <a’h?. Tim gid trj 16n nhdt caa P = % n 2 —(c-1)

biéu thiic P =

Bai7: Cho a,b,ce {% ;1} . Tim gi4 tri 16n nhat cta biéu thic P

Bai9: Choa, b, cla cac sd thuc thdéa man a,c>1b> 2. Tim gia tri nhé nhat ctia biéu thic
o a(b+c)+ c(a+b)+ 3(a+c) +2b*+8
b+2c b+2a 4(3+ac)
Bai10: Cho cac sd thuc x,y,z €[0;1] va z=min{x,y,z}. Tim gid tri nho nhat ctia biéu thiic
P=(y+z)2+ yz+l 2
Jx+z  Jyly+z) xy+xz-yz
Bai11: Cho cacsd a,b,c €[0:1]. Tim gia tri 16n nhat ctia biéu thiic
S b -
1+bc 1+ac 1+ab
»  C6 nhiéu bai todn tim cyec tri ciia biéu thikc ta chi cin sir dung cdc bién doi co ban di lam giam
duoc so'biéi. Tuy nhién bai todn cuec tri c6 dang phin thikc ta phdi st dung cdc bat ding thire
dé danh gid moi lam giam duwgc s6'bién ciia bai todn.
> Cic bt ding thitc thuwong diing
1.Cho a,beR tacé(a+b) >4ab

+abc

3
2.Cho a,b>0 ta <o aﬁb?’z@thwbz
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Bai 12:

Bai 13:

Bai 14:

Bai 15:

Bai 16:

Bai17:

Bai 18:

Bai 19:

Bai 20:

Bai 21:

>

3. Cho a,b>0 ta Cé§+%2 4

a+b

(a+b+c)

4. Choa,b,ceR tacéa’+b*>+c?> >ab+bc+ca

5. Cho a,b,ceR tacé (ab+bc+ca) >3abo(a+b+c)
1 9

6. Cho a,b,c>0taco’£+1+—2—
a b ¢ a+b+c

1 2
1ra 1+b - 1++/ab
N 1 < 2
1+a 1+b 1++/ab
Nhén xét: Trén ddy chi la mot s6' BDT tiéu biéu thuong ste dung dé' tim cuc tri bang cdch don
bién, ngoai ra ta cé thé’ stv dung cdc hé qud khdc hodc cdc bat ding thirc khdc. Ung dung cdc
BDT trén dé gidi cdc bai todn sau ddy.

7. Choa,b>0 vaab>1 taco

8.Cho a,b>0 vaab<1 taco

L _ e a’+b?+2ab
Cho céc s6 thuc a,b,c €[1;2]. Tim gia tri nho nhét cta biéu thic: P = —
¢’ +4(ab+bc+ca)
Cho céc s8 khong am g, b, ¢ thoa man ¢ >0 va a’+b® =c(c—1). Tim gid tri nho nhat cta
2 2 2
bidu thie: P =2 2+C
(a+b+c)
Chox,y,z>0 thoaman x+y+z>0.Tim gid tri nho nhat cuia biéu thirc
P X +y° +167°
(x+y+z)
Cho x, , zla ba s8 thuc thudc doan [1;2]. Tim gid tri nhé nhat ctia biéu thirc
P (x+yy
2x+y+2) -2 +y?)-2
(o~ , .1 2 2 B Vg .
Cho cac so thuc a,b,c>0 thoa man peinievy + o Tim gid tri nhé nhat cta biéu thic:
P= a + b + ¢
b+c a+c a?+b?+c?
Cho cac s6 thuc duong x, y, z thay d6i thoa man diéu kién x+ 2y —z>0. Tim gia tri nho
nhét cia bidu thite: P=— %4 Y X*2Y
10y+z XxX+y+z 2x+3y
Cho cac sd thuc duwong a, b, ¢ thay d6i thoa man diéu kién a>b,a>c. Tim gia tri 16n

a b C
+ +
5a+b+c) 5a-2c 5a-2b
Cho ba s6 thuc duong X, Y,z thdaman 0< x < y < z. Tim gia tri nhd nhét ctia biéu thic:

nhat cua biéu thic: P =

X’z y* 7% +15x°
+ +

P= yi(xz+y?)  22(xz+y?) X’z

S o lab .
Cho a,b,c la cac so thic duwong thdéa man va—c ++/b—-c =./—. Tim gid tri nho nhat cta
C

a b C c?

+ 2 2
b+c c+a a+b a“+b
Cho a,b, cla cac s6 thuee duong thdoa man: a>b > c¢. Tim gia tri nho nhat cta biéu thic:

biéu thiee: P =
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T (a2 +c?Wab+bc+ca

~ abo(a+h+c)

Bai 22: ChoX, Y,z la cdc s8 thuc duwong thdéa man: X* + y? + z2 =1. Tim gid tri 16n nhat cua biéu

3,3 3,3
thtee: P = xy2 yzz_x y +3y32
1+z° 1+x 24X’z
x)’ Yz ox
Bai 23: ChoX, Y,z la cac s0 thic duwong thoa mén(;] +(%) +;=;+2
2y? 27° 3z

Tim gia tri 16n nhat cta biéu thite: P =—— + —

X>+y? Yy +7® 2x+z
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Caul.

Cau 2.

>

HUONG DAN GIAI
3
Cho hai s0 thye duwong X,y thoa man X +1X = /3y +2. Gia tri 16n nhat ctia biéu thtrc
y+
S=6x-y la:
8 B. 1L c. i’ p. %
12 3 12 3
Loi giai

Theo gia thi€t y>0 nén ta co:

9x3+x:m@st+X:m(y+1)<:>[(3x)3+3x}:[ﬂ[(3y+2)3+«/3y+2}

y+1

S 1(3x)=f(By+2) véi f(t)=t"+t.

Tacé f'(t)=3t"+1>0,VteR nénhams§ f(t) dong bién trén R, suy ra 3x =/3y +2

hay y=3x2—§.Doy>0 va 3x=4/3y+2 nén x>g X

Khi d6 S =6x—y = 6x—3x* +§=—3x2+6x+§=—3(x—1)2+1—31£13—1.

Do do maxS:1—31 khi x=1.

Cho X,yeR thoaman x+y#-1va X’ +y>+xy=x+y+1. Goi M, m Ian luot 1a gia tri

4 Y \ .7 . 2 N, 2 o« A2 7 X 4
l6n nhat va gia tri nho nhat cta biéu thie P = Y Tinh M +m.

X+y+1
Al B. 2. c.l. D. -1,
3 3 2 3
Loi giai
Cach 1:
Véiditu kién X+y#-LX*+y +xy=X+Yy+1 tacd Pz#.
X2 +y? +xy
Xx=-1 +
Néu y=0thi { x5 Knido poo.
X*—x-1=0 2
X
. \ y LX , t
Néu y#0 thi P=————.Datt==.Taco P=s——,teR
X X Yy " +t+1
— | +—+1
y y
2
Xét F(t) =5 teR. f/(t)=— "1 . f(t)=0ct=41
t+t+l (t?+t+1)

TiM GTLN, GTNN CUA HAM NHIEU BIEN °




3 —0 -1 1 +o0
(1) - 0 + 0 -
o1
70y | ° N 3 N
-1 0
Tt bang bién thién:
X=y
X = =
1 o]l X=y x=1 x=y=1
M==tai<y & , & & 1.
3 , 3x*—2x-1=0 1 X=y=-—=
X“+Yy +xy=x+y+1 X:_§ 3
[(x=1
X=-
5:—.1. X=—y y y:—l
m=-1tai Y <9, 4 x=1l <
s X°=1=0 X=-1
X“+y +xy=x+y+1 X=-1
Lly=1
R 2
Vay M +m=——.
3
Cach 2:
Véi didu kién x+y#-LxX°+y> +xy=x+Yy+1tacd P:#.
X+ Yy +Xy
= Px*+xy(P-1)+Py*=0 (*)
+) NéuP =0 thi x=0 hoac y=0.
N . [x#0
+) Néu P;tothl{ .
y=0
D€ phuong trinh (*) ¢6 nghiém x thi A, =—y*(P+1)(3P-1)>0=-1< PS%'
Ta co:
X =
M 1, .| Xx=———=Y X=Yy x=1
=— ta1 2P = 5 = = 1.
3 A 3x*—2x-1=0 1 X=y=-=
X+ Yy +Xy=x+y+1 x=—§
(P-1) [(x=1
-y(P-1 X=-y
m=-1 tai 2P y <9, y o x=1l < y
P X“=1=0 Xx=-1
X“+Yy +xy=x+y+1 =-1 1
LYY=

Do d6 M :%;m:—l. Vay M +m:—§.

Cau3. Cho x,y la cic s6 thyc théa man x> —xy+y?=1. Goi M, mlan lwot la gid tri 16n nhat,

4 4
gia tri nho nhat cta P:X2+—y2+1. Gia tri cia A=M +15mla:
X“+y +1
A.17-26. B.17++/6 C.17+26 D.17-+6.
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Loi giai
Chon A

Tacd X —xy+y? =1 (x+ y)2 :1+3xysl+%(x+ y)2 = -2<X+y<2

Mit khac: 23x2+y2 =(x+ y)2—2xy:%[(x+y)2_2}£2

2 —t?+4t-1

Patt=x*+y?| =<t<2|.Vay P=————— —=q(t

' y [3 j 1 t+1 g()

_2 J—
Xét ham s6 g(t)=t+—4t1 teF;z}
t+1 3
—t?-2t+5 2 2

"(t)=——| t —;2 X "(t)=0=t=-1+4/6 —;2 .

S (6[3 Dg() fel5i]

Vay min g(t)zg; maxg(t):6—2J§
2 %]
te[g;Z} 3
Vay A=M +15m=17-2/6
Nhan xét: day la bai toan thuwong gap trong cac dé thi TSDH nhitng nam trude day. Tu
tuong ctia cac bai toan nay la st dung tng dung dao ham tim GTNN, GTLN ctia ham
s0 sau khi ap dung phuong phap don bién.

Cau4. Cho haisd thyc x, y théoa man x*+ y? —4x+6y+4+\/y2 +6y+10 =/6+4x—x* . Goi M
, m Tan luot la gid tri 16n nhat, gia tri nho nhét cta biéu thic T = sz +y? —a‘. C6 bao
nhiéu gid tri nguyén thudc doan [-10;10] ctia tham s6 a d&é M >2m?

A.17. B. 15. C. 18. D. 16.
Loi giai

Chon D

Ta c6 X2 + Y2 —4X+6Y +4-+4y? +6y+10 =6+ 4x—X

& Y246y +1044/y? +6y+10=6+4x—x* +/6+4x—X° . (*)

Xétham f(t)=t*+t, c6 f'(t)=2t+1>0, Vt>0.

Ta c6 ham y= f (t) dong bién trén [0;+c0), \[y? +6y+10 €[0;+0),
J6+4x—x* €[0;+).

Nén () & f(y?+6y+10)= f (Vo 4x—x | < [y" +6y+10 = B+ 4x—x’

< Y2 +6y+10=6+4x—X* <:>(x—2)2+(y+3)2 =9.

Xét diém A(x;y) thudc duong tron (C) c¢6 phuong trinh (x—2)2 +(y+3)2 =9.

Tacd OA=x"+Yy’.

buong tron (C) cé tam | (2;—3) , ban kinh R=3 nén diém O(O;O) nam ngoai (C).

TiM GTLN, GTNN CUA HAM NHIEU BIEN °




Cau 5.

\ A,
- \

AN

GoiA, A, la giao diém cua duong thfmg Ol vdi duong tron (C).

VA(X;y)e(C): OA <OA<OA, , véi OA =0l —~R=+/13-3 va OA, =0l +R=+/13+3.
Tt latacd V13-3< X’ +y? <13+3 < +13-3-a< X +y’ —a<13+3-a.
Thi:+13-3-a>0a<+13-3, (1)

Khi d6 M =13+3-a va m=413-3-a.

M >2m < V13+3-a>2(V18-3-a) < a=13-9.

Két hop vdi diéu kién (1) va a nguyén thudc doan [—10;10] ta co
ae{-5-4-3-2-10}.

Th2: V13+3-a<0&a=V13+3, (*%)

Khi d6 M =a—+/13+3 va m=a—+/13-3.

M 22m<:>a—\/1_3+322(a—\/1_3—3)<:>a§\/1_3+9.

Két hop véi diéu kién (**) va a nguyén thudc doan [-10;10] ta c6 ae{7;8;9;10}.

13-3-a<0

Th3: Vi3 < = 13-3<a<13+3,(***)

J13+3-a>0
Khidé M >0 va m=0 nén taludén c6 M >2m
Két hop diéu kién (***) va a nguyén thudc doan [-10;10] ta c6 ae{1;2;3;4;5;6} .
Vay ae{-5-4,-3,-2,-1,0;1,2;3,4;5;6;7;8,9;10} .
Cho x, y la cac s6 thuc thoa man (X—3)2 +(y —1)2 =5. Tim gia tri nho nhat cta biéu
3y? +4xy +7x+4y -1

X+2y+1 '

B. /3. C.%. D. 24/3.

Loi giai

thirc P =

>
w

(x=3)" +(y-1)" =5=x*+y?—6x—2y+5=0.
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Cau 6.

>

I:)_(3y2+4xy+7x+4y—1)+(x2+y2—6x—2y+5)

X+2y+1
_4y2+4xy+x2+x+2y+4_(2y+xf+{x+2y)+4
X+2y+1 X+2y+1 '
bat t=x+2y.

(2 +2°)[ (x=3)"+ (y-1)" |2[(x-3)+(2y-2) = (x+2y-5)’ <250 < x+2y <10.

2
P:t +t+4=t+ 4 |
t+1 t+1
St dung MTCT = minP =3 khi t=1.

0<t<10.

Cho cac s thuc duong a,b thoa man 2(a2 +b2)+ab =(a+b)(ab+2). Gia tri nho nhat

a® b a®> b’
cua biéu thitc P=4| —+— |-9| — +— | thudc khoang nao?
b a b* a
A. (-6 :-5). B. (-10:-9). C. (-11:-9). D. (-5 :-4).

Loi giai
Chon A
Vi a,b dwong nén tur gia thiét 2({:12 +b? ) +ab=(a+b)(ab+2), ta chia hai vé cho ab

2(a’+b?*)+ab=(a+b)(ab+2) = 2(3+9j+1=(a+b)+2(1+1].
b a a b

Ap dung bat dang thitc C6 - Si cho hai s6 duong (a+b) va 2(§ + %j :

(a+b)+2(1+1j2 2\/(a+b).2(1+1] =2\/2(E+9+2j .
a b a b b a

Dau "=" xay ra khi (a+b) :2(§+%j.

Suy ra 2(§+9j+122 2(§+9+2j patt=2+2 >0
b a b a b a

t>2

A - A 5
Khi d6: 2t+1> 2/2(t +2) < 4t? —4t—15>0 < 23 Do d6, ta cd diéu kign t> .

t<——
2

3 3 2 2 3 2
Mt khac: P=4| &+ 2 | o[ & 2|4 (LEJ _3(§+9j 9 (LE) 5
b® a b® a b a b a b a

=4(t°-3t)-9(t* -2) =4t° - 9t* ~12t +18.

Dat f(t)=4t"-9t*-12t+18= f '(t) =12t* -18t-12>0, Vvt > g

Bang bién thién
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2| L
+
8

+eo
£(t) /
B 23

4

Tt bang bién thién ta ¢, Min f(t)= f [§] = —é.
tEB;+x 2 4

+

o | T

a=2
b
a=1"
b

Cau?7. Cho cac s thyc x,y thay d6i nhung ludn thoa man 3x* —2xy—y* =5. Gid tri nho nhat

oo
N | o1

23

Vay gia tri nho nhat cua biéu thiee P la —— khi =

11
(a+b) :2[54_6)

clia bi€u thite P =x +xy+2y° thudc khoang nao sau day.

A. (4;7). B. (—2;1). C. (1;4). D. (7;10).
Loi giai

Chon C

Xét y:0:>P:§ loai phuong 4an A va D.

2 2 2 2
. . as [ A , —2xy—
Xét yz0=>P= X+ +7L>0 khi d¢6 ta cé biéu thic 2=3XZ—nyZ
2 4 P x +xy+2y

2
3(") 2t
Yy y
> .
(Xj +542
y y

37 -2t-1 57 +141-3

5_— ! _—— ! =
P Pt1+42 _f(t):f(t)_(t2+t+2)2 f()=0e

Chia ca t& va mau ctia v€ phai cho y° ta duoc ==

t=-3

Pit L=r(teR)= 1
y IZE

Bang Bién thién ham s& f (7).

t

f'[fj + 0 -

£(0) // L //,,

Tir bang bién thién ta 6 f(t)£4<:>%s4<:>P2%.
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Cau 8.

Cau 9.

>

Vay P dat gia tri nhé nhat bang %, d&u bang xay ra khi t = -3 < x=-3y.

Cho s0 phtrc z=x+yi (x,y € R). Thoa man ‘z—2+i‘ =‘z+2+5i‘ va biéu thitc sau dat
X’ +y  =3y+1

gia tri nho nhat: H =
\/xz+y2+2x—2y+2\/x2+y2—2x—4y+5

. Gia tri caa 2x+y

bang:
A. -6 E _6+\/§
C. 3-45 D. 6-+/5

Loi giai
Ta c6: [z=2+i| =|g+2+5i[ < x+y+3=0 (1). Goi M la di€m biéu dién cua s8 phtic z thi
M thudc duong thang d c6 phuong trinh (1).
22 +y* =3y+1
\/x2 +y’ +2x—2y+2\/x2 +y? =2x—4y+5
_ (x+D(x-D+(»-Dy-2)
VO D2+ (=17 (=17 + (y - 2)?
bat A-L1), B(1;2), M(x;y) thi

Ma H =

()

AM =(x+Ly-1), MB = (x 1Ly —2)=> cos AMB = jﬁiﬁ =H

Ma A, B cing thudc mot ntra mat phang bo 1a duong thang d, M thudc d nén cos AMB
nhé nhat khi géc AMB 16n nhat.

Goi (C) 1a duong tron di qua A, B va tiép xtic véi duong thang d tai C.

Phuong trinh duong thang AB la: x -2y +3=0 .

Goi E la giao diém cuia AB va d thi E (—3;0)

Vay C thoa man: EC? = EA.EB =10

= C(-3+5:-5), €(-3-5:45)

a:—3+\/§
b=—5

=X(x—=9)+y(y—9)+xy Tim gia tri 16n nhat cta

Cho C d€ goc CEA nhon ta duoc C(—3+\/§;—\/§):>{ =2a+b :—6+\/§

Cho x,y thoa man log, — X2+y
X“+ Yy +Xy+2

bidu thite P =22 =9 1yi x y thay dbi.
X+y+10
A.2. B.3. C.1. D. 0.

Loi giai
oA 1A o s X+
Diéu kién xac dinh; —— y
X“+Yy +Xy+2

>0< (x+Yy)>0.
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Cau 10.

>

Vi x2+y2+xy+2=(x+%)2+%y2+2>0 voi VX, yeR.
X+Yy
Tacd lo
J X2+ Y2+ Xy +2
<> log,(X+Y) —1og, (X* + y? + Xy +2) = X* + y> + Xy —9(X+Y) .
<> 2+1log,(X+Y) +9(X+y) =109, (X* + y* + Xy +2) + X* + y* + Xy +2.

=X(X=9)+y(y—-9)+xy .

< 109, 9(X+Y) +9(X+Y) =log,(X* + y> +xy +2) +X* + y* +xy +2 (1).
bat f(t)=log,t+t (Vt>0).

Co f(t)= ﬁ +1>0 véi (Vt>0) = f la ham dong bién véi (vt > 0). Khi dé:
.n

fOX+Y)=F(XC+y? +xy+2) S IX+Y)=X"+y> +xy+2.

S X+ Yy +xy+2-9x-9y=0.

< AX* +4y® +4xy +8—-36x—36y=0.

& (2x+Yy)* —18(2x+y) +3(y—-3)°-19=0.

Ma < 3(y-3)°>0= (2x+Yy)* -18(2x+y)-19<0 = -1<2x+y<19.

2X+y-19 2x+y:19<:> x=38
X+y+10 y—3=0 y=3

Cho cac s8 thuc X, y thay ddi thoa man x* +y*—xy =1 vaham s6 f (t)=2t>-3t* +1.

Mit khac P-1= < 0= P <1 D4u bang xay ra khi {

/NCD . . X—y+2)
Goi M, m tuong ting la gia tri 16n nhat va nhoé nhat cua Q = f(xx—;/zj.Tong M+m
+y+
bang
A. -4-32. B. -4-5V2. C. —4-42. D. -4-22.
Loi giai

Chon C
Ta cé: x2+y2—xy=1c>(x—zj y =1.Taddt: t= SXZy+2

2 4 X+y+4

=t(X+y+4)=5x-y+2 < (t-5)x+(t+1)y+4t-2=0.
<:>(t—5)(x——j (V3t- \/_)*/_y 24t

Ap dung bat dang thiic Bunhiacopxki, ta cd:

s s
:>(2—4t)2s[(t—5)2+(\/§t—«/§)2}.1

127 - 24t <0 = 2 <t<42.
Xétham s§ f (t)=2t"-3t*+1 voi 2 <t <2,

t=0
C6: f'(t)=6t2—6 nén f'(t)zo@etz-atzo@[ e
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>
Taco: f(—v2)=-5-442,(0)=1, f(1)=0, f(V2)=-5+4V2
Dodé M = f(0)=1, m=f(—v/2)=-5-4V2.

Vay M+m=—4-42.

Bai toan goc: Cho ax’ +by’ +cxy =d . Tim MGT t = %
Phuwong phap giai:

Cach 1. Luong giac hoa

Ta c6: ax* +by? +cxy =d <:>(a'x+b'y)2 +(c'x+d 'y)2 =1

. la'x+b'y=sina X=msina
Dat &

c'x+d'y=cosa y =Nncos«

Suy ra: tzw@AsinOHBcom:C
a,X+b,y+c,
Ta c6: A*+B? >C? suy ra MGT ctia t.
Cach 2:
t:m@A(mx+ny)+B(kx+qy)=C
a,X+b,y+c,
Chon m,n,k,q sao cho (mx+ny)2+(kx+qy)2 = ax® + by +cxy
m’+k*=a

<in’+9°=b
2mn+2kg=c

0 Ap dung BDT Bunhiacoxki ta ¢6: C? < (A2 +B? ) d suyraMGT cua t .

Cau12. Cho2s8 x,y théaman X*+5y> =1+4xy va ham sd bacba y=f (X) c6 do thi nhu hinh

vé. Goi M, m tuong ting la gid tri 1én nhat va nho nhat cua P = f X3y -3 .
—X+4y+4
A
y
10\ 1 v
Tich M.m bang
. -1436 B. 3380 C 1436 D. 1944
1331 1331 1331 1331
Loi giai

Dé thay f(x)=x*-3x
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>

Tt x* +5y? :1+4xy<:>(x—2y)2+y2 =1
X—2y =sin X =Sina + 2c0s
Dét{ y “@{ “ “ Khidé

y = coSa y = COSct

2x—3y—3  2(sina+2cosa)—-3cosa—3  2sina +cosa -3

Xét t= = - ==
—X+4y+4 —(sina+2cosa)+4cosa+4  —sina+2c0sa +4

Ta c6: t(—sina+2cosa +4)=2sina +cosa—3 < (t+2)sina+(1-2t)cosa = 4t +3 (*)

Phuwong trinh (*) c6 nghiém < (t+2)" +(2t—1)° > (4t+3)° < -2<t< I—i

Khidé P=f(t)=t"-3tvéi —ZStSI—i
Dédéngﬁmduoc M=2, m=7—18.Véy M.m=@
1331 1331
Cau 13. Cho cac s8 thuc x,y thay d6i thoa man X°+5y°+2xy =1 va ham s§ f(t)=t*-2t*+2
. Mo os e 1o 1 x+y-1 x
Goi M,mla gia tri 1én nhat va gia tri nho nhat caa Q = f(?j . Tong M +m
X+3y—
A 4f3+2. B. 8v3-2. C. 66. D. 9V3+17

Loi gidi
Ta cé: x> +5y° +2xy =1 & (x+y) +4y? 21
X+y+1

bat t=
X+3y—-2

=>t(x+3y-2)=x+y+1<(2t+1)=(t-1)(x+y)+2ty

Ap dung bat dang thitc Bunhiacopxki, ta cé:
(2t+1)° = [(t-1)(x+y)+ 2ty]2 < ((t -1y’ +t2)((x+ y) +4y2) = (2t+1)" <(t-1)" +t?
&2t +6t<0< -3<t<0
Xéthamsg f(t)=t*-2t>+2véi -3<t<0
t=0
Co: f'(t)=4t°—4t, nén f'(t)=0<|t=-1
t=1
f(0)=2,f(-1)=1 f(-3)=65
Do dé M = f (-3)=65m=f (-1)=1
Vay: M +m=066

Xy+yz+zx=8

Cau 14. Cho céc s thuc x,y,z thoa man { vahams§ f(x)=x*—4x+5

X+y+z=5
Goi M, m 1a gid tri Ion nhét va gid tri nho nhét cia f (x). Tong M +m

A. 3. B.ﬁ. C.B. D. 2
9 9

Loi giai
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Cau 15.

>

Xy+YyzZ+2x=8 Zy=8-x(y+z 7=8-X(5-X
Vidt lai dieu kién: { y+y L (y+z) _ |y ( )(*)
X+y+z2=5 y+z=5-X y+z=5-X
Vi x,y,z thoa man (*) nén y,z la hai nghiém ctia phuwong trinh
T2 —(5-X)T +8-5x+x* =0 (**)

biéu kién c6 nghiém cua phuong trinh (**) la:

A=(5—x)2 —4(8—5x+x2)20<:>3x2—10x+7$0 1< xs%

Xét ham s& f (x) = X2 —4x+5 véi 1< xsg

Co f'(x)=2x—4 nén f'(x)=0<x=2
10

.
f(1)=2;f(2)=1;f(§) ¢
Dodé M= f(1)=2,m=f(2)=1.

Vay M +m=3.

Cho céc s6 thuc duong x,y,z thay ddi va thoa man: 5(x2 +y° +22)=9(xy+2yz+zx).

Tim gid tri 16n nhat ctia biéu thitc: P =— X =~ — 1 - bing
Y +2°  (x+y+2)

A.18. B. 12. C. 16. D. 24.
Loi giai

Ta co: 5(X* +y* +2°) =9(xy +2yz +2x) < 5x* —9(y+2) x+5y” +52° ~18yz =0
<5 -9(y+z)x—2(y+ z)2 :—7(y—z)2.

Vi —7(y—z)2 <0 :>5x2—9(y+z)x—2(y+z)2 <0< (x—-2y-2z)(5x+y+2)<0
& Xx-2y-21<0 e x<2(y+2)=0<x<2(y+2).

, X 1 2(y+2) 1 2 2 2
T :P= - < - D +27) £2 +2
a0 y® + 27 (x+y+z)3 y? + 27 (2y+22+y+z)3 O(y ) (y )

2(y+z) 1 _ 4 1
ey @02 V2 2y

=P<

t3 t t?
y+12 27 27 ?

= f'(t1)=0t°=36=t=6(vit>0).

batt=

Ta c6 bang bién thién cua f (t) la:
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Cau 16.

Cau 17.

L | 6 +00
() + 0 -
/ 16 —
y -
/o — \H
/ Hhh“m
— 0 0

y=2¢ y=z:i
X=2y+21 & 12

X=—
y+1z

Cho ham s6 f (x)=2x°+6x"+1 va cdc s8 thuc m,n théa man m’ —4mn+5n’ = 2\/2n—-1.

m—Z\/EJ N
bang
n

Gia tri nho nhat ctia f {

A. -99. B. -100. C. 5. D. 4.

+) Xét hé thiee m? —4mn+5n? =24/2n-1, (1).

m—2\/§

n

Loi giai

+) Dat =t.Taco m=-242=nt & m=nt+2y2 .

+) Thay vao (1) ta duoc: (nt+2v2) —4(nt+2v2)n+5n = 2¢2n-1

& (1 -4t+5)n" +2(22t -5v2)n+9=0(2).

+) C6 cdc s6 thue m,n thoa man (1) < phuong trinh (2) cd nghiém < A’>0
o (22t-5V2) ~9(t' ~4t+5)20 >t +4t-5<0 e te[-51].

+) Xét ham s§ f (t)=2t°+6t” +1 trén doan [-5;1].

£(t)=6t2+12t; f’(t)=0<:{:?2€£_[21;]1] .

Tacé f(-5)=-99, f(-2)=9, f(0)=1, f(1)=9.

Suy ra ?-]si;ﬂ f(t)=-99 khi t=-5.

m—2\/§
n

Vay gia tri nho nhat ctia f { J bang —99.

Cho X, y>0 thoa min x+y = g va bidu thire P =2+ 4i dat gié tri nho nhat.
X 4y

Tinh x*+ VY.
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=y B. 2. ey p. 13
16 4 1156 100
Loi giai
Chon D

Cach 1: Ap dung bat dang thitc Cauchy — Schwarz ta cé:

2 2 (442
p 4,1 4 1 (4+4) 25 25

Cx 4y 4x 4y 4x+dy 43 6
2
6
X==
N a2 T | \ 3 5
Dau “ =" xdy ra khi va chi khi — =— < x=4y ma x+y=— nén .
4x 4y 2 y—i
10
5
Suy ra gia tri nho nhat cta P 3 22 khi S :>X2+y2=@.
6 o3 100

Cach 2:
Ta ¢ P=£+i=(ﬂ+§XJ+ i+§y —§(X+y).
x 4y \x 9 4y 9 9

Ap dung bat dang thiic Cauchy ta co:

4 25 4 25x 20 1 25 1 25y 5 20 5 253 25
—+—X22, |- —=—;, —+—Yy22 [——=—=2P>2—+-———.—=—.
X 9 X 9 3 4y 9 4y 9 3 3 3 92 6

ﬂ:%x x>0;y>0 x:§
DAu “ =" xay ra khi va chi khi { ¥ ma 3 =! 2

1.3, X+y=- y=S

4y 9 10

"

Suy ra gia tri nho nhat cta P 13 22 khi S :>X2+y2=@.

6 3 100

y 10
Cach 3:
. 3 . 3
Do x>0 va x+y=—néen xe| 0;,— |.
2 2
Xét ham so f(x)=ﬂ+ 1 trén O;E.
X 6-4x 2
Ta cé f’(x)=—iz+%;
X* (6-4x)
6-4x=X :ge(ogj
f'(x)=0e (6-4x)" =x* & ) :
6—4x=-X 3
XZZE O,E

Bang bién thién
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6 3
el 0 = 5 o
f'(x) - 0o *
flax) 2

5

’ 7
Tacod lim f (X):+oo; lim f (X):+oo; f (Ejzé

x—0" X_{Ej* 5 6
2
< 1 N A 1 ~ L 6) 25
Dua vao bang bién thién ctia ham s6 f (x) ta co min f (x) = f (—j ===
(O;EJ 5 6
6
Suy ra gia tri nho nhat cta P la 2 yhi S Lxiyi= 158
6 3 100
y 10
2
Cau18. Cho 0<x, y<1 théa man 2017**" =2X+¢. Goi M, m Tan luot 1a gia tri 1on

y°—-2y+2019
nhat, gia trj nho nhét cua biéu thire S =(4x* +3y)(4y” +3x)+25xy. Khi doM +m bang
bao nhiéu?
A 38 B. 1%, < gl p. 3.

16 3 2 16
Loi gidi
Chon D
2
+) 2017 = ﬂ PN ((1— y) + 2018).2017“ = (%* +2018).2017* (1).
y® -2y +2019

+) Xétham s8 f (t) =(t* +2018).2017", t >0, ta c6:
f'(t) =2017" (t*In2017 + 2t +2018.In 2017) 20, Vt>0 suy ra f(t) dong bién trén [0;+).
Terdotaco(l) & f(x)=f(l-y)=l-y=x=y=1-X.
+) Xét bidu thirc: S =(4x*+3y)(4y” +3x)+ 25xy
= (4x2 +3(1- x))(4(1— x)2 +3x)+ 25x(1-x) =16x"* —32x° +18x* - 2x+12.
+) Tim GTLN, GTNN ctia ham s8 ¢(x)=16x" -32x’ +18x* —2x+12 trén [0;1].

2+\/§

4

2-3
4

X =

IS [0;1]

Ta c6: g'(X)=64x>-96x* +36x—2.Suy ra g'(X)=0 < | x=

E[O;l].

x==¢e[0;1]

1
2
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Cau 19.

Cau 20.

>
o [2+\/_J 191 g(z \/_J 191 g(-):é;g(o)zlz;g(l)zlz.

4 16 4 16
25 191 391

KhidoM=—m=—=M+m=—.
2 16 16

Cach khac: dat t=xy voi 0<t< % thi S =16t —2t+12. Khao sat ham s& y =16t — 2t +12

trén { ﬂ dé tim max, min.

Biét do thi cia ham s6 y = x* —3x+2 ti€p xtic vdi parabol y=ax’+b tai diém c6 hoanh
do xe(0;2). Gid tri 16n nh4t cia S=a+b la.
A.S, =1 B.S,=0. C.S_=1. D.S,, =-3.

D0 thi ctia ham s8 y = x> —3x+2 tiép xtic voi parabol y=ax’+b tai diém cé hoanh do

Loi giai

X*=3x+2=ax’+b (1

3 -3 2ax (2) cd nghiém Xe(0;2).

€ (O; 2) khi va chi khi hé phuong trinh {

2

Vi x€(0;2) nén tir (2) suy ra: 2a= 3 =3 thay vao (1) ta duwoc: 2b=—x>-3x+4.

Suy ra: 25 =2a+2b=—x3—§+4.
X

Xét f(x)=-x° —§+4 trén khoang (0;2).
4 ' 2 3
Ta co: f'(x)=-3x tT

f’(x):0<:>—3x2+i2:0<:>x4:1<:>x:l.
X

Bang bién thién:
X 0 1 2
f(x) + 0 -
0
f(t) / \ _E
> 2

Duwa vao BBT, ta ¢6 GTLN ctia 2S5 =0 nén GTLN cta S =0.

Vay dap an B.
Ham s8 f(x)=(x-1)" +(x=2)"+..+(x-2019)° (xeR) dat gia tri nho nhat khi x bing
A. 2020. B. 1010. C. 2019. D. 0.
Loi giai
Chon B
Cach 1:

TiM GTLN, GTNN CUA HAM NHIEU BIEN °




Cau 21.

Cau 22.

>

TXD: D=R
f'(x)=2(x=1)+2(x—2)+...+2(x—2019) = 2.[ 2019X — (1+2+...+2019) |
= 2{2019X—M} =2019(2x —2020).
f’(x) =0« 2019(2x—2020) =0 < x =1010.
Ta c6 BBT:
X | —o 1010 +00
' - 0 -

+o0 oo
Yer

Vay ham sd dat gid tri nho nhat tai x=1010.

Cach 2:

Taco f(x)=2019%"=2(1+2+3+....+2019) X+ (1 +2° +....+2019% )

=2019x” — 2.%19(“ 2019) X+ (17 +2* +.....+ 20197

Do d6 f(x)dat gi4 tri nho nhé&t khi x=1010.

Ham s6 y=x"+ax® +bx* +1 dat gia tri nho nhat tai x=0. Gid tri nho nhat ctia biéu thirc
S=a+b la
A. 2. B.0. C. 2. D. -1.

Loi giai
Ta co f(X)Z f (0),VXGR sxtrad+bx* >0, VxeR.
<:>x2(x2+ax+b)20,VXER<:>x2+ax+b20,VxER.
a2

SA<0 < a’-4b<0 @sz.

a’ aY
Khi do: S:a+b2a+7:[l+zj -1>-1Va.

A a1 2 . \ 2 : b B ? b = 1
Dau “=" xay ra khi va chi khi =
1+—-=0

N

Vay minS =-1, khi a=-2, b=1.

Cho céc s8 thuc a,b,c thoa man a’+b’*+c>—2a—4b=4. Tinh P=a+2b+3c khi
biéu thtic [2a+b —2¢ + 7| dat gid tri 16n nhét.

A.P=7. B. P=3. C. P=-3. D. P=-7.
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Cau 23.

>

Loi giai

Chon B

Cach 1: phurong phap dai s6.

Tacé: a®+b?+c?—2a—4b=4 < (a-1)" +(b-2) +c*=9.

Ap dung bat dang thikc gid tri tuyét d6i va bat dang thizc BCS, ta c6 két qua sau:
2a+b-2c+7|= \2 (a-1)+(b-2)- 2c+11\< 2(a-1)+(b-2)—2c|+11
BCS
<J[(@-17+(b-2) +¢*|

[22 +12 4 }+11 20.

2(a—1)+(b—2)—20>0 _3
Déng thtic xay ra khi: a-l_b-2_c <1b=3

2 1 =2 o

(a-1)° +(b-2)° +c* =9 -

Cach 2: phuwong phap hinh hoc.
Trong khong gian OXyz, goi mit cau (S) c6 tam 1(1;2;0), ban kinh R =3. Khi d¢:
(S):(x-1) +(y-2) ' +22 =9 x> +y* + 22 —2x -4y = 4.
va mit phang (P):2x+y—-2z+7=0.
|2a+b—2c+7|
3

Goi M (a;b;c), ta cs:d(M;(P))=
Via®+b*+c?-2a-4b=4=M €(S).
Bai toan da cho tré thanh: Tim M e(S) sao cho d (M ;(P)) 16n nhat.

X=1+2t
Goi A la duong thang qua | va vudng goc (P) =>A3y=2+t.
z=-2t
Diém M can tim chinh la 1 trong 2 giao diém ctia A véi (S): M, (3;3,-2),M,(-112).

20

Ta c6: d (Ml;(P)):?

Vay P=a+2b+3c=3+23+3,(-2)=3.

>d(M2;(P))=§:> Maxd(M;(P))z%@ M=M,.

Phan tich: Khi quan sdt 2 cich gidi, doi voi gido vién ta sé dé chon Cdch 1 vi ngin gon va tiét
kiém thoi gian. Tuy nhién hoc sinh khong nhiéu em da tieng dieoc tiép can bat ding thizc BCS.
Déi v6i Cich 2, vé mdt trinh bizy co thé dai hoi, nhiéu tinh todn hon nhu’ng do chi la nhfmg

.....

khong mat qud nhiéu thm gian. Baz todn sé dé hon néu dé bai chi yéu ciu tim Mzn hodc Max cua
biéu thirc [2a+b—2c+7|.

Cho ba s6 thyc dwong a,b,c thdéa man a’+b*+c?*—2a+4b—6c=10 va a+c=2.
Tinh gia tri biéu thitc P=3a+2b+c¢ khi Q =a®+b*+c*—14a—8b+18c dat gia tri 16n
nhat.
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A. 10. B.-10 . C.12

Loi giai
Chon D
Goi (S) 1a mat cau tam 1 (1,-2;3), béan kinh R =+/24 . Khi dé:
(S):x*+y*+2°—2x+4y -6z =10.
Goi (P) 1a mit phang c6 phuong trinh x+2z =2 va diém K(7;4;-9).
Véi M (a;b;c). Theo gia thiét ta c6: M e(S) va M e(P) =M e(S)m(P).

—12 .

=i

Hon ntra:
Q=a®+b’+c*-14a—8b+18c=(a—-7)" +(b—4)" +(c+9)" ~146 = KM? -146.
Bai toan tro thanh: Tim M nam trén dudng tron giao tuyén cia mit cau (S) va mit

phang (P) sao cho KM 16n nhat.

(P) c6 VIPT fi=(10;1).

X=7+t

Goi A la duong thang qua K va vuong goc (P) =>A:qy=4
z=-9+t
Goi H 1a hinh chiéu cia K 1én mit phang (P)=H =AN(P)= H(9;4;,-7).
Tacé: KM? =KH? +HM?, ma KH khéng d6inén KM 16n nhat khi HM
16n nhat.
X=1+t
Goi d la dudng thang qua | vavudng goc (P)=d:qy=-2 .
z=3+t
Goi J 1a tam duong tron giao tuyén caa (S) va (P)=>J la hinh chiéu cta | 1én (P)
=J=dn(P)=J(0;-2;2).
X =3t
Phuong trinh duong thang HJ 14y =-2+ 2t.
7=2-3t
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Cau 24.

>

Goi A, B la cac giao diém cua HJ va (S) = A(—3; —4: 5), B(3;0;—1).

Ta c6: HA=422 > HB =222

Vay MaxHM = 44/22 <> M = A(-3,-4;5). Khi d6: P =3a+2b+c=-12.

Cho phuong trinh x* +ax’ +bx* +cx+1=0 c6 nghiém. Gid tri nho nhdt P=a’ +b* +c’
bfmg
A. 2.

&i. C. D. 4.
3

w | oo

Loi giai
Goi X, la mét nghiém ctia phuwong trinh x* +ax® +-bx* +-cx+1=0(*).
= X; +ax; +bx; +cx, +1=0=ax; +bx; +cx, = —x; —1.
Theo bat déng thitc Bunhiacopxki ta cé:
X 41l = ad+b tox, < @i+ et XXt X

4 2
+1
= a’+b’ +c’ 2% (X, =0 khong la nghiém cta phuwong trinh (¥) ).
Xo X X
2 2 2 2 t2+12
Datt=x(t>0) tacé @ +b"+¢" >——"—.
'+t 4+t
2
bat ft =—— (t>0
' t3+t2+t( )
o A° 44t CH0Ht — 2041 3P +2041 t+17( =1 t417 -1 P41
= = = =
4ttt €t 4t €4t 4t
Bang bién thién:
t — -1 0 1 +m
£ (¢) + 0 - - 0 +
o S g
//// S S S +
/ Yy x”;/ Y, \
f[rj ////// g /////_.-"/ // //// ™,
/ / Ay Ay // 7 \\
//////////,f’//,f;”/ N 4
S S S S S S S S 3

: R . 4 .
Tt bang bién thién ta ¢c6 min f t :g khit=1 =a*+b*+c’ 2%.

0+o0
Khi a:b:czg thi a® +b* +c? :% va phuong trinh X' +ax® +-bx? +cx+1=0 c6
nghiém x, =1.

Vay gid tri nho nht P — a? +b? +¢* bing % .
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Cau 25. Biét hai ham s f (x)=x>+ax’+4x-2 va g(x)=-x"+bx’—2x+3 c6 chung it nhat mot

Bail:

diém cuc tri. Tim gia tri nho nhat cta biéu thiec P = |a| + |b|

A.32. B. 612. C.6. D. 3.
Loi giai

Chon C

Taco f'(x)=3x"+2ax+4 va g'(x)=-3x"+2bx—2.

Vi f(x) va g(x) c6 chung it nhat mot diém cye trinén f'(x)=0 va g'(x)=0 c¢6 chung

_-3tt-4
o 3t° +2at+4=0 T
nghiém la t. Suy ra ) = ,
-3t +2bt-2=0 b=3t +2
2t
2 2 2
Ta c6 P:|a|+|b|:|_3t _4|+ 3 +2|_3 t3_3 |t|+1 > 6. (bat dang thitc Cauchy)
BEN NN t
D&u bang xay ra khi va chi khi |t|=ﬁ<:>t=i1.
Vay minP =6.
BAI TAP BO SUNG

Cho céc s6 thuc a, b, ¢ thudc doan [1;3] va thoa man diéu kién a+b+c=6. Tim gia tri
2|2 2.2 2,2
16n nhat cia biu thie p= 22 *PC rea vlzaber7z 1.,
ab+bc+ca 2
Loi giai
Ta cé: (ab+bc+ca) =a%h? +b?c? +c?a® + 2abd(a+b +c¢)=a’b? +b’c? +c?a? +12abc

(a+b+c)

bat x=ab+bc+ca< =12

Ta c6: a,b,ce[1;3]= (a—1)b-1)c-1)>0=abc—(ab+bc+ac)+a+b+c-1>0
=abc—x+5>0=abc>x-5

Lai cé: (a—3)b—3)c—3)<0=abc—3(ab+bc+ca)+9(a+b+c)-27<0
—abc<3x—27.Do dé: 3x—27>abc>x—5=2x>22—=x>11.

2 2
Tacé: P=2 +72—labcsX +72—E(X—5)=§+B+E
X 2 X 2 2 x 2
Xét ham s8 f(x):g+7—xz+g, x e [1112]
Ta c6: f'(x)=%—)7(—§SOVXE[1J;12] nén P < f(x) < f(11)=%

A 160 ..
Vay max P =11 khi a=Lb=2;c=3
Nhan xét: Dy la bai todn rat hay. Ta phai dung hai [an gia thiét cia cdc bién
a;b;c e [1;3] dé' tim ra mién gid tri ciia x =ab+bc+ca va dinh gid dwgc P thong qua biéh x.
Ciing tir bai todn trén phdi ching bang viéc danh gid diéu kién ban ddu chiing ta sé gidi quyét
dwegc mot 16p cdc bai todn dang nay bang cdch dwa vé ham s6'mét bién, chinh vi vy qua chuyén
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Bai 2:

Bai 3:

>

dé nay tdc gid mudn ren luyén cho hoc sinh kij ning gidi todn cyc tri bing phwong phdp don
bién.

Cho x,y,ze [l; 2]. Tim gia tri 16n nhat cua biéu thirc

2(xy + yz + 2x) 8 y+z+4
= —+ —
xyz+2(2x+y+2) 2x(y+z)+yz+4 Jyz+1
Loi giai

Vi x, y,ZE[L'Z],nén ta co
(x—1Ny—2)z-2)>0 < xyz+22x+y+2)>2(y +2)x+ yz + 4
D&u bang xay ra khi x =1 hodc y =2 hoéc z=2.Do d6

2(xy + yz + 2x) 8 y+z+4 2x(y+2)+yz+4+yz+4 y+z+4
A< + - = —

2x(y+2z)+yz+4 2x(y+2)+yz+4 Jyz+4 2x(y +2)+ yz+4 Jyz +1
A<l4 yz+4 y+z+4 14 yz+4 y+z+4

- < -
2x(y+z)+yz+4  \fyz+1 20y+z)+yz+4  Jyz+1

A<l+ yz+4 _2\/E+4
T yz+afyz+4 Jyz+1

Patt=./yz; te[1;2]

Xét ham s6: f(t) =1+

t?+4 _2t+4
(t+2) t+1
e

Suy ra Asf(t)Sf(Z):_%

véi te[1;2]

Taco f'(t) =

Vay maxA:—% khi x=Ly=2z=2

Cho cac s6 thyc khéng am 4, b, ¢ thoa man a<1,b<2,c<3. Tim gia tri 16n nhat cta
biéu thic
B:2(2ab+ac+bc)+ 8—b N b

1+2a+b+3c  b+c+b(a+c)+8 12a% +3p2 +27¢2 +8

Loi giai
Ta c6 \12a® +3b? +27¢? =,/3(4a® +b? +9¢?) > 2a+b+3c (1)
Mat khac 2a+b+3c—b—-c—b(a+c)=(a+c)2-b)>0
=2a+b+3c>b+c+bla+c) (2)
Lai c6 2ab+ac+bc—b—-c—b(a+c)=(b+c)a-1)<0
= 2ab+ac+bc<b+c+ba+c) (3)
Tt (1), (2), (3) ta dwoc

B < 2[b+c+b(a+c)]+ 8-b . b
“1l+b+c+b(a+c) b+c+b(a+c)+8 b+c+b(a+c)+8
B < 2[b+c+b(a+c)]+ 8

“1+b+c+b(a+c) b+c+b(a+c)+8
batt=b+c+b(a+c)=0<t<13
2t

Xétham s§ f(t) =25 + 5 v6i t e [013]
t+1 t+8
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Bai 4:

Bai 5:

>

2 8 2(3t+10)6-t) B

f(t)_(t+1)2 (t+8F  (t+1)(t+8)f =0=t=6
16 47

f(0) =1, f(6):7’ f(:|_3)=z

Tir d6 suy ra B < f(t)s?:maxB:? dat duoc khi a:1,b:2,c:§

Cho x, , z 1a cac s8 thuc duwong théa man y+z = X(y2 + 22). Tim gid tri nho nhat cua

biuthec P=—— 4+ 1 4
@+xf  @+y) @+z) @+x)1+y)i+z2)
Loi giai
Tir gia thiét ta cé: X(y+2) <2x(y? +2%)=2(y+2) = y+2 s%
, 1 » 1, 2) (@+xy

Do dé: (1 1 <—(2 <=|2+—| =

o dé: (L+y)L+2) 4(+y+z) 4( +X} =
Ap dung bat dang thitc Cauchy ta cé: P > L + 2 4

@+ x)? (l+y)(1+z)+(1+x)(1+y)(1+z)
2x*+1  4x2 2 +6X2+x+1

P> + =
@+x) (@+x) @+ x)
3 2
Xét ham s6: f(x)= 2% T OX X+l
(1+x)

Ta co: f'(x) = 2(5X_41)=o@x=1.

(L+x) 5
A , e n 1 91
Lap bang bién thién ta dugc: P > f(x) > f(—j =
5 108

Vay gid tri nho nhat ctia P bang % Khi x =%, y=z=5.
Cho a>b>c>0. Tim gia tri nhoé nhat cta biéu thikc

P=(a?+b’+c?—ab-bc-ca 1 -+ 1 =+ 1 -

(a-bf’ (b-c)f (c-a)
Loi giai

Nhan xét: Gia thiét da cho chinh la goi y cua bai todn. Cach lam gidm bién s6 quen thugc la dat
a=c+Xx,b=c+y=x>y>0
Khi dé:
a?+b*+c?—ab-bc—ca=(c+x)] +(c+y) +c?—(c+x)c+y)-(c+y)—c(c+x)

=X +y?—xy

1 1 1
Do d6 ta viét lai P duédi dang P = (x* — xy + y? el
p dusidang Py | L Lok

Nhw vdly vdi cich dat dn phu nay, ta da lam giam s6'bién cia P thanh hai biéh.
Thdm chi la P la dong bdc giiva x va y. Ta chi viéc dat dn phu quen thudc

Détt:£>1tadu’cyc P=(t2—t+1 %+i2+1 = f(t);
y (t-1f t

Xét ham f(t) trén (L+w0) ta co:
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f'(t):(Zt_l{ﬁ+t£ } { }

0 (2t -1 (t-1)+t(t-1 ] t+1)[t t-1)]

Cdch dat nay khd phikc tap. Ta cé the dgt theo cdch khdc sau day
Pit ==+ =t>2. Khidotac

y X
P= 5—1+X Xy 2+X—¥+X—¥ = §+X—1 ;+5+X
y oxx—yf oyt ] ly x ) x. ¥ 5y x
y X
1 (t-1)
( t—2+j =o'
Xét ham f(t) trén (2;+00) ta duoc:In f (t) = 3In(t—1) - In(t - 2)
f'e) 3 1 2t-5
- = - =
f() t-1 t-2 (t-1)t-2)
Lopy= @Yy g5
(t-2) 2
;o s g 5\ 27
Lap bang bién thién ta duwgc P = f(t) > f[EJZT
Déngthacxéyrakhivachikhi1+X=t=g x=2y=a=b+d=c+2d,vd >0
y X

Vay gia tri nho nhat ctia biéu thiic P 1a %
Bai6: Cho x,y,z>0;xyz(x+y+2)=20. Tim gi tri nho nhat ctia P = (x+ y)x+2)+ y?z*
Loi giai

Nhain xét:Co mgt chii y quan trong ciia bai 6 la mgt phép bién doi nho

) 20
(X+y) X+ 2)=X* +xy+xz2+yz=X(X+y+2)+yz="—+yz

yz

Nhuw vdy bién méi dwoc hinh thanh.
batt=yz>0 suyraP :$+t+t2 = f(t). Xét f(t)=t? +t+? trén (O;+oo)

3, 42 . 2
Ta cé: (0= 20+ 1_?=2t +tt2 20 _(t 2)(2tt2+5t+10)

Lap bang bién thién ta suy ra f(t)> f(2) =16

=0st=2

, . L o [xyrx+y+z)=10  [x=y=2
Do d6 P >16. Dang thttc xay ra khi va chi khi =

yz=2
A x=y=2
Két luan: minP =16 < 1

Bai 7: ChoabCEB } Tim gia tri 16n nhat cua biéu thirc P = Ia b b—c C;aI

Loi giai
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Bai 8:

>

Nhdn xét:Khi gdp bai toin trén, ta chwa thé tim cdch phd gid didu gid tri tuyét d6i. Do vy cir
thir quy dong va tich tung ra xem c6 gi dic biét khong. Béi vi lwu v rang: khi cho
a=b,b=c,c=a= P =0.Nén sau khi bién d6i chic chin sé chira nhan tir (a—b)b—c)c—a)
lab(a—b)+bc(b—c)+ca(c-a)| _|ab(a-b)-bc(a—b)+be(a-c)-cala—c)

Do do: P =
abc | | abc

_ l(a-b)Yb-c)c-a)

| abc |

~ A .2 2 1 A? - A N\ Y ~N .7 . A AN
bén day ta gia st 5 <c<b<ac<l démuc tiéu lam mat ddu gia tri tuyét doi.

o (a-b)Yb—c)c-a)
abc
Nhdn xét rang c6 mot phép bién déi lam gidm bién s6 mot cach don gidn la

X =

Dat: =1<y<x<2

o|loco|lo

y:

Tach: P = (x=y Ny -1fx~1) _ X;l{x+1—(y+§ﬂ = f(xy)

Xy
Muc tiéu viét nhu trén la dao ham theo bién y (hoac bién x).

fy(xy)= Xxl( L+ 7 J=> f(xy)=0oy=+xelLx]

Lap bang bién thién ta thu duoc

P=f(xy)< f(x;\/;): (x—ﬁXﬁ—lXx—l) = 5 _t)(ttzl)(tz_l),t =Jxe [1\/5]

Xv/x

hay p<! = g(t)

Xét ham g(t) trén (1; \/E) ta cd: Ing(t) =3.In(t—1)+In(t +1)—2.Int
2 2 2 2
g(t) 3 N 1 g=3t +3t+t°—t-2t +2=2t +2t+2>O;Vte(1'\/—)
g(t) -1 t+l ot (t—1)t+1)t (t—1)t+1)t

Tir dé ta c6 g(t) < g(v2)= (ﬁ_l);(ﬁ”): W2-1f

2
2
Nhuw vay P <g(t) Sﬁ—_l

t—1)°(t +1)
t2

c o X =2 a=2c \/_ 1
Dang thirc xay ra khi { {y N {b _ C\/_ < (a;b;c)= ( ZJ
Vay maxP:gJ%XQ(a?b;c) (1 2. %J

Cho a,b,c>0,a% +2b? < ah?. Tim gi4 tri 16n nhét ciia P = % " g —(c-1)

Loi giai
Nhdn xét: Gid thiét chi cho dit li¢u lién quan t6i a, b dix khong dw dodn duwoc diang thikc xdy ra
nhieng ta van c6 thé’khai thic dwoc gid thiét bang bat ding thite Cauchy-Schwarz véi muc tiéu
la chi con bién c.
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Bai 9:

Bai 10:

>

., [C X ¢CcYy cc cxy
SRR —zJ(—z 7]

2
a?
Nhu vay ta phai chon x* =1 y* =2

2
Dodétacs: P=S+ % (c-1f < cLe (%+%)—(c—1)23c\/§—c2+20—1
b a 1 2 )b° a 2

=N Ps—c2+(2+§jc—1= f(c)

T thiét a® +2b? <a’h® < —

bZS

J6

Xét ham s f(c) trén (0;+0) ta c6: '(c) =—-2c+ (2 + ?j = f'(c)=0<c=1+ e

2
Lap bang bién thién ta suy ra: P < f(c) < f(l+?}:(l+@} —1:§+§

4
V6 a:\/g,bzg,c:H@

Vay maxP:§+—<:>
8 2 4

Cho a, b, c la cac s0 thuc thdéa man a,c >1;b> 2. Tim gia tri nhé nhat ctia biéu thuc

2 2
b_ a(b+c)+c(a+b)+3(a+c) +2b” +8

b+2c b+2a 4(3+ac)
Loi giai
Tacd (1-a)f2-b)>0«<2-2a-b+ab>0<2a+b<ab+2
1 1 :>c(a+b)>c(a+b)

b+2a ab+2 b+2a ab+2
alb+c)_ alb+c)
b+2c  bc+2

Tuong tw ta cé

Lai co
3a+c) +2b? +8:2[(a+c)2 +b2J+(aL+c)2 +8>4(a+ch+4ac+8=4(ab+ac+bc+2)
c(a+b)+ a(b+c)+ 4(ab+bc+ca+2)

=P2>
ab+2  bc+2 4(ac +3)
(ac+bc j [ab+bc j [ab+bc+ca+2}
= +1|+ +1|+ _2
ab+2 bc+2 ac+3

:(ab+bc+ca+2)( t j_229(ab+bc+ca+3)_
ab+2 bc+2 ac+3 ab+bc+ca+7

Xétham s§ f(t)=——-— oAt+2) —-2=7T—-—— 45 mat—ab+bc+ca>5:>P>7__45 _13
t+7 t+7 5+7 4

Vay minP = 175’ < (asb;e)=(1,2:2)
Cho céc s8 thuc x,y,z €[01] va z=min{x, y,z}. Tim gia tri nhd nhat ctia biéu thtec
2
I:):(y+z) Loyz+l 2
Jx+z  Jy(y+z) xy+xz-yz
Loi giai
Vi nhiing bai toan c6 diéu kién ban dau x,y,z e [0;1] chung ta sé tim cach khai thac no,

du doan diémroila z=y=1,z=0
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Bai 11:

Bai 12:

>

~ 7. 2 4 7 2 x A \ 2 7 ~? .
Hon nta v6i ————— c0 chtta Xy+Xz—Yyz ¢ mau, day la hang ti c6 thé goi y cho
Xy + Xz — yz

chung ta don bién vé xy+xz—yz.

i (y+z) _ x*(y+2z)f
et welon] s e 2 22 Ry
aCOXE[ ]Suyra \/X+Z \/;\/X+Z \/;\/X+Z

1 2
>
vAB A+B

A=B>0. Vi du doan diém roi z=y=1,z=0 nén kha ndng X=X+z va y=y+z la

Ap dung bat dang thiic Cauchy ta duwoc . Ddu bang xay ra khi va chi khi

hoan toan c6 thé xay ra.
X(y+z) _ ., ;2 (yz+1) , 2
"—7—52 : ; 7_52 1)
Ta c6: T x?(y +2) o VA Ty ez (yz+1) T
2x*(y+z) . 2(yz +1) s 2 _ (xy+yz+xz+1) . 2
2X+1 2y+7  Xy+Xxz-yz X+Yy+z2 Xy + Xz —Yyz

Dodo P>

Véi diéu kién x,y,z e [0;1] ta ludn cod
@—x)1-y)1-2)20< Xy + YZ+XZ+1> XYyZ+X+Y+Z2X+Y+2
Suyra P>Xx+y+z+ ———
Xy + XZ — Yz
Ap dung bat dang thitc Cauchyta c6
X2+ (y+z) 22x(y+2)= X2+ y2 + 22 2 2(xy + x2 - yz)
Ma x,y,z€[0d]= x+y+2z22x2+y® +22 > 2(xy+ xz— yz)
:>P22(xy+xz—yz)+—2 >4
XY + XZ — Yz

~ N s . ) Cx=y=1
Dau bang xay ra khi va chi khi {Z 0o
Vay minP =4 dat duockhi x=y=1x=0
Cho cacsO a,b,ce [0;1]. Tim gia tri 16n nhat cua biéu thirc

a b C

= + + +abc
1+bc 1+ac 1+ab

Loi giai
Khong mat tinh tong quat ctia bai toan, ta c6 thé gid st 0<c<b<a<l
Taco P=—2 4 b + % Labe< ! + b +—% ibe<ber L +b+C
1+bc 1+ac 1+ab 1+bc 1+bc 1+bc 1+bc 1+bc
Tt gia thiét ta duoc (L-b)l-c)>0<1-bc>b+c>0< 1b+bc <1
+bc

Suy ra A<be+1+——. Dt t=1+bc=>1<t £2. Xétham 3 f(t):t+%;te[1;2]
Taco £'(t) :1—t12zow e [1:2] suy ra f(t) dong bién trén [1L2]= f () < f(2)=g.
Vay gia tri 16n nhat ctia biéu thic P 1a g khi a=b=c=1

a®+b*+2ab

Cho céc sO thuc a,b,c e [];2]. Tim gid tri nho nhat cua bi€u thitc: P = —
¢’ +4(ab+bc+ca)

Loi giai
Ap dung hé qua 1(a+b)’ > 4ab
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Bai 13:

Bai 14:

>

a’ +b’+2ab (a+b)

2 = 7 =M
c®+4(ab+bc+ca) c?+4c(a+b)+(a+h)
Do a,b,ce [];2] nén a+b=0, chia t&t va miu ctia M cho (a + b)2 ta duoc:
1

c
5 == vol t=——-.
c c t°+4t+1 a+b
— | +4 —— |+1
a+b a+b

Vi a,b,Ce[l;Z]Vz‘i t=L:>te l;1 . Xét ham so6 f(t):%trén l;1
a+b 4 t°+4t+1 4

Tacd P=

~2(t+2)
(t2 +4t+1)2

= f(t)> () :%;vr EB;l}hay P>

Tacod f'(t)= <0, Vte [%;1} = f (t) nghich bién trén [% ;1}

1
6
Vay MinP:%, gid tri nho nhat dat duoc khi a=b=1va ¢ =2

Cho céc s8 khong am g, b, ¢ thoa man ¢ >0 va a’+b® = c(c—1). Tim gid tri nho nhat cta

2 2 2
biéu thie: P =2 T2 +C
(a+b+c)
Loi giai
Nhdn xét: tir gia thiét ta nhin thdy cic bién a va b c6 tinh chdt d6i xitng, do do dé gidi bai todn
2
ta siv dung a® +b’ 2@
2
(a+b)2+cz (M) )
Taco: P> ( 2b Y =~ C > vic>0
a c
e 2(a+b+1j
c
s A - L2 21 > 3 21 2
Véihai s6 thycx, y tuy y, tacd X" —Xy+y =Z(X+y) +Z(X—y) ZZ(X+y).
Tt gia thiét ¢ >0va a’ +b® =c(c-1) st dung dénh gid trén ta thu dugc
3 3
c2:c+a3+b3=c+(a+b)(a2—ab+b2)20+@22 c.@:osibsl.
c
2
bat t:aLb:>0£t£1 (vi a,b>0 va ¢>0). Khido Pzt;zz
c 2(t+1)
t?+2 t-2
Xétham sd f(t) = ——— trén |01],tacd f'(t)=— <0, Vte|01
O =y e ol 0= o]

Do d6 f (t) la ham s6 nghich bién trén [0;1] =>ft)>fQ)= g, Vt e [0;1]

Hayng, Va,b,c >0 théa man ¢ >0va a’+b® =c(c-1).

Vay MinP = g, gia tri nho nhat dat dugc khia=b=1c=2

Chox,y,z>0 thod man x+y+z>0. Tim gia tri nho nhat cua biéu thirc
X +y°+167°

P
(x+y+z)

Loi giai
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Bai 15:

Bai 16: Cho cac sO thuc a,b,c>0 thoa man

>

3 3 3
e =) () )
X+Yy+1 X+Yy+1 X+Y+1

3 3 3 ’
i A ) ; X y 1 X+y 1 A

+ Z— =|1-
ApdunghequaZtaCO (X+y+z) (X+y+2j 4(X+y+ZJ 4( X+y+zj

3
Do c’[éle(l— z j +16[
4 X+Yy+12

3
].Détt:;:te[o;l).

X+y+1z X+Y+2

Khi d6 Pz%(l—t)3+16t3.Xét ham s5 f(t):%(l—t)3+16t3 trén [0:2)
1
) t==¢[0)
Ta ¢6 f'(t)=w: JORIT I

Lap bang bién thién suy ra f(t) > f(%j = 213—?, vie[0l)= P> f(t)> ]8-_615

Vay MinP = g , gia tri nhé nhat dat duwockhi x =y =4z
Cho x, , zla ba s8 thuc thudc doan [1;2]. Tim gid tri nhé nhat ctia biéu thirc

P (x+yy
2x+y+2) -2 +y?)-2

Loi giai
Nhin xét: Ta chi ciin bich doi 2(x+y+2f — 20 +y?)— 22 = 22 + 4(x + y)z + 4xy
2 2
Tacd P= (X+y) = (X+y)

20x+y+2)f —20C+y?)-22 22 +4(x+y)z+4xy

x yY
., z)
Ta cé 4xy<(x+y).Dodé P> Y =

2 2 2
22 +A(x+y)z+(x+y) 1+4[X+yj+(x+yj
z 12

t2
1+ 4t +t2

X
Dit t = ;+%, Vi X, Y,Z thudc doan [1;2] =t € [1;4]. Khi d6 tacd P>

2

t
Xétham f(t)=—— trén |14
® 1+ 4t +t° (4]

4t% + 2t

Taco fl(t):(1+4t+t2)2

= f'(t)>0, Vte[l;4]. Suy ra f(t) la ham s§ dong bién trén

[L4].Do d6 f(t)> (1) = % vt e[1;4] hay P> % VX, v,z € [1;2]

. 1 , . .
Vay MInP:g, gia tri nhé nhat dat dwockhi x=y=1va z=2

2 2 BV ,
po ¥+b—2. Tim gia tri nhé nhat cua biéu thic:
a b c

P= + +
b+c a+c a?+b?+c?

TiM GTLN, GTNN CUA HAM NHIEU BIEN °




Bai 17:

Loi giai

a b
Vic>0doddétacd P=—C—+—C 4 1

b a 2 2

—+1 241 (aj +(bj 1

¢ ¢ C C
bat XZ%/ y=%:>x,y>o (vi ab,c>0) khi d6 biéu thic P trdé thanh
P X Y 1

= +
y+1 x+1 [x?4y?+1

« A7 A% .0 . A 1 2 2
Bién doi gia thiét priniee) + o7 ta thu duwoc

1 2 2 1 ¢ c¢& 1 1 1 - .
et oo =t oo =+ S o XY =2+

C2 a2 b2 2 a.2 b2 2 XZ y2 y ( y)
Ta céd x°y (2 )x+y Y =xy>x+y

va X’ +y +1=(x+y) —2xy+1<(x+yf —2(x+y)+1=(x+y-1] (1)
Talaicod (x+y)f 24xy>4(x+y)=>x+y=4  (2) (vixy>0)

T (1) va Q) = /X +y*+1<x+y-1

Bién doi biéu thitc P, ta thu dwoc
Pr2=—" 41+ 414 L :(x+y+1{ 1 2 J+ L

y+1 x+1 JX+y2+1 x+1 y+1) [x24+y?+1
Tit hé qud 3, ta c6: P+2> (x+y+1) - =P>2- 4 1
X+y+2 x+y-1 X+y+2 Xx+y-1
batt=x+y=t>4.Do d6 P>2_i+i
t+2 t-1
Xétham s f(t) = o 4 L trén [4;+o0)
t+2 t-1 ’

Ta c6 f'(t):%zo, Vte[d+0) va f't) =0 t=4 (Vi te[d+o))

Suy ra f(t) la ham s& dong bién trén [4'+oo)
= f(t)> f(4)— , Vt €[4;400) hay P> f(t)>—

Vay MinP = 2 gia tri nho nhat dat duwgc khi a=b=2c

Cho cac s6 thuc duong x, y, z thay doi thoa man diéu kién x+ 2y —z>0. Tim gia tri nho

nhét ctia bidu thite: P = — X 4 Y X*2Y
10y+z X+y+z 2x+3y
Loi giai

, X+Yy+2z<2x+3y
Tacd X+2y-220<z2<x+2y <
10y +z<x+12y
X y +x+2y> X y +x+2y

Do do P= + > +
10y+z Xx+y+z 2x+3y Xx+12y 2x+3y 2x+3y
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>

X X
3 — —+3
= P2 X +X+y:Xy +yx
X+12y 2x+3y X112 2%X.3
y y
Datt=X=t>0.Khidé =Pzt 4+ 73
y t+12 2t+3
Xétham s6 () = ———+ > trén (0;4e0)
t+12 2t+3
Lot 3 t =2 e (0;+0)
Tacod f'(t) = - = f't)=0 (t+12) =4(2t+3) =
© (t+12f (2t+3) © (tr12) = 42t+3) t:—?e(o;m)

Lap bang bién thién suy ra f(t)> f(2) = g , Vte (O;+oo). Suy raP = g .

Vay MinP =g, gia tri nho nhat dat duwgc khix =2y,z=4y.
Nhan xét ta c6 thé'coi P Io hiam cia z v x, y la tham s6'va xét ham P(z) trén (0;x + 2y]

Bai 18: Cho cac s thuc duwong a, b, ¢ thay d6i thoa man diéu kién a>b,a>c. Tim gia tri 1on
a b c
+ +
5a+b+c) 5a-2c 5a-2b
Loi giai

nhat caa biéu thirc: P =

b
Via>0 dodd P= i ~+ a__ B
5(1++j 5-2.
a a

|0
<))

=xye(01] viabc>0vaaxhax>c.

1 X y
+ +
51+x+y) 5-2y 5-2x

Khi d6 biéu thitc P dwoc viét lai nhw sau: P =

#+(Zx+2y—5 t 1
51+x+Y) 5-2y 5-2x
1 N 1 > 4
5-2x 5-2y 10-2x-2y
+(2x+2y-5)

=2P-2=

va 2x+2y-5<0,Vx,y e (0]

Ta co

4

Do d6 2P-2< _
10-2x -2y

5L+ x+y)
2 5
+ -1
51+x+y) 5-x—y
Dit t=x+y=1te(0;2]vi x,y (0:1].
2 5

—~ 1
5(t+1)+5—t

2 5
> _1trén (0;2
5(t+1) 5t ren (0:2]

hay P <

Khiddétacd P<

Xét ham s§ f (t) =
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Bai 19:

Bai 20:

>

e 25(t+17 —(t-5)°  24t*+60t _
Tacéd f'(t) = S ] —5(t+1)2(t_5)2>0,Vte(0,2]

Do d6 f(t) 1a ham s& dong bién trén (0;2]= f(t) < f(2) = %,Vt e (0;2]

11 NN
hay PSE,V()iin a,b,c > 0thoa man diéu kién a>b,a>c.

11 . .
Vay MaxP = 5’ gid tri I6n nhat dat dwockhi a=b=c

Cho ba s0 thue duong X, Y,z théa man 0<x<y<z. Tim gid tri nhd nhat caa biéu thic:
X’z y* 2% +15x°
+ +

P= y2(xz+y?) " z2(xz+y?) X’z

Loi giai

3
(VJ , a,b,c>0
+XZ +(£j +§.Déta:£;b:X;C:£:> abc=1
TR - S P
y z y z X
3 3
Dodé: P=—2 4 P 2, 10
a+b a+b c
p 1 1
ApdunghéquéZ,tacéP2M+c2+—5:C2+—6
a+b c c

Xétham s§ f (c) =c2+% trén (Leo). Ta c6 £'(c) = 2c—i—§:> f'(Q)=0eoc=2
Lap bang bién thién suy ra f(c) > f(2) =12, Vc e (L;+)
o o Ja=b=—1
Vay MinP =12gia tri nho nhat dat duoc khi J2 hay 2x = y\/i =Z
c=2

Cho a,b,c la cac s0 theec duwong thoa man va—-c++vb-c = ‘/a—b. Tim gia tri nho nhat
C

e , a b C c?
ctia biéu thiec: P = + + +
b+c c+a a+b a“+b
Loi giai

Dit a=xc;b=yc;(x,y>1)

Thay x=1 vao gia thiét ta c6: Vb—c =+/b = ¢ =0 (khéng thoa man gia thiét)
Tuong ty y =1 cling khong thoa man .

= x>1y >1 thay vao gia thiét ta co:

Ix=1+y-1=xy & x+y-2+2/(x-1)y-1) = xy

& x—x-y+1-2J(x-1y-1) +1=0 = (Jx-1(y-1)-1f =0
szlcxy=x+y22\/x—y:xy24

Mat khac

X+y+1+l_x2+y2 1 1

+ +

P= 2 2 2
y+1 x+1 X+y Xx°+y Xy+X Xy+y X+y (x+y)—2xy
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(x+yy 1 1
+ + .
2Xy+X+y  X+y (x+yf—2xy

3 2
Hay P2ﬂ+i+ > 21 =(XY) TZ(XE’) +3xy -3
Xy X°y?—2xy 3[(xy) —2ny
t® -2t +3t -3

3(t> - 2t)

=P>

batt=xy;t>4,khidotacoP>

3 2
Xétham s6 f (t) = L 2t2 +3t=3 trén [4;+o0)
3(t> - 2t)

4 3 2 3 2
Taco f'(t)=" —4t°+t7 +6t—6 _t*(t—4)+t*+6(t—4)+18
3> - 2tf 3(t> - 2tf

Suy ra ham s8 f (t) dong bién trén [4;4+<0). Do d6: [q_]in) f(t)=f(4)=

>0,Vt>4

41

24
N 41 ..

Vay mlnP:ﬁ khi x=y=2 hay a=b=2c

Bai 21: Cho a,b,cla cac s6 thuc dwong thoa man: a>b>c. Tim gid tri nho nhat cta biéu thic:

T (a2 +c?Wab+bc+ca

~ abcla+hb+c)

Loi gii
bat a=xb;c=yb=0<y<1<x
1hi d6 T :(x2+y2 X+y+xy o (x+yfyx+y+xy

xy(x+y+1)  2xy(X+y+1)
. o . S>1
bat S=x+y,P=xy vi O<yslgx:{(x_l)(y_l)£0:>0<PsS—l
. S*(S+P) . s*(2s +P)
Pt f(P)=—>"""2 tacd f'(P)=—-—>""L<0,vPe(0;S -1
@ 1(P) 4P%(S +1) aco T'(P) 4P3(S+1)2< < ]
Do d6 f(P) la ham s& nghich bién trén (0;S —1]
4 _ 4 _
:>f(P)Zf(5—1)=L812),VP€(0;5—1].Xéthémsé’ g(S)zwvéiS>l
4(s? -1 4(s? -1f
_ 2 _ 3
Tacs g'(s)=" 2s +25 1s —g(S)=0o5=2 (vi S>1).
2(s-1)

Tir bang bién thién suy ra g(S) > g(2) = g,vs & (Lr+o0)

Do détacs T>T(P)>/9(5) >/9(2) ==
V3
Vay MinT :% , gié tri nho nhét dat dugc khi x= y =1 hay a=b=c

Bai 22: ChoX, Y,z la cac s6 thwc dwong thoa man: X* +y® +z* =1. Tim gid tri 16n nhat ctia biéu

3,,3 3,3
th¢c: P= xy2+ yzz_xy +3y32
1+z° 1+x 24x°z

Loi giai
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4 4
Bai 23: ChoX, Y,z la cac s0 thuiec duwong thoa mén(%) + (lj + i =—+2

>

Nhén xét: Bai 22 khi ta thay gid thiét x* +y* +2° =1vao biéu thitcc P thi P la mot biéu thiec
dong bic. Tuy nhién néu chi siv dung cdc bién d6i dai so'thi ta van chuwa lam giam s6'bién ctia biéu
thirc. Ta cin st dung cic hé qua dé'danh gid biéu thirc

Xy , vz _ Xy . yz
1422 1+x (C+22)+(y?+22) (C+y?)+ (¢ +22)
Xy ., yz _ Xy yz

RETEAE O 2\/(x2 + 2% ) y? +22)Jr 2\/(x2 + y?Jx? + 22)

2 2 2 2
xy2+ yzzgi X + y +1 y + z 5
1+z° 1+x 4

Ta cod

X>+2° P+y' ) 4\ X°+y* XP+z

2 2 2 2

xy2+ yzzgl 1+ 2y >+ Zy 5 Sl 1+y—+y—
1+z° 1+x° 4 Z°+y" X +y 4 2yz  2xy

ooy 11 (y yj
1+z 1+x> 4 8 X

3,,3 353
Talaico X°y’ +y°z° 2%(xy+ yip =2 Y2

x3z®

(xy+yz) _ 4(3/ y)

1
4 X3z Z X

3
VayP< += (y yj (X+Xj,Détt:X+X:>t>0(V‘1x,y,Z>0)
96\ z zZ X

4 8 X X
Khi do P<1+1t—it
4 8 96
1 1. 1.,
Xéthamso f(t)==+=-t——t° trén (O+oo)
4 8 96

Ta 6 f'(t)=%—ét2:> F()=0t=2 (vi t>0)

Lap bang bién thién suy ra f () < f(2) = % Vte(Opoo)hay P<f(t)< %

Vay MaxP = % gid tri 16n nhat dat duoc khi x =y = 7 = —

V3

2 2
Tim gia tri I6n nhat ctia bi€u thirc: P = 22y =+ 222 - — 3z
X“+YyS Yy +2° 2Xx+12

Loi giai
T gia thiét ta c6

X x) Yoy x ) b xY 7z  x xY 2
—+2=(—j +(lj +—22 (—J (lj +—= (—) +—:>—+222(—j +—
2 y z X y z X z X z z X
Détt:§:>t>0(v‘1 x,z>0).

Do dét+222t2+%<:>2t3—t2—2t+1§0<:>(t—l)(t+1)(2t—1)£0<:>%stsl

Tacéd P= 2 + 2 3

2 2 X
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Nhan xét: §X=§V‘1§S1:>1.XS1 M.tkhécxyz>0:>§ Yo
yz z 1z y z y z
Dodé —— L . iy: 2
1+—= 1+—
j +1 vz .
4
Vay P < 4X— 4 3 . Xéthamso f(t)=—- 3 trén[l;l}
145 292X T14t 2tel 1+t 2t+1 2
z z

—10t? — 4t +2 1
T f')=————<0,Vte| =11
aco B0 =@y 6[2}

Suy ra f(t)1a ham s6 nghich bién trén {% ;1} = f@)<f (%) = %,Vt € [l ;1}

2
7 x4 Yzox
Hay P <— véimoi X,y,z >0 thoa man (—] +(lj +—=—+2
6 y z X z
Vay MaxP = gié trj 1on nhat dat duockhi 1~ =
a axP =—, gia tri lon nhat dat duoc khi
g 6’5 y=x42
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CHU DE: GIA TRI LON NHAT - GIA TRI NHO NHAT
VAN DUNG - VAN DUNG CAO

DANG 3

BAI TOAN TOI UU

Caul.

Cau 2.

Cau 3.

Cau 4.

Mot bién quang cao c6 dang hinh elip véi bon dinh A, A,,B,,B, nhu hinh vé bén.
Nguoi ta chia elip boi parabol ¢ dinh B, truc d6i xtng B,B, va di qua cac diém M,N
.Sau d6 son phan t6 dam véi gia 200.000 dong/m* va trang tri dén led phan con lai véi
gia 500.000 ddng/m?. Hoi kinh phi stt dung gan nhat véi gia tri ndo dwdi day? Biét
rang AA, =4m,BB, =2m,MN =2m.

M BZN

B:

A.2.341.000 dong. B. 2.057.000 dong. 1C. 2.760.000 dong. D. 1.664.000 dong.
Mot chat diém chuyén dong thang véi quang duong bién thién theo thoi gian boi quy
luat s(t)=t>—4t>+12 (m), trong d6 t (s) la khoang thoi gian tinh ti ltic bat dau chuyén
dong. Van tdc cua chat diém do dat gia tri bé nhat khi t béng bao nhiéu?

A.2(s). B. % (s). C.0(s). D. % (s).

Tinh dién tich 16n nhat ctia hinh ch nhat ABCD ndi tiép trong nira duong tron c6 ban
kinh 10cm (hinh vé).

A. 160cm?. B. 100cm?. C. 80cm?. D. 200cm?.
D C
X
A 0] B
10cm

Ngudi ta mudn xay mét cai bé hinh hop ding c6 thé tich V =18(m®), biét day bé 1a hinh
ch* nhat c6 chiéu dai gdp 3 ITan chiéu rong va bé khong cé nap. Hoi can xay bé cé
chiéu cao h bang bao nhiéu mét d&€ nguyén vat liéu xay dung 1a it nhat (biét nguyén
vat liéu xay dung cac madt la nhw nhau)?

5

A. 2(m). B. >(m). C.1(m). D. g(m).
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Cau 5.

Cau 6.

Cau?’7.

Cau 8.

A. —35+5\/1_3 cm.

Cau 9.

>

Mot cdc hinh tru c6 ban kinh day 1a 2cm, chiéu cao 20cm. Trong cdc dang c6 mot it
nudc, khoang cach gitta day c6c va mat nude la 12cm (hinh vé). Mot con qua mudn
udng duoc nudce trong coc thi mat nuwde phai cach miéng c6c khong qua 6cm. Con qua
thong minh m6 nhitng vién da hinh cau ¢ ban kinh 0,6cm tha vao c6c d€ muc nudce

dang lén. b€ uéng duoc nudce thi con qua can tha vao cdc it nhat bao nhiéu vién da?

— B— 20cm

12cm

A. 30. B. 27. C. 28. D. 29.
Mot sgi day cé chiéu dai 28m duoc cit thanh hai doan d€ lam thanh mot hinh vudng
va mot hinh tron. Tinh chiéu dai (theo don vi mét) ctia doan day lam thanh hinh vuéng
dugc cat ra sao cho tong dién tich ctia hinh vudng va hinh tron 1a nhé nhat?
56 112 84 92
A B.4+7r' C.4+7r' D. it

DPé€ chuan bi cho dot phat hanh sach gido khoa méi, mot nha xudt ban yéu cau xwong in

phai dam bao cac yéu cau sau: Mdi cubn sach gido khoa can mot trang chir c6 dién tich
la 384cm?, 1é trén va [é dwdi la 3cm, T8 trdi va Ié phai la 2cm. Mudn chi phi san xuat 1a
thdp nhat thi xeong in phai in trang sach c6 kich thudc tdi wu nhat, voi yéu cau chat
lwong gidy va muc in van dam bao. Tim chu vi ctia trang sach.

A. 82cm. B. 100cm. C.90cm. D. 84cm.

Vi tdm nhom hinh chi nhét c6 kich thwée 30cm; 40cm . Nguwoi ta phan chia tim nhdém
nhw hinh vé va cat b6 mot phan dé duwoc gap 1én mot cai hop cé nap. Tim X d€ thé tich

hop 16n nhat.

X X A

X, T L X
) Vo
: : : 30cm
1 ] 1
1 ] 1

X, "% :
x x Y

-« »
40cm
B. —35_?/1_3 cm. C. —35_2\/1_3 cm. D. —35+§\/1—3 cm.

Ong A du dinh st dung hét 6,9 M’kinh &€ 1am mot bé ca b%lng kinh c6 dang khoi hinh
hop chit nhat chit nhat khong nép, chigu dai gap doi chiéu rong( cdc mai ghép c6 kich
thude khong dang ké). B& ca c6 dung tich 16n nhat bang bao nhiéu ( két qua lam tron

dén hang phan tram)?
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Cau 10.

Cau 11.

Cau 12.

Cau 13.

Cau 14.

Cau 15.

Cau 1e6.

A. 2,26m". B. 1,0Im’. C. 1,33m’. D. 1,50m’.
Moét vat chuyén dong theo quy luat s = —%t3 +6t> v6i t la khoang thoi gian tinh tir khi

vat bat dau chuyén dong va s 1a quang duong vat di chuyén dugc trong khoang thoi

gian d6. Hoi trong khoang thoi gian 9 gidy, ké tir khi bat dau chuyén dong, van tdc 16n

nhat ctia vat dat duoc bé“mg bao nhiéu?

A.243. B. 144 . C.27. D. 36.

Mbt bac noéng dan can xay dung mot hd ga khong ¢ nap dang hinh hop chit nhat c6

thé tich 3200cm?, ti s6 gitta chiéu cao ctia hd va chiéu rong cua ddy bang 2. Hay xac

dinh dién tich cua day ho ga d€ khi xay tiét kiém nguyén vat liéu nhat?

A. 1200cm®. B. 120cm®. C. 160cm?. D. 1600cm®.

Ong An ¢6 mot khu dat hinh elip v6i d6 dai truc 16n 10 m va d6 dai truc bé 8 m. Ong

An muén chia khu dat thanh hai phéan, phan th nhét la mot hinh ch nhat ndi tiép

elip dung dé€ xay bé ca canh va phan con lai dung d€ trong hoa. Bi€t chi phi xay bé ca la

1000000 ddng trén 1Im* va chi phi trong hoa 1a 1200000 dong trén 1m?. Hoi 6ng An c

thé thiét ké xay dung nhu trén véi tdng chi phi thap nhat gan nhat véi s6 nao sau day?

A. 67398224 dong.  B. 67593346 dong. C. 63389223 dong. D. 67398228 dong.

Mot céi ho rong c6 hinh chir nhat. Tai mot géc nho ctia ho nguoi ta dong mot cai coc &

vitri K cachbo AB la 1 m va cach bo AC la 8 m, roi dung mot cay sao ngan mot goc

nho ctia hd dé tha béo (nhu hinh vé). Tinh chiéu dai ngan nhat ctia cay sao dé€ cay sao

c6 thé cham vao 2 bo AB, AC va cay coc K (b6 qua dwong kinh cta sao).

A.@. B. 515. C. 9V2. D.S%ﬂ.

Mot manh dét hinh chi* nhat ABCD c6 chiéu dai AB=25m, chiéu rong AD=20m

duoc chia thanh hai phan béng nhau béi vach chdn MN (M, N Tan luot 1a trung diém

BC va AD). Mot ddi xay dung lam mot con duong di tir A dén C qua vach chin MN,

biét khi lam duong trén mién ABMN mdi gio 1am dwoc 15m va khi lam trong mién

CDNM mdi gio lam dugc 30m. Tinh thoi gian ngan nhat ma doi xay dung lam dugc

con duong ditit A dén C.

A5 g, 10+ 2725 2043725
3 30 30

Dé€ thiét k& mot chiéc bé ca khong co nép day hinh hop cht nhét c6 chiéu cao 60cm,

C. D. 5.

thé tich 1a 96.000cm®, ngwdi the dung loai kinh dé str dung lam mat bén c6 gia thanh la
70.000 ddong/m? va loai kinh d€ lam mit ddy cé gia thanh 1a 100.000 dong/m?. Chi phi
thdp nhat d€lam bé c4 la

A. 283.000 dong. B. 382.000d0ng. C. 83.200d6ng. D. 832.000 dong.

Mot cai hop cd dang hinh hop chit nhat cé thé tich bf?mg 48 va chiéu dai gap doi chiéu

rong. Chat liéu lam day va 4 mat bén ctia hgp c6 gid thanh gédp ba lan gia thanh cta
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Cau 17.

Cau 18.

Cau 19.

Cau 20.

>

chat liéu lam nap hop. Goi h 1a chiéu cao ctia hop d€ gia thanh cta hop 1a thap nhat.
Biét h= % véi m, n 1a cac sd nguyén duong nguyén td cung nhau. Tong m+n 1a
A.12. B. 13. C. 11. D. 10.

Mot chiéc cong c6 hinh dang 1a mot Parabol (P) ¢6 kich thude nhu hinh vé, biét chiéu
cao cong bang 4 m, AB=4 m. Nguoi ta thiét k& ctra di 1a mot hinh chit nhat CDEF
(v6i C,F € AB; D,E (P)), phan con lai (phiin to dim) dung d€ trang tri. Biét chi phi dé
trang tri phan td dam la 1.000.000 dong/m’. Hoi s8 tién it nhat dung dé trang tri phan

t0 dam gan vdi s6 tién nao dudi day?

Cora di ‘

A F (& I

A.4.450.000 dong. B. 4.605.000d6ng. C. 4.505.000d6ng. D. 4.509.000 dong.
Mot cai hop cé dang hinh hop chit nhat c6 thé tich bé“mg 48 va chiéu dai gap doi chiéu

rong. Chat liéu lam ddy va 4 mat bén ctia hop c6 gia thanh gdp ba lan gia thanh cua

chat liéu lam nép hop. Goi h la chiéu cao cua hop d€ gia thanh ctia hop la thap nhat.

- N, m s . \ /4 ~ A A ~ \ A? \
Biét h=— véi m, n la cac s6 nguyén duong nguyén to cung nhau. Tong m+n la
n

A.12. B. 13. C. 11. D. 10.

Mot trang trai rau sach moi ngay thu hoach dwgc mot tan rau. Mobi ngay, néu ban rau
véi gia 30000ddng/kg thi hét rau sach, néu gia ban rau tang 1000d6ng/kg thi s6 rau
thira taing thém 20 kg. SO rau thira nay dugc thu mua lam thitc &n chan nudi vdi gia
2000 dong/kg. Hoi tién ban rau nhiéu nhat trang trai c6 thé thu duwoc mdi ngay 1a bao
nhiéu ?

A. 32400000 dong. B. 34400000d6ng.  C. 32420000d6ng.  D. 34240000 dong.
Hinh vé bén duédi mo ta doan duong di vao GARA O TO nha c6 Hién. Poan duong
dau tién c6 chiéu rong bang x (M), doan duong thang vao cong GARA cé chiéu rong
2,6 (m). Biét kich thudc xe 6 t6 la 5mx1,9m (chiéu dai xchiéu rdng). D€ tinh toan va
thiét ké duwong di cho 6 t6 nguoi ta coi 6 t6 nhw mot khéi hop chit nhat c6 kich thudce
chiéu dai 5(m), chiéu réng 1,9 (m). Hoi chiéu rong nho nhat ctia doan duong dau tién
gan nhat véi gid tri nao trong cac gid tri bén dudi dé€ 6 t6 c6 thé di vao GARA duoc ?

(gia thiét 6 to khong di ra ngoai duwong, khong di nghiéng va 6 t6 khong bi bién dang)
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GARA O TO
¢ P
2.6(m)

=
o
'
(= e S — | 2 J
X (m) m ‘ I 1l ; - P
f. i €N &
- —) WA )
P

A.x=3,7(m). B.x=2,6(m). C.x=3,55(m). D.x=4,27(m).
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Caul.
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HUONG DAN GIAI
Mot bién quang cao ¢ dang hinh elip vdi bon dinh A, A,,B,B, nhu hinh vé bén.
Nguoi ta chia elip boi parabol ¢6 dinh B, truc d6i xing BB, va di qua cac diém M,N
. Sau d6 son phan t6 dam véi gia 200.000 dong/m?* va trang tri dén led phan con lai véi
gia 500.000 dong/m?*. Hoi kinh phi st dung gan nhat véi gid tri nao dudi day? Biét
rang AA, =4m,BB, =2m,MN =2m.

M BZN

B:

A.2.341.000 dong.  B. 2.057.000 dong. C. 2.760.000 dong. D. 1.664.000 dong.

Loi giai
Chon A

2 2

Phuong trinh duong Elip 1a: XT + yT =1. Dién tich hinh Elip Ia S, = 7ab = 27(m?)
x=x1 x=+1
Toa d6 giao diém M, N la nghiém hé: < 2 y? 1<:> 3.
— 4+ = y S
41 2

Vay M (—1;£J, N(l; ﬁ]
2 2
Parabol (P) d&ixting qua Oy c6 dang y=ax’+c(a=0).

c=-1
Vi Bl(O;—l),N(l;gJe(P): azﬁﬂ:(P):y:(@ﬂsz 1.
2

1 2
Dién tich phan t6 dam la: S, = ZJ{ 1—% —(@ +1J X2 +1} dx
0
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Cau 2.

Cau 3.

>

1 2 x=0—>t=0
X X dx

e Tinh Ilzj 1-—dx . Pat = =sint = — = costdx. D0i can -

0 4 2 2 XZl—)tZE

: : : .
Suy ra I, = [ V1-sin®t.2costdt = | 2cos”tdt = | (1+cos2t)dt = t+Lsin2t 6=£+£.

' 0 0 0 2 0 6 4
1

1 3
e Tinh IZ:I{—[£+l}x2+1}dx:{—(£+ljx—+x} :—£+g.

0 2 2 3 i 6 3

2

Vay 31:2{%+§—§+§J=%+?3+%m2.

Téng s tién sit dung La: 5200000+ (S ¢, - S, ) 500000 ~ 2.341.000 dong
Mot chat diém chuyén dong thang véi quang duong bién thién theo thoi gian bai quy
luat s(t)=t>—4t>+12 (m), trong d6 t (s) la khoang thoi gian tinh ti ltic bat dau chuyén
ddng. Van tdc cua chat diém do dat gia tri bé nhat khi t bf?mg bao nhiéu?
A.2(s). B. % (s). C.0 (s). D. % (s).

Loi gidi
Chon D

v(t)=s'(t)=3t"-8t.
V'(t)=6t-8.C6 v'(t):0c>t:g.

r |0

3|
t
\J

-
|

=

+

Dua vao bang bién thién ta c6 [ronin)v = v(%j = —% .

~ 2 Y - A? 4 L4 . 14 A, . 4
Vay van toc ctia chat diéem do6 dat gia tri bé nhat khi t = 3
Tinh dién tich 16n nhét ctia hinh ch nhat ABCD ndi tiép trong nira duong tron c6 ban
kinh 10cm (hinh vé).
A. 160cm?. B. 100cm?. C. 80cm?. D. 200cm?.
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Cau 4.

10cm

Loi giai

P4t OA=x (0<x<10). Suy ra: AB =2x; AD =+/OD? —~OA? =100 X .

Khi d6: Syeep =S = AB.AD = 2xA/100— x? = 24/100%% — X"
Suy ra: S,:M
V100x? — x*
x=0
= §'=0200x-4x =0 | x=5v2 < x=5v2 (do 0<x<10)

x 0 5.2 10
S(x) n 0 -

S [I) //’ 100 x‘
Dura vao bang bién thién, ta thay dién tich 1én nhat ctia hinh chit nhat ABCD béng
100cm’® khi x =5v2cm.

Ngudi ta mudn xay mét cai bé hinh hop ding c6 thé tich V =18(m®), biét day bé 1a hinh

chit nhat c6 chiéu dai gap 3 Ian chiéu rong va bé khdng c6 nap. Hoi can xay bé c6

chiéu cao h bang bao nhiéu mét d& nguyén vat liéu xay dung la it nhat (biét nguyén

vat liéu xay dung cac mat la nhw nhau)?
5

A. 2(m). B. E(m). C.1(m). D.

N | W

(m).
Loi giai

h

3z
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Cau 5.

>
Goi X (X > O) la chiéu rong hinh chi nhat ddy bé, suy ra chiéu dai hinh ch nhat ddy bé
la 3x.
V =hx3x=h.3x*=18 (x>0) .
18 6

=h

==

T3 x
Goi P la dién tich xung quanh cong véi dién tich mot day bé cua hinh hop chi nhat.
Nguyén vat liéu it nhat khi P nho nhat.

P =2hx+2.h.3x+3x* = 2.%.x+ 2.%.3x+3x2 = 4—8+3x2.
X X X

bat f(x):‘1'—)§3+3x2 , (x>0).

Ta c6 f’(x)=%‘;8+6x , f’(x)=0<:>%428+6x=0<:>x3=8<:>x=2.

Bang bién thién:

X 0 2 +aoo
f'(x) - 0 +
flx])
36
Suy ra vat liéu it nhat khi h= % = g = g(m)

Mot cdc hinh tru c6 ban kinh day la 2cm, chiéu cao 20cm. Trong c6c dang c6 mot it
nudc, khoang cach gitta day c6c va mat nude la 12cm (hinh vé). Mot con qua mudn
udng duoc nudce trong coc thi mdt nwdc phai cach miéng coc khong qua 6cm. Con qua
thong minh m6 nhitng vién da hinh cau ¢ ban kinh 0,6cm tha vao c6c d€ muyc nudce

dang lén. D€ uéng duoc nudc thi con qua can tha vao cdc it nhat bao nhiéu vién da?

— 20em
12em
A. 30. B. 27. C. 28. D. 29.
Loi giai
Chon C
Goi ban kinh hinh tru la r, ban kinh vién d4 hinh cau la R.

4

Thé tich mot vién dé 1a gnm =-7(0, 6)°.

Goi n 1a sd vién da con qua tha vao c6¢, n nguyén duong.
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Cau 6.

Cau?7.

>

Thé tich nude can d6 thém vao cdc d€ mure nwde cach miéng cdc 6¢cm la 7r’2=8r.
Dé con qua uéng duoc nuwdc thi lwgng da bo vao cdc phai lam muc nude dang 1én cach
miéng coc khdng qua 6cm nén ta phai co: n.ﬂ.ﬁ.(O, 6)3 >8r <n> 4 ;N> @

3 4.(0,6) 9
Do n nguyén duong nén suy ra n>28.
Vay con qua can tha vao coc it nhat 28 vién da.
Mot sgi day cé chiéu dai 28m duoc cit thanh hai doan d€ 1am thanh mot hinh vudng
va mot hinh tron. Tinh chiéu dai (theo don vi mét) ctia doan day lam thanh hinh vuéng

duoc cat ra sao cho tong dién tich cua hinh vuoéng va hinh tron la nho nhat?

. 56 . &112. C. 84 ' D. 92 '
4+7 4+7 4+ 4+
Loi giai
Chon B

Goi I, 1, (m)Ian luot 1a chu vi hinh vudng va hinh tron. (0<1,,1, <28)
Goi a, R (m) [an lwot la canh cua hinh vudng va ban kinh ctia hinh tron. Khi d6 ta c6:

|, +1,=28

1

4
I2:27rR<:>R:|—2:£_Il
27 27

| =da<=a=

Tong dién tich ctia hinh vuéng va hinh tron la:

16 27

Yéu cau bai toan twong duong véi tim |, €(0,28) dé S dat gid tri nho nhét. Ta co:

b (B gy 22

2 2
Szaz+7Z'.R2=L+7Z'.(28_Ilj , 0<1, <28

8 2 T+4
Lap bang bién thién ta dwgc S dat gia tri nho nhét tai |, = %
Dé chuéan bi cho dot phat hanh sach gido khoa mdi, mot nha xuat ban yéu cau xwong in
phai dam bao cac yéu cau sau: Mdi cudn sach gido khoa can mot trang chit cé dién tich
1a 384cm?, [é trén va & dwdi 1a 3cm, 18 trdi va [é phaila 2 cm. Mudn chi phi san xuat la
thdp nhat thi xueong in phai in trang sach c6 kich thudc toi wu nhat, voi yéu cau chat
lwong gidy va muc in van dam bao. Tim chu vi ctia trang sach.
A. 82cm. B. 100cm. C.90cm. D. 84cm.

Loi giai

Chon B
Ta thay mudn chi phi san xuat nhé nhat thi kich thudc t&i wu 1a khi dién tich moi trang
sach phai nhé nhat dong thoi van bao dam yéu cau dé ra.
Goi x, y thit tu la chiéu dai va chiéu rong cua trang sach, don vi cm, diéu kién:

X>6;y>4.
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Cau 8.

Cau 9.

Dién tich phan chi trén moi trang la:
(x—6)(y—4)=384 < xy =4x+6y+360= 2,/4x.6y +360 .
Khi d6 xy —4,/6xy —360> 0= \/xy 106 = xy > 600, d&u “=” xay ra khi

{xy =600

x =30 , N
= ( thoa man).
4x =6y

y =20

Vay chu vi trang séch khi san xuét theo kich thudc t8i wu la 2(x+y)=100(cm).

Vi tdm nhom hinh ch@ nhéat c6 kich thwde 30cm; 40cm . Nguoi ta phan chia tdim nhom
nhu hinh vé va cit bo mot phan dé€ dwoc gap 1én mot cai hdp 6 nip. Tim X dé thé tich

hop 16n nhat.

X X A

T L X
1 i 1
1 v 1
: : ' 30cm
i i 1
1 I 1

x L ] x :
X X ¥

< »>
40cm
A. mCm' B. mCm. g Mcm_ D. Mcm_
3 3 3 3
Loi giai

Khéi hop chi nhét thu duoc co kich thude 1a 30—2x;20-x;x voi x [0;15].

Khi d6 V = x(30-2x) (20~ X) = f (x) <max,, ., f ()= f (@J

[0:15]

, . —-5y1
Dau "="dat tai X=%.

Ong A du dinh stt dung hét 6,5M"kinh dé& 1am mot bé ca bang kinh c6 dang khéi hinh
hop chit nhat chit nhat khong nap, chiéu dai gap doi chiéu rong( cac méi ghép co kich
thudc khong dang ké). BE ca c6 dung tich 16n nhat bang bao nhiéu ( két qua lam tron
dén hang phan tram)?

A. 2,26m°. B. 1,0Im’. C. 1,33m’. D. 1,50m’.

Loi giai
Chen D
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2X

Goi chidu rong ctia bé ca 1a X(m), chiéu cao la y(m)(x,y >0), khi d6 chiéu dai bé ca la
2x(m). Dién tich kinh st dung 1a S = 2x* +2xy +4xy(m*).
6.5-2x° 13-4x*

6x 12x

2 A2
Thé’tichbé’céléV(X)=2X2.13_4X =M(m3).
12x 6

+)

X(13—4x?
TaxéthémS(S'V(X):% véi XE[();T .

Theo bai ra ta cé: 2X° +2Xy +4xy =6,5=y =

13-12x?
5 :V'(x)zoax:g.

Suy ra V'(x)=

Ta c¢6 V'(x) doi ddu tir duwong sang am khi di qua x = nén ham sd dat cuc dai tai

J39

diém x=—-.
6

39
6

13 \ ~N 2 7 A - A? . A AN ~N .7 . V4
0; —J ham sd V (X) chi c6 mot diém cuec dai nén ham so dat gia tri l1on

Trén khoang 5

VR

nhat tai X=

cn%l
©

Thé tich ctia bé ca ¢ gia tri 16n nhatla maxV (x)=V
N
0,—
2

- zl,SO(mS).

V39 1339
o4
Vay bé ca c6 dung tich 16n nhat bang 1,50 m®.
Cach 2: Xtr Iy tim gia tri 16n nhat cta V (x) bang bat dang thitc Cauchy.

7

x(l3—4x2)
Theo céch 1, ta tinh dwgc V (X) = — véi X € 0;7

X 13—4X2 2 o 2 _ 2
Tacév(x)z(T)=%\/8x (13 4x8)(13 4x%)

Ap dung bat dang thiic Cauchy ta c6
82 +13— 4x% +13— 42 ]3 26°

8x2(13—4x*)(13—4xH) < —
( ) )< 3 ”7

3
Suy ra V(x) < % /826237 = 13:4@ ~1,50 (két qua lam tron dén hang phan tram)
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Cau 10.

Cau 11.

>

D&u “ =" xay ra khi va chi khi 8x’ =13—4x* & x = \/g:g

Vay bé ca cé dung tich 16n nhat bang 1,50 m®.

Mot vat chuyén dong theo quy luét s= —%t3 +6t* voi t 1a khoang thoi gian tinh tir khi
vat bat dau chuyén dong va s la quang duong vat di chuyén dugc trong khoang thoi
gian d6. Hoi trong khoang thoi gian 9 gidy, ké tir khi bat dau chuyén dong, van tdc 16n
nhat ctia vat dat duoc bé“mg bao nhiéu?
A.243. B. 144 . C.27. D. 36.

Loi giai
Chon D

!

Ta c6 v(t):s'(t):(—%t3+6t2j =—t*+12t.

Tap xdc dinh D=R.

Vi —t? +12t =—(t-6)" +36 <36 v6imoi t > 0.

Suy ra maxv(t)=36. Ddu bang xay ra khi va chi khi (t-6)' =0<t=6.

Vay trong khoang thoi gian 9 giay, ké tir khi bat dau chuyén dong, van tdc 1én nhat ctia
vat dat dwoc bz‘?mg 36.

Mot bac néng dan can xay dung mot hé'ga khong cé nap dang hinh hdp chit nhat c6
thé tich 3200cm?, ti s8 gitta chiéu cao ctia hd va chiéu rong ctia ddy bang 2. Hay xac
dinh dién tich cua ddy hd ga d€ khi xay tiét kiém nguyén vat liéu nhat?
A. 1200cm?. B. 120cm?. C. 160cm®. D. 1600cm?.
Loi giai

Chon C
Goi x,y lan lugt 1a chiéu rong va chiéu dai cua day ho ga; h la chiéu cao cta hd ga
(x,y,h>0)
Ta co: h=2x

V =xyh =2x*y =3200 = yzli?

Dién tich bé mit st dung cita h8 ga khong ndp la

S :xy+2xh+2yh:4x2+5xy:4x2+m
X

bit f(x):4x2+@ . Ta cb f’(x):8x—8000

X2

f'(x)=0<=x=10

Bang bién thién
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Cau 12.

x |0 10 oo
/(%) - o *
f(x)

1200

Vay S nho nhatkhi x=10=y =16.

Dién tich ddy h6 ga khi d6 la 160cm?.

Ong An c6 mot khu dét hinh elip véi d dai truc 16n 10 m va d6 dai truc bé 8 m. Ong
An muoén chia khu dat thanh hai phan, phan th& nhat 1a mot hinh ch@ nhat ndi tiép
elip dung dé xay bé ca canh va phan con lai dung d¢€ trong hoa. Biét chi phi xay bé cé la
1000000 déng trén 1m* va chi phi trong hoa 1a 1200000 dong trén 1m®. Héi dng An c6
thé thiét k€ xay dung nhu trén vdi tong chi phi thdp nhat gan nhat vdi s6 nao sau day?
A. 67398224 dong.  B. 67593346 dong. C. 63389223 dong. D. 67398228 dong.

Loi giai
Chon A

G4n manh vuon hinh elip ciia dng An vao hé truc toa do nhu hinh vé. D¢ dai truc 16n
10m va do dai truc bé b.%mg 8mnéntacdé a=5 va b=4.

2 2

Phuong trinh cua elip la: (E): L. MY

25 16
Dién tich cta elip la: S, =7ab =207

2
Hinh ch nhat ABCD noi tiép elip. Dat AB=2x (0<x<5)= AD =8, fl—% )

2
Dién tich hinh chit nhat ABCD la: S,.., =16X, /1—% .
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Cau 13.

>

2
Dién tich phan con lai trong hoa la: S, , =207 —16X, /1—% .

Tong chi phi xay dung la:

2 2
T =16000000.x, /1— x +1200000.| 207 —16X, /1— x
25 25
X2
= 240000007 —3200000x, [1— 2—5 )
NG x>

2 —tl-—
Mt khéc ta co: 16000000% , /1— ;‘—5 < 16000000.% — 8000000

2
=T = 240000007 —3200000x, /1— % > 240000007 —8000000 = 67398223.69.

2
Dau "=" xay ra khi g =, fl—% o X= ¥ (thoa man).

Vay tong chi phi thiét ké xdy dung thap nhat gan vdi sd 67398224 .

Mot céi ho rong c6 hinh chir nhat. Tai mot géc nho ctia ho nguoi ta dong mot cai coc &
vitri K cachbo AB la 1 m va cach bo AC la 8 m, rdi dung mot cay sao ngan mot goc
nho ctia ho dé tha béo (nhu hinh v&). Tinh chiéu dai ngan nhat cta cay sao dé cay sao
c6 thé cham vao 2 bo AB, AC va cdy coc K (b6 qua dwong kinh cta sao).

71
A. —S*F . B. 5v5. C. 9V2. D. —5*{1_ .
Loi giai

E 1
A F R Q C

bit AP=a,AQ=b(a,b>0). Goi E va F lan luot la hinh chi€u vudng goc ctia K

Chon B

o

xudng AB va AC.Suyra KE =1, KF =8.

KE _PK KF_QK _ KF KE_ o 2%21.

Ta co: = ; = = -
AQ PQ AP PQ AP AQ

(Hodc c6 thé dung phép toa do hda: Gan A=(0;0), P =(0;a),Q=(b;0). Khi d6 K =(18).

Phuong trinh duong thang PQ:§+§:1. Vi PQ diqua K nén %+§:1.)
Cach 1:
Ta c6: PQ? =a’ +b*. Vi §+l:1:>%+5:k vk >0.

a b a b

2
a’?+b%+k = a2+% + b2+5 = a2+ﬂ+ﬁ + b2+L+L 23316k2+3,3fk—.
a b a a 2b 2b 4
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Cau 14.

>

="
E k =250
Suy ra PQ nho nhat<> a* +b”* nhé nhat < b2=2—b —=<:a=10
b=5
§+l:1
a b

Vay gia tri nho nhat cua PQ la Ja? +b? =125 =55 Tr d6 suy ra chiéu dai ngan nhat
ctia cAy sao dé cly sao c6 thé cham vao 2 bd AB, AC va cay coc K 1a 5V5.
Cach 2:

2
vidiloiopo—® y6ias8. Khids PQ’=a’+b’=a’+| -2 | véiass.
a b a—-8 a—8

2
Xét ham s f(a)=a2+(18] véi a>8.
a_

3 2al(a—8)’ -8
Taco f'(a)=2a+ 2a . 8 = = [( )3 J; f'(a)=0 =a=10.
a-8(a-8  (a-9)

BBT caa f (a):

+

Vay GTNN cta f (a) la 125 khi a=10.
Tt &6 suy ra chiéu dai ngan nhat cta cay sao d€ cay sao c6 thé cham vao 2 bd AB, AC

va cay coc K 1a v125 =55

Mot manh dét hinh chi* nhat ABCD c6 chiéu dai AB=25m, chiéu rong AD=20m
duoc chia thanh hai phan bang nhau béi vach chan MN (M, N Ian lugt 1a trung diém
BC va AD). Mot ddi xay dung lam mot con duong di tir A dén C qua vach chin MN,
biét khi lam duwong trén mién ABMN mdi gio lam dwge 15m va khi lam trong mién
CDNM mbi gio lam dwoc 30m. Tinh thoi gian ngan nhit ma d6i xay dung lam dwoc
con duong di tir A dén C.

&&. g, 10+2V725 c, 2043725 D. 5.

3 30 30
Loi giai

Chon A
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A 25rr B
200
E
nN Iy AT
D fe

Do can thoi gian x4y 1a ngan nhat nén con dwong lam trén m&i mién phai la nhitng
duong thang.
Goi AE va EC Ian luot 1a doan duong can lam. V6i NE = x(m) (v6i 0<x<25).

= EM =25-x(m).

AE = VANZ + EN2 =100+ X’
EC =+/MC? + EM? =,/100+(25—x)"

— Thoi gian d€ lam doan duong tix A dén C la:

_AE EC_ V100 + x? . \/(25—x)2 +100

Ta duwoc

h 7.
(x) TR = 20 (h) (V6i 0<x<25)
X 25—X
=t'(x)= —~ .
15100+ X" 30,/(25-x)’ +100
Xét t'(x) =0 > —— X =0

15100+ X" 30.,/(25—x) +100

& 2xy/(25-x)° +100 = (25— x) 100+ X°

& 4x*((25-x)" +100) = (25~ x)° (100+X*)

& 4x%(25-x)" +400x* ~100(25-x)" —(25-x)* x* =0
& 4(25-x)" (" ~25)+x*(20° ~(25-x)") =0

0

& (x=5)(4(25-x)" (x+5)+x* (45-x))
& X=5

_4+\/5
6
_2

3

1+@

3

t(0)
Ta duoc < t(5)

t(25)=

Vay thoi gian ngan nhat ma doi xay dung lam dugc con duong di tlr A dén C la

%(h)

* Cach 2:
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Cau 15.

>
e x \/25 X) 4100 \[20°+(2x)° +4(25-x)" +10°

30 30
Lai c6 \/202+(2x)2+\/(25—x)2+102 2\/(45—x) (2x+10 (do‘ ‘ ‘ ‘ ‘ﬁ+\7‘).

Xét t

(Vi 0< x < 25).

& {202 +(2x)" +/(25—x)" +107 > |[5(x=5)" +2000.

Dodét(x)z\/s( —5)" +2000 _ /2000 2\3/5'

30 30

25

Vay t(x)_ =22 (h) khi va chi khi x=5(m).

3
Vay thoi gian ngan nhat ma doi xay dung lam dugc con duong di tlr A dén C 1a
2\/5
R

Dé thiét k& mot chiéc bé cd khong ¢ nap day hinh hdp chit nhat c6 chiéu cao 60cm),
thé tich 1a 96.000cm?, nguoi tho dung loai kinh d€ sit dung lam mat bén c¢6 gia thanh la
70.000 dong/ m® va loai kinh d& 1am mit ddy c6 gia thanh 1a 100.000 dong/m?. Chi phi
thdp nhat dé€lam bé cd 1a
A. 283.000 dong. B. 382.000d6ng. C. 83.200dong. D. 832.000d06ng.

Loi giai
Chon C

I
Goi x(m) 1a chiéu dai ctia hinh chit nhat ddy (x>0).

0,096 4
0,6x 25x

Khi d6 chiéu rong la:

Khi dé dién tich mdt xung quanh la: 1, 2(X + %j .
X

Chi phi d€ lam mdt xung quanh la: 70.1, 2(X + %j = 84(X + Zij (nghin dong).
X

Dién tich mat day la: x. 4 i
25x 25

Cho phi d€ lam mat day la: 100.% =16 (nghin dong) .
Chi phi d€ lam bé c4 thdp nhat khi va chi khi chi phi lam mat bén thap nhat

4 25x°-4
25x%? 25x2

Xét ham so f (x)=x+i,x>0; f'(x)=1-
25x

f'(x)=0<:>25x2—4=0<:>x=§.
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Cau 16.

Cau 17.

Bang bién thién

L=} W

7(x) ﬂ\ , /'H

Khi d6 chi phi th&p nhét 1a: 84.% +16=83.200 dong.

LA |

B6 sung cach 2

Xétham s§ f (x)= X+ —— véi x>0.
25X

Ap dung bat dang thirc C6-Sita cd f(x)= Xt > 2, /Xi _4
25X 25X 5

Ddu "=" xdy ra khi x=i<:>x=—
25X 5

Vay chi phi thdp nhat la: 84.% +16 =83.200 dong.

Mot cai hop c6 dang hinh hop chit nhat c6 thé tich bang 48 va chiéu dai gap ddi chiéu
rong. Chat liéu lam ddy va 4 mat bén ctia hdp cé gia thanh gap ba lan gia thanh cua

chat liéu lam nép hop. Goi h 1a chiéu cao ctia hop dé€ gia thanh ctia hop la thap nhat.
LY m 7. \ 4 ~ A A ~ \ A2 \
Biét h=— véi m, n la cac sO nguyén duong nguyén té cung nhau. Tong m+n la
n

A.12. B. 13. C. 11. D. 10.
Loi giai

Chon C

Goi chiéu rong ctia hop la x (x>0) = Chiéu dai ctia hinh hop la 2x.

Thé tich caiahopla V =x2xh=48 < h= %

2 - A 7 ~ 14 \ ~ A ? A \ 24 144
Tong dién tich mat day va 4 mat bén cua hop la 2x* +6xh =2x* +6x.— = 2x" + — .
X X

Dién tich nap hop la 2x°.
Gia thanh hop thap nhat < f (x)= 3£2X2 +%j+ 2x* dat gia tri nho nhat véi x>0.

Facs f ()=t s 2 g 216, 26 o 26 206
X X X X X

Vay (rg]in) f (x)=216 xay ra khi va chi khi 8x’ :2—)1(6<::>X3 =271 <x=3= h:%:

w| o

Vay m=8; n=3=m+n=8+3=11.

Mot chiéc cong c6 hinh dang la mot Parabol (P) c6 kich thudc nhw hinh vé, biét chiéu
cao cdng bang 4 m, AB=4 m. Nguoi ta thiét ké ctra di 1a mot hinh chit nhat CDEF
(v6i C,F € AB; D,E €(P)), phan con lai (phin t6 dim) dung d€ trang tri. Biét chi phi dé
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trang tri phan td dam la 1.000.000 dong/m?. Hoi sd tién it nhat dung dé trang tri phan
t6 dam gan vdi so tién nao dudi day?

{F) L

Cora di

A F (& fig
dira -

A.4.450.000ddng.  B. 4.605000d6ng.  C. 4.505.000d6ng.  D. 4.509.000 dong.

Loi giai
Chen D

4.5

/ 13 i

-2 -1.5 -1 0.5 0 0.5 1 1.5 i 2.5 3 35

r=—y4d-—m r=+4—m

-0.5

*Xét (P):y=ax’+bx+c (a#0) cb toa do dinh (0;4) va qua di€m ¢ toa do (2;0).

Ta c6 hoanh do dinh: ;—b:O:b:O; (P) qua diém (0;4) =>c=4 va (P) qua difm
a

(2,0)>a=-1

Suy ra: (P):y=-x*+4

* Xét duong thing qua E,D: y=m (véi 0<m<4). Khi d6 E(—/4-m;m) va

D(\/4—m;m) la giao difm cua (P) va duong thang y=m. Suy ra: ED=2y4-m,

EF =m.

* Yéu cau cua bai toan dat dwoc khi dién tich hinh ch nhat CDEF phai 16n nhat.

Ta c6: Sepg = ED.EF = 2J4—mm

Pitt=v4-m=>t’=4-m=>m=4-t* (véi 0<t<2)

Khi do: Seper = f(t)=2t(4—t*)=—2t°+8t
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Cau 18.

>

2z
(] o V3 2
(1) to0 -
323
323 2 8

Suy ra: MaxS¢per = 5 khit=—=m= 3

Ne

2
* Mat khéc dién tich ctia chi€c cong: S = _H—X2 - 4‘ = % (m®)

-2
Suy ra dién tich nho nhadt cta phan dung dé€ trang tri la: S—MaxScp =
323243 ~ 4,5083 (m?)
3 9
* Vay sO tién it nhat dung d€ trang tri phan t6 dam: 4,5083x1.000.000 =4.508.300
(dong).

(Luu y: C6 thé dung MTBT dé tim GTLN ctia S trén khoang 0<m<4).

Mbt cai hop 6 dang hinh hop chit nhat cd thé tich bang 48 va chiéu dai gap ddi chiéu
rong. Chat liéu lam day va 4 mat bén ctia hop cé gia thanh gap ba lan gia thanh cua
chat liéu 1am nap hop. Goi h 1a chidu cao ctia hop d€ gid thanh ctia hop la thap nhat.

LY m 7. \ 4 ~ A A ~ \ ~? \
Biét h=— véi m, n la cac sO nguyén duong nguyén to6 cung nhau. Tong m+n la
n

A.12. B. 13. C. 11. D. 10.
Loi giai
Chon C

1

l

1

1
/)__7_____

—_
—_

Goi chiéu dai, chiéu rong ctia hop 1a 2x va x (x>0). Khi d6, ta c6 thé tich ctaa cai hop
la
V =2xh=2x*h=48 < x*h=24
Do gia thanh lam d4y va mat bén hop 143, gid thanh lam ndp hop 1a 1nén gia thanh lam
hop 1a
L =3(2x" +2xh+4xh)+2x°

Ap dung bat dang thtic cdsi cho ba s8 khong am, ta dwoc
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Cau 19.

Cau 20.

L =8x2 +9xh +9xh > 33/8x2.9xh.9xh = 3.3[648(x2h)2 =216

x—gﬂ Xx=3

o LY , . ... |8x*=9xh 8 B
Dau bang xay ra khi va chi khi , = 02 h 8
Xh:24 —2h3:24 _E

Vay m=8,n=3 va m+n=11.

Mot trang trai rau sach moi ngay thu hoach dwgc mot tan rau. Mbi ngay, néu ban rau

véi gia 30000 ddng/kg thi hét rau sach, néu gia ban rau tang 1000 d6ng/kg thi s6 rau

thira tdng thém 20 kg. S8 rau thira nay duoc thu mua lam thiec &n chan nudi véi gia

2000 dong/kg. Hoi tién ban rau nhiéu nhat trang trai c6 thé thu dwoc mdi ngay 1a bao

nhiéu ?

A. 32400000d6ng.  B. 34400000d6ng.  C. 32420000d6ng.  D. 34240000 dong.
Loi giai

Chon C

Goi s6 lan téng gid 1a y(y >0)

Gi4 ban rau sau mdi [an tang gia 1a 30000 + 1000y déng/kg.

SO rau thira dwoc thu mua cho chdn nuéila 20y(y <50)kg.

SO rau ban duoc trude khi thu mua cho chan nudi la 1000 - 20y kg.

Tong s6 tién ban rau thu dwgc moi ngay la:

P = (1000 - 20y ).(30000 + 1000Y) + 20y.2000.

P =-20000y* + 440000y + 30000000.

P = 32420000 — 20000( y —11)°.

Ta co:

32420000 — 20000( y — 11)2 < 32420000.

= P < 32420000.

— P, = 324200000 khi y =11(N).

Hinh vé bén duéi mo ta doan duong di vao GARA O TO nha ¢6 Hién. Poan duong
dau tién c6 chiéu rong bang x (M), doan duong thang vao cong GARA cé chiéu rong
2,6 (M). Biét kich thudc xe 6 t6 la 5mx1,9m (chiéu dai xchiéu rong). D€ tinh todn va
thiét k& duwong di cho 6 t6 ngwoi ta coi 6 t6 nhu mot khdi hop chir nhat cd kich thude
chiéu dai 5(m), chiéu réng 1,9 (m). Hoi chiéu rong nho nhat ctia doan duong dau tién
gan nhat véi gia tri nao trong cac gia tri bén dudi dé€ 6 t6 c6 thé di vao GARA dwoc ?

(gia thiét 6 to khong di ra ngoai duwong, khong di nghiéng va 6 t6 khong bi bién dang)
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GARA O TO
2,.6(m) -
JI'.-r " |
X (m) rr’j J:“i. B ‘I‘;‘Z‘:".‘_ _ -
A.x=3,7(m). B.x=2,6(m). C.x=3,55(m). D.x=4,27(m).
Loigiai
Yy
A
D
M
A
C
=
B O -

Chon hé truc Oxy nhu hinh vé.
Khi d6 M (—2,6; X).

Goi B(—a;O)suy ra A(O;\/25—a2).Phu’0ng trinh AB:L+%—1=O.
—a (25-a
n . X y
Do CD // ABnén phwong trinh CD: —+———-T =0.
-2 \[25_3?

Ma khoang cach gitta ABva cDbang 1,9(m) nén
! 9,5

~19=T=14—2> .
(]JZ ( 1 JZ a\/25—a2
4|
a \J25-a®

Diéu kién d€ 6 t6 di qua duocla M,0 nam khac phia d6i véi bo 1a dwong thing cD.

Suy ra:
26, x 95 .
-2 \J25_22  ay25-a°
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7,95 2,6xy25-a’

a a
DPé€ cho nhanh, ching ta dung chttc nang TABLE trong may tinh Casio570ES PLUS.

/ 2
f(X)=\/25—X2+%—2’6>< 25-X VéiSTEP=%;START=O;END=5.

X
’ oy 2
Thay GTLN cua f(X): 25—X2+%—2’6>< >2<5 X xap xi 3,698.

Vay chiéu rong nho nhat ctia doan duong dau tién gan nhat voi gia tri & cau A.

& x>425-a (dting v6imoi a€(0;5))
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CHU DE: GIA TRI LON NHAT - GIA TRI NHO NHAT
VAN DUNG - VAN DUNG CAO

DANG 4

UNG DUNG GTLN, GTNN VAO TiM SO NGHIEM PT VA BPT

Caul.

Cau 2.

Cau 3.

Cau 4.

Cau 5.

Cau 6.

Cau?7.

Cau 8.

Gia st M la s0 thyee thoa man gid tri nho nhat cia ham s6 f (x)=31"+3"+mx trén R la
2

A.me(—lo;—5). B.me(—S;O). C.me(0;5). D.me(5;10).

Gia st M la sd thyee théa man gia tri nho nhat ctia ham sd f (x)=2018" +2019" —mx
trén R 1a 2. Khi do:

A.me(-30;-20). B.me(-20;0). C.me(0;20). D.m e(20;30).

Gia s¢ m la s6 thuc thoa man gid tri 1én nhdt cua ham s6
f (x)=log,, (x+1)+log, (x+1)+mx trén (—1;+0) la 0. Khi do:

A.me(-3-2). B.me(-2;0). C.me(0;2). D.me(2;3).

Tap tat ca cac gia tri caa tham s6 m dé€ phuong trinh m+\/m +1++/1+sinx =sinx co
nghiém la [a,b]. Gia tri a+b bang

A-i_g2 B.-1442. c-i . p. -1 .

4 4 2 2
C6 bao nhiéu gia tri nguyén ctia tham s§ m dé phuong trinh cos2x = m+y/1+ tan x.cos” x
cd nghiém thudc doan [0; %} ?

A. 4. B. 3. C. 2. D. 1.
Goi S 1a tap hop cdc gid tri nguyén cua tham s& me[0;2019] d€ bat phuong trinh:

X2 —m+ (1— X2 )3 <0 dung véimoi X €[-L1]. S8 phan tir ctia tap S bang:
A 1. B. 2020 . C. 2019. D. 2.
Cho ham s§ y=f(x) lién tuc va dong bién trén [0;%}, bat phuong trinh

f (x)>In(cosx)—e™+m (véi m la tham s6) thoa man véi moi x € (0; %j khi va chi khi

A. m< f(0)+1. B. m> f (0)-1. C. m< f(0)+1. D. m> f (0)+1.
Cho ham s6 y = f'(x) lién tuc trén R va c6 bang xét ddu dao ham nhu sau
x — —2 0 2 +0
J'(x) - 0 + 0 — 0 +
Bat phuong trinh f (x)< e +m ding véi moi x (-11) khi va chi khi
A. m> f(0)-1. B. m> f(-1)-e C. m> f(0)-1. D. m> f(-1)—e.
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Cau9. Chohamsd f(x)=ax’+bx*+cx+d voi a,b,c,d 1a cdc s thue, cd do thi nhu hinh bén.
C6 bao nhiéu gia tri nguyén cta tham s6 m dé phuong trinh f (|x—m|+1)=m c6 dung

4 nghiém phan biét.

A. 3. B. V0 s0. C. 1. D. 2.

Cau10. SO cac gid tri nguyén cua tham s6 M thudc doan [-2019;2019] dé€ phuong trinh
X2 +(m+2)x+4:(m—1)\/x3 +4x cod nghiém la
A. 2011. B. 2012. C. 2013. D. 2014.

Caull. Chohamso f (X) lién tuc trén doan [0; 3] va c6 bang bién thién nhu sau:

x |0 1 3
.-I'I I -
¥ / \-
C6 bao nhiéu s6 nguyén m dé phuong trinh f ( x — 2% +2) c6 nghiém thudc
doan [0;3].
A. 9. B. 5. C. 4. D. 7.
x>+ x> —m .
Cau 12. Gi4 tri 16n nhét cia ham s6 y = 1 trén [O; 2] bang 5. Tham s6 m nhén gia tri
X+
la
A. 5. B. 1. C. 3. D. -8.
Cau13. Chohamsd f(X) cé bang bién thién nhu hinh vé sau
x 0 1 2 2 +®
v 2 + 0 - +
I ! ”to
3 - A
-1 - - -1

Phuwong trinh f (25"”‘) 3 c6 bao nhiéu nghiém trén doan [0 5{}

A.3. B.2. C.4. D.5.
Cau14. C6 bao nhiéu gia tri nguyén cta tham s6 me[-9;9] d€ phuong trinh:

V1-x* - m(2\/1+ X +24/1-x —3)+1: 0 c6 nghiém?
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Cau 15.

Cau 1e.

Cau 17.

Cau 18.

Cau 19.

>

A.14. B. 8. C. 10. D. 12.
Cho phuong trinh 16m?*x® +16x++/8x> +2x+2 =2m*+10 (m la tham s8). Khang dinh

nao sau day la dung?

A. Phuong trinh da cho v6 nghiém.

B. Phuong trinh da cho c6 ding mot nghiém thuyec.

C. Phuong trinh da cho c6 hai nghiém thiyrc phan biét.

D. SO nghiém ctia phurong trinh phu thudc vao gid trj caa tham s6 m.

Tong cac gia tri nguyén duong cua m dé€ tap nghiém cta bat phuwong trinh

/7—n; X2 +1<+/x c6 chtra dtng hai sO nguyén la

A. 27. B. 29. C. 28. D. 30.
Cho ham s6 f (x) lién tuc trén R. Ham s6 y = f'(x) c6 d6 thi nhu hinh vé

Y

(@)

Bat phuong trinh f (2sinx)—2sin* x<m dung véi moi x € (0;7) khi va chi khi

AmstD-2 Bmzf@-2.  Cmzf(0)-2. D.m>f(0)-2.

Cho ham s8 y=f(x) c6 f(-2)=m+1, f(1)=m-2. Ham s6 y=f'(x) c6 bang bién
thién nhu hinh vé bén.

x | —o0 0 2 +00
0 +00
ra o N,
—o0 -2
Tap hop tat ca cac gid tri cia tham s6 m dé€ phuwong trinh % f(x)- 2xX++31 =m c6 nghiém

xe(-21) 1a

A [-5;-9. B. (-2,0). C. (-27). D. (—%;7)
Cho ham s6 f(x) lién tuc trén R va c6 d6 thi nhw hinh vé bén. C6 bao nhiéu s

nguyén m dé phuong trinh f (f (x+1))=m 6 it nhat 6 nghiém thuc phan biét?

GIA TRI LON NHAT - GIA TRI NHO NHAT °




A. 2. B. 3. C. 5. D. 4.

Cau 20. Chohamsd y= f(x) lién tuc trén [0; g} 6 d0 thi ham s§ y = f'(x) nhuw hinh vé sau:

Cau 21.

Cau 22.

Cau 23.

Cau 24.

yh

0
V]
Cv
I e e
N

]

Ham s6 y = f (x) dat gia tri nho nhat trén [0;%} tai diém x, nao dudi day ?
7
A. x,=0. B. XOZE- C. x,=3. D. x, =1.

Cho phuong trinh v2x* —2mx—4 =x—1 (m 1a tham s6). Goi p, q Ian luot 14 cac gid tri
m nguyén nho nhat va gia tri 16n nhat thudc [-10; 10] d€ phuong trinh c6 nghiém. Khi
dogiatri T =p+2q la

A. 10. B. 19. C. 20. D. 8.

Cho ham s6 f(x)=x’-3x"-3x+4. S§ nghiém thuc phan biét cua phuong trinh

JE(F(x)-2)-2=3-1(x) Ia
A7 B. 4. C.6 . D.9.

Goi S la tap tat ca cac gid tri nguyén am cua tham s6 m dé€ phuwong trinh

X+4-X = g c6 nghiém. Tap S c6 bao nhiéu phan ta?

A. 10. B. 6. C. 4. D. 2.

Cho ham s6 y = f(X) cd bang xét dau cta f'(x) nhu sau:
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Cau 25.

Cau 26.

Cau 28.

Cau 29.

Cau 30.

Cau 31.

>

X —00 —1 3 +0o0

f'(x) - 0 + 0 -

Xét ham s& g(x) =e'** ), tap nghiém ctia bat phrong trinh g'(x) >0 1a

A. (_OO;%) B. [%;Jrooj. C. (—1;%)u(2;+oo).D. (—oo;—l)u(%;Zj.

X +y°+2°=6
Cho hé phuong trinh < xy+ yz+xz =-3 vdi x,y, z 1a an s6 thuc, m 1a tham s6. SO gia tri
X°+y®+2°=m
nguyén cua m d€ hé phuong trinh c6 nghiém la
A. 25. B. 24. C.12. D. 13.
Cho phuong trinh (m—2)+/x+3+(2m-1)y1-x+m=1. Biét ring tap hop tit ca cac gia
tri cia tham s6 thwc m dé€ phuong trinh c6 nghiém la doan [a; b] . Gid tri ctia biéu thirc
5a+3b bang
A. 13. B.7. C. 19. D. 8.
Cho ham s6 y = f (x) lién tuc trén [-1;3] va c6 d6 thi nhu hinh vé sau:

i

Bét phuong trinh f (X) + /X +1++/7—x >m c6 nghiém thudc [-13] khi va chi khi

A. m<7. B.m>7. C. m=<2J2-2. D. m>2y2-2.

Cho ham s§ f (x)=(1-m*)x*+3x*+(4—m)x+2 v6i m 1a tham s8. C6 bao nhiéu s§
nguyén m e[-2018;2018] sao cho f (x)>0 véimoi gid tri x e[2;4].

A. 2021. B. 2019. C. 2020. D. 4037.

Tim s6 thwc m 16n nhat dé€ bat phuwong trinh sau c6 nghiém dung véi moi xeR
m([sin x| +|cos x| +1) <|sin 2x| +[sin X| +|cos x| - 2018.

A. —1. B. —2018. C. —@.

3 2
S6 gid tri nguyén cua tham s§ me[-10;10] d& bat phuong

V3+X+/6—x—v18+3x—x* <m*-m+1 nghiém ding Vx[-3;6].

A. 28. B. 20. C. 4. D. 19.
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Cau 32.

Cau 33.

Cau 34.

>

Cho hai s6 thuc duong x, y théa man 2" +y=2x+log, (x+2’"). Gi4 tri nho nhat cua

bidu thic P == bang
y
A &Nz p. &=n2, c. &n2 D._°_.
2 2 2 2In2
Cho ham s3 f(x):%XS—%xz——x+—cc’) d6 thi nhw hinh v& bén.

A

C6 tat ca bao nhiéu gia tri nguyén cua tham s6 m d€ phuong trinh

2019 f («/15x2 —30x+16)—m\/15x2 ~30x+16-m=0 c6 4 nghiém phan biét thuoc doan

02
A. 1513. B. 1512. C. 1515. D. 1514.
Cho f(x) ma d6 thi ham s6 y = f '(x) nhw hinh vé bén

YA

I 7'\

|
-
@)

N

—1

Bat phuong trinh f (x) > sin %X +mM nghiém ding véi moi X €[-1;3] khi va chi khi

A. m< f(0). B.m<f(@)-1. C. m< f(-1)+1. D. m< f(2).

Cau 35. Goi S la tap hop tat ca cac gia tri nguyén duwong ctia tham s6 m dé bat phuong trinh sau

Cau 36.

Cau 37.

x®+3x* —=m’x’ + 4x* —mx+2 >0 nghiém dung véi moi x €[1;3]. Tong tat ca cac phan ti
ctia S bang:

A. 3. B. 2. C. 1. D. 4.

S8 gia tri nguyén ctia tham s m nam trong khoang (0;2020) d& phuong trinh
Ix—=1]—|2019— || = 2020~ m ¢ nghiém la

A. 2020. B. 2021. C. 2019. D. 2018.

Cho ham s§ f(x)=x"+3x’-4m. C6 bao nhiéu gia tri nguyén ctia tham s m dé

phuong trinh f (3 f(x)+ m) = X°—m 6 nghiém thudc doan [1;2]?
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A. 15. B. 16. C.17. D. 18.
Cau 38. Cho ham s6 f(x)=ax’+bx’+cx+d co dd thi nhu hinh vé. goi S 1a tap hop cdc gia tri
ctia m (meR) sao cho (x—1)[ m*f (2x—1)—mf (x)+ f (x)-1]20,¥x R . S§ phan ti cua

tap S la?

A2 B. 0. D.1.
-
X
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HUGNG DAN GIAI
Gia st M la s thyee thoa man gid tri nho nhat cia ham s6 f (x)=31"+3"+mx trén R la
2
A.me(-10;-5). B.me(-5;0). C.me(0;5). D.me(5;10).

Tap xac dinh ciaham s§ f (x) 1a D=R.Tacé f'(x)=31In31+3"In3+m.

Loi giai

Ta xét cac treong hop:
+Khi m>0 thi f'(x)=31"In31+3"In3+m>0,VxeR tic f(x)dongbién trén R.

Ma lim f (x)=lim (31X +3" + mX) =-% nén khong thoa man yéu cau Min f (x)=2.

+Khi m=0 thi f'(x)=31"In31+3"In3>0,VxeR tic f(x)dongbién trén R.

Ma JLTEO f(x)= JLTEO(31X +3X) =0 nén khong thoa man yéu cau |\X/an f(x)=2

+Khi m<0 thi f'(x)=0<31In31+3"In3=—m.

Dat ham s6 g(x) =31"In31+3"In3 thi g(x) dong bién trén R va co tap gia trila (0;+0)
Ma —m >0 nén ton tai duy nhat a€R sao cho g(a) =-m ta cé bang bién thién cta
9(x)

g'(x) +

g(x) _—— m— "

Suy ra bang bién thién cua f (x) la:

—o0 a +c0

X
f'(x) _ 0 N

f(x) \ o /

Tacod f(x) datgid trinho nhatla f(a) tai duy nhat gia tri Xx=2a

Do d6, Min f (x)=2< f(a) = f(0) < a=0

Suy ra g(0)=—-m< m=-In31-In3=-In93e(-5;0).
CACH 2

Nhén xét: Ta c6 f(0)=2
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Cau 2.

>

at-1.3 _12—m,Vx>O
X X
e , 31 -1 3-1
Gia thiét bai toan ta co: f(X)>2,VxeR < " + " <-m,vx<0
f(0)=2
Suy ra —m=|irrg(31 1,3 _lJ:In31+|n3:In93c>m=—In93
X—> X X

Nhan xét: D€ giai tot dang toan nay hoc sinh can van dung linh hoat tng dung dao
ham vao khao sat ham sd chita tham s0.
Gia st M la s thye thoa man gia tri nho nhat ctia ham s6 f (x)=2018" +2019" —mx
trén R 1a 2. Khi do:
A.me(-30;-20). B.m e (-20;0). C.me(0;20). D.me(20;30).

Loi giai
Chon C
Tap x4c dinh cia ham s§ f (x) la D=R.Taco f'(x)=2018"In2018+2019"In2019—m.
Ta xét cac treong hop:

+Khi m<O0 thi f'(x)=2018"In2018+2019"In2019—m tic f (x)dong bién trén R.
Ma lim f (X) = lim (2018X +2019" — mx) =—® nén kh@ng thoa man yéu cau I\X/IERn f (X) =2,

+Khi m=0 thi f'(x)=2018"In2018+2019"In2019>0,¥x R tic f (x)dong bién trén

R.

Ma JL@O f(x)= X|Lrpw(2018x + 2019X) =0 nén khong thoa man yéu cau l\x/an f(x)=2

+Khi m>0 thi f'(x)=0<2018"In2018+2019"In2019=m.

bat ham s6 g(x) =2018"In2018+2019" In2019 thi g(x) dong bién trén R va co tap gia

trila (0;+o0)

Ma m>0 nén ton tai duy nhat a€R sao cho g(a) =m ta c6 bang bién thién cua g(x)
X —0 a +0

g'(x) -

g(x) 0 / m/ +00

Suy ra bang bién thién cua f(x) la:

—o0 a +c0

X
f(x) - 0 +

f(x) \ F@ /

Tacod f(x) datgid trinho nhatla f(a) tai duy nhat gid tri Xx=2a
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Cau 3.
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Do d6, Min f (x) =2 f(a)= f(0) > a=0
Suy ra m=g(0) < m=1In2018+In2019 ~15,2nén m<(0;20) .
Gia se¢ m la s6 thuc thoa man gida tri 1léon nhdt cua ham s6
f (x) =log,, (x+1)+log, (x+1)+mx trén (-1 +0) la 0. Khi do:
A.me(-3-2). B.me(-2,0). C.me(0;2). D.me(2;3).
Loi giai
Chon B

1 1
(x+1)In3L " (x+1)In3 "

Tap xac dinh caiaham s6 f (x) 1a D=(-1+w).Tacd f'(x)=

Ta xét cac treong hop:

+Khi m>0 thi f'(X):(x+1l)ln31+(x+1)ln3+m>0’VXER tic f (x)dong bién trén
(—l;+oo).
Ma lim f (x):Xlirg+(loggl(x+1)+Iog3(x+1)+ mx) = -0 nén khéng thoa Min f (x)=2.
1 1
+Khi m<0 thi f'(x)=0 =—
‘ HR0)=0e Cima G "
Cp1on ~ 1 1 - 1 A
bat ham s6 g(x) = thi g'(x)=- nén g(x)

+ a—
(x+1)In3L " (x+1)In3 (x+1)°In31 (x+1)°In3
nghich bién trén (—1;+o0) va c6 tap gia trila (0;+x)

Ma —m >0 nén ton tai duy nhat a€R sao cho g(a) =-m ta c6 bang bién thién cta
9(x)

+c0

-m \\* 0

Suy ra bang bién thién ctia f (x) la:
X -1 a +00
7 ; 0 -
(@)

Tacod f(x) datgid trilonnhdtla f(a) tai duy nhét gia tri x=a

Do dé, Max f (x)=0< f(a)= (0) > a=0

1 1
O)=—mem=-g0)=—] —+—|~-1,2.
Suy ra 9(0) ~ 90) (In31+ln3J
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Cau 4.

Cau 5.

>

Tap tdt ca cac gia tri ctia tham s6 m dé€ phuong trinh m+\/m +1++1+sinx =sinx co

nghiém la [a,b]. Gia tri a+b bang
A-7-2 B 1442, C.-2-\2. D. 2447,

Loi giai

m+\/m+1+\/1+sinx =sinx <:>(m+1)+\/m+1+\/l+sinx =(sinx+1).

1) +c=d?
@{(m+ )+e (c=\/m+1+\/1+sinx,d=\/1+sinx).

(m+1)+d =c?

— (c—d)1+c+d)=0e>c=d =+/m+1+VI+sinx =V1+sinx.
S m+l+yl+sinx =1+sinx.
em+l=t2—t=f(t),t=1+sinx e[o,\/ﬂ.

Ta co {pg_z)j f(t)=2—\/§,[rgbi% f(t)=_1

4
A s < . A 1 5
Vay phuong trinh da cho c6 nghiém < =2 <m+l<2-2 < =2 <m<1-42.
1
=a+b= 2 V2.
C6 bao nhiéu gia tri nguyén cta tham s6 m d€ phuong trinh cos2x = my/1+ tan x.cos® x
c6 nghiém thudc doan [0; %} ?
A. 4. B. 3. C. 2. D. 1.

Loi giai
Chon B

Ta cd €os2xX = my/1+tan X.cos? X <> 2¢0s? X —1 = m+/1+ tan X.cos? x

1
= 2- 5 Zm\/1+tanXViX€|:0;%:|:>COSX>O

COS™ X

< 1-tan® x=myl+tanx.

Vi XE|:0;%:|:>tanX€|:0;\/§:|:> l+tanx#z0=>m=

1—tan? x

Jl+tanx
44 2
Pit t =/1+tanx :te[l;\llh/ﬂ :m:%ﬂz—tﬁm (1)

Phuong trinh da cho c6 nghiém thudc doan x e [0; %} khi va chi phuwong trinh (1) ¢
nghiém te [ZL‘ 1+ \/5} .
Xét ham s8 f (t)=—t*+2t voi te [L' Ji+ Jé} .
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Cau 6.

Cau 7.

g
Co f’(t)=—3t2+2. Suy ra f’(t)=0<:>t=i\/§¢[l;\/l+\/§]
f(1)=1, -2< f(\/1+\/§)=—\/1+\/§3+2\/1+\/§<—1.

Do MeZ nén phuong trinh (1) ¢6 nghiém khi me {-1,0;1}.

Vay c6 3 gia tri nguyén ctia tham s6 m thoa man yéu cau bai toan.

Goi S la tap hop cdc gia tri nguyén ctia tham s& me[0;2019] d€ bat phuong trinh:

X —m (1% )3 <0 dung véimoi X €[-L1]. S8 phan tr ctia tip S bang:

A.1. B. 2020 . C. 2019. D. 2.
Loi gii

Chon C

Pt t=v1-x? . Khi d6, 0<t<1, Vxe[-L1] .

Ta ¢4, bat phuwong trinh: 1-t* —m+t° <0, Vt € [0;1]

o m>t*—t?+1, Vte[0;1]

sm>f(t),vte[0;1], véi f(t)=t>—t>+1

< m>max f(t)
[0:1]

Taco, f'(t)=3t>-2t

t=
f)=0s|

wlinNn O

Lap bang bién thién ta duoc: max f(t)=1.

Do d6, m>1, ma me[0;2019] = m e[1;2019]

= ¢6 2019 gid tri nguyén ctia m.

Cho ham s6 y=f(x) lién tuc va dong bién trén [0;%}, bat phuong trinh

f (x)>In(cosx)—e™+m (véi m la tham s6) thoa man véi moi x e (O; %j khi va chi khi

A. m< f(0)+1. B. m> f (0)-1. C. m< f(0)+1. D. m> f (0)+1.
Loi giai
Chon A
Ta c6: f(x)>In(cosx)—e™+m < m< f(x)—In(cosx)+e™ (*¥), trong d6 f(x) dong
sinx

bién trén [0%} Xétham s g(x)=—In(cosx)=g'(x)= o5y dong bién trén {0;%} .

Xétham s6 h(x)=e™ = h'(x)=r.e™ dong bién trén [0;%} :

= f(x)—In(cosx)+e™ dong bién trén 0;Z | nén dat GTNN trén | 0;Z | 1a
2 2
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Cau 8.

Cau 9.

>

Suy ra: Bt phuong trinh (*) théa man véi moi x e (0; %j khi va chi khi m< f (0)+1.

Cho ham s6 y = f'(x) lién tuc trén R va c6 bang xét ddu dao ham nhur sau

x —a -2 0 2 +ao

S'(x) - 0 + 0 - 0 +

B4t phuong trinh f (x) <€ +m ding v6i moi x e (~L1) khi va chi khi

A.m> f(0)-1. B. m> f(-1)—e C. m> f(0)-1. D. m> f(-1)-e.
Loi giai

Chon C

f(x)<ex2 +me f (x)—exz <m

Xét ham s&: g(x)= f(x)—exz; 9'(x)= f’(x)—2xex2.

f'(x)>0

=0'(x)>0, Vxe(-L0).
-2x>0 g( ) e( )

Trén khoang (-1;0) ta c6 {

f'(x)<0
-2x<0
f'(x)=0

_2xe* =0

Trén khoang (0;1) ta co { = g'(x) <0, vxe(0;1).

Tai diém x=0 ta cé { = g'(x)=0.

Suy ra bang bién thién cua g'(x):

X -1 0 1

£(x) /f[ﬂ;]—l-\

T bang bién thién ta cé: max g (x)=f(0)-1.

Do d6 bat phwong trinh m > g(x) dung véi moi x €(-11) khi va chi khi

m > r(rjiaf)(g (x)=f(0)-1.

Cho ham so f (X) =ax® +bx? +cx+d véi a,b,c,d 1a cac s8 thuc, cd &6 thi nhuw hinh bén.
C6 bao nhiéu gié tri nguyén ctia tham s6 m d€ phuong trinh f (|x—m|+1)=m ¢6 ding

4 nghiém phan biét.
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A. 3. B. V0 sd. C. 1.

Loi giai
Chon D

batt= |X — m| +1(t > 1), phuong trinh tré thanh: f (t) =m (*)

IS
N

+Voit=1<x=m.
+Véi t>1e |[x—m|=t-1< x=m=(t—1). Khi d6 v6i moi t>1 cho ta hai gid tri x.
Vay phuong trinh ¢6 ding 4 nghiém thuc phan biét khi va chi khi (*) ¢6 dting 2
nghiémlénhon1l ©l<m<4=me {2;3}.
Cau10. S8 cac gid tri nguyén cua tham s6 M thudc doan [-2019;2019] dé€ phuong trinh
x> +(m+2)x+4 =(m—1)\/m cd nghiém la
A. 2011. B. 2012. C. 2013. D. 2014.

Loi giai
Piéu kién: x}*+4x>0< x>0.

*) Nhan thdy x=0 khong la nghiém cta phuong trinh.
*) V6i x>0 chia ca hai vé& ciia phuong trinh cho vx° +4x ta duoc:

4 (me2) / X1
fx +4 f ,
Dat t= —> 2 x— 2.Vay t>2 véi vx>0.

Phuong trinh (1) trd thanh:

t?+t+2

t?—(m-1)t+m+2=0=m= <:>m:t+2+ﬁ(t22) (2).

Xét ham s f(t):t+2+ﬁ trén [2;+0).

t=3e[2;+oo)
t=—l§£[2;+oo)

Ly 4 -20-3 .\
f(t)_1—(t_1)2_ T f(t)—0<:>|:

Bang bién thién ctia ham s6 f (t):

t 2 3 + oo

(1) - 0 *

©l T~ /

Phuong trinh da cho ¢6 nghiém khi va chi khi phuong trinh (2) c6 nghiém t €[2;+0).

Tt bang bién thién ta thdy m>7. Két hop m 1a sd nguyén va me[-2019;2019] suy ra
c6 2013 gid tri m.

Cau1l. Chohams6 f(x) lién tuc trén doan [0;3] va c6 bang bién thién nhu sau:
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Cau 12.

C6 bao nhiéu s6 nguyén m dé phuong trinh f(x)= m(x4 —2x° +2) c6 nghiém thudc
doan [0;3].
A. 9. B. 5. C. 4. D.7.

Loi giai
Chon A

Theo dé tacéd f(x)= m(x4 —-2x% + 2) om= L)Z c6 nghiém thudc doan [0;3] (¥).

x=1e
Nén r[rgls? g(x)=9(1)=1 r{g%?(g(x)z g(3)=65
T bang bién thién ta co: r}geg( f(x)="f(1)=9; r[lglsrf f(x)=f(3)=5.

Do dé6 minh(x):ﬁzi;maxh(x):wza
[0:3] g(3) 13" [o3l g(1)
Viy ()& —<mz9=me(l...9).
x> +x*—m .
Gié tri 16n nhat ctia hAm s6 y = 1 trén [0; 2] bang 5. Tham s& m nhan gid tri
+

la

A. 5. B. 1. C. 3. D. -8.
Loi giai

3 2
bit f (X) =u.
X+1

X f(x)<5, Vxe[0; 2]

Gid tri lén nhat caa y = f (X) trén [0; 2] bang 5 < :
3x, e[O;Z]‘ f(x)=5

X2+ X% —

M <5, wxe[0; 2]
X+1

* f(x)<5, vxe[0; 2]
< m>x°+x*—5x-5, Vxe[0; 2]

< m2maxh(x), véi h(x)=x>+x*-5x-5.
[0:2]
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+Ta cd: h'(x)=3x"+2x-5, h'(x)=0=3x*+2x-5=0 < 5

Ta cé: h(0)=-5, h(2)=-3, h(1)=-8.
Suy ra rB%i(h(x):—S, r[rol;iz?h(x):—&

Vay m>-3. (1)

X34+ x2 -

* 3x, e[O;Z]‘f(XO)=5 =S 1 M_5 6 nghiém trén [0;2].

om=x3+x*-5x-5 ¢b nghiém trén [O; 2] .
Theo phan trén, ta suy ra -8<m<-3. (2)
Tir (1) va (2) suy ra m=-3.
Cach dung casio:
Kiém tra tirng gia tri cua m t& cac ddp an A, B, C, D nhu sau
X+ x*+5
X+1
Trwdc khi lam thi tit ham g(X) béng lénh “ SHIFT + MODE + { +5+1”.

Budc 1: Vao moi treong TABLE bang 1énh “Mode + 7”.

Truong hop 1: m=-5 thi f(x)

3 2
Budc 2: Nhap ham f (x)= X +Xx+9
X+1

Budc 3: Nhap Start=0; End =2; Step = 22—90 .

CASID

NATURAL-LIP.AM.

O
ag| 1%a3) |5 ik

D e GEGSEES55T

Quan sat bén cot f (x) co gid tri f(x)~5,67 nénloai m=-5.
Ba trueong hop con lai lam twong tw nhuw trén chi c6 m=-3 thda man gia tri 16n nhat
cua f(x)las.

Cau13. Chohamsd f(x) cé bang bién thién nhu hinh vé sau

x 0 1 W2 2 +0
V' 2 + 0 - +
y +o T 74 P
_ ] Y
-1 —m o | -1

GIA TRI LON NHAT - GIA TRI NHO NHAT e




Cau 14.

Phuong trinh f (Zsinx ) =3 c6 bao nhiéu nghiém trén doan [05{}
A.3. B.2. C.4. D.5.
Loi giai
Lo o H sinx
Vi X€|:0;?:|:>SIHXE[0;1]:>t=2 e[1;2].

Phuong trinh tro thanh f (t) = 3. Ké duong thdng y =3 cat do thi ham s6 f (x) tai bon
diém phan biét co hoanh do lan lwot la
x:a<1;x:be<1;\/§);x:ce(\/f;Z);x:d €(2;+w).

Vay phuong trinh f(t) =3 c6 bon nghiém la:

t=a<1;t=b€(1;\/§);t:CE(\/E;Z);t:d e (2;+0).

D0oi chiéu diéu kién t e [1; 2] nhan t=b; t=c.

osinx _ | e(l;\/f)@sin x=log, b e(O;%j.

Phuong trinh nay c6 mot nghiém trén doan {O ; 5{}
2N _ ¢ e (\/5;2) < sinx=log,ce (%1)

Phuong trinh nay c6 hai nghiém trén doan {0 , 5{}

Vay phuong trinh da cho c6 tat ca 3 nghiém trén doan [0 , 5{}

C6 bao nhiéu gid tri nguyén cta tham s6 me[-9;9] dé€ phuong trinh:
V1-x* =m(2J1+ X +2J1-x~3) +1=0 6 nghiém?
A. 14. B. 8. C. 10. D. 12.
Loi giai
Chon D

Diéu kién: -1<x<1

bat: t=v1+x++v1-x (1)
Xét ham s6 t(x)=v1+Xx ++1-X trén [-1:1]
t'(x) 1 1 J1-x—+/1+X

Taflex 2x 2 x)(ex)
t'(x)=0<x=0

Ta c6 bang bién thién
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x —00 -1 0 1 400
t'(x) - 0 +
2
Suyrate [\/5;2}
t? -2

Tt (1)suyra t? =2+ 2y1—x2 = y1-x2 === Khi d6 PT tro thank:

t2 -2

—m(2t-3)+1=0<t*—4mt+6m=0 (2)

Bai toan tro thanh: Tim gia tri nguyén ctia tham s6 m d€ phuwong trinh:

t> —4mt+6m =0 c6 it nhat 1 nghiém thudc doan [\/E 2} .
Ta cé: t? —4mt+6m=0<t?> —2m(2t—3) =0

TH1: Néu 2t—3=0<:>t=§ thay vao ( 2) ta duoc: %zO (voly)

2
TH2: Néu t=2 PT(2)e 2m=—1 (%)
2 2t-3
o~ . 2t(t-3)
Xét ham so: g(t)= trén «/5;2 =g'(t)=
, 2t(t-3) t=0¢|2:2]
9'(t)=0= ;=0
(2t-3) t=3¢[V2;2]
BBT
t —00 V2 % 2 +00
g'(® - -
g(t) \ \
o0 4
2m >4 ‘'m>2
Dua vao BBT suy ra: dé€ PT c6 nghiém < 2m<—2(2\/§+3)<:> m<—(2\/§+3)

V6i m>2, me[-9;9]=>me{2;3;4;5;6;7;8;9 }( 8 gia tri thoa man).
Voi m<—(2v2+3), me[-9;9]= me{-6;-7;-8;-9} (4 gid tri thoa man ).

Vay c6 tat ca 12 gia tri nguyén cta tham s6 m e[-9;9] thoa man yéu cau bai toan.
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Cau 15.

Cau 16.

>

Cho phuong trinh 16m*x® +16x++/8x> +2x+2 =2m*+10 (m la tham s8). Khang dinh
nao sau day la dang?
A. Phuong trinh da cho v6 nghiém.
B. Phuong trinh da cho c6 dung moét nghiém thuec.
C. Phuong trinh da cho c6 hai nghiém thiyrc phan biét.
D. S6 nghiém ctia phwong trinh phu thudc vao gia tri caa tham s& m.
Loi giai
Chon B
Ta c6 16m*x° +16x++/8x* +2x +2 = 2m’ +10

< 16m*x +16Xx+4/8x° +2x+2 —-2m*-10=0.

Diéu kién: 8x3+2x+220<:>(x+%j(8x2—4x+4)20<:>x+%20<:>XZ—%.

Dit: f(x)=16m’x> +16x ++/8x° +2x+2 —2m* 10 véi xz-%.

2
Khi d6: f'(x)=48m’x’ +16+& >0, VX > 1 .
J8XE +2x+2 2
Bang bién thién:
1
X _E —o0

f'(x) +

f (%) / +00

-18

Dua vao bang bién thién ta ¢6 phuong trinh f (x)=0 ¢6 duy nhat mot nghiém véi moi

X.
Tong cac gia tri nguyén duong cua m dé€ tap nghiém cta bat phuwong trinh

\ /% x?+1<+/x 6 chita dtng hai s0 nguyén la

A. 27. B. 29. C. 28. D. 30.
Loi giai

Chon B

bK: x>0.

Do m duong nén %xz +1>0,vxeRR.

Ta c6, 1’7—n;x2+1<\/§ <:>7—n;x2+1<x<:>mx2<72(x—1) (1)

Nhan théy x=0 khong Ia nghiém cia (1) nén (1) < m<- 20~
X
Xétham s6 y = f(x) = —72()(2_1) véi x>0.
X
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2(—x+2)

y
y'=f'(x)= - =0 <= Xx=2.
X

Bang bién thién cua f(x) véi x>0:

X 0 1 2 3 4 )
y' + 0 -
18
=t 27
Yy 0/ 16"‘?
o —~ \ 0
Tt bang bién thién ta c6 f(2)> f(3)> f (4):2—27> f(x),VxeN\{2,3,4}, nén dé tap
o i . 2(x-1) ., ., , - R
nghiém caa bat phuong trinh m< —z © chta dang hai s6 nguyén thi

f (4):2—27 <m< f(3)=16. (tap nghiém chira x=2, x=3)
Véi meN thi me{14,15)
Do vay, tong cac gid tri nguyén dwong ctia m 1a 14+15=29.
Cau17. Chohamsd f(x) lién tuctrén R.Hamsd y= f'(X) 6 do thi nhu hinh vé

Y

0

Bat phuong trinh f (2sinx)—2sin* x<m dung véi moi x € (0;7) khi va chi khi

Amsf)-=.  B.mxf(l)-=. C.m2f(0)-=. D.m>f(0)-=.
2 2 2 2
Loi giai
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Cau 18.

@) 1 2 r

f (2sinx)—-2sin’x<m (1)

Ta co: xe(0;7)=sinxe(0;1]. Dt 2sinx=t(t €(0;2]) ta dwoc bat phuong trinh:
f (t)—%tz <m (2).

(1) ding v6imoi x e (0;7) khi va chi khi (2) dting véi moi t € (0;2].

Xét g(t)=f (t)—%tz véi te(0;2].

g'(t)=f'(t)-t.

Tt d6 thi cia ham s6 y = f'(x) va y =x (hinh v€) ta ¢4 BBT cta g(t) nhw sau:

0 1 2
g'(t) + 0 _
A A N N . 4 7. 1
Vay yéu cau bai todn twong duong voi m> g (1) = f (1) -

Cho ham s8 y=f(x) ¢6 f(-2)=m+1, f(1)=m-2. Ham s§ y=f'(x) c6 bang bién
thién nhu hinh vé bén.

X | —o0 0 2 +00
0 +00
f(x) / \ /
—o0 -2
A M kg o o L1 2x+1 . oA
Tap hop tat ca cac gia tri ca tham s6 m dé phwong trinh > f (X) - =m cbé nghiém
xe(-21) 1a
7 ) ) 7

A. [—5;—5) B. (-2;0). C. (-2,7). D. (—5;7).

Loi giai
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Chon D

Dt h(x):%f(x)—zx+1

X+3

,véi xe(-21).

L 1, 5
Tacéd h (x)=§f (X)_(x+3)2 )

Dua vao bang bién thién ctia ham s6 y = f'(x) taco f'(x)<0,vxe(-2;1)

va — - <0,Vxe(-2;1). Do dd h'(x)<0,vxe(-21).

(x+3)
Bang bién thién ctia ham s§ y =h(x) trén khoang (-2;1).
X =2 1

h'(x) -

() \
(1)

Khi d6, phuong trinh h(X) =m co nghiém Xe (—2;1) khi va chi khi h (1) <m<h (—2)

<:>1f(l)—§<m<lf(—2)+3<:>m—_2—§<m<m—+1+3 ©2m—7<m<m+7
2 4 2 2 4 2 4 2

<:>—Z<m<7.
2

Cau19. Cho ham s6 f(x) lién tuc trén R va c6 d6 thi nhw hinh vé bén. C6 bao nhiéu s6

nguyén m dé phuong trinh f (f (x+1))=m 6 it nhat 6 nghiém thuc phan biét?

A. 2. B. 3. C. 5. D. 4.
Loi gidi
5113«&: S6 nghiém ctia phuong trinh f (x+b)=a cling chinh la s6 nghiém cua
phuong trinh f (x)=a.
Xét phuong trinh f (f (x+1))=m (1).
bit t = f (x+1) Khi d6 ta c6 phuong trinh f (t)=m (*).
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+ Truong hop 1: Vi m e (—o0;—1) U (2;+).
Khi d6 phuong trinh (*) cé dung 1 nghiém. Suy ra phuong trinh (1) ¢6 t6i da 3 nghiém
(khong thoa man).
+ Trwong hop 2: V6i m=—1. Khi d6 (*) tr6 thanh
t=2 f(x+1)=2

f (t):_lc{t =t, e(O;l)c{f §x+1;:t1, t e(0;1)
Phuong trinh f (x+1)=2 ¢6 2 nghiém, phuong trinh f (x+1)=t,, t, €(0;1)c6 3 nghiém.
Suy ra phuong trinh (1) ¢6 5 nghiém (khong thoa man).
+ Truwong hop 3: V6i m=2. Khi d6 (*) tré thanh

f (t)=2 {tzl {f(x+l)=1

Tlt=t,e(2:3) 7] f(x+1) =t,, t, e(2:3)
Phuong trinh f(x+1)=1 ¢ 3 nghiém, phuong trinh f(x+1)=t,, t,€(2;3) <o 1
nghiém. Suy ra phwong trinh (1) ¢6 4 nghiém (khdng théa man).
+ Trueong hop 4: V6i me(—1;2). Khi d6
t=t,e(0;1) | f(x+1)=t,t,e(0;1)
(M e|t=te(L;2) | f(x+1)=t,,t,e(1;2).
t=t;e(2;3) | f(x+1)=t;, t,€(2;3)

Phuong trinh f (x+1)=t,, t, €(0;1) ¢6 3 nghiém, phuong trinh f (x+1)=t,, t, €(1;2) c6
3 nghiém, phuong trinh f (x+1)=t;, t; €(2;3) c6 1 nghiém. Dya vao do thi ta thdy cac
nghiém trén la cac nghiém phan biét. Suy ra phuong trinh (1) c6 7 nghiém phan biét
(théa man).

Vay, phuong trinh f (f (x+1))=m c6itnhat 6 nghiém thuc phan biét <>-1<m<2.

Vi m nguyénnén me {0;1}.

0.4 O‘Kn—j ol4 06 08 1 12 n 16

|
[

|
w

Minh hoa bing d6 thi: "

Cau 20. Chohamsd y= f(x) lién tuc trén [0; g} 6 d0 thi ham s§ y = f'(x) nhw hinh vé sau:
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Cau 21.

ya

Q
¢
w;————————

i

Ham s6 y = f (x) dat gia tri nho nhat trén [0;%} tai diém x, nao dudi day ?

A. x,=0. B. x0=%. C. x,=3. D. x, =1.
Loi giai
(s ~ ~ 7
XéthamsG y = f (x)trén doan[O; E} .
\ AV . 4 ! X:1

Dua vao do thita co f'(x)=0 C{x—?;

Bang bién thién:
x| 4 5 :
y” — 0 - 0 +

7(3)

Nhin bang bién thién ta thdy ham s6 y = f (x) dat gia tri nho nhat trén {0; %} tai diém

X, =3.

Cho phuong trinh v2x* —2mx—4 =x—1 (m 1a tham s6). Goi p, q Ian luot 14 cac gid tri
m nguyén nho nhét va gia tri 16n nhat thudc [-10; 10] d€ phuong trinh c6 nghiém. Khi
dogiatri T=p+2q la

A. 10. B. 19. C. 20. D. 8.

Loi giai
x>1
Ta cd V2x2 —2mx—4 :x—1<:>{

x*—(2m-2)x-5=0 (1)
2
XZ_(zm—Z)X—5=O:>m=w
2X
2 2
xétham s8 y = X275 ren [1400) . Ta e y = 2X 10
2x 4x

Bang bién thién sau
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Cau 22.

Cau 23.

Phuong trinh da cho c6 nghiém khi va chi khi phwong trinh (1) ¢c6 nghiém 1én hon
béng 1<>m>-1. Két hop diéu kién m e[-10; 10] = me[-1; 10].

Dodé p=-1, g=10= p+2q=19.

Cho ham s& f(X)=X3—3X2—3X+4. S6 nghiém thuc phan biét cua phwong trinh
JE(F(x)-2)-2=3-1(x) la
A7

B. 4. C.6. D.9.
Loi giai

Chon C
bit f(x)-2=t= f(x)=t+2 phuong trinh tr¢ thanh:

f(t)-2=3-(t+2) = /f(t)-2=1-t < Jt*-3t° -3t+2 =1-t
1-t>0 1-t>0 t = —-0,58836

= 3 ) ) = 3 ) = .
t°—3t° —3t+2=(1-t) t*—4t? —t+1=0 |t~0,40642

(X~ -1,21627
Voi t=-0,58836, ta co: X° —3x% —3x+2 ~ —0,58836 < | x ~ 0,586256.
| X ~3,63001
(X ~-1,1951

Voi t~—0,40642, ta co: X° —3x2 —3x +2 ~ -0,40642 < | x ~ 0,552834.
| X~ 3,64227

Vay phuong trinh da cho c6 6 nghiém thiyrc phan biét.
Goi S la tap tdt ca cac gia tri nguyén am cta tham s0 m d€ phuong trinh

X+y4-X = % c6 nghiém. Tap S c6 bao nhiéu phan ti?

A. 10. B.6. C. 4. D. 2.
Loi giai

Chon C

Ta cé: X+/4—x% = g (*) didu kién xéc dinh: —2<x<2.

Xéthams§ f(x)=x+v4-x*, xe[-2;2] .

X
Co f'(x)=1- .
(x) 4—x*
x>0
F(0)=0e1-—— =0 V4K =xe[x=y2 o x=y2¢c[-22]
4-X
=2
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Cau 24.

Ham so f (X) =X++4-x* lién tuc trén [—2; 2]; c6 dao ham trén (—2; 2) .
f02)=—zf(2)=zf(JEy:2J§suyu1mgf(x)=—zg§§f00=2dﬁ.
Vay phuong trinh (*) cé nghiém < -2< g <22 = -4<m<42 .

Mat khdc m nguyén &m nén S ={-4;,-3,-2;-1} .

Cho ham s6 y = f(X) cé bang xét dau cta f'(x) nhu sau:

X |—® -1 3 +00

f'(x) - 0 + 0 -

Xét ham s8 g(x) =e'®* ), tap nghiém ctia bat phrrong trinh g'(x) >0 1a

A. (—oo;%j. B. (%;+OO]. g(—l;%ju(2;+oo).D. (—oo;—l)u(%;zj.

Loi giai
Chen C

Ta 6 g'(x) = (1-2x).f'(1+x- xz).ef(“Hz),VX eR

Yéu cau cia bai todn g'(x) >0 (1-2x) f'(1+x-x)e 7 0.
[(1-2x>0
1
f'(l+x—x2)>0 @
=
1-2x<0
2
f'(1+x—x2)<0 )
1
X<=
1-2x>0 w<l 2
Xét treong hop 1: = 2 SIXT=x-2<0
§HOP f'(1+x—x2)>0 )
-1<1+x—-x"<3 X2—x+2>0
1
X< — 1
= 2 S-lx<—.
-1<x<?2
1
X>= X>=
) . 1-2x<0 2 2
Xét treong hop 2: f'(1+x—x2)<0<:> x2S = x—250
x> +x+1>3 X2 +x-2>0
1
X>=
X>—= 2
= 2 = S X>2
) Xx<-1
X=x-2>0
X>2
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1
. C -l<x<=
Két hop hai treong hop ta duoc = 2.

X>2
, . . 1
Vay tap nghiém ctia bat phuwong trinhla T = [—1; EJ U(2;+0).
X’ +y*+2°=6
Cau 25. Cho hé phuong trinh { Xy +yz+xz=-3 vdi x,y, z la 4n s6 thye, m la tham s6. SO gia tri
X*+y8+2°=m
nguyén cua m d€ hé phuong trinh c6 nghiém la
A. 25. B. 24. C.12.
Loi giai

IS

i

Chon D
Ta co: (x+y+z)2 =x*+y*+2°+2(xy+yz+xz)=6+2.(-3)=0.

Vay x+y+2=0.Suyra: z=—(X+y)=> 2 =X’ +2xy+y’ < x>+ y? +2* =2(¢ + y* + xy)

@%(x2+y2+zz):x2+y2+xy (1). Thay x*+y®+2° =6 vao (1) ta dwgc X* + Yy +xy =3.

2
X+ =3+xy>0
:{( y) g . Vay -3<xy<1.

(x—y) =3-3xy>0
Ta co: m:x6+y6+26:x6+y6+(x+y)6(thay z=—(x+Y))
:(x3+y3)2—2x3y3+(x+ y)sz[(x+ y).(xz—xy+ yz)]2—2x3y3+(x+ y)
=(x+y)". [(xz+y2+xy)—2xyT—2(xy)3+(x+ y) )

(x+ y)2 =3+ Xy

Thay { vao (2) ta duwoc: x°+Yy°+2° =(3+xy).(3- 2xy)2 - 2(xy)3 +(3+ xy)3

X’ +y*+xy=3
Dit t=xy (-3<t<1).Khid6 x*+y°+2° :(3+t).(3—2t)2—2t3’+(3+t)3 =3t% +9t* + 54
Xétham s§ f (t)=3t°+9t* +54 trén [-3;1]. Ta co: f'(t)=9t*+18t.

t=0¢ [—3; 1]
f'(t)=0<
t=-2¢ [—3; 1]
Bang bién thién:

t -3 2 0 1

+ 0 - 0 +
66 66
) / \ /
54 54

Ttr bang bién thién ta thay: 54 < f (1) <66 voi Vte[-31].

Hé phuong trinh da cho ¢6 nghiém khi va chi khi phwong trinh f (t)=m c6 nghiém

te [—3;1]
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<54<m<66. Vay cé 13 gia tri nguyén cua m dé€ hé phuong trinh c6 nghiém.
Cau 26. Cho phuong trinh (m-2)+/x+3+(2m-1)y1-x+m=1. Biét rang tap hop tat ca cac gia
tri clia tham s& thuc m dé€ phuong trinh c6 nghiém la doan [a;b]. Gid tri ctia biéu thic

5a+3b b:?mg

A. 13. B. 7. C. 19. D. 8.
Loi giai
Chon D
Cach 1:
Tap xac dinh : D:[—3;1].
2JX+3+1-x+1
Tt phuong trinh suy ra: m= .
P & y \/x+3+2\/1—x+1
Xét ham s& g(x) = 2yx+3+yl-x+1 trén doan [-3;1].
x+3+2\/ -Xx+1
( ,1 X fx+ ] ( 1 ]
X+3 1-x 2\ «/
Tacd: g'(X) = x+3 vxe[-31].
(\/x+3+2\/ +1)

Suy raham s6 y = g(x) dong bién trén [-3;1].

. 3 5
Do d6, min g(x) =—; maxg(x) = —.
min g(x) c [73;119( ) 3

Suy ra phuong trinh c6 nghiém < me [g ; g} .

Vay 5a+3b=8.Déap an D.
Cach 2:
Tap xac dinh : D=[-3/1].

Tt phuong trinh su ra'm—2 X+3+N1-x+1
P & yra: \/x+3+2\/1—x+1'
Xét ham s& g(x):2 X+3+vl-x+1 trén doan [-3;1].
IX+3+241-x+1
Dung may tinh ta du doe’mgs g(x)sg.
240X +3++/1— +1 3

Ta chitng minh:

x+3+ 2\/_+1 5 @

Ta c6: (1) <10VX+3+5J1—x +5>3/x+3+6J1—x +3

o Tx+3+2-1-x>0.

Xét trén doan [-3;1] thi 7Jx+3>0;2—\1-x >0. Suy ra (1) luén ding. Ddu "=" x4y ra
khi x=-3.

2UX+3+41- +1 5 )
M+2\/_+1 3
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Ta c6: (2) <> 6/X+3+3V1—-X +3<5Jx+3+10y1-x+5
S VX+3<TV1-x+2.
Xét trén doan [-3;1]thi x+3<2;741-x+2>2. Suy ra (2) luén dung. D4u "=" xdy ra

khi x=1.

Dodé, S<m<>.
5 3

Suy ra phuong trinh c6 nghiém < me [g ; g} .
Vay 5a+3b=8.Dap an D.

Cau 28. Chohamsd y = f(x) lién tuc trén [-1;3] va c¢6 d6 thi nhu hinh vé sau:

u

Bat phuong trinh f (x) +vX+1++/7—x>m c6 nghiém thudc [-1;3] khi va chi khi
A. m<7. B. m>7. C. m<2J2-2. D. m>2J2-2.

Xét ham s g(x)=~/x+1++7-x lién tuc trén [-1;3] ta co:

9'(x) = 11 N
2Jx+1 2J7-x

g'(x):OamzﬂaxH:?—xc X =3 (nhan)
9(-1)=2 9(3)=4= maxg(x)=max{g(-1).9(3)}=9(3) =4 ()

Tt d6 thi ham s6 y = f (x) ta co: max f(x)="f(3)=3. (2)

e(-% 3]

bit h(x)= f(x)+g(x) trén [-1;3], két hop vdi (1) va (2) ta suy ra:
h(x )S N f(x )+maxg( )=f(3)+9(3)=7, ding thiic xay ra khi x =3,
Vay bat phu’ong trinh m<h(x) c6 nghiém thudc [-1;3] khi va chi khi m< max h(x)=7.
Cau29. Cho ham s6 f(x)= (1— me‘)x3 +3x°+(4-m)x+2 v6i m la tham s6. Cé bao nhiéu s6
nguyén m e[—2018;2018] sao cho f (x)=0 véi moi gid tri x €[2;4].
A. 2021. B. 2019. C. 2020. D. 4037.
Loi gidi

Ta co:
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Cau 30.

Cau 31.

>
f(x):(l—m3)x3+3x2+(4—m)x+2:x3+3x2+4x+2—m3x3—mx
f(X)20< x> +3x* +4x+22m*%° + mx < (X+1)° + x+1> m°x® + mx (D).
Xétham sog(t) =t*+t;teR, g (t)=3t°+1>0VteR.
Vay ham g(t) dong bién trén R.
Bat phuong trinh (1) < g(x+1) > g(mx) < x+1> mx
Xét x €[2;4] bat phuong trinh @X%lz m (2)

Pt h(x) =%1.

Bat phuong trinh (2) luén ding v6i moi x €[2;4] suy ra:m < r[r21|4r]1 h(x).

Ch(y) = 1 : : o 5
Ta cd: h (X)—7<OVXE[2,4] :>r[r21;|4r]1h(x)_h(4)_z,

Do do: mSi
4

Ma m e[-2018;2018] va m nguyén nén c6 2020 gia tri cia m thoa man.

Tim s6 thwc m 16n nhat dé€ bat phuong trinh sau c6 nghiém diang véi moi xeR
m([sin x| +|cos x| +1) <|sin 2x| +[sin X| +|cos x| - 2018.
A. —1. B. —2018. C. —E. D. -2017.
3 2
Loi giai
Chon C
Dit t=[sinX|+|cosx| =t* =1+[sin2x|<2 =1<t< J2
Khi d6 bdt phuong trinh da cho tréd thanh:
2
m(t+1)§t2 +t-2019 < m Sw = f (t) véimoi te [1;\/5} i
+
2
Ta cé f'(t):w>0,w e[l;\/i]
(t+1)
2
Vay mg%: f(t) voimoi te[L2] =ms min f (t):—%ﬂz f(1).
S6 gid tri nguyén cua tham s6 me[-10;10] d& bat phuong
V3+X+/6—x—418+3x—x* <m*—~m+1 nghiém ding Vxe[-3;6].
A. 28. B. 20. C.4. D. 19.
Loi gidi
Chon D

3+ X +4/6—x —18+3x—x* <m? ~m+1 (1) nghiém ding Vx €[-3;6].
Dit t=+/3+x++6-x, xe[-3;6].

,_ 1 1 B-x-+3+Xx
203+ x 26-x 23+ x6-x
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Cau 32.

>

'=06—x=3+x< x:%.
Bang bién thién:

x -3

[ S

=
I

-
I L

t / 32 \3

3

:te[B;B\/E].
2
Taco t> =3+ X+6—X+218+3x— x? =9+24/18+3x—X*> => /18 +3x — x? ! _9.

2

Bat phuong trinh (1) nghiém ding Vx €[-3;6]
t*-9

= f(t):t— <m?*-m+1 nghiém dung Vte[3;3\/§}

‘_m+1> f(t). (2
S mi-m+ [ggaﬁ(]()()

Xét ham s§ f(t):t—tzT_g, te]3;3V2]
= f’(t):l—%-thl—kO vte|3;3V2 |
= f(t) nghich bién trén [3;3V2 |,

-9

= max f(t)=f(3)=3-

[3:342]

=3.

m>2
Khidé(2)<:>m2—m+123<:>[ :
m<-1

meZ
Két hop vdi diéu kién bai toan: m nguyén va me(-10;10| = .
P - sy [-10:10] {me[—lo;—l]u[Z;lo]
Vay c6 19 gia tri nguyén ctia m théa man yéu cau bai toan.
Nhan xét: Trén tinh than thi tric nghiém, hoc sinh hoan toan c¢6 thé sit dung tinh nang

TABLE ctia mdy tinh cam tay dé€ tim max f(x)=3 véi
f (X)=v3+X++/6-x—+/18+3x—x* . Tr d6 dua bai toan vé dang giai bat phuong trinh

bac hai co ban: m®> —m+1>3 mét cach dé dang.

Cho hai s6 thyc duong x, y thoa man 2¥ +y=2x+log, (x+ 2y‘1). Gia tri nho nhat cua

biéu thiic P == bang

< | x<

A.e+ln2' B. e—In2' gelnz. D. e .
2 2 2 2In2

Loi giai
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Chon C

Co 2y+y=2x+|og2(x+2y‘1)<:>2y+y=2x+log2(2x+2y)—1. (1)

Dit t=log, (2x+2") = 2x+2' =2' = 2x=2'-2",

(1) trothanh: 20 +y=2"-2" +t-1 < 2" +y+1=2"+t. (2)

Xétham s6 f(x)=2"+x,xeR= f'(x)=2"In2+1>0,vxeR nén ham s6 f(x)=2"+x

lubn dong bién trén R. K& hop véi (2) ta c6: t=y+llog,(2x+2)=y+1

o 2X+2V =2 o x=2"",
y-1 y-1 _ oy
Khido p=X -2 p_2yIn2=2"
y y y
Cho P'=0 yIN2-1=0 e y =
In2
Bang bién thién:
1 0 L +ao
In2
F - 0 +
P |+ 5
\ Elﬂsz"’;f
2
vay P =82 i & vayo L
2 2 In2
R . ~ 1, 4, 1 4 , . ... . ~ 1A
Ciu 33. Cho ham so f(x)=§x _§X —§x+§codoth;nhvzhmhveben.
AY
—/\1 4/ >
5 >

C6 tat ca bao nhiéu gia tri nguyén cua tham s0 m d€ phuong trinh

2019 f («/15x2 —30x +16)— my/15x> —30x+16 -m=0 c6 4 nghiém phan biét thudc doan

[0;2]
A. 1513. B. 1512. C. 1515. D. 1514.

Loi giai
D3t t=/15x—30x+16 < t=,15(x—1)’+1 do x&[0;2] nén te[L4] .

Nhdn xét : Ung véi mbi t e (L 4] thi c6 2 nghiém phan biét x €[0;2].

Phuong trinh: 2019 f (\/15x2 30 +16)— my15x% —30x +16 —m =0 (1)

tr6 thanh : 2019 (t)-mt-m=0 < m=%‘;“) véi teft4].
+

GIA TRI LON NHAT - GIA TRI NHO NHAT °




>

= m:2019@t2—§t+%) < m=673(t* -5t +4) v6i te[L4]. )

Phuong trinh (1) 6 4 nghiém x phén biét thudc doan [0; 2] twong duong phuong trinh
(2) c6 2 nghiém t phan biét thudc nira khoang (1;4].

Xét h(t)=673(t* —5t+4) véite(L4].

Bang bién thién h(t)

6057

4

! <m<0 va m nguyén suyra —1514<m<-1.

Dua vao bang bién thién suy ra: —

Vay c6 1514 gia tri m nguyén thoa man.
Nhan xét: Deé bai cho thira gia thiét d6 thi y = f (x).
Cau 34. Cho f(x) ma d6 thi ham sd y = f '(x) nhu hinh vé bén
Y

|
) 2 OI /v\h

—1

Bat phuong trinh f (x) > sin %X +M nghiém dtng véi moi X €[-1;3] khi va chi khi

A. m< f(0). B.m<f@-1. C. m< f(-1)+1. D. m< f(2).

Loi giai
Chon B

f(x)>sin%x+m
&S m< f(x)—sin%x

Dé bat phrrong trinh nghiém dung véi moi X €[-13] thi
m < Min( f (x)—sin %Xj

[-13]

Xét ham s8 g(x)= f(x)—sin%x
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Co g'(x)= f’(x)—%cos%x

Nhan xét : Dén day ta khé c6 thé giai duoc phuong trinh g'(x) =0 dé lap bang xét dau.
Nhan thay f'(x)ddi ddu khi qua x=1goi ¥ cho ta xét dau ctia ham g'(X) trén 2 khoang
(1) va (1)

Xét khoang (-11)

Vxe(-11)= f'(x)<0(do6 thi ham s f'(X)ndm dudi truc hoanh )

xe(-11)= X (i;zj = —Zcos[ﬁ—XJ <0,vxe(-11)
2 2 2 2 2

Vay g'(x)= f'(x)—%cos(%xj<0,we(—l;l)
Xét x=1
1
"(1)=f'(1)-Z ”_j
0'(1)= (1) Foos[ Z

Xét khoang (1;3)

0

Vxe(L3)= f'(x)>0( d6 thi ham s8 f'(X)nam trén truc hoanh )

XG(l;B):”—Xe(z;?’—”j:—Zcos[%xj>0,we(l;3)

i
X -1 1 3
g'(x) ] 0 !
¢(x) | D1 7G)+1
f-1

Vay Mjg}(f (x)—sin%xj: f(1)-1
Vay m< f(1)-1
Cau 35. Goi S la tap hop tat ca cac gia tri nguyén dwong ctia tham s6 m dé€ bat phuong trinh sau
X°+3x* —m’x’ +4x* —mx+2>0 nghiém dung véi moi x €[1;3]. Tong tét ca cac phan ti
ctia S bang:
A. 3. B. 2. C. 1. D. 4.
Loi giai
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Cau 36.

Cau 37.

>

Chon A

Ta co: X°+3x* —m*x® +4x° —mx+2>0 < x° +3x* +4x* + 2> m*x® + mx

(X +1)3 + (X +1) = (mx)’ +mx (1)

Xét ham dac trung f (t)=t*+t= f'(t)=3t"+1>0

(e f (x2 +1) > f (mx) < x* +1>mx

Bai todn tro thanh tim m dé bt phuong trinh X° +1>mx nghiém dung véi moi x €[1;3]

x2+1

X +1>mx < m< . =g(x),vxe[13]

g'(X)zl—%ZOVXe[l;3]:> Ming(x)=g(1)=2

xe[1;3]
xe[L3]yy m<2

Vi ™ nguyén duwong nén S={L2} ¢ 2 phan tt. Tong cac phan ti bang 3,

Vay dé€ bat phuong trinh da cho nghiém dung véi moi

S8 gia tri nguyén ctia tham s m nam trong khoang (0;2020) d& phuong trinh
Ix—=1]—|2019— x| = 2020~ m ¢ nghiém la
A. 2020. B. 2021. C. 2019. D. 2018.
Loi giai
Chon D
2018, x ¢ [1;2019]
|2x—2020], x €[1;2019]
Vi ham s6 h(x) =2x—2020 1a ham s& dong bién trén doan [1,2019] nén ta co
max h(x) = max {h(1), h(2019)} = 2018, [m(l)gl h(x) = min {h(1),h(2019)} = -2018

[1;2019]

Suy ra min f(x)=0 va max f (x)=2018.

[1;2019] [1;2019]

Do d6, ta c6: min f (x)=0 va max f (x)=2018.
R R

Taco f(x)=|x-1-[2019-x| ={

Vivay, phuong trinh da cho c6 nghiém khi va chi khi:
0<2020-m<2018 < 2<m<2020.
Suy ra c6 2018 gia tri nguyén ctia m ndm trong khoang (0;2020).
Cho ham s8 f(x)=x"+3x’—4m. C6 bao nhiéu gia tri nguyén ctia tham s m dé
phuong trinh f (3 f (X) + m) =x’-m co nghiém thudc doan [1; 2] ?
A. 15. B. 16. C.17. D. 18.
Loi giai
Chon B
Pat t=3f (x)+m e t*=f(x)+me f(x)=t*-m (1).
Tacod f (3 f (x)+m)=x3—m, suy ra f (t): X2 —m (2)

Tu (1) va (2) tacd f(x)-f(t)=t-x’ < f(x)+x° = (t)+t° & x°+4x° =t°+4t° (3).
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Cau 38.

|
Xétham sd g(u)=u’+4u’ = g'(u)=5u*+12u’ >0Vu e R= g(u) dong bién trén R.
Do d6 (3)< g(x)=g(t) < x=t. Thay vao (1) ta duogc f(x)=x"-m=x"+2x>=3m
(4)-
Xét ham so h(X) =Xx>+2x° trén doan [1; 2] .
Ta c6 h'(x)=5x"+6x*>0Vx e[1;2] = h(X) ddong bién trén doan [1;2].
Vay ta ¢ r[rluzT h(x)=h(1)=3 va ngf(h(X)z h(2)=48.
Phuong trinh da cho c¢6 nghiém thudc [1; 2] < Phuong trinh (4) c6 nghiém trén [1; 2] .

<:>r[rljiz?h(x)s?)msr[r}g?(h(x)<:>3§3ms48<:>lsm§16.Véy c6 16 gia tri nguyén ctia M.

Cho ham s6 f (x)=ax’+bx’+cx+d c6 do thi nhu hinh vé. goi S 1a tdp hop cdc gia tri

cia m (meR) sao cho (X—l)[maf (2x—1)—-mf (x)+ f (X)—l]ZO,VXeR . S8 phan tw cua

tap S la?
A2 B. 0. C.3 D.1.
/
/
| /
17 //
| : >
// 0 1 X
Loi giai
Chon A
Cach 1

Xét g(x)=(x-1)h(x)=0 véi vx, voi h(x)=m’f (2x—1)—-m.f (x)+ f (x)-1.
{x—1>0 ¥x>1=>h(x)>0 ¥x>1
Do

X-1<0Vx<l= h(x)SO Vx<1 (*):>h(x):0 fat x=1
— mef (1) mf (1)+f(1)—1:0:>m3—m:0<r>[m20

m=x1
+Véi m=0=h(x)= f(1)-1 théa man (*) doham f(x) dongbiénva f(1)=1.
+V6i m=1=h(x)= f (2x—1)-1 théa man (*)
Do x>1 thi 2x—1>1= f(2x-1)-1>0 va x<1 thi 2x-1<1= f(2x-1)-1<0.

+Véi m=-1=h(x)=—f (2x-1)+2f (x)-1.
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Khi d6 h(x) la ham sd bac ba cé hé s6 a<0 nén lim h(x) <0 khong thoa man (*).

X—>+0

Vay m=0 va m=1.

Cdch 2
f(1)= azg
f(-1)=0 b—0 L1
Ttr d6 thi ham s6 ta suy ra £(0)=0 = 1._p :>f(x)=§x3+5
1
f(0)== _1
2 |4=3
Theo débai f(1)=1=>m’-m= 0@{
V6i m=0, ta cd: (x—1)( -1)=(x- 2x +§—1)

=%(x—1)(x3—1):%(x—1)2(x2—x+1)20 vxeR (Nhan)
Vé6i m=1, ta cd: (x-1)[ f(2x-1)- f x)—1]=( [ (2x -1y’ +%—1}

= %(x—l)(8x3 —12x* +6x-1-1) = (x—1)(4x° —6x* +3x-1)
= (x—l)2 (4x2 —2x+1) >0 VxeR (Nhan)

V6i m=-—1, ta cé: (x—1)[ - (2x—=1)+ f (x x)—1]=( [ (2x— 1) —%+x3}

3 , x>1 )
(x=1)(=x* +6x —3x)20<:>{x$0 (Loai)

Vay m=0 va m=L1.
Cidch 3
D& (x—1)[ m*f (2x—=1)—mf (x)+ f (x)-1]>0,vxeR thi [ m*f (2x—1)—mf (x)+ f (x)-1]
nhan x=1 la nghiém boi 1¢ duy nhét va khi qua x=1 ([ m*f (2x—1)—mf (x)+ f (x)-1]
doi dau tir — sang +). Khi dé: m3—m:O<:>{ m=0 :

m=x1
+ Thur lai, ta thdy véi m=0 thoa.
+V6i m=1, ta c6: [ m*f (2x—1)—mf (x)+ f (x)—1]= f (2x—1)—1 1a mdt ham s3 bac ba c6
hé s6 bac cao nhat duong.

Ta cé: lim [ f(2x—1)—1]=+o0, lim [ f (2x-1)—1]=— nén khi qua x=1 ham s s& doi

dau tr — sang + thoa man.
+Voi m=-1, ta co: [m?’f (2x—1)—mf (x)+ f (x)—l] =—f (2x-1)+2f (x)-1 la mot ham
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sO bac ba c6 hé so bac cao nhat am.
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Ta co: lim [ f(2x—1)-1]=—o0, lim [ f (2x-1)-1] =+ nénkhi qua x=1 ham s& s& doi

X—>+0 X—>—0

dau tr + sang — khong thoa man.

N.C.H
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