[TAI LIEU ON THI HSGQG 2021 - DAY SO]

CHUYEN PE DAY SO
ON DU TUYEN 2020 - 2021
LAN 1
Noi dung:
1. Tinh gidi han theo dinh nghia, dinh ly kep, dinh ly Weierstrass, dung cdng thirc tong quat...

2. Cac tinh chét, danh gia xung quanh day so.

.. e , 1 , . a
Bai 1: Cho day s8 (a, ) thoa a, >0,a,,, =a, + . Tinh lim =+,
a,+a,+..+a, a

n
Loi giai:

Tt gia thiét, ta co (an) la day duong va tang ngat, suy ra a, +a, +...+a_<na_ va diéu nay suy

1 1 1 1
raa . >a +—=a_,>a, +—|1+—+...+—|.
n+1 n n+1 1

na_ a_ n
2o 1x s A1 1 1 1) . Do
Gia sir day (an) bi chédn trén boi M, suy ra 1+— 1+§+ ...+— | cling bi chan, hay
a n
1 1 1) T
1+ —| 1+=+...+— | cling bi chdn va diéu nay vo ly.
M 2 n
A . \ \ A 7 7 4 a +1 ]- : al‘H—l
Vay lima_=+o0 va tir trén ta c6 danh gia: "= =1+ —1 hay lim—===1.
a, a (a +..+a) a_

Bai 2: Cho day s6 (x, ) thoa x_, :&,x1 >x, >0. Tinh lim(n\/g(«/xr1+1 —\/Z))

2Xn - Xn+1

N e * 20 \ A ~ 1 A ’ A2 /4 \ A
Loi giai: Ttr dé cho, dat y_ =— ta suy ra cong thitc tong quat cho y_ va suy ra cong
X

n

XX,

thirc cho x_ = va suy ra két qua.

(x1 —x2)n+2x1 -X,

n+1 X
+2™ tinh lim —2+L
2" +x X

n n

Bai 3: Cho day s6 (xn) thoa x,,x, >0 va x_,, =
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

/| 1 1 \ A
Loi giai: Dat y_ X va ot gia thiét suy ra y_,= +—. Tt day cho ta
2" 1+y, 2
1 2 1 . g ~ N
‘sz —1‘ =y, —1‘ ] < ‘yn —1‘§,Vn =1,2;3;... doy_> 5 vOi moi gia tri n (day duwong). Tte day
Ya

X

suy ra limy_ zlzlim;—gzl va limhzlim[%.z—Q]:Z.
Bai 4: Cho ham s6 f :D——R, nghich bién trén D va day (x,)xac dinh béi x,,, = f(x,) va
thoa diéu kién:
1/ X <X, X <X, va (x;%,)= D
a=f(b
, [2=10)
b="f(a)

Chitng minh day da cho c6 gidi han.

c6 nghiém duy nhat a=b=1trén (x;Xx,).

Loi giai:
Dau tién, ta ching minh x, €(x;%,) < D,Vn. That vay, cé thé xét quy nap khong hoan toan nhuw
sau
X <Xy =X > Xy = Xy € (X5 %, ) = Xy <X VA X < Xg =X, > X, =X, € (XX, ) = Xy < X
Tir d6, ta cd X, < X, X, < X, . Qua trinh nay tiép dién lién tuc cho ta diéu phai chixng minh.
Xét day X,, = f(f(Xy5))s X0 = f (f (X)) Tk chitng minh trén ta ¢6 (X,,,) la day ting va
(X,,) 1a day giam. Dong thoi (X,,;) < (X5 X, ), (X, ) = (X5 X, ) nén hai day da cho hoi tu.

bat a=limx, ,b=limx, ,. L&y lim hai v€ ctia x,,, = f (x,) taco hé

a=f(b)
b="f(a)
Vay, theo gia thiét, hé c6 nghiém duy nhat a=b=I nén limx =I.

Bai 5: Tim gidi han cta day so (x,) biét

X = \/1+ 2\/1+ 3\/1+---\/1+ (n—1)1+n
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Loi giai:

Véil<m<n-1,dat a, = \/1+ m\/l+ @+ m)\/1+ - -\/1+ (n-1)V1+n tacd

a’ =1+ma

m-+1

< al—-(m+1)*=ma,,—m’-2m

< al-(m+1)*=m(a,,, —(m+2))

m+1
Suy ra

mla _am+2|< m |a

la, +(M+1)| m+2

m-+1

la, —(m+1)[< -m+2]|.

n-1 n-1
Tk do |a, -3|<— -n<—=[y1+(n-DYv1+n-n|->0 (n—
2, -31< a1 (=Dl —n|> 0 (n->o0)

+2

u _ n+1

3
Bai 6: Choday u, =Lu,=—,u,,

AT e Ty e
a. Tinh gidi han cua day da cho.

b. Chttng minh Vn+2-2<— Z \/7 <+n-1-1, véi moi gid tri n nguyén dwong 16n hon 3.
u

Loi giai:
a.

/4 A, 2 1 3 \ /4 .7
Cach 1: Quy nap két qua 5 <u_ < 5 Ve danh gia

12

n+l _1‘um1 +2 5

1
‘un+2 —1‘3‘1,1“ —1‘m+ u
n

_1‘

n+l

Str dung bd dé va suy ra két qua.

Cach 2: Tt bién d6i [u

_1‘:

n+2 un+l _un :

5 ta quy nap 1—1<un <1+1,Vn>2 ta c6 két qua.
n n

1 1

1 oo A
< < VvO11mo1 77 nguyen
2yn+1  2ynu, 2yn-1 ' s

b. Thuc hién dénh gid: Vn-1<./nu, <Vn+1=

1

> =+/N+2—+/n+1 va tuong tu ta cd két qua.
2\/n+1 \/n+1+\/n+2

dwong 16n hon 2. Lai cha y:
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

n+1 =

2+8, ) N
Cau 7: Choday S, =1S % .Biétrang S, =a, +a,+..+a, vdi (a,) lamot day nao do,
+ n
4

hay chting minh a_ > .
O9n+7

(China Girl MO 2016 day 2)
4 4 4

Loi gidai: Taco a, =S, =1,a..=S . -S = .Vay ——-—=S —-S _=a_ hay co cOn
g a =9 N+l nl ~ °n 4+, ay a. a n — on = 4d, Nay g
thitc tinh 1a
4 4
_:an+_
a

n+1 n

Binh phuong 2 vé€ va cong lai, dong thoi dung AM - GM dé€ c6 a,<1,vn=1,2,3,.... Ta c6 két qua

;Tezg+af+a§+...+a§+8n39(n+1)+7
n+1
Tt day c6 két qua.
x, =1
Cau 8: Day s0 thuc (un) thoa x = 2n Z"Z*Exi,v 22.]E):Elt day y, =x , —x, , chtng minh day
(n-1)" 3
da cho c6 gidi han hitu han.
Loi giai:
, 1 1 1 s 22 iy
Ta c6 CTTQ: x,,, =| 1+—+—+— |x, vadanh gia
n n on
1 1 1 1 n
X <|1+=+—+—+...|x, = X, = X,
n o n® n -1 n-1
n

Va danh gia x, <4(n-1)

Khi do:
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

m+1D*+n+1)+1 n?+n+1
Yn+1 ~—Yn = (n+ 1)3 Xn+1 T a3
_n*+3n+3 (n+ D> +1) n+n+1
T (m+13 n3 neT 3
X, [N +3n+3)(n?+1
=n—’31( (n+1))(2 )—(n2+n+1)l
Xy [n*+3n° +4n® +3n+3 - (n* +3n° +4n® +3n+ 1)
T n3 (n + 1)2

Xn

Xn

-Blorl>o
n3l(n+1)2
Hay (yn) la mot day tang va bi chan trén boi 4 nén c6 gidi han hitu han.

Bai 9: Cho day (a,) thoa a,=1a,, = %{an +aLJ . Tinh [a

n

a,
Nk
(Ky yéu Olympic sinh vién 2017).

Loi giai:
Cach 1: Quy nap \/ﬁ >a, > \/n_—l,Vn =1:2:3;...

Céch 2: Ta ¢6 chin duéi: a_, >~/n theo AM - GM.

. 1 1 n - n -
Titr day co danh gia: a,,, <=a, += va ta ddt day b, = —— thi day la day tang (xét n tir 2
y gla: a,, 2 o1 yb=7= y la day tang (
tro 1én)
. s 1 1 1 1
Khi dé: an+1_2a +2b < a,, 22bn_1+2b _2n1a2+b (§+?+"'+2”‘1j
a, a n A “ N .
Hay a . <—2 +b =—% +—— . Dén day tinh dwoc phan nguyén va gi6i han.
y n+1 2 n-1 n 2n—l \/ﬂ y ¥ p g y g g

Nhan xét: Ttr cach 2, ta c6 mot bai todn mo rong sau
Cho hai day (a,),(b,) thoa b, <a,,, <%(an +b,),Vn=12;3;.... va (b,) la day tang. Tinh
lim(a,,,—b,).

a
<—2.+h,.

n+1 — n-1 n
2"

Tt cach 2, ta danh gia két qua b, <a
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Bai 10: Day s6 (xn) thda x_,, =x_ +£,x1 >0.Tinh limx—“,lim (xn —n).
X n

n
Loi giai:

Quy nap chota x_ >n vdimoi gia trin>1. Ttr day suy ra x_, <x, +n-2

n+l —

Va 1< X, < X, +n—2
n+1 n+1

Xét: xml—(r1+1):(xn—n)(xr‘_ljé(xn—n)h do x =x__ +n_1£x -1.

X X ! X
n

n n-1

X, (x2 —2)

Twe day suy ra 0<x__, —(n+1) < va suy ra két qua.

Bai 11: Cho day s6 (x,) x4c dinh boi

X, =0,x,=1
« = 3X,,+2 ,n=2
" 10X, +2x , +2

Chttng minh day da cho c6 gioi han hitu han. Tim gidi han do.
Loi giai: Dé xuat DHBTB 2019 — Thai Nguyén

Xét ham so f(x,y):loj)(%;x>0,y>0.
+2X+

. —10(3x+2 :
Taco f, = (Sx+ )2<0; f, = 30y +2 =>0;Vx>0,Vvy>0.Nén ham s6 nay dong bién
(10y +2x+2) (10y +2x+2)

theo x va nghich bién theo y.

20X, + X, ,+2

2—X, ., =
" 10X, + 2%, +2

>0,vn=>2.

Vay 0< X, <2,Vn>1. Vay day da cho bi chdn.

Ta s& chig minh bang quy nap (X,,,) ting va day (x,,) giam.
1 15
That vay, X==>X > X, X, =—<X,.
C Ay 6 X >X5 X 17 2
Gid stt %, ., > %, ;.
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Tacod X, = f (X2n+l’ X2n+2) > f (in—v X2n+2) > f (XZn—l’ Xon ) = Xons1-

Xoni2 = f (XZn'X2n+1) <f (XZn’XZn—l) <f (XZn—Z’XZn—l) =X+

_ 3a+2 1++/97
. . T10b+2a+2 _|0T0T T 4
Vay ton tai limx,,., =a, limx,, =b. Ta co =
. 3b+2 aer_1
10a+2b+2 2
Né’ua+b:1<:>b:1—a.
2 2
Khi d6 4a*-2a+1=0 vd nghiém, vay limx, :1+2\‘/19_7 :

Bai 12: Cho cac day s6 thuece (a,),(b,),(c,) thoa man cac diéu kién sau:
i)a=1b=c =0,

oot ’bn = bnfl +
n

a b o
Ll ¢, =cC,,+—= véimoi n>1.
n n

ii) a, =a, , +

Chting minh ring limy/n (a, —b,)*+ (b, —c,)> +(c, —a,)* =0.

Loi giai: Dé dé nghi DHBTB 2019 — chuyén Binh Long, Binh Phuéc.
Dat u, =(a,—b,)* +(b,—c,)’ +(c,—a,)’ Vn. Ta s& wdc lwong gia tri cua U,. Tl cong thirc da
cho, ta co

Cha— a4

a,—-b,=a,,-b ,+
n

n n

— 2 f— —
= (an — bn)2 = (an_l _bn 1)2 + (Cn—l Zan—l) n z(an—l bn—l)(cn—l an—l)
n n

Xay dung cac dang thiec tuong te véi (b, —¢,)?, (c, —a,)’ roi cong lai, cht y rang
(X=¥)(z=x)+(y=2)(x=y) +(z-x)(y -2)

:x2+y2+22—xy—yz—zx:%[(x—y)z+(y—z)2+(z—x)2].
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

1 n>—n+1 . N . s N
j w1 =———U,, véimoi n>2. Ttr day dung danh gia lam troi

1
Suyrau =|1-—+-—|u
y n ( n o n n

2
n“-n+l n+1 n+l n 3 3u ..
— < ,Vn>2,tacdu, < ——-——---=u,=—2> vdi n>3.
n

“n+2’ n+2 n+l 4 ° n+2

Do dé 0<+/nu, <J_[ ] Dé thay IlmJ_[ =

] =0 nén theo nguyén ly kep, ta co

limd, ¥/n =0.
Bai 13: Cho s thuc « € (1;2), xét day sd duong (un) thoa u? >u, +u, +...+u_,
Chtmg minh ton tai hdng s§ C dwong sao cho u_>Cn,vn .

Loi giai: TST Nghé An 2021

Néu dung y twong quy nap, ta dua dén két qua 1 >, bang cach xét ham s& ta c6

2n“”
_ 1
n 11 >i va can chon C sao cho C<
2n%t 2 zﬁ

\ ~? \ Y .2 - A, DA ? . 1
Va dé hoan tat gia thiét dau cua quy nap, ta chon C=minqu,,—.
Da-1

Bai 14: Cho day s6 (a,) dwoc xéac dinh boi:

a1:1 (a,,+a,)(2—a,)=Lvn>1.

n+1
a) Tim gidi han cua day (a,) khin — +ee.

QA ttd g f,Vnzl,Z,...
n

b) Chitng minh rang
Loi giai: Dé dé nghi DHBTB Quang Nam.

n+1

a.+Bién ddi (a,, +a,)(2—a,) =1

~a,,,ta,

n+1 2_a

n
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) C1\2
oa, = L —an:a”_za”+1=(a” Y ,vn>1
2—a, 2—a, 2—-a,

2

-1

+a1—%e[0,1],a2—(% )_;/g_%e[o’l]
2-17 3
+ Nhan xét: a, € [0,1] . Ta chitng minh bang quy nap
2
an+1:(an _1) >0
2—-a,

Giasu a, €[0,1], ta cé: 4 , =a,, €[0,1]

a _ (&) < L =1

Vay a, 6[0,1], vn>1

2-2

2

(an _1)2 2_\/5

+Voi a, € [0,1]; ta co: Ana —

287 —(2++/2)a, +(2v2-2)
2(2-a,)

1 2
2(2_6%)[261n ~(2+442)a, +242-2]

a, V2 _2-\2
2-a, | " 2
_2-42

1 n
i <o <|—=
2 ( 2)

< \/E a
(5%

1 2-42
2 2

1 n
V2 -1 2—+/2

Ma li ( 1 jn 0, vay lima
alm| —=| —=0,va h =
NI Y

la giéi han can tim.
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1 1
b.Talaicé: (a,,+8,)(2-a,)=1 < ———=2-a < ———-1=1-a,
an+1 + a'n a'n+1 + an
n n 1
Suy ra: Z(l—ak): -n
k=1 ka1 Ayq + 8
n n2 n2
eon->a,>— -n= ———n =
k=1
Z(ak +ak+1) a1+an+l+22ak
k=1 k=2
n2 2
= -N2——-nwvig=za,=a,-3<0)

n
8.~ +2) .8, 2> 3,
P P
n n2
n->a.>

=t ZKZH: a,
=1

—N

n n2
Dt X= ) a,, khidé: ()& n—Xx=—-n
k=1 2X

<= 2X° —4nX+N*<0< n[l—gJSXsnKHgJ - X 2#
n

2.3 /
Vay *2 21_2 2 (dpcm).
n

Bai 15: Cho ham s6 f (t) =t>+3¢t2 —%
n

a)Chting minh rang véi mdi n nguyén duong, phuong trinh f_ (t) =0 cé nghiém duy nhat x_
duong
b)Tim lim nx_va n(nx_—2)

Loi giai

Xétham f (t)=t>+3t* - 1—3 lién tuc trén (0;+0)
n
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=f' (t)=3t"+6t>0=f (t) dong bién trén (0;+x); YneZ"
\ -12 12
Ma £, (0) =—=<0; fn(2)=2o-P>0;

=f (0)f(2)<0;VneZ"

Ma f_(t) lién tuc va dong bién trén (0; +)

= £ (t) cé nghiém duy nhat €(0;+w); VneZ®
Tt cach chttng minh trén

0<x_ <2VneZ'

= 12
3
Xn + 3Xi —F = 0(1)

Mélfn(z):%+%—%>O:fn(xn):>i<xn
n n n n n+1

3L<XH<E;VHGZ+
n+1 n

<::>2—n<n.xn <2;VneZ'
n+1

Ma lim 2—nl =2 nén ap dung nguyén ly kep =limn.a_ =2
n+

Pbata =nx -2;,VneZ' =lima_=0

a +2
=X, =—"—;VneZ’
n

Lai co:
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3 2
xr31+3xr21—%=0;‘7nez+ = (an+2j +3[a“+2] —%=0,VHEZ+
n n n n

& (a,+2) +3n(a, +2) =12n & (a,+2) +3n(a? +4a,)=0

= limn(nxn —2) =

u, =a,v, :b(0<a<b)

1+u +u v

Bai 16: Cho hai day (u, ),(v, ) thoa Ju , chitng minh day (u, ) hoi tu va

limvn=+oo.

Loi giai:

B 1 1 B 1
u, +1 v +1 u+1 v +1

T gia thiét ta xay dung va diéu nay suy ra day (u, ) bi chin

trén. Mat khéc, ta ¢ hai day (un ),(Vn) déu la day tang nén ton tai gidi han cho day (un) .Néu
(Vn) bi chén trén thi ton tai limu_=u,limv_=v va diéu nay suy ra vo ly.

x,=a>0
Bai 17: Cho day s0 (xn) thoa n x:+2,tinh gidi han day da cho.

X = )
1
o 2n-1 X

n

Loi giai

Quy nap cho ta, (x,) duwong

n 2.1 1
X = X +=)=>2=2.|x .— =+/2;VneZ"
e 2n—1(“ n) 2 \/ ' V2

12| Ndm hoc 2021 - 2022




[TAI LIEU ON THI HSGQG 2021 - DAY SO]

= (x_) bi chin dudi boi \2
Vay ta can chting minh day da cho la day giam

That vay, ta can x_, —x_<0hay

2n 2n+2
X, >,/— <=>X >,/
n-1 n

5 n 1.2J5hay ta can 4n’ >(2n-1)*(n+1) < 3n—1>0 ( dtng)
n_

Ma x_, >

n+

X . <X
Vayd ™' " nénday da cho hoi tu
X, > \/5 ;Vn

Tt d6 lay lim 2 v€'ta dwoc limx = J2

3 —
%x = %+ 2 Chitng minh day da cho c6 gidi

Bai 18: Day s6 (xn) thoa x, =1x, =2;x_, =
n
han.
Loi giai:

Quy nap cho ta day tang. Pat s =x, +...+x_ va cong theo v&€ d€ c6 danh gia

X, ., =%—%+4(1+%+...+%) valeuy x_, <x_, nénsuyra X, <3+8(1+1—%j<19 va

suy ra két qua.

Bai 19: Day (xn) thoa x, =1,x_ = 2n-3 X, ,.Dat b _=x +x,+..+x_, tim limb_.
2n

Loi giai: Tt gia thi€t chota b_ = —2(n + 1)an_1 +2a, va st dung danh gia

\/2n—1\/§

V2n-142n-3 <%(2n—1+2n—3):(2n—2) d€ suy ra O<(n+1)arl <(n+1)

lim((n+1)an)=0.

Bai 20: Cho day (xn) thoa x_, = £+X—“, tinh Iim(xrl —\/H) .
X n

n
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Loi giai: Chu y nghiém phuong trinh x = 2iin dong thoi ham s6 £ (x)

X n n-1
nghich bién trén (O,'n) . Ta quy nap LN X, >Vn-2+ N va cht y réng tir day thi
n-1 n-2

n>x_>+n nén xn+1:fm(xn)<fn(\/ﬁ):\/ﬁ+L va dong thoi

Jn

n n 1
x . =f(x )>f = =+/n-1+—=—= nén gia thiét quy nap dung.
n+1 n( n) n(\/n_ll \/n—l \/E g q y p g
Bai 19:
~ ~ , . X
1. Day so (xn) duwong thoa lim —L =
X

n

1 v 7 . M N A
—,dat S_=x, +x, +...+x_, chtng minh rang lim$S_ ton
2 n n n

tai.

2. Cho cac day duong (arl ),(bn ),(cn) duoc xac dinh boi

Co day nao trong ba day trén hoi tu khong?

Loi giai: Vi cac day trén déu la day tang nén

1 1 1 \ SA \
a_, <a_ +b—,bn+1 <b_ +——,c ., <c + - va diéunay suyra a_, < b—+a0, tuong
OCO aOCO aO 0 OCO
Qe L. o an 1 a
tu cho cac day kia. Tt day chota a_, >a_+ >a +—,vn=1;2;3;...
n+1 n

’ n n n
———+¢, || —=+D,
aObO aOCO

véi @ 1a mot hang s6 c6 thé chon dugc. Tir day suy ra két qua la ca ba day déu co gidi han la vo

cung.
3. Déy s8 (x, ) bi chin dudi théa x, =3; x, =1; x, , +X, <2x, +i2, vn =1;2;3;...d6ng thoi bi
n

chdn trén. Chitng minh day da cho hoi tu.
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CHUYEN PE DAY SO
ON DU TUYEN 2020 - 2021
LAN 2
Noi dung:
Dinh nghia gidi han, tiéu chuan Cauchy va bai tap ly thuyeét.
DPinh nghia: Day (xn) goi la cd gidi han httu han L néu Ve >0;3N: ‘xn —L‘ <g,Vn>N.
Pha dinh ménh dé nay, day (xn) khong hoi tu vé L néu 3¢ >0;VNeZ",3n>N: ‘xn —L‘ >¢.
Day Cauchy: Day (xn) duoc goi 1a mét day Cauchy néu Ve >0,3N: ‘xn —xm‘ <g,Vn,m>N.

Dinh ly: Day Cauchy thi hdi tu va day hoi tu la day Cauchy.

Bai 1: Day (xn) duong c6 lim 2net = %, tinh limnx_
X

n

X X A \
Loi giai: Do lim =+ :% nén IN, eZ" : 2L < %,‘v’n >N, va diéu nay suy ra
X X

n n

1 Y Thi G4 n+N
Xn, n <2—anO,Vn>N0 va khi d¢, O<(n+N0)Xn+NU < - 0 Xy,

\ . n Py A,
va hmz—n =0 nén suy ra két
qua.

Bai 2: Day s6 (x, ) thoéa lim(x, —x,_,)=0, chiing minh lim 22 a1l _
n

Loi giai: 1dy gia tri £ >0 bat ki thi ton tai n, dé ‘xn -X, ,|<¢& Vn>n, tir day suy ra

X, _Xn—l‘ =X, —X,_, —(xn_1 —xn_3)+(xn_2 —xn_4)—(xn_3 —xn_l)...—(xn(]+1 _Xn0-1) va c6 danh gia
‘xn —XH‘ < (n—no)g+ Xpo o1 ™ X -
A |Xn _Xn—1| Xn0+1 _Xno_l \ A A, 2
Vay <&+————,Vn>n,, t day suy ra két qua.
n n

Bai 3: Day s0 (un) dwong thoa lim [uml —%unj =0, chitng minh limu_=0.

15| Ndam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Loi giai: Tham khao “Chuyén Khao day s6 - Nguyén Tai Chung”, tr.106
Bai 4: Day s6 (un) bi chan théa u_,, > iuml +%un, chiing minh day da cho hoi tu.
Loi gidi: Tham khao “Chuyén Khao day s6 - Nguyén Tai Chung”, tr.103
Bai 5: Day so (un) bi chan thoa 2u_, <u_,+u_,vn=1;2;3;..., chttng minh day da cho hdi tu.
Loi gidi: Tham khao “Chuyén Khao day s6 - Nguyén Tai Chung”, tr.104
Bai 6: Day s6 duong (un) va day duong (xn) thoa limx_ =0 dong thoi ton tai sd q thudc (0;1)
saocho u_, <qu_+x_,vn=1,2;3;... thi limu_=0.
Loi giai:
Lady ¢ > 0, tachung minh tontaiNdé 0 <u_ <& Vn > N

Vi limx, =0 nén ton tai N, saocho x, < B = l(1—q)g; vn = n,. Khi do, ta co
n n 2

. 2 . oA
U, ., <qu, +x, <qu, + B Uy o <QU, o TX,  <qU, + qp + B;... Thuc hién twong tur cho

n

1-q
1-gqg

/4 . /. n &) . _ . . .
ta danh gia: Uy oy <qU, + p. ,voimoi n =1;2;3;...

Vilimqg" =0 do q € (0;1) nén ton tai n, :q”un1 < %; vn 2 n,. Tt do ta co

1-q <£+ﬁizf+£=g;‘v’n2n

n
U, ., <q'u, + p. .

Hay, tontai N =n, +n,thi 0<u <& Vn > N nén limu, = 0.
Ap dung:

Bai 6.1: Day s& (xn) thoa x, =2;x —(xn +1) . Tinh gidi han day da cho

2n+1

n+1 =

(Xem loi giai khdc sach Huynh Kim Linh — tr40)

x, =3

Bai 6.2: Cho day s6 thuc (xn) xac dinh bai: ) . Chting minh rang
X = (x,,+2),n=2
n

n

day s6 c6 gidi han hitu han va tinh gidi han do.
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Hudng dan cich dung Weierstrass
+Tacd x, >0,VneN .
+ Ta sé chitng minh ké tit s6 hang thit hai, day s6 da cho la giam, tic la chitng minh

2l(n+2)—(n—-Dx
x,—x,  <0= I )3( %
n

<0 (n+2)—(n-Dx,_ <0< x, >ﬂ?,wz3 (*) bang
n_

phuong phap quy nap. That vay,

o . . n+2 s
e Gidsirvdi n>3 tacod xn_1>—1,kh1do X, = (x,,+2)> 3
n- n n

n+2 n+2(n+2 ] n+2 n+3
+2 = >

n—1 n—1 n

Nhuw vay, (xn) giam ké tir s6 hang tht hai ma (x») bi chdn dwdi boi 0 nén theo tinh chat ctia day

N . e . , 1 n
don diéu, ton tai gidi han limx, =a, tacd a= g(a+2),a >0 nén a=1.

1
u, =§5,u2 =2
Bai 6.3: Day s0 (xn) thoa - . Tinh gi6i han day da
u_ ., +——\/ui+l+un + r; ,VneN
4n” -1

cho
(Ky yéu hiu gdp g6 todn hoc 2016)

n+1lg
2n+1

Bai 6.4: D3t S, =

2k
Z , tinh 1lim S|
E’

k=1

Loi giai: Ta c6

n+2n2+12k nLZ 2_l+2_2+¢-.+ 2n+l
n+l 2n+2 2n+2 1 2

n+1
n+2 n+1(2" 2° 2" n+2 n+2
= | e |4 = (S,+1)
2(n+1) 2 1 2 nj) 2(n+l) 2(n+1)

Ap dung bd dé suy ra limS, =1
Bai 6.5: Day (un) dwong va day (xn) c6 lim 14 0. Biét ton tai cac sO p,q € (O; 1) o tong <

1saochou ,<pu +qu  +x;Vn=123;.. Chitng minh limu =0
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Loi giai:
a-b=

q suyra a®-qga-p=0.
ab=p

Xét hé phuong trinh {

Xét nghiém duong cua phuong trinh f(x) =x>-qx—p=0,vi f(O).f(l) < 0 nén phueong
trinh c6 nghiém x =a € (O;l) vachonb=a—-q e (O;l) (chay ab=p>0).

Taviétlai: v, < (a — b)un+1 +abu, +x ;Vn=123;..<y  <ay +x;n=123.v0i

y =u_ . +bu . Nhan xét rang day (yn) thoa b6 dé nén limy =0 hay lim(un+1 + bun) =0.

Ma day (un) duongnén O<u  <u , +bu = limu

:limun =0.

Bai 7: Day (un) thoa diéu kién ‘umz -u_,|< q‘un+1 -u, |, Vn=1,2;3;..., ching minh day da cho

6 gi6i han httu han. (q la s6 dwong bé hon 1)
(Xem loi gidi sach Huynh Kinh Linh trang 64)

Ap dung: Cho day (xn) thoa x;;x, >0,4nx = (6r1—1)xn_1 —(Zn —1)xn_2 . Chttng minh day da

cho hoi tu.
Loi giai:
N 2n-1 1 \ ~ ,
Ttr gia thiét cho ta |xn —xn_1| = |xn_1 —xn_2| < E|X“"1 —X, ,| vasuy ra ket qua.
n

Bai 8: Cho day s8 (u, ) duong vaday (S, ) thoa S, =u, +u, +...+u, hoi tu. Chting minh

o S, A 1 e .
limu_=0.Néu lim—= ton tai hitu han thi két luan limu_=0 con dung khong?

I

Bai 8.1: (HSG Lao Cai 12, 2015 - 2016) Day s8 duong (u, ) va dat S, = u’ véi moin=

i=1

(Sn —1)un +u

1,23,....Biét u_, < "~ ,n=1;2;3;... Tinh limun.

n+1

Loi giai: Sach Huynh Kim Linh tr113
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Gia st (Sn) bi chan trén thi limu_ =0 do day (Sn) o gidi han hitu han. Ttr day suy ra

limu’ =lim(S,, -S,)=0.

Néu limS_ =-+oothi tir gia thi€tchota S_u_,+u_ <S u_+u_,,Vn=2;3;... vatir day suy ra
S,u, +

u A AY A,
Su +u _, <Su, +u,vn=1,2;3.. Dod6 O<u_ < %,Vn =1,2,3... va diéu nay suy ra két

n
qua.

n

Bai 9: Day (a,) la mot hoan vi ctia tap s6 nguyén duong, dat S, = Zi‘; i =1;2;3;... Ching
i=1

minh limS, =+o0.
Loi giai: Ta dung tiéu chuan Cauchy
Nhan xét: Lay s6 tw nhién N bat ki thi a

7 4 N, ~ 14 \ 4 14 /4
N1 Ay g3 eees gy €O 1t nhat N s6 1on hon N (Vinéu co it

hon N s0 16n hon N thi ¢6 nhiéu hon N s6 nho hon N+1 va diéu nay suy ra vo ly). Khi do,

3N
S,y =Sy = D, af > N _ l Ttr day 4p dung tiéu chuan Cauchy suy ra day (S,) khong c6

i=N+1 7 9N* 9

gi6i han htu han.
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

CHUYEN DE DAY SO
ON DU TUYEN 2020 - 2021
LAN 3
Noi dung: Cac bai toan vé gidi han va danh gia trén day so

Bai 1: Cho trudc s6 nguyén duong m > 1 va day so (an) c6 cac phan tr a;a,;..;a_thoa

aozl;a L=a +la2 (OSn<m).Ch1’mgminh 1- <a_<l1
2" " m " m+2 "
N e 20 A \7/ ’ 1 1 1 \ \ A
Loi giai: Xay dung dang thttc —-——= ,k=1;2;..;n. Lam tuong ty va cong
a_, a,  m+a,_,

theo v€, chu y day la day s6 tang nén 1 1 <l=a_ <1. Tk day ta danh gia
a, a

0 n
1 1 1 1 < N 1 1 m 1
—_ = > ,k=1;2;..;n va cong theo vé suy ra ———> =a_>1-
a,_, a m+a_, m+l a, a_ m+l m+2
. Va tir day suy ra két qua.

Bai 2: Cho day (an) la day cac s6 nguyén 16n hon 1 va tang ngat thoa (ai;aj ) =1,Vi#j va

lim ! L = +o0. Chirng minh day da cho chita v han sd nguyén t6.

\/alaz \/a2a3 n n+1

Loi giai: Gia st day da cho c6 httu han s6 nguyén t5 thi ton tai s6 nguyén duwong m dé

a_ lahopsOvéimoi n>m. Goi p, la udc nguyén t6 bé nhat cta ai thi cdc pi: phan biét dong
n 1
N e 2 A \ ~
thoi a, > p; néu a_ la hop so.

Khi &y, véi moin > 1 ta cd

n 1 m-1 1 n 1 m-1 1
> =5 —+y——x] ] T
. i=1 a.a.

m-1 1 1& noo m-—

< += § — 2
. 2 . 2 i2
i=1 \/Q;a; 4 i=m pi le i=1 alaHl i=m P; =1 aa; , i=l

biéu nay chiing toa day tong bi chdn trén nén vo ly.

Q)
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[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Bai 3: Cho c 1a hing s8 duong va day (an) thoa a, >0,a,,, =ca’ +a_

a. Chttng minh a_ > /c" 'n"a]"!

b. Chiing minh a, +a, +...+a_> n(na1 —1j .

C
Loi giai:
ol , 1 1 «ca 1 ! ca,
a. Tr dang thtc — ——=—"L— ——— = Z— >np/c” —; vasuyra a_>,/c"'n"al"".
anfl an an al an i=1 a n
, 1 1 ca c 1 1 cn’
b.Stt dung — - —=——"1—= =>—- > hay
.1 a, ca ,+a , ca +1 a a_ (a +..+a )+
1 cn’ . M
—2 va suy ra két qua.
a, c(a, +..+a )+n

Bai 4: Day (Xn) thoa x, =2;x_,, = ;(1/3xi +n? +2).

a. Tinh limx—“,lim (xn —n)
n

b.Cho s€ (0;1), chting minh ton tai N dé i:i.xi > %n(n+1)(2n+1) +4¢,Yn>N

i=1

Loi giai:

a.Quynap chota n<x_<n+1.Chay x_, < %(\/4112 +6n+3 +2) va ta can chiing minh

n+l —

%(\/4n2 +6n+3 +2)Sr1+2<:>\/4n2 +6n+3 <2n+2 < 2n+1>0 va danh gid nay dung. Diéu

\ 1. X_n _ 1
nay suy ra lim—=1.
n

. 3 3 2n+1 3 1 A
Lai xet xn+1—(n+1)=5(xn—n)\/ﬁ+2n<z(xn—n). 2:1- <Z_n:1' .(Xn—n) va tir day

suy ra O<xn+1—(n+1)<(2j .(n+1):>1im(xn—n):0.
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b. Xét

X_ +n 2n
o >—(xn—

) 2 2 2 n) 2
\/3Xn+n +2n \/3(n+1) +n’ +2n

3 2 3
>5 (%, -n) 4n13-2 >Z(X“ _n)ﬁ

xn+l—(n+1)=§(xn—n

Va tir day suy ra x__, —(n+1) > (%j L hay nx_ >n? +(2j ,Vn=1;2;3;... va cong theo vé&

n+1
3 n
n 1o .
cho ta Zixizln(n+1)(2n+1)+ =—n(n+1)(2n+1)+3 1—(—) . Mat khac, do
i1 6 1_§ 6 4
4

lim[l—(%j Jl:ﬂN:l—(Z) >¢,Vn>N. Tk day suy ra két qua.

Bai 5: Day (xn) thoa x, =1L;x_, =x_ +2\/Z+X£.

n

a. Chttng minh lim—-=0.
X
2

b. Tim limn— )
X

n
Loi giai:

a.Quynaptacoé x_>1,Vn=1,2;3;... va

2
Xn+1>Xn+2\/Z>(\/Z+%j :@>\/Z+%,Vn:1;2;3;...

2
. n-1 n+1 (n+1) n
Két qua nay su ra,/x >,/x = =x > =S lim—=0.
q y y n 1 2 2 n 4 X

n
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24/x +— 2+
" X_4[X .
b. Xét \x_,, —+/X, = al = ———— — 1. Ap dung Cesaro ta co
\/xn+2,/xn+n+1/xn \/1+\/2>+r; 1
Xn Xn Xn
X
lim ¥ = 1= lim 2 =1,
n n
2
Bai 6: Day 56 (a, ) thoa a, =1,a,=~,a,, =— oo Patb, =2+21 12 tinh limb,
2 1+(n+1)a, a, a, a,

Loi giai: Quang Nam TST, 2018 - 2019

a
a_ =na’ @“—”:nan—(n+1)a

n+l""n n
a
n

Taco a_, +(n+1)a

n+l n+l

=b_ = E—(n+1)a
2
Chuay (an) la day gidm dwong nén day (bn) tdng va bi chdn trén nén c6 lim va

< iaHO,Vk =1;2;3;...vado

lim(b, ~b,_,)=lim 222 =0. Do lim®* =0=3n,:a, , N

a a

n n

Iimz%ano =0nén limna_=0. Ttk day suy ra limb_= %

Nhan xét: bang quy nap, ta chttng minh dugc x_ < vasuy ra limb_= % :

n(n+1)
Bai 7: Cho day (x, ) c6 limx, =L, dat y, = XT“+ Xal +ot 2);21 +;(—111. Chting minh limy_=2L

Loi giai: Lay ¢ >0, ta ching minh 3N: ‘yn —ZL‘ <&, Vn>N

Do limx_=Lnén a:§>0 thi 3n, e Z* :‘xn—L‘<a,Vn>nl.Xét

X —L‘

ny

X —L|

n 1 1
< + ...+ +..F——

1 : 2n—n1+1 2r1—nl on on

ly —2L|:X—“+X“*1+...+ X N op
" 1 2 2o
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‘Xn _L‘ ‘an X1 _L‘ ‘Xl _L‘ M
+... e = tot Sznfnﬁl

voi M la chdn trén ctia day

Lai co: +

L

2"

. 1 .1 N A
‘xn —L‘ . Do lim = hmz—n =0 nén tontai n, : <a;Vn>n,. Vay, chon

2117n1 -1

<a,

2n—n1—1
N = max{nl;n2} thita coé IN: ‘yn —ZL‘ <g,Vn>N.

% =1
Bai 8: Cho day s& thuece (x,) duoc xdc dinh nhu sau: X2
Xoq =X, — 20”16 ,Vn=0.

. C s 1
Chttng minh rang X, < > < Xopys-

Loi giai: Dé xuat DHBTB 2017 — chuyén Ha Long, Quang Ninh
Trude hét, ta chiing minh 0<x, <1,vn>1.

+Vdi n=1 tacéd O<x1:1—i<l.
2016

+Gia st 0<x, <1.Tadi chttng minh 0< X, <1. That vay

X, (2016 — X, 2
X1 :u>0 vi 0<Xx <lva X, —X =— % 0= Xy < X <1.
2016 2016
1 2016 1 1 1 1
= =—Ft——<—+—— (%)
X1 X% (2016-x,) X, 2016—x, x, 2015
T do6 ta co
1 1 1
< +

Xpos X014 2015
1 1 1
< +
Xpous  Xoo13 2015

1 1 1
J— J— +—
X, X 2015
l =1+ L
X, 2015

24 Nam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Cong vé cac bat dang thitc trén ta c6

1 1 1 1 1 1 1 2015
+ +.+—+—< +.t—+—+1+—
X2015 X2014 X2 Xl X2014 X2 X1 2015
1 14 2015:2
Xo015 2015
= X >l
2015 2
Clang tir i:i+; ta co i:1+z;
X, X, 2016-x, X1 =0 2016 — X
Ap dung bat dang thikc
2
i+i+...+i2 K voi a,8,,...,8, >0 ta co
a a, a (a+a,+.+a)
n n+1)° n+1)°
—=1+> L .4 (n-+1) ——>1+ (n-+1)
X4 = 2016 — X 2016(n+1)

2016(n+1)->_x,
i=0

Cho n=2015 ta duoc > 2= X016 <% .

X2016

Va 1
ay Xme < E < X015+

Bai 9: Choday u, =Lu,=2,u,=3,u,,, = %(\/um1 + E/Zun+2 -1+ (‘/3un+3 — 2) . Tinh gidi han cua day
da cho.
Loi giai:

Dé chitng minh: U, >1 véi moi gid tri n > 1.

Pt day phu x, =3,x , = %(\R +3f2x,~1+43x, -2} Khi d6, ta chimg minh duoc day 1a day
giam va bi chan dwdi boi 1 nén cé gidi han va tinh dwoc gidi han la 1.
Lai chitng minh dwoc: Uy, U,,U; < X;U,,Us, U < X,;.... qud trinh nay tiép dién va dung dinh ly kep

cho ta diéu can chirng minh.
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2

Bai 10: Cho day u, =ae(-2;2),u, = Upa =1 Chttng minh Iim(un.\/ﬁ) =0
n

Loi giai:
Ta chitng minh ludn ton tai u, €[-11]. That vy, néu u, ¢[-11], vnthi u, >1Vn do tir cach dinh
nghia ta c6 U, >0 va két hop gia thiét phan chiing.

2 n+2-u u.+n+l n+2
2 —(n-i-].) = n_ “ndl >
n+l-u,, n n

n-1

Tir gia thiét, ta c6 nu, =u2, 1< n(u, —(n+2))=

Cho n=1,2,... va nhan theo véta co

1 4-u

<:>un<(n+2)(n+1)[n—+1— . J

n+2-u, (n+1)(n+2)(2+u,)
2-U, 6

RO rang, néu n du 16n thi v& phai am trong khi vé trai dwong. Dan dén diéu vo ly, vay phai ton

tai u, e[-1L1] tlt 46 suy ra u, [-1;1],vn>k -1 u, <0,vn>k. Tk day cé két qua.
n

Bai 11: Cho hai day s6 (a,), (b,) duoc xac dinh nhw sau: a,,8, >1; by,b, <0 va véi moi
neN,n>2 thi a,, b, lan lueot la nghiém duong va nghiém am ctia phuong trinh
x*+a _Xx+b _, =0.
Chitng minh rang hai day (a,), (b,) c6 gi6i han hitu han va tim cac gi¢i han d6.
Loi giai:
(bé dé nghi DH DBBB chuyén Tuyén Quang 2018)

+b.., b

n+2 °

);vneN ).

Theo Viet ta c6 a, =—(a )=a Suy ra

n+2

(1a

n+1 n+1 n+2

a,—a,, n+2 n+2

Néu ton tai N, € N sao cho 1-2a,, ., 2 0 thi (*) cung vdi by, ;) <0 suy ra

&y, <8y, S1=>1-a,, 20. Ldp lai li luan trén suy ra a; <1, diéu nay 1a vo 1i. Vay

&, >1=1l-a, <0=a,, >a,,, >LVneN.Dodoé day (a,,) giam va bi chin dudinén c6
gioi han hitu han, lima,, = A>1.

Tuong tu cho day (a,,,,) cling ¢ giéi han httu han lima,,, = A >1.
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b,, +a,, =—a,, b,, =—(a,,,+a,,)
Vi { 2n 2n 2n-1 N 2n-1 2n nén
By + Ayn,y = —ay, 2n+1 (a on T a2n+1)

limb,, =—(A+A)
{Iimb2n+1 =—(A+ Ai)

a, b, =b, . {A(A+A) A+ A
AR A) =A+A

= 3limb, = —(A+ A).

Thay vao hé thtrc { =A=A=1

a2 n+1b2n+1 = b2n

Vay lima, =1limb, =—
Bai 12: Cho day (xn) thoa x, =L;x,, =2’ +1-x

1. Chttng minh day da cho hoi tu va tinh lim x_.

o , . n
2.bat S, =x, +x, +...+x , chtng minh S > —

V3
Loi giai:
1. Day da cho bi chdn trén vung (0;1) va f (x) =+x” +1 — x 1a ham nghich bién nén chia lam

hai day, tir d6 cé két qua .

Hodc dat a = %, ap dung dinh ly Largange d€ co: ‘f(xn) - f(a)‘ = ‘f'(cn) Jx, - a‘ Vi gia tri

“ . A 1 1 1
c e(x ;a)hoacc e(a;x).La1cox >1nén x . = > >—nénc >—
n n n n n n

s Jo© +1l+x, J2 +1

nén tir day sé co két qua.

T do: ‘

\ P 1 3

‘\/1+c \/1+ci(\/1+ci+cn) J10

2. Cong theo v&ta cd dang thic S, , +S, =D /x> +1+x, >/S?+n* +1.Ma x,, <1,Vnnén
i=1

c6 danh gia: 28 > /S? +n® < S > ——~.Cht y ddu bing khong xay ranén chi cé S, > —-.

V3 SVE]
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) , u, =2,U, =a,
Bai 13: Cho céc so thuc a,b>0 va 1<a’-4b<4, xét ddy so (u,) thoéa man { ° '

tuc xét day s6 (v,) duoc xac dinh boi

v,=Clu, +Ciu _,a+C2, o’ +--+Clua".
a) Chang minh rang ton tai s6 thuc a dé limv, =0.
b) V6i o & trén, dat lim(V, +V, +V, +---+V, )= L. Chiang minh rang L =1.

Loi giai: Bé xuit DHBTB 2019 — Lao Cai
a) Phuong trinh déc trung x* =ax-b ¢ 0< A <4 nén cd hai nghiém phan biét 1a x,x, va
% —%,|=vA <2,
Tir d6 dé dang tim dugc cong thirc tong quét ctia diy s6 (u,) 1a u, = X" +xJ.
Thay vao v, dugc tong cua 2 nhi thizc Newton nén

vV, =(X, +a)"+ (X, +a)".

Chi can chon a d& -l1<x +a<x,+a<1, diéu nay thyc hién duoc vi khoang céch gira 2

nghiém nhé hon 2, ta ¢ thé chon truc tiép o = —% .
b) Do lim((a + xl)n + (a + xz)n) =0

Tir cong thuc, thay vao tinh tong cap sé nhan, ta co

1—(a+x1)”+1—(a+x2)”]: 1,1

nm<vo+v1+Vz+'“*V"):”m[1—<a+x1> 1-(a+x,) | 1-(a+x) 1-(a+x)

1 1
I-(x,+a) 1-(%+a)

Hay: L=

Gia sir L=1 thi quy dong bién ddi, ta c6 a? —aa +b =1. Phuong trinh ndy c6 nghiém la

_—at<a’-4b+4

a, =
12
2

at+va’-4b

2

—a++a’—4a+4 i

nénnéu a =, = >

Chay rang x,, =

e Ja?—da++a’—4a+4
2

_ Ja’—4a-+a?—4a+4 .

X, + >LX, +a 5 (-11).
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Diéu nay suy ra lim v, =+ do lim(oc1 + a)n = +o0; lim(x2 + a)n =0

Twong tw Néu & = e, thi x, +a < -1, khong théa.

Vay diéu gia str 1a sai va ta ludn co L =1.

Bai 14: Cho day cac s6 duong (xn) thda x, = 2;x" = 2", + n. Chtng minh rang day da
cho c6 gidéi han httuhanlaLvaL < 3.

Loi giai:

Dé c6 day la day tang.

Laixét: n =« -« =(x, —x )(x”‘1 +x" P+t x"‘l) >n.2""(x, —x,_,) hay suy ra
n n-1 n n-1 n n 1 n-1 n n-1

1

Cong theo v&€ d€ co: x, —x, < +ot % <1 haysuyra x, <3,vn=12;...

2n—1
Vay day la day tang, bi chan trén bdi 3nén cd gidihanlaLva L <3

Bai 15:

1. Cho day s8 (x, ):x, =1 e ...+%, chiing minh véi bat ki gia tri a > 0, ludn ton tai n, khac 1

dé {xno} <a.

2.Chodayso x, =1;x_, =x_+ 2_n' chiing minh véi bat ki gia tri a > 0, ludn ton tai n, khac 1
X

dé {x, | <a.
Loi giai:
Ta chi can chting minh mét day 6 hai tinh chat: limx_ =+, lim(xn+1 -X_ ) =0 thi bai toan van

dung.
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Do limx_ =+o0 nén v6i moi s6 t nhién m ludn ton tain d€ x_, <m <x_ va dong thoi do

X, ., —X, <lnén x_, <m<x, <m+1:>{xn}=xn—m<xn—xm1 va voi llm(xml—xn):O ta suy

n

ra két qua.
s ~ A 5 2 , . N by <A A
Bai 16: Day so (an) thoa a :[ n’ + (n +1) }, chirng minh rang ton tai vo s n sao cho

>]l=a . —a_ .

n n-1 n+1 n

Loi gidi: Dt b, =n’ +(n+1)" thi
lim(bml—bn)=\/§:>‘v’g>0,3N:\/E—1—5<an+1—an <\/§+1+5 va chon ¢ dunho dé
\/E+1+8<3,\/E—1—6‘>0thi ton tai n, dé O<a,,,—a,<3;vn>n, hay a , —a, 6{1;2},Vn>n0.
Néu a_,,—a =1, véimoi n>n, >n, thi {bn+l}_{bn} >\/§—8—1 va tir cach chon & dau bai ta cd
\/5—1—5>0 thi {bn+l}—{bn}>\/§—5—1,Vn>n11£1p sai phan suy ravo ly.

Néu a_,,—a_ =2; véimoi n>n, >n, thi {bn}—{bn+l} >2—\/§—6‘, Vn >n, va lap sai phan cling suy

a =2.

n+1 n

ra vo 1y. Vay c6 vo han gié tri n dé a ., —a =1la
Bai 17 : (IMO shortlist 2015) Cho day s6 dwong a,;a,;...;a ;... thoa

> L, E=1,23,...

a
a,f+k—1

k+1

Ching minh a, +a, +...+a, >n, Vn = 2;3;4....
Loi giai : Tt gia thiét ta c6

k k-1 n
a, 2———:>a1+a2+...+an > —
ak+l ak a

n+1
Ta chtiing minh quy nap, n =2 thi ménh dé dang. Gia st ménh dé ding khin=2;3 ...k, ta c6
a,+a,+..+a_=2nn=2;34;..;k

<1 thitach

Néu 0<a,,, <1 thi két qua quy nap ding, néu O<a, , <

<1.

k
a,+a,+..+a, +a,,>2—+a,,, 2k+1do0O<a _, <

k+1 —
ak+1

30INam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

k
Bai 18 : Cho 2k s6 thuc a,;a,;..;a,;b,;b,;..;b,, Xac dinh day s6 (Xn) théa X :Z[ain+bi:|.
i=1

k
Chttng minh rang néu day (Xn) la cap s6 cong cong sai nguyén thi Y a, nguyén.
i=1

Loi giai :
Kk k
bat A=) a,B=> b - Tacod :an+h -1<[an+h]<an+h,
i=1 i=1

Suy ra An+B-k<X, <An+B.

Gia st {X,} la cdp s6 cOng vdi cong sai d, khi do nd=X, - X, va A+B-k<X, <A+B

Vi X, ,=X,+nd néntaco:

An+)+B-k<X,+nd<A(n+)+B<=An+A+B-k-X, <nd<An+A+B-X;
A+B-X, X +k-A-B

d-———<A<d+ ; Vn, cho n tién ra vd cung va luu y
n n

A+B-X;X +k-A-Blahingsdnénd<A<d=A=d
Ma d nguyén nén A nguyén.

Bai 19: Cho day s6 thuce (Xn ) dwoc xac dinh boi cong thiec:

X, =LX,,, =X, +2i voi moi n=1,2,3...
X

n

Chttng minh rang:

a) n</nx, <n+%Hn, véimoi n=1,23... trong do H, :1+£+---+1.
n
b) [9%,,]=81 (ki hiéu [x] 1a phan nguyén cta s6 thuc X).

Loi giai: TST Ha Tinh 2017

1 A . :
a.Do X%, =x’+-—+1, X{ =1 nén ta chtrng minh quy nap x; >n.

n

V&i n=1 thi ménh dé dung. Gia sir ménh dé dung dén n, tacla x> >n.Suyra

1
X2, > n+1+F >n+1 diung. T do ta co \/ﬁxn >n.

n

Laicd X2 =%, +—— +1="’:X12+(n_1)+n2_1 : <n+1”§‘£
: n n-1 4X§—1 k=1 4X|f B 4=
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1 1Y 1
<n+ZHn<(\/ﬁ+—Hnj = nxn£n+EHn.

6/n

b. Ta chiing minh Hy <6.
Trudc hét ta chimg minh bt dang thie: H_ <1+Inn.
That vay, xét ham sd
f(x):ln(x+l)—lnx—izln 1+1 L Vx>0
X+1 X X+1
1 1

f,(x):_X(X+1)+(x+1)2 <0,V¥x >0 nénham sd f (x) giam trén khoang (0;+o)

= f(x)>0,vx>0, hay il<ln(x+l)—lnx (*)
X +

Ap dung BDT trén ta c6 :

1+%+---+é<1+In2—|n1+|n3—|n2+---+In81—|n80:1+ln81<6

Tir o : 81SJﬁx81<81+%H81<82:>[9x31]:81.

8 —_—
Bai 20: Day (x, ) duong thoa man (8x, —7x,)x] =8; X, X, —X; = =% k=2;3;4;...

Xac dinh diéu kién cho x, dé day di cho hi tu.
Loi gidi: Ta can thu gon ddy da cho, goi y rang (8xk+1 —7xk)xi — 8. Bién doi tir gia thiét

9
8X, X! — X} _8——7x +8

k-1 Xk—l
7 s X Xe
S BX X — 7% = — (8%, — 7%, )+8—-8—

k-1 X
X8
,

& (8Xy = 7%, ) X =8+ ((8xk 7xk_l)xk_1—8)

k-1

X81_XE

7 1
Tur dy suy ra (8, — 7%, )X =8:(8X,, — 7%, )% =8 hay x,_, = 3% +—. Tir day ta suy ra day da cho
Xk

ludn hoi tu vé1 moi gia tri X .
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Bai 21: Day (xn) thoa x, =Lx , = g(i«/xn + i2], tinh lim 2»
n\ ;1 n

Quy nap: n < x, <n+2Jn
Ta chitng minh theo quy nap, chta y danh gia

<z(g(¢;+i)}z£n %lex/_l

n n
‘. ~ , 1 n
Bai 22: Day (xn) thda x, =1L;x , = 3 2x +— |;Vn =1;,2;3;...
x

X
n

N

Ching minh x < \/; va tinh lim
Loi giai:
Cau a, chican quy nap vn-1<x, < NS

Bai 23: Cho day s6 (xn) xac dinh boi x; = Lx, ; = %an + Z_nJ

e
1) Chitng minh rang ,3[(71 - 1)2 <x, < io’/n?, Vn = 3;4...

2) Tinh lim 222l — %
3\/ nz — xn
Loi giai:

1/ Dé thay, cac phan tir cia day déu dwong.

Ta chitng minh bang quy nap

- n = 3 thi ménh dé dung. Gia st ménh dé dang khi n = & > 3, ta chttng minh ménh dé dung
khin=Fk+1.

Xét ham so f(x) :%(x—i-%j thi f'(x)=%(1—%j <0, Vx e(gl(k_l)Q;é/k_gj ttr d6 suy ra
X x3
)= £ = U va f(x)gf[e/(k_lf} de+ 1) s (k1) <, < ¥ nentaco

VR? <x, | < ,3/(13 +1)° hay ménh dé dtng khi n = & + 1, tir d6 suy ra diéu phai chimg minh.

n

3,
n2

2/ Tt cau a va ap dung dinh ly kep, suy ra lim =1. Ta c6 bién do6i sau
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xn+1_ n_g

) 2[L_xJ_g(%-@)(%7+%@+xn)
xn+1 xn gé/n—z-i-%/;\/g-i_xn
T, 3 ()

+\/g+ n
o i, +x, _hml o -
\/7”(\/7” \/7 x”L\/Z+1

] =% hay c6 két qua lim 2zt %0 _ g,

Ma lim

3
\/TLQ - X

n
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CHU DPE DAY SO 2021 - 2022
DAY SO SINH BOI NGHIEM PHUONG TRINH

Bai 1: Vi mdi s6 nguyén duong n, ta dit x_ 1a nghiém thudc (O; 1) cta phuong trinh

cosx =nx (da ching minh day la nghiém duy nhat trén vung (0 ; 1) cua phuong trinh nay).
a.bat S =x, +x, +..+x_, chtng minh limS_=+o.

b. Tim s6 thuc a dé lim(rf‘.(nxn —1)) 1a mot so thwe khac 0.

, . N X, X, X X n+1
c. Chting minh rang 1 +-—2+—=2+..+—=>n+In——;Vn=1,2;3;...
XZ X3 X4 Xn+l 2
Loi giai:
2 2
/4 X Xn 2 \ \ A A
a.Taco costl——;Vxe(O;l):nxn =cosx, 21-—"=x_ =————— vatir day suy ra cau
2 2 n++n”+2
a.

- , 1 ) . )
b. Ta cling co nx, =cosx, <l=>x <—=limx =0=limnx_ =limcosx_ =1.

n

Lai c¢6 danh gia:
2 4 2 2 4 2.2 2.2 2.4
x> X X x> X n’x n’x>  n’x
cosx<l-—+—=-"t<nx -1<-2+ 2 ——n<n’(nx —1)<——24—0
2 24 2 2 24 2 2 24

Ma limnx, =1; limn®x} =0 nén suy ra limn’ (nx, —1) = —%. Twr day suy ra

limn*(nx, —1)= —% hay a = 2.

c. Theo dinh ly Lagrange va luu y day (xn) giam thi

—Sll”l&'.(Xn _Xm—l):COSXn —COSX_ 4 :1’1(Xn _Xn+l)_xn+1

X 1 1
)<:> o= —+1> +1
X n+sineg n+1

SX =(n+sin8)(x -X

n+ n n+l
n+l
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Cong theo vé€ va luu y: 1+1+...+l>ln 1+l +In 1+1 +...+1In 1+l :lnn—+1 va suy ra
2 3 n 2 3 n 2

két qua.
Bai 2: Vi mbi s8 nguyén duong n, xét phueong trinh x =/nx* +1.

a. Chitng minh phuong trinh ludn c6 nghiém dwong duy nhét va ki hiéu la x_.

b. Tinh lim X—“;lim (xn —n) .
n

c. Tim s6 thue k d€ limn* (X—“ - 1) la modt sO thwe khac 0.
n

Loi giai:

a. Tu 1am, can lily thira 3 hai v& d€ xét ham sd cho dé.

b. Tt bang bién thién va két hop f(n)<0;f(n+lj >0=>n<x, <n+l, vn=12;3;...

n n
x ) (x 1 ’ X X

c. Ttr gia thiét ta co (—“] .(J—lj—S:Iim[[x—“J n’ [—“—1)}1z>limn3 [—“—1}21 do
n n n n n n

lim = =1,

n

Néu k > 3 thi limn* (X—“— ]:lim n*?n’ (X—“—lﬁzwo vi limn® [X—“—1j=1;limnk‘3 e
n n n

Néu k <3 thi 1imnk(x—n—1j=1im LI (X—“—le:O vi limns(x—“—ljzl;lim 0.
n n n n n

Vay, k =3 la gid tri can tim duy nhat.

Bai 3: Vi mdi s6 nguyén duong n, xét phuong trinh L + 1 . X
x-n x-n-1

a. Chting minh rang phuong trinh da cho ludn cé 3 nghiém phan biét a_<b_<c, .

b. Tinh lima_;lim b—“; lim Sn .
n n
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c. Tinh limn(bn —n) .

2

4+(n+1)2 +n+1

d. {b,}< , Vn=2;3;4;... (Ki hiéu {..} 1a phan l¢)

Loi giai:
c. Tt bang bién thién, ta da c6 b, 1a nghiém duy nhét ctia phuong trinh trén (n;n+1).

1 1

Str dung bang bién thién va xét ham s6 f(x) = + —-X €0
x—n x—-n-1
f n+L :n+2—n+2—n— 1 >0;f n+L :n+1—n+1—n— 1 <0 va diéu nay suy
n+2 n+1 n+2 n+1 n n+1

ra n+

<bn<n+L hay suy ra <n(bn—n)<L1;Vn:1;2;3;...

n+2 n+1 n+2 n+

Theo dinh ly kep ta co: limn(brl —n) =1.
d. Ta nhan xét rang cau d chin bat dang thirc chit hon cau ¢ (b <n+ Ll)
n+

Do n<bn<n+1:[bn]:n

Dit y, =b, —n=y, ={b_} vatigia thiét cho ta: yn+r1=yi—1_1y <yi—1 va tir day giai bat

phuong trinh suy ra két qua.
Bai 4: V6i mdi n nguyén duong 16n hon 1, xét phwong trinh x =¥/x+1 +{/x+2
a. Chting minh rang phuwong trinh luén cé nghiém dwong duy nhat x_ .

b. Tim limx_.

c. Chting minh: x_>2+ 22 ,Vn=2;3;...
20n-9
Loi giai:
a. Tw lam.

b. Xét n > 2, theo bat dang thitc Bernoulli ta cé:
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1
&1:#xn+1+#xn+2<1+§£+1+ +X“:zxn(1—2j<2+¥£¢>xn<2n+1.
n n n n n-2

2n+1

Mat khdg, tit bang bién thién cho ta x_ >2 nén 2<x_< >
n J—

= limx_ =2 theo dinh ly kep.

c. Véin=2;n=3 thi x,;x, >3 nén kiém tra bat ddng thtrc dung. Ta xét n>4 thi tir bang bién

thién ta co f( ) (\/_+\/_) (x/Z+(‘/§)>O nén 2<x_<3.

+1
X, —2=———n > L (Do 2<x, <3)
f\‘/(anrl)1 zn X, +2 X +1 x +2) n’ s
i=0 i=0
NPT 22
Va diéu nay suy ra x_ >2+ .
" 20n-9

Bai 5: V6i mbi s8 nguyén duong n, xét phwong trinh cos” x =x ¢ nghiém thudc (0;1).
a. Chiing minh rr‘&ng phuong trinh da cho luén c6 nghiém duy nhat va ki hiéu la x, . Tim

limx .
n

b. Chiing minh réng X, >L; vn=1,2;3;....
n+1

c. Chttng minh rﬁmg X, > ;; vn=1;2;3...

Jn+1+1
Loi giai:
a. Xétham so f_ (x) =x—cos"x=f"_ (x) =1+nsinx.cos" ' x >0;Vx e (0;1) nén day la ham s6

dong bién trén (0;1). Mdt khac £ (O) =-1;f (1) =1-cos"1>0=f (X) =0 c6 nghiém trén (0;1) va

day la nghiém duy nhat.

Lai co: £ (Xn+1) =X, ., —C0s" X . =X_, (1 - ] <0= f(xn ) =X, ,, <X, hay day la day giam.
COSX_

Ma lai bi chdn dudi nén ton tai lim, ddt limx_=Le [O; 1) .NéuL >0 thi limcos"x_=0 do ton
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taigid triM dé€ M<x_ <1;,Vn=1;2;3...= 0<cos"x_ <cos"M <1; limcos"M =0. Trong khi d¢,
limcos"x_=limx_ =L>0 nénvoly. Vay L=0.

b. St dung dinh ly Lagrange ta c6 x_—1=cos" x_—cos"0=-n.sing.cos" ' ex_, ¢ € (0; xn) hay
. - 1
suy ra 1-x_=nx_.sine.cos"' e <nx_ = x_ > =1
n+

2 1
> .
J1+4n+1 Jn+1+1

c. Cling ttr cau trén, lai co sing <sinx_ <x, =1-x_< nxi =X, >
~ I . X

Bai 6: Vi moi s6 nguyén duong n, xét phuong trinh ) cos' = =nx.
i=1 1

a. Chttng minh phuong trinh luén ¢é nghiém duwong duy nhat va ki hiéu la x_.
b. Chting minh cos" x > 1—%nx2;Vx € (0;1) .
c. Tinh limx_ .

Loi giai:

a. Ty chitng minh, ngoai ra ta con c6 x_ € (0;1).

b. Xét ham so f (x) =cos" x va dung dinh ly Lagrange.

c. St dung cau b duwa dén danh gia: 1>x_2 lz
n

i=1

2 n n
1—X_. =1—xil. lzl—iz;})‘()ngthb’i
21 11 21’1 i=1 1

- 1

dung dinh ly Stolz suy ra lim =l_0va dung dinh ly kep ta c6 limx_=1.
n
Bai 7: Vi mbi s8 nguyén duong n > 1, xét phuong trinh x" =2x+1.
a. Chting minh rang phuong trinh ludn cé nghiém dwong duy nhat va ki hiéu x_.
b. Tinh limx_ theo hai cach (dinh ly Weirestrass va kep).
c. Tinh Iimn(xn —1) .

d. Tim s8 thyc k d€ limn* (x, —x_,, ) 1a mdt s8 thurc khac 0.

39 I Nam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

Loi giai:

Bai 8: V6i mdi s8 nguyén duong n xét phuong trinh 2x = Ix+n++4x+n+1
a. Chttng minh phuong trinh luén ¢é nghiém duwong duy nhat, ki hiéu la x_.

X
n

I
c. Chttng minh Vyn+n < X_;Vn va tinh Iim(xn —\/H)

b. Tinh lim

Loi giai:
a. Ty lam.

b.

X
n

Jn

Cach 1: Danh gid vn <x_<vn+1=lim-~=1.

n \/H n n n

2
Cach 2: Danh gia: xn<\/H+1:>IimX—“:O:>1im “n :lim[\/x—“+1+\/x—“+1+ljz2 va suy ra

két qua.

c f (x)=2x—\/x+n—\/x+n+1 dong bién trén (0;+o0) va cd

fn(\/n+\/;j<O;fn(\/n+\/;+2j>0:>\/n+x/;—x/;<xn—\/g<\/n+x/;+1—x/; va diéu nay

suy ra lim(xn —\/;)=%.

Bai 9: V6i mdi n nguyén duong , xét phuirong trinh

1+ ! +..+ ! =0

X x-1 X—n

thudc khoang (0, 1)

a. Chting minh rang véi modi n nguyén duong thi phuong trinh ludn cé nghiém duy nhat 1a xa
thudc khoang (0, 1)

b. Chttng minh day {x~} hdi ty; hay tim gidi han do.

Loi giai:
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Xét ham so f (x)=l+ ! n ot ! lién tuc trén (0;1) va nghich bién trén (0;1) dong thoi
X X-— X—n

lim £ ( ) +oo; lim f ( ): —o0 nén phuong trinh f_ (x) =0 c6 nghiém duy nhatla x_e (0;1).

x—0" x—1"
Ta c6 fari(Xn) = fa(Xxn) + 1/(xn-n-1) = 1/(xn-n-1) < 0, trong khi d6 fn+1(0*) > 0. Theo tinh chat caa ham
lién tuc, trén khoang (0, xn) c6 it nhat 1 nghiém cua faa(x). Nghiém d6 chinh la xna. Nhu thé ta
da chitng minh duwgc Xni < xn. Ttec 1a day s6 {xn} gidam. Do day nay bi chdn dwdi boi 0 nén day so
c6 gidi han.

Ta sé chiing minh gi6i han néi trén bang 0. D& chitng minh diéu nay, ta can dén két qua
quen thudc sau:

1+1/2+1/3+... +1/n>In(n)
(C6 thé chitng minh dé dang bang cach stt dung danh gia In(1+1/n) < 1/n)
That vay, gia st lim x» = a > 0. Khi d6, do day s6 giam nén ta c6 x» > a véi moi n.
Do1+1/2+1/3+...+1/n > wokhin = wnén ton tai N sao chovéimoin>Ntaco 1+1/2+1/3
+...+1/n>1/a.
Khi dé véin>Ntaco

1 1 1 1 1 1 1 1 1

<—+—+—+..+—<———=0
X, X,—1 X,—nh x, -1 -2 -n a a

n n n n

Mau thuan. Vay ta phai c6 lim x» =0.

Bai 9.1: V6i mdi n nguyén duong thi phwong trinh —— + ——— \/_ \/_ =0 clng

J_

c6 nghiém duy nhat x_ e (0;1) .Tinh limx .

Bai 10: Cho phuong trinh x" =nx+1, n la s6 nguyén dwong 16n hon 1.
a. Chttng minh phuong trinh luén ¢é nghiém duwong duy nhat va ki hiéu la x_.

b. Tinh limx_.

c. Chttng minh (n+1)(xn —xml)z X, —I—L;Vnz 2 vate désuy ra
nx

n

1 1
=1+=+...+—.
2n  n " 2 n

Loi giai:
a. Ty lam, ngoai ra con chi ra dugc x_>1.

b. Dat f (x) =x"—nx—1 la ham s6 dong bién trén (1; +oo) khin>1.

7 X \ «A? 1 \
Xét n=2,n=3 dé dang kiém tra x_ >1+— va
n
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f (1+lj=(1+lJ —n(1+1]—1<3—n—1—1<O;Vn>3

n n n

Két hop su dong bién cho ta két qua: x_ > 1+ Ly
n

2 2 Y 2
Tacd f|1+—— |=|1+—=| —n|1+-|-121+2n+2(n-1)-n-2Yn—-1>0, véimoin > 1.
() () (n=1)

Tt day ta co: 141« X, < 1+ va suy ra két qua.
n n

c. Ta chttng minh dwoc ( ) la day giam va theo Lagrange

b (%) = foun (o) = (04 1) (&7 =) (x, =%, ) &, € (X,00%,)
<:>x: (n+1)x —1<(n )(x —1)( n+1) (n+1)nxn(xn—xn+l)

Tt day suy ra két qua.

Lai st dung két qua nay ta co: (n+1) L Snx, +1+L<nx +1+L; n=2;3;4;... cong theo
nx n+1

v&suy ra (n+1)x,,, <2x,+n- 1+;+i+ +ﬁ va suy ra két qua. Lru y 1a x <§
Bai 11: Chting minh rang v6i mdi s6 nguyén duong n thi phwong trinh X" + X"+ 4 x = 2
ludn c6 modt nghiém duong duy nhat. Ky hiéu nghiém dwong dé 1a x,, chitng minh rang day s6
(X,) ¢ gi6i han hitu han va tim gi6i han dé.

Loi giai: Quang Nam TST 2019 — 2020
Dat f (X)=x"+x""+---+x-2,neN".Véimdi neN" tacod f (x)1a ham s6 lién tuc, dong bién
trén [0;+). Lai co f,(0)=-2, XILrEO f,(X) =+ nén phuwong trinh f (X) =0 c¢6 nghiém duy nhat
X, €(0;+00). Véi n=1thitacd x, =2.Véin=2 tacd x,=1.Véin>3 thi f (1)=n-2>0 suyra
X, <1.Do d6 x, €(0;1),vn>3.

oot X  —2=—X"1<0

Hon nita véimdi ne N thi f,(X,,,) =X, +X\ o

Suy ra X,,, <X, hay (x,) 1a day sd don diéu giam, vi Véy day (x,) co giéi han hitu han. D4t
n+1
- 2 7. \ n _1
L=limx,,L e[0:1) . Tir gia thidt, v6i n>3 thi X"+ X"+ +x —2=0 0 =3
X —

n+1

=0 ta duoc _—1=3<:> Lzé.

Lay gidi han, két hop voi limx,
Vay limx, =—
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Bai 12: Cho s6 thuc a>2. Dat f (x) =a"x"™ + X" +...+ x+1(n=1,2,..)) . Chtng minh rang véi
mdi n phuong trinh f (x) =a cé dling modt nghiém X, e (0;+00) . Chitng minh day s& (x,) co
gidi han htu han khi n — +c0 va tinh giéi han nay.

Loi giai:
V&imdi n, dat g, (x) = f (x)—a; khi dé g, (x) 1a ham lién tuc, tang trén [0;+) . Ta co
g,(0)=1-a<0; g,() =a’’ +n+1-a>0 nén g,(x) =0 cd nghiém duy nhat x, trén (0;+w) D&

chimg minh ton tai gi¢i han limx,, ta chtiing minh day (x, ) tang va bi chin.
n—o

1 n+l
n+10 1_(1_j n+l 9
s e ] e o)
a a 1 a a
a

1 n+l .
—a|1-=| ((a-1°-1)>0

a

Suy ra x, <1—i vn
a

Mit khéc, tir g, (x,)=a"x]" + X7 +...+1-a=0, suy ra

X,0, (%) =a"x" +x1" +...+ X, —ax, =0

= 0o (%) =%,0, (X, ) +1+ax, —a=ax, +1-a<0 dox, <1—§.
Do g,,,; laham tdng va 0=9,,,(X,.1) > 9p.1 (X,) nén x, <X,,,. Vay day (x,) tang va bi chgn nén

ton tai limx,

n—o

1 . n . . A , 1_Xn+l A . . A
Do 0<x, <l-=<1=lim(x,)" =0, tir gia thiét ta c6 a'x""*° +- =2, 18y limhai v&suy ra
a —X
. 1
limx, =1--.
a

Bai 13: V6i mdi ne N', xét ham s6 f_(x) =x*" +sin2x véi xeR.

1/ Chting minh rang ham f (x) dat gid trj nho nhat tai 1 diém x, duy nhat.

2/ Goi u, 1a gia tri nho nhat ciia ham f, (x). Chting minh rang day (u,) c6 giéi han hitu
han.
Loi giai: Vinh TST 2019 - 2020

2n
1/ Tathay f,(x)>0 vdimoi x ¢[-1,0]. Mat khac f, (%j = (——J -1<0
nén min,_, f,(x) <0.Do d¢ ta chi can xét f, (x) trén [-1,0]. Ta cd
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f '(x)=2nx""+2cos2, f "(X)=2n(2n—-1)x*"? —4sin2x >0
véimoi xe[-1,0]. Suy ra f,'(X) dong bién trén [-1,0]. Mat khac
f '(<1)=-2n+2cos(-2) <0, f (0)=2>0

va f,(x) lién tuc nén phuong trinh f, (x) =0 ¢6 nghiém duy nhét x, €[-1,0] dong thoi f, '(x)
doi dau tir am sang dwong khi x qua x, do d6 ham f (x) dat gia tri nho nhat tai x, duy nhat.
2/ Tacod u, =min,_ o, f (x)=f (x,). Voi xe[-1,0] ta co f,,(X) = x*"? +sin2x < x*" +sin2x = f, (X).
T désuyra U, = f,, (X)) < fra (%)< f(x)=u,, vn=12..
Do d6 (u, ) 1a day giam. Mt khac u, = f, (x,)=x3" +sin2x, > -2 v6imoi n nén (u, ) bi chan.
Vay (u,) la day giam va bi chgn nén c¢6 gidi han hitu han.
Bai 14: Cho phuong trinh (x - 1)n + (x - Z)n = x, véin la s6 nguyén duong lén hon 1

a. Chtitng minh phuong trinh luén c¢6 nghiém lén hon 2, ki hiéu la x_, tim limx .

b. Tinh limn(xn - 2)
Loi giai:

n-1

a. Xét fn(x)z(x—l)n+(x—2)n—x:>fn'(x):n(x—1) +n(x—2)n_1—1>O;Vx>2 nén

ham s6 nay dong biéh trén (2;+w). Dong thoi £, (2) < 0;f,(3) = 2" +1-3 > 0 nén phuong
trinh lu6n c6 nghiém trén (2;3) va day la nghiém duy nhét.

Lai xét: fn(2+lj:[1+1] +i—2—1>1+lC}L+iCZ—2—1>O;Vn>2 . Diéu nay
n

n n" n n n® " n

1 .
suyra 2<x <2+— vasuyra limx =2.
n n n

b. Ttr cau a, va do lim(xn - 2) =0= lim(xn — 2)n = 0nén lim(xn - 1)n =2

= limnln(xn —1) =In2 = lim{n(xn —2)%] =In2.
x —

ln(xn - 1)

x_

n

Lai ¢6 lim(xn2)=0z>lim[ J=1:>Iimn(xn2)=ln2.
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Bai 15:V6i mbi s6 tu nhién n > 0, chitng minh rang phuong trinh > — 1 ~ = 1 ludn
i1 L(l + 1)(x + l)

c6 nghiém duong duy nhatla x va tim limx .

Loi giai:

ey 1 1 3 1 N
Xeehamss ()= g a Ry O Oy

ham nghich bién trén (O; +oo) . Mt khac

F(2)e L, L L 11 1 )1
fn(0)>0’f”(2)_1.2.3+2.3.4+m+n(n+1)(n+2) 4 2[2 (n+1)(”+2)J i

Vaysuyra f, (x) = 0 c6d nghiém trén (O; 2) va day la nghiém duy nhat.
Lai co: f, (2) ~f, (xn) =f, '(c)(Z - xn);c € (xn;Z) nén

1 2 1 N 1 RS T
2(n+1)(n+2)_;i(i+1)(c+i)(2 ) ;i(i+1)(2+i)(2 ) 4(2 )

Vay: >2-x >0=limx =2.

(n + 1)(n + 2)
Bai 16: Cho phuong trinh > 1

P N e YN

phuong trinh da cho luén ¢6 nghiém duy nhatla x , tim limx .

=1, chitng minh rang v6i moéi n > 23,

Loi giai: Twong tu bai 15.
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ON TAP DAY SO DU TUYEN
LAN 1 - Ngay 26/7/2021

nu’ +1
n .

m (n+1)' =1,2,3,...

Bai 1: Cho day s3 (u, ) théa u, =2;u

n+l
a. Chtiing minh day sd da cho c6 gii han hiru han va tinh gidi han dé.

b. Tinh lim(l+i+...+i—(n+1)un+z].

u u u,

Loi giai:

u, + va quy nap suy ra u_ <1+l; vn=2;3;... valai cod
n+1 un(n+1) n

n T (g — n 1 NPT
—1)_(11 1)(n+1 un(n+1)J va tir day cing suy ra 1<u,_ .

Do dé: limu_ =1.

‘oo 1 1 1 o s
b. Ttr gia thiét ta co (n+1)un+1 -nu_ =—:>(n+1)uml -u,=—+—+..+— vachuyrang

un ul u2 un

lim(n+1)(u,, —u,)=0 nén suy ra két qua.

, 2u’ +3u_ +2
Bai 2: Day so (un) xac dinh thoa u, =1;u T TS

n+l

3u, +2
a. Tinh gidi han day da cho.
b. Tinh limgfju, -2
Loi giai:
a.Taco: |u_, - ‘: ;1;: :; Ju, —2‘ vado u_ >0 nén 5:11::; <%, diéu nay suy ra

‘u ,Vn=2;3;...

n+1

—2‘<Z un—2‘<...<(gJ ‘ul—Z
3 3
Vay limu_=2.
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, u ,, —2
b. Ap dung dinh ly Cesaro dang nhan, ta c6 lim‘r‘;z“ _2 nén lim gflu, —2‘ = ;
u —
, u, =3 3
Bai 3: Cho day s6 (u,) dwoc xac dinh boi § . Chting minh rang day
u,,,—3u,,, =+/2+U,, Vn=>1

(u,) c6 gidi han hitu han va tim gi6i han doé.
Loi giai:
Ta chttng minh quy nap: u_>2;vn=1;2;3... va chitng minh quy nap day la day giam nén suy

ra day da cho c6 giéi han hitu han la L. Lay lim hai vé suy ra L = 2.

Bai 4: Cho day s (u,) xdc dinh béi: Uy =1, U, =——2——VneN.
n“u, +u; +1

a. Chiing minh day (S, ) xac dinh boi S| =u, +u, +...+u, bichin trén.

b. Tim lim n®u, =?.

nN—+o0

Loi giai:
a. Ttr gia thiét unﬂ:%VneN ta 6 un+l<l:—”:i2VneN* nén (S,) xdc dinh boi
n“u, +u; +1 n‘u, n
n
S, =) u, bichdn trén.
k=0
~ \ un /4 1 2 1 1 1 2
b.Cingtir u,,, =——"5—"VneN taco —=n"+U +—VNeN < —-—=n"+U VneN.
n“u, +u; +1 Uy, u, U, U,
Do dé l—i:02+uo, i—l:12+u1.
ul uO u2 u1
1 1
————=(-)°+u,,.
un un—l
A o 1 1 (n-Dn@2n-1) &
Cong theo vé ta dwoc: ——— :w+2uk :
u, U, 6 o
1 (m-)n(2n-1) v, ,+1
E 3 Tt
n°u, 6n n
Ma lim 1+;/” =0 (do limv, =c)nén.
n—>+0 N N—+o0
. 1 . (n=-Dn(2n-1) 1 ,
= lim — _ lim (0=Y (3 )=—hay lim n’u, =3.
n—>+o N un n—-+oo 6n 3 N—>+o0
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2

e ~ A 7 . 2 . 1 a ’, . M .
Bai 5: Day so (an) xac dinh boi a, =—;a_,; = ——"——. Chttng minh rang hm(a1 +a, +...+an)
2 a_—a_+1
ton tai va khong vuot qua 1.
Loi giai:
an ar1+1 al ar1+1 N A A 2
Thugon a_= - =a, +a,+..+a, = - <1 va ttr day suy ra két qua.
1_an 1_an+1 1_a1 1_ar1+1

Ngoai ra, con c6 thé chitng minh lima_=0 d€ suy ra lim cta day da cho la 1.

1 1 1
Bai 6: Cho day (xn) biét xi=1, X,,, = J(x1 +1)(x, +§)(x3 +§)...(xn +ﬁ) (neN*)

2018n/n

Tinh lim ———— .
Y 12019
Loi giai:

Béng qui nap, ta chitng minh dugc xn 21, V n eN*

1 1 1
Xoia = \/(X1 D0+ )06 +2)- 06+ 1)

1 1 1 1
= \/(X1 +:I-)(Xz +E)(X3 +§)"'(Xn—l +_)'\/Xn +H

n-1
1 *
= Xn+1=Xn Xn+ﬁ (nZZ)()

e Ta chitng minh X, > Jn bang qui nap.

Tacéd: xi=1, x2= +/2. Gia st x, >k (k=>1)

Ta co: Xk+1:Xk\/Xk +%Z\/E,’\/E+%=Vk\/i+12\/k+l

Vay X, = \/ﬁ ,Vn.
Ta chéing minh dwgc (n+1)vV/n+1-nv/n < 2Jn (thuc hién bién d6i twong dwong).

Ta co:
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0< (n+1)\/n+1—n\/ﬁ - 2Jn

Xoa — X, X — X,
= 2n <2 (do x, >~/n) < ———
xn(\/xn +£—1) \/xn R} \/>_
n n
Vilim— 2 —0 = i MOV 1Stz )
\/Z_l XnJrl_Xn Xq

Tac: 0< 20080 oo gt Vg i 20800

X, +2019 X, X, X, +2019
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CHU DE DAY SO 2021 - 2022
ON TAP DAY SO LAN 4

Bai 1: Day (a,) dugc dinh nghia nhuw sau: Néu p;, p,,..., p, la cdc wdc nguyén td khac nhau cua

s0 nguyén duong n thi a, = L + £l +...+ 1 . Chting to rdng véi bat ki s8 nguyén duong N >2

P. P, Py
N
ta cé: Zaz-ag...an <L
n=2
Loi gidi:
1/ n
Nhan thay rang Zak z {—}
k=2 p=n PL P

Mit khac chiing ta 6 bat dang thitc

1 & n na 1
;p{ J<pz<;p (4+le(2k+1)) 2 15K

Do dé > a, <2,Vn > 2. Theo bat dang thitc AM -GM ta c6

: a,+a,+..+a, ) 1 1Y e 3
aa,...a <| -2 A < 1+ < < $
2a3 n ( n—l j ( n 1) 2n—l 2n—1

N | D

Cong cac bat dang thiic lai ta 6

N 1 1 1 1 1 1 1 46 6
DAy <t 43| ottt =+ <1
o 2 6 12 60 2> 22 2 60 32

Tt d6 ta c6 diéu phai chitng minh.
Bai 2: Cho day s (U, ) , xac dinh boi
u =a,u,, =u;+u,+a’(n>1).
a. Chiing minh rang, véi day a e ‘:—% ; 0} , day s6 hdi tu va tim gidi han do.
b. Cho a=2020. Chitng minh rang U’ + 2020° luén c6 it nhat n+4 udc s6 nguyén t6 khac nhau.
Loi giai: TST Bac Giang 2020
a. Xét ham so f(x) =x” +x +a’. Ta cd f(x) dong bién trén {—%;ooj, va u = f(un)

+) Ta chitng minh bé”mg quy nap u_e {—%;O}Nn eN~*.(1)
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Thay vay, n=1 dung.

1
Gia st (1) dung voi n=k, nghialau, € [—E;O:‘ keN*,

Tacou,, = f(u,) e[f(—i); f(0)}=[—1+a3;a3}e[—l;o},VneN.
2 4 2
Nhu vay (1) dwoc chitng minh.
Mit khéc ae[—%;o}:wf+a‘°’:az(aJrl)>0:>a2+a+a3>a:>u2 >U,.

Vi thé (ux) tdng , bi chan trén boi 0 nén day (ux) hoi tu.

Giasttlim un=L.Suyra | ¢ [_1;0} . Chuyén qua gidi han, ta im dwoc L =—/-a°.
2

b.Taco U +a°=(u’, +u,,+a’)°+a’=(uZ, +a’)((u,, +1)*+a°).
*) Chting minh hai s§ (U> +a°), ((u, +1)> +a%) nguyén t8 cling nhau v6i moi s6 nguyén
duong k.
+)Trwdc hét, Ta chting minh MD (1): 4% + 1 va 2ux+1 nguyén t6 cung nhau véi moi sd nguyén
duong 1, bang quy nap.
Véin =1, goidla UCLN cua 44° + 1 va 2u1+1=2a+1.
Ta c6 d12(4a° + 1)=(2a+1)(4a?-2a+1)+1. Suy ra d| 1. Suy ra d=1. Bung.
Gia st (44> + 1, 2un+1)=1, v6i n 1a sd nguyén duong.
Goi g =(4a° + 1, 2una+1). Suy ra q12( 2usn+1)=( 2unt1)+4a3+1.
Do d6 gl ( 2un+1)2. Theo gia thiét quy nap thi suy ra g=1. Nhu vay, ta da chitng minh duoc Mb
(D).
+) Goi g 1a UCLN cua (uf +a%),((u, +1)* +a°).
Khi d6 g12u+1(2) va
g2u?+a®)+2((u, +1)° +a®)=(2u, +1)* +4a’+1
= g|4a’+1(3)

Tt (1), (2), (3) suy ra g=1.
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Do d6 ta duwgc, voi moi s6 nguyeén k:
((ulf +a%),((u, +1)% + a3)) =
U7, +a°).((u,+)*+a’)=u; +a°,
Méi k thi (U, + 1)2 +a® c6 it nhat mot wéce nguyén t& px, véi k =1,...,n-1.
Theo trén ta dugc, n-1 s6 nguyén t6 px phan biét.
u’ +a’=a’*+a’=a’(a+1)=2020%2021= 2*5%101%43.47 c6 5 u6c nguyén t8 phan biét 1a

2,5,101,43,47 khac voi px, k =1,...,n-1.

n-1
Nhu vay, U; +a’ = (u;, +a°)((u,, +1)° +a’) = (uf +a’)] [ ((u, +1)* +a°)
k=1

Cé it nhat 5+(n-1)=n+4 wdc nguyén t6 khac nhau. Biéu phai chitng minh.

Bai 3: Cho ddy s (u ) x4c dinh béi

2
U+ 2n «
un+1 = - ? n E N .
3u

a. Tim hn1—JL

n—+00 /

b. Tim sb thuc k dé lim n*

e

la mot sb thuc khac 0.

Loi giai:
Ta chimg minh quy nap vn —1 <u_ < \/E, Vn. (1)

+) D& thay khang dinh d dung véi n = 1,2.
+) Gid st (1) dting v&i n =k, tic lataco Vk—1 <u, <k, Vk >2.

Xét ham sé f(z) = z +2k =24 3— Vwe[\/ \/7}

3z 3

Taco

Play=L_2k _ *"“’23_2]“ <0, v:pe[\/k—l,@]
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3k—1
k-1

Nenu, = f(u)>f vk =vk Va u_ = flu)<f k-1 =

Do Vn—1<u <n= 1—l§\71§1.

n n

/ u
Vi lim ,[1— 1_ lim 1 =1 nén theo nguyén ly keptacod lim —= =1.
n——+0C n n——+00 n——+00 ’n

Bai 4: V6i mdi s8 nguyén duong n = 2, xét s6 thuc u,, > 1 sao cho phwong trinh [u,x] = x (4n
x) c6 dung n nghiém nguyeén ([u,x] 1a phan nguyén cta u,x).
1. Chttng minh réng [u,] =1,vne N,n > 2.
2. Véi mbi cach xac dinh ctia day (u,) thoa diéu kién trén. Chtitng minh rz‘?mg day (u,) ludn co6
gidi han va tim gidi han ay.
Loi giai:
1. Néu x la nghiém ctia phuong trinh trén thi x € Z. Vi U, >1 nén tir (1) suy ra x>0 Dé thdy
X =0 la mot nghiém. Suy ra phuong trinh trén c6 ding n—1 nghiém nguyén dwong. Ta co:
[ux]=x & x<ux<x+lel<u <1+1,VX¢ 0
X
Xét x 1a mot nghiém nguyén dwong ctia phwong trinh da cho. Tu (1) ta dwge [u,]=1,Vn>2.
2. Véi mdi n nguyén duong (n>2), goi X, la nghiém nguyén dwong 16n nhat caa phwrong
trinh da cho.
Vi phuong trinh c6 ding n-1 nghiém nguyén duwong nén X, >n-1.
Suyra l<u, <1+L,Vn >2.
n-1
Cho n— +wx, ta duoc limu, =1.

14— n-12.

n+l: (2u§_4’

a) Chitng minh rang day (u,) cé giéi han hitu han va im limu, .

Bai 5: Cho day sd (u,) xac dinh boi u, =—,u

N | W

b) Chting minh rang U, +U, +-+++ Uy, > 4038.
Loi giai: TST Vinh 2018 - 2019

A1 “. . A u 1 .
a) Tt hé thitc truy hoéi ta c6 u, >0 nén u,,, >l+ﬁ :1+$ voimoi n>1.
2u;

Ta cod
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| | y u,—y/2u’ -4 Y U +2 |
u -2 =|——ox-1= = 4 -2
' J2u? -4 J2ui-4 (un +\/2u§—4)\/2u§— (u +\/2u — )\/Zu -
, X+2 1
Xét ham s6 g(x) = voi x>1+—.
2X2 — 4+ x/2X° —4 V2
2
23 —Bx—4-22x0 42X (X+2)
Loy 2x2 -4 o 1 .
Taco g'(x) = 5 <0 véimoi X >1+—= nén ¢
(2x2—4+ x\/2x2—4) V2
nghich bién trén (1+i;+oo]. Suyra 0<g(u,)< g[1+ij =q<1vdimoin>2.
V2 2
Suy ra |u,,, —2|<q[u, —2| véimoi n>2.Suy ra limu, =2.
b) Ttr Cau a), xét ham s& f(x):1+L,x2§ z‘af'(x): 4 <0 nénla
V2t -4 2 (24 - 4) V25" - 4
\ . - A A 3 \ 7. .
ham nghich bién trén (5 ; +00} va quy nap tasuy ra U, >2 véimoi k>1.
X 4
Xét ham h(X) = X+1+——— trén [2;+®). Ta cd h'(x) =1- >0 voi moi x> 2
2x* —4 (2x2—4)\/2x2—4
nén h dong bién trén [2;+x)].
Do d6 Uy +U, +++++Uygg = (Uy + U, + Uz )+ (Uy +Ug )+ + (Upgyg +Ugs)
3 3 3
=5l Uy + R (uy) 4+ h(Uyy) 2 5345+ h@)+ e+ h(2) = 4038
Bai 6: Cho s6 thuc a va xét day s6 (X,) thoa man
2
X =%X=1%=0X,,, —tha,VneN*
a) Chiing minh rdng véi a=0 thi day (x,) hoi tu.
b) Tim s& thue a 16n nhét sao cho day (X, ) hoi tu.
Loi giai:
a. Chting minh rang véi a=0 thi day (x,) hoitu. Véi a=0 thi X, = Kosp * );:‘*1 Xy
Dung quy nap chitng minh dwoc x, €(0;1),vn>3.Taco X,,, = Xosp * );:”1 X, < Jo2 ™ );”*1 %
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St dung bé dé: Cho k 1a s6 nguyén duong va a;,a,,...,a, 1a cic s8 thue dwong c6 tong bang 1.
Xét day (u,) bi chgn dudi thoa mén u,,, ,, < U, +a,U

Khi d6 day (u,) hoi tu.

++au,,,VneN".

n+1 n+k?

Ap dung b8 dé trén ta suy ra diéu phai chiing minh.

b. Tim s& thuee a 16n nhét sao cho day (x,) hoi tu.

2
Gia stt (x,) hoitu dén L.Khido L 1a nghiém ctua phuwong trinh L? —L+a=0.Phuong trinh

L n . 1 ,. 1 ) X2o+x2 +x5 1
nay c6 nghiém khi aSE.Vm a=—=,taco X, ., :%4_5'

2
Dung quy nap chirng minh duoc x, €(0;1), vn>2. Xét day (u,):u, =0,u,,, = U”TH,VH eN.

Dé thdy (u,) 1a day ting, u, € (0;1) nén (u,) hdi tu dén 1. Dung quy nap ching minh dugc
un < min {XSn’ XSn—l’ X3n—2}'

That vay, véi n=1,(*) dang. Gia st (*) diing dén n.

Ta co
2 2 2 2
X3n+1 — X3n + X3n—1 + X3n—2 +1 > l"In +1 — un+l
6 2 2
2 2 2 2 2 2
Xgp = Xana1 T Xgn + X309 1 > Up.s +2U, +£ u, +1 —u_,
6 2 6 2 2
2 2 2 2 2
X3n+3 — X3n+2 + X3n+l + X3n +£ > 2un+l +un _}_1 > un +1 — un+1
6 2 6 2 2
Nhuw vay (*) ding dén n+1.
Nhuw vay (*) dwoc chitng minh.
Dung nguyeén li kep suy ra limx, =1. Vay max«a = %
Bai 7: Cho day so (an) xac dinh boi a, > 0;a_, = #; n = 0;1;2;... Chttng minh

J1+2020.0°

1
a2020 < 2020

Loi giai: Baltic way 2020

Tt gia thiét ta c6: iz L 2020; n =1;2:3;... = 1_1, 2020(n - 1).

a a2 a2 a2
n n-1 n 1
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a, 1 1
Lai co: a, = s < a, > 0) nén diéu nay suy ra — > 2020n = a,,,, < ——.
b J1+2020a2 /2020 (e >0) a 2" 2020

Bai 8: Day s6 duong (an ), tontais6 A>0saochoa —a B > A.ai; vn =1;2;3;... Chitng minh

" : B
ton taiso B>0thoa a, < —;Vn =1;2;3;...
n

Loi giai: TST Hung Yén ngay 1 - 2021

T gia thiéttacod: 0 <a , <-Aa’ +a ;Vn=123;...

n+l —

g3 Ugsees

Lap bang bién thién cho ham s6 f(x) =—Ax’ + x tacd: a,;a,;..3Q, ;... € (O; ﬁ} va dong thoi

y , 1
dong bién trén | 0;— |.
f(x) ong bién trén ( 4AJ

Datday (b,): b, = a;;b,, =—-Ab> +b,.Tacé: a, < f(a,) = b,;a, < f(a,) < f(b,) = b;... vay tir
quynap chota a, <b ;Vn =1;2;3;...

Mat khéc: ta ¢6 limb, = 0 va dung Cesaro suy ra ton tai limnb, = (nbn) bi chan trén bdi B
N B
hay trday: @, <b <—; Vn =1;2;3;...
n

Bai 9: 2. Chig minh rang ton tai day s {X, }::1 v0 han cdc s thyc thoa man dong thoi cac
diéu kién sau

i) 0<x <2 voimoi 1=123,...
i) ‘xi—xj‘zi_ voéimoi 1<i< j.
J

Loi giai: Treong Dong mién Nam 2014 — ngay 1
Ta sé xay dung day s nay bang quy nap nhu sau.
Véi n=1, tachon a =1.
Gia st ta da xay dung duwoc n>1 s6 hang dau cuia day s6 nay thda man diéu kién dé bai, tic la

s . . - - A 14 1
voéimoi 1<i< j<n,ta déu co \ai—aj\z—_.
J

Ta sé chiing minh rang ton tai s6 a,,, théa man dong thoi cac diéu kién

n+1

O<a , <2

n+1

a —an+l|zi,i =1,2,3,...,n
n+1
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That vay,

Xét hoan vi (i,i,,...i,) ctlabd s6 (1,2,...,n) sao cho 0<a <a <...<a <2.

Cac sd nay chia doan [0 ; 2] thanh n+1 phan roi nhau nén phai ton tai mot doan nao do, gia st

la [ai ,aij+1] c6 do dai khong nho hon il (d€ don gian, taxét a, =0,a =2).
’ n+ 0 n+2
a t+a; x ;N ]
Khi d¢, tachon a,,, = ‘T” thi ta dé dang thay rang véi moi i €{L,2,...,n}, ta co
1 2 1
a — >la —a 22— =,
| i an+l| ‘ i n+1 2 n+1 n+1

Do d¢, ta ludon xay dung duoc s hang tiép theo khi da cé cac sd hang truede d6 cua day.
Vay ton tai day s6 thoa man dé bai. Ta c6 dpem.

Bai10: Tinh lim Hnﬂ*“m;*"'*“?n
n—oo n n

Véi H, :1+l+1+---+1,n21.
2 3 n

Loi giai: Crux - 4608

V6i moi sO te nhién n,m taco H,,, =H, + Z —

k=n+1

nH +L+n7_:l'+... i
Do dé: lim PratHue vt oy _p 7" n+l n+2 2n
n—w an N—so0 an
n n-1 1
n-k+1 an+—1+72 +? i
Vi 0< <1véimoi 1<k <n,tacod 1< N+l N+ N4 —=1+—
n+k nH nH

Stt dung dinh ly kep va lim H = +oo suy ra két qua.

Bai 11: Véi a, b, ¢ 1a cac s6 thye xét day (x,),»1 dwoc dinh nghia boi

L LAV
TR 23 =1 3 =

baty, = x; + x, + - + x, Vn = 1. Chitng minh r?mg day (y,) co6 gidi han hitru han khi va chi
khia+b+c=0.
Loi giai: Dé xuat DHBTB 2019 — Quang Tri

Pitd = 22 Khi d6

3

d_ ( 1 1)+b( 1 1)_2 1 +h 1
T n T3 =2 " 3 3n—1 3n) ““ " GBn-2)3n (Gn—1)3n
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Suy ra

n n n
d 1 1
Z(x"_ﬁ)_Zakz_l(sk—z)sk”kz_l@k—nsk_Za'”"+b'””(1)

k=1
1

, _ n 1 \ — n -
(trong dO u, = Zk:l (3k-2)3k VaUn = Lk=1 (3k—1)3k)'

Dé thay (u,) 1a day tang, va

_zn: 1 <Zn: 1 _i( 1 1 )_1 1 -1
T L Bk 23k L Gk-2)Bk-1  L\3k-2 3k-1)7 ' 3m-1

=1
nén day (u,) cd giéi han hitu han, gia st 1a uy. Twong tw, day (v,) cling c6 giéi han hitu han,
gia st 1a v,.

Do d¢, ttr (1), ta suy ra lim X,}_; (xk - %) = 2aug + bvy, hay

n

1
lim (yn —-d- ZE> = 2augy + bv,.

k=1
Tt day, do lim Z’ﬁ:l% = 4o nén (y,) ¢ gidi han hitu han khi va chi khi d = 0. Ta c6 diéu can

chtrng minh.

\ e 7 ~ ~ A 2 ~ s . . ~ A
Bai 12: Xét day s0 thie vo han x;x,;..;x, théaman |x -x —x |< vOi moi sO nguyén

m+n
duong m,n. Chttng minh rang (xn) la cap s6 cong.
Loi giai:
Ta co
‘(xa-ﬂ —X, ) o (xb+1 X )‘ = ‘(xa+b+1 X, T X ) o (xu+b+1 X X )

2
a+b+1

< Xorbr1 ~ X ™ X1 |+1 Xoro1 —Xp —Xpu1 I<

Do dé: véi moi gia tri m,n

2 N 2
a+m+1 a+n+1

‘(xm+1 _xm)_(xn+1 _xn) = ‘(xm+1 _xm)_(xa+1 _xa)+(xa+1 _xa)_(er-I _xn) <
Choatiénravdcungtasuyra x, , —x, =x, —x, , =d,Vn hay day la mot cap so cong.

Bai 13: Cho day s6 {7, } théaman 0< X, <X, va

59 Nam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

ST (1o ) = T (L s ), W1
Chting minh rdng day s6 {7, } ¢ giéi han hitu han va tinh gi6i han dé.
Loi giai: Dé xuat DHBTB Quang Nam
» 0<X, <X néntodn tai o, a, E(O;%) sao cho:
X, =tan’ o, X =tan’q,

= Ta co

e (i) = e 1)
= L (1+\/g.tana0): L (1+\/g.tana1)

COS al Cos &, 0

cosa, —CosQ, a,+a 2 0, T
= 1/332 = — - = tan <z, =tan .
sina, —sina, 2 2

= Xét day s6 {« } nhu sau:

Phuong trinh sai phan nay cho ta

Do dé ma

. a +2a
lim o = L
n—4oo N 3

* Ta chitng minh bang quy nap
2
r =tan"a .
n+l n+l

Tt d6 ta duoc

60l Nam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

o, +2a
lim z = lim (tan’« ) = tan® ( lim an) = tan”’ {Mj

n—+o n—>+00 n—>+00 3

Bai 14: Cho day s6 thuc (X, ) 1a day don diéu giam va limx, =0. Day (y, ) duoc x4c dinh nhw

sau y, = Z((—l)k X, ), n=12,3,... Chting minh day s& (Y, ) c6 gi¢i han hitu han.

k=1

Loi giai: Dé xuat DHBTB 2017 — Vinh Phtic
Do (X,) 1a ddy don diéu gidm va limx, =0=>x, >0 Vne N’
Ta cé
Yon =X+ X =X+ X, = = Ko+ Xon = Yonoo T X0 = X500 < Yonoo
Yon ==X+ (X =X )+ (X, = Xg ) oot (Xopp = Xong )+ Xop = =Xy + Xy ==X,
Do d6 (,,) 1a ddy don diéu gidm va bi chan dwdinén ton tai limy,, =a
Ta cé
Yona =X FX =X+ X == X0 F X = Xonn = Yon T %00 = Xon1 > Yona
Yo = (X1 _X2)+(X3 _X4)+"'+(X2n—l _XZn)+ Xons1 < Xona <X
Do d6 (Y,,) 1a ddy don diéu ting va bi chin trén nén ton tai limy,, ., =b
Mat khac ta c6
Yona =X X =X+ X = = X T X0 X0 = Yon — X0
Chuyén qua gi¢i han ta dwoc
limy,,., =lim(y,, —X,,,)=b=a.Do dé diy sd (y,) c6 gi¢i han hitu han.
Bai 15: Cho trudc k s6 khac khoéng ai; a2 ...; ax thod man véi moi s6 tw nhién n 1é ta ¢
a] +a, +...+a =0. Chtéing minh rang k chan va gia st k = 2m thi cac s8 ai; a2 ...; a c6 thé
phan chia thanh m cip sao cho téng ctia 2 s6 trong mdi cip bang 0.

Loi giai: Dé xuat DHBTB Hung Yén 2017
Do k hitu han nén trong k s a1; a2; ...; ax ta chon duoc s6 ¢d gia tri tuyét doi 16n nhat. Gia st s6

do la au.
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a ” a ”
Theo gia thiét, véi moi n 1é ta ¢6: 1+ (—zj +..+ (—k] =0 (1)

a, a,
ke Ay ame1a oA | .
Do a1 ¢4 gid tri tuyét d6i 16n nhat nén |+ <1,Vi=2,3..k
&
. . . e &
Ta chirg minh, ton taii d€ —=-1
a

, a .
Gia str khdng c6 s6 nao trong cac s6 — bang -1.

a

a

a
Giaswi=2,3,.,t thi —=1vavédi i=t+1, .., kthi <1.

&

n a n
Khi d¢, tir (1) = S =[$J +...+[—kJ =—t=|S|=t véimoinleé
& &

a

Do

a )| t
<1lvdii=t+1,.., k.Chonnlédualdn dé L—' <k voli i=t+1,.. k.
Ch

= |S|= (hj +...+(ij <t (mau thuln)
a, a,

¢ a 17 Y ALY
Do d9, trong cac s6 — c¢ it nhat 1 s6 bang -1.

R - ¥
Giast 2=-1=m+a=0.

a,
Con lai k — 2 s0: a3; as; ...; ax.
Néu k chan 13p lai lap luan trén = dpcm
Néu k 1é thi phai c¢6 1 s8 trong cac s8 da cho ma moi luy thita 1é ctia né déu bang 0 = s8 do
bang 0 (mau thuan)

Vay ta c6 diéu phai chitng minh.
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8= =1

Bai 15: Cho hai day s6 duwong a, , b, xac dinh nhu sau:
b,=a,b,,—-2018 VneN,n>2.

Cho lim b =2017,d4t S, => L Tinh lims,.
N—+00 k=1 aiaZak N—+400
Loi giai:

Do IiT b, =2017, b, >0Vn suyraddy b, bichan. Nén tdn tai s6 duong M sao cho
0<b, <M Vvn.

b, . 2018

1 _ 1 bn—lan — bn _ bn—l . bn

aa,.a, aa,..a a 2018 2018aa,...a, , 2018a4a,...a,
Suyra S, =) t 1, b _ b,

= aa,..a, a 2018a 2018aa,..a,

b, b, b, b,

Lai co = .
aa,.a b, +2018 b, +2018 b, +2018

Dohamsd f t = dong bién trén 0;4+00 nén b, < M vk
t+2018 b, +2018 M 42018
b, M n-1 '
Suy ra < — 0 khi n — +00 do ———=< 1.
a,a,.a, (M +2018 M + 2018
Vay lim s, = 28
o 2018

Bai 16: Cho day s6 (u,) giam va limu, =0, véi mdi s6 nguyen duong n, dat

V,=U +U,+..+U —NU_ ., Z =U +U,+...+U
Chang minh néu (v,) bi chan thi (z,) hoi tu.
Loi giai: Chon d¢i tuyén nang khiéu 2012
Vi (u,) giam va limu, =0 nén day (u,) la day dwong.
Gia stir day (v,) o6 chan trén la L; ta thay day (z,) tdng nén chi can chitng minh day nay

cting bi chan trén.
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Taco:v =z —nu ,<L=>z <nu ,+L
n n n n+

n+l — 1

zZ —nu ,=u +U,+..+tUuU —nU ,=U, +..+tU —(n+1)u +u .—u . <v <L
n n+ 1 2 n n+ 1 n+l1 n+ n+1

2 2 2 n+2 n+l —

valam tuong twtasuyra z, <nu _ +L;VnymeZ".

C6 dinh n; cho m ravo cung thi limu_ =0 vasuyra limnu =0
taco: z, < L; Vn = 1;2;3... va suy ra day da cho bi chan trén.

Hay day da cho hoi tu.

Bai 17:

7 ~ o A2 7 1 \ ~ 4 o A \ AN
Céc s8 thuc duong x sao cho biéu thiee x° o la s6 chinh phwong dwoc viét thanh mot

day sdtang a,<a <a, <&, <...
1 1 1 1
...+ 7 .

a) Véi n=1,2,3,... ky hiéu tong s, = + +
) YRS S T g e g T

Chtrng minh

rang day s6 (s,) khong bi chan trén khi n — +o.
b) Chting minh rang a,,,, va a,,, c6 3 chit s& thap phan dau tién sau ddu phdy la giong
nhau.
Loi giai:
a) Dat f(x)=x*-2" véi x>0.Dé thay f liéntucva f'(x)=2x+2*In2>0 nén f dong
bién trén (0;+00).
Vi n>0, xét phwong trinh f (x) =n?
Tathdy f(n)=n"-2"<n’*va f(n+1)=(n+1)*-2""" > (n+1)?-1>n® nén phuong trinh
f(x)=n’ co nghiém duy nhat thudc (n;n+1). Do do6 a, € (k;k+1) véimoi k=0,1,2,...
Tt d6 ta co danh gid 0<af —a7, =(a, —a.,)(a +a ) <2(k+1+k) <6k nén

1(1 1 1
S, >—| ~+—+-t——
6\1 2 n-1

LA A A~ 11 1 . A .
Ta c6 bo dé quen thudc 1+E+---+——>+ookh1 n—+oo nén S, =+ khi n — +oo.
n
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b/ Ta sé chitng minh rang a_ <n+ ﬁ voimoi n>10. That vay,

2 1
f(n+ij:(n+ij —2( l°°°j>n L S IR

1000 1000 500 10°
Do d¢, ta c6 danh gia chathonla n<a, <n +ﬁ NéN a4, 8,,, déu c6 cung ba chit s6
thap phan dau tién 1a 000 .
Bai 18: Cho day (xn) bi chidn va day (y,) thoa (yn) la cdp s6 nhan cong boi > 1;y, > 0.

Biét x y +x ., > (1+y ) . n=12;3... Chtng minh ( ) hoi tu.

Loi giai:

(n—k)(n—k+1)
n+l-k 9

Tw gia thiét: Xp1 =Xy SV, (xn+1 - xn) <Y, 'yn—1'(xn - xn—l) SSY g (xk - xk+1)‘

Tk day lam twong tw va cong theo vé cho ta:

nL ntl
kel n+2_zyn+1l +)(:x:k_:x:kJrl); Vn,keZ*
Vi (yn) c6 cong bdi lén hon 1 nén ton tai &, d€ y, > 1;Vk > k. Khi d6, xét k,n > k, thi

X

-x
n+2 ! : 5 A : k+1 n+2 _ A ~
< (xk — xk+1) va do (X,) bi chan nén lim =0.Vay, co

)(n—i+1) n—+o0 I =(n-i)(n-i+1)

Zyn+1 i Zyrw—l i

dinh k >k, va cho n — + ta cd &, —x,., > 0; Vk > k, hay day (x, ) gidm tir k, tro di. Tir day

suy ra day da cho c6 gidi han.
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2019
% 2018’

2 .
n
an+l:an+21’an +a—,n21
n

Bai 19: Cho ddy s6 (a,) xéc dinh bai cong thirc

a) Chizng minh rang day sé (b, ) xac dinh béi b, :zl c6 gidi han hitu han khi n — +oo.

i=1 K

b) Xét day sb(c, ) duge xac dinh boi ¢, :{ L] ki hiéu [x] 12 phan nguyén cua sé thyc x.

i=1 &4

Chuang minh rang mdi s6 nguyén duong déu c6 xuat hién trong day (c,).
Loi giai: Dé xuat DHBTB Lao Cai 2018

a) Ta s& chitng minh bang quy nap rang n? <a_ < (n+1)? v&i moi n.

Sy 2 -1 2
Xét hieua,, —(n+1)*=a, —n’+2(,/a, —n @ -y AR 1
v n+1 ( ) n ( n ) an (an )[ an \/a-i-n ()

Ngoai ra, a, = % >12 nén tir (1) bang quy nap, dé dang ching minh dwoc rang a_ > n? véi moi n.
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Khido a,,, <a, +2\/a+1:> Ja,., < \/a+l (2)

201: <22 nén tir (2) bang quy nap, ta ching minh dugca, < (n+1)? véi moi n>1.

Tacling co6 a =

Tir d6, véi mdi n nguyén duong, ta c6 n? <a, < (n+1)% nén
bn<£2+i2+---+i2<1+i+i+---+ L =2—1<2.
1 2 n 1.2 2.3 (n=Dn n

Suy ra (b,) bi chan trén, ma day s (b,) tang thuc sy nén nd co gidi han hiru han.

Trudc hét ta chitng minh két qua quen thudc sau: %+%+%+---+1 — +o0 khi n — 0.
n

That vay, ta co e* > x+1 véi x>0 nén x> In(x+1),vx>0.

iJ_r—lj:In(i+l)—Ini.

Thay x boi %,tac() 1>In(
|

Suy ra Zn:_}>zn:[ln(i+1)—lni]:In(n+1)—>+oo Khi n — +o0.
P ]

A - , 1 n n 1 . .
Theo cau a, ta cling ¢c6 —>—>-——=>— V&I mol n.
n a (n+1)° 4n

< 1 2 3 n ., . 11 1 1 1) .
bats, =—+—+—+---+—1thi s, >>|>+=+=+---+=|Nén s, > +x.
a a, a, a, 1 2 3 n
Khi d6, véi mdi sé nguyén duong m thi ton tai n dé s, >m.
Goi n, la chi s6 dau tién d¢ s, >m thi s, <m. Ta phai ¢6 s, <m+1 vi néu khong thi
nO

— =5, -s, ,>1, mau thudn. Diéu nay cho thay rang c, =[s, ]=m.
a 0 0

My

Vay mdi s6 nguyén duong déu c6 xuat hién trong day (c,).

Bai 20: Cho day s6 (a,) voi a, =1va a,,, = ﬁ v4i moi s6 nguyén dwong n. Chirng minh
n+1)a,

rang
(a) Day (a,) co giéi han hitu han
(b) a, +--+a, >2n+1-1 voi moi s0 nguyén duong n.
Loi giai: Dé xuat DHBTB 2018 — DPHSP Ha Noi
(a) Tt cong thikc x4c dinh day ta suy ra (a,) 1a diy dwong. Véi mdi s6 nguyén duwong n ta cé

a 1 _2n+1a
"2 (2n+3)a,., 2n+3 "

n+1
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Vay a,,, <a, v6i moi s6 nguyén duwong n. Ttr day ta suy ra hai day con (a,,) va (@,,,;) cung

giam. Thanh tht tiing day déu c6 gidi han httu hanla a,b>0. Tu gia thiét

amlan:L VnekZ,
2n+1
cho n—w ta dugc ab=0.Vay a=0 hodc b=0.Luu y rang a2n+1:Ma2n_l:---:4n_1---§
4n+1 4n+1l 5

Vaa, —M=3, _._4n=8 51

= gn g n-1 73
Do 4k_1>ﬁ Vk=1,_nnéna2n+12a2nvo”im(_)in.SuyraaSb.Véya:O.

4k +1 4k-1
Mat khac 4k_1< e+l v k=1,n nén a2n+1<wa2r1 voimoi NeZ, .

4k+1 4k+3 4n+3

Thanh thtt cho n— oo ta dugcngay b=0. Tém lai a=b=0 nén day (a,) c6 gi6i han hitu han
va giéi han d6 bang 0.
(b) Ta chiing minh bang quy nap theo n.Dau tién ta thdy bat dang thitc dting véi n=12. Gia

st rang khang dinh da ding téi n> 2. Khi d6 theo gia thiét quy nap va bat dang thitc Cauchy

a+-+a,, =(a+--+a.)+(a,+a,)>v2n-1-1+2,/aa,,,

=\/2n—1—1+L=\/2n+3—1+ 2__ 4
Jon +1 Jon+1 J2n-1++2n+3

>/2n+3-1 (luuy~a++b=a+b, ab>0)

Bai 21: Cho ham s8 f(x) c6 dao ham trén R. Gia st ton tai cac s p>0 va qe(0;1) sao cho
[F(x)<p.

gidi han hitu han.

f’(X)‘ <q, VxeR. Chtng minh rang day sd (x,) xac dinh boi X, =0; x,,, = f(X,) o

Loi giai: bé xuat THHV chuyén Hung Vuong 2019

Vi f(x) cé dao ham trén R nén f(x) lién tuc trén R. Véimoi x,y € R, x <y, theo dinh li

Lagrange ton tai z & (x;y) sao cho f(x)-f(y)=f'(z)(x=y)=|f (x)-f(y)|=|f'(z)||x-Y]
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Do

f'(x)|<a, vxeR nén [f(x)-f(y)<alx-y]

Xétham s6 g(x)=f(x)—x.Tacd f(x) lién tuctrén R nén g(x) lién tuc trén R.

Mit khéc g(-p)=f(-p)+p=0 va g(p)=f(p)-p<0 (do |f(x)<p, ¥xeR)nén g(x)=0 cb
nghiém trén doan [-p; p].

Gia st phuong trinh f (x) =X ¢6 hai nghiém phan biét a<b thi theo dinh 1i Lagrange ton tai

ce(a;b) sao cho |f(a)-f (b)|=|f'(c)|a—b|<[a—b|=|f'(c)|a—b|<

f '(C)‘ =1, mAu thuan véi

gia thiét

f'(x)|<a, qe(0;1), vxeR.

Do dé phuong trinh f (x) = x c6 nghiém duy nhét, gia sit1a & Tac f(a)=a.

Khi dé ta c6 |x, —a|=|f (x,,)- f (a)|<a|%,—a|<..<q"|x—a].

Do qe(0;1) nén lim g" =0, theo nguyén likep tacé lim x, =a.

Bai 22: Xét day {f,(x)} (n=0,1,2,...) cdc ham s& x4c dinh trén [0;1] thoa man f,(x) =0 va

f (0 =F () +%(x ~(F,(x)?) v6in=0,12,...

nx

2+n\/;

Loi giai: Dé xuat THHV 2019 - Yén Bai

Chttng minh rﬁng <f (x)< JX voineN,xe [0;1]

Véi x e[0;1] da duoc xéac dinh, d€ don gian trong trinh bay ta ki hiéu x=a*, ae[0;1] va

X, =f,(X),neN, (Bai toan chuyén vé bai toan day quen thudc). Nhw vay ta co:

22

a X ,.
X, + > L voin=0,1,2,...

n+l = n

a<[0;1],x,=0,x

2

Ta can phai chitng minh: <x,<avéineN

2+na
Ta chitng minh BDT (1) bang quy nap theo n.
Véin =0 thi (1) dung vi X, =0.

Gia st (1) da dung véin =k (ke N), ta sé chttng minh (1) cing dung véin=k +1
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2 2
, a —X
Tacod X, =X, + k.
2

a‘—x;
Suyraa-x,,,=a-X, -

=(a—xk)[1—a+zxkj @)

at+X, g _a+a_
2

Cha y: Theo gia thiét quy nap x, <a=>a—-X, >0 va 1- 1-a>0

Do do ttr (2) ta nhan dwgc a—X,,, >0, tiecla x,,, <a (3)

2

2+ka

2
(a—Xk)(l—a+ijS o ka (1_Ej: 2a (1_3]32—3
2 2+ka 2) 2+ka 2) 2+(k+Da

vi 2(2+ka)—(2—a)(2+(k+1)a) =a(2+(k +1)a) —2a = (k +1)a2 > 0.

Lai theo gia thiét quy nap

<X, <a,suyra:

2a _ (k+1)a’
2+(k+l)a 2+(k+Da

Hé quala x,,,>a-

(4)

Tir (3) va (4) ta co:
2
(krDa < Xy,; <@ suy ra diéu can chitng minh.
2+ (k+Da
1
a1 = 1’ a2 = 5
Bai 23: Cho day s6 (4, ) xac dinh nhw sau:
( n) (1+an)(1+az'n+2) — an'?‘n+2 Vne N*
(1+ an+1) an+1

. 34 "
Chiing minh rang a, +a, +...+a, < E,Vn eN.
Loi giai: Dé xuat THHV 2018 - Lai Chéau
Bién d6i cong thitc truy hoi vé dang

(a,,+Da,, (a,,+l)a,  (a,+1).a 5

(a,,+Va,, (a,+la,,  (a+1)a,
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Va dua vé a”+1+1:2.a”+1,‘v’ne N", tir day rat ra
an+1 a'n
Sl om0 vnen
a, &
=>a,=—; VneN”
12— 3 7 =Z2-1
i1
Vi .1 <2 = ._3' — .1 , V1> 4nén
2'-1 2'-1 27-1 2'-1
L<§+Z( ._3' - .1 j=§+l— 1 <3—4dpcm.
='2'-1 21 &\27-1 2'-1) 21 7 2"-1 21

Bai 24: Cho day s6 (a,) xac dinh boi a, =1a,,, = %,Vn >1.
a, +

Chttng minh r?mg limna, =0.

Loi giai: TST Ha N6i 2020

Dé thay a, >0,vn=>1 vaday (a,) gidm thuc sw. Ta chting minh bang quy nap véi moi n>1 thi

ans1 *)

n

Dé thay diéu nay dung véi n=1. Gia st né dting véi n, khi d6 ta co
N N SR S

Ja, +1 1.1 n+Jn  n+l

a, .fa,

vi n>1. Vi thé khang dinh (*) cling ding véi n+1, nén né dung véi moi n.

Vay khi cho n— +w thi lim a, =0. Do d6 day (y,) x4c dinh boi v, :i,Vn >1
N—+o0 an

la day tdng thuc sy (vi day (a,) giam thuc su) va lim y, =+wo.

Bay gio ddt x, =n,Vn2>1 thi theo dinh li Stolz ta thay:
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o X — X . 1 . N . X
Vi: lim =" = |im =lim \/a, =0 nén lim na, = lim = =0

N—+0 y — y noto 1 1 n—-+oo nN—+w N—+w0 y

n+l n n

a a

n+1 n

an

Bai 25: Cho (a, ), la mdt day s thuc théa man a, =1 va a,, = PO

Tim limn®a, .

X—00

Loi giai:

Nhan thay a,,, < % = iz, do vay day y, = > a la day dwong bi chan trén boi L
n-a n

n i=0

, 1 1 . © A ~
Tacé — =n*+a +—,lan luot cho n = 0;1;2;... va cong theo vé cho ta
a a

n+1 n

n-1

a +1

(-Dnn-y 2>+
3. 3 + 3
n°a 6n n

n

1 _(n-Dn(2n-1)
a, 6

n
n-1
> a +1

Vi lim*2—— =0 theo dinh ly kep nén suy ra

n—o n

n-1
+Y a, +1 vn=1,2;3;... Suy ra,
k=0

Nén lim o = Jim MDD 1 h oy limnda, =3.
n—w N an n—ow 6n 3 n—w

Bai 26: Cho (x,)_, la day s0 tang va ton tai s6 a>2 thoa man Xx,,,>ax, —(a—1)x,,, véi moi n>1.
Chting minh rang day (X, ),_, c6 lim 1a +oo.
Loi giai:
Ta €6 Xy — XA (X, = Xoq ) > 2(X, =X ) = Xouy — X, > X, — X4, vOimoi n = 2;3;4;...
bat y, =X,, — X, third rang day (y,) , la day s6 duong ting ngatnén y, > y,; Vn = 23;... va

suyra X, — X, =YX, — X, > V3%, — Xy > V55X, — X

n n-1

> y, va cong theo vé€suy ra
x, —x > (n—l)y1 = limx = +oo.

Bai 27:
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2n -5

a. Day s6 (x )théa x, =1 x = x ,n=234. DbitS =x +x,+..+x , tinh lim8S .
~ A 2 2n_3 v ’ .
b. Day so (x )thoa x,=Lx = x ,n=234.DatS =x +x,+..+x ,tinh lim S .

Loi giai:
a. Ttr gia thiét ta c6
2nx, = (Zn — 5)x}H < 2nx, — Z(n — 1)xn7 =-3x,, = 3S =2x - Z(n + 1) X,

1 1

_ 2(n—-2 _
Ma lai cé: x _2n 5x1<gx 71:n 2x71<...<Lx2 va diéu nay suy ra
" 2n " 2n " n " n(n—l)

O<nx < ilxz; n=234;.. = limnx = lim(n+1)xn+1 =0.Vay limS = %
n_

b. Twong tu nhu cau a, tacod S, = 2x, — 2(n + 1) X .-

Can chiing minh lim(n + 1) x, =0

Tacd x . — 2n -1 ‘- 2n-1 2n-3 2n-5 —Lx
' "“_2(n+1) ”_'"_2(n+1)' 2n "2(n-1)7237227"

Lai ¢ \/(2n ~1)(2n-3) < 2(n-1); \/(211 -3)(2n-5)<2(n-2)..;V3.1<2 nén

(n+1)xn+1£ 2n—1.2(n—1).2(n—2)...2.2.£x1: zn_lxz;Vn=2;3;...
2n  2(n-1) 2(n—2) 2.3°2.2 n

Ma 0 < (n + 1)xn+1; Vn =1;2;3... nén lim(n + l)xn =0 suyra limS =2

Bai 28: Cho hai day s6 (x,),(Y,) xac dinh béi x, =a,y,=b;a>2, b>0 va

X -y =0
{ n+1yn+l yn ,Vn c N .

yril + 2 = Xn
Chiting minh rang véi moi s6 thuc a,b duong, hai day s6 (x,),(y,)c6 gi¢i han hitu han. Tim gisi

han do.
Lai giai: Dé xuat DHBTB 2019 — Lé Quy Pon
Ttr cOng thitc xac dinh day, ta co:
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X, =y, +2>2,VvneN (1)
Tt (1) va két hop voi gia thiét: X, ,,Y,., =Y, = VY, &Y, cung dau, véi moi gia tri n.
nhung y,=b>0=y,>0,vneN. (2)
Tt (1) va (2) suy ra x, >2,y, >0,vVneN. (3)

Ap dung (3) va tir cdng thitc truy hoi ctia day, ta co:

b

1 1 1
Yn = X1 Yna >2yn+l:>O< yn+l<§yn <?yn—l<"'<ﬁy0 :W'

Ma Iim(%}=0:> limy, =0 va
limx, =lim(y?,+2)=2
2

nt 1; n=123;.... Tinh lim azt
nx, 2n+1

1=.7Cn+

Bai 29: Day (xn) thoa x, =1; x
Loi giai: TST Nam Dinh 2021
Dé thay day (xn) duong

Ttr gia thiét, ta binh phuong hai vé:

2

n+1 n+1 . A

X% =x>+2. + =« —x’>2;,Vn=1,2;3... vacho n =1;2;3;....;n va cdng

n n n.x n+1 n
““n

theo vé&ta co xzﬂ — xl2 >2n; Vn =1;2;3...vasuyra x_, >\2n+1; Vn =1;2;3... vasuy ra

lim X, = +o0

2
Ta c6: lim (x2,, - «?) = lim g 1 ¥1 {’”1} ~ 2 do limx, = +0= lim“ 1 -0,
n n.x, nx,
2 2 2
Theo Cesaro suy ra lim™ =2 = lim—2  =lim™», " —1
n 2n+1 n 2n+1
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Nhan xét: Ta thay x

L —x >0;,Vn = (xn) la day tang va duong; gia st (xn) bi chan

A \ A . M \ 7 4 \‘J . n + 1 1 \ (A N\ . A . . ~ N\
trén thi ton tai limx = L > 0 va cha y rang: lim = —. Tir dé bai, 1ay lim hai vé thi
n.x

L=L+ % (Vo nghiém). Vay, limx_ = +o.
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BAI TAP ON THI POI TUYEN 2021 - 2022

LANTI

Ngay soan: 29/09/2021

Bai 1: Cho P(x)=x" + ma+n; m,n e Z’, taki hiéu F(n) la tap cc gid tri m sao cho

P(x) = 0 céd nghiém nguyénva S = {n n,; } la tap cac gia tri n sao cho F (n) chtra hai gia tri

127727

k
lién tiép. Chitng minh tap S1a vo han va lim Zl <1
T,

> +o0 4
Loi giai:
Cac phuong trinh x* —mx +n = 0; x* - (m + l)x +n =0 déu cd nghiém nguyén nén
m’>—4n = p* (Mm+1)>-4n =q° véi p,q la caics6nguyénva g >p >0
Ttr day suy ra 2m+1=q° - p?, vacd thé q—p=2x+1,q+p=2y+1, v6i y>x>0 la cic s&

nguyeén. Diéu nay suy ra

2 2 2 2 2 2 2
4n :mz_p2 :[q_Tp_lj _pzz(q_Tp_l_p](q_—g_l+ p]

9’ —(p*+2p+1) q*—(p*-2p+1) 1
= (2 ) (2 )=Z(Q—p—1)(<1—p+1)(Q+p—1)(Q+|0+1)

=%(2x)(2x+2)(2y)(2y+ 2) =>n=x(x+1)y(y+1)

Vin>0 tacd x,y>0.Nguoclai, néu n=x(x+1)y(y+1) vdicac sd nguyén duong x va y tthi

m:\/p2 +4n :\/(y—x)2 +4n =2xy + X+ Yy =X(y+1D) +(x+1)y va
M+1=2xy+Xx+Yy+1=xy+(Xx+1)(y+1). Nén tap Sla v6 han vi cdc phéan ti dang

n=x(x+1)y(y+1).

Khi do, Z%S[z X(Xil)](z ! J 1.1=1= IImz ton tai va IIm Z—<1

Ve = y(y+1) =gt =l

Bai 2: Let (X, ), (Y,),., be two sequences of strictly positive numbers, such that
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2 2
XS+ .
Xy = Zy“, Yo Zy”, forallneN

a) Show that the limits of the sequences (x,+Y,) _, and (X,y,), ., exist.
b) Show that the limits of the sequences (x,) _,,(V,), ., exist and are equal.

Loi giai: RMC 2008, Tr 53

Define the sequences s,, p, by s, =X, +V,, P, =X,Y, forall n>1
a) we have XM/ S =P, yml/ S,=>+/ P, , whence s_,,>s,, p,,,=>p,. It follows that the sequences

(s, )@l and ( pn) are nondecreasing and therefore have a limit.

b) if s, =, we get, using the above inequalities, that X, > and y, -

If s, »seR, then the sequence (p,)_, is bounded above by 1g ,S0 it converges to some

1 1 . . :
pgz s’. We also have p,, =X, yn+l>z s’ whence, passing to the limit, we obtain the reverse

inequaliry.

Since X,V € {%(Sn +./s2—4p, )} , it follows that

Yo—5S

; ) :%‘«/s§—4pn —0

1
X =4S,
2

1 1
so X, >—=s and y, > —s.
2 2
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BAI TAP ON THI DU TUYEN 2021 - 2022

LANII
Ngay soan: 5/10/2021
Chu dé: Diy s6 va cong thirc tong quat.

3
.- o U, +% -6 . 2 1x 4z
Bai1: Choday s6 u, = a; u, = —* £ . Tim cac gia tri ctia @ deé day da cho co gioi
n 2
3u;  —6u  +7

1
han hitu han va tinh gidi han trong cac truong hop do.
Loi giai:

Néua=-1thiu =-1LVvn=limuy =-1.

(un 1 + 1)3 (un—l - 3)2 \
Xéta#-1ltacou, +1=—; su, —3=— va cac diéu nay suy ra
w  —6u  +7 3u.  —6u  +
u -3 (u -3Y a-3Y 34b
L =| = =..= =b D u = B
u +1 u , +3 a+1 " " 1-b,
Xét cac TH:

1/ lim‘bﬂ‘ — +o0 néu |&

ke 1 nénsuyralimu =-1.Vay a<La#-1=limuz =-1.Két
a+

hop treong hop da xéttasuyra a <1= limu, = -1.

2/ lim‘bn‘=0né'u a—fi <1lnénsuyra limu =3.Vay a >1= limu =3.
a+
A a_3 \ A M .
3/ Néu =1 thi khong ton tai a .
a+1
N~ =3 .
4/ Néu 1:—1:>a:1:>un:1;Vnhaysuyrahmun=1.
a+

Bai 2: Cho day sd (u,) thoa

2(n+2)? Uy, —(n®+4n° +5n+2)y,

,neN,n>1
n+3

u =Lu, =4;u

n+2
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Chtrng minh rang Zﬁ < %; vn =1;2;3...
I+

Loi giai:

Twr gia thiét ta co6: (n+3)u,,, =2(n+2)°u_, —(N+2)(n+2)°u, (1)

n+2

batu =nlwv ;v, =2v =1 thi(1)suyra (n+3)v,,, =2(n+2)v,,, —(N+1)v, va cd thé viét thanh

n+2 n+1

(n + 3)vn+2 — (n + 2)vn+1 = (n + 2)vn+1 — (n + 1)vn; n=123;..
Vay lam tuong tw cho ta: (n + 3) Voo~ (n + 2) v ., =3v,-2v, =4 n=123;.. vatiép tucsuy

4n—2:>u =n!.M
n+1

a(n+1)vn—201=4(n—1):>v = )

n i+1 13 1 :
Lai co: Z(Hu) Zz(i+11)(2i—1).i!<1i1m_ZL(”l) (”2)!}@

Tach —tL 1 L op 6i+4<27+21i-11 o 15 < 15i(dtng)
(i+11)(20-1)  2(i+2)
2 145
Bai 3: Cho day s6 (xn) thoa x, = 2;x, = 3;x, = T;x, =18x , = Fnp T30 . Tinh hmz
xn i= Oxlxl+2

Loi giai:
Nhan xét: day (xn) véi cach xac dinh nhw trén 1a duy nhat. Lai cht y rang khi tinh thém vai gia
trintta x, = 18;x, = 47 néntady dodn x_, = 3x , —x hay chitng minh x =a" + 0" vdi a,b
12 nghiém phuong trinh x*> -8x +1=0.
Ménh dé da cho dang véi n = 0;1;2;3 va gia st ménh dé dung voi moi gia tri
n=0;1;2;3...;k + 3 va ta chttng minh ménh dé dung khi n = & + 4. Xét

( k+2 bk+2) + 45 ) Q2 4 bR 4 4T i (ak +bk)(ak+4 +bk+4)

k+4 k+4
= +b
a" + b a* +b* a® + b

=aQa

Diéu nay suy ra x,,, = @*"* + b*"* nén ménh dé dungkhi n =% +4 hay tacd x, =a" +b".

1 — i xn+4 _ xn+2
X X 45| x X

n+2 n

Lai cht y rang: tir gia thiét ta c6
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nén
n
hmz 1 = hmi[xﬂ+4 _ xn+2 + xn+3 _ xn+1 + xn+2 _ xn + + ﬂ _ ﬁ}
i=0 X, X9 45 X2 Xy Xt n-1 Xy n-1 Xy Xy
:limi h_kﬁ_ﬁ_ﬁ :i 2a° _6_1
45\ x X X, X 45 2
n+2 n+l 1 0

Bai4: Cho a,=0,, =2, and a,,, = /2—% v6i n>1. Tinh lim2"a, .

Loi giai: Mathematical Reflection 2014 U297
Ta chitng minh quy nap: a, = 2sin 2—72
Chuy: 23in%=23in0:0:a0; 23in%=23in%=2-1:2=a1

Gia st ménh dé dung khi n = k£ —1;n = k ta chitng minh ménh dé dang khi n =% +1

. T
25mF pn . .
=,[2-2c0s = =, [4sin® —— =2sin——.
Zsini 2 2 2
2k

Hay ménh dé dang khi n = & + 1 va suy ra diéu can chiing minh . Cudi cung ta ¢

T
sin——
lim2'a, =lim2"'sin > = lim| 27-—2— |=27
n—o0 n—>o0 2" now T
2n
2
Juo+1-1 :
Bai 5: Cho day s6 u, = g;un+1 = +———; n =1,2;3... Chttng minh rang
u
l+l+...+i<2”+1 -2 n=123...
ul u2 un

Loi giai: HSG Ha N6i 2019

T

Dat u, = tan 391

va ta chitng minh quy nap duoc u, = tanin ;n=123..

Mat khdc, lai c6 danh gia tanx > x; Vx e (O; %J nén

r Wi o, 1 32, 32 :§(2’”1—2)<2"+1—2
U U Y, tani tan tan 7 7 4

3.2 3.2° 3.2"
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Tt day suy ra diéu can chirng minh.
Bai 6: Cho trudc cac s6 x,y,z khac 0 thoa xy + yz + xz = 0 va dong thoi ‘x +y+ z‘ <1.Xét cac
a . =xa +yb +zc,

day (an);(bn);<cn) thoa <b  =za +xb +yc .Tinh lima,.

c,.,=ya +2zb +xa,

Loi giai: Taxét a” , + b7 +¢
n+l

n+l n+l =

(xz +y° + zz)(ai +b2 + ci) va 4p dung lién tiép quy
tdc nay dé'suy ra a’ + b2 + ¢’ = (xz +y°+ 22)#1 (a, +b, +¢,).

Laicd: 0<x® +y* +2° = (x+y+z)2 <1 nénsuy ra lim(as +b +c§) =0=lima, =0 (Theo
dinh ly kep).

Bai 7: Cho day s6 duong (an) thoa lim(l + L +.+ lj = 400 . Dat

al aZ an

B aa,..qa
no (a2 + 1)((13 + 1)...(an+1 + 1)

tu va tinh gidi han.

X , chttng minh day (Sn) xadcdinhboi S, =x, +x, +...+x_ hoi

Loi giai:

AY 14 v X a
Tir cdch dgtchota L =" _«—x =a X —a n=12,...

X a +1 n+l — “n+1n

n

X

n+2 " n+1?

n+2
Lay tong hay v& tir 1 dén n-1, ta duoc (S, —x,) =a,x, —a,,,X,

Mat khac lai xét danh gia:

azn'anam-l a1 al
O<a . X =& = <
! (a+D(@+1) (3 +l) [, 1), 1) (1 1) § L
a2 ag an-*—l k=2 ak

Tasuyra lima ;A =0 Vivay, ta dugc limS =a,x, +x, =a =I1imS =a,.

n—oo
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BéiS:Déys@'(xn) xacdinh boi x;, =a; x , =|1+ 1 2 x + 8 Sy n=123;...

' n+1 (n+1)2 " (n+1)

Tim a d€ day da cho cé gidi han hitu han.
Loi giai:
Cong thirc truy hoi duoc viét lai

(n+Dx,.,, nx, N 8
(n+2)(n+3) B (n+H(n+2) (M+DH(n+2)(n+3)

Do dé
nx, X, 8 8
_  r - e
(n+Y(n+2) 23 234 n(n+1)(n+2)
a 1 1 1 1
= +4 —_— e —
[2.3 3.4 nin+1) (+YH(n+ 2)]

6
a g1 je 2 4
6 (6 (n+)(n+2)) 6 3 (n+1)(n+2)

a 2
(n+1)(n+2)(6+3j—4

n

Tt d6 suy ra x, =
~ a2 - .a 2 T .a 2
Néu €+§¢0 thi limx, =+ khi —+§>0 va limx, =—o khi —+=<0

Nhu vay dé€ day s6 (x,) c6 gi6i han hitu han, budc %+§ =0 hay o =-4.Khi o =—4 thi

xnz_—4—>0
n

Vay dé day s6 da cho c6 gioi han hitu han thi « =—4.
Bai 9:

Cho k la sd nguyén duong, dat a, :{(k +/k? +1)n +(%J },Vn eN.

Xét day (s,) thoaman: s, =)

i1 &g

,vn>1

i+1
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Chttng minh rang day (s,) hoitu va tim lims,.
Loi giai:

Xét day (b, ) xéc dinh boi: by =2, =2k va b, = 2kb, +b, , ¥n>1

Khi d6 b, :(k+x/k2+l) +(k—x/k2+1) VneN.

Vib, <(k+\/k2+1) +Gj <b +lvab eZvneN nén a :{(k+\/k2+1) +(%) }bn,VneN
Khi @6 véi moi n>1, ta co:

L L 1 &b, —b 13 1 1 1( 1 1
S _z _Z a5 e = il
" & aa, ‘abib, 2k = bbb, 2k 5\ b_b. " bb 2k bb, bb

i+l 1+l n-n+l

Tt d6 suy ra lims, :Si.

k2
u, =2
Bai 10: Cho day sé LWttt (n-Du,, DAt v, =(n+1)(3n+2).u,u, . Tim
" n(n?-1) '

lim(v1 + U, + o+ U )
n
Loi giai:
Véi n>3,taco u +2u, +...+(n=u_, +nu, =n(n’-Yu, +nu =nu,.

U +2U, +..+(n=2)u, _, +(n-Yu,_, =(n-1)°u,,

u

3
. n’-n n

Tu (*)chon=3,4,5,...

Uy Uy Uy U (n—ljzin—zlz (gjz [ n n- §j_ 12
u u_, u_, U n ) \n-1) (3) \nsl n "4) n’(n+1)

o
o
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Suyra U, =——— vay, =4.— "2 Y 1 va khi d6
n*(n+1) i (n+1) . (n+2) |7 (n+1) (n+1).(n+2)
v, U, +...+v, =4 1_ 21 :lim(vl+vz+...+vn)=2.

(n + 1) (n + 2)
Bai 11: Cho day s6 (a, ) thoa

2 n? 9
=—;a ., = a’+a

1
g’ "*1_(n+1)(n+2)(” ")_(n+1)(n+2)(

a na, —2); n=123...

Chung minh rang a +a,+...+a >H, —g; n=1,2;3...Trongdo, H =1+ é +...+ 1
n

Loi giai: Bat b = na_ thi day da cho tr¢ thanh
afl +(n—1)an +2

n+2

\V]

bl = g;bnﬂ =

;n=12;3...

b
Khi do, xét b, —1=(b, —1).—2 +; vado b, <1 nénquynaptasuyra b, <1; Vn
n+

b +n n+1
n <

Tu day: ‘b 1—1‘= b —1‘. b —1|; Vn =1;2;3;... Ap dung lién tiép danh gia nay
" " n+2 n+2'"
cho ta ‘b 1—1‘< 2 b -1 :g. 1 ; Vn =1;2;3;... Va diéu nay suy ra b 1>1_2_ 1
n n+2'" 3 n+2 " 3 n+2
e g 1 2 1 N
voimoigiatri n.Suyraa, > —-—-.| ——— |, n=12;3;...Va tir day suy ra
n 3 n(n+1)

a +a,+a,+..+a >1+1+...+1—g 1- 1 >H 2
" 2 n 3 n+1 "3

Bai 12: Cho day sé {a,} xéc dinh boi

8, =1

a,=3

an+1=2a”+(1+ 2 jan_l, n=234,
n n—
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Tinh lim L+L+...+;
3a, 4a, (n+2)an

Loi giai:

2ar'+ 1+i a, =2 L S +a,,=2 & B | o B2y Bos +a, ,=..
n n-1 n n-1 n n-1 n-2 n-3

Taviétlai a ,, =

Vay suy ra:
2n 2n
a, = 2.[2&)“11 = 2.[2&)+ 1;
-1 U =1 U
2n-1 2n-1 2n-1
a,, :Z[Zi_i]+a2 :Z[Za—_ij+a2—2al :2[ i}+1
i=2 1 -1 U i-1
"a. 1 a 2a n+2 .
Vay: a , = 2. —|+1vasuyraa . =2.|=(a -1)+ 2 |+1=a +—L2= a . A

dung lién ti€p cong thitc nay tasuyra a_, = %(n + 1)(n + 2) =a, = %n(n + 1).

Vay

lim(ﬁ+ﬁ+...+ % leim1 1 +...+ 1
3 4 n+2 211.2.3 n(n+1)(n+2)

o5

Bai 13: Cho ddy (a, ) x4c dinh bsi @, = L;a, = 2a

n+

2 N
,=1l+aa,.a  + (a1a2...an_1) ,Vn>2.Tim

=1

s6 thuc M nho nhét sao cho Zl <M,VmeN .
-1 a.
Loi giai:

Taviet lai gia thiét @, 1

2
=1+aa,...a  + (a1a2...an_l) =1+ (1 + alaz...an_l)a1a2...an_
Ta tinh thém: a, = 3;a, =7 ...
Khi d¢, ta chttng minh quy nap a,a,..a,_, +1=a ; Vn > 2. n = 2;3 thi ménh dé dang. Gia st

ménh dé dung dén n ta chitng minh ménh véi n + 1
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Tacé:a, =1+ (1 + alaz...arH)ctlaz...am1 =1+a,aa,..a , =1+aaq,..a hay ménh dé dung

v6i n + 1 va suy ra ménh dé dung véimoi nvasuyra a, > 1; n = 2;3;4...
=a’ —a, +1; n=2;34;... (1) va hon nita c6 bién ddi

Tte day suy ra: @,

1 1 1

aml—l:an(an—l)@—: — s n=2;3;4;...
a, an—l aml—l
suyrazl=1+ 1 — 1 =2 1 <M;VmeN*.(2)
i=1 ai a2 _1 am+1_1 am+1 _1

Mat khac, ta c6 day (an) tang nén gia sir ddy bj chan thi ton tai lim a =L>1doa, >1.Nhung
mat khéc Iy lim hai vé (1) lai co L = 1 vasuy ravo Iy hay lima_ = +o.

Khi d6, tir (2) lay lim hai vé cho ta 2 < M . Va khi M = 2 thi bét dang thic ding nén M = 2 1a gié tri nho

nhét can tim.

Bai 14: Cho ddy (a, ) thoa a, , +a, .a’, =2(a’ +a, 1), n = 2;3;4;... Dt

P u u u
u =(a +a )(a +a )...(a +a),t|nh l1m( n__ oyl 4+ 2 J
n n n-1 n-1 n-2 2 1
a ..a aa a.a
n+l""n n n-1 372
Loi giai:
Ny Y4 . 2 _ 2 _ 42 _ _ Y
Tugidthicttasuyra: e, +2-a =a, (an + 2 aH) =aa (%4 +2 an72) =...=0 (vi

a, +2-a’ =0).Vadidunaysuyra: a , =a’ -2 n=1234;..

1

Khi d6, ta ching minh quy nap duoc a, > 2, diéu nay suy ra (an) la day ting va suy ra lima_ = +o.

Lai bién ddi: a. B —a = (an - an_l)(an + an_l); n = 2;3;4... vanhan vé theo vé ta suy ra

u = l(an+1 —an) va do do: lim ! + B +ot - HY liml i 1 =i.
7 a . .a aa a,a, 7\ a, a 49

n+1

Bai 15: Cho day b (u, ) thoa u, = Lu, = 42, , = 3u, +,8(u?,, + u?),n =1;2;3...Tinh

U +U, U+ tu,

u, +u4 +...+u2n

lim

Loi giai:

8| Nam hoc 2021 - 2022



[TAI LIEU ON THI HSGQG 2021 - DAY SO]

TRy £ .2 2 9,2 \ ~ L2 2 Q.2
Turgiathiettaco: u, , -6u ,u +u, =8u  vatwongtwclingeco u,  —6u  u  +u ,=8u .
A e Z 2 2
Trur ve theo vé ta co (u -3u ) =(3u -u ) ,h=2;3;4...
n+2 n n+l n-1 it
Tu giathiéttaco: v . —3u >0=3u . —u . >0nénsuyra
n+2 n n+l n-1

u ,=3u  +3u —u ,, n=234.

n+2

Phuong trinh dic trung 1a x® — 3x” —3x + 1 =0 c6 cac nghiém -1;x, =2+ \/§;x2 =2- \/§ va suy ra

cong thirc tong quat caa day 1a: u, = a.(—l)n + b(z + \/g)n + c(2 — \/§)n va suy ra

2| 1 2 1
xl(n+ ) 1 xz(n+ ) 1
u, +u, Fu, +. U, :—7(n+1)+b.x 1 +tecx
n+l 1 2 2 2
x; -1 x, -1
2n _ 1 xZn _
_ 2" 2 Vo NP
U, +u, +ug+...tu, =Tn+bx; — +c.x, ———. Turday suy ra
x; -1 x, -1
2(n+1) 2(n+1)
A -1 x, -1
~T(n+1)+b.x, 1 +cx, 2 1
u, +u, +u. +...+u X, — X, —
: 1 3 5 2n+1 : 1 2 _
lim u, +u, +..+u = lim n _1q x -1 —h
2 2n Tn+bx? - +c.x) =2
xX -1 . |
1 2
., .. n+1 ; n
Chay: lim = lim =0
2n+2 2n+2
xl xl
x x>
Bai 16: Cho day (x, ) théa x, = 2;x, = 4;x, | = i1 s =2;3;4... Tinh
n+1 2
X +x  —X
n n n
) 1 1 1
lim (xn —1)(1—— 1—— | |1-—]|.
xnfl xnfz xl
Loi giai:
Ta bién doi gia thiét:
xn—l 'x: 2 2 xn + xrzl—l xn+1 + x:
X = o x (x +x )zx (x +x)<:> =
n+1 2 _ n+1 n n-1 n-1 n+1 n x x x x
xn + xn—l xn—l n-1""n n+1*""n
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Khi d6, tir dang thtic cudi suy ra:

2 2 2 2
X +x X +x X, +x X 1 A
ponl -l n— =2 l-lox =—2="—=x +1+ va tir day quy nap ta
n+l n
X X X x,.X x —1 x —1

n-1""n n+l""n 21 n n

X

c6 x, > 1; Vn vasuyra (xn) la day tang, suy ra limx = +o.

Laico: - —1-L ,_123. -4 =(1—i}..[1—l]

X X X X Xy

n+1 n n+1 n

lim((xn ~ 1)[1 ~ LJ [1 ~ L]@ = lB —lim e — 9
Y1 ) Xy Xpi1

khi n > 0. Tinh

Hay ta co:

Bai 17: Day (xn) thbax =0=n=0;x 6 = xf + (—l)n .xzn

£ H

2

ﬂ+1 ﬁ+1 ﬂ+1

B 3 cee 5

xn xn—l x2

lim

Loi giai:

Thay n=0 va n=1tacd x, =X’ va X, =%, do dd x =x, =1. Tr diéu kién suy ra

2 2 2 2
Xonit = X %, and Xon = Xo1 X1
\ A ‘. 2 2

Trtt theo v€ ta cd: X, ., —X,, =X, + X4 = X5 4
Ta chitng minh quy nap: X,, =X, ; + X, ,,N =1 (1)
That vay, X, =X, +X, va gia st (1) dung dén n. Thi

X Xy =X, =X X 2 (X X Y3 (X=X Y =3 K = X

one2 " Xon T X X~ Xt n—l_( na T n) M n+l+( n+l n) =X T X, = X0
Vay ti cac diéu trén ta suy ra: x, = 0;x, = Lix _, =x  +x vacong thic tong quat la

n n

1+5 1-5

x =a. +b| ——
2 2
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s A N Xnig ~ %, _1 _ X1 ~%pa _ A2 _ _ - = (— n
Bién doi: —xn+1 =1= —xn X X —X ( 1) ( X X )— —( 1) va
n+l
. X, 4%, |71 v as e
diéu nay suy ra —2—" = ( ) +1 vakhi do ta cod
xn+1 xn+1
n n-1 1
-1 -1 -1 X X . XX XX
lim %+1 ( 2) +1].. @+1 = lim Zzettea Totap | Za _LeV5
xn xnfl x2 xn xnfl x2 2
Bai 18: Cho day (a,) , thoa a,=0,a =1a,=2,a,=6 va
Ay = 2an+3 +a,.,— 2an+1 —a,n >0.

7 . M . A, 7. . *
Chiing minh rang a, chia hét cho n v6imoi n e N

Loi giai:

Cach 1: Phuong trinh déc trung: x* — 2x® — x* + 2x + 1 =0 cd nghiém a =

(mdi nghiém déu 1a boi 2)

Suy ra cong thikc tong quat: a, = (Aln + BI)L1 +2\/3J + (Azn +B, ) {%] - Lap h¢ va giai ra

N 1(1445) (1-45)
cong thirc tong quatsuyra a, =n—= 5 o

N

Cach 2: Ta tinh vaisd a,=0,a =1a,=2,a,=6,a, =12,a, = 25;a, =48 xét

4_q

a2 a a a a
1 "2

=1,2=2-1=3-52=5
3 4 5

6

;E = 8... Tt day, ta chitng minh quy nap

L F,n=1,23..
n

Gia sit ménh dé da cho dung dén n + 3; ta ching minh ménh dé dung véi n + 4.
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a.,=2n+3)F  +n+2)F  -2n+DF  -nF,
=2n+3)F, ,+(n+2F,,-2n+DF, -n(F,,-F,,)
=2(n+3)F ,+2F, ,—-(n+2)F

= 2(71 + 3>Fn+3 + 2F2n+2 - (n + 2) (Fn+3 - Fn+2)
=(n+4)(F,,+F, ,)=(n+4dF,,

Néu lam cach 1 thi can chirng minh L (ﬂ} - (ﬂJ eZ.

NI 2

Néu lam cach 2 thi hién nhién.

Bai 19: Day sd (a,) xac dinh boi a, =1, an:L\/Zan71+an72+m+a1J ;n>1.

, . 1 1 1
Tinh llm(—+—+...+ .
a0y @,y Qonop i1

Loi giai:
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