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Pham Minh Tuan 6

Séng la cho, dau chi nhan riéng minh

Bai 1. Cho cip s6"cong (un) ¢ cdc s6'hang déu dwong, s6'hang ddu u, =1 va tong cia 100 s6°

hang ddu tién bang 14950 . Tinh gid tri ciia tong

1 1 1
= + +..+
uz \/Z + ul \/Z 1/[3 \/Z + uz \/Z u2018 2017 + u2017 \/ u2018
A 1[1+ 1 j 3.1(1_ 2 j
3 6052 3 6052
B 1(1— 1 j D l(1+ 2 ]
3 6052 3 6052

Huwdng dan gidi
Tong cta n s6 hang dau cuia cdp s6 cong duoc goi la tong riéng tha n:

n[Zu1 +(n—1)d_

S =
2

_100[2+994 |
Apdung: S, =—+t—"—"-+

Ta co: 1 = M _‘/Z =1(L 1 J
un+1\/z+un\/un+l ‘\/ n+l* n (\/_ \/7) \/ n+1 n n+1 _un) d \/Z un+1

Khi dé:

=14950 <> d=3 va u,  —u, =d, u,,, =u, +2017d = 6052

)

Q|

LMl
-3 7=)

Bai 2. Cho cic s0 phitc z,,z, thoa min ‘21‘ =‘zz‘ =1, z,z, #-1 va z, # —z,. Tim gid tri nho

z,+2, 1+zz
nhit cua biéu thirc P = | 12|

1+zlz2 Z,+2z,

A 1 B. 2 c. 2 D. 4

Huéng dan gidi
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Séng la cho, dau chi nhan riéng minh

, ta co:

. z. +z
bat t=—1-2
1+zlz2

zZ,+z z,+z, Zl+zz+z1'zz(z1+Zz)_z1_zz_zlzz(z1+zz)

1+2z:z, _1+Z_1-Z_2 (1+Z 22)(1+Z_.Z_)

:z —z_+z —z_—z z_( ) z, 2(21 ) z, -2, Z 4z _Z__(Zz_j_z)__(zl_z_l):()
(1+zlz )(1+z Z ) (1"‘2122)(1"‘21-22)

Suy ra t1a s6 thue, khi d6 P = t+% , khao sat ham s0 ta dwoc GTNN cua P 1a 2, dat

duwockhi t =+1

Cha y: z—z=0 thizla s6 thuc va z+z=0 thi z 2 s& thuan ao

Bai 3. Cho cic s0 phitc z,,z, thoa man ‘zl‘ =6,

2,|=2. Goi M, N lin lugt 1 diém biéu diéh
cic s6'phitc z,, iz,. Bist ZMON =60°. Tinh gid tri ciia bié thite T =|z} +923].

A. 2443 B. 36+2 C. 36 D. 36\/3

Huwdng dan gidi
T= ‘zf +9z§‘ =|z, +3iz,||z, - 3iz,| = ‘W+@Hm—ﬁ‘

P eON

V6i P 1a diém biéu dién s6 phtec 3iz, — _
OP =[3iz,| =6

.. JOM=0P VORISR
Ta co: — AOMP déu, goil la trung

Z/MON = 60°

diém MP — T = 201.PM = 2i6 3643

Bai 4. Cho ngdu nhién hai s6'thwc a,b e |:0; 1:| . Tinh xdc sudt dé'phwong trinh x°> —3ax*> +b=0
co toi da hai nghiém

> L C1-— D.1-—

A . . 1
434 434 434 434

Huwdng dan gidi
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Séng la cho, dau chi nhan riéng minh
x=0

Xét y=x"-3ax’ +b; y'=3x" —6ax; y'=0<—{
x=2a

Yéu cau bai toan < y(0).y(24)20 < b(b—4a3) >0

. Néub=0-a=0 /

- Néub>0->b>4a

i 1 T T
Tacéd: 4’ =1 a=— | EEma:
34 5 5
. : _
8 -06 -04 0 02 0.4 06 D. 12
A% \ \ o A 7 2 DA « 7. S ) 02 I I O T
Xéc sudt can tim 1a dién tich ctia mién duoc gidi ; /( EEEEH ; ;
han boi:

1
=4a°, y=1,a=0, a=—
gy U

1

a
Vay xdc sudt can tim 1a P = I (1 —4a° )da _ 3
0

434

Bai 5. Cho ham so'y = f (x) c6 do thi nhw hinh ve. C6 bao nhiéu gid tri thwc ctia tham s6'm dé

ham 6’y = ‘fz (x)+f(x)+m‘ c6 dung 3 diém cuc tri.

A. m>i B.m>— C.m<1 D. m<1

Huwdng dan gidi
f2 () f(x)+m [ 2F(x) £ (x)+ £ ()]
2\/[f2(x)+f(x)+mT

Ta c6 yz\/[fz(x)+f(x)+m]2 :>y'=[
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_f'(x):0<:>x:1;x=3

A\l

y=0& f(x)=—%©x=x0<0

fz(x)+f(x)+m=0 (1)

Dit t = f(x), tir (1) ta duoc: £ +t+m=0 (¥
Ta da tim ra 3 diém cuc trila x =1;x =3;x =x, <0, nén d€ ham s6 da cho c6 dung 3
diém cuc tri thi (*) vO nghiém hodc co nghiém kép t = —%, hay A=1-4m<0&m= i .

2
Tht lai ta thay m:—i—{l%%J :0<—>t=—% (thda)

Vay dap s6 la m Zi

Bai 6. [CHUYEN HA LONG] Cho hai hop dwng bi, dung 2 logi bj trang va bi den, tong so'bi
trong hai hdp la 20 bi va hdp thir nhat dung it bi hon hdp thie hai. Ldy ngdu nhién tie moi hop 1

. g 7 2 AT A . A . \ 55 ’ s 2 AT A [N . <
bi. Cho biet xdc sudt dé lay dwoc hai vién bi den la FYR tinh xdac sudt dé lay dwoc 2 vién bi trang.

A. = B. 1> C. 11 D. Ddp an khic
28 84 84

Huéng dan gidi
Goi x, y Ian luot 1a s6 bi & hop tht nhét va hop thit hai, x,y € (0;20)

0<x<9

1<y <19 (*). LAy ngau nhién 2 vién bi bat ky tir 2 hop n(Q) =Xy

Vi x+y:20:>{

Goi m, n Ian luot la sd bi den ¢ hop thir nhat va hop thi hai, m e (O;x),n € (0; y)

Goi A la bién c6: “Lay dwoc hai vién bi den” = P (A) _ g = mn= Z—Zx-]/
x.y

Mt khac m,n e Z = (x.y):84. Tl didu kién (*) thi chi c6 x=6;y =14 thoa man

Suy ra mmn=55=5.11nén m=5n=11
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, = —_ = 1
Goi ¢, d Tan lugt 1 s8 bi tréng 6 hop tht nhéat va hop thit hai, khi d6 {; o ;
A 7 A A? 1A «A . g N 1.3 1
Vay xdc suat dé lay dugc 2 vién bi trangla P=——=—
6.14 28

Bdi 7. Trong khong gian v6i hé toa d§ Oxyz, cho bon diém A(7;2;3), B(1;4;3), C(1;2;6)
D(1;2;3) va diéin M tity . Tinh dg dai dogn OM khi biéu thirc P = MA + MB+MC +~3MD
dat gid tri nho nhat.

A. OM =+14 B. OM =+/26 C. OM=# D. ozw:#

Huéng dan gidi
DA = (6; O;O), DB = (0; 2;0), DC = (0; 0;3) nén tit dién ABCD la t& dién vuong dinh D

X+y+z

3

Dy dodan M =D nén ta gia st M(x+1;y+2;z+3)—)MD=«/x2+y2+z2 >

Ta c6: MA:\/(x—6)2+y2+z2 >[x-6|26-x

Tuong tu MB=\/JC2+(]/—2)2+ZZ Z‘y—Z‘ZZ—y, MC=\/X2+y2+(Z—3)2 2‘2—3‘23—2
Suyra P26-x+2-y+3-z+x+y+z=11

Dau “=” xay ra khi va chi khi x=y=z=0 hay M =D —OM =14

BTTL. Trong khong gian véi hé toa d Oxyz, cho bdn diém A(2;2;2), B(0;2;2) C(2;0;2),
D(2;2;0) va diéin M tiry y. Tinh d§ dai dogn OM khi biéu thirc P = J3MA + MB+MC + MD

dat gid tri nho nhat.
A.OM =32 B. OM =23 C. OM =+2 D. OM =+/3

Bdi 8. Cho ham s0 f(x) lién tuc trén R vi cd d6 thi nhu hinh bén dudi
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X1

-21 o 2

Goi ham g(x) = f[f(x)] . Phwong trinh g'(x) =0 ¢ bao nhiéu nghiém phin biét.
A. 8 B. 10 C. 14 D. 12

Huwdng dan gidi

Ta co: g'(x)zf'(x).f'[f(x)];

F(x)=0 (1)

OOV N 5
g'(x)=06e|" el flx)=2 )
[f(x)]_o f(x):m (—2<m<—1) (4)
f)=n(en<2) o (9)

b6 thihamsd y=f (x) ¢ 4 diém cuec tri nén (1) c6 4 nghiém phan biét

Do thi y = f(x) giao vdi Ox tai 3 di€m nén (2)cé 3 nghiém, trong dé c6 2
nghiém trung véi (1) .Suy ra (2) c6 1 nghiém phan biét

bothi y=f (x) giao voi y =2 tai 3 di€m nén (3) c6 3 nghiém phan biét

Do thi y = f(x) giao véi y=m (-2<m<-1) tai 1 diém nén (3)cd 1 nghiém
phan biét

b6 thi y= f(x) giao véi y=n (1 <m< 2) tai 3 diém nén (3) c6 3 nghiém phén
biét

Vay tong c6 c6 4+1+3+1+3=12nghiém phan biét

Bai 9. Cho cdp s0'nhin u,,u,,u,,..,u, ; trongdo u, >0, Vi=1,2,...,n. Biét rﬁng
1 1 1 1 1 e A
U, +uy +u, +..+u, =2018, —+—+—+...+—=2019 va P=u u,.u,..u, >——- . Hoisd
ul u2 u3 un
tw nhién nho nhit thoa man P la:
A. 9295 B. 9296 C. 18592 D. 18591
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Hudng dan gidi

) u, (q" —1)
Taco: u, +u, +u, +...+u, =2018—>—1=2018 (1)
q_
A0 (1-¢)
u, |\ q P
Va l+i+i+...+i=2019—) : =2019<—>H—q=2019 (2)
u, U, U u, 1_1 uq (1_‘7)
q
1-4g" -1

Tw (1) va (2) suy ra ( — 1 ) 1 _ 2019 o uig"! _ 2018

wq"" (1-q) u,(q"-1) 2018 2019
Tacod: w ., Uyt >——

1°772°773 n 100
© ul.(ul.q).(ul.(f )....(ul.q”‘l) > L
100
n(nfl) n g
ou'lg ? >i<—>(ulzq”_1)2 51 o 2018 )2 1
100 100 2019 100
o n>2log,. L ~18591,1 »> n=18592
019 L 100
Bai 10. Co tdt cd bao nhiéu gid tri nguyén cua tham s6'm dé phwong trinh
J4sinx+m +sinx=§/sin3x+4sinx+m—8 +2
co nghiém thwec
A. 20 B. 21 C. 22 D. 19

Huwdng dan gidi

. Phuong trinh tré thanh:

Dt {a:x3/4sinx+m

b=sinx

a+b=a* 1’ -8+2 6> (a+b-2) =a* +1° -8 > 3(a+b)(a—2)(b-2)=0
a=2

< |b=2 (VN)
a+b=0
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Séng la cho, dau chi nhan riéng minh

8—m 8—m

TH1:a=2<—>sinx=T—>—1£ <1->4<m<12

TH2: a+b=0<>m=—sin’ x—4sinx < -5<m<5

Vay c6 20 gia tri nguyén m théa man

Bai 11. Co tdt cd bao nhiéu gid tri thuwc cua tham s6'm dé gid tri I6n nhit cia ham s6’
y=[lnx-2x*+m
la nho nhat trén doan [1;2]
A1 B. 2 C.3 D. v6 s

Huwdng dan gidi
Xét g(x)=Inx-2x%; g'(x):%—élx; g'(x):0<—>x=i% (loai)

g(l) =-2; g(2) =ln2-8—- max‘g(x)+m‘ = max{‘m—Z m+ln2—8‘} = h(m)

Puong mau xanh, tim, den lan lwot 1a d6 thi y(m) :‘m—Z , y(m) :‘m+ln2—8‘ va h(m)

Phuong trinh hoanh d¢ giao diém: —-m-In2+8=m-2<<>m= 5—%ln2

Duya vao do thi ta thay /(m) nho nhat khi va chi khi m =5 —%mz

@

Bai 12. [CHUYEN PAI HOC VINH-LAN 1] Gid stt z,,z, 1 hai trong s6 cic so phitc z théa
man ‘iz +\/§—i‘ =1 va ‘21 —zz‘ =2. Gid tri I6n nhat cua ‘21‘ +‘22‘ bang:

A 4 B. 243 C. 3\2 D. 3

Huwdng dan gidi
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Cich 1: Dai so’

Ta cé: ‘iz+\/5—i‘:1<—>‘z—1—i\/§‘=1

pae {0 =212l mw] =2
=12 ol

2 2 2 2
—>‘w1+w2‘ +‘w1—w2‘ :Z‘wl‘ +2‘w2‘ —>‘wl+w2‘:0—>w1+w2:0

—>z,+2z, =2(1+ix/§)—>‘zl+zz‘=2\/§

Tacé: P=|z,|+[z,| <2 +2[2f =\|z+ 2 +| -2 =v12+4=4

Cdch 2: Hinh hoc

05

05 b 05 1 15 2

Goi A, B Ian lwot 1a diém biéu dién s6 phtic z,,z, > A, B thudc duong tron (C) tam

1(1;&), ban kinh R =1

Khi do,

2,~2,| =|OA-OB| = |BA| = AB =2 AB 1a dutng kinh ciia duéng tron (C)

Va |z, +2,) <|0A+ OB| =2[01| =201, véi 1 1a trung diém AB
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Ap dung cong thiic duong trung tuyén:

2 2 2 2 2
or: =94 ;OB —Af —>OA2+OB2:2[OIZ+Af j:z(m%}:s

Taco P=|z,|+|z,|=0A+0B < [2(0A* +OB*) = 2.8 = 4

BTTLL. Gid stt z,,z, i hai s0phitc théa min |z, +1-i|=2 v z, =iz, . Gid tri nhé nht ciia
‘21 —zz‘ bang:

A 242-1 B. 242 +1 C 22-2 D. 24242

BTTL2. Gid sw z,,z, la hai s0 phitc théa man ‘zl —i‘ = ‘(1+i)zl‘ vd ‘zz‘ =

z, —3+4i‘. Gid tri
2 2 2 N .
nho nhit cua ‘zl - zz‘ bang:

A 2 B.3_h C. 3—53_\/5 D. 242 -1

10

BTTL3. Gid sw z,,z, la hai trong so’cdc s0 phiec z thoa man ‘z -3 —41" =2 va ‘21 —zz‘ =1.Gid
. 2 A ? 2 2 N
tri nho nhdt cua ‘21‘ —‘zz‘ bang:

A. -10 B. -5 C. -6-25 D. -4-35

Bai 13. Cho ham 56" y = f(x) lién tuc trén R, c6 f(-2)<0 vd do thi ham s6” f'(x) nhw hinh

vé bén. Khing dinh nao sau ddy la khing dinh sai?

A. Ham 56"y =|f (1-2")| nghich bici trén khodng (~os;-2).

B. Ham 50’y =|f (1-2™"*)

6 hai cuee tiéu.
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C.Hamso' y = ‘f(l —xzms) c6 hai cwc dai va mot cuc tiéu.

D. Ham s’y = ‘f(l —xzmg) dong biéi trén khodng (2;+o).

Huéng dan gidi

Tir d6 thi cia f'(x) ta 6 bang bién thién nhu sau:

X -0 =2 1 2 +x
J‘. " { X ' - 0

- 0
f{-‘-)l +x
f(x) / \ /
— f(2)

Tir gia thiét f(-2)<0 va 1-x"" <1= f(1-x"")<0 véi moi x.

-

ﬂ(t) <0Okhite (—2;1) S re (_201\8/5; 201\8/5)
f'(t) >0khite (—oo;—2)u(2; +oo) Srxe (_OO;_zol\s/g)u(ml\S/g; +oo)

Dit t=1-x"", ta co:

20187 f/(t)-£(¢)

, ta co: g’(x): Zm

Do d6, ta c6 bang bién thién cta y = g(x) nhu sau:

Dat g(x) = ‘f(l_xzols)

X -0 =20 ‘.:5 0 = ‘\JIE +0

7'(x) - 0 - 0 - 0 +

N e

Vay chon C.

Bai 14. Cho cdc so'phikc z,,z, théa min |z,|=r,,

zz|=\/51’2 vad ‘izl—(1+i)zz‘= rl+4r] . Goi
A,B,M,N lin lwgt la dién biéu dién cdc s6'phikc 2iz,, (2+2i)z,, (1+i)z,, iz,. Biét a la goc

gitta AM va BN . Tim gid tri nho nhdt cua cosa .
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4 3 3 2
A. (cosoe)min =3 B. (cosoe)mirl =2 C. (cosoz)min =g D. (Cosa)min =§
Huwdng dan giai

Tt dé suy ra OA =2r;; OB=4r, va M N lan luot la trung diém OB va OA

Ta cd: fiz, = (1+i)z,| =1 + 417 ©[2iz, ~2(1+7)2,|=2\J1 +4r] -|0A-OB = AB=21} + 4r;

Do d6 tam giac OAB vudng tai O

[AM.BN| ‘(AO+E).(BO+§)‘ ‘AO.BO+@(BO—AO)—EZ
Ta co: cosa = = =
AM.BN 4AM.BN 4AM.BN

AB?
4AM.BN 2AM.BN

—2
‘—ZAB

Vi OA L OB — AO.BO=0— cosa =

Lai co:

2 2 2 2 2 2
2AM.BN§AM2+BN2=[OA +AB OB }{OB +AB 0A j

2 4 2 4
2
=%(OA2 +OBz)+ A2 = 24B (do AB? = 0A2 +OB2)
2
Vay cosa > AR _4
Sap? O
4

Nhan xét: Ngoai cach trén ta cé thé chuan héa r, bang mot s§ duong bat ki roi dua

cosa vé ham theo bién r,, khi d6 viéc tim min sé dé dang hon.
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4
21 j _ 2018 . Tinh gid tri cuia

Bai 15. Goi z,, 7,, z, va 7, la cic nghi¢m cua phirong trinh ( =019

2z—1
biéu thirc P = (212 +1)(z§ +1)(z§ +1)(zi +1).
A (4.2019+2018)(4.2019+2018.81) . (4.2019+2018)(4.2019-2018.81)

(2018.16 -2019)’ ' (2018.16 -2019)’
(4.2019-2018)(4.2019 +2018.81) (4.2019-2018)(4.2019-2018.81)
C. - D. -
(2018.16-2019) (2018.16-2019)
Huwdng dan gidi

Dt f(z)=2018(2z i) ~2019(z~1)' =(2018.16-2019)(z -2, )(z~2,)(2 -2, ) (2~z,).

o f(i)=(2018.16-2019)(i -z, )(i-z,)(i -z, ) (i z,)
=2018(2i-i) ~2019(i—1)' =4.2019 +2018
. . . . 4.2019+2018
=z =1z )z )= 357575 2019
o f(=1)=(2018.16-2019)(~i—z, ) (=i -z, )(~i—z,)(~i—z,)
=2018(2.(~i)~1) ~2019(~i~1)" =4.2019+2018.81

. ) . N 4.2019 +2018.81
= (z,+i)(z, +1)(z, +i)(z, +i) = 5018 16 2019

Ma P =(z,+i)(z, +i)(z, +i)(z, +1)(z,—1)(2, —)(z, =1) (2, —1)

([ 42019+2018 ) (4.2019+2018.81) (4.2019+2018)(4.2019+2018.81)
2018.16-2019 ) | 2018.16-2019 (2018.16-2019)°

Bai 16. Cho ham s6’ f(x) khong am va lién tuc trén |:O,' +oo) thoa man:

f(x)< 2018+2If(t)dt, Vx>0

j £ (x)dx =1009(e* -1)

A. 2018(e-1) B. 1009 (e +1) C. 2018(e-2) D. 2018(e—2)
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Hudng dan gidi

Ta c6 f(x)szo18+2jf(t)dt<—>f(x)—2018—2ff(t)dtso (1)

Pit g(x)=e” U f(t)dt+b]; gv(x):eu{ai £(r)de+ f(x)+ab]

Tir (1) thuc hién phép dong nhat <
©t (1) thiee hién phép dong nhat suy ra {ab=—2018 {b=1009

Vay g'(x)<0, Vx 20, tiic g(x) nghich bién trén [ 0;+)

N e2x£

1
Vay f(x)<2018¢" - [ f(x)dx <1009¢* ~1009
0

O e 2

f(t)at +1009] =¢(x)<g(0)=1009 — 2Tf(t)dt +2018 <2018¢*
0

f—f)dx =2018(e—1)

Dé&u “=” xay ra khi va chi khi f(x)=2018¢"" =
e

O ey

Bai 17. Cho 16 phiéu ghi cdc s0'thir tw tir 1 dén 16. Lay Ian lwot 8 phiéu khong hoan lai, goi &,
la 0’ ghi trén phiéu thiv i 1dy dwoc (1<i<8). Tinh xdc sudt P dé'8 phiéu 14y dwoc théa min

a, <@, <..<a, vakhong cd bt ky hai phiéu nao cé tong cdc s6'bang 17.

8 8 8 8
A p=>_ B.P=2_ cp=2 D.P=2
16 16 C16 C16

Huwéng dan gidi
Ta co ‘Q‘ = A’ . Do 8 phiéu 1ay dugc thoa man diéu kién a, <4, <...<a,, nén ta cd thé

xem 8 phiéu lay duoc nhw 1a mot tdp con cta tap c6 16 phan ttr.

Goi S = {1,2,3,...16} va Ec S théa méan yéu cau bai toan. Ttr 1 dén 16 ¢ 8 cdp sd co tong
béng 17 chia thanh hai tap twong tng la M = {1,2,...,8} va N= {16,15,...,9}. Néu E cb

k phan t thuoc M thi cd C;‘ cach chon va khi d6 E sé c6 t6i da 8—k phan tk thuoc N




Pham Minh Tuan e

Séng la cho, dau chi nhan riéng minh
nén co 2% cach chon, véi k e {0,1,...,8} . Vay s0 tap hop E théa man yéu cau bai toan la

A 3°
Cg2°+C.2" +..+C5.2° =3. vay P:A—S.

16

Bai 18. Cho cic s6'phitc z,,z, thoa man ‘21‘ =1, zz‘ =r. Goi M, N, P lin ligt la diém biéu
ZNMP =«

. Khi r=r, thi g6c a la 16n nhat. Khing
ZMOP =90°

dién cdic s6'phirc z,, iz,,4iz, . Biét {

dinh nao sau ddy dung?
A re(1;2) B. re(0;1) C.re(2;3) D. re(3;4)

Huéng dan gidi

N e OP;0OP =40N =4r

Tt dé suy ra
OM =1

Ta co: tan ZOMN =7

tan ZOMN +tana _ r+tana  OP

4r

Va tan(ZOMN +a) = = = =
( ) 1-tan ZOMN.tana 1-rtana OM

3 :§—>max{a} dat duwoc khi r:%

r 3
<
' +1 2421 4

Suy ra tana =

Bai 19. Cho ham s’ f(x) c6 dao him khéc 0 v lién tuc dén cap hai trén [1;2 ] théa min
In2f'(1)=f(1)=1
(x)=xF"(x) - Vxel:l;Z]
f,(x)zi/f( )-f"(x)

2/ 20
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Séng la cho, dau chi nhan riéng minh

2
Tinh tich phin I = j xf (x)dx
1

1
A. 1210g25+m+1 B. I:3log25—41n2—
3 3
C. I:log25—ﬁ+2 D. 1:210g25—2ln2—1
Huwéng dan gidi
Ta cé: f'(x)=§/f'(z2)__le”(x) o f(x)2™ 1n22=2f'(x)_2xfin(x)
27" In?2 [f(x)]

= (2 1n2 ':[i}azﬂ")l -2 ¢
(2" n2) () R E R

Viln2f'(1)=f(1)=1->C, =0
Khi d6:

f1(x)2™ In2=2x & (2"V) = 2x 2"V = [2xdv =27 +C, & f(x) =log, (x* +C,)
Vi f(1)=1=C, =1, khi d6: f(x)=log, (x* +1)

2x

2 =1 2 v= 2

Xétlz‘!xlogz(szrl)dx,Dét {ZU‘E;(" +1)_> E; +1)In2
v=—

2

1 21 1 1} X
S I==xlog. (x?+1) ——— =2log. 5———— || x—
uy ra [=2x"log, (x* +1) m2i 1~ 87Ty anJ( x2+1j

1 0

2 2

~n(x* +1)

1

2In2

1 1 |x°
—2log. 5-s e | X
0829775 ln2[2

]:210g25

1 1

BTTL. Cho ham so” f (x) dong bién va cé dao ham lién tuc dén cap hai trén [0; 1] thoa man
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Séng la cho, dau chi nhan riéng minh

f(0)=£(0)=1
()7 ()L () )+ 1) =27 () £ (%)

Tinh dién tich ctia hinh phing gi6i han boi dwong cong y = (x2 + 1) f (x), hai truc toa dj va

, Vxe [0;1]

dwong thing x =1
47 101 9
A — B. — C. ede—— D. ede-1
12 30 e\/_ 20 - e\/g

Bai 20. Cho diy so (un) thoa man log3(2u5—63):210g4(un—8n+8), veN . Dt

/ A 7z A7 2 ~ S
S, =u, +u, +...+u . Tim s0' nguyén dwong lon nhit n thoa man DaPan %
u2n n
A.n=16 B. n=17. C.n=18 D.n=19

Huwdng dan gidi

log, (2u5 —63) =2log, (uk -8k +8)

X6t Vi 1= _ .
étvoin=k, n=k+1 {10g3(2u5—63)—21084(”k+1_8(k+1)+8)

— log, (u, —8k+8)=log4(uk+1 —8(k+1)+8)—>uk+1 —u, +8
Suy ra (un) la mot cap s cong voi cong sai d =8 > u, =u, +8(5—1):u1 +32

Maic khac voi n=1:

log, (2u, —63) =2log, u, <> log, (2u, +1)=2log, u, —LOE 5y =4

u,=4+8(n-1)=8n-4
- [2.4+8(n—1)]n

S, = =4n’®
2

2
_— (8n—4).16n _ 148
(16n-4).4n* 75

<> n<19.Vay sd nguyén duwong 16n nhatla n=18

N e o 2 , e N N N 2 s A2 1 \ 1 oY
Bai 21. Trong mdt phang phirc, xét hinh binh hanh tao boi cic diém 0, z, — va z+—. Biét z
z z
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Séng la cho, dau chi nhan riéng minh

2

c6 phian thyec dwong va dién tich hinh binh hanh bang % Tim gid tri nho nhat cua |z +l
z
23 52 c p 2
37 37 37 37
Huwéng dan gidi
0 A
o !
. “ NP S 1 . 1
Goi O, A, C, Blan lrot la diém biéu dién cac so6 phic 0, z, — va z+—
z z
Suyra OA=|z ,OC:AB:‘l, O—B:a+&—>08:‘@‘:‘@+& o+t
z z
Dién tich hinh binh hanh:
S=0A.AB.sin ZOAB = i) —sin ZOAB = » — cos ZOAB = 12
37 37 37
Ta cé: OC? =i2+‘z‘2 —~2cos ZOAB>2 iz.‘z‘z —2cos,0AB=2-222_0
‘z‘ ‘z‘ 37 37
S N . (1A A \ 2 x-2 y+2 z-1
Bai 22. Trong khong gian vdi hé toa dp Oxyz, cho 4 dwong thang A, : R ;

A

2 2 o1 U 1 1Tt 3
dwong thang nao trong khong gian ma cit dwoc dong thoi cd bon dwong thang trén. Tinh gid tri
cua biéu thitc T =a—2b

A -2 B. -3 C. 2 D.3

= . Biét khong ton tai

.le_y—l z_A.i_y+2:z+1' A :x—5:y—a:z—b

Hudng dan gidi

Ta co: A,/ /A,
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Séng la cho, dau chi nhan riéng minh
Goi P 1a mit phang chira A, va A, :>(P):x+2y—z+3=0

A;
Goi I=A,N(P)=1(0;-1;1) A, /

J
Goi ]=A4m(P):>](—2a+6b+22;3b;24;—2a+67b—8] 9}

= (—2a+b+zz_3b—18_—2a+7b—14j

=1 = ; ;
J 6 6 6

P& thoa man yéu cau bai toan thi I] phai cing phuong véi LZ = (1; -1 —1) , hay:

20+b+22 3b-18 —2a+7b-14
6 -6 -6

Sa-2b=2

Bai 23. Cho cip so cong (un) co tat ca cic s6 hang déu dwong thoa man:
1o )- Gidl tri nhé nhdt ciia P =log] u, +log] u; +log u,,

A =2 B. -3 C. 2 D.3

U+ Uy + o+ Uy :4(141 +U, +..+U

Huwdng dan gidi

, 2018(2u, +2017d)
Ta c6: sy 41U, + oot iy =4 (1, + 1, + 10 ) ; = 2.1009(2u, +10084)
d d 3d 5d
<:>u1=—:>(un): —
2 27272
Khidé:P=log§%+log§9—j+log§ ZZd MOPEZ > minP =2

Bai 24. Cho day s (u,) théa man: ln(ul2 +u + 10) =In(2u,+6u,) i
u,,+u, =2u_ +1,Yn>1.Gid tri nho nhit cian dé'u, > 5050
A. 100 B. 99 C. 101 D. 102

Hudng dan gidi

Ta cé: 111(L112 +10) +10) = ln(2u1 +6u, )2 =N (”1 —1)2 +(u2 —3)2 =0 {u1 B
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Séng la cho, dau chi nhan riéng minh
Mat khac: u, ,+u, =2u ,+1<u ,-u ,=u ,—u +1.Datv =u  —u

Suyrav ,=v +1= (vn) la mot day CSC c6 cong sai d =1

=0 =v,+n-1=u,—u+n-I1=n+1

u,=u,+2

u,=u,+3
Khidéu  =u +n+l=q°

U =u_ +n
~ ~ ~ n(n+1)
Cong v&theo v&ta duoc: : u, =u, +(2+3+..4n)=1+2+3+..4n= >

. n(n+1) o
Vay: P > 5050 < n>100, suy ra Gid tri nho nhit n_, =101

Bai 25. Xét cdc s0 thirc dwong x,y,z thay doi sao cho ton tai cdc s6"thwe a,b,c>1 wva thoa
man Nabc =a* =b" =c* . Tim gid tri nhé nhat cia biéu thircva P =x+y + 2z

A. 42 B. 4 C.6 D. 10

Huwdng dan gidi
Ta co:
@ =abc  |2x=log, (abc)
b =abc = {2y =log, (abc) = i+i+i =log, a+log, b+log, c=log (abc) =1

2x 2y 2z
c*=abc |2z=log, (abc) /

Khi d6, P> 22

> 1+222, z >%. Khao st ham sd suy ra MinP =6
Z_

4

1 1
4 _ T S
Chu y: BDT Cauchy - Schwarz: -+ =~
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Séng la cho, dau chi nhan riéng minh

Bai 26. Cho so phitc z=x+yi voi x,y € R thoa man ‘z—l—i‘Zl va ‘2—3—31"3\/3 Goi M,

m Iin lwot la gid tri nho nhdt va gid tri I6n nhit cua biéu thitc P =x+2y. Tinh H sé’M.

m
A.2 B.Z C.E D.E
4 2 4 5

Huwéng dan gidi
Ta co: |z-3-3] <5 & (x-3) +(y-3) <5 (1)
Thé x = P -2y vao (1) ta duoc:
(P-2y-3) +(y-3) <55y +2(3-2P)y+ P’ ~6P+13<0 (")
Vay (*) c6 nghiém véi moi x,y € R khi va chi khi:

AL 206 (3-2P) -5(P' 6P +13)20 < 4<P<14=—=

M
m

NN

Nhan xét: Cach dai s6 don gian de hi€u va v6i cach giai d6 anh nhan ra rang dé cho

thira dir kién [z—1-i[2 1.

Bai 27. Cho «cic s6 phiec z,z,,z, thoa min ‘zl‘ =4, zz‘ =3, 23‘ =2
4z,z,+16z,z, + 92321‘ =48. Gid tri cua biéu thirc P=|z,+z, + 23‘ bang:
A 2 B. 3 C 4 D. 1

vd

Hudng dan gidi

‘zl‘ =4 212_1 =16
Ta co: ‘zz‘ =3= zzz_2 =9 . Thay vao ‘42122 +16z,z, + 92321‘ =48 ta duoc:

‘zs‘:Z z,z,=4

2,2,.2,2, +2,2,.2,2, +2,2,.2,

48

[/l

zZ,+z,+z,|=48

:48c>‘lezsz3‘

Z

Sz, +z,+2, =2= Z1+Zz+23:2:>‘z1+22+23‘:2




Pham Minh Tuan e

Séng la cho, dau chi nhan riéng minh

Bai 28. Cho hai s6 phitc z,,z, thoa man ‘21 +1—2i‘+‘zl —3—31" =2|z, —l—gi =17, Tim gid
tri 16n nhat ciia biéu thite P =|z, - z,|+|z,+2-i] .
A 17 +229 B. \17 ++/29 C. 2\17 D. 329

Hudng dan gidi

Goi M, N Ian lwot 1a diém biéu dién céc s8 phtic z,,z,
Tac6: A(-1;2),B(3;3)= AB=+17 va 1(1;%) la trung diém AB

Ma |z, +1-2i|+|z, - 3-3i| =17 & MA+ MB = AB=M thudc doan AB

5 J17

N thudc dueong tron (C) c6 tam I (1;5] , R= 5 = AB la dueong kinh cua (C)
Taco: P=|z,~z,|+[z,+2-i|=|OM-ON|+ MD = MN + MD, véi D(-21)
\ {ME[AB] ) \
Vi nén MN <2R va MD <BD
NE(C)

Vay P <2R+BD =17 +~/29 . D&u “=” xay ra khi va chi khi M=D,N= A
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Séng la cho, dau chi nhan riéng minh

BTTL. Cho «cdc s0 phiec z,z,z, thoa man ‘21—1—21":‘22 +5—2i‘=4 va
|2—3—2i|+|z+7 21| =10. Goi M, m liin luot la gid tri I16n nhit vi gid tri nhd nhit cia biéu
thikc P:‘zl—zz‘+‘z—3+i‘ .Tinh T=M+m

A. 9+226 B. 15++/109 C. 8++/107 D. 11++/110

- S , ' RV C
Bai 29. Cho hai s6" phitc z,,z, thoa min ‘21 —3—41‘ =1, |z, —3—41‘ = S0 phikc z cd phin

thic bang a, phiin do bang b théa man 3a—2b=12. Tim gid tri nhé nhit cia biéu thikc

P=‘z—zl‘+ z—222‘+2 .
A V8845 B V9945 C V9091 D \ 9667

15 13 12 17

Huwéng dan gidi

Téap hop diém biéu dién SP z,,z, la duong tron tam 1(3;4) 6 ban kinh lan luot 14 1, %
Goi M la diém biéu dién s§ phiic z = M thudc duong thang 3x—2y =12

Dat z, =2z, = ‘za -6 —81" =1 la duong tron tam ](6;8) cdban kinh R=1

Tacé: P=|z—z,|+|z—z,[+2=MI -1+ M] -1+ 2= MI+ M]

@ﬁj

Goi A la diém d8i xtmg ctia J qua 3x -2y =12= A( 1313
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Séng la cho, dau chi nhan riéng minh

V9945
13

Khi d6, P=MI+MA>1A = . D&u “=" xay ra khi va chi khi M,I, A thang hang

Bai 30. Cho ham so” f (x) co dao ham lién tuc trén doan [1;2] thoa man:

2[f(x)}2 +x° [f'(x)T =27x°

2
Tinh gid tri cua tich phin j[ f (x)]2 dx .
1

A. 15 B. 18 C. 21 D. 25

{z[ﬂz)ﬂf@)}z—w -

Huwéng dan gidi

Tuae:j[ ]dHJ[ ]dx+j[ ]de:jzmx:@ )

Xét I = j[ ]dx Dat{ [f(x)]zj{du=2f'(x)f(x)

dv =dx V=X

2 2

—ZIxf'(x)f(x)dx = 63—2Jj.xf'(x)f(x)dx

1 1

:>I:x[f(x)]2

2

(1)<:>I[f(x)]zdx—2ijf'(x)f(x)dx+ij2[ )} dx = 0<:>J.[ )—xf'(x )] dx=0

Do dé f(x)_va(x)=o@(§f(x)]v=o:f(x)=c;c

Ta cé: 2[Cx] +x°C* =3C%* =272* = C= 3:»][ x)] dx=21

Bai 31. Cho x,y la 2 géc thoa main x+y¢%+kﬂ,keZ (2 sinx=25in(x+y). Goi M, m lin

Lot L gid tri 16n nht va gid tri nhé nht ciia biéu thitc P =tan(x+y). Tinh Q= M* +m’

A.2 B. 1 C.z D.E
5 3 5
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Séng la cho, dau chi nhan riéng minh
Huwdng dan gidi

Ta cé: sinx = sin((x+y)—y) = sin(x+y)cosy—siny.cos(x+y)

:>sin(x+y)cosy—siny.cos(x+y):ZSin(x+y)<:> tan(x+y)cosy—siny:2tan(x+y)

siny
Stan(x+y)=
( y) cosy—2
Tacé: P=——tY < siny—Pcosy =-2
cosy—2

Piéu kién 6 nghiém: 1+ P? 24<:>—LSPSL:>Q=§

NERRNG]

Bai 32. Cho s phitc z khdc 0 thay d6i va théa man diéu kién ( -2 ‘Z‘) = (——z)z +z v0i

m la s6 thye dwong. Tim Qid tri nho nhit ciia m .

A N2++2 B. 2++2 C. 1442 D. 1+42

Huwdng dan gidi

(m?~2[4])= =(——zjz+z<:>m2 V2|4 = (%—1}“@\5\2“#:(%—1)”

22‘

Xét 2‘2‘ +— ‘z‘ ‘z‘ —2>3, ‘z‘ ‘ —=3
2l H \ \z\

mZ\/1+\/§
mS—\/1+\/§ (Loai)

Vay gid tri nhd nhat cua m 1a 1+ J2 . Dau = xay ra khi va chi khi ‘z‘ =1

m* —1)i+1‘ =N 2‘2‘2 +i4 =
z

Suy ra (m2—1)2+1 2\/§<:>(m2—1)2 ZZC{

Bai 33. Cho ham so f(x) co dao ham lién tuc trén [0; 1] thoa man:
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Séng la cho, dau chi nhan riéng minh

ef (1)=4f(0)=4
jeu [(f'(x))2 —(f(x))z}dx+4‘([exf(x)dx =1—31

——
o -

Hudng dan gidi
SR JEN POV 2 L 11
Xét ]=.(|;e [(f (x)) —(f(x)) }dx+4.([e f(x)dx:?

Dat u(x)zexf(x):nt':e"f(x)+e"f'(x):>e"f'(x)=u'—u

Khi d6 ]=j[(u'—u)2 —u? +4u}dx=j‘[(u')z —2u.u'+4u}dx, vOoi u(1)=4, u(0)=1

0

1 1 1

:E va Iudx:xu‘l —J‘xu'dx:4—'1[xu'dx
2 0 0

0 0 0

1 uZ
Ta co Iu.u'dx:—
0 2

w | oo

1
Suy ra ]=I[(u')2 —4xu'}dx =
0
Chon meR sao cho:
1 ) 1 5 1 1 )
J[u'—Zx—m] dx:OQI[(u') —4xu'}dx—2m_|‘u'dx+-|‘(2x+m) dx=0
0 0 0 0
<:>§—6m+m2+2m+§:0<:>m:2

1
Vay ﬂ:u'—Zx—2]2 dx:0<:>exf(x)+e"f'(x):2x+2
0

<:>(e"f(x))':2x+2<:>f(x):x2+2x+c Ao >f(x):x2+2x+1:jf(x)dx:

X

e e 0 e
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Séng la cho, dau chi nhan riéng minh

Bai 34. Cho cdc s8'phikc 2,2, théa man |2-i|=1 vd 2(z, +2,)+3(z, +2,)=-3. Gid tri I6n nhat
M ctia biéu thire P =|z, —2—i|+|z, —3—i| thudc khodng nao sau ddy?

A. M e(46) B. M &(5;7) C. M €(6;8) D. M e(7;9)

Huwdng dan gidi

Tt dé suy ra ‘zl—z‘:‘zz—z‘zl

Ap dung BDT Bunhiacopxki: P = ‘zl —2—1"+‘z2 —3—1" < \/2(‘21 —2—1"2 +‘z2 —3—1"2)
Tacé: |z, —2-if =(z,-2-i)(z,~2+i) =[5, i -2(z, +2,)+4

Va |z, -3-if =(z,-3-i)(z,~3+i)=[z,~ 1 ~3(z,+2,)+9

N PS\/2D21 ~if 4tz ~2(2,+7,)-3(z, +Z)+13} - 2(2+3+13) =6

Bai 35. Cho hinh da gidc déu H c6 24 dinh, chon ngdu nhién 4 dinh cia hinh H. Tinh xdc sudt
dé’'4 dinh chon dwoc tgo thanh mot hinh chit nhdt khong phai la hinh vuéng?
. 10 B. 15 C. 20 D. 18
1771 1771 1771 1771

Huwdng dan gidi
S8 phan tir clia khong gian mau 1a |Q| = Cj, =10626.

Da gidc déu 24 dinh c6 12 duwong chéo qua tam. Ctt 2 duwong chéo qua tam twong ting
cho ta mot hinh ch@ nhat hodc hinh vuong. S6 hinh chit nhat va hinh vudng dwgc tao
thanhla C..

Giast A, A,,.., A,, la24 dinh cua hinh H. Vi H 1a da giac déu nén 24 dinh nam trén 1

duwong tron tam O

0
Goc AOA_ = 322 ~15° v6i i=1,2,..,23

Ta thay: m =A0OA,=A,0A, = 90°, do d6 A, A A A, 1a mot hinh vuong, xoay

177777147 721

hinh vudng nay 15° ta dwoc hinh vudng A,A A, A,,, ct nhu vay ta duoc 6 hinh vudng.

277877157 227
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Séng la cho, dau chi nhan riéng minh
S6 hinh chit nhat khong la hinh vudng la: C2, -6 = 60.

60 10

Vay xac suat can tinh la: —-
C,, T

Bai 36. Cho s0 phitc z théa man ‘24 -z’ —2‘+3‘z2 —2‘ =9. Gid tri nhd nhdt cia biéu thirc
P= ‘zz +1‘ +‘z‘2 bing:

A 2 B. 1 C. 243 D. 2

Huéng dan gidi
Ta c6 ‘z —z —2‘+3‘z —2\ 9(—)‘2 —2Hz +1\+3\ 2\ 9<—>‘z +1\ ‘

Cach 1:

9 _3s 9 3
b4 —2‘ z‘ +2

Ta co ‘z +1‘ ‘

> Pr gl =i 2522 [ (f +2)-5=1
‘z‘ +2 ‘z‘ +2 ‘z‘ +2
t:‘zz—Z‘—Hz:‘zr—2(22+;2j+4:‘z‘4—2(z+;)2+4‘z‘2+4£‘z‘4+4‘z‘2+4:(‘z‘2+2)2

Suy ra || 2t—2—>P2%—3+t—222,/%t—5:1

Dau “=" xay ra khi va chi khi z =+i

Bai 37. Cho ham s6" f(x) dwong v c6 dao ham lién tuc trén [0;1] théa min f(0)=%,

3
1 1 1
.([ x+1 -= vd ! [f(X)]z dx=6—14. Tinh tich phin _([f(x)dx.
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Séng la cho, dau chi nhan riéng minh

AL B,
2

Bl=

=

Huwdng dan gidi
1 1

“3f(x 1) f(x)=—%—>.:[(x+1)2 f(x)=L

0

(x+1)3 f'(x)dx =(x+1)3 f(x)

0

O

Ap dung BDT Holder ta cé:

] ]
Ta cé I[[f'(x)]i'z dx_£|:[f'(x)]f f (x)dx:.([k(X+1) f(x)dx=64—>k__6‘i_—%
(1) e%:—ﬁ <—>1nf(x)=—2ln|x+1|+CL=116>f(x)=16(x1+1)2 —>i‘f(x)dx=3—12

Bai 38. Cho ham o' f(x) lién tuc vd 6 dgo ham cdp 2 trén [0;+) théa man f(0)=1,
In2 In2

f'(O)zO , f"(x)—5f'(x)+6f(x)20, Vxe[0;+oo), jf(x)dxz—%. Tinh tich phin jfz(x)dx
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Séng la cho, dau chi nhan riéng minh

AL B. 2 c.Z 2
1 17 20 7

Huéng dén gidi
F(x)=5F'(x)+6f(x) 206 f"(x)-2f'(x)-3[ f'(x)-2f(x)]=0 (1)
Dt g(x)= f'(x)-2f(x), tir (1) suy ra g'(x)~3g(x)20
Xét ham s8 h(x) = e g (x) > h'(x) =3¢ g (x) +e g’ (x) = e[ g (x) ~3g(x)] 20
Suy ra h(x) dong bién trén [ 0;+0)— h(x)2h(0)=g(0)=f'(0)-2f(0)=-2
>e?g(x)z 20| f'(x)-2f(x)]+2e" 20
Xét ham s8 k(x)=e™ f(x)+2¢* > k'(x)=e [ f'(x)-2f(x)]+2¢ 20
Suy ra k(x) dong bién trén [0;+00) - k(x)>k(0)=f(0)+2=3

In2
—2x x 2x _ 3x _l
—e f(x)+2e 23<—>f(x)23e 2e —>.([f(x)dx2 e

In2
D4u “=" xay ra khi va chi khi f(x) =3e* -2 > _[ [f(x)]2 dx :%
0

Bai 39. Cho hai hdp bi mdi hop cé 2 vién bi do va 8 bi tring. Cdc vién bi chi khd nhau vé mau.
Cho hai nguoi 1dy moi nguoi mot hop va tie hdp ctia minh, moi nguoi 14y ngdu nhién 3 vién bi.

Tinh xdc sudt dé¢ hai ngueoi 14y dwoc s6'bi d6 nhw nhau.

A p=2 B.p=2 c.p-i D.p-1
5 9 25 5
Hudng dan gidi
. N M . 2 = C, 7
» Goi A labién c6 14y 0 bi do, 3 bi trang — P(A) =5
10
7

A11a bién c8 nguoi tht nhat 14y duoc 0 bi do, 3 bi trang — P(A, ) =35

A21a bién o8 ngudi thir hai 18y duoc 0 bi d6, 3 bi tréng — P(A, )= %

Vi A1 va Az doc 1ap nén xéc sudt dé hai nguoi cling 1dy dwoc 0 bi d6, 3 bi trang la:
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Séng la cho, dau chi nhan riéng minh

P(A, mA2)=P(A1)'P(A2):[%)2

12
e Goi B la bién & 1dy 1 bi do, 2 bi tréng — P(B) =22 = Z

cy, 15
B: Ia bién o8 nguoi thir nhat 14y duoc 1 bi do, 2 bi tring — P(B,)= %
B:1a biéh c nguoi thit hai ldy dwoc 1 bi do, 2 bi tréng — P(B,) =

Vi B1 va B2 doc 1ap nén xac sudt dé hai nguoi cing 14y duoc 1 bi do, 2 bi trang la:

P(B, N Bz)=P(Bl)'P(BZ):(%)2

21
+ Goi C la biéh c6'1dy 2 bi do, 1 b tréing — P() - -t~
10

C11a bién c8 nguoi thi nhat 18y duoc 2 bi do, 1 bi tring — P(C,) :%

C21a bién c8 nguoi thit hai 18y duoc 2 bi do, 1 bi trdng — P(C, )= %

Vi C1 va C2 d6c 1ap nén xac suat dé hai nguoi cing 18y duoc 2 bi do, 1 bi trang la:

P(C,NC,)= P(Cl)'P(Cz)z[%T

Vay xdc suat dé€ hai nguoi 1ay duoc s6 bi do nhw nhau la:

7V (7Y (1Y 11
P=|—| +|—=| +|—=| ==—
15 15 15) 25

Bai 40. Cho s0 phikc z thoa man |z—1+3z'|+|z+3—i| =2|22+2—i|. Tim gid tri 16n nhat cia biéu
thite P=|z+1-1 .

Huwdng dan gidi
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Séng la cho, dau chi nhan riéng minh

2

Ta co: ‘z—1+3i‘+‘z+3—i‘=\/(X—1)2 +(y+3)2 +\/(x+3)2 +(y_1)

Va 2[2z+2-i|=2,(2x+2) +(2y-1)
Ap dung BDT Bunhiacopxki:

Y1)+ (y+3) +y(x+3) +(y-1) s\/z[(x—l)z H(y+3) +(x+3) +(y-1)'|

Suy ra 2\/(2x+2)2 +(2y—1)2 < \/2[(x—1)2 +(y+3)2 +(x+3)2 +(y—1)2}
Thuec hién phép binh phuong va rat gon ta duoc:
1

(x+1)2 +(y—1)2 g%:\zﬂ—i\s

o
zZ= = +i,|=
Dé&u “=” xay ra khi va chi khi 6 Vo

£
Z=—|=—1/|=
6 6

5
3

Bai 41. Cho ham s6" y = f (x) co dao ham lién tuc trén doan [1;2] thoéa man:

F(1)-3
3x3f(x) =f'(x)—x, Vxe[l;z]
[f'(x)] +xf'(x)+ 27
Tinh f(2).
A, f(2)=7\/z_1 B. f(2)=7\/z+1 C. f(z)zz‘/z_1 D. f(2)=2\/z+1
Hudng dan gidi

)
(¢°)
W
RU)
-
—_
=
S—
Il
1
~

' x)—x}[[f'(x)]z +xf'(x)+x2} = 3x3f(x)=[f'(x)]3 -x°

<:>x3[3f(x)+l]=[f'(xﬂ3 @%q

Suyraj. f'(x) dxzj.xdxziﬁlj[3f(x)+l];d(3f(x)+1):

113[3f(x)+1 1 2 3

@%-%[?ﬁ(x)ﬂf 2 :§©[3f(2)+1]§‘[3f(1)+1]§ 23:”[(2):7\/2_1

N | W
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Séng la cho, dau chi nhan riéng minh

BTTL1: Cho ham s0' f(x) duwong vi c6 dao ham khong dm, lién tuc trén dogn [ 0;1] théa man:
f(0)=1
£(x).£(x) 2 L vxe[0;1]
[eT] =1+ f(x)]

Khing dinh nao sau day ding?

5 7 5 3
zi5<f(1)<3 B.3<f(1)<5 C.2<f(1)<§ D.E<f(1)<2
Bai 42. Cho s0 phitc z khong phdi la s6” thudn do thoa man |z| =2 va s0 phitc w= N z - laso
+z

—\2
thuin do. Biét (z + z) =% (a,beZ), % 1o phéin s0't6i gidn. Tinh T =a—ab+b’
A. -125 B. 125 C.75 D. -75
Huwdng dan gidi
Vi w1a s6 thuan ao nén: +—= =0

4 —4
I+z2° 14,

i\ - L
@z(1+z )+z(1+z4):0©z+z+z.z +z2'=0

- =, -8 - - =, = =2
Sz+z+zzl 27 +2 =0<:>z+z+z.z(z+z) z°—zz+z |=0
@(z+2){1+z;(z2—z.Z+£2ﬂ=0
Vi zkhong phai la s6 thuan ao nén (z+;)¢0,suy ra:

1+ z.;(zz —z.g+;2) =0« |z|2 {(z +;)2 —32.2} =-1
1 47

<:|z|2[(z+;)2 —3|z|2}=—1:>(z+;)2 =—Z+3.4=Z

Bai 43. Cho s0 phirc z,w théa man |z —5+3i| =3 va |iw +4 +2i| =2. Tim gid tri 16n nhat cia biéu
thitc P =|3iz +2uw)|

A. V554 +5 B. V578 +13 C. V578 +5 D. V554 +13

Huéng dan gidi




Pham Minh Tuan @

Séng la cho, dau chi nhan riéng minh
Zl

=3z _ |75 T
bat {Zl % 1 3 Thay vao gia thiét ta duoc:

‘Z—{—5+3i
31

=3 {|zl—15i—9|=9
=
=2

‘—i.z—2+4+2i |Zz+8i_4|:4
2

Goi A, B Ian luot 1a diém biéu dién cac s8 phtc z,,z,

Suy ra A thudc duwong tron tdm 1(9;15), ban kinh R, =9va B thudc duwong tron tam
](4;-8), ban kinh R, =4

Ta cd: P=|z,~2,=|[0A-OB|= AB</ +R, + R, =/554 +13

Bai 44. Cho s0'phikc z,z,,z, thoa min |z1 —4—5i| =|z2 —1| =1 va ‘;+4i‘:|z—8+4i|. Tinh |z1 —zz|
khi P=|z-z,|+|z—z,| dat gid tri nho nht.
A N4 B. 6 C. 25 D. 8

Huwdng dan gidi

=M thudc duong thang (d) , Z=X+Yi 1

*Goi A 1a diém biéu dién z, = A thudc duong :

tron (C,) tam ], (4;5),R, =1 o I

*Goi B 1a diém biéu dién z, = B thudc duong H c

tron (C,) tam J,(1;0),R, =1 {

*E+4i‘=|z—8+4i|<:>(d):y=4—x 2 | 1
e

Ta c6: P=|OM - OA|+|OM - OB| = MA + MB ek 3 JSSSHERESESREn
*Goi (C,) c6 tam ],(4;-3),R, =1 la dwong tron 2

déi xiing ctia (C,) qua (d) va B’ la diém doi ! B

xung ctia B qua (), khi d6 B'e(C,) | s

-4

Khi dé: P=MA+MB=MA+MB'>2AB'=],],-R —R, =6
D&u “=" xay ra khi va chi khi J,,A,M, B, ], thang hang

1 x, —4=0
Ta c6 ]3B'=§]3]1 o 21.8:»3'(4;—2)33(2;0)

Yp +3
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Séng la cho, dau chi nhan riéng minh
I x,—4=0
Laico JA=—]]. = = A(4;4
i 6 J, A=), yy-5=-Ls (4:4)

Vay |z, —z,|=[4+4i-2|=2V5

Bai 45. Cho day s6' () théa man wu =1, u, =\m’+1,Vn21,a=1. Biét ring

lim (1] +14; +...+ 1, —2n)=b . Gid trj cila biéu thitc T = ab

A -1 B. -2 C.1 D. 2

Huéng dan gidi
pé 2 —au®+1 2 __;L__ 2__1_
€ eu, =, +leu,, ~—=au, —T—

~ 1 \ A /&) A A .
bit v, =1l -———=0,,, =av, = (v,) 1a cdp s8 cong vdi cong bdi g=a

1-a
- 1 _ 4 a 4 a 1
Suyraov =va"' =\ ——— " =a" — 2w =a"——+—
1-a a-1 a-1 1-a
a
U =——t——
a-1 1-a
=g ——t— a 1
Tacd: {2 "a-1 1-a :>uf+u§+...+uj=—(1+a+...+a"’1)+—.n
a-1 1-a
=g
a-1 1-a
1 a 1-a"

= Ul Uy Ul - n= )
1-a a-1 1-a

Thuc hién phép dong nhét ta duoc:

BTTL. Cho day s6°  (u,) théa man u =1, um:J%ujﬂz,Vnzl. Biét rang

lim(uf +U; ot —2n) =b . Gid tri ciia biéu thirc T =ab

A. -1 B. 2 C 1 D. 2

Huwéng dan gidi
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Séng la cho, dau chi nhan riéng minh

8
log, (iui —4u, + 4]

n21.Dgt S, =u, +u, +...+u, . Gid tri nhé nhit cian dé¢'S, > 28" la:
A. 53 B. 51 C. 50 D. 52

Bdi 46. Cho ddy 56 (u, ) théa man 27" +2° = va u, | =2u_vdimoi

Huwéng dan gidi
u, =2u

u, =4u

1

Theo GT, u, , =2u, nén (un) 1a mot CSN voi cong bdi g=2=u =u,2"" = {

Xét 22427 =240 4 48u >2, /2.4“1.4% =8

8 8 8 8

1

Ve 1 e e “log,3
log, (4 u; —4u, + 4) log, [4 u —, +4j log, [4(% —2)2 + 3} 083
o 8 1
/4 n~ 2 . \ 2 . 2‘4 ! = u =
Do do6 dau “=" xay ra khi va chi khi 4 =4t 2
u, =2 u, =2

3 3
1-2" 2"-1

Khi d6 Sn:ul.1 5 5

m

>28" < n>log, (228" +1)~49,07 = n,, =50

Bai 47. Cho ham s¢” f (x) c6 dao ham lién tuc trén doan [0;1] thoa man diéu kién:

£(2018x+2017)=2018f(x), VxeR

1

Gid tri tich phan [ f(x)] dx bing:

Huwdng dan gidi
Xét £(2018x+2017)=2018f(x) (*)
Pao ham 2 vé& cua (*) :

2018 f'(2018x +2017) =2018f'(x)
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Séng la cho, dau chi nhan riéng minh

Thay x boi al 2017, ta dug
018
x—2017 ¥-2018+1
1 — 1 — 1 1
f(x) f( 2018Jf( 2018 ] 1)
Ti€p tuc thay x boi 2017,
2018
x—2017
Fo(x)= | 2018 —2018+1 _p[xm208
2018 2018°

Thay dén n lan va bang quy nap ta chitng minh duoc:

x—2018" +1 X 1
[ x)= U — [ _1+
f(x)=f ( 2018" J / [2018” 2018”}

Khi n— o thi f'(x)=f'(-1)= f(x)=f'(-1)x+C (2)

Thay x=-1 vao dé ta duoc f(-1)=2018f(-1)= f(-1)=0

Thay x=-1 vao (2) ta duoc f(-1)=—f'(-1)+C=0< f'(-1)=C

Vay £(x)= (1) (x+1) :E[ o ac=Z[ ()]

Bai 48. Trong khong gian Oxyz, xét mdt phing (P): 2mx + (m2 + 1)y + (mz — 1)2 ~10=0 va
diém A(Z;ll; —5). Biét khi m thay doi, ton tai hai mdt ciu cd’ dinh tiép xiic v6i mdt phéng (P)

va cung di qua A. Tinh téng ban kinh ciia hai mdt ciu do.

A 242 B. 5V2 C. 2 D. 1242

Huwéng dan gidi
Goi 1 (a;b;c),r an luot la tdm va ban kinh ctia mat cau . Do mét cau tiép xtc voi (P)nén ta
co

‘2ma+(m2 +1)b+(m2 —1)c—10‘ B |(b—c)m2 +2ma+b—c—10|

(m2+1)\/§ - (m2+1)\/§

r:d(I,(P)):
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Séng la cho, dau chi nhan riéng minh
(b+c—rx/§)m2+2ma+b—c—r\/5—10:0 (1)

b+c)m? +2ma+b—c—10|=r(m* +1)2
|( +c)m +2ma+b-c | r(m + ) Q{(b+c+r\/§)m2+2ma+bc+r\/§100 (2)

TH1: (b+c—r\/§)m2 +2ma+b—c-rJ2-10=0 (1)
Do m thay d6i van cé mit cau cd dinh tiép xtic véi (P) nén yéu cau bt tré thanh tim
diéu kién a,b,c sao cho (1) khong phu thudc vao m. Do d6 (1) ludn dang véi moi

btc—rv2=0 b=rJ2+5
&S1a=0 <<qa=0
b—c—rJ2-10=0 c=-b5

Suy ra I(O;5+rx/§;—5) => (S):x2 +(y—5—r\/§)2 +(z+5)2 =72,

Laicéd Ae(S) nénsuyra: 4+(_11_5_r\/§)2 L e 122440 =0 r=22
r=10v2
TH2: (b+c+r\/5)m2 +2ma+b-c+7ry2-10=0 lam twong tu TH1 (tredong hop nay khong thoa

dé bai )
Tém lai: Khi m thay d6i, ton tai hai mat cau c6 dinh ti€p xtic véi mat phéng (P) va

cung di qua 4 va ¢ tdng ban kinh 1a : 12v2 suy ra chon D

Bai 49. Trong khong gian Oxyz, cho diém A(l; 4;3) va mét phing (P) :2y—z=0. Biét diém
B thugc (P), diém C thugc (Oxy) sao cho chu vi tam gidgc ABC nho nhit. Hoi gid tri nho nhat
dola:

A. 45 B. 25 C. V5 D. 65

Huwdng dan gidi

Goi A,, A, lan luot la diém d6i xtiing cua A qua (P) va (Oxy).

Phuong trinh tham sd
x=1

AA 1y =4+2t= H(L;4+2t;3-t) véi H=(P)nAA, RRSEEREREEEp s I A
z=3—-t

Vi He(P) nén

2(4+2t)-(3-t)=0t=-1= A (1,0;5)

A2
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Séng la cho, dau chi nhan riéng minh
Twong tur ta tim duoc A, (1; 4; —3)

AB=AB

. Vay chu vi AABC bang:
AC=AC

Dé thdy AAA,Bcan tai B va AAA,C cén tai C nén {

C,pc = AB+BC+CA=AB+BC+A,C>AA, =45

AABC

D&u “=" xay ra khi va chi khi A,,B,C, A, thang hang

Bai 50. Cho ham s¢” f (x) co dao ham lién tuc trén doan [0;1] thoa man:
f(1)=1
f(x)>0 , Vx e[ 0;1]
F(in £ (x) = (x) £ (x)-1]

1
Tinh tich phin | f(x)dx
0

A. j;f(x)dx:e—;l B. if( =T6 I x)dx=4  D. j;f( x)dx =1
Huwéng dan gidi
Dé f(x)lnf(x)+xf'(x):xf'(x)f(x)@lnf(x)+x.j;((::)) =xf'(x)




