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Chuyén dé lugng gidc

MO PAU

Luong gidc déng vai trd quan trong va xuyén sudt trong chuong
trinh toan phé thong va dudc ting dung kha nhiéu trong thuc té,
dac biét 1a trong linh vuc nghién ctu thién van. Day s€ la mot trong
nhiing van dé quan trong trong ki thi THPT québc gia 2018, khi chuong
trinh 10 va 11 dugc dua vao trong dé thi.

Trong chti dé thang 12/2016 ctia Hoi Toan Bic Nam tdi xin trinh bay
mot s6 van dé vé luong giac.

Chti dé lugng gidc dudc chia lam ba phan:

Phan 1: Co s6 li thuyét nhu cung lién két, cong thiic lugng gidc, hang
dang thtc lugng gidc, ham sb lugng gidc.

Phan 2: Cac dang phuong trinh lugng giac thudng gap.

Phan 3: Mot s6 bai toan luong gidc dién hinh c6 lién quan.

Chuyén dé chi yéu xoay quanh cac bai toan THPT, hi vong sé gitp
ich dugc phan nao cho ban doc, dic biét 1a cac ban hoc sinh THPT.
Sé khong tranh khéi thiéu sét khi bién tap, rat mong nhan dudc su
doéng gép tlit quy ban doc dé chuyén dé ngay mot hoan thién hon.
Moi y kién déng gép, quy ban doc vui long gtii vé dia chi

email: phamthithuhien117@gmail.com hodc gti truc tiép cho Hoi

Toan Bac Nam.

Buon Ma Thuot, ngay 15 thang 12 nam 2016

Pham Thi Thu Hién 2 Facebook: Hoi toan Bic Nam



Muc luc

M6 dau

1 COSOLY THUYET
1.1 Cungliénkét ... ... ..... ... ..... . .....
1.2 Coéngthticlugnggiac . .. ... ... ...........
1.3 Hing dang thic thuosngdung . . . ............

1.4 Hamsoluonggiac. .. ... .. ... ...........

2 PHUONG TRINH LUONG GIAC
2.1 Phuong trinh lugng gidccoban . .. ... .. ......
2.2 Phuong trinh bac hai déi v6i mot ham s6 luong giac . .
2.3 Phuong trinh bac nhat theo sinxvacosx . . .... ...
2.4 Phuongtrinhthuannhat . . ... .............
2.5 Phuongtrinhdbixiing ... ................
2.6 Phuong trinhkhéngmaumuc . . . ... .........

3 MOT SO VAN DE KHAC
31 GILN-GTINN . . . . ..t
3.2 NHANDANGTAMGIAC . ... ... ...
33 DANHGIAHAIVE. . . ... .. ..
3.4 PHUGONG TRINH LUONG GIAC CHUA THAM S

On

11
14
16

19
19
21
23

. 26



Chuong 1

CO SO LY THUYET

1.1 Cunglién két

Cung dbi:
cos (—x) = cosx; sin(—z) = —sin;
tan (—x) = —tanz; cot (—x) = — cot z.
Cung bu:
cos (m — x) = —cosz; sin(m — ) = sinx;
tan (m —x) = —tanz; cot(m —x) = —cot x.
Cung phu:

(0 ) . ™
COS E—.CU = Sl x; Sin §—SC = COS T,

m m
tan(§ —x) = cotx; cot (5 — :U) = tan .
Cung hon kém nhau =
cos(m+x) = —cosz; sin(m+ ) = —sinx;

tan (m + x) = tanx; cot (7 + ) = cot x.

1.2 Cong thitc lugng giac

1. Cong thuc cong
cos (a + b) = cosacosb — sinasinb
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Chuyén dé luong gidc

sin(a 4+ b) = sina cosb + cosasinb

tana + tanb

t b) =
an(a +b) 1 —tanatanb

cotacotb —1

t(a+0) =
0 (a ) cota + cotb

2. Cong thic nhan doi
sin 2a = 2sina. cosa

cos 2a = cos’a — sin’a

= 2cos’a — 1
= 1 — 2sin’a
2tana
1 — tan“a

3. Cong thiic nhan ba
sin 3a = 3sina — 4sin’a
cos 3a = 4cos’a — 3cosa

4. Cong thiic ha bac

. 9 1 — cos2a 9 1 + cos2a
sin“a = ——; cos"a = ————
2 2
. 3 3sina — sin 3a 3 3cosa + cos 3a
sina = 1 ; cos“a = 1

5. Cong thiic tong thanh tich

a+b a—>b

+ cosb = 2
cos a + cos coSs 5 CoS 5
o a+b . a—=b0
cosa — cosb = —2sin sin
2 2
) : o a—+b a—>b
sina + sinb = 2sin cos
2 2
a+b . a—0>

sina —sinb = 2 cos 5 sin 5
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Chuyén dé luong gidc

6. Cong thtc tich thanh tong

1
cosacosb = 5 [cos(a + b) + cos(a — b)]

sinasinb = - [cos(a + b) — cos(a — b)]

1
sinacosb = 5 [sin(a + b) + sin(a — b)]

1.3 Hang dang thitc thuong ding

2 4 6

: : 1. : :
sin’a+cos’a = 1 sina+costa = 1—§Sln22a;81n6a+cos a = 1—151n22a

1 + tan’a = %; l+cot’a = — 5—; 1 £sin2a = (sina + cos a)2
cos’a sin“a
1.4 Ham so luong gidc
Ham s6 Tap xac dinh Tap gid tri | Tinh ch&nlé | Chuky
y =sinz D= T=[-1,1] hamlé¢ | Ty =2
Y = coszT D=R T=[-1,1] hamchan | Ty = 27
y=tane | R\{J +hkmkeZ} | T-R hamlé | Ty =r
y=cotz | R\{km keZ} T=R ham 1¢ To=n
Bang1.1:*
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Chuong 2

PHUONG TRINH LUONG GIAC

2.1 Phuong trinh lwgng giac co ban

1. Phuong trinh sinz = a
e Néu |a| > 1 : Phuong trinh v nghiém
e Néu |a| < 1 : Phuong trinh c6 nghiémla z = o + k2r vaz =
T—a+ k2r vlisina = a
Cac truong hgp dac biét:
sine =0« x=kn(keZ)
sinx = l(i)x:g—l—kQW(keZ)

sinx = —1@x:—g+k27r(keZ)

2 2

sinx = +t1l< sin“xz = 1< cos

z)

x:0<:>cosx:0<:)x:g—l—k7r(ke

2. Phuong trinh cosz = a
e Néu |a| > 1 : Phuong trinh v nghiém
e Néu |a| < 1 : Phuong trinh c6 nghiémla z = o + k2r vaz =
—a + k27 vBicosa = a
Cac truong hgp dac biét:
cosx:()(:)x:g—l—kw(kEZ)
cosx =1ex=FkKmrkeZ)

cosr=—-1lor=n+kn(keZ)

5



Chuyén dé luong gidc

2 2

cosr=tlscos’r=1<sins=0=sine =0« 2 =kn(keZ)

3. Phuong trinh tanz = a
Diéu kién cosz # 0 hay = # g +km, keZ
Nghiém ctua phuong trinh z = o + krr, k € ZvGitana = a
Cac truong hgp dac biét:
tane =0< v =kn(keZ)tanx = il@xz%—l—lmr(keZ)
4. Phuong trinh cot z = a
Diéukiénsinz # Ohayz # kr, k € Z
Nghiém ctua phuong trinh z = o + kr, k € ZvGicota = a
Cac truong hgp dac biét:
cotx:O(:)x:g+k:7r(keZ)cotx:i1@x:%—i—/ﬁr(k}eZ)
BAI TAP

Bai 1: Giai cac phuong trinh sau:

1.

10

. . T
Sl xr = S1n —
5
, 1
L SINTY = —
2
5
. sin2z = -
S11l 27 1

.QSin(az—l—%)-l—\f:O
. T
.231n<:z:+1)+\f:0

. 2sin (90° = 2z) + 1 =0
_ 1
.SINTr = -
3
. 4sin® (z +40°) =1 =0

.sin3x —cos2x =0

.sindx + cosbx =0
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Chuyén dé luong gidc

Bai 2: Giai cac phuong trinh sau

1.

2.

9.

10.

1
CosST = =
2
cos(3x + 1) = cos(z — 2)

. sin(z — 120%) + cos 2z = 0
. cos3r + cosdx = 0

.cos2x +sin3dx =0

.3cos(2x +1)—4=0

™

. cos(2x + 1) — cos(x + g) =0

.SCos(x—%)—i—le

2cos?z 4+ cosx =0

cos 2x + cos4dx + cosbxr = 0

Bai 3: Giai cac phuong trinh sau

1.

2.

3.

tan7x — cot9x = 0
T

tan?(x — —) =3

an®(x 4)

tan3x +cotx =0

. 3tan(2:1:—%) —5=0
. |cosz| =1

. cos 3z.tan 5xr = sin 7x
.tandz.tan2x =1

. |sinz| + cos3x = 0

. cot(2x — %) = cot(x + g)

Pham Thi Thu Hién 7
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Chuyén dé luong gidc

10. cot(3x + 10°) =

< @G

11. cos(x + 45°) = —

o]

12. sin®(x — g) = cos’x
Bai 4: Giai cac phuong trinh sau
1. v3tan(x — 50°) — 1 = 0 vGiz e [—-180°, 270
2. cot(x — g) +4v3=0,7¢€ [—g; 27|
3. sin’x 4 cos?3z = 1
4. cos2x + cosdx + cosbx = 0
d. cosx + cos2x + cos 3z + cosdx = 0
6. cos . cos 7Tz = cos 3x. cos bx
7. sin? z + sin? 2z = sin? 3z + sin® 4z
8. cosbz.sindx = cos 3z.sin 2x

3
9. cos?z + cos?2zx + cos?3x = 3

™ 1
10. si ——)) ==
sin(cos(x 4)) 5

2.2 Phudng trinh béac hai d6i véi mot ham sd luong gidc

Dang

asin’z + bsinz 4+ ¢ = 0
Ditt = sinz dieukién —1 < ¢ < 1.

acos’x + bcosz +c =0
Ditt = cosz dieukién -1 < ¢ < 1.

atan®z + btanz +c =0
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Chuyén dé luong gidc

JN N ™ o
biéu kién = # 5 + km, k € Z.Datt = tan x.
acot’z + beotz 4+ ¢ =0

Diéu kién z # kn, k € Z. Ditt = cot z.

Néu dit t = sin?z hodc ¢ = |sin z| thi diéu kién 0 < ¢ < 1 Bai tap
1. 3cos2x —5cosx+2=0
2. 3tan2x —2tanx +3 =0
3. QSinQE —i-\/ﬁsinE —2=0
2 2
4. 2cos? (x—l—g) + 5sin (x—l—g) —4=0

4y = cos2x

5. sinx + cos
6. 24/2c0s23x — (2 + \@) cos3r+1=0

T T _
7. COS4§ + sm4§ +2sinx =1

8. 2tanx + 3cotx =4

9. 2tanx + cotx = 2sin 2z +

Sin 2x

10. 4sin’z cos x — 4cos®z sin x = cos?4xr + 1
11. sin3x + cos2x = 1 4+ 2sin x cos 2x

12. cosdx = cos?3x — cos?x + 1

2.3 Phuong trinh bac nhét theo sinx va cosx

Dang
asinx + bcosz = ¢(1)

Phuong phap:
Chia ca 2 vé phuong trinh cho v/a? + 12 ta dugc:
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Chuyén dé luong gidc

a b c
1) ——sinX+—cosz = ———
e Taw AL
a
—— cosa = ———, (ae 0,27
Nz verrl
(1) tré thanh sin o. sinx + cos . cos & = ——
a? + b?

batsina =

< cos(z—a) = = cos (3 (2)

C

Diéu kién dé phuong trinh (2) c6 nghiém la:

<led+bv=c2

c
‘\/a2+b2
2er=atpf+k2r(keZ)

Bai tap

Giai cac phuong trinh sau

1. v3sinx —cosz ++/2 =0

2. 3sin2x + 2cos2x = 3

3.4cos3xr —3sindz+5=0

4. 2sin3x + /3 cosTx + sin7z = 0

5. cos 5x — sin 3 = /3 (cos 3z — sin 5x)
6. 3sinz — 1 = 4sin®z + /3 cos 3z

3
7. cosz +4/3sinz = 5
n 2

8. (2sinx — cosz) (1 + cosz) = sin“x

2

9. sinxcosx — sin“x = cos 2x

10. v/3sinx + cos z + 2 cos (x— g) =2
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Chuyén dé luong gidc

2.4 Phuong trinh thuan nhit

1. Phuong trinh thuan nhét bac 2

Dang:
asin’x + bsin . cos x + ccos*r =d (1)

Phuong phap: Xétcosz =0 < z = g + km, k € Zco thoa man khong?
Xét cosx # 0, chia ca 2 vé ctia (1) cho cos?x
Vi du 2.1. Giai phuong trinh
2sin’z — Hsinz. cos x — cosix = —2(1)
Giai
Tathdycosz = 0 < z = g + km, k € Z khoéng thoa man (1)

Xét cosz # 0, chia ca 2 vé ctia (1) cho cos?z:

2sin’rz  Hsinx 2
=2 5~ —l=—-—=7
COs“x COS T COS“x

< 2tan’z — Stanz — 1 = —2(1 + tan’z)

< 4tan’z — Stanz + 1 =0

T
tanx =1 T = 1 + kn
& 1€ kel
tanx = 1 T = arctanz + kT
Vi du 2.2. Giai phuong trinh
) . 2 1
sin“x + sin 2x — 2cos‘x = 2
Giai
) . 2 1
sin“x + sin 2x — 2cos“x = 2

& sin’z + 2sin 2. cosz — 2cos’y = 5(1)
Ta théy cosr =01 = g + km, k € Z khéng théa man (1)

Xét cosx # 0, chia ca 2 vé ctia (1) cho cos?z:
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Chuyén dé luong gidc

(1) « tan’z + 2tanz — 2 = = (1 + tan’z)

| —

< —tan’z + 2t — =0
2&11517 anxr 2

< tan®z +4tanz — 5 =0

T

tanx = 1 r=—+km

& & 4

tanz = —5 x = arctan(—5) + km

Vi du 2.3. Giai phuong trinh
1
sinz + cosz = —— (1)
sin

Giai
biéukiénsinz # 0 & = # kn
sinx cosx 1

1 + =
( )(:) sinx sinzx sin’x

< 1+cotx =1+ cot’s

7r
cotx =0 33=§+k7T

=3 = -
cotx =1 arzz—i—kw

2. Phuong trinh thuan nhéat bac 3

Dang:
asin®z + bsin®z. cos x 4 csin zcos’z +dcos’x=... (1)

Phuong phap: Xétcosz =0 < z = g + km, k € Zco thoa man khong?
Xét cos x # 0, chia ca 2 vé ctia (1) cho cos3z

Vi du 2.4. Giai phuong trinh

cos’z — 3cos’wsinz + 2sin’z = 0(1)

Giai
, @ Lorz o~ A
Xétcosr =0 x = B + k7, k € Zco thoa man khong?

Xét cosz # 0, chia cd 2 vé ctia (1) cho cos3z
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Chuyén dé luong gidc

(1) & 1 - 3tanz + 2tan’s = 0
& 2tan’ry — 3tanz + 1 =0

< (tanz — 1) (2tan’z + 2tanz — 1) = 0

- i T
tanz = 1 x:Z‘FkW
— —1 3
< | tanx = 1%\/5 < | ¥ = arctan <%[> + Lk
—1—+/3 —1—4/3
tanx = T\[ r = arctan (—2 f) + kn

Vi du 2.5. Giai phudng trinh

6sin 2 — 2cos’x = 5sin 2z cos (1)
Giai
Xétcosr =0z = g + km, k € Zco thoa man khong?

Xét cos x # 0, chia ca 2 vé ctia (1) cho cos3z

(1) - 6SiI;.ZC 9 10sinz
COS°x COS T
(:)6tanx< 5 )—2= 10tanx
COS*x

< 6tanx (1 —|—tan2x) —2=10tanx
& 6Gtan’z — 4tanz — 2 = 0
< (tanx — 1)(6tan’z + 6tanz + 2) = 0
tanxr —1=0
6tan’z + 6tanx + 2 = O(VN)
T
(:)tanx:l(:)a::z—l—/mr
Bai tap

Giai cac phuong trinh sau
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Chuyén dé luong gidc

. 2sin 2z — 3cos?z + Hsinzcosz —2 =0

[u—

2. 2sin’x + sinz cos ¢ — 3cos?z = 0

3. 3sin’z + 4sin 2z + (8v/3 — 9) cos’z = 0
8

4. \/3cos®z — 5sin®z + 7sinz — —cosx = 0

V3

Hsindx cosx

5. 6sinx — 2cos’z =
2cos2x

6. 3sin’z — 2sin 2z + cos?z = 0

7. 4cosPx + 2sin®x — 3sinz = 0

2

8.3cos?x +4sin®x — 3sinx — sin®z.cosx = 0

3

9. 3(cos® x — sin® x) = (4 + sin 2x) cos x

10. 4(cos® z + sin®z) = sinz + 3cosz

2.5 Phuong trinh doi xitng

Dang 1:a(sinx + cosz) + b.sinz.cosz + ¢ =0

Ditt = sinz + cosz = /2.sin (x + %) < V2
t?2—1
2
Thay vao phuong trinh da cho ta dugc phuong trinh bac hai theo ¢.

=12 =1+ 2sinz.cosx = sinx.cosT =

Giai phuong trinh nay tim ¢ théa diéu kién |¢| < +/2 tit d6 suy ra z.

Pta(sinae —cosx) + b.sinx. cos + ¢ = () tuong tu.

t = |sinz + cosz| = /2.

Dang 2: a |sinx + cos x| + b.sinx.cosx 4+ ¢ = 0
, t*—1
= sinz.cosw = ——

sin(a:—l—%) 0<t<2
2

Pta|sinz — cosx| + b.sinz. cosx + ¢ = 0 tuong tu.

Dang 3 : Phuong trinh déi xting theo tan va cot.

. T
Datt = tanx + cotx; v # kz§,|t\ > 2
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Chuyén dé luong gidc

Vi du 2.6. Giai phuong trinh
3(sinz + cosx) + 2.sin2z +3 =0
Giai

3(sinx 4+ cosz) +2.8in2x +3 =0

< 3(sinz + cosz) + 4.sinz.cosx +3 =0

Datt = sinz + cosz; |t| < /2
t*—1
2
=3t +2°—-2+3=0

= SINX.COoST =

S+ 3t+1=0

t=—1 sinx + cosz = —1(1)
= =
1 1
t——— s,1nx+cosa:——§(2)
) < \fcos (:1: ) - 1
o vius(s-5) -}
. ( ﬂ) ( ) < V2cos | 1 5
—1
4 \@ < Cos (az — z) = ——
( 7T> 4 24/2
< oS — cos— 1
- 43 @x—%:iarccos—+k27r
@x—z—+z+k27r 22
Vi du 2.7. Giai phuong trinh
6 (cosx —sinx) +sinxcosz = —6 (1)
Giai
Ditt = cosx — sinz; [t] < /2
= sinz.cosx = % thay vao (1)
6t+1_t2— 6
=
12t +1 -t = —12
t=—1(N)

t?-120-13=0<
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Chuyén dé luong gidc

t=—1®\@cos<x+%>=—1

- ( +7r> 1
cos|lx+—) = ——

4 V2

3

x+z=—ﬂ+k27r :czz—l—k:27r

- 4 4 N 2
T 3T

LC-I—Z:—Z-F]{QW T =7+ k27

Bai tap:

Bai 1: Giai cac phuong trinh sau:
1.2 (sinz + cosx) +sin2z + 1 =0

.sinzcosx = 6 (sinz — cosx — 1)
.sin 2z + 4/2sin (x— g) =1
Jtanx — 24/2sinx = 1

3

.sin’z + cosPz = 1

31 = cos 2x

.sin’z + cos®z + 2 (sinw + cosz) — 3sin2z = 0

2

3

4

5

6. cos’x — sin
7

8. 2sin (x + %) = tanxz + cotw

9. (sinz +cosz)' —3sin2z—1=0

1 1
10.sinx 4+ cosxz + 2+ tanx + cotx + — + =0
SlIllLU cols:z:

1l.sinx 4+ cosxz + 2+ tanx + cotx + — + =0
sinx  cosx

12. 9(tan x + cot )" = 48 (tan’x + cot?z) + 96

13. 3 (tanz — cot z) + tan’z + cot?zr = 6

X 1 1
14.sinx + cosx + 2 + tanx + cot & + — + =0
sinx cosx

15. 3(tan + cot z)* — 8 (tan’z + cot’z) = 21

2.6 Phuong trinh khong mau muc

A. Phuong phap dua vé phuong trinh tich
Minh hay néi vui 1a phuong phép chia dé tri.
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Chuyén dé luong gidc

Dang:
A=0
AB=0<
B=0
Vi du 2.8. Giai phuong trinh
2sinx(1 + cos2z) 4+ sin2x = 1+ 2cosw
Giai
2sinx(1 + cos2z) 4+ sin2x = 1+ 2cosx
< 2sinz(l +2cos’x — 1) + 2sinxcosz = 1 + 2cosx
& 4sinzcos’x + 2sinzcosx = 1+ 2cosx
< sin2x(1 4+ 2cosz) =1+ 2cosx
< (14 2cosz)(sin2z —1) =0
14+ 2cosx =0
sin2r —1 =20
Bai tap
Giai cac phuong trinh lugng giac sau

1. (2cosz — 1)(2sinx + cosx) = sin 2z — sinx
2. 2cos® x4+ cos2x + sinz = 0
3.2sinx +cos3x +sin2x = 1 + sin4dx

2y =cosz +sinzx

4. (1 — cot ) sin® x + (cos z — sinz) cos
5. (1 — cosx)cot x + cos 2z + sinz = sin 2z

6. 1 +sinz +2cosx = (1 + cosz)cotx

7. (2sinz + 1)(3cosdr + 2sinx — 4) + 4cos*z = 3

8. cos3x +cos2xr —cosx—1=0

9. sin 3z = cos x. cos 2x(tan® r + tan 2x)
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Chuyén dé luong gidc

10. 8sin(x + %) + tanz + cot x = 4 cot 2z
11. 5sinz — 2 = 3(1 — sinz).tan’x
12. cos 10z — cos8x —cosbx +1 =0

B.Nhom phuong trinh lugng giac cé cung phtic tap

1 1 m
1. —4sin| — — 2.
sna . ( 37r) . ( 4 x)
sin | z — —
2
. , T
(1 + sinx + cos2z) sin (x + —) 1
2. 4/ _ CoS .
1 + tanx V2
3T sin x
3- t - —|— _— 2
an( 2 7) 1+ cosx
2
4, sin(Q:U — %) = Sin(:z;‘ — %) + \/77
U s 1
5. 2si + ) —sin(2r — =) = =
sin(x 3) sin(2z 6) 5
6. sinQ(g — %).taan — 00823 =0
D 3
7. sin(20 — 0) — cos(5 — 7) = v2.cos 2
8.1+ sinz +cosz = 2008(% — %)

9. 1 +tanz = 24/2.sin(x + %)

10. sinx + sin(z + g) + sin4x = sin(2z — g)
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Chuong 3
MOT SO VAN PE KHAC

3.1 GTLN-GTNN

Nhiing diém can chu y:

1. Phuong trinh asinz + bcosz = ¢ c6 nghiém < a? + bv* >

2. BDT Bunhiacopxki |a.x + b.y| < A/(a? + %) (22 + 42)

Vi du 3.1. Tim GTLN, GTNN ctia ham s6
Yy = cos’T — cosx + 3

batt = cosz,

y=1>—1t+3

BBT

+95 3

Yoo > u

Maxy =5khit=—-1<cosx =—-1< v =m+k2r

11 1 1 s
nmy = — khit = — = — = 4—
Miny 4kh1t 5 & CoST 2<:>:C/_3+]€27T
Vidu 3.2. Tim GTLN-GTNN cutia ham so
\/gcosx
y=-———@1)
24+ sinx

Giai

TXD: D =R

19

2



Chuyén dé luong gidc

(1e 2y +ysinz = \/3cosx

V3cosx — ysinx = 2y(2)

Phuong trinh (2) c6 nghiém
<3+ (—y)’ = (2y)°

o3+ =>4y

< 3> 3y?

< -1<y<l1
Vay Mazy = 1

Miny = —1

Bai tap:
Bai 1 Tim GTLN-GTNN ctia mdi ham s6 sau:

l. y =cos2z +4sinz + 1
2.y=(4+cosz)(4+sinz)

3.y =sinx + cosx — sin 2z — 2

cosx —sinx + 1

4, y =
Y sinx +2cosx — 4
cos3xr +sin3x + 1
5.y =
cos 3x + 2
1—3sinx +2cosx
6.y = :
24+ sinx +cosx
sin x cos T + cos?z
7.y =

sinxzcosx + 1

8.y= 5—|—§cosxssinx
9.y=\/3—cos<2x—£) + 2
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Chuyén dé luong gidc

3.2 NHAN DANG TAM GIAC
Nhiing diém can luu y
l.sin(A+ B) =sinC

2. cos(A+ B)=—cosC

3 g A+ B C
. sin = COS —
2 2
A+ B . C

4. cos = sin —
2 2

5. Dinh li c6sin
a’ = 0>+ & — 2bc. cos A

2, .2 2
:>CosA:—b +e ¢
2bc
6. Dinh li sin: _ b _ =2R
T "sinA  sinB sinC
< < sin A
Vidu3.3.T iac ABC co tinh chat gineu;: —— = 2(1
1du am giac co tinh chat gi neu n B snC (1)

(1) ©sin A = 2sin B.sinC

< sin(B + C) = 2sin B.cosC

< sin B.cosC + cos BsinC' = 2sin B. cos C

< sin B.cosC —cos BsinC =0

<sin(B-C)=0

& B-C=krm
ViB, Cla2 gbc ctiatam gidcnén k = 0 & B = (. Vay tam giac ABC
can G A.
Vi du 3.4. Chiing minh ring néu cos A. cos B. cos C' = é thi tam giac
ABC deu.
Chiing minh
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Chuyén dé luong gidc

(1) © 8cos A.cos B.cosC =1

< SCOSA.% [cos (B +C) +cos(B—-C)] =1

< 4dcosA.[—cosA+cos(B-C)] =1

& —4cos’A +4cos A.cos (B —C) =1

& 4cos’A —4cosA.cos(B—C)+1=0

& 4cos?A —4cos A.cos (B — C) +cos® (B—C) +sin’*(B—-C) =0
& [2cos A —cos (B — C)]° +sin (B —C) = 0

r

2cos A—cos(B—C)=0
SR
sin(B—C) =0
( 1
2cos A =cos(B —C) 2cos A = COSA=§
= = AN
B-C=knr B=C B=C
AZiz+k27r _T -
== 3 & 3®A=B=C=§
B=C B=C

Vay tam giac ABC 1a tam giac déu.
Bai tap
Bai 1: Chiing minh tam gidc ABC vudng biét:

a) cos?A + cos’B + cos’C =1

A B C A B . C 1
b) cos — cos — cos — — sin — sin — sin — = —
2 2 2 2 2 2 2
sin A + cos B tan A
= tan
sin B 4+ cos A
sin B + sinC A
= sin
cos B + cosC
b
e) cosB +cosC = te
a
B a+c
f t— =
) cot 5 b

g) sin2A +sin2B = 4sin A.sin B
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Chuyén dé luong gidc

Bai 2:Chiing minh tam gidc ABC can biét:

sin C

a =2 A

)SinB cos

b) SinA—|—SinB—|—SinC’_ tA tC
snA+snB—snC 2%

C
c) tan A + tan B = 2 cot —

2
h— B—
d) © = tan ¢
b+c 2
A+ B
e) atan A + btan B = (a + b) tan ;

1+ cosB B 2a + ¢
sin B B da2 — 2

Bai 3:Chiing minh tam gidc ABC déu biét:

f)

A B C
a) cotA—i—cotB—!—cotC’:tanE+tan5—|—tan§

A B C
b) COSA+COSB+COSC:Sin§+SiHE+Sin§

c) sin?A + sin?B + sin?C = 2
A B C

d) sin — sin —sin — =

2 2 2

oo | —

sin A +sinC =2sinB

e) A B 2
tan — + tan — = —

5 2~ 3
3.3 DANH GIA HAI VE

Nhiing diém can luu y
)—1<sinz<l;-1<cosz<1;0<sin’z<1;0<cos?z <1
A>0;B>0 A=0
ii) &
A+B=0 B=0

0

iii) A2+ B’ =0«

A
B =0
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Chuyén dé luong gidc

A < 1,|B| <1 A=1
=
A+ B =2 B=1
A>M

W) B<MeA=B=M

A=1B
Vidu 3.5. cosz + cos2x + cosdx = 3 (1)

Taco —1 < cosx<1—1<cos2x 1; -1 < cos4x 1lem01x

cosx = 1 x:k27r $=k27T

DOdé(l)@{(;082:5:1(:}{2&;:]{;27((:){1}:]671' s 1=K

k
cosdx =1 4o = k2w a::—ﬂ
\ \ \ 2
Vidu3.6.sinz.sinbr = 1
Taco—1 <sinz <1; -1 <sinbz < 1véimoix
Do do
[ ( B ( B ( T
sinr =1 $=g+k2ﬂ a::§+/<:27r
< . ) T ) T k2w
sinbr =1 S = — + k27 = — 4
(1)<:> > = > 2 = \ 10 5
T ( T
sinz = —1 x=—§—|—k27r :E=§—|—k27r
\ { {
sinbr = —1 5$:_z+k27r a::—1+k:2—7r
-0 L\ 2 N 10 5
ZU:E-I-]{Q?T
2 T
2N - (:)ac:x:§+k7r
$:—§+k2ﬂ'

Vidu3.7.sin% z + cos'P z = 1
Taco—-1<sinz <1;—-1<cosx <1

Suy ra

sin?x < sin’x

cos' g < cos’x
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Chuyén dé luong gidc

= sin?z + cos!Mx < sin’x + cos’x = 1
(
sin®x = sin’z sin’z (sin97x — 1) =0
< < =
cos'Vr = cos’x cos’x (003983: — 1) =0
.
[ 5 [ s
sin“x =0 sinz =0
sin”z —1=0 sinx = 1
s < - = =
cos’x = 0 cosx =0
98 _ _
cosr—1=0 cosx = +1
\ | \ | \
e
r=km
(L T
$=§+k27{' r=—+ k27
- = 2
T
r=—+km r =km
2
r=km
k L

Bai tap

4

1. cos”"z +sin*z =1

2. sin*z + cos! br = 1

3 4

Sy =92—sin*z

3. sin’ x + cos

4. 8sin'" gz + 7costz =8
5.sinx + cosdx + sinbx = 3
6. cosx +cos& —2 =0
7.sm2x.sin8x =1

. 9 1 .9 . .9
8. sin“x + Zsm 3x = sinx.sin” 3z
9.sin’r —cos?z =1

3

10. sin®z + cos®z = 1
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Chuyén dé luong gidc

11. sinx + cosx = +/2(2 — sin 3x)

3.4 PHUGNG TRINH LUGNG GIAC CHU'A THAM SO

Vi du 3.8. Tim m dé phuong trinh sau c6 nghiém sin® z—sin z—m+3 =
0(1)

batt =sinz,t e [-1;1]

Khidé (1) tréthanht* —t —m+3=0et*-t+3=m
Xéthamsby = 2 —t + 3BBT

1
t-1 1

5 3
y \%/

Dua vao BBT, phuong trinh c¢6 nghiém khi va chi khi 1741 <m <5
Bai tap
Bai 1: Tim m dé phuong trinh sau day c6 nghiém
1. cos2x +cosz+m—1=0
2. (2+sinz)(2+ cosz) =mHDdatt = sinz + cosx
3. sinz.cosz = 6(sinx + cosx + m)
4. tan® r + cot’ x = m(tanz — cot )
5. v/3sin’z + % =m
6. (m+ 1)sinx + cosz = 2
7.2sin2x — (2m+ 1) sint + m =0
Bai 2: Giai va bién luan cac phuong trinh

1. (m—1)cosz+m =0
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Chuyén dé luong gidc

2. y/mtanx +m—1=0

3. sinm.cos2x = 1
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