CHUONG 3: NGUYEN HAM - TiCH PHAN VA UNG DUNG
BAI 1: NGUYEN HAM VA PHUONG PHAP TiM NGUYEN HAM

A. KIEN THUC CO BAN CAN NAM

I. NGUYEN HAM VA TiNH CHAT

1. Nguyén ham

Pinh nghia: Cho ham s6 f (x) xac dinh trén K (K 1a khoang hodc doan hodc nura doan cua
R).Ham s6 F(x)duoc goi 1a nguyén ham ciia ham s6 £(x) trén K néu F'(x)=£(x) véi moi xeK.
Dinh Iy 1: Néu F(x) 1a mot nguyén ham cta ham s6 f(x) trén K thi véi mdi hang s C, ham s6
G(x)=F(x)+C ciing la mjt nguyén ham ciia f(x) trén K.

Pinh ly 2: Néu F(x) 1a mot nguyén ham cia ham s6 f(x) trén K thi moi nguyén ham cua f(x)
déu c6 dang F(x)+C,voi C la mot héng sb.

Hai dinh 1y trén cho thiy:

Néu F(x) 1a mot nguyén ham cua ham s6 f(x) trén K thi F(x)+C,CeR1a ho tat ca cac nguyén

ham cua f(x) trénK. Ki hiéu

J.f(x)dx:F(x)+C.

Cha y: Biéu thic f(x)dx chinh 1a vi phan cua nguyén ham F(x) cia f(x), i

dF(x) =F (x)dx = f(x)dx.
2. Tinh chit clia nguyén ham
Tinh chit 1

jf'(x)dx =f(x)+C

Tinh chat 2

[Kf(x)dx =k[f(x)dx|, k 1a hang s6 khéc 0.

Tinh chit 3

J.[f(x)ig(xﬂdx :J.f(x)dxijg(x)dx.

3. Sy ton tai ciia nguyén ham
Pinh 1y 3: Moi ham s f{x) lién tuc trén K déu c6 nguyén ham trén K.
4. Bang nguyén ham

Nguyén ham ciia ham s6 | Nguyén ham ciia ham s6 Nguyén ham ciia ham s6 hop
s0' cAp hop (u:u(x)) (u=ax+b;a=0)
J.dx=x+C J.du=u+C Ia’(ax+b)=ax+b+C
xa+1 ua+1 (ax + b)a+1

a 1
jxadx: +C(a;t—l) u= +C(a¢—1) 'f(ax+b) dx:;TJrC(a;&—

a+1 a+1




Jldx=1n|x|+C
X

J.lduzln|u|+C
u

J. I dx=11n|ax+b|+C
ax+b a

jizdxz—l+c
X X

jizduz—l+c
u u

[
(ax+b) a ax+b

J‘\/;dngx x+C

J‘\/;du=§u u+C

I\/ax+bdx =l.%(ax+b)\/ax+b +C

a

dx=2Jx +C

B

du=2Ju+C

B

1 1
dx=—2\ax+b+C
J.x/ax+b a

Jexdx =e' +C Je”du =e"+C J.e“’””dx = ze“”” +C
a
xd _ ax C 0 1 Md _ a"‘ C O 1 1 mx+n
Ia x_lna+ (a> ,d # ) J.a u_lna+ (a> N ES J.ammdx:_'al +C(a>0,a¢1)
m lIna

jsinxdx =—cosx+C

jsinuduz—coqurC

jsin(ax+b)dx = —lcos(ax+b)+C
a

Jcosxdx=sinx+C

Icosudu =sinu+C

J.cos(aerb)dx =lsin(ax+b)+C
a

Jtan xdx = —1n|cos x| +C

.[tanudu = —1n|cos u| +C

1
J.tan(ax+b)a’x = —;ln‘cos(ax+b)‘+(

Icot xdx =1n |sin x| +C

J.cot udu = 1n|sir1 u| +C

1 .
Icot(aerb)dx =;ln‘sm(ax+b)‘+c

1

1
j _12 dx=—-cotx+C J _12 du=—cotu+C J.SinZ(aerb)dx__;COt(a“b)JFC
sin” x sin” u
j dc=tanx+C J. du=tanu+C I;dXZLtan(ax+b)+C
cos’ x costu cos’ (ax + b) a
I ; dx:lntan£+C J. .1 duzlntanz +C J“d—x=lln tanax+b+C
sin x 2 sinu 2 sm(ax+b) a
1
——dx
J. dx =In tan(£+£j|+ I du=1In tan(ﬂ+£j|+ J.cos(ax+b)
COS X 2 4 cosu 2 4
1 (ax+b ﬂj
=—In|tan +—||+C
a 2 4

II. PHUONG PHAP TINH NGUYEN HAM

1. Phwong phap ddi bién s6

Pinh Iy 1: Néu '[f(u)du =F(u)+C va u=u(x) c6 dao ham lién tuc thi:




Jf[u(x)].u'(x)dx = F[u(x)}r C

HE qué: V6i u=ax+b(a=0) tacod

1
If(ax+b)dx —EF(ax+b)+C.

2. Phwong phap tinh nguyén ham tirng phan:

Pinh Iy 2: Néu hai ham s6 u=u(x) va v=v(x) c6 dao ham lién tyc trén K thi:

Iu(x)v'(x)dx = u(x)v(x) —J.u'(x)v(x)dx.

B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

Dang 1: Tim nguyén ham bing cac phép bién dbi so cip

1. Phwong phap giai
e Bién d6i cac ham s dudi dau nguyén ham vé dang tong, hiéu cia cac biéu thic chira x,
trong d6 mdi biéu thirc chira x 14 nhitng dang co ban cé trong bang nguyén ham.

e Ap dung cac cong thirc nguyén ham trong bang nguyén ham co ban dé tim nguyén ham.

2. Bai tap
Bai tap 1. Nguyén ham ciia ham s6 f(x) = 2 :1 la
o
. 2 +e " +C B.L—e"‘#C
e In2 e (ln2—1)
2«\/ 2X
C.——+e"+C D.——+¢" +C
e(m2-1) " e(m2-1) 7
Huéng din giai
Chon C.
o2 -1 (2 2
Taco.f = dx—f(;j dx—J.e dx—m+e +C.
Bai tap 2. Nguyén ham cia ham sé f(x)=x(x+2)"" Ia
B (x+2)2021 B (x+2)2020 +C B (x+2)2020 B (x+2)20|8 N
2021 1010 T 2021 1009
(x+2)2021 N (x+2)2020 +C D (x+2)2021 B (x+2)2020
2021 1010 ©2021 1010

Huéng din giai

Chon D.




)2019

Ta co: Ix(x+2)2019dx:J.[(x+2)—2](x+2 dx

= [(x+2)" dx—2[(x+2)"" dx= (x+2)™ (x+2)™

2021 1010
Bai tap 3. Nguyén ham cia ham sé f(x)= 2} 1 1a
e +
A. x+Inve* +1+C B. x—%ln(ezx+l)+C
C. 1n(e2*+1)+c D. x—ln(ez*'+1)+C
Hwéng din giai
Chon B.
e +1)—e™ 2x
Ta co: 21 :( 5 ) =1- 26 .
e +1 e +1 e +1

X 2x
Do do jﬁdx =j[1—ez‘iljdx=jdx—%j%=x_%m(eh +1)+C

Bai tap 4. Nguyén ham cia ham s f (x)

1 N
=m+m la:
A. é[(\/x+2)3—(\/x—2)3}+c B. [M—\/Tz}c

1
6
C. é\/x+2+é(x—2)\/x—2+c D. é(x+2)\/x+ —%\/x—z +C

Huéng din giai

Chon A.

Ta co:

P R

1
X =
J.\/erZJr\/x—Z 4

2N 2 () E [ e ()T - (v 2V 4 C

;o Qe LA LA 1ia a->b
Chu y: Stt dung ki thuat nhan lién hop: \/;i\/_:\/;¢\/z.
Luu §: [Vax+bd =%(ax+b)m+c.
Bai tap 5. Nguyén ham cua ham sb f(x)zzsx;13 la:
X" =5x+6
A. 2In|x-3|-3In|x+2[+C B. 3In|x—3[+2In|x-2|+C
C. 2In|x+3[+3In|x+2[+C D. 2In|x—3[+3In|x-2[+C

Huéng din giai




Chon D.
5x—13 5x-13
X —5x+6 (x—2)(x—3)

Ta co:

Ta s& phan tich: 5x—13=A(x-2)+B(x-3) (1)

Thé x=2 va x=3 lan luot vao (1) tacod B=3 va A=2.

~—3 dx +Jx—

5x-13 dx:jz(x 2)+3(x— 3 ‘f
-5x+6 (x 2

=21n|x—3|+3ln|x—2|+C

Khi d6 J.

4
Bai tap 6. Nguyén ham cua ham sb f(x)z 15_j la:
X +x
A. ln|x|+%ln(x4+1)+c B. 1n|x|—ln(x4+1)+C
1 1
C. ln|x|—51n(x4+1)+C D. ln|x|—51n(x4+1)+C
Hwéng din giai
Chon C.
—x 1+x ) 2x* ol 2% B 1 .
Ta co: Jx x —JWdX—I;dx—jde—ln|x|—51n(x +1)+C
Bai tap 7. Nguyén ham cta ham s f ( ) M la:
X —3x+2
A. 1n|x+2|+21n|x—1|—i+c B. 1n|x+2|—21n|x—1|+i+c
x—1 x—1
C. 21n|x+2|+1n|x—1|—i+c D. 21n|x+2|+1n|x—1|+i+c
x—1 x—1
Huéng dan giai
Chon A.
Ta ¢6: J~3x:+3x+3dx:J- 3x2+23x+3 de
X =3x+2 (x=1)" (x+2)

Ta phan tich 3x2+3x+3:A(x—1)2+B(x—1)(x+2)+C(x+2).
Ta c6 thé ding cac gia tri riéng, tinh ngay A=1,C =3 va B=2.
(thay x=—2=A=Lx=1=C=3vax=0=>B=2).

Khi d6 j

3x%+3x+3
T =

) (x+2) Jx+2

de+2f 1dx+3j L dv=tnjv+2+2mn|r—1|-——+C.
x—1 (x—12 x—1



P(x)

Luwu y: Ta c6 kién thirc tong quat dung cho cac nguyén ham hitu ti 7 = J.—

0(x)

Q(x) 1a cac da thure, cu thé nhu sau:

dx , voi P(x) va

e Néu deg(P(x)) Zdeg(Q(x)) thi ta thyc hién phép chia P(x) cho Q(x) (¢ déy, ki hiéu

deg(P(x)) la bac cua da thue P(x) ).

o Khi deg(P(x)) < deg(Q(x)) thi ta quan sat mau s6 Q(x) ta tién hanh phan tich thanh cac

nhan tir, sau do, tich P(x) theo céc to hop cuia cac nhan ti d6. Dén day, ta s& str dung dong

nhét thirc (hodc gié tri riéng) dé dua vé dang tong cua cac phan thic.

Mot sb trwomg hop dong nhat thire thwong gip

Truwong hop 1: ! - a ¢
ghop & (ax+b)(cx+d) ad—bc\ax+b cx+d)
Ax+ B +Ad+ Bb
Truong hop 2: men A + B —( al a)x

(ax+b)(cx+d):ax+b cx+d (ax+b)(cx+d)
Ta dong nhét thirc mx+n=(Ax+Ba)x+Ad+Bb (1)
Cich 1. Phuong phap dong nhat hé sb.

N e , Ac+Ba=m
Dong nhat dang thure, ta dugc .Suyrad4, B.
Ad+Bb=n

Cdch 2. Phuong phap gia tri riéng.

) b d .oz,
Lan luot thay x = ——; x = —— vao hai v€ cua (1), tim duoc 4, B.
a c

A B
Truong hop 3: meen +

(ax+b)2 Cax+b (a)chb)2 .

+ A B
Truong hop 4: mh = ¢

+ +
(ax+b)2(cx+d) (a)c+b)2 cx+d ax+b

:>mx+n=A(cx+d)+B(ax+b)2+C(ax+b)(cx+d) (*)

3 b d Lz \
Lan luot thay x = ——; x =——;x =0 vao hai v€ cta (*) dé tim 4, B, C.
a c

1 A B .
Truong hop 5: ; = + 2x+C véi A=b"—4ac<0.
(x—m)(ax +bx+c) xX—m ax +bx+c

Truong hop 6: 21 2=A+ Bz+C+ D2.
(x—a) +(x—b) X—a (x—a) x—b (x—b)




Bai tip 8. Cho ham sé f(x) xéc dinh trén R\{%} théa man f‘(x)=2 2 1;f(O):l va
—
f(1)=2. Gié tri ctia biéu thirc P = f(-1)+ £(3) 1a:
A. 3In5+In2 B. 3In2+In5 C. 3+2In5 D. 3+In15
Hwéng din giai
Chon D.
1n(2x—1)+Cl khi)c>l
2 2
f(x)zjf'(x)dxzjz pdr=In[2x—1|+C = 1
a In(1-2x)+C, khi x <
0 :1 =
Vi f() & € .
f()=2 " [¢ =2

ln(2)c—1)+2khix>l
Suyra f(x)= 12
1n(1—2x)+1khix<5

Do do P=f(—1)+f(3)=3+1n3+1n5=3+1n15

Bai tip 9. Cho ham s f(x) xac dinh  trén R\{—l;l}, thda  man

2
x* -1

P=f(=2)+f(0)+f(4) la

A. 2In2-1n5 B. 6In2+2In3-1In5 C.2In2+2In3-1In5 D. 6In2-21In5

Hwéng din giai

F(x)=

;f(—3)+f(3)=21n2 va f(—%}f(%j:& Gia tri cua biéu thuc

Chon C.

Fx)=[f'(x)ac=] 2 dx=j[L—Ljdx:1n

=1 x—1 x+1

x—1

x+1

+C

ln(x—_1)+C, khi x > 1
x+1

+C= lnl_x

Hay f(x) =In

+C, khi-1<x<1

X+ 1+x

1n(x—_lJ+cg khi x < —1
x+1 )

C,+C,=2In2

£(-3)+f(3)=2In2
o

Theo bai ra, ta co: 1 1 =
1(-3)1(3)-0




Do d6 f(-2)+£(0)+f(4)=1n3+C,+C, +1n§+c1 =2In2+2In3-1n5.

Bai tjp 10. Nguyén ham P = [x3/x* +1dx la:
A. P:%(x2 + 1 +1+C
C. P:§\/3 ¥ +1+C

Chon A.

B. Pz%(x2+l)\/x2+l+C

D. P =%(x2 +1)\3/x2 +1+C

Huéng din gidi

4

Ta co: Jx.\3/x2 +1dx :lj(x2 +1)§ d(x*+1) =§(x2 +1)P+C.

2

Bai tap 11. Nguyén ham cta ham s6 j(sinx —cos x)
A. l)chlsin2x—10052x+C
2"y 4

C. x—lsin2x+lcos2x+C
2 2

sin xdx la:

B. lx—lsin2x+lcos2x+C
2 4 4

D. lx+lsin2x +lcos2x+C
2 4 4

Hwéng din giai

Chon B.

7 . . .2 .
Ta co: J(SIHX—COSX)SlnXdXZJ.(SIH X-Sll’l.XCOSX)dX

1-cos2x sin2x 1 1 . 1
=_[ — dx=5 x—zsm2x+

2 2

—c052xj +C
2

Bai tap 12. Nguyén ham ciia ham s J.;dx la:

sin” xcos” x

A. —tanx—cotx+C B.tanx—cotx+C

C. tanx+cotx+C

Huéng din giai

Chon B.

D. cotx—tanx+C

2 2
Tacé:J ! dx=JSln X+ cos xdxzj( ! + ! jdx=tanx—c0tx+C.

sin’ xcos” x sin” x.cos” x

1

cos’x sin’x

Bai tap 13. Nguyén ham ciia ham s J. Toos 14
cos’ x—4co

cot2x
2

A. +C B. tan2x+C

> dx la:
s“x+1

C.cot2x+C

Hwéng din giai

Chon D.

Tac():J 2 ! > dx=_[ 21 —dx
4cos" x—4cos” x+1 (2cos” x—1)

1 1
a :-[ cos’ 2x dx ZEJ

D. tan2x L C
2
L jon =102 ¢
cos” 2x 2




Bai tap 14. Nguyén ham ciia ham s Itan3 xdx la:

2 2
tan™ x tan™ x

A. +1n|cosx|+C B. —1n|sinx|+C
2 4
C. tan x—ln|cosx|+C D. fan 2x +C
4cos” x
Huéng din giai
Chon A.
Tu tan’ x = tanx(l +tan’ x)—tanx
s d(cosx) tan®x
Suy ra J.tan‘ xdx=jtanxd(tanx)+f = 5 +1n|cosx|+C.
COS X

Bai tap 15. Goi F(x) 1a nguyén ham ciia ham s f(x) =sin2xtanx thoa man F(%) =

tri cua F (EJ la:
4

N p Y3+l =@ c Y341, 7 3-1 «

+ . — . +— D.———
2 12 2 12 2 12 2 12
Huéng din giai
Chon D.
Ta co: F(x) = Isin2x.tanxdx = IZsinx.cosx. MUY gy = 2_[sin2 xdx .
COS X
Suy ra F(x)zj(l—cost)dx:x—Sln2x+C.
Theo gia thiét, ta co: F z :£<:>£—lsin2—7[+C:£:>C:£—£.
3 4 3 2 3 4 2 3

Do dé F[zjzz_lsin2(£j+ﬁ_£:ﬂ__
4) 4 2

T
2 3 2 12°
(x

Bai tap 16. Goi F(x) 1a nguyén ham cua ham s6 f )= cos’2x thoa min F(O) =2019. Gia tri

cua F (Zj la:
8

A 37416153 B. 374129224 C. 374129224 D. 37 —-129224
64 8 64 32

Huéng din giai

Chon C.




2
Ta co: cos*2x = (MJ = l(1 +2cosdx +cos’ 4x)
2 4
:%(1+200s4x+mj =%(3+4cos4x+0058x)

Do do6 F(x):%J.(3+4cos4x+0058x)dx:%(3x+sin4x+%sin8xj+6'
Ma F(O)=2019 néntacod C=2019.

Vay F(x) =%(3x+sin4x+%sin8x}+2019.

Do do F| & :37z+129224
8 64

5

Bai tdp 17. Goi F(x) 1a nguyén ham cua ham sé f(x)= 1C°S, Y v6i x =X k27, ke Z va thoa
—sinx
~ 3 ., T,
man F(ﬂ')=—. Giatricaa F| —— | la:
4 2
A. 2 B. 0. . B D. 1
3 3 3
Hwéng din giai
Chon D.
5
Ta thay: COS' Y cos? x(1+sin x) = (1 —sin’ x)cosx+cos3 X.sinx
1-sinx
-3 4
= F(x)=|(1-sin® x)d(sinx)— | cos’ xd (cos x =sin)c—Sln r_cos X+C
(x)=]( )d(sinx)- | (cos x) PR
Theo gia thiét, ta c6 F(;z) =% nén C =1.
sinx  cos*x
Vay F(x)zsinx— — +C
3 4
Do d6 F(—ijl.
2) 3
Chu y:
n+l
Véi neN, ta co: J.cos" x.8in xdx = —Icos" xd(cosx)=— €5 X, ¢ va
n+1
. n+l
Isin” X.COS xdx = Isin” xd(sin x) s A +C.
n+1

Bai tap 18. Biét [ : coSX 5
sSINnXx—

la

dx = %1n|55inx —9| + C,(a,b € Z+) , % la phan s6 tbi gian. Gia tri 2a-b




A. 10. B. 4.

C.7. D. -3.
Huéng din gidi
CHOND
d(5sinx-9
J.—?OSX dX=lJ.—( - ) =lln|5sinx—9|+C
5sinx—-9 57 b5sinx-9 5

Vay a=1,b=5.Nén 2a-b=-3.

Bai tap 19. Tim mot nguyén ham F(x) cta ham s6 f(x)=(1+ sinx)2 biét F(g) = %

A. F(x):%x+2cosx—%5in2x.
B. F(x):%x—Zcosx—isinZX.
C. F(x)=§x—2cosx+isin2x.

D. F(x) :§x+2cosx+lsin2x.
2 4

Huéng din giai
CHONB
Ta co

I(1+sinx)2 dx:J.<1+25inx+sir12 x)dxzf[1+25inx+—1_cgszx}dx
=§x—2cosx—lsin2x+c
2 4

i 3n 37 Tt 1. 3n
F|l - |=—&——-2cos—+—sinn+c=—<c=0.
2 4 22 2 4

Vay F(X)Z%X—ZCOSX—%SH‘IZX.

COS2x

Bai tap 20. Cho j dx=F(x)+C va F(n)=a+b. Tinh A:(a+b)6.

sin X + cosx
A. 2. B. 2. C. 1. D. 1.
Huéng din giai

CHON C

dx

Ta c6: F(X)ZJ. Ccos2x dX:jcoszx—sinzx

sinXx + cos X sinx + cos X

(Cosx+sinx)(cosx—sinx) . .
:J' - dx:I(cosx—smx)dx:smx+cosx.
sinx + cosx

=F(n)=-l=a+b=>A=1




Bai tap 21. Cho tich phan I%dx —a. Tinh A =12cot?2x theo a.
S XCos™ X

A. 4a°. B. 2a2%. C. 3a°. D. a2.

Huéng din giai

CHON C
.2 2
Ta 06: F(x) = [ —dx - [ Xrcos de:j[ L1 jdx
sin“ xcos” x sin” xcos” x cos”“ X sin“x
=tanx —cotx.
Theo dé:

sinx cosx sin’x—cos’x —2cos2x
tanx —cotx = - = = =a

cosX sinx SIn X cos X sin2x
cost__E
sin2x 2
2 2
A=12.5% 2 _ 12.(—3j —3a2.
sin” 2x 2
. sin 2x
Bai tip 22. Cho F(x) la mot nguyén him cia ham s§ | dx

Veos® x +4sin® x
F(O)+2f(%]=l. Tinh 2F(0)—F[%).

AL B, — c.0 D.1
9 9
Loi giai
CHON B
Ta co

d (cosz v+ 4sin? x) =(—2sinxcos x+8sinxcosx)dx = 6sin x cos xdx =3sin 2xdx

= sin 2xdx = %d (cos2 x+4sin? x) .

va

Do do:
. d|(cos® x+4sin’ x d(cos®> x+4sin’ x) 2
J' Sin 2% e :lj' ( ) :%J' ( ) =Zvcos® x+4sin’> x+C
Veos? x+4sin® x 3 Veos? x+4sin” x 3 2+cos® x+4sin® x 3

F(o)+2F(fj=3+2.i+3c=1:C:—Z.
2) 3 73 9

2 4
Vay 2F(0)—F[£]=2.—+2C———C=C=—Z
2) 73 3 9




al - trén khoang (—2x/§;2x/§ ) thoa

Bai tip 23. Goi F(x) 1a nguyén ham ciia ham s6 f(x)=
8—x

man F(2) =0. Khi d6 phuong trinh F(x) =x c6 nghi¢m la:

A.x=0 B. x=1 C.x=-1 D. x=1-/3
Huéng din giai

Chon D.

Ta co: F(x

)=j—8f7dx=—jﬁd(8—x2)=—@+c

Mt khéc F(2)=0=—-V8-x*+C=0&C=2

VéyF(x)z—\/8—x2+2.
2—-x20
XétphuorngtrinhF(x)zx@—\IS—x2+2:xc>\/8—2=2—x<:>{8 ) (2 )2
-x =(2-x
x<2
<2
@{x = [le—\/5<:>x=1—\/§

2% —4x-4=0
x=1+3

2x+1

Bai tap 24. Cho F (x) 1a mot nguyén ham cua ham s6 f (x) =— 3
X' +2x+x

~ trén khoang (0;+o0)

va F(l)z%.Téng S=F(1)+F(2)+F(3)+..+F(2019) la

2019 B 2019.2021 C. 2018 1 D 2019

" 2020 T 2020 2020 2020
Huéng din giai
Chon C.
2x+1 2x+1 2x+1

Phén tich = = =
an tic f(x) [T ) xz(x+1)2 (x2+x)

2

Khido F(x)= [ e [ (v +x)=-

; > ; ; +x+C.
(x +x) (x +x)

Mat khac F(1)=%:>—%+C=%:>C=l.

1 1 1 1
& (x) xz+xJr x(x+1)+ (x x+l)+




Do do S:F(1)+F(2)+F(3)+ +F(2019)= 1—l+l—l l—l+..‘+;—L +2019
2 2 3 3 4 2019 2020
1 1 1
=—|1- +2019=2018+ =2018——
2020 2020 2020

Bai tap 25. Cho ham s6 f(x) c6 dao ham xac dinh trén R thoa man f(O) :2\/5,f(x) >0 va
F(x)-f'(x)=(2x+1) 1+ f*(x),VxeR. Giatri f(1) 1a
A. 632 B. V10 C. 53 D. 2J6

Huéng din giai
Chon D.

Ta co: f( = 2x+1 1/1+f m =2x+1.

1+f(

N o0

Theo gid thiét f(0)=2v2 ,suy ra \[1+(242) =C & C=3

Suy ra = [(2x+1)dx & [ === = [(2x+1)dx &I+ f* (x) =x* +x+C

Vi C=3 thi 1+ /7 (x) =2 +x+3= f(x) = /(x> +x+3) ~1
vy f(1)=+24 =26
Bai tap 26. Cho ham s6 y=f(x) c6 dao ham lién tuc trén doan [-2;1] théa man £(0)=3 va
(£ (%)) .f"(x) =3+ +4x+2. Gid tri 16n nhéit ciia ham s6 y = f(x) trén doan [-2;1] a:

A. 2Y42 B. 2315 C. Y42 D. 15

Huéng din giai

Chon C.
Taco: (f(x)) f'(x) =3 +4x+2  (¥)
Lay nguyén ham hai vé ciia dang thuc (*) ta dugc:
J.(f(x))z.f'(x)dx:j(iixz+4x+2)dx<:>%f3(x):x3+2x2+2x+C<:>f3(x):3x3+6x2+6x+3C
Theo gia thiét, taco f(0)=3 nén
(£(0)) =3(0°+2.0° +2.0+C) ©27=3C & C=9=> f* (x) =31 +6x> +6x+27
Ta tim gia trj 16n nhat cua ham s6 g(x)=3x"+6x> +6x+27 trén doan [-2;1].

Ta co g'(x) =9x" +12x+6>0,Vx [—2;1] nén dong bién trén doan [—2;1] .




Vay max f(x)=;/max g(x) =342 .
[-211] (-2:1]

Dang 2: Phwong phap ddi bién dang 1, dit u = u(x)

1. Phwong phap gidi

Pinh li: Cho [ f (u)du=F(u)+C va u=u(x) la ham s6 c6 dao ham lién tuc thi

_[f[u(x)]u'(x)dx =F[u(x)]+c

Céc budc thuc hién doi bién:

Xet 1= f(u(x))u'(x)dx

Bude 1: Dat u=u(x), suy ra du=u'(x)dx

Buéc 2: Chuyén nguyén ham ban dau vé 4n u ta duge 1= [ £ (u)du=F(u)+C, trong d6 F(u) la
mot nguyén ham ciia ham s6 f (u).

Bude 3: Tra vé bién x ban dAu, ta c6 nguyén ham cn tim 1a 1 = F (u(x))+C

H¢ qua: néu F(x) la mot nguyén ham coa ham s f(x) trén K va a,beR;a+#0 ta co:

jf(ax+b)dx:1F(ax+b)+c.
a

2. Bai tap
Bai tip 1. Nguyén ham F(x) ctia ham 5O f(x)= X2t biét F(-1) =% la:

A. F(x) =%e“"3“ +C B. F(x) =%e“"3“ +2019 C. F(x) =%ex3” +% D. F(x) =%e*’3+1

Huéng din giai
Chon D.

1
Pit u=x"+1 tacd du=3x"dx = x’dx =§du

Suy ra _[f(x)dx = J-e”%du =%e” +C

Do d6 F(x) :%e"j“ +C.
Mit khéc F(—1)=% nén C=0. Vay J.f(x)dx=%e'”3+l

. r R A . _ [T R IR UER
Luwu y: Ta c6 thé viét nhu sau: J.f(x)dx—_[xze ldX—SJ‘e 1d(x3+1)—§e '+C




. ’ s A 1 ) A or A \ ~ A r <9 \
Chui y: Voi cac viet x’dx =§a’(x3 +1) , ta c6 thé tinh nguyén ham da cho mot cach don gian va

nhanh gon.
Bai tap 2. Nguyén ham M = BELLEIFNST
1+3cosx
1 2
A. M=§1n(1+3cosx)+c B. M=§1n|1+300s,x|+C
2 1
C. M=—§1n|1+3cosx|+c D. M=—§ln|l+3cosx|+C
Huéng din giai

Chon C.

bat u=1+3cosx, tacod du=-3sinxdx hay ZSinxdx:—gdu.

Khi d6 M =—3jldu =21l +C
37 u 3

Vay M= [ g2 infi+3c0s | +C
1+3cosx 3
g sin(x—j ~
Bai tap 3. 1= [ 4 dx =2 3\/;,(a,beZ*).Timtiléi.
0stx+2(1+smx+cosx) b b

AL B. L c. 2 p. 3.

3 2 1 1

Huéng din giai
CHON B
dt=(cosx—sinx)dx:—\/Esin[x—ﬁjdx
bat t=sinx+cosx= 4
sin2x=t> -1
va x:O—)% thi t:1—>x/§.
1?4 V27t 2 1|2 4-32
312:__ 2—:__J 5~ 5 ¢ = .
V2 1t —1+2(1+t) 2 9 (t+1) 2 "t+1]) 4
1

Bai tap 4. Ch 3xsinxdx =F(x)+C va F(0)=a+b——.

itap ojcos x sin xdx (x) va ( ) a 1
Tinh A =a? +b? +2018.
A.2018. B. 2016. C. 2022. D. 2020.

Huéng din giai

CHON A




jcosS x sin xdx
bat u=cosx = —du =sinxdx.

cos* x
4

4
jcosSXSinxdx=—ju3du=—UI+C=— +C

:F(O):—i:a+b—i:>a+b:0.

A=a®+b’+2018=(a+b)’ —2ab(a+b)+2018 =2018.

m
n m

Chu y: chiyrang véi a>0 va m,neZ;n>0 taluon co6: a” =va

Bai tap 5. Nguyén ham R = J. dx la:
xvx+1

A R=LpYEEE o B. R=Lm[MA=l L o
2 |Wx+1-1 2 |Wx+1+1
c. R=mPPXHH o p. R=mPAHN L o
Vx+1-1 \/x+ +1
Huéng din giai
Chon D.

Dit u=vx+1=u’=x+1.Suyra x=u"—1 va dx =2udu.

Khi dé R:j(uf_”‘l)uduzjuf_ldu:J(ul_l-uiljduzln

u-l +C.
u+l

Vx+1-1
Vx+1+1

Bai tap 6. Nguyén ham S = J.x3\/x2 +9dx la:

Vay R=In +C

2 2 [
A. S=(x +9) . +9—3(x2+9)\/x2+9+C

5

2 S )
B. sz(x +9) a +9—3(x2+9)\/x2+9+C

5
2 [ 2
C. S=(x +9)5 a +9—3(x2+9)2\/x2+9+C
(x +9)2\/x2+9 5
D. S= S -3Wx"+9+C

Huéng din giai
Chon A.




Xét S :J.xaxlxz +9dx :J.xlexz +9xdx .
Dit u=vx’+9=u’=x"+9.Suyra x’ =u’ -9 va xdx =udu .

5

Khi d6 S=J-(u2 —9)u.uduzj(u4—9u2)du=%—3u3 +C.

(xz +9)2 RS

Vay S = ; —3(x* +9)Vx+9+C
1
Bai tap 7. Neuyén ham T = | ———dx la:
P e Jx\/Inx+l
1
A T=——m+C B.T=2VInx+1+C
2VInx+1
C. Tz%(lnx+l)\/lnx+l+C D.T=+Inx+1+C
Huéng din giai
Chon B.
Taco: T = = dlnx+1)=2vInx+1+C.
J.Xx/lnx+l J.x/ln)c+1 ( )

2020
Bai tip 8. Nguyén ham U:j(x_ )2022 dx 1a:
(x+1)
2021 2020
Av=L2) e B.U-—[*2] ¢
3\ x+1 6060\ x+1
2021 2023
L=y e D.U-—[X2) ¢
6063\ x+1 6069 x+1
Hwéng din giai
Chon C.
2020 2020
) -
XétUzj‘%dx:J(x 2] L
(x+1) x+1 (x+1)
Pitu=""2 s du=—"_dv=tdu=—"_ar.
x+1 (x+1) 3 (x+1)

Lt 200 1 2021 A 1 x-2 !
Suyra.U:—Ju du=——u" +C.Vay U =—— +C
3 6063

Luu y:

J-(ax+b)" dr = 1 1 (aerbjM_i_c

(cx+d)"+2 n+lad—bd\ cx+d




2
In” x

Bai tap 9. Xét nguyén ham V = I dx . Dt u=1++/1+Inx, khang dinh nao sau day

x(1+\/lnx+l)
sai?
dx (142—214)2
A. —=(2u-2)d B. V= 2u-2)d
e 2 (o)
5 4
C.V=2u5—§u4+gu3—4u2+C p.v=C i 10 e
5 2 3 5 2 3
Huéng din giai
Chon C.
it u=1+vT+Inx = (u—1) =1+Inx o Inx =i 20 = 2 =(2u—2)du.
x
In® x (’42_2“)2
Khidd V=|——r——dx=|——(2u-2)du
jx(1+\/lnx+l) J PG
2.5, 16

= 2J.(u4 —5u’ +8u’ —4u)du == -—u'+—uw -4’ +C
5 2 3
Bai tap 10. Goi F(x) 1a nguyén ham cta ham s6 f(x) =sin’ 2x.cos’ 2x thoa F[%) =0. Gia tri
F(20197z) la:

A. F(20197r)=—% B. F(20197)=0 C. F(20197r)=—% D. F(20197z)=%

Hwéng din giai
Chon A.

bat u=sin2x = du=2cos2xdx = %du = cos2xdx

Taco F(x) =J.sin2 2x.co0s’ 2xdx =%J.u2.(1—u2)du =%J.(u2 —u4)du

=lu3 —LuS +C =lsin3 2x—isin5 2x+C
6 10 6 10
FlZc0etinZ Lo Zicc0o o=t
4 6 2 10 2 15

Vay F(x) =%sin3 2)(—%sin5 2x—%
1

Do d6 F(2019x) = T




Bai tap 11. Biét ring | (2x+3)dx ———L L (véi C 1 hing s6). Goi S la tap
x(x+1)(x+2)(x+3)+1 g(x)

nghiém cua phuong trinh g(x) =0 . Tong cac phan tir cia S bang:
A. 0. B. -3+5 C. -3 D. -3-+5
Huéng din gidi
Chon C.
Vi x(x+1)(x+2)(x+3)+1:(x2 +3x)(x2 +3x+2)+1 =[(x2 +3x)+1}2 nén ta dat u=x"+3x,
khi d6 du = (2x + 3)dx

1

Nguyén ham ban dau tré thanhj. =— +C.
u+1) u+l
(2x+3)dx 1
S =—
uyrajx(x+1)(x+2)(x+3)+1 x2+3x+1+c

_—3+\/§
2
3-5

2

Viay g(x)=x2+3x+l;g(x)=0<:>x2+3x+1=0<:>

X =

Do do S = ;
2 2

—3+\/§,—3—\/§}

Téng gié tri cac phan tir cia S bang —3.

Bai tap 12. 1= dex =F(x)+C. Tinh F(1), biét ring F(x) khong chira hé s6 tw do.
2 —sinx —cosx

Az B. 2. c. b p.2.

3 3 3 3

Hwéng din giai
CHON A
—aj 3 —2sin2x)cos2x
I=J-3cos2x s1n4xdx=J~( ' ) N
2 —sinX — cosX 2 —sinX —cosX
I3 2sm2x cosx+sinx)(cosx—sinx)
X

(smx + Cos X)

. ) dt= (cosx—sinx)dx
bat t=sinx +cosx = )
sin2x=t" -1




3-2 2—1}
:I:j[ £t )tdt th at= j(zt +4t+3+%)dt

=(§t3 + 2t +3t+61n|t—2|j+C.

Dang 3: Tim nguyén ham bing cach doi bién dang 2

1. Phwong phap giai

Kién thirc cin nhé: Céc ki thuat ddi bién dang 2 thuong gip va
Ta da biét cac dang thirc sau: cach xur Ii.

sinr+cos’t=1,voimoi reR.

1+tan®z =

NVt #— +k7z(keZ)
cos’t 2

l+cot’t=——o Vt;tkﬂ(keZ)

9
sin’ ¢

Vi cac bai toan sau day thi ta khong thé giai quyét
ngay bang nguyén ham co ban ciing nhu doi bién s &
dang 1, doi hoi ngudi hoc phai trang bi tu duy doi
bién theo kiéu “lwgng giac héa” dua vao cac hing
dang thirc luong giac co ban va mot sé bién ddi thich

hop, cu thé ta xem xét cac nguyén ham sau day:

i , [ dx N [ dx
Bai toan 1: Tinh A = ‘[ﬁ Bai toan 1: Tinh A, —_[ — =

. . .. T .
bat x=|a|smt, Vo1 ZE[T’EJ hoiac

=|a|cost vol t e (0;7[)

Bai toan 2: Tinh A, = I Bai toan 2: Tinh A, = I

a+x a+x

bat x = |a|tant voi te(%,z)

Bﬁitoén3:TinhA3=J.‘/a+xdx Bai toan 3: Tinh A, J.‘/aer
a-—x a-—x

bat x =acos2t voi te(O 2)

Bai todn 4: Tinh A, = [ |/(x—a)(x—b)dx Bai todn 4: Tinh A, = [|/(x—a)(x—b)dx

bit x=a+(b—a)sin’r voi te[O;%}




Bai todn 5: Tinh A, =[x’ —a’dx Bai toan 5: Tinh A, =[x’ —a’dx

2. Bai tap

Bai tap 1. Nguyén ham [ =

_ 2
A. arcsinf—H—x
2 4
_ 2
C. arccosﬁ—H—x
2 4
Chon D.

o . .. -7
bat x =2sint voi te(T,

4sin* ¢

V4 —4sin’t

Khi d6 Izj

bat x=—- | | VOl t e _”,z
sin ¢t 2 2
j dx la:
V4 - x?
_ 2
+C B. 2arccos£—X4—x+C
2 2
_ 2
+C D. 2arcsin£—X4—x+C
2 2

Huéng din giai

%) Taco cost >0 va dx=2costdt .

2costdt = I4sin2 tdt (vi cost>0,Vte (%,%) ).

Suyra / =2j(1—cos2t)dt =2t—sin2t+C

Tirx=2sint:>t=arcsin§Vésin21=25int.cost=x —
X xVd—x?
Vay I = dx = 2arcsm———+C
y jﬁ .
Bai tap 2. Nguyén ham [ = J.—dx la:
(1-2)
_ 2
AJ(-2)+c B2 —+cC c. -~ __4cC p. Y= ¢
-’ (1-2) x

Chon B.

bat x =cost, <0< 7=

Hwéng din giai

dx =-sint.dt.

KhidéI:—jSlf”;d’dtz—j D cotr+Chay I=—2_+c
sin” ¢ sin” ¢ 1—x2
X
Vay dx = +C
I

\/(1 @) Vi




1

o dx la:
+x

Vidu 3. Nguyén ham [ = j

A. arctanx+C B. arccotx+C C. arcsinx+C D. arccosx+C
Huéng din giai
Chon A.

.. T .
bit x =tans voi te(T;Ej’ ta co d)c=(1+tan2 t)dt.

1
Khid6 [ = |————(1+tan’t)dt = |dt=t+C
J‘1+‘[an2t( ) I
. 1
Vay I:j dx =arctanx +C
I+x

Dang 4: Tim nguyén ham bing phuong phap nguyén ham tirng phan

1. Phwong phap giai
Véi u= u(x) vav= v(x) 1a cac ham s6 c6 dao ham trén khoang K thi ta c6: (u.v)' =u'vv'u
Viét du6i dang vi phan d (uv) =vdu + udv
Khi d6 1y nguyén ham hai vé ta dugc: Id (uv) = I vdu + j udv
Tur do6 suy ra J.udv =uv —J.vdu (1)
Cong thic (1) 1a cong thirc nguyén ham tig phan.
Dau hiéu nhén biét phai st dung phuong phép nguyén ham timg phan.
Bai toan: Tim /= J.u(x).v(x)dx , trong do u(x) va v(x) 1a hai ham c6 tinh chat khac nhau,
chang han:
u(x) 1a ham s6 da thuc, v(x) 12 ham s6 luong giac.
u(x) 1a ham s6 da thuc, v(x) Ia ham s6 mil.
u(x) 1a ham s logarit, v(x) 1a ham sé da thiec.
u(x) 1a ham s6 mi, v(x) 1a ham s6 luong giac.
Phuong phap nguyén ham tirng phin
u=u(x) {duzu'(x)dx
=

dv=v(x)dx v=jv(x)dx

Buée 2: Ap dung cong thic (1), ta duoc: f udv =uv— f vdu

Buoc 1: Dat {




Luwu y: Dat u=u(x) (uu tién) theo thw ty: “Nhit 16¢, nhi da, tam lwgng, tir mii”. Tuc 13, néu c6
logarit thi wu tién dat u 13 logarit, khong c6 logarit thi wu tién u 1a da thuc,... tha ty vu tién sip xép
nhu thé.

Con dbi v6i nguyén ham v = Iv(x)dx ta chi cin Chon mét hing sb thich hop. Diéu nay s& duoc
lam rd qua cac Bai tap minh hoa ¢ cdt bén phai.

2. Bai tap

Bai tjp 1. Két qua nguyén ham / = [xIn(2+x")dx la:

A. x2+21n(x2+2)+%2+C B. (x2+2)1n(x2+2)—%2+c
C. (¥ +2)In(x* +2)42* +C D. x2+2ln(x2+2)—%2+C
Huéng din giai
Chon D.
2x
Dit {uzln(2+xz):> du=x2+2dx
dv = xdx v:x2+2
2
Khi d6 I=xz+21n(x2+2)—dex:xz2+21n(x2+2)—%2+C

2

Chii y: Thong thuong thi v6i dv = xdx = v = %

2

Tuy nhién trong truong hop nay, tadéy v= v 2

mang lai sy hiéu qua.

ln smx+200s,x)

Bai tap 2. Két qua nguyén ham = J. dx la:
cos” x
A. (tanx+2) ln(sinx+ZCosx)—x+2ln|cosx|+C
B. (tanx+2).In(sin x +2cos x)—x—21In|cos x|+ C
C. (tanx+2) ln(sinx+2005x)—x—21n(cosx)+C
D. (cotx+2) ln(sinx+2005x)—x—21n|cosx|+C
Huéng din giai
Chon B
u=1In(sinx +2cos.x) duzwdx
D3 sinx +2cosx
at dx = : )
dv:coszx b~ tan g2 2 SmA+2cosx

COS x




Khi d6 1=(tanx+2)ln(sinx+2cosx)—

cosx—2sinx
jeosa=2siny

COS X
=(tanx+2)ln(sinx+2cosx)—x—21n|cosx|+C

Chii y: O Bai tap ndy, Chon v=tanx+2 co thé rut gon dugc ngay tr va mau trong nguyén ham

Ivdu.

Bai tap 3. Két qua nguyén ham [ = Ixz sin5xdx 1a:
A. —lxz cosSx —ixsin S5x +icos 5x+C B. —lxz cosSx +£x sinSx —icos S5x+C
5 25 125 5 25 125

C. %xz cosSx—%xsinwaL%cosSer C D. —%x2 cosSx +%xsin5x+%0055x+C
Huéng din giai
Chon D.
Phdn tich: O day ta s& vu tién u = x* 1a da thirc, tuy nhién vi bac cta u 1 2 nén ta s& timg phan hai
1an méi thu dugc két qua. Nham tiét kiém thoi gian, t6i goi y voi phuong phap “so dd duong chéo”
cu thé nhu sau:
Buoc 1: Chia thanh 3 cot:
+ Cot 1: Cot u ludn lay dao ham dén 0.
+ Cot 2: Dung dé ghi 13 diu cua cac phép toan dudng chéo.
+ Cot 3: Cot dv ludn ldy nguyén ham dén khi tuong g voi cot 1.
Buée 2: Nhan chéo két qua cua 2 ¢t voi nhau. DAu cia phép nhan dau tién s& c6 du (+), sau do

dan dau (-), (+), (-),... rdi cong cac tich lai v6i nhau.

DPao ham cho Lay nguy&n ham

dén khivé 0 Dau twong (rng
u=x? M Tt dv =sin5xdx
2x \ f%cos 5x
—___2 ------ - +\‘ —isin 5x
25
0 \ %cos 5x

Khido I = —lx2 cosSx+£xsin5x+ic055x+C
5 25 125

Chu y:
Ki thuat nay rat don gian va tiét kiém nhiéu thoi gian.

Trong ki thuat tim nguyén ham theo so d6 dudng chéo, yéu cau doc gia can tinh toan chinh xac dao




ham va nguyén ham & hai c¢ot 1 va 3. Néu nham 1an thi rat dang tiéc.

Bai tjp 4. Nguyén ham 1 = [ x*e*dx 1a:

4 3 2
A. = x__4)§ +12f _244x+ﬁ
3 3 3° 3 3’

je3x+C B./==——+C

4 3 2 4 3 2
C.I= x—+4)§ —uf +244x—£ e +C p. =LA 2 e
3 3 3 3 3 3

Huéng din giai
Chon A.
Néu lam thong thuong thi timg phan 4 1an ta méi thu duoc két qua. O day, chiing t6i trinh bay theo

so do dudng chéo cho két qua va nhanh chong hon.

DPao ham cho Déu Lay nguyén ham
dén khi vé 0 twong rng
u=x* + dv = e*dx
4x° \ %eax
12x2 S 3i2e3*
24x \‘ %e“
24 +\A 3i4e3*
0 \. 3%93”
4 3 2
R X" 4x7 12x7 24x 24 5,
Viay I:(?— 3 + S +—5je +C.
Bai tap 5. Nguyén ham [/ = Iex sin xdx la:
A. 2¢" (sinx+cosx)+C B. 2¢° (sinx—cosx)+C
| | R
C. Ee (smx—cosx)+C D. Ee (smx+cosx)+C

Hwéng din giai
Chon C.
Phdn tich: Sy ton tai cuia ham sb mil va luong gidc trong ciing mot nguyén ham s& rit dé gay cho
ngudi hoc sy nham 13n, néu ta s& khong biét diém dung thi co thé sé& bi lac vao vong luan quan. O
day, dé tim duoc két qua thi ta phai timg phan hai 1an nhu trong Bai tap 3. Tuy nhién, véi so d6

duong chéo thi sao? Khi nao s€ dung lai?




Pao ham u

cho dén khi l3p D4u CAyingayen‘ham

- twong rn
lai g wng
i R

COS X \ e
X
e e

(dirng lai)

Khi d6, ta sé co6 thé két luan [ =e¢* sinx—e" cosx — j e” sin xdx .

. A 1, .
Hay 2] =¢"sinx—e".cos x. Vay Izge' (sinx—cosx)+C

Chii y: Chi dung lai khi dao ham ciia nd c6 dang gidng dong dau tién. Dong cudi thu duoc

—I sinxe*dx=—1.

Bai tap 6. Tim / = J-ln" (ax+ b)v(x)dx , trong do v(x) 1a ham da thic, ne N va a,beR;a#0
Huéng din giai

na.ln"™ (ax + b)

Phan tich: Vi uu tién u(x) =In" (ax + b) nén du= dx va tiép tuc dao ham thi cot 1

ax+b

s& khong vé 0 duoc, vi vay phai chuyén lugng t(x) = tir cOt 1 sang nhan voi v(x) §cot 3 dé

ax +
rit gon bét; tiép tuc qua trinh nhu thé cho dén khi dao ham cot 1 vé 0, va chi ¥ st dung quy tic dan
déu binh thudng.

Bai tjp 6.1. Két qua nguyén ham 7 = [ x.In xdx la:
2 2 2 2 2 2 2 2
A n2-24+C  B.ZIn2+-+C C. 2 m2-2-+cC D. .In2++C
2 4 2 4 4 2 4 2
Hwéng din giai
Chon A.

DPao ham cho Lay nguy&n ham Luong t(x)

£ .2 Dau . phai chuyén
den khi ve 0 twong rng ttr cot 1 a3
nhan thém
u=Inx . + dv = xdx v&i
1 T X
X 2
X
: _ X
2
2
0 £
4




2 2

Vay I=J.x.lnxdx=X—.ln2—x—+C
2 4

2

. 1 . £ .
Chu y: chuyén lugng t(x) =— bén cdt 1 sang nhan voi v(x) = % ta thu duogc két qua g Khi do
X

2
bén ¢t 1 con lai 1, dao ham cua no bé‘mg 0; bén ¢t 3 c6 nguyén ham cua 5 la 7

Bai t3p 6.2. Két qua nguyén ham 7 = [(4x—1).In* (2x)dx la:

2

A. (2x* —x)In’ (2x)—(3x" —3x)In* (2x) - (3% —6x)ln(2x)+%+6x+c

2

B. (2)(2 - x)ln3 (2x) - (3x2 - 3x) In’ (2x) + (3x2 - 6x) ln(2x) —% +6x+C

2

C. (20" —x)In’ (2x) +(3x" =3x)In’ (2x) + (3% —6x)ln(2x)—%+6x+€

D. (2x2 —x)ln3 (2)c)+(3x2 —3)()ln2 (2)c)+(3x2 —6x)1n(2x)—%—6x+€

Huéng dén giai

Chon B.
Dao ham cho Dy L&y nguyén ham Lu?ng t(f)
dén khivé 0 twong trng phai chuyén
tlr cOt 1 de
T N T
E 2 2
= In*(2x) \ Y 3
|n2 (2X) \\ - 6x -3 X
2
;'H{2X} \ 3x2_3x 5
In(2x) Nt 6x—6 X
1 .
-~ 3x* -6x j
X X
1 = 3x-6 g
2

2

Vay I=(2x" —x)In’ (2x)—(3x* =3x)In’ (2x) +(3x” - 6x) In(2x) —%+6x +C

Chii y:

Chuyén 3 , nhan v&i (2)(2 —x) thu duoc (6x - 3)
X




Chuyén =, nhan véi (3x* =3x) thu dwoc (6x-6).
X

Chuyén 1 , nhan voi (3x2 —6x) thu duoc (3x —6) .
X

Bai tap 7. Cho F(x)=(x—1)e¢" 1a mot nguyén ham cta ham s6 f(x)e’". Biét rang ham s6 f(x)
c6 dao ham lién tuc trén R . Nguyén ham cia ham s6 f'(x)e”" 1a:
A. (2-x)e"+C B. (2+x)e" +C C.(1-x)e +C D. (1+x)e"+C
Huéng din giai
Chon A.
Tacd F'(x)=f(x)e" e +(x-1)e' = f(x).e™ < f(x).e™ =xe".

Xét jf'(x)ezxdx

u=e* du =2e*"dx
bat =
dv=f'(x)dx v:f(x)
Do do6 I = f x —2J.f e dx:xex—Z(x—l)ex+C

Vay I = J.f'(x)ez"dx :(2—x)e"' +C

Dang 5: Cac bai toan thwe té ing dung nguyén ham

1. Phwong phap gidi

Y nghia vit li ciia dao ham:

Mot chét diém chuyén dong theo phuong trinh S =5(¢), v6i S(¢) 1a quing duong ma chat diém d6
di duoc trong thoi gian ¢, ké tir thoi diém ban dau.

Goi v(t) va a(t) lan luot 14 van tdc tic thoi va gia tdc tire thoi cua chat diém tai thoi diém ¢, ta co:
v(t)=S'(¢) va a(t)=v'(r).

Tir d6 ta co: S I dt va v Ia(t)dt.

2. Bai tap
Bai tap 1. Mot vat chuyén dong véi gia tdc a(t) = il(m / sz) , trong do6 ¢ 1a khoang thoi gian tinh
r+

tir thoi diém ban dau. Van tdc ban du cua vat 1a. Hoi van tde cau vt tai gidy th 10 bang bao
nhiéu?
A. 10 mys. B. 15,2 m/s. C. 13,2 ms. D. 12 my/s.
Huéng din giai

Chon C.




Vén toc cla vat tai thoi diém ¢ duogc tinh theo cong thire: v(r) = J.a(t)dt = tildt =3It +1|+C
+

Vi vén toc ban dau (lic 7=0) cua vat 1a v, =6m /s nén:
v(0)=3Inj0+1[+C=6<C=6=v(r)=3In|t+1]+6.

Vén toc clia vat chuyén dong tai gidy thir 10 1a: v(10) =31n|10+1|+6~13,2(m/s).

Ne A A A A ‘A A . & . A 1 3 5 2 2 J4 \
Bai tap 2. Mot van dong vién dién kinh chay véi gia toc a(t) = _ﬁt +£t (m /s ), trong do ¢ 1a
khoang thoi gian tinh tir lic xuat phat. Hoi vao thoi diém 5 (s) sau khi xuat phét thi van téc ciia van
dong vién 1a bao nhiéu?

A. 5,6 m/s. B. 6,51 m/s. C. 7,26 m/s. D. 6,8 m/s.
Huéng din giai
Chon B.
Vin toc v(t) chinh 12 nguyén ham cua gia tdc a(t) nén ta co:
1

v(t):-..a(t)dt:_[(_z_lé‘ﬁ+%I2Jdl‘=—%t4+4i8[3+C

Tai thoi diém ban dau (r=0) thi vAn dong vién & tai vi tri xuat phat nén vén toc lac d6 la:

v, =0:>v(0)=0<:>—L.04 +2 0 1C=0eC=0.
96 48
Vay cong thirc van tdc 1a v(t) =——1 +it3
’ ’ 96 48

Vén toc clia van dong vién tai gidy thr 518 v(5)=6,51m/s.

Chii y: Gia tdc cia vat chuyén dong 1 a(z):t—3l(m/s2). Ta tinh v(t) = [a(r)dt, két hop véi
+

diéu kién van toc ban dau v, =6m /s . Suy ra cong thic tinh van toc v(t) tai thoi diém ¢ va tinh

duge v(10).

Bai tap 3. Mot nha khoa hoc tu ché tén lra va phong tén lua tr mat dat vai van toc ban dau 1a 20
m/s. Gia su bod qua strc can cua gio, tén Iua chi chiu tdc dong cua trong luc. Hdi sau 2s thi tén ltra
dat dén toc do 1a bao nhiéu?
A. 0,45 m/s. B. 0,4 m/s. C. 0,6 m/s. D. 0,8 m/s.
Hwéng din giai
Chon B.

Xem nhu tai thoi diém t, =0 thi nha khoa hoc phéng tén lra v61 van téc dau 20 m/s. Ta c6

s(0)=0 va v(0)=20.




Vi tén lra chuyén dong thing dung nén gia tdc trong trudng tai moi thoi diém ¢ la
s”(t)=—9,8m/s2.

Nguyén ham coa gia téc 1a van tdc nén ta c6 van toc cua tén lta tai thoi diém ¢ la
v(t)=[-9.8dr=-9.8:+C,.

Do v(0)=20 nén -9,8t+C, =20 < C, =20:>v(t)=—9,8t+20.

Véy vén toc cua tén Itra sau 2s 14 v(2) =-9,8.2+20=0,4(m/s).




BAI 2: TICH PHAN

A. KIEN THUC CO BAN CAN NAM

I. PINH NGHIA VA TINH CHAT CUA TiCH PHAN

1. Pinh nghia tich phén

Pinh nghia
Cho ham s6 f(x) lién tuc trén doan [a;b] , véi
a<b.
Néu F(x) l1a nguyén ham cta ham s f(x) trén
doan [a;b] thi gia tri F(b)—F (a) dugc goi la tich

phan ciia ham s6 f(x) trén doan [a;5].

b

If(x)dx=F(x)

a

Ki hiéu " F(b)-F(a) (1)

a

Cong thure (1) con duoc goi 1a cong thirc Newton —
Leibnitz; a va b dugc goi la can dudi va can trén cia
tich phan.

Y nghia hinh hoc ciia tich phén

Gia strham s y = f(x) 1a ham s lién tuc va khong
b

am trén doan [a;b]. Khi d6, tich phan J.f(x)dx

chinh 1a dién tich hinh phing gi¢i han boi dudng

cong y= f(x), truc hoanh Ox va hai dudng thing

x=a,x=b, v&i a<b.

YA

¥ x

b

Szjf(x)dx

Chding han: F(x) =x+C la mot nguyén

ham cia ham sé f (x) =3x* nén tich phan

1

jf(x)dx=F(x)

0

_F(1)-F(0)

0

=(r+c)-(0’+C)=1.
Lwu y: Gia tri cua tich phdn khong phu
thuéc vao hang sé C.

Trong tinh toan, ta thuong chon C =0.

Chding han: Ham s6 f(x) =x"+2x+1 ¢6
do thi (C) va f(x)=(x+1)>0, véi
VxeR.

i

A

1 0

¥

Dién tich “tam gidc cong” gioi han boi (C )

, truc Ox va hai dwong thing x=-1 va

x=11la S:jf(x)dx=j(x2+2x+1)dx

-1
X3 )
=| —+x"+x

Luu y: Ta con goi hinh phang trén la “hinh

1

-1

8
5

thang cong”.




2. Tinh chit co bén ciia tich phan

Cho ham s6 f'(x) va g(x) 1a hai ham s6 lién tuc
trén khoang K, trong d6 K c6 thé 1a khoang, nua
khoang hodc doan va a,b,c € K, khi do:

a.Néu b=a thi J.f(x)dxzo

a

b. Néu f(x) c6 dao ham lién tuc trén doan [a;b]

thi ta co:

b

J£(x)dx=s(x)

a

¢. Tinh chét tuyén tinh

i[k.f(x)+h.g(x)} dx = kjf(x)dxmig(x)dx

Véimoi k,heR.

d. Tinh chét trung can

b

J‘f(x)dxzj;f(x)dx+j:f(x)dx , VOi ce(a;b)

a

e. Dao can tich phan

b
f. Néu f(x)20, Vxe[a:b] thi [f(x)dx=0 va

jlf(x)dx:O khi f(x)zO.

g.Néu f(x)2g(x),Vxe[a;b] thi

Ching han: Cho ham sé f(x) lién tuc, co
dao ham trén doan [—1;2] thoa man

f(-1)=8 va f(2)=-1.

va |f(a)=f(b)=]f(x)dx




ij(x)dxz ':[g(x)dx

h. Néu m=r{nir}1f(x) va M =r[njc}j<f(x) thi

b

m(b—a)SJ.f(x)deM(b—a)

a

i. Tich phan khong phu thudc vao bién, tirc 14 ta ludn

ij(x)dxzjff(t)dtzjf(u)du =zf(y)dy=

II. CAC PHUONG PHAP TiNH TiCH PHAN
1. Phwong phap ddi bién s6
Doi bién dang 1

b
Bai toan: Gia sir ta can tinh tich phan 7 = I f (x)dx, trong

d6 ta c6 thé phan tich f (x)=g(u(x))u’(x) thi ta thyc hién
phép ddi bién sb.

Phwong phap:

+Dat u=u(x), suy ra du=u'(x)dx.

+ D01 can:

, Voi

u(b)
+ Khi do Iz‘[f(x)dxz I g(u)duzG(u)
u(a)

G(u) la nguyén ham cua g(u)

Doi bién dang 2
Dau hiéu Cach dat

2

a’—x’ x=|a|sint;te _ﬁ;f
22

2_ 2 a

X" —a Y= ||t Z\{O}

sint 272

a’+x° x=|a|tant;r € Iz

272

Luwu y: Phwong phdp doi bién so
trong tich phdn co ban giong nhw
doi bién s6 trong nguyén ham, &

ddy chi thém buéc doi cdn.




a+x x=a.cos2t;te(0;£}
a—x 2
a-x x=a.cos2t;te[0;£j
a+x 2
(x-a)(b-x) x=a+(b—a)sin2t;te[0;%}

2. Phwong phap tich phén tirng phan

b Chit y: Can phdi lwa chon u va dv hop li
Bai toan: Tinh tich phéan |1 = Iu(x).v’(x)dx

sao cho ta dé dang tim dwoc v va tich phin

b b

Huwong din gidi j vdu dé tinh hon j udv .
- du=u'(x)d ‘ ’
Dit u u(x) - u=u (x) x
dv=v’(x)dx v=v(x)

b
Khi @6 |1 = (uv)|) - j v.du| (cong thirc tich phan timg

a

phan)
III. TICH PHAN CAC HAM SO PAC BIET
1. Cho ham sd f(x) lién tuc trén [—a;a]. Khi do

a

Dic bit jf(x)dxzﬂf(x)+f(—x):|dx (1)

0

+Néu f(x) laham s6 1& thi ta co | [ £ (x)dx =0 (1.1)

+Néu f(x) 1a ham s6 chin thi ta c6 | [ £ (x)dx=2[ f(x)dx| (1.2)
—a 0

va ff(x)dleif(x)dx (0<b#1) (1.3)

—a 0

b b
2.Néu f(x) lién tyc trén doan [a;b] thi If(x)dx = J.f(a +b—x)dx

a

H¢ qué: Ham s6 f(x) lién tuc trén [0;1], khi do:

f(sinx)dx = jf(cosx)dx

O o [N

3.Néu f(x) lién tyc trén doan [a;b] va f(a+b—x)=f(x) thi ixf(x)dx = jf(x)dx







B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

Dang 1: Tinh tich phan bing cach sir dung dinh nghia, tinh chét

1. Phwong phap giai

Str dung céc tinh chét ctia tich phan.

Str dung bang nguyén ham va dinh nghia tich phan dé tinh tich phan.
2. Bai tap

=a\2+b\3 +¢, véi a,b,c e Z. Gid tri biéu thirc

!—..\,

Bai tap 1: Biét tich phan I =

1 x+1 x+x\/x+1

P=a+b+c la

1

A. P=8. B. P=0. C. P=2. D. P=6.
Huwong din gidi
Chon B.
Taco x+1—+x #0,Vx e[1;2] nén
2 2
PP e [ [ e (-2
1

NENETS =~
=4/2-2/3-2.Suyra a=4,b=c=-2 nén P=a+b+c=0.

Nhan lién hop x+1 —Jx.

Bai tap 2: Cho ham s f(x) théa man f(z):—— va f'(x)=x[f(x)] voi moi xeR. Gid tri
£(1) bang
2 3 2 1
A. f(l)zg B. f(l):E C. f(l):—— D. f(l)zg
Huwong din gidi
Chon C.

Tu f'(x x[f ]2 (1),suyra f'(x)>0 v6i moi xe[1;2].

Suy ra f (x) la ham khong giam trén doan [1;2] nén f(x)< f(2)<0, Vxe[1;2].

Chia 2 vé hé thirc (1) cho [ £(x)] ta duoc A (x)2 =x,Vxe[1;2]. (2)
L/ (x)]
Léy tich phan 2 vé trén doan [1; 2] hé thuc (2), ta dugc

j[ " Jdc{f_(l)}:(?j

SUUR S
Cry ()

3
>




Do f(2):—% nén suy ra f(l)z—%.

Chii ¥ rang dé bai cho f(2), yéu cau tinh f(l) , ta ¢6 thé sit dung nguyén ham dé tim hang sé C.

Tuy nhién ta ciing cé thé dwa vao dinh nghia ciia tich phdan dé xir Ii.

Bai t4p 3: Cho hams6 f (x) xéc dinh trén R\{%} théa man f'(x)= 5 2 " va f(0)=1f(1)=-2
v
.Khidé f(-1)+f(3) bang
A. —1+In15. B. 3+In5. C. 2+In3. D. —-1-In15.

Huéng dén gidi
Chon A.

Ta co j.f'(x)dx:f(O)—f(—l) nén suy ra f(—l):f(O)—jlf'(x)dx.

zl—J‘f'(x)dx.

-1

Tuong tu ta cling co

f(3):f(1)+j‘f’(x)dx
:—2+‘3[f’(x)dx.

Vay f(—1)+f(3)=—1—j.f'(x)dx+‘3[f'(x)dx=—1—1n|2x—1|

0 3
+ln|2x—1|‘ :
-1 1

Vay f(-1)+f(3)=-1+Inl5.

Bai tap 4: Cho ham sb f(x) c6 dao ham lién tuc trén doan [O;l] théa man f(l)zO,

1

I[f’(x)]z dx=17 va j.x3.f’(x)dx=—1. Gia tri Izj.f(x)dx la

0 0

A. 1. B.

ENYIEN

C. Z D. 4.
5

Huéng dén gidi
Chon C.

1

Taco [[f'(x)] dx=7 (1).

0

1 1
[BCE % = [49xdx =7 (2).
0

0




va _[14x S (x)dx=—14 (3).

Cong hai vé (1), (2) va (3) suy ra

1

[[/()+76 T de=0ma [ f'(x)+72'] 20

= f'(x) =—7x°.

Hay f(x)z—%+C

7 7
f(1)=0= 4+ = 2

Bai tip 5: Cho f(x),g(x) 1a hai ham s6 lién tuc trén doan [-1;1] va f(x) 1a ham s6 chén, g(x)
1

1a ham s6 1é. Biét If( )dx = SIg Jdx=7.Gia tri cua A= jf dx+fg )dx 1a
0

A. 12 B. 24. C.0. D. 10.
Huéng dén gidi
Chon D.
1 1
Vi f(x) la ham s6 chin nén If(x)dx = 2If(x)dx =25=10
0

-1

Vi g(x) 1a ham s6 1¢ nén Ig )dx=0.

-1

Vay A4=10.
1
Bai tap 6: Cho I—2=a+bln3 v6ia, b 14 cac s6 hiru ti. Gia tri ciia a+b bang
° (2x+1)
A B. -1, c.l D. L.
12 3 4 12

Huwong din gidi




1
=—l+lln3.
0 6 4

:(m+%ln(2x+l)J

Vay az—l,bzl:>a+b=L
6 4 12

3
Bai tap 7: Cho J.zf+3dx:aln2+bln3, V6i a,b € Z . Gia trj biéu thirc a® —ab—b 1a
X +X
A.11. B. 21. C.31. D. 41.
Huéng dén gidi

3 3
Tacéjzx+3dx:j2x+l+2dx: (2x+1+ 2 jdx
2

X +X X +x X +x X +x
3 3
zj(z“l 2.2 jdxz(ln‘xz+x‘+21n|x|—21n|x+1|) =-5In2+4In3
AX +x x x+1 2
a=-5 )
= —>a —ab-b=41.
b=4
Chon D.
o ¢ 5x+6 :
Bai tap 8. Bict rang tich phan Jz—dx =aln2+bIn3+cIns, véi a,b,c 1a cac s6 nguyén. Gia
1 X" +5x+6

tri biéu thic S =a+bc 1a bao nhiéu?

A. §=-62. B. S=10. C. S =20. D. S =-10.
Huéng dén gidi

2
Ta co 25x—+6dx:_[idxzj.(i— 4 jdx
X +5x+6 1()c+2)(x+3) \x+3 x+2
2
:(9ln|x+3|—4ln|x+2|)‘ =9In5+4In3-261n2.
1
Suyra a=-26,b=4,c=9. Vay S=a+bc=-26+4.9=10.

2 .
cos” x+sinx.cosx+1

Bai tap 9: Cho dx = a+bln2+cln(1+\/§), véi a,b,c 1a cac sé hitu ti. Gia

cos® x+sinx.cos’ x

BN =y

tri abc béng
A. 0. B. 2. C. 4. D. 6.
Huéng dén gidi
Chon C.




cos” x+sinx.cosx +1 2 cos” x +sin x.cos x +sin” x

Tacd dx = dx

cos”* x +sin x.cos’ x

IR R TR
BN — |y

cos’ x(cos2 X + sin x.cos x)

2 +tan x + tan” x

d =
* (l+tanx)

2 +tan x + tan” x
d(tanx)
C

os’ x(l +tan x)

Il
BN — N
BN |y

, |z
an x+—=> d(tanx):tan X’ +21n|tanx+1[2
(1+tanx) 2 | 5

4

T

[
SN e—u |y

:1—2ln2+21n(\/§+1). Suyra a=1,b=-2,c=2 nén abc =—4.

e +m, khi x>0

2x\3+x*, khix<0

Biét 'f_llf(x)dx:ae+b\/§+c(a,b,ceQ). Toéng T =a+b+3c bang

Bai tap 10: Cho hamsé f(x)= { lién tyc trén R .

A. 15. B. -10. C. -19. D. —17.
Huwong din gidi
Chon C.
Do ham s6 lién tuc trén R nén ham s6 lién tuc tai x=0

= lir(r)}f(x)z1ir})1_f(x)=f(0)<:>1+m=0<:>m=—1.
Ta co J_ll_f(x)dxzj_olf(x)dx+‘|.;f(x)dx=]1 +1,

1, =jol2xxl3+x2dx=J01(3+x2);d(3+x2)=§(3+x2)\/3+x2 01 =2\/§—§.

1

1

1, =j0(e' —1)dx=(e —x) . =e—2.

Suy ra J‘_]]f(x)a’x:l1 +1, :e+2\/§—?. Suyra a zl;b:Z;c:—23—2.

Vay T=a+b+3c=1+2-22=-19.
V4 2 n 2

Bai tap 11: Biét J.COS _x dx =m. Gia tri cua ICOS * i bing
1437 e !

A. T—m. B. Zim. C. 7+m. p. Z-m.
4 4
Huéng dén gidi

Chon A.




T 2 T 2 V4 V.4
Ta co :[[;:3_83)5 x+£i(:_s3jc a’x=__|;cos2 xdx =%_J;(l+cos2x)dx=7r.
Suy ra ]Zcoszxdxzﬁ_m
YRl '

-

‘ Dang 2: Tinh tich phan bang phwong phap dbi bién

1. Phwong phap giai

Nim virng phuong phap doi bién sé dang 1 va dang 2, cu thé:

Poi bién dang 1
b
Bai toan: Gia st ta can tinh [ = If(x) dx, trong d6 ta cé thé phan tich f(x)= g(u(x))u'(x).

Buéc 1: Dat u=u(x), suy ra du=u'(x)dx.

Buére 2: D6i can

Buwde 3: Tinh

Véi G(u) 1a mot nguyén ham cia g (u).

Poi bién dang 2

b
Bai toan: Gia st ta can tinh = jf (x)dyx, ta c6 thé doi bién nhu sau:

Buéc 1: Dit x=p(1), taco dx=¢'(t)dt.

Buwée 2: D6i can

X |a b
t |« £
Buoc 3:
5 5 5
Tinh |1 = f(p(1)).¢'(¢)dt = [ g(t)dt = G(z) )

Voi G(t) la mot nguyén ham cta g(t).

Diu hiéu Cich dit




a’ —x’ x=|a|sint,te{—£;£}
2°2
2 — x:ﬂ’te[i;ﬁ}\{o}
sint 2 2
a’+x’ x=|a|tant,te(—£;£j
2
atx x=a.0052t,te(0;£}
a—x 2
a-x x=a.cos2t,te[0;£)
a+x 2
(x—a)(b-x) x:a+(b—a)sin2t,te[0;%}

2. Bai tap miu

COS X

Bai tap 1: Biét dx=aln2+bIn3, voi a,b 1a cac sb nguyén.

sin® x+3sinx+2

O o |y

Giatricia P=2a+b la

A. 3. B.7. C.5. D. 1.
Huéng dén gidi
Chon A
% COS X % 1

Ta c6 dx = d (si

4o -([sinzx+3sinx+2 g !(sinx+1)(sinx+2) (sin-x)

2 1 1 z
=J( - —— jd(sinx)=(1n|sinx+1|—ln|sinx+2|) 2

o\sinx+1 sinx+2 0

=ln2—ln1—(ln3—ln2)=21n2—1n3

Suyra a=2,b=-1=2a+b=3.
\s oA iy 2 dx 1 L s s A A A
Bai tap 2: Bict 1:.[ ————=—(Ina—-Inb+Inc), véi a,b,c 1a cac s6 nguyén to.
0 " +3¢ " +4 ¢
Giatricia P=2a-b+c la

A. P=-3. B. P=—1. C. P=4. D. P=3.

Huéng dén gidi

Chon D.




Taco I =

In2 dx v[mz e’dx
0 e 43 +4 N0 P ph4et 43

bat t=¢' = dt =e'dx.
Pdican x=0=r¢=1,x=In2=¢=2.
Khi d6

l In3—-In5+1In2).
2

lt +4t+3 t+1 t+3 2 t+3]

Suyra a=3,b=5,c=2.Vay P=2a—-b+c=3.

dx  aN3+b

P ,VOi a,beZ,ceZ’ vaa, b, c 1a cac s6 nguyén to cung nhau.
+sinx c

Bai tap 3: Biét

S o\ [N

Gié tri ctia tong a+b+c bing

A. 5. B. 12. C.7. D. 1.
Huéng dén gidi
Chon A.
1

B S ¢ cost ’6’(1+tan2 x)
Tac61=j1+fi‘nx=j xdx - = - 2azx=j—xzzazx

0 0 (c0s+sin] 0 (1+tanj 0 (1+tan]

2 2 2 2

Pit t=1+tan§:>2dt=(1+tan2§jdx.

Déi can x=0:t=l;x=%:>t=3—\/§.

33

20t 2P 343
I: J‘_Z:_? = .
1

1 3

Suyra a=-1,b=3,c=3 nén a+b+c=>5.

Luu y:

2
. . X X ... x X
I+sinx= (smE+ 0055] . Chia tir va mau cho cos* [5)

7
Bai tip 4: Cho ham s6 y = f(x) lién tuc trén R va jf (2x)dx=8. Giatricua I = Ixf dx la

A. 4. B. 8. C. 16. D. 64.
Huéng dén gidi
Chon B.

bit x* = 2u = 2xdx = 2du = xdx = du.




Ddi can x=0:>u=0,x=\/§:>u=1.

Khi do I=j.f(2u)du=_l[f(2x)dx=8.

0

Bai tap 5: Cho ham s6 y = f(x) xdc dinh va lién tuc trén (0;+o0) sao cho x* +xf(e”)+f(ex) =

& £ (x).1
véi moi x € (0;+o0) . Gid tri ctia [ = jmdx la

h X
A.Iz—l. B.Iz—z. C.IzL. D,]=§_
8 3 12 8
Huéng dén gidi
Chon C.
. l—x2
Voéi x€(0;+0) tacod x> +xf (e )+ fle')=1= =1l-x
Dat lnx=tc>x=et:>dt=@.
X
2. A 1
boi1 can xzx/g:>t=5;x=e:>t=1.
1 1 1
Khido I =|t.f(e)dt=|t(1-¢t)dt=—.
oty fa-ou-
2 2
5 e B
Bai tip 6: Biét | 3sinx—cosx . _ 111n2+b1n3+c7r,(b,ce@).Giétricﬁaé121
o 2sinx+3cosx 13 c
A2 B. 2% c. 2 p. 22
3 3 37 13
Huwong din gidi
Chon A.
Phan tich 3s:inx—cosx :m(2sinx+3c0.sx)+n(2005x—3sinx)
2sinx+3cosx 2sinx+3cosx
_(2m—3n)sinx+(3m+2n)cosx
- 2sinx+3cosx
. L _ [2m=3n=3 3 11
Dong nhat hé so ta co oSm=—n=——.
3m+2n=-1 13 13

3 25inx+3cosx)—E(2cosx—3sinx)
3 13 .

z z
% 3sin x —Ccosx z
Suy ra I I -
02smx+3cosx 0 2sinx+3cosx




7[

% 11 2cosx—3sinxdx
0 13 2sinx+3cosx

_j[s 11 2cosx—33inx}dx 3
<113 13 2sinx+3cosx

-

T

3z llzd(2sinx+3cosx) 3r 11 _ z
== _— : x =————In|2sinx+3cos x||2
26 137 2sinx+3cosx 26 13
1
=3_7z_£1 2+ Eln3 Do do 13 :ézﬂ.ézg
26 13 13 c_i c 13 3 3
26

a

4
Bai tdp 7: Cho ham s6 f(x) lién tuc trén R va théa mén J.tanx.f(cosz x)dx=2 va
0

e ln x 2
jf dx=2.Gidtri ctia [ = jf dx 1a
xInx 1
n
A. 0. B. 1. C. 4. D. 8.
Huéng dén gidi
Chon D.

7[

T
ji sin x. cosx

bat 4= Itanxf cos’ x dx 2 cos x)dx 2.

COS X

g . 1 .
bit ¢ = cos® x = df = —2sin x cos xdx = _Edt = sin x cos xdx.

Déicefmsz:M:lvéxz%:n:%.Khido - —) dt = 4.

,\,‘,_.c_.,_

- f (1n @flnxflnx _
X X

4
Tuong ty taco B =J.
1

2
X
Gia tri cta [ = j dx. it t = 2x = dx :%dt.
1
4

[u—

Déi can x=g=i=s va x=2=t=4.

4

Khi d6 I = jf )dz—jf dti 4+4=8

N | =

2




1
Bai tjp 8: Cho | !

0 (x+3)(x+1)’

dx = \/; —\/E ; voi a,b la cac sO nguyén. Gia tri cua biéu thirc

a’ +b° bang
A.17. B. 57. C. 145, D. 32.
Huéng dén gidi
Chon A

w/ x+3) x+1 /x+ x+1
x+1

+3 -2

bat ¢ = = 2tdt = > dx = 2:—ta’t
x+1 (x+1) (x+1)
Pdicin x=0=t=3,x=1=1=+2.
1 V2 3 NG
Tacod [ =I d Il— dt=[dt=t| =V3-+2.
0 3(x+1) \/’t P NG
x+1
1
Méj ! dx:\/;—x/Znénsuyraa=3,b=2.

0 (x+3)(x+1)

T d6 ta 6 gia tri @’ +b* =3>+2° =17.

1
Bai tap 9: Cho J 3x ldx =—ln(%+x/3j, véi a,b 1a cac sO nguyén t0. Gia tri cua biéu thuc
VX7 + a

2

P=2(a+b) bang

A. 12. B. 10. C.18. D. 15.
Huéng dén gidi
Chon B.

1 1 1 1
L oaz 1 1
Bién doi Iz.[\/ 3x dxzj l al dxzj‘—dx:.[ al —dx.
AR P/ S Lyl 1 g
2 2 i PRI 2

bat u = 1+L3:>u2=1+%:>2udu=—i4dx Va X° = .
X X X u -1

Ddi can x=%:uz3;x=l:>u=x/5.

2udu

27 d
Taco I = Iu—l) ZEJLuZLi:

u—1

3
ln =lln(§+\/§j.
3 Ju+llls 3 \2




Suyra a=3,b=2. Vay P=2(a+b)=10.

Dang 3: Tinh tich phan bing phwong phap tich phan tirng phin

2
Bai tap 1. Cho tich phan 7 = j InX =l ain2 véialash thue b va ¢ 1a cac s6 duong, dong thoi

X c

b \ A A LAr _+o .7 . 5 A Ja \
— la phén s0 toi gian. Gia tri cta bieu thtc P=2a+3b+c la

C
A. P=6. B. P=5. C. P=-6. D. P=4.
Huéng dén gidi
Chon D.
u=Inx du:@
Pat = -
' dv=d—f -1
X V=—
X
_ 2 2 _ _1\|2
Khi d6 7= 0¥ +ji2dx:( lnx+_1j _1_ 2
X 11X x x ) 2 2

Suy ra b=1,c=2,a=_?1. Do d6 P=2a+3b+c=4.

+ Uu tién logarit.

u=Inx
+ Dat .
' dv=d—)2€
X
R ,
Bai tap 2: Bict I dx=ar+bln2, v6i a,b 1a cac so hliu ti. Gia tri cua 7 =16a —8b la
o 1+cos2x
A. T =4. B. T =5. C.T=2. D. T =-2.
Huéng dén gidi
Chon A.
3 i 3
it A=dex=jL2dx=lj *_dx.
o 1+cos2x o 2C08” x 24 c0s" x

u=x=du=dx

Dit

dv = dc=v=tanx

2
COS X

Khi do6




T

5
A:l xtanx Z—J.tanxabc :l{(xtanx+ln|cosx|)
2 0 2

(SR N

0

|

2\ 4 2 2\4 2

:l(£+ln£j =l(£—lln2j =%—%ln2.

Vay a:%,b:_j1 dodo 16a—-8b=2+2=4.

+ Bién déi 1+ cos2x = 2cos” x.
+ Uu tién da thitc.

u=x
+ Pat 1

Bai tap 3: Cho / = J.xe“dx =a.e’ +b voi a,be Q. Gia tri cua tong a+b 1a
0

A C. 0. D. 1.

NG

1
-7
Huéng dén gidi

St dung phuong phap timg phan.

du=dx
Uu=x
Dét{ = 1 .-

b (PN L P SR LS IS L U |
Khido I =u.v —.[v.du:—xev ——.[exdx:—xex ——e| =—e" +—
o 9 2 o 2% o 4 o 4
2 1, 1
Suyra ae” +b=—e" +—.
4 4
A A 1A A1 - A , 1 1 . 1
Pong nhat hé s6 hai vé ta co azz,bzz. Vay a+b=5.
Chon A.
+ Uu tién da thirc.
u=x
+ Dat by
dv=e"dx

2
Bai tap 4: Cho ham s6 £ (x) lién tuc, c6 dao ham trén R, £(2)=16 va Jf(x)dx =4. Tich phan
0

4
j xf '(fj dx bing
0 2




A. 112, B. 12. C. 56.
Huéng dén gidi
Chon A.

bat t=%:>x=2t:>dx=2dt.

_ _ 4 2 2

Pdi can {;‘;gz;g. Do d6 !xf’(%jdx:2').4tf'(t)dt:_([4xf’(x)dx.
u=4x du =4dx
bat = .
’ {dv=f’(x)dx {v=f(x)

Suy ra

2

:[4xf'(x)dx = [4xf(x)] (2)

0 0

D. 144.

_j4f(x)dx:8f(2)—4jf(x)dx:8.16—4.4 =112.

41n(sinx +2cos .
Bai tap 5. Cho J ( i > x)dx:aln3+bln2+c7r v6i a,b,c 1a cac so hitu ti.
o cos” X
Gié tri cia abc bang
AL B.>. c.2.
8 8 4
Huéng dén gidi
Chon A.
u=In(sinx+2cosx) gy = 05X =2sinx
bat dx = sinx+2cosx
a’v=c052x v=tanx+2
Khi do

dx

5 .
J‘ln(smx+2cosx)dx=(tanx+2)1n(Sinx+2COSX)
0

V4
5 j—cosx—Zsinx
0 9

COS2 X COS X

3
=31n(¥]—21n2—j(1—2tanx)dx
0

=3ln3—zln2—(x+2ln|cosx|)
2

S ay

V2

33 -L1n2-ZF 22 —3m3-2m2- =,
2 4 2 2 4

Bl

Suy ra a=3,b=—2,c=—%. Vay abc =18.




2 1 r
Bai tap 6. Biét I(x+ 1)2 e “dx=me? —n, trong 46 m,n, p,q 1a cac s6 nguyén duong va L phan
1

sO toi gian. Giatricia T=m+n+p+q la

A. T=11. B. T =10. C.T=17. D. T =8.
Huéng dén gidi
Chon B.
Ta cod

= j ()¢ = j (" +20+ 1)6%01’6 :f (x*+ 1)€x%dx n j 2xe’
1 ! )

1

2 Ll UL | A 1) % Ll
Xét Ilzj(x2+1)e "dxzsz.e <X j dxzsz.e xd(x——jzj.xzd(e "J
1 x

1 X

1]2 2 1 1]2 2 1
5 ¥ x—— ) 5 ¥ x—
=x‘e * —Je xd(x)zxe x —J2xe *dx
L L
2 vt zx-l2 , x|? 3
:>11+J-2xe ‘dx=x"e | =>[=x"e *| =4e? -1
1 1 1

>m=4,n=1,p=3,q=2.
Khido T=m+n+p+g=4+1+3+2=10.

Bai tip 7. Tim s6 thyuc m > 1 théa min J.(lnx +1)dx =m.
1

A. m=2e. B. m=e¢. C. m=¢". D. m=e+1.
Huéng din gidi
Chon B

A:T(lnx+l)dx:Tlnxdx+de
1 1 1
Ilenxdx
1

_ |u=Inx du:ldx
bat =
dv=dx v

:>I=x1nx|in—rj2dx
1
m=e

A=xlnx|:n=mlnm=m:>[ .
m=0




Bai tip 8. Dt /[, :J.:lnkdx, k nguyén duong. Tacod [, <e—2 khi:
X

A. ke{l;Z}. B. ke{2;3}. C. ke{4;1}. D. ke{3;4}.

Hwéng din giai

Chon A
k 1 e
=In— du=——d e
bat " nx:> ! X lekz(x.lnkj +de=(e—l)1nk—1:>[k<e—2
dv=dx v=x X0

€3 k<12

< (e-1)nk-1<e-2<Ink<
e—1 e—

Do k nguyén dwong nén k e {1;2}.

1
Bai tip 9. Tim m dé jex(x+m)dx=e.

0

A. m=0. B. m=e. C.m=1. D.m:\/g.
Hwéng din giai

Chgn C

Dit

{u=x+m {du=dx
=
dv =edx v=ge"
1 1
:>I=Je"(x+m)dx=e"(x+m)|;—.[e"dx=e"(x+m—1)|; =me—m+1
0 0

Mit khac: I=e=>me-m+l=e<m(e—1)=e-1<m=1.

Dang 4: Tich phan chira diu gia tri tuyét doi

1. Phuong phap
b
Bai toan: Tinh tich phan J = Ig (x)dx

(v6i g (x) la biéu thirc chita an trong ddu gid tri tuyét doi)

PP chung:

Xét dau ciia biéu thire trong diu gid tri tuyét doi trén [a;b]

Duea vdo déu dé tach tich phan trén méi doan twong iing ( sir dung tinh chat 3 dé tach)

Tinh méi tich phén thanh phan.

b
Diic biét: Tinh tich phan 7 = [|/(x)]dx




Cach giai
Cach 1:
+) Cho f(x)=0 tim nghiém trén [a;b]
+) Xét ddu cia f(x) trén [a;b], dira vao ddu ciia f(x) dé tach tich phan trén méi doan twong g
( stk dung tinh chat 3 dé tach)
+) Tinh méi tich phdn thanh phan.
Cach 2:
+) Cho f(x)=0 tim nghiém trén [a;b] gia sir cac nghiém do 1a x;;x,;...x,

(Vo1 x, <x,<..<Xx, ).

Khi do 1=f|f(x)|dx+f|f(x)|dx+f|f(x)|dx+...+j|f(x)|dx

—J= + + +..+

jﬂﬂ%

[ reods

[ )|+ £ ()

+) Tinh méi tich phdn thanh phan

2. Bai tap
2 a a

Baitip 1: S= I ‘xz —-X —2‘dX =E,(a,b € Z+)'E la phén so toi gian. Gia tri a+b bang
-1

A.11. B. 25. C. 100. D. 50.

Huéng din giai
Chon A

2 ) 2 ) X3 X2
S:Ux —x—2‘dx:—j1(x —x—2)dx:—[?—7—2xj

-1

T
Bai tap 2: 1= [1-sin2xdx—av/a,(a e N'). Hoi a® 12 bao nhiéu?
0

A. 27. B. 64. C. 125. D. 8.

Huéng din giai

. T
S| X —— .

Chon D

Ta co: V1-sin2x = «[(sinx—cosx)2 :|sir1x—cosx| :\/E




T . 3rn
A% On|=>x-—=€e| -
6i xe[0:] = x 46[ " 4}
+ Véi x-Ze —E;O thi sin x-Zl<0
4 4 4

+ Véi x—Ze O;ﬁ thi sin x-Z150
4 4 4

s
=1I= \/EI (x——}der\/’J‘sm(x——de 22.
’ 4
Chon 3: Biét [ = J~|x42dx 4+aln2+bIn5, voi a, b 1a cac sd nguyén. Giatri S=a—b bing
x
A. 9. B. 11. C.5. D. 3.
Hwéng din giai
Chon B
5 5
Taco:1=j2|x 2|+1 j2|x 2|+1 J2|x 2|+1
1 x 1 2
2 _ 5
ZJ-2(2 X)+1dx+J-2 X — 2 _J‘ZS Zxd j52x
1 x 2

=jf(§—xjdx+j;[2—§jd = (Stnfx|~x)[ +(2x-3nx])]

—81n2-3In5+4 :»{“ —a-b=11.

2n
Bai tap 4: Cho tich phan J' J1-cos2xdx=ab va a+b=2+2v2. Gia tri cua a va b 1an luot 1

a=2 a 2\/_
A {b:%ﬁ' {b 2
a=2\2 a=2\2
< {b— {b 22’ P {b 2 {b 22’

Hwéng din giai
Chgn D

21 21 T 21
j N1 -cos2xdx = \/E I |sinx|dx = ﬁfsinxdx - \/E I sin xdx
0 0 0 n

=— 2cosx|gt + 2cosx|i7T =4\/§.

ab 4\/_ a 2\/7
{a+b TN X (2e22 )X a2 - Oj{bzz {b 22’




k . . . 1
Bai tap 5: Tinh tich phan 7 = Jx|x—a|dx,a >0 ta dugc két qua 7 = f(a). Khi do tong f(8)+ f 5

0
c6 gia tri bang:

A 2% B. 2L, c. 17 D. 2

91 24 2 17
Huéng din giai

Chon B

1 3 2
TH1: Néu a >1 khi do 1=—jx(x—a)dx:(i+_j
0

0

a 1

TH 2: Néu 0< a <1 khi d6 [=—Ix(x—a)dx+jx(x—a)dx
1

0 a
_X3 ax2 ’ X3 axz
= —+ | =
( 3 2 jo (3 2 Ja

a a 1 (j 1
S fl = 2= +===
3 23 2 24 4 3 8§
Khi do f(8)+ f@:

1 2
Bai tap 6: Cho ham s6 f(x) lién tuc trén R théa [ f(2x)dxr=2 va [f(6x)dr=14. Gid tri
0 0

2
If(5|x|+2)dx bing

-2

A. 30. B. 32. C. 34. D. 36.
Loi giai

Chon B

1
+Xét [ f(2x)dr=2.
0
Pitu=2x=>du=2dx; x=0=>u=0; x=1=u=2.

Nén 2=if(2x)dx=%if(u)du :>-(|2;f(u)du=4.

2
+Xét [ f(6x)dr=14.
0

bitv=6x=dv==6dx; x=0=v=0; x=2=v=12.

12

Nén 14=jf(6x)dx =éjf(v)dv :Tf(v)dv=84.

0

+ Xét jf(5|x|+2)dx = }f(5|x|+2)dx+ff(5|x|+2)dx.

-2 0




0
O Tinh 1, = [ £(5]x+2)dx.

-2

Pt 1=5[x+2.

Khi 2<x<0,t=-5x+2 =>dft=-5dx; x=-2=¢t=12; x=0=>¢t=2.

[ Tinh 7, :jf(5|x|+2)dx.
0

Pt 1=5[x+2.

Khi O0<x<2,t=5x+2=dt=5dx; x=2=1t=12; x=0=¢=2.

I, :__ljf(z)dz =% l.ff(t)dt—j:f(t)dz} :%(84—4):16.

1, :é;lgf(t)dt =% ff(t)dt—j[f(t)dt} =%(84—4)=16.

2
Vay [ £(5|d+2)dv=32.
-2

2
Bai tap 7: Cho ham s6 y= f(x) lién tuc trén [0;4] va If(x)dle
0

[ #([3x—1)ie bing
|
A. 4. B. 2.

Huéng din giai
Chgn C

1/3 1

_tf(|3x—1|)dx= jlf(1—3x)dx+l/j3f(3x—1)dx.

:_é_jlf(1—3x)d(1—3x)+%jf(3x—1)d(3x—1).

1/3

- _%jf(t)dt+%j;f(t)d(t) —-3(=3)+ 515

_a-243
b

NG
Bai tip 8. S= [ |y —4)” +3|dy =
B

A. 80. B. §3.
Huéng din giai

Chgn C

C.

C. 142.

4
3

.Giati 4+2B bang

b

[ (x)dv=3. Gid ui

0

D. 79.




V| 3 -1 1 J3 oo
y*-1 + + 0 - + +
y-3 + 0 - -0 - 0 o+
-1)(y*-3 + 0 - 0 - 0 -0 o+
3 V3
S= .[ ‘(4—4y2)—(1—y4)‘dy: I |y4—4y2+3|dy
NG NG
-1 1 V3
= J. —(y4—4y2+3)dy+ J.(y4—4y2+3)dy+ I —(y4—4y2+3)dy
_J3 -1 1
1 1 3
gl o] o
3 - 1
112-2443
15

1
Baitip 9. S= I 4x* — 4x +1dx :%,(a,b € Z+),% 1a phén s6 toi gian. Gia tri va+4b bang
0

A. 1. B. -3. C. 35. D. 3.
Huéng din giai

Chon D

1 1
Ta co: I, = [4)(2x~1) dx = [|2x ~1]dx
0 0

1 1
1 2 1 2 1
1
=1, =|2x-1ldx=|2x-1|dx+ | [2x = 1|dx = | (1 = 2x)dx + | (2x—-1)dx ==
= [Pt foxtace [t f1-20)as s (ox- 1)
2 2
Suyra: a=1,b=2.
2n
Bai tap 10. 1= [ V1+sinxdx=AVB, biét A=2B Giatrj A’ +B° bing
0
A.72. B. 8. C. 65. D. 35.

Huéng din giai

L [xom
sin| —+—
53]

Chon A

2
Ta co: V1+sinx = (sin§+cos§j =

=\2

. X X
sin—+ cos—
2 2




Voi xe[O 2n:|:>—e[0 n}:;+ge{z 5471}

+V0'1§+Ee . thi sin —+— >0
2 4 4 2 4
,. X T 57 L L [x =
+Vé6i —+—¢€|m;— | thi sin| —=+— [<0
2 4 4 2 4

jlzﬁ};- 348 ax-2 jsm[_+_jdx 42,

2

Bai tdp 11. Cho tich phan [ y/1—+/3 sin 2x + 2 cos’ xdx = ax/3 +b. Gi trj A=a—b—4 bing

ce—ly

A.2. B. 5. C.s. D. -8.
Hwéng din giai
Chgn D

o-—.m\:z

2 % 2
I=j\/1—\/§Sin2X+2COS2XdX=J.\/(Sil’lX— 3cosx) dx
0 0

sinx—+/3 COSX| dx.

sinx — 3cosx:0<:>tanx:\/§<:>x:§+kn.

Do xe O;E nén x ==
2 3

3 3 3 3

I= ”smx 3cosx|dx ”sinx— 3cosx|dx= _[(sinx— 3cosx)dx + _[(sinx— 3cosx)dx
0 g 0 g

=(—cosx— 33inX)§+(—cosx— 3sinx)% :‘—%—%+1+— 3+%+§:3—\/§.

=a=-1b=3=>A=-8

Dang 5: Tinh tich phan cic ham dic biét, ham 4n

1. Phwong phap giai

a. Cho ham sb f(x) lién tuc trén [—a;a]. dx bing

1
Bai tap 1: Tich phan / = J.cos x.In §+ al
-1

Khi do6




_ajaf(x)dx:j[f(x)u(-x)]dx
Chtrng minh

Ta co jf(x)dxzj.f(x)dx+j:f(x)dx.

0
Xét  I=[f(x)dx. DS  bién

x=—t=dx=—dt.

Poicin x=—a=t=a;x=0=1¢t=0

Khi do

0

a

1= f(~4)(-de)=[ £ (~0)dr

Do d6 (1) dugc chiing minh.

DPic biét

+Néu £ (x) la ham s 1& thi ta c6

]if(x)dxzo

(1.1).

+Néu £ (x) la ham s6 chén thi ta c6

jf(x)dx=2if(x)dx

+Néu f(x) la ham s6 chén thi ta ciing c6

(1.3).
Chirng minh (1.3):

Dit A= T%dx (*).

Dbi bién x = —t = dx = —dt.

bPoicin x=—a=t=a,x=a=>t=-a

b'.f(1)
o1+

Khi do 4= f—ﬁ;l?(

—dt) = I

a

(1.2)

(1

(0<b#1)

dt.

A. 1. B.

C.0. D. 1.

Huéng déin gidi

\ ) 2+x . PPN
Ham s6 f (x) =cosx.ln xac dinh va lién tuc

2—x
trén doan [-1;1].
Mit khac, v6i Vx e[-1;1]= —x e[-1;1] va

f(—x) = cos(—x).ln j;i =—cosx.ln zii =—f(x).

2+x

Do d6 ham s6 f (x)=cosx.In 1a ham s6 1¢é.

—X

2erdxzo.

1
Vay I = Icosx.ln
1 - X

Chon C.
Bai tap 2: Cho y=f(x) la ham s chén, lién tuc

trén doan [—6;6].

2 3
Biétring [ f(x)dr=8 va [ f(-2x)dx=3.
-1 1

Tinh j.f(x)dx.

A. =11 B. I =5.
C.1=2. D. / =14.
Huéng dén gidi

Goi F(x) la mdt nguyén ham cua hamsd f(x) trén

doan [—6;6] ta co

3

jf(—Zx)dx=3<:>.3ff(2x)dx=3

1

3

<:>%F(2x) -3,

Do d6 F(6)—F(2)=6 hay jf(x)dx=6.

Vay I:j.f(x)dx:j.f(x)dx+jf(x)dx=l4.




Hay A= | —
Suy
24= J.f(x)

b. Néu f(x) lién tuc trén doan [a;b] thi

b

[f

a

(x)dxzjlf(a+b—x)dx

H¢ qué: ham so £ (x) lién tuc trén [0;1], khi do:

/

S o |y

(sinx)dx—| f(cosx)dx

ot—y

ra

Chon D.

1 2020
Bai tap 3: Tich phan / = jx—ldx c6 gié tri 1
e +

-1

22020
A. 1=0. B.I=-__
2019
22021 22019
T 2021 T 2019
Huéng dén gidgi

Ap dung bai toan (1.3) & cot bén trai cho ham sb
f(x) =x* vab=e tacod

Ta co

1 2021

Izlszozodxz X
2 2021

1 2.22021
= =3
o 2021

2021
2

2021

-1

Chon C.

Bai tap 4: Cho ham sd f(x) lién tyc trén R thoa dicu

kién f(x)+f(—x)=2cosx, v6i VxeR.

3
Gid tri cila N = [ f(x)dx la
E

A. N=-1. B. N=0.
C. N=1. D. N=2.
Huéng dén gidi

0 | N
— N

Taco N= f(x)dxz f(—x)dx
S
: :
Suy ra 2N = _[ [f(x)+f(—x)]dx= .[ 2cos xdx.
E E
2 B
Vay N:ZJcosxdx:2sinx 1=2.
0 0

Chon D.




Bai tap 5: Cho ham s f(x) lién tuc trén R va thoa

mén f(x)+ f(2-x)=x(2-x),VxeR.

2
Gid trj tich phan G = [ f (x)dx 1a
0

A. G=2. B. G=%.
: e : . C.G=2 D.G=1
c. Neu f(x) lién tyc trén doan [a;b] va - G=3 - G=3.
f(a+b-x)=f(x) thi Huéng din gidi
2 2
b b Tacod G = - 7
Ixf(X)dx=a;bjf(X)dx aco & !f(x)dx !).f( x)dx

2

Suy ra 2G=j;l:f(x)Jrf(—x)]dx=jx(2—x)dx

0

Vay G =ljx(2—x)dx=2.
’ 2 3

0

Chon C.
Bai tAp 6: Cho ham s6 f'(x) c6 dao ham lién tuc trén
1

doan [0;1] thoa man f(1)=0, [[f'(x)] dx=7 va

0

1 1
J.xzf(x)dxzé. Tich phan Jf(x)dx bang
0 0

A. B. 1.

C.

KAl v

d. Néu f(x) lién tuc trén doan [a;b] va Hudng dan gidi

B du=f"(x)dx
Dét{u_f(x) (x)

f(x)=0 véi Vxela;b] thi jf(x)deO va = 3
a dv=x’dx v=?
:!.f(x)dx:O khi f(x)=0. Tacs szf(x)dxzx f3(x) l—éjxv'(x)dx




Cich 1: Ta c6 j.[f’(x)]z dx=7 (1).

0

1

1
LN [49x°dx = L9272
774 7

0
1

X f(x)dx ==1=> [145.f" (x)dx =—14 (3).
0

Cong hai vé (1), (2) va (3) suy ra

_l[[f'(x)]z dx+j49x6dx+j14x3.f'(x)dx -0

:i[f(x)+7x3]2dx=0.

Do [f/(x)+7x' ] 20= [ f(x)+7x Tdr=0. Ma

0

.(i;[f'(x)+7x3]2dx =0= f'(x)=-T7x".

7 4
f(x)=- z C
\ 7 7
Ma f(1)=0=>-—+C=0=>C=—.
4 4
Txt 7
Do @6 =— —.
odo f(x) Y

1 (f 7x* 7 7
Vay | f(x)dx = (——+—]dx=—.
-([ ( ) -!. 4 4 5

Mot s6 ki thuit giai tich phan ham 4n

I
=
—
=
~—

Logi 1: Biéu thirc tich phan dwa vé dang: u(x) f'(x)+u'(x) f(x)
Cich giai:

+Taco u(x)f'(x)+u'(x)f(x)=[u(x) f(x)]

+D0 a6 u(x) f(x)+u'(x) £ (x) = h(x) & [u(x) £ (x)] = h(x)
Suy ra u(x) f(x)= [ h(x)dx

Suy ra duge f (x)

Logi 2: Biéu thikc tich phan dwa vé dang: f'(x)+ f(x)=h(x)

Cach giai:




+ Nhin hai vé v6i ¢* = ¢*.f"(x) +-¢*.f (x) = " h(x) & [e.f (x)] =" h(x)
Suyra e*.f (x)= [eh(x

Suy ra dugc f(x)

Logi 3: Biéu thiic tich phin dwa vé dang: f'(x)— f(x)=h(x)

Cich giai:

+ Nhan hai vé véi e * = e f'(x)+et f(x)=eTh(x) | f (x)} =e ".h(x)

Suyra e *.f (x)= [e *h(x)dx

Suy ra dugc f(x)

Logi 4: Biéu thikc tich phan dwa vé dang: f'(x)+ p(x)f(x)=h(x)

Cich giai:

7 ) T ) PO ()= () ] P

+ Nhan hai vé voi

()l 7| -

Suyra f (x).ef Pl _ f ef p(x)dx.h(x)dx

Suy ra dugc f (x)
b b
Cong thirc [ f(x)dx = [ f(a+b—x)dx
2. Bai tap
Bai tap 1: Cho s6 thuc @ > 0. Gia st ham s6 f (x) lién tuc va luon duong trén doan [O;a] thdéa man

f(x).f(a—x)=1. Gia tri tich phan / = Igdx 1a

+/(x)

c.7=2

A [=—. B. /= —.
3

a

3 2
Huéng dén gidi

Chon B.

Pat t=a—x=dt=—dx. Pdican x=0=rt=a;x=a=1=0.

C i s 1 7 1 T 1 L f(x)
Khldo1_-([—1+f(a—t)dt_£1+f(a—x)dx_£ dx—.([ dx.




() geefidrea vay 129
1+f(x)dx+-[1+f( )dx—z[l.dx—a. Vay 1—2

Ta cé thé chon ham sé f(x) =1, voi moi x € [O; a] thoa man yéu cau dé bai.

=21 = J.

dx I%dx =£

Khido I = _[1 f
J’_

Bai tap 2: Cho ham s6 f (x) lién tuc trén [-1;1] va f(—x)+2019f(x)=e",Vx €[~1;1]. Tich phan

= jf(x)dx bang

e’ —1 e’ —1 e’ —1
" 2019 e " 2020
Huéng dén gidi

D. 0.

Chon C.
Ta co szf(x)dxzj‘f(—x dx
Do d6 2020M=2019jf( dx+jf (—x)dx = j[f )+2019 1 (x)]dx.

et -1
2020¢

1 1
Suy ra M =—J-exdx=
20207,

b b
Néu f(x) lién tuc trén doan [a;b] thi If(x)dx = jf(a +b— x)dx

a

Bai tap 3. Cho f(x) 12 mot ham s6 lién tuc trén R théa man f(x)+ f(—x)=+2-2cos2x .

3z

2
Gié tri tich phan P= [ f(x)dx la
A. P=3. B. P=4. C. P=6. D. P=38.
Huéng dén gidi

Chon C.

kL3 3z

2 2
Taco P= I f(x)dx= I f(—x dx

T 3z
2 T2
3z 3z 3z

=2P= Jz‘ [f(x)+f(—x)]dx= .2[ \/2—2cos2xdx=4.2“sinx|dx.

T2 T2




3

i 2
Hay P= 2"- sin xdx —2 J sin xdx = —2 cosx
0 b4

3

T -
+2cosx|? =6.

0

Bai tap 4: Cho f(x) 13 ham sé lién tuc trén R théa min f(x)+f’(x) =sinx vOi moi x va

f(O) =1. Tich phan e”.f(ﬂ) bing

AL B <1 c. &3 p. Z*l
2 2 2 2

Huéng dén gidi

Chon C.

Tacd f(x)+f'(x)=sinx nén e'f(x)+e"f'(x)=e"sinx,VxeR.

N [exf(x)], =¢".sinx hay ]E[exf(x)]'dx = jfe’“.sin xdx

elef(%)] :%[ex(sinx—cosx)] o e”f(ﬂ')—f(O):%(e” +1)
@e”f(ir)z 6”53.

!

bé y rang (e") =e" nén néu nhdn thém hai vé cua f(x)+f'(x) =sinx voi e thi ta sé co ngay

(e".f(x)), =e".sinx.

Bai tip 5: Cho ham s6 f'(x) tudn hoan véi chu ki % va ¢6 dao ham lién tuc théa man f (%) =0,

/()] dx=% va f(x).cosxdxz%. Gié tri ctia £ (20197).

ol —y
ol —y

A. —1. B. 0. C. l D. 1.

2
Huéng dén gidi
Chon A.
Bing phuong phép tich phan ting phan ta c6

i

Z —J.f'(x).sinxdx. Suy ra J.f'(x).sinxdxz—%.
3 x ]
2 2

£ (x).cos xdx = [f(x).sinx]

NN —

T

Mt khac Isinz xdx=jl_coszxdxz[zx_smzx}
2 4

T
==,
" 5 4

z z
2 2

Suy ra




T 7[

[f’(x)}2dx+2‘2[sinxf dx+j.s1n xdx = 0<:>I[f +s1nx} dx =0.

ct—uly

= f'(x)=-sinx. Dodo f(x)=cosx+C. Vi f(%jzo nén C =0.
Ta duoc f(x)=cosx= f(20197)=cos(20197)=-1.
Bai tip 6: Cho ham sé f'(x) c6 dao ham lién tuc trén [0;1], thoa man 3£ (x)+xf'(x) =

1
moi x [0;1]. Tinh Izjf(x)dx
0

-— L N —
2018x2021 2019x2020
-— L | RS —
2019x2021 2018%x2019

Huéng din giai
Chgn C
Tir gid thiét 3/ (x)+x/"(x)=x""*, nhan hai vé cho x ta duoc

3x2f( )+xf( ) 2020 [x f( ):I 2020

2021

Suyra x xdx = al —+C.
y f( ) -[ 2021
, x2018

Thay x=0 vao hai vé taduoc C=0= f(x)= .

4 ' /=20

1 Lol 11 ' 1
Vay If(x)dxzj—x2°‘8dx=—.—x2°19 =,

0 02021 2021 2019 o 2021x2019

201 r,:
X" véi

Bai tap 7: Cho ham s f(x) c6 dao ham lién tuc trén [0;4], théa man f(x)+ f'(x)=e "V2x+1

voimoi x € [0; 4]. Khing dinh nao sau day la ding?

A (4)-1(0)= B. &' £ (4)- £(0)=3e.
C. &' f(4)-f(0)=¢' 1. D. &' f(4)- £(0)=3.

Loi giai
Chon A

Nhan hai vé cho e* dé thu dugc dao ham dang, ta dugc

e"f(x)+e"f'(x)=\/2x+l = [e“‘f(x)]/ =+2x+1.
Suy ra e*f(x I\/2x+ ldx = (2x+1)\/2x+1+C.




Vay ¢! (4)- £ (0) =3

Bai tap 8: Cho ham s f(x) c6 dao ham trén R, théaman f'(x)—2018f (x)=2018x"""¢™"*" véi

moi xeR va f(0)=2018. Gid tri /(1) bing

A. 2018¢7"%, B. 2017¢™"®. C. 2018e™". D. 2019¢™"®.
Loi gidi

Chon D

Nhan hai vé cho ™' dé thu duoc dao ham dung, ta dugc

f(x)e™ =2018f (x)e ™™ =2018x™" < [ f(x)efzmsx]’ 20182
Suy ra ‘f(x)e—ZOISx — ‘[2018x2017dx =x2018 +C.

Thay x =0 vao hai vé ta dugc C =2018= f(x)= (x2018 + 2018)e2°18".

Vay f(1)=2019¢™".

Bai tip 9: Cho ham sb £ (x) c6 dao ham va lién tuc trén R, thoa man f'(x)+xf (x)= 2xe™ va
f£(0)=-2. Giatri £(1) bing
A B. L. c.z 2
e e
Huéng din gidi
Chgn C

2
X

Nhan hai vé cho e'7 dé thu duoc dao ham dang, ta dugc

!
X X

f'(x)e% Jrf(x)xe7 =2xe * & {exzf(x)} =2xe_%.

2 2

Suy ra ot f(x)=] dxe Tdv=-2¢ * +C.
Thay x =0 vao hai vé ta dugc C = 0= f(x)= —2e".
Vay f(1)=-2¢"' = —%.
Bai tap 10: Xét ham sé f(x) lién tuc trén doan [0; 1] vathéaman 2f(x)+3f(1-x)= J1-x . Tich
phan j f(x)dx bang
0

A2 B.
3

N~
—_
(9]




Huéng din giai
Chgn C
Ta co: 2/(x)+3/(1-x)=1—x ().

Dit t =1-x, thay vao (1), ta duoc: 2f(1—£)+3f(t)=~/t hay 2f(1-x)+3f(x)=+/x (2).

T (1) & (2), ta duoc: f(x):%\/_—%x/l—x.

Do dé, ta cb: jf(x)dx —j\/_dx——j\/ﬁdx———E %

b b
Cich 2. Cong thic [ f(x)dx = [ f(a+b—x)dx
i , 1 1 1
Léy tich phan 2 vé ta duoc 2[ f(x)dx+3[ f(1-x)dv = [VI-xdx
0 0 0

5@f(x)dx=§:>if(x)dx=%.

ax, +b

Ch ¥: Ta c6 thé dung cong thucj f(ax+b)dx= j f(x)dx . Khi do:
Tir 2 (x)+3f (1-x)=1=x suyra: 2] f(x)dv+3[ f(1-x)dr= | VI-xdx

o2 (x)ar=3]" £ (x)dv = [ VT =vdx @sj;f(x)dx%@j;f(x)dng,

2
Bai tap 11: Cho y = f(X) 12 ham s6 chén, c6 dao ham trén doan [—6;6] . Biét ring J.f(x)dx =8 va
-1

3
If 2x dx =3. Gia tri .[f )dx bang
1

A. L B. e. C. 1. D. 14.
Huéng din giai

Chon D

3 3
Tacé y=f(x) 1a ham s6 chdn nén f(2x)=f(-2x) suy ra jf(—2x)dx = jf(2x)dx =3.
1 1

Mat khac: Jf 2x)dx=—jf 2x)d 2x jf x)dx 3:>_[f x)dx 6.




6 2 6
Vay = [f(x)dx=[f(x)dx+[f(x)dx=8+6=14,
-1 2

-1

k —
Bai tap 12: Tim tat ca cac gid tri thuc cta tham s k dé j(2x —l)dx = 4lin3 x+1 _1_
X—> X
1
A. . B. . C. . D. )
k=2 k=-2 k=-2 k=2
Huéng din gii
Chon D
h h 2x—1) [« (2k-1
Taco [(2x-1)d jzx 1)d(2x-1)= (2x=) e (k1) 1
! 24 4 1 4 4
J _ Vx+1-1)(vx+1+1
Ma 4lim = F! 1=4hm( I ):4hm ,

. 1
x>0 X x>0 x(ﬁﬂ) o0 fx+1+1

K Jx+1- ~1)* - k=2
Khi 4o [(2x—1)dx =4lim ol (2K i) 1:2@(21(—1)2:9@{1( -
t X—> X = —

_ f(x)f(a—x)=1
Bai tip 13: Cho f(x) la ham lién tyc trén doan [0;a] thoa man va
f(x)>0, vxe[0;a]

dx

[T 22 trong dé b, ¢ 1a hai sé nguyén duong va LY phan s tdi gian. Khi d6 b+c co gia
X C

O Gy

tri thudc khoang nao dudi day?

A. (11;22). B. (09). C. (7;21). D. (2017;2020).
Huéng din giai

DAP AN B

bit t=a—x = dt=—dx

Poician x=0=t=a;x=a=t=0

o podx b —dt h adx_a
Lledo 1= 1+f(x)_-!1+f(a—t) J.1+fa x -([ _-([

O Sy

a

Suyra 2I=1+1= j J. Ildx a

0

Do do I=%a:>b=1;c=2:b+c=3.




Cich 2: Chon f(x)=1 l& mét ham thoa cic gia thiét. D& dang tinh duoc

I=%a:>b=1;c=2:>b+c=3.

)
NS

f (sinx)cos xdx = 2. Gia trj cua

>
O o | N

9
Bai tdp 14: Cho ham s £ (x) lién tuc trén R va |
1

3
tich phan If(x)dx bang
0

A. 2. B. 6. C. 4. D. 10.
Huéng din giai
DPAP AN C
® X¢ét j%dx=4. Pat t=Vx =1 =x, suy ra 2tdt = dx.
1
o |x=lo>e=1
boi1 can {x=9—>t=3.

Suy ra 4:J9' E/é;)dxzzj'f(t)zdt:jf(t)dtzz.

2
® Xét I sin x)cos xdx = 2. Dat u =sinx, suy ra du = cosxdx.
0

x=0->u=0 =
Doi can pa . Suyra 2= _[ smx cosxdx J.f
XZE—)M_

Vay I=j.f(x)dx=jf(x)dx+j.f(x)dx=4..

Bai tap 15: Cho ham s6 f(x) lién tuc trén R va f(tanx)dx =4, Y e =2 Gia tri cua

O i |y
S —
=
(S}
S} \
—
~—

1
tich phan 7 = [ f (x)dx bing
0

A. 1=6. B./=2. C.1=3. D. /=1.
Hwéng din giai
PAP AN A

4
Xét I tanx
0




bat r=tanx, suyra df = dx=(tan2x+1)dx:>dx=

2

cos” x 1+¢
x=0=t=0 =
Déi can: A, Knido 4=£f(tanx j dt jx o
4
1 1 1 .2
. _ RGN EAC))
Tur d6 suy ra I—!f(x)dx-_([x2+1dx+£ o dx=4+2=6.

1N

Bai tap 16: Cho ham sb f(x) lién tuc trén R va théa mén Itanx.f(coszx)dle,
0

r o n e e (2x)

I =1. Gia tri cta tich phan [ = J ——=dx bang

” xlnx T X
I

A. 1. B. 2. C. 3. D. 4.
Huéng din giai

DAP AN D

s

4
o Xét Az_.'tanx.f(cos2 x)dle.l-)at t=cos’ x.
0

Suy ra
dt = —2sin x cos xdx = —2 cos” x tan xdx = —2¢. tan xdx —> tan xdx = —%.
t
x=0=r=1
Doi can: T 1.
X=—=1l=—
4 2

Khi dé 1=A=—ljf—’)dz=lj&dz=ljf(x)dx:>jf(x)dx=z.
21 2l 21 1

* f(In*x
o Xét B= J.dezl.]ﬂatuzlnzx.
* xInx
2
Suyradu:zlnxdxzzln X = 2u dr dx :d_u_
x xInx xInx xIlnx 2u
. x=e=>u=1
boi can: 5 .
x=e¢ =>u=4

o Lif() 1 /() 1 /(x)
Khi d6 1=B=5!7du=—j dx:!. dx=2.




. X =
bat v=2x, suyra . Boi can: 4 2.

Khi d6 I:Tf(v)dv:jf x)dxzj.f x)dx+jf(x)dx=2+2=4.
1V 1 1

2

Bai tap 17: Cho ham s6 /' (x) nhan gié tri duong, c6 dao ham lién tuc trén [0;2]. Biét £(0)=1 va

( P 3y’ )f'(x) .
f(x)f(2-x)=€""* v6i moi x €[0;2]. Gié tri tich phan [ = J. 70) dx bang
x
A -2 B. -2, c. -1 p. -2
3 5 3 5

Hwéng din giai
PAP AN D
Tir gid thiét f(x)f(2-x)=e"" " —2> £(2)=1.

’ _2(x3—3x2)f'(x) V u=x3—'3x2 du=(3x2—6x)dx
Toes =70 dx'Datvaf((ffdﬁ NS

Khi do6

1=(x"=3x")In|f ()

j3x —6x)In |/ (x)|d
0

f(2)=1 2
= _3I(x2 —2x)ln|f(x)|dx=—3J.
0

x=2—t

Taco J = j.(x2 —2x)1n|f(x)|dx

R ey ©

[(2-1)'=2(2-1) |n|F (2-1)|d(2-1)

}[ 2x]1n|f2 x)|d(2-x)=

O C—

(¥* =2x)In|f (2-x)|dx.
Suy ra

2J = j(xz —2x)1n|f(x)|dx+:[(x2 —2x)In| f (2-x)|d

o!—.n\) oY S

(x* =2x)In|f (x) f (2= x)|dx

(x —Zx)lne2 4"dx=Z[(f—2x)(2x2—4x)dx=%:>J=%.




Vay I=-37=-28.
5
\ren Z . V/a .
Bai tap 18: Chohamso y = f(X) lién tuc trén {—E,E} va thoa méan 2f(x)+f(—x) =cosx. Gia

2
tri cta tich phan /= [ f (x)dx bng

A I=-2. B.Izz. C.]zi.
3 2

D./=2.
Hwéng din giai

DAN AN B

T gid thiét, thay x bang —x ta dwoc 21 (—x)+ f(x)=cosx.

Do d6 ta co hé

{2f(x)+f(—x):cosx©{4f(x)+2f(—x):2cosx

_lCOS)C.
2 (ex)h £ (x)mcosx | £ ()2 () meose F )73

2 13 1 L
Khido I = x)dx== | cosxdx==sinx|? ==—.
| £(5)de=3 [ consde=gains(’, =3
2 2
A : . 1 1 .
Bai tap 19: Cho ham s6 f(x) lién tuc trén [5;2} va thoa man f(x)+2f (—j =3x. Gia tri cia
X
2
x .
tich phan ]=_[f( )dx bang
X
2
AL B. 2. c.. ...
2 2 2 2
Hwéng din giai
PAP AN B

. 1 1 3
Tur gid thiét, thay x bang — ta duoc f(—j+ Zf(x) =—.
X X X
Do @6 ta c6 hé

f(x)+zf@=3x f(x)+zf@=3x
1

=

f@uf(x):% 4f(¥)+2f

(
Khi dé Izjf(x) dx=j(%—1de=(—%—xj




X==——>t=2
Doi can:
1
x=2->t=—
2

Khi do J =jtf(t)(—ll2]dt :j&dt =jf(x) de=1.

2 2
Vay 1=3jdx—21:»1=jdx=§..
1 1 2
2

2

Bai tap 20: Cho ham s6 f(x) théa man [f'()c)]2 + f(x).f"(x)=15x" +12x v6i moi xR va
£(0)=/"(0)=1. Gia tri caa f*(1) bang
5 9

A. —. B. —. C. 3. D. 10.
2 2

Huéng din giai
DPAP AN C
Nhan thdy duoc [ //(x) ] + £ (x)./" (x)=[ £ (x)./"(x)] -
Do d6 gié thiét twong duong véi [ £ (x).f"(x)] =15x* +12x.
Suyra f(x).f"(x)= [(15x" +12x)dv = 3x* + 6x* + C L, 0=
= f(x).f"(x) =35 +6x7 +1

:jf(x).f’(x)dxzj(?)xs+6x2+1)dx<:>@=%6+2x3+x+6".

. (0 1
Thay x=0 vao hai vé ta dugc f2( ):C':>C':§.




Vay f2(x)=x"+4x+2x+1= f*(1)=8.

Bai tap 22: Cho ham s6 f(x) lién tuc trén R thoa man f(tanx)=cos’x,VxeR . Gia trj

I=[f(x)dx bing

A ZE B. 1. c. 27, b %
8 7 g
Hudéng din giai
DAP AN A

2
f(tanx)=cos4x<:>f(tanx)=(t 21 lj
an’ X +

_ 1 :>1 X X:2+TC
jf(X)_(XZH)Z !f( ) 8




Dang 8: Bit ding thirc tich phan

1. Phuong phap

Ap dung cac bat dang thirc:

b

Sj|f(x)dx|

a

+Néu f(x) lién tuc trén [a;b] thi

if(x)dx

+Néu f(x) lién tuc trén [a;b] va m< f(x)<M thi m(b—a)ij(x)deM(b—a)

a

a a a

b 2 b
+Néu f(x),g(x) lién tuc trén [a;b] thi Uf(x)g(x)dx] gjf2 (x)a’x,J.g2 (x)dx dhu "=" xdy
ra khi va chi khi f'(x)=k.g(x).
+ Bat dang thirc AM-GM
2. Bai tap
1

Bai tp 1: Cho hams £ (x) ¢6 dao ham lién tuc trén [0;1], théaman £(1)=0, [ /(x)] dr=7

0

1 1
va szf(x)dx%. Gid trj phan [ f(x)dx bing
0 0

7 7
A. 1. B. — C. - D. 4.
5 4
Huéng din giai
Chon B
1 x3 1 1 1
Dung tich phan ting phan ta cé J.xzf(x)dxz?f(x) —gjx3f'(x)dx. Két hop véi gia thiét
0 0 0

1

f(1)=0,tasuyra J.x3f'(x)dx=—1.

0

1

Theo Holder (—1)2 = szf'(x)dxj < Ix6dx.j[f'(x)]2 dr =2

0

1

Vay dang thiic xdy ranén ta c6 f'(x)=kx’, thay vao jx3f'(x)dx =-1 taduoc k=-7.
0

Suy ra f'(x)=—7x3 :>f'(x)=—7x3,‘7xe[0;1]:>f(x)z—%x4 +C

SENIUS N C=13f(x)=—1x4+zz>jf(x)dx=1.
4 RIS 5




1
Bai tap 2: Cho ham s f(x) c6 dao ham lién tuc trén [0;1], thoa man f(1)=1, Ixsf(x)dx = %
0

1 , 4
va {f (*)4(/))=3 Giani /(2 bing

A2 B. 21, c. 28 p. 2
7 7 7
Hwéng din giai
Chon D
Theo Holder (ijz = (jxﬁf'(X)de2 < jlxlzdx.jl[f'(x)]z dx = ii - i
13 0 0 0 13 13 169

= f/(¥) =24 = f (1) =24 O 502

Vay f(x)=%x7 +§: f(2)=?
Bai tap 3: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa man f(1)=2, f(0)=0 va

j[ /'(x)] dx=4.Tich phan j[ /*(x)+2018x |dx. bing

0
A. 0. B. 1011. C. 2018. D. 2022.
Huéng din giai

Chon B

Theo Holder 22=[ f'(x)dxj <faef[f'(x)] dr=14=4.

© ) —

= f'(x)=2= f(x)=2x+ L5 C=0.

Vay f(x)=2x:j[f3(x)+2018x]dx=1011.

Bai tip 4: Cho ham s6 f (x) nhan gia tri duong va c6 dao ham f’(x) lién tuc trén [0;1], thoa man

1

F(1)=ef(0) va | fzdz‘x)+ J[#'(x)T dv<2. Ménh dé ndo sau day dang?
A ()= 2 B. /()=
) e—1 ) e—1

C. f(1)=,/e§e_21. D. /(1)= 2(:_‘12).

Huéng din giai




Chgn C

1 1

) dx ! s AM;GM 1f'(x)
tocs [ U oo e Lo "o S

OIS
/(0)

Ma ;l[fzd?x) +i[f'(x)]%x£ 2 néndau "="xay ra, tac la f'(x)= f(lx) < f(x)f'(x)=1

=2In|/ (x)| | =2In|f (1) -2In|£(0)|=2In

:>J‘f(x)f'(x)dxzj‘xdx@@=x+C:>f(x)=\/2x+2C.

Theo gia thiét £(1)=e¢f(0) néntaco vV2+2C =ey2C < 2+2C=2C & C=—

e —1
—,/2x+ :>f ‘} 1/2e
e J—

Bai t4p 5: Cho ham s f () nhan gia trj duong trén [0;1], c6 dao ham dwong va lién tuc trén [0;1],

thoa man f(0)=1 va j[f3(x)+4[f’ }dx<3.[f )dx Giatri [ = If dx béng
A 2(Ve-1). B. 2(¢*-1). C. &2_1. D. 622_1.

Huéng din giai
Chon A
Ap dung bét dang thitx AM —GM cho ba s6 duong ta c6

ol (] LD L

2 2

]
23§/4[f’(x):|3.f3 x) () =37(x) £ (x).

2 2

x)+4[f'(x)

—_

Suy ra i[f3(x)+4[f'(x)ﬂdxz 3 £(x) £ (%) dx.

1 1

Ma I[ﬁ(X)+4[f'(x)]1dxS3.[f'(x)f2(x)dx nén diu "=" xay ra, tic la

0 0




Lo
Theo gia thiét f(0)=1=C=0= f(x)=¢ = [ f(x)dx=2(Je-1).
0
Bai tdp 6: Cho ham s6 f(x) c6 dao ham lién tyc trén [0;7], théa méan I f'(x)sinxdx=-1 va

j 12 (x)dx=£. Gi4 tri tich phan j xf(x)dx bang
7 0

A -2 B. -~ c.2. D. 2.
Vs Vs Va

Huéng din giai
DAP AN B
2
1 2 = dx S 2 dx—_ _:1
Theo Holder (1) jf(x)cosx jf (x) J.cos x —

0 0 0

3f(X)=£cosx:>j’xf(x)dXZTZxcosx _ 4

7 0 y 7

Bai tap 7: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoat f(1)=0, J[f'(x)]z dx = % va

1 1
ICOS(%jf(X)dx = % Gia tri ctia ich phan J.f(x)dx béng
0

0

2
A. B. =. c.Z. D. r.
T 2

1

V4
Huéng din giai

DAP AN B

Theo Holder

(_%f E Usin(%jf'(x)dx]z < :[sin2 (%)dx.j[f'(x)]z dx %%

0

Vay f(x) —COS( j ff

Bai tap 8: Cho hamsé /' (x) nhan gia tri duong trén [0;1], c6 dao ham duong lién va tyc trén [0;1],

1), .
thoa manI f dx>1va f(0)=1, f(1)=e’. Giatricua f(zj bang

B. 4. C. Je. D. e




Huéng din giai

PAP AN C
Ham duoi ddu tich phan 1a | ) _ /M Vx €[0;1]. Pidu nay lam ta lién twong dén dao
/(%) /(%)
\ , f'(x) J A ve as . .
ham dung 7 ( ) , muon vay ta phai danh gia theo AM —~GM nhu sau:
X

M+mx> m Mvéim> va x €|0;
7 IRy v 0 el

Do d6 ta can tim tham so m =0 sao cho

ﬂ +mx} 22\/;.] () g

hay

1n|f(x)| ! +mx_22 ! 22\/%,1<:>1n|f(1)|—ln|f(0)|+%

zzﬁcz—m%zz«/ﬁ

D¢ dau "=" xay ra thi ta can c6 2—0+5=2«/E®m=4.

Véi m=4 thi ding thic xay ra nén
f'(x) 2 222 4C

= |—=dx=|4xdx = In|f(x)=2x"+C= f(x)=e .
Fr &=l 7 ) (x)

f(0)=1

f(l)=e

=

Theo giéthiét { , :>C=0:>f(x)=ezx2 jf(%j:

Cach 2. Theo Holder

xf x 1 x) _lnf(l):
[f ] [j\/_/ B j { x)dx—z.l 0 1.




1

Bai tap 9: Cho ham sd f(x) co dao ham lién tuc trén [0;1], thoa man J.[f(x)f'(x)]2 dx <1 va
0

1

£ =1 F()=3" Gis 1 cua f(EJ bang

C. +e. D. e.

A. 2. B. 3.
Loi gii

DAP AN A
Ham du6i déu tich phan1a [ £ (x) /*(x)] . Diéu nay lam ta lién tuong dén dao ham dung £ (x) /"(x)

, mudn vay ta phai danh gia theo AM —GM nhu sau:
[f(x) /()] +m22dm.f (x) f(x) v6i m=0.

Do d6 ta can tim tham s6 m =0 sao cho

i([f(X)f'(X)]z e > 2Mif(x)f'(x)dx.

1

hay
/7 (%)

1+mzz\/ﬁT S l+m>20m.
0

Pé dau "=" xay ra thi ta can c6 l+m=2/m < m=1.
Véi m=1 thi dang thirc xay ranén | f(x) f'(x Zzlc){ .
|: ( ) ( )] f(x)fv(x):_l

=—X
0

ol=-1. (vdI§)
0

o f(x)f'(x)=—1:>_:[f(x)f'(x)dx=—jdx<:> :

o f(x)f'(x)=1:jf(x)f'(x)dx=jdx©@=x+c:f(x)=\/2x+2c.

Theo gia thié {;(?)) Z%:Czézf(x):m:f(%jzﬁ.
Cach 2. Taco If(x)f'(x)dx_ / 2(x)

0

Theo Holder 1° =U1.f(x)f'(x)dxj ijdx.i[f(x)f'(x)]z dr<1.1=1.

1

0

Vay dang thitc xdy ranén taco f'(x) f(x) =k, thay vao jf(x)f'(x)dx =1 taduoc k=1. Suyra

£'(x) £ (x)=1.(1am tiép nhu trén)




Bai tap 10: Cho ham s f(x) nhan gia tri drong va c6 dao ham /'(x) lién tuc trén [1;2], thoa
, 2
~ j[f (+)]
man xf(x)

1 dr<24 3 1(D=1 £(2)=16 Gig i cia 7 (V2) biing

A. 1. B. V2. C.2. D. 4.
Huéng din giai

PAP AN D

Ham duéi dau tich phan 1a

@] 1 @]

) . Piéu nay 1am ta lién twéng dén dao ham ding

xf(x) f(x
/() , mudn vay ta phai danh gia theo AM —GM nhu sau:
Vf (%)

/()] +mx > 2/m E) vei m=0 va x €[1;2].
o (x) f(x)

Do d6 ta can tim tham s6 m >0 sao cho

L] WAL

+ dx > 2m dx

! [ eI R N

hay
2 2 2 2
24422 4 [ (x)| @24+T’"24\/Z[,/f(2)—,/f(l)]©24+7m212\%@m=16.

L : 2
Dé dhu "=" xay ra thi ta cin co 24+Tm=12\/E@m=16.

[r®)] /(x)

=l6x=>

7 () NGO

Véi m=16 thi dang thirc xay ra nén

:jzj%&:jbcdx@mzszrC:f(x):(szrC)z.

Theo gia thiét {f(l)ZI =C=0= f(x)=x" :f(ﬁ)=4.

Cich 2. Ta c6 j /(%) dxzzf S 4o [7(x)




' U 2
Vay dang thirc xay ra nén ta c6 () —kfx &1L /') = kx, thay vao j /() dx =6 ta dugc

'(
of () /(%) (%)
/(%)

V7 ()

k=4. Suyra = 4x. (1am tiép nhu trén)

Bai tap 11: Cho ham s6 f (x) c6 dao ham lién tyc trén doan [0;1], va £ (1)- £(0) =@. Biét
1

ring 0< f'(x) < 2\J2x,Vx e [0;1]. Khi do, gia tri cua tich phan J-[f’(x)]z dx thudc khoang nao
0

sau day?

A. (2;4). B. (E,Ej C. (Q,Ej D. (1;3).
3°3 3°3
Huwéng din gidi
Chon C.

Do Osf’(x)£2\/E,Vxe[0;l] nén Os(f'(x))2 <8x,Vxe[0;1].
Suy ra j[f’(x)]z deijdx hay j[f’(x)]z dx<4 (1).

Mat khac, &p dung BDT Cauchy-Schwarz, ta c6:

(ff de <j1 dxj[f ()] ax [ ()-£(0)] < [[1/(x)] dx




BAI 3. UNG DUNG HINH HQC TiCH PHAN
A. KIEN THU'C SACH GIAO KHOA CAN NAM
I. DIEN TiCH HINH PHANG

1. Pinh 1y 1: Cho ham s6 y = f(x) lién tuc, khong am trén[a;b]. Khi do dién tich S ciia hinh thang
b

cong gidi han bai dd thi ham sé y = f(x), truc hoanh va 2 duong thing x =a,x=5b la: S = J.f(x)dx

2. Bai toan lién quan

Bai to4n 1: Dién tich hinh phing gi¢i han boi d6 thi ham s6 y = £(x) lién tuc trén doan [a;b], truc

b
hoanh va hai dudng thing x =a, x=5b dugc xac dinh: S = _H f (x)| dx

v=0 g = j|f[$}|dr

Bai toan 2: Dién tich hinh phang gidi han boi d6 thi ham s6 y = f(x), y = g(x) lién tuc trén doan

b
[a;b] va hai duong thing x=a, x=b duoc x4c dinh: S = _Hf(x) —g(x)|dx

y
/ (C):y=filx)
(H) (C):y=f,(x)
X =a
x=b

S = ﬂfl(x) ~ f,(2)|dz

b
Chi y: Néu trén doan [a;b], ham sé f(x) khong ddi dau thi: j | /()| dx =

[ f s

Bai toan 3: Dién tich ciia hinh phiang gi6i han boi cac duong x = g(y), x = A(y) va hai dudng thing
d

y=c, y=d dugc xé4c dinh: S = _“g(y)—h(y)|dy

Bai toan 4: Dién tich hinh phang giéi han boi 2 d0 thi (C): f(x),(C,): f,(x)la:

S= “ f(x)- g(x)|dx . Trong d6: x,, x, tuong Gmg la nghi¢m cia phuong trinh f(x) = g(x), ()c1 < x2)

X

II. THE TiCH CUA KHOI TRON XOAY




1. Thé tich vat thé

Goi B la phﬁn vat thé gidi han boi hai mat phéng vuong goc vai truc Ox tai cac diém a va b;
S(x) 1a dién tich thiét dién ctia vat thé bi cat boi mat phang vudng goéc véi truc Ox tai diém x,
(a<x<b).Giasir S(x) 1a ham s lién tuc trén doan [a;b].

:
V' = |8(e)de

2. Thé tich khdi tron xoay

Bai toan 1: Thé tich khéi tron xoay duoc sinh ra khi quay hinh phang giéi han boi cac dudng
y = f(x), truc hoanh va hai duong thing x=a, x=b quanh truc Ox:

¥=fix) N
! , ll‘.C}:}:ﬂ.x}
(0x):y=0 H
o v, —:_!-[f(x}:rdx
hx=b

Bai toan 2: Thé tich khéi tron xoay duoc sinh ra khi quay hinh phang giéi han boi cac duong
x = g(»), truc hoanh va hai duong thiang y=c, y=d quanh truc Oy:

YA
‘D
€233 (©): x=20)
\ (09):x=0 1
; e v, =nlle)] &
E_'—._".c,- _ v=d
s X

Bai toan 3: Thé tich khéi tron xoay duoc sinh ra khi quay hinh phing giéi han béi cac dudng

b
y=f(x),y=g(x) vahai duong thang x=a, x=b quanh truc Ox: V = ﬁHfz(x)—gz(x)‘dx .
B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

1. Phwong phap:
a/ Phwong phap 1:

s=[1rlds




* Xét dau biéu thirc f(x); x €[a;b], pha dau trj tuyét di va tinh tich phan.
b/ Phwong phap 2:
* Giai phuong trinh f(x) =0 ; chon nghiém trong [a;b]. Gid st cac nghiém la a; fvéi a < f.
* Ap dung tinh chat lién tuc ctia ham s6 f(x) trén [a;b]; ta co:
S=l; fodx|+[7 f(x)dx |+, f(x)dx]

2. Cac Bai tip miu:

Bai tap 1: Tinh dién tich S cta hinh phang gi6i han bai d6 thi y =x7, truc hoanh va dudng thing

x=2.
A.S=§. B.S=E. C. S=1e. D.S=§.
9 3 3
Huwéng din giai
CHON D

Nhéan théy réng, dé tinh dién tich ta can phai tim dugc 2 can. Dé tim thém c4n con lai ta giai phuong

trinh hoanh d¢ giao diém cta do thi (P):y = x2 véi truc hoanh.

Phuong trinh hoanh d¢ giao diém cia d6 thi (P):y = x? v6i truc hoanh: x> =0<x=0
2

‘ A . . 2 8

Ap dung cong thirc ta c6 S= HX ‘dx 25.
0

Nhén xét: Néu ta vé d6 thi ham sd y = X% va duong thang x =2 ta dé dang xac dinh duoc hinh
phang gidi han boi cac duong nay. Tir d6 ta d& dang tinh dwoc dién tich S.

"y

Bai tap 2: Tinh dién tich hinh phang gidi han bdi d6 thi cac ham sé y =x’.e*, truc hoanh va duong
thang x =1
A.e-2. B. 2+e. C.2-e D. 1.
Huéng din giai
CHON A
Phuong trinh hoanh d6 giao diém x%¢* =0 < x =0
Ta co:

S= szexdx = j.xzd(e" ) = x2e*|
0

0 0

=e—2jxe"dx =e—2jxd(e") =e—2xe" ; +2jexdx
0 0 0




=e—2e+2¢" :) =—e+2e—-2=¢e-2.

Léi binh: Bai toan trén di c6 1 cén, ta chi can tim thém 1 cén nita bang A

cach giai phuong trinh hoanh d6 giao diém. Sau d6 ap dung cong thic.

Néu vé& d6 thi bai nay dé tim hinh phang gidi han boi cac duong 1a khong
1

nén vi d6 thi ham s hoi phtc tap. Viéc tim dugc cong thitic S = j x*e*dx
0

va tinh tich phan nay ta c6 thé ding MTCT dé tinh va chon Chon.

| a2z R tu-ce-2)
i

Bai tap 3: Tinh dién tich hinh phing gi6i han bdi d6 thi y =+/1—x> va truc hoanh:

HV

A, 2. B. %. C.1. D.

T
>

Huwéng din giai
CHON D

Phuong trinh hoanh d6 giao diém cua, Ox 1a V1-x*> =0 < x = +1

1
Khi do, di¢n tich hinh phing cén tim 1a S = [ V1-x"dx.
-1

T
x=l->t=—

Pat x =sint < dx =costdt va
T
Xx=—-l—>t=——

—o a3

T
cos’ tdt =—
2

| 3

Suyra S= _[Vl—xzdx = j\/l—sinzt.costdt:
—1 _E
2

DA

Loi binh: Bai toan trén chua c6 cén, ta phai giai phuong trinh hoanh d6
giao diém dé tim can. Sau d6 ap dung cong thirc. Viée tim dugc cong

1

thire S = j\/ 1-x?dx va tinh tich phan nay twong ddi phtc tap, do do ta
-1

¢6 thé dang MTCT @ tinh va chon Chon.

Néu v& dugc do thi thi ta xac dinh dwoc hinh phang va dién tich caa n6
dé dang, d6 chinh 1a dién tich cua nita duong tron ban kinh bang 1. Do

d6: S=Lar2=T.
2 2
Bai tap 4: Tinh dién tich S hinh phing gidi han béi cac duong  y=Inx,x =e,x = 1 va truc hoanh
e
A.S=2—g. B.Szl—l. C.S=2+g. D.S=1+l.

€ € € €




Huwéng dén giai
CHON A
Phuong trinh hoanh d6 giao diém cta d0 thi y =Inx va try hoanh 1a

hx=0&<x=1.

! F 1 e 2
|lnx|dx :—‘!.lnxdx+_!.lnx.dx :(X—xlnx)E+(xlnx—x)|l :2—;

e
1
e
o /1 .

S =

O | — —

/

=y

Bai tap 5: Dién tich tam giac duoc cit ra boi cac truc toa do va tiép tuyén ctia do thi y=Inx tai giao
diém cuaa d6 thi ham s6 véi truc Ox la:

As=2 B.S—1 c.s=2 D.s=L
3 4 5

\]

Huéng din giai

Chon D
Phuong trinh hoanh d6 giao diém: nx =0 < x =1
Taco: y'=(Inx)'=—y'(1)=1

X
Phuong trinh tiép tuyén ctia d6 thi y =Inx tai giao diém ctia @6 thi ham s6 vai truc Ox
la:
y=1(x—l)+0 hay y=x-1
Dudng thdng y =x -1 cit Ox tai diem A(1;0) va cét Oy tai diem B(0;-1).
Tam gidc vuong OAB c6 OA=1,0B=1=S§,,,; = %OA.OB :%

Sy =

0 ey T

|f(x)|dx = j|f(x)|dx+j|f(x)|dx = —jjf(x)dx+j:f(x)dx

Bai tap 6: Dién tich hinh phing gi¢i han béi duong cong y = 2+/ax (a>0), tryc hoanh va dudng
thing x =a bang ka”. Tinh gia tri ciia tham sd k.
A.k=Z B.kzi C.kzg D.k=é
3 3 5 5

Huéng dén giai




Chon B

Co'S =i‘2\/§‘dx = 2\/5%_);3

:iazzkaz:k:i
3 3

a
0

Bai tip 7: Cho hinh cong gi6i han boi cac duong y=¢*,y=0,x =0 va x = In4 . Puong thing x =k

v6i 0 <k <In4 chia thanh hai phan c6 dién tich 1a S1 va Sz nhu hinh v& di |
bén. Timk dé S, =28, . [,.-
/I
A. k= %1114 /i
B. k=In2 y.
C.k=Ind
3 il i I
D. k=In3 e k lnd
Hudéng din giai
Chon D
o) o) In4 o) In4 o) In4
Do 8, =28, =8 =28== [|e*[dx == [e'dx=Z¢"| =2
3 3% 33 3
k
Do do: S, =Jex dx=¢"-1=2<¢e" =3 k=3
0

Dang 2: Tinh dién tich giéi han béi 2 hai do thi

1. Phwong phap:
Cong thire tinh S = [/ (x) ~ g(x)| dv . Tinh nhu dang 1.

2. Mt s bai tip mau

Bai tap 1: Tinh dién tich hinh phing gidi han boi d6 thi

R SRS S SR
7 coszx’y sin’ x’ 6’ 3
Loi giai
, /3 1 1
Taco: §S= —————dx
7/6|cos” x sin” x
. oz , e 1A 1iR , 1 1 T
Trong trudng hop nay néu chon cach xét dau bi€u thirc yE——s 5 X€| =i~
cos“ x sin“x 6 3
hofic v& db thi ham s yz%—%; xe{z;z}lakhékh() khiin,
cos“x sin“x 6 3

Vi vay ta chon cach sau:

1 1 .
+ Xét phuong trinh: - =0; xe{%;%} <:>coszx—sm2x=0xe[£'£}

. b
cos’x sin’x 6 3




< cos2x=0; xe[z Z} <:>sz
6 3 4

J>7r/4 1 _ 1 el + | J>7r/3 1 _ 1 »
6 (cos’x sin’x 44\ cos’x sin’x

Bai tap 2 : Tinh dién tich hinh phang gi¢i han boi d6 thi ham s6 y =

T dosuyra: S=

=S4 (tanx+cotx)|—;|+|(tanx+cotx)

1
x+1

Loi giai

Xét phwong trinh hoanh d6 giao diém cta hai do thi trén:

2 x=-1
21 -1 oxt2=0oi=le
x +1 2 x=1
x2
Vi vay hinh phing da cho c6 dién tich 1a: § = .[ ——ldx
Ix*+1 2
1 x’
Do trén (-1;1) phuong trmh =5 v6 nghiém nén ta co:
L2
1 X
S = -z [ —dx
J‘1x+1 ‘Jx+1 jdx‘ x+1 J;Z ‘
Tmhl_j L .
1x* +1
+/ Dat x =tant; te(—z;zj =dx= 12 dt
22 cos’ t
x=—1:t=—z B 1 B
+/ Dbi can; MY - .
T ~7/4]1+tan’ t /4 2
x=l=>t=—
4
1 x 1
12— J.—17dx:§
1| = 1
Thay thé vao ta duge: S= |=——[==——
3 23

_x
y 5

Bai tap 3: Tinh dién tich hinh phing giéi han bi d6 thi y = |x> —4x +3| va y=3.

Huéng din giai

Xét phuong trinh hoanh d6 giao diém cta hai do thi trén:




x*—4x+3=3 x=0
=
x?—4x+3=-3

¥ —4x+3 =3 @{
Khido: §= [ [ ~4x+3|-3|dv=f; (x* ~dx+3|-3)dx|
= 5= [ (| 4+ 3=3)dor [ (v —4x+3]- 3+ [ (|3~ dx+3) - 3)ar
=5= [ (x* - 4x)dv+ [ (=2 +4x -6} + [ (x* x|
+[_§+2x2_6xjj+(§_zx2j

Bai tap 4: Tinh dién tich hinh phing gidi han boi d6 thi: y =sin|x|; y=|x|-7.

4

=8.

1

3
:>S=S=[%—2x2]

0 3
Huwéng dén giai

Xét phuong trinh hoanh do: sin | x|= x| -7

bat | x| =t

Khi d6 tr¢ thanh: sint=¢t— 7 <sint—t+7=0

Xéthamsd f(t)= sint—t+7; t €[0,+0).

= f(t)=cost—1<0 Vte[0,+w).

BBT cta ham sé £ (¢) nhu sau:

= phuong trinh c6 nghiém duy nhét ¢ = 7.

= phuong trinh c6 2 nghiém phan bi¢t: x=— 7 va x=r.

= S:I”|sin|x|—|x|+ﬂ|dx:‘r (sin | x| —| x| +7)dx].
-7 -

3. Bai tap
Bai tip 1: Dién tich hinh phing giéi han béi parabol (P):y=-x"+3x+3 va duong thing
(d):y=2x+1 la:

AL B3 .l D. 11
3 3 6
Huwéng din giai

Chon B




x=-1

Xét phuong trinh —X2+3X+3=2X+1<:>—X2+X+2=0<:>|:
X =

Goi 8 1 dién tich hinh phing gi6i han boi parabol (P):y =—x’+3x+3 va duong thing
(d):y=2x=1 la

2

13

S:j‘(_x2+3X+3)—(2X—1)‘dx= j(2+x—x2)dx :[2x+%2—x_3j 3

| 3

-1
13
Vay S=—.
ay 3

2

Bai tap 2: Parabol y = % chia hinh tron ¢ tdm tai goc toa do, ban kinh 242 thanh 2 phan. Ti s6
dién tich cua ching thudc khoang nao:
A. (0,4;0,5) B. (0,5;0,6) C. (0,6;0,7) D. (0,7;0,8)

Huéng din giai
Chgn A

Phuong trinh dudng tron: x> +y° =8 =>x"=8-y’

2
Thé vao phuong trinh parabol, ta dugc y = 8 Zy Sy +2y-8=0

|: - 2
= =>x =4 x=12
y=—4(1)

Dién tich phan duoc tao boi phan duong tron phia trén véi Parabol 1a:

2 2 2
S, = I(\/8—X2 —X?jdxz I\/S—x2dx—
) )

2 2 2 2 312
j%dx=ll—12; Izzf%dx=% 2:2
-2 ) o

2 2
Tinh T, = [ V8—x*dx =2[V8—x"dx
-2 0

Détx=2\/5sint:>dx=2\/§costdt;x=0—>t=0; x=2—>t=%

cos2t+1

3
I, =2 22 cos t24/2 cos tdt = 16 cos2tdt=16det=4+2n
0

O |7
Oy |2




S, =1 -1, :4+2n—§:i+2n
3 3

Dién tich hinh tron: S=nR*=8n=S, =8-S, =8n—(§+2nj=6n—§

S —+2n

== =0,435¢(0,4,0.5).
SZ 67'5_*
3

A. 2n+4 B. 2n+§ C. 2n—§ D.

W | 0

Huéng din giai
Chon B
Phuong trinh hoanh d6 giao diém:

2 2 2_-_16(1 242 2 2
Ja-X o X T ()@x=izﬁ.Khidé s= | Ja-X X
4 4\/5 X2:8 72\/5 4 4\/5

Bai tip 4: Goi S 1a dién tich hinh phing gidi han boi cac dudng my = x>, mx = y* (véi m>0).

=2Tc+i
3

Tim gié tri cia m dé S=3.
A. m=1. B. m=2. C.m=3. D. m=4.
Huwong din gidi
Chon C.

2
Vi m>0 nén tir my =x" ta suy y:x—ZO;
m

T mx=y” nén x>0 va y=+/mx.

2 x=0
Xét phuong trinh x—=\/mx o xt =m3x©{

m X=m

Khi d6 dién tich hinh phang can tim 1a:

dx =

S=]1\/E—x—2
0

m

T[\/m_x—x—zjdx

0 m

m

3
_ 2\/;.x\/;_X_
3 3m )|,

_‘1 :




Yéu chu bdi todn S =3 <> m’ =3 m’ =9 m=3 (vi m>0).

2x

Bai tap 5: Dién tich hinh phang gidi han boi d6 thi cia hai ham y =x* va y=— 1a
o
S =a+bIn2 véia, b 14 nhimng s6 hitu ty. Gia tri cia a+b 1a
A L. B.2. -2 D. 1.
3 3
Huéng dén gidi
Chon A.
Phuong trinh hoanh d¢ giao diém cua (C1)3 y=x"va (CZ): y=2—x1 la
e
x=0
2 2x 3 2
X zj(xil):x —x"-2x=0&=|x=-1
* x=2
r
Yed
34
2 >
A
3 e 3 e I s x
3 2 1 1 9 3 -4
14
Dién tich hinh phang can tim la:
0 0 3 0
S= (z—x—szdx=I(2+L—x2jdx= 2x+2In|x—1|-= =2 22
Jlx-1 A | 3)|, 3

Suy ra azg va b=-2

Vay a+b=—%




Bai tap 6: Cho (H ) 1a hinh phéang gi6i han boi parabol y = NEr e ,

Yi
cung tron c6 phuong trinh y =+/4—x* (véi 0<x<2) va truc hoanh
(phan t6 dam trong hinh v&). Dién tich cia (H) 1a 5
NELEAER g, 43
12 6
O 2
C. 47r+2\/§—3' D. 5\/5—271'.
6 3
Huwong din gidi
VA
2
X
e
o 1 2

Phuong trinh hoanh d¢ giao diém cua parabol y = V3x? va cung tron y =~+4—-x> (véi 0<x<2

Y1a Va—x? =3x' o 4-x*=3x" o x=1.

Dién tich cia (H) la

1 2 \/5 1
S=Iﬁx2dx+‘[\/4—x2dx=7x3
0 1

0

NE) . 2\/72
+1:T+I vol I=I 4—x"dx.
1

bat x=2sint, te{—%;%} = dx=2cost.dt

X A T T
Dobi can x:1:>t:g, x:2:>t:5.

3 3
\J4—4sin’t.2cost.dt = J4cos2 tdt = .[2(1+cos 2t).dt =(2x +sin 2t)

6 6

z
2

~
Il
NN |y

z
6

27z\/§

3 2

A \/5 \/5 2r \/3 47[—\/3
Vidy S=—+[=—+—"———=
3 3 3 2 6

Chon B.




Bai tap 7: Hinh phang () duoc gi¢i han béi d6 thi (C) cia ham da thirc bic ba va parabol (P)

6 truc doi xting vudng gdc voi truc hoanh. Phan té6 dam cua hinh vé c6 dién tich bang

Vi
.
(C)
-1 X
i »
|
1
37 B. . c. 1 D. 2.
12 12 12 12
Huwong din gidi

Chon A.

Vi @6 thi ham bac ba va do thi ham bac hai cit truc tung tai cac diém co tung do lan luot 1a

y=2 va y=0 nén ta xét hai ham sb 13 y =ax® +bx* +cx+2, y=mx® +nx (véia, m#0),
Suyra (C): y=f(x)=ax’+bx’ +cx+2 va (P): y=g(x)=mx’+nx.
Phuong trinh hoanh d¢ giao diém cua (C) va (P) la:
ax3+bx2+cx+2=mx2+nx<:>(ax3+bx2+cx+2)—(mx2+nx)=0.
Pt P(x)=(ax' +bx" +cx+2)—(mx’ +nx).

Theo gia thiét, (C) va (P) cét nhau tai cc diém c6 hoanh d lan lugt 1a x=—-1, x=1, x=2

nén P(x)=a(x+1)(x-1)(x-2).
Taco P(0)=2a.
Mat khac, ta co P(O):f(O)—g(O):2:>a:l.

2
Vay dién tich phin t6 dam 1a S = j|(x+1)(x—1)(x—2)|dx = %
-1

Dang 3: Tinh thé tich vat thé tron xoay dua vao dinh nghia

1. Phwong phap:
Goi B 1a phan vt thé gidi han boi hai mat phang vudng goc véi truc Ox tai cac diém a va b; S(x) 1a

dién tich thiét dién cua vat thé bi cit boi mat phiang vudng goc vdi truc Ox tai diém x, (a <x<b).




Gid str S(x) 1a ham s6 lién tuc trén doan [a,b].

V=j'5(x}dx

2. Cac Bai tip miu:

Bai tip 1: Cho phan vat thé B gi6i han boi hai mat phang c6 phuong trinh x =0 va x = 2. Cat phan
vat thé B boi mit phing vudng goc truc Ox tai diém c6 hoanh d§ x (0 < x < 2), ta dugc dién tich 1a

mot tam giac déu co6 d6 dai canh béng xv2—x. Tinh thé tich V cua phén vat thé B.
Loi giai

V3
4

Mot tam giac déu canh a c6 dién tich S =

x’ (2—x)x/§_

Do tam giac déu canh xv/2—x c6 dién tich 1a S(x) = 2

2
Suy ra thé tich S = j S(x)dx = @T’C)Id _ % 2 (2 x )y s
0 0

V3

3

AW
USHIN

Bai tap 2: Trong khong gian Oxyz , cho vét thé ndm giita hai mat phiang x=0 va x =7, biét ring
thiét dién cta vat thé bi cit boi mat phéng vudng goc voi truc Ox tai diém c¢6 hoanh do bé’mg

x,(0<x <) la mdt tam gidc déu canh 1a 2/sinx .Tinh thé tich ciia vat thé do.
Loi giai

a*\3
4

Mot tam giac déu canh a co dién tich S =

4smx\/_ \/gsmx

Do d6 tam giac déu canh 2+/sinx co dién tich 1a.§ (x)=

2 2
Suy ra thé tich 7" = [ §(x)dx = [3sinxdx =243
0 0

Bai tip 3: Mot bon try dang chira dau duoc ddt nim ngang ¢ chiéu dai bon 14 5m, ban kinh day 1m
. Ngudi ta rit dau ra trong bon twong tng véi 0,5m cta dudong kinh day. Tinh thé tich gan ding cua

dau con lai trong bon




Loi gidi
* Thé tich ca khéi tru ¥, = 7R*h = 7.1.5=57(m’)

* Tinh thé tich phan khéi tru bi mat di

R 1

+Cch 1: S, 15, =2[ VR —x?dx =2[1-x*dx ~0,61
d 1
2

1
Vy = Sy pranh = 2[ V1= 2" dx 5% 3,07
1

2

1
Suy ra thé tich khi tru con lai ¥ =¥, ¥, =57 =2[J1-x*dxx5~12,637 (m’)
1

H 1
+ Céch 2: Tinh goc ¢ tdm cosZ = o _1
2 R 2

S =1R2(a—sina)=%.

vién phdn 2

V,=8 hzl.(z—”—sin%r}d

vién phan * 2 3




V=V -V, =5ﬂ—%.(27”—sin27”jx5 ~12,637 (m*)

Bai tap 4: Ban A c6 mot ce thuy tinh hinh tru, dudng kinh trong long day cdc 1a 6¢cm, chiéu cao

trong 1ong cdc 12 10cm dang dung mot lwong nude. Ban A nghiéng cdc nudc, vira lac khi nudc cham

miéng cdc thi & ddy muc nude tring véi duong kinh day. Tinh thé tich luong nudce trong coc

=

Loi giai

Phan tich: Thé tich nudc c6 hinh dang “cai ném”; c6 2 phuong phap tinh thé tich nay
+ Cach 1 — Chimg minh cong thiic bang PP tich phan: Xét thiét dién cit coc thuy tinh tai vi tri x
(-=R<x<R) batky; ta c6 dién tich thiét dién 1a

S(x) =%.\/R2 —)cz.(\/R2 —xz.tana) =%(R2 —x?)tan« ; thé tich.

R R
V=J‘LS'(x)dxzétanon‘(Rz—xz)dx=§R3 tancr .
-R -R

Cach 2:
Goi S 14 dién tich thiét dién do mit phing c6 phuong vudng goc vai truc Ox véi khdi nude, mat

phang nay cit truc Ox tai diém c6 hoanh do A= x>0 . Ta co:

h— h—x)R .
% = Tx oSr= (h=0R , vi thict dién nay la nura hinh tron ban kinh
_m(h-x)’R?

= S(x) =%7rr2 e

Thé tich luong nude chira trong binh 1a.
Bai giai
+ Céch 1: Ap dung cong thirc tinh thé tich cai ném biét goc gitra mit cit va mit day bang @ 1a

V=2R2h=ER3.tana véi tanaz% ta dugc V=§R3.£=§.32.10=60(cm3)




1, x(h-xR

+ Cach 2: Tinh tryc tiép bai toan bang PP tich phan. = S(x) = 572'1" = e ; thé tich

h 10 h
97
V=|S(x)dx==—=|(10-x)dx =60z(cm’). V = | S(x)dx
{ (dr == j (10-x) (cm) j (x)
Bai tip 5: Cit mot khdi try boi mot mat phang ta duoc mot khdi nhu hinh vé bén. Biét rang thiét dién

12 mot hinh elip ¢6 d6 dai truc 16n bang 10, khoang cach tir diém thudc thiét dién gan mat déy nhat
va diém thudc thiét dién xa mit day nhét 1an luot 13 8 va 14. Tinh thé tich cua.

Loi giai
AB =8
Tinh cac sb do: { AE =10 = AD =~/ AE* — DE* =8 ; suy ra ban kinh khéi tru I
DE =14-8=6
r=AD_y4
2

¢ Céch 1: Thé tich khdi bang thé tich “khdi try trung binh”:

V.o o= nRZ.(L;CEj =r.4*11=1767(avit)

(H) —

¢ Cach 2: Ap dung cong thirc tinh thé tich “cai ném”: Ldy mit phang (P) vudng goc voi duong
sinh cuia hinh try va di qua diém 4, khi d6 chia khéi (/) thanh hai khéi:

+ Khdi 1: 1a khéi tru chidu cao /=8, ban kinh r = 4 nén thé tich ¥, = zr’h=1287
+ Khdi 2: 1a phan nira mot khdi tru c6 chidu cao DE =6 va ban kinh 7 =4 nén thé tich

V,= l_m»z.AD = l.;z.42.6 =487
2 2

+Vay ¥, =V, +V, =1287 + 487 = 1767 (avit)




3. Bai tap
Caul: Cho (T) la vat thé ndm giita hai mit phing x=0, x=1. Tinh thé tich V' cua (T) biét
rang khi cat (7) béi mit phang vudng goc voi truc Ox tai diém cé hoanh do bang x,

0<x<1, ta dugc thiét dién 1a tam giac déu c6 canh béng Vli+x.

A.Vzg-. B.V=%7Z. C. V—3f D.Vzgﬂ.

Loi giai
Chgn C

o Ry

Ta c6 dién tich tam gidc déu canh bang 1+ x 1a S (x) =

4 4
1 1
Thé tich cta vt thé (T) 1a ¥ = [ S (x)dx =j@dx =§(1+x)2‘ :%.
0
0 0

Chu2: Cho vat thé (T) giéi han boi hai mit phang x =0;x=2. Cat vat thé (T') béi mit phing
vuong goc vai truc Ox tai x(O <x< 2) ta thu dugc thiét dién 1a mot hinh vudng co6 canh

bang (x+1)e*. Thé tich vt thé (7)) bang

(136" -1 4
A.%. B. 1364 L C. 2¢°. D. 27¢ .

Loi gii

Chon B

Dién tich thiét dién 1a §(x)=(x+1)" ¢
2 2

Thé tich cua vat thé (T)la v = JS(x)dx = j(x+1)2 e*dx .
0 0

2

V= ;(m)? 2

2

o'—.N

4 2
T(ern)eraee —1_[x+1 .

12
2.[ 2xdx]
0 0
2

2 2

4_ 4_ 4_
_9¢' -1 3¢t -1 1 a1, 1 131

. 4 4 4

Dang 4: Tinh thé tich vat thé tron xoay khi quay hinh phang gi6i han béi 1 d6 thi

1. Phwong phap:
Vit thé tron xoay sinh boi mién hinh phang dwoc gidi han: Po thi y= f(x); truc Ox(y =0);

x=a, x=>b; quay xung quanh Ox .

- Néu thiéu can thi giai phuong trinh f(x)=0 dé b sung can.

9 b
- Tinh thé tich theo cong thirc: V,, =7 j F2(x)dx




2. Cac Bai tip miu:
Bai tap 1: Ki hiéu (H) 14 hinh phang giéi han boi d6 thi him s6 y = 2x—x” va truc hoanh. Tinh thé
tich V' ctia vat thé tron xoay dugc sinh ra boi hinh phang d6 khi no quay quanh truc Ox .

Loi giai

Phuong trinh hoanh d¢ giao diém 2x—x>=0< {

2
Thé tich cua vat thé tron xoay can tim V = 71'.[(2)5 - x )zdx: 116: :
0

Bai tip 2: Cho mién hinh phing giéi han boi: y = xe*, Ox x =1 quay xung quanh Ox . Tinh thé
tich ctia vat thé tao thanh.

Loi giai

Xét phuong trinh hoanh d6 giao diém ctia d6 thi ham sé: y = xe* vatruc Ox xe' =0 < x=0

A A AN r R o7 N _ ! X 2 _ 1 2 2x
Vay vat thé tron xoay co6 thé tich la: V—ﬁjo (xe ) dx—n.fo (x e )dx
1 5, Lo 2 e’ b ax
=>V=r|—x¢e" —Ixexdx=77——7r.|‘xe*dx
2 o 0 2 0

2
=V =K—7r[%xezx

L 72'(62—1).

0 4

) —ljlezxdszzezx
o 2Jdo 4

Bai tip 3: Cho mién hinh phing gidi han boi: y = x* —4x, y =0 ; quay xung quanh Ox . tinh thé

tich cua vat thé tao thanh.
Loi gidi
Hoanh d6 giao diém cia d6 thi ham sé: y =x? —4x va dudng thing y =0 1a nghiém ctia phuwong
5 x=0
trinh; x"—4x=0 &
x=4

Vit thé tao thanh c6 thé tich la:

4
_S2x
15

V=7Z'J‘04(x2 _4x)2dx=7[‘|‘04(x4_8x3+16x2)dx Zﬂ(%s_2x4 +163x3]

0
Bai tap 4: Goi V' 1a thé tich khdi tron xoay tao thanh khi quanh hinh phing gi6i han boi cac dudng
y=~x;y=0;x=4 vatryc Ox.Dudng thing x = a(0<a <4)cit d thi ham s y =/x tai M .




0

Goi V, 1a thé tich khéi tron xoay tao thanh khi quay tam giac MOH quanh truc Ox . Biétrang V =2V,
. Tinh a

Loi giai

4 5 4 v
Ta co V=7rJ.(\/;) dx=7rjxdx=87z:>V1=5=47r.
0 0

Tam gidc MOH quanh truc Ox tao nén hai khéi nén chung day. Goi N 1a hinh chiéu vudng goc cua
M trén truc Ox.Suyra r=MN=y,, =y(a)=\/z.

1 , 1 2 4ra
=V =—OHrr’ =—Ar(Ja) ==
R (Va) 3
Suyra47r=4%:>a=3.
Bai tap 5: Cho (H) 1a hinh phang gi6i han béi do thi ham s6 y=1/4L2 ; truc Ox va duong thang
—X

x =1. Tinh thé tich khi tron xoay thu dugc khi quay quanh hinh (H ) xung quanh truc Ox .

Loi giai

Phuong trinh hoanh do giao diém | /4 T —0ox=0.
—X

Theo bai toan thi thé tich ctia vat thé tron xoay can tim

V=7r‘:[4_xx2 dx=—%ln|4—x2|

—zlni—zlng.

1
0




Dodb a=4,b=3=a+b=1.

3. Bai tap
Cau l:

Cau 2:

Cho hinh phing (H) gi6i han béi cdc dudng y=x"+3, y=0, x=0, x=2. Goi V' la thé

tich khoi tron xoay dugc tao thanh khi quay (H) xung quanh truc Ox . Ménh dé nao sau

day dung?
A. V=7zj.(x2+3)2dx. B. V=j(x2+3)dx.
0 0
C V:j(x2+3) dx D.V:ﬂj(x2+3)dx.
0 0

Loi gidi

2
5 5 2
Thé tich cta vat thé dugc taonén la V = ﬁj(xz + 3) dx.
0

Goi V' 1a thé tich khdi tron xoay tao thanh do quay xung quanh truc hoanh mét elip co
2 2

phuong trinh ;—5 + {_6 =1. V cb gia tri gan nhit voi gia tri ndo sau day?

A. 550 B. 400 C. 670 D. 335
Loi giai

Chon D

Quay elip dd cho xung quanh truc hoanh chinh 14 quay hinh phang:

2
H={y=44f1—)2c—5,y=0,x=—5,x=5}

Viy thé tich khoi tron xoay sinh ra boi H khi quay xung quanh tryc hoanh la:

2 3
V:nf 1610 |- 2l 16216
5 25 75

5
_3207 1354
5 3




Cho hinh phing (H) duogc gidi han béi duong cong y=m’>—x" (m 1a tham s6 khac 0
) va truc hoanh. Khi (H) quay xung quanh truc hoanh dugc khdi tron xoay c6 thé tich V.
C6 bao nhiéu gia tri nguyén ciia m dé ¥ <1000 .
A. 18. B. 20. C. 19. D. 21.

Loi giai

Chon A

Phuong trinh hoanh do giao diém cta dudng cong va tryc hoanh la:

Nm*=x* =0 x=+m

o
The tich vat thé tron xoay can tinh la: V' =7 j (m* = x*)dx = w(m’x —gx )| =

|

2
Ta c6: ¥ <10007 < MMTWL 10007 < |m[ <750 <3750 <m <3/750 .

Ta c6 750 =9,08 va m# 0. Vay c6 18 gia tri nguyén ctia m.

, . . -3 ‘.
Cau 8 : Cho hinh phang D gi¢i han boi cac duong cong y = x—l, truc hoanh va truc tung. Khoi
X+

tron xoay tao thanh khi quay D quanh truc hoanh c6 thé tich V = 7(a +b1n2) vdi a,b 1a
cac sd nguyén. Tinh T = a +b.
A. T =3. B. T =6. C. T =10. D.T=-1.

Loi giai

/ yA

Dua vao @6 thi ham so0 trén ta co:

2 3 2 3
x+1 x+1 x+1 (x+1)

0 0

3
|
:ﬁ(x—Sln()H—l)—ij
x+1

3
=7(15-16In2) = a =15;b = —16.

0

Vay T=a+b=—1.

Cho hinh (H ) trong hinh v& duéi ddy quay quanh truc Ox tao thanh mot khdi tron xoay

c6 thé tich bang bao nhiéu?




N e
1
0 T X
i 1
71'2 T
A, —. B. —. C. 2rx.
2 2

D. 27°.
Loi giai
Thé tich khdi tron xoay nhan dugc khi quay hinh (H ) quanh tryc Ox 1a

T a

2
V= 7r_|.(sinx)2 dx=7zj.—1_coszxdx =£(x—lsin2xj X
J 17 2 0 2

Vit thé parabolide tron xoay nhu hinh v& bén duéi c6 day co dién tich B=3 chiéu cao
h=4.Thé tich caa vat thé trén 1a




Cau 6:

., , "R’ R 1 ,p 1
The tich cua khdi tron xoay trén la: V' = ﬁ‘l‘Tydy = 7z75 y? . = Eﬂ'th .
0

Ap dung cong thirc ta co: V = %ﬂth = %Bh = %.3.4 =6.

Chohamsé y = f(x)=ax’ +bx’ +cx+d,(a,b,c,d € R,a #0) c6 dd thi (C). Biét ring do
thi (C) tiép xtic véi duong thing y =4 tai diém c6 hoanh do 4m va do thi cua ham s
y=f '(x) cho boi hinh v& dudi ddy. Tinh thé tich vat thé tron xoay duoc tao thanh khi

quay hinh phing H giéi han béi dd thi (C ) va truc hoanh khi quay xung quanh truc Ox .

yA
y=f'(x)
''''' 1 1 x

-3

A. Eﬂ. B. iﬂ' C. 6r. D. Chon khac.
35 35
Loi giai

Chon D

Dua vao d6 thi ham sé y = f'(x) = f'(x) = 3(x2 —1) :
Khi o /(x)= [ /'(x)dv=x =3x+C.
Diéu kién d6 thi ham s6 £ (x) tiép xtc v6i dudng thing y =4 la:

suy ra f(x)z)c3—3x2 +2(C).

{f(x)=4 @{x3—3x+C=4 {xz_l

3(x*-1)=0 “le=2
+(C)NOx = hoanh d9 giao diém 1a x=-2;x=1.

1
+Khido V = ﬂ'j(XS 327 +2) dx _79
35

-2

Dang 5: Tinh thé tich vat thé tron xoay khi quay hinh phing gi6i han béi 2 d6 thi

1. Phwong phap:




Néu hinh phiang D duoc gi¢i han béi cac duong y = f(x),y=g(x),x=a,x=>b thi thé tich khéi
b
tron xoay sinh baoi khi quay D quanh truc Ox dugc tinh boi cong thie: V = 72'” f? (x) -g (x)‘ dx

2. Cac Bai tip miu:

Bai tap 1: Cho hinh phing gi6i han boi cac duong y = a.x’,y =bx, (a,b # 0) quay xung quanh truc
Ox . Thé tich ctia khdi tron xoay tao thanh bang:

3 5
b
N b et
a 3 5 S5a
b (1 1
C. V:ﬂ- . D- V:ﬂ.— —_——
3a° a3[3 5)

Huwéng din giai
Chon D

2

. . b b .
Toa dd giao diém cua hai duong y =a.x’ va y =b.x 1a cac diém O(0;0) va A(—;—j . Vay thé
a a

’ 5 A \ A ’ 2\ 2.2
tich cta khoi tron xoay can tinh la: V = | tb"x"dx —

S t—n |
S t—n |

5
na’x*dx = n%[l—lJ .
a\3 5

. 1
Bai tap 2: Cho hinh phang gi6i han boi cac duong y =+v4—-x>, y = gxz quay xung quanh tryc Ox.

Thé tich cta khéi tron xoay tao thanh bang:




2413 2873

A V= _ B. V= .
5 5
C.V= 28’;‘5. D. V=24’?/5

Huwéng din giai
Chon B
. 1 .
Toa d6 giao diém ctia hai duong y =+/4—-x> va y= Exz la cac diém A(—\/g;l) va B(\/g;l) . Vay

the tich cta khoi tron xoay can tinh la:

5 5
V= J}n(4—x2)dx—fn.lx4dx=nﬁ.
B -3 9 >

Bai tap 3: Cho hinh phang gidi han boi cac duong y =2x7, y* =4x quay xung quanh truc Ox. Thé
tich cta khdi tron xoay tao thanh bang:

A v =387 B V=% =22, p. V=%
5 70 3 5
Huéng dén giai
Chon D
Véi z e [0;2] thi y° =42 < y =4z
Toa d6 giao diém cia duong y =2x* v6i y° = 42 1a cac diém O(0;0) va A(1;2) . Vay thé tich cua

1 1
. A 6
khoi tron xoay can tinh la: V' = J.fz.4xdw - Iﬂ.4x4dx = 7[.3.
0 0

Bai tap 4: Thé tich khéi tron xoay khi quay hinh phing D gi¢i han boi cac duong elip x> +9y* =9
quay quanh Ox bang:
A r. B. 27. C.3rx. D. 4z
Huéng dén giai
Chon D




9—x’
9

dx=4r.

2 3 3
Taco: x° +9y° =9c>y2=9Tx:>V=7zjy2dx=ﬁj
-3 -3

Bai tap 5: Thé tich ciia khdi tron xoay khi quay hinh phing D gi¢i han boi cac duong y =vx,y = x
quanh truc Ox bang:
1 1
A. ﬂJ.(«/;—x)dx. B. ﬁ_[
0 0
1 1
C. ﬂj(x—xz)dx. D. ﬂj
0 0
Hwong dan giai
Chon D

x=>0
Xét phuong trinh Jr-xe ,=>x=0x=1,
X—X

Va Vx> xVxe [0;1] =V= ﬂj((\/;)z —xz)dx = ﬂj(x—xz)dx.
0 0
3. Bai tap

Cau 1:  Quay hinh phing nhu hinh duoc t6 ¢am trong hinh vé& bén quanh truc Ox ta dugc khdi tron
xoay co thé tich 1a:

LY
1

A V=41, B.V=637. C.V =53r. D. V=237

Hudéng din giai
Chon A

2 2 2 _
Xét hé phuong trinh: {x Ty _4<:>{x 3:x:i\/§.
Y

Do dbi xtng nhau qua Oy nén:




\/524\/§7z
0

V3 V3 3
V=27[j[(4—x2)—12}dx=2ﬂj‘(3—x2)dx=2ﬂ[3x—%j
0 0

Cau 2: Quay hinh phéng nhu hinh dugc t6 dam trong hinh v& bén quanh truc Ox ta dugc khéi tron
xoay co thé tich:

Y =3
2 x
1
A V=27 B. v =207 c.v=2" D. V=137,
9 15 9
Huéng din giai
Chon B

x'+y' =4

= x==1.
y =B

Do ddi ximg nhau qua Oy nén

V= 2ﬂf[(4—x2)—(\/gx)z}dx—Zﬂ'f@—xz ~3x*)d

5 5
=2r 4)c—x——3i
3 5

Xét h¢ phuong trinh: {

V3 _46x
0o 15"

Cau 3: Quay hinh phéng nhu hinh dugc t6 dam trong hinh v& bén quanh truc Ox ta dugc khéi tron
xoay co thé tich 1a:

L}
3

—

y -

A,V =37%. B.V=nr". C. 3, D. V=27




Huéng dén giai

Chon D
y=1+1-x’

Taco: ¥’ +(y-1) =1 (y-1) =1-x &
y=1-+1-x*
1 1
Ta co: V=27z.|.[(1+\/1—x2 )2 —(1—\/l—x2 )Z}dx=87r.|‘\/l—x2dx
0 0

Dat x =sin¢ te{ 7[71

at x= ; -

' 2°2

) Vs
sm2tj5:2”2'

T

) 3
=V = 87rj cos’tsdt — 47zj(1 +cos2t)dt = 47r(t +
0 0

S

Cho hinh (H) gi¢i han boi cac duong cong (C):y=e¢", tiép tuyén cia (C) tai diém

Cau 4:
M (l;e) va truc Oy. Thé tich ctia khéi tron xoay khi quay (H ) quanh tryc Ox bang:
3
2
_ 2 2 2
A2 B. ¢~ L c. o1 p. &3
2 3 2 6
Loi giai
Chon D
Taco y'=e"
Phuong trinh tiép tuyén ciia (C) tai M(l;e) la y= e(x—l) +es y=ex.
1 2 1 2
. 1 -3
Dién tich cta (H) bang: V = ﬁ_’.(ezx —ezx2)dx =l -S| =8
0 2 3 0 6
Cau5:  Cho hinh phang (H) gi6i han béi cac duong y = x*—4,y=2x—4,x=0,x=2. Thé tich
ctia khéi tron xoay duoc tao thanh khi quay (H ) xung quanh truc Ox bang:
32 32
Bl . B. 67, C. —6m. D. _Sn .

5
Loi giai

Chon D




2 2
Suy ra thé tich can tim 1a V' = ﬁ_[(xz —4)2dx—7rj(2x—4)2dx = 32T”
0

0

Dang 6: Tinh thé tich vat thé tron xoay khi quay hinh phang giéi han béi nhiéu d thi

1. Phwong phap:

2. Cac Bai tip miu:

Bai tap 1: Goi V' 1a thé tich khéi tron xoay tao thanh khi quay hinh phing gi6i han boi cac duong
y=+x, y=0 va x =4 quanh truc Ox . Pudng thiang x=a (0<a<4) cit do thi ham y=+x tai
M.

y}\

M

a H
(9] K 4 x

Goi V; 1a thé tich khéi tron xoay tao thanh khi quay tam gidc OMH quanh truc Ox . Biétrang V = 2V,
. Khi d6

5
A.a=2. B.a=2V2. C.a=3. D.a=3.
Huwéng din giai
Chon D

4
Taco Jx =0 x=0.Khi do V=ﬂjxdx=8n
0

Taco M (a;«/; )
Khi quay tam gidc OMH quanh truc Ox tao thanh hai hinh no6n ¢6 chung day:
" Hinh nén (N,) ¢6 dinh 1a O, chiéu cao & = OK = a , ban kinh ddy R = MK =+/a ;

[ Hinh nén (N, ) tht 2 ¢6 dinh 1a H , chidu cao h, = HK = 4—a , ban kinh ddy R = MK =a
Khi do V, =l7rR2h1+l7rR2h2=i7za
3 3 3
A 4
Theo dé bai V' =2V, <:>87z=2.§7za:>a=3.

Bai tap 2: Cho hinh thang cong gi6i han boi cac dudng y=e*,y =0,x=0,x = In4. Pudng thing x
=k (0<k <In4) chia thanh hai hinh phang 1a S va Sz nhu hinh vé& bén. Quay S,,S, quanh truc Ox
duoc khdi tron xoay c6 thé tich lan lugt 1 ¥,,V, . V&i gia tri nao ciia k thi ¥, =2V,

kzlln2 kzélnll kzllnE kzln%

A, 2 3 B. . C. 2 3, D.




Hwéng din giai
Chgn B

Ta co:

In4 7ze2k

k_

V,:zzf(e")zdxq[e;x] _

0

k 2k In4 ! 2x
0=ﬁ; —%;Vz=7r2|j(e*)2dx=7{ezj

2k 2k

Theo gia thiét: V1:2V2c>”; —%:2[&:—”‘; j@e”zll@k:%mll

Bai tap 3: Cho hinh phiang D gidi han boi cac dudng y* =4x va duong thang x =4 . Thé tich cua
khdi tron xoay sinh ra khi D xoay quanh truc Ox la:

L] —

L}

-2

A. 32m. B. 64~x.
C. 16m. D. 4x.

Huéng din giai :
Chon A
Giao diém cta hai duong »* =4x va x=4 la D(4;—4)va E(4;4). Phan phia trén Ox cla dudng

y* =4x c6 phuong trinh y = 2/x . Tir hinh v& suy ra thé tich cia khéi tron xoay can tinh l:

14 =in(2\/})2 dx =321,
0

Bai tap 4: Cho hinh phing gi6i han boi cac dudng y =3x, y=x, x=0, x=1 quay xung quanh truc
Ox. Thé tich ctia khdi tron xoay tao thanh bang:




Huéng din gidi
Chon A
Toa d¢ giao diém cua duong x=1 véi y=x va y=3x lacacdiem C(L1) va B(3;1). Toa do giao
diém cua duong y =3x véi y=x 1a 0(0;0). Vay thé tich ctia khéi tron xoay can tinh 1a:
|

V= jn.9x2dx —In.x2dx = n% .
0

0
Bai tdp 5: Trén mit phang Oxy, cho hinh phang gi6i han boi cic duong
(P):y=x*(P"):y=4x%;(d):y=4. Thé tich ciia khdi tron xoay khi quay quanh truc Ox béng:

A.9—7Z. B.4—7[. C.7—”. D. 2rx.
5 5 5

Huwéng din giai

N7
\.\\ Mf f 1\ M-’I

Pit V 1a thé tich cn tim

; x=2
Xét phuong trinh hoanh d6 giao diém cila va: x° —4 < { 5
X=-
. x=1
Xét phuong trinh hoanh d6 giao diém cua va: 4x* =4 < { .
X=-
y=x
Voucla thé tich khdi tron xoay sinh boi khi quay: | y =4 quanh Ox
Oy
y= 4x*

V.5 1a thé tich khéi tron xoay sinh béi khi quay: | y=4 quanh Ox
Oy

Lacdo: V=V,,.—V,; = ﬁj[4—(xz)z}dx—ﬁj[4—(4x2)2}dx = ﬂj.(4—x2)dx—7zj(4—l6x4)dx
0 0 0 0

2 1
=l dx - |[T— x| 4x-162 =n(8—2—4+ﬁj=4—”
5 Jlo 5 )0 5 5) s




3. Bai tap triac nghiém:
Caul: Cho (H) la hinh phing gi6i han boi dd thi ciia cac ham s6(P):y=+x,y=0,y=2-x.
Thé tich ctia khdi tron xoay thu duoc khi quay hinh (H) xung quanh tryuc Ox la:

b

2

A. 4*/5_17z B. . C. 8*/5”7:. D. 7.
3 6 6 6
Loi gidi
Chon D

0<x<2 0<x<2
\/;=2—x<:> , 9, < x=1
x=(2-x) x =5x+4=0

Vzﬂj)‘(\/;)z dx+7rj.(2—x)2dx=%7r.

6
Cau2: Cho hinh (H) gi6i han boi cac duong y=x+1; y=—; x=1. Quay hinh (H) quanh
x

truc Ox ta duoc khéi tron xoay co thé tich la:

137 1257 35n
A, —. B. —. C. —. D. 18x.
6 6 3
Loi giai
Chgn C
))\
|
|l
N T U
1 X

, x=2
Phuong trinh hoanh do giao diém: x+1=g<:> X +x-6=0(x#0)= 3(1)
x x=-




6 , : :
Vi —>x+1>0 v6i x €(1;2) nén theé tich can tinh 1a
X

26 2 357
V=7Z'L [;j d)c—7z.|.1 (x+1) dv="22.

Goi (H )la hinh phing gi6i han boi cac duong: y=3x;y=x;x=1. Quay (H) xung

quanh truc Ox ta dugc khéi tron xo0ay co thé tich 1a:

8 2
A B 3 C. 872 D. 8.
3 3
Loi giai
Chon A

Phuong trinh hoanh d6 giao diém: 3x=x < x=0 va 3x>x>0 v6i x€ (0;1) .

Thé tich cin tinh 13 ¥ = 7' (3x)’ de—[ =22
0 0 3

Cho hinh phang (H) gi6i han béi cac duong y = x’, y = 2x . Thé tich ciia khdi tron xoay
duoc tao thanh khi quay (H ) xung quanh truc Ox béng:

167 21w 32n 64n
A, —. B. —. C. —. D. —.
15 15 15 15
Loi giai
Chon D

Hoanh d6 giao diém cua d6 thi 2 ham s6 y = x> va y =2x 1a nghiém cia phuong trinh

x=0

x2:2x<:{
x=2

Thé tich cta khdi tron xoay tao thanh 1a

V= ni.(2x)2 dx—nj.(xz)z dx = ntj

0

_oin
15

3
_T[ —
0 5 0

, 1
Cho hinh phing gi6i han boi cac duong y =v4—x>, y= gxz quay xung quanh truc Ox.

Thé tich ctia khdi tron xoay tao thanh bang:
2872 2873 247142 2413

A V= . B.V = . C.Vv= . D. V= .
5 5 5 5

Loi giai

Chon B

1
Giai phuong trinh Va-x :§x2 <:>x:i\/§




\/5 2 \/5 2 2
Thé tich cin tim1a ¥ = 7 [ (\/4—x2) b7 [ (%J dr = .
5 5

287[\/3

5

Dang 7: Mt s6 bai toan thue té ing dung tich phan

1. Phwong phap giai
* Mot vat chuyén dong c6 phuong trinh vén

tbc v(t) trong khoang thoi gian tir 1 =a dén

t=b(a<b) s&di chuyén dugc quing duong

la:

* Mot vat chuyén dong c6 phuong trinh

gia toc a(7) thi van toc clia vt d6 sau

khoéang thoi gian [tl;tz] la:

Vi du 1: Mot vat chuyén dong cham dan déu véi
van toe v(1)=160—10¢(m/s) . Quang dudng
ma vat chuyén dong tir thoi diém 7=0(s) dén

thoi diém ma vat dimg lai 1a

A. 1028m. B. 1280m.
C. 1308m. D. 1380m.
Huéng dén gidi
Khi véat dung lai thi

v(t)=160-10t =0 <1 =16

16 16
Dodo § = [v(t)dt=[(160-10¢)dt

0 0

= (160 -5¢*) ’ =1280(m).

0

Chon B.

Vi du 2: Mot chiée 6 t6 chuyén dong voi vén tde
v(t) (m/s),cé giatoc

a(t)=v (1) ==

m(m/sz).

Van toc cia 6 t6 sau 10 gidy (Iam tron dén hang don
vi) l1a

A. 4,6 m/s. B. 7,2 m/s.
C. 1,5 m/s. D. 2.2 m/s.
Huwéng din gidi

Van tdc ciia 6 t6 sau 10 gidy la

3 03
di==In[2t+1|| ==In21~4,6(m/s).
2 0o 2

10
b= [
o 2t+1




Chon A.

* Pién luong chuyén qua tiét dién cua ddy dan

ctia doan mach trong thoi gian tir 4, dén ¢, 1a:

inil(t)dt

2. Bai tap
Bai tap 1: Mot vat chuyén dong véi van toc 10 m/s thi ting toc voi gia toc a(f) =3¢+t . Tinh
quing dudng vat di dugc trong khoang thoi gian 10 gidy ké tir luc bat dau ting tdc.

4 4
. %m. B. 4300 m. C. 430 m. D. %m

Huéng déin gidgi

A

Chon A.
Ham vén tdc v(t)=Ia(t)dt:I(3t+t2)dt:%+§+c.
Lay méc thoi gian luc tang toc = v(0)=10= C =10.

: g

Ta duge v(t) :%+?+10.

Sau 10 giay, quang duong vat di duoc la

10 2 3 3 4
Szj 3L+t—+10 = t—+t—+10t
o2 3 2 12

10 _ 4300(m)

0

Bai tap 2: Dong dién xoay chiéu hinh sin chay qua mét doan mach LC c¢6 biéu thirc cuong do 1a
i(r)=1, cos[a)t —%J .Biét i =¢q' v6i ¢ 1a dién tich tic thoi ¢ tu dién. Tinh tir luc £ =0, dién luong

: K, 1ea 2 s aa aX . - | AT
chuyén qua ti¢t dién thang ctia day dan cua doan mach d6 trong thoi gian tir 0 dén — 1a
)

7Z'\/5]0 B. 0 21, D l

o @ CoV2’

Huéng dén gidi

A.




Chon C.

" 2 N ATV S T, I - \ T
bién lugng chuyén qua tiét dién ciua day dan cua doan mach trong thoi gian tr 0 dén — 1a
@

Q(t)z_[l(t)dz

Bai tap 3: Goi & (t )(cm) 1a mirc nuéc trong bodn chira sau khi bom duoc ¢ gidy. Biét rang

1 L s N . . A
W (t) = g\/3 t+8 va lac dau bon khong c6 nudce. Tim mire nudc ¢ bon sau khi bom nude duoc 6 giay

(chinh xé4c dén 0,01cm)
A. 2,67 cm. B. 2,66 cm. C. 2,65 cm. D. 2,68 cm.
Huéng dén gidi
Chon B.

Muc nudc ¢ bon sau khi bom nude duge 6 gidy la

~2, 66(cm)

ih'(t)dz:.[% t+8dt=[%(t+8)m} 6

6
0 0 0

Bai tap 3: Mot vién da duogc bin th'fmg ding 1én trén v4i van tdc ban dau 1a 40 m/s tir mot diém cao
5 m cach mit dat. Van tdc cua vién dé sau ¢ gidy dugc cho boi cong thirc v(t) =40-10¢ m/s. Tinh
dd cao 16n nhit vién da c6 thé 1én téi so v6i mat dat.
A. 85 m. B. 80 m. C. 90 m. D. 75 m.
Loi giai
Chon A
Goi & la quang duong lén cao cua vién da.
v(t)=h'(t)= h(t) = [v(t)dt = [(40-10¢)dt = 40t = 5¢* +
Tai thoi diém =0 thi A=5.Suyra c=5.
Vay h(t)=40t -5 +5
h(t) 16n nhét khi v(t) =0<40-10t=0<t=4.Khido h(4) =85m.
Bai tap 4: Mot 6 t6 chay véi van toc 20 m/s thi ngudi 1ai dap phanh con dugc goi 1a “thang”. Sau khi
dap phanh, 6 to chuyén dong cham dan déu véi véan tée v(¢) =—40¢ +20 trong d6 ¢ 1 khodng thoi

gian tinh bang gidy ké tir lac bit diu dap phanh. Quing duong 6 t6 di chuyén tir luc dap phanh dén
khi dirng hin 12 bao nhiéu?




A. 2 m. B. 3m. C. 4m. D. 5m.
Loi giai
Chon D

Lay méc thoi gian 1a lac 6 t6 bat dau dap phanh (7 =0)

Goi T 1a thoi diém 6 t6 ding lai. Khi d6 van téc lic dimg 1a v(7) =0

Vay thoi gian tir lac dap phanh dén lic dimg 1a v(7)=0< —40T +20=0< T =%
Goi s(t) la quang dudng 6 t6 di dugc trong khoang thoi gian T .

Tacd v(t)=s'(¢) suy ra s(7) 1a nguyén ham cua v(¢)

1

2 =5
0

T
Viy trong 1 s) 0 to di dugc quang duong la: |v(¢)dt =
2

t

(40t +20)dt = (-20¢" +20¢)

o t—_ o | —

Bai tip 5: Mot 6 to xudt phat tir A chuyén dong vdi van toc nhanh dan déu, 10 gidy sau, 6 to dat van
tbc 5 va tir thoi diém d6 6 t6 chuyén dong déu. O t6 thir hai cling xuét phat tir A nhung sau 6 t6 thir
nhét 13 10 gidy, chuyén dong nhanh dan déu va dudi kip 6 t6 thir nhat sau 25 gidy. Van toc 6 to thir
hai tai thoi diém do 1a

A.12. B. 8. C. 10. D. 7.
Loi giai
Chgn A
Ta c6 gia toc trong 10's dau cta 6 t6 tha nhit1a a = ‘;_:0 = % = O,S(m/sz)
0

Trong 10s dau, 6 t6 thir nhat chuyén dong nhanh dan véi van toe v(t)=0,5¢
, 10
= Quing duong 6 td thir nhat di duoc trong 10s 1a IO,Stdt =25(m).
0

Trong 25 s tiép theo, 6 t6 thir nhét di duoc 5.25 =125
Vay quang dudng 6 to thi nhat di dugc dén khi bi dudi kip 1a 25+125 =150(m)

Mat khac § =S, Jr%at2

2(8-S,) 2.150
t 25

= Gia tdc ciia 6 t6 thir hai 1a a = = 0,48(m/s”)
Vay khi dudi kip 6 t6 thir nhat, van toc clia 6 to thir hai la v, = v, +at =12.

Bai tAp 6: Mot 6 t6 bt dau chuyén dong nhanh dan déu véi van tde v, (1) = 7¢ di duge 5, ngudi lai

xe phat hién chuéng ngai vat va phanh gap, 6 t6 tiép tuc chuyén dong cham dan déu véi gia toc




a= —7O(m/s2 ) . Tinh quang dudng S(m) di duoc cta 6 to tir lic bt dau chuyén banh cho dén khi

dirng han.
A. §=95,70(m). B. §=87,50(m). C.S=94,00(m). D.
S =96,25(m).
Loi gidi
Chon D

Quing duodng 6 t6 di dugc tir lac xe ldn banh dén khi dugc phanh.

5 5 2P
S, = !vl (r)dt = [ 7udt = 7% =87,5(m).

0 0

Van toc v, (¢)(m/s) ctia 6 to tir e duoc phanh dén khi dimg han théa méan
v, (t) = [(=70)dt = =70t + C, v, (5) = v, (5) =35 = C =385. Véy v, (1) = =70 +385.
Thoi diém xe dimg han tuong tmg véi ¢ théa man v, (1) =0 < ¢ =5,5(s).

Quing dudng 6 t6 di dugc tir lac xe duoc phanh dén khi ding hin.

5,5 5,5
S, = [ v (t)dt= [ (=70t +385)dt = 8,75(m).

5 5
Quéng duong can tinh S =S, +5, =96,25(m).
Bai tip 7: Mot vat di chuyén véi gia toc a(t)=-20(1+ 2t)72 (m / sz) . Khi =0 thi van tdc cta vat
1a 30(m/s). Tinh quing duong vat d6 di chuyén sau 2 gidy.
A. S=46m. B. S=47m. C. S=48m. D. §=49m.
Loi giai :
Chon C
Van tbe vat la v () = [a(¢)de = [-20(1+2¢) " de =10(1+2¢) ' +C.
Khi £=0 thi v(0)=10.(1)" +C =30 & C=20.

Nén v(¢)=10(1+2¢)" +20(m/s).
2

Suyra: § = [(10(1+20)" +20)dr ~ 48(m)
0

Bai tap 8: Vit chuyén dong véi van tdc ban dau 5m /s va co gia toc duge xac dinh boi cong thirc
2 : X
a=— (m/s2 ) . Van toc cuia vat sau 10s dau tién la
t+1
A.10m/s . B.9m/s. C.llm/s. D. 12m/s

Huéng din giai:




Chon A

Ta co v(t): t—ildt=21n(t+l)+c

Ma van tc ban dau Sm/s tiic 1a: v(0)=5<2In(0+1)+c=5<c=5.
Nén v(t)=2In(t+1)+5
Vén toc cla vat sau 10s dau tién 1a : v(10)=21n(11)+5~9,8

Chon Chon A.

Bai tap 9: Trong gio thyc hanh moén V4t Li. Mot nhom sinh vién da nghién ctru vé sy chuyén dong
clia cac hat. Trong qua trinh thuc hanh thi nhom sinh vién nay da phat hién mot hat proton di chuyén
trong dién truong véi biéu thirc gia toe 1a: a = —20 (1+ 21)72 Vi ¢ cua ta dugce tinh bang gidy. Nhom

sinh vién di tim ham van tocv theo ¢, biét rang khi ¢ = 0 thiv =30m/s*. Hoi biéu thirc ding 1a?

A.v=( 10 +25j cem/ st B.v=(£+20j cem/s®.

1+ 2¢ 1+1¢

C.v= 10 +10 | em/ s*. D.v= 10 +20 | em/ s?
1+ 2¢ 1+ 2¢

Hwéng din gii :
Chgon D

Trudce hét dé giai bai toan nay ta ciing chu y. Biéu thirc van tdc v theo thoi gian ¢ ¢6 gia

tdc a la:v= Ia.dt

=20

Ap dung cong thirc trén, ta co :v:_[adtzj Sdt
(1+2¢)
Dén day ta dat :
du
u=1+2t:>du=2dt:>dt:7
-1 1 1
v:I—Odu:I—IOu_zdu:—0+K:—O+K
u u 1+2¢
V6it=0,v=30= K =20
Y AP NI 10 )
Viy biéu thirc van toc theo thoi gianla: v= . 2t+20 cm/s”.
+

Bai tip 10: Nguoi ta to chtrc thuc hanh nghién ctru thi nghiém bang cach nhu sau. Ho tién hanh quan
sat mot tia Itra dién ban tir mat dt ban 1én v&i van tde 15m / s. Hoi biu thirc van tdc cua tia ltra dién
1a?

A. v=-9,8t+15. B. v=-9,8:+13. C.v=9,8t+15. D. v=-9,8¢-13

Huéng din giai




Chon A

Tia Itra chiu sy tac dong cua trong luc hudng xuéng nén ta co gia tbca = -9,8 (m / sz)

Ta c6 biéu thirc vén toc v theo thdi gian 7 c6 gia toc a 13 :
v=adt = [-9,8dr =-9,8:+C

O day, voi: t=0,v=15m/s = C=15
Viy ta duoc biéu thirc van toc c6 dang : v=-9,8¢/+15

Bai tap 11: Nguoi ta to chtrc thuc hanh nghién ctru thi nghiém bang cach nhu sau. Ho tién hanh quan
sat mot tia lira dién ban tir mat dat bin 1én v6i van toc 15m / s. Hoi sau 2,5 giay thi tia Itra dién déy co
chiéu cao 14 bao nhiéu?

A. 6.235(m). B. 5.635(m). C. 4.235(m). D. 6.875(m)

Hwéng din giai
Chon D
Tia lira chiu su tic dong cua trong lwc hudng xudng nén ta c6 gia toc a = -9,8 (m /sz)

Ta c6 biéu thirc vén tc v theo thoi gian ¢ ¢6 gia toc a 1a
v=adt = [-9,8dt =—9,8:+C

O day, v6i t=0,v=15m/s = C =15
Viy ta dugc biéu thirc vén tdc cd dang:
v=-9,8t+15

Ly tich phan biéu thirc vén tdc, ta s& c6 duoc béu thirc quing dudng:
s=[vdt=[(-9,8t+15)dt =—4,9C +15t+ K

Theo dé bai, ta dugc khi 1=0=5=0= K =0.
Viy biéu thirc toa do ctia quang duong 13 : s =—4,9¢> +15¢.

Khi 1=2,5(s), ta s& dugc s =6,875(m).

Dang 8: Bai toan thuec té

1. Phwong phép: Vin dung cac Kkién thirc vé tich phan va bai toan tng dung.
2. Cac Bai tip miu:

Bai tip 1: Tinh thé tich hinh xuyén tao thanh do quay hinh tron (C):x?+(y— 2)2 =1 quanh tryc Ox

Huwéng dén giai:




Hinh tron (C) c6 tam 1(0;2),bém kinh R=1 1a x2+(y—2)2 =1

y=2+~1-x"
y=2-+1-x

Taco (y-1) :1—x2(—lﬁx§1)3[
Thé tich can tinh:
1 2 2
V=7zj[(2+\/1—x2) —(2—\/1—x2) }a’x=47z2
-1

Bai tap 2: Thanh phd dinh x4y cdy cdu bic ngang con song dai 500m, biét ring ngudi ta dinh xay
cdu ¢6 10 nhip cau hinh dang parabol,mdi nhip cach nhau 40m ,biét 2 bén dau ciu va gitta moi nhip
nbi ngudi ta xdy 1 chan tru rong 5m . Bé day nhip cdu khong ddi 13 20cm . Biét 1 nhip cau nhu hinh
v&. Hoi luong bé tong dé xay cac nhip cau 1a bao nhiéu

A. 20m’. B. 50m’.
C. 40m’. D. 100m”.
20cm

Huwéng din giai:

Chgn C

Chon h¢ truc toa dd nhu hinh v& véi gbc O(0;0) 1a chan céu,

dinh 7(25;2), diém A4(50;0)




20cm

R %%

Goi Parabol trén c6 phuong trinh: (B): y, =ax’ +bx+c=ax’ +bx(0(R))

¥ x

=y, =ax’ +bx —%ax =ax’ +bx —% la phuong trinh parabol dudi

2, 4 2, 4 1
t—x=>y, = +—x——

Tac()I,Ae(Pl):>(P]):y1=—5x Y S TLIAE T

Khi d6 dién tich mdi nhip caula S= S, voi S la phan gidi han béi ¥; ¥, trong khoang (0;25)

0,2 2 4 15 1
S=2 I (——xz +—xjdx+ I —dx |=0,9m*
o L 625 25 oS
Vi bé day nhip cdu khong ddi nén coi thé tich 1a tich dién tich va bé day V' = 5.0,2 ~1,98m> =sb
lwong bé tong can cho mdi nhip cau ~ 2m’

Vay muoi nhip cau hai bén cin ~ 40m’® bé tong

Chon Chon. C.

Bai tip 3: Trong Cong vién Toan hoc c¢6 nhing manh d4t mang hinh dang khac nhau. M&i méanh
duoc trong mot loai hoa va né duge tao thanh boi mot trong nhitng dudng cong dep trong toan hoc.
O d6 ¢6 mot manh dat mang tén Bernoulli, né dugc tao thanh tir duong Lemmiscate ¢ phuong trinh
trong h¢ toa do Oxy 1a 16y” = x* (25— x ) nhu hinh v& bén.

Ay

=y

Tinh dién tich S ctia manh dat Bernoulli biét ring mdi don vi trong hé toa d6 Oxy twong ting véi

chiéu dai 1 mét.

125 125
A.SZ?(H’IZ). B.SZT (mz)
250 125
C.SZT (mz) D.SZT (mz)

Huéng din giai




Chon D

Vi tinh d6i xtng tru nén dién tich cua manh dét twong tmg véi 4 1an dién tich ciia manh dit thudce
gbc phﬁn tu tht nhét cua hé truc toa do Oxy.

Tir gia thuyét bai toan, ta co y = iix\/S -x*.
Goc phén tu thir nhat y = ix\/ZS -x*;x€[0;5]

A 1t =, 125 125
Nén S([) :ZJ‘X 25—x2dx=E:> S ZT(I’I’I:;)

0
Bai tap 4: Mot Bac tho gém 1am mot céi lo c6 dang khdi tron xoay dugce tao thanh khi quay hinh
phang gidi han boi cac duong y =+/x+1vatruc Ox quay quanh truc Ox biét day lo va miéng lo c¢6
duong kinh 1an luot 1a 2dm va 4dm , khi d6 thé tich cua lo 1a:
15

A. 87 dm’.. B. ?7[ dm’..
C. Eﬂ' dm*. . D. E dm*.
3 2

Chgn B

cn=y=1=x=0

*n=y,=2=x,=3

3 3 2
Suy ra: V' =ﬂjy2dx=ﬂj(x+1)dx = ﬂ(%anj
0 0

3
o= A7
2

Bai tap 5: Dé kéo ciang mot 10 xo co do dai ty nhién tir 10cm dén 15cm can luc 40N . Tinh cong (
A) sinh ra khi kéo 10 xo c6 d6 dai tir 15cm dén 18cm .

A. A=1,56 (J). B. A=1(J).
C. 4=2,5(J). D. A=2(J).
Loi giai

Chgn A




Theo Pinh luat Hooke, luc can dung dé giit 10 xo gidn thém x mét tir d6 dai ty nhién la f (x) =kx, voi
k(N/m) 1a do cing cua 1o xo. Khi 10 xo duoc kéo gian tir do dai 10cm dén 15cm , luong kéo gidn
1a 5 cm=0.05 m. Diéu nay c6 nghia £(0.05)=40, do do:
4
0,05k =40 =k _ 40 SOO(N/m)
0,05

Vay f (x) =800x va cong can dé kéo dan 10 xo tir 15cm dén 18cm 1a:

0,08
4= [ 800dx=400x"| " =400[ (0,08)" ~(0,05)" | =1,56(1)

0,05

Goc phan tu thir nhat yzix\IZS—xz;xe[O;S]
5
Nén S, zlijZS—xz :12_SZ>S212_5(’713)
45 12 3
3. Bai tap tric nghiém:

Cau 1: Trong chuong trinh néng thén méi, tai mot xa X c6 xay mot cay cau bang bé tong nhu hinh
v&. Tinh thé tich khéi bé tong dé d6 du cay cau.

A. 19m°. B. 21m’. C.18m’. D. 40m’.
Hudéng din giai
Chon D

Chon h¢ truc Oxy nhu hinh vé.




Cau 2:

(), i

Ta co

Goi (B):y=ax” +c la Parabol di qua hai diém A(%;OJ,B(O;Z)

O=a D 2 +2 a -8 8
Nén ta c6 hé phuong trinh sau: | 2 = 361 = (Pl) (y= —ﬁxz +2
2=bh b=2
Goi (B):y=ax’ +c 1a Parabol di qua hai diém C(10; 0),D(0; %j
0=a.(10)2+§ a=—L . 5
Nén ta c6 h¢ phuong trinh sau: 2 = 40 = (Pz):y =——x+=
5 40 2
gy X b=
2 2

B
Ta c6 thé tich cua bé tong la: ¥ =5.2 [J.;O(—%xz +%)dx—.|.02 (—%xz + ZJJx} =40m’.

Cho hai mit cau (S, ), (S,) c6 cing ban kinh R théa man tinh chat: tim ctia (S, ) thudc
(S,) va nguoc lai. Tinh thé tich phan chung ¥ ctia hai khéi cau tao béi (S,)va (S,).

3 3 3
_TR c.v ="K p. v =R
2 12 5

A.V =xR*. B.V

Huéng din giai

Chgn C




Cau 4:

Gan hé truc Oxy nhu hinh vé
Khoi cau S(O,R) chiramot dudng tronlénla  (C):x”+)* =R’
Dua vao hinh v&, thé tich can tinh la

R

57k’
Ro12 7
2

V= ZEE(RZ —xz)dxz ZE[sz—x;j

2

Mot thing rugu c6 ban kinh cac day 1a 30cm, thiét dién vudng goc véi truc va cach déu hai
day c6 ban kinh 1 40cm, chiéu cao thung ruou 1a 1m. Biét rang mit phang chira truc va
cit mat xung quanh thung ruou 1a cic dudng parabol, hoi thé tich ciia thing rugu

1a bao nhiéu?

A. 425,2 lit. B. 425162 lit. C. 212581 lit. D. 212,6it.
Hudéng din giai
Chon A
y
S
A
0 ;m X
O 0,5m

* Goi (P): y =ax’ +bx+c la parabol di qua diém A(0,5;0,3) vaco dinh §(0;0,4). Khi
d6, thé tich thung ruou bang thé tich khdi tron xoay khi cho hinh phang gi¢i han béi (P),

tryc hoanh va hai dudng thang x =+0,5 quay quanh tryc Ox .
* D& dang tim dugc (P):y = —%xz +0,4

* Thé tich thung ruou la:
0,5 2 0,5 2
v=z| (—sz +o,4j dv=27 [ (—Exz +0,4) dy = 2037
5 Js 1500

0,5

~425,5(1).

Bac Nam lam mot cai ctta nha hinh parabol c6 chiéu cao tir mat dat dén dinh 13 2,25 mét,
chiéu rong tiép giap v6i mat dat 1a 3 mét. Gia thué mdi mét vudng 1a 1500000 dong. Vay
sO tién bac Nam phai tra 1a:




A. 33750000 dong. B. 12750000 dong.  C. 6750000 dong. D. 3750000
ddng.

Hudéng din giai
Chgn C

,,,,,,,,,,,,,,,,,,,,,

o Y|

* Gin parabol (P) vahg truc toa do sao cho (P)di qua O(0;0)
* Goi phuong trinh ciia parbol 1a: (P): y = ax” + bx +c
Theo dé ra, (P) di qua ba diém 0(0;0), 4(3;0), B(1,5;2,25).
Tir d6, suy ra (P): y =—x"+3x
: 9
* Dién tich phan Bac Nam xay dyung: S = ﬂ—xz + 3x‘ dx = 5
0

* Vay s6 tién bac Nam phai tra 1a: %1500000 = 6750000

Ong An c¢6 mét manh vuon hinh Elip ¢6 d6 dai truc 16n bang 16m va d6 dai truc bé bang
10m . Ong mudn trong hoa trén mot dai dat rong 8m va nhan truc bé cia elip 1am truc dbi
xtng. Biét kinh phi dé trong hoa 1a 100.000 déng/1m*. Hoi dng An can bao nhiéu tién dé

trong hoa trén dai dat d6?
/\

8m

\_/
A. 7.862.000 dong.  B. 7.653.000 dong. C. 7.128.000 déng. D.  7.826.000
dong.
Huwéng din giai
Chon B

2 2
Gia st elip c6 phuong trinh x_2 er—2 =1.
a

Tir gia thiét ta c6 2a=16=>a=8 va 2b=10=>b=5




5
2 2 y=—§\/64—y2 (E)
Vay phuong trinh cia elip 1a -+ RANS N

25 5
y :§\/64—J’2 ()
Khi d6 dién tich dai vuon dugc gidi han bdi cac duong (E)); (E,); x=—4; x =4 va dién

4 4
tich ctia dai vuon 1a S =2j§\/64—x2dx =§J.\/64—x2dx
-4 0

Tinh tich phan nay bang phép doi bién x =8sint, ta duoc S = 80(% +§j

V3

Khidosdtiénla 7T = 80(%+Tj. 100000 = 7652891,82 = 7.653.000 .

Nguoi ta dung mot cai 1éu vai co dang hinh “chép luc gidc cong déu” nhu hinh v& bén. Day
ctua la mdt hinh luc giac déu canh 3m. Chiéu cao SO = 6m . Céc canh bén cua 1a cac soi
day c,,c,,c;,¢,,¢5,¢, nam trén cac dudng parabol co truc dbi xing song song véi SO. Gia
st giao tuyén ciia v6i mit phang vudng goc voi SO 1a mot luc giac déu va khi qua trung
diém cua SO thi lyc giac déu c6 canh bang Im. Tinh thé tich phan khong gian nim bén
trong céi 1éu do.

N 1355\5 . 963 b

X 135V3

. —132\/5 (m*)

Huéng din giai

Chon D




A(0;0)

B(1:3)

C(3:0)

biat hé toa d6 nhu hinh vE€, ta c6 parabol can tim di qua 3 diém c6 toa do lan luot 1a

A(0;6), B(1;3), C(3;0) nén c6 phuong trinh 1a y = %xz —%x+ 6

Theo hinh v& ta c6 canh cua thiét dién 1a BM

Néu ta dat t=OM thi BM =%— /2t+%

Khi d6 dién tich cta thiét dién luc giac:

5 2
S(t)=6.M=£ Z—‘/2t+l , Vo1 te[0;6]
4 2 (2 4

6
33(7_ [, 1), 1353
2 (2 V74

Viy thé tich cua tap 1éu theo d& bai la: V = IS (H)dt = 2

0
Cau7: Mot vat co kich thudc va hinh dang nhu hinh vé€ dudi day. Day 1a hinh tron gidi han boi
duong tron x* + y* =16, cit vat boi cac mit phang vudng goc vai truc Ox ta duoc thiét dién

1a tam giac déu. Thé tich cua vat thé 1a:

323 25643




Huwéng din giai
Chon B
Giai phuong trinh x> +1)* =16 < 3> =16—x" < y =16 —x’

’ .sin§=(16—x2)\/§

2563
T

Dién tich thiét dién 14 S(x) = %‘2\/ 16—+

Thé tich can tim [a V = }S(x)dxzﬁj.(l6—x2)dx=
4 4

Dang 9: Cac bai toan ban chit dit sic cia tich phian

Bai tAp 1: Cho ham s6 y = f'(x) c6 do thi trén [-2;6] nhu hinh v& bén. Biét cic mién 4, B, x=2

2
¢6 dién tich 14n luot 1a 32; 2; 3. Tich phan j [ f(2x+2)+1]dx bing
-2

Yo

Wlescaeca=-

A.ﬁ. B. 41. C.37. D.ﬂ.

Huéng dén gidi




Ta c6 j.[f(2x+2)+1]dx=J%f(2x+2)dx+4

-2

2
Xét I, = [ f (2x+2)dx.

-2
« dt
bat t=2x+2:>dt=2dx:>dx=?

Pdican: x=—2=t=-2; x=2=1=6.
6

Suyra I, :%If(t)dt.

-2

Goi x,; x, 1a cac hoanh d¢ giao diém ciia @6 thi ham sd y = f (x) véi trye hoanh

(-2<x, <x,<6) .Taco

/ =%[)j[f(t)df+);[jf(t)df+j;f(t)df}=%(SA _$,+5,)

1 33
=—(32-2+3)="2
1 +3)=3

: 33 41
Vi 2 2) 41 de=1 +4=2244="22
ayj;[f( X+ )+]x A= A==

Bai tAp 2: Cho ham s6 y = f(x) c6 d0 thi cia ham s6 y = f”(x) nhu hinh bén. Dit
g(x)=2f(x)-(x+ 1)2 . Ménh dé nao dudi day dung?




)/
-3i o 1 :; >
———————— 2
A. g(3)>g(—3)>g(1) . B. g(—3)>g(3)>g(l).
C. g(1)>g(—3)>g(3). D. g(1)>g(3)>g(—3).
Huéng dén gidi

Chon D.

Taco g'(x)=2/"(x)-2(x+1)

g'(x)=0< f'(x)=x+1. Day 1a phuong trinh hoanh d¢ giao diém cua do thi ham sé f*(x) va
duong thing d: y=x+1.

. . x=
Dua vao do thi ta thay: g’(x):0<:>f'(x):x+1<:>{

Bang bién thién:

x —w -3 1 3 +00
g'(x) - 0 + 0 - 0 +
o() +oo\‘ g(1) +00
o3 _—" T~ _—"

Suyra g(-3)<g(1) va g(3)<g(1)

Goi S, S, lan luot 1a dién tich céc hinh phing gi6i han bi d6 thi ham sé f'(x), duong thing

d: y=x+1 trén cac doan [—3;1] va [1;3] ta co:

+) Trén doan [-3;1] taco f'(x)=x+1nén S, = j.|g’(x)|dx=%j.[f'(x)—(x+1)]dx.




+) Trén doan [1;3] taco f'(x)<x+1 nén S, =j.|g’(x)|dx=%J3.[(x+l)f’(x)]dx.

1
Duya vio db thi ta thiy S, > S, nén ta co:

3

g(x) < g(1)-g(-3)>-g(3)+g(1) = g(3)>g(-3).

>-g(x)

-3

!
Vay g(1)>g(3)>g(-3).
Luu y:
- Hoanh d¢ giao diém ciia do thi ham s6 f'(x) va dwong thang d: y = x+1 chinh la nghiém ciia
phuong trinh g'(x)=0.
- Ldp bang bién thién ta thdy g(l) [6m hon g(i3). Ta chi can so sanh g(3) va g(—3).
- So sanh dién tich dwa vao do thi.

Vi dy 4: Hinh phing (H) duoc gi¢i han béi d6 thi (C) cta ham da thic bac ba va parabol (P) c6

truc doi xiing vudng goc vadi truc hoanh. Phan té6 dam cua hinh vé c6 dién tich bang

YA
.
(C)
-1 X
. >
]
1
37 B. L. c. D. >
12 12 12 12
Huéng dén gidi

Chon A.

Vi d6 thi ham bac ba va dd thi ham béc hai cit truc tung tai cac diém c6 tung do lan luot 1a

y=2 va y=0 néntaxéthaihamsd1a y=ax’ +bx* +cx+2, y=mx’ +nx (véia, m=0).
Suy ra (C): y=f(x)=ax3+bx2+cx+2 va (P): y=g(x)=mx2+nx.
Phuong trinh hoanh d¢ giao diém cua (C) va (P) la:

ax3+bx2+cx+2=mx2+nxc>(ax3+bx2+cx+2)—(mx2+nx)=0.




bat P(x)= (ax3 +bx? +cx+2)—(m)c2 +nx).

Theo gié thiét, (C) va (P) cdt nhau tai cdc diém c6 hoanh d6 lan lugtla x=-1, x=1, x=2
nén P(x)za(x+1)(x—l)(x—2).

Taco P(0)=2a.
Mt khac, ta co P(0)=f(0)-g(0)=2=a=1.

2
Vay dién tich phan t6 ddm 1a S = J.|(x+ 1)(x—1)(x—2)|dx = %
el






