TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

GIA TRI LON NHAT, GIA TRI NHO NHAT
CUC TRI CUA HAM TRI TUYET POI
Cac bai toan vé ham tri tuyét doi da b&t dau xuat hién trong dé tham khao nam 2018 cua
bd va sau d6 cling da trd thanh trao lwu trén cac dién dan, cdc nhém, dong thoi xuat hién
nhiéu hon trong cac dé thi thit v6i cdc dang va mirc d¢ khac nhau. Mot s6 cé thé chwa phu
hop véi ki thi THPT Quéc Gia, nhung tuy nhién trong chuyén dé lan nay toi va cac ban sé
cting nhau bét tay giai quyét mot s§ dang toan tiéu biéu d6. Cling néi thém dé hoan thanh
chuyén dé nay toi rat cam on bén Vted da cé nhitng dé thi vo cung hay, cac bai toan ¢ day
dé bai hau hét duoc 1ay tir Vted va 10i giai duoc thye hién boi nhitng nguoi ban cua toi —
Ngb6 Nguyén Quynh va Nguyén Hai Linh . Mt khac cling vi cong viéc va thoi gian khong
c6 nhiéu nén to6i khong dé dua thém nhiéu dang hay khac xudt hién trong mot s6 dé thi
cua cac thay trén mang dwoc, mong ban doc bo qua. Moi y kién déng gdp xin gii vé dia
chi sau:
NGUYEN MINH TUAN - K14 PAI HOC FPT
Email: tuangenk@gmail.com
Nao bay gio chiing ta cting bat dau nhé!
1. MO PAU.
Bai todn mé diu
Goi S 1a tap hop tét ca cac gia tri thye cua tham s m sao cho gid tri 16n nhét cua ham s6
f(x)= ‘xg —3x+m| trén doan [0;2] bang 3. S8 phan ttr ctia S 1a?
A1l B. 2 C.0 D. 6
Cdu 36 — Dé tham khao THPT Qudc Gia mon todn 2018
Loi gidi

m<—x>+3x+3

Ta c6 \x3—3x+m\s3,we[0;2]@—33x2—3x+ms3@{ ,Vx €[0;2]

m>-x>+3x+3
Xétham s6 f(x)=-x"+3x trén doan [0;2]thi f'(x)=3x*-3 nén f'(x)=0<x=%1
So sanh cacsd f(0),f(1),f(2) taco r[r01121]1f(x) = —2,133})( =2 taco:
min{—x3 +3x—3} <m< max{—x3 +3x—3} o -1<m<1
[0:2] [0:2]
Day chi la cac diéu kién can cta m, ta thir lai nhw sau
o Véim=1 thivéi x=2tasécody=|f(2)+1=3
e Véim=-1thivéi x=1tasécd y=|f(2)-1=3
e Véi m=0 thivéi y=|f(x) <2 nén khong thé c6 gia tri I6n nhat 1a 3.

Vay S={-1;1} nén c¢ tat ca 2 gia tri thoa méan yéu cau dé bai.
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Nhdn xét: Day la mot cau trong dé tham khao thi THPT Qudc Gia 2018 cta Bo , nhin
chung thi day 1a mot ciu van dung cao can phai c6 kién thitc vé bat dang thikc tri tuyét d6i
cting nhu nhitng phép bién d6i c6 lién quan.

Bat dang thikc tri tuyét doi.

Cho 2 s6 thue a,b khi d6 ta 6 |a|+|b| > |a+b| > |a| - |b|

D4u “=" th nhat khi a,b cuing ddu, ddu “=" thit 2 khi a,b trai dau.

I. CAC BAI TOAN LIEN QUAN TOI PIEM CUC TRI CUA HAM SO

A. CAC TINH CHAT LIEN QUAN TOI CUC TRI CUA HAM TRI TUYET POI

Trwdc khi di vao cac bai toan ta can nhd nhitng kién thic sau.

e SO diém cyee tri cia ham so ‘ f (x)‘ bang tong s6 diém cuc tri cia ham s6 f (x) va so
lan d6i ddu ctia ham s6 f(x).
e S8 diém cyc tri cua ham s8 f (jmx + n|) bang 2a+1, trong d6 a la sd diém cuec tri 16n

hon - ctia ham s& f(x)
m

e S8 diém cyc tri cia ham s f(|x|) bang 2a+1, trong d6 a la s8 diém cyc tri duwong
ctia ham so0.
e Cho ham s6 ¢6 dang y = ‘ax2 +bx+c‘+mx, tim diéu kién cta tham s& m d€ gia tri

max(y, )=c

cye tiéu ctia ham s6 dat gia tri 16n nhat, khi d6 ta co {m L
Cau 1: Biét phuong trinh ax’ +bx* +cx+d =0 (a#0)c6 dung hai nghiém thuwc. Ham s
y =|ax’ +bx* +cx +d| c6 bao nhiéu diém cuec tri.
A. 3. B. 5. C. 4 D. 2.
Loi giai
Vi phuong trinh ax® +bx” +cx+d =0 (a #0) c6 dung hai nghiém thuc nén ham sg
y=ax’ +bx> +cx+d cb hai di€ém cuc tri.
Mit khéc ax® +bx* +cx+d=a(x-x,)’ (x—x,).Do d6 phwong trinh ax® +bx* +cx+d =0 c6
mot nghiém don va mot nghiém kép.
Vay s diém cyec tri cia ham s y = ‘ax3 +bx* +cx + d‘ bang 2+1=3.Chon d4p an A.
Cau 2: C6 bao nhiéu s6 nguyén me(—20;20)d€ ham s6 y=|x*>-2x+m|+2x+1 cb ba
diém cuec tri.
A. 17. B. 16. C. 19. D. 18.
Loi giai
Néu x* -2x+m>0,Vxthi y=x"-2x+m+2x+1=x"+m+1 cd dng mot diém cyec tri
x =0 (loai).

Néu x* —2x+m =0 c6 hai nghiém phan biét x, <x, @ A'=1-m>0< m<1.
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2x-2+2=0 x=0 C(r0
(2x—2)(x* —2x+m) {x2—2x+m>0 {x2—2x+m>0 {m>0
+2;y' =0 =

o
—(2x—2)+2=0 x=2 x=2
x2-2x+m<0 xX*=2x+m<0 | |m<0

y'=

‘xz —2x+m|

+) V6i 0 <m <1 rd rang khong c6 sd nguyén nao
+) V6i m <0 ta cd bang xét dau cta y' nhu hinh vé dudi day
Luc nay ham s6 ¢6 3 diém cuec tri. Vay m e {-19,...,1}.Chon dép 4n C
Cau 3: Biét phuong trinh ax*+bx’+c=0 (a#0) bon nghiém thuc. Ham s6
y= ‘ax4 +bx? +¢|cd bao nhiéu diém cuec tri.
A.7. B. 5. C. 4 D. 6.
Loi giai

Vi phuong trinh ax* +bx* +¢=0 (a#0) bdn nghiém thuc nén ham s

A=b*—-4ac>0

S:_—b>0 = ab<0do dé ham s8 ax* +bx*+c=0cd 3 diém cuc tri
a

P=>0
a

Mit khéc ax* +bx* +cx+d =a(x—x,)(x—x,)(x —x;)(x —x, ) nén phuong trinh

ax* +bx* +c =0 cb 4nghiém don. Vay ham s y = ‘ax4 +bx? +c‘ c6 4+3 =7 cuc tri.
Céu 4: Cho ham s6 y = ‘x“ -2(m-1)x*+ 2m—3‘. C6 bao nhiéu s6 nguyén khong am m dé
ham s6 da cho c6 ba diém cuc tri.

A. 3. B. 4. C. 5. D. 6.

Loi giai

Xétham s6 f(x)=x"-2(m-1)x*+2m—3

m-1=0<m=1= f(x)=x"-1 c6 1 diém cuc tri x =0va phuong trinh f(x)=0c6 hai
nghiém phan biét. do d6 ham s6 y = ‘ f (x)‘ c6 3 diém cuc tri (thda man)

m-1<0=m=0= f(x)=x"+2x*-3cd 1 difém cuc tri x =0va phuong trinh f(x)=0c6 2
nghiém don phéan biét. do dé ham s& y =|f (x)|c6 3 diém cyc trj (thoa man)
Tacd m—1>0=m>1 khidé f(x) c6ba diém cyc tri. Vay yéu cau bai téan luc nay tuong
duong véi f(x)=0v0 nghiém hodc c6 nghiém kép, tuc

A'=(m—1)2 —(2711—3)£0<:>(m—2)2 <0< m=2.Vay me{0,1,2}.Chondap an A
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Cau 5: Cho ham s6 y =‘x4 -2(m-1)x* +2m—3‘. Tap hop tat ca cic gia tri thuc ctia tham

s6 mdéham sd da cho c6 dung 5 diém cuc tri la

A (1%) B. @,-mj\{z}. C. (L+o)\{2).  D. (1%}

Loi giai
2
1
Xét f(x):x4—2(m—1)x2+2m—3:>f(x)=0:>(x2—1)(x2—2m+3):0<:>|:

x
x> =2m-3

TH1: Néu 2m—-3<0=Do vay f(x)c6 2 diém do6i ddu x=-1;x=1. Ham s& y=‘f(x)‘ c6 5

diém cuc tri y = f(x)cé ba diém cuc tri < ab<0< -2(m-1)<0=m>1

Vay treong hop nay ¢ 1<m< %

TH2: Néu 0<2m—3¢1<:>§<m¢2.1(hi do f(x) 6 bon di€ém d6i ddu

x=+1;x =+/2m—3 do d6 s8 diém cuc trj ciia ham s6 f(x)bing 3 va ham s8 y = ‘f(x)‘ co
7 cuc tri(loai).

TH3: néu 2m-3=1m=2= f(x)=(x*~1) khi d6 y =|f (x)|=(x* ~1) 6 3 diém cyc tri
(loai).

Chon dap an D
Cau 6: C6 bao nhiéu s6 nguyén m e(—20;20) d&é ham s6 y = ‘x“ —(m+1)x? +m‘ cd 7 di€ém
cuc tri.

A. 18. B. 20. C. 19. D. 21.

Loi giai
Xét x* —(m+1)x* +m < x> =1;x* =m(1) vay d€ ham sd y:‘x4 —(m+1)x2+m‘ c6 7 diém

m>0

cuee tri khi va chi khi phwong trinh (1) ¢6 4 nghiém phéan biét < { =>me{2,..,19}.cb

m=#1
18 s6 nguyén thoa man. Chon dap an A
Cau 7: C bao nhiéu s nguyén m e (—20;20)dé ham sd y = (x2 + 2)‘x2 —m‘ c6 dung 5 di€ém
cuc tri.

A. 1. B. 17. C. 2. D. 16.

Loi giai

Coy= (x2 +2)‘x2 —m‘ = ‘(x2 +2)(x2 —m)‘ = ‘x‘l —(m-2)x? —Zm‘.
Néu m<0=x*—(m-2)x*-2m>0,Vx nén ham s da cho c6 t6i da ba diém cuc tri (loai).
Néu m>0= x* —(m—2)x* —2m=0< x> =m < x = £Jm. Vay diéu kién 1a ham s§
y=x"—(m-2)x*-2m cd ba difm cuctri < —(m-2)<0<m>2=>me{3,..,19}.C6 17 s8
nguyén thoa man.
Chon dap an B.
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Cau 8: C6 bao nhiéu sd nguyén m dé€ ham sd

y= ‘x?’ +(2m-1)x* +(2m2 —2m—9)x—2m2 +9‘ c6 5 diém cuec tri.

A.7. B. 5. C. 6. D. 4.
Loi giai
ycbt©x3(2m—1)x2+(2m2—2m—9)x—2m2+9
) ) x=1
<:>(x—1)(x +2mx+2m —9)<:> ) )
x“+2mx+2m°--9=0
, o a=mP—(2m?-9)>0 S <m<3
Co 3 nghiém phan biét < ) o _1i\/ﬁ:>me{—2,—1,0,1,2}
1+2m+2m —-9=0 miT

Cau 9: C6 bao nhiéu sd nguyén m dé ham sd y :|x|3 —3max’ +3(m2 —4)|x |+1c6 dung 3
diém cuec tri.
A. 3. B. 5. C. 6. D. 4.
Loi giai
Ta cé yebt < y=x"—3mx* + 3(m2 —4)x +1 ¢6 ding mot diém cuc tri dwong
<y =0 3% —6mx+3(m2 —4):0<:>x:m—2;x:m+2cé ding mot nghiém dwong
om-2<0<m+2<-2<m<2=me{-1,0,1,2}. Chon ddp én D.
Cau 10: C6 bao nhiéu s8 nguyén e (~10;10)dé ham s6 y =[x’ —3mx> +3(m2 —4) |x|+1
c6 dung 5 diém cyec tri.
A. 3. B. 6. C. 8. D. 7.
Loi giai
Ta c6 yebt < y=x" —3mx* + 3(m2 —4)x +1c6 hai diém cyec tri dwong
<y =0 3% —6mx+3(m2 —4):0<:>x:m—2;x:m+2 c6 hai nghiém dwong
o m-2>0=>me{3,..,9}.Chon dap an D.

Cau 11: C6 bao nhiéu s6 nguyén m d€ ham s y =|3x° —15x° —60x +m| c6 5 di€ém cuec tri.
A. 289. B. 287. C. 286. D. 288.
Loi giai
Xét y=3x"-15x> —60xco y' =0« 15x* —45x* -60=0 < x* =4 < x =+2
Vay ham s8 y =3x" —=15x° —60x c§ dting 2 diém cyec tri x =2;x=-2
Bang bién thién
Vay dé ham s8 c6 5 diém cuc tri <> 3x” —15x° —60x +m =0 <> —m = 3x” —15x° = 60x c6 téng
s6 nghiém don va boi 1é bang 3, tiic 144 <-m <144 < 144 <m<14d = me {-143,..,143}.
C6 287 s6 nguyén thoa man. Chon dap an B
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Cau 12: C6 bao nhiéu s6 nguyén m e(-2019;2019) d€ ham sd y = ‘xz —4x+m‘+6x+1 cd
ba diém cuec tri.
A. 2014. B. 2016. C. 2013. D. 2015.
Loi giai
Néu x* —4x+m>0,Vx =>y=x>—4x+m+6x+1=x> +2x+m+1cbd ding 1 diém cyc tri
x =-1(loai).

Néu x* —4x+m =0c6 hai nghiém phan biét x, <x, ©A'=4-m>0<m<4

{2x—4+6:0 _{x:_l

> —4dx+m>0 m> -5

{—(2x—4)+60© {x:S

x> —4dx+m<0 m<-5

Khi d6 4/ - (2x—4)(x2 —4x+m)

‘x2—4x+m‘ oy =0

Véi =5 <m < 4ta cd bang xét ddu cta y' nhu sau

Ham s6 ¢6 dang 1 cuc tri x = -1 (loai).

Véi m < -5ta cé bang xét ddu cta y' nhu sau

Ham s6 ¢6 3 diém cyc tri x =x,;x=5;x=x,

Vay m e {-2018,...,-6}. C6 2013 sd nguyén thoa man. Chon dap an C

Céu 13: C6 bao nhiéu s6 nguyén me(-20;20) dé ham s y =x>-2m|x-m+1|+1 co ba

diém cuc tri.

A. 17. B. 19. C. 18. D. 20.
Loi giai
) x?=2m(x-m+1)(x-m+1=0) 2x—2m(x-m+1>0)
Tacoy=y , =y =
x*+2m(x-m+1)(x—m+1<0) 2x+2m(x—-m+1<0)
Vay ham s6 khong c6 dao ham tai diém x=m—-1va
[ (2x—2m =0 (x=m
x—-m+1>0 1<0 x=m
Y = = = 1
2x+2m=0 X =-m X=-m m>§
x-m+1<0 —2m+1<0

Vay dé ham s ¢6 3 diém cuc tri tredce tién phai c6 m > %Vé ltc nay bang xét dau cua y'’
nhu sau

Diéu nay chimg to véi m > %lé c4c gid tri can tim, cdc s6 nguyén la me{1,..,19}. C6 tat ca
19 s6 nguyén thoa man.

Cau 14: C6 t4t ca bao nhiéu s§ nguyén m thudc doan [-2017;2017]d€ ham sd
y =[x’ —3x” +m|cd 3 diém cuec tri ?

A. 4032 B. 4034. C. 4030. D. 4028.
Loi gidi
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Tacd y=x"-3x>+mcd y'=3x2—6x;y'=0<:{ _2:>y(0)=m,y(2)=m—4

m=4

Yéu cau dé bai tuong duong véi y(0).y(2)>0 <= m(m-4)>0 < { <0

m<
Do d6 me{-2017,...,2017} c6 2018+2014 = 4032 s6 nguyén thoa man.
Chon dap an A

Cau 15: Tim t4t ca cac gia tri thuc cta tham s6 m d&€ ham s6 y = ‘x3 —3x* +m| c6 5 diém

cuc tri.
A. 4<m<0. B. 4<m<0. C.0<m<A4. D. m>4hoacm <0.
Loi gidi
4 3 2 Loy 2 , x=0
Tacd y=x"-3x*+mcod y' =3x" —6x;y :O©L= =y(0)=m,y(2)=m-4

Yéu cau dé bai tuong duong véi y(0).y(2)>0 < m(m-4)<0<0<m<4
Chon dap an C
Cau 16: Tim tap hop tat ca cac gia tri thyc ctia tham s8 m d€ ham s6 y = ‘x4 —mx’ +m‘ c67
diém cuec tri.
A. (4;+oo). B. (0;1). C. (0;4). D. (1;+oo).
Loi giai
Xétham s6 y = x* —mx* +m c6 t8i da 3 diém cyec tri va phuong trinh  f (x)=0c6 t0i da 4
nghiém. Vi vdy ham s6 y = ‘ f (x)‘ 6 7 diém cyec tri khi va chi khi f(x)=0c6 4 nghiém
A=m>-4>0
phéan biét va f'(x)=0c6 3 nghiém phanbiét < |S=m>0,P=m>0< m>4
ab=-m<0
Chon dép an A
Cau 17: Cho ham s8 f(x)=ax’ +bx* +cx+d thoa man
a>0,d>2018,a+b+c+d—2018 <0. Tim s6 d&iém cuc tri cia ham so y=‘f(x)—2018‘.
A. 3. B. 5. C. 2. D. 1.
Loi giai
lim g () = —o0;lim g (x) =+
Xét g(x)= f(x)-2018 ta c6 | g(0) = £(0)-2018 =d—2018 >0
g(1)=f(1)-2018=a+b+c+d—-2018<0

Do d6 d thi ham s6 y = g(x) cat truc hoanh tai ba diém phan biét va suy ra ham s&
y = g(x) cd hai diém cyec tri
Do vay sd diém cuec tri ctia d6 thi ham s8 y = ‘g(x)‘ la2+3=5

Chon dap an B
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Cau 18: C6 bao nhiéu gia tri nguyén ctia tham s& m dé ham s6 y = ‘3x4 —4x® —12x7 +m‘ cd

7 diém cuc tri ?
A. 3. B. 5. C. 6. D. 4
Loi giai

Ham s6 f(x)=3x" —4x® —-12x” + mcd ba diém cyec tri la nghiém ctia phuong trinh

x=0
f'(x)=0<12x° 124 —24x:O:>12x(x2—x—2):0<:> x=-1
x=2

Phuong trinh f(x)=0c6 ti da 4 nghiém thuc. Do d6 ham s6 y = ‘ f(x)|c6 7 diém cye tri
khi va chi khi phuong trinh f(x)=0c6 4 nghiém thuc phan biét < 3x* —4x° -12x* =-m
c6 4 nghiém thuc phéan biét. Lap bang bién thién ctia ham s6 y = 3x"* —4x’ —12x”ta c6 gid
tri can tim -5<-m<0=0<m<5=me{1;2;3;4} 6 4 s0 nguyén thdéa man.
Cau 19: C6 bao nhiéu gia tri nguyén ctia tham s6 m d€ ham s6 y =|x* —x’ —5x* +m| c6 7
diém cuec tri.
A. 8. B. 9. C. 3. D. 4
Loi giai
Ham s6 f(x)=x"-x>—5x* +mco ba diém cuctrila x=0;x=2;x= —Z.
Vay ham s6 y = ‘ f (x)‘ 6 7 diém cuc tri < f(x)=0c6 bén nghiém phan biét
875

——<—m<0<:>0<m<@.Véy m e {1;2;3}.Chon dap an C.
256 256

Cau 20: Cho ham s& da thirc bac bén y = f(x)cd ba diém cuc tri x =1;x =2;x =3.C6 bao
nhiéu s6 nguyén m e(-10;10) d€ ham s6 y = f(|x+m|) ¢ 7 diém cyrc tri.
A. 8. B. 10. C. 2 D. 19.
Loi giai
Ham s8 y = f(|x+m|)cd 7 cuc tri < f(x+m)cd 3 di€m cyc tri 1on hon —m
x+m=1 x=1-m
Cac diém cuc tri ctaham s6 < y = f(x+m)la | x+m=2<|x=2-m
x+m=3 x=3-m
1-m>-m
Vay ta c6 didu kiénla | 2—m>-m < Vm=me{-9,..,9}. Chon dép én D
3—-m>-m

Céu 21: Cho ham s8 y = |x|3 —mx+5. Goi ala s diém cuc tri cia ham s da cho. Ménh dé
nao duoi day dung ?
A.a=0. B.a<1. C.1<a<3. D. a>3.
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Loi giai
) x> —mx+5(x20) 3x*-m(x>0) . L
Tacoy=| |, oy = ) va ham s6 khong c6 dao ham tai diém
—x° —mx +5(x <0) —3x* —m(x <0)

x=0
3x% >0(x>0)

3 <0(x <0) d6i ddu tir am sang duong khi qua diém x = 0né ham sd
-3x* <0(x<

Néu m:0:>y':{

c6 duy nhat 1 diém cuctrila x=0
3x* —m(x>0)
—3x*-m<0(x<0)

m . , ~ n . m
X = /Enen co duy nhat 1 diém cyc trila x = ,/E

B . [3x*=m>0(x>0) | m
Newm<0=y'= ~3x* —m(x <0) =y =0ex= 3

Néu m>0:>y':{ :y'=0<:>x:\/% chi d6i ddu khi di qua

Chi d6i dau khi di qua x =—, / % nén c¢6 duy nhat 1 di€ém cpec trila x=— %

Vay véi moi mham s6 ¢b duy nhat 1 diém cyec tri
Chon dap an B

Cau 22: Tim t4t ca céc gid tri thuc cua tham s8 m d€ ham s8 y =|x[ —(2m+1)x* +3m|x|-5

cO 5 diém cuec tri.
A. B

—oo;l U(1;+0). —1;1)u(1;+oo), C. (1;+4%0). D. (O;ZJU(L’JFOO)'
4 2 4
Loi giai
yéu cau bai toan twong duwong ham s8 y =x> —(2m+1)x* +3mx -5 ¢4 2 diém cuc tri duong,

tiee 3x* —2(2m+1)x+3m=0c6 2 nghiém dwong phan biét, tirc

A’:(2m+1)2—9m>0.
2(2m+1) m>1 »
S:T>O = 0< <1 chon dap an D
m —
4
P:3—m>0
3

Cau 23: Cho ham s f(x)=x"—(2m-1)x*+(2—-m)x+2.Tim tap hop gia tri thuc cua

N N

tham s6 m d&€ ham s8 y = f(|x]) c6 nam diém cyc tri.

A. —Z<m<2. B. —<m<?2. C.%<m<2. D. —2<m<%.

W | U1

Loi gidi
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Taco 5=2a+1< a=2las6 diém cyc tri duong ctia ham s8 y = f(x)

A =(2m-1)" =3(2-m)>0
Tacd f'(x)=3x*-2(2m-1)x+2-m= S:@>O ©§<m<2.
p:ﬂ>0
3

Chon dap an B
Cau 24: Tim t4t ca cac gié tri thuc ctia tham s8 7 d& ham s8 y =[x —(2m+1)x® +3mx|-5
cO 3 diém cuec tri.

A. (=;0). B. (1;+0). C. (~o0;0]. D. {oﬂ

Loi giai
xét f(x)=x"—(2m+1)x* +3mx—5va f|(x) =[x’ —(2m+1)x* +3m|x| -5
tacé 3=2a+1< a=1las6 diém cuc tri dwong ctia ham s y = f(x)
vay yéu cau twong duong voi: f(x)cd ding 1 diém cuc tri dwong < f'(x)=0c6 2 nghiém

thoa man x, <0<x, <& m=<0

Cau 25: Choham sd f(x)=ax* +bx’ +cx* +dx+e (a,b,c,d,ee R)vaa>0.

Biét f(-1)<0, f(0)>0, f(1)<0. S& diém curc tri cia ham s6 y = ‘f(x)‘ bang

A.7. B. 6. C. 5. D. 9.
Loi giai
H ()= i £ (x).£(1) <0
A< o<
Theo gia thiét ta co: 4 (0)>0 = f(O).f(1)<0 =3x, <-1<x,<0<x,<1<x,
f(1)<0 c
lim £ (x) = o lim f(x).f(1)<0

Sao cho f(x,)=0; f(x,)=0; f(x;)=0; f(x,) =0.Diéu d6 chting té rang phwong
trinh f (x) = 0c6 4 nghiém phén biét, do d6 ham s6 f (x)phai c6 3 diém cyec tri. Vi vdy ham

sO y = ‘f(x)‘ c6 4+3=7diém cyc tri. Chon ddp én A
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Cau 26: Cho ham s y = f(x)cé do thi 1Y

nhu hinh vé 6 bén. Tim tap hop tat ca
cac gia tri thye ctia tham s6 m d€ ham s6
y = f(|jx|+m)c6 5 diém cuc tri.

A. m<-1.

B. m>—1.

C.m>1.
D. m<1.

28

e e e

—_—
|
o
=

Loi giai
Ham s6 f(x)c6 2 diém cuc tri x =-1;x=1.ham s& f(|x|+m)ludn c6 1 diém cyc tri x=0
f(x+m)(x=0)
f(=x+m)(x<0)

Ham sO f(x+m)cé2dié’m cuctrila x+m=-L,x+m=1<x=-1-m;x=1-m

Pha trj tuyét d6i co y=f(|x|+m={

Ham s6 f(-x+m)cé 2 diém cuctrila -x+m=-1;,—x+m=1<x=1+mx=m-1

-m-1>0

-m+1>0

Vay diéu kién la < m<-1.Chon dap an A

m-1<0
m+1<0
Cau 27: C6 bao nhiéu s6 nguyén m d€ ham s6 y =|3x° —25x° + 60x +m| c6 7 di€ém cuec tri.
A. 42. B. 21. C. 44. D. 22.
Loi giai

Ham s6 f(x)=3x"—25x" +60x + mcd 4 di€m cuec tri 1a nghiém ctia phuong trinh
f'(x)=0<15x" —75x* +60=0 < x =+2;x = +1.

Do d6 ham s8 y = |f (x)| 6 7 di€m cyc trj khi va chi khi phuong trinh £ (x) = 0c6 tdng s8

o ot me1a1 S, v x| 38<—-m<-16 16 <m <38
nghiém don va boi 1é bang 3. Khao sat ham s6 dé co6

=
16 <-m <38 -38<m<-16
do dé c6 21+ 21 =42 s6 nguyén thdéa man. Chon dap an A.

Cau 28: Cho ham s§ f(x)=3x"* —4x’—12x*.C6 bao nhiéu s6 nguyén m >-10 d€ ham sd

y= f(|x| +m) c6 7 diém cuec tri.

A.9. B. 11. C. 10. D. 8.
Loi gidi
x=0
c6 f'(x)=12x"—12x" = 24x; f'(x) =0 = 12x(x* ~x—2) =0 < | x =-1
x=2
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do dé ham s6 f(x)c6 3 diém cyc tri x =0;x=-1;x =2

ham s& f(|x| + m) ludén c6 1 diém cuc tri x =0

pha tri tuyét d6i c6 y = f (|x[+m)= {fgx:j;)i()? 22))

Ham s6 f(x+m)cé 3 diém cuc tri la
x+m=-Lx+m=0;x+m=2x=—m-Lx=-—m;x=2-m.
Ham s6 f(—x+m)cé 3 diém cuc tri la
—x+m=-1;,—x+m=0,—x+m=2x=m+1L;x=m;x=m-2.
Do d4 ham s6 f(|x|+m) c6 t6i da 7 diém cuec tri 1a
x=0;x=m+Lx=m;x=m-2;x=—m-1;x=—m;x=2—-m.
-m—-1>0

-m>0

-m+2>0

Diéu kién bai toan twong dwong véi om<-1=>me{-9,-8,..,-2}

m+1<0
m<0
m—-2<0

C6 tat ca 8 sd nguyén thoa man. Chon dap an D
Cau 29: C6 bao nhiéu sd nguyén m dé ham s6 y = ‘x“ —4x* + m‘ c6 7 di€m cyc tri.
A. 5. B. 15. C. 3. D. 13.
Loi giai
Ham s8 f(x)=x"—4x? +m c6 3 diém cyc tri. Vay ham s6 ‘f(x)‘ c6 7 cuec tri khi va chi khi
phuong trinh f(x)=0c6 4 nghiém phén biét, ttic
{A’ =4-m>0

< 0<m<4=me{1;2;3}cb 3 s6 nguyén thoa man. Chon dap an D
5=4>0,P=m>0

Cau 30: Cho ham s8 y = f(x) c6 dao ham f'(x)=x*(x+ 1)(x2 +2mx +5).C6 bao nhiéu gia
tri nguyén m >-10d€ hamsd y = f (|x|) c6 5 diém cuec tri.

A.7. B. 9. C. 6. D. 8.
Loi giai
Yéu cau bai téan tuong duong v6i f(x)cd ding 2 diém cuec tri duwong, tiic
x* +2mx+5=0c4 2 nghiém duong phan biét, ttc
A=m>-5>0 , , A . ~
" om<—b=me {-9,-8,...,-3} ¢ tat ca 7 s6 nguyén thoa man.
S=-2m>0,P=5>0

Chon dép an A
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Cau 31: Cho ham s& f(x) c6 dao ham f'(x)=(x+ 1)2 (x +m? —3711—4)3 (x+ 3)5 ,VxeR.
C6 bao nhiéu s6 nguyén m déham s8 y = f([x|) c6 3 diém cuec tri.
A. 3. B. 6. C. 4 D. 5.
Loi giai
Yéu cau bai toan twong duong f(x) cé mdt di€m cuec tri duong, tic x* +m’ —3m—-4=0 c6
nghiém duong, tiec —m* +3m+4>0< -1<m<4=me{0,1,2,3}. Chon dép an C.
Cau 32: Cho ham s8 f(x)= (mzm8 + 1)x4 —(2m™ +2m” +3)x* +m™"* +2020. Ham s6
y =|f(x)—2019| c6 bao nhiéu diém cuec tri.
A.7. B. 3. C. 5. D. 6.
Loi gidi
Vi f(x)la ham s& trung phuong c6 ab = —(ms + 1)(21112018 +2m? +3) <0,Vm nén ham s&
f(x)c6 3 diém cyc tri va ham s6 f(x)—2019 ciing ¢6 3 diém cuyec tri.
£(x)=2019 =0 & (m™® +1)x* —(2m™" +2m” +3)x* +m™* +2020 = 2019

& (m™ +1)x* = (2m™ +2m* +3)x* + ™ +1=0

A =20 4 2m +3)° —4(m™® +1) >0

2m2018

+2m* +3 .
m2018+1

P=1>0

Phuong trinh nay ludn c6 4 nghiém thyc phan biét vi 1S = 0

Do d6 f(x) c6 4 nghiém d6i ddu. vay s6 diém cuc tri cia 6 thi ham s6 y = ‘ f (x)—2019‘
bang 3+4 =7 chon dap an A
Cau 33: Cho ham s8 f(x)=x"—(2m+1)x*+(m+2)x+1. C4 bao nhiéu s6 nguyén
m € [-5;5] d€ ham s8 y = f (|x|) c6 ding ba diém cyc tri.

A. 4. B. 6. C. 5. D. 3.

Loi giai

Ham s8 y = f(|x|) c6 diing 3 diém cuee tri khi va chi khi ham s6 y = f (x) c6 diing mot diém
cuc tri duong. Diéu nay tuong duong v6i f'(x)=0< g(x)=3x"-2(2m+1)x+m+2=0cd

hai nghiém phan biét x, < x, théa man

3.9(0)<0 3(m+2)<0
x,£0<x, < [g(0)=0 < m+2=0 Sm<-2
5>0 @w

Vay me {—5,—4,—3} c6 3 s0 nguyén thoa man. Chon dap an D
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Cau 34: Cho ham s6 f(x)=x"—(2m+1)x*+(m+2)x+1. C6 bao nhiéu s§ nguyén
me[-5;5] d€ ham s8 y = f(|x|) c6 ndm di€m cye tri.
A. 4. B. 6. C. 5. D. 3.
Loi giai

Ham s8 y = f(|x]) c6 dting 5 di€m cuyee tri khi va chi khi ham s6 y = f(x) c6 hai diém cyc trj
duong. Diéu nay tuong duong véi f'(x)=0< g(x)=3x>-2(2m+1)x+m+2=0c hai
nghiém phan biét x, < x, théa man

3.4(0)>0 |3(m+2)>0
O<x, <x,=|A>0 < (2m+1)2—3(m+2)>0<:>m>1

5>0 2(2m+1)
3
Vay me{2,3,4,5} 6 4 s6 nguyén thoéa man. Chon dép an A

>0

Céu 35: C6 bao nhiéu s6 nguyén me(-20;20) d&€ ham s6 y =x*-2m|x—m+6|+1 co ba

diém cuec tri.

A. 17. B. 16. C. 18. D. 15.
Loi giai
) x*=2m(x-m+6)(x-m+620) 2x—2m(x-m+6>0)
Taco y=4 , =y =
x*+2m(x—m+6)(x—m+6<0) 2x+2m(x—-m+6<0)
Vay ham s6 khong c6 dao ham tai diém x=m—-6va
[ (2x-2m=0
x=m
x-m+6>0 xX=m
y=0< x4 =0 | |x=-m = (m>3)
X 2m+6<0
i x-m+6<0

Vay dé€ ham sd ¢6 3 diém cuyec tri tredce tién ta phai ¢6 m >3 va lic nay bang xét dau cua y’
nhu sau: Diéu nay ching to voi m>31a gia tri can tim, cdc s6 nguyén la me{4,..,19} c6
tat ca 16 s6 nguyén thoa man.

‘x3—3x2+m‘

Cau 36: Tim tap hop tat ca cac gia tri thuc ctia tham s6 m dé€ ham sd y=e co 5

diém cuec tri.
A. (=0;0)U(4;4+). B. (0;2). C. (-0;0]U[2;+). D. (0;4).
Loi gidi

SO diém cuec tri ctia ham s6 0

bang s8 diém cuc tri ctia ham s& ‘ f (x)‘
Do d¢ yéu cau bai toan tuwong duwong véi f(x)=0< x*-3x*+m =0 cé ba nghiém phéan

biét < m(m—-4)<0< 0<m<4. Chon dap an D.
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Cau 37: C6 bao nhiéu sd nguyén m <10 d€ ham s6 y = |x° —mx +1| c6 5 di€m cyc tri.

A. 9. B. 7. C. 11. D. 8.
Loi giai
yéu cau bai téan twong duong ham s6 f (x)=x> —mx +1c6 hai di€ém cuec tri va phuong
trinh f(x)=0c6 ba nghiém thirc phan biét ta 6
f(x)=3x*—m; f'(x)=0cx =J_r\/%(m >0).va
f[ m]_ 9—2+/3m’ -f[— m]_ 9+2+/3m°
’ 9

3 9

3

khi d6 diéu kién d€ c6 3 nghiém phan biét la f(\/%] f(—\/%} <081-12m° <0 m> %

’ Je r o Je , A7 A Ve \ A7 1 A, »
chon dap 4n D. chti y cac em c6 thé dwa vé xét ham s& m = x” +—. cho két qua twong tur

x
Cau 38: C6 bao nhiéu s6 nguyén m €[-10;10] &€ ham s&

y = [mx’ —3mx’ +(3m—2)x+2—m‘ ¢4 5 diém cuec tri.

A.7. B. 10. C. 9. D. 11.

Loi giai
Yéu cau dé bai trong duong phuwong trinh
mx® =3mx® +(3m—2)x+2-m =0« (x—1)(mx* —2mx +m—2)=0c6 ba nghi¢m phan biét
m#0
<A =m’-m(m-2)>0<m>0=>me{l,2,..,10} c6 tat ca 10 gia tri
m—2m+m-2+#0

Chon dap an B

Céu 39: Cho ham s8 y = f(x)c6 dao ham f'(x)=(x"—2x%)(x*~2x), véi moi x € R. Ham
sO y= ‘ f(1- 2018x)‘ c6 nhiéu nhat bao nhiéu diém cyc tri.

A. 9. B. 2022. C. 11. D. 2018.

Loi giai

Co f'(x)=x° (x—2)(x—ﬁ)(x+\/§).Do do ham s8 f(x)cé 4 diém cuc tri la
x=0;x =2;x = +/2.Lap bang bién thién ctia ham s8 f (x) suy ra f(x)=0co t&i da 5
nghiém phan biét. Do d6 ham s8 y =|f(x)|c6 t5i da 4+5 =9 diém cye tri.
Mit khéc s di€m cyc tri cia ham s y = ‘ f(1- 2018x)‘ bang s6 diém cuc tri ctia ham s&

y=|f(x)|. Do d6 ham s8 y =|f (1-2018x)|c6 t6i da 9 diém cyc tri. Chon dap 4n A,
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II. CAC BAI TOAN LIEN QUAN TOI MIN MAX CUA HAM TRI TUYET
POI
A. CAC TINH CHAT LIEN QUAN TOI CUC TRI CUA HAM TRI TUYET POI
Bat dang thikc tri tuyét doi.
Cho 2 s6 thuee a,b khi d6 ta 6 |a|+|b| > |a+b| > |a| - |b|
D4u “=" th nhat khi a,b cuing ddu, ddu “=" thit 2 khi a,b trai dau.
}_ |a—b|+|a+b|
2

b

Tinh chat ham tri tuyét doi max{ a

7

Phuwong phap chung
e Budc1: XéthamsS y=f(x), trén [a;D] .
Tinh dao ham: y'= f'(x) .
Giai phuong trinh f'(x)=0 va tim cdc nghiém a, thudc [a;b] .
¢ Budc 2: Giai phuong trinh f(x)=0 va tim cac nghiém b; thudc doan [a;b] .
F®)1£ ()| (b;)] - So sénh va ket luan.

e Budc 3: Tinh céc gié tri:|f (a) ; ;
Cau 1: C6 bao nhiéu s6 thyc m d€ ham s6 y = |3x2 —4x° -12x% + m| cé gia tri lon nhat trén

7

doan[—3;2]b§mg 150?
A. 4 B. 0 C.2 D. 6
Loi giai
Xétu =3x* —4x* —-12x* +m trén doan[-3;2] ta co:
U'=012x-12x>-24x=0<=x=0;x=-1;x = 2.
A =maxu(x) :max{u(—3),u(—1),u(0),u(2)} =u(-3)=m+243

[-3:2]

Khi d6
a=minu(x)=min{u(-3),u(-1),u(0),u(2)}=u(2)=m-32
[57]
| (|m+243)=150
m+243|2m-32|  [m=-140
Vay max y = max {|m +243|,|m 32|} =150 < @{
[52] |m—32| =150 m=-93
| |m—32]>|m+243]

Cau 2: Cho ham sé’yz|x2+x+m|. Tong tat ca cac gia tri thwc cua tham s6 sao
ch01[n2i£y=2b§mg?

A. -1 B. -8 C. B D.
4 4

Loi giai

=~ | ©

Xét ham s6 u =x* +x+m trén doan[-2;2] ta céu'=0©2x+1=0<:>x=—%.
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Do dc’)Azr[nza;](u:max{ (—2),u[—%j,u(2)}:max{m+2;m—i;m+6}=m+6 va

a=minu=min<u(-2),u 1 ,4(2) f =min m+2;m—1;m+6 =m—1.
[-2:2] 2 4 4
~ 1 . 1 9
Néu a>0eom>=—=miny=m-—=2<m==(t/m).
4 [22] 4 4

Néu ASO@mS—6:>I[{1zi;g]1y=—(m—6)=2<:>m=—8(t/m)
Né'uA.u<0<:>—6<m<%:>r[réig]1y=0(l).
23

A A? 7 ./ . k] ~N \ 9
Vay tong cac gia tri thyre cta tham s6 1a i 8= 7

Cau 3: Goia,B Tan luwot la gia tri 16n nhdt va gid tri nho nhdt caa ham s6
y= ‘?mc4 —4x® -12x% + m‘ trén doan [-3;2]. C6 bao nhiéu s6 nguyénm e(-2019;2019)
dé2p > a.
A. 3209 B. 3215 C. 3211 D. 3213
Loi giai
Xétu =3x" —4x® —12x* +m trén doan[-3;2] ta co:
u'=12x°-12x* - 24x;u'=0 = 12x° - 12x* -24x =0 <= x=0;x =-1;x = 2.
A=maxu(x)= max{u(—3),u(—1),u(0),u(2)} =u(-3)=m+243

[52]
a=minu(x) =min{u(—3),u(—1),u(0),u(2)} =u(2)=m-32

[-3:2]

Khi d6

Néu 0120 m-3220< m>32 < o=m+243;f =m—32 khi d6 gia thiét tvong duong
2(m—32)2 m+243 < m > 307

Néu A<0e= m+243<0< m<-243 & a=—(m-32);B=—(m+243)khi d6 gia thiét twong

duong -2(m+243)>—(m-32) < m<-518.

7

Néu —243 <m <32 = A.a< 0= max{|m+243|,|m—32|} = max{m+243,32—m} > 0;3 =0
treong hop nay khong thoa man 2> a
Vay —2019 <m < -518 307 <m < 2019 = m € {-2018;...,-518,307,...,2018} .

Cé tat ca 321 s6 nguyén thdéa man.

— 2 —
Cau 4: Cho ham s6 y = ‘x n 5 m‘ Gia trj 16n nhat M caa ham s8 trén doan|[1;2] co gia tri
X+
nho nhat bang?
Al B. - c.l D. L
6 8 5 7
Loi giai
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x—m*—m

Xéthamso u=————taco u'= —>0,vxe[1;2],vmeR.
xX+2 (x+2)
2 _ 2 -
Do dé6 Azmaxuzu(Z):—Lm2;a:minu:u(l):—Lm1
[1:2] 4 [1:2] 3
A m2+m—2| m2+m—1|
Vay maxy =max , .
[12] 4 3|
2 _ 2 _
Taco 7M > 4[- " 2§+3‘m +3m 1%:‘m2+m—2‘+‘m2+m—1‘21:>M2;.
2 2
: — — 744/
D4u bang xay ra < morm 2|:|m m 1|:1<:>m=—7_ 329.
4 || 3 |7 14
. « o~ x—m'-m| .., .., " A . e
Cau 5: Cho ham s6 y = o .Gia tri 16n nhat M ctua ham s6 trén doan[l;Z] cé gia tri
X+
nho nhat bang?
A. 26 B. 18 C. 28 D. 26

Loi giai
Xétu=x>+x2 +(m2 +1)x+27 trén doan[-3;-1] ta cou'=3x" +2x+m* +1>0,Vx.

Do d6 A=maxu =u(-1)=26-m*;a=minu=u(-3)=6-3m’
(3] 5]

,6—3m2\}va AM 2 3|26 —m?| +]6 - 3m’| 272 = M 2 18.

Do d6 M= maxy = 1rnaxﬂ26—m2

D&u bang xay ra ‘26—m2‘ = ‘6—3m2‘ —18 < m=+2+2.
Cau 6: Goi S la tap hop gia tri thyce ctia tham s6 m sao cho gia tri 16n nhat cta ham sé
y=[x"-3x+ m‘ trén doan [0;2]bang 3. S§ phan tir ctia S 1a?
A. 1 B. 2 C.0 D. 6
Loi giai
Xét u=x"-3x+m cé u'=3x*-3;u'=0< x=1€[0;2]. Khi d6

A:r[r(}gf(:max{u(O),u(l),u(Z)} =max{m,m—2,m+2}=m+2

azl[r&ig]lu:min{u(O),u(l),u(Z)}:min{m,m—2,m—2} =m-2

|m+2|=3
|m+2|>|m-2|
m—2|}:3<:> osm=1,m=-1.

lm-2|=3
|m—2|=|m+2|

Cau 7: Cho ham s8 f(x)= ‘x‘* —4x° +4x% + a‘. Goi M,m Ian luot 1a gid tri I6n nhat va gi4 tri

7

Suy ra maxy = max {[m +2

nho nhat ctia ham sd trén doan[0;2]. C6 bao nhiéu s6 nguyéna €[-3;3] , sao cho M <2m.
A.6 B. 3 C.7 D. 5
Loi gidi
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x=0
Véi u=x*-4x*+4x> +a=u'=4x° - 12x*+8x;u'=0< |x =1.
x=2

1o 1[1_115;137](1/{ = max{u(O),u(l),u(2)} =u(l)=a+1
r[glg]lu = min{u(O),u(l),u(Z)} =u(0)=a

Néu a>0=>m=a,M=a+1=2a>a+1<a>1=ae{1;2;3}.
Néu a<-1=>m=—(a+1);M=—-a=-2(a+1)>2-a<a<-2=ae {-3;-2}.
Vay c6 tat ca 5 s6 nguyén théa man.
BAI TAP TUONG TU.
Cho ham sd f (x) = ‘x‘* —4x° +4x7 + a‘. Goi M,m Tan luot 1a gia tri 1on nhat va gia tri nho
nhat cia ham s8 da cho trén[0;2]. Cé bao nhiéu s6 nguyéna e[—4;4] sao choM <2m?
Cau 8: Cho ham 8y =[2x—" —\[(x +1)(3-x) +m]. Khi d6 16n nht ciia ham s5 dat gié tri
nho nhat. Ménh dé nao dudi day diung?

A1l B. 2 C.0 D. 6

Loi giai

Diéu kién xac dinh (x+1)(3-x)>0< -1<x<3.

Dit t:\/(x+1)(3—x) —3-x?+2x e2x—x*=* -3,

Khi d6 ta can tim gid tri I6n nhat ctia ham s6 y = ‘tz —t-3+ m‘ trén doan|[0;2]

Ta cd max u = max u(O),u(2),u(1j :max{m—B;m—l;m—E}:m—l;maxu:m—l—s.
[0:2] 2 4 [0:2] 4

7

13 13
|m—1|+—m‘ ‘(m—l)+(—m)‘

Do démaxy = max{|m—1

4 2 - 2
Dau bang xay ra |m—1|:‘m—ﬁ Lem1
4| 8 8
Cau 9: Goi S la tap hop tat ca cac sd nguyén m dé ham s6 y = %x“ —%f +30x +m| co gia
tri 1én nhat trén doan[0;2] khong vuot qua 20. Tdng cac phan tir ctia S bang?
A. -195 B. 210 C. 195 D. -210
Loi giai
x=-5¢[0;2]
Xétu =%x4 —%xZ +30x+m trén doan[0;2] cdu'=x*-19x+30;u'=0< | x=3¢[0;2] .
x=2¢[0;2]

Do dc')rfolg]xu=max{u(0);u(2)} =max {m,m+36} =m+26 vér[lg;izr]lu =m
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Do dé%g]xy:max{ = -20<m<L—-6

m|<|m+26]<20 [-13<m<-6
}<20 e
[m+26|<|m|<20 | -20<m<-13
20
Vay me{-20,-19,..,—6}. Vay tong cdc phan tir cia S bang—» k =-195
6
BAI TAP TUONG TU.

. w M A et e 1 a1 a1y o 1 19
Goi a,blan luot 1a gia tri 16n nhat va gia tri nho nhat cia ham s6y = ZX4 —7x2 +30x+m

trén doan[0;2]. C6 bao nhiéu s& nguyénm e [-30;30] d€2b>a
Cau 10: Cho ham s& f (x ‘x —3x” + m‘ C6 bao nhiéu s6 nguyén m dé mlnf( x)<3.

[13]

A. 4 B. 6 C. 11 D. 10
Loi giai

Véiu=x>-3x*+m cou'=3x*-6x;u'=0=>x=0,x=2.

r[r11;i31]1u=min{u(l),u(?)),u(O),u(Z)}=min{m—2;m;m—4}=m—4

Do dé6
rﬁ%cu:max{u(l),u(3),u(0),u(2)} =max{m—2;m;m—4} =

Né’um—420<:>m24:>1[r11i31]r1f(x)=m—4£3<:>m£7:>me{4;5;6;7}.

Neum<0:>n11121]nf( )=—m<3<-3<m=me{-3;-2;-1,0}.

Néu0<m <4 khi dédminu<0;maxu>0= minf(x) =0. (Théa man)
(1:3] [1:3] [1:3]

Vayme{-3;..;7} ¢6 11 s6 nguyén thoa méan
BAI TAP TUONG TU.
1. Chohams6 f(x ‘2x -3x” + m‘ C6 bao nhiéu s6 nguyén m dé r[nmf( )<3.

2. C6 bao nhiéu s6 nguyén m d€ ham s6 y = ‘x —2x% +m| cd r[r%%]ly <3.
3. Chohams6y = ‘x‘* —2x% +x% + a‘. C6 bao nhiéu s6 nguyén a d€ maxy < 100.

4. Chohamsdy = ‘x3 =7 +(m* +1)x—4m —7‘. C6 bao nhiéu s6 nguyén t6 m d€

<
i

5. Cho ham s8 y =[sin3x +sinx+m|. C6 bao nhiéu s6 nguyén m d€ gid tri 16n nhat cua
ham s6 16n nhéat cua ham s6 khong vuot qua 30.
6. Cho ham s8 f(x)=x*-3x+1. C6 bao nhiéu s nguyén m d€ gia tri nho nhat cua

ham s8 y =|f(2sinx+1)+m| khong vuot qua 10?

7. Cho ham s6 y=

1x +;(m2—2)x3—m2x3+m‘. C6 bao nhiéu s6 nguyén m dé

<
=S
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Cau 11: Cho ham s6 f (x) =x° —3x. Goi M,m Ian luot 1a gia tri 1én nhat va gia tri nhd nhat
ctia ham s8 y =|f (sinx+1)+2|. Gid tri bi€u thitc M +m bang?
A. 4 B. 6 C.2 D. 8
Loi giai
Dt t=sinx+1e[0;2], khi doy =|f (sinx+1)+2|=|f(t)+2|=|t* —3¢t+2|
Xétu=1t*—-3t+2 trén doan[O;Z] cOdu'=3t>-3;u'=0< t=+1.

IE%]X = max{u(O),u(Z),u(l)} =max{2;4;0} =4
min u =min{u(0),u(2),u(1)} =min{2;4;0} =0

[0;2]

Do dé6

Do d6 M =max|u|=4;m=min|u|=0=M+m=a+0=4
[0:2] [0;,2]

Cau 12: Cho ham s6y = ‘x‘* —2x% +x% + a‘. C6 bao nhiéu s6 thuc a dé I[I’%lg]ly tmaxy = 10.

A. 2 B. 5 C.3 D.1
Loi giai

Xét u=x"—-2x"+x*+a trén doan[0;2] ¢ u'=4x3—6x2+2x;u'=0<:>x:0;x:1;x:%.
M:r[xllaz)](u:max{ (—1),u(2),u(O),u[%j,u(l)}:u(—l):u(2)2a+4.
m:r[r}ié]wt=min{u(—l),u(Z),u(O),u(%j,u(l)}=u(0)=u(1)=a

Truong hop 1: Néum >0 < aZO:E}iﬂy:m;IﬂE_y}(y:M.

.  gon 1an 820
Vay ta c6 diéu kién Sa=3
a+a+4=10

Trwong hop 2: Né’uM,m<0<:>aS—4:>r[gi§]1y=—M;1[111;12>]<y:—m.

a<-4

7.
~(a+4)-a=10""

Vay ta c6 diéu kién{

a

Truong hop 3:M,m<O<:>—4<a<0:>r[ﬂi§]1y:O;r[nle_12>]<y:max{|a+4, } =max{a+4;-a} <10.
Suy ra I[E}g]ly+r[_rgz;;12>]<y<0+10:10(loa1)
Cau 13: Cho ham sdy =‘2x2 +(a+4)x+b+3‘. Goi M la gid tri 16n nhat caa ham s6 trén

doan[-2;3]. Khi dat gid tri nho nh&t, tinh gia tri biéu thiic a+4b.

A. 41 B. -30 C. 30 D. 41
Loi gidi
Xét u=2x"+(a+4)x+b+3 trén doan[-2;3] Céu':0<:>4x+a+4=0<:>x:—%
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Truong hop 1: Né'u—% ¢[-2;3] = (a<-16)v(a>4) taco

M:max{‘u(—Z) u(3)‘}:max{|2a—b—3 3a+b+33|}

N |2a—b—3|+2|3a+b+33| . \(2a—b—3)+2(3a+b+33)\ _ 5|a2+6| s,

Truong hop 2: Néu - 4 Z 4

7 7

e[-2;3] = -16<a<4 tacd

2
u(_ﬂz4j‘}:max{|—2a+b+3 %+a—b—1‘}

2 2
24—(1—19—1‘ ‘(—2a+b+3)+(3a+b+33)+2(2+a—b—1]‘
>

3a+b+33

u(3)

7 4 4 7

M= max{\u(—z)

|-2a+b+3|+[3a+b+33|+2

4 4

So sanh hai treong hop cO M, = %

b=
4

Cau 14: Gi4 tri 16n nhat ctia ham s6y = ‘xz +ax+b‘ trén doan [m,n](m<n) c6 gia tri nho

) a=-6
D&u bang xay ra <:>|2a+b+3|=|3a+b+33|=‘%+ab1‘=%<:>{ 35 = a+4b=-41.

nhat bang?
A. %(m—n)2 B. —(m—n)2 C. —(m—n)2 D. %(m—n)2

.....

Goi M:r[naiq/.
. Né’u—gsé[m;n]<:>(a<—2n)v(a>—2m) ta co

7

M =max{y(m),y(n)} = max{‘m2 +am+b

n> +an+b‘}

‘m2+am+b‘+‘n2+an+b‘ ‘m2—n2+a(m—n)‘
> >
2 2

:%|m—n||m+n+a|>%(m—n)2.

)
4

. Né'u—% e[m;n] taco

n*+an+b

7 4

M:max{y(m),y(n),y(—gj}:max{\mz+am+b

2 2
\ u a
Va 4M2‘m2+am+b‘+‘n2 +an+b‘+2 Z_b > E+a(m+n)+m2+n2

:%(a+m+n)2+%(m—n)2 :>M2%(m—n)2.
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2
D&u bang dat tai ‘mz +am+b‘=‘n2 +an+b‘:‘%—b‘=%(m—n)2.

xt+ax+a

Cau 15: Cho ham s0y =
x+1

. Goi M,m Tan luot 1a gia tri nhé nhat cta ham s6 trén

doan|[1;2]. C6 bao nhiéu s& nguyén a sao cho M > 2m.

61 16

Il
16\ ( 1) ( 16j<:> 6 T3
m=—| a+— —la+=|>2-2|a+—
3 2 3

A. 15 B. 14 C. 16 D. 13
Loi giai
4 4 3
Xét y=2T* 4 an doanu'=M>O,Vxe[1;2].
x+1 (x+1)
, 16 . 1
Do déomaxu=u(2)=a+—;minu=u(1l)=a+—.
[1,2] 3 [12] 2
e Néua+=>0= 3 = & -——<a<—.
2 1 16 ( 1} 2 3
m=a+— a+—2>2|a+—
2 3 2
M=—(a+1 a+ESO
2 3

. Né’ua+%£0:

o Né’u(a+%j(a+%j<O:m:O,M:max{aJr% , a+%‘}:>M>2m( thoa man) .
. 61 13 . ~ R o
Vay —p Sas T =ae {-10;...;4}. C6 15 s6 nguyén thdéa man.

Céau 16: Cho ham scA)'f(x):‘x2 +ax+b‘. Goi M la gid tri 16n nhat caa ham s6 f(x) trén
doan[-1;3]. Khi M dat gid tri nho nhat, gia tri ctia biéu thirca+2b bang?
A. 1 B. 2 C. 4 D. 6
Loi giai
Cdch 1.

14 a
Xétu=x*+ax+b=u'=2x+a,u'=0>x=——.
2

Truone hop 1: Néu — % e[-1:31e | *7 2 khi d4
ruong hop 1: Néu 2&2[ ;3] < g Khidd

M =max{f(-1), f(3)} =max{[1-a+b

4

9+3a+b|}2%|8+4a|:2|a+2|>4

Truong hop 2: Né'u—g e[-1;3] < -6<a<2, khi d¢
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2
-4
4

9+3a+b

4 4

M:max{f(—1),f(3),f(—§j}:max{|1—a+b

2
po L1
4| 2
So sanh 2 treong hop suy ra min M =2 ddttaia=-2=b=-1
Cdch 2. Theo gia thi€t M > f(-1)=[1—-a+b|,M> f(1)=|1+a+b

2

a+ +5
4

1

2
(E+1j +4
2\2

>2.

7

2max{|a+b+5

,M=>f(3)=]9+3a+b|.
Suy ra st dung bat dang thiec|x|+|y|+|z| 2 [x +y + 2| 6
AM > f(-1)+2f(1)+ f(3)=[1—a+b|+2[1+a+b|+|9+3a+b|.
>|(1-a+b)-2(1+a+b)+(9+3a+b)|=8=M=2.

Vay gid tri 16n nhat ctia ham s& trén doan [-1;3] c6 gid tri nho nhat bang 2 dat tai

[1-a+b|=2,|1+a+b|=2,]9+3a+b|=2

(1-a+b)(9+3a+b)=0 @{a:_23a+2b:—4.
(1-a-b)(-2-2a-2b)>0 =-1
(9+3a+b)(-2-2a—-2b)>0

Cau 17: Cho ham s6 f (x)=x* -3x+1. C6 bao nhiéu sd nguyén m dé gid tri nho nhat cua
ham s8 y =|f (2sinx+1)+m| khong vurot qua 10?
A. 45 B. 41 C. 30 D. 43
Loi giai
D4t t=2sinx+1e[-1;3] tacdy =‘f(t)+m‘=‘t2 —3t+m+1].

Ta can tim m sao cho r[r}1§]1 y <10.

Xétu=1>+3t+m+1 trén doan[—1;3] tacou'=0=3t>-3=0<t==1.

VéyA:r[rES)](u :max{u(—l),u(3),u(l)} =max{m+3,m+19,m-1} =m+19 va a:rr}i;?u:m—l.

Truong hop 1:NéhaZO:r[{}ig]ly:a£10©O£aSlO@OSm—lSlO@lSasll.

Trwong hop 2: Néu
ASO:I[Eig]ly=—A310<:>—10SASO@—lOSm+19SO<:>—29SaS—19

Truong hop 3: Néu
A.a<0<:>(m—1)(m+19)<0<:>—19<m<1:>r[{1li§]1y:0£10 (thoa man )
Vayae{-29,..,11} . Co tat ca 41 s6 nguyén thoa man
Céu 18: Cho ham s8 f (x) = |x* —3x+m|. C6 bao nhiéu s& nguyén m e (-20;20) d& véi moi
bd s6 ba s8 thuca, b, c €[-2;1] thi f(a), f(b), f (c) 1a d0 dai ba canh ctia mot tam giac?
A. 30 B. 24 C. 28 D. 26
Loi gidi
Xét u=x"-3x+m trén doan[-2;1] c6u'=0<3x’-3=0< x=+1.
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i ds maxu :max{u(—2),u(1),u(—1)} =max{m—2,m—2,m+2} =m+2
r[glﬂu :min{u(—2),u(1),u(—1)} =min {m—2;m—2;m+2} =m-2

Dé f(a),f(b), f(c)la dd dai ba canh tam gidc ta phai cd f (a)+ f (b)> f(c).
Chon f(a) = f(b) = rljlinf(x);f(c) = r[gaf](f(x) ta phai c6 2r[1_r£1{]1f(x) > max f(x).

[-2:1]

Nguoc lai 21[}121¥]1f( )>max f(x), tacd f(a)+ f(b)— f(c)=2min f(x)-max f(x)>0.

[-2:1] [-2:1] [-2:1]

Vay diéu kién can va du d€ f (a), f(b), f(c) 1a 46 dai ba canh tam gidc 1a
2r[31{]1f( )>maxf( )

[-2:1]

. Neu(m—Z)(m+2)<0:>2r[{1zi_{]1f() 0:>20>maxf(x)(loa1)

220
e Néum- 2>0:>m1nf() m— Zmaxf m+2:>{m & m>6.
[-211] (-21] 2 m 2 >m+2
m+2=0
. m+2<0:>r[21¥1f( )=—(m+2); r[n{lf]cf( )= —(m—Z):{_z(m+2)>_(m_2)<:>m<—6.

Vay me{-19,.,-7,7,.,19}. C6 26 s& nguyén thoa man.
Cau 19: Cho ham s6 f (x ‘x —3x+m‘ C6 bao nhiéu s6 nguyénm e (-20;20)d€ véi moi
bd ba sd thwca,b,c e [—2;1] thi f(a), f (), f(c) la d6 dai ba canh mdt tam gidc nhon?

A. 30 B. 16 C. 28 D. 12

Xét u=x"-3x+m trén doan[-2;1] cdu'=0<3x*-3=0< x =+1.

I[tge;if](u=max{u(—2),u(1),u(—1)}=max{m—2;m—2;m+2}=m+2

Khi d6{ ' |
r[gg]lu=m1n{u(—2),u(1),u(—1)}=m1n{m—2;m—2;m+2}=m—2

DEf(a), f(b), f(c) 1a do dai ba canh tam gidc nhon ta phai nhon thi f*(a)+ 2 (b) > £ (c).

Chon f(a)=f(b)=min f(x); f(c)=max f (x) ta c6 diéu kién Z(I[Ilzlﬂf(x)j >(maxf(x)j .

[-2:1] [27] [-21]

2 2
Nguoc lai véi Z(I[r;l n f(x)j > (r[naxf(x)j ,co

f2(a)+ £ (b (x[nnf j (maxf( )j2>o.

[-2:1]

Vay diéu kién can va du dé f (a ) f(b), f(c) 1a d6 dai ba canh cia mot tam gidc nhon la

2(pag ) > ()

2
e Néu (m-2)(m+2)<0= 2r[g1ﬂf(x) =0=2.0"> (r[r_ga%(f(x)j (loai)
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o Néum-220=min f(x)=m-2;max f(x)=m+2

[-2:1] [-2:1]

m—-22>0
= ) o m>6+442.
2(m+2)" >(m-2)

e Néu m+2<0:>m1nf( )=—(m+2); maxf( )=—(m-2)

[271] [-2:1]

m+220
= ) , o> m<—6— 4/2.

2(m+2) >(m-2)
Vay me{-19,.,-12,12,.,,19}. C6 16 sd nguyén thdoa man.
BAI TAP TUONG TU

Cho ham s f (x ‘Zx —9x? +12x+m‘ C6 bao nhiéu sd nguyénm e (—20;20)d€ v6i moi
bo ba so thuce a,b,c e[-2;1] thif(a), f (), f(c) 1a 0 dai ba canh mot tam gidc nhon.

Cau 20: Goi M 1a gia tri 1on nhat ctia ham sdy = ‘4ax3 +(1—3a)x‘ trén doan[-1;1] . Gia tri
nho nhat cia M bang?

Al g, 3 ct

D. L
2 2
Loi giai
Xét u=4ax’+(1-3a)x tacou'=0 < 12ax* +1-3a=0.

e Néua=0=y=[x|=>M-= maxy = 1.

. Néha¢0:>u'=0<:>x2:3a_1.
12
- 3a—1>1 —1<a<0 g
o Neullg[-1;1]e| 127 _Khido M= y(1)=[1+a|>=.
12a 3a-1 9
<-1 O<a<—
12a 15
3a-1 3a-1 az7z
¢ Néu S e[ Ul]e-1sT <o 5
a 1
A ——
19
3a-1 (3&1—1)2 (3a—1)2
Khi d6 M = max{y(1),y| + =max1[l+a|,[——" >4 [———.
12a 27a 27a

2
Khao sat ham s6 g(a) = (Ba-1) trén D =(—00;—1}U[l;+00j

Ta c6min g(a) = g(—l] _

xeD
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5 J3

Voi a:—1:>M:max —;ﬁ =— (thoa man).
6 6 2 2
So sanh cac treong hgptacd M, = % dat taia = —%.

Cau 21: Cho ham so ‘xS +ax*+b

, 801 M la gia tri 16n nhat ctia ham s& trén doan [-3;2].

Khi M dat gia tri nho nhat thi T =log, ,

b| c6 gia trila?
A.0 B. 4026 C.2 D. %
Loi giai
Xétham s6 h(x)=x"+ax* +b
Goi m,n lan luot 1a gia tri nho nhat va gia tri 16n nhét caa h(x) trén doan [-3;2] .
m=|4a+b+8| [m=[9x+b-27|
Suy ra oac
n=9x+b-27| n=|4a+b+8§|
_ [+ |+ || =[]

=T

|[4a+b+8|+|9a+b—27|+|4a+b+8~[9a+b-27|
ymux:
2

4a+b+8/—|9a+b-27||0

Yyuee = max {[m];[n

7

Vil4a+b+8|+|9a+b—-27|>0;

m=n
a=7
Vay ¥,.. 2 0. Dau “=" xay ra khi [m =0= { =T =log, , |b|=1og, 36 =2.

b=-36
n=0

(x+y)
2x—y+1|}= .

Cau 22: Cho 2 s6 thuc x>1,y >0 thoa man diéu kién max{‘x2 +1 —
x*+y

7

Hoi biéu thite P=3(x+ 1)(x2 +2y+ 1) cd tét ca bao nhiéu wde sd nguyén duong?

A.5 B. 6 C.7 D. 8
Loi giai

Ta c6 mot tinh chat co ban ctia ham tri tuyét doi a+b + a_—b =max{ al; b}
2 i 2

Ap dung ta c6 max{‘x2+1;2x_y+1|}= X +2x y+2%+ X ixw%

Stt dung bat dang thtkc tri tuyét d6i ta c6

2 2
2 +2x—y+2| |x*-2xty| 2x2+2|:2x2+222(x21)
2 | 2 |7 2| 2
2
2 (1/2 x2+y2)
Mt khéc theo bat ding thirc Cauchy — Schwarz ta c6 (x2++y ) < (2+ 2) =2
x4y x4y
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Vay VT >2>VP.Dau “=" xay ta khi va chikhi x=y=1.

Khi d6 P =24 c6 tat ca 8 wdc s6 nguyén duong.
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II1. POC THEM - UNG DUNG TOAN CAO CAP TRONG GIAI TOAN SO

CAP
A. DA THUC CHEBYSHEV

Da thttc Chebyshev, duoc ddt theo tén nha todn hoc Nga Pafnuty Chebyshev, la mot day
da thtec truc giao (tiéng Anh: orthogonal polynomials), va ¢6 lién quan dén cong thirc de
Moivre (de Moivre's formula). C6 thé x4c dinh day da thiic nay bang cong thiic truy hoi,
giong nhu s6 Fibonacci va sd Lucas. C6 hai loai: da thirc Chebyshev loai I (ky hiéu 1a Tn)
va da thitc Chebyshev loai II (ky hiéu la Un). Chit T duoc dung dé€ ky hiéu vi, trong tiéng
Phap tén ctia Chebyshev viét la Tchebycheff va trong tiéng Ptc 1a Tschebyscheff. Chit n
ky hiéu cho bac ctia da thirc. Pa thiic Chebyshev y twong don gian (ciing nhu ban chéat cua
no) chi 1a biéu dién cos(nx) la da thitc bac n theo cosx . Trong bai viét nay ta sé cing tim
hiéu dinh nghia cac tinh chat va tng dung cta né.

1. DINH NGHIA VA TINH CHAT PA THUC CHEBYSHEV

1. PINH NGHIA

Cac da thuc T, (x), n € N xac dinh nhu sau: { 0

Goi la cac da thirc Chebyshev loai I.

Cac da thtic T, (x), n € N x4c dinh nhu sau: { °

Goi la cac da thirc Chebyshev loai II
2. CAC TINH CHAT CUA PA THUC LOAII
Da thitc Chebyshev ¢6 nhiéu tinh chat hay, dugc sit dung rat nhiéu trong viéc giai quyét
cac bai toan da thirc. Sau day xin duoc néu mot so tinh chat quan trong (viéc chiing minh
rat dé dang)

e Tinh chat 1: Vxe[-1,1],tac6 T,(x)=cos(narccosx)

e Tinh chdt2: T, (x)la da thitc bac 1,1 € Z ,hé s cao nhat 1a2"™

e Tinh chat3: T,(x) la ham chan khi x chan va la ham 1é khi x 1é.

e Tinh chat 4: Da thtte T, (x) c6 dung n nghiém phan biét trong[-1,1]:

2k+1

X, =COS n,(k=1,2,.,n-1)

Tinh chat 5:
T, (x)<1,vxe[-1,1]

n

a)

b) T (x)‘ =1chi tai n+1 di€ém khéac nhau trong [-1,1]1a X, = cosk—n(k =1,2,..,n)

n
n

Chay la: T, (x,) = (-1)'
Céc diém x, goi la diém luan phién Chebyshev.
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e Tinh chédt 6: VP(x) bacn, hé s6 cao nhat bang 1, ta c6 max‘P(x)‘ > 23_1
Dang thitc xay ra<> P(x)=T, *(x)= 23_1
Mbt vai da thic khoi dau
1.T,=2x* -1
2. T, =4x" - 3x

3. T, =8x* —8x*+1
3. CAC TINH CHAT CUA DA THUC LOAI II

, o , sin (narccos x)
e Tinhchdtl: Vxe(-1,1) tacod U, (x)=
! J1-x2

e Tinhchat2: U,(x)= lTn '(x)
n

e Tinh chat 3:
a) U, (x) la da thic hé sd nguyén, bac n—1 , hé sd cao nhatla 2"
b) U, (x) 1a ham ch&n néu x 1é va 1a ham lé néu x chan.

e Tinh chat 4: |Un (x)| <n,Vxe(-1,1)

e Tinh chat 5: Pa thite U, (x) c6 dung n-1 nghiém phan biét khéc nhau trong [-1,1]
Dic bigt: Tix tinh chét 2 va 4, ta cé: T, (x)|<n’, Vx e(-1,1)
IL. MOT SO BAI TOAN MINH HOA
Mot trong nhiing dau hiéu dé€ nhan biét bai toan da thirc ¢ st dung tinh chat cua da thic
Chebyshev hay khong d¢6 la mién gia tri ctia da thirc. Cac bai toan trén mién [-1;1] déu
goi ra cach giai bang phuong phap st dung tinh chat ctia da thitc Chebyshev. Sau day ta
xét 16p cac bai toan vé da thirc 6 st dung tinh chat ctia da thiic Chebyshev.

Bai 1: Cho ham s8 y =4x” +(a+3)x* +ax. Tim a d€ |y|<1 khi |x|<1.

Loi gidi
Vi |y|<1 khi |[x|<1 néntacé:
(W< (7+2d<1
y(-1)|<1  |]-1<1 ~1<7+2a<1
1 1 a+3 a a 1
- Sy _Tl<c1e-1<——+—-<1
‘y(zjgl ‘2 1 2 44
3a 5
1 1 a+3 a_, ~1<=—+=<1
M‘E)“ R io4
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-1<7+2a<1
4<-0+1<4 &
—4<3a+5<4

-4<g<3
3<asbh <a=-3

—3Sa£1

Nguoc lai, khi a=-3 thi y:4x3 —3x. Pat x=cosp Vvbi e [0;11] thi y =cos3¢ rd rang

i [x|<1.
Binh luan: Néu chi xem 10i giai va khong hiéu r6 ngudn goc, cdi nguoén cta bai toan thi
hoc sinh sé thdy 10i giai méat tu nhién ¢ viéc la tai sao ta chi xét gia tri ctia ham s tai cac

1 ... e A e e e
gid tri cua x la £1 ;iz ma khong phai la cdc gia tri khac. Thuc chat caa viéc xét gia tri cua

\ ~ . 7 o« A? 1 4 \ 7 . 7 . ? \ N . 14 - A ? ’
ham so tai cac diém J_rl;iz chinh la xét gia tri cia ham s0 tai cdc nghiém cua da thitc

Chebyshev bac ba.
Bai 2: Cho ham s8 y = 4x” +mx. Tim m dé€ |y|<1 khi |[x|<1.
Loi giai
Vi |y|<1 khi |x|<1 néntacd:
lv(1 \
‘y( |4+m|<1 -1<4+m<1
-5<m<-3
v 5 <1 oi4-m<le{-2<m+1<2 <:>{ oSm=-3
3 5 -3<m<1
Lomoy <242«
‘y( 2)“ = P

Nguoc lai, khi m=-3 thi y=4x>-3x. Dt x=cos¢ véi ¢e[0;n] thi y=cos3¢ rd rang thoa
man |y|<1 khi [x|<1.

Bai 3: Tim a, b, c d¢€ ‘43(3 +ax® +bx +c‘ <1, v6i moi x thoa man |x|<1.

Loi giai
Cidch 1.
Diéu kién ciin: Vi |y|<1 khi |x|<1 nénta cd:
ly(1)|<1
y(—l)‘ﬁl —5Sa+b+c£—3(1)

3<a-b+c<5(2)
—6<a+2b+4c<2(3)
—2<a-2b+4c<6(4)
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a-b+c=>3

Tir (1) va (2) ta cé:{ = 2b>6<b<-3(5).

a+b+c<-3

a+2b+4c>-6
a-2b+4c<6

Tt (5) va (6) ta dwoc b=-3

Tir (3) va (4) ta cé:{ =4b>-12 = b>-3(6)

—2<a+c<0
~ N A , 0Sa+c£2 a+c:0
Thé b=-3 vao hé (I) ta co: = —a=c=0
-8<a+4c<0 a+4c=0

0<a+4c<8
Diéu kign dii: Khi a=c=0,b=-3 thl y=4x"-3x.Dit x=cos¢ voi ¢e[0;n] thi y=cos 3¢
rd rang thoa man |y|<1 khi |x[<1.
Cdch 2. Gia str ton tai cac sO a, b, ¢ thoa man diéu kién bai toan.

bit f(x)=4x"+ax’ +bx+c,M = max‘f )

xe[-1;1]
HOE (-1)

=
R O N G R
2| FO+lf (1) +

21 (3 ) (-3 ) lrw-r-2o(3)e2r(-3)

1 a b
—+—+—+(,

2 4 2

24+a+b+c+—a+b—c—1—§—b—2c+§—1—b+2c >[8-2|=
Vay M >1.D4u “=" xay ra khi va chi khi |f(1)| |—‘f ‘:‘f(—%j‘zle,d‘()ng
thoi f(l),—f(—l),—f(%j,f(—%) d6i mot ¢b tich khong &m. Diéu d6 tuong dwong vdi
[ [4+a+b+c=1
4-a+b-c=1
lab
2 4 2
1 1 1 a b
1)=—f(-1)=—f| = |=f| = |=1 — 4 ———4c=
=~ (0=-f(5)-1-3] |
1 1 d+a+b+c=-1
N=—f(-1)==f[=|=fl-2 =11
f()==f(-1) f(zj f( 2) 4—a+b-c=-1
la b 4
2 4 2
L2 4 2
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2b+8=2
+c=0
a+c be 13
=<a-2b+4c-2=4> )
a=c=0
a+4c+6-2=4
a+4c=0

Mit khdc, tir gia thiét thi M <1, do d6 phai c6 M =1 va xay ra dau bang trong bat dang
thitc trén ttec a=c=0,b=-3. Nguoc lai, khi a=c=0,b=-3 thi y =4x° -3x.Dat x=cos ¢
voi e [0;11] thi ¥ =cos3¢ rd rang thoa man |y| <1 khi |x| <1.

Bai4: Tim a, b dé ‘89(4 +ax? + b‘ <1,Vxe [—1;1] )

Loi gidi
Cdch 1. Diéu kién ciin: Vi |y|<1 khi |x]<1 nénta co:

\}/ J<Lly(-1)<1
(O)=1 <1 -1<b<1 -1<b<1

( ] < 4[8+a+b|<1 & 1-1<a+b+8<1 < (I)1-9<a+b<-7

1 1 2<a+2b+4<2 —-6<a+2b<-2
8.Z+a.5+b <1
a+b<-7 . R
=b>1.Laido b<1 nén b=1.
a+2b>-6

=a=-8.

~ A L |9<a+1<-7 -10<a<-8
Thé b=1 vao hé (I) ta co PN
—-6<a+2<-2 -8<a<—4

Diéu kién dii: Khi a=-8,b=1 thi y=8x"-8x"+1. D&t x =cos ¢ voi ¢ e[0;n] thi y =cos 4¢
rd rang thoa man |y|<1 khi |x[<1.

Cdch 2. Gia str ton tai cac sO a, b thoa man diéu kién bai toan.

Dt f(x)=8x"+ax’+b,M= gﬁ)f]‘f(x)‘ va theo gia thiét M <1.

5

Tacé |f(0)|=|p

£(1)- i

7

=‘8. +b‘.

xe[-171]

M
Do M = max‘f ‘nén M=\f
M

N
2

Tir d6 ta co: 42 4M 2|f(0)|+|f(1)|+ —Zf[%] > (0)+f(1)—2f[%] =
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Vay M=1. Dau “="xay ra khi va chi khi ‘ f(0 ‘ f ( =1, dong thoi
V2) .
f(0),f(1), -f - d6i mot cung dau. biéu do6 tuong duong voi:

Nguoc lai: Khi a=-8,b=1 thi y=8x"-8x"+1. Dt x=cos¢ voi ¢e[0n] thi y=cos4e
rd rang thoa man |y|<1 khi |x[<1.

Binh ludn. Cac gia tri cia x ma ta xét ¢ trén chinh la cac nghiém cta da thttc Chebyshev

NG

bac bon, do 1a cac nghiém 0; £1; 17 )

Bai 5: Chttng minh rang néu véi moi x € [-1;1] ta c6 ‘ax2 + bx+c‘ <h thi |a|+|b|+|c|<4h.

Loi giai
(1)=a+b+c, (1) <h
Dit f(x)=ax® +bx+c, khi d6 theo gia thiét |f (x)|<h va { f(-1)=a-b+c|f(-1)|<h
F(0)=c,|f(0 )\
T d6 ta cd a:W—f(O),bzw,c:f(O)
. 1)+ f(-1 1)+ f(-1
Vay |- L D 2f ( )—f(O) O ;’ s
fA)], ho, h h
<= % £ (0 \ \f 2+h+2+2+h 4h
Nhuw vay ta c6 diéu phai chtrng minh la |a| |b| |c|<4h.
Bai 6: Cho f(x)=ax’+bx+c thoaman dieukién |f(-1)|<1,|f(0)| <L |f(1)<1.

Chting minh rang | f(x)| < Z khi |x|<1.

Loi giai
bat A=a+b+c, B=a-b+c, thé thi a:A+B— ,b:%
Theo gia thiét: |£(1)|=|A|<1|f(-1)|=|B|<L|f(0)|=|c<1.

Tacéd f(x)=ax’ +bx+c:(¥—csz +(A;Bjx+c:§(x2 +x)+§(x2 —x)+c(1—x2)

Vay |f(x)|£%‘x2 +x‘+%‘x2 —x‘+‘1—x2‘
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e Vi6i0<x<1,taco
‘f(x)‘é%‘x2+x‘+ %‘xz—x‘+‘1—x2‘=%(x2+x)+%(x2—x)+(1—x2)=1+x—x2
e V61 -1<x<0,tacd

‘f(x)‘ﬁ%‘xz +x‘+ %‘)8 —x‘+‘1—x2‘=—%(x2 +x)+%(x2 —x)+(1-x*)=1-x-2°

2
Céc két qua trén ching to rang voi |x[<1 thi | f(x)[<1+x]-x’ =2—(|x| —%) < Z :

Bai 7: Chting minh rang moi da thitc f (x) bacn > 1 déu cé thé biéu dién dudi dang

f(x)=>aT (x),a,+0 vacach biéu dién nay 1a duy nhat.
i=0

Loi giai
Ta cé T, (x)la da thitc bac n c6 hé s6 cao nhat 1a2"™" nén ta cd thé viét
T,(x)=2""x"+¢(x)v6ie(x)la da thitc bdc nho hon n.
1 1
2n—1 T(x)_ 2n—1 (P(X)

Bang quy nap ta chitng minh dwoc: f(x)=a,+a,T(x)+a,T, (x)+..+a,T,(x)

Suy ra x" =

Bay gio ta chig minh tinh duy nhat cta cach biéu dién nay
Giastt f(x)=a,+a,T(x)+a,T,(x)+...+a,T,(x)=a'+a" T(x)+a,T,(x)+..+a', T, (x)

Khidé Y (a,—a')T,(x)=0,vxeR
0

Vay a,-a'y=a,-a',=..=a,-a', =0

Hay a,=a',,a,=a',,...,a,=a',

Mot trong nhitng dau hiéu d€ nhan biét bai toan da thirc ¢d str dung tinh chat da thuc
Chebyshev hay khong d6 1a mién gié tri da thirc. Cac bai toan trén mién[-1,1]déu goi ra
cach giai bang phuong phap nay.

Ta xét thém mot so vi du:

Bai 8: Cho da thttc hé s§ thuc f(x)=ax’+bx*+cx+d,a>0 . Biét rang Vx e[-1,1] ta c6

al,\bl,lc|,|d

‘f(x)‘Soc.Timmaxcﬁa 160, lcl,

Loi giai
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A=f(-1)=-a+b-c+d
' 2. 4 4 2
1)_ a b c a=-ZA+-B-2C+ZD
BZf(‘z]:—g+Z—§+d 3 3 3 3 |a < 4a
1, 1
Dit sz(ljzﬁ+g+£+d _ P=p 4tk .Tﬁgﬁﬂﬂ&:|| *
2) 8 4 2 1 8. 8 1 lc| < 3a
D=f(1)=a+b+c+d c=cA-cB+oC-2D d|<a
E=f(0)=d d=E

Bang cach xét: f(x)=a(4x>-3x) va g(x)=a(2x”-1)
max|a| = 4o,
max|b| =20,

Thi ta c6 dau dang thiic xay ra. Vay:
max|c| =30,

max|d| =

Chay: f(x),g(x) laxét du trén co s& cos2x, cos3x.

Bai 9: Cho da thiic P, (x)bac khong vueot quan—1 b hé s§ bac cao nhét a,, thoa méan

diéu kién v1-x*

1 (%) <1,Vx e[-1,1] . Chting minh rang |a,|<2"".

Loi gidi
2j-1

2n

t la

Ta viét da thirc da cho duwdi dang néi suy Lagrange theo cac nut ndi suy x; = cos

cdc nghiém cta da thice Chebyshev T, (x):

1 n j-1 Tn X 2n—1 n .
P ()= 3 (1) (TR () e g <25 () ()
ns X-x, n ‘=
Vay nén |a |<2Hi 1—x2P(x‘) 2 n=2""
; o= 4 j iINT n

=1

Bai 10: Gia thiét rang da thitc P, , (x) théa man c4c diéu kién cua Bai 7. Chiig minh rang

P (x)|<n,Vxe[-1,1]

Loi giai
Vi cac x;dugc chon nhw & bai toan trén thi do ham sy = cos x nghich bién trong (0;x)
nén -1<x, <x, ,<..<x,<x, <1.

nl(X)\SiZ

j=1

Néux, <x<1 thi

1-x7P,, (x;)

jon-1

do x—x;>0 vaT,(x)co dau khong d6i trén (x,;1]
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n

n n (x_xj) n T
Mitkhacthi T, (x)=2""T](x-x,) Néntacé T, (x)=2""> = = () 3
. (=27 (xx) (=2 O
T
Lai ¢ ‘ n(x)‘ =|U, (x)|<n.Neén tir (2) va ( P, (x)<n,Vxe(x;1]
n

Hoan toan twong tu ta ciing ¢6 |P,_, (x)|<n,Vxe[-1,x,)

. o : T
Xétx, <x<x, Khidétacd V1-x 2\/1—xf =sin(arccosx, ) = sin —

2n
2 laiseals
n n n

sinx _ 2 . ®
>—,sin—2
X T n

Do 1>

P, (x )‘ <—=n

T
2n

:\r—\|>—x

Tém lai ta da chiimg minh dwoc rfmg ‘P,H (x)‘ <n,Vxe [—1, 1]

Bai 11: Cho da thtc luong gidc P(t)=a,sint+a,sin2t+...+a,sin(nt) Thoa man diéu
kién ‘P(t)‘ <1,VteR\{..,—2n,-n,0,7,2x,...; Ching minh rang

b(t)

sin t

<n,Vte R\{ ,—2n,—,0, n,2n,...}

.....

Nhan xét rang P(tz =P,_,(cost)voiP,_ (x)la da thic dang (1). Ddtcost =x. Khi d6 |x|<1
sin

va P(t)=sinP,_, (cost)=+1-x"P,_, (x)
Ta thady P(x) thoa mén diéu kién ctia bai toan truee nén |P,H (x)| <n,Vxe[-1,1]

P(t)

sint

Do do <n,VteR\{..,—2n,—-n,0,m,2m,..}

Bai 12: Cho da thtc lwong giac P(x):Z(a]. cos jx +b, sin ]x) thoa man diéu kién

=0

‘P(x)‘ <1,Vx e R. Chting minh rang ‘P'(x ‘S n,VxeR

.....

- cos(x, —x)—cos(x, +x)=2sinx, sinx
Cho x, tuyy. Do
sm(x0 +x) sm(x0 x)=2cosx,sinx

P'(xy+x)+P'(x, —x)

P +x)-P Zc] sin jx = g'(x) = 5
j=0

2

Nén g(x)=

Va g'(0)="P'(x,).Ta chimg minh rang |g'(0)|<n .That vay, g(x)la da thiic luong gidc
chtta thuan sin nhu trong Bai 9 va

‘g(x)‘=‘P(x0+x > % ‘ x0+x)‘jp(x0_x)‘31
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8(x)

smx

Nén theo két qua cua bai 3 thi <n VxeR\{..,2n,-n,0,m7,2m,..} (4)

) .x |£n VxeR\{..,2n,-n,0,7,2m,..}
sin x

Nhung g(0)=0suy ra g(x)—g(O)
x_

Nen khi x »0: 85780 o)
x—0 sinx

Ta nhan dwoc ‘g‘(O)‘ <n

Tir d6 ta 6 |P'(x, )| <7 .Nhung x, duoc chon tity y nén suy ra |P'(x)|<n VxeR

Bai 13 (Dinh 1y Berstein-Markov) Cho da thitc P,(x)=ayx" +a,x"" +...+a,. Théa méan
diéu kién ‘Pn (x)‘ <1,Vx €[-1;1]. Chtéing minh rang khi d6 : ‘P‘n (x)‘ <n*,Vxe[-1;1] (5)

Loi gidi
Dit x =cosa Khi d6 theo gia thiét thi |P, (cosa)|<1.Do P, (cosa) c6 dang

P,(cosa)= i(aj cos ja.+b, sin joc)

j=0

Nén ta c6 thé ap dung két qua cuia Bai 10. Ta duoc

sina.P', (cosa)|<n=>y1-x" P, () <1
n
Cling theo Bai 4, ta ¢6 P (x) <n suy ra |P'(x)| <n’
n

Nhdn xét : Dua vao két qua cuia Dinh ly Berstein-Markov, sau khi ap dung lién ti€p két qua
cua dinh li nay, ta sé thu duwoc két qua sau:

Néu|P, (x)| <1, vx e[-1;1] thi [PY (x)|<[n(n-1)(n-2)..(n-k+1)] , Vxe[-1;1]

Bai 14: Cho a,,4,,...,a,1a cac s6 thuc khong am va khong dong thoi bang 0.
a) Chttng minh rang phuwong trinh x" —a,x""' —..—a, . x—a, =0 (6) c6 ding mot nghiém

duong duy nhat.

b) Gia st R lIa nghiém dwong cuia phuong trinh (6) va A= Zaj,B = Z ja; Chtng minh
j=1

j=1

rang khi d6 A" <R®

Loi giai
a)Dox>0 nén (6) > 1="2+%24 %
x X x
it f(x)= Cil +a—§ +o +a—’; . Nhan xét réng f(x)lién tuc va f (x) nghich bién trong khoang
x X x

(0,+00) nén ton tai duy nhatR >0sao cho f(R)=1.
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a. "
b)Patc. =—L Suyrac.20va » ¢, =1.Doham s6 y =-Inx 16m trong khoang (0, +o
] A y ] j y g g

j=1

Nén teo BDT Jensen thi Zc —ln—> ln[Zc i}=—ln(2%}=—lnf(1{)=—ln1=O

j=1 =1

Suy ra Z(c InR’ —c, lnA) va (InA) ZC <(InR) Z]c

j=1

Hay — Za (InA)< z]a lnR)(doc A;A>Oj

Vay nén In(A* )Sln(RB): A" <R’
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B. UNG DUNG LY THUYET XAP Xi DEU TRONG GIAI TOAN.

Ly thuyét xdp xi déu tot nhat 1a mot nhanh cta ly thuyét xdp xi ham, ¢ vai tro dédc biét
quan trong trong toan ly thuyét cting nhu trong cac toan tng dung. Pac biét, né duoc
dung dé€ tim da thtec c6 "dd 1éch" nho nhat so véi ham s6 cho trude trén mot doan xac
dinh. Tt viéc nghién cttu ki ly thuyét xap xi déu t6t nhat ching ta cé thé giai quyét duoc
mot s6 dang bai toan tim gia tri 1on nhat, nhé nhat. Tuy nhién khéng nhu da thiéc
Chebyshev, day la mot van dé khé kho cua chwong trinh todn cao cdp, lién quan téi khong
gian métric, khong gian Banach, khong gian Hilbert ma ta sé duoc hoc trén chwong trinh
dai hoc, do d6 khong thé gidi thiéu duoc cho cac ban THPT . Vili do d6 nén minh chi dua
ra cac bai toan tong quat tir nguyén ly nay d€ cac ban ap dung nhé!

Bai todn 1. Cho ham s8 f(x) lién tuc trén doan [4;b]. Tim m sao cho max‘f —m| dat

gia tri nhé nhat?
Cdc buoc lam
e Buwoc 1: Tim M la gid tri 16n nhat cua ham s& f(x) va n la gid tri nho nhét cia ham
s6 f(x) trén doan [a;b].

, . s M+n .. . o .
e Buwdc2: Khidd m= la sO can tim.

Vi dy. Tim m d€ max ‘ —9x* +4x+ a‘ dat gia tri nho nhat?

xe—12
e Budc 1. Xét f(x)=-9x"+4x, ta cO f'(x)= ng:%,Tﬁ» day d& dang tim duwoc
4
M= max f(x)=g,n=max f(x)=-28.
e Budc 2. Khi do tacod a——%:a:%

R4t don gian va nhanh gon phai khéng nao ©

Bai todan mo rgng — Luc Tri Tuyén

y =k (m)+B|

Tim m sao cho
1. g(m)=kvéi k cho trudce
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2. g(m)<kvéi k cho trudce
Dét t = f(x)va goi a=min,, f(x),B=maxy, f(x).khido, dohamsg y=t+k(m) dong
bién trén [a;B]nén ta co:

g(m)=max, |t+k (m)|= max{‘k(m) +af;

() B

Tt day ta dé dang vé duwoc d6 thi ctia ham g(x) theo bién m (¢ day la k(m)). Chu y la 18y
phan d6 thi nam phia trén trong hai d6 thi

Tir d6 thi ctia g(m) ta thay ngay g(m)dat gia tri nho nhat tai A. do tam giac ABC vudng

can tai A nén khi d6 k(m) :_a;ﬂ =x,.Va min, g(m) :%|a—ﬂ| =y,
Ciing tir d6 thi ta dé dang giai duoc bat phuwong trinh g(m)<khodc g(m)=k.Chéng han
g(m) =k k(m) =%, (k)
Khi d6, g(m)<ktuong duong k(m)nam trong khoang nghiém trén, g(m)>k tuong
duong k (m) nam ngoai khoang nghiém trén
Chu y: trong trudng hop k() c6 mién gia trj khéc R thi ham y = g(k(m))xét trén mién
gia tri tuong tng cta k(m)
Bai todn 2. Cho f (x)la ham ludn [6i(16m) trén [a;B]. Tim a, b d€ gid tri 16n nhét ctia ham
s8 y =|f(x)—ax—b| trén [a;B] dat gid tri nho nhat?
Cdc buoc lam
e Budc 1. Xac dinh 2 diém A(oc, f (oc)),B(B, f ([3)), viét phuong trinh duong thang
AB:y=kx+m
e Buwdc 2. Tim phuwong trinh tiép tuyén cua d6 thi ham s§ y = f(x) va song song v6i
AB (tiép diém la x=c véi x=c la diém cuc tri cia ham s6, khi d6 ti€p tuyén co
dang y=kx+n
e Budc 3. Puong thang can tim la duong song song cach déu 2 dwong thang AB va

tiép tuyén trén la y = kx +%(m +11)

e Buwédc4.Kétludn a=k,b= %(m +n). Gia tri nho nhat dat duoc la

MO=‘f(a)—(koc+%(m+n)j

| )19+ 2o

Vi du.
Ngoai ra ta cé thé'tham khdo thém mot cdach khdc cia thay Luc Tri Tuyén
Goi M la gid tri nho nhat cua ham s6 y = |f(x) —ax —b| trén [a;B] thi ta co:

Mzy(a)=|oa+b-f(a); M2y(B)=[Ba+b-f(B) va
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MZy[aTw) “;B b+ f ‘”B‘:zzvp —(a+B).a— 2b+2f(a;[3j‘
Suy ra 4M > 2f(a+Bj (f(oc)+f([3))‘ hay Mz%f(a;rﬁj_(f(a);f(ﬁ))§:m
Déng thtic xay ra khi
oa+b—f(a)=m(1) o.a+b—f(o)=-m(1)
Ba+b—f(B)=m(2) (I) hodc <Ba+b—f(B)=-m(2) (1I)
OL;‘B (oc+l3j:m OL;LB b f(O(,-i-BJ _m(3)
Giai (I): tir phuong trinh (1) va phuong trinh (2)ctia hé (I) ta giai duoc
a:%:g(m ;b:m+af (Bo)c Bf (<) . thay 2 gia tri nay vao phuong trinh (3) ta duoc
_a+B f(a)=f(B) o (B)-Bf(a), (o+B)_
2 a—p a—p f( 2 j_m
_af (@)-Bf (B)-af (B)+Bf (o) _of (B)-Pf(@) .(a+B) ,
- 2(a—P) a3
o (@) +BFB)-of (BB () (a8,
2(e-) 1550
@B @SB (),
2(-B) f( 2 )‘2
@_f(a);f(B)+f(a;Bj:2m(*)

Giai (II): twong tw giai (I), ta chi can thay m boi —m ta duoc

LSO, SO

o — a—

HD10), 2B

2 2

f(a+sj_(f(a)+f(l3))|_ B e !

=m =
2 2 \ 2

. thay hai gid tri nay vao phuong trinh (3) ta duoc

< —

Ma ta thdy M 2%

Diéu nay c6 nghia 1a mot trong hai dang thirc (*)hodc (**)ludn ding, ciing cé nghia la
mdt trong hai hé phuwong trinh (I)hodc (II)ludn ¢6 nghiém .
Binh ludn. Vay gia thiét 16i(16m) & day st dung & chd nao? Liéu chang khong can diéu
kién nay bai toan van ding theo cach giai trén?
Cau tra 1oi nhw sau:
e Néu M Ia gid tri 16n nhat ctia ham s6 trén [a;B]thi né 1én hon hodc bang mot trong
s§ céc gia tri f(x,)nao d6 trong doan [a;B]. O 10i giai trén ta chi 14y ba diém.
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Nhung diéu nguoc lai khong dung. C6 nghia la M 16n hon gia tri cia ham s tai 3
diém chua chac né da 1a gid tri 1on nhat.

e Diéu kién can va du d€ cho M 1a gia tri I6n nhat ciia ham sg trén [a;B]la M 16n hon
hodc bang moi f(x)vdi x bat ki thudce [o;B]. Diéu nay tuwong dwong véi 1oi giai

trén phai dam bao dung cho moi a,;B; €[o;B]|thay cho a;B, € & trén. Cing cd

2 2

kién nay twong duong voi f(x)la ham 16i hodc 16m trén [a;f]

nghia 1a diéu kién f(ai+[3fj—f(ai)_f(ﬁi) #0 v6imoi a;;B; € [a;B], a#p. Ditu

Tinh hoa cta todn hoc ndm & ty do ctda né - Georg Cantor Chinh phuc olympic todn | 43



