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RS A B

LE XUAN PAI
(GV THPT Chuyén Vinh Phiic)

Bat dang thirc (BDT) 1a mot trong nhiing dang toan thuong co trong cac dé thi DH-
CD. Céac thi sinh cua chiing ta déu rat sg va ling ting khi gap phai bai toan chimg minh
BDT hodc tim gia tri 16n nhat, nho nhat. Pon gian 1a do cac bai toan vé BDT thudng 1a bai
toan kho trong dé thi, nham phan loai va chon duoc cac hoc sinh khé giéi. Thuong thi c4c si
tir khong biét bat dau tir ddu dé giai quyét cac bai toan vé BDT. Chuyén dé ndy mudn hé
thdng cho cac ban cac phuong phap co ban va mot sé dang bai tap vé BDT. Hy vong s&
gilip cac em hoc sinh 16p 12 dat két qua cao trong ki thi DPH- CP sip téi.

Poc xong chuyén dé nay toi tin cac ban s& khong con cam giac s bat dang thirc nita
Khi chlng ta hét di sy so hi va ngai ngan thi chiing ta s& dam mé va danh tinh yéu cho no.
Danh tinh yéu va sy dam mé cho todn hoc noi chung va BDT noi riéng 14 diéu rat can thiét
ciia mot nguoi 1am toan so cép chan chinh va sy 14ng man cua toan hoc ciing bat ngudn tir
do...

Thanh céng chi dén khi ban lam viéc tan tdm va luén nghi dén nhirng diéu tot

dep...

Nhitng loi khuyén bo ich khi hoc vé BDT:

1. Nim chéc cac tinh chit co ban ciia BPT.

2. Nam viing cac phuong phap co ban chimg minh BDT nhu: PP bién dbi tuong
duong; PP sir dung BDT C6 si; PP sir dung dao ham...

3. Pic biét chi trong vao dn tap cac k¥ thuat sir dung BPT C6 si, ludn biét dat va tra
16i cac cau hoi nhu: khi nao ap dung; diéu kién cho cac bién 12 gi; dau bang xay ra khi nao;
néu ap dung thé thi c6 xay ra dau bang khong; tai sao lai thém bt nhu vay. ..

4. Ludn bat dau voi cac BPT co ban (diéu nay vo cung quan treng); hoc thudc mot
s6 BPT co ban c6 nhiéu ap dung nhung phai cha y diéu kién ap dung duoc, chang han nhu:

* a’+b’+c®>ab+bc+ca (1) véimoia,b,c
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* (a+b+c)*>3(ab+bc+ca) (2) voimoiab,c

* (a+b+c)’<3(@*+b’+c”) (3) Vi moia,b,c

>

> (4) vé1moi a,b,c duong
a+b+c

1.9
C

D |

1
+=+
b

|

+£Zi;
b a+b

* Ja2+x7 +4/07+y2 2 \J(@+b)?+(x+y)’ (5) V&i moia,b,x.y.

> (6) voi moi a,b duong va x,y bat ky

XY (XYY’
a b a+b

2 2 2 2
* XYz (x+y+2) (7) vo1 mot a,b,c duong va x,y,z bat ky

a b ¢ a+b+c

Déau bang xay ra & cac BDT (1), (2), (3) va (4) la a=b=c.
A N . , N A X Y., N X Y Z e X ,
Dau bang xay ra ¢ BDT (5) va (6) la Pl (7)1a P (véi mau khac 0).

(Cac em hay bit tay ngay vao viéc chimg minh ciac BPT co ban trén nhé. Hay tim cho minh
mot cach giai nhat quan, don gian, nhd né va khi 1am bai thi déu phai chimg minh lai, roi
mai dugce ap dung).

Trudée hét xin dwa ra 3 phwong phip thong dung nhit dé chirng minh BDT
I. PHUONG PHAP BIEN POI TUONG DPUONG:
1. Phuong phap chung

bé chimg minh A >B ta thuong thyc hién theo mot trong hai cach sau:
Céach 1: Ta chimg minh A-B>0. Dé lam duoc diéu nay ta thuong sir dung hang dang
thirc dé phan tich A —Bthanh tong hoic tich ciia nhitng biéu thirc khéng am.
Céach 2: Xuat phat tir mot BDT dtng nao do ta bién doi dén BDT can ching minh. Dbi vai
cach nay thudng cho ta 10i giai khong duoc tyr nhién cho lam va thuong sir dung khi céc
bién c6 nhing rang budc dic biét.
Chu y: Mot s6 két qua hay sir dung

*x*>0 véimoi xeR va x*=0<x=0

* |x|>0 véimoi xeR va [x|=0<x=0

2. Mot 6 vi du
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Vi du I: Chirng minh rang v&i moi a,beR tacd: a>+b?>2ab (1)
Gidgi: Taco a® +b*-2ab=(a-b)*>0=a*+b*>2ab (dpcm).
Dang thirc xay ra khi va chi khi a=b.
That don gian phai khong cac ban, néu tinh y thém mat chiit thoi cac ban s& tim ra nhiing
két qua tong quat hon va niém tin dé vuot qua bai BDT trong dé thi PH 1a hoan toan kha
thi.
Cu thé 1 v&i ba s6 thyuc a,b,c bat ky ta co a?+b?>2ab; b?+c?>2bc va a?+c? > 2ac
Cong timg vé ctia 3 BDT ta dugc két qua sau: a?+b?+c? >ab+bc+ca (2)
Co thé thay ngay c6 hai BDT tuong dwong véi (2) rat quen thudc 1a
(a+b+c)*>3(ab+bc+ca) (3) voimoiab,c
(a+b+c)*><3(@°+b*+c®) (4) véimoiab,c
Chung ta s& néi thém tmg dung tuyét voi cia ba BDT (2), (3) va (4) ¢ nhiing phan sau
Vi du 2: Chitng minh rang v6i moi a,b,ce R taco: a* +b* +c* >abc(a+b+c)
Gidai: Ap dung lién tiép BDT (2) trong vi du 1 ta dugc:
at+b*+c' =@%%+(b%)* +(c?)?

>a’b® +b?c* +c’a’ = (ab)? + (bc)® + (ac)’

> ab.bc +ab.ac + bc.ac =abc(a+ b +c)
Nhuw vay néu de thi héi cac ban mét bai nhur sau:

“Cho 3 s6 thuc a,b,c thoa min a+b+c=1. Chimg minh rang: a*+b*+c*>abc” thi

chic cac ban d4 c6 co hoi cao dé dat diém 10 roi! (HAy ci ty tin 1én nhu thé!)
Vi du 3: Chitng minh rang v6i moi a,b >0 ta co:
a®+b’>a’b+ab’
Gidi: Ta bién doi a® +b° —a’b—ab® = (a—b)?(a+b) >0, suyra dpcm.
Nhén xét: BDT trén that don gian nhung ciing c6 kha nhiéu tng dung véi cac bai toan kho
hon, chang han ta xét 3 bai toan sau:
Bai 3.1. Cho a,b,c>0. Chimg minh rang;

1 1 1 1

3 3 + 3 3 + 3 3 -
a+b’+abc b°+c’+abc a’+c’+abc abc

3
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Hudng giai: Ta cd a®+b®>a’b+ab’ =ab(a+b) = a’ +b® +abc > ab(a+b+c)

1 1
< .
a’+b’+abc  ab(a+b+c)

Suyra

Cung hai BDT tuong tu ta dugc

1 1 1 1
< + + =—— (dpcm).
ab(a+b+c) bc(a+b+c) ac(a+b+c) abc

Xin dua ra thém hai h¢ qua cta bai toédn trén (coi nhu bai tap cho cac ban luyén tap)

* Cho a,b,c >0 thoa man abc=1. Khido: ——+_+ 4 1
as+b’+1 b’+c’+1 a*+c’+1

1 1 1

+ + <1
a+b+1 b+c+l a+c+l

* Cho a,b,c >0 thoda man abc=1. Khi do:

(che d4u ban chét hon)

Bai 3.2. Cho a,b,c khdng &m thoa man a+b+c=2012. Tim gi4 tri nho nhét ciia biéu thirc

P =3/4(a° +b) + Y4(b* +¢%) + Y4(a +¢?)

Huéng giai: M&i nhin BPT ta cam thay rat kho khin vi ¢6 cin bac 3 va diéu quan trong 13
phai xir i dugc biéu thirc trong dau can. Bat dang thirc a® +b® > a’b+ab? cho ta mot “manh
moi” dé tim ra 1oi giai bai toan, nhung néu 4p dung nguyén xi nhu vay thi chua on. Ta bién
d6i mot chiit BDT nay

a’+b®>a’b+ab® < 3(a’+b’) >3(a’b+ab®) < 4(a° +b*) > (a+b)°
Nhu vay ta ¢6 thu dugc BDT 4(a’+b*) > (a+b)*.
Chiéc cac ban ciing ddng y v6i toi rang phép bién ddi do rat tu nhién cha.

Bay gio ap dung BDT vira tim duogc ta co

P =3/4(a° +b°%) + 3/4(0° +¢°) + 3[4(a° + %) = (a+b) + (b+C) +(c+a) = 2(a + b+C) = 4024

Dang thirc xay ra khi va chi khi a:b:C:&;z.

Vay GTNN cua P bang 4024,

Bai toan tong qudt. Cho a,b,c khdng &m thoa man a+b+c=k. Tim gié tri nho nhat cta

P =3/m(a®+b%) + ¥m(b® +c*) + Im(a®+c?)
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(m,k 1a cac hang s6 duong cho trudc)

Bai 3.3. Ki hiéu A,B,C 1a ba goc cuia mot tam giac bat ki. Tim gia tri 16n nhat cta

_ JsinA +3sinB +3sinC

P=
i/cosA +§/cosB +§/cosC
2 2 2

Huéng giai: Day qua 1a mot bai toan khd, ta hdy mo mam theo cac dau méi nho nhé

* Thir nhét: Ta &4 c6 mot déanh gia rat quen thudc trong tam giac:

A-B SZCOS%

sinA+sinB = Zcos%.cos

* Thir hai: Céc cin bac 3 goi y ta nghi téi BDT: a+b < $/4(a° +b?)

Nhu vay, ta c6 Jsin A +3sinB < 3/4(sinA +sinB) < §/4.2cos% = 2.§/cos%

Tuong tyr ta co YsinB +3/sinC <2.3 /cos% va ¥sinA +¥/sinC <2.3 /cosg

Cong timg vé 3 BPT trén ta duoc

IsinA +3sinB +3sinC < i/cos% +§/cos§ +§/cos%

Vay P <1. D4u bang xay ra khi va chi khi A=B=C
Do d6 gia tri 16n nhét ciia P bang 1 khi tam gidc ABC déu.
Vi du 4: Chitng minh rang véi a,b,c 1a 3 canh mot tam giac bat ky ta co:
ab+bc+ca<a’+Db*+c’<2(ab+bc+ca)
Gidi: BDT bén trai ¢4 chimg minh, dé chimg minh BDT bén phai ta xuat phat tir mot BDT
co ban trong tam giac 1a [b—c|<a<b+c.
* Néu st dung [b—c|<a thi ta bién doi nhu sau:
a>|b-c/=a’>(b-c)*=b’+c®-2bc=a’>b’+c’-2hc
Tuong tu b? >a?+c?—2ac; ¢?>a’+b?—2ab. Cong theo timg vé ba BDT ta duoc dpem.
* Néu st dung a < b+c thi ta bién d6i nhu sau:
a<b+c=a’<ab+ac, cing hai BDT twong tu ta ¢6 dpecm.

5
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Vi du 5: Chirng minh rang v6i moi a,b,x,y e R ta cd BDT sau (BDT Mincopxki)

VaZ+x7 b2 +y? 2@+ b) +(x+y)* (1)

Gidai: Binh phuong hai vé va bién d6i twrong dwong:

az+x2+b2+y2+2\/(a2+x2)(b2+y2) >a’+ x> +b® +y® +2ab + 2xy

= \/(az +Xx2)(b*+y?) >ab+xy (*¥)

+ Néu ab+xy <0 thi hién nhién (*) diing
+ Néu ab+xy >0 thi (*) < (a2 + x%)(b%+y?) > (ab+ Xy)? < (bx —ay)? >0 (luén ding)
Viy bai toan duoc chimg minh. Dang thic xay ra khi bx=ay.
Chu y: C6 thé chimg minh BDT trén bang cach st dung BDT véc to rat don gian nhu sau

(khi Iam bai thi DH cac ban phai chirng minh BDT nay trude khi ding nd, lac do cac ban

hdy chon mdt phuong an chirng minh ma céc ban cho 1a hay va d& nhé nhat. OK).

Piat u=(a;x) va v=(b;y), khidé u+v=(a+b;x+y).
Tu BDT véc to \G + \7‘ < ‘a‘ + M va cong thire d6 dai véc to ta cd ngay dpem.

Néu ap dung hai lan BDT (1) ta dugc BDT sau:

JaZ+x2 +\/b2+y2 +~/C2 + 22 2\/(a+b+c)2+(x+y+z)2 véimoi a,b,c,X,y,zeR.

Nhgn xét: BDT Mincopxki c¢6 rat nhiéu tmg dung hay va c6 thé giai quyét dugc nhiéu bai
BDT héc biia. Xin duge minh hoa didu nay qua 3 bai toan co ban sau day:

Bai 5.1. Cho a,b khong &m thoa mén a+b =1.

a) Ching minh rang: v1+a? +y1+b* >+/5

b) Tim gi4 tri nho nhét ciia P = \/az + 1 +\/b2 i1
b a

Huong giai:

a) Tac6 v1+a? +y11b? 2\/1+ 1)+ (a+Db)’ =5 . Ding thic xay ra khi a = b:%.

. , 1 ;1 , (1 1Y , (4 Y
b) Taco P=,fa*+ 5+, [0+ > [(@+b)?+| =+= | > [@+b)’+| ——| =17.
b a a b a+b
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Dang thirc xay ra khi a=b :% . Vay GTNN cua P bang 17 .

Bai 5.2. Cho x,y,z duong thoa min x+y+z=1. Chimg minh rang:

\/x2+i2 +\/y2+i2+\/22+i2 > /82
X y z

Huémg giai: Ap dung BDT Mincopxki ta duoc

2
P:\/XZJFLZ +\/y2 +i2 +\/22+i2 2\/(x+y+z)z+[l+l+lj
X y z Xy z

2\/(x+y+z)2+[ J J:Js_z *)

X+Yy+2
A 13 ) C N o r 1 1
Dau bang xay ra khi va chi khi X=y=Z=§.

Vi gia thidt x+y+z=1 ta thay tryc tiép vao (*) va dugc két qua 1a /82 . Tuy nhién nhiéu

P U . . e , 2. X Y o N4 N x R . 1
khi dé bai lai cho gia thiét kho di rat nhicu, mac du dau bang van xay ra khi x=y=z= 3

Ching han d& PH khdi A nam 2003: Cho x,y,z duong thoa man x+y+z<1.

Chumg minh rang: \/X2+i2 +\/y2+i2+\/22+i22\/8—2.
X y z

V6i bai todn nay ta khdng thé thay x+y+z=1 dé ra ngay két qua nhu bai trén duoc. Pimg

trude tinh huéng nay ta c6 ngay hai huéng giai quyét.

Hudng 1: Pat t=(x+y+z)>=0<t<1l.Tacé P> ft+%.
Ta “tach khéo” dé dung BDT Cosi: t+%=(t+%j+8—t022 /t.%+8—10=82:>P2\/872.

Huéng 2: Van dit t = (x+y+2)? va xét ham f(t)=t+%; 0<t<1.

8l t’-81

Taco f'(t) =l-m == <0vte (0;1], suy ra ham f(t) nghich bién trén (0;1].

Do d6 f(t)>f(1)=82=P>/82.

Hudng giai quyét thir hai s& dugc dé cap ¢ phan sau cta chuyén dé.
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Bai 5.3. Cho X,y,z duong thoa man x +y+z=+/5. Tim gia tri nho nhat cua

P =223+ X% +/223+y? +1/223+ 72
Huong giai: Ta co
Pz\/(‘/@)zﬂ(z +\/(\/@)2+y2 Jr\/(x/@)erz2 2\/(3\/§3)Z+(X+y+2)2 =J2012
5

3

Pang thirc xay ra khi x=y=z="". Vay GTNN ctia P bang /2012 .

C6 I khong phai ndi gi thém nira thi cac ban ciing da thay vé dep va sirc manh cia
BPT Mincopxki. Nhwng téi nhdc lai rang phdi chieng minh lai BDT nay truwéc khi dp
dung nhé!
3. Bai tap tw luyén

Bai 1. Chimg minh rang: Va,b,c,d,e e R, ta co:

a) a®+b*+c®+d*+e*>ab+c+d+e).

b)

a® +b? >(aer

. . ] (@a+b>0).

Bai 2. Chung minh rang:

a) (@ +b%)(a+b)>(a*+b*) (@ +b*, Vab:ab>O0.

1 1 2
+ >
1+a®> 1+b* 1+ab

b)

, Va,b>1.

Bai 3. Cho A ABC. Chimg minh rang:
a) ab —c)® +b(c—a)* +c(a-b)* <a®+b®+cd.
b) a® +b®+¢® < 2(ab +bc +ca).

Bai 4. Ching minh rang:
a) J(a+c)(b+d)=ab+ved, vab,c,d>0

b) J@+c)? +(b+d)? <va?+b? +c?+d? ,vab,c,deR

C) b{1+lj+l(c+a)s(c+a)(£+ij Ya>b>c>0
c a/ b c a

—+—+—2—+—+— Va>b>c>0
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Bai 5. Cho a, b > 0: a+ b = 2. Chimg minh ring ab <a®
Bai 6. Cho hai s6 thuc a ,b thoa man a + b >2. Chimg minh ring : a* + b*>a+ b®
Bai 7. Cho basb a.b ,c € [0;1]. Ching minhring:a+b+c—ab—-bc—ca <1

Bai 8. Cho a,b,c thoa man a+b+c=1. Chimg minh rang:

%+%+%23(%+%+%j
¥ 3 3 3 3 3

Bai 9. Cho a,b,c duong. Chimg minh rang;

Ja?—ab+b? ++/b2—bc+c? +val—ac+c? >a+b+c

II. PHUONG PHAP SU DUNG BAT PANG THUC CO SI

1. Bit ding thirc Cosi
a) Cho a>0, b>0. Khidé a%b > Jab . Déng thirc xy ra khi a=b.

a+b+c

b) Cho a>0, b>0,c>0. Khi dé > ¥/abc . Pang thirc xay ra khi a=b=c.

2
Céc dang twong duong la: a+b> 24ab; ab< (izbj

3
a+b+c>3%abc: abcs(aerJer

c) Tong quat: Cho n sb thyc khong am a,,a,,...,a, (N >2) . Khi d6 taco

a,+a,+..+a, >naa,..a,

Ding thirc xdy ra khi va chikhi a, =a,=...=a,.
Chu y: V6i cac bai thi DH- CD thong thudng chi can ap dung BDT Cbsi véi 2 hoic 3 sb.
2. Mot 6 vi du

Vi du I: Chimng minh rang:

a) %+922 va,b>0 b) >2 Va,b=0
a

_+_
b a
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Gidi. a) 4p dung BDT Cosi cho hai sé duong ta c6: %+9 >2 /%.9 _2 (dpem)
a a

Déu bang xay ra khi a=b.
b) Ta khéng thé 4p dung ngay BDT Cési vi chi c6 dicu kién a,b = 0. Bién ddi tuong
duong BDT bang cach binh phuong hai vé:

2 2 12
E+E 22@(3+9j 24<:>a—+b—22
b a b a b2 a2

Pén day theo BPT cosi thi BPT sau la dung, vay ta c6 dpcm

Cht y Ia dau bang xay ra khi [a| =|b|.
Ciing c6 thé thay ngay rang % va b cling dau nén ta c6
a

a b
_+_
b a

a

b b >2 (lac nay lai ap dung BDT Cosi duogc)

J’_

Vi du 2: Cho a,b,c dwong. Chimg minh ring:

11 4
“+2>— (1 b
a)aer a+b() )

> 2)

1
a a+b+c

1 1 9
+—+-
b ¢

Gidi. a) Néu viét lai BDT cdn chimg minh dudi dang (a+ b)(h%jm thi huéng giai
a

quyét 12 qua rd rang. That vay, ap dung BDT Cbsi cho hai s6 duong ta duoc

a+b>2ab va iﬁzz\/z.
b ab

a

Suyra (a+ b)(£+%j > 4Jab.—— =4 . DAu “=” xdy ra khi va chi khi a=b
a

1
Jab
b) Hoan toan twong tu v&i phan a) bang cach ap dung BDT Cbsi véi 3 s6.
Nhgn xét: Hai BDT trong vi du 1 ¢6 rat nhiéu @ng dung va ciing 1a con duong sang tao ra
vO van cac BDT hay. C6 thé néi phan 16n cac BDT trong dé thi DPH- CP c¢6 gbc tich cua hai
BDT nay. Noi ra cac ap dung hay ciia hai BDT nay thi nhiéu vo ké va khong biét s& tén

kém bao gidy muc, t6i xin chi dan chimg ra vai bai toan dién hinh.

Bai 2.1. Cho a,b,c duong. Chimg minh rang;

10
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l+l+122( : + : + : j(.’a)

Huéng giai: ap dung ba 1an BDT (1) ta duoc

1 1 4 1 1 4 1 1 4
=2 = - >
a b a+b ¢ b+c a ¢ a+c

Cong timg vé 3 BDT trén ta duoc diéu phai ching minh
Déu bang xay ra khi va chi khi a=b=c.

C6 1& cac ban da cam thiy qua 4n tugng vdi 101 giai clia bai toan, kién thire sir dung
o day la rat don gian nhung hiéu qua. Néu tiép tuc dp dung mot 1an nira BDT (3) ta duoc

BDT sau:

! + 1 + l >2 : - : + 1 4)
a+b b+c a+c 2a+b+c a+2b+c a+b+2c
T (3) va (4) ta dugc BDT:
-I—+l+124 : + : + 1 (&)
a b ¢ 2a+b+c a+2b+c a+b+2c

Dén day cac ban c6 nhé t&i dé thi DH khéi A nam 2004 khéng. Xin dua ra day cho cac ban
c6 cam giac “mung ni” nhé:

Bai 2.2. (DH-KA 2004): Cho a,b,c duong thoa méan diéu kién —1-+l+ ! =4.

a b c
. ok 1
Chung minh rang: + + <1 (6)
2a+b+c a+2b+c a+b+2c
Bii 2.3. Cho a,b,c duong. Ching minh ring:
ab N be L ac Sa+b+c )
a+b b+c a+c 2

Huong giai: Theo BDT (1) ta co:

! Sl(l.,.}.): ab Sgé[l+_l_j=l(a+b)
a+b 4la b a+b 4la b/ 4

Cung hai BDT twong tr ta duge BDT (7) can chimg minh.

H¢ qua: Néu cho téng ba sb a,b,c thi tim dwgc GTLN cua biéu thire vé trai cua (7)

Chang han ta dua ra bai toan kha hay sau:
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* Cho x,y,z duong thoa m&n X + 2y +4z =12. Chimg minh rang;

2Xy 8yz 4xz

+ + <6
X+2y 2y+4z 4z +X

V6i bai toan nady, cic ban chi can coi a=x;b=2y;c=4z thi a+b+c=12 va BPT can

chimg minh tro thanh: —2—+ 25+ % <& (day chinh 1a hé qua ciia (7) rdi. OK)
a+b b+c a+c

Bai 2.4. Goi a,b,c 1a ba canh cia mgt tam gidc, p 1a nua chu vi tam giac d6. Chung minh

rang;

! + ! + ! 22[1+1+1j 8)
p-a p-b p-c a b c

Huéng gidai: D& thdy p—a > 0;p—b >0;p—c >0 vanhan xét ring
(p—a)+(p-b)=2p-a-b=c
Diéu nay goi ¥ ta dung BDT (1) cho hai s6 p-a va p-b. Cu thé Ia:
1 1 4 4

+ > =
p-a p-b (p-a)+(p-b) c

Cung hai BDT tuong tu ta dugc BDT (8) can chirng minh

Bai 2.5. Cho a,b,c duong. Chirg minh rang;

(a2+b2+c2)[ t .1 jzg(a+b+c) (9)
a+b b+c c+a) 2

9 _33@%+b*+c)
2(a+b+c) 2 a+b+c

Hudng giai: Ta co VT(9)2(a2+b2 +02) zg(a+b+c)

(do(a+b+c)®><3(a®+b*+c?))
Bai 2.6. Cho x,y,z duong thoa min X +y+z =1. Tim gid tri 16n nht cua biéu thic

p= X ¥,z
Xx+1 y+1 z+1

Huéng gidai: Dé c6 thé dp dung duoc BDT (2) ta bién d6i P nhur sau:

X+1-1 y+1-1 z+1-1 1 1 1
P= + + =3- + +
X+1 y+1 z+1 Xx+1 y+1 z+1

12
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Taco ! + ! + ! > J =g ,suyra P<3-
X+1 y+1 z+1 Xx+y+z+3 4’

-l>|r.o
-l>|oo

Déu bang xay ra khi vachikhi x=y=2z= % Vay GTLN cila P bang %

V6i 101 giai nhu trén cac ban ¢ thé 1am hoan toan twong tu véi bai toan téng quat hon

Bai 2.7. Cho x,y,z duong thod min X +y+z =1 va k 1a hang s6 duong cho trudc.

Yy z

Tim gié tri 16n nhét cia biéu thic P = + + .
kx+1 ky+1 kz+1

Bai 2.8. Cho a,b,c duong thoa man a+b+ ¢ <1. Tim gia tri nho nhat ciia biéu thirc

1 1 1
-2 T3 T
a“+2bc b°+2ac c“+2ab

9 D

Huong giai: Ta co ngay P > =
88 i a’+2bc+b®+2ac+c’+2ab (a+b+c)?

L a=b=c 1
Dau bang xay ra khi &a=b=c==.Vay P.. =9.
Bx {a+b+c=1 g Tmin

Bai 2.9. Cho A,B,C la ba goc ciia mot tam giac. Ching minh ring:

1 1 1
+ +
2+C0S2A 2+c0s2B 2-cos2C

>0
5

, . . 1 1 1 9
Huéng giai: Ta co + + >
2+C0s2A 2+c0s2B 2-c0s2C 6+C0S2A +c0s2B —cos2C

D& chirng minh duoc ring coS2A + c0s2B —cos2C < % (céc ban hay tu chirng minh nhé)

Suyra ! L 1, 9 .¢8 (dpem)
2+cosZA 2+cosZB 2-cos2C 3 3 5
2

Bai 2.10. Cho a,b,c duong thoa man a+b+c=1. Ching minh ring:

1 1 1
ottt 1530 0
a’+b%+c® ab bc ac (10)

Huéng gidi: Ta danh gia vé trai cia (10) mot cach rat ty nhién nhu sau:

1 1 1 1 1 9
7 ettt 2t ot
a‘+b°+c° ab bc ac a“+b“+c® ab+bc+ca

13
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-(-, 12 N 1 .\ 1 j+ 7
ac+b“+c° ab+bc+ca ab+bc+ca) ab+bc+ca

S 9 7

> + =30
(a+b+c)> ab+bc+ca

>3
1

Wk~

(do BDT co ban ab+bc+cas%(a+b+c)2 =% )

3. Bai tap tw luyén

Bai 1. Cho a, b, ¢ > 0. Chtrng minh rang:

1 1 1 3
a) (a+b+ C)(E + o + E) >9, b) (1+a)(1+b)(1+c)> (1+ x3/abc)
2 2 2 2 2 2 2 2 2
0) a? | b Lc 2a+b+c d)a+b+c§a +Db +b +C +C +b
b+c c+a a+b 2 2c 2a 2a

Bai 2. Tim gia tri nho nhat ctia mdi biéu thirc sau:
1. s 3 .
A=2a+— Vvoia>0. B=x"+— Voix>0.
a X

Bai 3. Choa, b, c>0thoamin:a+b+c=2. Tim gia tri nhé nhét cia: T =a® +b® +¢*
Bai4. Chox,y,z>0:x+y+z=1 Tim Min: R =x" +y* + z*.
Bai 5. Tim gia tri 16n nhat ciia mdi biéu thirc sau:
M=x(3-2x); (0<x<3/2).
N=(1-x)2-y)4x+y); (0<x<1,0<y<2).
P=x(1-x)° 0<x<1.
Bai 6. Chuing minh rang véi a, b, ¢ > 0 ta co:

a+b b+c c+a
a) + + >
c a b

6

a b c
b) + +
b+c c+a a+b

>3
2

C)9£+EE+292a+b+c
a c

d)(a2+b2+cﬂ[ CHNE - ng(a+b+c)

at+b b+c c+a

14
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a b c (1 1 1
e) 2 P P 2S_ PR
a’+b®* b®+c®* c*+a* 2la b c

A

a+b b+c c+a 1 1 1
f) + + <| =+
a’+b? b?+c? c?+a’

Bai 7. Cho A ABC véibacanhlaapbc.CMR: — & B € .3

b+c—-a c+a-b a+b-c

Bai 8. Cho a,b >1. Chung minh rang: avb-1+byJa-1<ab.

Bai 9. Cho A ABC. Chimng minh rang:

a) (p—a)(p—b)(p-c)<_abc.

|

b)

> 2

1 1 1 1
+ + >2(— ).
p-a p-b p-c a

1 1
+—+—
b c

Bai 10. Cho ab,c>0 VA a+b+c <1. Ching minh rang:

1 1 1

+ + >9
a’+2bc b?+2ca c*+2ab

Bai 11. Ching minh rang;

a) a+ >3, Ya>b>0 b) a+ 22\/5,Va>b>0
b(a—b) b(a-b)?
4 a’+2
C) a+———>3,va>bh>0 d) >2, VaeR
(a-b)(b+1)° va’+1
2 2 1 2
) P —— <1 wxyeRr f) (x+1)?| +=+1{216 vx>0
1+16x* 1+16y* 4 X° X

Bai 12. Cho a,b,c>0 va a+b+c=1. CMR: abc(a+b)(b+c)(c +a)s%

a b c 3\/5

Bai 13. Cho a,b,c>0 va a?+b?>+c?=1. CMR: + + >2Y2
b?2+c? c?+a® a’+b? 2

Bai 14. Cho abc>0: 1+1-2 CMR: 2P, c+b .,
a c b 2a-b 2c-b

Bai15.a)Choa,b,c>0va -1+ 1 . 1 >2 CMR: apc<? .
1+a 1+b 1+c 8

b) Cho a,b,c,d >0 thoa mén 1, . 1. 1.3 CMR: abcd<t
1+a 1+b 1+c 1+d 81

Bai16.Choa,b,ce Rvaa+b+c =0. CMR: 82+8°+8°>2%+2°+2°,

15
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Bai 17. Chimg minh ring (x+2)2+i223 (x>0)
X+

Bai 18. Choa>0,b >0 vaa+ b = 1. Chirng minh rang ab? S%.

9

>1
(x+3)?

Bai 19. Ching minh rang néu x > - 3 thi 2—; +

Bai 20. Ching minh rang néua>b> 0 thi a +;2 >3
(a-b)(b+1)

Bai 21. Tim gia tri nho nhét cita bidu thitc Q = x + y biét x > 0, y > 0 thod man: 2 +>-1

Xy
2 2 2
Bai 22. Voixyz=1,x,y,z> 0. CMR: X Yy .z 2§
Z+y X+Z X+y 2
r 3 3 r 2
Bai 23. Tim gi4 tri nho nhat cia P = + véi a, b 1a cac so duong thoa man dicu

1+b 1+a

Kién ab = 1.
Bai 24. Tim gi tri nho nhét ciia P =2+ Véi x, y 12 cAc 56 duong thoa man x+y=1.
Xy

Bai 25. Cho X, y, z > 0. Chting minh rang

4+ g(x+2) e (Y+X) | o6
X y z

1
+_

Bai 26. Cho x + y =1, x, y > 0. Tim gia tri nho nhét cua biéu thirc: A—X 7y
+

Bai 27. Cho x,y >0, x+ y= 1. CMR: %§x2+y2§1

Bai 28. Choa+b =5, a, b > 0. Tim gié trj nh6 nhAt p:L%
a

Bai 29. Cho x,y,z duong thoa man xyz=1. Tim gi4 tri nho nhat cia

1 1 1
a) P=x+y+z b)P:\/;-i‘ y+\/2 C) ot
v x Ay Az
\/— 2[b c 1.1 1
Bai 30. Cho 3 s6 a,b,c > 0. CMR: 0l T s 2+c3+a2352+52+52

16



Chuyén dé Bit ding thirc LTPH nim 2015 Bién soan: Thay Lé Xuan Pai cvp

Bai31. Chox,y,z € [0;1]. CMR: (2" + 2V +25)(27*+ 27V + 27%) 388—1

alm/c-2 +bcyja-3 + ca\/b -4

abc

Bai32.Cho a>3;b>4;c>2.Tim GTLN cia A =

Bai 33. Cho a,b,c duong . Chtrng minh rang:

L4664

1.1 64
a b c d a+b+c+d

Bai 34. Cho a,b,c duwong thoa min a+b+c=1. Ching minh rang;

Ja+b+3¥b+c+¥a+c S?/E

Bai 35. Cho a,b,c dwong thoa man ab+bc +ca =5. Chimg minh rang:

3a?+3b%+c?>10
Bai 36. Cho a,b,c duong thoa mén abc=1. Chimg minh rang:
a) a®+b3+c®>a+b+c
b) a®+b%+c®>a®+b% +c?

Bai 37. Cho a,b,c duong thoa mén abc=1. Chimg minh rang:

oo

Bai 38. Gia str a,b,c 12 ba canh ctia mot tam gidc. Chimg minh rang;

a+b+C23
a+b-c b+c—-a c+a-b

Bai 39. Cho a,b,c dwong thoa min a +b+ ¢ =1. Ching minh rang;
(@+a)Ll+b)(1+c)>8(1—a)(1-b)(L-c)
Bai 40. Cho a,b,c duong thoa min a+b +c¢ =abc. Ching minh ring:

a b c
F+—3+—321
c’ a

17
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Dé cac ban co thém Kk thuat khi 4p dung BDT Cési t6i xin gidi thiéu mot chut vé
phuong phap chon diém roi cosi. Pay co thé néi 1a mot “tuyér chiéu” ddc dao giup cac em
nhanh chdng tim ra loi giai bai toan.

III. PHUONG PHAP THEM HANG TU VA CHQN PIEM ROI COSI

Tir viée du doan duge déu bang xay ra (diém roi Cosi), thém bét cac s6 hang cho phll
hop va st dung khéo 1éo bt dang thirc Cosi ta co thé dat dugc nhitng két qua khong ngo.
Pé c6 duge mot dinh hudéng dung din chung ta thyc hién cic bude phén tich bai toan nhu
Ssau.

1. Du doan dau béng xay ra hay cac diém ma tai d6 dat dwoc GTLN, GTNN.

2. Tur du doan dau bang, két hop v6i cac BDT quen biét, du doan cach danh gia (tat
nhién 1a thém maot chut nhay cam va kha ning toan hoc ctia mdi ngudi) cho moi
bai toan. Chu y rang mdi phép danh gia phai dam bao nguyén tic “déu bang xay ra
& mdi budc ndy phai giong nhu diu bang ma ta ¢4 dy doan ban dau”.

Dé 1am 3 diéu nay t6i xin phan tich cach suy nghi tim ra 1o giai trong cac vi du sau:

Vi du 1. Chimg minh rang véi Va,b,c >0 ta co:

ﬁ + ﬁ + —2 >a+b+c

C a

Phan tich bai toan:

* Trudc hét ta nhan thiy néu 4p dung ngay bt dang thirc Co si cho 3 s thi khong ra
dugc két qua mong muén.

* D& nhén thay ddu bang xdyrakhia=b=c.

a’ s a®

Khi do PR Vi vay ta thém b vao phan tir dai dién Y de c6 chung minh sau:

Loi gidi.

Ap dung bat dang thirc C6 si cho hai s6 duong ta co:

2 2 2
a b c
—+b>2a;—+c>2b;—+a=>2c
b c a
a2 2 CZ aZ 2 CZ
= —+b+—+c+—+a>2a+2b+2c=>—+—+—>a+b+c
b c a b ¢ a

Vi du 2. Chimng minh rang véi x,y,z > 0 ta ¢6
3 3 23

X
XY 2 sty ?

y z X
Phan tich bai toan:

18
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3
A3 . D, SR S ,
Ta thay rang véi hang tt — ¢0 thé c6 hai hudng sau:

3
Huomg 1: Thém X Xy > 2x°%, cling véi BPT co ban x° +y* + z° > Xy + Yz + zX
y

cong cac bat dang thirc lai ta ¢6 diéu phai ching minh.
Hudng 2: Thém X—3+ X +y? > 3x%; y y +2° >3y 2.2 +— z +x? >3z% rdi cong lai
y 'y z X X
ta co diéu phai chimg minh.
Vidu 3. Cho x, y, z la céc s6 duong théa man xyz = 1. Ching minh rang:
Xy +i>x+y+z
Phén tich bai toan:

* Dy doan dau bang xayrakhix =y=2z=1.

* Ta mudn dat hai muyc dich 12 danh gia giam bac tir bac 3 xubng bac 1 va dam bao
dau bang khi x=1, nhu vay phai sir dung BDT c6si v6i 3 s6, d6 1a diéu dé hiéu. Vay thi phai
thém hang s6 ndo vao véi x*. Chic cac ban déu thong nhat d6 1a s6 1 roi.

Loi giai: Ap dung BDT Cbsi cho 3 s6 duong ta dugc
X*+1+1>3x; y?+1+1>3y; 2° +1+1> 32
Cong timg vé 3 BPT ta duoc : x> +y* +2° > 3(x +y+2)—6
Mat khac x+y+223€/@:3 nén 3(x+y+z)—-6>x+y+z
Vay bai toan dugc chimg minh.
Ciing theo hudng nay ta c6 cac két qua sau:
V6i x, v, z 1a cac s6 duong thoa mén xyz = 1 ta co:
X} +y + 22 2 xP+y?+ 7
X012 Y012 4 72012 > ) 20M (201 7201

(Céc ban hady ching minh cac két qua ndy nhé)

Vi du 4. Cho a, b, ¢ duong thoa man abc=1. Chirng minh rang;
a’ b c .3
A+b)(1+ c) d+c)1+ a) (l+a)l+b) 4

Phan tich bai toan:
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3
e  Taséthémcho — > nhiing hang tir gi? Dé tra 1oi dugc cau hoi dé cac
@+b)1+c)

ban chi1 y 1a diu bang xay ra khi a=b=c=1.

a’ 1 1+1 1+b 1+c

e  Liucdothi — & =
@+b)l+c) 4 8 8 8

Vi vay ta c6 cach ching minh sau:

Loi giai: Ap dung BDT Cbsi cho 3 s6 duong ta dugc

a’ 1+b 1+c 3\/ a’ 1+b 1+c 3

+ + . —
@+b)@+c) 8 8 @+b)l+c) 8 8 4
Cung hai BDT tuong tu ta co:

a’ b® c? 3

w

+—=2> —(a+ b+c)>— (dpcm).
@+ b)(1+c) (1+c)(1+a) @+a)d+b)y 4 2 2
Diéu phai chirng minh.
Vi du 5. Cho a, b, ¢ dwong. Chimg minh rang:
3 3 3
a b ¢ slhaib+o)
b(c+a) c(a +b) a(b +c) 2

Phén tich bai toan:

* Dy doan dau bang xay ra khi a=b=c.

3 3
*Khido — > -2 _2_¢*ra_ E Viét nhu vay vi dung ¥ cua ta 1 phai
b(c+a) a(a+a) 2 4 2

khir dugc mau s6 ¢ vé trai. Nhu vay co thé thuc hién 161 giai don gian nhu sau:

Loi giai: Ap dung BDT Cosi cho 3 s6 duong ta dugc

a3

c+a b a’ ab 3
+ +—2>33 ——=—a
b(c+a) 4 2 b(c+a) 4 2 2

Cung hai BDT tuong tu ta c6 diéu phai chirmg minh.

Vi du 6. Cho a, b, ¢ duong thoa man a+b+c=23. Tim gia tri 16n nhét cia

P =3/a+2010b + /b +2010c + ¥/c + 2010a
Phan tich bai toan:
* Dy doan P dat GTLN tai a=b=c =1 (tat nhién khdng phai luc nao diéu du doan

Cua ta cling ding)

* Khi d6 ¥/a+2010b = /2011 va du doan gi4 tri 16n nhat cia P bing 3%/2011

(thé nay ma thi trac nghiém thi ngon qua...)
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* Bay gid v6i mot tham s6 m>0 nao do, ta viét

fa+ 20100 =~ 3f(a+ 2010bymm <~ (@ +20100) rm+m.
Ym? Im? 3
Van dé bay gio 1a ta chon m bang bao nhiéu thi phi hop?
a=b=1

Dé thdy d4u bang xay ra khi = m=2011
a+2010b=m

Loi giai: Ap dung BDT Cési cho 3 s6 duong ta co:

\3/a+2010b = 1 %/(a+2010b)20112011< 1 (a+2010b)+2011+ 2011

320117 T 320117 3

Cung hai BDT tuong ty va cong lai ta dugc:

o 1 (2011(a+b+c)+6.2011)=3_32011

320112 3

Déu bang xay ra khi a=b=c=1. Vay GTLN cua P bang 33/2011.

Vi du 7. Cho a,b,c khdng &m thoa mén a+b+c=3. Tim gi4 tri nho nhat cta
P=a’+64b +c’.
Phan tich bai toan:

Day 14 bai toAn ma cic vai trd cla cic bién khong nhu nhau. Tuy nhién ta van du
doan duoc P dat GTNN khi a=c. Van dé 12 bang bao nhiéu thi chua thé néi ngay dugc. Dé
biét diéu do6 ta xét hai tham s6 o, > 0 va viét P nhu sau:

P=(a’+a’+a’)+(64b° +B° +p%)+(c* +a’ +a’) - 4a’ - 2B°
Ap dyung BDT Cbsi ta co:
P>30’a+3.4B°0 +3a’c—4a’ - 2p° (*)

a=c=a
Déu bang xayrakhi {b=p/4 :>20L+%:3 @)}

a+b+c=3
Dén day van chua du dé c6 thé tim ra o, 3.
Dé y rang gia thiét cho a+b+c=3 nén tir (*) ta s& 1am cho cac hé sb dung trudc a,b,c bang
nhau. Cuy thé 1a 3a® =12p% (2)

N x 24 12
Tr(l)va(2)déetimra oo =—,p="—.
(I)va(2) =z p 17
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3
Khido a=c=22 == va Pz%
1717 17

Moi thir thé 12 6n. Cac ban hiy tu viét lai 1oi giai bai toan ndy va “nang nang” trong niém
vui chién thang nhé.
Nhdn xét: Néu ta bo gia thiét a+b+c=3 thi ta c6 thé thu dugc BDT sau:

Cho a,b,c khong &m. Chirng minh réng

289(a° + 64b° + c*) > 64(a+b+c)’.

Loi giai cia bai toan nay danh cho ban doc (goi ¥ 1 ¢6 thé chuan hoa dé dua vé bai
toan o trén).
Vi du 8. Cho x,y,z duong thoa man Xy + yz + xz =1. Tim gia tri nhé nhat cia

P=3(x*+y%)+2°.

Phan tich bai toan:

Chiac khong phai binh luan gi thi cac ban déu cong nhan véi t0i rang bai toan nay
qua hay, ciu triic dep mat nhung khong hé dé dang. T4t nhién ai chang mong rang dé bai sé
cho tim GTNN ctia P = x* +y® + 2% hogc vui hon 1a tim GTNN cuia
P=x*+y?+2°+2013.... Tatrd lai qua trinh phan tich va tim t0i 1&i gidi cho bai toan:

Diéu kién rang budc & gia thiét 1a ddi ximg véi x,y,z, nhung trong biéu thirc P chi

d6i xtmg vé6i x,y; vai trd clia z véi x,y 1a nhu nhau. Vi vay ta dy doan P dat GTNN khi x=y
2

A , - \ ,
va ?:aX=ay (V61 a >0 nao do).

Ta dua ra danh gid nhu sau:

yaa a ya a . |a o
Xe+—2>2.|=xZ; ay* +—>2.[—yz va . [—.(x*+Vy*)> 2. |=X
O A A T PR \/2( ¥’) V2
(04 (04 (04
Do d6: +,/— (X2 +y?)+22 22, [=.(Xy +Yyz+ X2 :2/—.
o do [a 2}( y) Z(Y y ) 5

Nhu thé ta chon « >0 sao cho a + \/% =3 (sb 3 trong dé bai), cd thé thiy ngay

motsd o =2.

= X: =
L 7 'xy+yz+xz 1 722x=2y y NG
Dau bang xay ra khi 1 72 = =
?:axzzayz Xy+yz+xz=1 z=£
5
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Luc d6 GTNN ciia P bang 2.
Cac ban hay bt tay tw gidi bai todn twong tw sau nhé:
Cho x,y,z duong théa min X +y+z =1. Tim gié tri nho nhét ciia

23
P=x’+y’+—.
y 4
IV. PHUONG PHAP SU DUNG PAO HAM
1. N¢i dung phuwong phap
a) Cac Kién thirc lién quan:
1. Ham f(x) dong bién trén D khi va chi khi f'(x)>0 ¥xeD.
2. Ham f(x) nghich bién trén D khi va chi khi f'(x) <0 ¥x eD.
3. Cho ham f(x) dong bién trén D, khi d6 véi u,veD taco: u>v < f(u)>f(v)
4. Cho ham f(x) nghich bién trén D, khi d6 v6i u,ve D tacd: u>v < fu) <f(v)
b) Phwong phdp gidi: Dé ching minh BPT bang PP dao ham, ta khao sat sy bién thién
ciia mot ham s f(x) nao d6 co lién quan t6i cdu trac caa BDT can chirng minh. Tir su bién
thién caa ham s f(x) ta suy ra BDT can chimg minh. Chu y 1a cac bién bi rang budc theo
gia thiét ctia bai toan.
Pé cac ban c6 thé hiéu ngay tu tuong ctia phuong phap nay t6i xin dua ra mot bai
toan don gian sau:

“Cho a>b. Chiang minh rang: a+ 21 >b+ 21 "
a“+1 b +1

Céc ban c6 thé ching minh bai toan nay bang PP bién doi twong dwong, tuy nhién

nhin vao dic diém hai vé ciia BDT ta xét ham s6 f(x) = x + véi x eR

x? +1

2x  xPa2x®+1-2x xPex® 4 (x-1)°
(% +1)° (% +1)° (x* +1)?

Taco f'(x)=1- >0 voimoi X eR.

Suy ra ham f(x) dong bién trén R.

Ma a>b = f(a)>f(b), hay a+

1
>b+ dpcm).
a’+1 b2+1(p )

Nhdn xét: Bai toan trén d4 thé hién kha rd vé PP sir dung dao ham trong bai toan BDT.
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2. Cac dang toan co ban
Trong céac dé thi vao PH- CP thudng xuét hién hai dang bai toan sau:
Dang I: Bét dang thirc can ching minh chi c6 mot bién.
Vi du I: Chirng minh rang v6i moi x>0 ta co: e* >1+x (1)
Loi gidi. Xétham f(x)=e* —x—1véi x>0.Taco f'(x)=e*-1>0 véimoi x>0.
Suy ra ham f(x) dong bién trén [0;+00) = f(x) =2 f(0) =0. Vay e* 21+x
Déu bang xay ra khi va chi khi x=0.

Nhén xét: Bang viéc xét dao ham hai lan va sir dung vi du 1 ta co két qua sau:
52
e* >1+x ey véimoi x>0 (2)
Hoic ta c6 két qua tong quat hon: Cho n nguyén dwong. Chimng minh rang:
2 X"

X , - .
e 21+X+—+...+—I véimoi x>0 (3)
n!

Vidu 2: Cho 0<x< g Chtmg minh rang:

3
a) sinx < x b)sianx—% @) b sinx> 2% (5)
T

Loi gidi. a) Xét ham f(x) =x—sinx véi XG[O;ﬂ.Ta co f'(x)=1-cosx>0, VXE{O;E}

Suy ra ham f(x) dong bién trén {O;g} .Do d6 f(x) >f(0)=0 (dpcm).

3
b) Xét ham f(x) :sinx—x+% véi x{o;ﬂ .Taco

2
f'(x):cosx—1+X?; f"(x) =—sinx+x >0 (theo phén a)

Do d6 f'(x)>f'(0)=0 = f(x) > f(0) =0 (dpcm).

c) Xét ham f(x) =sinx—2—x, ta co f'(x) =cosx—g.
T T
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Pén day kich ban khong nhu hai phan (a) va (b) nira vi £(x) c6 nghiém duy nhat

X=a¢€ [O;g} . C6 I& dén day cac ban s& ling ting. Hay that binh tinh va nh lai rang khi

dao ham f’(x) cd nghiém trong doan [o;ﬂ ta phai nghi toi bang bién thién cia n6 (hiy vé
ngay ra nhap BBT di).

Tu BBT tasuy ra ngay f(x)> f(%} =0.Vay sinx > 2 (dpcm).
T

Vi du 3: Cho x >2. Ching minh rang X+12§ (6)
X

Loi gigi. Néu ban nao chua thao vé viéc sir dung BDT Cosi dé giai bai toan nay thi PP st
dung ham s6 1a mot “vii khi” dé lap 16 hong d6. That don gian khi ta xét ham sé

1 x-

f(x)=x+1 véi x22. Ta c6 ngay f'(x)=1-—="— 1>0, suy ra ham f(x) dong bién
X X X

trén [2;+oo). Do do f(x)>1(2) =g (dpcm).

Dang 2: Bit dang thirc can chimg minh c6 nhiéu bién
Vi du I: Cho a,b,c dwong. Chimg minh rang;

a+b+c abc >@

+ > 7
Yabc  a+b+c 3 )
a+b+c ) s
Loi giai. Dat t = , khi @6 theo BDT Cosi thi t > 3.
JJabc

Ta can ching minh t+%z% véi t>3.

Pén day thi bai toan duogc giai hoan toan twong tu v&i viée chitng minh BPT (6).
Déu bang xay ra khi va chi khi a=b=c.
Vi du 2: Cho a,b,c dwong thoa man a’ +b” +¢* =1 . Chimg minh rang:

a b Cc 3\/§
b2+c2+c2+a2+a2+b2 = 2 ®)

Gidi. Tur gia thiét ta viét lai (8) dudi dang:
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2 2 2
a2+ b2+ 0223\@@ a —+ b —+ ¢ 223\/§(a2+b2+02)
1-a° 1-b° 1-c 2 al-a°) b(-b") c@-c) 2

Chuay thém rang a,b,c € (0;1)
- TR n_ 243 _
bieu nay cho ta nghi tdi viéc chimg minh x(1-x°) < o voi x € (0;1)

Xét ham s f(x) = x(1—x?) trén khoang (0;1) ta duoc ngay két qua trén.
Chuy: Co mot cach hoi theo dang hinh hoc kha thu vi clia bai toan trén nhu sau:
Cho hinh hop chir nhat c6 6 dai ba canh la a,b,c va d6 dai duong chéo chinh 1a 1.

a N b N c
+¢? c?+a’ a’+b?’

Tim gia tri nhé nhat cia P = —
b

Vi du 3. (PH Khéi A-2003): Cho x,y,z duong thoa man X +y+z <1 . Chimg minh rang;

\/xz +% +\/y2 +%+\/22 +Zi2 >82 (9)

Gidi. Bat vé trai ciia (9) 1a P. Theo cac két qua quen biét ta co:

2 2
Pz\/(x+y+z)2+[1+1+1j 2\/(X+y+z)2+[ 9 j
Xy z X+Yy+2

Néu gia thiét cho X +y+z =1 thi d4 qua on r6i, nhung & day gia thiét lai cho X +y +z<1.

Gia thiét nay thuong 1am cho cac em HS bdi rdi. Tai sao khong nghi tdi ham s6 nhi. Cac
ban chi can dat (x+y+2)? =t thi 0<t<1 va BPT can chiing minh tr& thanh t+%2 82
v6i 0 <t <1. Diéu nay thi qua don gian rdi.

Chuy 1a dau bang van xdy ra khi X +y+2z=1 vax=y=z, hay x=y =2 =%.

Nhu vdy sirc manh cia PP ham sb that kinh khung va c6 thé xuyén thing bat ki
“hang phong ngu nao” cho du gia thiét va két luan cta bai toan méi nhin ¢4 choang. Toi
xin dan chung thém mot vai bai BDT “khdng doi xitng” nira, ¢6 18 cac ban s& tim phuc
khau phuc diéu t6i néi thoi.

Vi du 4. Cho a,b,c duong thoa man a+b+c=1. Tim gia tri nh6 nhat cta
P—a’+b’+c’
4
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(a+b)®
4

Gidi. Sir dung danh gia a° +b® >

, suy ra

3 _ 3

p>@FD) 1 (€= 1o lae_gei
4 4 4 4 4

Ta d4 thanh cong khi dua BDT véi 3 bién vé chi con 1 bién ¢, cha y 1a c e (0;1).

Xét ham f(c)=%(3c2—3c+1), ta c6 f'(c)=%(60—3)=0<:>c=%

Tuwdo f(c)>f [%} = % Déu bang xay ra khi

1
,C=—.

Vay GTNN cua P bang i, khi a=b=1
16 4 2

Vi du 5. Cho a,b,c khdng &m théa mén diéu kién a+b+c=1. Chimg minh rang;

ab+bc+ca—2abc< 27—7 (10)

Gidgi. W.L.0.G, gia sur ¢ 12 s6 nho nhat trong 3 s6 a,b,c. Khidé ¢ e [o;ﬂ :

Ta s& tap trung vao viéc danh gia VT cia (10) theo bién c.

2
Taco ab+bc+ca—2abc=c(l-c)+ab(l-2c)<c(l-c)+ [#j (1—2c)

1-cY
= c(l—c)+[7j (1-2c).
b 1-cY .. 1
Xétham so f(c)=c(l—-c)+ - (1-2c) voice 0,5
4 1 1 \ A « X ~ 1
Taco f'(c) =EC(1_3C) >0, suy ra ham f(c) dong bién trén [0;5}

Do do f(C)Sf(%)=% (dpcm). Déu bang xay ra khi va chi khi a=b=c=%.

3. Bai tap tw luyén
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Bai 1. Ching minh rang:

2
a) x>sinx, vx>0 b) eX>1+x+XE, Vx>0

c) sinx+tanx>2x, VXe (O;%)

Bai 2. Timmdé: m*x* —-2x*+m=>0 VX.

Bai 3. a) Cho xe(0;1). CMR: x(l—x2)§¥.
b) véi Va,b,c>0:a% +b? + ¢’ =1 taco: ———+ Zb " 223\6
b +c® c°+a° a"+b 2
Bai 4. Cho a>b>0. CMR: a4+~ > b+
a“+1 b +1

Bai 5. Cho o>1. CMR Vvé6i moi x>0 thi : (1+x)¢ >1+ax.

Bai 6. a) CMR Vi moi x thi x° +(1—x)° 2% .

b) Tong quat: a" +b" > le_l véi n nguyén duong; a,b>0 thoa mén a+b=1

c) Tim GTNN cua f(x)=sin"* x+cos"” x .

Bai 7. Chung minh rang véi moi x>0 thi: Inx<+/X .
T . ﬁ-ﬁ—l
Bai 8. Cho 0<x <. CMR: 25N 42" 222

Bai 9. Cho O<b<a. CMR: 2=0 |n%<a;bb.
a

BAi 10. a) Cho t>1. CMR: |nt—%zo
+

b) Cho x>y>0. CMR; XY 5 X=¥
2 Inx—Iny

Bai 11. Chimg minh ring VX2 —x+1+yX2—xv/3+1>+/2.

Bai 12. (Khbi A-2003). Cho x,y,z>0 thoa mén: x+y+z<1. Chimg minh rang:
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\/x2+i2+\/y2+i2+\/22+i22\/8—2 :
X y z

Bai 13. (Khéi D-2001). CMR v&i moi x>0 va véi moi a>1 ta lubn ¢6 x* +o.—1> ax.

Tir d6 hdy CMR: Vi ba s6 duong a,b,c bat ki ta co:

a’ b? ¢ a b ¢

1,—+1f—+4/—2—+—+—.
b* c? a® b ¢ a
2

Bai 14. Chang minh rang véi moi x>0 ta ¢6: cosx> 1—% :

Bai15. Cho tam giac ABC nhon. Chting minh rang
sinA+sinB+sinC+tanA+tanB +tanC > 2xn

Bai 16. Ching minh rang moi x>0 thi ta co: e*—e ™ > 2In(Xx+v1+X?).

COSX
"~ sin?x(cosx-sinx)

Bai 17. Cho XG(O;%) CMR

2
Bai 18. Tim GTNN cia ham sé f(x) = 4x+ 2" +sinx, x>0
X

Bai 19. Cho 0 <« < % Chitng minh ring 2.0 + — >3
(04

Bai 20. Cho x>y >z >0. Chiing minh rang;

X
z

+£+X2£+X+E
y

X y z X

Bai 21. Cho x,y,z khong am théa man x* +y® +z° =1. Ching minh rang:
6(y+z—-x)+27xyz<10

Bai 22. Cho x,y,z, duong thoa mén x+y+z=4 va xyz=2. Tim GTLN va GTNN cua

P=x'+y*+2*
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V. MOQT SO PE THI PAI HQC VA LOI GIAI

Bai 1: Chimg minh rang véi vab,c>0 tacl

1 1 1 1
+ + < Q)
a®+b®+abc b®*+c®+abc c®+a*+abc abc

Bai giai

a®+b®>a’b+ab?
Vi a, b, ¢ > 0 ta chimg minh dugc: {b* +c® >b’c +bc?
c®+a®>c?a+ca?

VT (1) < L + L. L

a’b+ab®*+abc b?c+bc®?+abc c?a+ca’+abc

1 1 1
+ +
ab(a+b+c) bc(a+b+c) ca(a+b+c)

1 1 1 1 1
e
a+b+c(ab bc caj abc

Bai 2: Cho X, Yy, z > 0thoa min x+y+z<3. Chirng minh rang:

X y z 3
+ + <—<
1+x* 1+y® 1+z2% 2

1 1 1
+ +
1+x 1+y 1+z

Bai giai
*Taco: 1+x2 >2x = <L Tuongty Y <lwva_2 <1
1+x* 2 1+y* 2 1+z* 2
Suyra X, Y , 2z .3
1+x* 1+y* 1+72° 2
* Taco: Lt ., 1 9 > 9 >33
1+x 1+y 1+z (@A+x)+Q+y)+@+z) 3+(x+y+z) 6 2

Bai3: Choa, b, c>0saochoabc=1. Tim GTNN ciia p=—2¢ ¢ , ab
a’b+a’c b%a+b?c c?a+c?b

Bai giai
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bc N ca N ab
a’(b+c) b*(a+c) c?(a+b)

Bién ddi p=

1r 1 1 1r 1 1

2 2 2 2 2 2
—_a , b®  ,c¢® —_a _  b® ¢
b+c a+c a+b 1 1 1 1

s
bc ac ab a

Pén day thi moi th tré 18n nhe nhang hon nhiéu rdi

v A 4w 1 1 1 y 1 o x>y g
Tachicandat x==, y==, z==,khidd xyz=1va P= + +
a b c y+Z Z+X X+y

z

2 2

2
&p dung BDT Cési ta duge: X +¥ 25y, Y 2FX5y 2 XY,
y+z 4 z+x 4 X+y 4
X+y+z X+y+z 3, 3 A 3 Py — g — o —
SP+22 T x+y+z DPZTZE xyz:E.Vay Pmm:E khix=y=z=1

Bai 4: Cho a, b, ¢ > 0. Chimg minh rang;

(l+ a® )(l+b3)(l+ 03) > (1+ ab® )(1+bc2 )(l+ca2) Q)

Bai giai

Ta c6 (1) twong duong
a®+b®+c®+a’b® +b3c? +c®a® >ab? +bc? +ca? +a’b’c +ab’c? +a’bc®.
&p dung BDT cosi cho ba sé duong ta c6:

a® +b® +b*®>3ab”

b®+c®+c®>3bc?

c*+a*+a’®>3ca’
Tir d6 suyra 3(a° +b®+c®)>3(ab? +bc? +ca?) < a’ +b®+c® > ab? +bc? +ca? (2)
Tuong tu ta ¢ a®b® +b3c® +c’a® >ab’c? +a’bc® +a’b’c (3)

Tu (2) va (3) suyra: a®+b®+c®+a’b® +b°c® +c’a® >ab? +bc? +ca? +a’b’c +ab’c? +a’bc?

Bai5: Choa,b,c>0: X+ 1. 1_3. Ching minh ring (1+a)(1+b)(1+c)=8 (1)
a b c
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Bai giai

Tﬁ-l+glk£:3suyra3abc:ab+bc+ca233a%fcz:>abczl

a b c
Bién déi (1) {1+1j{1+1j[1+1}_i2 0 (2)
a b c) abc
Taco VT(2) = a0 101 7

a b c ab bc ca abc

1 1 1 7
44—+ —+————
ab bc ca abc

T o4, 3 7 (do abc>1)
abc

1
Ya?p?c? abc abc

>4+3

>4-2 >0 (do abc>1) (dpcm).
abc

Bai 6: Cho X, y, z > 0. Chimg minh rang:

XC+y? Y42 2Pax® X2 y? oz

Bai giai

b 2l 2F 2 b 2 _

)yt yiezt 2Pt axiy? 2\yiz? 24z%x

Ta co:

(1 1 (1 1 (1 1)_1 1 1
<o =4 =+ =+ |+ == | =
2 XZ y2 2 y2 ZZ 2 ZZ XZ XZ y2 ZZ

Bai 7: Cho a, b > 0 thoa man a + b = 1. Ching minh rang

1 1
—+ >6
ab a?+b?
Bai giai
A s . 1 1 ~ 1 4
Theo BDT Cosi ta cd (x+y) =+= >4, yxy>0 va —> , VXY >0
Y Xy (x+y)*
Do do 4L+ L :—£—+-;Lﬁ- L > 4 + 4 >2+4=6.
ab a?+b? 2ab |2ab a?+b? 2(a+b)®> 2ab+a®+b?
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Bai 8: (Khdi A- 2003). Cho X, Y, z la ba s6 duong thoa man x+y+z <1. Ching minh ring:

\/xz LN y? el +\/z2 = >+/82
XZ y2 ZZ

Bai giai
Gap nhiing bai todn dang nay ta thuong sir dung BPT sau (BDT Mincopxki)

XE+a? +4y? +b? 2\ (x+y)* +(a+b)’ (1) voi moi a,b,x,y

VX2 4@ +4]y? +b2 7% +¢2 2\/(x+y+z)2 +(a+b+c)’ (2) voi moi a,b,c,x,y,z

Chutng minh BPT (1) that don gian, c¢6 thé dwa ra 2 cach nhu sau:
Céch 1: Bién d6i twong duong (1) bang cach binh phuong hai vé va dua vé BPT dung
(bx—ay)*>0

Céch 2: Str dung BDT véc to

.. ., -— - , | — -— -
V&i moivécto u,v taco |u|+|v|>{u+v| (*)

N e NP 52 52 -— - N NP —| [— - - 2

(Vilu+v| =u +v +2u.v <|u| +|v| +2lullv|=||u|+|v|]|)

Dét_tr =(x;a), V= (y;b) . ap dung (*) suy ra ngay BDT (1)

&p dung hai 1an BPT (1) ta suy ra BDT (2), va ciing suy ra cac BDT tong quét cho bd 2n
$0...

Tro lai bai toan: ap dung BDT (2) ta duogc:

2 5 2
P:\/x2+i+ y2+i+\/zz+i2 (X+y+2z)*+ 1,11 > (33 xyz) Y EE /9t+g
x? y? z? Xy z Xyz t

2
V&1 t =3/(xyz)? :>O<t§{x+§—+2] sé.

Pén day thi y twong ding ham sb 1a kha rd rang roi

Xét ham sb f(t):9t+% véi te{o,ﬂ
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Taco f’(t):g—t%<o,we{o,ﬂ = f(t)gidm trén {o,ﬂ :f(t)zf{éj:SZ .

Vay P>f(t)2+/82.

Bai 9: (Khdi A — 2005). Cho X, V, z 14 c4c sb thuc duong thoa mén diéu kien 2+2+1-4.
Xy z

Chtng minh rang: t 1 g
2X+Yy+2z2 X+2y+z2 X+y+2z

Bai giai
Tir gia thiét va BDT can ching minh cho phép ta nghi ngay téi BDT co ban sau:

*Véia,bduongtacé1+izi,hayigl(1+l)
a b a+b a+b 4\a b

Déu “=" xay ra khi va chi khia="b

* Ap dung “khéo 1é0” BDT trén ta duoc

1 i1 1) 1[1 11 1)] 11 1 1
— < =+ | —+— =+=||==]| =+—+— (1)
2X+y+z 4\ 2x y+z 412x 4\y z)| 8\x 2y 2z

1 (1 1 11 1(1 1 (1 1 1
— < —t+— [ =+ | = =+ (2)
X+2y+z 4\2y x+z 412y 4{x z 8ly 2x 2z

1 i1 1) 1[1 1f1 1)] 11 1 1
— < —+— [ =+ =+ | = =+ (3)
X+y+2z 4(2z y+x) 4|2z 4\y x)| 8z 2y 2x

Cong theo timg vé cac BPT (1), (2) va (3) ta duoc

1 1 1 (1 1 1
+ + <—|=+—+—1|=1
2X+Yy+z X+2y+z X+y+2z 4{x y z

Bai 10: (Khoi B — 2005). Chirng minh rang véi moi x <R, ta co
{E] +(EJ +[@J >3*+4% +5"
5 4 3
15 _, 1220_,, 1520

e == by

5 4 5 3 43

* Pén day ap dung BDT Cosi cho hai s6 duong ta c6
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CRGRGICREN
5 4 5) 4
535 (5) = @
5 3 5)13
CRERGIDRENC
4 3 4)\3

Cong céc BDT (1), (2), (3) ta duogc {%] {15} {20} >3 +4*+5 (dpem).

DAu “=" xay ra khi va chi khi x=0.

Bai 11: (Khdi D — 2005). Cho cac sé thyc duong x, y, z thoa mén xyz = 1.

Chtmg minh rang:

\/1+x3+y3 +\/1+y3+z3 +\/1+z3+x3 23\/5
Xy yz zX

Bai giai
* Ap dung BPT C6 si cho ba s6 duong ta c6

3 3
1+x3+y° 23313y =3xy = VITXHY V3 @
Xy Jxy

* Cung hai BDT tuong tu ta dugc

\/l+x3+y3+\/l+y3+z3 +\/1+z3+x \/_ f
Xy yz zX \/7 \/7
J3

i ihae. V3 V3 B V3 V3
* Mat khac: +
i i S N

3 3 3 3 3 3
3\/l+x +y +\/l+y +z +\/l+z +X 23\/5
Xy yz zx

5
Jox
33

Bai 12: (Du bi D- 2005). Cho X, y, z la ba s6 thuc thoa ma&n x+y+z =0. Chimg minh rang

J3+4* +3+47 +4/3+47 26

Bai giai
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* Bai toan nay c6 chit gan giii voi bai 11, néu tinh ¥ ta thay rang
A W47 =47 =40 =]

*Taco: 3+4" =1+1+1+4* > 444" =3+4* 2224 =2¥a~

* Cung hai BPT tuong tu ta dugc

344 3+ 4 43447 > 2[%/47&/47#47}2 6344 447 6

DAu “=" xay ra khi va chi khi x=y=2=0.

Bai 13: (Du bi A — 2005). Chirng minh rang v&i moi x,y>0, ta co

9 2
(1+ x)(l+XJ(l+—] > 256
N\ Wy

Bai giai
3
*Taco l+X:l+£+i+£244X_3
3 3 3 \'3

3

Tuong ty : 14210 Y Y Y s a4 Y
X

3x 3x 3x \3x°
s .9 3.3 3 3 R 3°
Va 1+—==1+=+-—=+-=2>4, . :>[l+—] >164—
W W (W) Wy Vy

2 3 3 6
Do d6 @+ x)(1+¥j(1+i] > 25645 . Y3 _ o6
X x®y

Chtg minh rang

fa+3b+3¥b+3c +3Yc+3a<3

Bai 14: (Du bi B — 2005). Cho a, b, ¢ 12 ba sé duong thod man a+b+c :%.

Bai giai
Cach 1
Taco
3fa+3b :3J(a+3b)1.1s%:%(a+3b +2)
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3b+3c :2/(b+3c)l.ls%— 1

=—(b+3c+2
3(+ +2)

c+3a+1+1 1

Yc+3a=3(c+3a)l.1< 3 :E(c+3a+2)

= Ya+3b+3b+3c+3¥c+3a s%[4(a+b +c)+6]s%{4%+6}:3

A e 2 a+b+c:E 1
Déau “=" xdyra < 4 <:>a:b:c:z

a+3b=b+3c=c+3a

x=3%a+3b = x*=a+3b
y=¥b+3c = y*=b+3c

z=3c+3a = z°=c+3a

= x*+y*+2® =4(a+b+c)=4-2=3. Ta can chimg minh x+y+z<3

Aw

BDT nay la qua don gian roi! ( cac em tu chimg minh xem nhé).

Bai 15: (Du bi 2 B — 2005). Ching minh rang néu 0<x<y<1 ta cd

x\/y—y\/;s%.

Bai giai
T o<x<1suyra Jx>x?

Ap dung BDPT C6 si cho ba sé duong ta c6

%+y&2yx2+%22 /yXZ.%:x\N = xﬁ—y&s% (dpcm).

0<x<y<1 Xx=1
DAu bang xay ra < {x =x? = 1
y==
yxt =+ N
4

Bai 16: (Du bi 2 D —2005). Cho X, y, z dwong thod mén xy.z =1. Ching minh rang

2 2 2
X z
Y

+
1+y 1+z 1+x

>3
2
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2 2
Taco X 1tYso [ X 1y
l+y 4 1+y 4

Cung hai BDT tuong tu ta dugc

x2  l+y y2  l+z 72 1+x
+ + + + + >X+y+z
1+y 4 1+z 4 1+x 4

2 2 2

L AN 23(x+y+z)_§2§.
1+y 1+4z 1+x 4 4 4

Bai giai

3 9 3 3
33xyz—-Z==_-=2==" (dpcm).
ye- =T (dpcm)

Bai 17: (Du bi A— 2006). Cho x,y,z dwong thoa man 3 +3~ +37 =1. Chiing minh rang;

X y z X y z
9 N 9 N 9 > 37+3"+3 (1)
3¥+3F 0 FV 43 3T 43 4
Bai giai

Pat a=3*, b=3", c=3* (a, b, c>0)

Taco:3*+37+437=1 & l+%+1:1 < ab+bc+ca=abc (*)
a

c
. . ) . 2 2 2
BDT can ching minh trg thanh: -2+ b ¢ ,a+bxc
a+bc b+ca c+ab 4
3 3 3
2a +2b +Zc 2a+b+c (2)
a‘+abc b“+abc c°+abc 4

Taco: a®?+abc=a’+ab+bc+ca=(a+b)a+c) (dO ab+bc+ca=abc)

Tuong tu b? +abc =(b+a)(b+c) Va c2+abc =(c+a)(c+b)

Do d6 (2)

a . b3 . c? Jatb+c 3)
(a+b)(a+c) (b+a)(b+c) (c+a)c+b) 4

Ap dung BDPT C6 si cho ba s6 duong ta c6

3

a a+b a+c a® 3
+ + >33—==
(a+b)(@a+c) 8 8 64 4
3 3
Tuong tu b Joxe bray g b 3y
(brc)b+ra) 8 = 8 64 4
c®  c+a C+b>33i—§c
(c+a)c+b) 8 8 \e4 4
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Cong timg vé ciia ba BPT ta duoc:

a + b* + ¢ +£(a+b+c)>
(a+b)(a+c) (b+a)(b+c) (c+a)(c+b) 2 B

3

3(a+b+c)
4

ad b3 c? >a+b+c

=3 + + > , suy ra (3) dugc chirng minh
(a+b)(@a+c) (b+a)(b+c) (c+a)(c+b) 4

Bai toan dugc ching minh hoan toan.

Bai 18: (Khoi A — 2007). Cho X, Y, z 1a c&c sb thuc duong thoa man xyz=1.

X2 (y+12) . y*(z+X) . 72 (x+Y)
y\/§+22\/5 2Nz +2xx X x+2y\/§

Tim gia tri nho nhat cia P =

Bai giai
* Gia thiét “xyz=1" thuong cé rat nhiéu ky thuat “xir I/ ” tinh té, viéc ding né thé nao
con phu thudc vao timg bai toan. Trong bai toan nay c6 mat lién hé nhé giira tr va mau, cu
thé ta thyc hién 10i giai nhu sau:
Taco x(y+z)=x2y+x2z>2yx*yz =2x4/x  (do xyz=1)

Tuwong tu y*(z+x)>2y\ly Va z2(x+y)>2zyz

2x\/§ N 2y\/§ . 224z
y y+22\/E z3z +2xdX X x+2y\/§

=>P2>

* Pén day tor va mau dd quéa “gdn gii” roi. Pé bai toan don gian hon ta thuc hién
phép dbi bién “khéng lam thay doi gia thiét” sau: a = x</x;b=y,Jy;c = zv/z , khi d6 abe=1.

2a 2b 2C

Lacdo P> + +
b+2c c+2a a+2b

* C4c ban hdy ching minh BDT sau nhé (rat quan trong ddy, qua nhiéu ap dung hay)

a b c 3
+ + >
mb+nc mc+na ma+nb m+n

(v6i moi a,b,c dwong; m,n 13 hing sé duong cho trudc)
* Ap dung BDT nay tacé ngay P>2 (ciing chang can dén abc=1 nita)

D4u bang xay ra khi x=y=z=1. Vay GTNN ciia P bang 2.

Bai 19: (Khdi B — 2007). Cho X, v, z la c4c s6 dwong thay d6i. Tim gié tri nho nhét cia

biéu thirc P =x §+i +y(l+ij+z E+i .
2 yz 2 X 2 xy
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Bai giai

Tacéh p:ﬁ+ﬁ+£+ﬂ
2 2 2 Xyz
2 2 2 2 2 2
Ma x? +y? +22 =% ery Y erz L2 erx > Xy +YyZ+2X

2 2 2
X +y +z 2xy+yz+zx:£+1+1
Xyz Xyz Xy z

2 2 2 2 2 2
= PZX—+y—+Z—+1+E+£: X—+E + y—+1 + Z—+1
2 2 2 Xy z 2 X 2y 2 z

Y tuong dung ham s lai dén rat tu nhién

, 2 )
X6t ham sb f(t):%+?l VGit>0 = f’(t):t—tiz:OQtzl

9

Lap bang bién thién ta duoc f(t) > g , Vt>0.Suyra P> 5

DAu bang xay ra khi va chi khi x=y=z=1. Vay GTNN ciia P bang g

Bai 20: (Khdi D- 2007). Cho a>b >0. Ching minh rang

b a
(Za +iJ < (Zb +ibj
2° 2

Bai giai
Bat dang thirc da cho twong dwong voi

In(1+4°) g In(1+4°)

(1+a) <(1+4) = - -
o In(1+4%) , 4*In4* - (1+4%)In(1+4")
Xet ham so f(x) =——~= vai x>0. Ta co: f'(x) = > X <0
X X“(1+4%)

Suy ra f(x) nghich bién trén (0;+c0).
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Do f(x) nghich bién trén (0;+) va a>b >0 nén f(a) <f(b) va ta c6 diéu phai chimg

minh.

Bai 21: (Khdi B- 2008). Cho hai sb thuc x,y thay doi thoa man hé thire x?+y? =1.

2
Tim GTLN, GTNN cia p=2X T6XY)
1+2xy+2y
Bai giai
2 +6xy)  2(x*+6xy)

Taco P= = >
1+2xXy+2y° X" 4+y +2xy+2y

* Néu y=0 thi x2=1=P=2.

2
2(5) (5
y YJ| 2t?+12t
2 24 2t+3
(Xj +2[Xj+3
y y

Dén day c6 thé ding diéu kién c6 nghiém cia phuong trinh bac hai hodc dung dao

* Néu y=0 thi P=

2
ham bang cach khao sat ham so f(t) :—ft 12t , VOl teR.
t“+2t+3
\ 3 1 3 1

TatimraP, =3 X=——,y=—— hodc x=—-——+=,y=——
e 07 "o \/1_Oy J10
P ——6<:>x—i __2 hoéox——iy—i
" V137 13 J13'7 13

Bai 22: Khdi D- 2008). Cho hai s thuc khong 4m x,y thay dbi . Tim GTLN, GTNN cua

p_ (x=¥)d-xy)
1+ x)°(1+y)*

Bai giai
Ta sé ap dung BDT sau: (a+b)*>4ab

Taco |P|_|(x—y)(1—xy)|< nidexy) 1 Suy ra Lep?

a0t @y T [y @exy)| 4 44
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Khi x=0, y=1 thi P :—%. Khi x=1, y=0 thi P :% .

Viay GTNN ctia P bing _% , GTLN ciia P bing %

Bai 23 (Dy bi A- 2007): Cho x,y,z duong. Tim gia tri nho nhat cua biéu thirc

P= %/4(x3 +vy?) +€/4(y3 +7°) +§/4(z3 +X°) + 2(12+12+i2j
y? 722 X

Bai giai
Taco 4(@°+b%)>(a+b)® va,b>0 nén 3/4@°+b%)>a+b

Ap dyung BDT nay ta dugc

P> (x+y)+(y+z)+(x+z)+2[iz+lz+izj =2[x+y+z+12+lz+i2j
y° z° X y° z° X
Dén day ta dung BPT cosi cho 6 s ta dugc
P> 2.66/x.y.z.%.z—y2.% =12
Pang thirc xay ra khi x=y=z=1. Viy GTNN cta P bang 12.
Bai 24: Cho x,y,z dwong. Chimg minh rang
P y+z X+2 X+Yy <9

= + + <
x+€/4(y3 +7°% y+§/4(x3 +7°) z +§/4(x3 +v?)

Bai giai

] +z y+2
Tacod x+34(y°’+2°) >x+y+z,suyra y <
x+§/4(y3+z3) X+y+z

Cung hai BDT tuong tu ta dugc dpecm.

Bai 25: Cho a,b,c duong thoa mén didu kién a+b+c z%(u%}. Tim gi4 tri nhé nhat cia
abcC

a’b bc c’a
= =+ =+ =
l1+ab° 1+4+bc® 1+ca
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Bai giai
2 2 2 2 )
Biénddi p=—2 4 b LS (a+b+c) _ (a+Db+c)
Lib Lic Lia @ebrg 2R mipig(ie b
ab bc ca abc
(a+b+c)’ 3

Theo gia thiét ta ¢6 1+i§g(a+b+c),suy ra P> 5 ==
abc 3 (a+b+c).5(a+b+o) 2

Déau bang xay ra khi
a=b=c

1 2 =2a'-a’-1=0< (a-D(2a*+a’+a+1)=0<=a=1
1+T=§(a+b+C)
abc

Vay GTNN cﬁanﬁngg khia=b=c=1.

Bai 26 (PH KB-2009). Cho céc s thyc x, y thay doi va thoa man (x +y)° + 4xy > 2. Tim
gia tri nho nhat cia biéu thic :
A=3(x"+y + X)) - 20 + yP) + 1.

Bai giai
Céi hay va kho cua bai toén 1 gia thiét (x + y)° + 4xy > 2 (1)
Biéu thirc A chi chira cac sb hang x* + y* va x*y%. Biéu nay cho ta nghi t¢i viéc danh gia
tong x+y va qua do danh gia duoc tong binh phuong x* + y* .
Cu thé ta bién d6i gia thiét (1) nhu sau:

Tach (X+Y)°+(X+y)? > (X+y) +4xy =22 = (X+yY)’ +(X+y)*-2>0=>x+y>1.
2
Suy ra x2+y22@2%. Tabién d6i A nhu sau:
2 U2N2 20,2 2,2 2272 (X2+y2)2 2,2
A=3[(x +y°) =Xy ]—Z(X +y)+1>3| (X" +Yy°) B -2(x"+y9)+1
9 2 2\2 2 2
:Z(X +y) —2(x"+y)+1

Pitt=x2 + Yy thit> %.Xét ham f(t):%t2—2t+1, tz% ta tim ra minf(t)z% Kkhi t:%.
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9 . 1
Vay A . =— khi x=y==.
y min 16 y 2

Bai 27 (PH KD-2009). Cho cac s6 thyc khong am x, y thay doi va théa man x +y = 1.
Tim GTLN, GTNN cia P = (4x? + 3y)(4y” + 3x) + 25xy.

Bai giai
Trudc hét ta bién ddi P theo tich xy. Ta c6
P= (4x? + 3y)(4y” + 3x) + 25xy = 16x%y* + 120 + y°) + 34xy

= 16x%y° + 12[(x + y)® = 3xy(x + y)] + 34xy = 16x%y* + 12(1 — 3xy) + 34xy
= 16X°y% — 2xy + 12

1
Patt=xy,vix,y>0vax+y=1nén 0<t<= Khid6S= 16t*—2t+12

Xét ham f(t)=16t% — 2t + 12 vdi te {O;ﬂ , ta tim ra min, max ctaa ham f(t)

Dap s6 cua bai toan la: Max P = % khix=y= %
(213 (23
. 191 . = = —
Min P = == khi 4 _ ha 4
16 oz Y 243
y=" 0 y=o

Bai 28 (PH KA-2009): Chting minh ring véi moi s6 thyc duong x, y, z thoa mdn X(X + y + z) = 3yz, ta
co

(x+y)3 +(x+z)3 +3(x+y)(x+2z)(y+2)< 5(y+z)3.

Bai giai
Tir gia thiét ta cO (x+y)(x+z)=4yz.

Do d6 BDT tuwong duong voi (x +Y) + (x+2)° +12yz(y +z) <5(y +2)* (1)
Mat khac

X%+ (y +2)X =3yzsL:fz)2:4x2 +4(y+2)x-3(y+2)*<0
< (2x-y-7)[2x+3(y+2)]<0=2x<y+z2=8x* < (y+2)°

Ap dung BDT co ban: (x+Yy)® <4(x*+y°®) ta dugc

VT@) <4(x° +y°)+4(x>+2°) +12yz(y +2) =8x° + 4(y +2)* <5(y +2)* (dpcm)

Déau dang thirc xay ra khi va chi khi x=y=z.
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Bai 29 (PH KB-2010). Cho a,b,c khdng &m thoa mén a+b+c=1. Tim GTNN cua:
P =3(a’b” +b’c® + c’a®) + 3(ab + bc + ca) + 2v/a® + b +¢°

o , , Bai giai
Ta bién do6i P theo mdt ham s6 cua bién t=ab+bc+ca.
Ta c6 BDT co ban 3(a’h® +b’c? +c¢’a®) > (ab +bc +ca)® =t

Suyra P>t?+3t+2y1-2t.

Mt khac (a+b+c)”>3(ab+bc+ca) suyra Ogtgé.

Xétham f(t) =t +3t + 21— 2t véi Ostsé.

2 (2t+3V1-2t-2 ., . —
Ji-2t JI-2t () =0 (2t+3)V1-2t =2 (1)

bat u=+1-2t thi%éu <1, pt (1) tré thanh: u®—4u+2=0 (2)

Taco f'(t)=2t+3-

X 1 . X -
D& ching minh duoc u® —4u +2 <0 véi moi ﬁ <u<l1,do dé (2) vd nghiém, tic la (1) vO

. 1
nghiém. Tt d6 suyrangay f'(t)>0 vdimoi 0<t < 3

Do d6 f(t)> f(0)=2. Vay minP=2 khi ching han a=b=0 va c=1.

Bai 30 (PH KD-2010). Tim gié tri nho nhat ciia ham sé
f(X) ==X +4x+21 —+/—X* +3x +10

Bai giai
Tap xé&c dinh cia ham s6 D = [—2; 5] .

—2X+4 B —2X+3
2J-x2 +4x+21 23-x> +3x+10
f'(X) =0 & (=2X+4)V—X* +3x+10 = (=2x + 3)v/—x* + 4x+ 21
Suyra (—2x+4)*(—x* +3x+10) = (=2x + 3)°(-x" + 4x+ 21) (1)

81
X=—

51

Taco f'(x)=

,Voi X € (—2;5).

Khai trién ta duge 51x° —104x+29=0 <

X==
3

1 .
Thtr lai chi c6 X = g la nghiém cua (1).

. o . 1
Lap bang bién thién cua ham so f(x) suy ra minf(x) = f (5)

~ /200 - /98
—
Cdc dé thi nam 2011, 2012, 2013 cdc ban c6 thé tham khéo dé-ddp dn ciia bg gido duc tai

http://www.toanmath.com
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Trén day chi 12 mot cach tiép can véi phuong phap va cach hoc vé BDT ma tdi muén
gi6i thiéu véi cc ban, ddc biét 1a cac em hoc sinh 16p 12 chuan bi thi DH- CD. Con mjt s6
chuyén dé sau hon t6i s& tiép tuc giri tdi cac ban sau. Hy vong chiit it kién thirc ndy s& giup
cac em hoc sinh 12 dat dugc két qua cao nhat trong ky thi DH sap tdi. Chiic cac em thanh

céng. Moi thic mic hay chia s¢ hay lién hé véi t6i theo dia chi

Email: lexuandaicvp@gmail.com; SDT: 0912960417
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MOQT SO BAI TAP CHO CAC BAN LUYEN TAP
1. Cho a,b,c duong thoa man a+b+c=1. Tim GTNN cua P =a’ +b® -‘rlcs
2. Cho a,b,c khdng &m thoa mén: a+b+c=1. Chirng minh réng:

ab+bc+ca—2abcsi
27

3. Cho X >y >z >0. Ching minh ring: X 2 Y, X Y,
z z

z
y Xy X
4. Cho a>b>c>0. Chirng minh rang:

a’b? +b’c® +c’a’ > a’b® +b’c® +c%a’
5. Cho x,y,z duong. Chirng minh rang;
(X" +y*' +2Y) + xyz(X + Yy +2) > xy(X* + y?) + yz(y* + 2?) + xz(x* + 2°)
6. Cho x,y,z khong am thoa man X° + y* + z° =1. Ching minh ring:
6(y+z—-Xx)+27xyz<10

7. Cho a,b,c duong va k>0 cho trudc. Tim GTNN cua

_a+b+b+c a+c kabc

P + +
c a b (a+b)(b+c)a+c)

8. Cho x,y,z duong thoa man (X + Yy +2z)> =32xyz. Tim GTLN, GTNN cia
X'+y'+7
(X+y+2)""
9. Choddy U, =-n*+20n°-0,5n*+13n n>1.Tim sb hang I6n nhét ctia ddy va tinh s
hang ay.
10. Cho x,y la cac s6 tu nhién. Tim GTLN cia ham s6

1 B 1
X+y+1l (x+1)(y+1)

f(x.y)=

. o a b c
11. Cho a, b, c la ba s6 thuc duong. Ching minh bat dang thurc: \/ +\/ +\/ >2,
b+c Vc+a Va+b

12. Cho ba s6 duong a, b, c théaa+ b+ ¢ <2. Chirng minh :
1 1 1 1
2 + 2 + 2 S
a+bc b°+ca c“+ab abc

13. Cho ba sb duong a, b, ¢ thoa: i+i+i =2. Chirng minh bt dang thic:
Ja b

1 N 1 N 1 <1
Ja+3b Jb+3c +Jc+3a
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14. Xét cac s6 thyc duong x, y, z thoa man diéu kién x + y+ z= 1.

xz(y+z)+y2(z+x) +zz(x+y)

Tim gié tri nho nhét cia biéu thic: P =
yz zx Xz

21— x* + 1+ %% —1-x?
V4 —J1-x2 +2

15. Tim gié tri 16n nhét va gi4 tri nho nhat ctia ham sb y =

16. Tim gid tri 16n nhit va gié tri nho nhét ciia ham s8 y = (1-x)v1-x*

17. Cho x, y, z la c4c s6 thuc thudc doan [0; 1] va théa mén X + y + z = 1. Tim gia trj 16n nhit cua

biéu thirc P = X% + y? + 72,

18. Cho X, y, z |a céc s6 thuc thoa mén x° + y* + 72 = 1. Tim gia tri 16n nhét, nho nhat cua biéu thirc:
P=x3+y>+ 2= 3xyz.

19. Cho hai s thuc X,y thay dbi va thoa man diéu kién x2 +y? =11. Hay tim gia tri I6n nhét va gia

tri nho nhét ctia biéu thic P = x+ xy?.

20. Cho hai s6 thuc x, y thay doi va thoa man x? + y? =8. Hay tim gia tri 16n nhét va gia tri nho

nhat ctia biéu thirc P =x3 +y* —3xy .

21. Cho x, y la hai s6 thuc thay d6i va thoa man diéu kién: x* + y? = x+y . Hay tim gia tri I6n nhét

VA gia tri nho nhit cua biéu thirc A=x*+y°.

22. Cho x,y la hai sb thyc thay doi va thoa man diéu kién: x*+y? = 2x—2y +2. Hay tim gié tri

I6n nhat va gi4 tri nho nhat ciia biéu thire A= x* + y2.

23. Cho ba s6 thye dwong x, y, z. Tim gia tri nho nhat cta biéu thirc:

X z +Z I+X X+
P= T yrz, XY
y+Z Z+X X+Yy X y z

24. Cho céc s6 thyc X, Y, z thude khoang (0; 1) va théa man: Xy + yz + zx = 1. Tim gié tri nho nhét

Xyz

cua biéu thic: T =
@1-x*)A-y*)A-2%)

25. Cho céc sb thuc duong X, y thoa man: 1) Tim gia tri nho nhat cua biéu thic:
Xy

A=x>+y> +x(y*-6)+ y(x* -6)
26. Cho 3 s6 thuc dwong X, y, z thoa mén: x + y + z < 1. Tim gia tri 16n nhét cia biéu thuc:
P=xy+yz+zx—2xyz

5x*—y® 5y*-7® 57°-%°
>+ >+ SSX+y+2Z.
Xy+3x~ yz+3y° IX+3z

27. Cho céc sb thuc duong X, Y, z. Chirmg minh:

28. Cho ba s6 thuc duong a, b, ¢ théa man: a.b.c = 1. Tim gia tri 16n nhét cia biéu thic:
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ab bc ca
= + +
a+b+ab b+c+bc c+a+ca

29. Cho hai sé thuc x, y khéc khong, thoa man: =+ 2.2 1im gié tri 16n nhat va gia tri nho
y X 'y X
nhat cta biéu thic: T = x* + y> —x+3y

30. Cho ba s6 thuc duong X, y, z thoa man x+ y +z < 3. Tim gié tri 1on nhat cta biéu thirc:

T =+/x2 +x—1+\/y2 ty—1+42%+z-1
31. Cho cac s6 thuc khong 4m X,y,z thoa man x? +y? +z? =3. Tim gié tri 16n nhét cta biéu
thuc

A=Xy+yz+zx+ .
X+y+12

(Xs + ys)_(xz + yz)
(x-1)(y -1)

33. Cho X, Y, z la cac s6 thyc duong 16n hon 1 va thoa mén diéu kién xy + yz + zx > 2xyz

32. Cho x,y € Rvax, y> 1. Tim gia tri nho nhét cia P =

Tim gia tri I6n nhét cta biéu thire A = (x - 1)(y - 1)(z - 1).

3

&

. Chimg minh: (x+y+ z)[l+£+ljslz v6i moi s6 thuce X, y, z thude doan [1;3].
X y z

a b? c?

+ + =1
a’+ab+b*> b?+bc+c® c*+ca+a’

35. Cho ba s6 thuc duong a, b, ¢ théa mén

Tim gi4 tri 16n nhét cia biéu thic S =a+b+c¢
36. Cho X, y | hai s6 duong thay d6i thoa diéu kién 4(x + y) —5 = 0. Tim gia tri nho nhat ctia biéu
1

thirc S = i+—.
X 4y

2
37. Chirng minh rang: e* +cosx>2+ x—X?, vxeR.
38. Cho a, b, ¢ 1a 3 canh cua tam gidc c6 chu vi bang 3. Tim gia tri nho nhit cta biéu thirc:

_(a+b-c)® +(b+c—a)3 . (c+a-b)’
3¢ 3a B

P

39. Cho ba s thyc a, b, ¢ thoa man abc= 242 Chumg minh rang:
a®+b° b® +c° c®+al >4
a*+b*+a’® b*+c*+b’c® c'+a*+c’a’

40. Cho a,b,c 1a ba s6 thyc duong tiy ¥ thoa mén a+b+c = 2 .Tim gia tri 16n nhét cta biéu thirc :
ab bc ca
P= + +
J2c+ab +2a+bc 2b+ca
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41. Cho X, Y, z la cac s6 duong théa man X + Y + Z = Xyz . Tim gia tri nho nhat cta biéu thirc:

1 2 5

_——
XZ y2 Z2

P:

3+8c0s* x +12cos* x
(1+ 2cos? x)2

42. Tim gia trj 16n nhat, gia tri nho nhét ciia ham s y =

VX +32-x
43. Tim GTLN caa f(X) = Yx+42-x
Yx +41-x
44. Cho céc sb thyc duong a, b, c. Tim gié tri 1n nhat cua biéu thirc
_ 1 3 2
JaZ+b?+c? (a+1)(b+1)(c+1)

3 3 3
45. Cho a,b,c duong thoa mén a’+b?+c?*=1.CMR: iz+bi2+i22 3+2(a+—:))+c).
a c abc

P

46. Cho x,y,z duong thoa mén X+ Y +Z =3. Tim GTNN cua biéu thic

4x

4y 47
+ + .
y[Z 1+8y° +4x—2} 2[2\/1+823 +4y—2} X[Z\/l+8x3 4z —2}

47. Cho a,b,c duong thoa man a’b® + b°c® + c?a® =3a’b’c*. Tim GTLN cua biéu thic

P:

~ 7/2009bc + 2011a%c +a./2007(b +c) ++/2009bc + 2011a%h
av/bc '

1 1
X+ Y+ z+1 @+x)1+y)2+2)

P

48. Cho x,y,z khéng &m. Tim GTLN cua P =

49. Cho x, Y, z la cac sb thuc duong, thoa man x +y + z = 3. Tim gia tri nho nhét cia biéu thirc

X3 y3 23

P= + + .
y(2z+x) z(2x+y) x(2y+2z)

50. Cho ba sé duong a,b,c ¢6 tong bang 3 . Chirng minh ring

a®+b’ b®+c® c+a’ 3
2 PR 7T o3 2 2=
3a° —4ab+11b° 3b°—4bc+11lc® 3c”—4ca+l1lla” 5

51. Cho a, b, c 1a ba sé duong thoa mén a+b+c==. Tim gia tri 16n nhét cta biéu thirc:

P_\/( (a+b)(b+c) +\/( (b+c)(a+c) +\/( (a+c)(a+b)

“\(a+b)(b+c)+a+c b+c)(a+c)+a+b a+c)(a+b)+b+c

N |-

52. Cho x>0, y>0 théaman Xx*y+xy” = X+ y +3xy. Tim gid tri nho nhét ciia biéu thirc
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(1+2xy)* -3

P=x’+y°+
2xy
3 3 3
53. Cho X, Y,z >0thoa man x+y+z>0. Tim gi4 tri nho nhit cia P=> Y 22 +16§
(x+y+2)

2 2 2
54. Chtirng minh a + b + ¢ +£(@+Jb?+@)2a+b+c Vc’yimgiséduorng a;b;c.
a+b b+c c+a 2

55. Cho a,b, ¢ duong va a*+b®+c?=3. Tim gié tri nho nhit cia biéu thirc

a’ b c
P= + +
Jb2+3 Jc2+3 a’+3
56. Cho X, Y, z la cac sb thuc duong 16n hon 1 va thoa mén diéu kién i+£+1 >2
X y z

Tim gia tri I6n nhét cta biéu thire A = (x - 1)(y - 1)(z - 1).
57. Cho a,b,c > 0. Chirng minh réng:

i/g+3\/5+3\/§§3i/3(a+b+c)(l+i+i).
b c a a b c
27X

58. Tim GTLN cia ham s f (x) = sin—— ~+C0S 4”)(2 +25inLX2.
1+ 4x 3(L+ 4%7) 3(L+ 4%7)

59. Cho X, Y, z, t, s la cac s6 thyc thay d6i thoamin 0< X< y<z<t<sSva X+y+z+t+s=1.
Tim gié tri 16n nhat ciia biéu thirc P = X(yz +ys+ zt +1S) + zt(y +S—X).

3

. T im gié tri 1on nhit cta biéu thirc:

60. Cho x,y,z>0va x+y+z=

E=3x+3y+3y+3z+3z+3x

61. Cho ba sb thuc a,b,c thuoc khoang (0;2) va thoa mén: ab+bc+ca+abc=4

Chirng minh rang; Ja-a? +/4-b? +44-¢? <343

62. Cho 2 s thuc x, y thdamén: X+y=2Jx—2+,/y+1+1.

Tim GTLN, GTNN cua F = g(x—y)%(y—XHM.

1/x+y
63. Cho 2 s6 thuc x, y théa mén : x> +4y? =1 . Tim GTLN, GTNN cua

b (X+1)2+4y(x+y+1)
X+2(y+1) '

64. TUy theo tham s m, tim gié tri nho nhét cua biéu thie P=(X— 2y +1)* + (2x —my + 3)*. Véi
X, yeR

o1
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65. Cho 2 s6 thuc khong 4m x,y thoa man x? + y? + xy = 3. Tim gia tri 1on nhat , nh6 nhat cia biéu
thic P= x>+ y* — (¢ + V).

66..Cho a, b, ¢, d la cAc s6 thuc khong 4m, khac nhau timg d6i mot, thoa man diéu kién

1 1

ab + bc + ca = 4. Chimg minh ring >+ >+ > =1
(a-=b)* (b-c) (c-a)

67. Vdia, b, ¢ 1a nhitng s6 thyc duong, chirng minh rang

a N b N c S 1
b?+3c?+5bc c?+3a’+5ca a’+3b’+5ab a+b+c’

68. Vaix, y, z 1a nhitng s6 thyc duong thoa mén X + y + z = Xyz, chirng minh rang
2 1 1 9
< —

+ + <-.
V1+x3  Jl+y? 1422 4

69. Cho cac s6 thyc khong 4m a, b.Chtng minh rang:

3 3 1 1
aZ+b+ 2)(b?+a+ 2)>(2a+ =) (2b+ ).
( 4)( 4) ( 2)( 2)

2 2 2
70. Cho céc s6 thyc duong x,y,z . Chirng minh rang: X =% + y — ¥z + 2 - >0
X+Yy y+z Z+X

71. Cho céc s6 duong x, v, z thoa min Xyz + X + y—z = 0. Tim gia tri I6n nhét cia biéu thuc:
2 3 2
J’_

p= -
X*+1 y*+1 7°+1

72. Xét c4c tam thirc bac hai f(x) = ax® + bx + ¢, trong d6 a<b vaf(x) > 0 v6imoi x eR.

Hay tim gid tr nhé nhat ciia bidu thirc M = a;—b“
—-a
73. Cho ba s6 duong a, b, ¢ thoa man diéu kién : ab + bc + ca = 2abc.
Churng minh réng: ! >+ ! >+ ! 52 l
a(2a-1)° b(2b-1)° c(2c-1)° 2
LY X+Yy < S , L, .2 , 1 1
74. Bietrang vX—-1+,y-2 = T Tim gia tri nho nhat cta bi€u thitc M = —2+ —1 .
X+ y+

75. Céc s6 duong a,b,c thoa man abc = 1.Chtng minh rang: iz + biz + iz +3>2(a+b+c).
a c

76. Cho ba s6 khong 4m a, b, ¢ thoa mén: a + b + ¢ = 1. Ching minh rang:
a’+b’+c’+ +12abc < 1

77.Cho X, y la cac s6 duong thoa mén 1 + 1 + 1 3. Tim gié tri 1on nhit cua biéu thirc:
Xy X Yy

_ 3y 3X 1 1 1

22

+ + -
X(y+1) y(x+1) x+y X y
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