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LOI GIOI THIEU
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TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

NHI THUC NEWTON VAN DUNG CAO
GIOI THIEU VE NHI THUC NEWTON

Dé ghi nhé cong lao ctia Isaac Newton (1642 - 1727) trong viéc tim ra cong thtc khai trién
nhi thic sau, duoc goi la nhj thitc Newton.

(x+1)" =1+%X+mxz+”_+m(m—1)(m—2)...3.2.1

21 m! x"(1)

Trén bia mo ctia Newton tai tu vién Wesminster (la noi an nghi ciua Hoang gia va nhitng

nguoi noi tiéng ciia nudc Anh) nguoi ta con khic hoa hinh Newton ciing vé6i ca nhi thic
Newton. Vay c6 phai ching loai nguoi da khong hé biét gi vé cong thic khai trién nhj thic
trudce khi cé phat minh ctia nha bac hoc vi dai nay ? Theo cac van ban con luu git duoc tur
rat lau truéc Newton, ngay tir 200 ndm trudc Cong nguyén cac nha toan hoc An Do da
quen biét v6i mot bang tam gidc s6 hoc. Trong tdc phadm ctia nha toan hoc Trung Qudc
Chu Sinh viét tir ndm 1303 nguoi ta tim thay bang so sau:
1
11
121
1331
14641
15101051
1615201561
172135352171
18285670562881

RS rang d6 la cac hé s6 ctia cong thic khai trién nhi thic Newton tir cdp 0 dén cap 8, du
nha todn hoc nay da khong noéi gi cho cac hé s8 tiép theo cting cong thtc tong quét ctia
ching, nhung theo cach thtic 1ap bang ctia 6ng, ta c6 thé dé dang tim ra quy luat cho phép
viét dugc cac hang moi.

Vao ntra dau thé ki XV trong tac pham chia khéa s6 hoc viét bang
tiéng A rdp cua nha toan hoc, thién van hoc Xamacan c¢6 tén la
Giém Xit-Giaxedin Casi nguoi ta lai gdp tam gidc s6 hoc ma tac gia
da goi tén r6 hon la cdc he s6 nhj thitc cung véi nhitng chi dan cach
thanh 14p cac hang k€& ti€p cua nhi thtc. Vai 16i chi dan (khong
ching minh) d6 Casi da cho ta kha nang khai trién nhi thtc &
mot cap bat ki. C6 thé coi d6 1a sy phat biéu bang van dau tién

trong lich st ctia dinh 1i vé nhi thiac Newton. O chau Au, tam gidc

s0 hoc duge tim thdy dau tién trong cong trinh ctia nha toan hoc

Isaac Newton Jr

ngudi Puc Stiffel M. Cong bd vao ndm 1544. Trong cong trinh
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NHT THUC NEWTON VAN DUNG CAO

nay ciing da chi dan ra cac hé s6 cta nhi thicc cho dén cap 17.

Gan mot tram ndm sau, hoan toan doc lap v6i nhau, Céc nha toédn hoc ngudi Anh Bo-rit-
gon (1624), nha toan hoc Phap Fermat (1636) rdi nha toan hoc Phép Pascal (1654) da dua
ra cong thac hoan hao vé h¢ s6 cua nhi thitc Newton. Dic biét trong cong trinh mang
tén Ludn vin vé tam gidc s6 hoc cong b6 vao nam 1665, Pascal da trinh bay kha chi tiét vé
tinh chat cda cac hé s6 trong tam gidc s6 hoc va tir @6 tam giac s6 hoc duoc st dung mot
cach rong rai va tén tam gidc Pascal ra doi thay cho tam giéac s6 hoc.

R6 rang ma noéi vé mat lich st thi tam giac s6 hoc da dugc cac nha toan hoc A dong xét dén
trudc Pascal rat nhiéu. Vay vai tro cua Newton ¢ dau trong qua trinh hinh thanh cong thuc
nhi thac Newton ? Nam 1676 trong buc thu thir nhat gui O-den Hiaro - Chu tich Vien
Han Lam hoang gia Anh, Newton da dua cong thtc (1) ma khong dan giai cach chimg
minh. Sau d6 it lau trong bt thu tht hai gai dén Vién Han Lam, Newton da trinh bay rd
rang bang cach nao dng di dén cong thitc d6. Thi ra bang cach nay Newton da tim ra cong
thiic Newton tir ndm 1665 khi ma 6ng chi méi 22 tudi. Nhung dut vay thi viéc dua trinh
cong thac ctia minh Newton cting khong néi duoc diéu gi maéi cho cac nha toan hoc duong
thoi.

Vay tai sao cong thicc khong mdi do lai mang tén Newton ? Van dé la & chd y tudng cia
Newton khong dimg lai ¢ viéc ap dung cong thic nay cho truong hop cac s6 mit 1a s’
nguyén duong ma cho s6 mi bat Ki: s6 duiong, s6 dm, sé nguyén va phin so. (¢ trung hoc chi hoc
s0 mii nguyén duong)

Chinh y tuéng moi d6 cho mot y nghia 16n lao ddi véi viéc phat trién cta toan hoc. Cac
nha toan hoc duong thoi thdy ngay tam quan trong ctia cong thtc va cong thiac duoc ap
dung rong rai trong nhiéu cong trinh nghién ctru todn hoc, dic biét trong dai s6 va giai
tich. Nhan day ciing phai néi thém rdng cong thtc nhj thic Newton khong phéi 1a su
dong gop 16n nhat ciia Newton cho todn hoc. Newton da dong gop rat nhiéu cho viéc md
d4u nhing huéng toan hoc cao cép, do la cac phép tinh d6i véi cac dai luong vo cung bé.
Va do vay doi ltic Newton dugc coi la nguoi sang lap ra nganh Giai tich todn hoc

I. CONG THUC NHI THUC NEWTON.

Khai trién (a+b) dugc cho boi cong thuc sau:

V6i a, b 1a céc s6 thuc va n 1a s6 nguyén duong, ta c6
(a+b)" =) Cra"*b“=Cla" +Cja" 'b+..+Cra" b +...+ Cib".(1)
k=0
Quy uéc a’ =b° =1
Cong thirc trén dugc goi la cong thitc nhj thitc Newton (viét tit 1a Nhi thitc Newton).
Trong biéu thtc & VP ctia cong thic (1)
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TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

a) SO cac hang torla n+1.
b) S6 cac hang tir c6 s6 mii cua a gidm dan tr n dén 0, s6 mi cda b ting dan tir 0 dén n,
nhung téng cac sd mii clia a va b trong mdi hang t& ludn bang n.
c) Céac hé s6 ctia mdi hang ttr cach déu hai hang tir dau va cudi thi bing nhau.
HE QUA

e Véia=b=1, thitaco 2"=C)+C. +..+C".

e Véia=1;b=-1,tac6 0=C°—C! +..+(-1) Ck +..+(-1)"C"
CAC CONG THUC CO BAN LIEN QUAN TOI KHAI TRIEN NHI THUC NEWTON

o (x+1)' =C)x"+Cix""+CIx" 7 4.+ Cix"  +.+C Ix+CD

o (14+x)'=C)+Cix+Coix* +.. 4 Cix“ +...+Ch X" +Cx"

o (x=1)"=C—Clx+C —..4 (1) Coix* 4. (-1)" Cox™ 4 (-1)" Cox"

e Ch=Cr*

e Cr+C'=Cyl, (n21)

kn!  n(n-1)!

(n-k)k!' (n-k)Y(k-1)!
1 . k.n! n(n-1)! I

K+1 " (k+1)(n-K)k! (n+1)(n—k)!(k+1)! n+1 ™

e kCk= =nC,;

Mot s6 cong thice thuong dung trong cac bai tap dang nay nhu sau:
e Chl=C*
e Ci+C'=Cy, (n>1)
e kCX=nC: (%)

1 Ck: 1 Ck+1
k+1 " n+1 ™

o 2"=C)+C!+..+C"
i
e 2" =C'+C2+Ci..+C2

2| —=

e 2"'=C+C +Ci...+Cn[ 2
Ngoai ra tit cong thie (*) ta mé rong duoc cong thic
e Cr+2C+Cr?=Cy2

o CN4+3CH43CK24CHP =CK3

n+3
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NHT THUC NEWTON VAN DUNG CAO

I1. GIOI THIEU TAM GIAC PASCAL.

n=0 1

n=1 1 1

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1
n=5 1 5 10 10 5 1

Tam gidc Pascal dwgc thiét ldp theo quy ludt sau

e Dinh duoc ghi s6 1. Tiép theo la hang tha nhat ghi hai s6 1.

e Néu biét hang thtt n (n >1)thi hang tha n+1tiép theo duoc thiét 1ap bang cach cong
hai s6 lién ti€p cua hang tha n rdi viét két qua xudng hang dudi 6 vi tri gitra hai s6
nay. Sau d6 viét s6 1 & dau va cudi hang.

Nhan xét.

Xét hang thtt nhat, tac6 1=C], 1=C,.

O hang thit 2, tac6 1=C3,2=C}, 1=C2.

O hang thtr3, tacé 1=C%,3=C},3=C%,1=C’.

Cac s6 ¢ hang thit n trong tam giac Pascal la day gébm (n+1) s6 C,, C,, C2,..., Ci™', Ch.

DAU HIEU SU DUNG NHI THUC NEWTON.
Sau day la mot s6 dau hiéu giap ta nhan biét duoc céc dang toan trong phan nay, cac dang

toan nay sé dugc huong dan ky hon & phan sau.

a) Khi can ching minh ding thtc hay bét dang thic ma c6 » C. v6iila s6 tu nhién

i=1

lién tiép.
b) Trong biéu thtic c6 > i(i—1)C}, thi ta dung dao ham (ieN)
i=1

e Trong biéu thiic c6 2(1 +k)C} thitanhan 2 v€& v6i x* réi 14y dao ham
=i
e Trong biéu thiic c6 Zn:akc; thi ta chon gia tri cia x=a thich hop.
i=1
e Trong biéu thiic c6 Z:%C; thi ta 14y tich phan x4c dinh trén [a;b] thich hop.
e Néu bai toan cho khai trién (xa +x° )n = ZH:C‘n (xa )nfi (xb )i = Zn:Can(“_i)“b thi hé s6
i=1 i

i=1

ctia x™ 1a C', sap cho phuong trinh a(n—i)+bi=mc6 nghiém ie N
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e C! dat max khi i=nT_1 hay i=nT+1 voin 1§, i:% v6i n chin.

III. CAC DANG TOAN LIEN QUAN TOI NHI THUC NEWTON.
1. BAI TOAN KHAI TRIEN NANG CAO.
BAI TOAN KHAI TRIEN TAM THUC

Mot thuat toan khai trién nhanh tam thac Newton (a+b+c)"
Loi gidi tong qudt
e Buéc 1: Viét tam gidc Pascal dén dong thtr n, dé c6 duoc hé sd cta nhi thic
Newton (b+c)".

n

¢ Budc 2: O cac ddu dong ta viét cac don thic 1a khai trién nhi thtic Newton (a+1)
e Budc 3: Nhan 1an luot cac don thirc & dau dong mdi cot voi cac don thic con lai trén
mdi dong d6 réi cong cac két qua lai, ta thu duoc két qua khai trién.

Cu thé' ta cé 6 dudi day

la" 1

Cla™! 1b 1lc

C2a"? 1b° 2bc 1c?

Cla"?® 1b° 3b*c 3bc’ 1

1.a° 1.b" CL.b""c Cr bt 1.c"

Sau khi cong lai ta duogc:

(a+b+c) = icg.anp.[icg.bnq.cq] = Y CcrCibTicta
p=0 q=0 0<q<ps<n

Sau khi khai trién (a+b+c)’ véi 0<q<p<n s6 hang tht p+1 trong khai trién la

—CP C9H9 9 40P
T,=Cr.Cl.b" " .ct.a™™.

Vi du 1: Hé s6 ctia s6 hang chita x* trong khai trién P(x) = (3x2 +X+ 1)10 1a?

Loi gidi
V6i 0<q <p<10 thi s6 hang tong quat ctia khai trién P(x) = (3x2 +X+ 1)10 la:
T, =Ch.CL(3x2)" " .xP 9,19 = CF, CL310 P, xP o202
Theo dé bai thi p—q+20-2p=4<p+q=16
Do 0<q<p<10 nén (p;q)e {(8,‘8),‘(9;7),‘(10;6)} )

Vay he¢ s6 ctia x* trong khai trién P(x) = (3x” +x+ 1)10 la:

Diéu ta bi€t la giot nuéc, diéu ta chua bi€t la dai duong - Newton Chinh phuc olympic todn | 5



NHT THUC NEWTON VAN DUNG CAO

Chy.C3.3" 7" +C,.Co.3"7 +C.C.3 71 =1695 .
Chu y khi ra nhiéu truong hop ctia (p;q) thi ta cong hé s6 cac truong hop v6i nhau dé co

két qua.

¢ . s R \ Z P 2 10
Vi du 2: Tim s6 hang chtta x' trong khai trién thanh céc da thc ctia (x+x° +x°) " ?

Loi gidi
V6i 0<q<p<10 thi s hang téng quét ctia khai trién (x+x* +x’ )10 la:
T, =C5,.ClLx 7. (x*) . (x*) = CF,.CL3 P x' 0P
Theo dé bai thi 10+p+q=13<p+q=3
Do 0<q<p<10 nén (p;q)e{(2;1);(3;0)}.
Vay hé s6 cua x" trong khai trién la: C;,.C; +C;,.C3 =210.

Vi du 3: Tim hé s6 ctia x* trong khai trién da thtc ctia: [1 +x%(1- x)s}

Loi giai
8 kg k .
Cdch1.Ta c6: f(x)=> Cy [x2 (1 —x)} = Cex** [Z(—l)lCLx‘} .
k=0 k=0 i=0

[(i=0
0<i<k<8 {

. , k=4
Vay ta c6 he s6 cta x*la: (-1)' C5C; thoa {2k+i=8 =

ikeN i=2
k=3

He s6 trong khai trién ctia x* 1a (-1)° CiCS +(-1)° C3C2 =238
Ciich 2. Ta ¢6:£(x) = CY ...+ C3 [ x2 (1-x) | +Ci[x* (1-x) ] +..+Ci[x* (1-x) ]
Nhan thay: x* chi ¢6 trong cac s6 hang:

e S6hang tht 4:C; [x (1 —x)]

e 56 hang tht 5:C; [xz (1- x)]4

V6i hé s6 tuong duong voi: Ag= C;C; +C,Cj =238

. N AN A N 2 R P 1 1 ! 2+ 2
Vi du 4: V6i n 1a s6 nguyén duong va x =0, xét biéu thtc (xg +x+—+ —7j . Hoi c6 bao
x> x

nhiéu s6 n <2018 sao cho khai trién ctia biéu thtic trén c6 s6 hang tu do1a 0°?

Loi gidi

1 1Y n 1Y ’ : :
2 8 3 5 3 A ~ P z 2 . R A
Ta c6 [x +X +F+7J :(1+x ) (x +7) nén sO hang tong quat cua khai trién trén
[aT = CEix** - Clx 1 = CXChx 1% |56 hang nay la s6 hang tu do khi

6 | Chinh phuc olympic todn Diéu ta bi€t la giot nuéc, diéu ta chua bi€t la dai duong - Newton
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3n+5k—10h =0 < 3n =5(2h k)
Néu n khong chia hét cho 5 thi khai trién sé khong chia s& hang tu do, ttc la s& hang tu do

l1a 0. Con khi n chia hét cho 5 thi khi h :z?n,k = %, s6 hang tu do sé 1a CEC! =0 khong

théa man.

. 9% n 2,0 N
Vi du 5: Cho khai trién (1+x+x2) =a,+a,x+a,X’ +...+a, X", v6i n>2 va a,, a,, a,,

S A TA oK A WY a a AP 2
..y @y, la cac hé so. Biét rang ﬁ = 4—i, khi d6 tinh tong S=a, +a, +a, +...+a,, ?

Loi gidi

n n K n k
Ta co (1+x+x2) = Z:CI:1 (x+x2) = Z:CEZ:CLXH.X21 .
k=0 k=0 1=0

; 1=0;k=3
Hésoctua x° 1a X' =x’ =>k+1=3= =a, =C.C+C2C}.
I=1,k=2
1=0;k=4
Tuong ty hé s6 cta x* 1a x*' =x* = k+l=4=|1=1,k=3=a,=C!C) +C.C} +C2C3.
1=2;k=2

Theo gia thiét 14a, = 4la, < 14(CiC) + C,C, + C1C; ) = 41(C.C + C2CY)

@14(4!(:14); 3!(?!3)! +2!(i2)!]:41(3!(i3)1 +2!(ili!2)!}

@M[n(n—n(n—z)(n—s)+n(n—l)(n—z>+n<n2—1>j=41(n<n—16><n—z>m(n_l)j

24

2
<:>1r1(n—1)(%n2 _%n_%jzoc{n=10 (neN*)

Do n>2 nén n=10.
. A 2 . o 10
Mt khéc thay x=1 vao hai v& cua khai trién (1+x+x2) =a, +a,x+a,X" +...+a,x" ta

_ _ 10
dugc S=a,+a,+a,+...+a,,=3".

0

11
- . s2 2 2 8] 10 _ 2 3 11 29
Vi du 6: Gia st (1+x+x +x7 4.+ X ) =a, +ta,x+a,x" +a,x" +..+a;,x volia,, a;, a,,

N A4 A X z R _ 0 1 2 & 10 11
..., @p39 la cac hé so. Tinh tong T =Cjja,, —Cja,, +Clia, —Cliag +...+Cjia; —Chia, ?

Lovi gidi
Ta cé: A :(1+x+x2 +x° +...+x10)11 @(1—x)nA :(1—x“)11

11 5 X 110 ; 11 o 11\
D Ch(—x)" D ax =2Cn(—x ) :
k=0 iz0 =0

r Q

AKX 2 11 A 0 1 2 3 10 11 _
Héso cua x trong P la Cjja;, —Cja,, +Ciia, —Cllag +...+Cpja; —Cpa, =T
NP ) 11 \ 1
Hé s6 caa x trong Q la —Cj,

Diéu ta bi€t la giot nuéc, diéu ta chua bi€t la dai duong - Newton Chinh phuc olympic todn | 7



NHT THUC NEWTON VAN DUNG CAO

Vay T=-C. =-11

Vi du 7: Biét tong cac hé s6 ctia ba s6 hang dau trong khai trién Newton

2] (2

Bing 49 . Khi d6 tinh hé s6 ctia s6 hang chia x° trong khai trién d6?

Loi gidi

k n

Ta co (x ——j ZCk ( ) " [zj =" CE (1) 2kx

S k=0
Téng cac hé s ctia ba s6 hang dau trong khai trién bang 49 nén C. —2C! +2°CZ =49(*).
Piéu kién neN*, n>2.

- =—4(L
Khi do () < 1-20422 207D g9 o2 gn_ag g |7 4D
2 n=6(N)

6
Véi n =6 ta coé nhi thic (xz —zj .
X
S6 hang téng quat ctia khai trién 1a: C5(-1)".2*x*"* (keN, 0<k<6).
S6 hang chtta x* ing v6i k théa man 12-3k=3 < k=3 (nhan).

Vay hé s6 ctia s6 hang chita x* trong khai trién 1a C? (-1)’.2° =-160.

) 2018 2017 ., j
Vi du 8: Cho khai trién T = (1+x—x2°17) +(1—x+x2018) . Hé s6 cua s6 hang chaa x

trong khai trién bang bao nhiéu?

Loi gidi
2018

Cich1.Taco T= ZCZOB( xz‘m) + ZCzOU( 2008 _ )k' :

Heé s6 ctia s6 hang chaa x tng voi k=k'=

Do d6 hé s can tim 1a Cj, —Chypy = 1.

Cdch 2. Taco T=a;+a,Xx+a,X" +..tQypomsX 0 =£(x)

= £1(x) =2, +2a,X +...+ 2017.2018a,,, 20X """ = £(0) = a,

Ma £'(x) =2018(1+x—x™7 )" (1-2017x2") 42017 (1—x+x** )" (~1+2018x*")
=£'(0)=2018-2017=1=a, =1. Do d6 hé¢ s6 can tim1a 1.

4
Vi du 9: Tim hé s8 cda x° trong khai trién (2x+1)° (x +x+ 4) thanh da thtc?

Loi gidi

Xét khai trién (2x+1)" =(1+2x)’ ZCkl“ 2x)" chzk k

8 | Chinh phuc olympic todn Diéu ta bi€t la giot nuéc, diéu ta chua bi€t la dai duong - Newton
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4
(x2 +x+1j
4

:(X

1
+_
2

S6 hang cta khai trién chita x° khi j+k=6.

8 8 8—j
1 § 17 .
j (2 XJ 2. @ §

4 n 8 8-j n 8
Vay (2x+1) [xz +x+1j B Yeraaye [lj J=3 Y cg(lj
4 k=0 i=0 2 k=0 i=0 2

8-j
j+k

Xét bang:
k 0 2 3
j 6 4 3
8- 2 3 4 5
rxe @ 090 o Gj Clolco Gj c202.C8 Gj C20.C G]
K 4 5
j 2
8- 6 5 2
orxe @ Ciotc2 @ C32.C @ oo @
4
Vay hé s6 x° trong khai trién (2x+1)° (xz + x+1J thanh da thic la 200 _ 1 CS,.
4 4 4

Vi du 10: Cho khai trién (1+2x)" =a, +a,x+a,x* +---+a,x", n>1. Tim s6 gia tri nguyén

clia n v6i n <2018 sao cho tén tai k (0<k<n-1) théaman a, =a,,,.

Loi gidi

Taco (1+2x)" =) Ci2"x",suyra a, =C;2" v6i k=0,1,2,3,...,n.
k=0

Do d6 a, =a,,, < Ck25 =C*12"1 k!(ik)! =2'(1<+1)!(rrl1!—k—1)!
Q(nik):(kil) o 2n-2k=k+1 <:>k:2n3_1.
Vi0O<k<n-1nénsuyranzx2.
Néu n=3m,meN,thik:£:2m—%¢N.

2.(3m+1)-1 1

Néun=3m+1,meN, thi k= :2m+§€£N.

2. BAI TOAN HE SO LON NHAT.
Vi cdc bai toan yéu cau tim hé s6 16n nhat a, khi khai trién nhi thac (ax+b)" thanh da
thac ta sé lam theo phuong phap sau.

e Budc 1: Lap hé bat phuong trinh {ak =%

ag Zay,,
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e Budc 2: Giai hé bat phuong trinh trén dé tim cac s6 nguyén k thda man.

e Budc 3: Thay céc gia tri k vira tim dugc dé tim hé s6 16n nhat.

Vi du 1: Khai trién da thtcc P(x)=(1+2x)? =a, +a,x+...+a,,x"*.

Tim max(a,,a,,a,,...,a;)?

Loi gidi

Goi a, 1a hé s6 16n nhat cta khai trién suy ra: a, >a, ,

2 1
2k Ck > zk—l Ck—l -2 _—
Tir day ta c6 hé phuong trinh { . 12 - fﬂ ok 12-k+1
2rCp22ve; L, 2
12-k  k+1

= max(a,,a,,a,,...a,, ) =a, =C;,2"° =126720

10
Vi du 2: Cho khai trién nhij thiic (% +§x) =a,+a,X+..+a,X +a X .

Hay tim s6 hang a, 16n nhat.

Loi gidi

10 N
Ta co: [—+—xj =%0(1+2x)10 =%OZC11‘O (2x)k =a, :%Cll‘of‘
3 3 3" i 3

k nk k+1k+1
N {ak 2y o {sz >Cyy 2

a, >a,, |Ci28>Ck12k!
k|21k010!1<v2k 121('1(;!1(' e
(10-k)! +1)1(9-k)! 1k
Ta c6 a, dat dugc max < ( o A ) < 10-k k+1<:>g£k£g
210! 210! 2 2 3 3

KI(10-k)!~ (k-1)1(11-k)! Uk~ 11-k
=k=7(keN,ke[0,10])
27

A _ _ 7
Vay max a, =a, = @Cw

9
Vi du 3: Trong khai trién biéu thtc F = (\/5 +32 ) s6 hang nguyén c6 gia tri lon nhat 1a?

Loi gidi
R 9-k K
Ta c6 s6 hang téng quat T, , = Cs (\/5 ) (3/5 )
Ta thdy bac hai ctia can thic la 2 va 3 14 hai s6 nguyén t6, do d6 dé T, ., la mot s6 nguyén

keN . \
0<k<9 |k=3=T,=C}(\3) (¥2) =4536

(9-8)2 | o (Y (5]
L k=9=T,=C(3) (2) =8

thi
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Vay trong khai trién c6 hai s6 hang nguyén la T, =4536 va T,, =8.

Vi du 4: Hé s6 ¢6 gia tri 16n nhat khi khai trién P(x)= (1 +2x° )12 thanh da thic 1a?

Loi gidi

12 12
Khai trién P(x)= > C525x%* = a x* voi a, =C},2".
k=0 k=0

e a_, >a, <:>C‘{;12k“>C‘1‘22kc>%>121k@k<?<:>ks7.
+ ju—

Nhu vay a, <a, <a, <...<a.

e a. <a, <:>Cl{2”2k”<C1{22k<:>%<121k<:>k>§<:>k28.
+ —

Nhu vay ag >a, >a,, >...>a,,.

Vay hé s6 c6 gia tri 16n nhat 1a a, = C},2° =126720.

Vi du 5: Cho biéu thic P(x)=(x+2)" =a,x" +a, ,x" " +...+a,x“ +..+a,x+a,, ne N*.

Biét a, ,>a, s vaa,,>a, . [imgiatricua n?

Lovi gidi
Theo cong thic khai trién nhi thiic Newton ta c6:
P(x)=(x+2)" =Cpx"2° + C x" 2" +.. 4+ Ch X 2" 4+ L+ Ch'x'2" 1+ Cix"2", n e N*
Ma P(x)=(x+2)" =a,x"+a,_x" " +..+ax  +..+ax+a,, neN*
Tacé: a, =2"*CY* =2"*C5, 0<k<n=a_ ,=2°C"*=2°C}, a, ,=2°C), a,,,=2""CV

Theo dé bai véi n>10, ne N*:

! n!
AL L 21 25
> 91(n—9)! 8!(n—-8)! 0 o et
{ang s ( ) ( ) o9 n-8 N o1,
A, 9>a, 4 99 n! > 910 n! 1 >1 n<14
91n-9)1” "~ 10/(n-10)! [(n-9 5

Vidu 6: Cho(1+2x)" =a,+a,x" +..+a,x", neN". Biét a, +%+%+...+;—2=4096 .56 16n

nhét trong cac s6 a,,a,,a,,...,a,co gia tri bing bao nhiéu?

Loi gidi
Ta co:

n
(1+2x)" =) Cr2"x" = Cp.2°x" +C] 2'x +C2.2°x% +..+Ch.2"X" =a, +a,;x' +...+a,X".
k=0

a
22

2 k k k+1 Ak+1 k k+1 .
Taco a . <a,,, < C,2°<C 2" < C,<2Cj; .Suyra: a,<a; <a, <..<ag.

Ta c6 a0+%+ +...+;—g=4096:> C"+Cl+C2 4.+ C" =4096 < 2" = 4096 <n=12.

9] z k k k+1 ~pk+1 k k+1 .
Mat khéc a, >a,, & C,2">C; 2" < C,>2C}; .Suyra: ag>ay>a,;)>...>a,.
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Vay s8 16n nhat trong cac s6a,,a, ,a,, ..., a,la a, = C},.2° =126720.

Vi du 7: Cho khai trién (x+3)" =a,+a,x+a,x” +a,x’ +..+a,x", trong d6 neN" va a,,
a,, a,, ...,a, lacacsd thuc. Goi S la tap hop chtta cac s6 ty nhién n dé a,, 1a s6 16n nhat

trong cacso a,, a,, a,, ...,a._. Tong gia tri cdc phan t&r cta S bing bao nhiéu?
0 1 2 n

Lovi gidi
Ta c6 khai trién (x+3)" =) Ci3"*x" .
k=0
S8 hang tong quét ctia khai trién 1a T, = C3"*x*. Suy ra hé s6 ctia T, la a, = Ck3" .
Dé a,, la s6 16n nhat trong cac s6 a,, a,, a,, ...,a, thi:
a, >a, cla3>Cl3m? Ccl>3C n>39
= = =

Clgm0>Cligt T |3c0 >l |n<43

Vay S= {39; 40;41;42; 43} .

= 39<n<43.
a;y =ay

Téng cac phan tirctia S 1a T=39+40+41+42+43=205.
3. UNG DUNG PAO HAM TRONG CHUNG MINH PANG THUC TO HOP.
PAO HAM CAP1.

Ddu hi¢u sir dung
Khi hé s6 dtng trude t6 hop ting dan hodc gidm dan tir 1,2,3,...,n hay n,...,3,2,1 ttc 1a s6
hang d6 c6 dang kC* hodc kCka"*b*™" thi ta c6 thé dung dao ham cap 1 dé tinh. Cu thé:
(a+x)" =Cla"+2Cia" 'x +...+nCrax"
Lay dao ham hai v€ theo x ta duoc:
n(a+x)" =Cla"" +2C%"2 +...+nClax"" (1)
Dén day thay x, a bang hdng s& thich hop ta dugc téng can tim.
Trén day 1a dau hiéu nhan biét va phuong phap lam dang nay. Sau day ta sé cting tim hiéu

k¥ hon qua cac bai toan cta dang nay!

Vi du 1: Tinh t8ng C. —2C? +3C% —4C* +...+(-1)"" nC"

Loi gidi
Ta thdy tong can tinh c6 dang nhu VP(1). Viéc con lai chi cdn chon a=1,x=-1 ta tinh
duogc téng bang 0.
Cdch khdc. St dung dang thc kCX =nCX} ta tinh dugc téng bang:
nC’ , —nC! , +nC2, +..+(-1)"'nC"} =n(1-1)"" =0
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Vi du 2: Tinh tdng 2008C),, +2007Cjy; + -+ Caor

Loi gidi
He s6 trudc t6 hop gidm dan tir 2008,2007,...,1 nén duing dao ham la diéu dé hiéu:
(x+1)" = Clpx ™ + Cloyp X 4.+ C2
Bay gio néu dao 14y dao ham thi chi duge 2007C),,x*** trong khi d6 dé dén 2008 do d6 ta
phai nhan thém véi x vao déng thuc trén réi méi diing dao ham:
X(Xx+1)7 = Coppyx™™® + Copyx™ + ...+ Coorx

& (x+1)™ (2008x +1) = 2008C 3, X + 2007 Clyp, x> +...+ C2Y

)2007

Thay x =1 vao ta tim dugc téng 1a 2009.22"

Vi du 3: Ching minh rdng (x+2)" =1.2""'C2 +2.2"?C} +..+nCL =n3"',Vn<1leZ

Loi gidi
Taco (x+2) =Cp2" +Cp 2" 'x+C22" 2 x* +..+Cix"

Pao ham 2 vé theo bién x ta duoc n X+ 2 ZCkkx

Cho x=1=n.3"" =) Ckk, diéu phai ching minh !

k=1

Vidu 4: Tinh téng S=n2""C, +(n-1)2"?3.C, +(n-2)2">3%C2 +...+3"'C™

Loi gidi

Nhan thay hé s§ dung trudc t6 hgp gidm dan n,n-1,...,3,2,1 nén phai hoan déi vi trf a va

X . Xét khai trién (x+a)" =) Cix" " a"

k=0

Pao ham theo bién x ta duoc n x+a Z n k Ck nklgk
k=1

Thay x=2,a=3 ta dugc S=n.5"".
Cdch 2. Ta s& st dung t6i 2 dang thic C2* = C5,kC* =nCE7] ta co
S=n2""'Cl+(n-1)2"23.C0" +(n-2)2"°3*Ch? +..+3"'C,,
=n2"'CM ] +n2"23.C0 2 +n2" 73 CM ) +..+n3" ' C)
=n(2M'CI 427 3.C 5 4273 C +..+37'Ch ) =n(2+3)" =n5""

Vi du 5: Chting minh rdng C) +2C; +3C> +..+(p+1)CP +..+(n+1)C: =(n+2)2""

Loi gidi
Ta nhan thay rang néu xét khai trién tong quat thi cac hé s6 bi léch di 1 don vi, do d6 dé xt

ly duoc ta sé nhan thém vao 2 vé& dai luong x, xét khai trién x(x+1)" ta dugc
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X(x+1)" =xD_ Cix* = (x+1)" +nx(x +1)" Zkaxk+ZCk k

k=0

Cho x=1 ta c6 diéu phai chtng minh !

Vi du 6: Tinh téng S =3C, +4C, +5C; +...+(n+3)C5?

Loi gidi
3C0 (Co 3 )
4C1 (Cl 4 )

Nhéan thay rdng véi x =1 thi ta c6

= Cx’+Cix* +C2x° +...+(n+3) Caix™? =x° (C?1 +Clx+C2x? +...+Cﬂx“): X (x+1)" (%)
Xét ham s6 f(x)=x"(x+1)" = f'(x)=3x*(x+1)" +n* (x + 1)
Két hop voi (*) taco = f'(x) =3x°C) +4x°C} + Cp5x* +...+(n+3)x"Ch
Chon x =1 thi S=3C) +4C, +5C. +..+(n+3)Ch =3.2" +n2"" =2""(n+6)

Vi du 7: Cho s6 nguyén duong n théa man dang thac té hop Ci, +C3 +---+Ch ' =512,
Tinh tong S=2C} -3°C} +---+(-1)" .n*.C.

Loi gidi
Taco (1+x)" =C5, +Chox+C2 03 +C3 03 4+ C7 2 L. C2 3 (1),
Thay x=1 vao (1) taco: 2" =C) +C,, +C;, +C5, +-+Con '+ Con (2).
Thay x=-1 vao (1) tacé: 0=C; -C,, +C;, -C5 +---—-Con '+ C3" (3).
Tru tung v€ cta (2) va (3) ta co:
22" =2(Ch, +C3, -+ C ) < C +C 4+ O =250
Nén C) +C) +-+C "' =512 2""'=2"<2n-1=9 < n=5.
Boi vay S=22C2-32C2 +42C! —52.C2.
Tir (14+x)" = CY+Clx+C2x* +Cx® + Cix* +C.x", 14y dao ham hai vé& ta dugc:
5(1+x)" = CL+2C2.x+3C3x2 +4CEx* +5C3 x*
= 5x(1+x)" = Clx+2C2x* +3CIx° +4CEx" +5C2.x° (4).

Lai 1ay dao ham hai v€ (4), ta c6:

5(1+x)" +20x(1+x)’ = CL +22C2x +32Clx* +42Clx* +52Cix" (5).
Thay x =-1 vao (5) ta duoc:

0=Cl —2C2 +32C3 —42C* +52C3 = 2C2 - 32C2 + 42C* ~5°C? = C!

Hay S =22C2-3C2 +42C! —52.C? =5.
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Vi du 8: Tinh téng S =227 CL . +3.2°C2  +4.2%°C3  +...+2019C2%

Loi gidi
Ap dung khai trién nhi thitc Newton ta c6

2018~ 2018 1 2017 2 2016 2 2018 2018
(24+x)77 = Cope 2™ + Chpy 27 X+ Cp. 2707+ + Copg X

)2018

< x(2+x = Coy 27 X+ Chy . 27 X2+ C2 1. 2770 4.+ Coe X

018-X

Lay dao ham theo x hai vé ta duoc:

(2+x)" +x.2018.(2+x)

2018 2017

_ 0 2018 1 2017 2 2016 2 2018 _,2018
= CY6. 2% 4 2.CL 0 2% X +3.C2 6 2770 X ...+ 2019.C2% x

Cho x =1 ta duge 3™ +2018.3%7 =Y. 2% +2.Chy1s.2%7 +3.C2,.2°" +...+2019.C28
= S =384+ 2018.3%Y —CY ;.22 =2021.3% — 28

Vi du 9: Tinh téng S = ﬁ (2.3C3; +3.37Chyyy +4.3° Ty +---+2017.37°CHY ).

Loi gidi

P . R 2017
Xét khai trién: P(x)=(1+x)" =Chy, + Copyx + CopyX” + CopyX” + CogppXt 4+ Cooix ™.

L4y dao ham hai vé ta duoc:

2017(1+x)

2016

_ 1 2 3 2 4 3 2017 _ 2016
= Cphgpy +2C5,x +3C5,x" +4C5,,x" +---+2017C5 . x7 .

Cho x =3 ta dugc 2017.4%¢ =CL,, +2.3C%,, +3.3°C2, +4.3°CL , +---+2017.3%°C27

& 2017.4%" — C;017 = 2'3C§017 +3.3% C3017 +4.3° C§017 +..-42017.3%16 Cigg '
1 1
& o7 (2017477 =2017) = = (23C3; +33°Clyyy +43°Clyyy +---+ 201737 C7 ).

o470 _1=5,

Vi du 10: Cho s§ nguyén duong n thda man 2C; +3C; +..+(n+1)Ch =2621439. S

hang khong chtta x trong khai trién cta biéu thic (xz + 1] bang bao nhiéu?
X

Loi gidi
Taco x(1+x)" =Cox+Cpx* +Cox’ +...+Coix""
Lay dao ham hai vé ta duoc
(x+1)" +mx(x+1)"" =C% +2CIx+3C? +...+(n+1)Cx" .

Cho x=1,tac6 C, +2C, +3C. +...+(n+1)Ch =2" +n2"" =2""(2+n).

= 2n ! (2 +n) —1=2621439 < 2" (2 + n) =2621440 < 2" = WQ ()
+n
Xét f(n)=2" 1a ham s6 dong bién trén (0;+) va g(n)= Z.M 1a ham s6 nghich bién

2+n
trén (0;+). Ta c6 £(18)=g(18) = n =18 la nghiém duy nhat cua (*).
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18
Khi d6 s6 hang téng quat cua khai trién (xz + 1j la Cix**voi keZ,0<k <18.
X

Vay s6 hang khong chira x 1a C; =18564.
DAO HAM CAP 2.

Ddu hi¢u sir dung.
Khi hé s6 dung trudc t6 hop c6 dang 1.2,23,..(n-1)n hay (n-1)n,..,3.2,21 hay
1%,2?,..,n* tac 6 dang k(k—1)Cka"™ hay téng quat hon k(k—1)Cka"*b" thi ta c6 thé
dung dao ham dén cap 2 dé tinh. Xét da thic
(a+bx)" =C) +Cra" 'bx+...+ Cb"x"
Khi @6 dao ham hai vé theo x ta duoc:
bn(a+bx)"" =Cla"'b+2C2a"?b*x... + nCb"x""
Pao ham 1an ntra:
bn(n-1)(a+bx"?)=21C}a"?b* +...+n(n-1)Cb"x" " (2)
Dén day ta gdn nhu gidi quyét xong vi du toan chi viéc thay a,b,x bdi cac hing so thich
hop nita thoi.

Sau day ta sé cung di vao cac vi du minh hoa dé hiéu rd hon phuong phép!

Viduy1: Cho hams6 f(x)=(1+x)",(2<n<Z)
a) Tinh £"(1)
b) Chtng minh rang 2.1C2 +3.2C; +...+(n-1)nCl =n(n-1)2""

Lovi gidi
a) Taco f'(x)=n(1+x)"" =f"(x)=n(n-1)(1+x)" " =£"(1)=n(1+x)"

b) Ta c6 khai trién

2

f(x) = (1 +X)n = icixk = Cg +C31X+ iCixk = f'(X) - Ci +ikcixk_l
k=2 k=2

P
= £1(x)= Y k(k-1)Cx2 = (1) = Yk (k1) Ck =27
= 2.1C} +1;>.22Ci +..+(p+1)CP +...+(rii1)nC§ =n(n+1)2*""

Tt cau b) thay n—1=n+1 thi ta c6 mot bai toan khac:

Chiing minh rang.2.1C. +3.2C2 +..+(n+1)pCP +..+(n+1)nCl =n(n+1)2"7

V6i bai toan nay ta gidi nhu sau:

Xét nhi thitc (1+x)" =C) +Crx+...+Chx"

Nhan 2 v& ctia ddng thic véi x # 0 dong thoi 18y dao ham cap 2 hai vé theo bién x ta duoc
2n(1+x)" +n(n-1)x(1+x)" " =2Cx+3.2C2x +...+ (n +1)nCix""

Cho x =2 ta dugc diéu phai ching minh!
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Vi du 2: Rat gon tong sau S =17Clyy 2°°% +27Co0 2% +3°Chype 22" +...+2009° Cooo

Loi gidi
Véi y tudng nhu bai trén ta xét da thuac
2009 ~0 2009 1 2008 2 2007 2 2009 2009
(x+2)7 = Chppe2™” +Cipge 27 X+ Clpe 2" x* +...+ CpoX

Ldy dao ham 2 vé& ta duoc 2.2009(x +2

2008
) =1C5000 27" +2C5000 2% x +... 4+ 2009C 000%™

Néu ta tiép tuc dao ham 1an nita thi chi thu duoc 1.2, 2.3 ,... do d6 dé thu dugc 27,3, ... ta
phai nhan thém hai vé véi x rdi mai 18y dao ham, ta c6
2009% (x +2)™" = 1Ch0 22" x + 2C2 227 X2 + ...+ 2009C 200%™

)2008 )2007

= 2009(x+2)™ +2009.2008x (x +2)"" =12 Clypy 22 +22C211 227 x +...+ 2009> C20x

32007

Thay x =1 rat gon tong trén ta duoc 2011.2009.
Tuong tu khi tinh téng 2.1C; +3.2C. +4.3C] +...+(n+1)nC} ta can cha y la trudc to
hop c6 mot he s6 16n hon k trong CX nén ta phai nhan véi x trude khi dao ham 2 14n.

4. UNG DUNG TiCH PHAN TRONG CHUNG MINH PANG THUC TO HOP.

Ddu hi¢u sir dung.
b

ak+1 _ bk+1
- k+1

k+1
Y tudng ctia phuong phap nay la dua vao hé thac I x*dx = (E 1j
+
T ddy dé dang tim dugc dau hiéu dé st dung phuong phéap nay 1a s6 hang ctia tong c6
ak+1 _bk+1

1 Ck. Cu thé xét tich phan 1= I b(C +dx)" dx ta c6 thé tinh bang 2 cach.
+ a

dang

(c + dx)n+1 ’

. Tinhtruzctié’pI:éjab(c+dx)nd(c+dx) R

a

e Tinh gian tiép 1= Ib(z Che"*d X" jdx = Z(Cﬁcn_kdkjbxkdx)
a o a

k=0
— Zn: Ck n- kdk ( k+l J
=0 a

i CkCn—kdk ak+1 _bk+1
=" k+1

Hai cach trén la nhu nhau nén ttx dé ta c6 duoc

b
n ~ k+1_bk+1 1 (C+dX)n+l
Ckenkgrd _—P | 2\&78)
Haee i)

=0 k+1 n+1

Tuy timg bai toan ta chon cac hé s6 a, b, ¢, d thich hop!
Dé dé dang nhan biét hon thi ta c6 thé cht y nhu sau:

Néu trong tong day t6 hop, cac s6 hang chtta cac phan s6 1; % ,& l va mau s6 duogc

Il

x€p theo thtr ty tdng hodc gidm déu theo mot quy luat nao ta nghi ngay dén viéc st
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dung tich phan. Khi do, ta thuc hién theo cac budc sau:
e Budc 1: Tim ham @é tinh tich phan véi cac can thich hop.
e Budc 2: Tinh tich phan trong ca hai vé: v& chua khai trién nhj thiic Newton va vé da
khai trién.
e Budc 3: Cho hai két qua bang nhau va két luan.
Trudce khi vao cac bai todn cu thé ta cAn nhé cac dang thuc tich phan sau:
1. E(x+ 1)" dx = J.:’(Cﬂ +xCL +x°C2 +...+Cx" )dx

n+1 b b

(x+1)
n+1

f

2 n+1
=|xc+Ct Xy X
2 n+1

a a

2. Lb(l —x) dx= E(Cg -xC +x°C2 —...(-1)" Cix" )dx
b

_(1_X)n+1 b
n+1

=

2 n+1
:[ng i () j
2 n+1

a

a

3. Lb(x+1)n dx = I:(ng“ +CX" H+CIX P 4L+ C ) dx
b

(x+1)’f1+1 ’
n+1

=

Xr1+1 Xn Xn—l
=|C) —+C. —+C2 +...+C"x
n+1 n n-1

a a

4. Lb(x—l)n dx = Lb(ng“ —CoxM T+ O — L+ (A1) Cﬁ)dx

(X _ 1)n+1 b n+1 n n-1 b
oL |t I () Cx
n+1 n+1 n n-1 .
2 3 n+l
Vi du 1: Tinh tong S:Cg+2 1Ci+2 1Ci+...+2 1CE(n21)
2 3 n+1

Loi gidi
VE trai c6 chira cac phan s6, mau s6 duoc xép theo thit tu ting déu motdon vi, ta nghi ngay
dén viéc st dung tich phan. Bay gio, ta suy nghi ham 14y tich phan, cic can va s6 duoc

n+1

thay vao cho bién. Vi s6 hang cu6i ciing c6 hé s6

neén ta biét can tr 1 dén 2 va téng
n+1

khong dan d4u nén ta st dung -[12(1 +x)" dx.

Taco (x+1)" =C) +xCy, +Cox* +...+Cix"

= Ilz(x+1)n dx = jf(cg +XC) +X7Ch +...+Cpx" ) dx
n+1 2

(x+1)
n+1

2

= (ng + 1Cix2 + 1C‘:‘lx‘o’ +...+ LCEX’“”)
2 3 n+1

=

1
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n+l _ An+l 2 3 _ n+l _
@L=Cﬂ+2 1C}1+2 1Ci+...+2 L
n+1 2 3 n+1

C" =S

n+l
Vi du 2: Chtmg minh rang C’ +1C111 +1Ci ot Cr = Lol
2 3 n+1 n+1

Loi gidi
V& trai c6 chtra cac phan s8, ta nghi ngay dén viéc sit dung tich phan. Téng khong dan
. N 1 n
d4u, ta st dung _[O (x+1)" dx
Xét khai trién (x+1)" =C) +xC, +x°C> +...+x°Ch
Ta co:

(x+1)""| 2m-1
n+1 ‘_ n+1

. J'Ol(x+1)n dx =

1

. jl(Cg +xC} +...+x“CE)dx = (ng Jrlsz}1 +...+LCﬂxn+j
0 2

n+1 0
:Cﬂ+1C}1+1Ci+...+LCE
2 3 n+1

Tir 2 dang thic trén ta c6 diéu phai chting minh!
BAI TAP TUONG TU

. . N 0 1 112 1 213 n 1 nrn+l 1 n
Chimg minh réng 2C) -~ —C}2 +=C22" —..+(-1)" —C32"" =——(1+(-1)")

2 3 n+1 n+1

Hudng dan. V& trai c6 chita cac phan s8, ta nghi ngay dén viéc st dung tich phan. Vi s&

n+1

hang cudi cung c6 hé s6

Ioz(l —x)" dx.

1 nén ta biét can tir 0 dén 2 va tong dan dau nén ta st dung
n+

N -1)2" +1
Vi du 3: Chtng minh rang %C}l+§ci+zci+m+ nlcg - (n-1) -
n+ n+
Loi gidi

V& trai c6 chtra cac phan s, ta nghi dén viéc sit dung tich phan. Vi s6 hang cu6i ciing c6 hé

N

SO

1 nén ta khong thé nghi ra ngay mot ham sd nao dé dé tinh tich phan. Bang cach
n+

phan tich s6 hang tong quat

Ck = (1 —L) C¥, cho ta tong sau:

k+1 k+1

(Ci+Ci+Ci +...+C§)—(1Ci+1Ci+...+LC;‘)
2 3 n+1

1 n
Tu d6 stt dung 2" —_[O (x+1)" dx

Cdch 1. Xét s6 hang tong quét trong vé trai k " Ck = [1 —ﬁ) Ck (k = O,_n)
+
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Do d6 ta cé:

1C}1+2Ci+§cf’1+...+iq :(Ci+Ci+Cf’1+...+C§)—(1C1+1Ci+...+LC§j
2 3 4 n+1 2 3 n+1
. "1 (n-1)2"+1
:2“—}1(x+1) dx=2" -2 1:(11 )
0 n+1 n+1

Cdch 2. Xét khai trién (x+1)" =C) +xC}, +x°C} +...+x"Cl.
L&y dao ham 2 vé& ta duge n(x+1)"" = CL +2Cx +3C2x* +...+ nCix""!
Ta co:

o [omx(x+1) T dx= [ (n(Tex=1)(x+1)" Jdx=nf ((x+1)" = (x+1)"" )dx

:n[(x+1)n+1 (x+1)“}1

_ D on 4\ (A _(n—1)2“+1
n+1 n (2 1 1) (2 1)_

T n+1 n+1
0

. jl(c1 +2C2x+3C3 X2 +...+nC“x“’1)dx:1C1 ey M e
0 n n n n 2 n 3 n n+1 n

Tu 2 diéu trén ta c6 diéu phai ching minh!
1
4

2n_
C, +1C§n +...+lC§§‘1 _27-1
6 2n 2n+1

Vi du 4: Chtmg minh rang %C;n +

Loi gidi
2n 0 1 202 2n(~2n
. |(x+1) =C,, +xC, +x°C; +...+x"C}
Xét cac khai trién (+1) o ! ! ! !
(1-x)" =C3, —xC,, +x°C;, —...+x"Ch
Trir 2 v& dang thic trén ta duoc:

(x+1)" = (1-x)" =2(xC}, +X°C3, +...+x™ T ")

2n 2n
= Il(x+1) ~(1-x) dx =Ll(xC§n +X°Ch, +o X ) dx

0 2
1
+1 2n+1 I 1_ 2n+1 1
o) +(1-x) :(1C§nx2 +1C§nx4 +---+iC§E_1X2nj
2(2n+1) 2 4 2n .
0
2n _
= lCin +1C§n +1C§n +...+iC§2‘1 _2 -l
2 4 6 2n 2n+1

¢ 2% 4, A 1 1 n N P
Nhdn xét. Néu phai tinh téng CJ_ + 3 Cl + gCﬁn +ot C2" thi ta xét

2n+1
B (x+1)2n +(1—x)2n

P(x)= 5 =C) +x’C +..+Cx"

Sau d6 tinh tich phan Jj P(x)dx.

1

. ve il . 1 1 N s .
Con néu phai tinh tong 5 C), + ZCin + gC‘én +ot C3" thi ta xét

2n+2
G(x)=xP(x)=C) x+C5 x> +...+ Conx*""!
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Sau d6 tinh tich phan I:G(x)dx :

2 . 22n+1 (n
2n+1 " 2n+1

Vi du 5: Chting minh réng 2CJ_ +§C§n +%C‘2‘n +..+ >1)

Loi gidi
Xét khai trién (x+1)"" = C5, +xC, +...+x>"C2

Ta co:

)2n+1 1

X+1 22n+1

o I1(x+1)2ndx=( =
! 2n+1 L n+1

1

T —o 1 2n~2n [ o 1 4 > 2n_2n+l
. I_l(C2n+xC2n+...+x CZH)dX—(C2nx+§C2nx +...+2n+1C2nx j_l
:2C2n+2C§n+...+ 2 cr
3 2n+1
Tir 2 dang thic trén ta c6 diéu phai chtng minh!
1 n 2n+1_1 N
Vi du 6: Cho tich phan | x*(1+x%) dx= n>2). Chtng minh rin
° p IO ( ) 3(n+1)( ) g g
n+l
1C?1+1C}1+1Cfl+...+ ! Ch = 2 -1
3 6 9 3(n+1) 3(n+1)

Loi gidi
Xet 1= x*(Ch+x'Cl+C2x° +...+Cix™ )dx

1
=I (ngz +Clx° +...+Cﬂx3“+2)dx
0

:1C2+1C}1+1Ci+...+ ! cr
3" 6" 9 3(n+1)
n+1
Mt khac I:x2<1+x3)ndx:32(11;11)(1122) vay ta c6 diéu phai ching minh!
BAI TAP TUONG TU
1. Chting minh rdng 1C£)1—1C31+1Cfl —1Ci+...+ﬁ(:§ :jlx(l—xz)n dx
27" 4" 6 " 8 2(n+1) " %
. . (! n 1
Goi . Ta co J-Ox(l—xz) dx:Z(n+1)

. -1)"
2. Chting minh rang 1—1C31+1Cf1 —lCi+...+ (-1)
3 5 7 2n+1

o
i=1

[](2i+1)

i=1

ch =_[01(1—x2)rl dx
Goi1j. Ta co I;(l—xz)n dx =
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Chii 3. Khi bai toan cho ma s6 hang téng quat khong phai la - 1 T Ct mala L 5 CX thita

N 2. A A N N - 2 2 Lz z A N\ ~ N 1
can phai nhan thém x vao ham da thtic co ban truéc khi tinh tich phan, con néu la 3 Ck

thi ta phai nhan thém x* vao ham da thuac co ban trude khi tinh tich phan, ...

A ~ N = R ~ z
Sau day ta s€ cting hiéu rd hon qua vi du sau.

. 2n+1 1
Vi du 7: Ching minh rdng %Cg+%Ci+iCi+...+ L 2Cﬁ :(n( 0 i l)(nzl)
n+ n+1)(n+

Loi gidi
V& trai c6 chtra céc phén s, ta nghi dén viéc st dung tich phan. Vi s6 hang cu6i ciing c6 hé

g

sO C* thi ta phai nhan thém x vao ham s co ban truéc khi tinh tich phan. Khi d6, ta

k+2
str dung J.le(x+1)n dx.
Ta co

n2™ +1
(n+1)(n+2)

n+2 n+1 a

. I:X(X+1)ndxZJ:(X+1)n+1dX—I:(X+1)ndX:{(X+1)n+2_(X+1)n+1] )

0

. le(x+1)“ dx:_[lx(C?1 +fol+...+x“C§)dx:1C§1+1Ci+...+LC§
0 0 2 3 n+2

Tir 2 dang thic trén ta c6 diéu phai chtng minh!
BAI TAP TUONG TU.

Chtng minh réng 1C2—1Ci+1ci_m+(_1) G _ 1
2 3 4 n+2  (n+1)(n+2)

Vi du 8: Gid st s6 tu nhién n > 2 théa man dang thic dusi day hay tim n?
C, Ch Ch, ,Co® G _ 40%
3 5 7 2n-1 2n+1 13

0
G, +

Loi gidi
G, Ch G, O G s
3 5 7 2n-1 2n+1 15

L 2n
Taco: (1+x) =Cy, +Cyux+C5 x> +...+Conx™".

Gid str s6 ty nhién n >2 thdéa man C)_+

1

1
= '[(1 +x)" dx = (anx+1C;nx2 +1C§nx3 +ot Cﬁgxh‘”)
) 2 3 2n+1 .
1
1 2n+1 1
—( +x) = (anx+1C§nx2 +1C§nx3 +.t C;‘:xz“”]
2n+1 2 3 2n+1 .
2 22n+1 -1
g=2C2n+zC§n+zC§n+...+ 2 Cr (1)
2n+1 2 3 2n+1
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-1

-1
Miit khac J.(l +x) " dx = (anx + 1C;nx2 + 1Cﬁnx3 +ot C;Exh‘”j
0 2 3 2n+1 0
-2 - —2C5 +3C§n —Ecgn b2 Can(2)
2n+1 2 3 2n+1

Lay (1) tru (2), ta duoc:

2n+1 1 4 6 2n-2 2n 2n+1
2 an+C2“+C2“+C2“+...+ S, G | 2T 5409 .
2n+1 3 5 7 2n-1 2n+1 2n+1 13
0 1 2 n 00
Vi du 9: Tim s6 tu nhién n théa man &+& + C + S __2 —n-3

12723 34 7 (n+)(n+2) (n+1)(n+2)’

Loi gidi
Cdch 1. Ta co:
C, _ n! B (n+2)! ~ Ck2
(k+1)(k+2) k!(n-k){(k+1)(k+2) (n-k)!(k+2)/(n+1)(n+2) (n+1)(n+2)’
n Ck n Ck+2
S n — n+2
W G T (ke2) & (1) (ne2)
c c c? C,+C +C  +..+C2
e R n =1 n n 2 (k).
1.2 23 34 (n+1)(n+2) (n+1)(n+2)
Ta xét khai trién sau: (1+x)" =C2, +x.Cl,, +x*.C2,, +x>.C3, +...+x™2.C22.

n+2 0 1 2 3 n+2
Chon x=1=2""=C_,+C, ,+C ,+C ,+..+C

n+2 °
Do d6: (*) < 2%-n-3 _2"7-Coy=Cona ( pm _pn2 oy g,
(n+1)(n+2) (n+1)(n+2)

Cdch 2. Ta cé:

e C
"12723 734 nr1)(n+2)

(1.1 C) + 11 Cl+ 11 C2 4.t EE c?
1 2 2 3 3 4 n+1l n+2

=(1C°+1C1+1C2+ ..... L(Z“J—(ng+1Ci+1C2+ ..... L C“j
3 2 3 4

C? Cr

n

1 1 1
Lai c6 I(1+x)ndx—jx(1+x)n dx:J‘2(1+x)n dx—J‘(ler)r1+1 dx
0 0 0

@(1Cg+1Ci+1Ci+ ..... ! Cﬂj—(ECﬁ+1Ci+1Ci+ ..... L CE)
1 2 3 n+1 2 3 4 n+2

1 1 n+l n+2 n+2
22 | C L gy meo 2222 21 2 onod
n+1 , n+2 o n+1 n+2 (n+1)(n+2)
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1 2 3 1\ on
Vi du 10: Tinh tong 5= —Cn 4 2Ca _3Ca, | (1) nG
23 34 45 (n+1)(n+2)

Loi gidi

chi) (1) ck( 21 j:(_l)k 2cﬁ+(_1)k+1 Ck

(k+1)(k+2 "(k+2 k+1 k+2 k+1

S6 hang tong quat a, =

2C w1 CX - k Ck = k+1 Ck
S=>|(-1)" (-1 n_ =D n
= Z[ k+2 ) k+1J Z Z k+1

k=1 k=1 k=1
Xét khai trién (x+1)" =C) +xC, +..+x"Ch
:>_[0 x+1 r1dx:J‘_Ol(C?I+fol+...+x“C§)dx

(x+1)™[ [xcg+x2(:}1+ +x“”qjo

n+1 1 2 n+1

n k
:L: (_1)k+1 Cn
n+1 & k+1

Tuong tu ta c6 x(x+1)rl =xC) +x’CL +...+x"'C?
= _[ x(x+1)" dx = Jlol(fo1 +X°C) ..+ X" Ch ) dx

n X Ck
IS
n+1l n+2 & k+2

1 1 1 n
Vay 5=2[ —— I
W [n+l n+2) n+l (n+1)(n+2)

5. UNG DUNG SO PHUC CHUNG MINH PANG THUC TO HQP.

Cic tinh chit ciia s6 phitc dugc sir dung trong phan nay
e Hai sd phiic z=x+iy,w = x'+iy' bang nhau khi va chi khi x=x",y =y'
e Cong thiic Moive z=r(cos@+ising)= z" =1" (cosn+isinng)
1 i3 1 i3

e Gidi phuong trinh x’ -1=0. Ta dugc nghiém la x, =1;x, =_E+T;X3 =————

Cac nghiém d6 chinh la cac can bac ba cua 1.

1 1\/_ 1\/_

biat a= _E__ —a’= —§+— va a c6 cac tinh chat sau:
1. a+a’=-1
2. a’=1
3. a**=1
4' a3k+l —a
5' a3k+2 — aZ

Y tuéng ciia phwong phdp nay dya trén cdc tinh chat ciia s6 do i.
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4k <4k+1 + 24k+2 4k+3 .
=1,i*"" =1,i"*"" =-1,i""" =-,keN

Tur d6, ta xét da thuc f(x)=a,+a,x+a,x* +..+a,x"

Dat 502231151: Z a,,S, = Z a,,S; = Z a,

:f(1)+f(—1)+2Re(f(i))
’ 4
£(1)=(S,+5,)+(5,+5,)  |g - fM=f(D)+2Im(£(D))
Tac6 1f(-1)=(5,+5,)=(S,+S,) = 4 _
N , f(1)+f(-1)-2Re(f(i))
f(i)=(S,-S,)+(S,-S;)i  |S, = "
S =f(1)—f(—1)—21m(f(i))
’ 4

V6i Re(f(i)),Im(f(i)) 1an luot la phan thyc va phan 4o cua f(i)
Déu hiéu
Day la van dé 16n nhat can chd y . Ta dung s6 phtc dé tinh téng ctia cac Ck khi tong nay
c6 hai dic diém:
e C4c dau trong téng xen ké déu nhau .
e k luon 1¢, hodc luon chdn hodc khi chia k cho mot s6 ta luon duoc cung mot s6 du
(trong chuong trinh pho thong ta chi lam v6i k =3n,k=3n+1,k =3n+2)
Sau day ta sé cung tim hiéu phuong phép nay qua cac vi du sau.
Dang 1: Khai trién (x+1)", cho x nhan gia trj la nhitng s6 phtc thich hop hoic khai trién

tryc ti€p céc s6 phtc

Vi du1: Tinh tng
A= Cgoo9 - C§009 + C§009 —.t Ciggg

_ 3 5 (2009
B =—Cyp9 + Cop = Congo +--- = Cogo

Loi gidi
Xét khai trién (X + 1)2009 = Cgoo9 + XC;009 + X2C§009 +...t+ 2009C§ggz
Cho x=-i ta co:
(1=1)"" = Cygg +iChpg +1°Clyge +--i™" ooty

{0 2 4 2008 1 3 5 2009 \ +
- (C2009 - C2009 + C2009 —et C2009 ) + (_C2009 + C2009 - C2009 T C2009 )1

2009

i 1 (o)A 22
_ (\/5)2009 (Cosg _isin gj _ 91004 _ ;1004

, N . A .12009 . . A
So sanh phan thyc va phan do ctia (1-1)" trong hai cach tinh trén ta dugc:
0 2 4 2008 _ ~1004
o A=Chuy=Cope +Copg =+ Cogpe =2

_ 1 3 5 (2009 _ #1004
e B= C2009+C2009 C2009+--- C2009— 2
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Vidu 2:Tinh téng S = 2_150(ch ~3C, +3°CY, —..+3%CH -37CY)

Loi gidi

50
Xét khai trién (—%Hﬁ] _ i(cgo ~(i3) Cly +(iV3) €+ (iV3) €2+ (i43) ng)

2 250

= (€ (V) €2 (V3 2k B +(4B) €3 - (45) )

250
) 50 - .
Mat khéc —1+£ = Cos(z—nJHsin(Ej :—1—£
2 2 3 3 2 2
i3

50
. , 1 . . R
So sanh phan thuc ctia [_E + } trong hai cach tinh trén ta duoc:

1

:F

1

S (Co—3C% +3°Cl —..+3%CY —:%25(233):—E

Vi du 3 : Tinh téng S =3"CY, —3°C2, +3°C}, —37CS +...-3CE+C2

Loi gidi
Xét khai trién (i+v3)" =(V3)" Cl+i(v3) Cl—..~iV3CH +C3
19 17
_(3°CY, -3C2 +...-3CE +c§g)+((ﬁ) Cly—(3) Gy +mBCE i
Mt khic (i++3) =-2° ~i2"\3
N 20
So sanh phan thuc cta (i +/3 ) trong hai cach tinh trén ta c6:
S=3"C),-3°C3, +3°C;, —37CYy +...—3C+Cop = 2"

Dang 2: Khai trién (x+1)", dao ham hai vé& theo x sau d6 cho x nhan gia tri 1a nhiing s6

phtc thich hgp

Vi du1: Tinh tong
S=Cl —3C3 +5C3, —...—27C¥ +29C2
S, =2C2 —4C% +6CS, —...—28C% +30CY

Loi gidi

Xét (x+1)" = CY +xCly +x2C2 +...+x°CY
Pao ham hai vé& ta c6 30(x+1)” = Cl +2xC% +3x*C3 +..30x*C3
Cho x =i tac6 30(x+i)” =(C}, —3C3, +...+29C] ) +(2C3, —4C, +...—28C+30C) )i
Mit khac 30(i+1)” = -15.2" -i.15.2"
So sanh phan thuc va o caa 30(1 + i) trong hai cach tinh trén ta co:

S=Cl —3C3 +5C3, —..—27C%¥ +29C% = 152"

S, =2C2 —4C% +6CS —...—28C% +30C% = 152"
BAI TAP TUONG TU
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1. Tinh tdng S = 2.3C2, —4.3°C% +6.3°CS, —...+18.3°C18 —20.31°C2
, 20

Goi j. Xét khai trién (1-+3x]

2. Tinh téng S=1CL, —3C, +..—(8n—1)Cir .

Goi . Xét Khai trién (1+ x)811

Vidu 2 : Tinh téng
M = Cj; —3C}, +5C}, —7C5; +...+13C;2 - 15C 2
N =2C!. —4C% +6C% —8C7, +...+ 14C12 —16CE

Loi gidi
Xét khai trién (x+1)" = Cl +xCl +3°C2 +...+x*Cli +x°C2
Nhan hai v& v6i x ta c6 x(x+1)" = xCls +x*Cly +x°C2 +...+ x°Clt + x*C12
Pao ham hai v&ta c6 (x+1)" +15x(x+1)" = Cl; +2xC, +3x2C% +..+16x°CE
Vé6i x=1 taco
(1+1)"” +15i(i+1)" =(C}, —3C}, +...+13C} —15C}2 ) +(2C}, - 4C}, +...+ 14C1 - 16C12 )i

Mt khéc (1+i)° =7.2° -27i
So sanh phan thuc va do ctia (1+i)"” +15i(i+1)" trong hai cach tinh trén ta co:

M =C% —3C2 +5C —7C5, +...+13C2 ~15CH =7.28

N =2CL —4C>, +6C3, ~8C7, +...+14C2 ~16CL3 = —27
Dang 3: Khai trién (x+1)" , cho x nh4n gi tri 1a cc cdn bac ba ctia don vi

1 iVJ3

Céc bai toan ¢ day st dung tinh chat s6 3 ma minh da dé cap 6 dau! Chay a= ST

Vidu1:Tinhténg S=C) +Cy +Ch +...+ Coy +...+ Coo +Cp

Loi gidi
Xét khai trién (x+1)" = C3 +xCly +x°C2) +...+x°Cly +x*C
Cho x=1 taco 2% =C5 +Cyy + Coy +...+ Cpp + C3 (1)
Cho x=a taco (1+ a)20 =Cy +aCy +a°Cyy +...++aCy +a’Cy (2)
Cho x=a” taco (1 +a’ )20 =Cy, +a’Cyy +aC) +Cyy +...+a°Cyy +aCsy (3)
Cong vé theo vé (1),(2),(3) ta dugc 2° +(1+a)” +(1+a2)" =35
Mt khac (1+ a)2 = (—a2 )20 =a" = a;(l +a’ )20 = (—a)20 =a’
2% -1

Do vay 35=2"_-1=S=

Vi du 2: Tinh t6ng S=Cj, +Cy, + Cly +...+ Cop ' +...+ Cho + Cop

Loi gidi
z . < R 20
Xét khai trién (x+1)" =Cy +xCjy +Xx*Cy +...+ xChy +x*C5y
A e N e , 20
Nhan hai v v6i x* tacé x> (x+1)" =x"Chy +x°Cyy +x'Cyy +... 4+ x7'Cyy +xCy
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Cho x=1 tac6 2% =Cj +Cyy +Cy +...+ Cy +C (1)

Cho x=a tacé a’ (1+a)2 =a’Cy, +Cy +aCy) +a’Cyy + Cyy +...+a” Cy + Cy +aCiy (2)
Cho x=a” ta c a(1+a*)" =aCl, +C} +a’Ch +aCy, +..+aCli+ Ch +a'C3 (3)
Cong vé theo vé (1),(2),(3) taco 2% +a’ (1+a)20 +a(1 +a2 )20 _ 35

2% 42

Mit khac a® (1+a)2 =a® zl;a(1+a2)20 =a?'=1=65=

Vi du 3: Tinh tong S = C +3C;, +6C5, +...+3kCoy +...+15CL +18C5

Loi gidi
Xét khai trién (x+1)" = C5 +xCly +x2C% +...+x°CL +x*C%
Pao ham hai vé& ta c6 20(x+1)" = Cly +2xC% +3x2CY, +...+ 19x"°CL + 20x°CZ (*)
Nhén hai v& (*) v6i x ta c6 20x(x+1)" =xChy +2x>C2) +3x°Cy +...+19x"CL +20x*°C%
Cho x =1 ta dugc 20.2" =C;, +2C5 +3C5) +...+19C; +20C5 (1)
Cho x=a tac6 20a(1+a)’ =aCl, +2a>C% +3C3 +...19aCL) +20a°C2 (2)
Cho x=a” tac6 20a*(1+a?)" =aCl, +2aC% +3C, +4a’Cly +...+19a°CL) +20aC2 (3)
Cong vé theo vé (1),(2),(3) taco 20 [219 +a(1+a)” +a’ (1 +a’ )19} =35-C5,

a(1+a)” =a(-a*)" =-a® =1 1027
a’ (1 +a’ )19 =a’ (—a)19 =—a?=-1 3
6. PONG NHAT HE SO 2 VE.

Phuong phap lam dang toan nay 1a ta sé thuc hién khai trién theo hai cach, sau d6 so sanh

Mat khac -13

hé s6 cta luy thita x* & hai vé ta sé c6 diéu phai chtmg minh!

Vi du 1: Cho céc s6 nguyén duong m,n;0 <p <min{m;n} . Chtng minh rng
CP +CP'CL +CP?C2 +...+CPICY + ...+ COCP =CP

m+n

Loi gidi
(x+1)" =C), +xCy, +x°C2 +...+xPCP + ... +x"Ch
Ta co .,
(x+1)" =C) +xC,, +x*C2 +...+xPCP + ... +x"C]
Nhan theo v&ta c6 (x+1)"" =g (x)+(CLC) +CE'C) +...+CLACE +...+C) CP )xP
Trong d6 g(x) la biéu thac khong chia x*. Mit khac hé s§ cua x* trong khai trién

(x+1)mm la C?

m+n’/

dén day so sanh hé s6 cua x” ta c6
CP, =CPCY+CP'CL+...+CPICI .. +C2CP
bén day bai toan da dugc giai quyét hoan toan!
Chay m=n=p=(C0) +(CL) +(C?) +..+(C2) =3,
BAI TAP TUONG TU
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(2n)!
(n+k)!Y(n-k)!

O S k’n : > 0~k 1 ~k+1 -k

Cho K ching minh rang C . C: +C C." +..+C.C! =
,ne

(2n)!

Goi y. Viét lai dang thtic cAn chtng minh C°C™* + CIC*™* ' 4+ CV*C? =
(n+k)!(n—k)!

Piéu nay 1am ta goi t6i dén vé& trai 1a hé s6 cia x" ™. Ta xét (1+x)" (1+x)" =(1+x)™", sau

d6 so sanh hé s6 x"™ &2 vé'ta sé c6 diéu phai chtmg minh!

0<k,n

. Cha inh ra
nez tmg minh rang

Vi du 2: Cho 2 s6 n,k thdéa man {

0 1 2 n _ (N
Ck + Ck+l + Ck+2 Tt Ck+n - Cn+k+1
Lovi gidi
Viét lai dang thtic cAn chimg minh: C; +Cy,, +C; , +...+C, =CS| |

Diéu nay lam ta goi dén vé trai la tong cac he s6 chira x* . Xét da thuc
n (1 n X)n+k+1 _(1 n X)k

X

P(x)= (1+x)k +(1+x)k+1 +(1+x)l<+2 +ot (14x)

So sanh h¢ s& cua s6 hang chta x* & 2 vé ta suy ra dpem.

Y (CY (Y c Y
Vidu3: Tinhtdng S=| =2 | +| =2 | +| =2 | +..+| —=
1 2 3 n+1

Loi gidi
Ck n' (n+1)| B Ck+1

T 5 n_— = — n+1
T KT T (k+DkI(n—Kk)! (n+1)(k+1)!(n-k)! n+1

o n C1I:1 2 1 By 2 1\2 1 et
Khi d6 Szkzo[n_i_llj = (n+1)2 ((Czwl) +(C121+1) +...+(Cn+i) ): (n+1)2 (Cz(nl+l)_1)

Vi du 4 : V6i cac s6 nguyén duong n, tinh toéng S = (C:1 )2 +2(Ch )2 +ot n(C;1 )2

Loi gidi
Xét S=(Ct) +2(C2) +..+n(C2)
= f'(x)=n(x+1)"" =CL+2xC? +3x°C2 +...+ nx"'C"
= xf'(x) =nx(x+1)"" =xCL +2x*C2 +3x°C? +...+nx"C" (1)
Mit khéc (x+1)" =x"Cy +x"'Cp +x"?C2 +...+ C1 (2)
Nhan theo v& ctia 2 ddng thic (1),(2) va so sanh hé s6 ctia x" & ca 2 vé ta duoc

S=(Ct) +2(C?) +..+n(C2) =nCy!, =nCy,

(_1 )k C12(;11 1 CZn

2n+1 "

Vidu5: Tinh téng S = %C;n —%Cin +ot =

Loi gidi
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(2n)! 1 (2n+1)! 1

- , = C
k(k-1)!(2n-k+1)! 2n+1'k!(2n+1-k)! 2n+1 "

Voi k=2,2n+1 ta co %C‘;j =
D6 do ta co

on+l (1)K on+l (1)K 2n+1
-3 e S e L S

Sk & 2n+1 2n+1\ &=

2n
2n+1

1 2n+1 1 -
e E e e oy (@ 1) -
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IV. CAC BAI TOAN TONG HOP.

PE BAI

Vi du 1 : Chtig minh ring (C?1 ~-C2+C —...)2 +(C}1 -C+C —...)2 ="

2n

, . R 2 2n-1 2. N ~
Vi du 2: Cho khai trién (x-1)" +x(x+1)" =a,+ax+a,x*+..+a,x"" voi n 1a s6 tu

nhién va n>3. Biét ) a, =768, tinh aj.
k=0

Vi du 3: Goi S 1a tong cac hé s6 ctia cac lily thira bAc nguyén duong ctia x trong khai trién
1 2018 1

nhij thitc P(x) = (x + ;j . Tinh S+ 5 Caoe.

Vi du 4: Cho khai trién a,(x-1)"+a, ,(x=1)"" +..+a,(x~1)+a, =x" v6i moi xeR,

neN va n>5. Tim n, biét a, +a, +a, =83n.

2
X

20 10
. . P N . N R . ]— 1 Z 2 2
Vi du 5: Sau khi khai trién va rat gon thi biéu thtc (x——] +(x3 ——j , €6 tat ca bao
X

nhiéu s6 hang ?
1 n
Vi du 6: C6 bao nhiéu sd thuc x dé khi khai trién nhj thtc (2X +22 ] c6 tong s6 hang

tht 3 va thtt 5 bang 135, con tong ctia ba s& hang cudi bang 22?

)2017 2k+1

Vi du 7: Trong khai trién cta biéu thiic (x3 -x-2) . Tinh téng S cta cdc hé s& ctia x
v6i k nguyén duong?

Vi du 8: Ki hiéu a,, , la hé s cta s6 hang chta x**° trong khai trién (x2 +1)n (x+2)".
Tim n sao cho a,, ; =26n.

Vi du 9: Cho khai trién x(x+1)" +2(x+1)" =a, +a,x+a,x* +...+a,,,x"" v6i n la so tu
nhién va n>2. Tim n, biét rdng a, -7n; na,; a,, theo tha tu d6 lap thanh mot cap s
cong.

Vi du 10: Xéc dinh n biét réng hé s ctia X" trong khai trién (1+x+2x”+...+nx" )2 bang
6n.

Vi du 11: Cho n la s6 nguyén duong théa man CI} +C?, =171. Tim hé s6 l6n nhat cua

nn TG
biéu thic P(x)=(1+x)(1+2x)" sau khi khai trién va rat gon.
Vi du 12: Khai trién (1 +X+ X 4.+ X )11 dugce viét thanh a, +a,x+a,x” +...+a,x'"". Tinh
tong S=Cj,a, - Cj,a, +Cla, —-Cia, +...+ Cija,, —Chia,,.-
Vi du 13: Tinh téng

CL —22C%, +32°C3, —42°CL  +..-2016.2%5C1 | 2017.221 C2V
Vi du 14: Tinh téng T = Cly,, + Coyy + Coory +---+ Coon
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Vi du 15: V6i neN,n>2 va thoa man iz+i2+l2+...+l2=2. Tinh gia tri cta biéu
C, C C C: 5

n

n+2

(n-4)!

5 3
t}][i(j I) = Ezzﬂ_jlfgi___

_ (1009 1010 1011 2018
Vi du 16: Tinh téng S = Coms + Coms + Cops +--+ Copng (

k
Cans v6i k nguyén duong nhan gia tri lién tuc tir 1009 dén 2018 )

trong téng d6, cac s6 hang c6 dang

Vi du 17: Biét rdng trong khai trién nhij thtc Niu-ton ctia da thie P(x)= (2 +x+2x7+%° )n
thi hé s6 caa x* 1a 1001. Téng cac hé sd trong khai trién ctia P(x) béng bao nhiéu?

Vi du 18: Cho khai trién P(x)=(1+x)(2+x)...(1+2017x) =a,+a;x +a,X" +.... +a,,x . Ki
hiéu P'(x) va P"(x) lan luot 1a dao ham cap 1 va dao ham cdp 2 cua da thic P(x). Tim
hés6 a,?

Vi du 19: Tim hé s6 ctia s6 hang chita x° trong khai trién

(1-2x+2015x™° ~2016x" +2017x*"%)" .

, 0% (1-x) x® (1-x)’ 1-x)" .

Vi du 20: Biéu thtc X—+x—.u+x—.&+m+& bang bao nhiéu?
10t 9t 1t 8 2! 10!

1 1 1 1 1 b

+ + +.+ + ang?
1!12018! 212017! 3!2016! 1008!1011! 1009!1010!

Vi du 22: Tim s8 nguyén duong n théaman C,, , +C; ., +..+Con'1 =1024.

Vidu21: Gid tricta A =

Vi du 23: C6 bao nhiéu s6 duong n sao cho

S=2+(C)+C+..+Ch)+(Cl+Cy+..+Ch )+..+(Coy +Co 1)+ Ch
la mot s6 c6 1000 chit s6?
Vi du 24: Tim hé s6 ctia x° trong khai trién thanh da thic cta (2-3x)™, biét n 1a s&
nguyén duong théa man: C; , +C5 , +C; ., +...+C2", =1024.
Vi du 25: Tim s6 nguyén duong n thoa man 2C, +5C; +8C; +...+(3n+2)Ch =1600.
Vidu26:V6i x# -1 tacé khai trién sau:

X2 +2x+2
x+1

2018
b b b b
=ay+a,X+a,X oty X bR 22
x+1 (x+1)" (x+1) (x+1)

2018

Tinh téng S=> b, ?
k=1

Vidu 27: V6i n la s6 tu nhién l6n hon 2, d§t S, =l3+i3+i4+...+i3. Tinh lim$S,
(:3 (:4 (:5

n

. e 2 _ 1 1 )2 2 2 )2 2017 o017 y2 | 2018 ;182
Vi dl_l 28: TlIlhtOIlg S—m(czmg) +M(C2018) +...+T(C2018) +T(C2018)
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. , el 2 3 _1 n Cn
Vi du 29: Cho s6 nguyén duong n, tinh tong S = <, + 2C, 3¢, + +()$
23 34 45 (n+1)(n+2)

Vi du 30: Tinh téng P =(C) )2 +(C}1 )2 +~--+(C§ )2 theo n.

Vi du 31: Cho n va k nguyén duong thda man k <n. Chtng minh rang
n+lf 1 1 3 1
n+2\Cs, C& ) Ck

n+1 n+1

Vi du 32: Ching minh rdng 1+C> +CS +...= %(2” +2cos%j

Vi du 33: Véi s6 ty nhién n >1. Ching minh rang
n+2

a
C) cosa+C, cos2a+C2 cos3a+...+Ch cos(n+1) o =2" cos™ o cos a

Vi du 34: Vé6i s6 tg nhién n > 1. Tinh téng sau
A =C; (cosx—sinx)+0C2 +C; 3sinxcosx (sinx —cosx) +...+Ch.n simxcosx(sim“‘2 x—cos" x)
Vi du 35: Véi s8 ty nhién m nguyén duong. Chtmg minh rang

1 1 1 (-1)"
— - +—Cx—t—L_C -
1991 " 1991 ' 1991 1991-m "™ 1991

m

LOI GIAI

Vi du 1: Chting minh rdng (Cf1 -C2+C! —...)2 +(Cf1 -C+C —...)2 =2"

Loi gidi
Xét s phtic z=(i+1)" =C} +iC} +i°C} +..+i"C} = (C) -C; +C} —...)+i (C, -C, +C; —...)
Mat khéc ta lai c6 z=(1+i)" =(v2)’ (Cos%+isin%j

Z 2, 2 . ~ Z LN 2. ~ .
So sanh |z| & c& hai v€ ta ¢6 diéu phéi chtimg minh!

Vi du 2: Cho khai trién (x—1)" +x(x+1)"" =a, +a,x+a,x* +...+a,,x** v6i n 1a 6 tu
nhién va n>3. Biét ) a, =768, tinh a.

k=0

Loi gidi

£(1)= n
Ta cé (1)=a,+a,+a, +..+2,, = f(1)+f(-1)=2>a, =1536
f(-1)=a,—-a, +a, —...+a,, pary

hay 2*" +22" =1536 = n=5= hé s6 a, = C},(-1)" + Ci = -126.

Vi du 3: Goi S la tong cac hé s6 cua céc liiy thira bac nguyén duong ctia x trong khai

1 2018 1
trién nhj thitc P(x):(x+—j . Tinh S+=C3%.
X 2

Loi gidi
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1 2018 2018 k
2 2018 2
Tacod | x+ ; E szs

Dé lity thira v6i s6 mii nguyén duong thi 2018 -2k > 0 <> k <1009.

0 1 1008
Suyra S=C, s +Chpg ..+ Copys.

1
1009 0 1008 1009
2018 — C2018 + C2018 ot C2018 3 2 C2018

1
Suyra S+—-C
2
Cck—cnk 1 1009 | _ 0 1 1008 1 1009 2018 2017 1010 1 1009
> 2(8 + E C2018) - C2018 + C2018 +...t C2018 + E C2018 + C2018 + Czols +..t C2018 + E C2018
0 2017 2018 __ ~2018
- szs + szs +...t C2018 + C2018 =277

Vay S+l =27,

Vi du 4: Cho khai trién a, (x—1)"+a, , (x-1)"" +..+a,(x-1)+a, =x" v6i moi xeR,

neN va n>5. Tim n, biét a, +a, +a, =83n.

Lovi gidi
Taco x" =[(x-1)+1] =CJ (x-1)"+C, (x=1)"" +C? (x=1)"" +...+ C (x=1)+C™.
Via,+a,+a,=83n=C.+C)+C! =83n

- (n-1) +(n—1)(n—2)+ (n-1)(n—-2)(n—-4) 83 =13,

2! 3! 4!
5 R 1 20 1 10
Vi du 5: Sau khi khai trién va rat gon thi biéu thac (x_?j +(x3 _;j  c6 tht ca bao
nhiéu s6 hang ?
Loi gidi
1 20 1 10 20 1 m
Ta co (X__Qj +(X3__j :ZCIEOX - (__j +Zcm 3(10-m ( j
X X =0 X
20
- Z( zox20 o Z om0,
k=0

Ta tim céc s6 hang c6 cung lay thura cta x:
0<m<10,0<k<20
{20—3k=30—4m©4m—3k :10‘:’(kfm)—(2,4),(6,7),(10,10).

Vay trong khai trién da cho c6 tat cd 21+11-3=29 s6 hang.

1 n
Vi du 6: C6 bao nhiéu s6 thuc x dé khi khai trién nhi thuc [2* +22 ] c6 tong s6 hang

tht 3 va th 5 bang 135, con téng ctia ba s6 hang cudi bang 22?

Loi gidi
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1 k
56 hang tht (k+1) trong khai trién la T, = C} (2" )nik [22_Xj :

Tu d6 suy ra:

e Tong hai s6 hang th 3 va thit 5 bang 135
1 \? 1\
ST, +T,=C3(2)" (22 J rCh(2) (22 j =135 (1)
e To6ng ba hé s6 ctia ba s6 cu6i bang 22
n-2 n-1 n n(n_l)
=>C " +C +C) :22<:>T+n+1:22<:>n:6.

Thay n=6 vao (1), ta dugc C;.2°.2" +C¢.22.2°™ =135 < 27" 422 =9,

u=4=x=1
bit 0<u =2, ta duoc 2u+é=9<:> 1

1
u U=—=>X=——
1
Vay xe<1,—=;.
Y { 2}

2 2
9 2 R - 2017 - R 2 Z A ~ 2
Vi du 7: Trong khai trién cua biéu thirc (x3 —x—2) . Tinh tong S cua cac hé so cua

x**" v6i k nguyén duong?

Loi gidi

2017

Taco (x° —x=2) " =a,+a,x+a,x" +...+ a5 x™" (1)

Tacantinh S=a,+a,+a, +...+ay,,.

Thay x=1 vao (1), ta dugc a,+a, +a, +...+a,; =-2"" (2)
Thay x=-1 vao (1),, ta duoc a,—a, +a, —a, +...—ags = -2 (3)

Trit vé theo vé& (2) va (3), ta duoc 2(a0+a1+a2+...+a6051):0<::>25+2a1 =0<S=-a

2017

Theo khai trién nhi thtic Niuton, ta c6 (x —X— 2)2017 Z sz ( _ x)k (_2)2017—k

4 ? 2 [N 1
=56 hang a,x chi xuat hién trong C),, (x3 - x) (_2)2017 v

Ma Cy,, (X - x)l (-2)"" =2017.2.(x* —x) = a, =-2017.2""° =S =2017.2"".

Vi du 8: Ki hiéu a,, , la hé s6 ctia s6 hang chita x™° trong khai trién (x2 +1)n (x+2)".

Tim n sao cho a,, , =26n.

Loi gidi
Taco (x*+1) (x+2)" (ch( )k](ic;xnizij nicﬁc;zika*.
i=0 k=0 i=0

Chon 3n-2k-i=3n-3 < 2k+i=3——(k;i)e{(0;3), (1;1)}.
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Suy ra hé s6 ctia s6 hang chta x**° 1a C)C. 2% +C|C! 2.

Theo gia thiét C)C>2° +C}C.2=26n=n=5.

Vi du 9: Cho khai trién x(x+1)" +2(x+1)" =a, +a,x+a,x’ +..+a,,,x"" voi n 1a s6 tu
nhién va n>2. Tim n, biét rdng a, —-7n; na,; a, , theo tht tu d6 lap thanh mot cap s6

cdng.

-----

Taco x(x+1)" +2(x+1)" =(x+1)" (x+2)=(x+1)" [(x+1)+1]=(x+1)n+1 +(x+1)".

a,=C 4+C = (n +21)n . n(nz—l) 2

Suyra qa,=Cp,+Cr=(n+1)+1=n+2
o, =Cn (n+1)161(n—1)+n(112—1) _ n(n—16)(n+4)

Theo gia thiét bai toan, ta co:

) A n=0 (L)
n(n+2)—(n2—7n)=n(n_ )(n+ )—n(n+2)c> n=-7 (L)
n=10 (N)

Vay n =10.

z, N z 2 n . o R n 2 M
Vi du 10: Xac dinh n biét rang hé s6 cua x" trong khai trién (1+x+2x2 +...+nx ) bang

6n.

.....

Ta c6 <1+x+2x2+...+nx“)2=(1+x+2x2+...+nx“).(1+x+2x2+...+nx“)

Hés6 cta x" la: 1n+1.(n-1)+2.(n-2)+..+(n-1).1+n.1
=1n+1.(n-1)+2(n-2)+..+(n-1).[n—-(n-1)]+n.1
:2n+n[1+2+3+...+(n—1)]—[12+22+32+...+(n—1)2}

:2n+n[#—1)'(n_1)}{n(ml)(zml)_nz}_ n’+11n

6 6

n’+11n

Theo gia thiét, ta c6 =6n=>n=>5

Vi du 11: Cho n 1a s6 nguyén duong théa man CI.; +Ch,, =171. Tim hé s6 16n nhat cua

n+1

biéu thie P(x)=(1+x)(1+2x)" sau khi khai trién va rat gon.

Loi gidi
v r
Tacé Cry+Chy =171 (ne1)t (1),
2! (n-1)! n!
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n=17
n= —ZO(L)

@n(nTJrl)+(n+1)=171@n2+3n—340=0@[

Khi d6 P(x)=(1+x)(1+2x)" =(1+x) ch 25x* ZC;zkquCk 25Xk,

Suy ra hé s6 ctia x* trong khai trién la C§, 2" +Ci; ' 2",
Cy, 2 +Cy 12" = Cyy 2 + Cf 2

Heé s6 ctia x* 1a 16n nhat khi
{C; 25 4 CII2M T > Ot 2N 4 P2

1 2°
>
Chl2"' > Citod (k=1)L.(18-k)!  (k+1)!.(16-k)!
f—
Cy, 25 >Cy %22 22 1
kL(17-k)! (k-2)1.(19-k)!
1 . 4
(18-k)(17-k) k(k+1) [3k*-141k+1224<0
= = k=12
4 1 3k? -147k +1368 >0

(k-1)k ~ (18—K)(19-K)
Vay hé s6 16n nhat cAn im 1a C'22 +C1 2" = 50692096.

s g il - 5
Vi du 12: Khai trién (1+x+x2+...+x10) dugc viét thanh a, +a,x+a,x” +...+a,x"

Tinh téng S=C},a, - C},a, +Cha, —Cj,a, +...+ Cpa,, —Chay,.

Loi gidi
Xét x =1, tir khai trién nhan hai vé& cho (x- 1)11 , ta duoc
110

1 11
(x —1) =(x-1)" [a0+a1x+ax +otagX

o Vétrai = ZCk 1) “x! = Hé s6 ctia x'' bing C!, =11.

k=0
11

e Vé&phai = (Z Chx'* (—1)kj.(a0 +a,x+a,X’ 4.+ amxm)

k=0
N ) 1 2
=He¢ s6 cta x"' bang Ca, —Cj,a, +Cha, —Cha, +...+ Cpia,, —Chia,,-

1 2 3 10 11
Vay S= Cna0 Cha, +Cla,-Cja; +...+Cjja,,—Cja,, =11.

Vi du 13: Tinh téng
Coory —2°Copy +3.2°Chyyy —4.2°Coyy +...—2016.2°° Coo0 +2017.2%° Cop

Loi gidi

2017 2017

Taco (1-x) 2017 Zsz 1)k 'S :[(1—x)2017}': Z[C1§017.(—1)k .xk}'

k=0
2016

& 2017.(1-x)™" = Clyyy —2XC2; +3x2Cyy, —4.2°Clyy +...—2016. 2% C2¢ 4 2017.2216 C2Y7

Cho x =2 ta duoc:
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Cloyy —22C2, +3.22C  —4.2°CL . +...—2016.22°C2Y 4+ 2017.22°C27 = 2017 .

Vi du 14: Tinh téng T = Cy,, + Copy + Cary + -+ Cany

2017
Loi gidi
Xét hai khai trién:
o 2% =(1+1)" = Cyy + Cloyy + Clpy + Copy +..+C27 (1)
o 0=(1-1)"" =CYy, —Clypy +Clopy = Chopy +-.—C27 (2)

Ldy (1)—(2) theo v&ta dugc: 2% = 2(Clyy, +Cayyy +Cogyy +...+ Copy ) = T =277,

Vi du 15: V6i neN,n>2 va thda man iz+i2+i2+...+i2:2. Tinh gia tri ctia biéu
CZ C3 C4 Cn
5 3
thuc P:—C“+C“+2.
(n—4)!
Loi gidi
1 1 1 9 0121 1121 2121 (n—2)!2! 9
Ta co —2+—2+—2 T =z + + +..t—=—
C G C C, 5 2! 3! 4! n! 5

@2{L+L+L+.”+$J:2@2!(1_1+1_1+1_1+ +L_1j:g

12 23 34 (n-1)n) 5 2 2334  n-1n
5 3 5 3
P 2[(1_1):2©l:l@nzlojpzcn_"cmz :C10+C12 :5_9
n) 5 n 10 (n—-4)! 6! 90

, ) 2 1009 1010 1011 2018 2 . . J
Vi du 16: Tinh tong S = Cyy5 + Copg + Cops +---+ Copys ( trong téng d6, cac s6 hang c6 dang

C12<018 v6i k nguyén duong nhan gia tri lién tuc tir 1009 dén 2018 )

Loi gidi
Ap dung tinh chat CX =C™™* ta c6
C(z)(ns = ngig
C;OlS = Cigg

2 _ (2016
C2018 = C2018

cm =

e

= C(2)018 + Céms + Cgms Tt Céggz = C;ggg + Cigig oot Cigig .
=25= Cgms + Céms + C§018 ot Cigig + Céggg-

Mt khéc Chyyg + Chyg +Clyrg oo+ C08 = (141)° =228,
2Ly

Vay S=
ay 5
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Vi du 17: Biét réing trong khai trién nhi thtic Niu-ton ctia da thie P(x)=(2+x+2x" +x° )n

thi hé s6 cua x’ 1a 1001. T6éng cac he s6 trong khai trién ctia P(x) bdng bao nhiéu?

Loi gidi

n

Ta cé P(x):(2+x+2x2+x3)n =(2+x)" (1+x2)

— (Zn: Ci 2n—k Xk j( 0 CLXZI j _ ZH:ZHZ(CECL 2n—k )Xk+2l .
k=0 1

= k20 10
Hé s6 cua x” tng voi k+21 théa man k+21=5= (k;1)= {(5;0),(3;1),(1;2)}
e Trudong hop 1. Véi n25 khi dé (k;1)={(5;0),(3;1),(1;2)}.
=Heés6 cua x* la CCC2"° +C2CL2"° +ClC2 2" =1001.
Vi vé trai 16 ma vé phai luoén chdn néu n > 5 do d6 chi c6 thé chon n =5.
Tht lai vao phuong trinh ta thdy n =5 thda man diéu kién.
e Truong hop 2. Vi 3<n<5 khidé (k;1)= {(3;1),(1;2)}.
—Hé s6 ctia x° [a C2C1 272 + C1C221 =1001.
Vi v& trai [é ma vé phai luon chdn néu n >3 do d6 chi c6 thé chon n =3.
Tht lai vao phuong trinh ta thdy n =3 khong thda man diéu kién.
e Truong hop 3. V6i n=2 khidoé (k;1)=(1;2).
=Hé s6 ctia x° la C;C;2=1001: vo ly.

Do d6 chic6 n=5 thda man = téng cac hé sd trong khai trién la —"*1 6° =7776.

Vi du 18: Cho khai trién P(x)=(1+x)(2+x)...(1+2017x) =a, +a,;x+a,X" +.ccc+ 2y, X"
Ki hiéu P'(x) va P"(x) lan luot la dao ham cap 1 va dao ham cap 2 cua da thac P(x).

Tim hé s a,?

Lovi gidi
Ta c6 P'(x)=a, +2a,x+3a,x"....+ 2017a,,,x*"".

Ti€p tuc dao ham 1an nita, ta c6 P"(x) = 2a, +6a,x....+2017.2016a,,,,x*".

Cho x =0, ta dugc P"(0)=2a, = a, :PT(O)
Chﬁyp.(x)zp(x)_( 1 .2 2017 j
1+x 2+x 1+2017x
2 2 2 2
P”ZP(X)'£ 1 " 2 +----+ﬂj +P(X)[_1—_2——....— 2017 j
1+x 2+x 1+2017x 1+x 2+x 1+2017x

Vi du 19: Tim hé s6 ctia s6 hang chtta x° trong khai trién

(1-2x+2015x™" ~2016x™" + 20175 )" .

Loi gidi
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g ) F00)=(1=2x+2015x7 - 2016x" + 20175 )
a
g (x) =2015x>"* —2016x"" +2017x>""®

Suyraf(x)=[ (2x+g )] Zcéol: —2x+g(x )]k

:f 602(:‘ 2x) . [g(x)]" (0<i<k<60).
k=0

i=0

k-i=0 k=3
Vi bac ctia da thie g(x) 1a 2018 = s6 hang chtra x* tng v6i { ' :>{ 3"
1= 1=

Vay hé s6 can tim 1a C3.C3.(-2)’ =-8.C3,.

2 10
Vi du 20: Biéu thiic X—10+X—9 (1_X)+X—8 (= + +(1_X)
10! 9! 1! 81 21 10!

bang bao nhiéu?

Loi gidi

k(1 o\10k
Ta c6 X—.—(l X) 11 X (1-x)"" =
KU (10-k)! 100 KI(10—K)!

KK (1) X (1) (1%

B Ch X (1-x)"" (0<k<10).

. . vt
10! 9t 1! 8t 21 10!
1 0 1
Ch X", mk:— x+1-x) =—.
10' Z 10!( ) 10!
Vidu2l:Giad trictaa A= L + ! + L +..+ L + L bang?
1!12018! 212017! 3!12016! 1008!1011! 1009!1010!
Loi gidi
k
Ta co _t .S .Do d6
k!(n-k)! n!
— C;Ol‘) C§019 C;019 Céggg — C§019 + C;Ol9 +.t Céggg
2019! 2019! 2019! 2019! 2019!
Cgow +C2019 + C2019 et C;ggg -1 — 27 -1 )
2019! 2019!

Vi du 22: Tim s6 nguyén duong n théa man C,,, +C; ., +...+C;0f =1024.

Loi gidi
Taco 2" =(1+1)"" =C5, + G+ o
0=(1-1)""=C}, , ~Cy s +..—C33
Suy ra 2(Choy + Cop ++Cony ) =2 2.,y + G,y .+ Gy =270

Do d6 2*" =2024 < 2" =2"" < n=5.
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Vi du 23: C6 bao nhiéu s6 duong n sao cho
S=2+(C+Cy+..+C0)+(Ci+Cy+..+C} )+...+(Coq +Co' )+ Ch

1a mot s6 c6 1000 chix s6?

Loi gidi
Ta co:
S=2+(C+Cy+..+Cp)+(Ci+Cy+..+C) )+...+(Ch +Ch 1)+ Ch
=2+(C)+C})+(C+Cy +C3 )+ +(Ch +Cly +..+Coy ) +(Co+Ch ..+ Ch)
=242+ (1+1) 4.t (14+1)" +(1+1)"
2" -1

=242V 422 4. 42" =242, =g =2,

S 1a modt s6 cé 1000 chit s6 = 10 <S<10"™ < 10*° <2 <10
< 9991og,10-1<n <10001log, 101

Do neN nén n € {3318;3319;3320} .

Vay c6 3 s6 nguyén duong n thoéa man yéu cau bai toan.

Vi du 24: Tim hé s6 cta x° trong khai trién thanh da thac ctia (2-3x)™", biét n la s6

nguyén duong théa man: C) , +C5 , +C; ., +...+C2"  =1024.

Loi gidi
el (1)
Thay x=1 vao (1): 2> =C},, +C,,, +...+Con, +Contl (2)

2n+1

Taco (x+1) =C) X" +C;, . X" +...+Con

2n+

Thay x =1 vao (1): 0=-C3,, +CL , —..—C2_ +C> (3)

Phuong trinh (2) trir (3) theo vé&: 22" =2(C) ., +C3 ., +..+Cn . )

Theo dé bai ta c6 2°™"' =2.1024 < n=5

S6 hang téng quat ctia khai trién (2-3x)" 1a T, = C5.21% (-3x)" = C¥,.21°% (-3)" x*
Theo gia thiét ta c6 k =5. Vay hé s6 cdn tim la C3,.2°.(~3)° = -1959552 .

Vi du 25: Tim s6 nguyén duong n thda man 2C, +5C; +8C; +...+(3n+2)Ch =1600.

Loi gidi
Tac6 2C) +5C, +8C: +...+(3n+2)Ch =3(C| +2C. +...+nCh ) +2(Ch +C, +CL +...+Cl ).
Mit khac C) +CL+C2 +...+Ch =2".

n! . (n—l)!
(n—k)'k! (n—-k)!(k-1)!

Khi d6 C} +2C. +...+nCh =nC)_, +nC}, +..+nCh} =n(C), +C)_ +..+Co})=n2"".

Cich 1: Ta c6 kCt =k. =nC].

Cich2: (1+x)" =C) +Cix+C2x* +Cox* +...+ Cix" (1).
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Pao ham hai v& ctia (1) ta dugc n(1+x)"" =CL +2xC2 +3x*C? +...+ nx""'C"
Khi d6 v6i x=1, tacé n2""' =C! +2C? +3C’ +...+nC"

Do d6 2C) +5C, +8C2 +...+(3n+2)C =3n.2"" +2.2" =(3n+4).2"".

Theo gia thiét ta c6 (3n+4).2"" =1600 > n=7.

Vidu26:Vé6i x -1 tacé khai trién sau:

[x2+2x+2

b b b b
2018 1 2 5 . 2018

2018
_ 2
1 J =a, ta;X+a,X" +..+a,yX +X+1 (X+1)2 (X+1)3 (X+1)2018

, 2018
Tinh tong S = Zbk ?

k=1

Loi gidi

2 2018
Pt f(x)= (#j , taco £(0)=a,+b, +...+bys =2
X+

Suy ra a, +5=2""(1)

. 2018 2018 Zk 2018
Lai c6 f(x):(x+1+x+1j ZCMS
1008 Ck 2018 2k 2018
- Z 20215318 T Z C2018 .
k=1009
Suy ra
e by =by;=..=Dbyy,;, =0=>S=b,+b, +...+ by, —Cgow +C2018 +"'+C;8(1)§ +C§8(1)g
o a;=Chg +Cog -+ Coppg + Cog = Coge +S (vi € =C1 7). (2)
Tix (1) va (2), suy ra S=2%" —1C§8§’Z
. .. < n 12 y 1 1 1 1
Vidu 27: V6i n la s6 tu nhién 16n hon 2, dat S, =§+F+F+ .+—5 . Tinh lim§S
3 n
Loi gidi
Taco C = n! :(n—3)!(n—2)(n—1)n:n(n—l)(n—Z):%: 6
3!(n-3)! (n-3)Ix6 6 C) n(n-1)(n-2)
Vaytaco S, = 6 + 6 + 6 +..+ 6
123 234 345 n(n-1)(n-2)
1 1 2 1 1 _ 2 1 1

Nhan xét . = -
123712 237234 23 34 (n-2)(n-1)n (n-2)(n-1) (n-1)n

1 1 1 1 1 1 1 1 1 1 n-2 3n—-6
=S =3 ———+———+...+ + —— | =3 =-=1=3 =
1.2 23 23 34 n-— 2 n-1 n-1 n 2 n 2n 2n
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6

3_°2
Vay lim$, = lim[ 2228 | = fim| —1n |3
2n 2 | 2
2 100 o
Két hop gia thiét c6 n=S __ 2 -n-3 . _os.

(n+1)(n+2) (n+1)(n+2)

N

Vi du 26 Tinh téng S =L (Chu '+ (Gl #2238+ 22 2

1
2018( 2018

2017
Loi gidi
1 2 2 2 2017 2 2018
Tinh téng S = 5018 (C;Olg) +m(C§ms) + +T(C§31§) = (Cig}g)
Taco Ck :H_Tl<+1.Cﬁ’1 v6i VkeN, neN, n>k nén:
1 2018 2 2017 2018 1
= 2018 ;018' 1 3018 + 2017 Cims- 5 C;ms +...F Tcigig-ﬁcigg

_ 1 0 2 1 2017 2016 2018 (~2017
- C2018 'C2018 + C2018 'C2018 +o.t C2018 'C2018 + C2018 ‘C2018 :

<~k 2018-k 2018 2 2017 2017 2 2018 ~1
Ma Cy5 =Ch5 - suyra S= C2018 Coos T Cons-Coms + -+ Cong -Coms + Cons-Cons -

Mt khéc ta c6 (1+x)™" Z ChX = (14%)™ (T+x)™"
2018 Lo 2018 1 .
= Zczowx Z C2018X = Z C2018 CoogX (1) .
11=0

2019

Suy ra hé s6 cta s6 hang chita x*™ trong khai trién cta (1) la

_ 1 2018 2 2017 2017 2 2018 ~1
S - C2018 'C2018 + C2018 'C2018 +o..t C2018 'C2018 + C2018 'C2018 :

4036

La1 dO (1 n X)2018 ) (1 i X)2018 _ (1 n X)4036 4036 Z C4036X

2019

Suy ra hé s6 cta s6 hang chita x*™ trong khai trién cta (2) 1a Cig, .

Vay S = Coys-Coms + Coons-Caons + -+ Coons-Clons = Coons- C s = Cline
~ 4036! _ 4036-2018 4036! 2018 s
20191.(4036-2019)! 2019  2018!.(4036-2018)! 2019 ***

-G, ,2CG 3G . (-)'nC)

Vi du 29: Cho s6 nguyén duong n, tinh téng S = b ————=
' e & $°723 "534 45 " (n+1)(n+2)

Loi gidi

Véik, neN, 0<k<n, n>0 taco:
1 Ck — n' — (n+1)' — 1 Ck+1
k+1 " (k+Dk!(n-k)! (n+1)(k+1){(n-k)! n+1 ™"

Ap dung ta c6:
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kck Ck 2 Ck Ck Ck+1 Ck+2
‘™ n — n _ — n _2 n _ n+l . n+2 .
(k+1)(k+2) k+1( k+2j k+1 (k+1)(k+2) n+l  (n+1)(n+2)

—C2, +C, -C (1) Cn 2[ CL,+Ch,+.+(-1) Cgﬁ}
Suyra S=
n+1 (n+1)(n+2)
Ta co6:
o Qe+ (1) O =(=Ch +Ch = Cl e+ (1) O J+Ch, —Cly

=—(1-1)"" +1-(n+1)=-

i —Ci+2+Ci+2 ( 1) Cﬁi;
= (€l =Cha+Chy = Cla +Chy + (1) C12 )~ (Ch, — €L + €L
2
—(1-1)"" - (1-(n+2)+(“+1)(“+2)):-“ .
2 2
2 n’+n -n
Vay S= . - _
NS T e me) T 2 (el (ne2)

Vi du 30: Tinh téng P = (C?1 )2 +(Ci )2 +---+(C§ )2 theo n.

Taco (1+x)" (1+%)" =(1+x)™ (1).
(1+x)" (1+x)" (ch kMZCI ljva (1+x)’ ZC

Xét hé s6 ctia X" trong khai trién vé trai ctia (1) la )’ C;.C, = iCE.CE‘k = Z(C‘; )2 :

n
k+l=n k=0 k=0

Hé s6 cua x" trong khai trién vé phai cta (1) 1a Cj, .

Tudosuyra 3 (C ) =(CU) +(CL) +-+(C2) =C,
k=0

Vi du 31: Cho n va k nguyén duong thda man k <n. Chtng minh rang

n+1( 1 1)1
n+2(ck, Tk Cx

n+1 n+1

Lovi gidi
Bién déi gia thiét ta c6

n+1( 11 ] n+1[k!(n+1—k)! (k+1)!(n—k)!J

n+2\C, ) ne2|” (ne1)r | (n+1)
I(n— Y Y
R T UL R
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Téng qudt, —+— 4 4t . n+2 1 1, 1
I I BT P | K C e

n+1 n+1 n+1 n n

Vi du 32: Chiing minh rdng 1+C> +CS +...= %(2” +2cos%j

Loi gidi

Taco 2" =C, +C, +C. +...+Ch (1) . Xét s6 phtrc azcos%ﬁsinz—; ta c6

o’ :(cosg+isinﬁj3 :1<:>(oc—1)(oc2+a+1)20
3 3

Mt khéc

e (1+a)'=C)+aC, +a’C: +..+a"Ch =C) +aC} +a’C2 +C +aC; +a’C) (2)

o (1+a?) =CL+0’Cl+0'C)+..+0™C =C) +&’C +aCh +C) +a’Ch +..(3)
Cong 2 v€cuta (1),(2),(3) taco

2" +(1+a)" +(1+oc2)rl =3(Ch+Co+Co+..)+(1+a+a?)(CL+C+C)..)
=3(Ch+Co+Co+..)

. mw .. T mwT .. T . PUETR 2. . .
Ma 1+0L=COS§+ISID§,'1+OLZ :cosg—lsmg nén ta c6 diéu phai chiang minh!

Vi du 33: V6i 56 tu nhién n > 1. Chiing minh réng
n+2

o
C) cosa+C, cos2a+C2 cos3a+...+Ch cos(n+1)o =2" cos” 5 cos o

Lovi gidi
Xét khai trién (x+1)" =C) +xCL +x*C2 +...+x"Ch = x(x+1)" Z:xk”Ck

Thay x =cosa +isina va st dung cong thitc Moive ta ¢6
(cosa+isina)(cosa+isina)’ =C) cosa+C; cos2a+...+Chcos(n+1)a
+i(Cgsinoc+C}lsin2a+...CEsin(n+1)a)(1)
. . \n a ... o _a) a o .. a)
Mit khéc (1+cosa+isina)” =| 2cos® = +2isin—cos— | =2"cos" —| cos—+isin—
2 2 2 2 2 2
Theo cong thic Moive ta co
. a .. a) . no . . na
(cosoc+1smoc)(cosa+1smij =(Cosoc+1smoc)(c037+1sm7j

o +1sin

=COSs (0

p . . o n+2 ) a . n
Do dé (1+COSOL+ISIIIOL)n =" COS“ECOS oa+i2" cosnzsm a(2)

T (1),(2) ta c6 diéu phai chung minh!
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NHT THUC NEWTON VAN DUNG CAO

Vi du 34: V6i s6 tu nhién n > 1. Tinh tong sau

A =C] (cosx—sinx)+0C2 +C;3sinxcosx(sinx—cosx)+...+Ch.n sinxcosx(sin“’2 x—cos" x)

Xétham s6 y =(1+cosx)” +(1+sinx)" thi:
y= (Cﬂ +C! cosx+C?2 cos® x+...+C" cos" x)+(Cg +Clsinx+...+C"sin" x)
=2C,) +C, (sinx+cosx)+C; (sin2 X +cos’ x)+...+C2 (sinn X +cos" x)
V1 . 2 3 . .
= y'=C, (cosx—sinx)+0.C} +C.3sinx cos x (sinx — cos x)
+.. +C'n sinxcosx(sinm2 X —cos"? x)
4 . -1 . . -1
Do d6 A:y':((1+cosx)n +(1+smx)n): n(l+cosx)" .(-sinx)+n(1l+sinx)" cosx

= n(cos x(1+sin x)n_1 —sinx(1+cos x)n'l)

Vi du 35: Véi 6 tu nhién m nguyén duong. Chtmg minh ring

1 1 1 (-1)" 1
— -l —C —.t m
1991 ' 1991 ' 1991 ! 1991-m "™ 1991

-----

Voi n=1,2,..,ta dit S(n)=> (-1 ' trong d6 tong duoc 14y tir m=0 cho dén hét

m

n-1-m

nhimg s6 hang khac 0. Ta c6 i =C,.=1-S(n)

Ta co
e S(n)=1->5S(k),suyra S(n+1)=5S(n)-S(n-1)(1)

e 5(0)=5(1)=1, tird6 S(2)=0,5(3)=-1,5(4)=-1,5(5)=0,5(6)=1,5(7) =1

Tix (1) taco S(m)=S(n)néu m=n(mod6). Do Ch_=C"_ +C™!  néntaduoc
n-m
1 1 1 (-1)" 1
1991.| —C°%,, ———Cl,, +——C>, —...+ ———C7, +.——Co =1
1991 1991 1991 1991 1991 1991 1991 -m 1991-m 996 996

Suy ra diéu phai chiing minh.
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TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

LOI KET

Vay la ta da di t6i nhitng trang cu6i cting ctia san pham 14n nay, tuy khong phai qua hay
nhung chéc hin da gitp cdc ban ndm viing duoc kién thtc co ban cta bai tap nang cao
chuong nay. Do thoi gian khong cho phép nén chua thé dua thém duoc nhiéu bai toan hay
va kho vao dugc, nén minh sé gui kem link mot s6 tai liéu tham khao dudi day. Mot 1an
nita cdm on nhiing nguodi da c6 dong gop cho bai viét nay, chuc cac ban c6 mot ki 6n thi
thanh cong!
TAI LIEU THAM KHAO

[1] Chuyén dé t6 hop bdi dudng hoc sinh gidi - Lé Hoanh Pho

[2] Chuyén dé nhi thtic Newton - Vted.vn

[3] Chuyén dé b6i duong hoc sinh gidi t6 hop va nhj thiic Newton
[4] Tuyén tap cac chuyén dé t6 hop - MathScope
[
[

6] Mot s6 chuyén dé t6 hgp danh cho hoc sinh nang khiéu
[7] Péng thtc t6 hop - VMF

]
]
]
5] T6 hop va quy nap - Ha Huy Khoai
]
]
[8] Nhi thtic Newton va cong thiic t6 hop - Nhiéu tac gia
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https://drive.google.com/file/d/18kqvzz-TwriTSpXbx9dBvaDX7IgJAKqo/view?usp=sharing
https://drive.google.com/file/d/1tHGUZELb1P4upKe8ToDsBjVLsOGXZuxc/view?usp=sharing
https://drive.google.com/file/d/1VaXrpX2itr5cqrtdzUJBl-Lrv9uaRE-s/view?usp=sharing
https://drive.google.com/file/d/1MIcep1aiAUCun4NfRsYWYTPsu5iu85pp/view?usp=sharing
https://drive.google.com/file/d/1_9PqPFpEmSug48VTFstAcd7dC1B6zP5n/view?usp=sharing
https://drive.google.com/file/d/0B-dt4Rje9FJeb3ozN0QxUU5WeGM/view?usp=sharing
https://drive.google.com/file/d/1tZ4QlkV9SRM9EbcBlSL1r97DrjHpjoE5/view?usp=sharing
https://drive.google.com/file/d/0B-9YIL6gLNqAUVBiOTVlYUNINFk/view?usp=sharing

