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MOT THE GIGI KHAC CUA BAT DANG THUC

1 T bat ding thirc tam giac tdi bat ding thitc Minkowski

Day c6 1& 1a mot bat ding thitc co ban nhat méa ching ta duge hoc & chuong trinh pho thong, noi
dung ctia n6 phét biéu nhu sau:

B4t dang thirc tam giac. Trong mot tam gidc thi téng do dai 2 canh luon 16n hon canh con lai.
Chitng minh. Bat ding thitc nay c6 rat nhiéu cach ching minh don gidn, c6 thé st dung mbi
quan hé duong xién — hinh chiéu hosic ban doc ciing c6 thé lam nhu sau: Gia st rdng a > b > ¢,
khi d6 vé cac cung tron nhu hinh vé dudi
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Nhu vay ta dé dang suy ra dugc diéu phai chiing minh. Xuat phat tit bat dang thiic nay, ta c6
thé chitng minh duge mot s6 bat déng thitc quen thudce khac.
Bai toan 1.0.1. Cho 2 s6 thyc duong a,b. Chitng minh ring

V2 (a+b) <2V + 0% < 2(a+b)
Chitng minh. Ta c6 thé thay béng dang ctia bat dang thitc AM — RMS & day bat dang thiic

trén, nhu vay v6i bai toan nay ta sé c6 thém mot cach gidi quyét nita cho 2 dai lugng trung binh
AM va RMS. Quan sat hinh vé duéi day

Tt hinh vé trén ta c6 thé thay rang 2v/a? + b2 chinh 13 tong do dai 2 canh huyén ctia 2 tam giéc
vuong bing nhau, v/2(a + b) chinh la do dai canh huyén ciia tam gidc vudng can co canh la a + b,
khi d6 st dung bat dang thiic tam giac ta dé& dang suy ra diéu phai chitng minh.

St dung ¥ tudng tuong ti, ta sé chimg minh dugce bat ding thic sau

Bai toan 1.0.2. Cho 3 s6 thyc duong a,b, c. Chiing minh réng

V20a+b+¢) SVa2+R+ VR +E+ VA + a2 <2(a+b+c)

Chitng minh. Tuong tu nhu trén, ban doc c6 theé tu gidi quyét né trude khi quan sat hinh vé dusi
day
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Dén day moi viéc qua don gian rdi, bat ding thic duge ching minh!

C6 vé nhu ¥ tudng stt dung bat dang thiic tam giac vd moi quan hé clia cac canh trong tam giac
vuong khéa httu hiéu véi nhitng bai todn xuat hien dai lugng /22 + y2, sau day tiép tuc 1a mot
bai toan rat quen thuoc véi chiing c6 st dung § tudng nay!

Bai toan 1.0.3. Cho cac s6 thuc duong a, b, ¢, d. Chitng minh rang

Va2 + 2+ Vi +d? > \/(a+b)2+(c+d)2

Chitng minh. O toan phd thong, ching ta dugc biét t6i bat dfng thifc nay véi mot s6 tén goi nhu
& bat dcfng thitc vector hoac bat dc%ng thiic Minkowski hoac c6 mot sd noi goi la bat dcfng thie toa
do. Chiing minh ctia n6 kha don gian nhu sau

Té6i day ta dé dang tinh duge do dai cac canh clia tam gidc mau xam la

Va2 + V2 +d2,\/(a+D)? + (¢ + d)?

Nhu vay theo bat ding thic tam giac ta c¢6 diéu phai ching minh. Day la mot truong hop dac
biét véi 2 bién ctia bat déng thitc Minkowski, dang tdng quat ctia né dude phéat biéu nhu sau: Véi
cac s6 thyc duong a;, b;,i = 1,n(n € N;n > 1), khi d6 ta c6

(5) - (o) <L

=1

Mic dit dang tong quat nhin ¢6 vé "r6i rAm", tuy nhién ching minh ciia né hoan toan nhu truong
hop 2 bién, cac ban c¢6 thé xem hinh bén dudi.
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Dén day moi chuyén trd nén rat don gian roi! Hoan toan tuong tir nhu bai toan 1.0.1 va bai toan
1.0.2 ta dé dang suy ra diéu phai chiing minh.
Bay gio st dung ¥ tudng nay ta sé ching minh bat ding thic da dé cap ¢ phan trude

3(a*>+0°+¢) = (a+b+c)?

Quan sat hinh vé trén, ta ¢6 Z(a + b+ c,a+ b+ ¢,a+ b+ ¢), nhu vay

O0Z <OX + XY +YZ < V3a+b+c) <3Va2+ 2+ 2

a+b+c [a? + b2 + c?
& — L —
3 3
Hermann Minkowski.

Ong sinh ngay 22 thang 6 nam 1864 tai Aleksotas, Dé quéc Nga (nay ¢ Kaunas, Lithuania)
trong mot gia dinh gdc Diic, Ba Lan va Do Thai. Ong mat ngay 12 thang 1 nam 1909,
Gottingen, Diic. Minkowski 1& mot nha toan hoc Diic gbc Litva, ngudi da phat trién hinh
hoc ctia céc s6 va da st dung phuong phap hinh hoc dé giai cac bai toan khé trong 1y thuyét
s0, vat 1y toan va ly thuyét tuong doi.
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Do la con trai ciia cha me ngudi Ditc song 6 Nga, Minkowski tré vé Ditc cting ho vao nam
1872 va trai qua tudi tré clia minh tai thanh phd hoang gia Konigsberg ctia nuéc Phd. Véi
t6 chat clia mot than dong tai nang, ong bat dau theo hoc tai Dai hoc Konigsberg va Dai
hoc Berlin ¢ tudi 15. Ba nam sau, ong dude Vien Han lam Khoa hoc Phap trao giai “Grand
Prix des Sciences Mathématiques” cho bai bao clia ong vé bicu dién cac con so6. dudi dang
tong ctia nam hinh vuong. Trong nhitng ndm thiéu nién ctia minh ¢ Konigsberg, ong da gip
va két ban v6i mot than dong toan hoc tré tudi khéac 1a David Hilbert - ngusi ma ong da
lam viéc chat ché ca tai Konigsberg va sau do la tai Dai hoc Gottingen.

Sau khi 1y bang tién si nam 1885, Minkowski day toan tai cdc truong Dai hoc Bonn (1885
— 1894), Konigsberg (1894 — 1896), Ziirich (1896 — 1902), va Géttingen (1902 — 1909).
Cung véi Hilbert, ong theo dudi nghién ctu veé 1y thuyét electron ctia nha vat 1y nguoi Ha
Lan Hendrik Lorentz va stta doi né trong thuyét tuong déi hep ciia Einstein. Trong Raum
und Zeit (1907; “Khong gian va thoi gian”) Minkowski da dua ra hinh hoc bén chiéu ndi
tiéng clia minh dua trén nhém cac phép bién doi Lorentz ctia thuyét tuong ddi hep. Cong
trinh chinh ctia ong trong ly thuyét s 13 Geometrie der Zahlen(1896; "Hinh hoc ctia cdc con
s6"). Hermann Minkowski da day tai Dai hoc Bonn, Gottingen, Konigsberg va Zurich. Tai
Vién bach khoa lién bang (Federal Polytechnic Institute), nay 1a ETH Zurich, va 6ng 1a mot
trong nhitng thay gido clia Einstein.

Bai toan 1.0.4. Cho 3 s6 thyc duong z, v, z théa man x + 2y + 3z = 4. Tim gia tri nhé nhat cia

biéu thiic
P =16+ 22 +2y/16 + 42 + 3V16 + 22

Lo giai.
Trén mat phang toa do Ozy ta xét cac diem A (4;z), B (12,2 + 2y), C (24; x + 2y + 32), ti gia
thiét ta suy ra diem C(24;4) 1a diém c6 dinh.
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Ta ¢b

OA = Va2 +42,
AB = /8% + 432 = 2\/y% + 16,

BC = /122 4+ 922 = 31/ 22 + 162

Nhu vay, ta dé thay rang

OA + AB + BC > OC = /242 + 42 = 4/37

Z o 2 2
Dau "=" xay ra khi va chi khi O, A, B, C' thang hang, hay xr =y = 2z = 3" 0J
Bai toan 1.0.5. Cho hai vi tri A, B cach nhau 455 m, ciing ndm vé mot phia bo song. Khoang
cach tit A va B dén bs song lan luct 1a 89 m va 356 m. Mot ngusi mudn di tit A dén bo song dé
lay nude mang vé B (nhu hinh vé&). Tim doan dutng ngin nhat ma ngudi d6 c6 thé di.

M Song D

Loi giai.
Goi CM = z. Ta co6:
CD = /4452 — (356 — 89)2 = 356, nhu vay doan duong ngusi d6 phéi di 1a

AM + MB = V22 + 892 + /(356 — x)2 + 3562

Ap dung bat ding thic Mincowski ta c6

2?2 + 892 + \/(356 — )% +356% > \/(356 —z+2)* 4 (89 4 356)% = 89v/41

Dau "=" x4y ra khi va chi khi z = 71.2. 0J

Ngoai cac bai toan hinh phang ta cling c6 thé van dung khéo léo bat ding thiic tam gidc cho mot
s6 bai toan vé hinh hoc khong gian nhu sau.

Bai toan 1.0.6. Ngudi ta can trang tri cho mot kim tu thap hinh chép ti gide déu S.ABCD c6
canh bén bang 200m, goc ASB = 15° bang dudng gap khic day den led vong quanh kim tir thap
AEFGHIJKLS. Trong dé diém L cb dinh v6i LS = 40m.
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S

Héi khi d6 can duing it nhat bao nhiéu mét day den led dé trang tri?
Loi giai.

Trai cac mit (canh) ctia hinh chép ra mit phang (2 1an), ta co:

+ SA;, SAy 1a vi tri cia SA 6 lan trai thi nhat va thi hai.

+ SD;,SCy,SB; 1a vi tri cia SD, SB, SC & lan trai thit hai.

S

B A, D,

Do ASB = 15°, nén ASD = 15°. Suy ra m = 120°.
Khi d6, do dai duong gap khic AEFGHIJKLS ngin nhat khi A, E,F,G,H,I,J, K, L thing
hang, ttc 1a Ay, B, F, G, H,I,J, K, L thang hang. Ta c6

1
LA3 = SL* + SAZ — 2.5L.SAy. cos 120° = 40 + 200% — 2.40.200. (—5) = 49600

Suy ra LA, = 404/31. Khi d6, do dai ngdn nhat ctia den led la
SAy = SL+ LAy = 40 + 40v/31 (m)

OJ

Bai toan 1.0.7. C6 mot mo hinh kim ty thap 13 mot khdi chép ti gide déu c¢6 canh bén biang
6cm, canh day bang 4em duge dit len ban trung bay (day nam trén mit ban). Mot con kién dang
4 mot dinh ctia day va c6 ¥ dinh di mot vong qua tat ca cdc mat xung quanh va trd vé vi tri ban
dau. Tinh quang dudng ngin nhat ma con kién c6 thé di dugc.

LSi giai.
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B

Goi hinh chép déu trong bai la S.ABCD. Khong giam tong quat, gia st con kién dang & dinh A
ctia day va sé di mot vong qua tat cd cac mit xung quanh va tré vé vi tri ban dau.

Dé di nhu vay, con kién buoc phai di qua mot diém trén mdi canh bén ciia hinh chép gia sit 1a
By, C1, D; lan luot thuoc cac canh SB, SC, SD.

Duong di ngan nhat tit A dén B; la dudng thing.

Duong di ngan nhat tit B; dén C; la dudng thang.

Duong di ngan nhat tit C; dén D, la duong thang.

Duong di ngan nhat tit Dy dén A la dudng thang.

CAat mat xung quanh ctia hinh chép S.ABCD theo canh bén SA va dem trai phang.

Ky hieu diém A’ nhu hinh vé. Ta c6

AB, + B,C, + C,D, + DA > AA

Dau bang xay ra khi A, By, Cy, Dy, A’ théng hang.

Do S.ABCD la hinh chép déu nén cac mat bén 1 cac tam gidc can bang nhau.
Goi H 1a trung diém ctia AB,M = AA'NSC = M la trung diém ctia AA’.
Theo gia thiét

SA:6,AH:%AB: 4=2

N —

Dit HSA = o.

, AH 2 1 hon = | 22
my=-—-r=-=2 n =4/1 —sin®p = —~.
sin @ A 5 3mag0no CoS Sin“p 3

4+/2 / 7
sin2p = 2sin . cos ¢ = T\/_ ma 2p nhon = cos2p = 1/1 — sin*2p = 9

561/2 56v2 22442
81 81 27

sindp = 2sin2¢. cos 2p = = AA' = 2AM = 2.5A.sin4dp = 2.6.

O

Bai toan 1.0.8. Mot khdi g6 hinh hop hinh nhat c¢6 chiéu dai, chiéu rong, chiéu cao lan luct la
30cm,20cm va 30cm (‘hinh vé ). Mot con kién xuat phat tit A mudn t6i diém B thi quang dudng
ngan nhat né phai di dai bao nhiéu cm?

Loi gidi.
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A I
30em” !
E | J
30cm H}' _____________ K

F 20cm B

Dung ki thuat giai phing. Trai cac mit AEFH va EFBJ ta dugc

A 30cm E 20cm J
30cm
H F B

Tt hinh vé ta thiy quang duong di ngan nhat clia con kién chinh 13 doan AB, ta c6 AB =
VAH? + HB? = 10V/34

Tuong t trai cac mit con lai ctia hinh hop ta déu c6 chung mot dap an. Vay quang dudng ngan
nhat di tit A dén B la AB = 10v/34. O

Bai toan 1.0.9. Dé chao mimg 20 nam thanh lap thanh phé A, ban t6 chitc quyét dinh trang tri
cho cong chao c6 hai cot hinh try. Cac ki thuat vien dua ra phuong an quan xo#n tit chan cot lén
dinh cot ding 20 vong den Led cho mdi cot. Biét ban kinh tru cong la 30cm va chiéu cao cong la
57 (m) . Tinh chidu dai day dén Led t6i thiéu dé trang tri hai cot tru cong.

Loi giai.

V6i cach trang tri quan xodn tit chan cot lén dinh cot ding 20 vong den ta c6 thé trai phing
cong chao hinh tru dé 20 vong dé duge mot hinh chit nhat ¢é chiéu cao 57 (m) va chiéu ngang la
20.2.0, 37 = 127 (m) ( nhu hinh vé).

Theo bat dang thiic tam gidc ta thay dude do dai den Led ngén nhat bing

AB = /(57" + (12m)? = 137 (m)

Vay dé trang trf hai cot tru cong can it nhat 267 (m) dén Led. O

Bai toan 1.0.10. Cho hinh lap phuong ABCD.A'B'C'D’ canh bang 2. Goi M va N lan luot
thuoc canh AD,BB’ sao cho AM = BN, P la trung diém ctia AB. Mt phang (M NP) cat hinh
lap phuong theo thiét dién c6 chu vi nhé nhat bang bao nhiéu?

Loi giai.

©@
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K
FA D
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E_A’ __________ Jpn
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B Q Cr

Kéo dai NP cat AA’ tai K, KM cat DD’ tai S.
Ta c6

{ (ADD'A) || (BOC'B) - (yNPYA (BOC'B) = NQ | MS(Q € B'C')

(MNP) N (ADD'A') = MS
ABB'AY) || (CDD'C" o .
{ EMNP) % MBB’A’) ) np = (MNP)N(CDD'C) = SR|| NP (R € C'D)

Vay thiét dién ctia mat phang (M N P) cat hinh lap phuong 1a luc gisc MPNQRS.

Dé dang ching minh dugc AM = BN = SD' = C'Q); PM = PN,RS = RQ,MS = NQ. va R la
trung diém ctia C'D’.

Dit P, a chu vi cita thiét dien MPNQRS = P, = 2(MP + MS + SR).

Trai cdc mat ABCD va DCC'D' lén mat phang (ADD’'A’) sao cho cac diém B,C, P clia mit
phang ABCD lan lugt ndm & vi tri cac diem By, C1, P’ va khong cling thudc nita mit phang chita
A’ D' ¢6 b AD; Cac diém C,C’, R 1an lugt nam & vi trf cac diem Csy, Cy', R’ (hinh vé)

By Ch
P/
A M| D C,
: \\ S’
A R
N
CA
N T f_{D/ R Cé
B 0o

Khi dé viec giai bai toan hinh hoc khong gian dude quy vé viéc gidi bai toan hinh hoc phang nhu
sau:
Ta co

P, =2(MP+ MS+ SR) =2(MP + MS + SR) > 2P'R’
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Déau “=" x4y ra khi va chi khi M = M’",S =S ( M', S 1a giao diém ctia P'R' v6i AD, DD").
Khi d6 M, N lan lugt 1a trung diém ctia AD va BB’

:>Pt:2.(2\2/§+2\2/§+2\2/§>:6\/§

Vay chu vi ciia thiét dién nhé nhat bing 61/2. O
Bai toan 1.0.11. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 1, M la trung diém ctia
AB. Mot con kién di tit M dén diém N thudc canh BC, tit diém N di thing t6i diém P thudc
canh CC’, tit diém P di thang t6i diém D’ (diém N, P thay doi tiy huéng di cia con kién). Quing
duong ngan nhat dé con kién di tit diem M dén diém D’ 1a bao nhiéu?

D’ C’
Al E B/\\\‘ P

1?)— ——————————————— C

’ N
A 73 B

Li gidi.
Dung ki thuat trai phang.
Trai cac mat (ABCD), (BCC'B'),(CDD'C') tréen mot mat phang.

D D’
D C C’
P
N
A M B B’

Quang duong ngan nhat dé con kién di tit diem M dén diém D’ bang
MN + NP+ PD' > MD'
Déang thiic xay ra khi M, N, P, D' thang hang.
Tam giac B'M D' vuong tai B’ ¢c6 B'M = ;,B’D = 2.
Khi do 5
MD' =+/B'M?+ B'D? = 5

a
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Bai toan 1.0.12. Mot chiéc banh sinh nhat ¢6 dang hinh chép déu S.ABC 6 AB = 1, ASB =
30°. Lay hai diém B’,C" lan lugt thuoc SB, SC. Mot ngudsi dinh chia chiéc banh thanh hai phan
sao cho chu vi tam gidc AB’C’ nhé nhat. Tim chu vi do.

Lo giai.

C/
B/

Gid st SA =a, (a > 0).
Xét tam giac SAB ta co:

AB? = SA? + SB? — QSA.SB.COS/TS\B sl=d+d - 2.a.a.§ =a=1/2+V3

Trai phang khéi chop ta thay chu vi tam giac AB'C’ 1a
Capcr = AB'+ B'C'"+C'A=AB'+ B'C"+C'D > AD

Dau” =" xdy ra khi A, B’,C’, D thang hang. Khi d6

min Capor = AD = SAV2 = avV2 =\/2+ V3.2 =1+ V3

Vay chu vi can tim ¢6 gia tri 1a 1 + /3. O

Bai toan 1.0.13. Bén canh con dudng trudc khi vio thanh phd ngudi ta xay mot ngon thap den
long ldy. Ngon thap hinh t gidc déu S.ABC'D canh ben SA = 600(m), ASB = 15°. Do c6 s ¢d
duong day dién tai diém @ (1a trung diém ctia SA) bi hdng, ngudi ta tao ra mot con dudng tit A
dén @Q gom boén doan thang: AM, M N, NP, PQ (hinh vé). Dé tiét kiem kinh phi, k§ su da nghien
AM + MN

cttu va c6 dudge chieu dai con duong tit A dén @ ngan nhat. Tinh ty s6 k = m
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Loi giai.

S
Q

Gia st trai cac mat hinh chép déu trén duong tron tam S va ban kinh R = SA. Ta c6 ASAA’ ¢6
ASAT = 1594 = 60° = ASAA’ déu.

Ma doan dudng AQ ngan nhat khi A, M, N, P, thing hang.

Khi d6 N la trong tam ASAA’.

Suy ra

_AM+MN AN

I — - —9
NP+PQ NQ

2 B4t dang thdc lién quan tdi cac dai lugng trung binh

2.1 B4t dang thiic trung binh cbng, trung binh nhan.

Day c6 1& 1a bat dang thiic qua déi quen thuoc véi hé théng gido duc ¢ Viet Nam néi rieng va
trén toan thé gidi noéi chung, va & nude ta né con dude goi véi cai ten la "bat ding thite Co -
si (Cauchy)". O day ta & goi n6 la "bat déng thic AM — GM (Arithmetic Means - Geometric
Means)". Bat dang thiic nay, khi 4p dung cho 2 s6 thi sé dugc phat biéu don gian nhu sau:

B4t ding thitc AM - GM. Cho 2 s6 a, b khong am, khi d6 ta ¢6 a + b > 2v/ab.

Chié'ng minh. Néu nhu binh thuong thi ta sé gidi quyét bai toan nay trong vong 1 nét nhac bang
cach bién doéi tuong duong, ta cé

a+b—2\/a_:(\/_—\/l_9>220

Nhu vay ta c6 diéu phai chitng minh! Rat don gian phai khong nao, tuy nhién & day ta c6 thé tiép
can bat dang thic nay mot cach truc quan hon dua vao céc hinh khéi hoiic cac cach dung hinh.
Ching t6i sé bay cho ban mot vai cach thit nhé!

Cach 1.

®3)
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a+b la — bl

2v/ab

Bay gio ta sé 1oi dung mot dinh 1y rat quen thuoc, dé 1a dinh 1y Pythagoras, ta dung mot tam
gidc vuong c6 do dai 2 canh goc vuong 1a 2v/ab va |a — b|, khi d6 d6 dai canh huyén sé 1a a + b.
Nhu vay, trong mot tam gidc thi do dai canh huyén luon 16n hon ho#c bang do dai canh géc vuong
nén ta suy ra diéu phai chitng minh! Hosic ban c¢6 thé 1y luan bing tinh chat clia duong xién va
hinh chiéu ta cting thu duge két qua tuong tu!

Néu cac ban thay cach nay c6 vé hai "guong ép" & viec chon do dai doan thang thi toi xin gi6i
thieu cho cac ban thém mot vai cach nita dé thay dugc nhiéu huéng tiép can hon.

Cach 2. Chung ta van sé stt dung dinh 1y Pythagoras va thém nita la dién tich ctia hinh vuéng va
tam giac vuong. Bay gio h&y nhin hinh bén dudéi.

Va¥s/ | Va

Vb

C6 vé cach nay dé hiéu hon cach trén 16i, ta khong khé dé nhan ra ring tong dién tich ctia 4 tam
giac bén trong luon nho hon dién tich ctia hinh vuéng bao quanh c¢6 canh la v/a + b, hay néi cach
khac ) ]

(Va+d) >4-5 Va-vbea+b>2vab

Ban da bat dau thay hing thi véi cac cach tiép can nay chua nao? Ching ta sé tiép tuc véi cach
nita nhé!

Cach 3. Néu ban khong thich cac tam gidc vudng thi ching ta sé chuyén qua dimng hinh vuong
vay, hay nhin hinh duéi

Vi i

Ja

i)

Nhu vay nhin vao hinh nay ta dé dang thay rang tong dién tich ctia cac hinh vudéng cé do dai
canh 1a y/a va Vb sé 16n hon dién tich ctia hinh vuong c¢6 canh 1a /a + Vb, hay

2(\/5)2+2(\/13>2 > (\/E+ \/E>2<:>a+b> 2v/ab
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Céac ban thay don gidn khong nao, ngoai ra thi ching ta c6 thém vai cach nita ma toi sé trinh bay
sau day, nhung sé khong giai thich gi them dau nhé, ban doc c6 thé dé dang hiéu ching.
Cach 4.

Y

Nhu vay ta co
b
242 = Vab

2 2

Cach chiing minh nay dugce dua ra béi Edwin Beckenbach € Richard Bellman.
Céch 5.

Vb va N

Dén day qua dé dang roi phai khong nao?

Cach 6. Cach nay thi hoi phitc tap hon so v6i 5 cach trén, tuy nhién muyc dich ctia chiing to6i khi
dua cach nay vao la ban c6 thé biét them mot huéng khac dé ching minh bat dang thic luong
giac. Truée tién ta sé chiing minh rang tanz + cot x > 2, trong dé = € <0; g) Ta ¢6

x
2
tan x + cot
. ul
2cotx 2tanx

Dén day thi moi chuyén don gian roi, stt dung mdi quan hé duong xién - hinh chiéu ta suy ra
tanx +cotx > 2

Tiép theo ta co

1s)
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vb va

T

Nhu vay nhin vao hinh va 4p dung bat déng thic & trén, ta dugdc

v Vb
Vb Va

Cach 7. Ngoai cac cach nay ra ta ciing c6 thé sit dung cac dudng tron dé chitng minh

+ >2¢>a+b>2\/%

O cach chting minh nay ta stt dung 2 duong tron c¢6 dudng kinh lan lugt 1a @ va b, khi d6 tur hinh
vé ta dé dang suy ra diéu phai chiing minh.

Vi ¢6 nhiéu cach dé ching minh bat ding thic nay nhung cach chiing minh quy nap ciia
Cauchy cho trudng hgp tong quat duge danh gia 1a hieu qua nhat nén nhiéu ngudi nham lan
rang Cauchy phét hién ra bat déang thiic nay. Tuy nhién 6ng chi 14 ngusi dua ra cach ching
minh rat hay ctia minh chit khong phai 14 nguoi phat hién ra dau tién. Trong chuong trinh
toan pho thong ciia ching ta hay goi né véi cai ten la "bat ding thic Co - si", & day Co - si
la phién am tén ctia ong. Theo cach goi tén chung ctia quoc té, bat ding thitc Bunyakovsky
6 tén la bat ding thitc Cauchy — Schwarz (6 phan sau ching ta sé& tim hiéu vé 2 bat déng
thiic nay), con bat dang thitc Cauchy c6 tén 1a bat dang thitc AM — GM (Arithmetic Means
— Geometric Means).

Bai toan 2.1.1. Ching minh rang: Trong tat cd cac hinh chi nhat c6 cting chu vi, hinh vuong
¢6 dien tich 16n nhat.

Loi giai.

Goi x 1a chiéu dai hinh chi nhat, y 1a chiéu rong hinh chit nhat (z,y > 0).

P
Tacéx%—yz;;x.yzS.

Smax = ]._6
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e (x+y)]* P
Theo bat dang thic AM — GM ta duge: S = zy < 5 =15
P2 ?
Do d6 Spax = T Déu dang thic xay ra khi z = y.
T d6, ta c6 diéu phai chiing minh. O

Bai toan 2.1.2. Ching minh rang: Trong cac hinh chit nhat c6 cling dién tich, hinh vuong c¢6 chu
vi nhé nhat.
Loi giai.
Goi x 1a chiéu dai hinh chi nhat, y 1a chiéu rong hinh chit nhat (z,y > 0).
P
Tacoz+y = §;m.y:S.

Al

P Pmin:4\/

Ap dung bat ding thic AM — GM ta dugc:
T4y =21y < 2x+y) > 4/zy =4S
Do d6 Puin = 4V/S. Dau ding thic x4y ra khi z = y.
Tt do, ta c6 diéu phai ching minh. O
2.2 Cac bat ding thi'c cho nhitng dai lugng trung binh khac

Ngoai bat dang thitic AM — G M quen thudc ra thi ta cling c6 thé giap cac bat dang thiic cho cac
dai lugng khac nhu

O HM: Harmonic mean - Trung binh diéu hoa. Ki hieu 1a

O RMS: Root mean square - Can ctia trung binh cac binh phuong. Ki hiéu la

5 — \/x$+x§+---+x§
n
Ngoai ra ltc nay 2 dai lugng AM, GM ta ciing ki hiéu lan lugt 1a

_$1+$2+—|—$n
n
G, = Y1119 ... 1

Ay

Lic nay ta sé c6 mot mdi quan hé nhu sau

Hay néi cach khac

|
_l_
|
+
+
|
n
3
8
&
5
3
/
/

L Lo <$1+$2+~--—|—xn<\/x%+x§+...+x%
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Bay gio chiing ta sé di ching minh cho cac truong hgp tong quat nay. Trude tien ta xét t6i mobi
quan he AM — GM. Hau nhu trong cac sach bat dang thitc hién nay déu chitng minh bat déng
thitc nay bang quy nap, ¢ day ta sé tiép can né bang tinh 16i ctia ham s6 logarit. Danh cho ban
nao chua biét logarit 1a gi thi logarit clia mot s6 1a Ity thita ma mot gia tri ¢6 dinh, goi 1a co s,
phai dugc nang len dé tao ra s6 d6. Vi du, logarit co sé 10 ctia 1000 1a 3 vi 1000 1a 10 liy thita 3.
Hay tong quéat hon thi néu x = b¥ thi y dugce goi 1a logarit cd s6 b ctia « va dugce ky hieu 1a log, .
C6 2 tinh chat clia logarit ma ta sé st dung do 1a

log(zy) = logx + logy (1)
log (z*) = k - logx (2)

2 tinh chéat nay chiing minh kha dé& dang nhu sau. V6i tinh chat thit nhat, ta dat m = log, x va
n = log, y, nhu vay tu dinh nghia suy ra z = 0™,y = b". Suy ra

vy = (O7) - (17) = b
Bay gio ta sit dung tinh chat co ban duge suy ra tit dinh nghia 1a log, (bk) = k, ta dugc
log,, (zy) = log, (bmm) =m+n =log, x +log, y

V6i tinh chat tht 2, ching toi xin nhudng lai cho ban doc! Quay lai bai toan ban dau, ta can hiéu
them vé mot khai niem nita dé 1a tinh loi. Chiing ta sé khong ban t6i cAc khai niem "kha vi" hay
"dao ham" & day, ban doc chi can hiéu la mot ham 15i thi cac dudng thang ndi cac diem ndm trén
do6 thi ctia ham d6 déu nam phia dudi do thi. Vi du

y»\

Ta nhan thay ring néu mot trong cac sé dang xét bang 0 thi bat dang thitc hién nhién ding, nén
ta sé xét truong hop tat cd cac s6 duong. Xét ham s6 y = logx, trén do thi ciia n6 ta lay cac
diem A;(z1,v1), Az(29,92), -+, An(2p, yn) tao thanh da gidc n canh A; Ay - - A,. Nhin vio do thi
ta thay rang y = log x 13 mot ham 16i, nén cac canh ctia n6 déu ndm phia dudéi do thi. Nhu vay,
trong tam G ciia da giac n canh A; A, --- A, cling sé nam phia dudi do thi nay. T dé ta suy ra

O phan chiing minh trén ta cAn chd ¥ ring toa trong tam ctia didm G biing trung binh cong cac
hoanh do va tung do ctia cac diém Ay, Ay, --- A,,.

. . 1 1 1
T moi quan hé AM — GM ta thay x1,z»,- -z, bang —, —,--- , —, ta dudgc
Ty T2 Tn
1 /1 1 1 11 1
— _+_++_ 2 —_— e —— .. JR—
n \ I X9 Tn xr1 g Tn
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Hay 1a H, < G,,. Bay gio con moi quan he AM — RM S nita, ta sé chitng minh n6 nhu sau.

T ) e T
X2
Tn

O hinh vé trén, ta da stt dung khéo léo cac hinh vudng va sip xép ching nim bén trong mot hinh
vuong to c6 canh la zy + x5 + - - - x,,, nhu vay ta c6 duge

n. (af4ai++al) 2 £x1+x2+---+xn)i

(. J

~
téng dién tich cia cac hinh vuong bé dién tich ctia hinh vudéng bao bén ngoai

Vay ta dugc
Qua phan chitng minh & trén, ban doc da thay bat dang thitc thi vi hon chua nao? Céch sit dung
dién tich cac hinh vuéng nhu nhu trén ta sé con giap nhiéu & cac phan sau nita.

Vai nét vé Augustin — Louis Cauchy.

Augustin Cauchy sinh tai Paris ngay 21 thang 8 nam 1789, sau ngay Cach Mang Phap hon
mot thang. Ong vao hoc Truong Bach khoa Paris (Ecole Polytechnique) lic 16 tudi. Nam
1813, ong tit bé nghé ky su dé chuyen lo vé toan hoc. Ong day toan ¢ Truong Bach khoa
va thanh hoi vien Han lam vién Khoa hoc Phap. Cong trinh 16n nhat ctia ong 1a 1y thuyét
ham s6 véi an s6 tap. Ong cing déng gép rat nhiéu trong lanh vue toan tich phan va toan
vi phan. Ong da dit ra nhing tiéu chuan Cauchy dé nghien citu vé sy hoi tu ciia cac day
trong toan hoc.

Augustin — Louis Cauchy

Augustin Cauchy 1a mot nha Toan hoc 16n khong nhitng ctia nuée Phap ma clia ca thé gidi.
Céc hoc sinh trung hoc da timg nghe tén ong qua bit ding thite Cauchy, con cac sinh vien
dai hoc thi biét 6ng nhiéu qua bat ding thitc Cauchy-Schwarz, day Cauchy, cdc phuwong trinh
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Cauchy, tich phan Cauchy cho ham so phic,... Ngudi ta thudng nghe néi Cauchy nhu 14 mot
nha Toan hoc néi tiéng, mot nha Khoa hoc mau myc dang kinh, mot thanh vien Han Lam
Vién Khoa hoc bé vé sang trong. Chua hoan toan ding nhu vay. It ai biét dugc Cauchy c¢6
mot cudc song nghe nghieép day bat tric, va nhat 1a Cauchy da ting duge ménh danh 1a mot
ong giso su “li lom, cing dau”.

Ngoai cach chiing minh tdng quat thi ta ciing c6 cac cach chitng minh khéc cho céc trusng hop it
bién hon. Cu thé nhu sau.
Céch 1.

e
ol

| oS

2 2
b 2 b2
+ (_> - % + 5 mat khac ta lai ¢6

V2

Tt day dé dang thiy ring ¢® =

/N
N———

a—l—b< a? + b?

a
2

Ta ciing c6 thé biéu dién nhu sau

(a+b)?

MRS
(=
[V

Tt hinh vé, ta suy ra

2 2 2
a_+b_> (a+0b)

> ab
2 7 4 “

Nhu vay ta da ching minh dugc méi quan he AM — RMS cho 2 bién. Ngoai ra ta ciing c6 thé
chting minh bang cac cach sau.
Céach 2.
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C

B

Quan sat hinh trén, ta c6 DM = a, EM = b,a > b, khi d6 dya vao bat ding thic giita cdc canh
trong tam gidc vuong, ta co

Hay
[ 2 2
2CLb <\/%\a+b< a+b
a-+b 2 2
Cach 3.
H
F
FE
a+b a? + b?
Vab 2 2
2ab
a+b
O —I O
A a C b—a D a+b B
2 2

Quan séat hinh vé trén, ¢ day ta lay doan thang AC = a, BC = b, D la trung diém ctia AB. Dung
doan C'F sao cho DF = AD. Sau d6 ta lay diém H sao cho HF LDF va HF = CD = 2. Cudi
ciing lay diém F sao cho CELHF, nhu vay ta hoan toan tinh duge do dai cac canh nhu hinh vé
tren. Tit d6 bang cach st dung cac bat dang thic tam giac ta sé suy ra diéu phai ching minh.
Cach 4.

2y
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b+ a b—a a
2 2

Cach lam nay thi kha giéng véi cach tht 2, ¢ day ta lay 2 doan thang c6 do dai la a va b dit

ro6i dung cac doan thing con lai nhu

2 a +
thang hang nhau, sau d6 vé duong tron c¢6 ban kinh

hinh vé, ban doc ¢6 thé tu doc hiéu!
Cach 5.
a b va Vb b o

¢ Va

O hinh dau tién, ta co
2a* + 20 > (a +b)?

[a? + b? S a-+b
2 2

O hinh thi 2, chi y la trong cac hinh c¢6 cung chu vi la hinh vuéng, hinh ch® nhat, hinh thoi,
hinh binh hanh thi hinh vuong c6 dién tich 16n nhat. Nhu vay ta ducgc

(m)k f\f@“b Jab

Suy ra

O hinh thit 3, ¥ tudéng hoan toan tuong tu v6i cac chimg minh ta da lam trudc day, ta duge

2
1>4. -2 & Vab > ab

a—l—b a+b +b
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Nhu vay ta da tim hi¢u duge mdi quan hé giita cac dai lugng trung binh, ¢ phan nay ching
toi sé liet ke lai cac dai luong da dé cap & trén va ngoai ra con mot s6 dai lugng trung binh
khac ma cac ban ¢6 thé tim hiéu them

a+b
2 )

O Arithmetic mean: A(a,b) =

O Geometric mean: G(a,b) = Vab;

O Harmonic mean: H(a,b) = Zath :
a+b
O Heronian mean: N(a,b) = HTM;
2 b2
O Contra — harmonic mean: C'(a,b) = o A :
a-+b
2 b2
O Root — mean — square: S(a,b) = a ;’ :
2 (a® + ab + b?
O Centroidal mean: R(a,b) = (o +ab+b°)
3(a+b)

Khi d6 ta c6 mbi quan hé sau
HLGEKNKALKRLSKC

Phan chting minh day bat dang thiic nay kha don gidn nén xin nhudng lai cho ban doc.

Ta ¢6 thé biéu dién mbi quan he HM > GM va CMS > RM S nhu sau

a’+ v
11 a—+ la —b| [a*+ b
a b a+b 2
a’ +b?
2
Hinh 1. HM > GM Hinh 2. CMS > RM S
St dung bat dang thitc AM — GM ta c6 thé chi ra ring
2a4+b la+b
<z + = = Al(a,b)
b+b 2 b 1 ’
J\r(a,b):‘”*/;_+ :g"; tavaby 5 028 2
>§\/%+§\/(I_ZG(CL,Z))

Ngoai ra, ta cling c6 thé biéu dién cac dai lugng trong diy bat dang thitc trén bang do thi nhu
sau.

@)



CM,

RM
AM,

GM,
HM
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2y’ =a’+ b

O @ HM GM AMRMSCDM b x

Bai toan 2.2.1. Chiing minh réing trong cic hinh binh hanh c6 cting dudng chéo thi hinh thoi c6

chu vi 16n nhat.
Loi giai.

Dung hinh nhu hinh

vé, khi d6 ap dung dinh 1 cosine va bat dang thic AM — RMS ta c6

AM—RMS
BD + AD =+Va? + b2 —2abcosa + Va2 + b2+ 2abcosa < 2Va? + b2
Dau "=" x4y ra khi va chi khi o = 90°, hay ta c6 diéu phai chitng minh. OJ

Ta c6 thé chitng minh dinh 1y cosine nhu sau
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b
cC C

b - sin

: N

1

|
o o
b'COSOé b'SinO

a—b-cosa
a

Dén day ap dung dinh 1y Pythagoras ta c6
? = (bsina)® + (a — beosa)® = a® + b* — 2abcos
T bai todn nay, ta co thé gidi quyét dugce bai toan sau.

Bai toan 2.2.2. Chiing minh rang 24 > S+ G.
Lai giai.

Quan sat hinh vé ta thay y tuéng dung hinh kha giéng véi cich 4 trong phan ching minh day bat
déng thitc HM — GM — AM — RM S. Phan chitng minh con lai st dung bai toan & trén nén c6
16 khong can ban luan nhiéu thi ban doc cling ¢6 thé hiéu duge. O

Ngoai cach gidi nay ra, ta ciing c6 thé thay rang

a-+b

2
——

ban kinh dudng tron

—b=258% - A= A*-G*

Nhu vay theo bat dang thitc AM — RMS ta c6

2 2
= [S?+ G 2S—i—G
2 2

Tt day suy ra diéu phai chitng minh.

25)
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Bai toan 2.2.3. Chiing minh rang, véi 3 s6 thuc duong a, b, ¢, ta luon cé
a® + b + ¢ > 3abe

Chitng minh. Day 12 bat dang thitc AM — GM qua quen thudc rdi, chitng minh téng quat ching
ta da tim hicu & trén, ¢ day ching ta sé tiép can bang cach tric quan hon.

Khong mat tinh tong quat, ta co thé gid st a > b > c. Ta xét mot bo dé quen thuoc sau.

B6 dé. Ta c6 ab + be + ca < a® + b2 + 2.

ab

b2
ca

[

Ngoai cach chitng minh nay ra ta ciing c6 thé bién doi tuong duong, ta c6

>+ 0+ —ab—bc—ca== ((a—b)’+b—c)’+(c—a))

N | —

Bay gi quay lai bai toan, nhan ca 2 vé clia bat ding thiic trén véi a + b + ¢ ta sé c6 duge
(a+b+c)(ab+bc+ca) < (a+b+c) (a® +b° + )

Bay gio ta sé vé cac hinh vuong dé bicu dién cac dai lugng nay.

a b c a b c
be abe
a? a’
ac abc C
ab abc
b? b3
c? 3

Cht ¥ rang tong dién tich ctia céc hinh chit nhat khong t6 mau sé bing nhau, do vay ta suy ra
diéu phai chitng minh.

Ngoai ra, ¢ day xuat hién cac dai lugng a?, b, ¢® nén ta c6 thé lien tudéng né lien quan t6i mot
khéi 1ap phuong hodc mot khéi hinh khong gian nao dé.
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\

0 day ching ta da sap xép khéo 1éo cac tit dien vuong sau d6 dé dang nhan thay c6 mot hinh hop
chit nhat ndm trong khéi hinh ta vita tao, tit day suy ra duge dicu phai chitng minh. Ngoai ra cac
ban ciing ¢6 thé nhin hinh vé duéi day dé dé tudng tuong hon.

I
1
I
I
I
——-—-—_q - --
I
I
]
I
I
U

4= ———

_____________

N

Ngoai ra tit bo dé tren, ta ciing c¢6 thé chitng minh duge bat ding thitc quen thudc sau
(a+b+c)? = 3(ab+ be+ ca)

Quan sat hinh vé bén dudi.

x Y z
x Ty | x4
y Ty e "
2 2
< Tz Yz t Yy 7

Nhu vay tit bo dé, ta c6 duge 2% + y? + 22 > 2y + yz + vz, nhu vay bat ding thitc duge chiing
minh.

)
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Tt bat dang thitc a® + b® + ¢ > 3abc, ta dit a® = zy, b® = yz, 3 = z2z thi ta duge

Ty +yz+x2 > 38 (acyz)2

Khi dé ta sé duge day bat ding thic sau

x+g+z > /xy—i—:);)z—l—yz > Yzyz

Day bat dang thic trén con c6 mot tén goi 1a bat diang thic Maclaurin. Ngoai ra néu ta
xét mot hinh hop chit nhat c¢6 kich thude 1a o x y X z, goi V' = xyz la thé tich hinh hop,
F = 2(zy+yz +x2) la dién tich toan phan va E = 4(z + y + 2) 1a tong do dai cac canh, thi

khi d6 ta c6 mdbi quan hé
E [F
—2Z2\=Z=V
12 6 v

Van tiép tuc v6i hinh vé trén va bo deé ta ding ¢ dau bai, khi ay ta sé thu duge bat déng
thic

3(2*+y*+2%) 2 (z+y+2)°

Nhu vay, néu dat d = /22 + y2? + 22 1a chiéu dai dudng chéo khong gian ctia hinh hop chit
nhat thi ta c6 thém mot méi quan hé nita la

Bai toan 2.2.4. Cho 4 s6 thic duong a, b, ¢, d théa man a < b, ¢ < d. Chitng minh ring
ad + be < ac + bd

Ching minh. Quan sat hinh vé dudi day

b b
a ac bd

N

be

d c c d

Tu hinh vé trén ta dé dang chiing minh dugc roi phéai khong nao? Dac biét, néu a = ¢ = y/z va
b=d=,/y thi ta thu dugc bat dang thic AM — GM. Ngoai ra néu ta dit ¢ = a® va d = b* thi
ta dugce

a’b + b*a < a® + b°
Chiing ta cfing c6 mot cach khac dé chiing minh bat dang thitc nay dya vao thé tich ctia hinh hop
chit nhat.

a a
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Dua vao hinh vé trén ta d& dang c¢6 diéu phai ching minh. Y tudng nay ciing ¢6 thé st dung dé
chiing minh dugc 2 bat ding thitc sau
a’ + b+ > a’b+ e+ a (3)
a® + b + ¢ > ab® + be® + ca® (4)

Ta gia st rang a > b > ¢, quan sat hinh vé dudi day

aXxXaXa

bxbxb

cXcXc cXcXa

Nhu vay bat déng thitc duge chiing minh. Chitng minh hoan toan tuong tit cho bat déng thiic thit
2. Tu (3) va (4) ta suy ra

a’+b°+ > = (a®b+ e+ a+ d’c+ bPa+ Pb) (1.5)

| =N =

= [e(a®+ ) +b(a®+ ) +a(b°+ )]
Mit khéc, ta lai c6 22 + y* > 2zy (ta da chiing minh & phan truée), khi 4y ta duge
a® + b + ¢ > 3abe

Qua bai toan nay ta lai c6 them dugc mot cach nita dé tiép can véi bai toan 2.2.3.
Ta xét khai trién

(a+b+e)P=a*+b*+c+3a+b)(b+c)a+c)
=+ b+ 43 (a2b + b%c + cta+ a’c + Va + ch) + 6abc
Bay gio st dung két qua bai toan 2.2.3 va (3) ta suy ra dugc
(a+b+c)°<9(a®+b°+ )

Ban doc ciing c¢6 thé chitng minh bat dang thiic nay bang phuong phap dai sé thuan tuy.
V6i ¥ tudng tuong ti, ta ciing hoan toan ching minh duge bat dang thiic sau

a’c + e > 2abc,

Tat nhién 14 ta hoan toan c6 thé chitng minh bat déng thiic nay bing AM — GM. Quan sat hinh
vé dudi day

aXxXaXc
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Tt hinh vé trén ta dé dang suy ra diéu phai ching minh. Hoan toan tuong ti, ta ciing c6 theé
chiing minh dugc

Quay lai bat déng thic 1.5, chiing ta c6 thé thay thay vi viéc ching ta ding bat ding thtc
22+ y? > 22y thi ta da c6 them cach khac dé chitng minh bai toan ban dau.

Bai toan 2.2.5 (Bét ding thic Guba). Cho hinh hop chit nhat ¢6 do dai 3 canh la a,b,c. Goi
dien tich clia cac mat 1a S, = ab, Sy = be, S3 = ca, thé tich ctia hinh hop 1a V = abe va do dai
dudng chéo trong khong gian 1a d = va? + b? + ¢2. Chitng minh rang

K? + K2+ K2 >+/3Vd
L& gii.
Stt dung mot két qua & trén, ta co

(a+b+c) =a*+b*+c +2(ab+ be+ ac)
> 3(ab + bc + ac).

Do vay
(S? + 52+ 52)% > 3 (5252 4 5252 + 5252)
= 3a*b*c? (a2 +b* + 02)
= 3V2d?,
Nhu vay ta c6 diéu phai ching minh. O

Bai toan 2.2.6. Chiing minh rang, trong cic tam giac c6 cting chu vi thi tam gidc déu c6 dién
tich 16n nhat.

Loi giai.
Ta thay gia thiét cho chu vi khong doi, nén ta sé nghi ngay t6i cong thiic Heron.

a+b+c , . ) .. U . . A .,
Dat p = — 6 day, a, b, c 1a 3 canh ctia tam giac, khi d6 dién tich ciia tam giac sé duge tinh

theo cong thiic

S=pp—a)p—"b)p—c)
Theo bat dang thitc AM — GM ta cé

@—@@—m@—@<<@—®+@;w+@—@):ss

Nhu vay
4

S?=s(s—a)(s —b)(s —c) < 7

Dau "=" x4y ra khi va chi khi a = b = c. O
Ta c¢6 thé chitng minh cong thitc Heron nhu sau

B& dé 1. Dien tich clia mot tam giac bing tich ctia ban kinh dudng tron noi tiép va nita chu
Vi.
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Tt hinh vé trén, ta suy ra S = pr.
B& dé 2. V6i a, 8,7 1a 3 goc 16n hon 0 théa man a + 5+ = g Khi d6

tan atan § 4 tan S tany + tanytana = 1

Xem hinh vé duéi day.

tan o tan 3

| a [

fec o - tan tan « - tan g
sec v
o tan y(tan o 4 tan J3)
g
? [
tan a 4 tan 8

Chu § seca = . Tt hinh vé ta dé dang suy ra diéu phai chiing minh.

cos &
Quay lai bai toan.

Ditp=as+y+z=x+a=y+b=2+c, trong d6 a la canh do6i dien v6i goc 2a, b 1a canh
déi dien véi goc 23, ¢ 1a canh déi dien véi goc 2v. Ap dung 2 b6 dé & tren ta suy ra

1 =tanatan § + tan S tany + tan vy tan «,
ror o r r r.r

T Y Yy z Z T
Tz(x+y+z)_7“2p_ S2

TYz TYz  pTYZ

Nhu vay
S? = pryz =p(p—a)(p—b)(p —c)

&y
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Trén day la 2 bai toan kha co ban minh hoa cho bat déng thitc AM — GM va dau "=" x4y
ra khi 2 bién bang nhau, tuy nhién khong phai lic nao ching ta cfing may man nhu thé,
trong mot s6 truong hop dau "=" khong xay ra khi 2 bién bing nhau ching ta phai c6 mot
phuong phap khéc xit 1y ching dé 4p dung bat ding thic AM — GM. O Viet Nam céc thay
c6 thuong goi né véi cai ten 1a phuong phdp hé sé bat dinh hoic phuong phdp can bing hé
s6 trong bat dang thic. Ta sé minh hoa né bang bai toan sau.

Bai toan 2.2.7. Cho céac s6 duong a, b, c théa man ab + bc + ca = 1. Tim gia tri nho nhat cia
biéu thic P = 10a® + 100% + 2.

Loi giai.

Do vai tro clia a,b binh dédng nén ta di doan ring déng thitc xay ra khi @ = b = x,¢ = y. Theo
bat ding thic AM — GM ta c6

a® + b* > 2ab = a’xy + bPay > 2
a’y? + 2a? > 2ca.xy
> 2

Cong cac bat dang thiic trén theo vé, ta dugce
(a® + b*)(vy + y?) + 2c22* > 2xy(ab + be + ca) = 2zy

Ta sé chon z,y thoéa man heé :

{xy + y? = 2022

22+ 2zy =1
U . 1 4
Hé nay cho nghiém x = 3’ Yy = 3 tir do suy ra
20 2 8
§<a2 +b?) + §c2 >5¢ 10a* + 100> + ¢* > 4

N

L s 4
Nhu vay bai toan duge giai quyet, dau "=" xay ra khi va chi khi x =y = - va z = 3 O

Wl =

Cht ¥ rang, khi a = b = z va ¢ = y thi P = 102? + 1022 + y? = 2022 + 2, do vay ta c6
phuong trinh dau tien 1a xy + y? = 2022, tiép theo ta cling c6

ab+bc +ca = x* + 2xy = 1,

day chinh la phuong trinh tht 2. Tit d6 ta duge mot hé phuong trinh dé tim = va .
Ngoai cach nay ra, ban ciing c6 thé can bang hé s6 theo cach sau, ta viét lai bat déng thic
can chiing minh
22 22
P = (5 + kx2> + (; + kyz) + (10 — k) (2° + y?)

Ap dung bat ding thic AM — GM ta c6

k k
P> 2952\/;—1-23;2\/;—1—2(10 — k) xzy

Nhu vay, dé lam xuat hien gia thiét thi

\/gzl()—k:k::és

%)
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Tt day ta dé dang giai quyét duge bai toan.
Bai toan tudng tu. Cho 3 s thyc z,y, 2 > 0 théoa man zy + yz + vz = 5. Tim gia tri nhd
nhét clia biéu thic P = 322 + 3y + 22.

Bai toan 2.2.8. Cho 3 s6 thuc a,b, ¢ > 0 théa man a + b+ ¢ = 3. Tim gia tri nhé nhat cta biéu
thitc A = 4a® + 6b* + 3c2.

Loi giai.

Ta gid stt dau "=" xdy rataia = x,b=y,c = 2(z,y,2 > 0) =z +y + 2 = 3.

Ap dung bat ding thic AM — GM ta c6

n

4 (a® + 2?) > 8ax
6 (b? +y?) > 12by = (4a® + 6% + 3¢?) + (42 + 6y* + 32%) > 8ax + 12by + 6z
3(c2+2%) = 6cz

Ta can tim z,y, z théa man hé phuong trinh sau

8r =12y = 62 B 2 4
{x—l—y—l—z:?) (x,y,z>0):>w—1,y—§,z—§
Nhu vay
A>8z(a+b+c)— (42° +6y° +32°) =24 — 12 =12
L 2 4
Dau "=" xay ra khi va chi khiazl,b:§,c:§. OJ

Bai tap tuong tu. Cho 3 s6 thuc a,b, ¢ > 0 théa man a + b + ¢ = 3. Tim gia tri nhé nhat
ctia biéu thiic P = a? + b* + 3.

Bai toan 2.2.9. Cho cac s6 thuc a > b > 0, chitng minh ring

32

2a + =5
T la—b @+

Loi giai.
Quan sat bat dang thic ta thiy cé cac ¥ tudéng sau

O Y tudng thit nhat 1 st dung bat déng thic AM — GM, & day dé ta can khit duge dai lugng
(a —b) (2b + 3)” thi ta cAn phan tich dugc

a=k(a—0b)+m(2b+3)+m(2b+3) — 6m
. 1
dé dang tim ra dugc k = 2;m = 5

O Y tudng thit hai 1a danh gia (a — b) (2b+ 3)* theo danh gid tit trung binh nhan sang trung
binh cong dé khit dugce b, chd ¥ dén dau dang xay ra ta dugc

4a—4b+2b+3+2b+3)3_ <4a+6)3

(4a — 4b) (2b+ 3) (20 + 3) < ( 5 5

. R 32 .
bén day ta chi can chiing minh dugc 2a + — > 5 bang danh gia tit trung binh

~ (2 3
27( a+3)

)

cong sang trung binh nhan la xong.
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Phan con lai xin nhuong lai cho ban doc. O

Bai toan 2.2.10. Cho a,b, ¢ 1a céc s6 thuc duong théa man 15a + v/5b + /3¢ = 3.
Tim gia tri 16n nhat clia

1 1 1
A= F TS
Loi giai.
Ta dat 15a = x, /5b = Y, /3¢ =z thi x + y + z = 3. Khi d6 biéu thitc A tré thanh
15 5 3
A==+ =+

x| yd 2P
Gia stt dng thitc x4y ra khi z = X,y =Y, 2z = Z. Ap dung bat ding thic AM — GM ta c6

15 152 _ 30

r X2~ X
5) 5y by by 20
Y3
3 3z 3z 3z 3z 3z 18
75
Cong vé theo vé ba bat ding thic trén

5z 15y 15z _ 30 20 18

A e
HDCRR I s S C R

Ta chon X,Y, Z thoa hé
5 15 15
X2yt zs

Ta c6 thée thiy ngay X =Y = Z = 1 la nghiém ctia hé trén. Suy ra

{X—l—Y—i—Z:S

A+15(x+y+2)>230+20+18 < A > 23

. ‘ , 1 1 1
Dau "=" xay ra khi va chi khi a = —,b

5T
Bai toan 2.2.11. Cho z,y, 2 1a cac s6 thiyc duong théa man z +y + z = 11. Tim gia tri nhé nhat
ctia biéu thiic

O

5%5 z  2zz
R
z T Y

Loi giai.
Muc dich ciia ta 1a mudn dua ve

Sz z  2zz
—y+y—+—>k(x+y+z)
2 €T Y

v6i k 14 hang s6. Ta sé sit dung phuong phap hé s6 bat dinh. Chon ba s6 duong m,n, p théa man
m < 5,n < 1,p < 2. Khi dé thi 4p dung bat ding thitc AM — GM ta c6

(5 — m)% +nZZ > 2yy/ (b —m)n
z T

1—n)— — =2 1-—

( ma:+py zy/ (L =n)p
2T x

(2—p)— + 7y>2:c (2—p)m
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Cong ba bat déng thic trén ta dugc

) 2
ﬂ+%+$22y\/(5—m)n+2z\/(1—n)p+2x\/(2—p)m

2 x
Mubn st dung dugce gid thiét z + y + 2z = 11 thi ta phai c6
VE—mn=/(1-n)p=+@2-pmen5-m)=p(l—n)=(2-pm

V1T

. o — R
Ta c6 the chon m = 1, khi d6 sé tim dugc p = V17— 3, n = — phan con lai xin nhuong

lai cho ban doc. 0J

Bai toan 2.2.12. Cho cac s6 duong z,y, z thoa 2% + 32 + 22 = 1. Tim gia tri 16n nhat ctia biéu
thitc P = 22y32%.

Lo gii.

Dé ¥ t6i s6 mil ctia x 1a 2, clia y 1a 3, ctia z 1 4 do vay ta phai 4p dung bat déng thic cho 9 sb.
Gia st ding thiic x4y ra khi = a,y = b,z = ¢ ta ¢6 a® + b* + 2 = 1. Ap dung bat déng thic

AM — GM, ta ducc
2¢ 3y 4z of w2324
il Rt AT S |y i
a + b + c a?b3ct

Tiép theo, st dung bat dang thitc Cauchy — Schwarz (ban doc c6 thé tim hiéu ¢ phan sau), ta

dugce
4 9 16 2v 3y 42\’
2 2 2
J— i - 2 R, < -
(:I:+y+z)(a2+b2+02> (a+b+c>
” b 2 b2 2 R
Dang thtc xay ra khi va chi khi%:?y:%(:)%:§:%,nhu vay ta can chon a, b, ¢ thoa

méan hé phuong trinh

Dén day bai toan da dudc gidi quyét. O
Bai toan 2.2.13 (Tac gia: Thay Tran Nam Diing). Cho 0 < z < 1. Chting minh ring

. (9@ v 13@) <16

Loi giai.

O day chiing t6i xin duge trich nguyen vin bai viét ctia thiy vao cudn sich nay.

Nam 1996, hoi d6 toi mdi vé nude chua duge mot nam. Ky thi Olympic 30/4 to chiic tai truong
THPT chuyén Lé Hong Phong Tp HCM. Thay Thai Minh Duong néi toi gii mot sé dé cho BTC
ky thi va trong s6 cac bai toan thi cho 16p 10 c¢6 bai toan do toi dé xuat duge chon. Bai toan trén
duge chon c6 1é nhd cach phat biéu gon gang, s6 dep va dic biet 1a 161 giai rat ngan gon, cu thé
nhu sau:

Stt dung bat dang thitc AM — GM, ta c6

x<9\/1+x2+13\/1—x2> :g-3x-2\/1+x2+12—3-x-2\/1—x2
<SP+ )]+ 2 [P e (1)
= 16.

)



MOT THE GIGI KHAC CUA BAT DANG THUC

Dau bang x4y ra khi va chi khi 3z = 2v/1 + 22 va o = 2y/1 — 22

Tuy 10i gidi don gidan nhu vay nhung day 1a mot bai toin khong dé nhat 14 déi véi hoc sinh 16p
10. Két qua dién ra dang nhu vay, chi duy nhat c6 ban Vit Diic Phu gidi duge bai nay bang cach
dung Cauchy — Schwarz (ta sé tim hiéu 6 phan sau) c6 trong s6. May dé ti rudt ciia toi trong
d6 ¢6 Le Quang Nam da boé tay, du Nam néi "Em thit ding dao ham cing khong duge, hinh nhu
dau bang khong xay ra." Thuyc ra thi chiac 13 Nam tinh nham chit néu diing dao ham thi bai toan
nay ciing kha tAm thudng, chi gidi phuong trinh dao ham bing 0 va xét dau mot chat la ra. O
day toi mudn ké mot chit vé cac hiang s6 9, 13, 16 trong bai toan nay. Theo mot nghia nio do,
d6 1 cac hang s6 dep nhat c6 thé. Cau chuyén thé nay. Dé dat ra bai toan, t6i mudn tim GTLN
ctia biéu thic dang

axV1+ 22 4+ bxv1 — 22

bing cach stt dung bat ddng thitc AM — GM c6 trong sd6 ma cu thé, toi viét

b
am\/1+x2+bx\/1—x2:g-sm\/l—i—xz—kg.mvl—x?

[ (L )]+ g [P (1= 0?))

= as+9+bt—l—) :1;2+1 9+Z—)
-2 s t 2 \s t/)

To6i muén chon s,t sao cho vé trai khong phu thudc vao z, dong thoi ton tai z, dé dau bing xay
ra dong thoi ¢ hai bat ding thic AM — GM. Tit day toi duge hé

<

|>—tC[>D:>|QCn

b
as+ = +bt—-=0
S t

24t2—5*=0

Chu ¥ 1a tir dau dén gio toi van chua chon a,b do d6 toi chon s, ¢ trude (nghiem chon trude tham
1

. . 3
so!). Vi (s —t)(s+t) = 2 nén don gidn nhat la chon s —t = 1, s +¢ = 2 va toi duge s = i’t 5
R 13 3 .
Thay vao phuong trinh dau téi dugc a - 5= b- 5 Tu day toi chon a =9 va b = 13 va d6 chinh la
nhitng hing s6 xuat hién trong dé toan noéi trén. Nhu vay, dé chon dugce nhitng hiang s6 dep (dan
dén nhiing 161 gidi dep), doi khi cac tdc gid phai lam mot bude di nguge nhu vay, chit khong phai
1 cac s6 9, 13 c6 truong roi tim ra s, t.

Bai toan Olympic 30/4 sau nay con duge st dung mot 1an nita trong mot cudc thi ctia bdo THTT.
Xét vé mot mit nao do, né la mot bai toan kha tam thuong vi d6 1a mot bat dang thiic mot bién,
c6 thé ching minh kha dé dang bing dao ham. Tuy nhién, déi véi toi, day van luon la mot bai
toan dang nhé. Va toi van thudng ding né dé minh hoa cho phuong phép hé s6 bat dinh khi &p
dung bat ding thic AM — GM. O
Trén day 1a céc bai toan minh hoa cho phuong phap can bing he sb trong bat ding thic, tuy
rang c6 hoi chat "kho khan" tuy nhién kj thuat nay rat can thiét trong viéc gidi quyét cac bai
toan toi uu thuc té.

Bai toan 2.2.14. Cho ti dién déu c6 canh bang 3. M 1a mot diém thuoc mién trong ctia khéi ti
dién tuong ting. Tinh gia tri 16n nhat cia tich cac khoang cach tit diem M dén bén mit cla tit
dién da cho.

Loi giai.
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Goi hi, ha, hs, by 1an lugt 1a khoang tit diém M dén 4 mat clia tid A
dién va S 1a dién tich cia tam giac. Theo bat dang thic AM — GM
ta c6

By + ho + hg + ha\*
hl-hQ-h3-h4<( Rl 4)

4 B D
(3Vi+3Va+3Va+3V\°
- ()
4 33 4 C
3Vasep B 3 12
.. V3l | V3
4
7 4 3. VB I
Suy ra hy - hy - hs - hy < <“1—2> - (T) ==
Bai toan dudc giai quyét. O

Bai toan 2.2.15. Cho mot tam ton hinh chit nhat c¢6 kich thuée 10 cm x 16 cm. Ngudi ta cat bo
4 géc clia tam ton 4 miéng hinh vuong bang nhau roi go lai thanh mot hinh hop chit nhat khong
c6 nap. Tim thé tich 16n nhat ctia hinh hop dé.

L&i gidi.

10

16

Gia st do dai canh hinh vuong clia cdc miéng ton bi cat bo bang z (0 < 2r < 10 & 0 < x < 5).
Khi d6 hinh hop chit nhat c¢6 chiéu cao bang x, chiéu rong bang 10 — 2z va chiéu dai bang 16 — 2.
Suy ra hinh hop chit nhat c6 thé tich V = (10 — 22)(16 — 2z). Nhigm vu clia chiing ta bay gio
14 danh gia biéu thic trén, theo bat ding thic AM — GM ta c6

1 1 3
x+§(10—2x)+6(16—2x)

(16 — 22) < 18 - g

=144

1
V:18-[E-§(10—2£E)-

|

Do vay, tai x = 2 thi hinh hép chi nhat co thé tich 16n nhéat bang 144. O

7 1 1 p .
Deé tim céac hé so 3 va 6 ta lam nhu sau. Ap dung bat dang thiic AM — GM ta dugc

1
V = —ax (10b — 2bz) (16¢ — 2cx) < — 3

1 [ax+10b— 2bx + 16¢ — 2cz\ >
abc abc

37
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Nhu vay ta can tim a, b, ¢ théa man hé phuong trinh

a—2b—2c=0
axr = 10b — 2bx

axr = 16¢ — 2¢cx

Dén day ta c6 thé cho a = 1 dé tim ra b, c.

Bai toan 2.2.16. Tinh dién tich xung quanh 16n nhat cé thé ctia mot hinh tru noi tiép mot hinh
noén cho truée.

Lai giai.
—d
A
H—h
H
c E F
h
B C
D 7

Tu hinh vé ta nhan hai hai tam giac ABC va AEF dong dang nén

H—h H Hd
0 ~pohH-pm

Dién tich xung quanh ctia hinh nén la:

S-wdh-wd(H—%)—ﬁ.El.(H—@)

Theo bat dang thitc AM — GM ta cé

Hd Hd\?
— 4+ H - — 5
g < Dm \ D D _ Dm H® HDm
S H 4  H 4 4
: < Z, £ 2 N > Dﬂ- . 1 N
Nhu vay dién tich xung quanh 16n nhat ctia hinh tru bang dat dugce khi d = §D' Hay hinh
tru dat duge gia tri 16n nhat khi duong kinh cia né bang ban kinh ctia hinh nén da cho. O

Bai toan 2.2.17. Mot nha sdn xuat sita ¢6 hai phuong an lam hop stta. Hop sita c6 dang khoi hop
chit nhat hodic hop sita ¢6 dang khdi tru. Nha san xuat mudn chi phi bao bi cang thap cang tot(tiic
dién tich toan phan ctia hop nhé nhat), nhung van phai chita duge mot thé tich xac dinh 1a V cho
truée. Khi d6 dien tich toan phan ctia hop sita bé nhat trong hai phuong an 14 bao nhieéu?

Loi giai.

Truwdng hgp 1. Hop sita hinh tru c6 ban kinh day R, chiéu cao 13 h.
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YN
N
.

P ~ P 2 V 2 ) 2V
The tich khong doi V = nR°h = h = W’Stp =21rR°*+ 2nRh = 27 R* + R
T

Ap dung bat ding thic AM — GM cho bo ba sb duong 27 R?, %, % .

Ta ¢6 Sy, = 2mR? + % + % > 3\3/ 2rR? - % . % = 3v27V2,

Truong hop 2. Hop stta hinh hop chit nhat.

h cm v
7 a cm

b cm

. . Vv
The tich khong doi V = abh = h = o nhu vay

Stp:2ab+2(a+b)h:2ab—|—2a-K+26~K:2 ab—FK—i-K
ab ab b a

Ap dung bat ding thic AM — GM cho bo ba sb duong ab; K v
a

’E'
Ta c6 Stp>2.3\3/ab-z~3:63v2.
a

Xét hai két qua ta thay truong hop 1 nhoé hon.
Vay dién tich toan phan ctia hop sita bé nhat 1a Sy, = 3v/27V?2 (dvdt)

Day chinh 13 mot trong nhitng 1§ do vi sao nhiéu hop sita thuong duge thiét ké v6i hinh
dang hinh tru tron.

Ngoai ra nhitng hinh try khong ndp ma c6 ciing thé tich thi hinh dang tiét kiem vat licu
nhat 1 chiéu cao hop bang mot nita duong kinh miéng hop, ban doc hoan toan c6 thé chitng
minh duge diéu nay.
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Bai toan 2.2.18.
C6 mot manh bia hinh chit nhat ABCD c6 duong chéo AC = 1. A N D
Ngudi ta danh dau M 1a trung diém ctia BC, N la diém thudc canh
AD v6i AD = 4AN. Sau d6 ngudi ta cuén manh bia lai sao cho
canh AB trung v6i canh C'D tao thanh mot hinh tru. Tim do dai
canh BC sao cho thé tich ctia ti dien ABM N dat gia tri 16n nhat
v6i cac dinh A, B, M, N nam trén hinh tru vita tao thanh.

Loi giai.

Gia stt hinh tru nhu hinh vé. Ké céc duong sinh M M', NN’. Khi
dé N la diém chinh giita cung AM’ = tam gidc AN M’ vudng can
tai V.

Dat BC =2 = AB =1 — 22

Goi R 1a ban kinh dusng tron day, ta ¢

T T
AD=271R=2=>R= — = AN = ——
2m V2m

1 1 1
Ta c6 VABMN = gVAM/N.BMN/ — §AB . §AN2
1
- 272\/ 1—22=
o, 1272
Theo bat dang thiic AM — GM thi

1272

1 1
(1 —2?) = §x2 c1?(2 - 227) < 3" <

V6

5 2
Déngthﬁcxéyrakhix2:2—2x2<:>:c2:§:>x:?.

x2+x2—|—2—2x2>3_ 4
3 -

Bai toan 2.2.19.

Mot nguoi nong dan c6 3 tam ludi thép B40, mdi tam dai 16 m
va muoén rao mot manh vuon doc bo song c¢6 dang hinh thang can
ABC D nhu hinh vé (trong d6 bo song 1a dusng thing DC' khong
phai rao v mdi tam 13 mot canh ctia hinh thang). Hoi ong ay c6
thé rao duge manh vuon c6 dién tich 16n nhat 14 bao nhiéu m??

Loi giai.

Ké AFE va BF vuong goc véi C'D. Vi ABCD la hinh thang can
nén gia st DE = CF = x, khi d6 ta ¢6 CD = 16 + 2z va AFE =
V216 — z2. Dién tich hinh thang ABCD la

(AB+CD)-AE (32 +2x)v/216 — 22 [ u
2 a 2 D E FC

— (16 + 2)v/216 — 22.
Ap dung bat ding thic AM — GM ta c6

S:

1

S? = g(16 + )% (48 — 31)
_ 1 ((16+a) + (16 + ) + (16 + ) + (48 — 32) *
=3 4

= 110592.

Suy ra S < 192v/3 (m?).
Dau bang xdy ra khi 16 + 2 = 48 — 3z < 2 = 6 (m).
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Bai toan 2.2.20. Mot trang chit ctia mot quyen sach tham khao Toan hoc can dien tich 384 cm?.
Biét rang trang gidy dugc canh 1& trai 1d 2 cm, 1é phai 1a 2 cm, 1é trén 3 cm va 1é duéi 1a 3 cm.
Tim dién tich nhé nhét ciia trang sach.

Loi giai.
Goi z, y (z,y > 0) lan lugt 1a hai kich thuéc clia trang chi. A B
(t=MF=NE,y=MN = EF).
384
Dién tich trang chit: xy =384 = y = —. M N
T

Ta ¢6 hai kich thuée cua trang séach la x + 6 va y + 4.
(x+6=AD=BC,y+4=AB=CD).
Dién tich trang séach:

384 2304
S—(x+6)(y+4)—(x+6)(—+4)—408+4x+—. F E
x x
/ 2304
Ta c6 S > 408 + 2 4x‘ﬂ<:>52600. D ¢
x

PPN ) , 2304

S ¢6 gia tri nhoé nhat 1a 600 xay ra khi 4 = —— < x = 24. Suy ra y = 16.
x

Vay trang siach dat dién tich nhé nhat thi chiéu dai va chiéu rong lan luct 1a 24 + 6 = 30 cm va
16 +4 = 20 cm. ]

Bai toan 2.2.21. Mot 16 dat c6 dang 1a mot tam giac vudng, c6 cac canh géc vudng véi kich
thudc 1an lugt 12 a va b. Chinh phtt dang du dinh xay dyng mot toa nha hinh chit nhat trén 1o dat
déi dién v6i canh huyén ctia tam giac. Tim dién tich 16n nhét c6 thé dung dudc ciia toa nha ay?
Loi giai.

A

b
Tu hinh vé, dién tich khu dat 1a: S = zy.
. r b s a a .
Tacocosa=—=—=r=—-xvacosf§ =—=—-=s=—x. Khidb,
r a a xr b b

b
r+y+s:\/a2+b2(:)—x+y+%x:\/a2—|—b2
a
2 b2
(:)y+a + r=Va?+ b2

ab
2 | p2
@y:\/aQ—l—bQ—a _;b x
a
abva?+ 0% — (a®> + V%) x

ab
S22
(:)y:a——i_b<ab—$\/a2+b2>

ab
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rva? + b2. (ab —zva? + b2)
ab

Va2 L b2

Vi vay, S = x.% (ab— zva? + %) =
a

Theo bat dang thitc AM — GM ta c6

o< 1 (ab—x\/a2+62+x\/a2+b2)2 B (ab)? _ab
~ab’ 4 ~ dab 4

. N b

Nhu vay dién tich tda nha 16n nhét c6 thé bing %.

ab 5 chidu dai va?+b?
——— vachicudaiy = ————.
2va? + b? Y 2
Bai toan 2.2.22. Cho mot tam gd hinh vuong canh 200 cm. Ngudi ta cidt mot tam go c6 hinh
mot tam gide vuong ABC tit mot tam gd hinh vuong da cho nhu hinh vé bén. Biét AB = z cm
13 mot canh géc vuong AB véi canh huyén BC bang (120 — x) cm. Tim x dé tam giac ABC' c6
dién tich 16n nhat.

Dat dugc khi chiéu rong = = O

200

Loi giai.
Ta c6 AC = +/BC? — AB? = /(120 — 2)% — 22 = /14400 — 240z cm.
Tu day suy ra 0 < x < 60.

1 1
Dién tich ciia tam giac ABC 1a S = QAB -AC = 5:5\/14400 — 240z cm?.
Theo bat dang thitc AM — GM ta c6

2+/14400 — 2402 = /22 (14400 — 240x)

1
= m\/120x - 1202 (14400 — 240zx)

1 (120:c + 1202 + 14400 — 2401:)3

=120 3

= 1600v/3
Nhu vay dién tich tam gidc ABC 16n nhat 1a bang 800+/3 cm?, dat duge khi x = 40 cm. ]
Bai toan 2.2.23.
Mot cai ho rong c6 hinh chit nhat. Tai mot géc nho clia ho ngudi ta B D

déng mot cai coc 6 vi tri K cach bé AB la 1 m va cach ba AC 1a 8
m, roi diing mot cay sio ngan mot goc nho ciia hd dé tha beo (nhu P"\K
hinh vé&).Tinh chié¢u dai ngin nhét ciia cay sao dé cay sao cham vao N
2 bs AB, AC va cay coc K (b6 qua duong kinh ctia sao). N
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Lai giai.
biat PE =z, FQ =y, (x,y > 0). Co

PE_EK:> r 1
PA  AQ T x+8 14y

8
:>x—|—a:y:x+8:>y:E

B D

Co
2
PQ* = PA? + AQ* = (v +8)* + (1+y)2:(x+8)2+(1+§)

16 64
= g2 +16x+65+—+—.

Dén day, néu ta sit dung bat déng thiic AM — GM nhu sau
64 16
2? + — > 16,162 + — > 32
T T

thi sé dan tdi sai lam, vi dau "=" xdy ra tai 2 gia tri khac nhau. Do vay, ta phai tach nhu sau:

&IOO
&lOO

8§ 8 64 64
x2+—+—+8x+8x+—2+6523\/x2 +3§/8x-8$‘—2+65=125
r T T x

Vay chiéu dai ng&n nhét ciia cay sao 1a PQ = /125 = 5v/5, dau "=" x4y ra khi va chi khi z = 2.
Il

Bai toan 2.2.24. Cho mot to gidy hinh chit nhat ABC'D véi chiéu dai AB = 9(cm) va chiéu rong
BC = 6(cm). Gap t0 gidy mot lan sao cho khi gap ta duge dinh B nim trén canh C'D (xem hinh
sau).

A P B

D

Tim do dai nhé nhat ciia nép gap PM.
Lo gii.
bat PB=x,BM =MQ =y vé6i0 <z <9val<y<6.Suy ra

MC =6—1vy,QC = /12y — 36,QB = \/12y.
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Ta chiing minh duge PM L BQ nén suy ra

Y _wy a3y

PM =\/2x2+y?>=2- .
V12y /3y y—3

3 2 3
Khi d6 PM = |- 2=,/ L
y—3 y—3

Nhiém vu clia ching ta bay gio 1a tim gia tri nhé nhat ciia PM, dé thuan tien hon, ta dit y—3 = ¢,

t+3)° L
nhu vay PM = u Nhu vay, theo bat dang thiic AM — GM ta dugc
3
L3008\ (s 22
t+3)° 2 2) 2 2) o243
t t g t 4
PN /243 9V/3 9
Nhu vay, PM dat gia tri nhé nhat bang = %_ khi y = 3 O

Bai toan 2.2.25. Mot biic tudng cao 2 m nam song song vdi toa nha va cach toa nha 2 m. Nguoi
ta muon ché tao mot cai thang bac tit mat dat bén ngoai bitc tuong, gac qua biic tuong va cham
vio toa nha (hinh v&). Hoi chidu dai t6i thiéu clia thang 14 bao nhidu mét?

Toa nha
2m
2m
Loi giai
E
F
2m
2m
A D B
Dat AD =x (x> 0) thi AF = Va2 +4.
AD AF AB-AF  (x4+2)Vz2+4
TacH) — = — AE = = .
a co AB g SW ra D .
Theo bat dang thic AM — GM ta c6
2
) ey | (2v2) (2vae?)
= m:\/(;@+)§x+)> D — 42
s s x
Do d6 chiéu dai t6i thiéu cia thang la 4v/2 m, dau "=" xay ra khi AD = 2 m. O

Bai toan 2.2.26. Cho mot tAm nhom hinh vudng canh 6em. Ngudi ta muén cit mot hinh thang
nhu hinh vé. Tim tdng x + y dé dién tich hinh thang EFGH dat gia tri nho nhat.
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A 2cm E B
x
H 3em
F
D G Y C

L& giai.
Ta ¢6 Sgprey nho nhat khi va chi khi S = Sapy + Scar + Spey 16n nhat.
Dé thay

2S5 =2x+4+3y+ (6 —x)(6 —y) =2y —4x — 3y + 36

Theo gia thiét, ta dugc AAEH ~ ACGF (do céc canh tuong ting song song véi nhau).

Ne AE  AH _s
n ~5=Fpswrazy=6.
Suy ra

25242—(42—(4x+§)><:>5221—(2x+2>
T T

Theo bat dang thitc AM — GM, ta dudc:

9 [ 9
200 + = > 20 /22. 2 =218 = 6v2
i i

9
2 3v/2
Tt d6 Spax = 21 — 6v/2 dat duoc khi{% T @x:—fcm;xyzzx/icm.

x>0 2

V2
Vanyry:%—cm. O

Bai toan 2.2.27. Mot con kién dau 6 dau B clia mot thanh cting manh AB c6 chiéu dai L dang
dyng canh mot bitc tuong thang ding (hinh vé). Vao thoi diém ma dau B bat dau chuyen dong
sang phai theo san ngang véi van téc khong doéi v thi con kién bat dau bo doc theo thanh véi van
téc khong doi w déi véi thanh. Trong qué trinh bo trén thanh, con kién dat duge do cao cuc dai
Pmax 18 bao nhiéu déi véi san? Cho dau A ciia thanh luon ty lén tuong thang ding.

A

X

Loi giai.
. L
Goi t 1a thoi gian con kien di duge, v6i 0 <t < —.
o L U
Khi B di chuyén mot doan S; = v.t thi con kien di dugc Sy = u.t.
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Khi d6, do cao ma n6 dat dugc la:

. V L2 — 512 u
h=.S8;.sina = ut.T = Z.\/Iﬂtz — 2t

1
Ft) = VL2 — 24t = \/ — w22 (L2 — v212)
v

Bai toan tré thanh tim gia tri 16n nhat ctia f(t). Theo bat dang thic AM — GM ta duge

i <y L (W + L2 — 02  [1 [* L2
S\ e 4 V24

. L? L
Vay con kien dat dugc do cao cyc dai hpay = — khit =
2v vV/2

Bai toan 2.2.28. Cit mot miéng giay hinh vuong nhu hinh bén va xép thanh hinh mot hinh chép
t1t gidc déu. Biét cac canh hinh vuong bang 20 cm, OM = z (cm). Tim 2 dé hinh chép déu ay c6
thé tich 16n nhat.

0

Gia st duge hinh chép tit gidc déu nhu hinh vé.
Ta co

i e
OM=2=0H=HM = — = SH = 10v2 — —
’ V2 NG}

SO:mz\/(m\/_—%)Q— <i)2: 20 (10 — )
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Suy ra canh day bang zv/2.
V6i 0 < o < 10, thé tich bing

1 1 2
V= g.SMNPQ.SO = 5.2952.\/20 (10 —z) = Q.x%ﬂm —dx =

V20

T.\/(ZLO —4z) xxxw

Ap dung bat ding thic AM — GM cho 4 s6 khong am, ta co:

V20 V20 40—de+ax+a+z+a\° 2561/10
T.\/(4O—4x).x.x.x.x< T 5 ==

Dau bang xay ra khi 40 —4x = x & z = 8.
2 1

Vﬁy Vmax = 56?:/_0 khi

Bai toan 2.2.29. Cho hinh chép tam giac O.ABC' ¢6 cac canh OA, OB, OC déi mot vuong goéc

v6i nhau OC = ¢ khong doi, OA = a, OB = b thay ddi sao cho a + b = c. Tinh thé tich 16n nhat

ctia khdi cau noi tiép hinh chép O.ABC?

Loi giai.

r =8. O

F

Trong mat phang (OAB), dung hinh vuong ODFE c6 canh bing ¢ (nhu hinh vé).
Via+b=cnén AD =0B =b,BE =0A =a.
T d6 suy ra

ADAF = AOBC, AEBF = AOAC(c.g.c)

— AF = BC, BF = AC

= AABC = ABAF(c.g.c)

Nhu vay tat ca cac mit ciia hinh chop O.ABC da dugc trai phang thanh hinh vuong ODFE.
Do d6 dién tich toan phan ctia hinh chép bing dién tich hinh vuong ODFE va biang .
2 Z N 1
Ta lai ¢6 the tich khoi chép O.ABC bang V' = éabc.
Suy ra ban kinh mat cau noi tiép hinh chép O.ABC la
1
VA

r=— = - —
Stp c2 2c

Ap dung bat ding thic AM — GM ta c6

ab 1 fa+b\®> 1 ¢
2c 2c 2
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Suy ra maxr = g khi OA = 0B = g
) . PN . 4 3
Vay the tich 16n nhat ctia khoi cau néi tiep hinh chép O.ABC la 'V = §7T7"3 = ;%4

g

Bai toan 2.2.30 (Regiomontanus’ maximum problem). Vao nam 1471, nha toan hoc Johannes
Muller (1436 - 1476) ngusi Dic da dua ra mot bai toan nhu sau: Gia sit mot biic tugng nin cao
h thuée Anh, dung trén mot bé cao b thuéec Anh. Mot ngusi cham chi nhin vao bic tugng nay
va di vé phia d6. Tia nhin ngang ctia ngudi d6 cach mit dat e thuée Anh. héi nguoi dé phai ding
& chd cach bé tugng bao xa mdéi c6 thé nhin thay biic tugng 1a 16n nhat?

Loi giai.

Trong cudn sach 100 Great Problems of Elementary Mathematics [Dorrie, 1965], nha toan hoc
Heinrich Dorrie ¢6 néi rang day la bai toan can dac biét cht ¥, né la bai toan cuc tri dau tién
trong lich st toan hoc ké tit thoi ¢o dai. Loi giai dudi day duge nha toan hoc Eli Maor dua ra vao
nam 1998, va duge viét vao trong cudn sach Trigonometric Delights.

Heinrich Dérrie (sinh ngay 2 thang 12 nam 1873 tai Hanover , vA mat nam 1955) la mot
gido vién toan hoc nguoi Dic. Sau khi tot nghiép trung hoc nam 1895, Déorrie hoc toan, vat
ly, dia ly, tiéng Anh va tiéng Phap tai Dai hoc Gottingen va Dai hoc Leipzig. Nam 1902,
ong la gido vién thit viéc tai mot truong hoc tai Royal Gymnasium & Fulda va sau d6 lam
gido vién tai Realprogymnasium & Biedenkopf. Tt ndm 1908 dén nam 1942, ong la gido vién
tai truong trung hoc & Wiesbaden. Dén nam 1898, 6ng nhan béng tién si dudi thoi David
Hilbert tai Dai hoc Gottingen.

100
Great Problems of
Elementary Mathematics
THEIR HISTORY AND SOLUTION

Heinricl
Translated by D

Co 1é ong dugc biét dén nhiéu nhat véi cudn sach Triumph der Mathematik, cuén nay sau
d6 dugce dich sang tiéng anh vé6i tua dé 100 Great Problems of Elementary Mathematics.

Quay lai bai toan.
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N
~

Quan sat hinh vé, ta goi b 1a khodng cach tit chan biic tuong t6i mat dat, a 1a khodng cach tit dinh
btic tuong t6i mat dat, 6 1a géc nhin clia ngudi quan sat, 8 la goc nghiéng ciia tia sing truyen
tit chan tuong t6i mat so véi mat dat, o = 0 + [ 1a goc nghiéng clia tia sing truyen tir dinh biic
tuong t6i mat so véi mat dat. Khi dé ta co

9) cotacotf+1
o — ey
cot 3 — cot «

GG . w
r_r
b «a

~~

cot 8 = cot

:a—b+(a—b)m'

cotd =~ L ab > 9 r ab _ 2\/@7
a—b (a—0bx a—b (a—bx a-—10
Dau "=" xay ra khi va chi khi z = V/ab. O

Van dé trén ciing da dugc nha toan hoc A.Lorsch gidi quyét bang phuong phap hinh hoc.
Ban chat ctia van dé nay la: Trén tia nhin ngang EF, tim diém M dé c6 géc nhin 16n nhat.

Duong tron nét dit di qua 2 diém A, B tiép xic véi tia nhin ngang EF, nhu vay tiép diém
M chinh 14 diém chiing ta can tim.
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2.3 B4t dang thic Cauchy - Schwarz - Bunhiacopxki

Sau bat déng thitc Cauchy (hodc 1a AM — GM) thi bat ding thitc Cauchy — Schwarz ciing la
mot trong nhitng cai tén da qua quen thudc véi thé he hoc sinh ching ta r6i, dang don gidn nhat
ma ta hay gip dugc phéat biéu nhu sau: Cho 4 s6 thuc a, b, z,y, khi dé ta luon c6

(ax + by)” < (a® + %) (2% + ¢°)

Bat ding thitc nay c6 kha la nhiéu cach chiing minh bing bién déi dai s6, tuy nhién nhu tu tudng
da dugc trinh bay 6 cidc phan trude, ching ta sé chitng minh né bang cac cach triyc quan hon.
Cach 1. Mot trong nhitng cach don gian nhat dé la st dung t6i dang thic Brahmagupta —
Fibonacci

(a® + %) (¢ + d*) = (ac — bd)* + (ad + be)* (1)
= (ac+ bd)* + (ad — be)*. (2)

Dén day, do (ad — bc)? va (ac — bd)? déu khong am, nén ta dé dang suy ra diéu phai chting minh.
Tuy nhién chiing ta can phai chiing minh ding thitc nay dang, ban doc c6 thé xem hinh bén dudi

be)?
2 ) o] (#
a
c? a’c? b2c?
d 2
d? a2d? b2d? (a ) (bd)2
Hinh 1
Hinh 2
Tt hinh 1, ta chuyén né vé thanh 4 hinh vuéng nhu é hinh vé 2.
(be)?
(ac)®
(ad)? E bd
(ba?!
ac
Hinh 3

O hinh tht 3, ta ghép hinh vuong c6 dien tich 1a (bd)? va (ac)?, sau d6 chia hinh nay ra thanh
cac hinh vuong va hinh chit nhat nhé hon nhu & hinh vé 4 bén duéi.
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( b 0)2 ac
(ad)? abed | pd
a
(bd — ac)7
bd
ac abed
Hinh 4

Nhu vay ta nhan thiy ring, hinh chit nhat c6 dién tich 1a abed c6 thé co kich ¢d chieu dai x chiéu
rong 1a ac x bd hodc ciing c6 thé 1a ad x be, nhu vay ta sé dua hinh 4 vé hinh 5 nhu sau

ad

be|  abed (be)?

ad)? abed
(ad) ad (bd — ac)?

be
Hinh 5

Dén day ta c6 thé thay ring hinh bén trai 1a hinh vuéng cé canh la (be+ad), nhu vay dién tich clia
n6 sé 1a (ad + be)?, hay dang thitc da duge chiing minh, dan t6i bat dang thitc Cauchy — Schwarz
dugce chitng minh.

Déng thic Brahmagupta — Fibonacci con c6 mot dang khac tong quat hon nhu sau

(a® + nb®) (¢ + nd®) = (ac — nbd)* + n(ad + be)®
= (ac + nbd)? + n(ad — be)?.

Dang thiic nay lan dau xuat hién trong cudn sach Diophantus’ Arithmetica (& trang 19
chuong 3) ctia nha todn hoc ngusi Hy Lap Diophantus (sinh vao khoéng gitta nam 200 va
niam 214 sau Cong nguyen; mét vao khodng 84 tudi la vao khodng nam 284 va 298 sau
Cong nguyen). Dén thé ki thit 3, né lai duge nha toan hoc va thién van hoc ngusi An
Do 1a Brahmagupta (598 — 668) phat hien va st dung né trong khi ong nghién citu vé
phuong trinh Pell (day 1& mot van dé ctia s6 hoc), dang thitc nay xuat hién trong cuén sach
Brahmasphutasiddhanta ciia ong. Cudn sach nay sau d6 da duge dich tit tiéng Phan ra tiéng
Latin vao nam 1126 va t6i nam 1225 n6 lai xuat hién tiép trong cudn sach Fibonacci’s Book
of Squares ctia nha todn hoc Fibonacci (ngoai ra ong con duge biét dén véi mot s6 cai tén
khac nhu Leonardo Bonacci, Leonardo of Pisa, hodc la Leonardo Bigollo Pisano) vao nam
1225.

6
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e 4

T trai qua: Diophantus - Brahmagupta - Fibonacci
Ngoai ra déng thitc nay c6 mot s6 md rong khac nhu
O Ding thiic Euler’s four — square
(a% a4 a% = a% == ai) (b% = bg a4 bg aF bi) = (a1b1 — a2b2 — a3b3 — a4b4)2
T (a1b2 T CLle T a3b4 — a4bg>2
+ (a1bs — asbs + asby + asby)
+( )

a1b4 aF agbg — a3bg = a4b1

S

2

O V& sau dang thitc nay dudc tong quét len bdi nha todn hoc ngusi ¥ (sau nay ong mang
quéc tich Phap) Joseph Louis Lagrange (25 thang 1 nam 1736 - 10 thang 4 nam 1813)

k=1 i=1 j=i+1

Nhu vay c6 thé thay 1a khi a = b = 1 thi ta thu dugc bat ding thitc AM — RM S, ngoai cach nay
ra chiing ta ciing c6 thé tiép can theo mot sé cach khac don gian va ngédn gon hon.

Trong chuong trinh toan phd thong bat ding thic Cauchy — Schwarz, con duge goi la béat
dang thitc Schwarz hay cai tén quen thuoc nhat 1a bat dang thitc Bunyakovsky (mot s6 sach
sé ki hieu hosic goi la bat ddang thitc BUN), hoic bang cai tén kha dai 1a bat déng thiic
Bunyakovsky — Cauchy — Schwarz (nén thudng viét tit 1a bat dang thic BCS), dit theo
tén cua Augustin Louis Cauchy, Viktor Yakovlevich Bunyakovsky va Hermann Amandus
Schwarz. Bat déng thic nay cé rat nhiéu dang, trong dé dang don gian nhat da quen thuoc
v6i ching ta, ngoai ra cac dang khéac ciia né cac ban sé duge tim hiéu ¢ chuong trinh toan
dai hoc va cao hon. Nhitng dang khac ctia n6 thuong ducc ap dung trong nhiéu linh viec
khéc nhau ctia toan hoc, chang han trong dai s6 tuyén tinh diing cho cac vector, trong giai
tich duing cho cac chudi vo han va tich phan clia cac tich, ngoai ra con dung trong Iy thuyét
xac suat. Ngoai ra ban doc ciing can tranh nham lan v6i bat ding thiic trung binh cong
va trung binh nhan (AM — GM) ma tai liéu gido khoa tai Viet Nam goi 14 bat déng thitc
Cauchy.

Cach 2.
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|z] 6]

Y|

Nhin vao hinh vé, ta dé dang tinh dugce do dai ctia dudng nét dit sé 1a sina - /22 + 2. Nhu vay
dién tich hinh binh hanh mau trang sé la

lal - o] + 1] - [y| = sina - /a2 + y? - Va2 + b

Mat khac ta lai ¢6 sina < 1, tit day suy ra dieu phai chiing minh.

Viktor Yakovlevich Bunyakovsky.

Nha toan hoc Nga Viktor Yakovlevich Bunyakovsky sinh ngay 16 — 12 — 1804 1a con trai
ctia Dai ta Yakov Vasilievich Bunyakovsky, dong thoi 1a vién si Vien Han lam Khoa hoc
Nga tit khi méi 24 tudi va sau nay trd thanh chi tich ctia Vién tit nam 1864 cho t6i nam
1889 la nam ong mat. Ong mat ngay 12 — 12 — 1889.

Tt 16 tudi dén 21 tudi ong da theo hoc & Pari, liic d6 c6 nhiéu gido su noi tiéng day nhu
Laplace, Fourier, Cauchy, Legendre. Ong bao vé luan an tién si toan tai Pari vao nam 1825
lac ong 21 tuodi.

Tré vé nude, & St. Petersburg ong da hoat dong tich ciic trong linh vuc gido duc, gidng day
toan cho dén nam 1846. Trong 15 nam sau, tit 1846 dén 1859 ong day tai truong Dai hoc St.
Petersburg, phu trach cdc mon co hoc giai tich, If thuyét xac suat va giai tich toan hoc. Bat
dau tit nam 1858, ong trd thanh chuyén gia quan trong ciia chinh phti vé cdc van dé thong
ké va béo hiém.
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C6 thé noi riang linh vigc hoat dong ciia 6ng rat rong 16n va day két qua toét dep. Ong da cé
dén 168 cong trinh nghién citu. Cong trinh uu viét ctia Bunyakovsky 1a 1i thuyét so, 1i thuyét
xac suat va tng dung. Ong con nghién ctu nhiéu vé giai tich, hinh hoc va dai s6, quan tam
dén ca tinh toan trong thuc tién; gép phan vao viéc cai tién cac tinh toin ciia nudc Nga.

Tac pham to 16n ctia ong 14 "Co s6 clia li thuyét xac suat" (1846) trong d6 c6 nhidu phan
doc dao, nhat 1a phan lich st phat sinh va phat trién mon xac suat, phan tng dung quan
trong ciia xac suat trong van dé bao hiem va dan sé v.v...

Mot loat cong trinh ctia 6ng vé théng ke, xac sudt da gép phan dang ké vio sy phat trien
ctia If thuyét thong ke 6 nuée Nga. Cac cong trinh vé 1i thuyét sd véi 1 s6 khai niem mdéi da
mang lai sy hap dan d6i véi mon nay vao thé ki thit 19. Trong hinh hoc ong ciing da nghién
cttu vé Ii thuyét cadc duong song song.

Cung véi Ostrogradsky va Chebyshev, ong da c6 vai tro 16n trong viéc nang cao trinh do
khoa hoc ctia viéc giang day toan & dai hoc va md rong pham vi chuong trinh toan & dai
hoc. Ong da viét tap "Nhiing bai gidng vé toan i thuyét va toan tng dung" cé gia tri 16n
déi véi viee giang day toan cling nhu ddi véi tit vung khoa hoc. Ngoai ra déi v6i nha trudng
phd thong Bunyakovsky da viét cudén sach gido khoa "S6 hoc" (1844) va cudén "Chuong
trinh va tém tat mon s6 hoc". Déng gép ciia ong trong 1y thuyét sé bao gom mot cong viéc
(1846) trong d6 ong da trinh bay mot ban goc ciia khoa hoc nay va ting dung ctia minh cho
bo hiém va s6 nhan khau.

Cong trinh ctia Bunyakovsky ciing gidi quyét mot s6 van dé hinh hoc. Nam 1853, ong pheé
binh céc nd lyc kiem tra truée dé nhim dén viec chiing minh “dinh dé thi nam cta Euclid
ve dudng théng song song”* va ¢ ging chiing minh mot minh nhing day y nghia ctia hinh
hoc phi Euclid Lobachevsky. Ong tich cuc trong viec phd bién kién thic toan hoc & Nga.
ong ciing déng gép dang ké vao viec lam gidu cac thuat ngit toan hoc Nga.

Ong 13 hoi vien danh du clia tat ca céc truong Dai hoc Nga, ctia nhiéu hoi khoa hoc, dong
thoi 1a pho chu tich Vien Han lam Khoa hoc va Vién da dat ra giai thuéng mang tén ong
cho nhiing téc pham toan hoc c6 gia tri I6n. Dé ky niém nam mudi nam nghién citu va giang
day ctia minh. Vién Han Lam St Petersburg nam 1875 ban hanh mot huy chuong va thanh
lap mot giai thuéng mang tén ong cho thanh tich xuat sic trong toan hoc.

Cach 3.

Va2 +y2Va? + b

16|z [z[Va® + 0 |y /a2 b2

jally]

«

jal|2] b1y

Ta c6 thé thay rang, 2 tam giac mau xam dong dang v6i nhau, do vay o + 3 = 90°.
Nhu vay ta dé dang suy ra dugc

al o+ bl Jy] < Va7 g7 Ve T P
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Cach 4.

v VETR

Hinh 1 Hinh 2
Ban dau ta sé dung mot tam gidc vuong va 2 hinh chit nhat c¢6 kich thude 1 |z| - |a| va |b] - |y|
nhu hinh 1, sau do6 ta dua cac hinh chit nhat da dung thanh cac hinh binh hanh ¢6 cung dién tich
nhu & hinh 2. Budc tiép theo ta sé dung cac hinh binh hanh khac bang 2 hinh binh hanh da dung
G hinh trén, quan sat hinh bén dudi.

VoA N, VR N,

T hinh vé thit 3 ta dua vé hinh thit 4 nhd viéc nhan ra cac hinh binh hanh c6 dién tich bang
nhau. Cudi cung ta dua duge cac hinh chit nhat ban dau vé thanh 1 hinh binh hanh c6 2 canh c6

do dai la /22 + y? va va? + b2,

5 NG

Va? + b?

Lic nay dién tich hinh binh hanh sé la

S:h-\/a2+b2<\/x2+y2-\/a2—|—b2

Vay ta dugce

jaz +by| < la] - || + (6] - |y| < Va2 +y? - Va? + b

Hermann Amandus Schwarz.
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Karl Hermann Amandus Schwarz (25 thang 1 nadm 1843 - 30 thang 11 nam 1921) 1a mot
nha toan hoc ngudi Diic, néi tiéng véi cong trinh vé giai tich phic. Ong sinh ra ¢ Hermsdorf,
Silesia (nay 1a Jerzmanowa, Ba Lan). Dén khi truéng thanh, Schwarz da két hon véi Marie
Kummer, 14 con gii ctia nha toan hoc Ernst Eduard Kummer. Ban dau o6ng nghién ctiu
héa hoc & Berlin, nhung cha v¢ clia ong, Kummer va nha toan hoc Weierstrass da thuyét
phuc 6ng chuyén sang nghién ctiu vé toan hoc. Gifta nam 1867 va nam 1869 ong lam viec
tai dai hoc Halle, va sau d6 la Dai hoc Bach khoa Lién bang Thuy Si. Tt nam 1875 ong
lam viéc tai Dai hoc Gottingen v nghién citu vé gidi tich phite, hinh hoc vi phan va phép
tinh bién phan. Céac tac pham ndi bat ctia Schwarz bao gom Bestimmung einer Speziellen
Minimalfliche duge in vao ndm 1871 va Gesammelte mathematische Abhandlungen(1890).
Dén nam 1892 ong tré thanh mot thanh vién ctia Vien Han lam Khoa hoc Berlin va 1a gido
su tai Dai hoc Berlin. Sau d6 6ng séng ¢ Berlin dén cudi doi.

Ngoai ra ta ciing c6 thé quan tam t6i dang tdng quat ctia bat dang thic Cauchy — Schwarz duge
phat biéu nhu sau:

Bat dang thirc Cauchy — Schwarz. Cho 2 bo s6 thuc a1, as, - - - a, va by, b, - - - by, khi d6 ta luon
co

la1by + agby + - - - + apby,| < \/a%+a§+---+ai\/b%+b§+---+b3
Chirng minh. Dé chiing minh bat dang thitc nay, ta sé can phai hiéu mot sb6 khai niém lien quan t6i
vector, phan nay sé danh cho ban nao mudn tim hiéu thém. Ta ki hi¢u 2 vector a = (ay, ag, - - - ay,)
va b = (b1, by, ,b,). Khi d6 ta dinh nghia a - b (cai nay goi la tich v6 hudng) la
a-b:a1b1+a2b2+---—|—anbn

va chieu dai ctia vector a duge xac dinh béi

la]| =va-a=/al+ai+ - +a2

Néu ban nao da hoc t6i hinh gii tich Oxy (khong gian 2 chiéu) thi sé thay ring cac ki hieu trén
la ki hieéu tdng quét cho trudng hop khong gian n chiéu. Nhu vay hoan toan tuong tu nhu véi
khong gian 2 chiéu, khi nay tich vo hudéng clia 2 vector a va b sé dugce tinh theo cong thiic

a-b=|a|| - ||b|| - cosa, trong dé « la goc gitta 2 vector a va b

@ u
b

~

Mat khac cosa < 1 nén ta suy ra diéu phai chitng minh. Ngoai ra, v6i cach dat nhu trén, ta ciing
6 thé st dung bat dang thic AM — GM ma khong phai st dung t6i cong thic tich vo huéng.

Céch 2. Ta co6
|ai| |bz| <1 < a; )2+( b; )2
lall bl =2 \ \a] bl

Nhu vay
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T day suy ra

|a- b| < fau| [b1] + |ag| [b2| + - -+ + |an| [ba| < la]/[|b]].
Bét dang thic dugce ching minh.
Nhan xét. Nhu da néi ¢ phan md dau, noi dung cudn sach nay sé khong niang ve 1y thuyét ciing
nhu cac phép bién doi ma sé mang t6i cho ban doc cac huéng tiép can va ¥ tudng clia cac phép
chiing minh. Do vay sé c¢6 mot s6 chd chuwa dam bao tinh chat ché vé mit toan hoc, cac ban c6
thé tim hiéu thém & cac cudn sach khac cling nhu tit nguon tai nguyén trén Internet dé hiéu 1o
hon nhitng phan nay!
Bai toan 2.3.1. Chiing minh rang vé6i 2 bo s6 duong a1, as, - - - , a, va by, by, -+, b, thi ta luon co

(Zai) —i—(sz’) <Z\/a?+b?
i=1 i=1 i=1

Chitng minh. Ban doc c6 thé nhan ra day chinh 14 bat dang thitc Minkowski ta da tim hiéu &
phan trudc. o) chitng minh nay ta sé tiép tuc ding ¥ tudng vé vector dé giai quyét né.

b

~

b

Stt dung bat dang thitc tam giac ||a]| + ||b]| = |la + b||, ta c6

n n

St |38 S (b
=1 =1

i=1

Tiép theo, hay dé ¥ rang

Z (a: +bi)* =

=1

Mit khéac theo bat déng thic Cauchy — Schwarz ta cé

n

Zai(ai—l—bi) g\Za% Z(ai+bi)2

i=1 i=1

n

=1 =1

=1

Do vay

n n n n

=1 =1 =1 =1

T day ta suy ra diéu phai chiing minh.
Nhén xét. Néu ta dinh nghia 2 vector a = (ay, ag, - - a,) va b = (by, by, -+ ,b,) thi khi do

a+b:(a1+b17a2+b27”. uan+bn>

Qua day co thé thay ring cach ching minh nay khong vui vé hon cach chitng minh ta da dé cap
4 phan trude mot chat nao cal

57)
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Bai toan 2.3.2 (Extrema of a linear function on an ellipsoid).
Cho céc s6 thuc a, b, ¢, p, ¢, théa man

Tim gi& tri 16n nhat va nhé nhat cta f(z,y, 2) = ax + by + cz.
L& giai.
Ap dung bat ding thic AM — GM ta c6

(f(z,y,2))?* = (ax + by + cz)?

= (aﬁ'%+bﬁ'%+cﬁ'%)2

2 L2 2
< (a’p + b*q+ r) (x_ +L g Z—)
p q r

=a’p +b*q+

Nhu vay
—M < f(a,be) <M (M = \/a2p—|—b2q+02r>
Déu "=" x4y ra khi va chi khi — = L = 2 0
ap bg cr

2.4  Béit ding thic Chebyshev.

B4t ding thirc Chebyshev. Véimoin > 2 va 0 < 2y < 25 < - - < 2,

Onétul<y <y <--- <y, thi

3
3
3

O néuy, =ys=--- =1y, >0 thi

Z%Zyz 2”2%‘% (6)

Chiéing minh. Bay gio ta sé stt dung mot két qua & bai toan 2.2.4 ma ta da chiing minh & phan
trude. Ta dat a = 2;,b = x5, ¢ = y;,d = y;, suy ra x;y; + x;y; < 2;y; + x;y;. Khi d6 quan sat hinh
vé dudi day, mot cap hinh chi® nhat c6 mau dam hon sé cé téng dién tich nhd hon téng dién tich
cia mot cap hinh ch® nhat ¢6 mau nhat hon.
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Yj

Yi

Y1 | : |

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
e ST
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
O
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1

Nhu vay ta suy ra

(w1424 +x) (1 Y2+ 4 Un) <Kn (191 + Toy2 + - + ToYn)

Bay gio néu ta dit a = z;,b = x;,¢ = y;,d = y; thi bat déng thic sé doi chidu.
2z 1 z 2
Dat biét, neu ta dat y; = — thi ta sé thu duge bat dang thiic

(2

11 1 )
(w1204 Fap)(—+—+-F— | =n
T To Tn

O phan trudc, ta da dé cap t6i mot cach dé chimg minh bit ding thic nay bing tric quan hinh
hoc, bay gio ta sé st ¥ tuéng dé dé chiing minh nguge lai truong hop téng quat.

T T .. Tn

Y2

Yn

T hinh vé nay ta dé dang suy ra diéu phai chiing minh.
Bay gio ta dat y; = a:f va sau d6 dat y; = @, thi ta thu duge bat dfmg thice

(g +ad+ o +ad) > (ot ta,) n(ai s+ +al)
> (o1 + 2o+ 1)’
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Hay

Tit Tyt §/$?+:E%+"'+$§z
n

n

V6i cach lam hoan toan tuong ti, ta ciing c6 thé suy ra duge

x1+x2+---+xn<i/m]f+m§’+---+xﬁ
n = n

Téng quat. V6i z1, 29, -+ ,x, va 2 s6 thyc duong p > ¢, khi dé

</a:§’+x§+---+xﬁ<i/x‘fjtxg—ir---—l—x%
AN
n n

Chitng minh. Dé ching minh bat déng thitc nay, ta can ching minh bat ding thic sau.
B4t dang thic Bernoulli.. Véia > 0, a # 1 va z > 0, khi d6 a® — 1 > 2(a — 1).

Ta thay rang

a® —1

mi > Mo = >a—1

Nhu vay, bat dang thitc duge chitng minh.
1

| > 1 a
lai bai toan. bat A = — P aB=|— 77 . Khi d¢
Quay lai bai toan. D (anJ VA ( le> ido

n

-G L)

Ap dung bat ding thic Bernoulli véi y = % >0var=->1tadugec

22ty )

iSEES

® ~
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S i\ P . ~
Ta thay rang E (%) = n, mat khac ki > 1, do vay
p

5 (%((u}%m—w))); > (%<<1+<n—1>>>);=1

Nhu vay ta c6 diéu phai ching minh.
Bai toan 2.4.1. Cho a,b, c la cac s6 duong. Chiing minh ring
a . b . c S 3
b+c cta a+b” 2

L& gidi.

Day 1a mot trong nhiing bat ddng thiic rat noi tiéng, xuit hién nhiéu trong cac cudc thi olympic
toan. Hién nay c6 rat nhiéu 10i giai cho bat ding thic nay, tuy nhién ¢ day ching ta sé chi giai
quyét n6 bang bat dang thitic Chebyshev. Ta c6

a b c a b c
+ + = +1)+ +1)+(—=+1)-3
b+c c+a a+bd b+c c+a a+b

:(a+b+c)( ! + ! + ! >—3

a+b b+c c+a

Mttt a) (aib—i_bic—'—c}ra) 3
)

Dau "=" x4y ra khi v& chi khi a = b = c. OJ

| —

WV

Pafnuty Lvovich Chebyshev (sinh ngay 16 thing 5 nam 1821 — mat ngay 8 thang 12 nam 1894)

Miia he nam 1893, tai Chicago c6 mé mot cudc trién lam cong nghiep qubc té. o) day trung
bay rat nhiéu thtt thd vi va hap dan. Bat ké ngay he néng nuc, ngusi xem van tu tap dong
nghit. Noi thu hit nhiéu nguoi xem nhat 1a toa nha & dé gidi thieu nhieu may moéc ky la
duge dua vé tit nuée Nga xa xoi. Day la chiéc may “di bing chan” c6 thé buée di nhing
bude kha thoai mai va chinh xac nhu bon chan con vat. Con day 1a chiéc ghé banh biét di,
c6 thé ngdi vao doé va chi huy cho né di theo mot huéng bat ky. Chiée thuyén c6 may boi
cling hoi cling thu hut sy chi § clia nguoi xem. Mot nha bac hoc sau khi xem chiéc thuyen
do6 da phai thira nhan: “T6i rat khoai chiéc thuyén cé chan nay. N6 c6 thé di dudi nuée nhu
ngua vay!”

Trong trién lam nay con nhin thay bo diéu chinh ly tam rat hoan my va nhiéu may méc khéc.
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Dac biét, toan thé ngudi xem déu rat kinh ngac chi y dén chiéc may tinh (may ké toan) thuc
hién rat nhanh va hoan toan chinh xac bén phép tinh s6 hoc. Ngudi sing tao ra nhitng chiéc
may dac sic d6 1a Chebyshev, nguoi xiing dang duge ménh danh 13 “cha dé cia ly thuyét
hién dai vé cac may moc”. Chebyshev bi tat mot chan. C6 18 vi thé lic bé Chebyshev khong
thich nhitng tro choi 6n a0 clia be ban va thich dude ngoi yén tinh mot minh. Hoi nhé ngusi
ban trung thanh ctia Chebyshev 1a con dao nhip va cau st dung né rat dieu luyén. Cheby-
shevcod thé ngoi hang gio ky cuc lam 14y nhitng chiéc may bing gb di loai. Chang han, cau
da ché tao chiéc coi xay nude va cbi xay gio rat tinh xao véi tat ca cac bo truyén chuyén dong.

Long ham meé ché tao va thiét ké Chebyshev con gitt dén tro doi. Ngay khi da thanh nha
toan hoc noi tiéng, Chebyshev van gianh nhiéu thoi gian cho viéc ché tao nhitng chiéc may
c6 cau tao dic biet. Nhitng kién thitc tuyét m§ ctia nha todn hoc da gitp ong kién tric
nhitng chiéc may rat phtc tap; va ngugce lai, nhitng mo6 hinh do ong ché tao ra dat cho
ong nhiéu bai toan ma o6ng va hoc tro phai tim cach gidi. Hoi nhé Chebyshev hoc & nha;
16 tudi la sinh vien ban Toan khoa Triét ctia truong Dai hoc tong hop Moscow. Vao nam
1841, Chebyshev da dugc trao ting huy chuong bac vé tac pham “Tinh nghiém céc phuong
trinh”. Chebyshev ham mé toan hoc va co hoc dén mic rat nhiéu bai toan da dudc giai trén
duong di. Tham chi, chinh 6ng da tha nhan, ong suy nghi ci khi ngoi trong nha hat, khi
nghe nhac hodc khi xem biéu dién vin cong.

Chebyshev t6t nghiép Dai hoc vio nam 20 tudi. Nam 25 tudi, ong bao vé mot luan an ky
diéu “Kinh nghiém phan tich co s6 Iy thuyét xic suat”, mot nam sau ong vé day & truong
Dai hoc Petersburg. Vao nam 1849, Chebyshev bdo vé luan an tién si “Ly thuyét so sanh”
bao gom mot trong nhiing chuong trinh quan trong nhat cia ly thuyét s6 hien dai. Vao
nam 1853, do nhiing dong gop to 16n trong linh vic khoa hoc. Chebyshev duge chon lam
tlly vien ctia Vien han lam khoa hoc St. Petersburg va dén nam 1859 da tré thanh vien si
chinh thuec.

Vinh duy 16n cho Chebyshev, mot nha bac hoc vi dai vé toan 1a da duge bau lam vien si
danh du ctia nhiéu vién han lam, truong Dai hoc va hoi toan & Nga cling nhut 6 nude ngoai.
Vien si Chebyshev 13 ngusi sang lap ra truong phéai Toan hoc St. Petersburg. Dac diém ndi
bat clia truong phai nay 1a diing cAm, manh bao trong khoa hoc va lién hé rat chit ché gitta
Iy thuyét toan va thuc té. Truong phai d6 da tré nén vinh quang muon thtia. Nhitng hoc
tro xuat sac ciia Chebyshev nhu Dmitry Grave , Aleksandr Korkin , Aleksandr Lyapunov ,
va Andrei Markov va nhiéu nguoi khac, da tré thanh nhitng nha bac hoc 1ay ling thé gidi.

La ty vién cua ij ban Khoa hoc vé Toan hoc, Chebyshev da tham gia tich cic vao viéc t6
chiic giang day toan ¢ Nga. Cong viec d6 thé hien diic biet qua su ¢b ging lam cho céch trinh
bay céc sach gido khoa dugc chat ché va chinh x4c hon, ciing nhu viéc doi héi trinh bay day da
nhat trong cac giao trinh Toan hoc so cap. Chebyshev da c6 nhiéu phat minh trong linh vitc
Iy thuyét s6, diic biet 1a trong viéc nghién citu phan bo cac s6 nguyén t6 trong day so tu nhién.

Nha toan hoc co6 Hy Lap Euclide (thé ky III truéc CN) da chitng minh mot dinh Iy vé tinh
vo han ctia day cac s6 nguyén td, tic 1a chiing minh rang khong ton tai trong day dé mot
s6 nguyen t6 16n nhat. Ménh dé dé duge goi 1a “Dinh 1y Euclide”.

Van dé cac s6 nguyén t6 phan b6 theo quy luat nao trong toan bo day so6 tu nhién, miic

do déu dan va thuong xuyén thé nao, van chua dude tra 16i, da hon 2000 ndm nay, mac di
nhiéu nha toan hoc vi dai ciia thé giéi ké ca Euler va Gauss déu da nghién ctu.
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Trude Chebyshev, van dé phan bd cac s6 nguyéen t6 dude giai quyét co tinh chat thyc nghiem
bing cach quan sat thiyc té ma khong c6 co sé lap luan nao ca. Chang han, nha toan hoc
Phap Legendre (1752 - 1833) da khang dinh ring trong khodng mot triéu sé nguyén dau
tien, s6 cac s6 nguyéen t6 nhé hon n xap xi bang:

n
Inn — 1,08366

Hon nita, Legendre da gid dinh - khong c6 cén ctt - rang hé thic d6 ding ci v6i nhiing gia
tri n 16n hon 1 triéu. Nha toan hoc Phap Joseph Bertrand ciing duwa ra mot gid thuyét la
gitta n va 2n (n > 1) ¢6 it nhat mot s6 nguyen t6. Ngudi dit co s6 vitng chdc cho mot 1y
thuyét chat ché vé phan bo cac s6 nguyen t6 1a Chebyshev.

ﬁ‘/,,x i ’ i i (/&'/}m/ﬂ/m
Tw trai qua: Joseph Louis Frangois Bertrand (1822 — 1900), Adrien — Marie Legendre (1752 —
1833)

Nhitng khdm phé ctia 6ng vé mat nay 1la mot thanh cong ric rd clia tu tudng Toan hoc
Nga. Bing nhitng lap luan logic chit ché, Chebyshev da chiing minh rang cong thic
chi ra & trén ctia Legendre dugc thiét lap bang kinh nghiém trong pham vi 1 trieu s
nguyén dau tién 1a khong c6 co sé va khong ding ngoai pham vi 1 trieu s6 nguyén dau
tien. Tiép theo, Chebyshev da chiing minh gid thiét Bertrand dugc néu 6 trén va con dua
ra mot gid thiét khac chit ché hon ve luat phan bo clia cac s6 nguyén t6 trong diy so tu nhién.

Khé ma danh gia duge nhitng phat minh khoa hoc ctia Chebyshev trong linh vic ly thuyét
s6. N6 da dem lai vinh quang cho nén khoa hoc toan ctia Nga va da c6 anh hudng 16n lao doi
vdi nhitng sang tao khoa hoc ctia nhiéu nha bac hoc xuat sic trong va ngoai nuée. Nhung
Chebyshev khong chi nghién citu mot 1y thuyét s6. Ong con nghién citu rat nhiéu, chdng han
trong linh vuc gidi tich toan hoc, ong da thiét lap mot nganh hoan toan mdi noi tiéng la
“Ly thuyét xap xi t6t nhat cac ham s6 bang cac da thitc”. Chebyshev con c6 hang loat cong
trinh noi tiéng vé 1y thuyét xac suat va nhiéu mon toan khéc.

2.5 B4t ding thiéc Schur va phép thé Ravi

B4t ding thiic Schur. Cho céc s6 thuc z,y, 2 > 0 va s6 thue duong r. Khi d6
(—y)z—2)+y(y—2)y—2)+2(z-2)(z—y) 20,

dau "=" x4y ra khi va chi khi = y = 2 ho#c 2 trong 3 s6 bang 0. Vi bat dang thitc déi xitng nén

khong mat tinh tong quat, ta c6 thé gia st rang z > y > 2. Khi d6 ta c6 thé viét lai bat ding
thue lai

-yl —2)+ 2"z -2)(y—2) 2y (@ -y)y - 2),



MOT THE GIGI KHAC CUA BAT DANG THUC

Ciing nhu cac phan trude, cac tich gom 3 s6 ta thuong sé quy chiing vé thé tich ciia mot khéi hop,
v6i bat dang thiic nay ta ciing sé stt dung ¥ tudng doé dé chiing minh. Viz" > y" nén v —2z > y— 2,
do do

a(x—y)x—2) 2y (z—y)(y—=2)

va 2" (z — 2)(y — z) > 0. Bay gio hay nhin hinh vé bén dudi dé dé hinh dung hon.

~

Ta dé thay rang, khdi hinh hop chit nhat mau xam nam bén trong 2 khdi hinh con lai, do d6 ta
c6 ngay diéu phai chitng minh.
Bét dang thic nay con c6 mot s6 dang tuong duong nhu sau

2 P 4 2 3wy > wy(z +y) +yz(y + 2) + za(z + 2)
(x+y+2)?°+92y2 >4z +y+ 2)(zy + yz + 27)
xyz 2 (r+y—2)(y+z—2x)(z+z—y)
9xyz

2, .2, .2 S 9
Xy +z +—x+y+z/ (xy +yz + zx)
x z dayz

T Y > 2
y+z z+z z+y (e+y)(y+2)(z+2)

Trong thé gigi bat dang thitc, cé mot phuong rat manh dé gidi quyét cac bai toan bat dang thic
déi xtng, trong dé c6 st dung rat nhiéu t6i bat dang thic Schur day chinh 1a phuong phap pgr,
hosic mot s6 nude c6 thé goi 1a uwvw. Mau chét clia cac phuong phap nay chinh 1a déi bién a, b, ¢
ve3bitnp=a+b+c,q=ab+bc+ ca,r = abc dé dé dang danh gia va xt Iy hon. Ban doc ¢6
thé tim hiéu them.

Issai Schur.

Issai Schur (10 thang 1 nam 1875 - 10 thang 1 nam 1941)
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Issai Schur 1a mot nha toan hoc ngusi Nga sinh ra trong mot gia dinh Do Thai , 1a con trai
ctia doanh nhan Moses Schur va vg Golde Schur. Ong da theo hoc tai Dai hoc Berlin va lay
bang tién si nam 1901, sau d6 trd thanh gidng vien nam 1903. Mot thoi gian sau ong lam
viéc tai Dai hoc Bonn, va lén 1ay hoc ham gido su vao nam 1919. Ong nghién cttu nhiéu linh
vige tit biéu dién nhom, 1y thuyét s6, t6 hop va tham chi la vat Iy 1y thuyét. Tuy nhién cong
trinh dugc biét dén nhiéu nhat ciia 6ng co6 18 1a phép phan ra Schur - Schur decomposition
va bo dé Schur trong biéu dién nhém.

Bai toan 2.5.1 (B4t déng thitc Padoa). Cho a,b,c la 3 canh clia mot tam gidc. Ching minh
rang

abc > (a+b—c)(b+c—a)lc+a—0).

L&i giai.

~
N

Tit hinh vé trén v bat dédng thitc AM — GM ta suy ra
abe = (y + 2)(z + ) (z + y)
> 257 - 27T - 2Ty
= (22)(22)(2y)
=(a+b—c)(b+c—a)(c+a—0).
Nhu vay bat déang thiic trén duge ching minh. O

Y tudng dit a =z +y,b =z + z,¢ = z + y ma ta da ap dung & tren duce goi 1a phép thé
Ravi — The Ravi substitution. Phuong phap nay rat hitu ich v6i nhitng bai todn c6 gid thiét
a,b,c 1a 3 canh clia mot tam giac. Sau day 1a mot s6 bai toan c6 stt dung phuong phap nay.

Bai toan 2.5.2 (Dinh ly Euler). Cho R va r 1a ban kinh dudng tron ngoai tiép va ndi tiép cta
tam giac ABC'. Khi dé6, ta ¢c6 R > 2r.

Loi giai.
b
biat BC =a,AB=c,AC=bvap= %, S 1a dién tich cta tam gidc ABC.
Ta c6 cac ding thiic sau
abc
S=—
4R
S =pr

S=+plp—a)p—"b)p—c)

Hai cong thic sau ta da chitng minh ¢ phan truée, bay gio ta sé ching minh cong thitc dau tien.
Quan sat hinh vé dué6i day
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Ta thay rang, 2 tam gidc mau xam dong dang v6i nhau do c6 2 goéc bang nhau, do vay

Quay tré lai bai toan, bat dang thic can ching minh tuong duong

b S S?

R22r<:>£22—<:>abc>8—

4R D D
St dung cong thiic Heron thi bat dang thitc nay tuong ducng véi bat dang thitc Padoa ta da
chiing minh & trén. Do vay ta c6 diéu phai ching minh, dau "=" xay ra khi va chi khi tam giac
ABC la tam giac déu. O
Bai toan 2.5.3 (International Mathematical Olympiad 1983). Cho a,b,c¢ la do dai cac canh

ctia mot tam gidc. Chiing minh réng

a’b(a — b) + b%c(b —¢) + c*alc — a) = 0

L&i gidi.
Stt dung phép thé Ravi ta co6

d y+2)(@+2)(y—=z) =0

Khai trién va rat gon ta dudc

2 y2

3 3 3 2 2 2, 7T
rzryr+zyzryztayztaryt o —+—+—2x+yt+z
Y z

CHRS

Theo bat dang thiic Cauchy — Schwarz ta co
22 2 2

%'ﬂ+%'ﬁ+%'ﬁ)2<(y+z+x) (?+%+%)

Nhu vay ta suy ra diéu phai chitng minh. O

(x+y+z)2:(

Bai toan 2.5.4. Cho a,b,c 13 3 canh clia mot tam giac. Chitng minh rang

Va+Vb+ve=vVatb—c+Va—b+c+vV—a+b+ec
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St dung phép thé Ravi, bat ding thic can chitng minh tré thanh

Vity+Vy+z+vez+ao>V2r+/2y+ V22

Theo bat dang thitc AM — RMS ta c6

V2
V> 2 (Va+ Vi)
Do vay
VITy+Vy T2+ Vet o= V2o +Jy+Vz)
= \/2$+\/2y+\/§.
Bét dang thic dugc ching minh. O
3 Mot vai bai toan tha vi

Bai toan 3.0.1. Cho tam giidc vuong c6 2 canh géc vuong la a, b, canh huyeén 1a ¢. Chiing minh
rang a + b < cv/2.

Loi giai.
a
b
V2
a c
b
Tt hinh vé ta dé dang suy ra diéu phai chiing minh. O

Bai toan 3.0.2. Cho 2 s6 duong a,b théa méan a + b = 1. Chitng minh réng
1 1
(1+—> <1+—) =9
a b
L& gidi.

Day 1a mot bai toan khong khé, né da xuat hién trong mot dé thi olympic ctia Tay Ban Nha
(Problem 3, LII Olimpiada Matematica Espanola, Melilla, 18, January, 2016.) 0 day chung ta sé
tiép can véi cach stt dung hinh vé truc quan. Viét lai bat dang thiic can chting minh thanh

(a+1)(b+1) > 9ab

Khi d6 hay quan sat hinh vé sau
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N
7N

N
73

A~
N
P
~
4
~

Dén day c6 1é khong can qué néi qua nhiéu nita, ban doc hoan toan c6 thé hiéu duge ching minh
nay. 0]

Ngoai ra c¢6 mot cach bién doi dai sé6 kha don gian va gon cho bai toan nay. Ta nhan théy
dau "=" x4y ra tai a = b, do vay st dung gia thiét a + b = 1, ta bién doi

(a+1)(b+1) = (2a+b) (2b+ a) = 9ab + 2(a — b)*> > 9ab
Ta ciing c6 thé tong quat cho bai toan nay bing viéc st dung déng thic sau
(ma + nb)(mb + na) = (m + n)%ab+ mn(a — b)?
Bai toan 3.0.3. Cho 3 s6 thuc a > b > ¢ > 0 théa man a + b+ ¢ < 1. Chitng minh rang
a®+3b" + 5 < 1
Loi giai.

Do xuat hién céc dai lugng binh phuong nén y tuéng ctia ching ta sé sit dung cac hinh vuong va
s&p xép ching mot cach hop 1y dé tan dung gia thiét va dua ra 16i gidi cho bai toan.

a b c
2
2 ‘
a 0,2
2 62
b b b2
C 02 02 02




MOT VAI BAI TOAN THU VI

Tt hinh vé ta c¢6
a* + 302 +52 < (a+b+e)’ <1

Nhu vay dé dang suy ra diéu phai chiing minh. O

Day 1a mot bai toan trong ki thi olympic ctia Leningrad nam 1989. Ta cé thé tong quat bai
toan lén nhu sau.

n
Té‘;ng quat. Cho n s6 thuc duong a1 > as > -+ > a, >0 va Zai < 1. Khi d6 ta c6
i=1

(20 —1)a? < 1
=1

V6in = 2004 thi ta thu duge bai toan da ting xuat hién trong ki thi Australian Mathematical
Olympiad Committee — AMOC nam 2004.

Bai toan 3.0.4. Cho 2 s6 thiic a,b > 0 théa man a + b = 1. Chiing minh rang

a—{—l 2+ b—l—1 2>2—5
a b) 7 2

Loi giai.
| a a + 1
a
1
1
b b+
4 _ ;

1 1
b+ — a+ —
b a

Diéu dau tién ban doc phai chi ¥ 1a 2 hinh nay khong lien quan gi téi nhau ca. O hinh dau tien
ta diing dé chiing minh ring

1 1
+o >4

dab < b =16 -
ab < (a+0b) -+

¥ tudng nay da qua quen thuoc roi. O hinh thi 2 cing van la y tudng quen thuoc, ta co
1\? 1\? 1 1\? )
2la+—-) +2(b+-| Z(a+—-4+b+-) >2(1+4)"=25
a b a b
Nhu vay ta suy ra diéu phai chitng minh. O

Bai toan 3.0.5. Cho cac s6 thuc x; > 0,k = 1,n théa man Zxk < 7. Chitng minh ring

«
=
VR
3
8
=
/N
3
«
=
&
bl
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L&i gidi.
Day 1a mot bai toan nhin kha cong kénh, tuy nhién ta sé 1gi dung mot cong thitc tinh dién tich
tam giac rat quen thuoc dé gidi quyét né: S = §ab sin . Quan sat hinh vé dudi day dé thay su

sang tao trong loi giai

~

T hinh vé ta thiy rang dién tich ctia tam gidc bén trai sé luon nhé hon tong dieén tich ctia cac
tam giac bén phai, do vay ap dung cong thiic tinh dién tich da dé cap & trén, ta c6 ngay diéu phai
chiing minh. O
n
Bai toan 3.0.6. Cho cdc s6 thyc 2 > 0,k = T, 1 thoa man Y 2 < g Chting minh ring
k=1

> tanx,

> tan xp

tan

Quan sat hinh vé trén, ta xét tam giac vuong & dudi cing ¢6 canh 13 1, tan 21, nhut vay canh huyén
clia n6 sé 16n hon 1. Tiép theo hdy chil ¥ t6i cac tam gidc mau trang, day déu la cac tam giac t,
ma cac tam gidc nay déu ¢6 mot canh bang A - tanxz;(A > 1), nhu vay canh déi dien véi goc tu
sé 16n nhat va 16n hon tan z;. Mit khéc, xét tam giac vuong 16n nhat, né sé c6 canh déi dien véi
goc 0 = xq + xy + -+ + x, 12 tan(zy + 29 + - - + x,), tit day ta c6 diéu phai ching minh. O
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Bai toan 3.0.7. Cho ABCD la hinh vuong canh a, trén cac canh AB, BC,CD, DA lay cac diém
M, N, O, P tuy §. Chting minh rang

MN + NO+ OP+ PM > 2BD

Lo gii.

Day 1a mot bai todn rat thd vi dé minh hoa cho phuong phap chon diém déi xting. Lay N’ déi
xting v6i N qua AB, N” d6i xting véi N qua AD, N déi xing v6i N” qua CD, O' d6i xting vdi
O qua qua AD. Tu d6 suy ra MN = MN', OP = O'P, O'N" = O'N” = ON. Xem hinh vé duéi
day.

Nr\ ———————————————————————— bl
\\\ I
L :
\
\\ AN :
\ ~ 1
B . M« A |
N
AY
N —————————— "—\p\— ———————— B - N”
N -
= N N ’//
\\ K//
C i
I On O~
~ AY £
F So N +
1 RN
R D SN

Nhu vay ta c6 thé thay rang
MN +NO+OP+ PM =MN'"+MP + PO +O'N" > N'N"

Miit khac N'N" 1a dudng chéo ctia hinh vuong c6 canh 1a 2a nén N'N” = 2av/2 = 2BD.
Vay ta c6 diéu phai chiing minh, dau "=" x4y ra khi M NOP la hinh chit nhat. O
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