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Cau L (6,0 diém)

1. Cho ham s6 y=g(x)=x"+(m+1)x+1 (m 1a tham so thyc). Tim m dé d6 thi (C) cuia ham sé
y=f(x)=x"+(m-1)x*+(1-m)x-1 cat truc hoanh tai ba diém phan biét c6 hoanh d6 x,, x,, x, thoa
man g”(x)+g°(x,)+g’(x;)=15.

2. Cho ham s6 y = f(x) c6 dao ham f'(x)=9-x", Vx e R. Tim tt ca céc gia tri thuc ctia tham s m dé

ham s6 y = f(x2 +2x) +(m2 —1)(lnx—lj nghich bién trén nira khoang [1;+00).
x

Cau IL (4,0 diém)

1. Gidi phuong trinh 9" +(x* —2x—1).3' =2x’ —x* =0 (xeR).

2. Cho céc sb thuc a, b thoa man log . (6a+8b—4)=1 va céc sd thuc duong c, d thoa man

+b2 420

(c+d)log, (2c+d)+2¢” +3cd +d* —4c—4d =0. Tim gid ti nhd nhdt cua biéu thic
T=(a-2¢) +(b-d).

Cau IIL (5,0 diém)

1. Cho hinh chop S.ABC c6 AB=AC=2a, BC=a, SA=3a (a > 0). Tinh thé tich khdi chop S.ABC theo
a biét SAB = SAC =60’

2. Cho diém A ndm trén mit cau (S) tam O, ban kinh R =9cm. Goi 7, K 14 hai diém trén doan OA sao cho
OI = IK = KA . C4c mit phang lan luot di qua 7, K cung vudng géc voi O4 va cit mit cau () theo duong
tron (C,), (C,). Goi ¥, ¥, lan lugt la thé tich khéi nén dinh O, déy la duong tron (C,), (C,). Tinh ti s6

4

v

3. Cho lang truy ABC.A'B'C"' ¢6 day la tam giac vudng tai A, AB=AC =a (a > O), biét B'A=B'B=B'C;
géc gifra hai mit phang (BCC'B') va (ABB'A') bang ¢ voi tangp:i. Tinh khoang cach gifta hai

22

duong thing 4'C' va B'C.



Cau IV. (1,0 diém)

xdx
Tim nguyén ham [ = | ————.
e J 2 —3x+1
Cau V. (2,0 diém)
a,=2

Cho day sb (a,) xéac dinh nhu sau: ) :
2021a,,, =a, +2023a, +1,n>1

. 1 1 1 +1
Tinh: L= lim| A0 & &F 4 .
el g, +1 0 a;+1 a,+1 a,, +1

n+l

Cau VL (2,0 diém)

Goi S 1a tip cac sb tu nhién c6 4 chir sb d6i mot khac nhau 1ap tir cac chit s 1,2, 3, 4, 5, 6, 7, 8, 9. Chon
ngau nhién mot so tir tap S. Tinh x4c suat dé s6 duge chon chia hét cho 3.

HET

https://toanmath.com/

Thi sinh khong dugc sir dung tai liéu va may tinh cam tay. Can bd coi thi khong giai thich gi thém.
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R PE THI HOC SINH GIOI - HUNG YEN
\ NAM HOC 2020 - 2021
VDC&HSG THPT Mobn: Todn 12

HOQC HOI - CtI{d SE KIEN THU'C Thoi gian: 90 phiit (Khéng ké'thoi gian phit dé)

Cau 1.

Cau 2.

Cau 3.

Cau 4.

LINKNHOM htttps;//mmacebook comygroups/1916660125164699

(6,0 diém)
1. Cho ham s6 y=g(x)=x"+(m+1)x+1(m la tham sb thyc). Tim m dé dd thi (C) cua

ham s6y = f(x)=x"+(m—1)x> +(1—m)x—1 cét truc hoanh tai ba diém phéan biét c6 hoanh
do x,, x,, x, thbaman g°(x,)+ g’ (x,)+ g’ (x;)=15.
2. Cho ham s6 y = f(x) co dao ham f'(x)=9-x’,VxeR. Tim tat ca cac gia tri thuc cua

tham s6 m dé ham s y:f(x2+2x)+(m2—l)(lnx—lj nghich bién trén nira khoang
X

[l;+oo).

(4,0 diém)
1. Gidi phuong trinh 9" +(x* —2x—1).3" - 2x* —x* =0.

2. Cho cac sb thuc a,b théa mén log . (6a+8b—4)=1 va céc sb thuc duong c,d thoa

+H2+20

min (c+d)log,(2c+d)+2¢*+3cd +d*> —4c—4d =0. Tim gia tri nho nhat ciia biéu thic

T=(a-2c) +(b-d).

(5,0 diém)

1. Cho hinh chép S.ABCcd AB = AC =2a, BC =a, SA=3a. Thé tich khoi chép S.ABC theo
abiét SAB = SAC = 60°.

2. Cho diém A ndm trén mat cau (S) tdm O ban kinh R =9(cm). Goi I,K 14 hai diém trén
doan 04 sao cho OI = IK = KA. Cac mit phang lan luot di qua 7, K cung vudng goc véi 04
va cdt mit cau (S) theo duong tron (C,),(C,). Goi V;,V, lan lugt la thé tich khéi nén dinh O,

.V
day 1a duong tron (C,),(C,). Tinh ti so 7‘ :
2
3. Cho hinh ling try ABC.A'B'C’ ¢6 day 1a tam giac vudng tai A, AB=AC=a (a>0), biét
B'A=B'B=B'C; gbc giita hai mit phiang (BCC'B') va (ABB'A’) bing ¢ véi tang :%.

Tinh khoang céach gitta hai dudng thing A4'C’" va B'C.

(4,0 diém)
xdx

Tim nguyén ham /7 :'[22—31
X —3Xx+

TAI LIEU ON THI HOC SINH GIOI Trang 1
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Cau5. (4,0 diém)
a, =2

Cho day s6 (a,) xéc dinh nhu sau , .
2021a,,, =a, +2023a, +1,n>1

Tinh lim a'—+l+a2+l+...+ 4, +1 .
e\, +1 0 ay +1 a, +1

n+l

Cau6. (2,0 diém)
Goi S la tap cac s6 tu nhién c¢6 4 chit s6 doi mot khac nhau lap tor cac chir )
1,2,3,4,5,6,7,8,9. Chon ngau nhién mot sb tir tap S. Tinh xac suét dé sd dugc chon chia hét
cho 3.

HET

Trang 2 TAI IAII?IU ON THU THPT ()lf(;)(] GIA
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Cau 1.

HUONG DAN GIAI

(6,0 diém)

1. Cho ham s6 y = g(x)=x"+(m+1)x+1(m 1a tham s6 thuc). Tim m d¢ do thi (C) ctia ham
séy = f(x) =x’ +(m —l)x2 +(1—m)x—1 cit truc hoanh tai ba diém phan biét ¢c6 hoanh d¢ x,,
X,, X, théa man g’ (x1)+g2 (x2)+g2 (x3)215.

2. Cho ham s6 y = f(x) c6 dao ham f'(x)=9-x",VxeR. Tim tat ca cic gia tri thuc cua

tham s6 m dé ham sé y=f(x2+2x)+(m2—l)(lnx—lJ nghich bién trén nira khoang
X

[1;+).
Loi giai
1.
* D4 thi ham s6 y = f(x)=x’+(m—1)x*+(1-m)x—1 cit truc hoanh tai ba diém phan biét
khi va chi khi phuong trinh x’ +(m—1)x2 +(1—m)x—1=0 (1) c6 ba nghiém phan biét.
x=1
Taco (1 —1)(x* +mx+1)=0 :
aco (1) = (x )(x mx ) c{xz+mx+1=0

Do d6 phuong trinh (1) c6 ba nghiém phan biét khi va chi khi phwong trinh x* +mx+1=0 co
m+2#0 m< -2
, N (2).
m —4>0
+ Khi do, theo dinh 1i Vi-et phuong trinh (1) c6 ba nghiém phén biét 13 x,, x, va x; =1 thoa

man {xl TR = (3).

xx, =1

hai nghiém phan bi¢t khac 1 < {
m>?2

¢ Ta co: gz(x):x4+2(m+l)x3+(m2+2m+3)x2+2(m+1)x+1.
+ Chia biéu thirc g*(x) cho f(x) ta dugc
=[x+ m+3 ].f x + m+5)x2+(m2+4m)x+m+4.

0Suyrag( ) (m+5 (m2+4m)xl+m+4

g (x)=(m+
g (x3):g2(1)=(m+5).1+(m2+4m).1+m+4=m2+6m+9.

¢ Do do:

g (x)+g’(x,)+g°(x)=15 <:>(m+5)(x12+x22)+(m2+4m)(x1+x2)+m2+8m+17=15

)X
)x22 (m2 +4m)x2+m+4

<:>(m+5)[(x1 +xz)2—2xlsz+(m2+4m)(xl +x,)+m’ +8m+17=15 (4).

m . ;

¢ Thay (3) vao (4) varat gon, ta dugc m’ +3m—-4=0 < { 4 Ket hop véi dicu kién (2)
m=—

ta dugc m =—4 théa min yéu cau bai toan.

2.

* Xétham sé g(x) :f(x2 +2x)+(m2 —1)(lnx—lj cd

X

TAI LIEU ON THI HOC SINH GIOI Trang 3
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¢'(x)=( f(x2+zx))’+(m2—l)(lnxi]' =(2x+2)-f'(x2+2x)+(m2—1>(1+%j

X X X

:2(x+1).[9—<x2+2x)2:| (m>-1). xtl

X

+ Ham s y = g(x) nghich bién trén nira khodng [1;+0) khi va chi khi g'(x)<0,Vx e[l;+ )

x+1
2

. Khi do: 2(x+1 [ (x +2x)} (mz—l). <0, Vxe[l;+)

(
) X
em’ —1<2x [(x2+2x)2 }‘v’xe[1+oo) (*).
Xétham sb h(x)=2+* | (x* +2x)" =9 | trén nira khodng [1;+2) c6:
B (x)= 4x|:(x2 +2x) —9J+2x2.2(2x+ 2).(x* +2x)
K (x)=4x(x—1)(x+3)(x* +2x+3)+8x".(x+1).(x+2) > 0,Vx € [L;+o0).

Bang bién thién cia ham s0 /(x) = 2x’ [(x2 + 2x)2 - 9} trén nira khoang [1;+ ) nhu sau:

X 1 +o0
I (x) +

h(x) . /

Duya vao bang bién thién: diéu kién (*) xay rakhi m*—1<0< -1<m<1.

Vay tat ca gia tri thuc cia tham s6 m thoa man diéu kién dé bai la: —1<m<1.

Cau2. (4,0 diém)
1. Gidi phuong trinh 9% +(x* - 2x—1).3" = 2x’ - x* =0.

2. Cho cac sb thuc a,b théa mén log . (6a+8b—4)=1 va céc sd thuc duong c,d thoa

+b74+20
man (c+d)log,(2c+d)+2c* +3cd +d*> —4c—4d =0. Tim gia tri nhé nhat ciia bicu thirc
T:(a—2c)2 +(b—d)2.
Loi giai
1.
¢ Dit 1 =3" (¢ > 0), phuong trinh da cho tré thanh:
t* +(x2 —2x—1).t—2x3 -x*=0(*)
A=(x*~2x-1) —4(-2x¢" —x*)

=x*+4x7 +1-4x" - 2x" +4x+8x’ +4x°

=x"+4x +6x° +4x+1

= (x+1)4

Trang 4 TAI IAII?]U ON THU THPT ()l'(;)(l GIA
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_t— —(x2 —2x—1)—(x+1)2
(*) & 2
B —(x2 —2x—1)+(x+1)2
- 2
_3x B —(x2—2x—1)—(x2+2x+1)
- 2
= 3 —(x2—2x—l)+(x2+2x+1)
L 2
3 =—x’ (1)

=2+l (2)
¢ Phuong trinh (1) vo nghiém vi 3* >0 va —x* <0 Vx eR.
* Phuong trinh (2) < 3" -2x-1=0.
Xét ham sé y=3"—2x—1 cotdp xac dinh D=R , dao ham y'=3"In3-2.
y':0<:>3"zli<:>x:log3i

n3 In3
Ta c6 bang bién thién ctia ham s6 nhu sau:

X ) log, % +00
v - 0 .
o T o
Yy
~ 027

Dua vao bang bién thién ta thdy phuong trinh (2) c6 2 nghiém.
D@é nhan thdy 2 nghiém cta phuong trinh (2) la: x=0 va x=1.
Vay phuong trinh da cho c6 ding hai nghiém la: x=0 va x=1.
2.

* Véidiéu kién: 6a+8b—4>0 (*) va a®+b*+20>1 nén:
log . . (6a+8-4)=1 & 6a+8b—4=a’+b’+20 < (a-3) +(b-4) =1
Do do: M (a;b) bt ky thudc duong tron (C): (x-3)" +(y—4) =1

Puong tron (C) co tam 1(3;4) ,ban kinh r=1.

¢ Vi: c+d >0 nén:

(c+d)log, (2c+d)+2¢* +3cd +d* —4c—4d =0 < log, (2c+d)+(2c+d)-4=0 (1)
Xéthamsd f(¢t)=log,t+1—4 véit>0 cb f'(t):ﬁﬂ >0 voi >0

Suyra f (t) dong bién trén khoang (O;+oo) = phuong trinh f (t) =0 c6 t6i da mot nghiém
t>0.

Mit khac ta c6: f(3)=0. Vay =3 la nghiém duy nht ciia phuong trinh £ (¢)

0.

TAI LIEU ON THI HOC SINH GIOI Trang 5
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Cau 3.

Tedd (1) < 2c+d =3 < 2c+d-3=0.
Do d6: N(2c;d) la diém bét ky thudc duong thing A:x+y-3=0.
. T:(a—20)2+(b—a’)2 = MN?. Suy ra: minT = min MN>.

Xét: d(l;A):wz%ﬁﬂ = A nimngoai (C). Do d6: MN 2232 —r=22-1.

VI2 412
Khi d6 min MN =242 ~1. Suy ra: minT =(2v2 1) =9-44/2.
Gia tri min7 dat duoc khi: N 1a hinh chiéu cua 7 1én A va M =IN N(C)
+ Goi A’ 1a dudng thang di qua I va vudng goc v6i A thi:
A:=1(x=3)+(y-4)=0=Atx—y+1=0
Khi do: A'nA=N(1;2) = c=%, d=2
+ M =INA(C) va MN =—(22-1).MI
ON+(2-1)01 (6_f2 §-\
1+(2v2-1) L2 72
6-v2 . 8-2
a= , b= 5

2
Vay: min7 =9-42.

Suy ra: OM =

thoa méin diéu kién (*)

Minh hoa bang hinh v&:

y
A

(5,0 diém) 7 ’

1. Cho hinh chop S.ABCcd AB = AC =2a, BC =a, SA=3a. Thé tich khoi chop S.4ABC theo
abiét SAB = SAC = 60°.

2. Cho diém A ndm trén mit cdu (S) tdm O béan kinh R=9(cm). Goi 1,K 1a hai diém trén
doan OA sao cho OI = IK = KA . Cac mat phang lan luot di qua 7,K cung vudng goc voi OA4
va cdt mit cau (S) theo dudng tron (C,),(C,). Goi V,,V, 1an luot 1a thé tich khéi nén dinh O,

day 1a dudng tron (C,),(C, ). Tinh i s6 ;
2

Trang 6

TAI IAII?]U ON THU THPT QU 0C GIA
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3. Cho hinh ling try ABC.A'B'C’ ¢6 day 1a tam gic vudng tai A, AB=AC=a (a>0), biét

B'A=B'B=B'C; gbc giita hai mat phang (BCC'B') va (ABB'A') bing ¢ Vi tan(p=i.

22

Tinh khoang cach giita hai duong thiang 4'C’ va B'C.
Loi giai

* Goi H latrung diém BC,tacd AB= AC nén AH 1 BC.
Ta c6 ASAB =ASAC (c.g.c)= SB=SC nén SH 1 BC,suyra BC L (SAH).
* Do 46 (SAH) L (ABC) . Trong mit phiang (SAH), ké SO L AH tai O = SO 1 (4BC).

2
* Trong AABC, AH =/AB*~ HB’ = |(2a)’ _(%j =ga.

* XétASAB, taco SB* = SA> + AB> —2SA.AB.cos60° = 7a> = SB = a7 = SC.

Co6 SH =~/SB* - BH” :¥a.

11
Seu =\ P(p—SANp—SH)(p—AH), p= %(SA + AH + SH) = %az.
o 2 165
AH 5
1.1 N/THR

* Vay Thé tich khdi chép S.4BC 1a: V, .. = %SO.SABC = ESO.EAH.BC =

Cich 2:
Dit AS=m, AB=n, AC=p, SAB=a,SAC=f3,BAC=y .

¢ Str dung cong thire tinh nhanh: V.. = labc 1+2cosacos fcosy —cos” o —cos” B—cos” ¥
SABC 6

. 1
* Apdung :m=3a,n=p=2a ,cosazcosﬂzcos60°:§.

2 2 2
cosy = cos BAC = AB"+AC” ~ BC =
24B.AC

7
.-

* Tacod Ve =%.3a.2a.2a.\/1+2. .

[\)
N |~
(0 e]
N
N
o))
N
N

2.

TAI LIEU ON THI HOC SINH GIOI Trang 7



8 NHOM TOAN VDC&HSG THPT PE THI HOC SINH GIOI 2020 - 2021

Tir gia thiét suyra O =IK =KA=3.
Goi 7,7, lan lugt 13 ban kinh cta (C,),(C, ), taco 1 =632,r, =34/5.
1,
—r1 .0l
Dods =3 =2
£ ~ 1 OK >
3

¢ Goi H 1atrung diém cia BC. Vi tam giac ABC vudng cin tai A nén:

BH:CH:AH:B—2C=”22

,suy ra H 13 tim cua dudng tron ngoai tiép tam giac ABC va
AH 1 BC.

Mit khéc, theo gia thiét ta c6 B'A=B'B=B'C nén B'H 1L(ABC) = (B'BC)L(4BC),
= (B'BC)(ABC)=BC ma AH L BC = AH 1 (B'BC).

¢ Dod6 AH L BB'. Trong (BCC'B') ké HK L BB' (K € BB') nén

(AHK) L BB = AK L BB'. Do d6 gbc giita hai mit phing (BCC'B') va (ABB'A')la
A/K7[:go, vi AH 1 (B'BC)= AH 1 HK nén AAHK vudng tai H .

Trang 8

TAI IAII?]U ON THU THPT QU 0C GIA
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Cau 4.

a2
¢ X¢ét tam giac AHK vudng tai H c6: HK = Af\ -2 :z—a.
tanAKH 5 5

22
¢ X¢ét tam giac B'HB vuong tai H c¢6 HK la duong cao nén

1 1 1 1 1 1 . 2a\17

2 Tt o 2 2 = BH= .
HK* BH® B'H B'H~ HK®- BH 17

* Trong (ABC) ké HP L AC (Pe AC),ma AC L B'H, (B'H L(A4BC)) nén AC L(B'HP).

= (ACB') L(B'HP), (ACB')~(B'HP)=B'P.
Trong (B'HP) ké HQ 1L B'P,véi Q€ B'P,dod6 HQ L(ACB') tai Q.
Do do6 HQ=d(H,(ACB')).

¢ Trong tam gidc B'HP vudng tai H c6 HP :% va HQ la dudong cao nén

12: 12+ 'lszQ:2a\/§.
HQ® PH> BH 33

* Tacé A'C'// AC= A'C'//(ACB')=d(A'C', BC)=d(4'C',(ACB"))=d(C",(ACB")).

Goi M =B'CNnC'H; Vi B'C'// HC nén tacod
M _BC _,_ d(C(4CB) M

=2 ,vi CHN(4B'C)=

HM HC ~ d(H,(ACB)) HM
2a\33  4a\33
* Nén d(C',(ACB"))=2.d(H,(ACB"))=2.HQ =2. = :
* Viy: d(4'C",BC)= 4033
33
(4,0 diém)
1. Tim nguyén ham [ = J- xdx
Y —3x+1
Loi gidi
xdx 1 1 1
Tacé I = = - dx =In|x—1|-=In[2x-1]+C.
1 j(x—l)(zx—l) j(x—1 2x—1] N

(4,0 diém)

, a =2
Cho diy s6 (a,) xac dinh nhu sau { , .
2021a,,, =a; +2023a, +1,n>1

Tinh lim a'+1+a2+1+...+ a, +1
e\, +1 ay+1 +1

n+1
Loi giai
¢ Taco:

2021a,,, = a® +2023a, +1 2021(a,., ~a,) = a> +2a, +1

n+1

& 2021(
* Mat khac ta co:

n+1

n):(an+1) >0,Vn suy ra ddy sb (a,) ting, suyra a, >2,VneN".

TAI LIEU ON THI HOC SINH GIOI

Trang 9
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Cau 6.

2021a,,, =a; +2023a, +1 < 2021(a,,, +1)=(a, +1)(a, +2022) < a,+1 __ 2021 .
a,,+1 a, +2022
ovay lim| At @ty et ) o L L
el g, +1 0 ay +1 a,, +1 ool q, +2022  a,+2022 a,+2022
1 1 1

L 4 TII 2021(61,”1 +1) = (an +1)(a" +2O22) < an +2022 B an +1 a +1 .

n+l

# Suy ra tong

1 1 1

S = + +..+
a,+2022 a,+2022 a,+2022

1 1 1 1 1 1
<S8 = - + - .t -

a+l a,+1 a,+1 a;+1 a,+1 a, +1
<S8, = L1 <:>Sn=l— 1 :

a+1 a, +1 3 a,, +1

n+l n+l

Vi ( a, ) la day tang, ta xét:

 TH1: Day s6 (a,) ting va bi chin trén. Gia st lim a, =b véi diukién b>2.

n—>+0

Khi d6 20215 = b* +2023b+1 < b* +2b+1=0 < b =—1 (khong théa man diéu kién).

¢ TH2: Diy s (an) tang va khong bi chdn trén. Khi d6 lim a, =+c suyra lim =0.

n—>+o0 n—+w an+1 +1

Viy lim S, :é'

n—>+wo

2021
T

a+1 a,+1 a,+1
+ +...+
a,+1 a;+1 a .. +1

n+l

Vay lim[

n>0
(2,0 diém)
Goi § la tap céc sO tu nhién c6 4 chit s0 do6i mot khadc nhau 1dp to cac chir so
1,2,3,4,5,6,7,8,9. Chon ngau nhién mot s6 tur tap S. Tinh xac suit dé s6 dugc chon chia hét
cho 3.

Loi giai

*Tu 1,2,3,4,5,6,7,8,9 talap duoc A;‘ =3024 sb tu nhién co6 4 chir sb d6i mot khac nhau.
Suy ra s6 phn tir ciia khong gian mau 1a » (Q) =Cy,, =3024.
* Goi A4 1a bién cb: “S6 duoc chon chia hét cho 3.
¢ Cac sb tu nhién tir 1 dén 9 chia thanh 3 nhom:

- Nhom I gom céc s6 tu nhién chia hét cho 3, gdm 3 so.

- Nhom II gdm céc s ty nhién chia cho 3 du 1, gdm 3 sd.

- Nhom 111 g@)m cac sb tu nhién chia cho 3 du 2, gém 3 sb.
* Dé chon duoc sb ¢d 4 chir s6 chia hét cho 3 khi va chi khi téng 4 chir s6 chia hét cho 3, ta
c6 cac truong hop sau:

- 2 chir s6 thudc nhém I, 1 chir s6 thude nhém 11, 1 chir s thuge nhém 111 c6 41.C2.C,.C.
cach.

- 1 chit s6 thugc nhém 1, 3 chit s thude nhom 11 c6 41.C..C; cach.

- 1 chit s6 thugc nhém 1, 3 chir s thude nhom 111 o 41.CL.C cach.

Trang 10
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- 2 chit s6 thuoc nhoém II, 2 chit s6 thuge nhom 111 ¢ 4!1.C2.C2 cach.

Suy ra n(4)=41(C;.C.C} +C,.C5 +C,.C; +C;.CF ) =1008.

* Vay x4c suét can tim a P(4)= % :;?)% = %
n
HET
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