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LOI NOI PAU

Trong moén Toan & trudng THPT, bt dang thic ngay cang duoc quan
tam dung muc va to ra co suc hap dan manh m& nho vé dep va tinh doc dao
ctia phuong phap va k¥ thuat giai chung cling nhur yéu cau cao vé tu duy cho
nguoi gial. Bat dang thirc 1a mot trong nhiing dang toan hay va khé dbi voi
hoc sinh trong qua trinh hoc tap ciing nhu trong cac ky thi, trudc hét 1a ky thi
dai hoc ma hau hét hoc sinh THPT déu phai vuot qua. Ngoai ra bat dang thac
cling 13 mot dang thuong gap trong céac ky thi hoc sinh gioi toan & cac cap

tinh, Qudc gia, Olympic khu vuc va Olympic quéc té.

Cac bai toan bat dang thirc khong nhimg rén luyén tu duy sang tao, tri

thong minh ma con dem lai say mé va yéu thich mén Toan ctia nguoi hoc.

Trong dé tai nghién cru khoa hoc nay, tap thé Iop 10 Toan truong THPT
Chuyén Quang Binh xin trinh bay mot s6 van dé vé bét dang thic, mot s6
phuong phap ching minh bat dang thic. Dé tai gdm céac bai viét cua céac

nhom tac gia dugc trinh bay dudi dang cac chuyén dé.

Nhoém tac gia
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BAT PANG THUC AM-GM VA UNG DUNG
Dodin Quéc Dat — Ngo Hoang Thanh Quang
1. Bat dang thic AM-GM
1.1. Dinh li

Pinh 1i (Bét dang thic AM-GM). V&i moi s6 thuc duong a,,a,,...a, ta co bat ding

thac

Dang thirc xay ra khi va chi khi a,=a,=..=a, .
1.2. Chizng minh

Phuong phap “Quy nap Cauchy”

2
Véi n:Z:%—,/aia2 :@203%2‘/6‘1&2 (dlng)

Gia sir bat dang thuc ding v6i n=k ta s& chung minh bat dang thic ding voi

n=2k . Str dung gia thiét quy nap ta co:

a +a, +..+ay, _i(a14r612+...+ak +ak+1+ak+2+...+a2kj

2k 2 k 2k

= [Vaiazak +Vak+lak+2"'%k :| 2 \/i/aiak Vak+l"'a2k = 2\"/ala2...ak...a2k

Gia sir bat dang thuc dung v6i n=p ta s& ching minh bat ding thic ding voi

n=p-1.

That Vay, xét p—1sd: a,a,,...,.a,, > 0. St dung gia thiét quy nap voi n= pta co:

a+a,+..+a,,+ P:yalaz...apfl g

p

Sa+a,+.t+a,+ P:yalaz...ap_l > p.P:yaiaz...ap_1

{’/ai...apfl.p*\l/ai...apf1 =rifaa,.a,,



} & ta, t.ta,,
Sa+a,+..+a, z(p—l).p,yaiaz...ap_l =N >vrla..a,,

p-1

Theo nguyén i quy nap ta c6 bat dang thirc diing véi moi n>2,vnell.

Pang thirc xay ra khi va chi khi a, =a,=..=a

not

1.3. Cac dang thwong gap

Piéu kién Vva,b>0 Va,b,c>0 Va,b,c,d >0
Dang 1 aJZrb2 b a+b+c23abc a+bzc+d > abed
2 3 4
Dang 2 (a—;bj > ab (’“:”j > abc (M) > abed
Dau bang a=b a=b=c a=b=c=d
2. Vi du

Vi_du 1: (Bat dang thuc Nesbit) Chang minh rang voi moi sé thuc khong 4m a,b,c

ta co

a b C
+ +
b+c a+c a+b

3
>=
2

Giai: Xét céac biéu thirc sau

a b c
S= + +
b+c a+c a+b
M= b L, 8
b+c a+c a+b
N c N a N b

" b+c a+c a+b

Ta c6 M +N =3 . Mit khéc theo bat dang thirc AM-GM thi




a+b b+c c+a
= + + >
b+c a+c a+b
a+c a+b b+c
= + + >
b+c a+c a+b

M +S 3

N+S 3

Vay M+N+2S>6=25>3 hay

a b C 3
+ + >—

b+c a+c a+b 2

Pang thuc xay ra khi va chi khi a=b=c (dpcm)

Nhan xét: Bai nay con nhiéu cach giai khac nhung c6 1& ddy 1a cach hay nhat vi
viéc nghi ra céac biéu thac M,N khong phai 1a d& dang.

Vi du trén phan nao cho ta thiy dwoc sic manh va su tinh té cua bat dang thirc AM-
GM, nhung d6 chi méi 1a mot vi du don gian. Chung ta s€ xét dén ki thuét thém bot

trong bat dang thirc AM-GM qua vi du sau.
Vi_du 2: Chang minh rang voi moi s thuc khong am a,b,c ta c6

a’ b2 c¢® _a+b+c
+ >
b+c a+c a+b 2

Giai: St dung bat ding thaec AM-GM, ta c6:

a’ b+c faz b+c
+ >2 ) =a
b+c 4 b+c 4
2 2
b +a+c22/b .a+c:b
a+c 4 a+c 4

2

c? a+b> c® a+b

+ > . =C
a+b 4 a+b 4

Cong theo vé 3 bat dang thurc trén ta co:

al b? c¢® a+b+c
+ +

+ >a+b+c
b+c a+c a+b 2
a’ bh? c®> _a+b+c
Hay + + >
b+c a+c a+b 2



Dang thuc xay ra khi va chi khi a=b=c (dpcm)

Nhan xét: Pay 1a dang bai tap danh gia diém roi tr AM sang GM. Néu nhiing ai
méi chi tiép xic qua bat dang thac AM-GM thi c¢6 thé nhan xét rang viéc tim ra

2 2
. ., a~ b+c a° b+c
danh gia + >

> : —a c6 vé mang nhiéu tinh may man. Nhung
b+c 4 b+c 4

khong phai VAy, ching ta cing dé ¥, diém roi cua bat dang thuc trén tai a=b=c.

2
.4y , . At i A , - TN a .
Khi dé ba :%, chung ta phai tao ra mot bieu thirc dé wira co gia tri bang > vira
+C

2

c6 thé loai dugc mau cua biéu thic . Hon nita, 2 V& cuia bt dang thirc 1a dong

b+c
A NP ST A - 2 , ~ \ . 14 D+C
bac 1, tir d6 dé dang nhan ra biéu thirc thém vao phai la 7
St dung két qua bai ndy ta co thé 1am bai toan sau:

Vi du 3: [IMO 1995] Cho a,b,c >0 thoa man abc=1. Chang minh rang:

1 N 1 N 1
a’(b+c) b’(a+c) c’(a+h)

> o

Giai: Bét dang thic can chimg minh twong dwong voi:

a3(b+c)+b3(a+c)+c3(a+b) 2 a b

abc abc abc >1(1 1 1]
b c

bat x=—,y=

QD |
Tl

,z:% , taquay trolai vi du 2.

Nhan xét: Bai nay c6 thé giai bang bat dang thirc Cauchy — Schwarz ma ching ta s&
xét trong phan sau.

Vi du 4: Cho a,b,c>0. Ching minh rang:

ab N bc N ca <a+b+c
a+b+2c b+c+2a c+a+2b 4

-10 -



Giai: Ta co:

ab _ ab <ab1 1 +L
a+b+2c (a+c)+(b+c)”  4la+c b+c
bc _ bc <bcl 1 +L
b+c+2a (a+b)+(b+c) 4la+b b+c
ca  _ ca P
c+a+2b (a+b)+(b+c)”  4la+b b+c

Cong theo vé 3 bt dang thirc trén ta dugc diéu phai chang minh.

Pang thic xay ra khi va chi khi a=b=c

Nhan xét: Trong vi du trén ching ta di sir dung bat dang thiic AM-GM dang cong

mau sé: Cho a,,a,,...,a, 1a cac sb thuc duong. Ta c6:

[1 1 1} ,
(a,+a,+..+a,)| —+—+..+— |=n
a & a,

Pang thirc xay ra khi va chi khi a,=a,=..=a

n*

Vi du 5: Cho 356 a,b,c khong am, ching minh rang:

al b? c?
3 T T e ;=1
a’+(b+c) b’+(a+c) c’+(a+h)

Giai: Xétbat dang thuc phy sau:

2

N s1+%(w >0)

That vay, theo bat ding thac AM-GM, ta c6:

VI+x® = J(1+x)(1—-x+x? S1+x+1—x+x2:1+x_
2

2

Ap dung vao bai toan ta co:

@ [ 1 1 a’

|
\

3 3 2 -2 n2 2
a’+(b+c) \jl+(b+cj 1+;(b;cj a‘+b’+c

Tuong tutacod

(1)

-11 -



b® S b2
b3+(a+c)3 at+b’+c?

c? c?

03+(a+b)3 ~a’+b? +c?

Cong ba bét dang thic theo Vé ta duoc diéu phai ching minh.
Pang thic xay ra khi va chi khi a=b=c.

Nhan xét: Bai toan trén thudc dang bai tap danh gia diém roi cua bat dang thic tur
biéu thic GM sang AM. Piém kho ciia vi du trén 12 nam & chd do6i bién va tim ra bat
dang thac phu (1). Bai tap trén con c6 thé giai bang bat dang thiac Cauchy-Schwarsz.

Vi_du 6 [diendantoanhoc.net] Cho 3 sé thuc duong a,b,c théa mén ab+bc+ca=1

.Chttng minh rang:

i+—+—>3+\/—+1+\/—+1+\/ +1
ab bc ca

Giai: Bat dang thuc can chimg minh tuong duong véi:

ab+bc+ca+ab+bc+ca+ab+bc+ca >z a’+ab+bc+ca
ab bc ca e a’

<:>3+z +Z Z,/wﬂ%
cyc cyc cyc

Ma theo bat ding thirc AM-GM thi

5 [@rb)Ere) [Z yb +6J

cyc a.a cyc cyc

+3

Can chang minh Z o +z >6 (hién nhién ding theo AM-GM)

cyc cyc

Viy bat dang thie da cho dwoc chang minh.

Pang thirc xay ra khi va chi khi a=b=c=

=

-12 -



Nhan xét: Voi bai toan trén, néu khéo 1éo st dung gia thiét ab+bc+ca=1 thi bai

toan s€ tro nén don gian.

Vi du 7: Cho céc so thuc duong a,b,c. Chiing minh:

a b c_a+b b+c c+a
——4—> + +
b ¢ a c+a a+b b+c
e, —._.@a b C . a, ,
Giai: bat —=x,—=y,—=z.Khi d¢, ta co:
b C a

at+b 1+yz +1—y
c+a 1+z 1+z

Bai toan quy vé viéc chiing minh:

x-1 y-1 z-1
+ + >0
y+1 z+1 x+1

o (¥ -1)(z+1)+(y* -1)(x+1)+(2* -1)(y+1)=0
S XY+ Y X+ XY P2 X+Y+2+3
D& thay theo bét dang thac AM-GM ta cé:

X2+ 27y +y’x>33x°y*z® =3

2
X z
x2+y2+222%2x+y+2 (Vi x+y+2>3)

Két thuc chimg minh.Dang thuc xay ra khi va chi khi a=b=c.

Nhan xét: D& y rang biéu thac & vé phai cua bat dang thic chia phép cong giira 2
bién ¢ ca tir va mau nén viéc sur dung bat ding thic AM-GM mot cach truc tiép 1a
vo cung kho khan. Do d6 phuong an kha di nhat 1a d6i bién dé tao ra bat dang thic
mai.

Bay gio, chung ta s& xét t&i mot ki thuat moi trong viéc ching minh bat dang thic

bang AM-GM, d6 1a ki thuat danh gia pha dinh. Ki thuat niy dugc dung dé ching

-13-



minh mot sé bat dang thirc khi 4p dung truc tiép AM-GM thi bi nguoc déu rat hiéu
qua.

Vi_du 8 [ Bulgarian TST 2003] Cho céc sé thuc duong a,b,c théa man a+b+c=3.
Chuang minh:

__a b L
1+b* 1+c¢® 1+a’

>3
2

Giai: Bién doi va sir dung bt dang thac AM-GM ta c6:

a ab® ab?® ab
~=a- ~>a-—=a——
1+b 1+b 2b 2
2 2
b _p bC Lp B _p RC
1+c 1+c 2C 2
C ca’ ca’ ca
z=C— 2 =T T AT
1+a 1+a 2a 2

Cong theo vé 3 bat dang thuc trén ta co:
1 1
S2(a+b+c)—5(ab+bc+ca)=3—§(ab+bc+ca)
Mat khac: 9=(a+b+c)”>3(ab+bc+ca)=>ab+bc+ca<3
Ny 3
Tu d6 suy ra SZE

Pang thuc xay ra khi va chi khi a=b=c=1

Nhan xét: 1. O bat dang thic ban dau, néu ta ap dung truc tiép bat dang thic AM-
GM thi s& bi ngugc dau. Vi du:

abc abc 3 (sai)

'i/(1+ b?)(1+¢?)(1+a%) = 3'i/Zb.Zc.Za 2

S>3

2. Ta c6 bai toan tong quat ctia bai toan trén:
Cho cac sé thyc duong a,,a,,...,a, thoa man a, +a, +...+a, =n. Chang minh rang:

a a n
& % & D

1+a,® 1l+a’ =~ 1l+a’ 2

-14 -



Vi du 9: Cho a,b,c 14 céc s6 thyc dwong. Chuing minh:

(a+b+c)’ (ab+bc+ca
H = >28
abc a“+b - +c

Giai: Theo bat dang thic AM-GM ta c6:

2(ab+bc+ca)+(aZ+b’+c?)] 6
(ab+bc+ca)2(a2+b2+c2)<[ ( ) ( )] _(a+b+c)

3 27

Suy ra:

ab+bc+ca (ab+bc+ca)’ _ 27(ab+bc+ca)
a’+b’+c®  (ab+bc+ca)’ (a®+b*+c?)  (a+b+c)

a+b+c) 27%(ab+bc+ca)’
+
abc (a+b+c)12

> 28

Can chang minh:

Theo bat dang thic AM-GM ta c6:

3 2 6 6
4(a+b+c) L2 (ab+bc+l;:a) N 5(ab+bc+ci1) S e
27abc (a+b+c) 277 (abc)

(a+b+cf

Mat khac, ta co: 23.
27abc

>23 (2)

Tir (1) va (2) ta c6 diéu phai chiing minh,
Pang thirc xay ra khi va chi khi a=b=c>0

Nhan xét: Trong bai toan trén néu khong quan sat ki ludng ma ap dung ngay bat

(a+b+c)3

ding thac AM-GM thi s& dan dén nguoc dau wi "

>27 nhung

ab+bc+ca

TS <1. Qua d6 cho chung ta thiy duoc vé dep va sac manh cua phdi hop

hai bat dang thire dong bac nguoc chiéu.

-15 -



Vi_du 10 [IMO 2005]: Cho céc sé duong x,y,z thoa man x*+y?+z2>3. Chung

minh rang:

X5 — %2 Vo -y 75 _ 72
Xy +zt Y+ exE P exiryt

Giai: Bat dang thic da cho duoc viét lai nhu sau:

DD S

Xy +t Xty 4zt
Tir day ta suy ra chi can xét truong hop x2+y?+22 = 3.

Bat dang thac can chimg minh tuong duong voi

ZSx+3

cyc

Theo bat dang thac AM-GM ta cé:

Dit a=x*,b=y%c=1z% Suy ra: a+b+c=3.

Bat dang thac can chiang minh tro thanh

a+1
=4 <1
Czyc“Za3—a2+2a+3

(a-1)’ (—2a° +3a+3)

= Z 2a3

cyc

>0 1
—a’+2a+3 (1)

Khong mat tinh tong quét, gia st a>b>c, suy ra a>1>c. Xét 2 truong hop:

+TH1: b+c>1,suy ra a<2,khi do:

- 16 -



—2a*+3a+3>0
—2b*+3b+3>0
-2¢3+3c+3>0

Suy ra, (1) ding.
+TH2: b+c<1,suy ra a>2, khi do:

(2a°-a”+2a+3)-5(a+1)=2a’-a"~3a-2

arl <1 cin ching minh:

Suy ra <
y 2a®-a*+2a+3 5

b+1 c+1 4
3 2 53 2 <=
2b°-b“+2b+3 2¢c°-c“+2c+3 5

Ta ¢ bo dé: Vi moi 0< x<1, ta co:

X+1 2
<= 2
2 —x*+2x+3° 5 2)

Ta c6 (2) tuong duong véi: 4x° > (x+1)(2x-1)

+ Néu xs%, ta c6 diéu phai chiang minh.

+ Néu XZ%, ta co:
4x3—(x+1)(2x—1)24x3—2(2x—1):2(2x3—2x+l)
> 2(x2 —2x+1) = 2(x—1)2 >0 (dpcm)

Bit dang thirc (1) da dugc ching minh.
Pang thirc xay ra khi va chi khi a=b=c=1.
Nhan xét: 1. Diém kho cua bai toan nay 1a viéc dua bat dang thac vé dang (1) nho

bat dang thuc AM-GM.

-17 -



2. Bai toan ndy c6 thé giai bang mot s6 cac khac nhu Cauchy-Schwarz, S.0.S,
U.C.T.

Tiép theo, chung ta s& xét mot s6 vi du V& su két hop gitra bat dang thic AM-GM

VoI mot sé bat dang thirc ciling nhu phuong phép khac.

Pau tién chung ta s& xét t6i su két hop giira 2 bat ding thic AM-GM va Cauchy-

Schwarz:

Vi du 11 [diendantoanhoc.net] Cho 3 sé thuc duong a,b,c. Chiang minh rang:

1 1 1 3
n n >
av3a+2b by3b+2c c3c+2a  +/5abc

o=l Bat dang thae can chiing minh tré thanh:
z

Giai: bat a==,b=

X | =
< |

X X X

>
32X +2yz ’ J3Xy + 22X ’ J3yz+2xy

3
N3

z

X y
= + +
\/5_2.,/3x+2y \/5_x.1/3y+22 \/W.\/3z+2x

Theo bét dang thie AM-GM va Cauchy-Schwarz, ta co:

X

I SN ) S S
;ﬁ.w/3x+2y §3x+2y+52

. 2(x+y+z)2
~ X(3x+2y+52)+y(5x+3y+2z)+2z(2x+5y+3z)

2(x+ y+z)2

3(x2+y2 +22)+7(xy+yz+zx)
2(x+ y+z)2

3(x2+y2 +22)+;(xy+ yz+zx)+230(xy+ yZ+2X)

2(x+ y+z)2

>

N

3(x2+y2+22)+;(x2+y2 +22)+—O(xy+yz+zx)

3(x+y+z)2

5[X2 +y?+27+2(xy + yz+zx)]

3
3
5

-18 -



Bat dang thac da dugc ching minh.

Pang thic xay ra khi va chi khi a=b=c.

Tiép theo s& 1a su két hop ddy ngoan muc giira 2 bat dang thuc AM-GM va Schur

qua vi du sau day:

Vi_du 12 [Vasile Cirtoaje]: Cho céc sé khong 4m a,b,c sao cho a®+b®+c®=3.

Chimg minh rang;
a'o* +b'c* +c'a* <3
Giai: Theo bat dang thac AM-GM ta c6:

b’+c*+1 4-a’°
3 3

bc < (1)
4b’c® —a’b’c?
< -z -

T d6 suy ra: b'c* 3

- 4a*h® —a*h’c?

Tuong tu ta co: a'b’ 3

.4 A4ca®-a’hc?®
c‘a sf

Cong 3 bat dang thirc trén theo vé ta duoc:

4(a3b3 +b%c® + csa3)
3

a’b* +bc* +c'at < —a’v’c?

4(8.3b3 +b3c® + 03a3)
3

Can chiing minh: —a’hc® <3

< 4(a%’ +b’%c® +c’a’)-3a%’c’ <9
Mt khac, theo bat dang thuc Schur, ta co:
4(a’0’ +b%’ +c’a’)(a’ +b° +c*)-9a°h’c’ <(a° +b® +° )3
< 4(a%’ +b’%c® +c%a’)-3a%’c’ <9
Vay bat dang thuc trén da duoc chiing minh.

Pang thirc xay ra khi va chi khi a=b=c=1.
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Nhan xét: Trong vi du trén, néu khong phat hién ra bat dang thuc phu (1) thi viéc

giai 1a rat kho khan. Vi du trén con c6 thé giai quyét bang phwong phap don bién.

Cudi cing, ta s& xét dén sy két hop gitta bat dang thac AM-GM va phuong phap

khéo sat ham sd.
Vi du 13 [Viét Nam TST 2005]: Cho cac sb a,b,c>0. Chitng minh:

3 3 3
a N b N c 2§
8

Giai: bat E:X,E:y,gzz,: xyz =1.
a b C

Bat dang thac can chiing minh tré thanh:

1 1 1 .3

(1+x)3 (1+y)3 (1+z)3_8

Theo bét dang thac AM-GM ta c6:

1 1 1 1 3
3t 7+5 23 5 2
(1+x)" (1+x) 8 8(1+x)  2(1+x)
1 7+ 1 3 +1233 1 5= 3 >
(1+y) (1+y) 8 8(1+y) 2(1+y)
1 5+ 1 3 +1233 1 5= 3 5
(1+z)" (1+z) 8 8(1+z) 2(1+z)
Ta can chiig minh: 1 -+ 1 -+ 1 . >3 (1)
(1+x)" (1+y) (1+z)° 4

1 1

Ta c6: + > VX, y>0
1+x) (L+y) 1+ xy( y>0)
=S xy(x—y)2 +(xy—l)2 >0 (ludn dung)
2
Suy ra: VT(1)> ! + ! £ . 1 _z+eid

Ltxy (L+z) 241 (l+z) Z2+22+1
Gia sa z=max{x,y,z} = z21.

22+z+1

Xét ham sb: f(z)=F5—"o
°+2z+1
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2
-1 S ovis1

Ta co: f'(z)= >
aco (2) (z+1)4

Tir do suy ra: f(z)> (1) :g

Bit dang thirc da dugc ching minh.
Pang thic xay ra khi va chi khi a=b=c

Nhan xét: Vi du trén 1a mot bai toan hay va kho. Dé giai dugc bat dang thuc trén
can phéi hop rat nhidu ki thuat ma 10i giai trén nam trong nhiing 10i giai nhanh va
hay nhat cho bai nay.

Sau déy, chung ta s& xét thém 2 vi du V@& dau bang khong dbi xang trong bét dang
thirc AM-GM, qua do, ta s& thiy hét duoc vé dep va su tinh té cua bat dang thac.

Vi du 14: Cho cac s6 a,b,c théa mén a+b+c=3. Ching minh rang:

avb® +1+byc +1+cyad+1<5

Giai: Ta co: avb® +1+bycd +1+cvad +1
=a\/(b+1)(b2—b+1)+b\/(c+1)(c2—c+1)+c\/(a+1)(a2—a+1)
2 2 2
Sa.b +2+b.c +2+C_a +2
2 2 2
ab? +bc? +ca?
= +3
2
Can chimg minh: ab?+bc? +ca® <4 (1)

Gia sir b 1a s6 nam giira 2 s6 a,c .Ta co:

a(b—a)(b-c)<0
< ab?*+a’c<a’h+abc

— ab? +bc? + ca® < a’b + abc + be? :b(a2+ac+cz)

2
<b(a+c) =%.2b.(3—b)2 s%.(2b+3_b+3‘bJ =4

3
Suy ra diéu phai ching minh.

Pang thirc xay ra khi va chi khi a=0,b=1c=2 va cic hoan vi.

Nhan xét: Cai khé trong vi du nay 1a danh gia dugc bat dang thic (1). Ngoai cach

danh gia nhu trén, ¢é chimg minh (1) ¢6 thé ding phuong phap don bién vé bién.
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Vi_du 15 [Tap chi TH&TT]: Cho a,b,c la cac s& thuc doi mot khac nhau thudc

[0;2]. Ching minh:

1 1 1
+

P= 2 T 2 2
(a-b)" (b-c)” (c-a)

9
>=
4

Giai: Khong mét tinh tong quat gia st 2>a>b>c>0. Theo bat dang thuc AM-GM
ta co:

L (a-b)+(a-b)>3,/—1 _(a-b).(a-b)=3 *)
(a—h) -b
L (b-c)+(b—c)23,|—1 (b—c).(b—c)=3
(b-c) (b—
Cong 2 bat dang thire trén theo vé ta co:
1 1
+ +2(a-c)>6
>_ 1 ~—2(a-c)+6
(a-c)
Can chiing minh: P> 2—2(a—c)+629. Q)
(a—c) 4

Vi 2>a>b>c>0 nén O<a—csZ:>P2%—2.2+6:%

Vay P 2%. Piang thirc xay ra khi va chi khi a=2,b=1c=0 va céc hoan vi.

Nhan xét: Trong bai toan trén, néu ta 4p dung 3 lan bat dang thuc (*) cho 3 bién
(a—b),(b—c),(c—a) thi bat dang thiic s& roi vio ngd cut, khong thé di tiép. Dén luc
dan dén béat dang thie (1) 1a bat dang thac mot bién thi bai toan da tré nén don gian,
ta nghi ngay dén phuong phap khao sat ham sé trén doan.

Viy 1a ching ta da cing nhau di hét chang duong kham pha bat dang thuc AM-GM.
Phat biéu va chung minh bat dang thirc d3 duoc dua ra trong muc 1. Céac ki thuat
chuyén doi qua lai gitra trung binh cong va trung binh nhin d3 dugc trinh bay trong
cac vi du 2, 3, 4, 5. Ki thuat phdi hop gitra bat ding thire AM-GM va bién d6i dai s6
thong thudng da dugc dé& cap trong cac vi du 6 ,7. Cac ki thuat danh gia phi dinh va
phdi hop céc bat dang thac ddéng bac nguoc chidu di duoc gigi thidu qua cac vi du
8, 9. Su két hop giita bat dang thic AM-GM va cac béat dang thac khac duoc gidi
thiéu trong cac vi du 11, 12, 13. Cudi cung, phuong phap can bang hé sb hay dau
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bang khong dbi xting trong bat dang thac AM-GM di duoc dé cap trong hai vi du
14, 15. Qua cac vi du trén phﬁn nao cho chung ta théy V¢ dep, sac manh, su linh
hoat cua bat dang thc AM-GM trong viéc chang minh bat dang thic. Sau day la
mot s6 bai tap dé giup cac ban cung cb kién thuc:

3. Bai tap tw giai

Bai 1. Cho céc sb thuc dwong a,b,c théa man abc=1. Chiang minh:

a b c
—+—+—2>a+b+c
c a

Bai 2. Cho céc s6 thuc duong a,b,c thoa min abc=1. Ching minh:

b+c+c+a+a+b
NI I
Bai 3. [Russia MO] Cho a,b,c >0 thoa man a+b+c=3. Chitng minh:

J5+J5+J52ab+bc+ca

Bai 4. Cho céc sb thuc duong a,b,c. Chiing minh:

>+a+ b+\/5+3

(as—a2 +3)(b5—b2 +3)(b5—b2 +3)2(a+b+c)3

Bai 5. Chitng minh rang voi moi sé thuc x,y,z>-1:

2 2 2
1+x - 1+y - 1+z _>2
1+y+z° 1+z+X° 1+X+y

Bai 6. Cho cac sb thuc duong a,b,c. Ching minh:

3(x2y+ y’z+ zzx)(xy2 +yzi + zxZ)Z Xyz(X+y+ z)3

Bai 7. [MOSP 2001] Cho céc sb thuc duong a,b,c thoéa man abc=1. Ching minh:

(a+b)(b+c)(c+a)>4(a+b+c-1)

Bai 8. Cho cac sb thuc duong a,b,c. Ching minh:

3
a++/ab +3/abc S3a-a+b.a+b+c
3 2 3

Bai 9. Cho cac sb thuc duong a,b,c. Ching minh:

1 1 1 3

a(1+b)Jr b(1+c)+c(1+a) : M(HM)
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BAT PANG THU'C MINKOWSKI VA UNG DUNG

Doan Quic Pat — Ngé Hoang Thanh Quang

1. Bat dang thic Minkowski
1.1 Bdt dang thizc Minkowski deng 1

1.1.1 Dinh li

1 1 1
' yerey D+ . n P n q n P
Cho {al S S P pell*, khi do (Zak”]p J{Zbﬁ)q 2|:Z(ak+bk)p])

b,b,,...b, el " k= = k=1
Pang thirc xay ra khi va chi khi &% &
b, b b,
Dic biét: Va2 +b? +/c? +d? 2\/(a+c)2+(b+d)2

Jal +b? +¢? +\/m2 +n®+ p? 2\/(a+m)2+(b+n)2+(c+ p)2
1.1.2 Chang minh

Liy qel* sao cho 1.1 se dung bat dang thic Holder cho 2 bo diy sé:
P q

a,a,,...,a,l” o (bbb el
+b)"7 (8, +b,)" " (a, +b ) Va a,+b)"" (a,+b,)" ", ...(a, +b )"
a1 bl 2 2

1 1
Ta co: (8" +a,"+..+a,")° [(a1 +b) " 4+ (a, +h, )(H)qu >%'a (a,+b)""

1 1
(b1p+b2p+...+bn")5[(a1+bl)(pfl)q+...+(a +bn)(pfl)c'}q >%'b, (a +b )"

- 24 -



1.2 Bdt ding thirc Minkowski dgng 2:

1.2.1 Dinh Ii

Cho JBPer P €07 4t 46 ta oo bét ding thirc
1.l el
ifaa,..a, +4bb,..b, +..+ il Sdz(ai +b +..+1)
i=1
Pang thirc xay ra khi va chi khi &% &
b b b,

1.2.2 Chi#rng minh:

n

ifaa,..a, +4fbb,.b, +..+ gL, SdZ(ai +b +ot )

i=1

=3 %84, +..t g Wy, <1
(a,+b +..+1)..(a, +b, +...+1) (a,+b +..+1)..(a, +b,+..+1 )

Theo bat d¢ang thac AM-GM ta co:

a,a,...a, <1 aQ - a,
n(a1+b1+...+ll)...(an+bn+...+ln)_n a+b+.+l 7 a +b +..+l

L, 1 L
V(8 +b,+.+1).(a,+b, +.+1)  nla+b+.+l " a +b .+l

Tir do suy ra:

88,8, L., 3
{ e n _1 d
\/(a1+b1+...+ll)...(an+bn+...+ln)+ +\/(ai+b1+"'+|1)---(an+bn+...+|n) (dpcm)

Ping thac xay ra khi va chi khi %: & _ =&

_2_---_ .
b2 bn

2. Vi du:

Vi du 1: Cho céc sb thuc duong a,b.Ching minh:

i/%+§/ggi/(a+b)(§+§j (1)
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HD: Pua bit ding thic (1) vé dang:

i/%+§/gs i/(l+l)(a+b)(§+%j

Str dung bat dang thire Minkowski loai 2 ta ¢6 diéu phai chiing minh.

Vi_du 2: Cho céc s thuc dwong a,b,c. Ching minh rang:

3(a+b+c)

N

HD: Vi bat dang thtc trén 1 thuan nhat nén ta c6 thé chuan hoa: a+b+c=1.

\/a2+(b+c)2 +\/b2+(c+a)2 +\/C2+(a+b)2 >

Bat dang thac can chiing minh tré thanh:

\/a+1 a \/b2+(1 b \/c+1 c 2%

2
(a+b+c+3-a-b-c) :i:vp

2 V2

Ta c6: VT 2\/(a+b+c)2+(3—a—b—c)2 2\/

Vay ta c6 diéu phai ching minh,
Dang thic xay ra khi va chi khi a=b=c.

Vi du 3: Cho céc sd thuc duong a,b,c sao cho a+b+c<1. Tim min cua:
Pz\/a2+b—12+\/b2+i2+\/cz+i2
C a
Giai: Ta co: PZ\/az+b2+CZ+i2+b—12+i2+2(ab+bc+ca+i+i+iJ
a C

ab bc ca
= 12+%(Z%+Zzij+2(ab+bc+ca+ t 1 ]
8la~ 81 a ab 8lab 8lbc 8lca

J;%(lg 1) G

3 8lla b c
Vay min P =<B2 khi va chi khi a=b=c=%.

Nhan xét: Vi bai toan trén néu voi vang ap dung ngay bat ding thic AM-GM thi
s& khong thoa man diéu kién a+b+c<1 dan dén sai. Ta c6 bai toan tong quat cua

\i oA . X . ~ n .
bai trén: Cho céc so thuc duong a,,a,,...,a, thoa man a;,a,,...,a, <— . Tim min:

2
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2, 1 2, 1 2, 1
a, +¥+ a, +¥+...+ a, +¥

a,a,,..,a,20
Vi du 4: Cho {a +a,+...+a,=1. Chitng minh:
nel,n>2

[H%](Ha%}”[Hainj >(n+1)"

Giai: Ap dung bat dang thirc Minkowski loai 2 ta co:

O e e R

Theo bét dang thac AM-GM ta c6:

+a, +...+a, 1
Yaa,..a, < 414 L=
n

n
Do do: [1+ij[1+i}..(l+i]2(n+1)”
aQ a, a,

1
=

Pang thirc xay ra khi va chi khi a,=a,=...=a_ =

n

Vi du 5: Cho céc sb thuc dwong a,b,c théa man ab+bc+ca=abc. Ching minh:

2 2 2 2 2 2
\/2a +b +\/2b +C +\/2c +a 2\@

ab bc ca
.. .. , 1 11
Giai: Theo bai ra ta co: ab+bc+ca:abc<:>a+6+g=1
Bat dang thiic can chimg minh tuong duong véi:
1 2 1 2 1 2
I R A Q

Ap dung bt dang thac Minkowski, ta co:

1 2 [1 2 [1 2 1 1 1) (1 1 1Y
—t—+, [+t +, )=+t —+—+—| +2| —+—+—| 243
\/a2 b> \b> ¢* \c¢* a° \/(a b cj (a b cj V3

Bit dang thiic trén chung minh.
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Pang thirc xay ra khi va chi khi a=b=c=3.

Nhan xét: Bai nay khong kho, chi can tinh ¥ dua bat dang thic vé dang (1) 1a bai

toan tro nén rat deé.

Vi du 6: Cho céc sb thuc duwong a,b,c. Ching minh:
2(1+a%)(1+b?)(1+¢*) = (1+a)(1+b)(1+c)(1+abc)
Gidi: B6 d&: 2(1+u%) > (1+u)’ (1+U7), Yu>0 (1) (& (u-1)* (u* +u+1)>0)
Quay tré lai bai toan, ta co:
[2(1+a?)(1+b?)(1+¢?) [ =2(1+a%) 2(1+b2) 2(14c?)

)
1+a) (1+a’)(1+b)’ (1+b°) (1+c)’ (1+¢°)
)1+

(1+ (
(1+2°)(1+0°)(1+¢°)[(1+a) (1+ )(1+c)]

>[(1+abe)(L+a)(1+b)(1+c)]

v

Vay bit dang thiae dugc ching minh.
Pang thuc xay ra khi va chi khi a=b=c.
3. Bai tap tw giai

Bai 1. Cho cac sb thuc duong a,b,c. Chiang minh:

2 2 2
Jl+a? +41+b? +41+C% > 1+ a+2b +, 1+ b+2c i 1] SE28
3 3 3

Bai 2. Chtiing minh rang:

(a,-1)(a,-1)...(a,-1)< (:‘/aiaz...an —1)n ,Va, >0

Bai 3. Chiing minh rang:

n kel

Q/m+§/6+£/m—(/5<2.ﬁ/ﬁ,v{m' p,m—%>0

. 3 .
Bai 4. Cho cac so thyc duong a,b,c théa man a+b+c SE . Tim min:

S=§/a3+é+i/b3+is+§/c3+i3
c a
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BAT PANG THUC HOLDER VA UNG DUNG
Doan Quoc Pat — Ngo Hoang Thanh Quang

1. Bat dang thic Holder
1.1 Dang tong qudt

1.1.1 Dinh li

, A, a, el . . :
%8, va p,qell” sao cho l+l=1.Kh1 do, ta co:

Cho 2 bo sb
b oell” P qQ

(3" +a,’ +...+anp)i) (b +b,% +...+b ] ); >ab +ab,+..+ab

1.1.2 Ch#rng minh
p q

Bo dé: Cho a,bel* va p,qell* sao cho L 11 kni do: %Jr%zab.
P qQ

Chitng minh: Vi p,qel

S |-

1eD+:>3m,n,keD*
q

V6i m+n=k. Sir dung bt d¢ing thic AM-GM ta c6:

k k

P 4d k k m N —
a_+a_:mam +_bn :Mzkakbk :ab
p q kK K

. b=— Voi j=1n.Ta co:

|
Q|-
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1.2. Mg rgng 1 cia bdt dang thirc Holder [ Bdt dang thic Francis-Lithewood]

,ay,..,8, €l | Cas .
%8 ST v p,qell * sao cho 1Jrlzl.Khldo,taco:

Cho 2 bo sb
b,b,,...b, el P d

(ab +ab, +..+ab )" <(a’+a,+..+a") (b’ +b +..+b )", vpg=0
1.3 Mé rgng 2 cia bét dang thirc Holder

.
a,a,,...,a, €l

by By By €07 {pl, Py Pyl

Cho m b sé
p,+p,+..+p, =1

. Khi d6 ta co:
.
I,,,....1 el

iZ::aib,...li < [ga‘ P j; @bi o ]; ---(Zn:hp' J;

i=1

1.4 Mé réng 3 cia bdt dang thiec Holder [Bdt dang thirc Jensen]

.
a,a,,...,a, €l

Cho m b s 1 0P Be €87y Ja By €00 i 46 ta cor:
a+pf+.+y=1

Ll el

i=1

2. Vi du

Trong thé giGi bat dang thirc, cac bt dang thirc c¢6 chira can thirc hodc céc lily thua
bac cao ludn 1a chudng ngai vat can budc chung ta. Viéc chimg minh cac bat dang
thirc nhu vay ludn gip kho khian va thuong 1am chung ta ton rat nhiéu thoi gian.
Nhimg ¥ nghi nhu Iily thira dé khir can thac trong nhiéu trudng hop s& dua ta dén
véi nhitng bai toan phuc tap va kho hon bai toan gbc. Tuy nhién, khong han 13
khong co cach giai quyét van dé nay; mot trong nhitng cach xir 1i tdt d6 chinh 1a sir

dung bt dang thuc Holder:
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Dé hiéu rd hon vé bat ding thic nay, ching ta s& dén véi vi du sau:

Vidul | Cho a,b,c>0.Chang minh:

a+b c+a b+c a+b+c
>4 b
\/ c +\/ b +\/ a (a+ +C)\/3(a+b)(b+c)(c+a)

Phdn _tich va dinh hwong loi gidi

Mot cau hoi dugc dit ra 1a: Tai sao lai nghi dén viéc sir dung bdt dang thirc Holder?

- Nhu d2 néi ¢ trén thi viée can thirc xuat hién can thic ¢ ca 2 V€ goi cho chung ta

¥ tuong binh phuong ca 2 vé. Khi d6, ta can chang minh:

(B P it

Xem ra, budc dau ching takha thanh cong trong viéc khir di ddu can thuc & vé

phai. Tuy nhién, dén day, néu nhu bién d6i tuong duong thi s& ton kha nhiéu thoi
gian, vi vé trai con co su Xuat hién cua /a:«/b:/c dudi miu cua cac phan thuc.

Diéu can thiét bay gio 1a phai triéttiéu dugc cac dai lugng nay.

Néu nhu str dung bat dang thuc Holder kiéu :

2
(\/"Hb +\/c—ga +\/b+CJ (c+b+a)2(§/a+b+§/c+a+§/b+c)3
c a

Thé nhung cach ndy van chua pht hop; néu lam nhu trén, ta can phai chiing minh

(§/a+b+§/c+a+§/b+c)3 16(a-+b+c)
>
a+b+c ~ 3(a+b)(b+c)(c+a)

Tuy nhién, viéc chiing minh bat dang thirc nay lai bé tic do su xuét hién cua céac

dai luong ¥a+b;3c+a;3b+cdVé trai. Do d6, ching ta s& khong di theo con
duong nay. Vay, bay gid phai lam thé nao? Cac y tuéng khir can thic hau nhu da
duoc sir dung nhung cong viéc chitng minh van khong thanh cong. R rang 1a

chung ta can phai tinh té hon chit nita. Dé v r?mg trong budc khir Ja:Jb:c bﬁng
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viéc sir dung bét dang thic Holder néu nhu thay dai lugng nhan thém (c+b+a)

bang [c(a+b)2+b(c+a)2+a(b+c)2}thi tasdmil a+b;c+a;b+a s&lasd nguyén.

Khi do6 taco :

(\/"“b \/C”La \/b+cj c(a+b) +b(c+a)2+a(b+c)2}2(a+b+c+a+b+a)3

Ta can chang minh

8(a+b+c) . 16(a+b+c)
c(a+b)’ +b(c+a)’ +a(b+c)’ 3(a+b)(b+c)(c+a)

< 3(a+b)(b+c)(c+a)>2|c(a+b) +b(c+a) +a(b+c) |
< (a+b+c)(ab+bc+ca)>9abc
Pay 1a mot két qua quen thudc theo bat dang thiuc AM-GM:
a+b+023§/ﬁ

ab+bc +ca > 33a%b’c?

Tir d6 ta co diéu phai chang minh. Dau dang thac xay ra khi a=b=c

Vi du2 | Cho a,b,c>0.Chang minh rang:

Joee Ve e
+ + >2
b+c c+a a+b

Phan tich va dinh hwonq loi qidi

Ap dung bét dang thic Holder, ta co:

[z b%j[za (b+c)]2 (a+brc)

Ta can ching minh:
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(a+b+c)’ 24[a2(b+c)+b2(c+a)+c2(a+b)]
< a’+b’+c’+6abc>ab(a+b)+bc(b+c)+ca(c+a)
Bat dang thac nay hién nhién dung theo bat dang thic Schur:
a’+b’+c®+3abc>ab(a+b)+bc(b+c)+ca(c+a) va 3abc>0

Két thuc chiing minh. Dau dang thac xay ra khi a=b;c=0 va cac hoan vi

Vi du3 | Cho a,b,c,d>0 théa man abcd =1.Chirng minh:

111 1Y)
44(a4+1)(b4+1)(c4+1)(d4+1)2(a+b+c+d+E+B+E+a)

( Gabriel Dospinescu)

Phan tich va dinh hwonq loi qidi

Do abcd =1 nén bat dang thic can chimg minh c6 thé viét lai thanh
4* (a“ +1)(b4 +1)(c4 +1)(d4 +1) >(a+b+c+d+abc+bed +cda+dab)’

Pén ltc nay thi ¥ tuong kha rd. Ap dung bt dang thuc Holder, ta co:

f(a* +1)(1+b*)(1+c*)(1+d*) 2 a+bed

f1+a*)(b* +1)(1+c*)(1+*) > b+cda

{1/(1+ a4)(l+ b“)(c4 +1)(1+d4) >c-+dab

‘\1/(1+ a“)(1+b4)(l+c“)(d4 +1) >d +abc

Cong Vé theo Vé cac bat dang thirc trén, ta co:

4Q/(a4 +1)(b4 +1)(c4 +1)(d4 +1) >a+b+c+d-+abc+bed +cda+dab

= 4* (a“ +1)(b4 +1)(c4 +1)(d4 +1) >(a+b+c+d+abc+bed +cda+dab)’
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Day chinh 1a diéu can phai chang minh. Dau dang thic xay ra khi a=b=c=d =1

Vi du4 | Cho a,b,c>0.Chiing minh rang:

a N b N c
Jb?+3c2 Jc2+3a2  +a?+3b?

>3
2

Phédn tich va dinh hwong loi qidi

Ciing twong tu vi du , ta s& tim cach khir can thire dudi mau vé trai bang viéc sur

dung bat ding thuc Holder :

2
a 3
[ZWJ [Za(b2 +302)} >(a+b+c)
Khi d6 ta can chang minh:

(a+b+c)3

e 4(a+b+c) =9y a(b’ +3¢?)
< a’+b*+c®>ab(a+b)+bc(b+c)+ca(c+a)
Day 1a mot két qua quen thudc theo bat dang thuc AM-GM.
Yal+) al+>h*>3) a%
Y b*+> b +> a*>3> ba
=Y a’>> ab(a+b)
Két thuc chitng minh.Dau dang thic xay rakhi a=b=c

* K ¥
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Qua céc vi du trén ta d3 thay duoc sac manh cua bat dang thic Holder trudc nhiing
bai toan c6 dang phan thirc: dua bai toan tir dang phac tap V& dang don gian hon.

Bén canh d6, Holder con rét hiéu qua dbi véi cac dang bat dang thic thong thuong:

Vidu5 | Cho ab,c>0 thoaman a+b+c=3. Chung minh:

e
1+b+bc l+c+ca l+a+ab

Phén_tich va dinh hwong loi gidi

Loi gidi 1: Khong mét tinh tong quét, gid st a=max{a;b;c}

Pé ¥ rang dau dang thac xay ratai 2bo la a=b=c=1va a=3b=c=0 Do d6 ta s&

st dung bat dang thic Holder voi cac tham sé m,n, p nhu sau:

(Z 1+ba+ch [Zaz(ma+nb+ pc)’ (1+b+bc)}2[m2a2+(n+ p)Zab]3 *)

Déu dang thac ¢ (*) xay rakhi

a b [ c
1+b+bc _ l+c+ca . l+a+ab

a?(ma-+nb+ pc)’ (L+b+bc) - b?(mb+nc+ pa)’(1+c+ca) ~ ¢?(me+na+ pb)’ (1+a+ab)

Bay gid ta s& chon bd s6 m,n, p théa man dong thoi 2 dau bang xay ra.Dé viéc

chimg minh d& nang nhoc, ta sé chon m,n, p sao cho mZa2 +(n+ p)Zab cd dang

k(a+b+c)’; cuthé :chon m=2,n=1 p=3. Khi d6 (*) tré thanh:

[Z 1+ba+bc] [Za2(2a+b+3c)3(1+b+bc)} 28(a+b+c)6

Ta can ching minh

8(a+b+c) >3 a?(2a+b+3c) (L+b+bc) (**)

<:>8(a+b+c)7 ZZaZ [(a+b+c)2 +3b(a+b+c)+9bc](2a+b+3c)3
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= ab(a4 + b4)+ 26 a’*+39) a'h’+54) a’h®+261a*h’c?

>24% a’bc+93) a’h’c+97a’h’c
Bat dang thac cudi dung theo béat dang thic Schur va AM-GM
Két thac ching minh.Ddu dang thic xay rakhi a=b=c=1hoic a=3;b=c=0va
cac hoan vi
Tuy nhién, viéc bién doi tir (**) V& bat dang thic cudi 1a mot budc tén kha nhidu
thoi gian va chi can mot chit so suat trong viéc tinh toan thi toan bd cong trinh cua
ta s€ "tan vao may khoi". Chung ta hdy cung xem xét 101 giai sau:
Loi giai 2:
Str dung bat dang thuc Holder ta co:

3

2 2
a 3
(Z 1+b+bc] [ > a(l+b+bc)]> [Za ]
Khi d6 ta can chiing minh:

2 2 2
(a3+b3+c3) >9+3(ab+hbc+ca)+9abc

2 2 2
=N Za +3Za3b3 (a3 +b3j+6(abc +32ab+9abc
St dung bét dang thac AM-GM ta c6

2 2

Za%3 [a3 +b3j> 2) ab

2 2 2 2
=>'a*+3) a%? £a3 +b3]22a2+62ab:9+42ab

Do d6 ta chi can chiing minh:

2
ab-+bc+ca+6(abc)s >9abc
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Theo bét dang thac AM-GM ta c6:

2 2 2

2
ab-+bc+ca+6(abc)s >3(abc)s +6(abc)s =9(abc)s

Va tir gia thiét a+b+c=3taco

2

2 2
9(abc)s =3(a+b+c)(abc)s >9(abc)3 (abc)s =9abc

2
= ab+bc+ca+6(abc)s >9abc

Vay ta c6 diéu phai chang minh.Dau dang thuc xay ra khi a=b=c=1hoac

a=3;b=c=0 va cac hoan vi.

Vidu6 | Cho ab,c>0.Chang minh rang:

(a5 —a? +3)(b5 —b? +3)(c5 —c? +3)2 (a+b+c)’
(USAMO 2004)

Phan tich va dinh hwonq loi qidi

Ciing nhu vi du dau tién ,mot cau hoi duoc dit ra la: Tgi sao lai siz dung bdr dang
thizc Holder?-Dadu hiéu nao dé nhdn biét né?

Dé thay 1a bt dang thic can ching minh khéng thuan nhat, hon nita, cac bién hoan
toan doc 1ap Vi nhau; ¥ tuong 1a ta s& "ép" céc dai luong riéng bigt (a° —a’ +3);
(b® —b*+3);(c® ¢ +3) ra dé ha bot s6 bién. Tuy nhién, viéc nay khong kh thi lam
boi vi rat kho dé tao ra dugc cac dai lugng noi trén, do do ta s€ di tim mot con
duong khac. Van dua trén y tuong ban dau, do vai tro ctia a,b,c nhu nhau nén néu
xir 1i dugc dai dign (a®—a®+3) thi bai toan s& duoc giai quyet. Nhan thiy dau dang
thirc cua bat dang thuc tai a=b=c=1; bac cua V& phai 1a 3 va a,b,c doc lap vsi

nhau. Nén ta s& str dung bat ding thic Holder nhu sau:

(a+b+c)3 < (a3 +l+l)(1+ b* +1)(1+1+ c3)

Ta s& ching minh bat dang thac sau:
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a®—a’+3>a+2
& (a-1)"(a*+a+1)(a+1)=0 (ding)
Tuong tu ta co:
b° —b®+3>b°+2
c®—c?+3>c*+2
Nhan vé theo vé 3 bit dang thirc trén, ta co
(a°—a® +3)(b°—b? +3)(c® —c* +3) 2 (a® +1+1)(1+b° +1)(1+1+c°)
= (a*-a’+3)(b°-b* +3)(c* —¢’ +3) 2 (a+b+c)’

Pay chinh 1a diéu can phai chang minh.Dau dang thic xay rakhi a=b=c=1

Vidu7 | Cho ab,c>0 théa man a+b+c=3.Chang minh rang:

a+3o+3c>ab+bc+ca

Phan tich va dinh hwonq loi qidi

Mot bat dang thire da dugc néu 18n trong cubn Sdng tao bdt dang thic ctia Pham

Kim Hung. Sau day la loi giai:

St dyung bat dang thic Holder ta c6
3 5 3)°
(Z%/E) (a+b+c) Z(Za“j
Ta sé ching minh:
ERE DN 5
£a4+c4+c4} >3°(ab+bc+ca) (*)

Dit

- 38 -



*) = (x3 +yi + 23)8 >3° (x“y4 +y*zt+ 2% )3

Vi day 1a mot bat dang thie thuan nhét nén ta c6 thé bo qua gia thiét dau bai dé

chuan héa x*+y3+2°=3
Khi d6 ta can chiing minh

3xx'y +ytzt + 2!
Theo bat dang thac AM-GM thi

<x3+y3+1_4—z3
B 3 3

Ax3V3 — x3y378
IS e S0

i s 4Zx3y -3x%y%7°
:>Zx 3

Do d6 ta can chang minh
43" x°y* -3x%y°z® <9 (**)
Do x*+y*+2z°=3 nén (**)tuwong duong
4(x3 +yi+ 23)(x3y3 +y32* + z3x3) <9x’y®z’ +(x +yi+z )3
S Xy +2° 438y > Xy (x3 + y3)+ y’z® (y3 + 23)+ 2°x° (23 +x3)
Pay chinh 1a bt dang thic Schur

Két thuc chiing minh.Dau dang thic xay rakhi a=b=c=1

Vidu8 | cpg a,b,c>0 théa man a+b+c:1+1+1. Chang minh rang:

a b ¢

(ab+bc+ca)(\/%+ﬁ+\/a)2 > 27
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Phén _tich va dinh hwong loi Qidi

Khé khin cua bai toan chinh 1a & gia thiét ciia no, do do ta s& xir 1i diéu kién dau
tién. Ta co:
111
a+b+c==—+—+=
a b

c

< abc(a+b+c)=ab+bc+ca

bat ab=x;bc=y;ca=z.Khi d6 bai toan tré thanh:

X, Y,2>0 o 2
- o h rang: > 27
° {X+Y+Z=Xy+yz+zx ung minh rang (X+V+Z)(x/;+\/§+\/z)

Ap dung bt dang thac Holder ta co

(\/;+ y+\/E)2(x2+y2+22)2(x+y+z)3

:(x+y+z)<&+\/§+ﬁ)22(X+y+z)4

X2 +y?+7°
Ta sé chirng minh
(x+y+2)' >27(x* +y* +2°)

Mt khac, tir gia thiét x+y+z=Xy+yz+2xtaco
x> +y*+2° :(x+y+z)2—2(xy+yz+zx):(x+ y+2)(x+y+z-2)

Do d6 ta can chang minh
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(x+ y+z)4 >27(x+y+2z)(x+y+2z-2)
< (x+y+ z)3 >27(x+y+2)-54
Hién nhién dung theo bat dang thic AM-GM
(x+ y+z)3+27+27227(x+ y+12)

Tir d6 suy ra diéu phai chiing minh. Dau dang thuc xay ra khi a=b=c=1
x ¥ K

3. Bai tap tw giai

Bai1 | Cho a,b,c>0 thoa man a+b+c=3.Ching minh:

\/5+J5+\/Ezab+bc+ca

( Russian Mathematical Olympiad 2002)

Bai 2 | Cho a,b,c>0 théaman a*+b*+c* =3. Chang minh:

a? b* ¢
—+—+—23
b ¢ a

( Alexey Gladkich)

Bai 3 | Cho a,b,c>0.Chiing minh rang:

2 2 2
e
a’+7ab+b* \b?*+7bc+c® \c®+7ca+a®

Bai 4 | Cho a,b,c>0.Chiing minh rang:
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Bai 5

Bai 6

Bai 7

1 1 1 4
+ + >
J4a®+bc  «4b?+ca +f4c+ab a+b+c

Cho a,b,c,d >0. Chung minh:

(o) (o) (evira) (o) =5
+ + + >—
a+b+c b+c+d c+d+a d+a+b 9

Cho a,b,c,d >0. Chirng minh:

a++/ab + 3/abc + 4/abcd <4{/a a+b a+b+c a+b+c+d
4 N2 3 7 4

Cho a,b,c>0 va ab+bc+ca>0.Ching minh rang:

\/1+ 48a +\/1+ 48 +\/1+ 48¢ >15
b+c c+a a+b

(Vasile Cirtoaje)
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BAT PANG THUC CAUCHY-SCHWARZ

Doin Quioc Pat - Ngé Hoing Thanh Quang
1.Bét ding thirc Cauchy-schwarz

1.1. Binh li
Véi 2 ddy sbthuc tuy v a,,...,a, va b,...b. taludn c6 bat dang thuc:

(af+..+a) (0 +...+b2) = (ap +..+ap,)’

Ping thac xay ra khi 2 =

—...=% Vi quy uée lanéu b, =0 thi a, =0

n

1.2. Chang minh:

Ciach 1: Sur dung bat dang thic AM-GM:

n

Chia c4 hai vé cho \/(Z afj(z bfj ta can chang minh:
i=1

i=1

Zn: &b <1

53]

St dung bt dang thac AM-GM ta c6:

na-2 nb-2
¢ ah | bl gl @ | 3%t 2

i=1 i=1 i=1 i=1

Vay ta co diéu phai chang minh

Cach 2: Str dung tam thirc bac hai:
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Néu >'a?=0 thitaco a, =..=a, =0 . Khi d6 bt dang thiic tr¢ thanh dang thirc.Do

i=1

\ . n
do ta chi can xét véi Y a’?>0 .

i=1

Xét tam thirc bac hai

f(x):(Zafsz—Z(Zaibijx+be
i=1 i=1 i1
Ta thay
f(x):zn“(aix—bi)2 >0;Vx nén A, <0
i=1

Hay
(a7 +..+a?) (b +..+b2) > (afp, +...+ab, )’

Ciach 3: St dung bat dang thac Jensen

Ciing nhu cach thir 2, ta chi can xét truong hop Zai2 >0

i=1

Nhan xét: Néu c6 1 s bang 0 thi ta c6 thé quy vé chang minh béat dang thac cho
truong hop n—1 bién sb, va néu van con mot $6 nao d6 bang 0 thi ta sé& tién hanh

tuong tu cho dén khi khong con sb nao bang 0.
Do d6 ta chi can chimg minh trong truong hop a, =0 1a du.
Xét f(x)=x*xell .Taco f'(x)=2x

f'(x)=2>0 Do d6 f(x)=x> 1a ham 10i trén [ .

n
Do d6 theo bat dang thac Jensen, voi moi ¢, >0 théaméan > ¢, >0 va x el , tacod
i=1
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Suy ra

(et X, ) (6 +.+ € ) (CX +o G, X7

Chon ¢, =b?;x, :% ta c6 didu phai ching minh

1.3.H¢ qud

Hé qua 1.3.1. Voi 2 day sb a,,...a, va b,..,b b >0,vi=1n taco:

2
£+ +an7- . (a,+..+a,)
b b bt.b
Pang thic xay ra khi %:...:% V6i quy udc lanéu b, =0 thi a, =0

Bat dang thic ndy duoc goi 1a bat dang thic Cauchy-Schwarz dang Engel, goi tat 1a

Schwarz

Hé qua 1.3.2.V6i 2 ddy s a,,...a, va b,..,b, ta co:

o+ 0 @] 2 (3 k) + (04, )

Bat dang thac nay duogc goi 1a bat dang thuc Minkowski

Pang thirc xay ra khi %:...:% Véi quy udc lanéu b, =0 thi a, =0

n

2. Vi du

Bay gio chiing ta s& khong dé cap dén nhiing bai toan kha co ban nhu:

Cho a,b,c>0 .Chang minh rang:

a’ . b? . c? S
a’+2bc b?+2ca c*+2ab
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Ma s& di vao mot s vi du khé hon dé thiy duoc vé dep cua bat dang thic quan

trong nay:

Vi_du 1.Cho a,b,c >0 . Chimg minh rang:

2 2 2 4 _b2
a—+b—+c—2a+b+c+(a—)
b ¢ a a+b+c

(BMO 2005)

Phan tich va dinh hwonq loi qidi

Bai toan nay giy kho khin cho khong it ngudi boi su xuat hién kha 13 '"vo duyén"

, . 4(a_b)2 -y A 4A 15 A4 WAL 42 , £
cua dai luong ibrc & Ve phai. Vi thé day 1a mot bat dang thirc manh hon bat
a+b+c
, 2 p2 2 4(a-bY
dang thuc co ban: a—+b—+c—2a+b+cd0 a+b+c+u2a+b+c.
b ¢ a a+b+c

Thong thuong, khi gap nhitng bai toan chat nhu thé nay, phép bién d6i twong duong

luon cho tahiéu qua cao nhat vi khong can phai st dung bat ki sy danh gia nao
tuy nhién diéu d6 yéu cau viéc tinh toan qua kho khin va mét nhiéu thoi gian
chua ké dén viéc dé gay ra sai sot. Vi vay, ta sé di tim mdt con duong khac, mot
huéng suy nghi khac. Pau tién ta thiy Vé trai cta bat dang thic trén c6 dang phéan

4(a—b)2

han nao di goi ¥
a+b+c P gy

’ ~ 2\ A 9= A N 5 2,
thire, hon nira, ¢ vé phai su xuat hién cua (a—b)" &

cho chung ta v str dung bat dang thic Cauchy-Schwarz dang Engel. Va viéc can

thiét bay gio 1a phai tao duoc cac phan thirc ma tir s6 ¢6 dang binh phuong

Pé y rang:
2 R
a——2a+b:(a b)
b
2 RY:
b——2b+c=(b °)
c c
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2 PAY:
C——2c+a:(C a)
a a

Do d6 chiing ta s& thém céc dai luong —2a+b ;—2b+c;—2c+a & Vé trai dé tao ra

céc dai lugng nhu trén.Bat dang thic can ching minh twong duwong

2 2 2
a

4(a-h)’
——2a+b+b——2b+c+c——2c+a2 (a-b)
b C a a+b+c

- (a—b)’ +(b—c)2 +(c—a)2 S 4(a-bY’
b c

a  a+b+c

St dung bét dang thic Cauchy-Schwarz:

(a-b)’ +(b—c)2 +(c—a)2 N (|a—b|+|b—c|+|c—a|)2
b c

a a+b+c

Ap dung bét dang thtc co ban:
X[ +|y|=[x+Y]
Ta ¢o (|a—b|+|b—c|+|c—a|)2 :(|a—b|+|b—c|+|a—c|)2 2(2|a—b|)2 :4(a—b)2

2
_ (Ja—b|+|b—c|+|c—a]) N 4(a—b)’
a+b+c

~ a+b+c
Hay

2 2 2 2
(a—b) +(b—c) +(c—a) Z4(a—b)
b c a a+b+c

Két thuc chiing minh, dau dang thac xay ra khi

|a—b|_|b—c|_|c—a|
b ¢ a
(b—c)(c-a)=0

a=b=c

< . 6—25 J5-1

= b.c=——bb>0
4 2
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Vi du?2 Cho a,b,c>0 .Chimg minh rang:

a? b2 ¢ G(a2 +b? +c2)
—+—+—+a+b+c>
b ¢ a a+b+c

(Pham Hitu Diic)

Phan tich va dinh hwonq loi qidi

Y tudng hoan toan tuong tu vi du 1,ta s& thém cac dai lugng —2a-+b
—2b+c;—2c+a ¢ Vé trai , bat dang thie duoc viét lai thanh:

2 2 2 6(a*+b*+c?
a—+b—2a+b—+c—2b+c—+a—202 ( )
b C a a+b+c

—2(a+b+c)

R RY PAY: 6 2 bz AN b 2
_(a=b)’ (b=cf' (c-a) _6(a’+b"+c")~(a+brc)
b c a a+b+c

Khong mét tinh tong quat gia str b 1a s6 nam giita a va c. Ap dung bét dang thic
Cauchy-Schwarz ta co:

(a-b) (b-cf (a=c)’_ (la=b|+p-c[+fa~c|) 4(a-c)
b c a a+b+c a+b+c

Do d6 ta can chang minh
2(a-c)’ >3(a’ +b’ +c2)—(a+b+c)2
< 2(b—c)(b-a)<0

Piéu nay dung do b 1a s6 nam giita a va c.

Bai toan dwoc chiing minh .Dau dang thac xay ra khi a=b=c
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Vi du 3: Cho a,b,c>0 thoa man a+b+cz%+9+E .Chitng minh rang
- c a

a’c b%a s c’b
b(c+a) c(a+b) a(b+c)

>3
2

(Romania 2005)

Phan tich va dinh hwonq loi qidi

Y tuong st dung Cauchy-Schwarz dang Engel kha rd rang. Nhung viéc sir dung

2
ac ba b (x/a3c ++yb*a+ c3b)
>

b(c+ a)+ c(a+ b)Jr a(b+c) 2(ab+ be+ ca) c0

truc tiép Cauchy-Schwarz:

dem lai hig¢u qua?

(x/ﬁ+\/ﬁ+ c3b)2

2(ab+hc+ca)

Chang ta chua biét liéu bat dang thic zg da dtng hay chua

va con dudng dé ching minh xem ra khong don gian chat nao. RS rang 13 ta van

, Kt 4 LA s 4 a b c
chua str dung hét dir kién cta bai toan :a+b+c>—+—+— .
cC a

Puong nhién, dé st dung duoc dir kién niy ta phai tao ra sy xuat hién cua cac dai

lwong %;g;g Bit dang thic can chimg minh tuong duong:

2 2
a b +c 2§
2

+
0 )
a C b a C b

St dung bat dang thirc Cauchy-Schwarz ta c6

b " b - z b c a b c
— 1+E ¢ 1+— a 1+E —t 4+
a c b a c b a b c b c a

a’ b? c? (a+b+c)2
a
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Ta can chang minh

Mat khac ta co:

Vi theo gia thiét a+b+c2%+9+E
c a

Nén

3(E+E+E+E+E+Ejs(a+b+c)z+3(a+b+c)
a b c b c a

Do d6 bai toan s& dugc ching minh néu
2(a+b+c)22(a+b+c)2+3(a+b+c)
< (a+b+c)(a+b+c-3)>0

Bit dang thirc nay hién nhién ding vi theo AM-GM va diéu kién bai toan ta co:

a+b+czi+9+£233ﬁ.9.3:3
b ¢ a bca

Két thuc chirng minh.Dau dang thic xay rakhi a=b=c=1

Vi du 4 Cho ab.c la céc sd thuc duong. Chang minh:

16(a’ +1)(b* +1)(c® +1)25(a+b+c+1)

Phan tich va dinh hwonq loi qidi

Pay 1a mot bat dang thirc khong thuan nhat va cac bién hoan toan doc 1ap v6i nhau,

do d6 ta s& tim cach danh gid dé sd bién giam di. Tac 1a néu sir dung Cauchy-
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Schwarz sao cho 1 trong 3 dai luong (b2 +1) ;(c2 +1) ;(a +1) Xuét hién thi khi d6

cong viéc chang minh bat ding thirc ban dau s& duoc quy Ve chimng minh mot bat
dang thic chi con 2 bién, hién nhién viéc ching minh s& d& nang nhoc va dé& dang

hon. Viéc bay gid can 1am 1a nhom cac s hang 1 cach phu hop.

St dyng bat dang thirc Cauchy-Schwarz:

5(a+b+c+1) <5| (b+c+1) +1|(1+)
Do d6 ta can chiang minh:
5| (b+c+1)" +1]<16(b? +1)(c? +1)
< 16b°c” —10bc +11(b? +¢*)-10(b+c)+6 >0

Str dung Cauchy-Schwarz:

10(b* +¢?)25(b+c)’
= 16b°c’ ~10bc +11(b* +¢*)-10(b+c)+6> (4bc—1)° +(b—c)’ +5(b+c-1)° =0

Vay ta c6 diéu phai chimng minh. Dau dang thic xay ra khi

b—c=0
4bc-1=0
b+c-1=0
b+c+1l 1
1 a

<:>a=b:c:1
2

D6i khi, cac bai toan st dung céch chimg minh trén s& khong 16 rd nhu thé ma phai

qua mot sb budc bién ddi, cai chung ta can méi hién ra:

Vi du 5 Cho a,b,c>0 .Chang minh rang:

-51 -



2(1+abc) +[2(1+a?)(1+b?)(1+¢?) = (1+a) (L+b)(1+c)

Phan tich va dinh hwonq loi qidi

Vigc xuat hién cua \/2(1+ a”)(1+b*)(1+¢”) 1am cho bai toan kha la ric roi, chinh
vi viy, tas& chuyén né sang mot Vé, sau d6 binh phuong ca 2 vé 1én dé khir di can

thirc. Dua trén y tuong do, bat dang thire ¢ thé viét lai thanh:

\/2(1+a2)(1+b2)(1+c2) >a+b+c+ab+bc+ca—(abc+1)

Néu a+b+c+ab+bc+ca—(abc+1)<0 thi bat dang thic hién nhién ding do

\/2(1+a2)(1+b2)(1+02) >\2
Néu a+b+c+ab+bc+ca—(abc+1)>0 , bit dang thiic can ching minh twong
duong:
2(1+a”)(1+b”)(1+¢%) = (a+b+c+ab+bc+ca—abc-1)°
Ciing nhu bai trudc, ta s& sir dung Cauchy-Schwarz dé giam bét s6 bién di, cu thé:
[a(b+c+1—bc)+(b+c+bc—1)]2 <(a? +1)[(b+c+l—bc)2 +(b+c+bc—1)2}
Do dé ta can chiang minh
2(1+b%)(1+¢*) 2 (b+c+1-bc)’ +(b+c+bc—1)’
Nhung thuc chat day chi 1a mot hang dang thuc.

Két thuc chiing minh. Dau dang thac xay ra khi a=b=c=1

Nhan xét: Cach danh gia trén kha 1a hiéu qua trong viéc ching minh mot 16p céc bat
dang thirc ma cac bién doc 1ap voi nhau. Thé nhung, d6 chang qua chi 1a mot trudng
hop dic biét trong thé gidi bat dang thire. DO Voi céc dang khac thi viéc str dung nd

hoan toan khong kha thi, chung ta hdy cung xem xét vi du dudi day:

-52-



Vi du 6 Cho a,b,c>0 thoa min a?+b?+c?=1.Chtang minh rang:

a b + ¢ >§(a a+b\/B+C\/E)2

+ 2
b’+1 c?+1 a’+1 4

Phén _tich va dinh hwong loi Qidi

R rang, trong bai toan ndy, ching ta khong thé bién doi dé dua vé mot bat dang
thirc ma cac bién doc 13p v6i nhau; do do ta sé di tim con dudng ching minh

khac.Nhan thy ring néu ta s& sir dung Cauchy-Schwarz sao cho biéu thic sau khi

, S Ar Al A 2 ias s 11 A \ ,
danh gia c6 su xuat hién cua (a a+bb +c \,4:_) thi bai toan s€ khong con kho
khan nira, cong viéc chirng minh hoan toan s€ nhe nhang hon.

Str dung bat dang thic Cauchy-Schwarz ta cé:

2
a_ | b L C al N b3 . 3 N (a a+bx/5+c\/5)
b?+1 c?*+1 a*+1 a’h*+a® b%c?+b? cfa’+c® a’b’+b%c?+cla®+a’+b’+c?

Do d6 bai toan s& dugc ching minh néu ta chi ra:

1
a’b® +b%c? +cfa® +a® +b? +c?

3
>
4
1> B(aZb2 +b?c? +c’a’)
N (a2 +b? +c2)2 > ?»(azb2 +b?c? +c2a2)

Bat dang thirc cudi 1a mot két qua cua bat dang thic quen thudc:

(x+ y+z)2 >3(Xy +yz+2X)

Do d6 ta cé diéu phai chang minh. Dau dang thic xay ra khi a=b=c=

&l
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Nhdn xét: Viéc st dung bat dang thic Cauchy-Schwarz cho mot Vé ( thuong 1a vé
phirc tap hon) sao cho biéu thire sau khi danh gia c6 sy xuat hién cia mot dai luong

lién quan dén vé con lai thi s& gitp viéc chang minh nhe nhang va hiéu qua hon.

Vi du 7 Choa,b,c 1a céc sé duong. Chuing minh rang:

2
(E+E+Ej 2(a+b+c)(£+%+1J

b ¢ a a Cc

(British Mathematical Olympiad 2005)

Phdn _tich va dinh hwong loi Qidi

Nhu da noi ¢ trén, ching ta s€ danh gia sao cho ¢ Ve trai xuat hién cac dai lugng

A IS IR . e .11 1 _,
lién quan dén ¢ phai, cu thé 1a ta s€ tao ra sy comat cua a+b+c va _+B+_ . Sur
a c

dung bat dang thac Cauchy-Schwarz ta c6:

a b c 2
—+—+— |(ab+b > b 1
(b+c+aj(a +bc+ca)>(a+b+c) (1)

Va

2
(E+E+Ej(i+i+ij2(£+l+lj (2)
b ¢ a/lab bc ca a b c
Nhan vé theo vé (1) va (2)ta co
2 2
(E+E+E] (ab+bc+ca)(i+i+i]2 (a+b+c)(l+1+£]
b ¢ a ab bc ca a b c
Ta can ching minh
(a+b+c)(1+1+lj2(ab+bc+ca)(i+i+ij
a b c¢ ab bc ca

Nhung thuc chat day chi 1a mot hang dang thuc.
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Két thuc chitng minh.Dau dang thic xay rakhi a=b=c

Vi du 8 Cho a,b,c 1a cac sb thuc dwong thoa man abc>1 . Ching minh rang:

a’-a’ b® —b? ¢’ —c?

+
a’+b®>+c? b +c*+a® c’+a’+

20

(International Mathematic Olympiad 2005)

Phén_tich va dinh hwong loi gidi

5 2 2 2 2

a —a a-+b“+c ~ £ 2 , Y , . r 1A L=k .

D0 ———— =1-————-—— nén bat dang thac can ching minh c6 thé viét lai
a’+b“+c a’ +b° +c

thanh:

a’+b*+c® a’+b*+c? a’+b?+c?
5 2 2+ 5 2 2+ 5 2 2 33
a’+b°+c° b’+c°+a° c’+a“+b

1 1 1 3

= + + <
a®+b?+c? b°+c*+a® cc+at+b® at+bi+c?

1

Béy gio chiing ta can sir dung Cauchy-Schwarz sao cho céc phan thic PO ;
a’+b°+c

1 .
b®+c’+a®’'c*+a’+b

~ Vé chung mot dai lugng lién quan dén vé phai , cu thé 1a

phan thirc ¢6 mau 1a a? +b® +c?.

St dung bét dang thac Cauchy-Schwarz ta co

1 LI LI
_ a <_a
a’+b*+c’ (a5+b2+C2)[l+b2+C2j (az+b2+C2)2
a

Cong bat dang thirc ndy voi céc bat dang thirc tuong tu, ta duoc

1+1+£+2(b2+c2+a2)
D 1 _.a b c

a’+b*+c” (a2+b2+(:2)2
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Ta can chang minh

1+l+l+2§3(b2+c2+a2)
a b c

el iy
a b c

ab+bc+ca
&S — <
abc

a®+b?+c?

Piéu nay dung do

ab+bc+ca
abc>1="——" " <ab+bc+ca<a®+b?*+c?

abc

Két thiic ching minh. Dau ding thuc xay ra khi a=b=c=1

Vi du 9 Cho a,b,c 1a cac sb thuc dwong théa man abc =1 . Chang minh rang:

a+b+1l = b+c+l  c+a+l 1+(a+1)(b+1)(c+1)
a+b*+c® b+c*+a® c+a’+b® a+b+c

Phan tich va dinh hwonq loi qidi

Mic du trong c6 vé phic tap va rac réi nhung thuc ra bai nay cing chung mot y

tuong chiing minh véi 2 bai vira roi

Str dung bat dang thic Cauchy-Schwarz ta cé:

(a+b2 +c3)(a+1+1]2(a+b+c)2

c
1
(a+b+1)(a+1+j
a+b+1 < c
a+b?+c’ (a+b+c)2

Cong céc béat dang thic tuong tu lai, ta can ching minh
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Z(a+b+1)(a+1+1j <(a+b+c)[(a+1)(b+1)(c+1)+1]

C
Thé nhung day thuc ra chi 1a mot hang dang thicc do abc =1
Vay ta c6 diéu phai chiing minh. Dau dang thic xay rakhi a=b=c=1
¥ ¥ X
Béy gio ching ta s& di dén mot ki thudt ching minh khac: K7 thudt déi bién.

Mot cau hoi duge dit ra 1a Tai sao lgi phai doi bién? Néu khéng déi bién thi cé

dwoc khéng. Dé tim kiém cau tra 10i, ta & xem qua vi dy dudi day:

Vi du 10 Cho ab.c 1a cac s6 thyc dwong. Chting minh rang:

2 2 2

a b C
2 2+ 2 2+ 2 221
a“+ab+b° b +bc+c® c +ca+a

Phén _tich va dinh hwong loi Qidi:

Sai lam thuong gap khi gap bai nay dola viéc st dung bat dang thic Cauchy-

Schwarz mot cach thong thuong:

a’ . b? . ¢ (a+b+c)
a’+ab+b’ b®+bctc’ ¢’ +ca+a’  2(a’+b’+c?)+(ab+hc+ca)

s& dan dén mot két qua sai do

(a+b+c)2
2(a2 +b2+c2)+(ab+bc+ca)

>1<>ab+bc+ca>a’+b*+c*?? .
R rang 1a viéc sur dung bat dang thuc Cauchy-Schwarz tryc tiép nhu vay sé khong

thé ap dung trong truong hop nay. Ta s& can mot chit bién doi sang tao dé cong

viéc chang minh hiéu qua hon. Dé ¥ rang néu chia
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a?+ab+b?;b? +bc+c?;c? +ca+a? tuong Gng cho a?; b?; c’thi s& xuét hién cac dai

lugng E <. E va néu dat x=

- ~2 thi bt dang thirc can ching minh bay
ab'c a c

y=207
b
gio la

1 1 1

v +— +— >1
+X+1 y +y+1 z°+z+1

va khi do ta cd xyz =1

Vay la tir cac bién doc lap hoan toan , ta da bién d6i dugc Vé cac bién phyu cé moi
quan hé mat thiét voi nhau. Viéc dua duoc vé bién phu nhu vy vo clng quan trong,

n6 1a mot budc tién 16n trong viéc dinh hudng t6i y twong ddi bién. Vi xyz=1 nén

ta d6i bién (x,y,z)a(%,?—g, rg—gj strong d6 m,n, p>0

Bat dang thic duoc Viét lai thanh :

4 4 4
m + n + P >1 (1)

m*+m’np+n®p®> n*+mn’p+m’p>  p*+mnp®+mn?

St dung bat dang thic Cauchy-Schwarz ta c6

(m2 +n?+ pz)2

VT(@Q) >
@)= > m*+> m’n*+mnp(m+n+p)

Do d6, bai toan s& dugc chirng minh néu ta chi ra:
(Zmz)z >3 m*+> m*n’ + mnp(m+n+p)
<> m’n’ =mnp(m+n+p)

Bit dang thic cudi 1a mot két qua quen thudc:
X2+ Y2+ 2% > Xy + yZ+2X

Vay ta co diéu phai ching minh. Dau dang thic xay ra khi a=b=c

- 58 -



R rang 1a trong nhiéu trudng hop, viéc st dung Cauchy-Schwarz mot cach
thong thuong s& khong thé giai quyét duogc bai toan, hoic néu giai quyét duoc thi

cling s& kha vat va. Lic d6, cac phép d6ibién ludn 1a mot giai phap tot.
Thong thudng, Voi cac bat dang thuc 3 bién ab,c thi cac phép ddibién thuong dugc

st dung la:
111

l. b, - ==
(a,b,c)— ~' CJ

Il (a,b,c)—

1. (ab,c)—| —,

V. (a,b,c)—

V. (ab,c)>| —,— —
bc ca ab

Trong vi du 10 ta d3 str dung phép doibién (V) v6i k =1

Vi du 11 Cho a,b,c 1a cac s6 thuc duong. Chiing minh rang:

(235) (%) (e5a) =3
— |+ + > —
a+b b+c c+a 4

Phin _tich va dinh hwong loi Qidi:

Thong thuong, ta sénghi dén viéc ha bac cua biéu thic Vé bén trai bang cach st

dung Cauchy-Schwarz:

Kaibjz +(bicj2+(ciaj2](l+l+l)2(za;il)jz

va khi d6 can chiang minh
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a b C 3
+ + >— .
a+b b+c c+a 2
Bit dang thirc ndy c6 dang "kha gidng" voi bat ding thic Nesbitt néi tiéng nhung
rat tiéc 1a tinh dang dan cua no lai khéng dugc nhu thé. Trong trudng hopa>c>b

hodc ¢>b> a thi bat dang thirc hoan toan bi nguoc diu. Dén day, ta s& nghi dén

viéc sir dung ki thuat doi bién nhu vi du 10 vira roi. Dit x:E y:%;z ~2 kni d6
a c

xyz =1 va bat dang thirc ban dau twong duong:

(R SR S R
(1+x)2 (1+y)2 (1+z)2_4

Vi xyz=1 nén ta d6ibién (x,y,z)—{%,nr:—g, rg_r;] ;trong d6 myn, p>0

e — >%

m* +2m np+n’p’

Str dung bat ding thac Cauchy-Schwarz:

m* (>m’ )

m* + 2m*np +n? p? Zm +2mnp>_m+ > m?n’

2
Ta can chang minh
4(Zm2)2 >3(Y m‘+2mnpd> m+ > m’n?)
<> m*+5> m?n® > 6mnp(m+n+p)
Bat dang thac cudi dung theo 2 bat dang thirc co ban sau:
m* +n*+ p*>m’n® +n*p®+ p’m’
va

m?n? +n’*p®+ p’m? = mnp(m+n+ p)

Tir d6 ta c6 diéu phai chitng minh. Dau dang thuc xay ra khi a=b=c .
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Vi du 12 Cho a,b,c 1a cac s6 thuc duong. Chiing minh rang:

1 1 1 3
+ + >
a(b+1) b(c+1l) c(a+l) 1+abc

Phan tich va dinh hwonq loi qidi

Do bt dang thuc trén khong thudn nhat nén rd ngai 16n nhat cua chung ta chinh 13
dai luong 1+ abc dudi mau & vé phai. Do d6 ta s& tim cach dé "khu" dai lwong nay;

kxkykzj

cach hiéu qua nhat trong truong hop nay 1a y tudng doi bién (a,b,c) — [— -, —
y ¢y

. trong d6 k>0 . Bat dang thic can chiing minh tré thanh:

zy N Xz N Xy 23k3 (1)
Xy+kxz yz+kxy zx+kzy 1+k

Str dung bat dang thuc Cauchy-Schwarz:

22y N (Z xy)2

VT®=2, xy’z+koyz® (k) xyz(x+y+2)]

Ta can chang minh

(S xy) N

(L+k)[xyz(x+y+2)] 1+K°

& (k2 -k +1)(ny)2 > 3kxyz(X+ Yy +2)

Bat dang thirc ndy dung do

(xy + yz+zx)2 >3xyz(X+Yy+12)
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k2—k+1>k < (k-1)" >0

Vay ta c6 diéu phai ching minh. Dau dang thic xay ra khi x=y=z va k=1 hay
a=b=c

x Xk K
Bay gio ching ta s& dén voi mot ki thuat khong thé thiéu khi sir dung bat dang thac
Cauchy-Schwarz: K7 thudt thém-bét . Y tuong kha don gian: dé chang minh mot bat
dang thirc c6 dang f (a,b,c)>g (ab,c) ma viéc chimg minh thong thudng c6 18 s&
khong dem lai hidu qua thi khi d6 ta s& tim 1 biéu thac h(a,b,c)< f(a b, ¢) sao cho
f (a,b,c)—h(a,b,c)>g(ab,c)—h(a,b,c). Va danh gia ndy cang chat cang tot .
h(a,b,c) trong mot s6 truong hop c6 thé 1a cac sb, cling c6 thé 1a cac biéu thirc lién

quan téi bién. Dé rd hon vé ki thuat nay, ta s& xem xét vi du sau day:

Vi du 13 Cho a,b,c >0.Chitng minh rang:

2 2 2

a? +b? b? +c? c?ra? _6(a’+b’+c?)

2 2+ 2 2+ 2 2 < 2
a‘+ab+b° b°+bc+c® c“+ca+a (a+b+c)

Phan tich va dinh hwonq loi qidi:

Khong it ban khi nhin vao bai toan niy s& nghi ngay dén phuong phap S.0.S; nhung
bai nay hoan toan co thé giai duoc chi Voi k7 thudt thém -bét noi trén. Nhan thay vé

trai cua bat dang thirc ¢ dang phan thirc- mot dau hiéu dé ching ta nghi dén viéc su

2 2 2
.ta , \ .
dung Cauchy-Schwarz dang %+...+‘1” z% : thé nhung chiéu cua n6 lai
+.b,

n

1a < chit khong phai > nhu mong mudn. Do d6 ta nghi dén viéc d6i chiéu bat dang
thirc lai bang viéc thém bét 2 vé vsi mot sé thuc k>0 . Bét ding thirc da cho co thé

viét lai thanh:

Z[k—ﬂ]>3k—6(a2+bz +c2)

a’+ab+b’ (a+b+c)’
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2 2 2
~ (k-1)a 2+ kab+(2k—1)b o3 (k-2)>a +2I2<Zab
a“+ab+b (a+b+c)
DPé dam bao viéc st dung bat dang thirc Cauchy-Schwarz hiéu qua va an toan nhat,
ching ta phai tim sk sao cho (k—1)a®+kab+(k —1)b?; (k—1)b® +kbc+(k -1)c? ;
(k-1)c* +kca+(k—1)a* déu la céc s6 khong am. Dé chic chin

A=k*-4(k-1)"<0
k-1>0

(k-1)a®+kab+(k-1)b* >0 Voi Va,b>0thi{ —k>2
Trong trudng hop nay hang sb k tot nhat chinh 13 hang s6 nhé nhat.Vay ta s& chon
k=2 . Khi 6 bat dang thic can chiing minh tré thanh

(a+b)2 . 12(ab+bc+ca)
a’+ab+b? (a+b+c)2

2

Str dung bat dang thic Cauchy-Schwarz ta c6

2

(a+b)2 4(a+b+c)

Za2+ab+b2 = 2) a*+> ab

Ta can chang minh

4(a+b+c)2 12(ab+bc+ca)

>
2> a*+> ab (a+b+c)2

Hay

(a+b+c)' 23(> ab)(2)a*+ ab)

Bat dang thirc nay dung theo AM-GM:

ab+25 a2+ Y a 2(a+b+c)’ A
3(Zab)(22612+2ab)£3Z b 224: 2 b:[ ( )}:(a+b+c)

4

Viy ta c6 diéu phai chang minh. Du dang thic xay ra khi a=b=c
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Vi du 14 Cho a,b,c>0 thdéa min a+b+c=3.Chang minh rang:

1 1 1 1

+ + <
4a’ +b*+c® 4b*+c?+a® 4Ac’P+a’+b? 2

(Vasile Cirtoaje)

Phédn tich va dinh hwong loi qidi

N s o AL INA s LY a’+b’ +c? 33’ ; Y S ~ 1A \
Loigiail:bé yrang —————=1-—; ; chinh chi tiétnay da phan nao
4a° +b? +c 42" +1° +¢

khoi gy y tuong trong ta: nhan ca 2 V& Voi a+b?+c? . khi d6 bat dang thic can

chirng minh 1a:
Z a®+b?+c? - a’+b?+c?
4a’+b*+c® 2
hay
a’ a’+b?+c?
3 + >3
Z4a2+b2+c2 2

Str dung bat dang thic Cauchy-Schwarz ta cé:

a2 (a+b+c)2 3
2 > =

4a® +b?+c? 2(4a2+b2+cz) 2(a2+b2+c2)

Va theo bat dang thac AM-GM:

9 a®+b? +c?
+

2(a2+b2+c2) 2 =3

Tir hai bat dang thire trén ta co diéu phai chang minh. Dau dang thic xay ra khi

a=b=c=1
Loi giai 2: Do bac cua 2 Vé 1éch nhau nén ta s& nghi dén viéc dong bac bat dang

thirc nhu sau: Bat dang thac can chimg minh c6 thé viét lai thanh:

(a+b+c)2 (a+b+c)2 (a+b+c)2 _9
43’ +b*+c® 4b*+c’+a® 4ci+ai+b? 2
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Theo bét dang thic Cauchy-Schwarz ta co:

(a+b+c)’ (a+b+c) B S S i
4a2+b2+cz_2az+(a2+b2)+(a2+c2)_2a2 a’+b? c?+a’

Cong cac bat dang thurc tuong tu lai V&i nhau, ta co

(a+b+c)’ a’ b? ¢ ) 1, b a? ). 9
2 <2 22 " 2 2 @+ bead) 2

4a® +b*+c? a?+b? c?+a’

Viy ta c6 diéu phai chang minh.Dau dang thuac xay ra khi a=b=c=1
¥ X K
Bén canh viéc thém bat thi 161 giai 2 ctia vi du wira rdi da sir dung mot ki thuat khac
song song va khong thé thiéu trong viéc str dung bat dang thirc Cauchy-Schwarz : i

thudt tach ghép.

Vi du 15 Cho a,b,c duong . Ching minh rang:

1 1 1 a+b b+c a+c
(a+b+c) + + +1>2 + +
2a+Cc 2b+a 2c+b 2b+a 2c+b 2a+c

(diendantoanhoc.net)

Phan tich va dinh hwonq loi qiai:

Diém kho khin cua bai toan ndy chinh 1a sy hién dién hé sé tu do Vé trai, trong khi
d6 vé phai lai 1a mot biéu thirc chira bién kha phuc tap. Y tuéng cia ta bay gid 1a
phai loai bo dugc s6 1 d6; mot y nghi kha ty nhién d6 1a tao ra hé sé tu do ¢ V& phai.

a+b a
=1+

Pé ¥ rang = . Do d6 bt ding thic can chimng minh dugc viét lai
2b+a 2b+a
thanh:
Za+b+C22+Z b
2b+a 2b+a
@Z a+b+c_ b 59
2b+a 2b+a
hay
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b+c c¢c+a a+b

+ + >2. (1)
2b+a 2c+b 2a+c

St dung bat dang thic Cauchy-Schwarz:

[ a+c]

[(2b+a)(a+c)]

VT (1) >
2

Ta can chang minh
4(a+b+c) 22> [(2b+a)(a+c)] hay a®+b*+c?>ab+bc+ca

Bat dang thac cubi 1a mot két qua quen thudc. VAy ta co diéu phai ching minh. DAu

dang thic xay ra khi a=b=c

Vi du 16 Cho a,b,c>0 thoa min a?+b?+c? =1 .Ching minh rang:

1 1 1
1ab1bclca

<9
2

( Vasile Cirtoaje)

Phén_tich va dinh hwong |oi gidi

Léi gidi 1:Cling nhu nhitng bai trudc, ta s& nghi dén viéc stir dung mot s6 k>0 va

bién d6i bat dang thac vé dang

Z(k— 1 j23k—g
1-ab 2

Hay

> k —1—kab 23(k—§j
1-ab 2
Ta céan tim s6 k sao cho k—1—kab>0 , vi danh gia nay cang chat cang tot. Bang bt
dang thac AM-GM, ta ¢ 1=a®+b?+c? > 2ab+c? > 2ab , do dota s& chon k=2.

Khi d6, ta can chiing minh bat dang thtc

1-2ab 12bc+1 2ca §
l1-ab 1-bc 1-ca 2
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2 a—b)’
D p R
1-ab l1-ab 2
Khong mat tinh tong quat gia sit a>b>c .
Khi @6, sir dung bat dang thirc Cauchy-Schwarz ta co

Z c? N (a+b+c)2
1-ab 3-(ab+bc+ca)

Z(a—b)2>(a—b+b—c+a—c)2_ 4(a—c)2
l-ab =~ 3-(ab+bc+ca)  3—(ab+bc+ca)

Do d6 ta can chang minh
2[4(a—c)2+(a+b+c)123[3—(ab+bc+ca)] (1)
DPong bac bat dang thuc:
D) < 2[4(a—c)2 +(a+b+c)z} > 3[(a2 +b? +cz)—3(ab+bc+ca)J

< 7b(a-b)(a-c)+(a-c) >0

Bat dang thac cudi dung do a>b>c

Vay ta c6 diéu phai ching minh. Dau dang thac xay ra khi a=b=c 1

V3
Loi gidi 2: Cach giai trén la mot cach giai mang dam tinh ki thuat thém bdt, tuy
nhién cach giai trén chua phai 1a ngan nhat .Bay gio chung ta s& tim mot 10i giai
ngan hon théng qua ki thuat tach ghép: Vé trai cua bat ding thirc ¢ dang phan thirc

va chiéu cua bt dang thirc 1a < . Didu ndy goi ¥ cho ta nghi dén viéc st dung bt

(a1+..+an)2<a1_2 a’

dang thire Cauchy-Schwarz dang +..+-" . Néu sir dung AM-GM

b+.b b h
11 2
1—ab_1_a2J2rb2 _(1—a2)+(1—b2)
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roi st dung Cauchy-Schwarz:

2
52 Y Sl( _12+ _1zj
(1a)+(1b)21a 1-b

Khi d6 cong viéc chang minh s& hoan tat néu nhu chi ra dugc

Tuy nhién chiéu cua bat dang thic nay lai nguoc lai do:

z 1 S 9 =2
1-a®  3-(a’+b’+c?) 2
Vay, v tuong trén da khong cho két qua nhu mong mudn; chung ta sé lai tiép tuc di

tim mot con dudng méi: Mudn sur dung duoc bat dang thic

2
+..+a 2 2
@++a) _a’ & i phai ¢6 dai lugng binh phuong & tir ciia phéan thic.

b +..b, b b,
Vi con dudng trén khong thanh cong khi dai lugng trén tir 1a hé sb ty do nén bay gio
ab

ta s& thir dai lwong binh phuong lién quan téi cac bién. Do 1 1ab -1= T nén bat

dang thie can chimg minh c6 thé viét lai thanh

ab bc ca
+ +
l1-ab 1-bc 1-ca

<3
2

@Z 4ab <3

1+c?+(a-b)

Mat khéc ta c6 4ab<(a+b)’ nén

4ab (a+b)2
1+c*+(a-b)’ SZ(a2+cz)+(b2 +c2)

St dung bét dang thac Cauchy-Schwarz ta co

(a+b)2 - a’ . b?
(a2+c2)+(b2+c2)_a2+c2 b? +c?
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(b+C)2 - b? c?
(a2+b2)+(a2+c2)_ a?+b? a’+c?

2
(c+a) - c? . a’
(b2+cz)+(b2+a2)_c2+b2 a’ +b?

+

2
= Z (a+b) < a + b* b” + ¢ + ¢ + Gy
(a2+c2)+(b2-|rc2)_a2+c2 b?+c® a’+b® a’+c® c?+b? a’+b?

Tir @6 suy ra diéu phai chiing minh. Dau dang thac xay ra khi a=b=c=

&l

Vi du 17 Cho a,b,c>0. Chang minh rang:

a+b b+c c+a
2 + 2 + 2
c+ab a“+bc b°+ac

1 1 1
424>
a b c

(Hojoo Lee)

Phan tich va dinh hwonq loi qidi

Y tudng nhu bai trén, ta s& tao ra dai luong binh phuong & tir ctia phan thuc vé bén
phai, sau d6 ding ki thuat tach ghép phu hop. Theo bat dang thirc Cauchy-Schwarz
ta co:
2 2 2
a+b (a+b) . a b

c’+ab b(c2+a2)+a(b2+c2)_ b(cz+a2)+a(b2+c2)

Tuong tuta co

b+c _ b? . c?
a’+bc c(a2+b2) c(cz+a2)

c+a c? a’
<

b?+ac a(b2+c2)+c(a2+b2)
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2

2
a+b <Z[b( a L ¢ ]=1+1+1

c?+ab cz+a2) c(c2+a2)

Két thiic ching minh. Dau ding thuc xay ra khi a=b=c

Trong mot sé truong hop, ngoai phat hién ra dau hiéu dé tach ghép, ching ta can
phai tinh té va khéo 1éo str dung ki thuat ndy sao cho viéc ching minh tro nén don

gian nhat. Chang han nhu vi du du6i day:

Vi du 18 Cho a,b,c>0 théa min a+b+c=3 Chang minh rang:

a b c 3
+ + >—
a+bc b+ca c+ab 2

Phén tich va dinh huwong loi gidi

a bc A 1AL 2 N , . f A AR Tt 1
=1- nén bat dang thac can chirmg minh c6 thé viét lai thanh:
a+bc a+bc

bc ca ab 3
+ + <—
a+bc b+ca c+ab 2

bc ca ab 1

=3 + + <1
(a+b+c)a+3bc (a+b+c)b+3ca (a+b+c)c+3ab 2

bc
+2bc +(ab+ac+hc)

>3

1
<z
2

Theo bat dang thic Cauchy-Schwarz ta cé:

bc <1( bc N bc j
a’+2bc+(ab+ac+bc) 4\ab+bc+ca a’+2bc

bc 1 bc bc
-3 <3z T

a’+2bc+(ab+ac+bc) 4 ab+bc+ca

bc

——— =1 nén tacan ching minh
ab+bc+ca

Do >’

bc N ca N ab <1
a’+2bc b*+2ca c’+2ab
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2bc 2ca 2ab
At 2 + 2 + 2
a“+2bc b°+2ca c“+2ab

<2

a’ b? c?

2 + 2 + 2 >1
a“+2bc b°+2ca c“+2ab

St dung bat dang thic Cauchy-Schwarz ta co:

? (a+b+c)2

2

al b2 c? . (a+b+c) ~

2 = T =2 2 2 - =1
a“+2bc b°+2ca c°+2ab a“+2bc+b°+2ca+c”+2ab (a+b+c)

Két thiic chung minh. Dau ding thuc xay ra khi a=b=c=1

Nhan xét :Diém mau chét cua 1o giai trén chinh 1a viéc tach kha ki thuat:

bc <1( be e j
a’+2bc+(ab+ac+bc) 4\ab+bc+ca a*+2bc)

Boi vi néu tach thong thuong: — be si(b—f+3+9+3j s lam
a +2bc+(ab+ac+bc) 36\ a a a

cho viéc chimg minh di vao ngd cut.

Vi du 19 Cho a,b,c>0 théamin a+b+c=2 .Chang minh rang:

bc ca ab <2<‘/§
(ot ra (a4 (acra 3
3a°+4 3b°+4 3c°+4

(Internatinonal Mathematical Archimede Olympiad 2010)

Phan tich va dinh hwonq loi qidi

Bo dé: VGi a,b,c>0 thoamin a+b+c=2, taco:

bc ca ab < 1

+ + <
a+2 b+2 c+2 2

Chitng minh:

Bat dang thac can chimg minh tuong dwong

-71 -



bc ca ab
+ + <
a+b+a+c b+a+c+b c+b+a+c

N -

Str dung bt dang thac Cauchy-Schwarz ta co

bc 1( bc bc j
<= +
a+b+a+c 4la+b c+a

<
b+a+c+b 4(a+b b+cj

“loverers)
c+b+a+c 4 b+c c+a

_Z bc c 1 ca a+b+c:£
a+b+a+c a+b c+a 4 a+b a+b 4 2

B6 dé duoc chung minh. Dau ding thic xay ra khi a=b=c :§

=2

Tré lai bai toan:

Pé cho don gian, ta viét bat dang thic can ching minh lai thanh:

bc ca ab
+ + <
Y9a? +12  4ob2+12  49c? +12

w|N

Tro ngai 16n nhét khi dimg trudc bai toan nay chinh 1a su hién dién cua 4 & mau.

Do d6, ¥ nghi don gian 1a phai 1am sao dé loai bo no di, hodc 1a ting bac cua nd 1én.

D& doan dugc du ding thic cua bai toan xay ra khi a=b=c= 3 . Mit khac ta thiy

2
9a’ 9@) 1
- 0 3 nén ta du doan rang, néu bién doi hop 1i thi bat dang thic ¢6 thé

) bc ca ab 1
dua duoc vé dan <=. Dua trény tuong d6 ta s€ giai qu ét bai
' N 2 b2 o2 2 y tuong giat quy

toan nhu sau:

Dat
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bc ca ab
A= + +
4922 +12  4ob2+12  49c? +12

N i: bc N ca N ab
a Ya(9a®+12)  gfa(9?+12)  yf4(9c? +12)

Khi d6, theo bat dang thic Cauchy-Schwarz:
(9a° +12)(1+3) > (3a+6)’

bc bc

A
:WSZJsam:ZJs(au)

Tiép tuc sir dung bat dang thac Cauchy-Schwarz ta ¢

bc+ca+abj( bc ca ab j

bc 2
LZWJ S( 3 at2 b+2 c+2

Ap dung bd d& va bat dang thirc co ban 3(ab+bc+ca)<(a+b+c)’ =4 ,tacod

2
ZL Sg
4/3(a+2) 9
2
A2
a) "9
:>A£g
3
Hay
bc ca ab <2<‘/§

+ + <
Y3a2+4 43p?+4 Y3c?+4 3
Day chinh 1a diéu can phai chang minh. Dau dang thic xay ra khi a=b=c =§

¥ % ¥
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Trong thé giéi bat dang thic, néu dé v, ta sé thiy rang cac bat ding thic kinh dién
nhu AM-GM, Cauchy-Schwarz, Chebyshev, Holder, MinkowxKki,.. hay 1a cac bat
dang thac hién dai nhu Muirhead, S.0.S,... khi st dung dé chimg minh céac bat dang
thirc d6i xing dem lai hiéu qua rat cao thé nhung khi tram chan voi cac bat dang
thic dang hoan vi vong quanh thi chua hén nhu vay. Do dé, trong nhiéu bai toan,
chung ta thuong nghi dén viéc dua bat dang thic can ching minh vé& dang ddi xung.

Trong

nhitng phuong phép str dung bat dang thic Cauchy-Schwarz, c6 mot phuong phép

rat hieu qua, do 1a k7 thudt Déi ximg héa.

Pé mo dau ki thuat nay, ta s& dén voi mot bai toan kha ndi tiéng sau:

Vi_du 20 Cho a,b,c>0. Chang minh rang :

\/ a \/ b \/ c 3
+ + <——
a+b b+c c+a

(Vasile Cirtoaje)

Phan tich va dinh hwonq loi qidi

Pay 1a mot bat ding thic dang hoan vi vong quanh, do d6 viéc chung minh s& kha
khé khan. Nhu da néi 6 trén, ta s& sir dung béat dang thac Cauchy-Schwarz dé dwa

bat dang thic nay v& dang déixang. Cu thé:

Bat dang thac can chimg minh tuong dwong:

\/a+b \/b+c \/c+a

Str dung bt dang thac Cauchy-Schwarz ta co:

B = ==

Do d6 ta can chiang minh:
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8(a+b+c)(ab+bc+ca)<9(a+b)(b+c)(c+a)
< (a+b+c)(ab+bc+ac)>9abc

Day 1a mot két qua quen thudc. Bai toan duoc ching minh. Dau dang thac xay ra

khi a=b=c

Vi_du 21 Cho a,b,c>0.Chang minh rang:

a_ . b < §(a+b+c)
Ja+2b Jb+2c c+2a

(Pham Kim Hung)

Phan tich va dinh hwong loi giai

Str dung bat dang thic Cauchy-Schwarz ta cé:

(Z aiZb jz S[Za(ajch)]{z(a+2b;l(a+2c)}

Do d6 ta can chiang minh:

a(a+b+c)2 y 3(a+b+c)

Z(a+2b)(a+2c)_ 2

Ta co
a(a+b+c)2 as a(b—c)2 cas a(b—c)2
(a+2b)(a+2c) (a+2b)(a+2c) 2(ab+hc+ca)
a(a+b+c)2 . a(b—c)2
Z(a+2b)(a+2c)_(aerJrC)Jrz2(ab+bc+ca)
Ma
a(b—c)’ > a)(> ab)-9abc > a)(>ab
(a+b+c)+22(ab(+b04)rca):Za+( )(ZZag SZ{H( Zgab )ZE
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Tir d6 suy ra diéu phai chiing minh. Dau dang thac khong xay ra

Sau khi trai qua nhimg bai toan, vi du cuthé trénta c6 thé thiy duoc thé gisi bat

dang thuc that phong phu, ki 4o, cac phuong phéap ciing nhu ki thuat ciing rat nhiéu,
nhitng vi du vira qua chi 1 nhitng vi du cua cac phuong phap ndi bat va quan trong
ma ta can biét. Dé két thuc bai viét nay, ching ta hiy dén voi mot bai toan ndi tiéng

va rat khd sau day:

Vi_du 22 Cho cac s6 thuc khong 4m a,b,c théa man ab+bc+ac>0.Ching minh

rang:

a b ¢ s%\/a+b+c

+ +
Ja+b Jb+c +Jc+a

( Jack Garfunket)

Phédn tich va dinh huwong loi gidi

Pay 1a mot bat ding thire rat kho va c6 nhiéu ung dung cua Jack Garfunket, hién cé
3 1oi giai cho bai toan nay. Ngoai 15i giai cua tac gia, xin trich dan 15i giai cta Vo
Qudc Ba Can-SV 16p YY0647A1, Khoa 32, PH Y Duoc Can Tho:

Bit dang thirc ndy c6 dang thic xay ra tai a=3b;c=0 va cac hoan vi tuong Ging.
Nhan thiy cai khé ciia bat dang thic nay chinh 14 ¢ chd né c6 chira can thic, vi vy
ra s& tim cach dung Cauchy-Schwarz dé loai bo cén thuc.

Tir d6 bai toan s& tré nén don gian hon. Hon nita ta ciing phai thém vao cac tham s6
thich hop. Thé nhung, nhu vira chi ra ¢ trén, ta khong thé thém vao céc tham sb ¢6
dinh khi danh gia bat dang thirc nay. Vi vay ta s& ding cac tham so chay. Cu thé 1a
ta s€ thém vao cac dai luong c6 dang ma-+nb+ pc;mb-+nc+ pa;mc+na+ pb Voi

m,n, p=>0.
Ta ap dung bat dang thuc Cauchy-Schwarz nhu sau:

a
a+b)(ma-+nb+pc)

VT? <[y a(ma+nb+pc)] Z( *)
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Danh gia nay xay ra dau bang khi

a b C
(a+b)(ma+nb+pc) (b+c)(mb+nc+pa) (c+a)(mec+na+ pb)
a(ma+nb+pc) ~  b(mb+nc+pa)  c(mc+na+ ph)

Mit khéc, do ta du doan dugc ¢ =0 nén ta can tim m,n,p thoa man

a b
(a+b)(ma-+nb+ pc) _ (b+c)(mb+nc+ pa) W a=3 (1)
a(ma+nb+ pc) b(mb+nc+ pa)

Mat khac, ta mudn rut gon duoc dai luong a+b+c cosan & Vé phai nén ta sé tim
m,n,p sao cho Y a(ma+nb+ pc) co dang k(a+b+c)*. Do d6 tasé chon mn,p sao
cho n+p=2m (2)

m=>5

Tu (1) va (3) ta tinh dugc <n=1 .Thay vao (*)taco
p=9

(Z\/:Jr_bjz S[Za(5a+bJrgc)]{z(a+b)(52+b+9c)}

Do d6 ta can ching minh duoc

[Za(5a+b+90)][z(a+b)(52+b+gc)}s%(a+b+c)

hay

(a+b+0){2(a+b)(5z+b+9c)}S%

<> ab(a+b)(a+ 9b)(a—3b)2 +232abc)_a’+243abc) a’h
+835abc)_ab” +1230a’h’*c* >0

Bat dang thac cudi hién nhién dung. Két thac chung minh. Dau dang thic xay ra

khi a=3b;c=0 va cac hoan vi tuong ng
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* ¥ %
3. Bai tap tw giai

Bai 1.Cho a,b,c,x,y,z>0 .Chung minh rang:

(a+b+c)(x+y+z)> ax by ez
a+b+c+x+y+z a+x b+y c+z

Bai 2.Cho x,y,z>0 théa man x+y+z=1 .Ching minh rang:

X y z 9
+ + <—
X+yz y+2X z+xy 4

Bai 3.Cho a,b,c >0 théa man a?+b?*+c?=3 .Ching minh:

a’+b*> b*+c® c?+a’

a+b b+c c+a

>3

Bai 4.Cho cac so thuc x,y,z khac 1 théa man xyz =1 . Ching minh rang:

(xij {y{J +(zij =

(IMO 2008)

Bai 5.Cho a,b,c >0 thoa min a®+b®+c®=a’+b*+c* .Chang minh rang:

a b C
2 3 3+2 3 3+2 3 321
a“+b°+¢c®> b °+c’+a° c+a’+b

(Turkey Junior National Olympiad 2012)
Bai 6. Cho a,b,c >0 .Chang minh rang:

—+—F+—2>—F—+1
b ¢ a b+c a+b

( Belarusian Mathematical Olympiad 1998)

Bai 7.Cho a,b>0 théa man a®+b®>a’+b* .Chang minh rang:

a+b¥<a’+b’*<a+b<?2
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Bai 8.Cho a,b,c e[l thoamin a’+b?+c?>=2 .Chang minh rang:

a+b+c<2+abc
( IMO Shortlist Poland)

Bai 9.Cho a,b,c >0 théa man a+b+c=3 .Ching minh rang:

a’b b%c c’a
+ + <1
2a+b 2b+c 2c+a

Bai 10.Cho a,b,c>0 théa min a+b+c=3.Ching minh rang:

a b c

+ + <1
a’+b’+c b*+c’+a c*+a’+b

Bai 11.Cho a,b,c>0 thoa man a?+b?+c? =3.Chimng minh rang:

a b c
+ + <\3
Ja?+b+c +b2+c+a +JcP+a+b

Bai 12.Cho a,b,c >0 théa man abc=8.Ching minh rang:

a’ b? c?

JEED JFaEa) Jeae

>

wl b

(APMO 2005)

Bai 13.Cho a,b,c >0 thoa man a?+b?+c? =1.Chang minh rang:

a N b N c >3J§
b?+c? c*+a® a’+b*> 2

Bai 14. Cho a,b,c,d >0 théa man abcd =1 .Ching minh rang:

1 1 1 1
- - + 21

(1+a)2 (1+b)2 (1+c)2 (1+d)2_

(Vasile Cirtoaje)

Bai 15. Cho a,b,c>0 .Chiang minh rang:
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1 1 1 3
n n >
av3a+2b by3b+2c c3c+2a +/5abc

Bai 16.Cho a,b,c>0 thoa min ab+bc+ca:%.Ch1’rng minh rang:

a b C 1
2 + 2 + 2 Z
a‘—bc+1 b°-ca+l c°—-ab+1 a+b+c

Bai 17.Cho a,b,c>0 thoa man a+b+c=3.Chiang minh:

1 1 1
+ + <1
5-6ab 5-6bc 5-6ca

Bai 18.Cho a,b,c>0 thoa man a+b+c=3.Chiang minh:

1 N 1 N 1
a’+b*+2 b*+c?+2 c’+a’+2

3
<=
4

Bai 19.Cho a,b,c>0 thoa man a+b+c=1.Chirng minh:

b ¢ a 1+a 1+b 1+c
2] —+—+—
a b c 1 a 1 b 1 C

( Japanese Mathematical Olympiad 2004)

Bai 20. Cho a,b,c>0thoéa man a+b+c>0 .Chang minh:

a’ b? c? 1
2 2 " 2 2 " 2 755
3a’+(b+c)” 3b’+(c+a) 3c’+(a+b) 2

Bai 21.Cho a,b,c >0thoa man sao cho khong c6 2 sé nao ddng thoi bang 0. Ching

minh rang:

(a—b)(3a—b)+(b—c)(3b—c) (c—a)(3c- a)
3a’+2ab+3b®> 3b*+2bc+3c® 3c’+2ca+3a’

(diendantoanhoc.net)

Bai 22.Cho x,y,z>0 théa man xy+yz+zx=3. Chitng minh:
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(Vasile Cirtoaje)
Bai 23.Cho x,y,z,a,b,c>0 sao cho a+b+c=x+y+z.Chang minh:
ax(a+x)+by(b+y)+cz(c+z)>3(abc+xyz)

Bai 24 Kéo dai trung tuyén cua tam giac ABC dén khi ching cat dudng tron ndi
ngoai tiép. Goi d¢ dai ctia cac doan nay 1a M_,M,,M_. m_,m,,m_ lan luot 1a do dai
cac dudng trung tuyén tng v6i cac canh BC=a; CA=b; AB=c .Goi Chting minh

rang:

Ma+Mb+MCZ%(ma+mb+mC)

243

Va M, +M, +M, ZT(a+b+c)

Bai 25.Cho a,b,c >0 théa man abc=1 .Chitng minh:

1 1 1

+ + <1
J4aZ+a+4 JAb2+b+4 A2 +c+4

Bai 26.Cho a,b,c>0 théa man abc =27 .Ching minh:

1 1 1 1
+ + > =
Ja2+21a+9 b*+21b+9 +/c2+21c+9 3
Bai 27.*.Cho a,b,c >0.Chang minh rang:
1 1 1 S 1 1 1

+ + > + +
13a+11b 13b+11c 13c+1la 7a+4b+13c 7b+4c+13a 7c+4a+13b
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BAT PANG THUC CHEBYSHEV
Doan Quéc Pat — Ngé Hoang Thanh Quang
1.Bét ding thirc Cheybyshev
1.1. Dinh li
Cho 2 diy sbthuc a,a,,..a, va b,b,,.b

1. Néua,a,,..a, va b,b,,..b don diéucung chiéu ta co:

1 ab +..+ab, Sat..ta, b, +..+Db,

Dang
n n n

Dang 2:(ab, +..+ab,)> (a,+..+a,)(b+...+D,)
n

2. Néu a,,a,,..a, va b,b,,..b don diéunguoc chiéu ta cé:

1- ab +..+ab, LAttt b +..+Db,
' n " n n

Dang

a+..+a,)(b+..+b))

Dang 2: (ab, +...+anbn)s(

n

. ‘ la=a,=..=4a
Dau dang thirc xay rakhi va chi khi

b =b, =...=b,

1.2. Chigng minh Bang phén tich tryc tiép, ta c¢6 hang dang thuc sau:

n

n(ab +..+ah)—(a+..+a,)(b+..+b )= (a-a)(b-b)

i,j=1

Néua,,a,,..a, va b,b,,..b, don diéucung chicu ta co:

(a—a;)(b-b;)=0 = > (a-a;)(b—b;)>0 hay
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Néua,,a,,..a, va b,b,,..b don diéunguoc chiéu ta co:

(a-3,)(b-b,)<0 = (a -a,)(b -b;) <0 hay

ij=1

b,)< (a1+...+an)n(b1+...+bn)

(ab, +..+a,

2. Vi du

Vidul | Cho ab,c 1ado dai 3 canh cta 1 tam gidc.Ching minh:

n-1
a" b" c" S (a+b+c)

+ + > —
b+c—-a c+a-b a+b-c 3

Bo dé: Voi ab,c 1a do dai 3 canh cta 1 tam giac thi ta co

abc>(a+b-c)(b+c—a)(c+a-b)

Chitng_minh: St dung bat dang thuc xy < ta co

(x+y)2
4

[(a+b—c)+(b+c—a)]2
4

(a+b-c)(b+c-a)< =Db?

Tuong tu ta co:

(b+c-a)(c+a-b)<c’
(a+b-c)(c+a-b)<a?
Nhan vé theo vé 3 bat dang thic trén ta co:
[(a+b—c)(b+c—a)(c+a-b)] <(abc)
= (a+b-c)(b+c—a)(c+a—b)<abc

Déu dang thuc xay rakhi a=b=c

Tré lai bai toan:

Khong mét tinh tong quat gia sat a>b>c
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an—l > bn—l > Cn—l

=
a S b S c
b+c-a c+a-b a+b-c

Ap dung bét dang thirc Chebyshev cho 2 diy don diéu cung chiéu ta co

a . b 4 C zl(a“‘l+b”‘l+c”‘l) a 4 b 4 ¢
b+c-a c+a-b a+b-c 3

Str dung bat dang thic AM-GM va bo dé ta co:

a b c abc

>3 >3 (1
b+c—a+c+a—b+a+b—c i/(a+b—c)(b+c—a)(c+a—b) (1)

Va theo bat ding thirc Holder ta co

Tu (1)(2)taco:

n-1

l(anl-l-bnl—i—cnl)( a + b 4 C jz(a-i-bj-zC)
3 b+c—a c+a-b a+b-c 3"

Tir d6 suy ra diéu phai chang minh. Dau dang thic xay ra khi a=b=c

b+c—-a c+a-b a+b-

)

Qua vi du wira rdita co thé thiy duoc: viéc sir dung bat dang thie Chebyshev da

dua bai toan tir phic tap V& mac d6 cua mot bai toan nhoé hon, d6 1a mot viéc rat

hitu ich khi chitng minh bét dang thuc.

.Chiing minh:

nog’ 1
a >
)iz_l“S—ai n-1

Phan tich va dinh hwonq loi qidai:

a)Dé cong viéc ching minh thuan loi nhat, ta s& sir dung triét ¢é diéu kién

Vidu2 | Cho a,a,,..a, >0 thoamin a’+a;+..+a’>1.bat S=a +a,+..+a,
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a/ +aj +..+a; =1, Khong mét tinh tong quat, gia str a, >a, >....>a

a>a>.>a’
S . T
S—-a S-a, S-a,
L > L > 2 L
S—-a S-a, S-a,

Ap dung bét dang thirc Chebyshev cho 2 diy don diéu ctng chiéu ta c6:

isii ZE(Z"")[Z&] .

i-1 N\ iz i-1

isaa>_(zai)[zs aJ §[isfaij @)

i=1 i—1 n

Ap dung bét dang thic Cauchy-Schwarz ta co:

n 1 n2 n2
25223 =5 O

i=1

Tir (1)(2) v (3)ta ¢6

Dau ding thuc xay rakhi a =a,=..=a, =1

b)Khdng mat tinh tong quét, gia sir a, >a, >....>a

Ap dung bét dang thirc Chebyshev cho 2 diy don diéu cung chiéu, ta co:

R A DR

i=1 i=1 i=1

Mt khac theo bt dang thac Cauchy-Schwarz ta co:



n

Iy R

i=1

(6)

Tir (4)(5)va (6) ta co

Déau dang thuc xay rakhi a, =a,=..=a, =1

Vidu 3 | Ching minh rang v6i moi s6 duong a,b,c. Ching minh rang:

2 2 2 3(a®+b*+c?
a_ b L C 2\/( )
b+c c+a a+b 2

Phan tich va dinh hwonq loi qidi

Khong mat tinh tong quét.gia st a>b>c

a?>hb?>c?
=3 1 1 1
> >
b+c c+a a+b

Ap dung bét dang thitc Chebyshev cho 2 diy sé don diéu cling chiéu,ta co:

a’ b? ¢t 1., ( 1 j
+ + >=(a®+b*+c’ — 1 (1
b+c c+a a+b 3( ) Zb+c (1)

Mt khac theo bét dang thirc Cauchy-Schwarz ta co:

1 N 1 N 1 S 9 5
b+c c+a a+b 2(a+b+c) (2)

(1+1+1)(a® +b* +¢*) > (a+b+c) = a+b+c< (3(a*+b*+c*) (3)
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Tir (1)(2) va (3) ta c6 diéu phai chig minh. Dau dang thuc xay rakhi a=b=c

Vi du4 | Cho ab,c>0 .Chang minh ring:

4
Ja+b+\/b+c+Jc+a> (a+b+c)

c a b _\/(a+b)(b+c)(c+a)

(Darij Grinberg)

Phan tich va dinh hwong loi giai

vb+c=x [2a=y*+2*-X%?
Pé don gian bai toan, ta s& dit Vc+a=y={2b=x"+2" -y’
Ja+b=z |2c=x*+y*-7°

Do d6, bat dang thac can ching minh duoc viét lai thanh:
2 2 2
X N y Z Xty +z

+ >
V+z22-x® X+ -y? xXP+yi-7f Xyz

Khong mat tinh tong quat, gia st a>b>c =x>y>z

Ta co:

x(y2+22—x2)—y(x2+z2 —yz) (y—x)(x2+y2—zz+2xy)£0

y(*+2° —y*)-z(X* +y* = 2% )=(z-y)(2* +y* - X’ +2yz) <0

1 1 1

- x(y2+22—x2)2 y(x2+22—y2)> z(x2+y2—zz)

Ap dung bét dang thitc Chebyshev cho 2 diy sé don diéu cing chiéu, ta co:

Zy2+ZXZ—X2 >%(x2+y2+22)lZX( L )} (2)

y2+22—x2
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Mt khac theo bét dang thic AM-GM ta co:

1 1 1 3
X(y2+zz_xz)+y(X2+22—y2)+Z(X2+y2—22)2§/xyz(y2+zz—xz)(x2+zz—y2)(x2+y2—zz)
Va 4p dung bo dé o bai 1:

2,252

x’y*z 2(y2+22—x2)(x2+zz—y2)(x2+y2—zz)

- 3 >3 ()

g/xyz(yz+22—x2)(x2+22—y2)(x2+y2 —22) Xyz

Tir (1) va(2) ta c6 diéu phai chang minh. Dau dang thic xay ra khi a=b=c

Vidud | cho X, X,,...x, >0 thoa man L B 1 7 =1 .Chtang minh

1+x7 1+% 1+ X2
FANg: X, + X, + .o +xn2(n—1)(l+i+ ...... +iJ
X% X,

Phan tich va dinh hwonq loi qiai:

Khac voi nhitng bai trudce, bai nay kha 1a kho dé phat hién duoc 2 diy phu
hop dé sir dung bat dang thirc Chebyshev; hon nira, diéu kién cua bai kha 1a phic

tap. Do d0,ta s& bién d6i dé khai thac triét dé diéu kién nay. Dit vk

/1— i . .
=X = Ta’ .Bai toan tr¢ thanh:

0<a,a,,..a,<1 . .
Cho _1.Ch1’1ng minh rang:

<:>\/_1_a1 +\/—a1 +...+\/1_an+\/ & Zn[\/iJr\/ %yt [P ]
a 1-3a a, 1-a, 1-a, \1-3a, 1-a,

1 1 1 a, a,
= Ny +\/a2(1—a2) +ot o) an\/l—ai +\/1_az +ot 1_anj
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o ! + ! +..+ ! ZnL o + % +...+ )
Jal-a) a(-a,) Ja,l-a) (Ja@-a) a(-a,) Ja,(1-a,)

Dén day ta da tao ra duoc 2 bo sé don diéu nguoc chidu d6 1a 2 bd s (a,,a,,....a,)

1 1 1 , . s
va , . Ap dung bat dang thirc Chebyshev ta co:
(Ja&l—@) Ja,(1-2,) JaAl—aJJ

n

a a, a8
n(Jaa—q>+J%a—%>+”+J%a—an]
Sn.l(a1+a2+...+an)( L + ! +...+ ! J

n Jal-a) (a(-a) = fa-a,)

1 1 1

T ala) Janda) | Jada)

Viy ta co6 diéu phai chang minh. Dau dang thac chi khi a, =a, =...=a, =%.
Qua céc vi du trén 4t han cac ban da phﬁn nao tiép nhan dugc suc manh cua
bat dang thic Chebyshev, tuy nhién cé thé nodi rang & céc bai toan trén thi cac diy
don diéu van con kha "19" va diéu d6 1am cho chung ta d& dang khai théc. Trén thuc
té thi cac bai toan thudc loai khé thi thuong khong cho phép chung ta &p dung duoc
ngay bat dang thic Chebyshev mot cach tryc tiép ma phai qua cac phép bién doi

tinh té hon. Pé rd hon vé diéu ta cung di dén céc vi du sau:

Vidu6 | Cho x,y,z>0 théaman x+y+z=1. Ching minh rang:

1 1 1 27
R IR T
x*+1 y"+1 z°+1 10

Phan tich va dinh hwong loi giai

Vi chiéu cua bat dang thirc 1a bé hon hoic bang nén dau tién ta s& nghi dén
Viéc tao ra 2 diy don diéu nguoc chiéu ¢ VT dé ap dung dugc bat dang thuc
Chebyshev. Ta sé& thir nhan twong g X, Y,z vao ca tr vd mau moi phan thic tuong
mg va hi vong c6 dugc 2 diy can tim. Bat dang thic can ching minh tuong duong

Voi:
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X Yy Lz .z
x(xX*+1)  y(y’+1) z(z*+1) 10

1 1
<

Khong mat tinh tong quat gid sir x>y >z = < <
8 8 et 8 y X(x*+1)  y(y*+1)  z(z° +1)

Ap dung bét dang thirc Chebyshev cho 2 bo s6 don diéu nguoc chiéu ta co:

X y z 1 1 1 1
> +— +— <=(X+y+2) > +— +—
x(x*+1)  y(y*+1) z(z°+1) 3 X(x*+1)  y(y"+1) z(z°+1)

1[ 1 1 1 j
== + +
3Lx(x*+1)  y(y*+1) z(z°+1)

11 1 8
x(x*+1)  y(y*+1) z(z*+1) 10"

Ta can chang minh rang

Nhung that dang tiéc rang bat ding trén lai khong dung!!! That VAy ta chi can chon

1 1 81

Xx=0,5y=0,3;z=0,2 thi s€ c6 nga + + ~ 9,466 > —
y sy X(xX*+1)  y(y*+1) z(z*+1)

10°

Vay 1a y tuong s dung bat dang thuc Chebyshev cho 2 bo sé don diéu
nguoc chiéu cua chung ta di that bai. Tuy nhién hdy ludn tin tuéng rang nhiing that
bai nhu vay 1a binh thuong va chinh diéu d6 méi thoi thuc ching ta di tim kiém
nhitng 161 giai méi. V&i bai toan nay, khi khong thé s dung bat dang thuc
Chebyshev cho 2 bd ngugc chiéu, diéu con lai chic chin chung ta s& ¢d gang tao ra
2 bd don diéu cung chiéu va lai 4p dung bat dang thac Chebyshev, muén nhu thé

trudc tién ching ta dua bat dang thic da cho vé dang:

27 1 1 1
— |t t+ >0
10 \(x*+1 y°+1 z°+1

9 1 9 1 9 1
+

T I 1n 2 720
10 x°+1 10 y°+1 10 z°+1

9x* -1 9y? -1 9z° -1
St >
1002 +1)  10(y*+1)  10(z2+1)

- (Bx-D(3x+1) N By-1)((3y+1) N (3z-1)(3z+1) 50
10(x* +1) 10(y? +1) 10(z* +1)
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Bay gio thi 2 bd s6 don diéu cung chiéu di duoc tao ra, d6 chinh 142 bo sb

3x+1 3y+1 3z+1
X2 +1 y2 41722 +1

(3x—13y-1,3z-1) va ( J That vay khong mit tinh tong quat gia
Str x>y >z khi d6taco 3x—1>3y—-1>3z-1. Mat khac ta cling co:

3x+1 3y+1 (X=y)(B-3xy—x-Y) (x y)(2x+2y+3z— 3xy)
X241l yE+l (P HD(YE+)) 10(x* +1)(y* +1) B

(Do x>y va 2x+2y24\/ﬁz4xy>3xy (do 0<x,y<1))

3x+1_3y+1
= > .
X*+1 y*+1

3x+1>3y+1>32+1
X+1 yP+1 z22+1°

Tuong tutaco:

Ap dung bt dang thirc Chebyshev ta co:

Z (3x-1)(3x +1)

[ 3x+1 3y+1 3z+1)
10(x* +1) 10 3

(X+y+2)— 3]( -

+ =

X*+1 y*+1 7%+1

Vay ta c6 dieu phai chitng minh. Dau dang thic xay ra chi khi x=y=z= 3
Piéu khé khian nhit cia bai toan nay chinh 1a viéc phan tich vé dugc dang

chuan tic nhu d3 trinh bay & 1o giai trén. Sau khi d3 dua duoc V& dang d6 thi bai

toan con lai tré nén kha don gian khi sir dung bat dang thic Chebyshev.

Vidu 7 | Cho ab,ce’ théaman a+b+c=3. Chitng minh rang:

1 1 1 3
+ + <=
9-ab 9-bc 9-ac 8

Néu nhu chi gitr nguyén bt dang thic & dang nay thi gan nhu 13 ta s& khong thé
chimg minh nd bang bat dang thirc Chebyshev duge, chinh vi thé ta s& dwa nd vé

dang tuong tuy nhu vi du 6 la:

3 1 1 1
—— + + >
8 (Q—ab 9-bc 9—ac]
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Ll 111 1

89ab89bc89ca

1-ab 1bc 1ca
=
9ab 9bc 9ca

Pén day ta ciing van chua thu duoc diéu gi dang ké, vi 2 bd $6 (1-ab;1-bc;1-ca)

Va [ ! : ! : 1 j 12 2 bd s6 don diéu nguoc chiéu trong khi chiéu cua bat
9-ab 9-bc 9-ca
dang thic can chang minh lai 14 16n hon hodc bang. Piéu nay 1am ching ta nay sinh
v nghi nhan ca tir va mau mdi phan thuc v6i cung mot dai luong nao doé dé tao ra
duoc 2 bo sé don diéu nguoc chiéu. Trén con dudng d6 ta di dén loi giai sau:
1-ab 1 bc 1 ca
9- ab 9- bc 9— ca

(1—ab)(6+ab) (1 bc)(6+bc) (1 ca)(6+ ca)
(9—ab)(6+ab) (9 bc)(6 +bc) (9 ca)(6+ ca)

Khong mat tinh tong quét ta co thé gia su: a>b>c | khi d6 ta d& dang ching minh
duoc:
(1—ab)(6+ab) > (1—bc)(6+bc) > (1—ca)(6+ca)

1 1 1
(9—ab)(6+ab) = (9—bc)(6+bc) = (9—ca)(6+ca)

Ap dung bét ding thirc Chebyshev ta co:

(1—ab)(6+ ab) (A—bc)(6+bc) (1 ca)(6+ ca) f’f (1—ab)(6+ ab) ff 1
(9—ab)(6+ ab) (9—bc)(6+hbc) (9 ca)(6+ca) 3 o (9—ab)(6+ab)

cyc

Ta c6: (a+b+c)>>3(ab+bc+ca)=9>3(ab+bc+ca)=3>ab+bc+ca(*). Vay ta

a,b,c
chi cAn chiing minh: > (1—ab)(6+ab)>0 1a bai toén s& dugc chimg minh hoan tit.

cyc
Piéu can chimg minh tuong duong véi:

5(ab +bc +ca) +a’b® +b%*c? +c?a’ <18
< (ab+bc+ca)® +3(ab+bc+ca) <18
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Theo bét dang thie (*) ta cd: (ab+bc+ca)? +3(ab+bc+ca) <3? +3.3=18.

Viy ta c6 diéu phai ching minh. Dau dang thic xay ra chi khi a=b=c=1.

Vidu 8 | Cho x,X,..x >0 thoa man X +X,+..+X, +X +X5 +..+x><2n. va

max{x; +x,}<n—1.Ching minh rang »_ <1,
i N+1-X

Ciing nhu 2 vi du trén ta s& thir dua bat dang thac di cho vé dang ching minh Voi

chiéu 14 16n hon hodc bang 1a:

n

1-—

ZOQZHZ[E— 1 JZO@ZHZ 1%

= n+1-x =\n n+l-x =nin+1-x)

Tuy nhién ta chua thé sir dung bat dang thuc Chebyshev ngay & day duoc, hon nita
ta van chua st dung dén diéu kién kha "mién cudng™

2 2 2
X X ot X XX X <20

Chinh vi thé ta cling s& tim cach nhan thém mot dai luong twong ng ¢ ca tir va mau

mdi phan thire dé tan dung triét dé gia thiét nay.

Ta cé: Zn:—l_xi >0<:>Zn: (L=x)(% +2)

= n(n+1-x) = n(x +2)(n+1-x)
Dén day khong mét tinh tong quat gia sir x, > X, >...> x_ thi ta d& dang co6 dugc

A= %)(% +2) S A=%)(% +2) <. < 1= X,)(%, +2)
! < ! <..Z L
(x+2)(n+1-x) (X, +2)(n+1-x,) (x,+2)(n+1-x,)

Ap dung bét dang thitc Chebyshev ta co:

(L—x)(X +2) >i2(2n—zn:xa _Zn:xlzj(zn: (x +2)(31-+1—X )]20

n(x +2)(n+1-x) n = =
(dtng do X, +X, .ot X, + X +X; +...4+ X <2n.)

Vay ta c6 diéu phai ching minh. Dau dang thic xay ra chi khi x, = x, =...= X,
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Trong bai toan trén, viéc khéo 1éo phat hién ra nhan tr x, +2 dé nhan vao mdi phan
thirc chinh 1a diém mau chdt, khong nhiing tan dung duoc ti da gia thiét bai toan

ma con cho ta mot cach chiung minh bang Chebyshev hét sitc dep mit.

Vidu9 1§ cho a,b,c>0;k<2. Ching minh:

a’—bc . b?—ca . c’—ab
b?+c’+ka? c®+a’+kb? a’+b%+kc®

Phén tich va dinh hwéng loi giai
Nhan thém céc hé s6 tuong mg vao mdi phan sb bat dang thac can chang minh tro

thanh:

(a*—bc)(b+c) . (b*—ca)(c+a) . (c?—ab)(a+b)

(b® +c*+ka?)(b+c) (c*+a’+kb®)(c+a) (a2+b2+kc2)(a+b)20(*)

Khong mat tinh tong quat gia st a>b>c . Khi d6

\%

. (az—bc)(b+c)—(b2—ca)(c+a):(ab+c2)(a—b)+c(a2—bz) 0
(b®—ca)(c+a)—(c*—ab)(a+b)=(bc+a’)(a—c)+a(b*~c?)=0

v

= (a*—bc)(b+c)=(b*—ca)(c+a)>(c*—ab)(a+b)

o (b*+c*+ka*)(b+c)—(c’+a’ +kb*)(c+a)=(b—a) > a’—(k-1)Y ab|<0
Tuong tu ta co

(c2 +a’ +kb2)(c+a)s(a2 +b? +kc2)(a+b)

Do d6

1 S 1 S 1

(b2 +cz+ka2)(b+c) N (cz+a2+kb2)(c+a) - (a2+b2+kc2)(a+b)

Str dung bt dang thirc Chebyshev ta co
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1

VT(*)Z[(az—bc)(b+c)+(b2—ca)(c+a)+(c2—ab)(a+b)}z( = =0

b2 +c®+ka )(b+c)

Vay ta c6 diéu phai chung minh. Dau dang thic xay ra khi a=b=c

Vi du 10 | Cho céc sé thuc khong am a,b,c.Ching minh rang:

a b C 2 1 1
+ + >=(ab+bc+ca) ~+ ~+ .
b+c c+a a+b 3 (a+b) (b+c) (c+a)

Phén_tich va dinh hwong oi gidi

Bat dang thac can chimg minh tuong dwong:

bc+a b+c bc a
22y Joay oy

b+c b+c) (b+c) b+c

O

a bc ab+ac—2hc
& >2 & >

Khong mat tinh tong quat, gia st a>b>c. Khi do:
ab+ac—2bc>bc+ba—-2ca>ca+ch-2ab

1 S 1 S 1
(b+<:)2 - (c+a)2 - (a+b)2

Str dung bét dang thie Chebyshev ta co:

ZM 1[2 ab+ac-— 2bc)]lz ! }:O

(b+c) (b+c)2

Két thac chiang minh.Ddu dang thic xay rakhi a=b=c

Qua céc vi du Vira qua, ta c6 thé thiy duoc, khi dimg trude cac bat dang thic
c6 dang dbi xtmg bén canh céc bat dang thuc c6 dién nhu AM-GM hay Cauchy-
Schwarz thi Chebyshev luén la mot phuong an toi uu Tuy nhién, dé sur dung mot
cach hiéu qua Chebyshev thi doi hoi nguoi 1am phai c6 su tinh té va khéo 1éo dé
phan tach cac dai luong hop li.
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3. Bai tap tw giai

Bai 1

Bai 2

Bai 3

Bai 4

Bai 5

Cho a,b,c 1a 6 dai 3 canh cua 1 tam giac. Chiing minh;

a.X
T R

(b+c—a)’

Cho a,b,c>0 Chang minh rang:

3(a+b+c)= Ja2+8oc + vb?+8a + \c2+ 8ab

Cho a,b,c,d >0 théa man a”+b*+c*+d* = 4.Ching minh:

1 1 1 1
+ + + <2
3—-abc 3-bcd 3-cda 3-dab

Cho a,b,c,d >0 théa man a+b+c+d =4 .Chitng minh:

1 1 1 1 1
<

+ + + <
11+a* 11+b* 11+4c® 11+d®> 3

Cho a,,..a, >0 thoa min a, +..+a, =1.Chang minh Vi moi s6 nguyén

k k

k
a a
k>1taco: ! + 2 n

k k k
S A+t

l1-a, 1-a, 1-a n-1

n
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BAT PANG THUC MUIRHEAD
Lé Nguyén Nam Son- Nguyén Xuin Qui
1. Giéi thiéu bat dang thic Muirhead:

Bét dang thic Muirhead dugc ra doi vao dau thé ki XX nhung chi dugc moi
nguoi thuc s quan tim viéc (ng dung cua nd trong ching minh bat dang thac khi
Internet phat trién ctng v6i Su ra doi cac website Toan hoc noi tiéng trén thé gioi.
So di bat dang thirc Muirhead dwoc chi ¥ mudn vi pham Vi cua nd cha yéu dé so
sanh cac da thira dong bac nhung viéc chuyén d6i mot bat dang thic dep d& (dang
phan tht thu gon) vé dang da thic cong kénh nhiéu sé hang 1a viéc lam bat dic di
mang tinh chat tho thu cong hon 1a su théng minh, khéo 1é0. Tuy nhién phai thir
nhan bat dang thire Muirhead 1a mot cong cu manh hon AM — GM bai vi nd so sanh
2 cu trac lién két cong c6 ca 2 vé chir khong phai ¢ giira mot lién két cong (lién két
manh) v&i mot lién két nhan (lién két yéu). V6i viec ma hoa trong ngdn ngir ki hiéu

thi ching ta c6 thé dé dang chuyén doi bat dang thic dang phan thic sang da thic.
2. M@t s khai niém lién quan dén Bat dang thirc Muirhead:
2.1. Bg tréi

@) =(a,8,.2,)

Cho 2 bd n sb sap tha tu
' PR {(b)=<bl,b2,.-.,bn>

ai Zai+l -
Vi=1ln-1
b >b

i+1

Tre la: {

Ta n6i bd (a) troi hon bd (b), ki hiua=b néu va chi néu ching thoa man céc

diéu kién sau:

8, 2b . i

a,+a,>h +h, Y a =Y bvVm=Ln-1
k=1 k=1

....................... hay ] )

a+a,+..+a, b +b,+..+b , a, =) b

a+a,+..+a, , +a =b+b,+..+b _ +b - -

2.2.  Trung binh loai [a]
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Gid st X 20,1<i<n . Ta ki higu: D IF(X,X,,...,X,) la tong cta n! biéu thirc
thu duogc tir F(X,X,,...X,) bang tit ca hoan vi cua X
Xét truong hop dac biét: F(X, X,,.... X,) =X".%2... X" (X, >0,¢, >0)

Khi d6, trung binh loai [a] dugc dinh nghia nhu sau:

1

[6‘]Z[Otl,ozz,...,ocn]ZmZ!xl"‘l.xzo’2 ..... X,

bic biét:

—1)1I
Trung binh cong: [£0;0;...;0]= X1+X2:'"+Xn - (nnll)'(x1+x2+...+xn)
\ " 11
Trung binh nhan: [— = =1=YXX,... X,
nn

2.3.  Tong hodn vi

Cho P(a,b,c)la ham ba bién a, b, c. Khi d6, tong hoan vi cua P(a,b,c)dugc ki

hiéula > P(ab,c) va > P(ab,c)=P(ab,c)+P(b,c,d)+P(c,ab)

cyc cyc

Vi du: D" ab%c® =ab?c® +bc’a’ +ca’h’

cyc
2.4. Tong ddi xuimg

Cho P(a,b,c) laham ba bién a, b, c. Khi do, tong doi xiing cta P(a,b,c) dugc

ki hiéu 1a Z P(a,b,c) va

sym

> P(a,b,c)=P(a,b,c)+P(b,c,a)+P(cab)+P(cb,a)+P(ac,b)++P(b,a,c)

sym

Vi du: Y abc =6abc

sym

2.5. Lwoc dé Young
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Xét cac da thuc dbi xing voi &, ..., €U . Biéu didn S 13 tong dién
1192 n

tich ctia cac hinh chit nhat ¢ kich thuéc (Ixa,) | tuc 1a;

S=(xa)+1xa,)+..+(Ixe,)

Vi du::

[P
B p

s =0aia.a; &

3. Dinh ly Muirhead:

Mic du lugc dd Young d3 gitip chung ta rat nhiéu nhung né van con ton tai

nhiéu han ché nhit dinh
Vi du:: Giasa a=(,a,,...a,) va B=(B. 5, ,) 122 bd s6 mil d6ng béc, tuc la:

a+a,+..+a, =B+ +...+ B, . Khi d6 néu biéu dién bang luoc d6 Young sb cac
hinh chit nhat (1x0) cua S va SA%% 13 bang nhau thi chua so sanh dugc 2
4,808y 482008y

da thire d6i xémg nay v6i nhau bang luoc dd Young. Va dinh Iy Muirhead s& giup ta

giai quyét dugc van dé nay.
Pinh 1y Muirhead: Cho x >0,1<i<n va (a), (b) 12 2 bd n s thuc. Khi d6, néu

3 VOl ey Oty Lo v B
a>_b thl Saoil,aozt2 a(: ZS61161'1,2122,...@“ Ki hléu [allaz’---’an]>_[181’ﬁ21---1ﬂn]

Pao lai: Néu moi b X={a,a,..3} gom n sd thuc duong, ta co

Sal!az ----- a, 2 SlBDﬂZ ----- P th‘l as>- b

a,ay ..., a,ay .8y

Nhan xét: Bat dang thic Muirhead thuong duoc sir dung cho bat dang thic ba bién

boi nhitng 1y do sau:
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+ Pdi Vv6i bat dang thic hai bién sb, viéc ap dung bat dang thuc AM — GM c¢6 thé

giai quyét d& dang va don gian hon so v&i dinh 1y Muirhead.

+ P4 voi bat dang thac tir bon bién trg 18n, viée dua vé da thire ddi xtmg 13 mot

diéu rat kho khan.
Sau day 1a cach ching minh dinh 1y Muirhead v6i ba bién sé:
Trudc hét, ta ching minh voi n=2

, o, =z, p =
Néu{l 2hzp, thi [ay;a,] -8, B,]

=z pfio+ta,=p+p5

Ta co:

(al%azaz + alaz az%) _ (alﬂlazﬁz + aiﬂz azﬂl) — (alaz)az (alarﬂl _ a;ﬂr/)’l )(alarﬂz _ azwrﬁz) >0

= [ay; 0,15 ]
a0, 20,626,226
Voi n=3:Néu o, 2 B+, > S+ B, thi [ay; ;a1 8 By Bl
gty tas =+ 0+ 5y
Goi I3 1a mot hoan vi (i, i,,i,)cua bo s (1:2;3)
Str dung két qua voin=2, ta co:

Z 3130{3 '(aila1 a'iz “ + ai1a2 a'iz al) 2 Z ai;l3 '(ailﬂlaiz()l1+0(27ﬂ1 + a‘iféﬁaz*ﬂ1 a'lzﬁl)

I I3

— +ap— +0p— By P Pig P
_Zailﬂl.(aizal ap ﬁlai3a3 +ai2a3ai3a1 a ﬁl)ZZailﬂl.(aiz Zai3 3 +ai2 3a.i3 2)

I3 I3
= o a, 051 - 18 Bos Bl
Ta c6 mot s6 nhan xét sau day

Nhan xét 1: Bat dang thic AM — GM 1a hé qua cta dinh Iy Muirhead

[L0,....0] [

S|
| =

L4
n

>
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Nhan xét 2: Néu XX,...X, =1 thi:

[a, ..., 1= (e, = 1), (e, - 1,).... (¢, = 1]; VT €l
Nhan xét 3: Néu XX,...X, =1 thi:

[y, e,y 12 (e, = 1), (2, = 1)), (0, = 1] VT 20
Nhan xét 4: Str dung bat dang thic AM — GM, ta c6:

Vi 2 b6 N sb thue (a) va (b): 015

5 ]

a+b
[ 2

4. Ky thuat sir dung dinh li Muirhead
Str dung bién doi twong doi twong dwong va dinh 1i Muirhead
Phwong phap chung

Pé ung dung da thic dbi xung va dinh Iy Muirhead trong chiang minh bt

dang thirc, ta can thyc hién theo 2 budc co ban sau:
Buwdéc 1: Phan tich

+ Bién ddi bat dang thic can chiang minh V@ dang tong cac da thie dbi xtang

& ca2 vé cua bat dang thic

+ Biéu dién cac da thirc d6i xtng theo ki hiéu quy udc trong 1y thuyét ndi

trén.
Bwéc 2: Banh gia

+ Céch danh gia: Lam mat dan céc da thirc d6i xtng c6 gia tri 16n & Vé co gia

tri nhd hon. Thay vao d6 1a cac dathirc d6i xiang nho nhét co thé.
+ Phép danh gia duoc thuc hién nho céc nguyén tic sau:
- Sir dung déanh gi4 cac bat ding thic sin co
- Tim toi, du doén cac bat dang thi nhd hon can chang minh

- Str dung céac cach bién doi dé tao ra cach danh gia mai
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5. Sir dung dinh ly Muirhead véi AM — GM, Holder, ASYM, Schur

5.1. Bdt dang thizc AM — GM

Dang tong quét: a1+a2:...+an >1laa,..a,

Dang suy rong: a,x, +a,x, +...+a x, > a"a,*..a,"

5.2. Bdt dang thizc Holder

ﬁ(zn:aij)z(zn:mﬁau)m VoI ,Va1j>0;i:l,m;j:1,_n
=1\ il

i=l  j=1

5.3. Bdt dang thizc ASYM

Két hop gitra bat diang thic AM — GM va Holder, ta c6 béat dang thac ASYM nhu

Sau:

Cho m b s6 (a5 ;i ), (@10 sei @ s (G 30ty sty ) VST MuNED”

rﬂl;

Ay s —

. _
Va X, Xy, X 20 Dat t, = LVi=12

m
Khi d6: Ta c6 bat dang thic ASYM:
[%i%i---i%] + [“21;0‘22 ;...;azn] + "'+[%;0‘m2;"';0‘mn] >mit;t,;.. ot ]

Nhan xét: Bat dang thac ASYM chinh 1a su két hop cua 2 bat dang thac: hé qua cua
bat dang thuc AM — GM (Vé trai) va bat dang thic suy ra tir bat dang thic Holder
(vé phai)

5.4. Sit dung dinh ly Muirhead véi bét ding thic Schur:
Dang chinh tic:
a“(a—b)(a—c)+b*(b—c)(b—a)+c“(c—a)(c—b)>0
<[k +2;0;0]+[k;11] > 2[k+1,10]

6. Vi du
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Chiing ta hiy bat dau voi mot vi du kha don gian:

Vidul: Cho ab,c la3 canh cia mottam giac. Chirtng minh:
(a+b)(b+c)(c+a)>8abc

Giai:

Cach 1: Khai trién, ta c6:

Bt dang thuc can ching minh twong duong véi: Y a’h>6abc

o
Theo dinh Iy Muirhead, ta cé: [2;1;0]>[L1;1] (hién nhién dtng)
Viy (a+b)(b+c)(c+a)>8abc

Dau bang xay rakhi va chi khi tam giac ABC déu

Ciach 2: Ap dung bat dang thic AM — GM Voi 2 s thuc dwong

a+b22\/£
b+c>2bc = (a+b)(b+c)(c+a) >8abc
c+a22\/a

Dau bang xay rakhi va chi khi: tam giac ABC déu.

Nhan xét: Trén ddy chi 1a mot bat dang thac quen thudc ma viée ap dung dinh Iy
Muirhead kha don gian, chi viéc khai trién biéu thirc ban dau va ép dung thang dinh

1y Muirhead.

Dudi day ta s& xét voi mot bat dang thuc dang phan thirc, doi hoi sy phén tich chinh
xac

Vi du 2: (IMO 2005 Pro A3) Cho x,y,z 1a cac s thyc duwong, xyz>1 .

5 2 5 2 5 2
X =X - AR/

Chang minh: >
g XC+Y+7 VP +XE X +yP

Giai:
Ciach 1: Quy d6ng khir mau. Ta co:
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Bat dang thuc can chimg minh tuong dwong véi:

S AT Y Yy - Yy = T Ty 12+ 2Y Ky Yy e

sym ym sym Sym sym sym Sym sym sym
Ta can chang minh:

[9;0;0]+4[7;5;0]+[5; 2; 2] +[5;5;5] 2 [6; 0; 0] +[5;5; 2] + 2[5; 4; 0] + 2[4; 2, 0] +[2; 2; 2]
That vay, str dung dinh ly Muirhead va 2 nhan xét:

+ Néu X%,..X, 21 thi [ey, @y, 0,12 [(o, = 1), (e, =T,).... (@, = 1];¥F 20

, V6i 206 n'sb thu (a) va (b) thi: [a];[b] z[a;b]

Ta co:
[9;0;01 - [7;1,1] > [(7-1);(1-1);(1-1)]=[6:;0; 0]
[7:5:0]~[5:5,2]
2[7;5,0] - 2[6;5;1] - 2[(6 —1); (5—-1); 1-1)] =2[5;4;0]

1.3 11 3,7 _3\..3_3\ioom0-
517G =2 G -2k (G-S)1R2420]

[7;5;0]+[5;2;2] >~ 2[6;%;1] > 2[1—21
[5:5;5] - [(5-3); (5—-3); (5—-3)]=[2;2;2]
Cong Vé theo Vé cua céc danh gia trén, ta c6 ngay diéu phai chang minh.

Dau bang xay rakhi va chi khi: a=b=c=1.

] ) x5 — x2 x5—x2.xyz x4—x2yz 2X4—X2(y2+22)
Cich2:Tacd: ——=2——7F— =— R T WA B Ty
XTHY +2° Xy +z7)xyz X +yz(y +z°) 22X +(y“+29)

Pit a=x*b=y’ c=2%.
Ta can ching minh:

2
Z2a2—a(b+c2) 50
o 2a° +(b+c)
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T p— >

_ ]_
— 2a’+(b+c)> 2b*+(a+c)’

2 2 _ 2
@Z(a—b)z cz+c(a+b3+a2 ab+b >
o0 [2a® + (b+C)°][2b" + (a+C)7]

DAu bang xay rakhi va chi khi: a=b=c=1.
Nhan xét:

Khi dung dinh 1y Muirhead, bén canh viéc danh gia cac bo s, ngudi st dung
can phai ndm viing nhitng nhan xét co ban, nhitng ki thuat bién d6i don gian dé tao
ra cac bo $6 “trung gian”, nham danh gia duoc cac bd s6 ma binh thuong khong thé

danh gia duoc.

Bén canh viéc phan tich don thuan, ap dung dinh 1y Muirhead cho mot bét
dang thirc nhat dinh khong nhat thiét chi c6 mot cach. P4i vi mot s6 bai toan,
chung ta co thé su dung céac ki thuat bién ddi dé tao ra nhiéu danh gia khac nhau,

nhiéu 10i gia sang tao.
Vi du 3: (IMO — 1995) Cho a,b,c 1a céc s thuc dwong, abc=1. Ching minh

1 N 1 N 1
a’(b+c) b’(c+a) c’(a+h)

>3
2

Giai:
Ciach 1: Quy d6ng khir mau. Ta co:
Bat dang thiic can chimg minh tuong duong véi:

Y a'h'+2> a'h’c+ ) a’b’c® >3> ah'c®+ > a'b'c’

sym sym sym sym sym
Ta can chang minh:

[4;4;0]+ 2[4;3,1]+[3;3; 2] = 35; 4; 3] +[4; 4, 4]
That vay: St dung dinh 1y Muirhead va nhan xét:

+ Néu X% X, =1 thi [a, @y, 0,1 2 [(o, = 1), (e, =T,).... (@, = 1];¥F 20
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Ap dung:

Mat khéac:

2[4;3,1] - 2[1—1 § §]

8
[3:32]-[; ’§]

OOIOO
w o

Cong Vé theo Vé cua céc danh gia trén, ta c6 ngay diéu phai chiang minh
D4u bang xay rakhi va chi khi: a=b=c=1.

Ciach 2: Vi abc=1nén bat dang thirc can chiing minh twong dwong voi:

3
D > 7D
o & (b+c) 2(abc)?

piat a=x*b=y%c=2xy,2>0)

3
(1)<:>czyc:x (y +7 ) 2xty*z @

Quy ddng khir mau. Ta ¢

(Z)QZXIZ 12+22X12y923+ZX9y926 >3lely825+zx8 8 8

sym sym sym sym sym

Ta can chang minh:

[12;12;0]+2[12;9;3]+[9;9; 6] > J[11;8;5] +[8;8;8]

Theo dinh Iy Muirhead, ta c6:

- 106 -



[12;12;0] = [11;8;5]
2[12;9;3] > 2[11;8;5]
[9;9;6]-[8;8;8]

Cong Vé theo Vé cac danh gia trén, ta co ngay diéu phai chiing minh.

Dau bang xay rakhi va chi khi: a=b=c=1

Cach 3: Sur dung bat dang thac Cauchy — Sweharz dang Engel, ta c6:

o >(Zch2 3 be

cyc _¢oye
%’ 3 b+c) Czyc:ab+ac_ 2>bc 2

cyc

Mt khac: Theo bat dang thic AM — GM:

Bat dang thic duoc ching minh.Dau bang xay ra khi va chi khi: a=b=c=1.

Nhan xét: Trén ddy 1a nhitng bai toan cd dién quen thudc. DSi v6i nhitng bat dang

thirc ¢6 hé s6 kha 16n thi sao? Ching ta xét vi du.
Vi du 4: (Tigran Sloyan) : Cho a,b,c>0. Chung minh rang:

a’ b? c? 1
(2a+b)(2a+c) (2+c)(2b+a) (2c+a)(2c+b) 3

Ciach 1: Quy dong va khir mau, ta c6 bat dang thirc can chimg minh twong Voi:

66> a’h’c + z a'bc+6) a'h?+12> a%®+30> a’h’c

sym Sym sym sym sym
>70 a’h*c+10) a‘bc+8> a‘h’+10> a’h’+ Zazb2 c?
sym sym sym sym sym
<2y ab’+ Z a’b’c? <4y a’b’c+ = z a'bc+2> a’h’
sym sym sym Sym sym

Ta can chang minh:
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2[3;3;0]+ % [2;2;2]<4[3;2;1] +§[4;];1] +2[4;2;0]

Theo dinh ly Muirhead, ta co:

2[3;3;0]< 2[4,2;0]
4[2;2;2]< 4[3;2;1]

5 5
—[2:2:2]< —=[4;1;1
,[222]< - [411]
Cong Vé theo Vé cua céc danh gia trén, ta c6 ngay diéu phai chiang minh.

Déau dang thuc xay rakhi va chi khi: a=b=c hoic a=b;c=0va cac hoan vi.

Cach 2: Sir dung bat dang thiac Cauchy — Sweharz, ta co:

9a’ (2a+a)’ o4 & 2a @
(2a+b)(2a+c) 2a(a+b+c)+(2a’+bc)” 2a(a+b+c) 2a°+bc a+b+c 2a’+be

Nén:

2 2

a
=2+
a+b+c 2a’+bc Z2a2+bc

9a’ a a
2 arb)zare) - 2= 92

Ta can ching minh:

a’ b? c?
2 + 2 + 2 S
2a°+bc 2b“+ca 2c°+ab

bc ca ab
> +— +— >1
2a°+bc 2b“+ca 2c“+ab

Theo bét dang thirc Cauchy — Sweharz dang Engel:

bc b’c® (ab+bc+ca)’
= > =1
2 2a’ +hc 2 bc(2a” +hc) y D bc(2a” +b)

Két thuc chiing minh.Dau dang thic Xxay ra khi va chi khi: a=b=choic a=b;c=0

va cac hoan vi
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Cach 3:
Ta co:

2

1 a

B _ a B a’ 1 a(a—b)(a-c)
3 Z(2a+b)(2a+c) ZL’(a+b+c) (2a+b)(2a+c) 32(2a+b)(2a+c)

Khong mat tinh tong quat, gia st a>b>c

Khi do:

a(a+2b)>b(b+2a)>0 a b b
{a(2b+c)2b(2a+c)20 :a'(2a+b)(2a+c) ~ (2b+a)(2b+c)

Theo bat dang thirc Vornicu Schur, ta c6 ngay diéu phai chiing minh.
Dau bang xay rakhi va chi khi: a=b=c hoic a=b;c=0va cac hoan vi.

Vi du 5: Cho a,b,c>0. Chtng minh:

1 1 1_ a+b b+c c+a
—F—t =2 +— +—
a b ¢ c°+ab a“+bc b“+ac

Giai:

Cach 1: Quy d6ng khir mau roi thu gon biéu thuc, ta cé:

Bét dang thirc twong duong voi: Y_a’b*c? <> a'b*

Bit dang thirc trén hién nhién ding vi theo dinh 1y Muirhead:
[4:2,2]1<[4,4,0]

Déu dang thuc xay rakhi va chi khi: a=b=c

Cach 2: Ta co

St dung bt dang thac Cauchy — Sweharz dang Engel, ta cé:

b+c  (b+c) (b+c)’ R -
a’+bc (a®+bc)(b+c) - c(a’+b*)+b(a*+c*) c(a*+b®) b(a’+c?)
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Do do:

a+b c? 1 1 1
< =4+ 4=
Zcz+ab Z[ (c +a) c(cz+a2)] a b c
Déu dang thuc xay rakhi va chi khi: a=b=c

Nhan xét: Doi khi, trong qua trinh sir dung don thudn dinh Iy Muirhead sé gap phai
sy danh gia kha vat va. Viéc két hop véi cac bat dang thire khac nhu AM -GM,

Holder, Schur s& giup ching ta giai quyét nhanh gon cac bai toan nay.
Vi du 6: Cho a,b,c>0. Chiing minh rang:

2 2

Z +3 Z—

2 2
Giai: pat =DM C_ P i do. bt ding thic tré thanh:
b npc mpa mn
Z 3>Z—<:>Zm +3m’n*p® > > m*np+>_m’n’
sym np
Ta can chang minh: [6;0;0]+[2;2; 2] >[4:1;1]+[3;3;0]

Theo Muirhead — Schur, ta c6:

[6;0;0]+[2;2;2] = 2[4, 2;0]

Mat khac: Theo dinh 1y Muirhead, ta ciing c6:

[4,2;0]-[4,1,1];[4,2;0] - [3;3,0]
Nén ta c6 diéu phai chiing minh.Dau dang thac xay ra khi va chi khi: a=b=c=1
Hay vi du sau:

Vi du 7: Cho a,b,c>0. Chang minh rang:

(a2 erz)(b2 +C2)(C2 +a2)(a+b+C)2 > 8(a2b2 +b2c? +c%a? )2

- 110 -



Giai:
Cach 1:

Chuan hoa: a+b+c=1. Bt ding thic can chang minh tro thanh:

(a2 +b2)(b2 +cz)(c2 +a2)28(a2b2 +b%c? +c%a’ )2

oY ah?+2) a’h’+2) a®h’c+2) a'b’c+ ) ah’c’+) a®h’c®>3) a'h' +6) a'h’c?

sym sym sym sym sym sym sym

Ta can chang minh:

[6;2;0]+2[5;3;0]+2[5; 2;1] + 2[4; 3;1] + 2[3;3; 2] > 3[4; 4;0]+ 6[4; 2; 2]

Theo dinh ly Muirhead, ta co:
[6;2;0] > [4;4,0];2[5;3;0] - [4; 4]
Theo bét dang thic ASYM:

o[5: 2:1]+ 2[4:1: 3]+ 2[3;3; 2] > 6[5+g+3; 2*;”-1*3*2

Cong Vé theo Vé cac danh gia trén, ta c6 ngay diéu phai ching minh.

_1

— 1=6[4,2,2]

Dau ding thic xay ra khi va chi khi a=b=c_3 hoac a:b:%;c:O va céac hoan vi

Cach 2: bat x=a%y=b*z=c?
Ta co: (a+b+c)2 :(\/;+\/§+\/E)2 =X+ y+z+2xy +2\[yz +22x

Lai c6, theo bat dang thac AM — GM:

xty22xy o 2fxy =2

X+Yy
Tuong tu: 2.\yz zﬂ;Z\/zx zﬂ
y+2 Z+X

4xy

Nén a+b+c) > x+ > 22
(asbro) = Txe T
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Mat khac:

X+y

(x+ y)(y+z)(z+x)(Zx+ZﬂJ—8<ny)2 =ny(x—y)2 >0;VX,y,2>0

Nén bat dang thire dugc chitng minh..Dau dang thic xay ra khi va chi khi a=b=c

hoac a=b;c=0va cac hoan vi

Nhan xét: Qua 2 vi du trén, dé dang nhan ra rang, viéc str dung céac bat dang thirc

nhu AM — GM, Holder, ASYM két hop V6i dinh Iy Muirhead rét hiru ich khi xuét

hién bo troi & phia nguoc chiéu bat dang thic.

7. Bai tap tw giai

1) Chang minh rang voi ab,c 13 cac s6 thuc duong thi ta cé bat dang thic:

a(b+c) b(c+a) c(a+b)
b? +bc +c? +cz+ca+a2 +a2+ab+b2 a

2) Cho a,b,c>0. Ching minh rang

a’ a’ ab

_2 — 4+ —
IS b
3) Cho a,b,c>0 . Chang minh ring

(a2 +b2)(b2 +cz)(c2 +a2)(ab+bc+ca)2 > 8ab’c? (a2 +b? +cz)2

4) Cho a,b,c>0. Chiing minh rang

a b c a+b+c
2 + 2 + 2 S
a‘+2bc b°+2ca c°+2ab ab+bc+ca

5) Cho a,b,c>0. Chiing minh rang

a b c 1 1 1
> +— +— < + +
a“+bc b°+ca c°+ab a+b b+c c+a

6) (Iran 96) Cho a,b,c>0 . Chitng minh rang
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(ab+bc+ca) 1 + ! + ! 2%

(a+ b)2 (b+ c)2 (c+ a)2

7) Cho a,b,c>0 théa man: abc=1.Ching minh rang

2 1 3
+=>
a+b+c 3 ab+bc+ca

8) Cho a,b,c>0 thao man abc=1. Chitng minh rang
(a+b)2(b+c)2(c+a)2 >(a+2b+c)(b+2c+a)(c+2a+b)

9) Cho a,b,c>0. Ching minh
(az_b2)2 a b b aY
7 i ]+6Y 22232 18
g I (R TDOYET Y
(Huéng dan: St dung bat dang thac ASYM khi danh gid bo troi)
10) Cho céc s6 a,b,c khong am sao cho khong ¢6 2 s nao ddong thoi bang 0.Ching
minh rang

1 1 1 12
2 + 2 + 2 2 2
a“+bc b°+ca c“+ab (a+b+c)
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PHUONG PHAP PQR
Tran Thanh Binh

1. Kién thikc lién quan
1.1. Pinh nghia va cdc phép bién déoi
- Pa thuc dbi xang Vi-et:
Ta c6 p=a+b+c;q=ab+bc+ca;r=abc 1a cic da thirc dbi xting Vi-et
- Ménh dé: Moi da thirc d6i xitng H(a,b,c) déu cé thé bién ddivé dang T(p,q,r)
- Céc hang dang thic dang nhé:

(a+b)(b+c)(c+a)=pg-r
(a+b)(b+c)+(b+c)(c+a)+(c+a)(a+b)=p*+q
a’+b’+c*=p°-2q
a®+b*+c®=p®-3pg+3r
a’b® +b’*c* +c’a® =q* —2pr
a’h® +b%® +c*a® =q® —3pqgr +3r?
ab(a+b)+bc(c+b)+ca(a+c)=pqg-3r
ab(a® +b*) +bc(b® +c?) +ca(c’® +a*) = p’q—-29° — pr
1.2. Phwong phdp pqr két hop bdt dang thic Schur
- Bat dang thic Schur:
Véi moi s thuc a,b, ¢, kkhong dm. Ta c6 bét dang thic
a“(a—b)(a-c)+b*(b-a)(b—c)+c*(c—a)(c—b)>0
Céc trudng hop thong dung nhat 1a k =Lk =2

a(a—b)(a-c)+b(b—a)(b-c)+c(c—a)(c-b)>0
a’(a—b)(a—c)+b’(b—a)(b—-c)+c’*(c—a)(c—b)>0

- Tir bat dang thic Schur két hop véi AM-GM ta c6 céc bat dang thac co ban sau:
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p®>3q p°q+3pr >4q° p°q+3pr+2q° q°+9r° > 4pqr
q°>>3pr pg’ +3qr > 4p°r pg’ > 2p°r +3qr 20° +9r*> > 7pqr
p®>27r p* +3qg° > 4p’q 2p%+9r>7pq p’r+q°>6pqr

Vi du 1: Cho a,b,c>0 théa man ab+bc+ca+abc=4 Chung minh ring:
3(a® +b* +c?) +abc >10

Lol gidi:

Bit dang thirc dd cho twong duong véi 3p? —6q+r>10 < 3p*-79-6>0 (*)

3
Theo BDT Schur tacd p°+9r >4pg= p°+9(4—q)>4pg=q< 3;6p+%
+

36+ p°
4p+9

Thay vao (*)tacod 3p°—7.0-6>3p*-7. —6. Do d6 ta can ching minh

36+ p°

3p*-7
P 4p+9

—6>0< (p-3)(5p*+42p+102)>0< p>3

Ta thdy: q°®>27r?=27(4—q)?. Néu q<3thi ® <27<27(4—q)*<q® (V0 Iy)
Nén q>3= p>3. Vay ta c6 diéu phai ching minh diu dang thic khi a=b=c=1.
Vi du 2: Cho a,b,cla céc s6 khong &m. Ching minh rang:
(@*+b* +c*)(ab+bc+ca) > (a® +b* + ¢*)(a’h® + b’*c* +c’a®)
Lol giai:
Khong mat tinh tong quat chuan hoa q=1.Khi d6 bat dang thirc da cho trg thanh:

(p*—4p’g+29* +4pr)g = (p®—2q)(q° —2pr)
< pt-5p*+4+2p°r>0

Theo bt ding thire Schur ta c6: p* —5p’q+4q® +6pr >0= p*—5p*+4+6pr>0

Lai c6 p>>3q=3,nén p*-5p>+4+2p°r=(p*-5p°+4+6pr)+2pr(p°-3)=0
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Vay bat ding thirc dugc ching minh. Dau dang thuc khi a=b=c=1hoic

a=h,c=0 cung cac hoan vi hoac ael] *bat ki, b=c=0 cung cac hoan vi.
Vi_du 3: Cho céc s thuc duong a,b,c thoa min a+b+c=3. Chang minh rang:

312 g,

1.1
abc abc

)

Loi Giai: Bién doiveé dang pgrtacéd 3r+12>5q

2
Theo bat dang thic Shur ta ¢ 3r > w =49-9

Do d6 ta can chang minh 49—9+12>5q < q<3 (ding do 3q< p®=9)
Vay ta c6 diéu phai ching minh. Dau dang thic xay ra khi a=b=c=1.

a®+b*+c? 9(ab+bc+ca)

Vi du 4: Cho a,b,c>0.Ching minh: ——
- (@a+b)(b+c)(c+a) a“+b°+c

>5

Loi_Giai: Chuyén bat dang thirc can ching minh vé dang pqr va chuan héa p=1

taco P9 G 51, % S5k

q-r 1-2q qg 1-2q

Tathiy : S+-29 _,1720, 99 S5 53-8
q 1 2q q 1-2q

3+J_

Viy ta c6 diéu phai ching minh. Dau dang thic xay ra khi(a,b,c) = ( X, X, 0)

[

hoac (a,b,c)= ( X,%,0) va céac hoan vi.

Nhan xét: Ta thdy nhiing loi giai trén hét sic ngan gon va lai rat rd rang chinh xéc.
Pay chinh 1a mdt phuong phap manh trong viéc chiing minh bat dang thirc ddi xing

3 bién. Chung ta s& tiép tuc v6i nhitng vi du khé hon.

Vi du 5: Cho x,y,z>0. Ching minh rang:

X .y 4(x+y)(y+z)(z+x)>5 (1)

Yy+Z Z+X X+Yy X +yP+ 7
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Lai giai:
Khong mat tinh tong quat gia st p=1. Bién d6i V& dang pqr ta co (1) tuong duong

Véi- 1—2q+3r+ 4(q-r) 25<:>1—3q+4rJr 4(g-r) 54
q-r 1-3q+3r q-r 1-3q+3r

Ta thay:

1—3q+4r+ 4(q-r) >1—3q+4r+ 4(q-r) - 1-3q+4r 4(q-r)
q-r  1-3g+3r gq-r  1-3q+4r \ q-r 1-3q+4r

Vay ta c6 diéu phai chiing minh. Dau dang thic xay ra khi x=y =1z =3

1.3. Mg réng phwong phdp pqr kéthop ham so

Ta c6 cac bd dé sau:

3

*Bo dé 1: (bat dang thac schur) Va,b,c>0 thi r24qu—p
*Bodeé 2: Va,b,ceR thi tontai cac s6 thuc X,;Y,;%;Y, sao cho:
p=a+b+c=2x+Yy,=2X+VY,
q:ab+bc+ca=x§+2x0y0:x12+2x1y1

x2y( < r:abcsxlzyl
Ngoai ra néu a,b,c>0 thi X,,%,Y; 20 . Trong do:
+Néu p? >4q thi y, <0.
+Néu p? <4q thi y,>0.
Vi du l: Cho ab,c>0 théa a®+b?+c?=a+b+c . Chang minh rang:

ab-+bc+ca>a’b? +b’c? +c?a?
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Loi giai:
Ta c6 bat dang thiic can chimg minh tuong duong véi:

a®+b?+c?

(ab+bc+ca)[
a+b+c

2
) > a’b? +b%c? +c%a?

Do 2 Vé cua hai bat dang thac nay dong 4 nén khong mat tinh tong quat, ta co thé
gid sit a+b+c=1. Dit g=ab+bc+ca, r=abc:>0£q£% . Khi 6, bat dang thic

can ching minh tré thanh:

0.(1-2q)° 29" - 2r(*)
f(r)=18r+9q(49-1)(q-1) >0

-Truong hop 1: 4q <1 thi (*) hién nhién dung.

, . 4
-Truong hop 2 :4q =1, thé thi theo bo dé 1,tacod: r> >

Do do
f(r)=18r+9q(4q-1)(q-1) > 2(49-1) +9q(49-1(q-1) = (49-1)(2-3q)(1-3q) =0

=(*) ding (d.p.c.m)
Vi du 2: Cho a,b,c >0 théa mana+b+c=3. Ching minh rang:

Pabe=—2 + 2 , a .3
a+bc b+ac a+bc 2

Lol gidi:

Pitg=ab+bc+ca, r=abc=0<q<3 . Ta cobit dang thirc tuong duong voi:
3rr+2r(6-q)<0

Theo bd dé (1) ,tacé: 3r2+2r(6-q)—q° <3(x’y,)* +(x*y,)(6—q) -

Do d6, dé chitng minh bét dang thirc da cho, ta can chang minh :

304 Y,)? + (X y)(6—-0)—q° <0
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3
g P(X1’ Xl’ yl) 2 E

S

2 + it 2%
arl oy i

2 4y,
+
Vi +1 yf -2y, +9
< (yl _1)2(3_ yl) 20

3_y1 2
— )

=

Hién nhién dung, do d6 ta c6 diéu phai ching minh.
Pang thuc xay ra khi a=b=choiac a=3,b=c=0cung cic hoan vi.

2. Bai tap tw giai

. 3[
1, Cho a,b,c>0 Chang minh rang a + b + ¢ + 3vabc >
b+c a+c a+b 2(a+b+c)

Hwéng dan:

(a+b+c)? N 3%/abc .

>4
ab+bc+ca a+b+c

Ta s& ching minh bat dang thic manh hon 1a

That vay, Chuan hoa r=1.Ta cé

p? 3

2 3
(a+b+c) N 3%/abc 4P
ab+bc+ca a+b+c q p

>4< p*+3q24pq

Ta ching minh dugc >3 két hop bat dang thic Schur ta cé dpem.
2, Chang minh rang néu a,b,c 1a cac s thuc duong va a*+b* +c¢* =3 thi

1 1 1
+ +
4—ab 4-bc 4-ca

<1

Huéng dan:

Quy ddng mau s roi khai trién,ta can ching minh:
49 —8(ab +bc +ca) + (a+b+c)abc < 64 —16(ab +bc +ca) +4(a+b + c)abc —a’b*c?
< 16+3(a+b+c)abc > a’b’c?® +8(ab +bc +ca)

Ap dung bét dang thic Schur va gia thiét a* +b* +¢* =3, ta co:
Ap dung g g
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(@®+b*+c® +3abc)(a+b+c) > (ab(a+b)+bc(b+c)+ca(c+a))(a+b+c)
< 3+3abc(a+b+c) > (ab+bc)® + (b +ca)® + (ca + ab)?

Ap dung BDT AM-GM,ta co:

(ab+bc)? + (bc +ca)? + (ca+ab)? +12 > 8(ab + bc + ca)
=15+3abc(a+b+c) >8(ab+bc+ca)

Mat khac ta lai c6: 1>a’b’c® Vay ta c6 dpem.

3, Cho a,b,c 1a céc s6 thuc khong am thoa man ab+bc+ca=3. Chiang minh bt

dang thuc: a®+b® +c®+7abc>10

Huéng din:

Ap dung BDT Schur,ta co:
a’+b®+c®+3abc >ab(a+b)+bc(b+c)+ca(c+a)

< a’+b®+c® +6abc > (ab+bc+ca)(a+b+c)=pg=3p

p(4q-p*) _ p(L2-p°)
9 9

2 2
Ta cén chiing minh: 3p+@ 510 « (P=3A6- p9)+3(4— P+2]

va r=

Bat dang thac cudi hién nhién dung nén ta c6 dpem.

Pang thuc xay rakhi a=b=c=1,

4,Cho a,b,clacac sé thuc khong am thoa mana+b+c=3.Chimg minh rang:

a’b b%c c’a
+ + <
4-bc 4-ca 4-ab

Hudng dan:

Quy ddng mau s roi khai trién,ta can ching minh:

22
4—Za2bzzab ¢

4—-bc

Str dung bat ding thuc quen biét .ta co:

122 ab

4—hc

<64-32) ab+8 D a’bc+42a%? > abc(D.a%h +abc)
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Tiép tuc sirdung bat dang thic trén,ta can chang minh:
64—322ab+82a2bc+42a2b2 > Aabc

hay 16-8q+q*-r=>0

Véi q=ab+bc+ca,r=abc. Ap dung BDT AM-GM, tacdq?>9r nén can ching

minh;

2

16—8q+q2—%20<:>(q—3)(q—6)20

Bat dang thac cudi hién nhién dung nén ta c6 dpem.

Pang thuc xay rakhi a=b=c=1 hoic a=2,b=1c=0 va cac hoan vi.

5,Cho x,y,z>0.Chiang minh rang

1 11 3X 3y 3z
D +— +—
X Yy z X +2yz y*+2zx 77 +2xy
Huéng din:
< 1 1 1 .z .2 Y , . .
bat a==,b==,c== bat dang thic can chimg minh tuong duong vdi
X y z

1 a(a’ —bc)
> 3ab —— >
Za> 2 CZ2a2+bc QZ 2a®+hc 20=3 Z2 2 +bc Za

2\2
Ap dung BDT Cauchy-Schwarzta c6 Z > (Za )
2a’ +bC 22 a®+3abc

Pén day tacn ching minh 3(2.a%)? > (> a)(2 2_a’ +3abc)
Gia st a+b+c=1chuyén vé dang pgr BDT tré thanh
3(1-2q)* >2-6q+9r

T 9° >3r ta co:

3(1-2q)* > 2-6q+3q°

& 3-12q+129° > 2-6q+3q°

< (1-39)° >0

6, Cho a,b,c>0 va a+b+c=1. Chang minh rang:

a,b,c ab,c
ab+bc+ca> 8(2 a’ +16abc][z azbz}

cyc cyc
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Huwéng dan:

1
bat q=ab+be+ca, r=abc =q.rz0 va <7

Do dé theo bét dang thirc Schur: 1> 4q9_1. Tir céch dit , ta co:

a,b,c
D ahi=q*-2r
cyc

a,b,c

D a’=1-2q

cyc
Do d6 bat dang thic can ching minh tré thanh

q=>8(q° —2r)(16r +1-2q)
< f(r)=8(2r-g?)(16r +1-29)+q=>0

Ta co: f'(r)=6(32r —(49-1)(29+21)
C6 hai truong hop xay ra :

TH1: 1>49=f'(r)>0= f(r)laham dong bién Vr>0

TH2: 1<4q=>r> >0 . Do d6:

4q-1
9

f'(r) = 6(32r — (49 -1)(2q + 1)) > 6(% 2(49-1)(23-189) ,

D ag-n2q s | - 2=

do vay f(r) 1a ham ddng bién v6i moi r>0 do d6 f(r)> f(0)=q(4q-1)?>0.

7,Cho a,b,clacac s6 thuc khong am thoa méan a®+b®+c® =3.Chimg minh rang;
a‘a*+b'c*+c'a’ <3

8, Cho a,b,clacac s thuc khong am. Ching minh rang:

a®+Db?*+c*+2abc+1>2(ab+bc+ca)

9. Cho a,b,c 1a céc s6 thuc khong Am thoa man a®+b?+c? =3

Chung minh rang: 12+9abc >7(ab+bc+ca)
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10, Cho 3 s6 thuc duong a,b,c. Ching minh ring

1 1 1

5 +— +— <3
a-—a+1l b°=b+1 c°-c+1

11, Chimg minh rang véi céc s6 thuc a,b,c thoa man a’+b?+c?=9, ta c6:

2(a+b+c)—abc<10
12, Cho a,b,cla céc sb thuc duong thoa man abc=1. Ching minh rang:

3 6
>

1+ >
a+b+c ab+bc+ca

13, Cho a,b,c 1a cac s6 thuc duong thoa man abc=1.Chimg minh rang:

2(a® +b*+c?)+12>3(a+b+c)+3(ab+bc+ca)
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PHUONG PHAP PHAN TiCH TONG BINH PHUONG S.0.S

(SUM OF SQUARE)
Tran Thanh Binh
PHUONG PHAP PHAN TiCH TONG BINH PHUONG S.0.S

(SUM OF SQUARE)

Chic han rang day khong con 13 mot phuong phap qua xa la so V6i cac ban THPT,
Pai hoc hién nay, bai no da duoc gisi thiéu kha nhiéu trong cac tai lidu bat dang
thirc hay. Viéc giai cac bat dang thire dbixang 3 bién xuét hién rat nhiéu trong cac
ki thi HSG dia phuong, ciing nhu qudc gia, qudc té va ludn 1a céu phan loai. Dé
giai dugc cac bai toan ay doi hoi mot tri tué sang tao tuyét voi, ciing nhu céc ki
thuat ma khong phai ai ciing biét. Nhung voi SOS chi can mot vai budc bién doi
cliing véi viéc sir dung tiéu chuan mot cach khéo 1éo thi phan Ion cac bat dang thic
3 bién d& nam trong kha ning cua ban. Ching ta s& di tim hiéu sic manh ciing nhu

cach str dung phuong phap nay ngay sau day.
1. Ly thuyét va vi du
1.1 Dinh ly va cac ki thudt phdn tich

Nhu d3 néi ¢ trén, quan trong nhat trong phuong phap nay chinh 13 ki thuat phan
tich. Ching ta s& bién d6i va dua bat dang thic vé dang

S.(b-c)*+S,(c-a)*+S.@-b)*>0. (*)

Vay céu hoi dat rala: 1, Co phai voi bai toan ndo ciing c6 thé phéan tich vé dang trén

khong?
2, Lam thé nao dé phan tich dugc nhu vay?

Xin tra loi la:
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1, Moi da thirc hay phan thirc d6i xang 3 bién ( da sé khong chtra can) déu c6 kha
ning phan tich vé dang (*), diéu nay da dugc ching minh trong cubn "Sang tao bat

dang thirc ctia Pham Kim Hing".

2, Py co 18 1a van dé cac ban thic mac nhat: Dé giai quyét van dé nay , toi xin trinh
bay mot dinh ly quan trong sau:

Dinh Ly:Gia sirrang M (a,b,c),N (a,b,c ) 1a 2 da thirc nira d6i xtng ba bién, hon

M (a,b,c)

=t , trong do t 1a mdt hang sb.
N(a,b,c) 8 i g

nita Vi moi 6 thue duong x thi phéan s

Khi d6 ton tai mot ham s6 nira d6i xing 3 bién G(a,b,c) sao cho

F(abo)= (:’E’s) + (b’s’:) + ((‘:’:E)) _3t=G(ab,c)(b—c) +G(b.ca)(c-a) +G(c.ab)

Tir dinh 1y d6 ching ta c6 mot ki thuat 1 tinh gia tri tai diu bang cua cac phan thirc
dbi xang, sau d6 trir di ding gid tri vira tim duogc thi chic chin phéan thic da cho

hoan toan phan tich dugc dang co ban (*)

Mot s vi du phéan tich:
Vi Du 1: (Bat dang thuc Nesbitt) Cho a,b,c 1a cac s6 thuc duong. Ching minh

rang:

>
b+c c+a a+b

a b c 3
+ +
2

Loi gidi:

>
b+c c+a a+b

a b c 3
+ +
2

i_1+ b 1_|_ ¢ _E>O

b+c 2 c+a 2 a+b 2
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Ludn dung v6i moi a,b,c duwong. Dau dang thic xay ra khi a=b=c.

a-b+a-¢c b-a+b-c c—-a+c-Db

2(b+c) " 2(c+a) " 2(a+b)

1

@ Y30z

D e

b+c

c+a)

Nhan xét: Bat dang thic Nesbitt 1a mot bat dang thire qua quen thudc, nhung qua

cach giai trén phan nao cac ban ciing c6 thé thdy vé dep trong cach phén tich vé

dang (*). Tiép theo ching ta s& xét mot vi du khac kho hon va ciing tng dung cach

phan tich trén.

Vi Du 2: Cho a,b,c 1acac s thuc duong. CMR:

Loi gidi:

a’+bc b*+ac

c’+ab

(b+c)  (c+a)

3
+ >
(a+b)” 2

Ta thiy dau dang thuc xay ratai a=b=c.. Thay a=b=cvao thi ta tinh dwoc ngay

a’+bc _b*+ac  c*+ab 1

(b+c)’ (c+a)’ (a+b) 2

T do ta c6 phan tich:

a’+bc b*+ac

(b+c)2 " (c+a)2

a’+bc 1 b’+ac

c’+ab _ 3
+ > =
(a+b)” 2

1 c’+ab 1
>

T orcy 2 (ascy

2 (a+b)2 2
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a’-b*+a’*-c®* b’-a’+b*-c® c?-a’+c’-b?

5 + > + 5 >0
2(b+c) 2(a+c) 2(b+a)

<:>Z(ab)(a+b)[ 1 ]>o

(b+c)2 (a+c)2

a+b)(a+b+c) -0
(b+c)2 (a+c)2

=¥ (a-b)'!

Bit dang thuc hién nhién dung véi a,b,c>0. Dau dang thuc xay rakhi a=b=c..
Nhan xét: Bai toan trén c6 mot cach giai str dung bat dang thac Chebyshev nhu sau:
Bat dang thac can chiing minh tuong duong véi:

a’-b*+a’-c* b*—-a’*+b*-c® c*—-a’*+c*-b’

—+ —+ —2>0 (1)
2(b+c) 2(a+c) 2(b+a)

Gia str a>b>c Khi d6ta co 2 diy don diéu cung chiéu

a’-b*+a’-c*>b*-a’*+b*-c*>c?-a’+c*-h?
1 1 1
> >

2(b+c)’ 2(a+c)’ 2(b+a)

Ap dung bét dang thic Chebyshev Ta c6 ngay

VT(l)21(2a2—b2—c2+2b2—c2—a2+2c2—b2—a2) 1 >+ L 7+ . 7|=0
6 (a+b)” (c+a) (a+b)

Viy ta c6 diéu phai chang minh. Dau dang thic xay ra khi a=b=c..

Vi Du 3: Cho a,b,c>0. Ching minh rang:

2a 2 2 23+(a—b)er(b—c)Zer(c—a)2
b+c a+c a+b (a+b+c)
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Loi gidi:

Str dung phan tich theo bat dang thirc Nesbitt ta co:

Y2 4 (a-b)’ (b—c)’ (c-a)’
b+c

3= (a+0)(b+0) (a+b)(arc) (a+b)(b+0)

Do d6 bt dang thirc da cho twong duong voi

(a—b)2 .\ (b—c)2 s (c—a)2 N (a—b)2 +(b—c)2 +(c—a)2
(a+c)(b+c) (a+b)(a+c) (a+b)(b+c) (a+b+c)2
1 1

<:>Z:(a—b)2 ( - ~1>0

a+c)(b+c) (a+b+c)

~ 14 1 1
Dé tha b+c)< b+c)’ -
¢ thay (a+c)(b+c)<(a+b+c) :>(a+c)(b+c) (a+b+c)2

Tuong tu L > ! ; L > !
' (a+c)(b+a)_(aerJrc)z’(b+a)(b+c)_(aJrl;)ch)2

Cong lai ta c6 diéu phai ching minh.Dau dang thic xay rakhi a=b=c..

Nhan xét BDT trén c¢6 mot cach chimg minh khac st dung bat dang thire Cauchy-
Schwarz va AM-GM nhu sau:

Bét dang thirc can ching minh twong duong:

2 2 2
28, 3(a +b +2)
b+c (a+b+c)

Z—a>2 3_6(ab+bc+ca)
b+c (a+b+c)’

<:>Z 2a +6(ab+bc+c2:a)2
b+c  (a+b+c)
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Theo Cauchy-Schwarz ta co

2
. (a+b+c)

3 2a -y 2a’

b+c “~ab+ac ab+bc+ca
Mt khac (a+b+c)2 >3(ab+bc+ca)
:>3(ab+bc+(;a)sl 2
(a+b+c)

Két hop (1)(2) va bdt AM-GM ta c6

2a +6(ab+bc+ca)
b+c  (a+b+c)’

>(a+b+c)2 9(ab+bc+ca) 3(ab+bc+ca)

> +
ab+bc+ca (a+b+c)2 (a+b+c)2

~1=5

(a+b+c)2 9(ab+bc+ca)
>2 )
ab+bc+ca (a+b+c)2

Ta c6 diéu phai chang minh. Dau dang thac khi a=b=c

Tém lai: Ca 2 vi dy trén ngoai cach st dung S.0.S déu c6 nhitng cach khac st dung
bat dang thac co dién. Ca 2 cach giai déu co nhiing vé dep riéng cia nd va tiy vao
mdi nguoi thi lai ¢ nhitng cam nhan khac nhau vé 2 cach trén. Nhung céc ban c¢6
thé thiy viéc chiing minh bat dang thic theo kiéu phan tich binh phuong hoan toan
giai quyét duoc bai toan mot cach ngan gon ma khéng can sir dung mot bat dang
thirc phu nao, va lai rat tu nhién trong cach tu duy. Trén day 1a phan dau cua vé dep
trong phuong phap ching minh S.0.S. Tiép theo ching ta s& di sau vao tim hiéu

phuong phap.

1.2. Cdc tiéu chudn va ki thudt sdap xép bién

S.(b—c)’+S,(c—a)*+S,(a-b)>>0 (*)
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Véi cac vi du trén, S_,S,,S, déula cac so duong nén viéc giai quyét bat dang thic
quéa dé. Nhung khong phéi luc ndo ciing cé nhiing két qua hién nhién nhu vay.
Trong céc trudng hop d6, chiing ta can st dung céc tiéu chuan ciing va cach sap xép

bién dé giai quyét tron ven. Ta c6 céc tiéu chuan sau:
1,Néu S,,S,,S, >0 thi (*) dung.
2,Néu a>b>c va §,;S,+S,;S, +S, >0 thi (*)ding.

3,Néu a>b>c va S,;S.;S, +2S,;S, +2S, >0 thi (*)dung.

a'>c! c

4,Néu a>b>c va S,;S,;a%S, +b%S, =0 thi (*) ding.

5,Néu S, +S,+S,>0 va S,S, +S,S,+8S,S, >0 thi (*)ding.

Sau day 1a mot s6 vi du khac:

Vi Du 4: Cho a,b,c>0. Chiing minh rang:

8(a+b+c)2 +3(a+b)(b+c)(c+a)

> 48
a’+b?+c? abc
Loi giai
Phéan tich quen thudc ta co:
2
8(a+b+c) +3(a+b)(b+c)(c+a) 5 48

a’+b?+c? abc

a’+b*+c? abc

@{Mglw‘(am)(bm)(ma)8}0

a®+b?+c? abc

@(—8)[(a—b)2+(b—c)2 +(C_a)2_+3{a(b—c)2+b(c_a)2 +c(a_b)2]>0
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o (b-c)' S, +(c—a)’s, +(a—b)’S, >0
Trong do

3 8
® bc at+b*+c?’
3 8
ac a’+b?+c?’
3 8
" ab a’+b’+c?
Giasu a>b>c,suyra S,>S, >S,

Lai c6

¢ _3 8 3(a’ +b’+c*)—8ac 3(a2+262)—8ac> 3.2+/2.ac—8ac
=3 _

ac a’+b’+c? ac(a2+b2+cz) _ac(a2+b2+c2)_ac(a2+b2+cz)20

—8,>5,>0

Theo tiéu chuan 2, Néu a>b>c va S,;S, +S,;S, +S, >0 thi (*) dung
Ta chi can chang minh S_+S, >0

That vay, ta thay:

1 1 16 12 16 1242 16
Sc+Sy =3 —+— |- 3 32 2 2 2 T2 2 2

ab ac) a’+b’+c¢’ a(b+c) a’+b’+c® 2a(b+c) a‘+bi+c
S 242 16 1242 16

> - > - >
2a2+(b+c)2 a?+b*+c?  a*+b’+c® a’+b*+c?

Vay bat dang thie duoc ching minh. Dau dang thic xay ra khi a=b=c.

Vi Du 5: Cho a,b,c duong chithg minh
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2 2 2
2bc N 2ac N 2ab +a +b”+c >§(1)

(b+c)” (a+c)’ (a+b)’ ab+bc+ca 2

Loi gidi:
Ta co
0 2bc 1, 2 1, 2ab _£+a2+b2+cz_l>0
(b+c)2 2 (a+c)2 2 (a+b)2 2 ab+bc+ca
(a-b) +(b-c +(c-af _ (b-of' _(e-a)' _(a-b)' .
2(ab+bc+ca) 2(b+c)” 2(a+c) 2(b+a)
1 1
—_pY - >0
=2 )[ab+bc+ca (b+a)2]
Khi do
1 1 1 1 1 1

a

:ab+bc+ca_(b+c)2’ b:ab+bc+ca_(a+c)2’ ":ab+bc+ca_(a+b)2
Giasit a>b>c khi d6 S, S, >,

Ta thiy :

1 1 1 1
Sy = - 223 - 720
ab+bc+ca (a+c) a‘+ac+ac (a+c)

=S5, >S5, >0

Theo tiéu chuan 4, Néu a>b>c va S,;S,;a%.S, +b%S, >0 thi (*) dung.

Ta chi can chang minh a’.S, +b%S, >0.
That vay:
a’.S, +b*S, >0« a’ L ! = [+b? L 1 - (>0
ab+bc+ca (a+c) ab+bc+ca (b+c)



,| a®+c*+ac—bc—ab ,| b +¢* +bc—ab—ca)
&a > |+b =120
(ab+bc+ca)(a+c) (ab+bc+ca)(b+c)

o 0232 . b2c2 +az(a_b)(a—i-c)_bz(a—b)(b+0)>0
(a+c)” (b+c) (a+c) (b+c)

® e} oy +(""‘b){(aic) ) (bb:cﬂ ”

2.2 2.2
ca _ b-c 2+(a—b)2 ab+bc+ca 50
(a+c)” (b+c) (a+c)(b+c)

Bat dang thac cudi ludn ding. Vay ta c6 PPCM. Dau dang thuc xay ra khi a=b=c

NX: Viéc sir dung cac tiéu chuan trong 2 vi du trén da khang dinh vai tro ciia S.0.S.
V6i céc s S,,S,,S, trong d6 ton tai 1 s6 am thi tiéu chuan chinh 14 cong cu dé hoan
thién viéc chiing minh mét bt dang thirc. C6 thé néi rang, néu bat dang thic can
chimg minh 1a dtng thi ludn ton tai cach st dung 1 trong 6 tiéu chuan da noi dé
chimg minh. Vi vy viéc con lai 12 rén luyén ki niang phan tich va sir dung céc bat

dang thac phy don gian dé chimg minh tiéu chuan.
Dé két thiic phan sir dung tiéu chuan, ta s& giai mot bat dang thirc kho sau.

Vi Du 7: Cho a,b,c 1a cac s6 thuc duong. Chiing minh rang:

(a+b+c) 27—29abc(a3+b3+c3+2abc)

Lai gidi:

Chuyén bat dang thirc da cho vé dang phan thirc ddng bac va str dung phéan tich téng

binh phuong, ta co:

(a+b+c)6 27—29abc(a3+b3+c3+2abc)
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(a+b+c) 729 a’+b’+c’+2abe >0

g - ' 3
abc 5 (a+b+c)
C>(a+b+c)3_27>27 27 a3+b3+03+2abc_l
abc B 5 (a+b+c)3

7a+b+c 54 11b+11c—4a
b—c) - >0
QZ( °) [ abc 5 (a+b+c:)3 }

Khi do ta co:

_7a+b+c 54 1lb+1lic-4a.

S . 31 Sy 9, tuong tu.
abc 5 (a+b+c)

a

Giase a>b>c Khi d6 S, >S5, >S,.
Theo tiéu chuan 2, néu ta chira dugc S, +S, >0 thicothésuy ra S, >0 va tirdo ta
cling ¢c6 S, >S,>0;S,+S, >0. That vay:
S, +S, >0 5(a+b+c) (a+4b+4c)—27abc(22a+7b+7c)>0
Theo bit dang thic AM-GM, ta c6

S5(a+b+c)’(a+4b+4c)—27abc(22a+7b+7c)
>5.4a(b+c)(a+b+c)(a+4b+4c)—27abc(22a+7b+7c)

> 80abc.b—Jer.(a+b+c)(a+4b+4c)—27abc(22a+7b+7c)

= abc{SO.b—lc.(aer+c)(a+4b+4c)—27(22a+7b+7c)}
+

Do bat dang thirc thuan nhat cho a,b,c nén ta hoan toan co thé chuan hoa

a+b+c=3. Khi 6 viéc chimg minh hoan tit néu ta chi ra duoc

80.b—lc.(a+b+c)(a+4b+4c)—27(22a+7b+7c)2O
+

1
<80.—.3|3+3(3—-a)|—27(7.3+15a)=>0
s [3+3(3-a)]-27(7.3+15a)
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<> 45a° -152a+131>0

Bat dang thic cudi ding. Vay S, +S, >0. Suy ra dpcm. Dau dang thic khi va chi

khi a=b=c.
1.3. Ung dung tim hang sé k tét nhat

Ngoai viéc dé chang minh béat dang thac ddixang 3 bién voi cac hé s c6 sin, S.0.S
con co thé giai quyét mot I6p cac bai toan kho tim hang s k tét nhat, ciing nhu sang

tao, 1am manh thém céc bat dang thac ddi xing 3 bién.

Ta sé xét vi du

Vi Du 8: Cho a,b,c>0. Tim hang s k 16n nhat cho bat dang thirc sau dung:

(a+b+c)(§+%+%)+k.%z9+k Q)
Loi gidi:
Ta co:
(a+b+c)[§+%+%j+k.—zgiggiz? >9+k
=X (b-o) !%_2(612 +l:32 +c2)}20(*)
Ta co:

1 k o _1 k . 1 k

: :R_z(a2+b2+cz)’ g 25_2(a2+b2+02)’ ¢ :E_Z(a2+b2+c2)

Tiép theo ta s& cho diéu kién dau '='xay ra cia BPT la b=c=a

Khi d6 (*) dang khi va chi khi
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2| 1 k
2(a-b) lg—mlzo

1 k

QE_z(ahzbz)w

<:>2(a2+2b2)—kab20

<:>2.t+%—k20<:>2t2—kt+420

Voi t:%; Pé BDT cubi ding v6i moi t, thi k2 —4.4.2<0 <k <442

Ta s& chimg minh BDT dtng voi k =44/2. Khi d6 gia st a>b>c=S,>S,>S,

Ta thay:

s, g 1 1 NP _(b+c)(a2+b2+cz)—4\/§.abc
ot °_£+5_(a2+b2+c2)_ abc(a® +b’ +¢?)
2\/E(a2 + 2bc)—4«/§abc Z(a—\/ﬁ)2

> = >0

abc(a2+b2+cz) abc(a2+b2+c2)

Vay theo tiéu chuan 2 ta c6 dpcm. Dau dang thuc xay ra khi a=+/2b=+/2c .Hang s
k 16n nhét 1a 44/2.

NX: Chic hdn cac ban sé& phat hién ra ngay, viéc 1am trén chinh 1a cach 1am manh

bat dang thirc quén thudc (a+b+ c)(1 +%+lj >9, tir d6 ta da sang tao riéng cho
a c

ban than mot bat dang thurc dep va chat hon so vdi bai toan géc. Pay chinh 1a mot

stc manh dac biét cua S.0.S ma khong phai phuong phap nao ciing co.
2. Bai tap tw giai

1, Cho a,b,c>0.CMR:
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a®+b3+c? 54abc
+ 32 5
3abc (a+b+c)

Huéng dan:

Lam tuong tu VDA4:

3 3 3
a’+b’+c N 54abc 325©Z(c—a)2 a+b+c_ 7b+c+a3 50
3abc (a+b+c) 2abc  (a+b+c)

Sau d6 1am tiép theo tiéu chuan 1.

2,Cho a,b,c>0 théa man abc=1. CMR:

1 1 1 3 1 1 1 2
P 2l 2t et a2 2
a b ¢ a+b+c a- b° c°Ja“+b°+c

Huéng dan:
BDT da cho twong duong voi

2(a’b? +b%c? +c’a?
ab+bc+ca-— dac > ( )

a+tb+c a®+b?+c?

Q9abhc 2(a2b2 +b2C2 +c2a2) 6abc
< ab+bc+ca- >

a+b+c a’+b*+c’ Catb+c
> (b-c) a(c’+b’+2bc—ca—ab)>0
Sau d6 ap dung tiéu chuan 4 véi a>b>c

a’s, +b?S, 20<:>ab[(a—b)z(a+b)+20(a2 +b* —ab)+c(a’ +b2)}>0
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3,Cho a,b,c>0.Ching minh rang:

a? p? 2 3(a3 +b° +c3)
Tttt 2
b ¢ a a‘+b - +c

Huéng dan:

Bat dang thirc da cho twong duong voi

2 jz3(a3+b3+c3)—(a2+b2+c2)(a+b+c)

Z(%—Zam

a’ +b? +c?

QZ(ab)zlbaZ +c?—ab )]20

(a® +b* +c?
* Néu a>b>c ching minh S, +2S, >0 va sur dung tiéu chuan 3
* Néu c>b>a ching minh S, +S, >0 va st dung tiéu chudn 2

4, Cho céc s thuc duong a,b,c théa man a?+b?+c?+2abc=1. CMR:

(1+l+1)(a+b+c+2)g5+i
a b c abc

Hudng dan:
Quy ddng va dua vé dang da thuc, ta c6

(1+£+1j(a+b+c+2)g5+i
a b c abc

& (a+b+c+2)(ab+bc+ca)<5abc+2(a® +b’ +c* +2abc)

< (a+b+c)(ab+bc+ca)-9abe < 2(&2 +b? +¢? +2abc)—2(ab+bc+ca)—4abc
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= (1—61)(b—c)2 +(1—b)(c—a)2 +(1—c)(a—b)2 >0

Ta co:
S,+S,+S,=3-a-b-c >0
S,S, +S,S. +8S,S, =ab+bc+ca+3-2(a+b+c)>0

Va 4p dung tiéu chuan 5, ta c6 dpem.

5, Tim hang s k tot nhat sao cho BPT sau dung v6i a:b;c>0

ad+b¥+cd . 3(ab+bc+ca)>3+k
(a+b)(a+c)(b+c) (a+b+c)2 "8

Hudng dan:

a’+b®+ct . 3(ab+bc+ca)>3+k
(a+b)(a+c)(b+c) (a+b+c)” 8

a®+b®+c° 3 [3(ab+bc+ca)

- (a+b+cf

< (asb)(a+c)(brc) 8 ‘1120”‘

K

2 da+4b+c
<> (a-h) !8( - )2}20

a+b)(b+c)(c+a) 2(a+b+c

\ . . 5
Sau d6: thay a=b vao va tim dugc hang so k tot nhat 1a >

Sau d6 thay nguoc lai va chimg minh BDT dung véi k =g

Ta co
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da+4b+c 5

© 8(a+b)(b+c)(c+a) 4(a+b+c)2

s _ 4c+4a+b B 5
" 8(a+b)(b+c)(c+a) 4(a+b+c)
4c+4b+a 5

* 8(a+b)(b+c)(c+a) 4(a+rb+c)
Giast c>b>a=S5,>5, =S,

Khi d6 ta can chiang minh

Ta thay
20(a+b)(b+c)(c+a)< 5(b+c)(2a+b+c)2

Nén chi can chang minh
(5b+50+8a)(a+b+c)225(b+c)(2a+b+c)2 Q)

Bét dang thic (1) thuan nhét v6i a,b,c nén co thé chuin héa a+b+c=1. Thé vio ta
co
5+3a>5(1-a)(1+a) < a(5a°+5a—2)>0 (Pung do az%)

Vay BDT duogc chirng minh.

6, Cho a,b,c>0sao cho ab+bc+ca=0.CMR:

S S S (a+b+c)’
a’+bc b?+ca c2+ab_2(a2+b2+cz)(ab+bc+ca)
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7,Cho a,b,c>0thdéa ab+bc+ca=1.CMR

2 2 2
a—+b—+c——2(a2+b2+cz)2\/§—2
b ¢ a
Huéng dan:
2 2 2
a—+b—+c——2(a2+b2+cz)2\/§—2
b ¢ a
1 1
&Y (a-b)| =+ -1|20

2.(a-0) b 2(a+b+c+\/§)

Sau d6 sir dung tiéu chuan 5 dé ching minh bt dang thic.
3. Mé rong

Co thé nbi day chinh la mot tai liéu hitu ich cho cac ban khi nghién cuu Ve
phuong phép phan tich tong binh phuong S.0.S. Mot phuong phap manh trong viéc
giai cac bai toan d6i xing 3 bién, cac bai toan tim hing sb tdi wu. Nhung tat ca céc
phuong phap déu c6 diém manh va diém yéu cua né. S.0.S ciing khong ngoai 16. V&
diém manh da dugc chung ta phan tich & trén, con vé diém yéu cua S.0.S chinh 1a
cac BDT chira cin va cac bat dang thirc hoan vi vong quanh. Déi Voi céc bat dang
thic chra can thi phai c6 thém 1 budc truc can thic dé hinh thanh nhan tt, diéu nay
lam cho S,,S,,S, rit cong kénh va khé giai quyét. PSi voi cac bat dang thicc hoan
Vi vong quanh ciing vdy. Vi thé, trén co s ciia phuong phap S.0.S , ngudi ta tim
phép két hop S.0.S V6i bat dang thic Schur), ...

Ngoai ra ki nang phan tich S.0.S con tham gia vao cac phuong phap chung
minh BDT khac va tré thanh ki ning can cé trong viéc giai bat dang thac. Nhu céac
phuong phap Bién d6i twong dwong, phuong phap Don bién, phuong phap tiép
tuyén, UCT,.... Viéc nim bat va van dung tot S.0.S 1a rat quan trong. Ngoai suc
manh chang minh bat dang thic ddi xang 3 bién, nd con gitp ban hoan thién cac
phuong phap chimg minh khac, gop phan sang tao hon trong kho tang bat dang thic

cua thé gidi.
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SU DUNG PHUONG PHAP S.0.S TRONG CHUNG MINH
BAT PANG THUC
DPiang Ngec Tudn
1. Loi noéi diu

S.0.S 1a mot phuong phép ching minh kha hiéu qua trong nhiing bat dang
thirc ba bién, nd 1am chung ta bat ngd boi cach giai doc dad , ma co thé nhitng cach
giai khac khong thé ching minh dugc. Bay gio ching ta hay di kham pha vé dep
cua phuong phap nay.

2. Xay dung dinh li, tiéu chuan
Xét biéu thuc:
S=f(ab,c)=S,(b-c)*+S,(c—a)’+S.(a—h)*(*)
Pé ching minh S>0 , don gian nhat 1a ca ba biéu thuc S,,S,,S, déu khong

am , nhung dinh 1i S.0.S con giup ta giai quyét duoc van dé ngay ca khi mot hoic

hai trong ba biéu thic S,,S,,S, 14 am , hodc khé danh gia duoc dau cua ching, Khi
d6 chi can thoa mian mot trong céc tiéu chuan sau thi (*) dugc chimg minh hoan
toan

1. S,.S,,S, 20

2. a2b>¢S,20,5,+S,20,8,+S, >0

3. a>b>cS,20,8,20,S,+25, 20,5, +25, >0

4. a>b>c;S,>0,S,>0,a’S, +b*S, >0

5 S,+S,+S,2>0;S,S,+S,S,+S.S, =0

6. a<b<c,S,>0,S,+S,20,5,+S,>0

Mot s6 ding thie lién hé gitra S,,S,,S, dé dé dang thuc hién céc tiéu chuan:
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**

S,(b—c)*+S,(c—a)*+S,(a—bh)* =

2[s,(b-c)* +S,(c—a)’ +S,(a—b)* (S, +S,+S,)
=[(a—c)Sb—(a—b).SC]2+[(b—a)Sb—(b—c)Sa]Z

J(c-b)s, ~c-a)s,]
+2(S,S,+5,S, +5.S,)(a* +b*+c? —ab—bc—ca)

[(a—c)S, —(a—b)S,]" +(0-C)*(S,S,+S,S. +S.S,)
Sy, +S,

By gio chiing ta nhan dwoc nhitng hé qua ddc dao tir cac dang thic:

2[s,(b—c)’ +8,(c-a)’ +S,(a~h)* |(S, +S, +S,)
>(8S,S, +5,5,+5.8, ) (8% +b’ +¢* —ab—bc—ca)

Véi moi S,,S,,S, .

Néu S, +S, +S, <0;S,S, +S,S, +5.5, = 0 khi d6 bat dang thire dbi chiéu, tuc 1a:

c~a —

S=f(ab,c)=S,(b-c)’+S,(c—a)’+S,(a—b)* <0

3. Phan tich co' sé

2
a+b+c 3Z (a—h)

brc a+c a+b 2 5 2(a+c)(b+c)

a3+b3+c3—3abc:%(a+b+c)[(a—b)2 +(b-c)’ +(c-a)’ |
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a p a 1
4, 4+ +Z _a®-p*-c*=3|=+=|(a-h)?
b ¢ a Z(tﬁzj( )
2
5. a_b+b_ c’a —ab—-bc—ca= zc(a by’
C a b
a* bt ¢* a Y
6. F+C—2+—2—a2—b2—02=Z(a—b)2(6+lj

(a—b)*| 2(a +hc) +ab |
2ab

7. (a2+b2+c2)(§+9+3j—(a+b+c)2=Z
b ¢ a

8. (a+b+c)(ab+bc+ca)—9abc=a(b—c)’+b(c—a)*+c(a—h)’

a b ¢ _1(3_(a—b)(b—c)(c—a)j

"a+b b+c c+a 2 (a+b)b+c)c+a)

a— b+b c c—a —(a—b)(b—c)(c—a)
a+b b+c c+a (a+B(b+d(c+ d

10.
Bén canh nhiing phan tich co s& nay con rat nhiéu phan tich khac ma ban doc c6 thé
tim thdy trong qua trinh gidi toan.

4. Cac wng dung cua phwong phap S.0.S

Bai toan 1: Cho a,b,c 14 cac s6 thuc duong a,b,c. Chung minh rang:

4a . 4b 4c  ab®+bc?+ca’+abc

+ > > > >7
a+b b+c c+a a‘bh+b°c+ca+abc

Lo giai: Theo cach phan tich co sd 3 va 5 bat dang thirc duoc viét lai thanh:

2 2 2
4( a_, b C 3) ab® +bc? +ca +abC_120

a+b b+c+c+a_§ a’b+b’c+c’a+abc
(a-b)b-c)c-a) , (a-b)b—c)(c-2a)
a’b+b2c+clarabc (a+b)(b+c)(c+a)
(a-b)(b—c)(c-a)[ (a+b)(b+c)(c+a)—2(a’h+b’c+c’a-+abe) |
(a’b+b’c+c’a+abc)(a+b)(b+c)(c+a)
[(a-b)(b—c)c-a)]

(a’b+b’*c+c*a+abc)(a+b)(b+c)(c+a)
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Bat dang thac hién nhién dung .
Vit ta c6 diéu phai ching minh.Dau dang thic xay ra khi a=b=c.

Loi giai trén thé ndo,cac ban ngac nhién phai khong, qua la tha vi phai
khoéng ?, S.O.S lam cho bai toan tré nén don gian hon. Chua dung lai ¢ d6 , S.0.S
lai 1am cho bai toan tuong chung nhu khong giai dugc thanh bai toan don gian chi

qua mot s phép danh gia thong thuong.
Bai todn 2. Cho céc so thyc duong a,b,c ., Chung minh rang:

2,p2+c? 3|2(@%m+b’c+c’a)-ab
aZ+b?+c [(a +b°c+ca) ac]>

+ >
ab+bc+ca Z[Z(ab2 +bc® +ca’) —abc]

5
2

Loi giai: Do tinh hoan vi nén ta phai xét hai truong hop:

TH1: a>b>c:
2 2 2
. a +b°+c n . , :
Ta ¢6: ———— >1 nén ta can ching minh:
ab+bc+ca

2(a’b+Db*c+c’a)—abc

— >1< a’h+b’c+c’a>ab’ +bc? +ca’
2(ab“” +bc” +ca”)—abc

< (a-b)(b—c)(a—c)>0
Hién nhién dung , diu dang thac xay ra khi a=b=c.
TH2: c>b>a. Khi d6 bat ding thirc duoc viét lai nhu sau:

(a—b)*+(b-c)’+(c-a)* _ 6(a—b)(b-c)(c—a)
>
ab+bc+ca 2(ab® +bc? +ca®) —abc

Ta co:

(a-b)* +(b-c)* +(c-a)* _2[@-b)’+(b-c)+(c-b)b-2) | 6(c-b)(b-a)
ab+bc+ca B ab+bc+ca ~ ab+bc+ca

Do d6 ta can chang minh
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1 S c—a
ab+bc+ca 2(ab®+bc? +ca’)—abc

< 2(ab® +bc? +ca’) —abc > (c—a)(ab+bc +ca)
< 2(ab®+bc? +ca®) —abc —abc —bc? —ac? + a’b +abc+ca®* > 0

< 2ab?+bc? +3ca’ —abc+a’h—ac? >0

< ba®+2ab® +2.ca’ + (c’b—abc —c’a+ca’) >0

< ba® +2ab”* +2ca’ +c(b—-a)(c-a)>0

Hién nhién dung , dau dang thuc xay ra khi a=b=c.Vay bat ding thic di duoc

chirng minh xong

Bai todn 3. Cho a,b,c 1a cac s6 thuc duong .Chitng minh rang:

a® b? cz>6(a2+b2+cz)

a+b+c+—+—+—2>

cC a a+b+c
T a® (a—b)2 oz s
Laoi gidi: Ap dung phan tich co s¢ 3: F_2a+b = bién doi, bat dang thirc
tuong duong voi :
2 2 2 2 2 2
a——2a+b+b——2b+c+C——2c+a2M—2(a+b+c)
C a a+b+c

_h)2 2 k2, A2
@Z(a b) 56 a’+b"+c” a+b+c
5 D a+b+c 3
(a—b)’ 2 2
o > a-b
czyc: b a+b+chyC:( )
pt:s, =20 g PFC g g _dtC_ g
c a b

Ap dung dang thic:

[(a—c)S,—(a—b)S,] +(b—C)*(S,S,+5,S, +S.S,)

S,(b—c)?+S,(c—a)*+S,(a=h)’ =

S, +S,

Do d6 ta chi can chung minhS, +S,>0 va S,S, +S,S, +S.S, >0.

Ta co:
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a® +b®+c® +3abc —ab(a+b)—bc(b+c) —ca(c +a) >0

S,S, +S5,5.+S.S, =3+
abc

_h)2
S, +S, =&+c[£+1j20
ab a b

Theo bét dang thire Schur thi : a® +b®+c® +3abc —ab(a +b) —bc(b +¢) —ca(c +a) > 0
Vay bat dang thie duoc ching minh.Dau dang thac xay ra khi a=b=c.
Bai todn 4: Cho a,b,cla cac s6 thuc duong .Ching minh:

2(a® +b%+c%) . 9(a+b+c)?

>33
abc a’+b?+c°
Bat dang thuc tuong duong véi
3 3 3 2
2(a+b’+c )_6+9(2<31+b2+c)2 9730
abc a“+b°+c

3, 13 3) 2 2  h2 2
@2(a +b°+c°) 6abc+9(a+b+c)2 227(a2+b +C )20
abc a“+b°+c

(a+b+c)[ (a-b)*+(b-c)’+(c—a)’| 9[(a-b)’+(b—c)*+(c-a)’]
= _

>0
abc a’+b?+c?

a+b+c 9
abc a® +b? +c?

c>[(a—b)2+(b—c)2+(c—a)2]( )zo *)
Theo AM-GM : (a+b+c)(a?+b®+c?)>9abc nén (*) hién nhién dung .

Dau ding thac xay rakhi a=b=c.

Bai toan 5 : Cho a,b,c 1a cac sé thuc khong am thoa man a? +b? +c? =3.Ching

minh:
(a—b)(b—c)(c—a)+22%(ab+bc+ca)
Loi giai:

Do (a—b)+(b—c)+(c—a)=0nén (a—b)’+(b—c)’+(c—a)’=3(a-b)(b—c)(c-a)
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Theo bai ra ta cling ¢6: 6—2(ab+bc+ca) =2(a*+b* +c?)—2(ab+bc +ca)
Bit dang thiic can chig minh tuong duong véi:

c>(a—b)3+(b—c)3+(c—a)3+2(a2+b2+c2—ab—bc—ca)20
& (a-b)(a-b+)+(b-c)’(b-c+Y+(c—a)(c-a+1)>0

bat S,=b-c+1, S =c-a+1, S ,=a-b+1
Khi d6 S, +S,+S, =3 va:

S.S, +S,S, +S.S, =ab+ca+bc+3-a’-b*—~c*=ab+bc+ca>0
Tir d6 theo tiéu chuan 5 thi bat dang thirc da dwoc chiing minh xong.
Déau dang thuc xay rakhi a=b=c=1.

Bai todn 6: Cho a,b,c 1a cac sd thuc théoa man: a?+b®+c?+2abc=1. Chang

minh :

(a+b+c+2)(1 1 1)<5+i
a b c abc

Bai toan nhin qua c6 vé khong dung cham dén S.0.S , mic du diéu kién bai
toan nhu luong giac , nhung ching ta van co thé sir dung phwong phap nay dé

chang minh.

(a+b+c+2)(1+l+1j£5+i
a b c abc

< (a+b+c) 1+1+ljs5+i_2(1+1 1
a b ¢ abc a b ¢

<:>(a+b+c)(1 1 1) 9_1—2(1 1+1] 4
a b c abc a b ¢

< (a+b+c)(ab+bc+ca)—9abc < 2(a® +b? + ¢ + 2abc) — 2(ab + be + ca) — 4abc

< a(b-c)’ +b(c—a)’ +c(a-b)* < (b—c)’* +(c—a)’ +(a—b)?
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& (a-1)(b-c)*+(b-1)(c-a)’+(c-L@a-b)?<0 (*

Do a*+b”+c®+2abc=1 nén a<lb<lc<l do d6 (*) ludn dung , vay bai
toan dugc chiang minh. Dau dang thic xay ra khi hai trong 3 sé a,b,c bang 1, sb

con lai bang -1

5. Bai tap van dung

Bai1: Vi a,b,c 1acac sb thuc khac 0. Chang minh:

(a2+b2 +cz)(i2+i2+i2j+1524(a+b+c+b+ a+cj
a~ b® ¢ c a b

(a-c)’

Goi y:Str dung phén tich co so 3 dua bat dang thic vé dang: Z

cyc

>0 (Dlng)
Bai 2. Cho a,b,c 1a cac s thuc dwong . Ching minh:

(a2+b2+c2)(%+9+£j24(a2+b2+c2)—(ab+bc+ca)
c a

Goi y: Str dung phan tich co sd 7 dua bat dang thic vé dang

(b—c)*(2b*a+2a’c—2abc) + (a—b)?* (2a°c + 2c*h — 2abc ) + (¢ —a)* (2¢°h + 2b*a — 2abc)

Cong viéc dén day kha dé dang, st dung cac tiéu chuin 3 va 6 ta co diéu phai

ching minh.
Bai 3.Cho a,b,clacac sé thyc duong .Ching minh bat dang thirc sau luon ding:

Y a®+3> a’’+2abc) a’ > > ab(a*+b*)+ > a’h*(a®+b*)+abc.y ab(a+h)

cyc cyc cyc cyc cyc cyc
Goi ¥ : Dua bat dang thic vé dang : S,(b—c)*+S,(c—a)>+S,(a—h)?
S, =b*+c*—3b%c® + 2abc(b+c)

Trong d6: {S,=a*+c*-3a’c’+2abc(a+c)
S, =b*+a*-3b%a* +2abc(a+h)
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Sau d6 st dung tiéu chuan 2.

Bai 4. Cho a,b,c 1a cc s6 thuc thudc khoang [3;4]. Chang minh:

> a%?-abc(a+b+c) 3D a*-(a+b+c)’
cyc > cyc
abc a+b+c

Goi ¥: Dua bat dang thac vé dang : S, (b—c)?+S,(c—a)’+S,(a—b)?

a 2

a+b+c

Trong do: {S, :%— a+§+c

C 2

- ba a+b+c

c

Str dung tiéu chuan 2.

Bai 5: Cho a,b,c 1a ba canh tam giac . Ching minh :

A:a2(9—lj+b2(3—1j+cz(§—1j20
C a b

Goi y:

Chirng minh bat dang thixc manh hon:

o (2-2)or (S 2] (2a)e e - Zav- Y Fe-or ]

cyc cyc

Sau d6 dua bat dang thirc vé dang: S, (b—c)?+S,(c—a)*+S,(a—h)?

S, = 2a—-b

b
Trong dé6: 4S, = ZbC_C
s, - 2c-a

a

Do a,b,c hoan vi vong quanh nén ta xét hai truong hop:
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TH1b+c>a>b>c khi d6 S, >0;S. >0 va ta chimg minh duoc S, +S. >0 nén

A>0

TH2:a<b<c<a+b<2b khi d6 S, >0;S, >0 va ta dé chiing minhS_ +S, >0nén

A>0

Bai 6: Cho a,b,c>0. Chiang minh rang:

2 2 2
aLPLE atbeen 4(a2+b2+c2)[§+9+£j
b ¢ a b ¢ a

Goi y: Sir dung phéan tich cosd 7 va bién doi:

Binh phuong ca hai V&, bat dang thirc trong duong:

[Z—(a_b)zj{a—2+b—:+§+3(a+b+c)}242 (a—b)*[ 2(a” +bc) +ab |

v b e 2ab
a® b®> c?
~—+—+-—+3(@+b+c) 2
<:>Z(a—b)2 b ¢ a _4(a” +bc) +2ab 50
o0 b ab

6. Bai tap danh cho ban doc
Bai 1: Cho a,b,c 14 cac so thuc, ching minh rang:

(a—k;)(3a2+ b)+(b—(;)(3b2+c)+(c—621)(3c2+ a) 50
a“+b b*+c c°+a

Bai 2: Cho a,b,cla cac sb khong am. Ching minh rang:

a+b—2 2+ b+§ 2+ c+a—2 2>12(a3+b3+c3)
c a b)  a+b+c

Bai 3: Cho a,b,c 1a cac s6 thuc duong. Chting minh:

a) > a'(a—b)>2abc daf@ b)

b) a?+b®+c? +avbc +by/ac +c+/ab > 2(ab +bc +ca)
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Bai 4: Ching minh rang voi moi a,b,c khong am ta co:

4(a® +bc) . A(b® +ac) 4(c*+ab) >34 (a+b+c)’
b® +c? ¢’ +a’ a’+b>  ab+bc+ca

Bai 5: Chang minh rang véi moi a,b,c khong 4m ta co:

a’ b* c* a+b+c
3 3+ 3 3+ 3 32
a’+b°> b°+c c’+a 2

Bai 6: Cho céc s6 thuc khong am a,b,c c¢6 tong binh phuong bang 3. Chirng minh:

1 1 1 1 1 1
+ + + =+ =+ 5>
3—-ab 3-bc 3-ca 3-a° 3-b° 3-c
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PHUONG PHAP DON BIEN
Tran Dinh Phwéc Anh- Nguyén Trwong Nhat
1. Kién thikc lién quan

Voi cac bai toan bat dang thac ma cuc tri dat duoc khi mét s bién bang
nhau (ta goi 1a cuc tri c6 tinh dbi xtng) hodc mot sé bién dat gia tri tai bién cua
mién x4c dinh thi phuong phép don bién thuc sy 1a mot phuong phap rat manh va
hiéu qua. Y tuong chinh cua phuong phép c6 thé ndi ngin gon nhu sau: bt dang
thirc da cho dang v6i moi gia tri cua bién sé trén mién x4c dinh nén ciing s& dung
khi c6 mét sé bién bang nhau (hodc mot sé bién dat gia tri tai bién), vi thé chung ta
s& tim cach ching minh dang thac xay ra khi mot s bién bang nhau (hoac mot sé
bién dat gia tri tai bién) va s bién cia bai toan s& giam di lam cho cong viéc ching
minh cta ching ta nhe nhang hon nhiéu. Noi dung cia phuong phap duogc thé hién

r0 rang hon qua dinh ly sau day:

Pinh ly vé don bién: Gia sir f(X,%,,%,,...X,) ld mét ham sé lién tuc va doi ximg

V4i tdt ca cdc bién xdc dinh trén mét mién lién théng théa man diéu kién:

(X0 X, Xgy ey X, ) 2> (Xizxz , Xi;XZ ,x3,...,xnj *)

(Tir giorta sé goi bdt dang thiee (*) la bdt dang thike diéu kién)
Khi dé thi bdt dang thirc sau sé théa man:
F(X, X5, Xgye X, ) 2 (X, X, X, ., X)

X X, ot X,
n

Vi X =

Bdt dang thite diéu Kién con c6 thé bién doi vé mét sé dang khac nhw sau:
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F XXy, X500, X)) 2 f(,/xixz, xlxz,x3,...,xn)

2 2 2 2
(XX, Xgyeey X ) 2> L\/Xi ZXZ \/Xi ;XZ ,x3,...,an

(X X0 Xgy ey X, ) 2 f{f{/xl % T/Xl % ,x3,...,xn]

2 2

Va twong g khi dé thi x ciing c6 thé nhan mét sé gid tri khdc nhu:

X = {X X, Xg X,

2 2 2 2
Xz\/x1 + X5 + X5+t X
n

m m m m
X:T/)(l + X3 + X5 et X
n

Vi du kinh dién nhat cho viéc sir dung dinh Iy nay chinh 13 bat dang thac AM-GM:
X+ Xy Xy ot X > NYX XX X VT Xy, Xy Xy X, 20
Dt (X, X, Xgees X, ) = X 4 Xy + Xy +.oo+ X —NY XXX, %, ta d& dang c6 duoc

(X0 %0 X0y X)) 2 f(‘\lxlx : X1X2,X3,---,Xn) (diéunéy twong duong (\/Z—\/Z)z >0)

Ap dung Pinh 1y vé don bién ta c6 ngay

f (X0 Xy Xgpoiey X, ) 2 F (Q/x1x2x3...xn XXX Xy XX X Xy XX X X ) =0 (dpcm).

Tuy nhién hau hét cac bat dang thic ching ta gip phai déu khong thé sir
dung dinh 1y trén mot cach don gian nhu vdy, viéc chang minh bat dang thace diéu
kién thuong doi hoi chung ta nhiéu ki ning hon. Pinh Iy S.M.V (Stronger Mixing
Variable) ra doi dé giai quyét nhitng khé khin nhu vay, truée khi di dén noi dung

ctia dinh 1y ta s& xét bo dé:

Bo dé: Gia sir a,,a,,8,,...,a, la ddy sé thuc tiry y. Thuc hién lién tiép phép doi A xdc

dinh nhuw sau:
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1. Chon 1, je{L23,...,n} sao cho a, =min{a,,a,,a,,...a,} va
a; =max{a,, a,,8;,.... 8}

2. Thay a,a; bai %

a; 2~ g , , , . X
L nhung van giir dung thir ty Cua ching trong day so.

Khi @6 thi sau khi thuc hién vé han lan phép bién doi A thi méi sé
a;Vvie{l,2,3,...,n}

déu tién dén gidi han:

a_a1+a2+a3+...+an
n

(O day phép bién doi A ¢6 thé thay béi cde dai heong trung binh khdc déu duwoc)

Chitng minh(Trich theo [1]): Ki hidu ddy ban dau la (a,a;,....a} ), sau phép bién

k

doi A ta thu dwoc ddy (a7,a3,..,a7) , ctr nhu thé tir day (af,aj,...a}) sau phép bién

d6i A ta thu dugc diy (aik*l,ag*l,...,a"*l) (O @iy khoéng dwoc hiéu a* 1a a liiy

n

thira k). Khi d6 véi moi sé nguyén ie{l,2,3,...,n} ta phai chung minh rang:

: : +a,+..+a
lima‘ =a véi a=dt% n
k—0 n

Pat m, =minfaf,a,...at} vi M, =max{al,af,..a}.

D& thdy rang diy (m,) la mot day khong gidm (Do qua phép bién d6i A V6i day
k

(af,a5,...a) thi khong c6 phan tir nao cua ddy nho honm, ), diy (M,) 1a mot day

k
n

khong tang (Do qua phép bién doi A Vi diy (aik,ag,...,a ) thi khong cé phan tir nao
cia ddy 16n hon M,) . Hon nita vi (m,) va (M,) déu khong nhd hon
min{a’,a},..., a‘} va ciing khong 16n hon max{a’,a,...,a‘} (bi chin) nén suy ra ca 2
day déu hoi tu.

bt m=limm_va M =limM,
Ta can chang minh raing M =m . Gia stnhu M >m_ Pat d, =M, -m, .
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Ta c6 mot nhan xét sau day:

Nhdn xét: Gia sir sau mgt 86 phép bién doi A day (a},a;,...a;) tro thanh day

M M
(af,a},....a) sao cho m, = 1;le thi mzz%ml_

That vay khong mat tinh tong quét ta gia st rang M, =al>al>..>al=m . Néu

1 1
m, = Mlgmi - aizan va Kk 1a chi s6 nho nhét thoa man thi a2 >m, Vie{L2,3,...,n}
a +a, ;
(Do(m,)la day khong giam) hon nita m, = 5 " Ja mdt phan tr cua day

M, +
(af,azz,...,af) nén ta suyra m,=m, = 12 ik

. Vay nhan xét da dugc ching minh.

Ap dung nhan xét trén ta suy ra mot két qua manh hon. Pat:

S={k:3>k|m +M, =2m} = S ={k|m, +M, =2m,;}
P={k:3I>k|m +M, =2M }= P ={k|m, + M, =2M, .}

Néu S hodc P c6 vo han phan ti, gid sir |S| =+, khi d6 voi mdi keS thi:

M, +m, M, -m, d

dk+1: IV|k+1_mk+1: I\/|k+1_ 2 2 ?k
d .

:dkﬂéz—;:lmdk =0

=M=m

Néu ca Sva P déu c6 hitu han phan tir, ta co thé gia st ngay |S|=|P|=0 ma

1 1
~ \ £y ur X , , <. , . , , - . . £ +a
khong lam mat tinh tong quat cia bai toan. Khi d6 véi moi K>1 thi so 4 *4

khong thé 1a phan tir nho nhat hay lon nhét trong day (ay,aj,....a}) va vi thé ta chi

n

1 1
can xét bai toan voi N—1 phan tir (b6 di phan tﬁ% ). Theo nguyén 1y quy nap ta
c6 diéu phai chang minnh.

Vay trong moi truong hop bd dé déu dugc ching minh.

- 156 -



Phép chimg minh trén cua bd dé cac ban c6 thé theo ddi nham muc dich
tham khao 1a chu yéu chir khong can qua chu trong chi tiét, ta quan tdm nhiéu hon
dén mot hé qua truc tiép cua bd dé trén ma trong mot 16p rat rong cac bai toan bét

dang thie nd s& mé ra cho tamot con dudng vo clng sang sua:

Pinh Iy SM.V: Néu f:lc0* >0,1=[a,p];a,fel la mét ham lién tuc doi

Xttng va bi chan duoi théa man diéu kién
f(a,a,,a,,..,a,)> f(b,b,,b,,..,b)

Trong dé b,,b,,b,,...b. la day thu dwoc tir ddy a,,a,,a,,...,a,qua phép bién déi A thi

a+a,+a,+..+3,

taco: f(a,a,,a,..,8,)>f(a,aa,..,a) voi a=
n

Pinh 1y nay cho ching ta mot cach tiép can rat hay dbi véi cac bai toan sir
dung phuong phap don bién khi chi can chon ra bién nho nhat va bién 16n nhit.
Nhung ngay ca khi khong thé chimg minh dwgc bit ding thac diéu kién khi
a, =min{a,,a,,&,..,a,} vd a, =max{a,,a, a,..,a,} Vn thu dugc nhiing két qua rat
t6t. Chang han nhu ta da chung minh duoc rang
f(a,a,,a,..,a)>f(aa,..,aa,,.,a) Vi a>a,>..>a, thi ta chi can chung
minh bat dang thirc trong truong hop c¢6 k bién bang nhau, diéu ndy rd rang da don

gian hon rat nhiéu.
2. Vi du minh hoa

Pé mo dau cho phan nay trude tién ta xét bai toan kha ndi tiéng sau:

Vi du 1 ([3]): Cho a,b,c>0 va chi cé téi da 1 s6 bang 0.

L b
Chiing minh rang \/bic+\/c+a+\/aib22

Bat dang thirc trén 1a mot bat dang thac hay va dep, trudc tién ta s& giai

quyét né bang cach sir dung bt dang thic ¢ dién ma cu thé 1a bat ding thac AM-
GM.
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Theo bit ding thic AM-GM tacé:,/ a ___a ., 2
b+c \/a(b+c) a+b+c

Xay dung 2 bat dang thic tuong tu va cong lai ta c6 diéu phai chang minh,

Déau ding thac chi khi a=0,b=c hoic cic hoan vi twong tng cua bd sb nay.

Loi giai trén that sy rat 4n tugng va ngén gon, nhung trong khudn khé bai
viét nay chung ta s& khong ding lai & day ma sé& di tim 10i giai khac mang tu tuong
don bién, tuy rang cé thé s& dai dong va phic tap hon nhung khong phai 1a khong
cO y nghia.

Khi bat ¢au budce vao chirng minh mét bat dang thic nao do, cong viéc trudc
tién cua ching ta hau nhu déu 1a du doan diém roi cua dau dang thirc. Trong bai
toan nay, diéu kién "khong 4m" ciia cac bién va "chi c6 t6i da 1 sb bang 0" duong
nhu d3 goi ¥ cho ta van dé nay, va qua dung dau dang thic xay ra tai mot bién bang
0, hai bién con lai bﬁng nhau. Vi thé nén ca hai viéc don bién ra bién va don bién vé

tam déu c6 kha ning 4p dung duoc.

Ta sé& thir don bién vé tam trude.

Giai: it f(a,b,c):\/ a +\/ b +\/ C  TassCMR
- b+c c+a a+b

f(a,b,c)> f(a%ba%bc] (*%)

\VGi ¢ =min {a, b, c}

(Panh gia nhu thé dé dam bao tong a+b+ckhong d6i)

That vay (**) tuong duong:

\/ a \/ b \/ a+b
+ >2
b+c c+a a+b+2c

Khong mét tinh tong quat chuan héa a+b+c=2. Bat dang thic can cm tré thanh:

J a +J b ZZJ a+b
2—-a 2-b 4—a-b
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Str dung bét dang thire Holder ta c6:

b b , , ;
sza +\/2_bJ[\/2fa +\/2_bJ[a (2-a)+b*(2-b) | > (a+b)

Ta can chang minh

(a+b)® . 4a+b)
a’(2—a)+b%(2—b) ~ 4—(b+a)

Khai trién va rat gon, ta can chang minh (a—b)?[3(a+b)-4]>0 (1)
- , . . 2 4
Mt khac do ¢=min{a,b,c} nén 0£§:>a+bz§

Do d6 bat dang thie (1) ding. Gid ta chi can phai ching minh trong truong hop

a=b tac 1acan ching minh: 2‘/% +,f2—(; > 2. Khong mat tinh téng quat gia st
+

a+c=1.

Bat dang thirc can chiing minh viét lai thanh

2Ja+ /12‘—aa >2 (ae[0,1])

= 2\/§a+\/1—a > 2\/5
< 8a’+1-a+4a,/2(1-a) >8a
S Wl-a [(l—8a)\/l—a +4\/§a} >0

ol-a+4J2a>8a1-a 1)

Néu a=0 hoic a=1 thi bat dang thic hién nhién ding

Néu 0<a<1 thi (1) twong duwong voi : i+ 2 >1
8a l-a

Ap dung bat d¢ang thic AM-GM ta cé:
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1 L2 1 Pa 1 2J2a

—+ =t 2> —+—
8a l1-a 8a .(l-a)a 8a (l-a+a)
- L oyza=t a3t Jaaza =

i >1
8a 8a 8a 34

Vay ta c6 diéu phai ching minh. Dau dang thic xay ra khi a=b,c =0 hoic hoan vi.
Bay gio ta s& thir don bién ra bién.

Giai:

Pit f(a,b,c)=\/ a +\/ b +\/ ¢ TasiCMR f(a,b,c)zf(a+3,b+3,oj(*)
b+c c+a a+b 2 2

(Panh gia nhu thé dé dam bao tong a+b+ckhong d6i)

That vay (*) tuong duong:

\/ a \/ b \/ c \/2a+c \/2b+c
+ + > +
b+c c+a a+b 2b+c 2a+c

Khong mét tinh tong quat chudn héa a+b+c=2 . Bit ding thic can cm tré thanh:

a b 2—a-b 2+a-h 2+b—-a
el e s e arass
2—-a 2-b a+b 2+b-a 2+a-b

Bat dang thic (*) 1a mot bat dang thic ma theo quan diém ciia ngudi Viét 1a

kha kho, 101 giai tim duoc cho bai toan nay 13 mot 161 giai rét dai dong, va diéu do
cho ta thiy phuong phap don bién tuy rat manh nhung d6i luc s& dan ching ta dén
nhimg khé khan con to 16n hon ban dau. Hy vong rang trong thoi gian tdi cac ban sé

tim ra mot 1oi giai that ngan gon va sang stia cho bai toan nay.

Qua vi du trén phan ndo céc ban di hiéu dugc tu tudng cua phuong phap
ndy. Nhung VDI lai khong cho ta thdy hét duoc suc manh cua phuong phap don
bién boi 1& viéc chung minh dan dén céc bat dang thic khac tham chi khé hon rat
nhiéu so V6i viéc sir dung cac bat dang thiac co dién. Tuy nhién, véi cac vi du tiép
theo sau ddy, suc manh cua phuong phap s& dan dugc thé hién bai 18 d6 co thé coi

1a con duong kha di va hiéu qua nhat :
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Vi du 2: Cho a,b,c la cac s6 thuc théa man a+b+c=0.

CMR: a’h®+b%c? +c?a’® +6abc > -3

Khi doc bai toan trén cé thé nhiéu ban s& cam thay rat lung tung, boi vi diéu
kién a,b,c 1a cac s6 thuc khién viéc st dung cac bat dang thic quen biét nhu AM-GM,
Cauchy-Schwarz hay Holder ... gip trd ngai. Hon nita hai V& cua bat dang thac lai
khong ddng bac (co thé giai quyét van dé bang cach dong bac hoa 2 vé nhung s& dan
dén 1 bat dang thic khac rat phic tap) nén viéc sur dung cac phuong phap thong thuong
dé giai quyét bai toan nay s& vudng phai nhitng kho khan nhat dinh. Va vi thé y tuong
don bién dén voi ching ta theo 1 18 rat tu nhién ...

Tuy nhién do ta chua biét tinh 4m dwong cua cac bién nén khong thé VoI
vang ma don bién ngay dugc, nhung rat may 1a voi bai toan nay thi ta co thé xét cac
truong hop riéng mot cach tuong dbi don gian. Xin duoc trich nguyén van 10i giai

ctia ban Poan Qudc Pat (Chuyén toan 12-15) nhu sau:
Giai: Do a+b+c=0nén ta chi can xét cac truong hop sau:
e TH1: Ton tai 1 trong 3 s6 a,b,c bang 0. Khi d6 ta c6 VP >0>VP =-3,

e TH2: Tich abc>0 (tic co 2 sb cung am, sé kia dwong hodc ca 3 sé cing duong)

thi taco VP >20>VT =-3

e TH3: C6 1 s6 am va 2 s6 con lai cing duong (néu ca 3 cing am thi trai voi gia

thiét a+b+c=0). Khong mat tinh tong quét gia st C<0, khi d6 ta dat ¢'=|c|.

Xét ham s6 f(a,b,c) = ah? +b%c? +c?a’® +6abc +3=a’h? +bh’c? + c?a® —6abc'+ 3 .

Xét

f(a,b,c)-f (a%b,ib,cj:c{az+b2—@}+azbz—w+6c'{@—a@

2 16

_@-by {c ?4+3c '—i{ab+—(aJr b)* }}
2 2 4

Mat khiac do a+b+c=0 nén suyra C'=a+b
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(a+b)® _(a+b)® _c”

= ab+
2 2
2 12 2
:f(a,b,c)—f(ib,a—m,cjz(a_b) c?3c- S =M(§c'2+3c'jzo
2 2 2 4 2 |4
:f(a,b,c)zf(a—”’,a—”’,cj
2 2

Vi thé ta chi can cm bai toan trong truong hop a=b .
Tte 14 ta chi can ching minh 9a*-12a° +3>0 < (a—1)%(9a? + 6a +3) > 0 (dung).

Vay bat dang thire duoc cm hoan tit. Dau dang thic chi khi a=b=1c=-2 hoic

cac hoan vi twong ng cta bo sé nay.

Vi du trén 12 mot bai toan twong dbi dic trung cho phwong phap don bién,
tuy nhién ta van chua can sir dung dén tinh thir tu cua céc bién sé. Db V6i cac bai
toan don gian thi viéc 1am do 1a khong can thiét, nhung v6i 1 sb bai toan thudc loai
"kho nhan" hon thi viéc sap xép tha tu céc tit ca cac bién hay 1 vai bién ndo d6
(bién nho nhét, bién 16n nhat, bién nam gitra 2 bién, ... ) roéi mai don bién thi lai cho

ta hi¢u qua vo cung to 16n.

Pé thiy su ding dan cua nhan dinh trén ta cing di dén cac vi du sau day:

Vi du 3: Cho a,b,c,d 1a cac s thuc khong am va khong co 2 s6 nao dong thoi bang 0.

+1+1+1+1+1>243
a’+b® a*+c® a’+d® cC+b® dP+p® C+d® 2@+b+c+d)?

Chang minh rang

Giai: Vi bat dang thirc da cho 1a thudn nhit nén khong mét tinh tong quét gia sir

a+b+c+d=1,
Ciing nhu vi du 1, diéu kién bai toan goi cho ching ta diém roi cua dau dang
thirc, d6 1a c6 1 bién bang 0 va 3 bién con lai bang nhau, diéu d6 1am cho ching ta

suy nghi dén viéc don bién ra bién.

1 N 1 N 1 N 1 N 1 N 1
+b®* a*+c® a*+d® cG+b* dP+b® c+d?

bat f(a,b,c,d)= =
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Ta hi vong s& c6 danh gia sau: f(a,b,c,d)> f(a+%,b+%,c+%,oj_(*)

Nhung rét tiéc 1a ta chua thé c6 danh gia d6 ngay duogc, that vay chi can lay 1
phan VD 13 a=0,05b=c=d =0,33 thi bat dang thuc (*) s& dao chiéu. Vay la ta
khong thé giai quyét bai toan theo tu tuéng don bién 212!

Hay khoan bo cudc tai day, ta chua thé c6 (*) vi chua tan dung su dbi xung
cua f(a,b,c,d), chinh nho su doi Xng nay ma ta co thé Sép Xép duoc thir tu cua cac

bién ma cu thé trong bai toan nay ta co thé gia sir d =min{a,b,c,d} .

Khi do6 ta c6 nhitng danh gia sau:
3 3 d 3
a*+b’<ja+—| +|b+=1| (1) a3+d3s(a+§j (4)

3 3

3
a’+c’< a+9 + b+9 (2) b®+d°< b+9 (5)
3 3 3

3

3
c+b’< a+9 +b+=1| (d c+d’< c+9 (6)
3 3

Bat dang thirc (1) 12 hién nhién do a+% > a; b+% >b, cac bt dang thic
(2)(3) duoc suy ra mot cach tuong tu.
Bat dang thic (4) tuong duong voi:
3
2+ ad [a+9j+d—z ' +d? < ad (a+9)z§d3 didu nay dung do
3) 27 3)7 27
d =min{a,b,c,d}.

Vay bét dang thac (4) dugc chig minh, cac bat dang thic (5)(6) dugc suy
ra mot cach tuong ty.
Ap dung céc bt dang thae (1)(2)(3)(4)(5)(6) tacd :

a,b,c,d 1 a,b,c 1 a,b,c l

2 22

sym : b3 cyc 3 : cyc 3

m &% Y (a+dj +(b+d) ! (a+dj
3 3 3

< f(a,b,c,d)> f(a+9,b+9,c+9,0j
3 3 3
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VAy ta dd chung minh duogc bat ding thac (*)

Dé két thuc bai toan ta s&8 CMR V6i a,b,c>0thoa a+b+c=1thi

a,b,c a,b,c 1 243
Z = e _32_
o a +b o a 2

a,b,c
<:>2(a‘°’+b3+c3) % > 243
o (a°+b°)c

a,b,c 1
< 2(a+b+co)(a®+bP+¢ — = _[>243
( ) ( )[czyc:(a +b3)c3j

Ap dung bét dang thicc Holder cho cac bd s6

(ab,c)(c®+b%,a’+c’,a +b3)[

1 1
(c®+b*a’’ (c*+a’)b®’ (a®+b’)c?

j ta c6 dpcm.

Vay bat dang thie dugc chimg minh hoan tat. Dau dang thac chi khi a=b=c,d =0

hodc céac hoan vi tuong (ng cua bd 6 nay.

Giai:

Vi du 4([1]): Cho a,b,c>0théa man a+b+c=3.

Chang minh rang (a?+a+1)(b> +b+1)(c? +c+1) < 27

Piéu trén twong duong voi

2 2
{(azb) +a;b+1} >(a’+a+1)(b° +b+1)

< (a%+b*+2a+2b+2ab+4)* >16(a’ +a+1)(b* +b+1)
< a'+b' +4(a%+b*a+a’+b*)+8ab>10a’bh® + 4(a’h +b*a+a* +b?)

& (a-b)’[ (a+h)*+4(a+h)+4ab-4]=0

bat f(a,b,c)=(a*+a+({b*+b+1)(c*+c+1), tase CM f(abc)<f(a%b a+h cj
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Bit dang thuc trén s& dung néu (a+b)? +4(a+b)+4ab—4>0, mubn co didu
d6 ta s& gia sirrang c =min {a,b,c} (diéu nay c6 thé thuc hién duoc do sy ddi xing

cua f(ab,c))

Khi d6 thi c<l=a+b>2=(a+b)’>4= (a+b)’+4(a+b)+4ab—4>0 (dpcm)

Gio ta chi can CM bat dang thic trong trudng hop a=b tac 1a chang minh:
(c®*+c+1)(a*+a+1)* <27 wi a,c>0va 2a+c=3

Thé c=3-2a tasé CM bat dang thic sau véi a<[0;1,5] :

[(3-2a)’ +4-2a](a’ +a+1)’ <27
< 4a®-6a° -3a* —8a’ +15a* +12a-14<0
< (a-1)°(4a* +2a®—3a*-16a-14) <0

bat f(a)=4a’+2a’-3a*-16a-14vsi a<[0;1,5].
Ta c6 f'(a)=16a°+6a*—6a—16 =2(a—1)(8a*+1la+8)
Lap bang bién thién ta thdy ngay f(a)<0v6i moiae[0;1,5].

Vay bat dang thic dugc chimg minh hoan tat. Dau dang thuc xay ra khi a=b=c=1

Vi du 5([1]): Cho a,b,c >0 théa man a+b+c=3

. . 1 1
Chtng minh rang ¥+F+C—22az+b2+c2

Loi giai 1: Nhan thay rang dau dang thac xay ra tai a=b=c=1 nén tasé& thir don

bién vé tam.

< 1 1 1
Dat f(a,b,C)=¥+b_2+C_2_a2_b2_C2

Ta mong muén c6 dénh gié f(a,b,c)> f (aT”’aT”’cj
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Diéu trén twong duong voi

1 1 8 (a+b)?*
oS+ —+ —a’-
a~ b° (a+b) 2
(8’ +b*)(a+h)* -8a’h* (a-b)’ 0
a’b?(a+b)? 2

(8’ +b*)(a+b)*-8a’h® (a—h)* >0
a’b*(a+b)? 2
_h)? 2 2
(a-b)*[ (a+b) +2ab]_(a_b) -0
a’b?*(a+b)’ 2
b)>+2ab 1
@+by+2ab 1},
a‘b“(a+hb) 2

<:>(a—b){

Theo bat dang thauc AM-GM ta c6:

(a+b’+2ab_ 1 2 1 2 24

= > + >
a’b’(a+b)* a’h® ab(a+b)® ((a+b)?) 2ab(@*+b*) (a+b)*
4
PG thyc hicn duge phép din bién, ti 4 dinh gid cdc bién 0é c6 thé co = z% |
+

Pidu nay twong duong véi a+b<%/48~2,632.... Néu chi dung danh gia
a+b <3 thi khong thé co diéu can ching minh. Chinh vi vdy nén ching ta méi tim
cach dé gisi han a+bnho hon 2,632... Ta chi can gia sir ¢ =max{a,b, c}(diéu nay
luén thuc hién duoc do tinh d6ixing ciia f(a,b,c)) thi ta sé c6 c>1suy ra a+b<2
va ta co diéu phai chiing minh. Dau dang thac xay ra chi khi a=b=c=1,

V6i bai toan nay ta con c6 mot cach giai khac chi sir dung céac bat dang thic

quen biét nhu sau:
Loi giai 2: Ap dung bat dang thac quen thudc:

1 1 1 1 1 1 a+b+c 3
—2+—2+—22—+— —_— = =
a- b ¢ ab cb ac abc abc
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Ta chi can chiing minh %2a2+b2+c2 < 3>abc(a’ +b? +c?)
abc

Ta ciling co

(ab +bc +ac)® > 3abc(a+b+c) =9abc

2
(ab+bc+ac) > abc

Vay ta chi can phai chang minh:

2
> (@0HbC+AC) o212, ¢2) o 27> (b +be+ ac) (a? + b2 +¢?)

Ap dung bt dang thuc AM-GM ta c6

(ab+bc+ac)®(a® +b® +¢*) = (ab+bc +ac)(ab+bc +ac)(a® + b* +c?)

. 3 2
S{a +b*+c +2(ab+bc+ac)} :{(a+b+c) } — 27

3 3

Vay ta c6 diéu phai ching minh. Du dang thic xay ra chi khi a=b=c=1,

Vi du 6(Russia 2002): Cho a,b,c >0 thoa man a+b+c=3

Chung minh ring a++b++/c>ab+bc+ca

Loi gidi 1: Tuong tu nhu cac vi du dd xét o trén, diém roi cua dau dang thic dua
ching ta dén suy nghi don bién V& tam. Pat f(a,b,c)=va+b++c—ab—bc—ca

Ta s& chiang minh rang

f(abc)>f(a—+ba—“’cj@f(abc)—f(a—”’a—”cj 0
2 2 2 2
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2
N a+\/5+\/5—ab—bc—ca—2‘fa7m—«/E+@+(a+b)c20

eVardb-2 /2 (a+b)2 ab>0
oJa fa+ [a+b (a- b) 50
_(a-b)y’

>0

R

= (Va-b) (2] IN— a+b1 a+b =0
AR
= (V3B (& ) (IM( ][@ Pl

Ta mong muén cé danh gia ( ( ,’ ]( b +,’a—J2rb]—220 (*)

Piéu ndy s& duoc thoa mian khi ta tan dung tinh ddi xang cua f (a,b,c) dé gia
st ring a>b>c. Khi d6 ta s& coa>1l vaa+b>2. Luc d6 thi bat ding thic (*)
hién nhién théa man.

Gio ta chi can chang minh bat dang thic khi a=b tic 1a chang minh voi
2a+c=3 thi 2J/a+Jc>a’+2ac. Thé c=3-2a va ta cAn chang minh bt ding

thirc sau voi a[L1,5](do gia st a=b>c) thi:

2Ja ++/3-2a > a’ + 2a(3- 2a)
—3a2+2Ja+/3-2a>6a

Bit dang thirc trén nhin tuy c6 Vé rat don gian nhung dé chimg minh dugc né
la diéu khong don gian chit ndo. B&i 18 ham f(a)=3a?+2Ja++/3-2a—6a Voi
ae[L;1,5] khong phai 1a ham don diéu va diém cuyc tri cua nd dat tai mot gid tri rét

"1é" 12 a~1,46132(viéc tim ra gia tri ndy ciing kha phuc tap va ngudi Viét xin khong
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néu ra & day). Va vi thé viéc giai quyét bai toan theo tu tuéng don bién van dang 1a

mot van dé con bo ngd chd cac ban hoan thién trong thoi gian téi.

Ta c6 thé thiy rang viéc sap xép thir tu ciia cac bién trong loi giai dén mot
cach hoan toan ty nhién. Chung ta khong nhét thiét phai sip xép chung ngay tir dau
ma ngay trong qua trinh danh gia cua ching ta s& xuat hién diéu can phai gia sur (tat

nhién 12 khong 1am mét tinh tong quat ciia bai toan).

V6i bai toan trén ta con c6 mot 1oi giai ding hoan toan bat dang thic co dién
nhu sau:
Loi gidi 2: Tacod:
Ja++b++c>ab+bc+ca
4:)2(\/5+\/5+\/E)22(ab+bc+ca)
@2(\/5+\/5+\/E)+a2+b2 +¢* >a” +b +¢ +2(ab+bc+ca)
<:>2(\/5+\/5+\/E)+a2+b2+c2 >(a+b+cy =9

Mt khac theo bat dang thirc AM-GM ta ciing c6:

Ja+Ja+a?>3
Jb+b+b2>D
Joe+o+c?>%

Cong theo vé 3 bat dang thic trén ta co 2(\/5+\/5+\/E)+ a’+b® +¢” >9 (dpcm)

Vay bét dang thie duoc chimg minh hoan tat. Dau dang thac chi khi a=b=c=1.

Loi giai thir 2 cua vi du 5 va vi du 6 1a nhitng 10i 10 giai rat ngan gon va da
sb cac ban s& dong ¥ rang né dep hon nhidu so vai 1oi giai sir dung don bién. Nhung
dé c6 duoc nhitng 1o giai nhu thé can phai c6 mot sy tinh té nhat dinh va khong
phai dé& dang dé nghi ra. Trong khi d6 1oi giai bang don bién tuy sir dung nhitng
bién d6i kha ruom nhung lai rat tw nhién va duong 161 da 1a hét strc ro rang. Phuong
phép nay doi hoi nguoi 1am phai c6 mot niém tin vitng chic vé duong 16i va long
kién tri nhat dinh. D6 1a diéu vd cung quan trong khi 1am bét dang thirc noi riéng va

giai toan ndi chung. At han s& co rat nhiéu ban nan 1ong khi dtimg trudc nhiing bién
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d6i dai dong nhu vy, d6 thuc su 1a mot diéu vo cung dang tiéc. Nguoi Viét chi
muén nhan nhu VGi céc ban rang, nhitng kho khan khi tinh toan d6 chi 1a nhitng tré
ngai nho trén con dudng giai quyét mot bai toan kho va 1a diéu khong thé tranh
khoi, va trong nhiing bai tdp dugc dé cap ¢ phan cudi, ta s& con phai dung phai

nhitg tinh toan con "ghé gdm" hon nhiéu.

Vi du 7(IRAN 1996): Ching minh rang voi a,b,c>0 thi

1 N 1 N 1 S 9
(a+b)> (b+c)® (c+a)® 4(ab+bc+ca)

Bai toan trén di tré nén qua ddi ndi tiéng boi d6 kho cua nd. Dau ding thic
xay ra ¢ 2 truong hop laa=b=c hodaca=b,c >0 cung cac hoan vi. Vi bai toan
ndy, néu ta thuc hién viéc don bién theo trung binh cong hoic trung binh nhan déu
s& dan dén nhitng bat dang thirc vo cung phtc tap. Bung lo lang boi c6 vo van
nhimg cach don bién khac nhau va mdi ching lai chita dung trong minh nhitng nét
tinh tay riéng, va tuy tung bai todn ma ta sé c6 cach 4p dung vé cung linh hoat va

uyén chuyén. Loi giai sau day duoc trinh bay theo y ctia thdy Tran Nam Diing:

Giai: Khong mat tinh tong quét ta c6 thé chuan hoaab+bc+ca=1 va ta phai ching
1 1 1 9

minh rang f(a,b,c)= >
NG F@bO) = T roy cray 4

Nhu da noi ¢ trén, dau dang thuc xay ra khi c6 2 bién bang nhau va vi thé ta s& tha
don bién vé tam. Nhung ta chua biét 1a s& "ép" 2 bién nhu thé nao dé tan dung téi da
gia thiét ab+bc+ca=1. Khong sao ca, ta s& tim cach chang minh rang
f(a,b,c)> f(t,t,c) Vi t thoa man 2t +tc=1 va néu duoc thi sau d6 ta chi can phai

chang minh bat dang thac khi a=b=t 1a xong. That Ay, xét:

d=f@be) - ftte)=—r s+, 1 1 2
(a+b)* (b+c)® (c+a)” 4t° (t+c)
_4—(@+b’ 1 12
4t*(a+b)>  (b+c)* (c+a)® (t+c)?
_@-a-p)@tvatb) 11 2
t*(a+b)? (b+c)* (c+a)* (t+c)’
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Cha y tir gia thiét t*+2tc=ab+bc+ca=1 ta suy ra:

(t+c)*=(a+c)(b+c)
:>a+b—2t=(a+c)+(b+c)—2(c+t)=(a+c)+(b+c)—2,/(a+c)(b+c)

_(arc-ybre) - — @D

(\/a+c+\/b+c)2
Suy ra
2
d- —(a—b)*(2t+a+b) N 1 1 2

(Varcovbrc) (asbyac ®r0) @ra) (@roo
~(a-by’(2t+a+b)  (a-by’
( a+c+ﬁ)2(a+b)24t2 (@+c)(b+c)

1 B 2t+a+b
(@+c)(b+c) ( a+c +\/b+c)2 (a+Db)?4t?

— (a—b)?

Khong mét tinh tong quat gia st ¢=min{a,b,c} khi d6 ta c6 c<—<t,

| &

Ta co

2
2t+a+b<a+c+b+c+2(t+c)=a+c+b+c+2/(a+c)(b+c) :(Ja+c+Jb+c)

va (a+c)(b+c)=./(a+c)(b+c)(t+c) < 2t1/(a+b)(a+b) =2t(a+b)

Suy ra
1 B 2t+a+b S 1 1 _ 1 1_ 1
(a+c)(b+c) ( — +\/m)2 (a+b)?4t? ~ 2t(a+b) 4t’(a+b)® 2t(a+b) 2t(a+h)

Mat khac

c=min{a,b,c}ra,b,ce[0,1]= 2t(a+b)=t(a+b)+t(a+b)

23

2c(a+b)+t(a2+b2)ZC(a+b)+2tab2c(a+b)+Tab >c(a+b)+ab=1

Vay taco d >0= f(a,b,c)> f(t,t,c).Ta s& chang minh f(tt,c)>0
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2

Thé c==% vao f(t,t,c) va gio ta chi can chiing minh

+—
4t? t+l_ﬁ 2 4
2t

2
ol B9,
4% (t°+1)° 4
(t? +1)% +32t* —ot*(t* +1)° .
4t (12 +1)° B
2 2\2
(L-t)A-3t7)°
4% (t° +1)

0

Bat dang thic cudi ctng hién nhién ding do te[0,1] . Vay bat dang thiac dugc
chimg minh hoan tat. Dau dang thuc xay ra chi khi a=b=c hoic a=h,c -0 cung

cac hoan wvi.

Vi du 8(]2]): Cho a,b,c>0 théa man ab+bc+ca+abc=4.

CMR a+b+c>ab+bc+ca

Déu dang thic cua bat dang thic nay 1a tai a=b=c=1 hoic a=b=2,c=0
cing cac hoan vi. Diéu kién cua bai toan nay kha 1a dac biét va ta kho co thé nghi ra
mot dai luong trung binh thich hop dé tan dung téi da gia thuyét nay. Thé nén ciing
nhu trong VD7, ta khong can quan tdm "hinh thi" ciia dai lugng d6 nhu thé nio ma

chi can biét rang ta s& "ép" cho 2 bién V& gid trit nao d6 thoa man t* +2tc+t’c=4.

Duya trén y tuong d6 ta di dén giai quyét bai toan nhu sau:

Loi_giai 1: bat f(a,b,c)=a+b+c—ab-bc-ca. Voi t théa man

t? +2tc+t°c=4taco f(t,t,c)=2t+c—t°>—2tc.
Xét d = f(a,b,c)—f(t,t,c)=2a+b+c—ab—bc—ca—2t—c+t>+2tc
—a+b-2t—(ab—t*)—c(a+b—2t)

Theo bai ra ta co t*+2tc+t’c=ab+bc+ca=4=ab-t*=c(2t—a—b+t>—ab)
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= (c+1)(ab-t?) =c(2t —a—bh)
c(2t—a—b) o
c+1

—ab-t’=

Suy ra d =(a+b-2t) (1+i1—c) . Bay gio khong mat tinh tong quat ta gia sir
c+

c=min{a b,c}. Khi d6thi 0<c<1l=1-c>0=1+ c>0.

c+1

Gio ta can chung minh rang a+b—2t>0 , vi chua rd "hinh thi" ctia t nén ta
khé ma co diéu nay truc tiép, vi thé nén ta s& thir phan ching xem sao. Gia sir
a+b-2t<0, tor (1) ta c6 ab-t’>0=ab>t’=+ab>t(*). Mat khic

a+b—2t<0:>t>aT+b(**). Tur (*) va (**) ta co: \/%>t>a%b:>(\/a—\/5)2<0

(v0 1y). Vay taco a+b—-2t>0 suyra d >0.

Gio ta can chang minh f(t,t,c) >0 <2t +c—-t2-2tc >0 (2)

2
Ta co t> +2tc+t’c=4=c= i’ t
t°+2t

va do gia st c=min{a,b,c} néntaco te[l?] .

. 4t ; : :
The C:t2 o vao (2) va ta can chung minh vai te[12] thi:
+

2 2
A-U L 2(4-U)
t?+2t t?+2t
2t + 47 +4—t2 —t* —2t* -8t + 2t°
= >
t? +2t
4 3 2
- "+ 2t 2+3t 8t+4Zo
t“+2t
2
@(t 1) (2t+2)(2 t)ZO
t°+2t

2t +

0

Bat dang thac cudi cing hién nhién ding do te[L,2] .

Vay ta c6 diéu phai chang minh. Dau dang thuc xay ra chi khi a=b=c=1 hozic

a=b=2,¢=0 cung cac hoan vi tuong rng.

Thong thuong thi & bude danh gia f(a,b,c) >f(t,t,c) ta chi can sir dung dén

tinh tht ty cua cac bién s nhung trong bai toan trén budc nay khéng con don gian
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nhu thé nita ma budc ta phai khéo 160 hon trong viéc ching minh ma cu thé 1a sir
dung phuong phap phan ching nhu trong 161 giai da trinh bay. Bai toan trén con

mot 1oi giai nira rat dep mat va tinh té nhu sau:

Loi_giai 2: Tir gia thiét bai toan ab+bc+ca+abc=4 ta suy ra rang ton tai
cac s6 khong 4m Xx,y,z sao cho khong co 2 sb nao dong thoi bang 0 thoa man

a:ﬁ’ b= 2y c= 22 (cac ban hdy suy nghi xem tai sao lai c6 thé khang

y+12 X+2' X4y

dinh nhu vay!?).

Khi d6 thi bat dang thic can chiing minh viét lai 1a:

X y z 2xy 2yz 27X
+ + > + +
y+z z4+Xx X+y (X+2)(y+z) (y+xX)(z+x) (z+y)(x+Yy)

S X+ Y+ 22 +3xyz > xy(X+ ) + yz(y + 2) + 2X(z + X)
Bit dang thie trén chinh 13 bat dang thic Schur béc 3.

Vay ta c6 diéu phai chang minh. Dau dang thuc xay ra chi khi a=b=c=1 hoic

a=b=2,c=0 cing cac hoan vi twong ung.

Ta tiép tuc di dén mot vi du khac tuong tu nhu sau:

Vi du 9([2]): Cho a,b,c>0 théa man ab+bc+ca+abc=4
Tim hang s6 k tt nhat (16n nhat) dé bat dang thic sau luén ding:

a’+b?+c”+3k > (k +1)(ab+bc +ca)

pé v rﬁng diéu kién cua bai toan nay giéng hét véi diéu kién trong vi du 8, va
ta s& nghi ngay rang voi K tot nhat d¢é bat dang thirc dung thi dau dang thic ciling s&
Xay ra tai cac gia tri nhu vi du 8.

Ta sé& thir cac gia tri cua (a,b,c) boi cac bo ) (2,2,0) va (1,141 vatim ra
chan trén 16n nhat cia K va hi vong rang bat dang thirc s& dang voi gia tri d6. Bé co

niém tin vé viéc ching minh bat dang thirc dtng trong truong hop K 1on nhét tim ra
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thi cac ban can c6 mot su "nhay cam" nhat dinh va diéu d6 chi c6 thé c6 duogc thong

qua qué trinh hoc tap va rén luyén hét stc nghiém tuc.

Gidi: Cho (a,b,c)=(2,2,0) ta c6:8+3k>4(k+1)<k<4 . Vay ta chi can ching
minh bai toan trong truong hop k=4 tac 1a can chang minh:

a’+b’+c*+12>5(ab+bc+ca).

Tuong tu nhu bai toan trén, dat f(a,b,c) =a’+b*+c*+12-5(ab+bc+ca) .

Ta s& ching minh rang f(a,b,c) > f(t,t,c) Vi t thoa man t?+2tc+t’c =4.

Xét d = f(a,b,c)— f(t,t,c)=a’+b*+c®+12-5(ab +bc+ca) — 2t* —c® —12 + 5(t° + 2tc)

=a’+b’ —2t° +5[t° —ab+c(2t—a-b) |
Tir didu Kién bai toan ta co: ab—t? :Cil(zt—a—b) suy ra:
+

a’+b® —2t* = (a+b)> —4t* + 2(t* —ab)
—(a+b=2t)(a+b+2t)+ -5 (a+b—21)
c+1

:(a+b—2t)[a+b+2t+£j
c+1

—d =(a+b—2t)(a+b+2t+£j+5(i(a+b—2t)+c(2t—a—b)j
c+1 c+1

:(a+b—2t)(a+b+2t+£—50j
c+1

Bay gio ta s& gia sir rang ¢=min{a,b,c} khi d6 thi c<[0;1] va a,b,t>c.

Suy ra a+b+2t>4c va c7_+cl > ¢ (diéu nay tuong duong c(c—6) <0 (dung))

:>a+b+2t+£—5c20.(1)
c+1

Theo vi du 8 ta cling ching minh duoc a+b—-2t>0(2)

Tir (1) (2) suy ra d >0 va gio ta chi can ching minh rang :
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f(t,t,c) >0 < 2t* +c* +12-5(t* + 2tc) > 0(*)

2
Thé ¢= 2" o (*) va ta cin ching minh:
e+ 2t

t% +2tc +2t

- (t —1)2(2t—2t)(3t +2) >0

2 \2 2
2t2+( 4-t ] +12—5(t2+%}0

Bat dang thic cudi hién nhién ding do 0<t<2 . Viy ta c6 diéu phai chang
minh. Hang s6 k I6n nhat 1a 4 va dau dang thac xay ra chi khi a=b=c=1 hoic

a=b=2,c=0cung cac hoan vi.

Vi du 10: Cho a,b,c>0. Chirng minh rang

a’+b°+c®—3a’h’c’ > 2T:(a—b)z(b—c)z(c—a)2

Céc bai toan trong nhimg vi du ching ta xét dén déu 1a cac bat dang thirc doi
Xang Vi cac bién va vi thé nén viéc ching minh bat dang thic diéu kién khong
phai 1a van dé qua khé khan. Tuy nhién khong phai bao gio ciing thé (nhét 1a voi
cac bat dang thirc hoan Vi), nhu trong vi du nay, viéc chiing minh bat ding thie diéu
kién s& 1a mot cong viéc hét sic phuc tap khi cac ban thuc hién phép don bién vé
thong thuong. Trong nhitng truong hop nhu thé nay thi phwong phap don bién toan
mién s& 1a mot sy lya chon hitu dung. Y tudng chinh cua phuong phép ndy 1a s&
dong thoi gia giam cac bién sé di mot lugng nao do6 va tri¢t tiéu mot bién sd vé 0,
khi d6 sb bién s& giam di va viéc chimg minh con lai don gian hon rat nhiéu so véi

bai toan ban dau, dé hi€u roé hon van dé nay ta s€ cung di tim 16i giai cho vi du trén.

Loi giai 1: Bat dang thie da cho tuong duong voi:
(@ +b*+c*)[ (@° —b*)* +(b* —c*)’ +(¢* %)’ ] z2747(a—b)Z(b—c)Z(c—a)2

Khong mét tinh tong quat gia sa ¢=min{a,b,c} .
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Ta nhan thdy rang néu ta giam ca 3 bién di mot luong 0<x<c thi ta co

27 27
~1@=9-0-x[6-0--0] [c-9-@-9] ==-@-b)*(b-c)*c-2)’
Tte 1a vé phai cua bat dang thirc khong doi, trong khi d6 thi:

[@-x +(b—x)2+(c—x)2]{[(a—x)2-(b—x)z]z+[(b—x)2—(c—x)2]2+[(c—x)2—(a—x)2]2}
=[(@a-%)+(0-x%)’+(c-x)*|[ (a-b)’(a+b-2x)*+(b—c)*(b+C—2x)* +(c—a)*(c+a—2x)° |
<(a’+b*+c?)[ (a° —b?)* + (b —c?)* +(c* —a’)? |

Piéu d6 c6 nghia vé trai ctia bat dang thic s& giam di. Tir 2 diéu trén ta di d¢én viéc

chang minh béat dang thac véi ¢=0 (tac ta da giam ca 3 bién di mot luong x =c).

Voi ¢=0, bat d¢ang thic can chimg minh la:
6 6 27 2152 2 r:
a’ +b 27ab (a—b)* voi a,b>0

Bat dang thac trén tuong duong: a’® +b® +2—27 b > 2Lt + gazb“.

Ap dung bat d¢ang thic AM-GM ta co:

2
a®+ 2Tg7al3b3 287a3b3>33a [287 3b3j :27r7a4b2 Q)

2
b6+%a3b3+%a3b3>33b6(287 3ij 247ba 2)

Cong theo Vé cac bat ding thirc (1) va (2) ta co6 diéu phai chiing minh. Dau dang

thirc xay ra chi khi a=b=c,

Nhu da thdy ¢ vi du trén, khi ta gia giam toan bd céc bién cing mot lugng thi
VT giam dan con VP khong ddi, trong nhiéu truong hop khac, khi thuc hién phuong
phép don bién toan mién thi thdm chi ta con c6 nhitng nhan xét khé hon 1a ca 2 vé
cing thay doi, cac ban s& gap phai cac truong hop d6 trong phan bai tap cudi bai
viét.

C6 thé thdy rang viéc st dung phuong phap don bién toan mién da giai quyét
bai toan mot cach rat don gian va dep mét. Pic diém nhan dang nhitng bai toan st

dung phuong phap nay 1a khi ¢ su chénh léch giira cac dai lugng xap xi bang 0,
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mot cach truc quan thi voi cac bai toan ba bién cac ban cé thé hiéu la sy xuat hién
cla dai lugng dic biét (a—b)(b—c)(c—a), chinh diéu nay la chia khéa dé ching ta
giai quyét duoc bai toan bang phuwong phap don bién toan mién. Néu khong str dung
phuong phép nay ma "chim chi" theo 16i "cay bura" thi kho khan ching ta gip phai

qua that rat 16n, boi bat dang thirc twong duong khi khai trién 2 vé 1a:

a,b,c a,b,c a,b,c a,b,c
4(a°+b®+c®)+54> a'bc+54) a’h’+150a’h*c* > 27 a'h*+54) a’b’c

cyc cyc sym sym
nhin rat "khang khiép" va tham chi rat dé gay nham Ian.

Qua céc vi du trén, ta thdy rang "duong nhu" tt ca cac bat dang thic déu xay
ra dau dang thac khi mot sé bién bang nhau. Qua that thi ching ta gap diéu d6 qua
nhidu va doi khi khién ta lam tudng rang né luén phai nhu vay.Nhung trong thé gioi
mudn mau cua bat dang thirc con biét bao nhiéu diéu tha vi, & d6 c6 (va tham chi 1a
nhiéu) nhitng bat dang thic ma dau dang thac xay ra khi cac bién ... d6i mot khac

nhau. B¢ 0 hon vé di€unay ching ta cung di dén vi du sau day:

Vi du 11([4]): Cho a,b,%E,B} . Ching minh rang

a b c
a+b b+c c+a

> !
5

Giai: (Loi giai sau day lay theo y cua tac gia Vasile Cirtoaje)

a b C
+

+ . Khong maét tinh tong quat gia sira=min{a,b,c
a+b b+c c+a & gquat & { }

bat f(a,b,c)=

Ta s& ching minh rang
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f(a,b,c)> f(a,+/ac,c)
a N b N c S a N \/E N c
a+b b+c c+a a++ac +Jac+c c+a
o a_ b s & Jac
a+b b+c a+\/§ \/E+c
o a_ b S 2Ja
a+b b+c Ja++lc

o bR (- E) 0

Bat dang thirc cudi hién nhién dung do a=min{a,b,c}.
Gio ta chi can phai ching minh

f(a,@,c)zg

2\/5 C >%

= + 2>
Ja+dc c+a

bat X:\E thi Xe[1,3] do a,b,CE|:%,3:| va a=min{a,b,c}

Bat dang thiic can chiing minh viét lai thanh:

2 X 7
S > —
x+1 x*+1 5
—2x* +8x* —7x+3 .
5(x+1)(x* +1)
(3-x)(2x* —2x+1) .
5(x+1)(x*+1)

(Ping do xe[13])
Vay bt dang thire duoc chimg minh hoan tat. Dau dang thac xay ra khi

wno-{()a3)end)

Trén day 1a mot bai toan kha dac biét khi dau dang thic xay ra rat léch nhau,
va cang bat ngd hon nita khi ta c6 thé giai nd bang phuong phap don bién. Nhung

hdy suy nghi can trong lai mot chit, c6 thé ban vira nhan thay mot diéu la lung trong
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phép chimg minh trén. Trong cac vi du ma chung ta wira xét trude do, ta cd gang
"ép" cho hai bién lai gan nhau hoac "day" mot bién ra bién, quan trong hon 14 trong
cac danh gia cta ching ta phai bao toan diéu méi lién hé giita cac bién sb (tong,
tich, tong binh phuong, ...), nhung trong bai toan ban wira doc, ta lai don bién theo
mot cach kha "kho hidu" khi cé "ép" b tién dén /ac , didu nay hoan toan khong
dam bao mot mdi lién hé nao vé tong, tich hay tong binh phuong ... cia a,b,c va

phai ching ta ¢4 vi pham quy tic don bién 217!

Hay dung lai mot chat dé suy ngdm, viéc don bién nhu vay khong co gi 1a

kho hiéu ca. That vAy, sau khi doan nhan dugc dau dang thac cua bai toan Ia

(a,b,c) :@,1, 3], néu tinh ¥ ta s& nhan thdy mai lién hé gitra a,b,c d6 1a b_c_j

¢
a b

va b=+/ac. Bay gio ta thuc hién phép dat x =

o | T

Y :%, z=2 thi bét ding thic ban
C

dau s& dat du dang thuc tai x=y=3z== . Pén diy chic cac ban di hiéu ra mau

©O|

chdt cua vAn d&, thuc chit viec "ép" cho b tién dén~/ac chinh 1a viéc don bién vé
tam ("ép" cho x=y) va diéu ndy hoan toan dam bao cac quy tic cua don bién. Vi
du trén cho ta mdt cach suy nghi thoang hon vé don bién, khi ma da s cac ban khi
str dung phuong phap ndy déu khd may moc trong viéc lua chon phuong phap dé
bao toan céac diéu kién cua bién sd.

Dé tranh tu tuong don bién dbi voi bai toan nay ta con mot cach giai khac

nhu sau:

bat x=—,y=

o | T

. 1
,z=% . The thi xyz=1ve‘1x,y,26[§,9}.

T|O

1 1 1 7
+ + >—
x+1 y+1 z+1 5

Bat dang thic da cho viét lai thanh:

Bat dang thirc trén 1a d6i xing VGi X, Y,z nén ta c6 thé gia st x=min{x, y, z}, thé thi
X e [1 ,1} .
9

Ap dung bét dang thic quen thudc sau véi yz >1:
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1 1 2 2
> =
y+1 z+1 1+yz 4, 1

Ix

(That vay bat dang thirc trén twong duong (ﬁ —z )2 (ﬁ —1) >0 (dung))

2
1 va ta quy bai toan vé viéc ching minh i+ a ZZ nhu cach giai
Ix a+l a’+1 5

Dit a=

trén.
- , 1
(Ta cling c6 a<[1,3] do XG‘:§,1:|)

Bai toan duoc chimg minh hoan tat. Dau dang thic xay ra khi

e

DPé két thuc bai viét nho nay, xin duoc dan ra mot vi du co thé néi 1a "kinh
dién" ctia phuong phap don bién. Bai toan sau ddy c6 thé da 1a rat quen thudc doi
v6i nhiéu ngudi va cach giai chung ciing da xudt hién ¢ rat nhiéu tai liéu khac nhau.
Nguoi Viét xin duoc trich din chung ra va mong rang cac ban s& binh tinh dé doc -

suy ngam - thau hiéu hét nét tinh tay trong bai toan nay:

Vi du 12([3]): Cho a,b,c>0 thoa man a+b+c=3.Tim gi4 tri I6n nhdt cua

ab bc ca
+ +
3+c? 3+a® 3+b?

biéu thic P =

Pay thuc su 1a mot bai toan rat kho ddi voi nhing ai chua duoc tiép xtc tir
trudc (va thdm chi nd van rat kho voi nhitng nguoi da xem qua 10 giai). That kho

114/33-45
24

tuong tuong khi biét ring Max P = dat duogc khi

\/33-3

2

a=b ,c=6-+/33 cing cic hoan vi. Piéu nay kha 1a dang ngac nhién boi

I& thong thuong cac bat dang thirc chung ta gap phai hoic c6 dau dang thac tai tam
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hodc tai mot sb bién dat gia tri & bién. Néu nhu chung ta chi str dung cac phuong
phép don bién thong thuong thi rat kho dé c6 thé danh gid duoc diém roi ciia dau
dang thirc ma phai sir dung phuong phép tinh té hon nhiéu. Pay 1a luc ma ky thuat
don bién bang ham sé phat huy dugc kha ning ciia nd. Trude tién dé cac ban co thé
lam quen va nim bat v6i ki thudt nay xin duoc néu lén y twéng chinh nhu sau:
chang han khi mudn thuc hién phép don bién va dan dén viéc can ching minh bat
dang thic f(a,b,c)> f(t,t,c) Voi t 1a mot dai lugng trung binh thich hop sinh ra tir
mbi lién hé giira cac bién s6, ta s& xét ham s6 g(s) = f (t+s,t—s,c) va ching minh
rang g(s)la ham ting va khi d6 thi ta s& c6 g(s)>g(0) va ta suy ra duoC rang
f(a,b,c)> f(t,t,c) (diéu phai chung minh). Tuy rang y tuéng xem qua tuéng ching
nhu rat don gian nhung dé cé thé ndm viing va van dung mot cach thanh thuc k§
thuat nay thi doi hoi cac ban phai co6 mdt qua trinh dai kho luyén chir khong thé van

dung dugc ngay trong mot sém mot chiéu.

Loi giai cho bai toan sau day ctua anh Phan Thanh Nam dac trung cho k¥
thuat don bién bang ham sé v6i nhiing két qua tinh toan hét sic diéu luyén va
khong kém phan "khang khiép"

Giai: Khong mat tinh tong quéat gia st a>b>c.Piat a=s+t,b=s—t Vi
te[0,s—c] (Vi azbxc)

c(s—t) N c(s+t) +32—t2
3+(s+t)*> 3+(s—t)* 3+¢°

Xét ham sd f(t) = Voi te[0,s—c].

—c 25’ -t%) L c 2c(s* —t%) . 2t
3+(s+1)* [3+(s+t)2]2 3+(s-t)° [3+(S—t)2}2 3+c°

Ta c6 f'(t)=

Acst | Best(s” —t*)(u+v) 2t

Pat u=3+(s+1)* va v=3+(s—t)’tacéd: f'(c)= —
uv u<v 3+cC

2

Ta ciing c6 a+b=2s=se[L;1,5](do giasat a>b>c)

(B8-2s+s)® (3-s)° _(3-1)° 2° _
4 4 4

=cs=(3-25)s< 1.
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Mt khéc ta c6 u=3+(s+1)2>3+(1+0)% =4 va

v=3+(s—t)*23+[s—(s—c)]" =3+c? (do ce[0,5—c])

4cst
Tir cac diéu trén ta suy ra: — <
u

7 (%)

3+c

Theo bat dang thac Cauchy-Schwarz ta co:

UV =[3+(s+1)° | [3+(s—1)? ]2 44(s ~t7) (1)

4cs+3+5% +t% +3+¢2 T
3

8cs(u+V)(3+c¢?) =4.4cs(3+5% +1%)(3+c?) < 4[

Mat khac ta co:
4cs+3+8° +t° +3+¢° <4(3-25)s+6+5°+(35—3)* +(3-25)* =12+6(s-1)(s—2) <12

(Do €=3-2s va t? <s—c=35-3)
12,
Tir @6 suy ra 8cs(u+Vv)(3+c )<4( 3) =4* (2)

T (1) va (2) suy ra:

8est(s® —t?)(u+v)  8es(u+v)(3+c?) (s*-t?) - (s*-t?) 4°

= < ~(**)
u’v? (3+¢?) U2 4%(sP—t7) (B+cP) B+cP
Tt (%) va (*%) taco: (1)< —y— _(1-1)<0 Vte[0,5c]
3+c¢® 3+¢? 3+c

Vay f(t)1a ham nghich bién trén [0,s—C] suy ra f(t)< f(0) Vte[0,5—c]

2¢cs s 3s(3-2s) s?
+ = +

= trén
3+s® 3+c®  3+s®  3+(3-29)°

Gio ta chi can tim Max g(s)= f(0)=

[0;1,5]. Ta co

) _ (6-85)(3+5) ~25(6s - 4s") 28[3+(3 25)° |- 5% (8s-12)
(3+5%)? [3+(3- 23)]
~108(s® —3s+4)(s—1)°(—s* —3s+6)
B+ [3+@-2s]

g'(s
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Ta thdy: s>—3s+4=(s—15)>+1,75>0 Vse[0;1,5] va

Lap bang bién thién ta thiy ngay Max g(s) =

Vay Max P

—sz—3s+6=(
2

%2

11J§—45khis J33-3
24 2

1143345 . 33-3 .
ZC—4Xéy ra khi a:b:\/_2 ,Cz6—x/§c1‘mg cac hoén vi.

3. Bai tap van dung

Bai 1. Cho a,b,c>0 théa min a+b+c=1. Chang minh rang:

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

Bai 7.

Cho

Cho

Cho

Cho

Cho

Cho

(@2 +b?)(b% +c2)(c +a%) < 3—12

a,b,c>0. Chiing minh rang:

2(a® +b® +c?*)+abc+8>5(a+b+c)

a,b,c>0 théa man ab+bc+ca+6abc=9.Chang minh rang:

a+b+c+3abc>6
a,b,c>0 thoa man (a—b)(c—d)<0. Chiang minh ring:
a*+b*+c*+d* —4abcd >17(a—b)(b-c)(c—d)(d —a)
a,b,cel] thoa man a+b+c=3.Ching minh rang:
a* +b* +c* —3abc > 6+/2(a—b)(b—c)(c—a)
a,b,c >0 thoa man a+b+c=3. Ching minh ring:

12

abc+ —M—M >
ab+bc+ca

a,b,c>0 thoa man a+b+c=1. Chung minh ring:
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1+l+1+48(ab+bc+ca)225
a b c

Bai 8. Cho a,b,c>0 théa man a+b+c=3.Ching minh rang:

8(1+1+lj+9210(az+b2+c2)
a b c

Bai 9. Cho a,b,c>0 théa man ab+bc+ca=3. Chiing ming rang:

1 1 1 3
>

+ + >
a’+1 b’+1 c®+1 2

Bai 10. Cho a,b,c,d >0 théa man a+b+c+d =4 . Chang minh rang:
3(a’*+b® +c*+d?) +4abcd >16
Bai 11. Cho a,b,c>0 théa man abc=1. Chang minh rang:
a’+b*+c®+9(ab+bc+ca)>10(a+b+c)
Bai 12: Cho a,b,c el] théa man a+b+c=3. Ching minh rang:
a'+b*+c* +2(@° +b* +c*)+18>9(a’* +b* +¢?)
Bai 13. Cho a,b,c>0 thoa man ab+bc+ca=1. Chieng minh rang:

1 1 1
+ +
a+b b+c c+a

52
2

Bai 14. Cho a,b,c>0 va chi ¢ t6i da mot s6 bang 0. Chang minh rang:

1 1 1 10
+ + >
a’+b® b*+c® c*+a® (a+b+c)

Bai 15.Cho a,b,c>0 va chi c6 tdi da mot sé bang 0. Chirng minh rang:

a b C 5
+ + <=Ja+b+c
Ja+b +b+c Je+a 4

Bai 16. Cho a,b,c>0 thoa man a+b+c=3. Chiing minh rang:
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1 N 1 N 1
3+a’+b*> 3+b*+c® 3+c?+a’

<3
5
Bai 17. Cho a,b,c>0 théa man a+b+c=21. Chang minh rang:
2(@°+b*+c*)+a’ +b* +c” +13abc>1
Bai 18. Cho a,b,c,d > théa mén a+b+c+d=4. Chang minh rang:
a’ +b?+c* +d?*+abc +bcd +cda +dab > 8
Bai 19. Cho a,b,cell thoamin a+b+c=3. Chang minh rang:
3(a’0 +b’c+c’a) +16(ab+bc+ca) <57
Bai 20. Cho a,b,c,d >0. Chitng minh rang:
a’+b”*+c®+d*+abcd +1>ab+bc+cd +da+ac+ad
TU LIEU THAM KHAO
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SU DUNG TIEP TUYEN TRONG VIEC CHUNG MINH

BAT PANG THUC
Lé Cit Duong- Ping Dirc Hiéu

Bét dang thirc (BDT) 1a mot trong nhitng phan kién thirc dic biét quan trong
trong toan hoc ndi chung va chuong trinh THPT ndi riéng. Bét ding thic 1a mot

phan khong thé thiéu trong céc ki thi Toan, thi Pai Hoc, Cao Péng...

Viéc luyén tap tét vé béat dang thirc, gitp céc ban co tu duy tét hon trong viéc

hoc tap va cai thién tot tam 1y trong phong thi (khi gip mot bai Bat dang thirc kho)...

Dé gop phan gitp cho céc ban nim viing céc kién thirc vé bat dang thic , van
dung mot s6 ki ning, phuong phép dé giai cic cac bai toan lién quan dén bat dang
thire, cling nhu viéc tim doc céc tai liéu viét vé bt déng thire duge dé dang hon, toi
d tong hop va hé thong ngin gon lai cac bai tap tiéu biéu cua phuong phép goi 1a:

Sir dung tiép tuyén dé tim 1oi gidgi cho chirng minh bt ddang thirc

Vi nang lyc con nhiéu han ché nén & chuyén dé c6 nhimng thiéu sot nhat dinh.

R4t mong nhan dugc sy thong cam va gop y dé chuyén dé dugc tot hon:
1. Phuong trinh tiép tuyén tong quat

Gia str (C)la ddthi ham sby = f(x); A(X,, Y, = f(%,))e(C).

Tiép tuyén cua (C) tai diém A c6 phuong trinh:

y= f I(Xo)(x_xo)"‘ f(xo) (1)

Néu khong co gia thiét han ché gi vé x,thi A 1a mot diém tily y da cho cua (C) va
tiép tuyén (1) 1a tiép tuyén tong quat ctia (C), ta goi (1) 1a phuong trinh tiép tuyén
tong quéat cuia do thi y= f(x).

2. Str dung tiép tuyén dé chitng minh bat ding thirc

Nhan xét: Néu y=ax+bla tiép tuyén do thi ham sdy=f(x) tai diémA(x,,Y,)

(A khong phai 1a diém udn ) khi d6 ton tai khoang D chira diém x, sao cho:
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f(x)>ax+b
voi VxeD.
f(x)<ax+b

Pang thirc xay ra chi khi x = x,.

Tu dotacd D f(x)=ad x+bn(*)
i=1 i=1

Hodc > f(x)<ad x +bn (**)
i=1 i=1

X eD.

21y Ay

VX

l’X
Dau dang thuc xdy rakhi va chikhi x, =x, =..=x, =X,

3. Vi du

Vi du 1: (Russia MO 2002) Choa,b,c>0 va a+b+c=3.CMR:
Ja++b++c>ab+bc+ca

Nhén xét: Dy doan diu dang thirc xay ra khi a=b=c=1.

Moi vao dé thi ta thdy bat dang thirc khong co dang (*) (**). Dé dua vé dang d6 ta

nhé dén dang thirc : (a+b+c)? =a?+b? +c? + 2ab+ 2bc + 2ca
Nhan 2 rdi thém a?+b?+c? vao 2 vé bit dang thic:

Suy ra a?+b?+c?+2Ja+2vb+2/c > (a+b+c)? =9

o f(@)+ f(b)+ f(c)=9 trong d6 f(x)=x%+2Jxv5i xe(0;3).
Suy ra tiép tuyén dd thi ctia ham sé tai diém x=11a y=3x.

Giai:

Xeét 1 23 ~3x= (VX ~1) (x+2¢x) 2 0;vx € (0;3)

Vay a?+b?>+c?+2Ja+2vb+2Jc>3(@+b+c)=(a+b+c)’
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Hay ~/a++/b++c>ab+bc+ca
Diu ding thirc xay rakhi a=b=c=1.

Ta ciing c6 thé ching minh bang cach st dung bdt AM-GM nhu sau:

Ta co: 2(ab+bc+ca)=(a+b+c)*—a*—b*—c?
Ta can chimg minh a?+b’+c?+2da+2db+2Jc >9

St dung bdt AM-GM cho 3 s6 hang ta cé:

a’++Ja+a>3a
b2 ++/b++/b>3b
c2+Jc+c>3c

Cong vé theo vé cac bat dang thirc lai ta co diéu can phai ching minh.Dau dang

thirc xay rakhi a=b=c=1..

Hay str dung bdt Holder :
(\/§+ b+\/5)2(a2+b2+c2)2(a+b+c)3:27
Do d6 ta chi can chimg minh :
(a®+b”+c?)(ab+bec+ca)’ <27

Bét dang thirc hién nhién dung theo AM-GM:

(a2 +b? +c2)(ab+bc+ca)2 <

{az+b2+cz+ab+bc+ca+ab+bc+ca 3_27

3
Dau dang thirc xay rakhi a=b=c=1.
Vi du 2 Cho a,b,c>0théa mén a+b+c=3.Ching minh ring:

2(a® +b*+c*)+9>5(a’ +b*+c?)
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Bit dang thic tré thanh f(a)+ f(b)+ f(c)=0 V&i f(x)=2x*-5x*+3, f(x)co
phuong trinh tiép tuyén tai x=11a y=-4x+4.

Ta c6 danh gia saw: f(a)>-4a+4 < (a-1)(2a-1)>0

Tuong tu nhu vay. Ta co:

f(a)+f(b)+f(c)>—4a+4-4b+4-4c+4

& (a-1)(2a—-1)+(b-1)"(2b-1)+(c—1)°(2c~1)>0

& (2a-b-c)’(2a-1)+(2b—c-a)’(2b-1)+(2c—a-b) (2c-1)>0
< a(a-b)(a—c)+b(b-c)(b-a)+c(c—a)(c—b)=0

Pay chinh 1a bt dang thirc Schur bac 3. Két thic ching minh.
Dau dang thic xay rakhi a=b=c=1.

Vi du 3: Cho a,b,c 1a do dai ba canh tam giac.Chting minh rang;

1 1 1 9 1 1 1
—+—+—+ >4 + +
a b ¢ a+b+c a+b b+c c+a

Nhén xét: Vi ddy 1a bat dang thirc thudn nhat nén ta c6 thé chuan hoa a+b+c=1

Bét dang thic tro thanh

< f(a)+f(b)+f(c)<9

4 1 5x-1
1-x X Xx-—Xx

Trong do f(x)=

Dau dang thic xay rakhi a=b=c=

o . s . 1
Phuong trinh tiép tuyén ctia do thi y = f(x) tai x =3 la :y=18x-3.
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Giai: Khong mat tinh tong quat ta gia sir a+b+c=1

Bét dang thirc tro thanh

4 1 4 1 4 1
— = || — == |+ ——= <9
(1—a aj (1—b bj (1—c Cj

Ta s€ ching minh: l8a—32i—E
l-a a

(3a-1)"(2a-1)
a(l-a)

Hay <0 (%)

Vi ab,c 1a 3 canh tam gidc thdoa man a+b+c=1.Gia st a=max{a,b,c}. Theo bét
dang thic tam gidc, ta co: 1=a+b+c>2a:>a<%. Suy ra a,b,CG(O;%j Do do6 (*)

4 1
ding ha 18a-3> ———.
& l-a a

Cong vé theo vé cac bat dang thic tuong tu:

4 1,4 14 1 g0 31180-3+18c-3=9

l-a a 1—b_B l1-c ¢

Két thic chimg minh.Dau dang thirc xdy rakhi a=b=c
Vi du 4: Véi cac s thuc khong 4m tiy ¥ ¢6 tong bing 3.Chimg minh bat dang thirc

1 1 1

5 +— +— <1
a‘“-a+3 b°-b+3 c°—-c+3

Huéng din:

C , 1 1

Bat dang thuc trén twong duong voi —; +— +— <1
a’-a+3 b°-b+3 c°-c+3

Ta nhan thdy ddu bang xdy ra<>a=b=c=1vi bit dang thac di cho c6 dang

f(a)+f(b)+f(c)<1 trong dé f(x)=ﬁ. Tiép tuyén cua do thi ham so

y = f(x) tai diém c6 hoanh d6 x=11a y:%_ Ta c6
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4_x_(x—1)2(x—3) , e (0
f(x)- 5 - 9(x2—x+3) <0 (dung woi x€(0;3))

= f(x)g% Vi xe(0;3) (*)

Ap dung (*)taco

1 1 1 4—a 4-b 4-c
5 +— +— < + +
a—-a+3 b°-b+3 c°-c+3 9 9 9

=3 (dpcm)

Déu dang thuc xay rakhi va chi khi a=b=c=1
Nhan xét: bai ndy ching ta c6 thé giai bang ki thuat phan tach Chebyshev
Chung ta co phan tich sau

1 1 a(a-1)
a’+b+c 3_3(a2—a+3)

Bat dang thac can ching minh tuong duong

a(a-1) .\ b(b-1) .\ c(c-1)

>0
a’—a+3 b*-b+3 c*-c+3

- a—l3+ b—13+ c—1320
a-1+— b-1+- c-1+-—
a b C

Giasx a>b>c . Khi dotacd
a-1>b-1>c-1.
Va a+b+c=3nén ab,bc,ca<3. Do do

1 S 1 32 1 .
b-1+- c-1+—
b c

a-1+

D | W

Ap dung bét dang thicc Chebyshev cho 2 ddy trén ta c6 diéu phai chang minh

Déu dang thuc xay rakhi va chi khi a=b=c=1
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Vi du 5: Cho céc sb duong a,b,c. Chiing minh ring

a’ b? c? >a+b+c

a) 4 N S
a+b b+c c+a 2
3 3 3
b) 2a —+ Zb _+ 2C 22a+b+c
a“+b® b°+c® c°+a 2
Hwéng din
2 2
a, Ta xét ham s6 f (a)= a6 f'(a):a+—za-ij
a+b (a+b)

Ta nhan thiy dau bang xay rakhi a=b. Luc d6 tasé danh gia
f(a)> f'(b)(a=b)+ f (b). Ta co

a’ _3a-b (a—b)’
at+bh 4 4(a+b)

20 (ding) (*)

Ap dung (*)ta cé:

a® b ¢® 3a-b 3b-c 3-a_a+b+c

+ + > + + (dpcm)
a+b b+c c+a 4 4 4 2

Déu dang thuc xay rakhi va chi khi a=b=c

3 4 2182
b, Ta xétham 56 f (a)= o co f'(a)=2 2L

Y (a2 N b2) Ta s€ danh gia

f(a)2 f'(b)(a=b)+ f (b). Ta c6

a >26\—b®b(a—b)2
a’+b*> 2 2(a2+b2)

>0 (ding) (**)

Ap dung (**)ta co:

a [} c? 2a-b 2b-c 2c—a a+b+c
+ + > + + =
2 2 2 2 2 2
a“+b® b°+c° c°+a 2 2 2 2

(dpcm)

Dau ding thic xay ra khi va chi khi a=b=c
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Nhan xét: Bai toan ndy chung ta di st dung tu tuong cua phuong phap hé sb bt
dinh (UCT). Pay 1a mot dang cta phuong phép tuyén tuyén. Chung ta s& di thém 1

bai toan dé c6 thé co thé cung cb duoc phuong phap nay

Vi du 6 Cho a,b,c,d la cac sb thuc dwong théa man a+b+c+d=4. Ching minh

rang

1 1 1 1
2 +2 +2 + 2 -
a“+1 b°+1 c¢c°+1 d°+1

Huwéng dan:

Dau bang xay ra khi a=b=c=d=1 va bat dang thuc ching minh c6 dang

f(a)+f(b)+f ()+f @)>2 trong do f(x)= TR Tiép tuyén cua do thi ham so
+

y=f(x) tai diém co hoanh d¢ x=11a y:z;zx

Ta s& danh gia: f(x)zz;zx. Ta ¢6:

()2 2% e 2o 0 (ding) ()

Ap dung (*)ta co

1 1 1 1 2-a 2-b 2-c 2-d
> + +—+ =2 (dpecm)
a“+1 b°+1 c"°+1 d°+1 2 2 2 2
Dau ding thic xay rakhi a=b=c=d =1

Nhan xét: Bai toan ndy chung ta ciing c6 thé tim dwoc bat dang phu bang phuong

phap UCT va ki thuat AM-GM nguoc dau
Cach 2: Dung phuong phap UCT

Ta sé& xac dinh hé sé m dé bat dang thic sau 1a ding

| a’+1

" 21+m(a—1)@(a—1)[— a+1—mj20
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Khi a=1taséco - az+11 =—1=m=-1. Ta du doén bt dang thuc sau ding:
a‘+

~ a(a—l)2
5 122 as ———— 1 >0
a’+ a’+

Tuong tu Vo1 céc bién con lai ta cling co:

Cong Vé theo V& cac bat dang thirc ciing chiéu ta c6 diéu phai chitng minh
Déau ding thic xay rakhi va chi khi a=b=c=d =1
Cich 3: St dung ki thuat AM-GM nguoc dau:

a’ a’

=1- >1-—=1-

Ta co6 phan tich nhu sau a
+1 2a 2

a’+1 a

N

Céac bién con lai tuong tu. Cong Vé theo V& céac bt dflng thire cung chiéu ta co diéu

phai ching minh

Dau dang thic xay rakhi va chi khi a=b=c=d =1

Bai 5: Cho a,,a,,...,a, 1a céc s thyc khong 4m thoa man Zai =n . Chang minh:

i=1

S
~3a’+5 8
Hwéng dan:
D4u bang xay rakhi a, =a, =..=a, =1 va bt ding thuc chimg minh c6 dang

Zf <— Tiép tuyén cua d6 thi ham s6 y = f (X) tai diém c6 hoanh d¢ x=11a

X+3 . Ta s& danh gia f( )<_x+3

32

- 195 -



;. x+3 _ (5+X)(x-1)° ino) (*
Ta co: f(x)< 5 32(3x 15) >0 (ding) (*)

/ n . a, +3 n+3n n
dung (*)ta co ! —
Ap dung (*) 2_1:3a 5 Z; 32 8
Két thuc chimg minh.Dau dang thic xay rakhi va chi khi a, =a, =..=a, =1

Nhan xét: Bai nay chung ta c6 thé sir dung phuong phap UCT ( hé s6 bat dinh) dé

tim ra bat dang thic phu

Ta sé&tim hé s6 m sao cho

Ta dyu doan rang véi m= é thi bat dang thic phu trén 14 dung. That VAy:

a a-1

L
3745 8 32

L Gra)a-y
8(3a7+5)

Diéu nay hién nhién dung. Dau dang thic xay ra khi va chi khi céc bién bang nhau
va bang 1

Vi du 7 (USA MO 2003)

Cho a,b,C 1acac sé thuc duong. Chang minh rang

(2a+b+c)2 . (2b+c+a)2 s (2c+a+b)2
2a’+(b+c)’ 20%+(c+a)’ 2¢7+(a+h)’

Hwéng din:

Khong mat tinh tong quat gia st a+b+c=1. Khi d6 ta c6 bat dang thic can ching

minh tuong duong voi

- 196 -



(a+1)2 . (b+1)2 s (c+1)2
2a2+(1—a)2 2b2+(1—b)2 2c2+(1—c)2_

Dau bang xay ra khi a:b:c:% va bat dang thic can ching minh cé dang

f(a)+f(b)+f (c)<8. Tiép tuyén ciia d6 thi ham sé6 Y = f(X) tai diém c6 hoanh

12x+4
3

_12x+4

do x==1a vy

. Ta s& danh gia f(x)<

1
3

f(x)- 12X (x+1)°  12x+4 _ —(4x+1)(3x-1)
3 2% +(1-x)’ 3 2% +(1-x)’

<0

12x+4

Suy ra f(x)< 3

(*)
Ap dung (*)ta co

(a+l)  (b+1)"  (c+1)’ _12a+4 12b+4 12c+4 _
2a’+(1-a)" 20*+(1-b)° 2c*+(1-c) 3 3 3

8

Bat dang thuac duoc ching minh.Dau dang thic xay rakhi va chi khi a=b=c

n . : X+ N
Vi du 8: Cho X, %,,X%;,...,X, >0 thoaman )" x =1.Chung minh rang: ZX'2+ 13 n*.
i1 i1 X t
Pay 1a mot bai toan co sb lugng bién sb tong quat va thoat nhin qua mot sé
ban s& cam thay lo sg. Nhung hdy cir binh tinh va 4p dung cic phuong phap ma ta
da biét, va thuc té bai toan trén co thé giai quyét rat dep mat bang phuong phap tiép

tuyén nhu sau:

N =

Loi_giai 1: Dy doan duoc du dang thic xay ra khi cac bién d6i mot bang

\ M 1 \ \ A ’ ’ r ~ - M J , s

nhau va bang — va vi th¢ nhu cac vi du trudc ta sé hi vong rang c6 danh gia:
n

X, +n

X2 +1

1 . X ) e - .
< n+k[xi _ﬁj (*) voi k 1a mot h¢ so nao do (Viéc xuat hign cua h¢ so kla
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X, +n
X

hoan toan ty nhién bai néu ta danh gia ngay <nthi s& khong thé luén ding

duoc).

x? +1 n

nx, (_x,j
Bat dang thirc (*) twong duong voi AL k(xi —ljc(l—xij( n +k}s 0
-n

n’+1

Thay gié tri dat ddu dang thic cua x, vao ta du doan duoc k =

2
Ta s& thu chang minh X‘2+n <n- 2” (Xi _Ej
X5 +1 n“+1 n

That vay diéu trén tuong duong véi

X, +N n? 1
———N+— X ——[<0
X +1 n“+1 n

1
. n[n—xij(xin2 +X —nx? —n)

(X’ +1)(n*+1)

N nz(i—xijz(xi —n) )

(x> +1)(n*+1)

<0

Bat dang thirc cudi hién nhién ding do x, <1<n Vi

Xay dung céc bat dang thic tuong tu va cong lai ta c6 diéu phai ching minh. DAu
w . 1

dang thac xay ra chi khi x, =x, =...=x, ==.

n

n

Loi giai 2: Ngoai viéc ap dung truc tiép phuong phap tiép tuyén nhu trén ta

con c6 mot 1oi giai khac kha kho cho bat dang thirc trén nhu sau:

Ap dung bat dang thic Chebyshev cho 2 by sé don diéu nguoc chidu (x +n) va

( 1 ] ,
> ta co:
X +1

1 L1

S X +n _1$ -~ 1
izzl: X? wh niz__l“(Xi +n); x2+1  n(n®+1) ; x2 +1
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. . . nooq n®
Va do d6 ta chi con phai chirng minh rang: .
p g g ,Zzll x2+1 n’+1

V6i n=1 hién nhién ta c6 diéu phai chiing minh.

V6i n=2ta can chiing minh 21 + 21 Sg@(ab—lj(ab—l}zo
a“+1 b°+1 5 2 4

2
Bit dang thirc trén dung theo AM-GM : ab < (a Zb) :%< 1

Vay ta c6 diéu phai chung minh. Dau dang thac chi khi a=b= %

) ) nooq n®
V61 n>3ta séching minh <
J Z_lleJrl n*+1

. Sir dung danh gia:

2 2
1 <. _2n°(nx -1)

< < (k2 =1D?(n*=2nx —=1) >0 (**
x>+1 n*+1  (n*+1)7? (=D ) ()

Do x,<1<nVi nén ta ¢c6 n°-2nx,-1>n’-2n-1=(n-1)°-2>(3-1)*-2>0. Vay
bat dang thirc (**) dung suy ra danh gia cua ching ta dung. Xay dung cac bat dang

thirc twong tu va cong lai ta c6 diéu phai chang minh.

Qua céc vi du trén at han cac ban d3 nim duoc tu tudng cua phuong phap
ndy. Vi cac bai toan ma bat dang thic can chiing minh biéu dién ¢ dang timg ham
sb riéng biét ddi voi cac bién thi viéc st dung truc tiép phuong phap danh gia bang
tiép tuyén thuong cho ta ngay mot két qua dep mét. Tuy nhién khong phai bao gid
ching ta ciing c6 thé chang minh bat dang thuc mot cach dé& dang nhu vay, & rat
nhiéu bai toan khac ching ta khong thé di dén két qua bang phwong phap tiép tuyén
thong thudng ma con phai théng qua cac budc bién d6i hoic danh gia bang cac bat

dang thac quen biét trude, vi du sau s& 1am ro diéu nay:

Vi du 9: Cho a,b,c>0 thoa man a*+b*+c*=3. Chitng minh rang:

1 1 1
+ + <1.
4—ab 4-bc 4-ca

RG rang ta khong thé sir dung ngay phuong phap tiép tuyén va ca UCT do

biéu thirc con chura tich cta 2 bién sd, chinh vi thé ta s& tim cach "ndi" mdi lién hé
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ndy ra dé c6 thé dé dang danh gia theo tung bién riéng biét, va cach ching ta ding &

day s& 1a bat dang thac AM-GM va Cauchy-Schwarz. Str dung bat dang thic AM-

GM ta co:
1 1 1 1 1 1
+ + S 2 2 + 2 2 + 2 2
4—ab 4-bc 4-ca a‘+b b +c c-+a
4— 4— 4—
2 2 2
2 2 2

= + +
8—-a’-b’ 8-b°-c¢* 8-c*-a’
Tiép tuc surdung bat dang thic Cauchy-Schwarz ta co:

2 4 1 1
<

= < +
8—a’-b® 8-2a’+8-2b° 8-2a° 8-2b’

Xay dung cac bat dang thurc tuong tu va cong lai ta duoc:

2 N 2 N 2 < 1 N 1 N 1
8—-a’-b*> 8-b’-c®> 8-c’-a’ 4-a* 4-b*> 4-c¢°

Téi day cac bién sd da duoc tach nhau ra mot cach riéng biét va ta co thé sir dung

danh gia sau:

1 1 a‘-1
<4
4-a> 3 18
(a—l)z(a+1)2(az—2)<o *)
18(2-a)(2+a)

Do a*+b*+c*=3=a,b,ce[0;4/3] suy ra (*) luon dung. Ap dung cac bat dang thic
tuong tu rdi cong lai ta c6 diéu phai chang minh. Diu dang thac chi khi
a=b=c=1

Qua céc vi du vira r6i, khong it nguoi s& tuong ching viée st dung tiép tuyén
dé chimg minh bt dang thirc kha 1a don gian vi ta chi can tim duoc tiép tuyén cua
d6 thi y= f(x). Nhung khong, d6 chi 1a mot buéc khoi dong truée khi di vao diém
khé cua phuong phap nay. Cu thé, trong mot sd 16p bai toan, ngoai viéc tim duoc
tiép tuyén, ching ta con phai phan chia nhiéu truong hop thi bai toan méi duoc thoa

dang. Hay xem mot s6 vi du dudi day:

Vi du 10 Cho x,y,z>0 théa man x+y+z=1. Chimg minh rang:
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10(x3 +y° +z3)—9(x5 +y° +z4)21
Nhan xét:

Pé ¥ rang dau dang thic xay ra ngoai bo x:y:z:% thi conco by x=1,y=z=0.

Chinh diéundy di gdy nén diém kho khin cho bai toan. Ching ta hiy xem xét 10
giai sau day:

Bang viéc sir dung phuong phap U.C.T , ta du doan co bat dang thirc sau:

10x° —9x° > 2, 16 (1)
9 27

& (3x-1)" (27x° +18x* - 21x-16) 2 0

Khac v6i nhitng vi du dau tién thi rd rang 1a bat dang thirc vira thu dugc khong phai

luon diang. Tinh dung dan ctia né phu thudc vao dau cia
f (x)=27x*+18x* —21x-16

{145+30v6 25 2 9
9 93145+306 9 10

Phuong trinh f(x)=0 c6 nghiém x, =

Khong mét tinh tong quat, gia sir X =max{x;y;z} Xét 2 truong hop:
\ X .4 A 9. 9 .
e Truong hop 1. Trong 3s60cd 150 €| —;1|,hay xe|-—;1
10 10
10x°® -5x°>5
=Y,z e{o;i}. ={10y*-9y° >0
10
102°-92°>0

Do d6 ta can chimg minh 4>4x° hay x<1 ( dang)

e Trudng hop 2: x,y,z e[o;%}. Khi d6, ap dung bat dang thic (1) ta co:
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10%° —9x° > 22510
9 27
10y°* —9y® zéy—%: (10x3—9x5)22(§x—EJ

9 27
25 _ 16
z

102°-92° >

27
Hay 10(x3+y3+z3)—9(x5+y5+z4)21
Két thic ching minh. Ddu dang thirc xay rakhi x=y = =t ;x=Ly=z=0 cing

céc hoan vi tuong Ung .
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PHUONG PHAP NHAN TU LAGRANGE
Nguyén Tran Duy — Mai Xudn Son
1. Co s6 i thuyét
- Cuyc tri c6 diéu kién cta ham hai bién T (X;y) 1a cuc tri ctia ham nay v6i diéu
kién rang budc 5()(, Y) =0

- Pé tim cyc tri cua ham trén khi c6 diéu kién rang budc, ta thiét 1ap ham nhan tir

Lagrange
L yy =FOGY) +R8(X )

Véi A lam mot nhan tir hang chua xac dinh, goi 1a nhan tir Lagrange.
Piéu kién can cua cuyc tri 1a hé ba phuong trinh

Ly, A) =T y) + 46" (x,y) =0
L'y (X1 Y, ﬂ) =f Iy(Xl y) +ﬁ“5ly(xl y) =0 (*)
5'(x,y)=0

Pic tinh ctia cyc tri co diéu kién co thé giai bang cach xét ddu vi phan cap
hai ctia ham Lagrange tai diémP,(X,,Y,)vd A,V0i Xy;Yo: 4, 13 nghiém cua hé diém
ding, hodc xét mot bo (x;y;) khéc thod man diéu kign rdi so sanh f(x,;y,) V6i

f (x;Y;)dé kiém tra diém dimg 1a cuc dai hay cuc tiéu.

- Khi giai mot bai toan sir dung phuong phap nhan tu Lagrange, ta thuc hién cac

budc co ban:
1. Thiét 1ap ham Lagrange.
2. Giai hé phuong trinh (*) dé tim diém ding.
3.Xét b (X,; ;) khac thoa man diéu kién roisosanh f (X, y,)vsi f(x;y;)

Ta cung xem xét cac vi du sau
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2. Mot s6 vi du
Vi du 1: V6i x,y duong thod man x*+y® =10. Tim gia tri I6n nhat cua: x? + y?

Giai

Thiét Iap ham Lagrange L(x,y,4)=x*+y?+A(x*+y* -10)

2X+31x* =0
Piém cyc tri 1a nghiém cua hé {2y+31y*=0
x*+y° =10
\ . o RAr N A 2xX 2y
Tu phuong trinh thir nhat va thr hai ta suy ra Eraaw i
X y

, 93

Ta c6 cuc tri xay rakhi va chi khix =y, tirday c6 diém dung (3/5 35, f]
Gi4 tri 16n nhat cua x®+y? la 23/25. (x2 +y? )3 < (1+1)(x3 + y3)(x3 + y3)
Chii y: Vi vi du ndy, dau bang xay ra tai tim nén khong kho dé ta co thé nghi ra
cach giai sau:
Theo bét dang thac Holder:

(x*+ y2)3 <@+ (¢ +y*)(x +y*) =200

— x> +y2 <2325
Ta cung xét mot vi du don gian nira sau day

Vi du 2: Cho a,b,c,d >0thoda+b+c+d=2. Tim Min P =a?+2b®+2¢? +3d?

Loi giai 1
Thiét 1ap ham Lagrange

L(a,b,c,d,A)=a’+2b*+2c*+3d° - A(a+b+c+d-2)
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Piém cuc tri 1a nghiém cua hé

Khi do6 P:%

6
a=—
7
2a-4=0 b
a-2=0 ;
4c-4=0 tuong duong voi: C=7
6d-1=0 2
a+b+c+d=2 d:7
P
-

Két lugn: Min p_12 tai a=8.p=3.c-3.4-2
7 7 7 7 7

Chu y rang sau khi biét gia tri Min cua P xay ra & bo a=g;b=§;c=$;d =§

bing phuong phap nhan tir Lagrange thi c6 thé nghi ra cach 1oi giai sau:

Ta thay

N =

Loi giai 2

2 2 2 2
[a—g) +2(b—§j +2[c—§j +3(d—gj >0
7 7 7 7

< a’+2b* +2¢® +3d? 2%(a+b+c+d)

84 12, 84 12
49 7 49 7

Hodc khong sir dung nhéan tir Lagrange, ta ¢ thé dung phuong phép diém roi AM-

GM.

Ta can coa, B, 7, A duong dé thuc hién cac phép danh gia sau bang AM-GM:

a?+a>a2a

2b2 + f>b2\28
22 +y>c2\2y
3d2+21>d.2432

= a’+2b% +2c® +3d% > a2\a +b.2\28 +¢.2\2y +d.2\BA —(a+ B+ )+ )
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Pé sir dung dwoc diéu kién a+b-+c+d =2, tacn c6 2Ja =228 =2./2y =232

—a=28=2y=31(1)

a‘=«a
\ A A £ M ) A, 22 , 2b* = B
Ma theo diéu kién dau bang cua bat dang thuc AM-GM 2e? (2)
c'=y
3d°=21

Thay (2) vao (1): a? =4b?> =4¢?=9d? Chu y rang a,b,c,d >0 nén a=2b=2c=3d
Tur d6 cung voi a+b+c+d=2thi a=§;b=§;c=§;d=g
7 7 7 7

Qua cic bai toan trén, ta da thdy duoc su tién loi khi str dung phuong phép
nhéan tir Lagrange. Nhung s& c6 ¥ kién cho rang phuong phap Lagrange chua that su
thuyét phuc, vi st dung cac phuong phap don gian hon van c6 thé giai quyét mot
cach nhanh chong, nhung véi nhiing bai toan co diéu kién dau bang phuc tap, céc

phuong phap khac 1ap tac s€ gap kho khan, xét bai toan sau
Vi_du 3: (British Mathematical Olympiad 1996)
Cho a,b,c thuc thoa man a+b+c=0va a?+b?+c?=6.Tim gia tri 16n nhat
cua biéu thuc :
A=a’b+b’c+c’a

Nhan xét: Voi loai bai toan c6 diéu kién nhu thé niy, nhan tir Lagrange to ra vo

cung hitu hi¢u. Ta cung tham khao loi giai sau:
Xét ham nhan tir Lagrange

L(a,b,c,4,4,) =a’b+b’c+c’a+ A (a+b+c)+ 4 (a* +b* +c* —6)

2ab+c*+ 4, +22,a=0
2bc+a’+4,+24,b=0
Diém cyc tri 1a nghiém cua hé {2ca+b®+ 4 +24,c=0
a+b+c=0

a’+b*+c?=6
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Cong Vé theo vé cua ba phuong trinh dau tién lai, ta duoc

(a+b+c)’ +34+24,(a+b+c)=0 4 =0

2ab+c’+24,a=0
2bc+a’+24,b=0
T d6 {2ca+b*+24,c=0
a+b+c=0
a’+b*+c’ =6

2ab+c® 2bc+a’ 2ca+b?
===

Suy ra: (quy wéc mau bang 0 thi tir bang 0) (*)

Ta d3 tim duoc diéu kién xay ra dau bang cua bai toan nay, tir ddy co thé st dung

Cauchy Schwarz nhu sau

[a(Zab+02)+b(2bc+az)+c(2ca+b2ﬂ2 <(a”+b’ +cz)[(2ab+cz)2 +(2bc+a2)2 +(2ca+b2)1
Lai c6 a(2ab+c®)+b(2bc+a’)+c(2ca+b*)=3(a*h+bc+c’b)

Va (2ab+c® )2 +(2bc+a’ )2 +(2ca+a’ )2 =2(ab+bc+ca)® +(a®+b?+c?)? =54

Do d6 A<6.

Gio ta can giai tim diéu kién diu bang xay ra voi bd a,b,c nhu thé nao.

Ta co:

2ab+c? 2bc+a’®  2ca+b’
a b c

. (2ab+c?)®  (2bc+a’)®  (2ca+b?)®  (2ab+c?)®+(2bc+a’)? +(2ca+h?)?

=9
a’ b? c? a®+b?+c?
2 2 2
2ab+c :2bc+a :20a+b 13
a b C

Lai cé
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2ab+c®  2bc+a’
a b
= 2ab®+c’h=2abc+a’

= —2b*(b+c¢)+c’h =—-2bc(b+c) +(6—b* —c*)(~b—c)
= 2bc* +6b+6¢ = 3b° +b’c+C*

Xay dung 2 déng thic tuong tu roi cong lai, ta duoc
2bc® +2ca® +2ab®* =4(a’ +b* +c®) +b’c+c’a+a’b =4(a* +b* +c*)+6

=bc’ +ca’+ab*=2(@*+b*+c*)+3 (1)

. 2ab+c® 2bc+a® 2ca+b®
a b c

Vo 3

Ta co

2ab+c?=3a
= 2ab?*+c’h=3ab

Xay dung cac dang thac tuong tu rdi cong lai ta duoc

(a+b+c)2—a2—b2—c2 ~

ab®+bc® +ca’ =ab+bc+ca= 5 =-3 (2
Tir (1) va (2) ta c6 a° +b*+c* =3
2 2 2
Vsi 2ab+c :2bc+a :20a+b __3
a b c
Tuwong tutréntacod a’+b*+c*=0
Téng hop lai ta c6 hé
[ (a+b+c=0 [ (a+b+c=0 (a+b+c=0
a’+b*+c°=6 (b+c)*+b*+c*=6 b®+c’*+bc=3
a’+b*+c*=-3 -(b+c)*+b*+c*=-3 be(b+c) =1
& =
a+b+c=0 a+b+c=0 a+b+c=0
a’+b*+c°=6 (b+c)*+b*+c*=6 b?+c’*+bc=3
(@ +bP+c’ =0 | [—(b+c)*+b*+c® =0 | |be(b+c)=0

Xét hé (T)
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a+b+c=0 a+b+c=0

b’+c?’+bc=3< b2+c2—§:3:>a3—3a+1:0
bc(b+c)=1

abc=-1

Mot cach tuong tu, ta co a,b,c lan luot 1 ba nghiém cua da thic f(x) = x* —3x+1
f(-1) f(-2) <0

Ta thiy < f(-1) f(1) <0
f () f(2) <0

Nén 3 nghiém cua f(x)thuoc khoang (-2;2).

Tur d6 dat x=2cosa xéta e (0;7x), ta co:

8cos’a—6cosa+1=0
< 2c0s3a=-1

o €(0; ) nén ta c6 3 nghiém x:Zcos%[;x:cos%z;x:cos%ﬂ

a+b+c=0 a=0
Xéthe (1) <b*>+c®*+bc=3=|b=0
bc(b+c)=0 c=0

Tir quy ude (*) ta suy ra mot trong 3 s6 bang 0 thi ca 3 sd bang 0, trai diéu kién
a’+b’*+c* =6

Két lugn: A<6. Dau bang xay rakhi va chi khi a=2cos%[;b=cos4§;c=cos%r

va cac hoan vi vong quanh tuong ng.

Qua vay diéu kién dang thic cua loai bai toan ndy rat phuc tap, viéc tim ra
nd bang cac cach giai so cp la khong kha thi, phuong phép nhan tir Lagrange duoc
dua ra chinh dé giai quyét van dé diéu kién dau bing, du phuc tap dén dau ciing

tuong minh tron ven.

Vi du 4: Cho a,b,cel]thoa man a®+b*+c*=1 Tim GTLN cua

P=la®+b*+c®—abc|.
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Nhan xét : Trugc khi giai quyét bai toan ndy, ta co nhitng nhan xét sau day:
Pit biéu thic bén trong dau gia tri tuyét d6i 1a Q thi Q nhan ca cac gia tri am

va duong voi diéu kién bai toan. Tir d6 max P =max {|min Q|,|maxQ|}

Vi vay co thé di theo con duong sau: tim gia tri 16n nhat , nho nhit cua Q roi
so sanh gia tri tuyét doi cua chung. Huéng di nay 1am ta nghi dén phuong phap

nhéan tir Lagrange dé tim cuc tri ctia ham nhiéu bién c6 diéu kién.

Giai

Chuyén biéu thirc Q sang 4n p,q,r(p =a +b +c;q =ab +bc +ca y =abc ) taco
Q=p®-3pg+2r

Xét f(r)=Q, taco f(r)laham dondi¢u trén [ nén theo dinh li ABC, gia tri nho
nhat va 16n nhét dat khi ba sé a,b,c ¢ hai s6 bang nhau.

Gia str a=b, khi d6Q =2a°+¢® —ac Wi diéu kién rang budc 2a*+c? =1
Xay dung ham Lagrange L =2a°+c®-a’c+A(2a° +c*-1)

6a’—2ac+4al=0
Piém dimg 1a nghiém cua hé {3c’ —a’+2cA=0
2a’+c? =1

Xétkhi a=0thia=0,b=0,c=+1va P=1

2

Khi ¢ =0thi a:b:iiz,c:o va P=—

2 2

Khi a,b,c khac 0, tir hé diém dimg ta c6

6a’—2ac 3c’-a’
4a 2

= 4¢°-3ac-a’ =0

= (a-c)(4c+a)=0

a=c
=
a=-4c

Két hop 2a®+c? =1ta co
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2a’+c? =1
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So sanh cac gia tricua P ta thu dugc: maxP =
Két lugn: max P =1 tai bo (a,b,c) ={(0;0;2),(0;0;-1)} va céc hoan vi.
Chii y: ta c6 thé giai bai toan nay bang loi giai so cap hon, tham khao cach 1am cua
Mot thanh vién diendantoanhoc.net nhu sau:
St dung bét dang thac Cauchy Schwarz:

(‘a3 +b®+c? —abc‘)2 =(a®+b°+c*- abc)2 =[a’+b®+c(c® - ab)]2

<(a’+b*+c?)[a* +b* +(c’ —ab)’ ]

=a*+b*+c*-2c’ab+a’h’
Ta c6 danh gia sau:

(a+b)?>0
—a’+b?>-2ab
= a’c? +b%c? > —2ahc?

Vi thé
a*+b*+c* —2c’ab+a’h’ <a'+b’ +c’ +a’h® +b’*c* +c%a’
<a’+b" +c* +2(a’® +b’c® +c’a’) =(a* +b* +c?)’ =1
Viy P <1, dang thiic Xay ra khi va chi khi a,b,c 14 mot hoan vi cia mot trong hai bo
(0,0,1) va (0,0,-1)
Loi giai so cép trén rat dé hiéu nhung dé co duoc 10 giai dep nay, thuc sy
nguoi 1am todn can c6 mot ki niang danh gia diéu luyén, bdi c6 nhiing budc danh gia

kha thiéu tu nhién, nhu budc a’h”+b’c® +c’a’ < 2(a’h” +b’c® +c’a’) . Do vay du day
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1a 10i giai so cdp, nhung viéc nghi ra 161 giai nay v ctng kho khan, it nhat 13 bang

cach nao do, ta phai biét truée diéu kién ding thic cia bai toan.
Vi du 5: Cho x,y,zkhong am thod x+y+2 =é Tim Min va Max cia
P=x*+2y*+3z°.
Thiét Iap ham nhan tir Lagrange L(x,y,z) = X2 +2y2 +323 = A(X+ Y +2)

Piém Max, Min 1a nghiém cua hé

X=—

2x—2=0 81

972-41=0 © 5

1 1=z

X+y+z== 27

9 4

A=—

81
Khi d6 P=—2_
6561

Xét cac truong hop tai bién
Truong hop 1:z=0. Khi d6 x+ y:% va L(X,y,0)=x*+2y* - A(x+Y)=9(X,Y)

Piém Max, Min 1a nghiém cua hé

2
X=—
2X—A=0 217
dy-1=0=y=—
y ) Y=%
X+y== 4
A=—
9 27
Khi 6 P=—
243
_ 1.2 1 11-63 46-322
T tw V6i cac trudng hop conlai Ped—i—;——; ;
wong tw Vo1 cac truong hop conla 6{81 81'243" 243 243 }
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So sanh tat c4, ta di dén dap an:

Két luan: Mianikhi va chi khi x:g;y:i;z:—
- 6561 81 81 27

MaxP:E khi va chi khi x:O;yzl;z:O
81 9

Vi _du 6. (1999 Canada Math Olympiad)

Cho x,y,zlacéc s6 duong thoax+y-+z=1. Chiing minh rang:
2 2 2 4
A= XY +Y°Z+12 x+xyz£§

Giai

Thiét 1ap ham Lagrange L = X2y + y2z+2°X+Xyz+ A.(x+y+2z—1)

biém dung tai hé

- - -
Il
o o O

2xy+2°+yz+A1=0
Hay ta c¢6 {2yz+X* +2x+1=0
22X+ y> +xy+1=0

Rut A ta dugC 2xy+z° +yz=2yz+ X + X2=2 X2+ Y + X)
(X=y)(x+y-2)=y(x-2)
Cohé moi J(y-2)(y+z-x)=2z(y-X)
(Z=x)(z+x=-y)=x(z-Y)
i . 4
Vol x=y=ztacd) L=—
27
Vo1 x,y,zd6i mot khac nhau ta cd xyz=(X+y—2z)(y+z—X)(Z+X-Y)

V6 nghiém do: xyz > (x+y—z)(y+z—X)(z+x—y)(*) v6i moi x,y, zkhac nhau,

duong.
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That vay xét khi x,y,zlaba canh tam giac:

2
(X+y_z)(y+z_x)g(x+y—zgy+z—x =y’

2
(Y+Z—X)(Z+x—Y)S(y+z_xgz+x_y =7’

2
(z+x—y)(X+y—z)S(HX_y;Xer_Z =X

Nhan theo vé cac bat dang thic trénta cd xyz > (x+Yy—2z)(y+2—X)(z+X—Y)
Khi x,y,z khong la ba canh tam giac thi c6 cac truong hop sau xay ra
i, Mottrong 3tong (x+y—z);(y+z—x);(z+x—y) khong duong, hai tong con
lai duong, gia sir tong khong dwong d6 1a(x+y—z). Thi vé phai cua (*)
khong dwong, Vé trai ctia (*) duong nén (*) hién nhién ding
ii.  Ton tai hai trong ba tong (x+y—z);(y+z—x);(z +x—Yy) khong duong, gia st
la (x+y—-2z)va (y+z—-x),tacd x+2y<z+y<x (Vo li)

Vay (*) ludn dung.

Dau bang chi xay ra khi x=y=z. Tir d6 diém ding tai x:y:z:%

, 4
Két luan ta co A= XY + y22+zzx+xyst

Vi du 7: Cho a,b,c thuc thoaa+b+c>0. Chang minh ring:

3
a’+b*+c’<(a®+b®+c?)2+3abc  (*)

Nhan xét: Bai toan ndy chua cé diéu kién rang budc nén ta chua thé st dung
phuong phédp nhan tir Lagrange, nhung chu y bat dang thic (*) 1a bat dang thuc

thuan nhat, nén ta c6 thé lam nhu sau

- 214 -



Giai

Chuan hod a?+b?+c? =1 ta c6 (*) trd thanh: a®+b®+c® <1+3abc
Thiét 1ap ham nhan tr Lagrange: L(a,b,c, 1) =a®+b®+c® —3abc— A(a? +b% +c? 1)

3a®-3bc—-2al=0
3b*-3ca—-2bA=0
3¢’ -3ab-2cA=0
a’+b*+c*=1

Piém dimg 1a nghiém cua hé

Ruat Ara ta duogc

_3(a’-bc) 3(b*—ac) 3(c’-ab)

22 2 2
(a—b)(ab+bc+ca)=0 a—bec
= (a—c)(ab+bc+ca)=0@{ab+bc+ca=0
(b—c)(ab+bc+ca)=0

A

Khi a=b=c thi a®+b*+c®>-3abc=0<1
Khi ab+bc+ca=0 thi (a+b+c)*>=a’+b*+c*+2(ab+bc+ca)=1

Lai co a+b+c>0 nén a+b+c=1
Tir d6 a®+b*+c®—3abc=(a+b+c)@*+b’+c*—ab-bc—ca)=1
3. Bai tap van dung
1. Cho cac sd thyc duong a,b,c thoa min a2 +b*+c? =3. Ching minh rang
2(a’b+b*c+c?a)+15>3(a+b+c)+4(ab +bc +ca)
Huwong dan: Thiét lap ham Lagrange, giai hé diém dung ta duoc a=b=c.
2. Cho a,b,c>0thoa a+b+c=3.Tim Max cta P = (2a+c)b®*+(a+c)(2c+a)b
Huwong din: xét riéng céc truong hop bién, roi 1ap ham Lagrange cho truong
hop tong quat dap s6 Max P= 64/3.
3. Cho a,b,c>0. Ching minh: a°®+b®+c®+3abc > ab(a+b)-+bc(b+c)+ca(c+a)
Huwong din: Sau khi thiét 1ap ham Lagrange, giai hé diém dimg dugc

a=b=c, sau d6 xét truong hop bién.
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Tuong tu trén ching minh cac bat ding thirc sau Vi a,b,c>0
i. a’(a-b)a-c)+b’(b-c)b-a)+c*(c—a)(c—b)>0
i. a“(a-b)(a-c)+b*(b-c)(b-a)+c*(c-a)c-b)>0
Céc bai toan nay 1a cac dang dic biét va tong quat cua bat dang thic Schur
. Cho a,b,c>0thoa a+b+c=0 va a?+b?+c?>=2. Tim gia tri nho nhat va 16n
nhat cua :

P=a’+b’+c®

Hwéng dan: tuong ty bai VD2, ta s& ding nhan tir Lagrange dé tim diéu kién
diu bang xay ra roi st dung bat dang thic Cauchy Schwarz.

. Cho N>2VA X, %o, X3 Vs Yyoeno ¥, 12 211 86 thuc thoa man diéu kién

ixiz ::L'Zn:yiz :1;anxiyi =0
i=L i< i=L

i=1

n 2 n 2

Chimng minh rang: [in) J{Zyij <n
i=1

Huéng dan: bat A=> x, B=>y,

i=1 i=1
Lap nhan tr Lagrange, viét phuong trinh tim diém dung tong quét.
Suy ra dwoc diu bang xay ra khi Ax, +By, =1 rdi phan tich thanh tong cac
binh phuong.
. Cho x,y thoa man diéukién 7x%+2xy +4y?—3=0

Tim gia tri nho nhat cua: 5x2 + 2xy +3y?

. Cho a,b,c,d >0. Chirng minh ring

a*+b*+c*+d* +2abcd 2Za2b2

sym
Huéng din: Sau khi 14p ham nhan tir Lagrange va dua hé diém ding, dung
bai toan 3 vé bat dang thae Schur dé chiing minh rang hé c¢6 nghiém duy nhét

khi a=b=c=d hoic a=0,b=c=d va cac hoan vi, tir d6 di dén két qua.

i=1

5
Da =1 ]
. Cho {7 . Tim gi4 trj 16n nhit cua P=>)"a’
Y a’=11
i=1
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Huéng din: Tuong ty bai 4

, 5
9. Cho {' . Tim gi trj nho nhat cia P=>"a’
>a’=13 =
i=1
Huéng din: Tuong tu bai 9

10. Cho a,b,c,d,e thuc thoa a+b+c+d+e=0. Chang minh ring

ab+bc+cd +de+ea<\/§—1
a?+b?+c?+d?+e* 2

Tai liéu:

i. VO Quéc B4 Can — Tran Qudc Anh Si dung phuong phép
Cauchy-Schwarz d@é ching minh bdr dang thizc.

ii. Tran Phuong Nhitng vién kim cwong trong bat dang thire todn hoc.
ili. Diendantoanhoc.net
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KET LUAN

Bai viét trinh bay mot s6 ky thuat ching minh bt dang thic tir co dién dén
hién dai, céc y tuong, vi du va bai tap da duoc sap xép mot cach co hé théng
nhim gitip cho déi twong hoc sinh c6 diéu kién 6n tip, nghién ctu va phat

trién.

Do trinh ¢4 con han ché nén trong bai viét khong thé tranh khoi nhiing sai
sot V@ trinh bay ciing nhu vé chuyén mén. Rat mong quy thay c6 va ban doc

dong gop ¥ kién dé dé tai co thé tré thanh mot tai liéu tham khao tot.

Xin chan thanh cam on.
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