Tai liéu hoe thént mén Fodn 12 - én thi dai hee Lop Todn Thay Nghiép

MOT SO BAI TOAN CUC TRI HINH HOC TRONG KHONG GIAN

Caul. Mot khdi gb hinh hop chi nhat c6 kich thwdc thoa man: Téng cua chiéu dai va chigu
rong bang 12cm ; tdng ctia chiéu rong va chiéu cao 1a 24 cm . Hoi thé tich 16n nhat ma
khoi hop o thé dat duoc la bao nhiéu?

A. 288cm’. B. 384y/3cm’. C. 1782cm’. D. 864cm’.

Cau2. Trong khong gian cho bon mat cau c6 ban kinh lan lwgt la 2;3;3;2 d6i mot tiép xuc

nhau. Mt cau nho tiép xtic ngoai véi ca bdn mat cau néi trén ¢ ban kinh bang
L B.2. cl D.2.
15 7 11 9

Cau3. Cho hinh chép S.4BC c6 SA4 L(ABC), SB=av2, hai mit phing (S4B) va (SBC)
vuodng géc véi nhau. Goc gitta SC va (S4B) bang 45°, géc gifta SB va mit day bang a
( O<a< 900) . Xac dinh o d€ theé tich khoi chop S.4ABC dat gia tri 1on nhat.

A. a=60". B. a=30". C. a=45". D. a=70°.

Caud. Cho hinh chdp S.4BC c6 SA L(ABC),SB=a2, hai mit phing (S4B) va (SBC)
vuodng géc véi nhau. Goc gitta SC va (S4B) bang 45°, goc gifta SB va mat day bang
a,(O” <a< 900) . Xac dinh « dé thé tich khoi chép S.4BC 16n nhat.

A. a=60". B. a=30°. C.a=45". D. a=70°.

Cau5.  Cho hinh chép S.4BCD c¢6 day ABCD la hinh thang can day 4B, ndi tiép duong
tron tam O, ban kinh R . Biét rz‘“mg AC L BD tai I, dong thoi 7 la hinh chiéu caa §
1én (4BCD) va ASAC vudng tai S . Thé tich 16n nhat ctia khéi chép S.4BCD theo R
la

1 3

A. R*. B. ER3. C. —R. D. =R’
3 2 4

Cau6. Trong khong gian Oxyz cho mit phang (a):x—y-4=0, mit cau
(Sl):(x—l)2 +y*+z* =1 va mat cau (Sz):(x—4)2 +(y—5)2 +z° =4. Diéfm 4 thudc mit
phang (a), diém M thudc mat cau (S,), difm N thudc mit cau (S,). Khi do
AM + AN nho nhat bang
NE B. 8. C. 11. D. 32,

Cau?7. Cho ling tru dang ABC.A'B'C'cod AB=6;BC =12, ABC =60°. Thé tich khéi chop
C'.ABB'A'bang 216. Goi M la diém nam trong tam gidc A4'B'C’sao cho tong dién tich
cac mdt bén cta hinh chép M.4BC dat gia tri nho nhat. Tinh cosin goc gitta 2 duong
thang B'M , AC'?

A Y2 B V2. c 2 p. L.
2 3 4 2

Cau8. Trong khong gian Oxpzcho hai mat cau  (S):(x+4) +y*+22 =16,
(S,):(x+4) +y*+2* =36 va di€ém A(4;0;0).Dudng thing A di dong va ludn tiép xtc
véi (8,)dong thoi ct (S,) tai hai diém B,C. Tam gidc ABC c6 thé cé dién tich 16n
nhat la
A. 285. B. 72. C. 48. D. 24/5.
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Cau9.

Cau 10.

Cau 11.

Cau 12.

Cau 13.

Cau 14.

Cau 15.

Cho hinh chép S.4BCD, c6 day la hinh binh hanh, M la trung diém cta canh SC.
Mat phrfmg (P)chtta AM Ian luot cit cdc canh SB,SDtai B,D . Gia tri 16n nhat cua
SB SD
Uu=——+——
SB  SD

A. 3. B. 12. C.15. D. 6.
Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Goi 7 la diém

thudc doan SO sao cho SI :iSO. Mit phing (o) thay ddi di qua B va I. («) cat cac

1a %, (a,be N") t&i gian. Tich a.b bang:

canh S4, SC, SD lanlwottai M, N, P.Goi m, n lan lugt la gia tri 16n nhat va gia tri

2 A 2 V .7 . ? \
nhoé nhat caa 228 Gia tri cia m+n la
S.ABCD

2 B. . c i D. L.
15 75 75 5
Cho hinh chép SABC ¢6 day 1a tam gidc déu canh bang /6 biét cac mét bén cua
hinh chép c6 dién tich bang nhau va mdt trong cac canh bén bang 3v2. Tinh thé tich
nho nhat cua khoi chép SABC.
A.3. B. 242. C. 243. D. 4.

Trong khong gian vdi hé toa d6 Oxyz, cho diém A(4;O;O),B(O;4;O),S(O;O;c) va
x—-1 y-1 z-1
==
Olén S4,SB . Khi géc giita duong thang d va mit phing (OA'B') 16n nhatménh deé

nao sau day dung?
A. ce(—8;—6). B. ce(—9;—8). C. ce(0;3). D. ce(—%;—%sj.
Cho hinh 1ap phuong ABCD.A'B'C'D'. Diém M nam trén canh 44' sao cho goc

duong thing d : . Goi A',B' Tan luot 12 hinh chiéu vudng goéc cua

BMD'16n nhat, dat goc 16n nhat d6 1a o . Biét cosaz%;a,beZ;(a,b)=1;b>0. Ménh

dé nao sau day dung?
A . a+b=1. B.a+b=2. C.a+b=3. D.a+b=4.
Cho kh&i chép S.ABCc6 SAvudng goc véi day, tam giac ABC vuong tai B . Biét rang

thé tich cua khoi chop la 25—4Vé1 gia tri nho nhat dién tich toan phan chép S.4BCla
p\/§+ gtrong d6 p,q € Q. Tinh gia tri biéu thire: p*+4¢° =?
A. p2+q2:3—7. B. p2+q2:3—7. C. p2+q2:£. D. p’+q° =16.
36 9 4
Cho hinh chép SABCD c6 day la hinh binh hanh tam O. Goi I 1a diém thudc doan
SO sao cho SI :§SO. Mit phang («) thay d6i di qua B va I. («) cét cac canh

SA. SC.SD Tan luot tai M.N.P.Goi m, n Ian luot Ia GTLN, GTNN ctia S8 Tinh

S.ABCD

22
n
7 14 8
A.2 B. —. C. —. D. -
5 75 5
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Cau 16.

Cau 17.

Cau 18.

Cau 19.

Cau 20.

Cau 21.

Cau 22.

Cau 23.

Trong khong gian cho bon mat cau c6 ban kinh Ian luot 1a 2;3;3;2 d6i mét tiép xac
nhau. Mt cau nho tiép xtic ngoai véi ca bdn mat cau néi trén ¢ ban kinh bang
L B.>. c b D. 2.
15 7 11 9
Cho tt dién SABC va Gla trong tdm cua t& dién. Mot mit phang () quay quanh
AG cit cac canh SB,SC Tan lwot tai M va N (M,N khong trung S). Goi V la th€ tich

t¢ dién SABC, V,la thé tich t& dién SAMN va goi m,n lan lugt la gid tri 16n nhat va
./ . 2 N, k] V ~ 4
gia tri nho nhat caa 71 .Hay tinh m+n.

A. m+n=1. B.m+n=1—7. C.m+n=§. D.m+n:2.
18 19 20

Cho hinh nén (H) c¢6 dinh S, chiéu cao la & va mit phang (P) song song véi mit
phang day ctia kh&i nén. Mot khdi nén (T) c6 dinh 1a tim ctia duong tron day cta
(H) va day cta (7) la thiét dién caa (P) voi hinh nén. Thé tich 16n nhat cta (7) la
bao nhiéu?

A ATR’h B. AZR’h C. 7R*h D. TR*h>
81 27 24 3

Cho hinh chép déu S.ABC c6 4B =1, ASB =30°. Lay cac diém B', C' lan lwot thudc
cac canh SB, SC sao cho chu vi tam gidc 4B'C' nhoé nhat. Tinh chu vi d6.
A B. V3-1. C. 3. D. 1+/3.

1+/3

Trong mdt phang (P) cho tam gidc ABC déu canh bang 8cm va mot diém S di dong

ngoai mit phing (P) sao cho tam gide MAB ludn c6 dién tich bang 16v3cm?, véi M
la trung diém ctia SC. Goi (§) 1la mat cau di qua bon dinh M, 4, B, C.Khi thé tich
hinh chép S.4BC 16n nhat, tinh ban kinh nho nhét cta (S):

A. #cm. B. #cm. C. #cm. D. 4? cm .

Cho hinh chop S.ABCD c6 day ABCD day la hinh vudng canh a, S4= a\/g .Va S4
vudng goc véi day. M va N la hai diém thay d6i lan luot thudc hai canh BC va CD

sao cho MAN =45°. Tinh ti s6 gitra gia tri 16n nhat va gid tri nho nhat ctia thé tich khdi

chop S.AMN
Hf' C. 22-1. D. ”f.

Cho hinh h¢p ch nhat 4BCD.A'B'C'D' ¢6 tong dién tich tat ca cac mat la 36, d6 dai
duong chéo AC'bang 6. Hoi thé tich ctia khdi hop chit nhat 16n nhét 1a bao nhiéu?
A. 82, B. 676. C. 244/3. D. 16v2.

Cho hinh chop S.ABCD c6 day la hinh vudng canh a va duong cao S4=2a. MNPQ
la thiét dién song song vdi day, M € S4 va AM =x. Xét hinh tru c6 day la duong tron
ngoai ti€p t& gidc MNPQ va duong sinh MA. Gid tri cia x dé€ thé tich khéi tru 16n
nhat 1a

2a 3a

A.x:g. B. x=—. C.ng. D. x=—.
3 3 2 4

A. 2+242. B.
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Cau24. Cho tit dién ABCD c6 tam giac ABC déu canh 2a va tam gidc 4ABD vudng tai D,
AD = %. Khoang cach 16n nhat tir B dén mit phang (ACD) 1a?

A. 2“2‘5. B. a3. C. “\f. D. 2a\3.

Cau25. Cho khdi chép tir gidc déu S.4BCD ma khoang cach tir 4 dén mit phing (SCD)
béng 2a. Goi a la géc gifta mit bén ctia hinh chép véi ddy ctia hinh chép d6. Véi gid
tri nao cua « thi thé tich ctia khéi chop S.4BCD dat gia tri nhd nhat?

A o= arcsin\/g. B. a =45°. C.a= arccos\/g. D. o =60°.

Cau26. Cho hinh chép SABCD | ¢4 gay ABCD 13 hinh thoi canh @,54=5SB=SC=a pjt
x= SD(O <x< a\/g) Tim * theo a dé tich AC.SD dat gia tri 1on nhat.

zé. :“3—*5. C.x:a\f. D. Dap an khéc.

Cau27. Chotedién S.ABCD va M la mot diém di dong, nam bén trong tam gidc A4BC.
Qua M ké cac duong thang song song vé6i S4, B, SC cat cdc mat phang tuong tng
(SBC), (SAC), (S4B) Tan luot tai 4',B',C'. Khi d6 gia tri 16n nhat cta bi€u thic

MA'+MB'+MC'+MA' MB' MC'

A. x B. x

T = . . la
SA SB SC SA SB SC
A2 B. 28 = p. B
8 27 27 8
Cau 28. Trong khong gian véi hé truc toa d6 O.xyz, cho di€ém A(a;b;c) véi a;b;c la cac s6
thuc dwong thdéa man 5(a2+b2+c2)=9(ab+2bc+ca) va Q= 2a ~— ! - o
b”+c (a+b+c)

gia tri 16n nhat. Goi M, N, P lan lugt la hinh chiéu vudng goc caa 4 1én cac tia
Ox; Oy; Oz . Phuong trinh mat phéng (MNP) la
A x+4y+4z-12=0. B. 3x+12y+122-1=0,
C. x+4y+4z=0. D. 3x+12y+12z+1=0.

Cau29. Trong mit phang (&) cho duong tron (T) duong kinh 4B =2R . Goi C 1a mot diém
di dong trén (7). Trén duong thang d diqua 4 va vudng goc véi mat phang (o) 1dy
diém S saocho S4=R.Ha AH 1 SB tai H, AK 1 SC tai K. Tim gia tri I6n nhat V,
cua thé tich t& dién SAHK .

_RNS By, K5 .y R D. 7, —R39‘/§.

max 7 . * " max 7 . * “max — 2 . * “max —
.Cau 30. Cho t& dién déu ABCD c6 canh bing 1. Hai diém M, N di dong trén cic canh
AB, AC sao cho mit phiang (DMN) vudng goc mat phang (4BC). Goi S,, S, Tan luot

la dién tich 16n nhat va nho nhat ctia tam gidc AMN . Tinh T = %
2
AT=2 B.T=2. cr=L. D.T=2.
9 8 7 7

Cau 31. Cho lang tru tam giac déu ABC.4'B'C'véi do dai tat ca cac canh déu béng a. Xét tat
ca cac doan thang song song véi mit phang (4BB'4") va c6 mot dau E nam trén
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Cau 32.

Cau 33.

Cau 34.

Cau 35.

Cau 36.

Cau 37.

duong chéo A4'C ctia mgt bén A4'C'C, con dau kia F nam trén duong chéo BC' ctia
mat bén BB'C'C. Hay tim dd dai ngan nhét ctia cic doan thang nay.
2a a a 2a
A.?. B.\/g. C.g. D.\/g.
Cho hinh chép t& gidc déu S.ABCD ma khoang cach tir 4 dén mit phang (SBC)
béng b. Goc giita mat bén va mit day ctia hinh chép bang o . Tim « dé thé tich cta
khoi chop S.4BCD nho nhat.

A. o =arccos (?] . B.a= arccos(\/g) . C. o =arccos (%j ) D. o =arccos (%j

Cho hinh lang tru déu ABCD.A'B'C'D' c6 canh ddy bang a. Diém M va N lan luot
thay doi trén cac canh BB' va DD' sao cho (MAC)L(NAC) va BM =x, DN =y. Tim
gia tri nho nhat cta thé tich khoi t dién 4CMN .

3 3 3 3
a a a a

ok B. = C. 5 D. "=

Cho hinh chop S.ABCD c6 ddy ABCD la hinh vudng canh a, canh bén S4=5 va
vuong goc véi (ABCD). Diém M thay ddi trén canh CD véi CM =x(0<x<a). H la

A.

hinh chiéu vudng goc cua S trén BM . Tim gia tri 16n nhat cta thé tich khoi chop
S.ABH theo a,b.
b B. 0. .t D. 4L,
12 24 8 18
Cho t& dién déu SABC c6 D la diém thudc canh 4B sao cho BD=2A4D, I la trung
diém cua SD. Mot duong thang d thay d6i qua I cat cdc canh SA4, SB lan luot tai M,

a3

3
N .Biét AB=2a.Khi d thay ddi, thé tich khdi chép S.MNC nho nhat bang (ﬁj T
n m
voi mnel, (m,n)zl. Tinh m+n.
A.m+n=4. B. m+n=6. C.m+n=T7. D. m+n=35.

Cat mot khdi tru tron c6 chigu cao h boi mot mat phang song song véi hai mit ddy ta
thu duoc hai khéi tron nho. Mot trong hai khoi dé ngoai ti€p mot lang tru diing thé
tich V c6 day la tam giac c6 chu vi la p. Khoi con lai ngoai tiép mot khdi ndén ¢6 ban
kinh 1a R . Tim gid tri cta R sao cho thé tich cua khéi non 1a 16n nhat?

3 3 3
R=7L_ B. R=—2_ c. r="L- D. R=-2_.
162V 162V 162 162V
Nguoi ta can trang tri mot kim twe thap hinh choép t& giac déu S.ABCD canh bén

3

bang 200m, ASB=15" bang duong gip khuic day deén led vong quanh kim tw thap
AEFGHIJKLS trong d6 diém L c6 dinh va LS =40m .
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Cau 38.

Cau 39.

Cau 40.

Cau 41.

Cau 42.

Cau 43.

A
Khi d6 can dung it nhat bao nhiéu mét day den led dé trang tri?
A. 40767 +40 mét.  B. 20111+40 mét. . 40/31+40 mét.  D. 40V111+40 mét.
Chohinh chép S.4BC c6 cac canh bén bang 1. Mt phang («) thay d6i ludn di qua
trong tam caa hinh chép, cit ba canh bén S4,5B,SC Tan lwot tai D,E,F . Tim gia tri
1 1 1

- + .
SD.SE SE.SF SF.SD

AL B. 16 c. 4 D. 2.

V3 3 3 4
Cho hinh 13p phwong ABCD.4'B'C'D' c6 canh bang a. G la trung diém ctia BD',
mat phang (P) thay d6i qua G cat 4D',CD',B'D' twong tng tai H,I,K . Tim gid tri

1 1 1
D'HD'I DIDK DKDH

2 2

A S B. 104 c. 3 D. 2.

3a 3 3 3a
Cho hinh hop cht nhat ABCD.A'B'C'D' ¢6 AC = a, AD'=b,CD'= ¢ . Tim th€ tich 16n
nhat ctia hinh chi® nhat da cho khi a,b,¢ thay do6i, con chu vi tam giac 4CD' khong
doi.
Cho t& dién ABCD, AB =x,CD =y, cac canh con lai cua t& dién bémg a2, x, y thay
ddi sao cho x+y=2a. Khi V., dat gia tri nho nhat, tinh cosin cta goc gitta (4BC)
va (A4BD).
Cho hinh chop SABCD c6 day la ABCD la hinh vudng canh a, canh S4=a va vudng
gbc voi mp (ABCD). M la diém di dong trén doan BC va BM =x(0<x<a), K la
hinh chiéu cua S trén DM.
a) Tinh d¢ dai doan SK theo a va x.
b) Tim min ctia doan SK.
Cho hinh chép S-4BCD ¢4t giac A4BCD 13 hinh binh hanh tam O. biém €' di dong
trén canh SC (C" khac diém S va C). Mat phing (R) chta duong thang 4C" va

lon nhat P, cua P=

16n nhat ctia biéu thitc T =

song song voi BD . Mt phang (R) cat duwong thang 5B, SD Tan luot tai B', D'.

1/ Goi F 1a giao diém ctia 4D’ v6i B'C'. Chting minh rang F ludn di dong trén mot

duong thang ¢d dinh khi €' di dong trén SC.

2/ Xac dinh vi tri cta diém C’ sao cho tong 5S¢ +3 BB +§. SD dat gid tri nho nhat.
cc'  SB' 2 DD
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Cau 44.

Cau 45.

Cau 46.

Cau 47.

Trong mat phéng a cho hinh ch* nhat ABCD ¢4 AB =a;BC =2a.Céc diém M,N lan
luot di chuyén trén cac duong thang m,n vudng goc véi mat phing () tai 4,8 sao
cho DM L CN . Tim gia tri nho nhét caa khoi t dién CDMN .

Cho hinh chép §.ABCD c6 dady ABCD la hinh thang can, 4B song song véi CD,
AB=2CD, cac canh bén c6 &6 dai béng 1. Goi O=ACNBD, I la trung diém cua SO.
Mit phang () thay doidiqua / va cit cac canh S4,SB,SC,SD Tan luot tai M,N,P,0

1 N 1 N 1 N 1 .

SM* SN* SP* SO
Cho hinh chép S.4BCD c6 ddy ABCD 1a hinh binh hanh. Goi E 1a trung diém cua SC
. Mt phang («) thay d6i nhung ludn chita AE cit SB, SD Ian luot tai M, N . Xac

. Tim gia tri nho nhat ctia bi€u thic T =

dinh vi tri cia M, N trén cac canh SB, SD sao cho i—j\;JrS—N dat gia tri I6n nhat.

Cho t& dién OABC c6 cac canh 04,0B,0C d6i mot vudng goc. Goi M la diém thudc
mién trong cua tam gidc ABC. Tim gia tri nhd nhdt caa bi€éu thutc
MA> MB* MC?

2 + 2 + 2
04~ OB OC

BANG PAP AN

1.B 2.C 3.C 4.C 5.B 6.A 7.C 8.D 9.B 10.C

11.A 12.D 13.D 14.D 15.C 16.C 17.B 18.A 19.D 20.C

21.D 22.A 23.B 24.B 25.A 26.C 27.B 28.B 29.A 30.B

31.B 32.A 33.A 34.A 35.D 36.B 37.C 38.B 39.A
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LOI GIAI THAM KHAO
Caul. Mot khoi gé hinh hop ch@ nhét ¢ kich thude thoa man: Tong cha chiéu dai va chiéu
rong bang 12cm ; tdng ctia chidu rong va chiéu cao 1a 24cm . Hoéi thé tich 16n nhat ma
khoi hop c6 thé dat duoc la bao nhiéu?
A. 288cm’. B. 3843cm’. C. 1782cm’. D. 864cm’.
Loi giai

Goi chiéu dai, chiéu rong va chiéu cao cta khoi hop ch nhat lan luot 1a x, y, z

(x, V,zZ> 0) .

x+y=12 {x:12—y
IS

. . ly<12
. Vi x,z>0 nén S y<12.
z=24-y

y<24
Thé tich cia khdihop la V =xyz=(12-y) y(24—y) =y’ —36)° +288y.
Xétham s8 f(y)=y’—36y* +288y trén khoang (0;12).
f'(y):3y2—72y+288;

Theo gia thiét ta cé: {
y+z=24

y=12+43
f(y)=0< .
() y=12-43
Bang bién thién:
Yy |- 0 12—4J§ 12 +=©
f'(¥) + 0 -
3844/3

AT

0
Tir bang biéh thién ta co: max f (v) = 38443,

M\

(=4

Vay thé tich 16n nhat ma khoi hop ¢ thé dat dugc la 384+/3cm’.
Cau2.  Trong khong gian cho bon mat cau c6 ban kinh lan lwgt la 2;3;3;2 d6i mot ti€p xuc
nhau. Mt cau nho ti€p xtic ngoai véi ca bon mit cau ndi trén cé ban kinh bang

L B. c b D. 2.
15 T

Loi giai

_2| W
Ne)
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Cau 3.

C
Goi 4,B,C,D lan luot la tam ctia bGn mat cau noi trén va 1, x(> 0) Tan lwot 1a tam, ban
kinh mat cAu can tim.
IA=1C=x+2
IB=ID=x+3
trén giao tuyén ctia hai mat phang trung truc ctia AC,BD .
Vi bon mat cau doi mot ti€p xtic nén DA=DC =BA=BC.Goi M,N lan luot la trung
diém ctia BD, AC . Khi d6, MN la doan vudng goéc chung cia AC va BD nén I thudc
duong thang MN .

Ta c6, DN =+ DC> —CN* =25—4 =21, MN =~/DN> = DM?* =/21-9 = 2./3 .

Xét AAIN vuongtai N va IN = (x+2)2 -2%.

Mat cau [ ti€p xuc ngoai voi bon mét cau néu trén nén { .Do d6, I nam

Xét ABIM vudng tai M c6 IM =4J(x+3)" -3%.
Vi IM +IN > MN nén ddu “=" xay ra khi va chi khi / e MN .
Khi d6, IM +IN = MN & \[(x+2)’ =2> +/(x+3) =3* =23

:>11x2+60x—36:O:>x:%.

Cho hinh chép §.4BC c6 S4 J_(ABC), SBza\/E, hai mat phéng (SAB) va (SBC)
vudng gdc voi nhau. Géc gitta SCva (SAB) bang 45°, goc gitta SB va mat day bang o
(O <a< 900) . Xac dinh o d€ theé tich khoi chop S.4BC dat gia tri 1on nhat.

A. a=60". B. o =30°. C. a=45". D. a=70°.
Loi giai
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B
Ta thdy S4 1 (ABC) = (SAB) L (4BC)(1)
Theo gia thiét thi (S4B) L (SBC)(2)
Tt va taco BC 1L (SAB)= BC 1 AB va BC L SB

Géc gitta SCva (S4B) la goc BSC=45". Trong tam gidc vudng can SBCcé
SB=BC=aV2.

Tam gidc vudng S4B canh AB=SB.cosa = a\/z cosa.; SA=SB.sina = a\/z .sina

Ve pe = %.SAABC.SA = %.\/E.cf.sin 2a.< %.f

V. =?2.a3 e sin2a=1(0<a<90°)=a=45°

Ciu4. Cho hinh chép S.4BC c6 S4 L(ABC),SB=G\/E, hai mat phang (S4B) va (SBC)
vudng goc véi nhau. Géc gitta SC va (SAB) bang 45°, gboc gifta SB va mit day bang
a,(0° <@ <90°) . Xdc dinh & dé thé tich khi chép 5. 4BC 16n nhat.

A. a=60°. B. o =30°. C.a=45". D. a=70°.
Loi giai

Ta c6: S4 L(ABC)= (S4B) L(ABC)

Ma (S4B) L (SBC), (4BC) L (SBC)=BC

Nén BC L (SAB) = BC L AB= AABC vudng tai B.
= Géc gita SC va (S4B) 1a CSB=45".

= BC=SB=av?2.

Goc gitta SB va mat day la SBA=a = AB=SB.cosa; SA=SB.sina.
Thé tich khoi chop S.4BC la:
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a2

6

1 :
V= %SA.SAABC = %SA.AB.BC = %533.5111 a.cosa = gcf 2sin2a <

Déu “=" xay ra < sin2a =1<2a =90 & a =45".

Cau5.  Cho hinh chép S.4BCD c6 day ABCD la hinh thang can day 4B, ndi tiép duong
tron tdm O, ban kinh R . Biét rang AC | BD tai I, dong thoi / 1a hinh chiéu ctia S
1én (ABCD) va ASAC vuong tai S . Thé tich 16n nhat caa khoi chép S.ABCD theo R
la

1

A. R’. B. zR3. C. —R°. D. éR3
3 2 4

Loi giai

Ta c6 thé tich ctia khoi chop S.4BCD la
1 1 1 1
Ve =5 SIS sy =5 S1.— ACBD =514 C’
Tam gidc SAC vudng tai S, dudng cao SI nén SI* = I4.IC, do d6
1 1 I4+1C 1 1 3 2
Vs apep = —NIAIC.AC* <—. AC? =—.4C’ <—.(2R) ==ZR’.
S§.4BCD 6 — 6 12 — 12 ( ) 3
Ddu “=" xay ra khi va chi khi
I4=1C
AC=2R

= ABCD la hinh vudng.

Vay thé tich 16n nhat ctia khéi chép S.4BCD bing §R3.

Cau6. Trong khong gian Oxyz cho mit phang (@):x—y-4=0, mit cau
(8,):(x=1)" +»*+2* =1 va mat cau (S,):(x—4)" +(y-5)" +z* =4. Diém 4 thudc mit
phang (a), diém M thudc mat cau (S,), difm N thudc mit cau (S,). Khi do
AM + AN nho nhat bang
A.S. B. 8. C. 11. D. 3\2.

Loi giai
Mit cau (S;) c6 tam /,(1;0;0), ban kinh R =1.
Mit cau (S,) cd tam 7, (4;5;0), ban kinh R, =2.

al(ll,(oz)):¥>R1
d([z,(a)):¥>R2
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Ta thay (S,)va (a)khéng co diém chung, (S,) va (a)khong cé diém chung, I, va I,

ndm cung phia so véi (@)

Phép d6i xting qua mit phang (o) bién mit cau (S,) thanh mét cau (S,'), bién diém
M thanh diém M', bién diém [, thanh diém 1,'.
Taco AM + AN =AM '+ AN >M'N
Dau bang xay ra khi 4,M',N thang hang.
Doan théng M'N ngafm nhatkhi M ' N thudc doan théng 11,
Khi d6 gid tri nho nhat cia AM + AN 1a P=11,—(R +R,)
x=1+t
DPuong thang d di qua I, va vudng goc véi (a) la {y=—t (teR)
z=0
Giao diém cua duong thing d va(a) la B(%;—%;Oj
B la trung diém cua 7,1, = I,(4;-3;0)
Vay P=8—(1+2)=5.
Cau?7. Cho lang tru ding ABC.A'B'C'cd AB=6;BC = 12; ABC =60°. Thé tich khéi chop
C'.ABB'A'bang 216. Goi M la diém nam trong tam gidc A'B'C’sao cho tdng dién tich
cac mat bén cta hinh chop M.4BC dat gia tri nhé nhat. Tinh cosin goc gitra 2 dwong

thang B'M , AC'?
2 2

A Y2 B. Y2 . c Y2 D. L.
2 3 4 >
Lo giai
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Goi I la hinh chiéu cia M trén (4ABC); D,E,F lan luot la hinh chiéu ctua [ trén
AB,BC,CA. bat x=1ID, y=1E,2a=AB, 2b=BC,2c=CA, h=AA'=MI .

Khido S, ;0 =S8, +Suc+Spe=ax+by+cz

Dién tich toan phan caa hinh chép M.4BC nhoé nhat khi va chi khi
S =8, +Susc +Syc, Nho nhat.

C6 MD =\MI* +ID* =\I* +3* = S, :%AB.MDza\/h2+x2 = J(ah)’ +(ax)’ .

Tuong tu ta chiing minh duoc S=\/ ah)’ +(ax)’ + \/( bhY +(by) + \/( Y +(cz)
v=(bh;by),w=(ch;cz) ta

Str dung bat dang thikc ‘ ‘ ‘ ‘ ‘w‘ ‘u+v+w‘ voi u=(ah;ax),

duwoc: §> \/(ah +bh+ch)’ +(ax+by+cz)’ = \/(a+b+c) W +S’,. =const.
D&u bang xay ra khi va chi khi ax _by_ E<:>x=y=z.
ah bh ch

Suy ra / la tam dwong tron noi ti€p tam gidc 4BC, nén M la tam duwong tron noi ti€p
tam gidc 4'B'C".
Tinh cosin gdc gitta hai dwong thang B'M va AC'.

1 e
Suwer=Sinc =7 BABC.sin ABC = 183
A'C™ = AC* = AB* + BC* =2 4B.BCc0s60° =108= A'C'=6/3
Do Ve e = %VC_ABB,A, = %.216 =324=> AA'S ;. =324= AA'=6\3
Goi K la chan duwong phan giac trong ctua tam giac A'B'C' ké tix B, tt K ké duong
thdng song song voi AC' cat A4' tai H, khi d6:
@=(B'M,AC")=(B'K,KH) :>cosgo=‘cosB'KH

1 . 1
Suwer=Syxe + S =5 BK (B'A'+B'C')sin30" =183 = ?SB’K = BK =43

Taco AK_AB :l:A’KzlA'c’zzﬁ
BK CB 2 3
Do KH //AC' nén AH=AK=1:»A'H=2ﬁ
AAd CA4 3
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:>KH= A’H2+A,K2=2’\/€,B,H= A!Brz+A!H2:4\/§
12 2 prpg2
Vay cosp=cosB'KH = BK +KH -BH =£.
2B'K.KH 4
Cau8. Trong khong gian Oxpzcho hai mat cau  (S,):(x+4) +y*+2° =16,
(S,):(x+4) +y*+2* =36 va diém 4(4;0;0).Duong thing A di dong va ludn tiép xtc

vé6i (S,)dong thoi cat (S,) tai hai di€ém B,C. Tam gidc ABC c6 thé c6 dién tich 16n

nhat 1a
A. 285. B. 72. C. 48. D. 2445.

Loi gidi
Goi M la tiép diém cua A va (S,)
1(—4;0;0) 1a tdm ctia hai m&t cau (S,) va (,) c¢6 ban kinh Ian lugt R =4va R, =6

. ,;;/’l

X

Tacd IC=R,=6,IM =R, =4= BM =2/5= BC =45
1(—4;0;0),4(4,0;0)= I4=38
S s =1CB.d(A,Bc) < %BC.AM < %BC (IA+IM) < %.4\/3.(4+8) =245

Cau9.  Cho hinh chdp S.4BCD, c6 day la hinh binh hanh, M 1a trung diém cua canh SC.
Mat phéng (P)chtta AM Tan lwot cit cac canh SB,SDtai B,D . Gia tri 16n nhéat cta

“=s8 " sD
A3 B.12. C. 15. D.6.
Loi giai

_3B 5D . %, (abeN') t6i gian. Tich ab bang:
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L&y I =AM ~B'D';0 = AC " BD
Ta c S,0,1 la cdc diém chung ctia hai mit phang (SAC);(SBD)
Suy ra S,0,I thang hang

Va I latrong tam cac mat chéoSAC:%:§
VéBP//B'I;DN//D']:>OP=ON.Détx=S—D;y=S—B
SD' SB'
SB SD SP SN 280 3

SB' SD' SIS SI 2

:>x,ye[1;2]:>l+l=izs( 2 )2=i:a=3;b=4:>a.b:12
X Xy X+y 3

Cau10. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tdm O. Goi / la diém
thudc doan SO sao cho SI :éSO. Mit phang (a) thay déi di qua B va I. (@) cat cac
canh S4, SC, SD lan luot tai M, N, P.Goi m, n lan lwgt 1a gia tri 16n nhat va gia tri

2 N, ? V ./ . 72 \
nho nhat cia 328 Gia tri cia m+n la
S.ABCD

AL B. 5. D.
15 73

Loi giai

W | —
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Cau 11.

sS4
— =X
pat M ysix, yo1.
SC _
SN
6B 5D 5,50 53 650 5,
S8 sp TSI SP

Ma x+y:2§—?:6:y:6—x,véi 1<x<5.

Khi d6 Vepuwp _ X+1+y+5 12 3 3 3 .
Vs iscn x.1.y.5 20xy Sxy 5x(6 x) 5(6x—x2)
, 3
Xét ham so =——,V0i 1<x<5.
étham sd f(x) 5(6x—x2) voi 1<x
Tach (o) 3 2x=6 o B o
acd f'(x)==.——=.Cho f'(x)=0=2x-6=0<x=3€[L;5].
S (6x—x2)
. as 3
Kh1dof(1)= , /(3 )=—Vaf() %

3
Suyram=—van=—.
25 15

Vay m+n=—

Cho hinh chép SABC ¢6 ddy 1a tam gidc déu canh bang /6 biét cac mit bén cua
hinh chép c6 dién tich bang nhau va mdt trong cac canh bén bang 3V2. Tinh thé tich
nho nhat ctia khoi chép SABC.

A.3. B. 242, C. 243, D. 4.
Loi giai
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S

/‘
// \

/ / 3 "\

/ ]

]
I
S - S -

/__ -— _/’

/"

- - "‘ -

- H _‘-
Goi H la hinh chiéu vudng géc cua Slén (4ABC), Goi M,N,P lan luot la hinh chiéu
vudng goc cua H trén AB,BC,CA thi SM,SN,SP lan luot 1a chiéu cao cua cac mat
bén S4B, SBC, SAC.

Vi cac mat bén ctia hinh chép c6 dién tich bang nhau nén SM = SN = SP nén suy ra
HM = HN = HP = H 1a tam duong tron noi ti€p hoac tam duwong tron bang ti€p caa
tam gidc ABC.

Truong hop 1: H 1a tam duong tron ndi ti€p ctia tam giac ABC .

Khi d6 SH =/S4> — AH? \/(3&)2—[%j2 —4.

. 1 2 3
Vay VSABC 3 SH SABC 3 4 (\/7) 4 2\/5

Truong hop 2: H 1a tam dwong tron bang tiép cuia tam giac 4BC .

Do tam gidc ABC déu nén gia st H la tam duong tron bang ti€p goc 4. Khi do
=3J2,BH =CH =+/6

Néu SA=3v2 = SH =S4’ —~ AH* =0 .

Do dé SB =SC =32 = SH =SB - BH’ =\/(3\/§)2—(\/3)2 . NE)

1 1 2 4/3
Suyra V. :ESH'SABC 252\/5(\/8) ,%:3.

Tacé 3<2/3 Vay V. =3
Cau12. Trong khong gian v6i hé toa dd Oxyz, cho diém A(4; 0;0),B(0;4;0),S(O; O;C) va
x-1 y-1 z-1
==
Olén SA,SB . Khi géc gitta dudng thang d va mit phing (OA4'B') 16n nhatménh dé

duong thing d :

. Goi A4',B' lan luwot 1a hinh chiéu vudéng goéc cua

nao sau day dung?
A. ce(—8;—6). B. ce(—9;—8). C. ce(0;3). D. ce(——;——).

Loi giai
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A
4 €'

Goi C la dinh tht tu ctia hinh vuéng 40BC = C(4;4;0) .
04’ 1 SA
Ta co
04' 1L AC
Twong tw SC L OB', tx d6 suy ra SC L(OA'B'). Vay ﬁ=(4;4;—(3) la vecto phap
tuyén ctia mit phang (OA'B').
D& goc gitta duong thing d va mit phang (O4'B') 16n nhét thi d 1 (OA'B') hay SC

= 04’ L (SAC) ma SC = (SAC) nén SC L OA'.

cung phuwong voi Z = (1;1;2). Suy ra ¢ =-8.
Cau13. Cho hinh lap phuong ABCD.A'B'C'D'. Diém M nam trén canh 44' sao cho goc

BMD'16n nhat, ddt goc 16n nhat do la o . Biét cosa =%;a,b eZ;(a,b) =1;b>0. Ménh

dé nao sau day diang?

A.a+b=1. B.a+b=2. C.a+b=3. D.a+b=4.
Loi giai
A’ B’
I
|
|
I
AM
/// I \\
7 ! AN
D' /// : S
S~ T = ~ C'
\\\\: \\
Tel S
[ \\\ ~
1 ~o \\
| Tl
A
R REEERES > B
/
/
/
/
/
/
/
/
/
/
/
/
D C

Khoéng mat tinh tong quét, gia st canh hinh lap phuong c6 dd dai la 1 va
AM = x,0< x <1.Khi d6, tacé BM* =1+x*;D'M* =1+(1—-x)" ;BD"* =3.

2

X —X

1+ (x—=1)"V1+x2

Vay cos BMD' =
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= (cos BMD' g XZ(I_X)Z = !
( BMD) (1+x2)[1+(1—x)2} (Hxlz](H(l_lx)z]
Ta cd {H(ijzﬂh(éj}2(1.1+§.ﬁj22 1+% =25
(5]

_—\2 —_ —
Vay (cosBMD') SZLS’ suy ra cosBMD'Z?l.

D&u bang xay ra khi va chi khi x = %, hay M la trung diém ctia 44", khi d6 cos BMD'
nho nhat nén goc BMD'16n nhat.
Vay a=-1b=5.

Cau14. Cho khdichép S.4BCcod SAvudng goc voi ddy, tam gidc ABCvudng tai B . Biét rang
thé tich cuia khéi chop la 25—4Vé gia tri nho nhat dién tich toan phan chép S.4BCla
p~5 +qtrong d6 p,q e Q. Tinh gia tri biéu thite: p* +¢° =2
A. p2+q2:%. B. p2+q2:%. C. p2+q2:24—5. D. p°+q* =16.

Loi giai

b4t AB=a,BC=b,S4=c, (a,b,c>0), khi do ta c6
1 5 5
V = — b =—= b =—.
S5.4BC 6“ c 24 aoc 4
Dién tich toan phan chép
Stp =8 5c +Ssu ¥ Ssuc + Sepe

zé(ab+ac+0\/a2+b2+b\/a2+cz):
Co \a’ +b° zg,/g(a2+b2):£ (1+§j(a2+b2)2% a+b£ .
3V4 3 4 3 2
Twong tw va’ +¢? 2%(a+c§].Do do
PZab+ac+gc a+b£ +£b a+c£
3 2 3 2

= %(ab+ ac+%j > %.3.3 i(abc)2 = %\/g

5 5

P
2
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Cau 15.

a=1
D4u "="xay ra khi va chi khi A J5 -
=C=—
2
5 2 25
Khidé S, =>\5=1""4=p+q =22
P 4 4=0 16

Cho hinh chép SABCD c6 day la hinh binh hanh tam O. Goi [ 1a diém thudc doan
SO sao cho SI =%SO. Mit phang (@) thay d6i di qua B va I. () cdt cac canh

4. SC.SD Tan luot tai M.N.P.Goi m, n Ian luot Ia GTLN, GTNN ctia S8 Tinh

S.ABCD
m,
p
A.2
DDstg= A p=SB_y 5C 4 5D
SM SB SN SP
, SO a+c=6 c=6-a a>1
+)Coéa+c=b+d=2.—=6 = = .Do =1<a<5.
SI d=5 d=5 c>1
4 a+b+c+d 12 3 3
+) CO S.BMPN __ — — — : :f(a)
Ve o 4abcd 4alc5 5a(6-a) 5(—a +6a)
, 3(2a-6
+) f(a)=%
5(—a +6a)
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Cau 16.

a |1 3 5
fa) = 0 +
3
f(a) 23 25
!
15
1 14
Smin=—+—=—.
25 15 75

Trong khong gian cho bén mat cau ¢ ban kinh lan luwot 1a 2;3;3;2 d6i mot tiép xtc
nhau. Mt cadu nho tiép xtc ngoai véi ca bdn mat cau nodi trén c6 ban kinh bang

AL B. > c.® D.2.

15 "7 =11 9
Loi giai
A >

Goi tam ctia mt cau ban kinh bang 2 lan luot 1a 4,,B, .
Goi tam ctia mat cau ban kinh béng 31an luotla 4,,B;.
Vi bon mat cau d6i mot ti€p xtc nhau  nén ta  co
AB,=4,4,4, = AB, =B, A, = BB, =5,AB, =6.
Mt cau tiép xtic ngoai v6i bon mat cau da cho ¢é tam 7 ban kinh R . Khi d6 ta c6
IA, =IB, =R+2
{IA3 =[IB,=R+3
Suy ra diém I nam trén hai mat phéng trung truc cta doan 4,B,va A4B,. Goi M,N
lan luot la trung diém ctia 4,B, va 4,B,. Dé dang ching minh dwoc (MA4,B,),(NA,B,)
[an lwot 1a mat phang trung triec cia 4,8, va 4B,. Tt d6 tasuy ra I € MN.
Tacéd MN =23, ddt IM =x,IN =y véi x>0,y>0.
X+y= 23
Suyra {(R+2) =x*+4
(R + 3)2 =549
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Cau 17.

Tt d6 rat ra duoc yz@'
Trén I4,,1B,1an luot1ay K,H saocho IH =IK =R+2.
Giai tam gidc 4,IB; taco 4,H = 24.R+2 .
R+3
Goi G la giao diém cua KH va IN .
R
Taco G _IC _IH _R+2_ oy 3 R¥2 oy oy RV346V3
NB;, IN IB; R+3 R+3 6(R+3)
Xét tam giac MA,H vudng tai M, tacd6 MH* = A, H> — A,M*.
Xét tam giac MGH vudng tai G, ta cO
2
MG =MH? —GH® = \J4,H® - 4,M* —GH = 24.R+2—4—9.(R+2j :
R+3 R+3
Khi d6 ta co
2
2 B2y g(Re2V RN3+6N3 )
R+3 R+3 6(R+3)

Kiém tra dap an ta duoc R :% thoa man.

Cho t&t dién SABC va Gla trong tdm cta t& dién. Mot mét phang (@) quay quanh
AG cét cac canh SB,SC lan luwot tai M va N (M,N khong trung S). Goi V la thé tich
te dién SABC, V,la thé tich t& dién SAMN va goi m,n lan lugt la gia tri 16n nhat va

.7 . 2 A ? V ~ 7
gia tri nho nhat cua 71 Hay tinh m+n.

A.m+n=1. B m+n=lz. C.m+n=l§. D.m+n=%6.

s 18 19

Loi giai
S

Goi 4' 1a trong tdm ctia tam giac SBC, khi @6 4' € AG nén M,N, 4’ thang hang.

pat M _ SN i 0<x,y<l.
SB SC
V. SM SN
TacO +=———=xp.
Vv SB SC

Swous _ M SA'_2
SASBI S8 SI 3 A SASMA’ + SASNA’ — .[SASMA’ + SASNA’]Zl(x_i_y).

1
Vi , nén —
S s _ & . S4 _ 2 Susse Sasse 2

SASBI SASCI

S, SC sI 37
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Mét kha’C SASMA' 4 SASNA' — SASMA' + SASNA' — SASMN — SM S_N =Xy nén %(X‘Fy) =xy.

Spsse Sasse Sasse Sysse SB SC
2
Do do6 y= ,suy ra — = * .
Y Y Y TR

Do 0O<x,y<Ilnéntix y= tasuyra%stl.

2

Xétham s3 f (x) = Véi%éxél.

x_
fr(x): 3x2 —-2x
(3x-1)’
2
£'(x)=0e X2 _0 & x=0 hoiic ng ,

(3x—1)
1 1 2) 4 1 1 4 1 4 17
Vifl=|==.f|=|==,f(1)== néntaduwgc m=—,n=—hay m+n=—+—=—.
f(z}zf(3j9f()2 e A T
Cau18. Cho hinh nén (H) c6 dinh S, chiéu cao 1a & va mat phang (P) song song véi mat
phang day ctia khdi nén. Mot khdi nén (7) c6 dinh 1a tdm ctia duong tron ddy cta
(H) va day cta (7) la thiét dién ctaa (P) voi hinh nén. Thé tich 16n nhat cta (7) la

bao nhiéu?
2 2 2 242
A-_4”R h. B. 4R h. C. TR h. D. TRh .
&1 27 24 3
Loi giai
S

Goi O va O' lan lugt 1a tam ctia duwong tron day ctaa hinh nén (H) va (7).
h, R 1a chiéu cao va ban kinh ctia hinh nén (H).
h', R' 1a chiéu cao va ban kinh cta hinh nén (T) (0<4'<h).
Vi mat phang (P) song song v6i mat phang ddy cta khdi nén nén tir hinh vé ta cé:
+ &ZQZEQKZMZR':R_ l_h_ .

SO AO R R h

N\2

+ Vi) =§7ZR'2 h'%nRz (1—%) h'.

2 ) h'=h (ktm)
, h' 4n' 3n'
Xéthamso f(h=|1-—| h'= '(h)=1—-—+ =0
S ( hj Sk h K h'=§(tm)

Ta c6 bang bién thién:
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Cau 19.

Cau 20.

Il
! h

S'(h) 4

"~

Tt bang bién thién ta cé ham s6 f(h') dat gia trilon nhatla f (gj =57

2
Vay thé tich ciia khai nén (T) dat gid tri Ion nhét 7, = 27X "

Cho hinh chép déu S.ABC c6 AB =1, ASB =30°. Lay cac diém B',C' Ian luot thudc
cac canh SB, SC sao cho chu vi tam gidc 4B'C"' nhé nhat. Tinh chu vi d6.

1
A. . B. V3-1. C. 3.
1443 -

Loi giai

S
S
B
B C
A B
A D

A
II \

c | \

B C
Trai cac mit ctia hinh chép S.4BC ra mit phang (SBC) thi chu vi tam gidc 4B'C"
bf;'lng AB'+B'C'+C'A=AB'+B'C'+C'D= A4D.
Ddu "=" xayrakhi B'=E,C'=F .

Tac AB =1, ASB=30° = SA=SB=—_ Vo2
2sinl5 2
Lai ¢6 ch6p S.4BC déu, ASB =30"=ASD =90° = AD = SA\2 =1++/3 .
Vay chu vi tam gidc 4B'C' dat gi4 tri nho nhat bing 1++/3 .
Trong mat phang (P) cho tam gidc ABC déu canh bang 8cm va mot diém S di dong

ngoai mit phang (P) sao cho tam gidc MAB ludn c6 dién tich bang 16\3em*, v6i M
1a trung diém cta SC. Goi (S) 1a méat cau di qua bén dinh M, 4, B, C. Khi thé tich
hinh chép S.4BC 16n nhat, tinh ban kinh nho nhét cta (S):

A. #cm. B. #cm. - D. 4\25 cm.

Loi giai
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S

H

B
Goi H la trung diém canh 4B, ta cd: CH L AB.

Ta c6: d(S,(ABC))=2d (M ,(ABC)) = Vype =2V, 150

Ma Vyype =Verys = éSAMAB d(C,(MAB))= §.16\/§.d (C.(M4B))< %.16\5.CH

Do d6 Vy,pe 16n nhét khi va chi khi d (C,(MAB))=CH hay CH L (MAB).

Goi J, O lan luot la tdm hai dwong tron ngoai ti€p hai tam gidc MAB va tam giac
ABC . Dyng hai truc cua hai duwong tron ngoai ti€p hai tam gidc MAB va tam gidc
ABC cit nhau tai 7. Khi dé I chinh 13 tAm mit cau ngoai tiép di qua 4 diém 4, B,
C, M va ban kinh mat cau di qua bon diém 4, B, C, M la

2
R=+OC*+0I* = %

+JH?
Do S, =163, AB=8 =d(M,4B)=43
v

N

ad
A =X B .

Chon hé truc toa dd Oxy nhu hinh vé, ta c6 H (0;0), 4(—4;0), B(4;0), M (a;4\/§) .

2 g _4 \ Ve A
Duong trung truc cta doan thang 4M di qua diém N [%;2\/5] va co mot vecto
phap tuyén AM = (a + 4443 ) nén co phuong trinh la

(@)= 252 B (5-24) =0

a*+32

83

2
a +32>4ﬁ.

83 ~ 3

Suy ra J[O; ]:>JH:
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oo . (S ] 405
min 3 = .

3 3

Cau 21. Cho hinh chép S.ABCD c6 ddy ABCD day la hinh vuong canh a, S4= a3.Va S4
vuong goc voi ddy. M va N la hai diém thay d6i lan luot thudc hai canh BC va CD
sao cho MAN =45". Tinh ti s gitta gid tri 16n nhat va gia tri nhé nhat ctia thé tich khéi

chép S.AMN
1+ \/5 1+ \/5

A. 24242, B. C. 242 1. D..

6 =2
Loi giai

1 a\/§

Ta co Vs =3 54y =5 =Sy

Do dé thé tich caa khoi chép S.AMN phu thudc vao dién tich tam giac AMN

Déat BM =x,DN = y;x,y €[0;a]. ACMN vudng tai C nén MN’> =CM*+CN* hay

MN’ =(a-x)" +(a=y)’

Ap dung dinh 1y ham s& cosin cho AAMN ta c6: MN?> = AM? + AN* =2 AM.AM cos MAN
=2a’+x"+y° —\/2(012 +x°)a® +y%)

Suyra (a-x)’+(a—y)’ =2a’+x* +)° —\/Z(a2 +x°)a® +y?)

2_
<:>(ax+ay)2:(a2—xy)2<:>ax+ay:a2—xy<:>y:a o
a+x
1 a a’+x*
S =Susep =S —Saov —Scaw :_(a2 —Xxy)=—.
2 2 x+a

2 2
X +a

Xétham s6 f(x) =

trén doan [0;a].
xX+a

x* +2ax—a* )
(x+ a)2 ’
Talaicd £(0)= f(a)=a; f(N2-1)a)=2(2-1)a

Tacd f(x)= f(x)=0=x=~2-1a.

2

Suy ra max f(x) = a;min  (x) = 2W2-DYa=a*(N2-1)<8,, < “7 .

Vay ti so gitta gia tri 1on nhat va gid tri nho nhat cta thé tich khéi chép S.AMN la
1442

R

Gido vién giang day: Phanm Odn Wghiép Trang - 26 -




Fai li¢u hoe thént mén Jodn 12 — én thi dai hoe Lop Todn Thay Nahiép

Cau 22.

Cau 23.

Cho hinh h¢p cht nhat 4ABCD.A'B'C'D" ¢6 tong dién tich tat ca cac mat la 36, do dai
duong chéo AC'bang 6. Hdi thé tich ctia khdi hop chit nhat 16n nhat 1a bao nhiéu?
A.8V2. B. 676 . C. 2443. D. 16v2.

Loi giai
Goi do dai cac canh ctia khoi hop chit nhatla 4B =a,AD =b,AA'=c.
Vi tdng dién tich tat ca cac mat la 36 nén 2ab+2bc+2ca =36 hay ab+bc+ca= 18(1) )
Lai c6: 0 dai duong chéo AC'bang 6nén va’ +b° +c* =6 < a’ +b> +c* =36(2).
T va suy ra:
ab+bc+ca=18 ab+bc+ca=18 ab+bc+ca=18 bc=18—ab—ca
., SN 5 SN &
{a +b? +c? =36 {(a+b+c) =72 {a+b+c:6\/§ {b+c=6x/§—a

Viz (b+c)’ > 4be nén (6v2-a) >4(18-a(6v2 ~a)) > a* ~420 <0 = 0<a <42

Thé tich khai hop chix nhat la:
V=abc=a(18—a(b+c))=a(18—a(6\/§—a))=18a—6\/§a2+a3vc'ri 0<a<42
Xétham s8: f (1) =1 —6526* +18¢, v6i 0<a<4/2.

t=32

(£)=3 —1242t+18, f'(1)=0
f'(t)=3t t+18, f'(1) QLZ\E

Bang bién thién:

L¥S)
S

W2

r 0 \5
I'(1) + 0

82 8v2
) / \ /
0

Vay MaxV:f(\/E)z&/E.

Cho hinh chép §.4BCD c6 day la hinh vuong canh a va duwong cao S4=2a. MNPQ
la thiét dién song song vdi day, M € S4 va AM =x. Xét hinh tru c6 day la duong tron
ngoai ti€p t& giac MNPQ va duong sinh MA. Gid tri cia x dé€ thé tich khoi tru 16n
nhét la

2a a 3a

A x=2. B.x=—. C.x=—. D. x=—.
3 3 2 4

Loi giai

0 +
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Ta co:
MNPQ la thiét dién song song véi ddy = MNPQ la hinh vuong.

2q—
Vi MN//AB = MY _SM_ ABSM _a2a-x) x
SA SA 2a 2
Goi R la ban kinh hinh try, ta co: R:(a—gj.g
2 3 2 2
Thé tich hinh tru V = 7.R* x = 7. (a—fj.ﬁ Y=gl ax
2) 2 8 2 2
X ax’ a’x 3x? a’
Xét f(x)=——"—+—"—= f'(x)=—"——ax+—
f)=g-S 5= (¥)=7 :
x=2a
= f'(x)=0& 2 xe(0;24]
xX==a
3
Bang xét dau
0 g 2
X 3 a
f(x) + 0 - 0
f(x) / \
2a

Vay dé thé tich khdi try 16n nhat thi x = 5

Cau24. Cho ti dién ABCD c6 tam giac ABC déu canh 2a va tam gidc 4BD vudng tai D,
AD = % Khoang céch 16n nhat tir B dén mat phing (4CD) 122

A. Z“f. B. a\3. C. “33 . D. 2a\3.

Loi giai
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Cau 25.

Gia s £ 1a hinh chiéu ctia B 1én mit phing (ACD). Khi dé d(B,(ACD))=BE.
Goi H la trung diém cua AC . Suyra BH 1 AC
Vi BE L (ACD)= BE 1 EH. Do d6 BE < BH ma BH =a/3. Suy raBE 16n nhat bing

a3 . DAu "=" xay ra khiva chikhi E=H .

—34° _E

4

. as ) ) ) » (aY 154 154°
Khi d6: BD® = AB* — AD* =(2a) - 5] =73 =

= DH?=BD*-BH* =

= DH =

a2
2
Khi d6 diém D hoan toan dwoc xac dinh nhu sau:

+) Dung AABC déu canh 2a.Lay H la trung diém caa AC.
+) Dung mit phang (Q) di qua H va (Q) L BH,do AC L BH tai H nén AC <(Q).

+) Trong mat phang (Q): D la giao ctia duong tron duong kinh AH va duong tron
tam 4 ban kinh =
AD | DH
AD 1 BH
Do d6, ton tai diém Dthéa man yéu cu bai toan d& BE =a+/3. Vay d (B.(4CD)) 16n
nhtla aV3.

Cho khdi chép t gidc déu S.4BCD ma khoang cach tlr 4 dén mét phang (SCD)
bang 2a. Goi a la géc gitta mit bén ctia hinh chép véi ddy ctia hinh chép d6. Véi gid

tri nao cua « thi thé tich ctia khoi chép S.ABCD dat gia tri nho nhat?

A a= arcsin\/g. B. a =45°. C.a= arccos\E ) D. a=60°.

+)Khidé{ — AD 1 BD V‘aAD:%.

Loi giai
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Goi O la chan duong cao cua khoi chép ti gidc déu S.4ABCD. Khi d6 ta co:
SO 1 (A4BCD).

Thé tich khdi chép S.ABCD 1a: 7 = %.SO.SABCD .

Goi M 1a trung diém cua CD, ta co:
OM 1 CD ——

{ = ((SCD),(A4BCD))=(OM,SM ) =SMO =«
SM 1. CD

Tir d6 suy ra: CD L (SOM).
Tt O ké OH 1. SM tai H .

Ma OH L CD.

Do vdy: OH 1 (SCD) nén d(0,(SCD))=O0H = %d (4.(scD))=a.

Goi AD=x:>OM=§,SO=OM.tana=§.tana.

Xét tam giac OSM vudng tai O c6 OH la duong cao. Khi do ta co:
1 1 1 1 4 4

= + >—=—+——
OH* OM? SO* & x* x’tan’a

1 4.tan’ a+4
@—zzﬁexz.tanza:a2.4(l+tan2a)
a x“.tan" o
2 2 2 2 2 2 2a
Sxtan‘ag=ad—F—xsin"a=a"4=> x=—
cos sin
2
N X a a 4a
Nhw vay: SO==.tana =——.tana = ; Supep =X =———.
2 sin coso sin” o

l a 4a® 4q° 1
3 cosa sina 3 'cosa(l—cosza)'
1

cosoc(l—cos2 a)

Thé tich dat gia tri nho nhat khi dat gia tri nho nhat hay

y=cosa (1 —cos’ a) dat gid tri 16n nhat.
Xét ham so y:cosa(l—cosza),a6[00;900].
Dit t =cosa,t €[0;1]. Khi do: y=t—1°,t €[0;1].
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Tacd: y'=1-3t; y'=01-3F :O<:>t:L(dole[0;l]).

3

Bang bién thién:

t 1

0 — 1
NE)
V' + 0 -
y 2
33 \

Dua vao bang bién thién ta thay Vo khi

t:L:cosa =L:>sinoz=£:>oz:aurcsin\/z
e NE g 3
Cau 26. Cho hinh chép SABCD, c6 day ABCD la hinh thoi canh a, 84 = SB = SC = a .Dat
x=8D(0<x<a3) Tim x theo a dé tich AC.SD dat gié tri Ion nht.

3 a3 _af6

A. x= . B. x= . C.x

D. Bép an khac.

2 3 . 2
Loi giai

Goi O la tam hinh thoi ABCD ta c6 OB L OC

Theo dé bai S4=SC nén ASAC cantaiS do ddé SO L OC

Ta c6 ASOC =ABOC do OC chung, SC=BC=a, SOC=BOC=90" nén SO=0B
Ma OB =0C nén OB=0C =S80 do d6 ASBD vudng tai S

2 2 2 2
T o OB:BzD:\/SB;SD :\/a 2+x ;

2 2
AC=20C=2BC*~0B> =2,|a* - £ Zx =32 - ¥
Suy ra AC.SD=+3a’ —x* -x
22, 2 2
Ap dung bat dang thiec Co- si ta c6 V3a”> —x* -x < 3 ) tx _3a

2 2
a6
2

Déau "=" xay rakhi V3¢’ -x’ =x < 3a’ -3’ =x © x=
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Vay x= @ thi tich AC.SD dat gia tri 16n nhat suy ra chon C

Cau 27. Cho tizdién S.ABCD va M 1a mot diém di dong, nam bén trong tam gidc A4BC.
Qua M ké cac duong thang song song véi S4,SB, SC cat cac mit phang twong ting
(SBC), (S4C), (S4B) lan luot tai A',B',C"'. Khi d6 gia tri 16n nhat cta biéu thic

MA'+MB'+MC'+MA' MB' MC'

T = ) ) la
sS4 SB SC S4 SB SC
A2 B. 22 c. 92 p. 13
8 27 27 8
Loi giai
'S
A
p g LA
(&
£ M

‘B
Do MA'//SA nén bon diém nay cling nam trong mdt mat phang. Gia st
E=BC(MA',SA).Khidé 4,E,M thinghang va ta cé MA” _EM _S

_ ZMBC

SA  EA S,

Tuong tu ta co: MB" _ Susc ,MC _ Sue )
S SABC SC SABC

Khi do P= MA'+MB'+MC' _ Supc + Siic + Suaw _ Sanc =1.
SA SB SC SABC SABC SABC SABC
Mit khac, 4p dung bat dang thitc Cauchy cho cac s& M4 ,MB ,MC ta duoc:
S4  SB  SC
MA'" MB' MC' MA" MB' MC'
+ + >33 : .
S4 SB SC S4 SB SC
o P>33 MA .MB 'MC
S4 SB SC
MA' MB' MC' _(1Y 1
o= T | =—
S4 SB SC 3 27
Suy ra T:MA +MB +MC +MA .MB .MC £1+L®TS§.
sS4 SB SC S4 SB SC 27 27

, .MA' MB' MC'
xay ra khi = = .

SA SB SC
Cau 28. Trong khong gian véi hé truc toa dd O.xyz, cho diém A(a;b;c) vOi a; b;c 1a cac sO

“"__rs

Vay gia tri Ilén nhat ctia 7' = % Dau

a 1

co
e (a+b+c)3

thuc dwong thoa man 5(a”+b”+c*)=9(ab+2bc+ca) va Q:b
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gia tri 16n nhat. Goi M, N, P lan lwgt 1a hinh chi€u vudng goc ca 4 1én cac tia
Ox; Oy; Oz . Phuong trinh mat phang (MNP) 1a
C.x+4y+4z=0. D. 3x+12y+12z+1=0.
Loi giai
£ t?
bat t:b+c(t>0) =b*+c? ZE; bcsz.
S(a2 +b° +02) :9(ab+2bc+ca) & 547 +5(b+c)2 —9a(b+c)= 28bc = 5a* +5¢t* —9at < 7¢°

<:>(5a+t)(a—2t)£0 = a<2t.

Vay QS;_z;ﬁ = f (1) véi t>0.
Ta c6 f’(t)=—ti2+#=0<:>t=% :
Ta c6 bang bién thién
1
z| O E +®
fi(t) + 0 -

f(t) /16\
— 0

_1
12°

Suy ra toa d¢ di€m A(l;L;Lj; toa d0 cac diém M(l;O;OJ; N(O;L;OJ; P(O;O;L).
31 3 12 12

Vay Qmax=16<:>a:§; b=c

212

Phuong trinh mat phang (MNP) %+%+%:1 < 3x+12y+12z-1=0.

3 12 12

Cau29. Trong mat phang (@) cho dwong tron (7)) duong kinh 4B =2R . Goi C 1a mot diém
di dong trén (7). Trén duong thang d di qua 4 va vudng géc véi mat phang («) 18y
diém S sao cho S4=R.Ha AH 1 SB tai H, AK L SC tai K. Tim gia tri 1én nhat V___
cta thé tich t& dién SAHK .

3 3 3
25 27 9

Loi giai

Gido vien giang day: Pham Odn NHghi¢p Trang -33 -



Tai ligu hoe thém mén Todn 12 - én thi dai hoe Lép Todn Thiy Nghicp

S,

BC 1 AC
Tacé <BC LS4 = BC 1(S4C) = BC L AK .
AC,S4 = (S4B)
AK 1 SB
Lai c6 ¢ 4K L BC = AK L (SBC)= 4K L SB (1).

SB,BC = (SBC)
Tacé SB L AH (2).
Tir (1),(2)suy ra SB L(AHK) tai H nén suy ra SH duong cao ctia khoi chép S.4HK .

, 1
Ta co: VSAHK = VS.AHK = ESH'SAHK .

Do S, 4, B ¢6 dinh nén SH khong d6i. Do d6 thé tich cua khoi chép S.AHK dat gia
tri I6n nhat khi va chi khi S, dat gia tri I6n nhat.
Ta c6 BC L(SAC)= BC L AK ma AK 1 SC= AK L(SBC), KH < (SBC)= AK 1 HK

Goi E la trung di€ém cta 4H , F la hinh chi€u vuong géc cua K xudng AH .

Taco: S, =%.AH.KF.

Mt khac do d¢ dai doan 4H khdng d6i nén S, dat gai tri 1on nhat khi va chi khi
KF lalén nhat.

Ta c6 d¢ dai doan KF c6 gia tri 1on nhat khi va chi khi F trung véi trung di€ém E cta
AH .

Hay KF, =KE=""-.

2 2
Xét ASAB vudng tai 4 c6: SA* = SH.SB=> SH = AR RS
SB RJ5 5
SAAB R2R 245R
SB RY5 5
2 2
Dién tich 16n nhat cua AAHK 1a S, :%ATH H= AZ] :R?.

va AH.SB=SA.AB= AH =
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2 3
Vay max——SHS IR\/—R R\/§.
3 3 5 75
Ciu 30. Cho t¢ dién déu ABCD c6 canh bang 1. Hai diém M, N di dong trén cac canh
AB, AC sao cho mit phang (DMN) vudng géc mit phang (4BC). Goi S,, S, lan luot

la dién tich 16n nhat va nhé nhat cua tam giac AMN . Tinh T = 5
2
A= B.T=2. c.r=2 D.T=2.
9 8 7 7

Loi giai

¢ Goi H la hinh chiéu cta D trén MN = DH 1 MN .

(DMN)N(ABC)=MN va (DMN)L(ABC).Do d6 DH L(A4BC).

Ma ABCD la tt dién déu nén H la tdm duong tron ngoai ti€p ctia tam giac déu ABC
hay H la trong tam tam giac déu 4BC.

*Dat AM =x, AN=y (0<x,y£l).

Dién tich tam gidc AMN 1a S, ,,,, =%AM.AN.sin60° :%-x,y-73=_xyf,
* Goi P la trung diém cta BC:>AP=£ AH—EAP—2—3=£.
2 3 3 2 3
, 1 1 1 311 31
Ma SAAMN :SAAMH +SAANH 2AM AH. Sln300 + 2AN AH. Sln300 E TE‘FE TE

o3 1 fl 1 31
Suyra ——=—.x. =y — =

4 27732 27732
¢ Dat xy=t=>x+y=3t=x,y la nghiém caa phuong trinh a’-3ta+1=0.
< a’ =(3a-1)t (*), v6i t€(0;1].

Xy
xy=—+=—x+y=3xp.
2% 373 y 2%

* Néu a = ( )tréthémhé:O )

1
3

0
2 2 _
2 (**):>t’=M:>t’=0<:> 2.
3

o Néu a -, thi (*) tro thanh ¢ =
3 3a—1 (3a-1) a=

BBT:
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Cau 31.

1 2
a |0 g 5 1
1o - - 0 +
0 +

4
9
+ D& ton tai hai diém M, N thoa man bai toan thi (**) ¢ hai nghiém thudc tap (0;1].
1
>
1 3

VéymgthE khi a =1 hay S,

& —<t<

NN N

e|&

mint:i khi a:% hay §, =
D 9 3

vay S._2.
S, 8
Cho lang tru tam gidc déu ABC.A'B'C'véi d6 dai tat ca cic canh déu bang a. Xét tat
ca céc doan thang song song véi mit phang (4BB'A') va c6 mot dau E nam trén
duong chéo A4'C ctia mitbén A4'C'C, con dau kia F nam trén duong chéo BC' clia
métbén BB'C'C. Hay tim d6 dai ngan nhat ctia cdc doan thang nay.
2a a a 2a
A —. B. —. C —. D. —=.
5 J5 5 J5
Loi giai
AZ

Goi H la trung diém cua AC. Chon hé truc toa d¢ Hxyz nhu hinh vé.

Ta c6 H(0;0;0), A(%;O;Oj ,C(_?“;o;oj, B[O;%;o} A'(%;O;aj, B{O;%;a}

C'(_—a;O;a].
2

thang BC' di qua diém C' ¢6 vec to chi phuong ;(1;\/5; —2)

—%;, voi ;(1;\5; —2). Phuong trinh tham sd ctia duong

@
o
a
I
|
B
!
&
1N}
N——
I
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—a
X=—-+t
2

y=x/§t .Do F € BC'nén F(%a+t;\/§t;a—2tj
z=a-2t

o A'C=(-a;0;—a)=—au', v6i u'(1;0;1). Phuong trinh tham s8 ctia duong thing
A'C di qua diém C c6 vec to chi phuong u' = (1;0;1)

X=—+t
y=0 .Do E€ A'C nén E(%a+t';0;t'j.
z=t"

—:(t—t';\/gt;a—Zt—t').
—[—a[a faaOJ_a

o AB=| TS oj 44" =(0;0;a), [E’,A—A'}:[ 5

;l(\/g;l;()).

suy ra vec to phap tuyén ctia mat phing (ABB'4'): n =(+/3;1;0)

© Do EF||(ABB'A")nén EF.n=0<1'=2t suyra EF = (—t;ﬁt;a—4t)

0 Co6 EF? =20t* —8at+a’ = f(t). D& thdy f(¢) la mot ham s& bac hainén f(¢) dat

2

gia tri nho nhat tai t:%, min f'(t) :a?.

-4

n \/g :
Cau32. Cho hinh chép tt gidc déu S.4BCD ma khoang cach tit 4 dén mit phang (SBC)
bang b. Goc giita mat bén va mit day cta hinh chép bang . Tim « dé thé tich cta

khoi chép S.4ABCD nho nhat.

A . a= arccos{g) | B.a= arccos(\/g) . C. a=arccos (%J . D. «a =arccos (gj

o Vay EF,.

Loi giai
S
/A
/_.:, E\\\ .
AN
74 PYNK
/ 1 Vi T
;/ k : ‘\ \\ 1
/ ¢ A LY
Vi ;I \ H .
, \ .
/ A’,-;:‘ _________ \ ='_'\_/_\\__’_____’_:;B
o e \--
,-:f/_’l O\L M
D ¢

+Goi O=ACNBDva M la trung diém cua BC.
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~ (sML1BC _ 7 \ \
+  Co: Goc gitta hai mit phang(SBC)va (A4BCD)bdng

=
OM 1 BC
@=a(0<a<gj

+Trong mit phang (SOM)vé OH L SM (1).
SM 1 BC
OM 1 BC
+Tir va suy ra OH L (SBC)=d(O,(SBC))=0H .

+Ta cé:{ = BC L (SOM)ma OH = (SOM )= BC L OH (2)

+Ta co: d(A4,(SBC))=2d(0,(SBC))=20H =b=>OH =—.

OH b b b?
= = : =

) OH
sinag=——=0M =— - - -
oM sina  2sina sin o sin”“ o

tana=£:> SO =0M tana =
oM

1 1 b b’ b’
V. =280 . =~ =
S-ABCD = 3 TEEABD T3 g cosasin a6 (cos a —cos’ a)

= Thé tich ctia khdi chép S.4BCDnhé nhét <> cosa —cos’ a 1én nhat.

bat cosa=t. Vi 0<a<§:>0<t<1.

t=—g(L)
+Xét: f(t)=t-1(0<t<1)= f()=1-3 =0
V3
3
+ Bang bién thién
P 0 ? 1
S'@ 0 =
23

+
J@© /
0

Vay thé tich ctia khéi chép S.4ABCD nho nhat bang b

9\0

3

4

Cau 33. Cho hinh lang tru déu ABCD.4'B'C'D' c6 canh day bang a. Piém M va N Ian luot
thay d6i trén cac canh BB' va DD' sao cho (MAC)L(NAC) va BM =x, DN =y . Tim
gia tri nho nhat ctia thé tich khoi t dién ACMN .

3 dat dwockhi o = arccos(?} .

A B'ﬁ' ek ENE

Loi giai
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. D
|
I
E | C’ N
L] ’,;,
I P o
- ‘/,/
,’fr- /’ 7 y
- -
7. i W
-..‘( \"-_,r - - D
'\‘-\]/’f
X ’ -~
e _'__'—v ~
== -~
c

Cach 1: Goi I la trung diém AC, dat BB'=b, ta co:

1 1 1
Vi =Vasa Ve = EIC' S +§]A'S[MN = EAC' S

= —a\/_ ( BDD'B' MNDB SBIM _SIDN)

_za@.@bﬁx%—x;waﬁ_x-aﬁw

- 4 4

=%a\/§{x.a4\/§+y.a\/§J=%a2(x+y)'

4
Vi (MAC) L (NAC) nén
2 2 2
MI LIN < IM* +IN* = MN* & ¥ +%+y2 +%:2a2+(x—y)2 @xy:%
Do dé

1, 1, a’
V =—a’(x+y)=—a\xy= .
Ao = ( y) 3 2% 32
3

a
32

Vay thé tich khoi t dién ACMN dat gia tri nho nhat la

khi x=y.

Cach 2: Goi I la trung diém AC.

Dé thdy AMAC,ANAC lan luot can tai M,N nén MI L AC,NI L AC = AC L(MIN).
Lai c6 AC =(MAC)N(NAC);(MAC) L(NAC)= MI L (NAC)= MI L NI

2 2 2
a

Khi d6 MI* +IN* = MN® <:>x2+%+y2+%:2a2+(x—y)2 S xy=—

7
1 1 1 1
Vieww =V Ve = AI Sy += 3 CLS,, = 3 —.ACS,,, = E.IM.IN.AC

i~ e +_\/ %:“ﬁ.J<w>2+“—2(x2+y2)+%:
a\/— 2

4 2
Ma xy—% néen V., = — x+y) 2xy} %:%.(x+y)
Do d6
a3

1, 1,
V =—a’(x+y)=—a\xy= .
Acun = ( y) 3 % 3\/5

a3
32
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Cau 34.

Cau 35.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh a, canh bén S4=5b va
vuodng goc véi (ABCD). Diém M thay doi trén canh CD véi CM =x(0<x<a). H la
hinh chiéu vudng goc cua S trén BM . Tim gia tri 16n nhdt cta thé tich khoi chop
S.ABH theo a,b.

a’b

A %D ab
12

TS

2 2

12
Ddu “=" xay ra khi va chi khi 4H = BH < ZABH =45° < ZABM =45" < M =D.

Cho t& dién déu SABC c6 D la diém thudc canh 4B sao cho BD=24D, I la trung
diém cta SD. Mot duong thang d thay d6i qua I cat cac canh S4, SB Tan luot tai M,

3
a

3
N .Biét AB=2a.Khi d thay d6i, thé tich kh&i chép S.MNC nho nhét bing (ﬂj T
n m

voi myneN, (m,n)zl.Tinh m+n.
A.m+n=4. B. m+n=6. C.m+n="T7. D.m+n=5.
Loi giai
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Goi Hla tam duong tron ngoai ti€p tam giac ABC. Vi SABC la tit dién déu va
AB=2a nén suy ra SH L1(ABC), Hla trong tam tam gidc déu ABC va

2 Za\/— 2af

AH =—.
3 2 3

2
Tir d6 suy ra ng\/(m)z_(zafJ :2a3¢;
! 1 2‘1\/_ 6 (2 a)’\3 _2a'\2

Véy Vsase = 3SHSAABC 3 4 - 3 ()
pat S _ ;SN L o<ki<l.
SA SB
Ta co: sy _ SM SV
Sy SA SB
Mét khéc SASMN — SASMI +2SASN[ =l SM SI +% ﬂ ﬂ
Siis IS 3Susp 3 S4 SD 3 SB SD
Neén ta cod k.lzl.k.l+z.l.l<:>6kl=k+21<:>l=L (2)
372 372 2(3k-1)
0<k<l
fo<k<1 | 2
1 nén k &S —=<k<1=>3k-1>0.
0<I<1 S———==< 5
2(3k-1)
V. SM SN SC
Tach; SMNC ——— = —“_fkI=T, =klV, 3).
VSABC SA SB SC SMNC SABC ( )
k 2a3\/§ a3\/§ k>
Tt (1), (2), (3) tacod V. =k. . = .
(1), (2), (3) a6 Ve =k g 252 =22
3 3
<:>VSMNC=&.(31’¢+1+ ! j:aﬁ.(3k—l+ ! +2J.
' 27 3k—-1 27 3k—-1

Ap dung bat dang thitc Co-si véi hai s§ duong, ta co:

. 3\f( 1 +2j=4a3\/§:(2
27

S.MNC —

3
a
3k—-1 - .—.
kD55 27 3) 2
Dau “=" xay ra < 3k — 1-%@(3/( ) =lek=

wll\)

a3

A - (2Y 2
Vay ¥V e min = 3 .$<:>k=§
3

3
Theo dé bai, thé tich kh&i chop S.MNC nho nhat bing (ﬂj =, v6i mneN
n) \m
(m,n)=1néntacd m=2,n=3,suyra m+n=>5.

Cau 36. Cat mot khdi tru tron c6 chiéu cao h boi mot mat phang song song véi hai mat ddy ta
thu duoc hai khéi tron nho. Mot trong hai khoi dé ngoai ti€p mot lang tru diing thé
tich V c6 day la tam giac c6 chu vi la p. Khoi con lai ngoai tiép mot khdi nén ¢6 ban
kinh1a R . Tim gia tri ctia R sao cho thé tich cua khéi non la 16n nhat?

i B.R=10_. c.R="2 D. R=-L_.

162V 162V 162 1621

Loi giai

3
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Hinh lang tru c6 day 1a tam gidc c6 d6 dai 3 canh la a,b,c ¢ chiéu cao la x
b

Khido6 S, = ax va thé tich cua hinh lang tru laV = 22 Suyra R= o

4R 4R 4V

Ap dung bat dang thic Cauchy cho 3 s6 dwong a,b,c ta c6
(a+b+e)  p°

X.
27.4V 108V

1 1 x’p°
Mitkhac V,,, =—.(h—x).7.R* <—.(h—x).x.
a ac (1) 3 ( x) T 3 ( x) T (108V)2

Xétham s6 f(x)=(h—x)x’ v6i 0<x<h
f'(x)=-3x"+2hx Suy ra f'(x)=0<:>—3x2+2hx:0<:>x:%
Bang bién thién

2h
X 0 3 h

+

Tir do f(x) < f(%j Ay

3 27
6
Do d6 Vi Slﬂ.i]ﬂp—z
327 (1081)

6
I/(H)(max):l.ﬁ.i.h3.p—2khi x:% vaa=b=c
327 (108)) 3

3 3
Khidé R=2" P _p
3 1081V 1621V

Cau 37. Nguoi ta can trang tri mot kim tw thap hinh chép t& giac déu S.ABCD canh bén
bang 200m, ASB =15" bang duong gdp khiic day dén led vong quanh kim tu thap
AEFGHIJKLS trong d6 diém L c6 dinh va LS =40m .

Khi d6 can dung it nhat bao nhiéu mét day den led dé trang tri?
A. 4067 +40 mét.  B. 20111+40 mét. @ 4031+40 mét, D. 40v111+40 mét.
Loi giai
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Cau 38.

Cat hinh chép theo SA4 réi trai phang (H trung véi H'). LAy diém L'4 sao cho
SL'=SL, P d6ixang voi L' qua SA4.
Ta co:
AE+EF+FG+GH+HT+1J+JK+KL>AH+H'L=AH + HL'= AH + HP > AP .
Ap dung dinh 1i Cé-sin trong AASP ta duoc:
AP? = AS* + SP* —2.4S.SP.cos ZSTD =200% +40° —2.200.40.cos120° = 49.600
— AP =4031.
Vay d6 dai dén led ngan nhat la 40331 +40
Chohinh chép S.4BC c6 cac canh bén bang 1. M4t phang («) thay ddi ludn di qua
trong tam caa hinh choép, cit ba canh bén S4,SB,SC Tan luwot tai D,E,F . Tim gia tri
1 1 1

l6n nhat P, cua P = + + .
SD.SE SE.SF SF.SD
AL B. 1. c 2 D. 3.
3 3 3 4
Loi giai

Goi [ la trong tam AABC. Ta co:

SA+SB+SC =3SI
Tacd: <. gy SB

5i=2455.58 =38 5E.5¢ =3 5F
SD SE SF
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Ma ta c6 SG =57 = - (SA+ SB + 5C)
4 4

—4SG = SA+SB+SC

— 456G =455+ 38 55 5C 57
SD SE SF

= 56=2 55+ 38 55 3C 5F
485D 4SE 4SF

= 5G = —— 5D+ —— SE+——5F

45D 4SE 4SF
1 1 1

+ + =
4SD 4ASE 4ASF

Do D,E,F,G dong phang nén

1( 1 1 1 1 1 1
> = —=4—+— =l —4—+—=
4\ SD SE SF SD SE SF
2
Talaico P = ! + ! + ! SL(L+L+L .
SDSE SESF SF.SD 3\SD SE SF
Déau "=" xay ra khi SD=SE =SF .

2
Véy P= 1 + ! + ! SL(L_FL_FL :E
SD.SE SE.SF SF.SD 3\ SD SE SF

Ddu "=" xay ra khi SD=SE=SF=%SA.

Max =

Vay P, 16

Cau 39. Cho hinh l1ap phuong ABCD.A'B'C'D' ¢6 canh bang a. G la trung diém ctia BD',
mat phang (P) thay d6i qua G cat AD',CD',B'D' twong tng tai H,I,K . Tim gid tri
1 1 1
+ + :
D'H.D'l D'I.D'K D'K.D'H
2
A p. 100 c b D. 10
3a 3 3 3a’
Loi giai
B6 deé: Cho tit dién SABC c6 SA=SB=SC =a. Mbt mit phang (P) thay d6i qua trong
1 1 I 4

tAm G cua tt dién [an luot cit SA,SB,SC tai M,N,P. CMR: ——+ —+—=—.
SM SN SP a

16n nhat ctia biéu thitc T =

Chtrng minh:
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R _ 1
Them nua VSABG, = VSBCG’ = VSG'CA = EVSABC :

Ta co:
Voo _SM SN SG _ Vapg _3SMSN _ Vipg _ SM.SN

_ oM SV - = 1) .
Vg SA SB'SG'~ Ve  Ad° V. 4a’ (1)

S4BC

Lap luén twong tu thu duoc Vora _ SNfP (2) va Vsoru _ SP.SZM (3).
SABC 4a Vioea 4a

Cong theo vé cac dang thiic (1), (2), (3) ta duwoc

Ve  SMSN+SN.SP+SP.SM _ SM SN SP _ SM.SN + SN.SP+SP.SM
Vo 4a’ 54 SBSC 4a’

1 1 4

< 4a’.SM .SN.SP =(SM .SN + SN.SP+SP.SM ).a’ < S S
SM SN SP a

Bl

Xét hinh 1ap phwong ABCD.A'B'C'D'. Ta c6 hinh chiéu ctia D'B 1én mit phang
(ABCD) la DB, trén (ABCD) tacé DB 1L AC nén D'B L AC.
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Tuong tw, tacé D'BLB'C. Tixddsuy ra D'B L(B'AC).
Xét ti dién D'AB'C 1a t& dién déu canh bang 2. Vi D'B1(B'AC) nén D'B la
dwong cao cua ti dién.

Goi G' 1a giao diém cua D'B voi (B'AC), ta chiing minh duoc D'G = %D'G'

Vit dién D'AB'C la t&t dién déu nén G’ la trong tam ctia tam giac B'AC, suy ra G
la trong tam ctia tt dién D'AB'C.

) 1 1 1 1( 1 1 1Y
Tacod: T = + + <= + + (1)
D'H.D'I D'I.D'K D'K.D'H 3\D'H D'I D'K

AP DUNG B dé trén: Xét tt dién D' AB'C la t&t dién déu canh bang a2, ta co
1 1 1 4
+ -+ = (2)
D'H D'I D'K a2
T (1),(2) ta duoc

] ] ] 1( ] ] ] jz 1( 4 Y 8
T= + + <-— + + =—.|—F=| =7
D'H.D'I D'I.D'K D'K.D'H 3\D'H DI DK) 3\ aJ2) 3a

Cau 40. Cho hinh hop cht nhat ABCD.A'B'C'D' ¢6 AC = a,AD'=b,CD'=c. Tim thé€ tich 16n
nhat ctia hinh chi* nhat da cho khi a,b,¢ thay do6i, con chu vi tam giac 4CD' khong
doi.

Loi giai
B’

A
D4t AD=d,CD =r,DD'= h
Ta co:
at=d*+r*>2dr>0
P =d* + 1> >2dh >0 = a*b’c* > 8d°h*r* < abe > 2\2dhr <V <
A =n+rr>2hr>0

abc

22"

3 3 3
Ma ach[Lb—i_c] :k— nén I/Inax:k \/5
3 27 108
d=r=h '
DAu "=" xay ra khi va chi khi =d=r=h=——.
y a:b:c:g 3\/5
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Cau 41.

Cau 42.

Cho t& dién ABCD, AB =x,CD =y, cac canh con lai cua t& dién bémg a2, x, y thay
ddi sao cho x+y=2a. Khi V., dat gia tri nho nhat, tinh cosin cta goc gitta (4BC)
va (4BD).

Loi giai

-Goi M, N Tan luot la trung diém AB,CD.
= MN 1 AB,CD
= (MCD) 1 AB

-Goi o = ((ABC)/_XFD))

- o= (MD.MC)
Coia=l=x+y=2

1 1 8= +»7)
VABCDZEAB'SMCD:gxy —( 4 ):E)Cy 4+2xy.
2
-Détt:xy:>0<t<M:1.
, 1
Xét ham s6 f(t):Et 4421, voi 0<r<1.

Ta c6: f’(z):i[ 4+2z+4] l[ﬂ]w, Ve e (0:1).

12 Ja+2e) 12\Ja+2
:>Maxf(t) :f(l) zg.
6
:>MGXVABCD E
":"@x:yzleC:MD:g.
- 2 2
cosDMC:MZE—wosgp:i
2MC 7

Cho hinh chop SABCD c6 day la ABCD la hinh vudng canh a, canh S4 =a va vuong
gbc voi mp (ABCD). M la diém di dong trén doan BC va BM =x(0<x<a), K la
hinh chiéu ctia S trén DM.

a) Tinh d¢ dai doan SK theo a va x.
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b) Tim min ctia doan SK.

Loi giai

B x M a-x c
a) Do DM 1 SA va DM 1 SK nén DM 1 AK.
Ta co:
e o — 2
sin ADK = cos MDC < Ak _DC AK _ a4 : @AK:a—z
AD DM a ’a2+(a—x) /a2+(a_x)

4 2
Suy ra SK = \/SA2+AK2 =\/a2+2a—)2=a\/1+2a—
—X a +

a +(a (a—x)2
2
b) Do SK =a [I+————— nén SK nho nhét khi (a—x)’ 16n nhat hay x=0 .
a2+(a—x)

a/6

Cau 43. Cho hinh chép S-ABCD 6 t¢ gidc ABCD 13 hinh binh hanh tam O. Diém €' di dong
trén canh SC (€' khac diém S va C). Mt phing (R) chtta duong thing 4C" va
song song v6i BD . Mt phang (R) cat duong thang SB, SD [an luot tai B', D'.
1/ Goi F la giao diém ctia 4D’ v6i B'C'. Chitng minh rang F ludn di dong trén mot
duong thang c8 dinh khi €’ di dong trén SC.
SC'" _BB" 5 SD’

2/ Xac dinh vi tri cta diém C’ sao cho tong +3 +=. dat gid tri nho nhat.
o SB" 2 DD’

Loi giai
d’ S -~

1/Qua S ké duong thang d//AD = (SAD)(SBC)=d .
Xét cdc mat phang (S4D), (SBC), (AB'C'D') cé:
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(SAD)(SBC)=d

(SAD)N(4AB'C'D')= AD' . _
)= nén d, AD', B'C' dong quy tai F .

(SBC)(\(AB'C'D' B'C’
AD'NB'C'=F
Khi d6 J ed c6 dinh.
2 Tacor 244 5C 58 5D 145C o, 58
S4 SC' SB'" SD' SC’ SB'
Lai co:

sC' 1 1 1 1 1 1

i)~ = = ;= - = (1)
ccr CC'sC-sC' SC SC’+1_2 ,SB_, 2[SB_IJ

SC’ Yo SC’ SC SB’ SB'
iy 3 BB _3SB=SB'_5(SB ) )
SB' SB' SB'
.. 538D 5 1 5 5 5
iii) — =— - = = = (3)
2pp' 2DD' 2(SD-SD') ,( SD _lj 2(SB 1
SD' SD’ SD' SB'
Tw,, taco: 5¢ +3BB +§.SD = ! +3 5B -1+ >
cc’ SB' 2 DD’ SB SB' SB
2l — -1 2l — -1
SB' SB'
= 3 +3 5B -1({>6
(SB _1) SB’'
SB'
’ M , B B
Dau bang xay ra @S—,—1=1c> 5 -=2= SC,:3.
SB SB SC
Vay tong nho nhat khi €' thudc doan SC thoa %:3.

Cau 44. Trong mit phang a cho hinh chit nhat ABCD c6 AB = a; BC =2a. Cac diém M,N Tan
lwot di chuyén trén cac duong thang m,n vudng goc véi mit phang () tai 4,B sao
cho DM 1 CN . Tim gia tri nho nhat ctia khoi ti dién CDMN .
Loi giai

X

bat hé truc toa do nhw hinh vé, coi a=1.
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Do d6 4(0;0;0),B(1;0;0),C(1;2;0),D(0;2;0).

Dat AM =x,BN =y = M (0;0;x),N(1;0;y) suy ra D—]\Z(O;—2;x),5]\7(0;—2;y).
Ma DM LCN nén DM.CN =0.
:>0.0+(—2).(—2)+xy=0:>xy=—4@yz_?.
C—D(—I;O;0);6’—M(—1;—2;X);CT\7(0;—2;)/).
:[@,C—M}z(o;x;Z):[@,C—M]m:—2x+2y.

= Voo = £|[CB.CM | OV = L2642,

3
A . a
Vay Vi min =—.

Cau 45. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thang can, 4B song song voi CD,
AB=2CD, cic canh bén c6 d6 dai bang 1. Goi O= ACNBD, I la trung diém ctia SO.
Mt phang (a) thay d6i di qua / va cit cac canh S4,SB,SC,SD lan lwot tai M,N,P,Q
1 N 1 N 1 N 1 .
SM* SN* SP* SO
Loi giai

. Tim gia tri nho nhat ctia biéu thic T =

Nhan xét:

M I P

I thudc doan MP thi véi diém S batky, ta cd mSI =nSM + pSP < m=n+p.

Pt x =24, =53¢

ST =150 =~ (Sd+40)=~( SA+24C |-+( si+25C-28i | - L5i+ L5¢
2 2 2 3 2 3 3 6 3

—25M+25P.
6 3
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Vi I thuoc doan MP nen1—£+y<:>x+2y 6©&+2£:6©L+i:6
6 3 SM SP SM SP

Chtrng minh twong ty L + 2 6

SO

2
Tacd o4 p 22122 = L 22
SM SN SP SO SM SN SP SO
3(12+12+22+22) 12+ 12+ 12+ 12 _lor>T M2
SM* SN° SP° SQ 10 5
1 11 1 1 1
—, dat dwockhi —=——= —=3SM=SN==;SP=S0Q=—
SM SN 2SP 280 3’
Cau 46. Cho hinh Chop S.ABCD c6 day ABCD la hinh binh hanh. Goi E la trung diém cua SC

. Mit phing (@) thay d6i nhung ludén chita AE cit SB, SD lan luot tai M, N . X4c

Vay T,

min

dinh vi tri cda M, N trén cac canh SB, SD sao cho &+ﬂ dat gia tri 16n nhat.

Loi giai

Trong (ABCD)goi O =AC N BD, trong mp(a) goi I = AE " MN . Khi d6 ta c6

I e AE < (SAC)
' {1 e MN < (SBD)
Vousis _ Vouns _1SM SE _1SM

Ve user  2Vsase 2 SB SC 4 SB
n Vsave _ Vsuwe _ 1SN SE 1SN

Vs wen 2Vswp 2SDSC 4 SD

Suy ra Vs anten _ Vs.ane Vs aue =l S_N_i_Sﬂ (1)
SD SB

S.4ABCD VS,ABCD 4

= 1 € SO =(SAC)N(SBD) suy ra I la trong tam tam giac SAC .

+

" Vs an _ Vs aan =lSMﬂ
Vi useo  2Vsusp 2 SB SD

" Vosen _ Vosew _ 1 SM SN SE 1 SM SN
Ve sen 2V sen 2 SB SDSC 4 SB SD

Suy ra VS.AMEN _ VS.AMN + VS.MEN —

S.ABCD VS,ABCD
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T (1) va (2) tacod — =2

I(SN SM) 3SNSM SN SM _SN SM
= = e =320

4\SD SB) 4SD SB  SD SB SD SB
SN
S_sz X 1
Dat 0<x,y<l)vaytacd x+y=3xy suyra y= 220y~ <x<1
-%_( y<1) véytaed x+y=3w suyra y=—— S <X
sg 7
TaCéSﬂ+S—N:x+y:x+ al :x+l+;:f(x)
SB "~ SD (3x-1) "3 3(3x-1)
1 1
Xét f(x)=x+—+ ,xe|—;l
TW)=x 34350 {3 }
1 3x—1=1 xqul
Pt 2
(3x-1) 3x-1=-1 3
Bang bién thién
x % % 1
f'(x) 0 +
flx) |3 3
x—1:>y—l
Vay ta cé Max(%+ﬂj =max [ (x)= 3 dat dwoc khi 2
SB SD 1 2 1
[E;l} x:—:>y=1

2
Khi d6 N=D, M la trung di€ém SB hoac M =B, N la trung di€ém SD
Cau47. Cho ti dién OABC co cac canh 0O4,0B,0C d6i mot vudng goc. Goi M 1a diém thudc
mién trong cua tam giac A4BC. Tim gida tri nho nhdt caa biéu thitc
MA> MB* MC?
2 + 2 + 2
o4~ 0B 0OC

Loi giai

Goi N=AMNBC, ké MM, // OA thi ta c6
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{OA +(OBO) MM, L (OBC)

MM, / /OA
ké MA, L OA,A, € OA.Khi dé
AM® = AA} + MA’ = AA] + MO® —0A;
=OM’ +(AA, —OA,)(AA, +0A))
=OM’ +0A(OA —20A,)
=OM’ +0A’ —20A-0A,
AM’  OM’ 20A
=—+I1- L(D).
OA*> OA OA
Twong tw goi B,,C, la cac diém tuong tu nhu A, thita co
MB* OM’ 20B,
= 1T
OB’ OB OB
MC*  OM’ | 20¢,

Suy ra

€)

2 2 +
oC oC oC
1 1 1 OA OB
T (1),(2),(3) tacd T=OM’ + + ]_2[ Ly 20
1,2).0) [OA2 R

Goi H 1a trye tdm cua tam giac ABC thi ta da biét két qua quen thudc

1 1 1 | OoM* OA, OB, OC,
Tt ot o= nenT= 72 + +
OA° OB° 0OC” OH OH OA OB OC

Mt khac OA, _NM _ Sy
OA NA S,
Tuong tu OB, _ Syac , OC, _ Syus nén OA, OB, n OC, 0
S OC S, OA OB OC
2
DodéT:OM +1>2 do OM > OH.

H2

Vay minT=2 khi M=H.

HET

oC,
|43
OA OB OC
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