Chuong 6

CUNG VA GOC LUQNG GIAC. CONG THUC
LUONG GIAC

§1.  CUNG VA GOC LUQNG GIAC

I. Tém tit Ii thuyét
1. Khai niém cung va goc lugng giac

Dinh nghia 1.
Puong tron dinh hudng 1a mot dudng tron trén dé ta da chon mot chiéu chuyén dong \,_
goi 1a chiéu duong, chiéu ngudc lai goi 1a chiéu am.

Quy uéc: chiéu duong 14 chiéu ngudc véi chidu quay ctia kim dong ho. A

/_

Dinh nghia 2. Trén dudng tron dinh hudéng, cho hai di€m A va B. Mot diém M di chuyén trén dudng tron
ludn theo mdt chiéu (duong hoidc am) tir A dén B tao nén mot cung luong gidc c6 diém dau 13 A, diém cubi
la B.

/\ Véi hai diém A, B dd cho trén duong tron dinh hudng, ta co vé sé cung luwong gidc diém ddu A, diém
%
cuoi B. Moi cung nhu vdy déu dugc ki hiéu la AB.

/N Trén mot duong tron dinh hudng, ldy hai diém A va B thi
e Ki hié¢u AB chi mot cung hinh hoc (cung lon hodc cung bé) hoan toan xdc dinh.

m
e Ki hiéu AB chi mot cung lugng gidc diém dau A, diém cuoi B.

Dinh nghia 3.
%

Trén dudng tron dinh hudng, cho cung lugng gidc CD. Mot diém M chuyén

. (%
dong trén dudng tron tu C dén D tao nén cung lugng gidc CD noi trén.
Khi d6, tia OM quay xung quanh gbc O tit vi tri OC dén vi tri OD. Ta néi
ta OM tao ra mot goc luong gidc c6 tia dau 1a OC, tia cudi 1a OD. Ki hiéu:
(0OC,0D).

395
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Dinh nghia 4.
Trong mat phén toa do Oxy, vé duong tron dinh huéng tdm O ban kinh R = 1. y
Pudng tron nay cat hai truc toa do tai bdn diém A(1;0), A’(—1;0), B(0;1), B

B'(0;—1). Talay A lam diém gdc ctia dudng tron dé.
DPudng tron xac dinh nhu trén goi 12 dudng tron luong gidc (goc A).

A 0 A

2. SO do cha cung va géc lugng giac
Pinh nghia 5. Trén dudng tron tiy ¥, cung c6 do dai bang ban kinh dudc goi 1a cung co sé do 1rad.
T 180\°
Lién hé giwra do varad: 1° = ——rad va lrad = (—) .
st 180 Y T
/N Khi viét 56 do ciia mot goc (hay cung) theo don vi radian, ngudi ta thuong khéng viét chi rad sau so
2 T N T
do. Chang han cung > duogc hiéu la cung > rad.

Bang chuyén doi thong dung:

bo | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°

21 3n 5w
Radian

N
19
w|a
YIS

|

|

|

S

Dinh nghia 6. S6 do ciia mot cung lwang gidc AM (A # M) 1a mot sb thuc, Am hay duong.

Ki hiéu s do clia cung 1a AM la sd AM
Ghi nhé:

m

sd AM = o+ k21, k € 7.
my

sd AM = a° +k360°,k € Z

2z 2z m
Dinh nghia 7. S0 do cia goc lugng gidc (OA,OC) la so do cla cung lugng giac AC tuong dng.
S6 do ctia mot cung luong gidc
Z m 2z 2z m
S6 do ctia mot cung lugng giac AM (A # M) 1la mot so thuc, d&m hay duong. Ki hiéu so do cta cung 1a AM
m
la sd AM.
Ghi nhé
8%
sd AM = a+k2r,k € Z.
m
sd AM = a° +k360°,k € Z

S6 do ctia mét géc luong giac

L L %
S6 do cta goc lugng giac (OA,OC) la so6 do cua cung lugng gidc AC tuong tng.

Bi¢u dién cung hrong giac trén duong tron lugng giac
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Piém M trén dudng tron ludng gidc sao cho goéc lugng gidc v,
(OA,0M)) = o 1a diém biéu dién cung lugng gidc c6 sb do . B
A o A
0 X
Bl

II. Cac dang toan

Dang 1. Lién hé giwra do va radian

o am om A <z . R 180\ °
St dung cong thic chuyén doi gitta so do do va so do radian: 1° = % rad va 1rad = (?) .

Vidu 1. Déi s6 do clia cac goc sau ra radian: 72°;600°; —37°45'30".

<o .o T .
Loi giai. Vi 1° = ——rad nén

)80

T T

720=72.— =",
180 5

T 107
600° =600+ — = —;
80

_37045/30//:_370_(£> _( 30 ) :(4531) :4531 T %0,6587

60 60 - 60 120 120 180
’ Do A > ~ ~ ~ 5 3
Vidu 2. Doi so do cua cac goc sau ra do: %; ?ﬂ:; —4.

1 o
Loi giai. Vi lrad = (%) nén
St (57: 180)o o
18 \18 =« =50%
3m (37r 180)O
—=(—-—] =108
5 5 =&

1 (o]
4= (4. ﬂ) ~ —2260°48'.
T
BAI TAP TU LUYEN

Bai 1. Ddi s6 do clia cac goc sau ra radian: 54°;30°45’; —60°; —210°.

T 3n
L\. l"c. 4o: 4‘_:_.

e 545 &0 %83 ° 123 41
(e} ! __ o = | == — . T — T ~ .
307457 =30 +(60) _< 4 ) 4 180 240 0,5367;
T T
—60°=—-60- — = ——:
180 3
r

v/
—210° =210 — = ——.
180 6
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< L T 5m Arm
Bai 2. D0ai so do cua cac goc sau ra do: — ;

o 5,—?,?,3,5675
Lui gidi. gz (E—> —36°;

5 &
5T (57r 180)°
—=—|—=-—] =150°%
6 6 =&
4w (47r 180)o
— = —-—] =240°
3 3 T

1 o
3,56 = (3,56%- %) ~ 640°48'.

Dang 2. Do dai cung lugng giac
Cung tron ban kinh R ¢6 sb do o (0 < o0 < 27), ¢6 56 do a° (0 < a < 360) va c6 do dai 1a / thi:

Ta o a
I=Ro="% Rdods & = &
= 180" %7 " 180

Dic bt Trad = (%0) o= " ad

Vi du 3. Mot dudng tron c6 ban kinh 36 m. Tim do dai cdia cung trén dudng tron d6 c6 sb do 1a
2) 2% b) 51° 9=
4 3

N A e 1 s X . Ta A
Loi giai. Theo cong thiic tinh d dai cung tron ta co [ = Roe = @'R nén

3
a) Tacél = Ra = 36.°F — 277 ~ 84,8m
551 517
g Ta . T . -
b)Tacol = _180'R = —180.36 == 32,04 m.

1
c)Tacél:ROt:36.§:12m.

z 2 171N A N N s s A 1 ° <A A N , N
Vidu 4. Mot hai li 1a do dai cung tron xich dao c6 so do (@> = 1'. Biét do dai xich dao 12 40.000

km, hoi mot hai 1i dai bao nhiéu km?

40000 1
sq0 g~ 852 km.

Loi gidi. Mot hai 1f dai

Vi du 5.
Cho hinh vudng Ag,A,A>,A4 ndi tiép dudng tron tam O (cac dinh A
dugc sap xép theo chiéu ngudc chidu quay ciia kim dong hd). Tinh

m m
s6 do clia cac cung lugng gidc ApA;, AiA; (i, j=0,1,2,3,4,i # )).

— m
Loi giai. Ta c6 AgOAg = 0 nén sdApAg = k27, k € Z
— N
AgOA; = g nén sdAgA, = g+k27r, ke
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— (%

AgOA> = nén sdApA1 = +k2n, ke Z

— T ~ T 3n

AgOA3 = 5 nén sdApAj :2717—54—](271': 7+k27’b’,k€Z
~ .

Nhu vay sdAgA; — %+k2n,i:0,1,2,3,kez

~ ~ ~ T
Theo hé thiic salo ta c6 sd A;A j=sdAoA; — sdAoA; +k2m = (j—i) ) + k2w, k € Z.

BAI TAP TU LUYEN

Bai 3. Tinh do dai cung tron trong céc truong hgp sau:

a) Ban kinh R = 5, ¢6 sb do 72°. b) Ban kinh R = 18, ¢6 s do 150°.
T.72
L\ . n’)o. — -~ — 2 .
oi giai 12;)()1 180 5 /4
.
= 18 = 15m7.
b) [ 180 8 5w

\ e N N » N - ~ - A N N ~ A T fe)
Bai 4. Cho duong tron c6 dudng kinh R = 20 cm. Hay tinh d6 dai cung tron c6 so do: 5 1,5;37

Li gidi.

o= %.2()%4,19 cm,

e [=1,520~30cm.

37.w
o [ = W'ZO ~ 12,91 cm.

Bai 5. Banh xe ctia ngudi di xe dap quay dudc 11 vong trong 5 gidy.
a) Tinh goc (theo do va radian) ma banh xe quay dudc trong 1 giay.
b) Tinh quing dudng ma ngudi di xe da di dugc trong 1 phiit, biét rang dudng kinh banh xe dap 12 680 mm.
Loi giai. a) Trong 1 gidy, banh xe quay dudc 5 vong, tuc la quay dudc mdt goc = (rad) hay 792°.
22r
b) Trong 1 phut, banh xe lan dugc [ = 340.T.60 ~ 281,990 (mm) ~ 282 m.
Bai 6. Cho luc gidc déu AgA[A2A4A5A6 noi tiép dudng tron tim O(cac dinh dudc sap xép theo chiéu ngudc
N N N Z m m
chiéu quay ctia kim dong ho). Tinh so do ctia cac cung ludng gidc ApA;, AA; (i, =0,1,2,3,4,5,i # j).

my
Loi gidi. sd AgA; — %—f—an, i=0,1,2,3,4,5 ke Z

~ ~ ~ T

sd AiA j=s0A0A | — sdAoA; Hk2T = (j—i). 5 +K22,i,j = 0,1,2,3,4,5,i # j. k € L.
. ) . N~ T .
Bai 7. Trén duodng tron lugng giac goc A. Cho diém M,N sao cho sdAM = 3 sdAN = -3 Cac diém
m m %

M’ N’ 1an ludt 12 cic diém ddi xing ctia M, N qua tam dudng tron. Tim sd do ctia cung AM’, AN’ va M'N'.
Loi giai.

~ T 67
sdAM’' = s +T+k2w = = +k2m,k € Z

~ 4
SAAN' = —§+7r+k27t: ?n+k27r,ke Vi
Theo hé thuc Saclo ta co
sdM'N'=sdAN’— sdAM' + k21 = -5 +k2m,k € Z.

A,
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Dang 3. Bié¢u dién cung luong giac trén duong tron lugng giac

Dé biéu dién cung lugng gic trén dudng tron luong gidc, ta thuong st dung cac két qua sau:

e Cung c6 s6 do a (a°) va cung c6 sb6 do a + k27 (a° + k360°) c6 cung diém biéu dién trén
duong tron lugng giac.

2 rap gy r 2 R k2rw
e SO diém trén ducng tron lugng giac biéu dieén cung lugng gidc c6 so do dang o + — (hay
m

(e}

a® + ) (v6i k 1a s& nguyén va m 1a s6 nguyén duong) 12 m diém. Tur d6 dé biéu dién cic

cung lugng gidc do, ta cho k chay tit 0 dén m — 1 16i bi€u dién céc cung dé.

om
Vi du 6. Biéu dién cung lugng gidc trén dudng tron lugng gidc c6 sd do T

Loi giai.
97 =« o o ax . 9 o
Ta c6 7 =1 +2-2x. Do d6 diém biéu dién cung lugng giac T trung voi
: co aeR ., Tt
diém biéu dieén cung lugng giac 1

y
B
~ .2 4. o o NP , .~ ” .
Viay diém cuoi cua cung T la diém chinh gitta M cua cung nho AB. N "
B/

X
[ Vi du 7. Biéu dién cung lugng gidc trén dudng tron lugng gidc c6 sd do —765°.
Loi giai.
Ta c6 —765° = —45° —2-360°. Do d6 di€m biéu dién cung lugng glac —765°
trung v6i diém biéu dién cung lugng gidc —45°. Lai ¢ 360~ 8 . Ta chia
dudng tron thanh 8 phin bang nhau.
Khi d6 di€ém M biéu dién géc c6 s6 do —765°. A

X

M
/

[ Vi du 8. Biéu dién cac cung lugng gidc c6 sb do x = k7 vé6i k 1a sb nguyén tuy y.

Loi gidi.
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k2m o o .z e .oz
Tacox=km = — Viéy ¢6 2 diém biéu dién cung lugng giac c6 so do k7. V.
B
e VGi k=0, x =0, dugc bi€u dién bdi di€m A.
e Vi k=1, x=r, dugc biéu dién bsi di€m A’ Al A
0 x
B/

, .z s A 71‘. 2,0 N A A N - 2 PN ., .
Vidu 9. Cho cung lugng giac co so do x = 2 + k7 v6i k 1a sO nguyén tuy y. Co bao nhiéu gia tri k
thdéa man x € [27;57]?

7
Toignsom ks

Loi gidi. Gidi h¢ bit phuong trinh { % P ‘1‘9 .
1 +kmw <5m k< T

. 7 19 P Co . N . -
T d6, dé x € [2m; 57| thi 1 <k< 7 Vi k 1a s06 nguyén nén c6 3 gia tri cla k, 1a 2, 3,4, thda man ycbt.

Vidu 10. Cho cung lugng giac c6 so do x = 3 + T vGi k 1a so nguyén tuy y. Co6 bao nhiéu gid tri

3
cua k théa man x € (—?ﬂ;4n] ?

T km 3n 16
) BRI k>—1<
Loi giai. Giai hé bat phuong trinh Tk & sy -
——4+—<4 k< —
3T 4 =Y =73
3r . 16 52 <% A A
Tu do, dé x € —?;47r thi T <k< 3 Vi k 1a sO nguyén nén c6 19 gia tri cda k (—1,0,...16,17)

thoa ycbt.

Vidu 11. Cho cung lugng giac c6 soO doxz—z—kz V01 sO k tuy y. Co bao nhi€u gia tri cua k thoa

man x € (_TE;ZE]?

T km -7 1

, 3t 3 )P

Loi giai. Giai hé bat phuong trinh Tk &= 7
BT k<l
: 6 = =72

. - 1 27 < e )
Tu do, dé x € (T;Zﬂ:] thi —5 <k< > Vi k 1a s0 nguyén nén c6 14 gia tri cua k (0,1,...12,13) thoa
ycbt.

Vidu 12. Biéu dién cdc cung lugng giac co so do x = > véi k 1a sO nguyén tuy y.

Li gidi.
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kr K2w e o gex S .ox VA
Tacox= > =1 Viay ¢6 2 diém biéu dién cung lugng giac c6 so do ka.

e Véi k=0, x; = 0, dudc biéu dién bdi di€ém A.
T o qex e a0 R

e VGik=1x= 5 dudc biéu dién bédi diém B.

o Véi k=2, x3 =, dudc biéu dién bdi di€ém A’.

. 37[ .2 « X 9, [N
o VGik=3x4= > dudc bi€u dién bdi diém B'.

BAI TAP TU LUYEN

- km o
Bai 8. Biéu dién cung lugng giac cd so do x = 3 vGi k 1a sO nguyén tuy y.
Loi giai.

kT k2w 2 . X . P km
Tacox= 3= ¢ Viay ¢6 6 diém biéu dién cung luong giac c6 so do 3
e Véik =0, x; =0, dugc bi€u dién bdi di€ém M;.

TC 2 R 9. . 2
e VGik=1,x= 3 dudc biéu dién béi dieém M,.

. 21 o R e g
° V61k:2,x3:?,du(§c biéu dién béi diém M3.

V6i k = 3, x4 = &, dugc bi€u dién bdi di€ém My.

ar ¢ R v 4R
Véik=4,x;5 = ?,du(jc biéu dién béi dieém Ms.

Sz e R 1 ae s
V6ik=5,x = ?,du’(}c biéu dién bdi diem M.

Bai 9. Biéu dién cung luong gidc c6 sd do x = —750°.

Losi gidi.

Ta cé x = —750° = —30 —2-360°. Vay diém dién goc —750° trung v6i di€m
biéu di€§10cung ludng gidc —30°.

1 +
Lai co 360~ 12" Ta chia duong tron thanh 12 phan bang nhau.

Chi y géc —30° nam dudi truc Ox.
Khi d6 diém M biéu dién cung lugng gidc —750°.

So Lo 1x .z 2
Bai 10. Biéu dién cung lugng giac ¢6 so do x = 3
Loi giai.
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Y,
B
A’ A
X
B/
M3
2
M, M,
X
Ms 6
B
A’ A
X
M
B/
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1 L
Ta co: w3 Ta chia duong tron thanh 3 phan bang nhau. y

. o 1z 2n
Khi d6 diém M biéu dién cung lugng gidc x = 3 M

A/

403

N e R - X ~ .z 2 A 71: 2, N A A N -
Bai 11. Biéu dien cdc cung lugng giac cd so do x = 3 + k7 vGi k 1a sO nguyén tuy y.
Loi giai.

T T k2rw o 1.4 i oz
Ta céx:§+k7r:§+7.V€1y c0 2 di€ém biéu dien cung lugng giac co so y

dong—l—kn.

. T A WX e s
o VGik=0,x = 3 dudc bi€u dién bdi diém M. A

4r O X L me 4R
e VGi k= 1,x) = —, dudc biéu dién bdi diém M,.
3 M

<. e x o4 Tokmo 4 AN
Bai 12. Biéu dién cac cung lugng giac c6 so do x = 1 + 5 vGi k 1a sO nguyén tuy y.
Loi giai.

T km T k2w o .o 1.z .
Ta co x = 2 + 5= + 7 Viy c6 4 diém biéu dién cung lugng giac y

c6 sb do x.

T o 1% e ae R
e VGik=0,x = - dudc biéu dien bdi diem M.

R‘

/4 o R Lo e
o Viik=1,x= T duoc biéu dién béi diém M. 0
2y 37[ R X P, o A
e Vik=2,x3= i dudc biéu dién bdi dieém Ms.
e 57[ g «x .. R
e VGik=3x4= i dudc biéu dién bdi diém My.

< Tk 2
Bai 13. Biéu dién cung lugng giac c6 so dox:—g—i—?vdlkla sO nguyén tuy y.

Lui gidi.
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T km T k2w o o iz .
Tacox= s + T-7% + < Vay c6 6 dieém biéu dien cung lugng giac y
6 sb do x. B
T o e x e e
e V6i k=0, x; = ——, dudc biéu dién bdi diem M. M; M,
6 /
A A
/4 O K L 4s A E
o VSik=1,x = =, dugc biéu dién bdi diém M,. 0 .
6 My M,
T o R Lo e
o VGik=2x3= > dugc biéu dién bdi diém B. B

R4 o X 1 me ae
Véik:3,x4:?,dm)c biéu dién béi dieém M3.

. 77[ g « X 2, o A
Véik=4,x5 = T dudc biéu dién bdi diém My.

3r O LK 1 45
o Voik=05,x5= T,du’(jc biéu dién bdi di€ém B'.

Bai 14. Khi biéu dién céc cung lugng gidc c6 sb do x = kxr va y = k27 1én dudng tron lugng gidc, sb diém

chung nhan dudc 1a bao nhiéu?

Loi giai.
T o e ax P
Tacox=km = — Vay c6 2 diém bi€u dién cung lugng gidc ¢ so do x. y
B
e V6ik=0,x; =0, dugc biéu dién bdi diém A.
e Véi k=1, x, = 1 dugc bi€u dién bdi diém A’. A A
Ta ¢6 y = k2. Vay ¢6 1 diém biéu dién cung luong gidc c6 sb do y. Vi 0 .
k =0,y =0, dudc bi€u dién bsi diém A. Vay s6 diém chung nhan dugc 1a 1
diém chung. /
B

<. A I .oz T . T N N R ..
Bai 15. Khi biéu dien cac cung lugng giac c¢6 so do x = 0 +kmwvay= > + k27 1€n duong tron lugng giac,

s6 diém chung nhan dudc 12 bao nhiéu?

Loi giai.
. nook2m e e s
Tacox=km = > + - Vay ¢6 2 diém biéu dién cung luong giac co so do x. y
B
T o 1.x e
e V6ik=0,x = 5 dudc biéu dién bdi diém B.
3n o . A’ A
o Vik=1,x= > dudc bi€u dién bdi di€ém B'. 0 X
7[ 2 .2 -4 ., , A )
Tacdéy= 0 +k2m. Vay c6 1 diém bi€u dien cung lugng giac c¢6 so6 do y. V6i
B/

n 2 R P A A A 2 ~ N
k=0,y= > dudc biéu dién bdi diem B. Vay so diem chung nhan dugc 1a 1
diém chung.

k. 5w

\ e . R X ~ L3 ~ A n A S N sz
Bai 16. Khi biéu dien cac cung lugng gidccé6 so dox= -+ —vay= 3 + k7 1€n duong tron luong giac,

3 2
s6 di€ém chung nhan dudc 12 bao nhiéu?

Lui gidi.
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T kr ®w K2&m
Tacéx= 3 + 5 =3 + - Vay c6 4 di€ém biéu dién cung luong gidc c6 V.
s6 do x. B
1
T A e e
e V6ik=0,x ==, dugc biéu dién béi diém M;. MY
3 /
A A
51 o ke g )
o Vi k=1, = >~ duge biéu dién bdi diém M. °l N *
4w o . M3 !
e VGik=1,x= 3 dudc biéu dién bdi diem M;. B

11m o X 12 4R
e V6i k=1, xy; = —— dudc biéu dién baéi diém Mj.

5w St k2w
Tacoy= 3 + k= 3 + - Vay c¢6 2 diém biéu dién cung lugng gidc c6 s6 do y.

5wt o X 4o g
V6ik=0,y, = T dugc biéu dién bdi diém N;.

11x o x4 ae
Véik=1,y, = Tduoc biéu dién bdi diém N».

Vay sb diém chung nhan dudc 1a 2 diém chung.

Bai 17. Tim tit c4 cic diém trén dudng tron lugng gidc biéu dién cung lugng gidc ¢ s6 do x = Tﬂ: khong
trung véi diém biéu dién cung ludng giac c6 s6 do y = k7.
Loi giai. Tacéx = l%r = kZTn Viy c6 8 diém biéu dién cung lugng gidc c6 s6 do x, 1an luct biéu dién cic
cung luong gidc c6 s6 do 0, —— 27 47r’ 6_717, 871-, 10%, 12%, 147:.

8888787 878

2 .0 .0 X ., . A X .0 X ,
Tacoy=knm = > Vay ¢6 2 diém biéu dién cung lugng gidc c¢6 so do y, 1an lugt biéu dién cac cung lugng

PP T
giac c¢6 so do 0, 5

Vay ¢6 6 diém théa man ycbt.

<. 4. o . g " N . e . 2z 2n  krw
Bai 18. Tim tat ca cac diém trén duong tron lugng giac biéu dién cung luong giac c6 so do x = 3 + 3
R N N . 2 k2w
khong trung véi diém biéu dien cung luong giac c6 so doy = =3

2 km 2 k2xm
+ — = == 4+ ==, Vay c6 6 diém biéu dién cung luong giac c6 sb do x, 1an luot

33 3
27r 3t 4 Sm 61 Im
bi€u dién c4c cung luong gidc c6 sd do —, =, — — — — .

Loi giai. Ta cox=

2 n A 2 R R X .z 2 A A R X 2 .z
Tacoy= 3 Vay c¢6 3 diém biéu dién cung lugng giac co so do y, 1an lugt bi€u dién cac cung lugng giac

2w 47w
do 0, — .
COSO 0] 3 3

Vay ¢6 4 diém théa man ycbt.
BAI TAP TONG HOP
Bai 19. Chiing minh:

1 221
a) Hai goc luong gidc c6 cung tia dau va c6 s do 1an luot 1 =N va =N thi c6 cling tia cubi.

b) Hai géc lugng gidc c6 cung tia dau va c6 sé do 645° va —435° thi ¢6 cuing tia cudi.

Lui gidi.
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22 10m 12m  10m
Taco: = = 4.
a) Taco 3 3 + 3 3 +4r

Vay hai goc da cho c6 cung tia cuoi.

b) Taco:645° = —75°42-360° va —435° = —75° —360°.
Vay 645° va —435° ¢6 clng tia cubi.

Bai 20. Coi kim gid dong ho 12 tia Ou, kim phiit dong ho 1a tia Ov. Hay tim s6 do clia géc lugng gidc
(Ou; Ov) khi dong hd chi 3 gid, 4 giv, 9 gio, 11 gio.
Loi giai.

e Khi dong hd chi 3 gid, ta c6 sd(Ou, Ov) = g ey
e Khi dong ho 4 gio, ta c6 sd(Ou, Ov) = 2?71: +k2m
o Khi dong hd 9 gid, ta ¢6 sd(Ou, Ov) = —g ey
e Khi dong ho 11 gid, ta c6 sd(Ou,Ov) = —g +k2m

Bai 21. Cho goc lugng gidc (Ou, Ov) c6 s6 do o. Tim s6 do goc hinh hoc uOv trong cac truong hgp sau:

a) a=—1955° b) o= 10887
3

Lui gidi. Trudc hét ta cin nhé 0° < uOv < 180° va (Ou, Ov) = uOv + k360°.

a) Tacé a = —1955° = 165° — 6-360°. Nén uOv = 165°.

10887 2 2
b) o= 3n:?n+181-27r.Vayu0v:?n.

Bai 22. Cho dudng tron dudng kinh 20 cm. Tim s6 do bing dd va rad cac cung c6 do6 dai 1an lugt 12 9 cm,
37 cm.
Loi giai. Goi R 1a ban kinh dudng tron, khi d6 suy ra R = 10 cm.

9
. . l 0 189 r162\°
e Vdicungcododai9cm,tacé:/=R-a=>a=—-=-—rad= :( )
R 10 /4 T
37
—-180 o
[ 37 296
oVéicungcédédéi37cm,tacé:l:R-Oc:>a:—:—rad:10 _< )
R 10 /4 T
.. . R . . . . & s 1807
Bai 23. Trén duong tron lugng giac cho cac cung cd so do theo thu tu la —60°,—315°, —1130°, —

1 1 7[ P . , A ~, N , N 2 A

5 Hoi trong cac cung trén nhiing cung nao c¢6 cung diém cuodi?

Loi giai. Trudc hét ta thiy hai cung ¢ sd do o va B goi la c6 chung gbc va chung ngon khi va chi khi
o =P +k2m < oo — B = 2km. Tidc 1a hai cung lugng gidc c6 chung diém gbc va di€ém ngon khi va chi khi
chung hon kém nhau bdi ctia 27 (bdi ciia 360°).
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Ta co:

—60° — (—315°) =255° #£k360°,k € Z
—60° —(1130°) = —3-360° — 110° # £360°

o 1807 n 1807
—60 —(—T)——§+T7ﬁk2n
11 T llrx

60— (=) =B 4= 00
60 (3> R 4 d
_315° — 1130° = —4-360° — 45° 4 k360°

180 5 2
—113O°—(——n>=—3-27r+1—g+13,27r—7n;£k27r.

N R o . I o ax
Nhu vay bang cach tinh hi€u so cua tiing cép ta thay chi c6 cung —60° va cung 3 la ¢6 chung diém dau
va diém cudi.
Bai 24. Cho géc lugng gidc (OC;0OD) = 405° + k360°. Tim tt ca cdc goc ¢ cling tia dau va tia cudi v6i
gbc da cho va c6 s6 do vdéi gid tri tuyét déi khong qua 1200°.
Loi giai. Goi a 1a géc can tim.
53

107
Theo baira o < [1200°| & —1200° <405° +4k360° < 1200° = ——— <k < — = ke {—4;-3;-2;—-1;0;1;2}.

24 —24
Vay cac goc can tim theo thd tu 12 : —1035; —675; —315; 45; 405; 765; 1125.

(&% S X < P o 2 A
Bai 25. Xéc dinh diém cubi cla cung lugng gidc AM nam trong goc phan tu nao clia mit phang toa do
trong cac truong hgp sau:

~ 20067

m
a) sdAM = 1975° + k360° b) sdAM = T +k2r

Loi gidi.

m
a) Taco sdAM = 1975° +k360° = 175°+5-360° va 90° < 175° < 180°.
Viy diém M nam trong cung phan tu thi 77
~ 20067 307 3 30m

Viy diém M nam tai géc phan tu thi IV.

Bai 26. Hién tai dong ho chi 8 git ding. Néu dong ho chay binh thudng thi sau bao nhiéu 14u 1an dau tién
kim gié OG va kim phut OP tao thanh goc lugng giac (OG; OP) = 180°?

G ere Mgal a1 1o A o 36 U
Loi giai. Mot gio kim phut quét nén géc 360°, kim gio quét nén goc ST 30°. Nhu vady mot gio kim phut
OP vach mét géc 16n hon kim gid 330°. Hién tai 8 gid ding tic la (OG; OP) = 120°.

Goi ¢ 12 thi gian (gid) d€ hai kim tao thanh mot géc 180° 1an dau tién. khi d6

_180-120 2
T 7330 1%

Bai 27. Kim gi& va kim phiit cia mot dong ho 16n c6 do dai lan ludt 1a 165 cm va 225 cm. Hoi trong 40

phut dau kim gio vach cung tron c¢6 do dai bao nhiéu mét, dau kim phtt vach cung tron c6 do dai bao nhiéu

mét ?

Loi giai. Mot gio (60 phut) kim phut quét nén géc 360°, kim gis quét nén goc % =30°.

40-360
60

R 4r
Nhu vay trong 40 phut dau kim phut vach mdt goc = 240° = 3 rad, kim gio vach nén mot goc
40-30 T
——— =20° = —rad.
60 o
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T d6 suy ra d dai cung tron ma kim phdt va kim gi da vach trong 40 phiit dau Ian lugt 1a:
4
[, =225 ?ﬂ =300 ~ 942,48 cm =9,4248 m va [, = 165 - g ~ 57,6 cm=0,576 m.

Bai 28. Mot banh xe c6 ban kinh R = 2,4 m quay mot géc bang 30°. Tinh do dai duong di cia mot diém
trén vanh banh xe.
Loi giai. Coi banh xe 1a mot dudng tron ¢ ban kinh R = 2,4 m. P9 dai dudng di ciia mdt diém trén vanh

. /4 R
banh xe la do dai ctia cung tron c6 so do 30° = I Vay do daicantimlal=2.,4- i 0,47 cm.



2.. GIA TRI LUONG GIAC CUA MOT CUNG 409

§2.  GIA TRI LUONG GIAC CUA MOT CUNG

I. Tém tat Ii thuyét
1. Dinh nghia

e sina = OK. y
e cosa = OH.
. B
) sino¢ 20 M _—
e tanqa = neu cos o . !
cos o ! K
|
cosa ‘
e coto = — neu sina # 0. ! a
sin o 7 . ™
7z . 7 . . . ~ 7z L . / H 0 A x
Céc gia tri sino, cos &, tan o, cot @ dudc goi la cac gia tri lugng
gidc cua cung o.
Ta cung goi truc tung la true sin, con truc hoanh la truc cosin.
Bl

/N Chii y

e Cdc dinh nghia trén ciing dp dung cho cdc goc lugng gidc.

o Néu0° < o < 180° thi cdc gid tri luong gidc ciia géc & chinh la cdc gid tri lugng gidc ciia goc do da
néu trong SGK Hinh hoc 10.

2. Heé qua
a) sina va cos & xac dinh v6i moi & € R, hon niia

e sin(a +k2m) =sino,Vk € Z.
e cos(a+k2m) =cosa,Vk € Z.

b) —1<sinax<lva—1<cosa <1.

¢) V6imoim € Rma —1<m<1déutodn tai e, B sao cho sina = m va cos § = m.
P . . [

d) tan o xac dinh v6i moi o # 5 +km,k € Z.

e) cota xac dinh v6i moi o # km, k € Z.

Z ” , ., . ., ~ N . s e R A« o /\ A N <
f) Dau cua cac gia tri lugng giac phu thudc vao vi tri diém cudi cua cung AM = « trén duong tron luong
giac.
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y
B
M _— 1
Go6c phan tu l K
Gia tri lugng giac | 1 | IT | I [ IV |
sin + |+ | = | = | By
cosao + | =1 — |+ A H O A
tan o + |-+ | -
cotx + |-+ | -
111 7 A%
3. Y nghia hinh hoc ctia tang va cotang
e tana dudc biéu dién bdi d6 dai dai s6 cia y t
vectd AT trén truc ¢’At. Truc t'Ar dudgce goi la
truc tang. L B
Do d6 tana = AT. J /g s
e cota dudc bidu dién bdi do dai dai sb cia K- T
vectd BS trén truc s'Bs. Truc s'Bs dugc goi la |
truc cotang. A 0 HlA "

Do d6 coto = AT.
M/

B/

4. Cong thire lugng giac co ban

o sinfa+cos?a =1.

n
e | +tan‘a = , a7é5+k7r,kez.

cosZ o

° 1+cot2(x:

—— O FkmkeZ
Sin~ o

km
e tancx-cotax =1, a# T’kEZ'

5. Gia tri lwgng giac cua cac cung c6 lién quan dac biét

a) Cung dbi nhau.
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(x :
® COotl—o) = —cotx L
Al O N¥—a |A X
M/
B/
b) Cung bu nhau.
° COS(TL'— a) — —COSs (L. y
) SlIl(TL'— (X) — sin oL. / B
M
® tan(ﬂ—a):—tana 77774;7::,
o

e cot(m— ) = —cota

A 0 A X

B/

¢) Cung hon kém 7.

e cos(ax+m) = —cosQ.
e sin(@+7m) = —sina.
e tan(ot+ ) =tana.

( ) = cota.

e cot(a+T7

d) Cung phu nhau.
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v/
o COS(E — o) =sina.

Y/
o sin(E — o) =cos.

T
tan(i — ) =cota.

T
cot(E — ) =tana.

II. Cac dang toan

Dang 1. DAu clia cac gia tri lugng giac

Dé x4c dinh diu clia cac gia tri luong gidc clia
mot géc o ta xac dinh vi tri diém cudi cla cung y
8%

AM = o trén dudng tron lugng giac. biem M Il T
thudc géc phan tu nao thi ta 4p dung bang xac
dinh diu cla cic gia tri lugng giac.

A/
o
Goc phan tu
Gia tri lugng giac | I | II | III | IV il L
sin o + | 4+ | — — B
cos & T+ =] =| 9
tan + ||+ | =
cotx == | =

Vi du 1. Xdc dinh dau céc biéu thic:
a) A =sin50°-cos(—100°).

2
b) B =sin195° -tan ?

Li gidi.

a) A =sin50°-cos(—100°).
Ta c6: diém cudi clia cung 50° thudc goéc phan tu thi 7 nén sin50° > 0.
Diém cubi ctia cung —100° thudc géc phan tu thd 117 nén cos(—100°) < 0.
Do do, A < 0.

207
b) B =sin195°-tan —
Ta c6: diém cudi clia cung 195° thudc géc phan tu thit 717 nén sin 195° < 0.
£ 20m 67 NPT A 207
biém cudi cua cung —— = — + 27 thudc goc phan tu tha /7 nén tan — <0.

7 7
Do d6, B > 0.
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Vi du 2. Xdc dinh diu cic biéu thic:

2 2
a) A= Cot?ﬂ~sin (—;)

4 4 9
b) B:cos?n-sing-tan? -cot?ﬂ:.

Li gidi.

2 2
a) A :cot?ﬂ-sin (—?ﬂ:)

2 A 9 271‘. A s, X 2, A 2”
Ta c6: diém cudi cua cung 5 thudc goc phan tu thu 7 nén cot— > 0.
e fe o 2 ., N , o 27
bi€m cuodi cua cung 3 thudc goc phan tu thi /11 nén sin 3 <0.
Do d6, A < 0.

4Tt . ® 4r o
b) B—cos?-smgwan?-cot?.

P T s P 4m
Ta c6: diém cudi cua cung 5 thudc goc phan tu thu /7 nén cos 5 <0.

.2 e o T n , N ., . . T
biém cudi cua cung 3 thudc goc phan tu thua 7 nén sin 3 > 0.

P A 7 4w N . X . n 4
biém cudi cua cung 3 thudc goc phan tu thi /11 nén tan 3 > 0.

e fe o or /4 . N 3} . o
biém cuoi cua cung — = —— + 27 thudc goc phan tu thi IV nén cot 5 < 0.

5 5

Do do, B > 0.

. 3n y o
Vidu3. Chow < o < - Xét dau cac biéu thuc sau:

a) A:cos(a—z>.

2
201
b) B:tan( 0 97r_a).
Loi giai.
a) A:cos(a—z> :cos<£—a> =sina < 0.
2 2
2019x

—Ot) = tan (g—a+10097t) = tan (g—a) =cota > 0.

BAI TAP TU LUYEN
Bai 1. Xdc dinh d4u cta sin «, cos ¢, tan ¢, biét:

) 37r<a<77r
a) — —.
2 4
10
b) 37r<a<Tn.

o 57r<a<117r
2 4
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Loi giai.

) 3n ca< r
a) — —.
2 o4 R
Ta c6: diém cuoi cua cung o thudc goc phan tu thi IV nén sina < 0, coso > 0, tana < 0.

10
b) 3n<a<Tﬂ.

Ta c6: diém cudi clia cung o thudc géc phan tu thi 777 nén sina < 0, cos« < 0, tan o > 0.

o 57r<a<117r
2 4

Ta c6: diém cudi clia cung & thudc géc phan tu thi /7 nén sin o > 0, cos o < 0, tan o < 0.
Bai 2. Cho 0° < a < 90°. Xét diu céc biéu thic sau:
a) A =cos(o+90°).
b) B =sin(a+80°).
Loi giai.
a) A=cos(0t+90°) =cos(90° — (—a)) = sin(—a) = —sina.
Vi0° < o < 90° nén sina > 0.

Do do A < 0.

b) B =sin(a +80°).
Vi0° < o < 90° nén 80° < o+ 80° < 170°.
Do d6, diém cubi ctia cung o + 80° thudc géc phan tu thi I hodc thi /7 nén B > 0.

Bai 3. Cho 90° < a < 180°. Xét du céc biéu thiic sau:
a) A=sin(270° — ).
b) B =cos(2a+90°).

Li gidi.

a) A=sin(270° — ).
Vi —180° < —or < —90° nén 90° < 270° — o < 180°.
Do d6, diém cubi ctia cung 270° — & thudc géc phan tu thid I7 nén A > 0.

b) B =cos(20+90°).
Ta c6 B = cos(2at +90°) = cos(90° — (—2a)) = sin(—2¢) = —sin(2a).
Vi 180° < 20 < 360° nén sin(2a) < 0.
Do do, B > 0.

<. T, 2 . 1. .
Bai4. ChoO0< a < 7 Xét dau cac biéu thuc sau:

3
a) A=cos(o+ ?n)

b) B =cos(o— g)

Lui gidi.
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3
a) A=cos(o+ ?n)

Vio<a< ﬂnén 37r<a+37r< Hm

2 5 53 10

2 A o 7[’. A 2 P 2, ~ Z

Do dé, diém cudi cua cung o + 3 thudc goc phan tu thi /7 hoac thu I11.
Vay A < 0.

T

b) B =cos(ot — §)

T /4 T 3m

Vio —nén —— ——< —.
i <(x<2nen 8<Oc 8n-< g

Do do, diém cubi ctia cung o — 3 thudc géc phan tu thd IV hoic thy 1.

Vay B > 0.

.. 3T o e
Bais. Chor < a < > Xét dau cac bi€u thuc sau:

a) A:sin<a—|—g>.

1119
b)B:sin(OH— ﬂ)

2
Li gidi.

a) A =sin (OC+ g) = sin (g — (—a)) =cos(—a) =cosa < 0.

111
b) B:sin(a—l-%) :sin<a—g+280-2ﬂ:>

—in(oc E)— in(ﬂ: OC)— coso >0
=S 5 = S 7 = 0S .

Bai 6. Cho tam gidc ABC. Xét du ctia biéu thiic P = cosA - cos B - cosC trong cic trudng hop:
a) Tam gidac ABC la tam giac nhon.
b) Tam giac ABC la tam giéc tu.

Loi giai.

a) Tam gidac ABC la tam giac nhon.
Vi tam giac ABC nhon nén A < 90°, B < 90°, C < 90° hay cosA > 0, cosB > 0, cosC > 0.
Vay P = cosA -cosB-cosC > 0.

b) Tam gidc ABC la tam giac tu.
Vi tam gidc ABC 1a tam gidc th nén AABC c6 duy nhat mot géc ti. Gia st géc tll goc A = cosA < 0
va cosB > 0, cosC > 0.
Véay P = cosA-cosB-cosC < 0.

Dang 2. Tinh gia tri lugng giac cia mot cung

DéE tinh gia tri lugng gidc ciia 1 cung ta dua vao cac hang dang thic lugng gidc:

) 1
s1n2a+coszoc=1;1+tan2a:—2;1—|—cot206= S
cos* o sin” o

Ngoai ra, can phai xac dinh dau cia cac ham so lugng giac ctia cung do.
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, P 1. T R X
Vidu 1. Biétsino = 3 va o € (5,71:) Tinh gia tri cua cos & va tan o.

T
Loi giai. Do o € (2 )nencosa<0 (D

5 1 8 2v2

a:1—§:§:>cosoc i— 2)

2

Mat khac sin ot + cos? ot = 1 nén cos? o = 1 — sin

2
Tur (1) va (2), suy ra cos ot = —i

1
Tudosuyratano = ———.

2v/2

Vidu 2. Chotano = — 6do 5 < oo < 7. Tinh gia tri cua sin .

Loi giai. Ta cé ! 1 +tan“ o = 1+9 25=> o= 16
i giai. Tac6 —5— = an’ o = — =" =cos’a=
8 cosza 16 163 25°
Tﬁdésuyrasinzazl—cosza:E:>sma:i§.

Doi<O¢<7rnénsm(x>0,dodosmoc:§

Vidu 3. Cho tan o = 2, tinh gia tri biéu thitc M = cos® o — sin’ a.

2 -2
e o2 . COS (X - Sln OC
Loi giai. Taco M =

cos2a+sin’a’ )

< 1 —tan“ & 1-4 3
Chia ca tit va mau cho cos? ¢ ta dugc M = — =M= ——.
1 +tan o 1+4 5

’ - ., . o/ o 2 i a - 3 (X
Vidu 4. Cho cota = 3. Tinh gia tri biéu thic M = — o

5sin ot + cos?

Loi giai. Tacé

2sint —3cos o

5sin® a + cos3 a

1 1
2 ( ) —3cota ( )
sin? o sin? o

5+cot
B —3cot ot +2cot> ot — 3cotor + 2
N 5+cotta
35
RRETS

, . | . . X
Vidu 5. Cho g < o< T vacos2o = —9 Biét A = sin2a + cos2a = a+ b\/5 v6i a,b € Q va

= 2 13 phan s6 t5i gian. Tinh M = p —q.
q

SR

N T N .
Loi giai. DOE<Oc<7rnen7r<20c<27r:>sm2a<0.

1 8 . 4/5

1
200=—— =sin*200=1—-cos?2a =1 —— = — =sin2q = ———.
cos 9 sin cos 5] — g1~ Sin 9
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1
1 45 “=79 a 1
A:———— _—= - :1 :4 —_ = —J.
Suy ra 5 9 = b__ﬂ:b ;o P=lqg=4=p—q=-3
9
Vay M = —3.
BAI TAP TU LUYEN

Bai 1. Biétsina+coso = % va sin & > cos . Tinh gia tri cdc bi€u thiic sau:
a) A=sinx-cosd.
b) B=sinQ —cos .

Loi giai.

25
a) Taco 6 = (sinot+cosa)? = sin® a +cos? a +2sina - cos o = 1 +2sin ot - cos .

9 9
Tu d6 2A=—=A=_—.
0 suy ra T w
.2 < A 2 N 2 . 2 2 . 9 7
b) Theo gia thiét ta c6 B > 0 va B = sin” & + cos a—2s1na-cosa:1—E:E.
7
Tﬁ’d(’)suyraBzé.
< 12 7w A X
Bai 2. Chocoso = BT va B < a <z Tinhsina va tan .
) 5
144 25 SImo= 13
Loi gidi. Tacésina=1—-cos?a=1—— = — =
i giai. Ta c6 sin cos 169 — 169 L5
13
4 Al . 5
DOE<Oc<7rnens1noc>0,dodosmazﬁ.
5
Tudotacotana = ——.
0 ta co tan B

Bai 3. Cho tan o + cota = 2. Tinh gi4 tri biéu thitc P = cot’ a +tan> a.
Loi giai. cot® o +tan® ot = (cota +tana)’ —3cota - tanct. (cotor +tanar) =23 — 3.2 =2.

e . 3 P 7[ s .z . 2 A 2,
Bai4. Chosina = 3 vOi > < a < 7. Tinh gia tri cua biéu thuc
o kY1
P = cos (7—OC> + 2tan (06—1—7) .

Loi giai. Taco P =sino — 2cota.

ino s 6'7t<oc<7r:> o 4:> to 4

sina = — v6i — oS = —— = coto = — .
5 492 5 3

Dodo P= —.
o do 15

.. | er i e 1eg ; 2sin? ot +3sina cos o — 4cos? a
Bai 5. Cho tana = —, tinh gia tri cua biéu thuc M = — )
o2 ) 5cos? @ — sin” o
Loi giai. DE thiy cos o # 0, chia ca tit va mau ctia biu thiic M cho cos? & ta dudgc:

1 1
M- 2tan o+ 3tanot —4 2.14—3,5_4 B
B 5—tan?a - 5_1 = 1o

4



418 CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

Dang 3. St dung cung lién két d€ tinh gia tri luong giac

St dung cong thiic cac cung co6 lién quan déc biét.

Vidu 1. Tinh cic gia tri lugng gidc cia goc o = 20;77:.
Li gidi. Ta c6: 20;7” - §+672n.
= COos (202771’) = COoS (g +6727r) = cosg = %
= sin 2017w = sing = ?,tan 20;771: =+/3 v cot 20;77r = %
Vidu 2. Cho cosa = % Tinh sin ((x - 377:)
Loi giai. Ta c6 sin (a — 3—71-) = sin (Oc -2+ E) = sin (a+ E) =coso = 1
2 2 2 3

, ’ R P jt
Vi du 3. Rt gon biéu thiic A = cos (5 —I—x) +cos (2 — x) +cos (37 +x).

T )
cos (5 —l—x) = —SsInx

cos (27T — x) = cosx = A = —sinx +Ccosx — Cosx = —sinx.

Loi giai. Tacé

cos (3m+x) = —cosx

Vidu 4. Cho tam gidc ABC, ching minh ring sin(A + B +2C) = —sinC.

Loi giai. Tac6A+B+C=180° = A+B+2C =180°+C.
= sin(A 4+ B+ 2C) = sin(180° +C) = —sinC.

Vi du 5. Tinh gid tri cia bi€u thiic B = c0s20° + cos40° +cos60° + ... + cos 180°.

Loi giai. Ta c6 cos (180° —x) = —cosx = cosx+ cos (180° —x) = 0.
c0s20° 4+ cos 160° =0

= cos40° + cos 140" =0 = B =c0s90° 4+ cos 180° = —1.
c0s60° 4+cos120° =0

c0s80° +cos 100° = 0
BAI TAP TU LUYEN

< 3 ]
Bai 1. Cho tan (7 +x) = 1 — /2 v6i ; < o0 <27 Tinh cot (g +x>.
Loi gidi. Ta cé tan(m4x) = tanx = tanx = 1 —+/2.
T
= cot <§ +x> = —tanx=+2— 1.
s R S . 5 7
Bai 2. Tinh gid tri cda bi€u thic A = sin ?ﬂ +cos97 4+ tan (_Tﬂ) + cotg.

Loi giai. Tacé A =sin (71'+ %) +cos(m+4.2m) —tan (n-i— %) + cot (g —|—37r)

——sinn+cos7t—tann+cot7r——1—1—1+0——
N 6 4 2 2 A
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e 2 R 2, . 3 3
Bai 3. Rut gon biéu thic D = cos(57 — x) — sin (; +x) +tan (; —x) +cot(3m —x).

Loi giai. Ta c6 cos(57 —x) = cos(4m + T —x) = cos(T — x) = —cosx;
sin<3n+ )—sin(27r 7r+ )—sin( 7r+ )— sinx;

5 tx)= S tx) = S tx) = X;
tan(3ﬂ ) tan(ﬂH—jr ) tan(ﬂ ) cot

— — X | = —— X = —— X)) = X,

2 2 2
cot(3w —x) = cot(—x) = —cotx;
= D = —cosx —sinx.

3
Bai 4. Rut gon bi€u thiic A = cos (57 —x) — sin (77[ )+tan(7ﬂ—x)—|—cot(37r—x).

Loi giai. Ta c6 cos (57 —x) = cos (T —x+2.27)

3n
sm(7 —I—x) = sin <7T+§ +x> = —sin (5 —|—x) = —COSX,

an () <t (4% ) =aan (%) = ot
an | =~ —x) =1 5 —X) =tan(3 —x) =cotx;
cot (3w —x) = cot(—x) = —cotx;

Suy ra A = —cosx — (—cosx) 4 cotx + (—cotx) = 0.

08 (T —x) = —cosx;

Bai 5. V6i diéu kién c6 nghia, hay rit gon biéu thic sau
1 \/ 1 1 .
B=+v2- . Ol <x<2m.
V2 sin (x+20137) 1+COSX+ 1 —cosx " *
Loi giai. Ta c6 sin (x+20137) = sin (x+ 7 + 1006.27) = sin (x+ ) = —sinx.
Do dé

B— 2+ '1 ' 1—cosx+1+cosx
(1 —cosx) (1+4cosx)

— V2 2
N sinx |/ 1 —cos2x

1 2
Z\/E—I— - )
Simx sin~x

1
=V2 (1 o ) :
sinx|sinx]|

1
V17r<x<271::>sinx<0nénB:\/§(1— — >=—\/§cot2x.
sin“x

Dang 4. Rit gon biéu thitc va chitng minh dang thitc

Mot s6 hé thifc hay dung trong bai todn riit gon biéu thifc hodc ching minh dang thiic:

e sino +cos?o = 1.

° 1+tan2a:

T
o+ —+km kel
cos2a’ 7 2 S

o l+cota=——, a#knkel
sin® &

km
e tana-cotx =1, a# j,keZ.

Vi du 1. Riit gon biéu thiic A = sin?x + sin® xtan? x.

) 1

Lui gidi. Ta c6: A = sin®x + sin®xtan® x = sin’x (1 + tan? x) =sin“x- = tan’x.

cos? x
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2sinx— 1

)

Vi du 2. Rit gon bi€u thic B = : .
sin”x — sinxcosx

Loi giai. Ta co:
2sinx— 1 2sinZx — (sin2x+cos2x) sinx + cosx

2

B = = . - = ,
sin”x — sinxcosx sinx (sinx — cosx) sinx

=1+ cotx.

Vi du 3. Riit gon biéu thiic: A = sin® o cos? ot + cos? o0 + sin* .

\.

Loi giai. Ta c6 A = sin’a (1 —sin® OC) + cos? o+ sin* o = sin® o — sin* o + cos? a +sin*a = 1.
E . .. 24sin’a )
Vidu 4. Ching minh rang: o =3tan” o + 2.
—sin“ o

. /

2 +sin? o B 2 +sin? o

Loi giai. Ta co: +tan® @ =2+ 2tan? o + tan® o = 3tan® o + 2.

| —sinfo,  cosla  costa
BAI TAP TU LUYEN

. . 4cos?x—2

Bai 1. Riit gon biéu thic M = .cos—x.
SInx + Cosx

N . 4coszx—2(sin2x+coszx) .

Loi giai. Taco B = - = 2sinx —2COSX.
SInx + cosx

Bai 2. Riit gon bi€u thic N = \/sinzx (4 + cotx) +cos?x (1 +3tanx).
Loi giai. Ta cé
N = V/4sinx + sin®cotx + cos?x + 3 cos2xtan x

cos 5 5 sinx
4sin? x + sin% x—— +cos x+3cos“x
sinx c

oS Xx

= \/4sin X+ 4sinxcosx + cos? x

= \/(ZSinx+cosx)2
= |2sinx+ cosx|.

Bai 3. Riit gon biéu thitc C = (tanx — cotx)* — (tanx + cotx)?.
Loi giai. Tacé
C = tan®x — 2 tan xcotx + cot® x — tan® x — 2 tan x cotx — cot>x

= —4tanxcotx = —4.

Bai 4. Riit gon biéu thiic B = 3 [(sm x)2 (cos x) } +4 [(cos x)3 -2 (sinzx) 3] + 6sin* x.
Loi giai. Dt = sin®x thi ta cé cos’x =1 —1.
B =3 (sin"x+ cos*x) (sin*x — cos*x) +4 [(cosz)c)3 -2 (sinzx)ﬂ + 6sinx

=32+ (1-0)] [2— (10| +4|(1—1) —2°] + 62 = 1.

2 2 2 2
.. . C oy cot“a¢ l+tan“ox tan” o 4 cot” o
Bai 5. Ching minh rang =

S ltcoa tanla 1ttt
Loi giai. HUONG DAN.
Xét hiéu
coa l+tano  tan’otcofa  cotfor  cot* o+ 1 tan* o + 1
1+co?o  tan?or l+tan*oc  1+co?a co?atan® tan® o (1 +tan o)

= cot? o — cot” o = 0. Suy ra diéu phai chiing minh.
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BAI TAP TONG HOP

Bai 1. Cho sin & +cos & = m. Tinh céc gid tri cla tan ot + cot? o.
Loi giai. HUONG DAN.
m*—1
1 —2sin? v 4
Khi d6 tan? o+ cot? o0 = —— 30 X -2
sin” ot cos~ o (m?—1)

Cosinx+cos =m = Sinocos o =

Bai 2. Ching minh ring biéu thiic sau doc 1ap véi x; y.
) 2
sin“x — cos
= 2—2)) + COtZXCOtZy.
sin” xsin”y
Loi giai. Ta co
sin x — cos? 2 2
- y  COs“xcos”y
- 2 2

sin” xsin’ y sin®xsin’ y
sin?x — (1 —cosx) cos?y

2

xsin?y
2

sin
2

x—sin®xcos?y

2

sin

sin® xsin®y
sin?x (1 —cos?y)
2

sin®xsin?y
=1.
Nhu vay, gi4 tri ctia bi€u thic B khong phu thudc vao gid tri cia x; y.

Bai 3. Ching minh biéu thiic sau doc 1ap véi ddi vdi x.

tan?x —cos?x  cot?x — sin%x
P= ) 2
sin” x COS“ X
N tan®x —cos2x cot?x—sin’x tan’x cos’x cot’x  sin’x
Loi giai. P = = — —
) 2 ) ) 2 2
sin~x COS“ X sSin“ x SIn“ x COS~ X COS“ X

= tan? x(1 + cot? x) + cot? x(1 4 tan? x) — tan®x — cot? x = tan’x + 1 + cot? x + 1 — tan? x — cot? x = 2.
Vay P khong phu thudc vao x.

Bai 4. Cho sinacosa = BT va g < a < w. Tinh sina va cosa.
N Ll . 5 4
Lui gidi. Ta c6 (sina+cosa)?> = 1 +2sinacosa=1+2- <_E> =5
. 2 . 2
Suy ra, sina+cosa = 3 hoac sina + cosa = ~3
Xét hai truong hop:
. 2 5
a) sina-+cosa = 3 vasinacosa = ——g.
¥ 2++V14
2 5 6
Gia tri sina, cosa 1a nghiém ctia phuong trinh X2 — X — — =0 < .
X = 6
T Al . A +v14 2—+14
\/35 <a<7rnen51na>Ovacosa<O.Vaysma:TVacosa:T.
b) sina+ 2 s
sina+cosa = —= vasinacosa = ——.
3 18



422 CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

X — -2+V14
o : 2, 5 6
Gid tri sina, cosa 1a nghiém ctia phuong trinh X2 4+ =X — — =0 < )
=%
T A . . —2+v14 —2—14
V1§<a<7rnen sina > 0 va cosa < 0. Vdy sing = —— ; vacosa = —— z .
A +v14 | 2—v14 —2+v14 —2—\/14
Viy sina = ¢ vacosa= 3 hodc sina = — 6 va cosa —

1
Bai 5. Cho tan(Tﬂ: —|—x> — 2. Tinh sin <x+ 7;) Vi x € (gn)

A , 117 T 1
Loi giai. Ta c6 tan (T +x) = tan (5717+ 0 +x) = —cotx =2 =-cotx = —2 = tanx = —5

) r ) T
sin x+7 :sm<x—|—47r—§>:—cosx.

1 5 4 2 /4
Lai c6 oy =1+tan’x = 4_1 = COSX = 5 = COSX = _ﬁ (do véix € (0;§> thi cosx < 0).
sin| x+ — ——cosx——

2 V5

2017x

Bai 6. Cho cot < ) —. Tinh gi4 tri ctia biéu thiic

2sinZx + 3sinxcosx — cos2 x

P =

cos2x — 3sinx

017w

2
Loi giai. Tacé cot( +x> = cot <10087r+ g —i—x) = cot (g +x> = —tanx

1
= tanx = — .
anx 3

_ 2tan®x+ 3tanx — 1

= —-8.
1 —3tanZx
S 4 2sinoccos @ —sino ” o
Bai 7. Cho 6cos? o +coso—2 =0. Biét A = sz cosa 1s1n =a+btana v6i a,b € Q. Tinh gia tri
cos o —
cua biéu thic a + b. .
Loi giai. Diéukién2cos(x—17é0<:>cosa7é5.
1
coso = =
Ta cé 6cos” a+cosor —2 =0 < >
coso = ——
3
| 2
Docosa#inencosa:—g.
2sincos o —sin ¢ in o
Mat khac A = S cos s :sinazcosa.sm = ——tana.
2coso — 1 COs O 3
a=0
Tur d6 suy ra ) 2:>a+b:—§.
3

2cosza — 1004
s 2

m(a—D)

Bai 8. Cho tano = v/2, biét A = = a+b\/2 v6i a,b € Q. Tinh sin

sin” o
Ny 0% ~ 1 +1 _\/5_’_1
1 giai. Ta co coszoc + tan? +\/_ NG 1

sin® o =

V2+1
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a=—1004 n(a—D)

Tfid()suyraA:—1004—1002\/§:>{ =a—b=—2=sin

Bai 9. Chosina+3cosa=2,3d00 < o < z. Tinh tan c.
—1l<cosa<1

0<sino < 1.

Tir gia thiét ta c6 sina = 2 — 3cos a.

Ma sin® o +cos? & = 1 nén (2—3cosa)2+cosza =1.

Loi giai. Do 0 < oo < 7 nén

6+6
coso = 10
Tit d6 suy ra 10cos? o — 12cosa +3 =0 = .
’ cosoc—6_\/6
\_f 10
. 2—3V6
Neu cosa = thi sina =2 —3cosa = 0 < 0 (loai).
. 6—v6 2+3v6
Néu coso = \/_thi sinad =2—3cosa = i \/_6(0;1) (thda man).

10
sina 3+2v6

Tu do suy ratana = =
cos o 3

b=—-1002 3

V3

7

423
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§3.  CONG THUC LUONG GIAC

I. Cong thic cong

Dang 1. Cong thic cong

D& giai cac bai toan lién quan dén cac cong thiic cong, ta thudng st dung cic cong thiic sau:

tana +tanb

a) sin(a+b) =sinacosb+tsinbcosa. ¢) tan(a+b) =
1 Ftanatanb

b) cos(a+b) = cosacosb Fsinasinb.

Vi du 1. Tinh gid tri cia bi€u thiic P = cos 10° 4 cos 11°c0s21° + cos 69° cos 79°.

Loi giai. Tacdé P = cos10°+cos11°c0s21° +sin11°c0s21° = cos 10° 4 cos (11° —21°) = 2cos 10°.

Vidu 2. Rit gon céc biéu thuc:

T
V/2cosa—2cos (Z —i—a)

a) A= T .
—+/2sina -+ 2sin (Z—I—a)

b) B = (tana —tanb)cot(a — b) —tanatanb.

Loi giai.

73 /3
V2cosa—2 (cos—cosa—sin—sina) V2sina
a) TacoA = ‘7‘1. 471. = =tana.
— 25ina—|—2(sinzcosa+coszsina> V2cosa

b) Tacd B=tan(a—b) (1 +tanatanb)cot(a —b) —tanatanb = 1.

Vi du 3. Ching minh céc dang thiic sau:
a) cosa-+sina = V2 cos (g —a) — /2sin (g —|—a).
. T . T
b) cosa—sina = \/icos (Z +a) = \/ism (Z —a).

Loi gidi.

1 T T T
a) Tacoécosa+sina= \/Q( cosa—+ — sina) = \/i <cosacosz +sinasin—) = \/Ecos <Z —a).

V2 4
cosa -+ ! sina) = ﬂ(sinncosa—i—cosnsinZ) = \/Qsin(n—ka)
V2 N 4 4 B 4 )

Nl

Mat khéc ta cling c6 V2 (

Vidu 4. Cho tam gidc ABC, ching minh ring tanA +tan B + tanC = tanA tan BtanC.
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Loi giai. Taco

sinA sinB  sinC
tanA +tanB +tanC = !

COSA + cosB + cosC
sinAcosB+sinBcosA  sinC

cosAcosB cosC
sin(A+B) sinC
cosAcosB  cosC
sinC sinC

cosAcosB  cosC

1 1
= sinc )
st cosAcosB + cosC
cosAcosB+cosC

cosAcosBcosC
cosAcosB —cos(A+B)

cosAcosB
coSAcosB — cosAcosB +sinAsinB

cosAcosBcosC
= tanAtanBtanC.

= sinC-

= tanC-

= tanC-

BAI TAP TU LUYEN

Bai 1. Khong stt dung MTCT, hay tinh gia tri sin 15°,cos 15°,sin75° va cos 75°.

V6—V2
oo

Loi giai. sin15° = sin (45° —30°) = sin45° cos 30° — sin30° cos 45° =

6++v2
cos 15° = cos (45° — 30°) = cos45° cos 30° 4 sin45° sin 30° = %
6++v2
sin75° = sin (45° 4 30°) = sin45° cos 30° + sin30° cos 45° = %
—V2
cos75° = cos (45° 4+ 30°) = cos45° cos 30° — sin45°sin30° = q

sin ( —a) +eos (3 —a)

7] a cos 7] a

sin(E—a>—cos<E—a>.
4 4

T T

sin — cosa — cos — sina + cos — cosa + sin — sina
4 4 4 V2cosa

. T . T . T, :
smzcosa—coszsma—coszcosa—smzsma —V/2sina

Bai 2. Rut gon biéu thic P =

Loi giai. P =

Bai 3. Tinh o + 8 biét tanax = %,tanﬁ :;V6i0< o,B < g
_ tan o + tan _q

1 —tanatanf3
D00<Oc,[3<gnén0<a+ﬁ<7t.V€1yOt+[3:%.

Loi giai. Ta c6 tan (o + )

Bai 4. Tinh

T . 1 T
a) cos<a+§>,biétsina:—V210<oc<—.

/3 2

T . 1 T
b) tan((x—z>,biétcosa:—§ Véz <a<m.

2 4 2
¢) cos(a+Db),sin(a—b), biét sina = 5,00 <a<90°vasinb = 5,90O < b < 180°.

= —cota.

425
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Loi giai.
T 2 6
a) D00<a<5néncosa>0.Dodécosa:\/l—sinzoc: 3:\/?_
Ta c6 co (Oc—l—ﬂ) CcoSs 0L CO n s'nocs'n7r V6 1 L V3 _-3+V6
S — ) =cos s — —si n-—=—-——= —=——
3 3 3 32 V3 2 6

T 2vV2
b) DOE < o< rmwnénsina > 0. Do do sina:\/l—cosza:—\/_.Suyratana:—Z\/i.

T
ano—m@ny  png -1 -2v2-1 _9+4v2

Tacétan(oc——) = =
4 l—i—tanoctang tancr+1 _2\/_—'—1 7
\/5

¢) C60° <a<90°néncosa = g 90° < b < 180° nén cosb = ———

3
o 3 —V5 42 8+43V5
cos(a+b):Cosacosb—smasmb:g-T—g-gz T
sin (a — b) = sinacosb —sinbcosa = 4 _—\/5 e —6+4\/§.
5 3 35 15
Bai 5. Chiing minh ring
sin(a+b) _ tana+tanb b) cos(a—D>) _ cotacotb+1
sin(a—b) tana—tanb’ cos(a+b) cotacoth—1'
Li gii.
sinacosb +sinbcosa
2) s?n(a—l—b) _ s%nacosb+s?nbcosa _ __ cosacosh _ tana—i—tanb'
sin(a—b) sinacosb—sinbcosa  sinacosb—sinbcosa  tana—tanb
cosacosb
cosacosb+sinasinb
b) cos(a—b) _ cosacosb—l—s%nas%nb _ sinasinb __ _ cotacotb—i—l.
cos(a+b) cosacosh—sinasinb  cosacosb—sinasinb  cotacoth— 1

sinasinb

Bai 6. Rut gon céc bi€u thic

a) A =sin(a+b)+sin (g — a) sin(—b).

1
b) B=cos (g—i—a) cos (g—a) —|—§sin2a.
/4 T
c) C=cos (§—a> sin(i—b> —sin(a—b).

Loi giai.
a) A =sinacosb+sinbcosa — cosasinb = sinacosb.

b) Tacod

T T LT 1.,
= COS—COSCI—SIDZSII’ICI COSZCOSQ—I—SIHZSIHCI —I—ESID a

V2 V2 V2 V2 . 1.,

— osa——sma ——cosa+ ——sina | + =sin“a
2 2 2

1 . 1.5

5 (cosa —sina) (cosa+s1na)—|—§sm a

1

2

1 1
<0052 a— sin® a) + 3 sina = 7 cos?a.
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c) Taco

T T T T
C = (coszcosa—ksinzsina) (singcosb—sinbcos 5) — (sinacosb —sinbcosa)

= sinacosb —sinacosb+sinbcosa = sinbcosa.

Bai 7. Ching minh cic dang thic sau:

2 2

a) sin(a+b)sin(a—b) = sin’a — sin?> b = cos> b — cos a.

b) cos(a+b)cos(a—b) = cos®a —sin’> b = cos’> b — sin’a.

Lui gidi.

a) sin(a+b)sin(a—b) = (sinacosb+sinbcosa) (sinacosbh —sinbcosa)
= sin®acos? b — sin® bcos?a = sin’a (1 — sin® b) —sin’b (1 — sin® a) = sin®a — sin’b.

Tuong tu: sin®acos?b — sin’ bcos2a = (1 —cos? a) cos?b — (1 — cos? b) cos? 2

a=cos’b—cos’a.
b) cos(a+b)cos(a—b) = (cosacosb —sinasinb) (cosacosb + sinasinb)

= cos?acos?b —sin?asin’b = cos?a (1 — sin? b) — (1 — cos? a) sin?b = cos?a — sin’ b.

Tuong tu: cos?acos?b —sin?asin®b = (1 —sin?a) cos?b —sin®a (1 — cos? b) = cos? b — sin a.
1 +tanb
1 —tanb

<. T . . y
Bai 8. Choa—b = R chng minh rang = tana.

Loi T: b— Sa=—+b.
i giai. Tacoa— 4 a 4+

tan +tanb 1+tanb

Do d6 tana = tan ( +b>

—tan — tanb ~ 1—tanb

Bai9. Choa+b= % ching minh ring (1 +tana)(1+tanb) = 2.

l—tana)

T
Lis gidi. Ta c6 (1-+tana)(1+tanb) = (1 +tana) (1+1an (5 —a) ) = (141 <1
i giai. Ta co (1+tana)(1+tanb) = (1 +tana) ( 1+ tan i (1 +tana) +1+tana

=(1-+t =
( + ana) 1+tana

. A B B C C A
Bai 10. Cho tam giac ABC, chiing minh rang tan 5 tan > + tan 5 tan 5 + tan 5 tan 5= 1.
Loi giai. Tacé

A B B C C A A B C( A B)
tan —tan — +tan —tan — +tan —tan— = tan —tan— 4 tan— tan—+tan§

2 2 2 2 2 2 2 2 2 2
A B C A B A B
= tanitanz—i—tanztan(E—i—E) <l—tan§tan§>
A B cC C A B
= tanitana—ktanacota<l—tan§tan§>

=t At B—l—l t At B—l
= tan-tano an > tan— = 1.

II. Cong thirc nhan doi
Pinh 1i 1 (Cong thitc goc nhan d6i). Vdi moi gid tri ciia goc luong gidc o cho trudc, ta c¢é

e Sin2¢ = 2sin ¢ cos C.
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2

e cos2a = cos? o —sinfa =2cos?a—1=1-2sina.

T T
2tan o aF gtk
otanZaZLZ, i 2,k€Z.
1—tan“ o OC#E-HWT
Hé qua 1 (Cong thire ha bac). Vi moi gid tri ciia goc lugng gidc a cho trudc, ta co
. 9 1 —cos2a
e sin“ox=—"—.
2
’ 1+ cos2a
e cosTot=——.
2
I —cos2a /4
tan’ 0= ——————, A # = +km, ke Z.
* 1+cos2a #2+ R

Hé qua 2 (Cong thie nhan ba). V6i moi gid tri cia géc lugng gidc o cho trude, ta ¢o
e sin30 = 3sino — 4sin’ a. e cos30 =4cos® a—3cosa.
(Chitng minh lai khi sw dung trong bai tdp tu ludn)
Li giai.
a) sin3a = sin(o 4 2a) = sin o cos 2a + sin2acos o = sin (1 — 2sin® o) + 2 sin a cos® o
— sin o — 2sin’ o+ 2sin ot(1 — sin® &) = 3sin o — 4sin’ a.

b) cos3a = cos(a +2a) = cos acos2a — sin arsin2a = cos &t(2cos? a — 1) — 2sin® oL cos o
=2cos o —cos o — 2(1 — cos? &) cos & = 4cos® o — 3cos Q.

III. Cac dang toan

Dang 2. Tinh cac gia tri lugng giac cua cac goc cho trude

St dung cong thiic nhan doi hodc ha bac d€ tinh gid tri lugng gidc theo yéu cau.

Vidu 5. Tinh cdc gia tri lugng gidc cia goc o = 22°30/.

24+2
4

o et g 2
Loi gidi. C6 cos20 =2cos’>a — 1 < 2cos”a — 1 = cos45° = \/7_ & cos? o =

V2+2
2

vi 0° < o < 90°.
sin2o B sin45° B 22
2cosa  2coso 2 ’

<~ COSO =

sin20 = 2sin o cos ¢ < sin o =

sin2o0 V/2+2

1
tan20o = = =1 2,cot200 = ——— =+/2—1.
an cos2¢ 7 \/j + \/_ €0 tan2Q \/_

Vidu 6. Chosina = 5’ vOl o € (g,ﬂ?> Tinh gia tri cua sin2a va tan2¢.

N Lo . 16
Loi giai. Ta c6 sin?a+cos? o = 1= cos>a =1 —sin’ o = o

T 4
Do a € (5,71'> néncosa <0=cosa =—-—.

5
. ) 34 24
sin2 = 2sinocos ot = 2 - §~§ =55
sin & 3 2tan o 24
tano = =—-=tan200=—— = —
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Dang 3. Riit gon biéu thirc cho truée

St dung cong thifc nhan déi hodc ha bac két hop viéc danh gid quan hé boi chin giiia cdc cung va cac
bac.

Vidu 7. Rit gon céc biéu thic sau

a) A =sin10°cos20°cos40°. b) B = cos’ xsinx — sin> xcosx.

.

Loi giai.
a) A =1sin10°c0s20°c0s40° = A -cos 10° = sin 10° cos 10° cos 20° cos 40°

= 1 sin 20° c0s20° cos 40° = 1 sin40° cos40° = 3 sin 80° = 3 cos 10°

1
Vay A = —.
ay 3

. . . . I . I .
b) B = cos’xsinx — sin’ xcosx = cosx sinx(cos?x — sin’ ) = = sin2xcos2x = —sin4x.

Dang 4. Chiing minh dang thic lugng gidc

St dung cong thifc nhan ddi hoic ha bac két hop viée danh gid quan hé boi chin giita cic cung va cac
bac.

Vi du 8. Chiing minh cic dang thiic sau trong diéu kién c6 nghia ctia biéu thiic

3 1
a) sin* o+ cos* o = 1 + —cosdo

4
1—coso+cos2o
: : =cotx
sSin2¢ — sin &
sin* o — cos* ot + cos? o o
c) = cos? —.
2(1 —cosa) 2

Lui gidi.

1
a) VT = (sin® &t +cos? a)? — 2sin arcos® ot = 1 — 5 sin? 20

I—cosd4or 3 1
=1 — 2" 24 “cosdo = VP,
1 4-|-4cos a=V
b) VT = 1—c‘osa+20052‘a—1 _ C?sa(Zcosa— 1) _ C?sa _ cotar — VP
2sinocos o — sina sina(2cosa—1)  sina

sin o 4 cos? o (1 — cos® ) B sin o + cos? arsin® o B sin® o(sin” & + cos? o)

c) VT =

2(l —cosa) B 2(1 —cos ) B 2(1 —cos )
, &
1 —cos’« l+cosa  2©08 2 , O
= = = =cos”— = VP.
2(1 —cosa) 2 2 2

Vidu 9. Chiing minh biéu thiic sau khong phu thudc vao gia tri clia bién x

B 1 —cos2x+sin2x

= - Ccotx.
1+ cos2x-+sin2x corx
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N 2sin%x +2sinxcosx Ccosx 2sinx(sinx+cosx) cosx
Loi giai. P = = =1.

2cos?x+2sinxcosx sinx  2cosx(sinx-+cosx) sinx
Viy gia tri ctia biéu thiic P khong phu thudc vao gid tri clia bién x.

BAI TAP TU LUYEN
.. " ey g 1, t t

Bai 11. Cho bidt tan = = 2. Hay tinh gia tri biéu thuc: P = M.
2 2tana —4cota

2tang 4 1 3

Loi giai. Tacé tana = —Za =——,cotg=—— = ——.

1 — tan2 5 3 tana 4

4 3
3 4 25

Bai 12. Cho tanx = - Yt
\/ﬁ \/1T

VIty+y/T—y  (VTHy+yT=y)? 242/1—y2 1+4/1—)?

VIity—y/T—y I+y—1+y 2y y

] . 2sinxcosx
y = sin2x = 2sinxcosx < y2 = 5 < y(1+tan’x) = 2tanx
cos?x cos?x

1+4/1—y?)? 1++/1—)2
<:>y<1+( i 5 ) ):2-¥<:>y2+2—y2—|—2\/1—y2:2+2\/1—y2(dling).Vayta
y y

c6 diéu phai chiing minh.

. , 1 /
Bai 13. Rut gon A = —\/2—|— 24+/24+2.

Loi giai. A = \/2+\/2+\/2+2cos— \/2+\/2+2cos— \/2+2cos— = 2cos—:

Chiing minh rang y = sin2.x.

Loi giai. tanx =

cos ﬁ
Bai 14. Tinh gia tri cac biéu thiic sau:
— in6° o o o 27 41 8T
a) A =sin6°cos 12°cos24°cos48°. b) B = COS —— COS — COS ——
9 9 9"

Loi giai.
1
a) A-cos6® =sin6°cos6°cos 12°cos24°cos48° = 3 sin 12° cos 12° cos24° cos 48°

1 . o o o __ 1 . o o __ 1 o _ 1 o
= Zs1n214 c0s824°cos48° = 8s1n48 cos48 T sin 96 16c0s6

=>A=—.
16

b) B-sin 27 sin 27 cos 27 cos 4n cos sm_ 1 sin 4n cos 4n cos sz _ 1 sin 87 cos sz _ 1 sin tom _
9 9 9 9 9 29 9 9 49 9 8 9

1 . <27t 27r> 1 21
—sin —— ) =——sin—
g° 9 g5 g

=B = !
-8
Bai 15. Tinh gia tri ctia sin 18° va cos 18°.
Loi giai. Ddt x = 18°, ¢6 5x = 90° < 3x = 90° — 2x = cos2x = sin3x
& 1 —2sin’x = 3sinx — 4sin’ x < 4sin’x — 2sin’x — 3sinx+1 =0
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[ sinx = 1 (loai)
S VAR
& (sinx—1)(4sin®x+2sinx— 1) =0 & | SIX = ——— (nhan)
—1—-+/5
sinx = —\/_ (loai)
—1 5 _ VI10+2v5 1() 24/5
Vay Sin180:+\/_véc0518° v/ 1 —sin? +

Bai 16. Chitng minh c4c dang thiic sau day (trong diéu k1¢n c6 nghia cua biéu thiic):
sinx -+ sin 2x

a) tanx = .
1 4 cosx +cos2x
2sin2x — sin4x
b) tan’x = :
) tan”x 2sin2x+ sin4x
c) sin® x + cos* x — 6sin®xcos?x = cos4x.
Loi giai.
2) VP sinx+2sinxcosx  sinx(1+2cosx) _ tany — VT
" T+cosx+2cos2x—1  cosx(1+2cosx)
b) VP — 2s%n2x—25%n2xcos2x _ 23%n2x(1 —c0s 2x) _ 2sin22x _ tan?y = VT
2sin2x+2sin2xcos2x  2sin2x(14cos2x)  2cos’x
¢) VT = (sin?x + cos?x)? — 2sin® xcos” x — 6sin® xcos? x
= 1 —8sin’xcos?x = 1 —2sin’x = cos4x = VP
6 6

e , 9 2 , ., . 9 .2 ”, . .
Bai 17. Cho goc « thoa cos4a = 3 Tinh gia tri ctia biéu thiic P = sin® acos? o¢ + sin® ot cos® ar.

6 6 :02 2

Loi giai. P = sin® ocos? a + sin® o cos® o = sin® occos? e (sin* o + cos* &)

1 1 1
= ZsinZZOﬂ(l —2sin® acos’ a) = Zsin22a (1 - Esin22a>.

Ma cosda = 1 —2sin’ 20 = % & sin? 20 = G
VaynenP—l l<1—l l) zi.

4 6 2 6 288
Bai 18. Riit gon biéu thitc A = sin® &t cos & — cos® orsin .

Loi giai. A = sin o cos o(sin* o — cos* o) = 5 sin 20(sin? @ — cos? &) (sin” o + cos? @)
1 1
=5 sin20(—cos2a) = ~2 sin4o
Bai 19. Chiing minh cac biéu thiic sau khong phu thudc vao bién s6 x.
a) A = 8sin*x+4cos2x —cosdx — 3.
tan2x 1

b) B= - .
) tanx  coS2x

Lui gidi.

1 —cos2x\?
%) +4cos2x—cosdx—3

= 2(1 —2c0s2x +cos?2x) +4cos 2x — cosdx — 3 = 2c0s? 2x — cos4x — | = cos4x — cos4x = 0.
Viy A khong phu thudc vao gia tri cua x.

a) A =8(sin’x)? +4cos2x —cosdx—3 =8 (

sin2xcosx 1 sin2xcosx —sinx  2sinxcosZx — sinx

b) B= - = s = :
cos2xsinx  CcoS2x sinxcos2x sinxcos2x

sinx(2cos’x—1)  sinxcos2x

__sinxcos2x ~ sinxcos2x |
Vay B khong phu thudc vao gia tri cua x.
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IV. Cong thirc bién ddi

Dang 5. Bién ddi mét biéu thiic thanh mét tdng hoéic thanh mét tich

Pay 1a dang toan co ban chii yéu dé tap cho hoc sinh 4p dung dudc dbi v6i cac cong thiic bién ddi

(tdng thanh tich, tich thanh téng) da hoc. Duéi day 1a cdc cong thiic bién d6i do.

1. Cong thiic bién d6i tich thanh tong

CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

1 1
e cosacosb = 5 [cos(a—b)+cos(a+b)] e sinacosb = 5 [sin(a+b) +sin(a —b)]

2. Cong thic bién ddi tong thanh tich

1
e sinasinb = 5 [cos(a —b) —cos(a+D)]

. ) . a+b a—>b
e sina-+sinb = 2sin cosS >
b —b
° sina—sinb:2005a+ sina2
—b
° cosa—i—cosb:Zcosa cosa2

1
cosasinb = 5 [sin(a+b) —sin(a —b)]

b —b

° cosa—cosb:—Zsina+ sina2

i b
e tana +tanb = M

cosacosb

i —b
e tana —tanb = M

cosacosb

a) A =2sin(a+b)sin(a—b)

b) B = sinxsin2xsin3x

Vi du 10. Bién d&i mbi biéu thiic sau day thanh mot tdng:

¢) C =8cosxsin2xsin3x

d) D = cosxcos(x+60°)cos (x —60°)

Li gidi.

1
a) A=2sin(a+b)sin(a—b) :2-5[cos(a-l-b—a—l—b)—cos(a-l—b—l—a—b)] = c0s2b — cos2a.

Véay A = 2sin(a+ b) sin(a — b) = cos2b — cos2a.

1
b) B = sinxsin2xsin3x = sin3x(sin2xsinx) = = sin3x [cosx — cos 3x]

2

1 1 1
= —sin3xcosx — 5 sin3xcos3x = 1 [sin2x + sindx| — ) sin 6x.

1
Vay B = sinxsin2xsin3x = 1 sin2x + —sin4x — 1 sin 6x.

4

¢) C = 8cosxsin2xsin3x = 8sin3xsin2xcosx = 4 [cosx — cos5x| cosx
= 4cos?x —4cos5xcosx = 2 (14 cos2x) — 2 (cos4x + cos 6x)
Vay C = 8cosxsin2xsin3x = 2 +2cos2x —2cos4x — 2 cos 6x

1
d) D = cosxcos (x+60°)cos (x—60°) = cosx- 3 [cos 120° + cos 2x]

1
2

Vay D = cosxcos (x+60°) cos (x — 60°)

1

1 1 1 1 1
= — —— 2x| = —— — 2 = —— — 2 — 4x.
cosx[ 2-1—cos x} 4cosx+2cos XCOSX 4cosx+ cos x+4cos X

4

1 1
—Zcosx-i- —cos2x + ZCOS4X-

4

Vi du 11. Bién d&i cic biéu thiic sau diy thanh mot tich:

a) A =sina+sin3a+sinSa

b) B= 1+ cosx—+cos2x+ cos3x

Li gidi.
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a) sina+ sin3a+sinSa = sin5a+ sina + sin3a = 2sin3acos2a + sin3a = sin3a(2cos2a+1).
Viy A = sina +sin3a +sinSa = sin3a(2cos2a + 1).

b) B =1+ cosx+cos2x+ cos3x = (cos3x+ cosx) + (cos2x+ 1)

3
—=2cos2xcosx+2cos’x — 1 41 = 2cosx (cos2x + cosx) = 2cosx~2c:os?xcos§

3
Vay B = 1+ cosx 4 cos2x 4 cos 3x = 4 cosxcos ?x cos%C

BAI TAP TU LUYEN

Bai 20. Bién ddi cic biéu thiic sau ddy thanh mot tong:

a) cosSasin3a e) sin(a—b)cos(b—a)
b) cos(a+b)cosa f) cosacosbcosc
¢) 2cos(a+b)cos(a—b) g) 4sin2asin4asinba
. T\ . y
d) 4cosxcos2xcos3x h) sin (x—l— 6) sin (x — €> cos2x

Loi giai.
. . . I . . I . .
a) Taco cos5asin3a = sin3acosSa = 5 [sin (3a — 5a) +sin (3a+ 5a)| = 5 [sin (—2a) + sin 84|

1 1
Viy cosSasin3a = 3 sin8a — 3 sin2a.

1 1 1
b) Tacé cos(a+b)cosa = 5 [cosb+cos(2a+b)] = Ecosb—k Ecos(Za—i—b).

1
¢) 2cos(a+b)cos(a—b)=2- 5 [cos(a+b—a+b)+cos(a+b+a—b)] = cos2b+cos2a.

1
d) Tacd 4cosxcos2xcos3x =4 (cosdxcos2x)cosx =4 - 3 [cos 2x + cos 6x] cosx

= 2c082xcosx+ 2cos6xcosx = cosx + cos3x+ cosSx + cos7x.

1 1
e) Tacodsin(a—b)cos(b—a)==|sinla—b—b+a)+sin(a—b+b—a)| = =sin(2a — 2b).
2 2

1
f) cosacosbcosc = 2 [cos(a — b) +cos(a+b)]cosc

1
= —cos(a—b)cosc+ Ecos(a +Db)cosc

2
1 1 1 1

:Zcos(a—b—c)+Zcos(a—b+c)+Zcos(a+b—c)+zcos(a+b+c).

g) Ta co 4sin2asindasinba = sin4a + sin8a — sin 12a.
/4 /4 1 /4

h) Ta co sin (x—i— E) sin (x— g) cos2x = 3 [cos 3~ cost] cos2x

B cosn 1Coszz 1 1 I+cosdx  cosdx

T3 TN Ty 2 4

Bai 21. Bién d6i mdi biéu thifc dudi day thanh mot tich:
a) sinx 4 sin2x + sin3x ¢) cosx+ cos2x—+ cos3x+ cosdx

COSX -+ COSy

b) sinx + sin3x+ sin5x + sin7x COSX — COS Y
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. sin7x + sin 5x k) 1 —cosa+sina

sin7x — sinSx

f) sinxcos3x+ sin4dxcos2x ) 1—2cosx—+cos2x

g) sina+sinb+sin(a+b) m) 1+ sinx— cos2x

h) cosa+cosb+cos(a+b)+1

) ) n) sin’x — sin®2x + sin? 3x
1) sin“a—sin“b

j) 1+sina-+cosa 0) cos’x+cos?2x+cos?3x— 1
Loi giai.
a) sinx+sin2x+sin3x = (sin3x+ sinx) + sin2x

= 2sin2xcosx +sin2x = sin2x (2cosx+ 1).

b) sinx+ sin3x+ sin5x + sin7x = (sin7x + sinx) + (sin Sx + sin 3x)
= 2sin4xcos3x + 2sindxcosx = 2sin4x (cos 3x + cos x)
= 4sin4xcos2xcosx.

) cosx+ cos2x+ cos3x+ cosdx = (cosdx+ cosx) + (cos3x+ cos2x)
= 2c0s > cos 3 +2cos >x cos A 2cos >x <cos 3 —+ cos x)
n 2 2 2 2 2 2 2

S5x X 3x X
= 4c08 — cosxcos — = 4coSxcos — CcoS —.
2 2 2 2

) X+y X—y
cosx+cosy “COSTH,TCOST x+y x—y
d) = = —cot——cot——.
COSX — COSy —ZSinx+ysinx_y 2 2
2
sin7x+sin5x  2sinbxcosx
e) = = tan6xcotx.

sin7x —sin5x  2cos6xsinx
1 1
f) sinxcos3x+sin4xcos2x = 5 [sin(—2x) + sin4x]| + 3 [sin2x + sin 6x]
1
=3 [sin 6x + sin4x] = sin5xcosx.

a+b a—>b . a+b a+b
coS + 2sin CoS

g) sina+sinb+sin(a+b) = 2sin

) a+b< a—>b a+b> . a+b a ( b)
=2 =2 .2¢os — _Z
sin—— { cos +cos sin — cos S cos | =5

2 2
—4sina cosacosb
B 272
b —b b
h) cosa+cosb~|—cos(a+b)~|—1:2cosa+ cos 2 +2c0s2a+

a+b a—>b a+b a+b a b
= 2c0s 5 cos +cos =4cos COS — COS —.

2 2 2 2 2
1 —cos2 1—cos2b 1
i) sin?a—sin’b = coscd 17O = — (cos2b —cos2a)
. 2 2 2
=3 (=2)sin(b+a)sin(b —a) = sin(a+ b) sin(a — b).
) l—l—sina+cosa:1+sin<2-g>+cos<2~g> :1+25ingcosg+2wszg—l
_ZSingCOSC—l—I—ZCOSZE—ZCOSE<Sing —i—cosc—l)
I ) 2 2\ 2 2/



3.. CONG THUC LUONG GIAC 435

k) 1 —cosa—+sina=1—cos (2-g)+sin(2-;—l)

_9ain2é 4 Ez-ﬁ(-ﬂ ‘l)
2sin 2-|—2s1n2cos2 251n2 s1n2—|-cos2 .

1) 1—2cosx+cos2x=1—2cosx+2cos’x—1=2cosx(cosx— 1).
m) 1+sinx—cos2x =1+ sinx— (1 —25in2x) = sinx (1 4+ 2sinx).

1 —cos2x 1 —cos6bx
2

1
= 1 —sin?2x — 3 (cos 6x +cos 2x) = cos? 2x — cos 4x cos 2x

n) sin® x — sin®2x + sin” 3x = —sin?2x+

= c0s2x (cos2x — cos4x) = 2cos 2xsinxsin3x.

1+ cos2x 1+ cos6x 1

22
+cos“2x+ >

0) cos?x+ cos?2x+cos?3x— 1=

1
=3 (cos 6x + cos 2x) + cos? 2x = cos4xcos 2x + cos> 2x

= cos2x (cos4x + cos2x) = 2cos2xcos 3xcosx.

Dang 6. Chitng minh mdt dang thirc lwgng gidc cé sit dung nhém cong thite bién ddi

e V&i dang toan nay ching ta thuong xuit phat tif mot vé ctia dang thiic can chiing minh, dp dung
céc cong thiic, két hop rit gon, nhém s6 hang,... mot cach hop 1y bién d6i biéu thifc d6 dong
nhat dudgc véi biéu thic & vé kia.

e Tuy vao bai toan cu thé, doi khi phuong phap bién di tuong duong, hoic chiing minh ca hai
vé clia dang thidc cuing bang véi biéu thic trung gian,... ciing c6 thé dudc st dung.

Vi du 12. Chiing minh ring 4 cos xcos (g —x) cos (g —|—x) =cos3x, voimoi x € R

’s . 1 2
Loi giai. Ta c6 4cosxcos (g —x) cos (g —|—x> =4cosx- 5 [cos(—2x) + cos ?ﬂ:

= 2c0sxcos2x — cosx = cos 3x + cos(—x) — cosx = cos 3x, Vx € R.

T T
Viay 4 cosxcos (§ —x) cos (5 +x) = cos3x, v6i moi x € R

3

P . Ly . . 3 r .. .
Vi du 13. Chiing minh ring cos® acos3a — sin® asin3a = 1 cos4a+ 7 v6i moi x € R

Loi giai. Taco
3

cos> acos3a — sin’

asin3a = (cos3acosa)cos®a— (sin3asina)sin’a

2 2

1 1
=3 [cos2a + cos4a|cos”a — 5 [cos2a — cos4a] sin”a

1 1 1
= 3 cos2acos’a+ 3 cosdacos®a — 3 cos2asin®a -+ > cosdasin®a

1 1
= 3 cos2a (cos2 a— sin® a) + 3 cos4a (0052 a-+ sin? a)

1 1 1 1 3 1
= —cos2 2a+ —cosda = — 4 —cosd4a = —cosda+ — R.
2cos acos a+2cos a 4(cos a+cos0)+2cos a 4cos a-|-4,Vx6

3 3

. . 3 e
Vay cos’ acos3a —sin” asin3a = ZCOS4a+Z’le moi x € R
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Vi du 14. Chiing minh ring gia tri ctia biéu thiic say day khong phu thudc vao bién sb x:

27 27
S = cos? x + cos? (7 ~|—x> + cos? (? —x)

N ) 2 2
Loi giai. Taco S = cos? x + cos? (? +x) + cos? <? —x)

4 4r
1+ cos <? ~|—2x> 1+cos <? —Zx)

B 1+cos2x

1 1 4 4
= E—i— —CcoS2x+ — {cos (—n+2x> +cos (? —Zx)}

2 2 2 3
3 1 1 4r 3 1 1 1 3
=—4 = 2 -2 — 2x=—+— 2 -2 —= 2x = —
2—cmos x+2 cos3cosx 2+2cos x+2 <2>cosx >

3 s
Viy S = 3 v6i moi x € R (khong phu thude vao bien so x).

BAI TAP TU LUYEN
Bai 22. Ching minh cic ding thifc sau day:

a) cosS5xcos3x -+ sin7xsinx = cos2xcos4x 1 cosSa —cosa — _9sing
sinda + sin2a
b) sinS5x —2sinx(cos2x + cos4x) = sinx

1+ sin2a + cos2a

i i = m N = cota
¢) cosSxcosx+ sin3xsinx = cos2xcos4x 1+ sin2a — cos2a

d) 2(sinacos2a —sin2acos3a) + sinSa = sin3a

3

. . 3.
n) cos3x sin® x + sin3xcos® x = = sindx

e) sin2a —sin4a+sinbo =4sinocos2a.cos3Q

- . .
f) 1+sina+cosa=2\/§cos%cos (Z_g) 0) sing + sinb :tana—l—b
cosa-+cosh 2

sina + sin 3a

—————— =tan?2 /4 T 3
& cosa—+cos3a anzd p) sin®x+ sin® <§ —x) + sinxsin <§ —x) =7
1+4+coso+cos2a 4+ cos3a
h) 5 =2coso . . (T . (T )
2cos“a+cosa— 1 q) 4sinxsin (§—x> sin <§ —l—x) = sin3x
.. sin2a +sin4a + sinbo )
& 1 +cos2a+cosda = 2sin2a 8cos?2a
r) tana+cota+tan3a+cot3a = ——
.. 2sin2a -+ sin4da sin6a
1 =tan2acosa
2(cosa+cos3a) s) sin(a — b)sin(a+b) = sin®a —sin® b

sin2a — sin3a + sin4a

k 08 2a — cOs 3a 1 cosda = tan3a t) cos(a+b)cos(a—b) = cos’>a—sin’b

Loi giai.
a) Chung minh cos5xcos3x + sin7xsinx = cos 2xcos 4x.

1 1
Ta c6 cos Sxcos3x + sin7xsinx = 2 (cos2x+cos8x) + 5 (cos6x — cos 8x)

1
=3 (cos6x + cos2x) = cos4dxcos2x.

b) Chiing minh sin5x — 2 sinx(cos2x + cos4x) = sinx.
Ta ¢6 sinSx — 2sinx(cos2x + cos4x) = sin5x — 2 sinxcos 2x — 2 sinxcos4x
= sinSx — [sin(—x) + sin3x] — [sin(—3x) + sin 5x| = sin.x.
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¢) Chiing minh cos Sxcosx + sin3xsinx = cos 2xcos4x.

1 1
Ta c6 cosSxcosx + sin3xsinx = 3 [cos4x + cos 6x] + 3 [cos2x — cos4x]

1
=5 [cos 6x + cos 2x] = cos 2xcos4x.

d) Ching minh 2(sinacos2a — sin2acos3a) + sin5a = sin3a.
Ta ¢6 2(sinacos2a — sin2acos3a) + sin5a = 2sinacos2a — 2sin2acos 3a + sin5a
= sin(—a) + sin3a — [sin(—a) + sin5a] 4 sin5a = sin3a.

e) Ching minh sin2a —sin4o + sinba = 4sincos2acos3a.
Ta c6 sin2a — sinda + sin6o = sin6a + sin2a — sin2 (2a)
= 2sin4ocos2a —2sin2acos200 = 2cos2a (sin4o — sin2a.)
=2cos2a (2cos3asina) = 4sinacos2acos3a.

T
f) Chung minh 1+ sina+cosa = 2\/§cosgcos (— — g).

2 4 2
T 1 T T T
Ta co 2\/§cosgcos <Z — g) =22. > [cos (a— Z) —f—COSZ} =+/2cos (a— Z) +1
b/ T 2 2
=2 (cosacosz +sinasinz> +1=+2 (%cosa—k gsina) +1=cosa-+sina+1.
. i3
g) Ching minh shnatsinda tan2a.
] cosa+cos3a ) ) )
_ sina—+sin3a sin3a -+ sina 2sin2acosa sin2a
Ta co = = = tan2a

cosa+cos3a cos3a+cosa 2cos2acosa cos2a

1 o 20 3o
h) Chiing minh —- ;OCSOS;;TSCOS ; st —2cosa.
1 +coso+cos2a+cos3a  (cos3a+cosa)+ (cos2o+1)

2cos?a+coso—1 (2cos2 0 — 1) +cosa
_ 2cos20cosa+2cos’ o 2cosa(cos20 + cos o)
B cos20 +cos o B cos2a +cosa

2

Ta cod

=2cos

in20 + sin4o + sin60o
i) Chitng minh SM=GFSINAAFSINOX _ ey,
14+ cos2a +cos4a
Ta c6 sin2a +sin4a +sin6o  (sin6o +sin2a) +sin4o
1 +cos2a+cos4a  (1+cos4a)+cos2a
_ 2sind4acos2o +sinda  sind4a (2cos2a+1)

2cos?2a+cos2a  cos20(2cos20 + 1)

=2sin2o

2sin2 in4
j) Chting minh SinZa + sinta =tan2acosa.
2(cosa+cos3a)

. 2sin2a+sinda 2sin2a +2sin2acos?2a
Ta co =

2(cosa+cos3a) 4cos2acosa

{12a — sin3 -
K) Chiing minh o~ SINSAHT SN _ 2y
cos2a —cos3a -+ cosda
Ta c6 sin2a — sin3a + sin4a _ sinda + sin2a — sin3a _ 2sin3acosa — sin3a
cos2a —cos3a+cosda cosda+cos2a—cos3a  2cos3acosa— cos3a
sin3a(2cosa—1)  sin3a
= = =tan3a
cos3a(2cosa—1) cos3a

. . . cos5a—cosa .
1) Ching minh ————— = —2sina.
sinda+sin2a i ) ]
. cosSa—cosa —2sin3asin2a —sin2a —2sinacosa .
Ta co — - = - = = = —2sina.
sin4a + sin2a 2sin3acosa cosa cosa
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1 +sin2a + cos2a
Chu inh = cota.
m) fig min 1 +sin2a — cos2a cotd

. 1+4+sin2a+ cos2a B 1 +2sinacosa+2cos?a—1 B 2sinacosa+2cos?a

Ta cé - = =
1+sin2a—cos2a 1+ 2sinacosa— (1 —ZSinza) 2sinacosa+2sina
_ 2cosa(sina+cosa)  cosa

= . = — = cota
2sina(cosa+sina)  sina

3

3
n) Ching minh cos3xsin®x +sin3xcos’ x = 1 sin4x.

Ta ¢6 cos3xsin® x + sin3xcos® x = (cos 3xsinx) sin® x 4 (sin3xcosx) cos” x

1 1
=3 (sindx — sin2x) sin®x + 3 (sin4x + sin2x) cos®x

2 2

1 1 1 1
= Esin4xsin x—5sin2xsin2x+§sin4xcoszx+Esiancos X

1 1
= 5 sin4x (sinzx + cos? x) + 3 sin2x (coszx — sin? x)
1

1 1 3
= 3 sin4x + 3 sin2xcos2x = 3 sin4x + 1 sindx = 1 sin4x.

sina + sinb . na+b
cosa—+cosh 2
a+bCOSa—b Sina+b
b
Ta cé = 2 2 __ 2 :tana+.
cosa-+cosbh a+b a—>b a+b 2
2.cos 7 cosS 5 0 7

0) Ching minh

2sin

. sina+sinb

3
p) Ching minh sin® x + sin’ (% —x) + sinxsin <§ —x) =7

T T
Ta ¢6 sinx + sin? (5 —x) + sinxsin <§ —x)

2
1—cos<—n—2x
1—cost+ 3 +sin n( >
= inxsin( — —x
2 2

1 27
=1- 3 {cost-l—cos <? —2x)

—1—005(2—n)cosﬂ:—i—lcos(Z—n)—l—S
- TT3)3T YT3) T4y

+ = [cos <2x g —cos—]

q) Chtng minh 4sinxsin (% — x> sin (% +x> = sin3x.
T T 1 2n
Ta c6 4 sinxsin (5 —x) sin <§ +x> =4sinx- 3 [cos(—Zx) —cos ?}
= 2sinxcos2x + sinx = sin3x + sin(—x) + sinx = sin3x.

8cos?2a

. sinba
sina cosa sin3a cos3x

r) Ching minh tana + cota + tan3a + cot3a =

Ta c6 tana + cota +tan3a + cot3a = - -
) cosa sina cos3a sin3x

sinfa+cos?a  sin%3a+ cos?3a _ 1 1 2 2

sinacosa sin3acos3a sinacosa sin3acos3a sin2a sinba
2(sin6a+sin2x)  4sin4acos2a  4-2sin2acos2acos2a  8cos’2a

sin2asinba  sin2asinba sin2asin6a ~ sinba
s) Chiing minh sin(a — b)sin(a +b) = sin*a —sin?b.
1 1
Ta cé sin(a—b)sin(a+b) = 5 [cos(—2b) — cos2a| = [cos 2b — cos 24|

= % [(1 —2sin2b) — (1 —25in2a)} = % [ZSln a—2sin’ b] = sin®a — sin’b.
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t) Chiing minh cos(a 4 b) cos(a — b) = cos*>a — sin® b.
1 1
Ta c¢6 cos(a+b)cos(a—b) = 5 [cos2b + cos2a] = 5 [2cos?b—1+41— 2sin2a}

1
=3 2 cos?b — 2sin? al = cos?a —sin?b.

Bai 23. Ching minh cdc ding thifc sau day:

b (n a) in(n—kb)
S\q72)"M\1 72

b) sin?a+sin’b+2sinasinbcos(a+ b) = sin?(a + b)

c) sin(2 +n>cos( 717) cos<2 +7t)cos(27r )—cos
T3 6 T3 3 )T

Loi giai.
b (71' a> m<7r+b>
cos 1773 S 1175)

b —b b b
Ta c6 cosa+cosb+sin(a+b) = 2COSa+ cos 2 +25ina+ cosa+

a+b <cosa_b—|—sina+b> —2cosa+b (Sinn—a+b+sina+b
2 2 2 ) 2 2 2

b ZSin(Tc-l-b)COS(Tc a)
4 2 4 2/
b) Ching minh sin®a 4 sin? b + 2sinasinbcos(a + b) = sin’(a+ b).

Ta c6 sin®a + sin® b + 2sinasinbcos(a + b)
B {1 —cos2a 1—cos2b

2 * 2
= [1 - % (cos2a+cos 2b)} + [cos(a —b) —cos(a+b)]cos(a+b)

= [L —cos(a+b)cos(a—b)] + [cos(a —b)cos(a+b) —cos*(a+b)]
= 1—cos’(a+b) =sin®*(a+b).

a) cosa—+cosb+sin(a+b) :4cosa+

a) Chiing minh cosa+ cosb +sin(a+b) = 4cos at

= 2c0s

N————

:2cosa+

+ 2sinasinbcos(a+b)

2
¢) Chiing minh sin <2x—|— 731:) 0s (x ) —CoS <2x—|— g) cos <?ﬂ? —x> = COSX.
2
Ta co sin <2x-|—E cos( Z) —COS <2x-|— >cos <?ﬂ—x>
1 (
= — |sin

sin <

-sm (3x—|— E) —sin (3x+ E) +2cosx} = COSX.

- 7;)} 3 [cos(x+7r)+cos<3x—§)]

3
g) cos <3x— §> + sin (x+ E) —cos (x+ n)}
o) el

g — 3x> +cosx— (— COSX)]

+ sin

3x+
3x+

| = = =D

\ e 2, . .z . K - A 2, 3 A
Bai 24. Chung minh gia tri cua biéu thuc A = cos (g — x) cos (g +x> +cos (g +x) cos (Tﬂ? +x> khong

phu thudc vao bién sb x:
Loi giai A—cos<7r )cos(nJr >+cos<n+ )cos<3n+ )

giai. A = 3 X 1 X 3 X 1 X
cos (5 ~2¢) +eos 17 |-+ 5 [eos (-7 ) eos (2 )|
cos | — — CcOS — — |cos cos | —
P\ 12] 72 12 P
—cos<11 +2>—|—cos( 2)+cos7n+cos< 7%)}

12 12 12 12

T T 117 T
O+2cosﬁ} cosﬁ (doﬁ 2x+ﬁ—2x— )

I\JIHI\)I'—‘I\JI'—‘
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1 Lz
Viay A = cos v v6i moi x € R (khong phu thude vao bien so x).
Bai 25. Chiing minh ring cdc biéu thic dudi diy khong phu thudc vao gid tri cia bién s6 x.

n v/
a) A= sin®x + cos (5 —x) Cos <§ +x)

b) B = 1 —cos2x+ sin2x cot
— X
1+ cos2x + sin2x

Li gidi.

a) A—sinzx—l—cos<7r x) cos(ﬂ—i—x> = 1—c032x+1 [cost—i—cos 27[}
N 3 3 2 2 3

1 1 1
=5 (1 —cos2x+cos2x — 5) =1 (khong phu thudc vao x).

1 —cos2x+sin2x 2sin%x + 2sinxcosx
b) B= - -cotx = -cotx
1+ cos2x+sin2x 2cos? x4+ 2sinxcosx

2sinx (sinx+cosx) cosx

2cosx(cosx+sinx) sinx (khong phu thudc vao x)

Dang 7. Dung cong thitc bién doi d€ tinh gia tri (rit gon) ciia mdt biéu thirc luong giac

Vi du 15. Rit gon bi€u thiic A =2 sinx(cosx +cos 3x + cos 5x).

Tur d6 tinh gid tri bi€u thic T = cos 7 + cos 37 + cos 57ﬂ

Loi giai. Tacé A = 2sinx(cosx+ cos3x+ cos5x) = 2sinxcosx + 2 sinxcos 3x + 2 sinxcos 5x
= sin2x + sin4x + sin(—2x) + sin 6x + sin(—4x) = sin2x + sin4x — sin 2x + sin 6x — sin4x
Nhu viy, A = 2sinx(cosx + cos3x + cos 5x) = sin6x.

Ap dung két qua trén, ta c6

T = cos i + cos 37 + cos 7 = T -2sin i = 2sin i (cos ﬂ + cos 37 + cos 5717) = sin o7
T 7 7 7 7 7 7 7)) 77
6w 3 T T T 1
Do sinT =sin (7‘[— 7) = sin7 nén T'ZSin7 = sin7 =T = 7
[ Vi du 16. Tinh gia tri biéu thiic A = sin? 10° 4 cos 70° cos 50°
N, e? e , . 1_ 200 1
Loi gidi. Ta c6 A = sin” 10° +cos 70° cos 50° = % + 3 [cos 120° 4 c0s 20°]
1 1 1 1 1 1 1 1 1
= E_5C08200+20081200+2008?00 = §+2cosl20° =5"11
Vay A = sin? 10° + cos 70° cos 50° = 7
Vidu 17. Rut gon céc biéu thic sau day:
cos4a — cos2a sina — 2sin2a + sin3a
A=—————— b) B=
2) sinda — sin2a ) cosa —2cos2a-+cos3a
Loi giai.
2) TacoA— cosda — cos2a _ —2sin3asina _ sin3a — tan3a.

sinda — sin2a 2cos3asina cos3a
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sina — 2sin2a + sin3a (sin3a+sina) —2sin2a

cosa—2cos2a+cos3a (cos3a+cosa) —2cos2a

2sin2acosa—2sin2a  2sin2a(cosa—1)  sin2a a2
g = = = a.
2cos2acosa—2cos2a  2cos2a(cosa—1) cos2a

b) Taco B =

BAI TAP TU LUYEN

Bai 26. Tinh gid tri cdc biéu thic sau day:

5 2 4 6
a)A:sin%sinl—g h) H:cos%t%—cos?n—kcos;
117 5w
_ 2 3
b) B—cosicosﬁ i) I:cosg—cos—n—kcos—ﬂ:
7 7 7
/4 2r )
C) C:cosg—cos? j) J =cos36°cos72°
d) D =co0s35° 4 cos85° —cos25° k) K = cos36° —sin 18°
e) E =cos130°+cos110° +sin100° ' A 67 87
) L=cos— +cos— +cos— +cos —
f) F =tan9° —tan27° —tan63° +tan81° 5 5 5 5
5 7
g) G:cosg—kcosg—kcosg m) M= Sn10° —4sin70°
Loi giai.
) A . T . 5% 1{ <47r) 671 1[ /4 n] 1(1 0) 1
a) A=sin—sin—=—|cos| —— | —cos—| == |cos=——cos—|==(=—0) =~
12 12 2 12 12 2 3 2 2\2 4

1¥4 S 1 61 167 1 /4 4r
b) B=cos——cos— =—-|cos—+cos—— | == |cos— —cos— | =

N —
N\
(@]
|
M| —
N————
I
|
FNJE.

12 12 2 12 12 2 2 12
2 2
c) C:cos%—cos?n:>2sin§~C:25in§cos75—r—25in§-cos—7r
:>2sin7r C—sinzn [sin3ﬂ+sin< ﬂ)] —sinzn sinsn—i-sinn
5 s 5 5/1 75 5 5
b1 T 1 2n 37w 27 37
= sm5 C sm5 =C > <d0 5 + 5 T = sin 5 sin 5)

d) D = c0s35°+c0s85° —cos25° = 2c0s60° cos (—25°) — c0s25° = c0s25° —c0s25° =0
e) E =co0s130°+cos110°+sin100° = 2¢c0s8120°cos 10° +cos10° = —cos 10° +cos 10° =0

f) F =tan9° —tan27° —tan63° 4-tan81° = tan9° +tan81° — (tan27° + tan 63°)

_sin9°  sin81° <sin27o sin63°>
cos9°  cos81° cos27°  cos63°
B sin9°cos81° 4+ co0s9°sin81°  sin27°cos63° +cos27°sin63°
- c0s9°cos 81° cos27°cos63°
~ sin90° sin90° 2 2 2(sin54° —sin18°)
cos 90386%19'0 158 27°sin27°  sin18° sin54°  sin54°sin18°
cos sin o . .
= el 4 (do cos36° =sin54°).
) G—cosn+cossjr+cos7n —cosn+2cos6ﬂcosn —cosn+2( 1)cosn =0
8) &= 08y 9 9 ~ 9 g 9 Ty 2)%9 =

441
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27 4w (Y4
h) H:cos7—|—cos7+cos7
=H s'n7r s'nncoszﬂ4—s'n7rcos47r—|—s'n7rcos67r
-sIn — = SIn — — +sin— — +sin— —
7 7 7 7 7 7 7
—1[sin37r sinﬂ:-l-sin57r sin3ﬂ:-|—sin77r sinsn
2 7 7 7 7 7 7
_1< nﬂ)— linn
p \ 77 PR
1
=>H=——
2
i)I—cosn coszﬂ+cos3n— cos6ﬂ c0527r cos47r
T 7 7 7 7 7
T (1 T 27 T 41

T
=1 (—sin7> :sin7cos7—|—sin7cos7—|—sin7cos7

17.797mn . 5S# . 37 . m™ . 5Sm . 3¢
:E[s1n7—s1n7+s1n7—sm7+sm7—sm7
1 . T
:§<—sm7>

==

| =

j) TacodJ =cos36°cos72° = J-sin36° = sin36° cos 36° cos 72°
. o 1 . o o 1 . o 1 . o
= J-sin36° = §s1n72 cos72” = 7 5in 144° = Zs1n36

1
Vay J = —
ay 4

k) K =c0s36° —sin18° = —cos 144° — cos72°
= K - (—sin36°) = sin36° cos 144° + sin36° cos 72°

1 1
=3 [sin 180° — sin 108° + sin 108° — sin36°| = 5 (—sin36°)

=>K—1
2
I) L=cos 27r—|—cos4ﬂ:+cos 671:4—005 87
N 5 5 5 5
=L sinjr—sinﬂ:coszn—ksinjrcos‘m-+sin7rcos67r—|—sinncosg7r
5 75 5 5 5 5 5 5
=L sinn—l{sin?ﬂr sinn+sin5” sin37r+sin77r sinsn—i—singn sin77r
5 2 5 5 5 5 5 5 5 5
N 77:_1[. o . n}_l[ LT n]_ . T
sm5—251n5 sm5 =5 sm5 sm5—51n5
=L=-1
m) M = — —4sin70° = M -sin10° =1 —4sin70°sin 10°
sin 10°

= M -sin10° =1—2(cos60° —cos80°) = 1 — 1 +sin 10° = sin 10°
=>M=1

N e n ~ - . s . 2 - < A 2, A
Bai 27. Choa= TR Hay tinh gia tri cua cac bi€u thic sau day
a) A =sina+sin2a+ sin3a+ sin4a -+ sin5a

b) B = cos2a+ cos4a+ cosba+ cos8a+ cos 10a

27 41 67 87
¢) C =cosa-+cos a+? +cos a+? + cos a—l—? +cos a+?
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Loi giai.

a) Tacod A = sina+ sin2a + sin3a + sin4a + sin5Sa
:ZSing-A:2sinasinc—l+2sin2asinc—l4—25in3asinc—l—I—ZSin4asinL—l+25in5asing
:>2sina A—cosa—cos a+cos a—cossa+ —cosga+cosga—coslla

20 T2 2 2 2 2 2 2
:>2s'na A cosa coslla
in--A= - — —_—
2 2 2
T T T T T T
V(’jia:ﬁtacéZSinﬁ-A:cosZ—cosi:cosﬁéAzicotﬁ.

b) Ta cé B = cos2a+ cos4da+ cosb6a+ cos8a+ cos 10a
= 2B -sina = 2sinacos2a + 2sinacos4a + 2 sinacos6a + 2 sinacos 8a + 2 sina cos 10a
= 2B -sina = —sina +sin3a —sin3a +sinSa+--- —sin9a +sin11la
= 2B-sina = —sina+sinlla.

V6i i ta co 2sin n B sin n +sinw = B !
ia=— in—-B=—sin— +si = ——,
11 11 11 2
3 27 4w o6m 81
¢) Taco C =cosa—+cos a+? +cos a+? +cos a+? +cos a+?
b9 T T 2n
:>2C-sin§:2sin§cosa+25ingcos<a—|—?>
+2s'nncos( +4ﬂ)+25inncos< +6n>+2s'nﬂcos< +87r)
in— a+— — a+— n— a+—
5 5 5 5 5 5
= —sin(a=F) sin (a+ ) —sin (a5 ) sin (a+F) —sin(a+ )
= —sinla 5 sin ( a 5 sin ( a 5 sin | a 5 sin| a 5
+sin( +57t> sin< —|—57r)+sin< +77r> sin( +7ﬂ)+sin< +97t)
at+— | — a+— at+— | — a-+— a+—
5 5 5 5 5
9 4
:>2C-Sinz:sin<a—|——ﬂ>—sin(a—z>:2cos(a—l——7r>sin7t:():>C:().
5 5 5 5
Bai 28. Rut gon céc bi€u thic dudi day:
T -7 ) )
a) A:4sinfsinx+ Sinx f) F— sin“4x — sin“ 2x
3 3 3 cosZx — cos22x
X X+ X—T

b) B =4cos—cos cosS

) 3 3 3 ) G— sin(a+ b) sin(a — b)

¢) C =sin? (54—{) — sin? (E_f) 2o cosa+-cosb

N 8 2 g8 2
d) D= sinx + sin4dx + sin 7x h) H:COS‘ZG—COSZb
COSX + cos4x + cos7x sin(a — b)
B COSX — COS2x + cos 3x ' '
e) £ = sinx — sin2x -+ sin 3x i) I =sinx(1+2cos2x+2cos4x+2cos6x)
Loi giai.
T -7 1 T 2 2

a) A:4sin§sinx—; sinx 3 :4sin§-§ {cos?—cosgx} :—sin;—c+25in)3—ccos?x :A:—sing—k

sinx — sin;—c = A =sinx
T —T 1 27 2 2
b) B :4cosgcosx: cosx 3 :4005;—6-5 [cos?—kcosgx} = —cos;—c+2cos§cosgx = B =

X X
—cos§+cosx+cos— = B =-cosx
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1co<ﬂ—|—> 100(7r )
s4x s4x

) C:sin2(5+f)_sin2(f_f) _

) 8 2 2 B 2
1 T T T 2
=C=1- 3 [cos <Z +x> + cos <Z—x>] = 1—cosZcosx: 1 —%—cosx
4 D= sinx + sin4x + sin 7x B sin 7x + sinx + sin4x B 2sin4xcos3x -+ sin4x
© cosx+cosdx+cosTx  cosTx+cosx+cosdx  2cosdxcos3x+ cosdx
sindx (2cos3x+1)  sindx
= = = tan4x
cos4x(2cos3x+1) cosdx
e) E = COSX — COS2x + cos3x - €c0S3x + cosx — cos2x B 2c0S2xcosx — cos2x
~ sinx—sin2x+sin3x  sin3x+sinx—sin2x  2sin2xcosx — sin2x
cos2x(2cosx—1)  cos2x cot?
= = = X
sin2x(2cosx—1)  sin2x
B F= sin?4x —sin?2x  2sin?4x — 2sin2x (1 —cos8x) — (1 —cosdx)  cosdx—cos8x L P

cos2x—cos22x  2cosx—2c0s22x (1 +cos2x)— (1 +cosdx)  cos2x— cosdx

—2sin6xsin(— in6x _ 2sin3xcos3
sin6xsin(—x)  sin6x  2sin3xcos3x 9083y

—2sin3xsin(—x)  sin3x  sin3x

. a+b a+b . a—>b a—>b
_Sin(a+b)sin(a—b)_25m ) -2sin 5 Cos—

G= =
& cosa+cosh a+b a—b
2cos cos —
:>G:25ina+bsina;b:cosb—cosa
) _ _
h) H = cos“a—cos“h  (1+cos2a)—(1+cos2b) cos2a—cos2b
- sinfa—b) 2sin(a — D) ~ 2sin(a—b)
_ —2sin(a+b)sin(a—b)

— _si b
2sin(a —b) sin(a+b)
i) I =sinx(1+2cos2x+2cosdx+2cos6x)

= sinx + 2sinxcos 2x + 2 sinxcos 4x + 2 sinx cos 6x

= sinx — sinx + sin 3x — sin3x + sin5x — sinSx 4+ sin7x = sin 7x

Dang 8. Nhan dang tam giac. Mot s6 hé thirc trong tam giac

Bién ddi, din dén sinA = 1 hodic cosA = 0 sé c6 A = 90°.

Néu a? + b? = 2 thi C = 90°.

Néu sin(A — B) = 0 hoic cos(A — B) = 1 thi A = B, suy ra tam gidc cn.

e Tam gidc ciAn ma c6 mdt goc bang 60° 1a tam gidc déu.
Mot s6 luu y khi gia thiét cho A, B,C 1a ba géc ctia mot tam gidc
e A+B+C=180° = (A+ B) va C bu nhau, tuong tu véi (B+C) vaA,...

A+B+C 9OO:>(A+B) ac hu nhau, tudng tu véi (B+C) a
o —+—+—= —+ = — —+ = =
27272 o ") VAo Phumhat Hong el { 5y J Va5

e Cic goc A, B,C déu c6 sb do trong khoang (0°;180°)

ABC o o ax
e Cac goc 3275 deéu la cac géc nhon nén ¢ cac gia tri lugng giac déu duong.
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Vi du 18. Chiing minh ring AABC vudng khi sinAsinC = cosA cosC.

Loi giai. Tacé
sinAsinC = cosAcosC < cosAcosC —sinAsinC =0

<cos(A+C)=0«< —cosB=0<cosB=0< B=90°

Vay tam giac ABC vuodng tai B.

Vi du 19. Chiing minh ring AABC can khi 2sinAsinB = 1+ cosC. (1)

Loi giai. Ta c6 (1) tuong duong véi

cos(A —B) —cos(A+B) = 14cosC
< cos(A—B)+cosC =1+cosC
<cos(A—B)=1<A—-B=0<A=B.

Viay tam giac ABC can tai C.

Vi du 20 (PH Ngoai ngur Ha No¢i-1995). Cho AABC véi dién tich S va R la ban kinh dudng tron

ngoai tiép. Ching minh rang:
28
sin2A +sin2B 4+ sin2C = 7R

Loi giai. Bat Q = sin2A +sin2B+ sin2C. Khi d6

Q = 2sin(A+B)cos(A —B) +2sinCcosC
= 2sinCcos(A —B) +2sinCcosC
=2sinC[cos(A — B) 4 cosC]
= 2sinC[cos(A — B) —cos(A + B)| = 4sinAsinBsinC
a b ¢ abc 2 2§

JQR2R'2R_ 4R'R2 _ R®

Ta c6 diéu phéi chiing minh.

- ~

Vi du 21. Cho AABC. Ching minh ring

asin(B—C) +bsin(C—A) +csin(A—B) =0.

Loi gidi. Pang thiic cdn chiing minh tucng duong véi:

2R[sinAsin(B —C) +sinBsin(C —A) +sinCsin(A — B)| = 0.
Ma ta co

sinAsin(B—C)

sinBsin(C—A)
sinCsin(A — B)

sin(B+ C)sin(B—C) = —(cos2B —co0s2C)
sin(C+A)sin(C—A) = —(cos2C — cos2A)
sin(A + B) sin(A — B) = —(c0s2A — cos2B).

ool

Cong lai ta dudc:
sinAsin(B — C) +sinBsin(C — A) +sinCsin(A — B) = 0.

Tir day ta c6 diéu phai chiing minh.
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Vi du 22. Cho tam gidc ABC. Ching minh ring:

a+bt A—B ) A+B
.tan = tan
a—>b 2 2

Loi giai. Ta co:

a+b A—B 2R(sinA+sinB)  A—B
.tan = , —~ . tan

a—>b 2 2R(sinA — sinB) 2
A+B A—-B . A-B

_ZSin 5 cos 5 sin 5 . A+B
_2cosA+BsinA_B.cosA_B -
2 2 2

Ta c6 diéu phéi chiing minh.

Vi du 23 (PH Ngoai ngir Ha N6i-1998). Cho A,B,C va a, b, ¢ la cic goc va cac canh cia AABC.
Chiing minh rang:

2sin(A—B)  a*—b?

sinC 2

Loi giai. Ta co:

a*—b*  4R? (sin?A — sin? B) 1 —cos2A — (1 —cos2B)

& 4R2sin*C sin? C
_ cos2B—cos2A  —2sin(B+A)sin(B—A)
B sin®C B sin?C
_ 2sinCsin(A—B)  2sin(A—B)
B sin?C - sinC

Tir day ta c6 diéu phai chiing minh.

Vi du 24. Chiing minh ring v6i moi tam gidc ABC ta ludn c6

inA + sinB — sinC = 4s5i in> ¢
sin sin sinC = 4sin 2s1n 2cos >
Loi giai.
A+B A—B
Ta co sinA +sinB — sinC = 2sin —; CcoS T sin (2- g)
VA+B+C 90° pé . A+B c .. C A+B
1 — = nén sin = — in— =
7 7 én s > cos2vas 7 cos >
Tt d6 sinA + sinB —sinC = 2 CoosA=B 14
0 sin sin sinC = 2cos 2cos 5 sin 2cos >

—2cosC [COSA_B cosA+B]
B 2 2 2
C . A B .A . B C
= 2cosz~(—2) sin > sin (—5) —4s1n§sm§cos§
B C

Vay sinA +sinB —sinC = 4sin§ sinicos 5
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Vi du 25. Chiing minh ring v6i moi tam gidc nhon ABC ta ludn c6

sinA +sinB —sinC ) A ( B )
= tan — tan — cot —
cOoSA +cosB—cosC+1 2 2 2

Li gidi.

26 A+B A—-B . <2 C)
sinA +sinB — sinC _ st 2 o8 2 st 2
cosA+cosB—cosC+1 A+B A—B C
+1—cos| 2=

2
Ccos > Ccos >

Ta co

A—B cC C C ( A—B A+ B)
_ _ fh e 2 — _
2C0Ss — CcOoS 2sin — cos > cos 2 CoSs 7 coS >

2 2 2
— A—B+ A+B)
Ccos
2 2

C c
Zsinicos > —|—2sin2§ 2sin§(c0s

2 'nA 'n( B)
c si 251 > c B
=cot— = cot — tan — tan — = tan — tan — cot —

2 ZCOSéCOS (—Ij) 2 2 2 2 2 2
2 2

sinA +sinB —sinC B
ay =tan —tan —cot —.
cOoSA+cosB—cosC+1 2 2 2

A

sinB +sinC .

Vi du 26. Tam gidc ABC la tam giic gi néu sinAd = —————— 7
’ cosB+cosC

Loi giéi.
2 B+C B-C
sinB +sinC . S 2 cos . B+C
< sinA = < sinA = tan

cosB+cosC i ’ B+C B-C 2
oS cos

2
<:>,<2A) . (77: A)<:>2,A A tA<:>2'2A A A
sin(2-— | =tan|{ - — = sin —cos — = cot — sin“ —cos — = cos —

2 2 2 2 2 2 2 2 2

A A A
Do 0° < > < 90° nén cosz # 0 va sini > 0.
A A A
Tir d6 2 sin’ ECOSE = COSE & 2sin? 5= 1 & sin
Viay ABC la tam giac vudng tai A.

\S}

Ta co sinA =

=

N >
SN

N |

BAI TAP TU LUYEN
Bai 29. Cho A, B,C 1a 3 dinh ctia mdt tam gidc. Chiing minh rang

A B C
a) sinA+sinB+sinC = 4cos 5 cos 5 cos 2

A . B . C
b) cosA+cosB+cosC = 1+4sin§sin§sin§

¢) sin2A 4 sin2B + sin2C = 4sinA sinBsinC

d) cos2A +cos2B+cos2C+ 1= —4cosAcosBcosC
e) sinA + sin? B+ sin>C = 2 + 2 cos A cos Bcos C

f) cos?A+cos’?B+cos?C =1 —2cosAcosBcosC

g) tanA +tanB +tanC = tanAtan BtanC

=45° A =90°
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A B B C cC A
h) tan —tan — +tan —tan — +tan —tan — = 1

22 2 2 22

Loi giai.

a) Chiing minh ring sinA + sinB + sinC = 4co0s = cos — cos —.

. A . B
b) Chiing minh rang cosA +cos B+ cosC = 1 44 sin > sin — sin —

B C
2

A+B A—B C
Ta c6 sinA + sin B+ sinC = 2sin ; coS 3 +sin<2~§>

C A—B . C C A+B C O)
—2cos§cos 5 +251n§cos§ (dOT+§_9O

_s C( A_B+ A+B> (d . C_ A+B>
= 0052 cos > cos > osm2 = COoS >

—2cosC QCosAcos< B)—4cosAcosBcosC
N 2 2 2/ 27272

C

2 2
A+B A—B C
Ta c6 cosA +cosB+cosC = 2cos —; coS 7 + cos (2 . 5)

C A—B C A+B C
=2sin— 1—2'2_< el B W >
sm2c0s > + sin > do > + > 90

C A—B A+B C A-+B
:l+2sin§<cos > —CoS —; ) (do sinE:cos —; )

C A B A. B . C
= 1+ZSin§(—2)sin§sin<—§) = 1+4sin§sin§sin§.

¢) Chiing minh ring sin2A + sin2B + sin2C = 4sinAsin BsinC

Ta c6 sin2A +sin2B +sin2C = 2sin(A + B) cos(A — B) 4+ 2sinCcosC
=2sinCcos(A —B) —2sinCcos(A+B) (do A+B+C = 180°)
=2sinC[cos(A — B) — cos(A + B)]

=2sinC- (—2)sinAsin(—B) = 4sinAsinBsinC.

d) Chiing minh ring cos2A + cos 2B +cos2C + 1 = —4cosAcosBcosC.

Ta c6 cos2A 4 cos2B +cos2C + 1 = 2cos(A + B) cos(A — B) +2cos>C — 1 + 1
= —2cosCcos(A—B) —2cosCcos(A+B) (do A+B+C =180°)

= —2cosC|[cos(A — B) 4 cos(A + B)]

= —2cosC-2cosAcos(—B) = —4cosAcosBcosC.

e) Chiing minh ring sin®A + sin? B+ sin? C = 2+ 2cosAcos BcosC

1—cos2A 1—cos2B 1—cos2C

T , . 2A . 2B . 2C:
a co sin“A 4+ sin“ B 4 sin 5 -+ 5 -+ 5

3 1 3 1
=5"3 (cos2A +cos2B+cos2C) = ) [2cos(A+ B)cos(A — B) +2cos’C — 1]
3

1
=575 [—2cosCcos(A —B) —2cosCcos(A+B) — 1]

=2+cosC[cos(A —B) +cos(A+B)]
=2+cosC-2cosAcos(—B) =2+ 2cosAcosBcosC

f) Ching minh ring cos’>A + cos? B+ cos>C = 1 —2cosAcos BcosC

I4+cos2A  1+cos2B
2 + 2
=1+ % (cos2A 4 c0s2B) +cos’>C = 1+ cos(A + B) cos(A — B) +cos’>C
=1—cosCcos(A—B) —cosCcos(A+B) (doA+B+C = 180°)

=1—cosC|cos(A — B) +cos(A+ B)]
=1—cosC-2cosAcos(—B) =1—2cosAcosBcosC

Ta ¢6 cos?A + cos? B+ cos?C = +cos2C




3.. CONG THUC LUONG GIAC 449

g) Chiing minh ring tanA + tan B + tanC = tanA tan BtanC

Taco6TacoA+B+C=180°=A+B=180°—C = tan(A + B) = tan (180° — C)

tanA +tan B
- M = —tanC = tanA +tanB = —tanC (1 —tanAtanB)
1 —tanAtanB

= tanA +tanB = —tanC +tanAtan BtanC
= tanA +tanB + tanC = tanAtanBtanC.

N A B B C c A
h) Ching minh rang tan 5 tan — 4 tan — tan 5 + tan 5 tan— =1

2 2
A B C A B C
TacOA+B =180°= —4+—=—=90°— ==t —+ =)=t 0° — —
acOoA+B+C :>2+2 9 2:>an<2+2> an<9 2)
A B
= tan§+tan§ tC ! =t C<t A+t B) 1—t At B
=cot— = —— an— | tan— +tan— | = 1 —tan —tan —
A 2 C 2 2 2 2 2
1 —tan —tan — tan —
= tan —tan — +tan —tan — = 1 —tan tanB
22 2 2 272

> tan tan > 4 tan Stan & 4 tan Stan =1
anzanz anzanz an2an2—.

Bai 30. Cho tam gidc ABC. Chiing minh ring

. B—-C b-c A
sin = .COS —.
2 a 2

Loi giai. Ta co:

b—c A  sinB—sinC A
.COS— = ————— . COS—
a 2 SinA 2
) B+C . B-C
COS 2 Sin 2 A B—C
2

= .COS— = sin

A
2sin — —
s1n20052

Diéu phai chiing minh.
Bai 31 (PH Pa Nang 1997). Chiing minh ring AABC vudng khi

b c a

— . 1
cosB + cosC sinBsinC S
Loi giai. Tacé

2RsinB  2RsinC B 2RsinA

cosB cosC  sinBsinC
sinB  sinC sinA

(1)<

cosB  cosC - sinBsinC
sinBcosC +cosBsinC B sinA

cosBcosC ~ sinBsinC
sin(B+C)  sinA sinA sinA

— <f,> —
cosBcosC  sinBsinC cosBcosC  sinBsinC
1 1

cosBcosC  sinBsinC
& cosBcosC —sinBsinC =0 < cos(B+C) =0

< cos(mr—A) =04 —cosA=0<cosA=0< A =90°.

< sinBsinC = cosBcosC

Vay tam giac ABC vudng tai A.
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Bai 32. Cho a,b,A, B khac khong va aB + bA # 0 sao cho

sinx—a) a cos(x—a) A
sin(x—B) b’ cos(x—fB) B’
N A+ bB
Chiing minh rang: cos (o — f3) = ZB::_—bA'
Loi giai. Ta c6:
A b - in(x —
B (_ N _) cos(x— &) . s'm(x B)
aA+bB B a/  cos(x—PB) sin(x—a)
- b A\ sin(x— -
aB + DA aB<1+—-—) " sin(x—f) cos(x— )

a B sin(x—a) cos(x—f8)

% [sin(2x —2¢t) + sin(2x — 23)]

" sin(x— a)cos(x — B) +cos(x — a) sin(x— )

_sin(2x—06—l3)005(05—[3)_cos _
N sin(x—a+x—f) —eosla=h)

aA+bB
aB+bA’
Bai 33 (PH-2004A). Cho AABC khong tli, thod man diéu kién

Nhu vay: cos (x — ) = diéu phai ching minh.

c0s2A 4+ 2v/2cos B+2v2cosC = 3.
Tinh ba gdc cua tam giac ABC.
Loi gidi. Goi M = cos2A +2v/2cos B+ 2+v/2cosC — 3. Khi d6

B+C B-C
M:20052A—1+4\/§cos —; cos -3

B-C
2

A
—2cos’A + 4\/§sin 5 cos

A
Dosin§>0, 0 < cos <1 nén

A
M < 2cos’A +4\/§sin§ —4.
Mit khéc, do tam gidc ABC khong til nén cosA > 0, cos?A < cosA. Suy ra
A A A
M< 200sA+4\/§sin§ —4=2 (1 —23in2§) +4\f2s,inE —4

A A A 2
= —4sin2§—|—4\/§sin§—2 -2 (\/Esinz _ 1) <0.

Vay M > 0, hay cos24 +2v/2cos B4 2v/2cosC < 3. Theo gia thiét

cos2A = cosA

B;C:1 @{A:%O

A2 B=C=45°.
2

M=0< COS

sin — =

2

BAI TAP TONG HOP
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sinfa+costa—1 2

Bai 34. Chung minh = -
8 Sa+cosba—1 3

sin
Loi giai. Ta co:
sin*a + cos*a — 1 = (sin®a + cos?)? — 2sin®acos’a — 1 = —2sin*acos’a
sin®a+cos®a— 1
= (sin®a+ cos?a)(sin*a + cos* a — sin*acos?a) — 1
= (1 —2sin*acos?a) — sin® acos® —1
= —3sin’acos’a
. sin*a+4costa—1 —2sinacos®> 2
Do do: — = — ==
sifa+cos®a—1 —3sin“acos?la 3
.. . e 1 4 cosx 1 —cosx)?
Bai 35. Rut gon biéu thic A = ——— |1+ ( — ) .
smx SIn”x
, e £ 1 .«
Tinh gia tr1 A néu cosx = ) va > <x<T.

Loi giai. Ta co:

A 1 +cosx sin2x+1—2cosx+cos2x)
sinx sinZ x

_ 1+cosx 2(1—cosx)

" sinx  sinZx

_ 2(1—cos’x) 2sin®x 2

B sin’ x  sindx  sinx

Ta cé: sin?x=1—cos?x =1 _l — §

T 4 4
D0:§<x<7rnénsinx>0
Veflysinx:T.

2 4 4/3
Dodé:A:_—:—:i.
sinx /3 3

Bai 36. Chiing minh cdc bi€u thic sau day khong phu thudc x:

a) A=2cos*x— sin® x + sin® xcos? x + 3sin’ x

b) B = 2 cotx+ 1
tanx—1 cotx—1
Loi giai.

a) Taco:
A =2cos*x — (1 —cos?x)? + (1 — cos? x) cos> x +3(1 — cos? x)
=2cos*x — (1 —2cos?x + cos*x) + cos?> x — cos*x 4+ 3 — 3cos?x
= 2 (khong phu thudc x).

b) Piéu kién sinx.cosx # 0,tanx # 1

o) —+1
— + tanx
tanx — 1 [ |
tanx
2 1 +tanx

T tanx—1 ' 1—tanx
_ 2—(1+tanx) 1—tanx

tanx — 1  tanx—1

S . . . .43 V) a7l 3
Bai 37. Chiing minh A = sin* 1_71:6 + sin* I—Z + sin* I—Z + sin* 1—2 =3
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Loi giai. Ta c6:

sin7n—sin<n— 71') = COS
16 2 16/

s'nsyr (:03(7r 5%) cos?m

m— = e — = JE—
16 2 16

Mt khdc: sin*a+costa=1— > sin’2a.

77rJr : 437rJr VY
— — +SIn" — +SIn" —
16 16 16 16

T T 37 37
= <sin4 6 +cos* —) + <sin4 6 +cos? E)

N ===

Bai 38. Chiing minh: 16sin 10°.sin30°.sin50°.sin70° = 1
Loi giai. Ta cé:
A= (16sin10° cos 10°) sin30°. sin 50°. sin 70°

cos 10° )
(85sin20°) <§> .c0s40°.cos20°

- cos 10°

1 T (¢] (¢] (¢]
= 107 (45in20° c0s20°).cos 40

1
= o5 10° .2sin40° cos40°
o cosl0®

~ cos 10° 3 cos 10°

< . . 2T 2 3
Bai 39. Chiing minh: cos”x + cos? <? +x> + cos? (; —x> =3
Loi giai. Ta c6:

27 27
coszx-l—cos2 <— —l—x) —l—cos2 (— —x)

3 3
1 1 4w 1 4w
=—(1 2 — |1 2x+ — — |1 )
2( +cos x)+2[ +cos<x+3>}+2{ +COS<3 xﬂ
1 4 4
:E 5[cost—i—cos(Zx—f—?ﬂ)+cos<?ﬂ—2x)
3 1 4
= 5 + 3 <0052x—|—20052x.cos ?7:)
3+ L (cos2x— cos2x)
= — + —(cos2x — cos
515 X X
_3
2
<. , ) 1 1 1 1
Bai 40. Chiing minh: + + + = cotx —cot 16x.

sin2x sindx sin&x  sin16x

N . cosa cosb sinbcosa—sinacosh  sin(b—a)
Loi giai. Taco: cota—coth = —— — —— = — ==
i sina  sinb sinasinb sinasinb
sin(2x — x)

Do do: cotx —cot2x =
Tuong tu:

sinxsin2x sin2x

cot2x —cotdx =

sin4x



3.. CONG THUC LUONG GIAC 453

cotdx —cot8x =

sin8x
cot8x —cot 16x = —
) _ sinl6x
Cong ve theo ve cac dang thic trén ta dugc:

1 1 1
sin2x  sin4x + sin 8x + sin16x

Bai 41. Chiing minh: 8sin® 18° 4 8sin®18° = 1

Loi giai. Ta c6: sin18° = cos72°

& sin18° = 2co0s?36° — 1

& sin18° =2(1 —2sin’18°)2 — 1

& 5in18° = 2(1 — 4sin® 18° 4 4sin* 18°) — 1

& 8sin* 18° — 8sin? 18° —sin18°+1 =0

& (sin18° — 1)(8sin® 18° 4 8sin*18° — 1) = 0

& 8sin’ 18° 4 8sin”18°—1=0(do 0 <sin18° < 1).
3

cotx—cotlbx =

Bai 42. Chiing minh: sin3x. sin® x + cos 3x. cos> x = cos> 2x.
Loi giai. Ta co:
sin3x. sin® x 4 cos 3x. cos> x

= sin3x <w) +cos3x (Wﬂ)

3 1
=2 (sin3xsinx+cos3xcosx) + I (cos?3x — sin? 3x)
1
= % cos(3x —x) + 2 cos 6x
= 1(3 cos2x + cos(3.2x))

= %(3 c0s 2x 44 cos? 2x — 3 cos 2x)

= cos> 2x.

Bai 43. Tinh P = sin 50° + sin” 70° — cos 50° cos 70°.

Loi giai. Ta co:

P= %(1 —cos 100°) + %(1 —cos 140°) — %(cos 120° + c0s20°)
=1- %(cos 100° + cos 140°) — % (—% —1—008200)

I 1
=1—(cos120°cos20°) + 1= ECOSZOO

5 1 ., 1 s 5
_Z+§C0820 500520 =7
Bai 44. Tinh: P = cos12° 4+ cos 18° —4cos 15°.cos21°.cos24°
Loi giai. Ta co:
cos 12° 4+ cos 18° — 4 cos 15°(cos 21° cos 24°)
= 2c0s 15°c0s3° —2cos 15°(cos45° + cos 3°)
=2¢c0815°c0s3° —2co0s15°c0s45° —2cos15°cos3°
= —2cos 15°cos45°
= —(c0s60° +cos30°)

V341
2

Bai 45. Cho AABC tily y v6i ba goc déu 1a nhon. Tim gi4 tri nhd nhét clia P = tanA. tan B.tanC.
Loi giai. Tac6:A+B=n—-C
Nén: tan(A + B) = —tanC

tanA +tanB

— = —tanC
1 —tanA.tanB
< tanA +tanB = —tanC +tanA.tan B.tanC
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Véay P = tanA.tanB.tanC = tanA +tan B 4 tanC
Ap dung bét dang thiic Cauchy cho ba s6 duong tanA, tan B, tan C ta dugc:
tanA +tan B+ tanC > 3v/tanA.tan B.tanC

= P>3YP
= P>3V3 -
Déu”:”xéyra@A:B:C:E
T
Dodé:MinP:3\/§<:>A:B=C:§.
T T T T
Bai 46. Chu inh: 8 +4tan — + 2tan — +tan — = cot —.
fu : ng min + ang—l— an16+an32 co 0
Loi giai. Ta co:
cosa sina cosla—sin‘a cos2a
cota—tang = —— — = - = = 2cot2a.
sina cosa sinacosa |
§s1n2a
Do do:
/4 T
cot— —tan — — 2tan — —4tand fracn8

A S T
—2cot— —2tan— —4tan
CO 16 an16 an8

T
=4cot— —4tan—
8 8

T
= SCOtZ = 8 = dpcm.
.. 3 T 3z o
Bai 47. Chocosx=—, 0 <x < —; siny= -, = <y < 7. Hay tinh
4 2 5°2
cos2x, sin2x, sin2y, cos 2y, cos(x +y), sin(x — ).
Loi giai. Ta co
T . ) 7
0<x< §:>s1nx>0:>smx:7

/4 4
—<y<7r:>cosy<0:cosy:—§.

2
Vay
9 1
2x=2cos’x—1=2.——1=—
cos2x = 2cos”x T 2
V73 3V7
in2x = 2si =2 —.-=—
sin2x = 2sinxcosx 1 2
16 7
cos2y =2cos”y 5% 5%
3/ 4 24
in2y = 2si 22 (-2)=_Z
sin2y = 2sinycosy 5 ( 5) 55
cos(x+y) = cosxcosy — sinxsin S < 4) V73 12-3v7
X = COSX —sinx =-|\l-<c)]-—==—
Y Y YZa\7s5) 745 20
sin( ) = sinxcosy — cosxsin ﬁ( 4) 53 479
mn(x — = Sinx — X S1 = — | - ) - = .= _
Y Y Y= \Ts5) a4 20
Bai 48. Chiing minh ring
a) sin3x=sinx (4coszx — 1); b) sindx = sinx (8 cos3x—4cosx).

Lui gidi.
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a) Taco
sin3x = sin (2x + x) = sinxcos 2x 4 cosxsin 2x
= sinx (ZCOSZX— 1) —|—2$inxcoszx = sinx <4coszx — 1).
b) Taco
sin4dx = 2sin2xcos2x = sinx.4cosx (200s2x — 1) =sinx <8 cos’ x — 4cosx>.

Ss s e 3kr , .
Bai 49. Cho o la goc lugng giac tuy y, o # — k € Z. Ching minh

(cota —tana>tan2a =2
3 3 3 7

Loi giai. Tacé

o 04
((zotg — tan g) tan — = COSE - Slng tanz—a
- .o o : 3
3 3 3 Sll’lg COS;
AN 2a
COS g—Sln g 200 COS? 20 20 200
= o a tan?:mtan?:2cot?tan?:2.
S1n — COS — —S1n —
3 3 2 3

sin*x +cos*x — 1 2

Bai 50 PHQG Ha Nbi-1996). Chitng minh ring — g =-.
sin®x+cos®x—1 3

Loi giai. Ta cé
. 4 431 . 6 6.2, 3
sin” X+ cos”x = — 4+ —cos4x, sin” x + cos’ x = — + — cos4x.
4 4 8 8
Do dé
1 1 1
sin®x + costx—1 _Z+ZCOS4X B Z(—1+cos4x) 2
in0 6p—1 3 3 3 3
sin"x+ costx — 1 —§+§cos4x g(—l+cos4x) 3

Bai 51. Chitng minh rang v6i moi x, y,z ta cé

cos’x+ coszy —COSs

Loi gidi. Ki hiéu Q 1a vé trai. Ta c6
0— 1 +cos2x N l+cos2y 14cos2z 1+4cos2(x+y+z)
2 2 2 2
1 1
= — (cos2x+cos2y) — > [cos2(x+y+z) +cos2z]

= cos(x+y)cos(x —y) —cos(x+y+2z)cos(x+y)
= —cos(x+y)[cos(x+y+2z) —cos(x—y)]
= 2cos(x+y)sin(x+z)sin(y +z) = V& phai.

Ta c6 diéu phai chiing minh.

2z—cos?(x+y+z) = 2cos(x+y)sin(y+2z)sin(z+x).

455
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Bai 52 (PH Pa Nang-1998). Ching minh riing
T 2% 3r 1

cos7—cos7—|—cos7 =

e a7 S qca T N Ase e . T
Loi giai. Kihiéu 7 la ve trai. Nhan ve trai V012s1n7 = 0 ta dugc

. . T 2T . T RV 1
251n7.T:2sm—cos——200s—sm——|—2005—sm—

7 7 7 7 7 7
—sinzjr (sin37r sinn)%—<sin47r sin2n>
ST 7 7 7 7

. T . 3w . 4n . T
=SIn — — SIn — + S1In — = S1n —.
7 7 7
1

) T T
Nhu thé 2sin=.T =sin- =T = .
e sm7 sm7 >

Bai 53 (PHQG Ha N6i-1995). Ching minh ring:
8v3
tan30° + tan40° + tan 50° + tan 60° = T\/_ c0s20°.

Loi giai. Ki hiéu 7 1a vé trdi cta dang thic can chiing minh. Ta c6:

1 4+/3 in40° in50°
T = — +/3+tan40° + tan 50° = V3 + i L

V3 3 cos40° * cos 50°
_ 4V/3  sin40° cos 50° 4 cos 40° sin 50°
3 + c0s40° cos 50°
_ 4V/3  sin(40°+50°) 43 1
3 + cos40°cos50° 3 * c0s40° cos 50°
43 1 432

3 + cos40°sin40° 3 + sin 80°

6
4/3 (cos 10° + —)

—4\/§+ 2 4V3cos10°+6 43
3 cos10° 3cos10° N 3cos10°
V3
4/3 [ cos10° + ~——
( 2 ) 4y/3(cos10°+cos30°)

a 3cos10° - 3cos10°

44/3.2c0s20°cos10°  8v/3 .
— = c0s20°.

3cos 10° 3

Ta c6 diéu phéi chiing minh.
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4.  PE KIEM TRA CHUONG VI

I. Pésola
Cau 1 (1,0 diem). Mot dudng tron ¢6 ban kinh 30 cm. Tim do6 dai cia cac cung ¢6 so do lan lugt la 5 va

36°.

e 20 N 9 ” £ 7'C < n
Loi giai. DB dai cua cung c6 so do 5 lal; = 5 -30 =27 (cm).

Do dai ctia cung c6 s6 do 36 1a 1z = % -36-30 = 67 (cm).
Cau 2 (2,0 diém). Cho 0 < a < g Xéc dinh diu clia cdc gia tri lugng gidc sau:
a) sin(a—m);
b) cos (177% + Oc).
Lui giai.
a) sin(0— ) = —sinot <0 (Vi 0 < ot < g nén sin o < 0);

177 T T T
b) sin(T—Fa) = sin<§+a+87r) :sin<§+a> =cos(—a)=cosa >0 (vi0< a< 0 nén

cosa > 0).

. T
va-—T< o< ——.

Cau 3 (3,0 diém). Tim sinx, cosx,cotx, sin2x, cos 2x va tan 2x biét tanx = >

V11
44

e e 4
Loi giai. tanx = — = cotx

! 1 +tan? —225:>c0s l Vi—rmT<x< jr)
= X = x=——(vVli— x < —=).
cosZx 49 15 2
) 44/11
sinx = tanx-cosx = BT
sin 2. 28inxcos 6V
X = XCOSX = .
*137
2x=2cos’x—1=———
cos2x COS“ X 25
sin2x  56+/11
tan2x = =
CcoS2x 127

Cau 4 (3,0 diém). Rut gon cic biéu thiic sau

a) A= \/sinzx(l +cotx) +cos?x(1 + tanx);

b) B— 2sin(a+D) .
cos(a+b)+cos(a—b)

Loi gidi.

a) Tacod

A= \/sinzx(l + cotx) + cos?x(1 + tanx) = \/sin®x + 2 sinxcosx + cos2x

=4/ (sinx +cosx)? = [sinx+ cosx|.
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b) Taco
2sinacosb +2sinbcosa

cosacosb —sinasinb + cosacosb + sinasinb
2sinacosb +2sinbcosa

2cosacosb
—tana +tanb.

Cau 5 (1,0 diém). Chiing minh riing néu tam gidc ABC c6 ba géc A, B, C théa min sinA = cos B+ cosC thi
tam giac ABC vuong.
Loi giai. Theo dé bai ta c6

sinA = cosB+cosC

B+C B-C
< sinA = 2cos —; cos

2

o2 A A g B—-C
s1n200s2— s1n2c0s
A B—-C

< C0S — = CoS >

A C-B

2 2

A B-C

L2 2

A+B=C

A+C=B.

Do dé, tam giac ABC vuong tai B hoac vuong tai C.

=

II. Pésé1b

Caul (1,0 diém). a) Dai s do ciia géc 18° sang don vi radian.
o0 4 ) T A a
b) D61 so do cua cung 20 sang do, phut, giay.

L. T
¢) Cho dudng tron ¢6 ban kinh 15c¢m. Tim d6 dai cua cung c6 so do r

Loi giai.
/4
18° = —.
2 10
3w
b) — =27°.
) 20
T . % T T 5w
¢) bd dai cua cung c6 so do 3 lal= A 15= > (cm).

o T £
Cau 2 (2,0 diém). Cho ) < a < 0. Xac dinh dau cta cac gia tri lugng giac sau:
a) sin(a — 12x);
5w
b) t (— - oc>.
) tan >
Loi giai.
a) sin(a— 127) =sino < 0;

5
b) tan(%—a) :tan<g—a+2ﬂ:) :tan<g—a> =cota < 0.
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o 5 . 4
Cau3 (3,0 didm). a) Cho tanx = —3. Tinh A = St T 108X
6sinx — 7cosx

. 4
b) Tinh sin (g —x) biét cosx = —3 va g <o <T.
Loi giai.
_ Stanx+4+4  5(=3)+4 11
- 6tanx—7 6(—3)—7 25

a) A

4 3 T
b) Tacécosx:—§:>sinx:§(do§<x<7r).

sin (E—x) —Sinzcosx—sinxcosz—l (_il)_ﬁ é__4_—3\/§
° B 6 6 2 5 2 5 10 .

Cau 4 (3,0 diém). Rut gon cic biéu thic sau:

2017n > ) <20177t
—a ) sin

a) B:c0s< —b> —sin(a—b).

1 —cos2x+sin2x

b = .
) € 1 +cos2x+sin2x ¢

otx.

Loi giai.
a) B =sinacosb—sinacosb -+ sinbcosa = sinbcosa.

b) Tacd
2sin* +2sinxcosx  cosx

2cos?x+2sinxcosx sinx

2sinx(sinx+cosx) cosx 1

2cosx(cosx+sinx) sinx

Cau 5 (1,0 diém). Cho tam gidc ABC c6 ba géc A,B,C thoéa man 2sinAsinB = 1+ cosC. Hoi tam gidc
ABC la tam giac gi?
Loi giai. Tacé
2sinAsinB = 1+cosC

&2sinAsinB =1 —cosAcosB+sinAsinB

& cosAcosB+sinAsinB =1

<cos(A—B) =1

SA-B=0

<A =B.
Vay tam gidc ABC céan tai C.

III. Désd2a

.. .2 4 3 L
Bai 1 (2,0 diém). Cho tana = 3 <7r <a< 77[) Tinh sin2a;tan <2a — %)

Loi giai. Ta co

4\ 2
:1+tan2a:1+<—) :—:>cosa:§<do7t<a<3—n> .................... (0.5d)

cos2a 3

4 24
ina = — I 2 o o e 0.5d
e sina 5 = sin2a 25 ( )
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7 24
e cos2a=2cos’a—1= %5 :>tan2a:7 ............................................... (0.5d)
T 31
tan ( 2a — —) TR 0.5d
e tan ( a ) 7 ( )
) .
Bai 2 (2,0 diém). Chitng minh ding thiic: — il sinx c;)sx = sinx + cosx.
Sinx — cosx 1 —tan“x
Loi gidi. VT= — sin"x__ (sinx cos) c2052x ............................................. (0.5d)
sinx — cosx cosZx —sin“x
SN (0.5d)
SinX —COSX  COSX — Sinx
SO (0.5d)
sinx — coSx
S SIN F COSX = VP o (0.5d)
Bai 3 (2,0 diém). Ching minh biéu thic: A = sin?x + sin? (% +x> + sin? (g —x) khong phy thude vao
X.
2 2
1 — cos2x 1 —cos <?7r+2x> 1 —cos <?7r —2x>
Lb; giéi. A= 5 2+ > i + AR R AR R TR TERLRRRRERRY (0.5d)
:E_E {cost—H:os <?7r+2x)+cos <?7r—2x>} ........................................... (0.5d)
3 1 2
=573 (cos 2x+2cos ?ﬂ: cos 2x> ........................................................... (0.5d)
3
=5 (Khong phu thuOC VA0 X) . . ..ottt e e e e (0.5d)

ai i6) ¥ P . sin3x + sin2x + sin
Bai 4 (2,0 diém). Rit gon biéu thiic: A = in3x + sin2x + sinx

2+ cosx —2sin®x
N sin3x + sin2x + sinx
Loi giai. A =

' 2+ cosx — 2sin’x
28in2x - coSx + Sin2x

e (0.754)
2(1—sin“x) +cosx
_dsinxcosa A 2sinvcosx (0.75d)
2cos2x+ cosx
_ 2sinx: cosx(2cosx+ 1) L) 1 (0.5d)
cosx(2cosx+1)
Bai 5 (2,0 diém). Trong tam gidc ABC, chiing minh ring :
sin A +cos? B+ cos’>C =2 - 2cosAsinBsinC.
Loi gidi. VT =sin’A+1+ 5 (COS2BHCOS2C) (0.5d)
=2 —0082A = COSACOS(B—C) ..ttt e e et (0.5d)
=2—cosA[cosA+cos(B—C)]
B-C A-B+C
=2—2cosAcos + cos > ST (0.5d)
=2—-2coSASINBSINC =VP (dOA+B+C=T0) ..ottt (0.5d)

IV. Désb2b

N e oA 3% , . T
Bai 1 (2,0 diém). Cho tana = —; (71' <a< 7) Tinh sin2a;tan <2a + Z)

1w

Loi giai. Tacé
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° oa =1 +tan’aq = H—<§>2:%:>cosa:%1 <d071'<a<3—> .................... (0.5d)

o sina— % — sin2a = % ............................................................... (0.5d)

e cos2a=2cos’a—1= 27—5 :>tan2a:27—4 ............................................... (0.5d)

e tan <2a + %) - ?—; .................................................................... (0.5d)
Bai 2 (2,0 diém). Ching minh ding thic: COsx | SIMXFCOSK L

cosx—sinx 1 —cot?x

2 : )
. cos sinx + cosx) sin
Loi gidi. VT = x| i L TR (0.5d)
COSX — Sinx sin®x — cos2x
2 )
O (0.5d)
cosx—sinx  sinx—cosx
cosZxsin®x
o e (0.5d8)
cosx — sinx
= SINXF COSX = V P o e (0.5d8)

N oA /. . . 2 2, [ [ A ~ N
Bai 3 (2,0 diém). Chiing minh biéu thiic: A = cos®x + cos? (E ~|—x> + cos? <§ — x> khong phu thudc vao

X.
2 2
| 4 cos 2x 14cos <?7r—|—2x> 1+ cos (%r —Zx)
Loigiai. A= —————— 4+ ————— =~ 4 0.5d
;gla; 2 2+ 2 2 X 2 ( )
= 5—1—5 [cost—i—cos <?ﬂ+2x> + cos (77[ —2x> ........................................... (0.5d)
3 1 2
= 5t3 <cos 2x+2cos ?ﬂ: cos 2x> ........................................................... (0.5d)
3 .
= > (khong phu thudc vao bi€n X) .. ..o e (0.5d)
0 . in3a — sin2 i
Bai 4 (2,0 diém). Riit gon bidu thiic : B = Soo0 SN2 Esnd
- - ‘ 2 —cosa—2sin“a
Lui giéi. B sin3a — sinZ2a —|— szlna
5 in2 2—.cozsa —2sin“a
e, (0.754)
2(1 —sin“a) — cosa
_ dsina: COSZ;’ O (0.754)
2cos“a—cosa
L 2sinaCosalac0sa T 1) (0.5d)

cosa(2cosa—1)

Bai 5 (2,0 diém). Cho tam gidc ABC. Chiing minh riing: sin2A + sin2B +sin2C = 4sinAsinBsinC.

Loi giai. VT =2sin(A+B)sin(A —B) +28I1CCOSC .. ...iuiiiit it (0.5d)
=2sinCcos(A —B) —2sinCcoS(A+B) (dOA+B+HC=1T) oo, (0.5d)
=28INC[COS(A = B) —COS(AFB)| « .ottt (0.5d)

=A4SINASINBSINGC = V P . e (0.5d)
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2
<. R St 3x+9
Bai 6. Tim gia tri nho nhat cia ham so f(x):m
X
o 24+3x+9 X% 3x 9 9
Loi gidi. Tacé: f(x) = T2 ¥ x 9 5.2
X S S X

" L s £ 9
Ap dung Bat dang thic Cauchy cho 2 so duong x va —
X

9 9
x+—>24/x-—
X 9 X
Sx+=>2V9
X
9
Sx+-+3>2-343
X
&Sy>9
N . 3 > . 9 2 X =
Vay miny =9. Dau “m ”xayrakhix= - x =9 &
X

)

V. Pésb3a
Bai 1 (1,0 di€ém). Thuc hién d6i don vi do géc.
a) Pai s6 do goc 50° sang radian.

o % T .
b) Doi so do goc 36 radian sang do.

Lui gidi.

Cepo T 5w
a) Tacd 50° =50 M—Erad.

b/ T 180
T )y — = — — = °
b) ac036rad % 7 5

) 1
Bai 2 (3,0 diém). Cho sino =  va g <o<T.

a) Tinh céc gia tri lugng giac cia géc a.
; R S5t
b) Tinh cos (257 — @) va cot > +a
Loi giai.

2V/2

n 7z .
a) Vi 5 <a< 7 nén cos o < 0, do d6: cos ot = —\/1 — (sina)> = — =

sina 1 ( 2\/§> V2 ’

tano =

cosat 3

1
coto = = —2V/2.
tan o

b) Ta cé:

&

2
cos(25m— o) =cos(24nr+mw— ) =cos(m— o) = —coso =

(O8]
ol

Sw T T
cot(7+a> :cot(27r+§+a> :cot(§+(x> =—tanQ =

Bai 3 (3,0 di€ém). Khong st dung mdy tinh, hay tinh:
a) sin2025°.
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11m S
b) COSH - COS CYR

Li giai.
4 3 o 1 [¢] o o 3 (e] [¢] : [¢] \/§
a) Taco sin2025° = sin (5-360° 4 180° +45°) = sin (180° +45°) = —sin (45 ):—7.

b) Ta cé coslln cossn _ ! {cos<11n+5n>+cos<11n—5n>} _ ! [cos(zn)—kcos(n)} =
24 24 2 24 24 24 24/1 2 3 4)]

L[ g 2] - 2

21 2 2 4

3sina —5cosa

\ e oA y ., . ~ R 2, <A 2 N Y[
Bai 4 (2,0 diém). Tinh gia tri cac biéu thiic P = , biét cosa = 3 va—— <a<

0 sin® @+ sinacos?a+ 3cos3a 2
Loi gidi. Taco: 1 +tan’a = = =tan’a=">.
cosla 4 /3 4
T 5
Vi ) < a<0néntana < 0, do do tana = -
Tur do: ‘
P 3sina — 5cosa _ cosa(3tana—>5)

sin’a + sinacos?a+3cos’a  cos?a(tan’a+ tana+ 3)
(1 +tan’a) (3tana —5)

(tan3a + tana + 3)

CETID
ERE

Bai 5 (1,0 di€ém). Cho tam gidc ABC bét ki v6i ba géc & dinh 1a A, B, C. Tim gi tri 16n nhit ciia biéu thic:

P =+/3cosB+3(cosA+cosC)

Loi giai. Ta co:
A+C A-C
P:\/§cosB+3(cosA+cosC):\/§cosB+3-ZCos( ; )cos( 7 )

B A—
= SCosB+6sin(—> cos( C)

2 2
Suy ra:
B B B
P§\/§COSB+6sin§:\/§(1—2sin2§>+6sin§
B B
:—2\/§sin2§+6sin§+\/§
2
B V3 53 53
) in— — ~— VS LIV
\/§<Sln2 2)+ 2 =2
Diéng thifc xay ra khi va chi khi:
A-C

cos 2 :1<:> A:C PN A:C:3OO
B 3 B _ oo T \B=120°
sin— = —— 2

2 2
Nhu vay, gia tri 16n nhat cua P la - khi tam giac ABC can tai B va géc B = 120°.
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VL. Pésd3b
Bai 1 (1,0 diém). Thuc hién déi don vi do géc.

a) Déi sd do géc 80° sang radian.

o % , Tt . N
b) Dai so do goc 8 radian sang do.

Loi giai.
T 47
Ta c6 80° =80 —— = —rad.
a) Tacd 80° =80 130 9 rad
T m 180
Taco) —rad = —-— = 10°
b) Tacod 18rad B 7 0

e oA 2 < T
Bai 2 (3,0 diem). Cho coso = —3 va 5 <o <T.
a) Tinh céc gid tri lugng giac cua goéc .

251
b) Tinh cos (T — a) vatan (377 + o)

Loi gidi.

5
a)Vlg<Oc<7tnénsina>0,dodc’):sin(x: 1—(cosoc)2:\/?_;
an o — sinot V5 _ (_2) __\/5_
~ cosa 3 3) 27
1 2V/5
coto = = — .
tan o 5
b) Ta co:
cos(zsn oc) cos (127H—7r a) cos(n Oc> sin o Vs
_— _= _— = —_— — S1 = —.
2 2 2 3
V5
tan(377r—|—a):tan(36n+7t—i—oc):tan(ﬂ—i—a):tana:—T.

Bai 3 (3,0 diém). Khong sit dung mdy tinh, hay tinh:

a) cos2025°.

Lui giai.
a) Ta cd cos2025° = cos (5-360° + 180° +45°) = cos (180° 4 45°) = —cos (45°) = —

b) Tacc’)s'nlljr s'n57r ! {cos(llﬂ+5ﬂ>+cos(llﬂ Sﬂﬂ ! {cos(zn) cos(ﬂﬂ
m—--S1In——=—— _— —_— _— = —— —_— — — =
24 24 2 24 24 24 24 2 3 4

L[] 1

212 2 4
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<. o . ) - 3m . ,
Bai 4 (2,0 diem). Cho goc a thoa man: 7 < o < - vasino —2cosa = 1. Tinh P = 2tan @ — cot &.

sinot —2coso = 1

Loi giai. Ta c6: sin® o+ cos? o = 1, nén ta c6 hé: { 5

sinot+cos*or =1

3
Daflta:sinoc,b:cosa,vin?<oc<Tnnén—l <a<0,—1<b<0.Tacéohé:
{a—2b:1 {a:2b+1

=
>+ =1 (2b+1)*+b> =1

a=2b+1
50 +4b =0
3 4 3
Suyraa:_§a3b:_§7h:y8ina:_§,(;osa4:—1§.
Tt d6: tan ot = > — 2 Dods:P=22—2—_
u do: tan o 4,cotoc 3 o do 1°3°%

Bai 5 (1,0 diém). Cho tam giac ABC c6 céac goc A, B, C thdéa man hé thuc:
. ) . 17
2cosAsinBsinC 4 /3 (sinA +cos B+ cosC) = T

Hoi tam gidc ABC c6 ddc diém gi?
Loi giai. Ta cé: 2cosAsinBsinC = cosA (cos(B—C) —cos(B+C))
1
= —cos(B+C)cos(B—C) +cos’A = ~5 (cos2B +cos2C) 4 cos® A
1
=—5(1 —2sin’B+1—2sin*C) + 1 —sin®A = sin® B+ sin®C — sin®A.

17
Do d6: 2cosAsinBsinC ++/3 (sinA + cos B+ cosC) = T

17
& sin? B+sin?C —sin® A + V3 (sinA +cosB+cosC) = —-

4
&2— (coszB— \/§COSB> — (coszC— \/§cosC> — (sinzB— \/§sinB) = 14—7

2 2 2
& <cosB—?> +<cosC—?> +<sinA—\/7§> =0

3
cosB =cosC = 5 = cos30°

=
sinA = g =sin 120°
B=C=30°

=
A=120°

Vay, tam gidc ABC céan dinh A va géc A = 120°.

VII. Désb 4a

Caul (1,0 diém). a) Trén dudng tron luong gidc c6 gbe A, hiy biéu dién cic diém M thdéa min cung

, 2
AM ¢6 s6 do g+k?ﬂ(k € 7).

) . 4 4 9
b) Xac dinh dau cua biéu thic P = cos ?ﬂ: sin (—%) tan ?ﬂ: cot ?ﬂ:

Loi gidi.

a) Cdc diém M dudc bi€u dién trén dudng tron ludng gidc nhu sau:
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Wcos

,ﬂ<4ﬂ<7r (co 47r<0
J— JES— S_
2 5 5
—g<—§<0 sin(—§><0
b) Vi 7[<47r<37t nen<t 4n_>0 =P<0
3 2 3
3 ¢ O
—<—x<2 t— <0
W < 5 < LT \CO 5 <
Cau 2 (4,0 diém). a) Tinh gia tri cot 135° (khong st dung may tinh).
) 5
b) Tinh cac gia tri lugng giac khac cua a biét coso = T (180° < o < 270°).
2sina +-cos o

¢) Cho tan @ = —2, tinh gi4 tri cda bi€u thitc A = ————.
cos —3sino
Loi giai.

a) cot135° = cot(180° —45°) = —cot45° = —1.

b) Vi 180° < o < 270° nén sinox < 0, tan o > 0.

Tacd 1 +tan? @ = ; = 1—32 =tano = 2 = coto = i sinQ = cos o&.tan o = —2.
cos2ar 52 5 12’ 13
_ 2sin+coso 2tanox+1 3
) A= cosa —3sina 1 —3tana 7
Ciu3 (4,0 diém).  a) Chiing minh cdc bi€u thic A — U —tan’x)? ! doc 1ap véi x.
4tan2x 4sin% xcos?x

” v/
b) Rut gon biéu thiic B = sin(x+y) + sin(z —x)sin(—y).

¢) Chiing minh ring cos*x + sin* x — 6sin? xcos? x = cos 4x.
Loi giai.
(1 —tan’x)? 1 (cos? x — sin”x)? 1 cos?2x — 1
a) A= 2. ga2 .= ) Y SNy =-1
4tan- x 48in“ xcos* x 4sin” xcos 4sin“ xcos- x sin” 2x

b) B=sin(x+y)+ sm(z — x)sin(—y) = sinxcosy + sinycosx — cosxsiny = sinxcosy.

2 2 2

¢) Ta c6 cos*x+ sin*x — 6sin? xcos?x = (cos?x — sin® x)? — 4sin® xcos? x = cos? 2x — sin” 2x = cos 4x.

Cau 4 (1,0 diém). Riit gon biéu thiic A = 3(sin® x — cos®x) 4+ 4(cos® x — 2sin®x) + 6 sin* x.
Loi giai.
A = 3(sin® x — cos® x) + 4(cos® x — 25in’ x) 4 6sin* x

ZX)

xcos?x) +6sin xcos® x

= 3sin*xcos? x(1 — sin®x) + 3 cos® xsin® x+ 1 — 3sin® xcos® x + 3 sin* xcos” x

6 xsinx+ 1 —3sinxcos*x

= 3sinx(sin’x — 1) — 3 cos®x(cos?x — 1) + (cos® x + sin® x) + 6 sin* x(1 — sin

= —3sin®xcos?x + 3 cos®xsin®x + (cos4x + sin*x — sin?

= 3sin*xcos*x + 3 cos
= —3sin?xcos*x(1 — sin?x) +3cos® xsin®x + 1
=1
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VIII. DPé s6 4b

Caul (1,0 diém).  a) Trén dudng tron lugng gidc c6 gbe A, hay biéu dién diém M thda man cung AM
] T
c6 s0 do kg(k €Z).

. . 3 2
b) Xac dinh dau cua biéu thiic P = cot ?717 sin <—?ﬂ:> )

Loi gidi.

a) Cac di€m M dudc biéu dién trén dudng tron lugng gidc nhu sau:

sin
cos
3
£<3_7r<7r cot?ﬂ:<0
by vid 2 3 nén —~P>0
2 T ) ( 271')
—7r<—? —5 sin| —— 0

Cau 2 (4,0 diém). a) Tinh gia tri tan 150° (khong st dung may tinh).
b) Tinh cic gid tri lugng gidc khac ctia géc 15° biét cot 15° =2+ /3.

¢) Cho sina + cos a = m. Tinh gid tri cta sin* a4 cos* & theo m.

Loi giai.
1
a) tan150° = tan(180° —30°) = —tan30° = ———.
) ( ) 7
1
b) tan15” = —— =2 V3. Vi0° < 15° < 90° nén sin15° > 0, cos 15° > 0.
1 1 V32 2 —
cos15° = = = V3 = sin15° = cos 15°.tan 15° = —\/§
V1+tan?15°  24/2 -3 2 2
m?—1
C) sine+costt =m = sinQ cos O = 5

2 2 2 4
—1 142m* —
sin4a—|—cos4oc:1—2sin2acoszoc:1—2<m2 > :#.

Cau 3 (4,0 diém).  a) Ching minh céc biéu thiic A = 2(sin®x + cos®x) — 3(sin* x4 cos* x) doc 1ap véi x.
T

b) Rut gon biéu thiic B = cos (5 —x) sin (5 —y) —sin(x—y).

¢) Chiing minh ring cos4x = 8cos*x — 8cos?x+ 1.
Loi giai.

a) A =2(sin®x+cos®x) —3(sin* x4 cos* x) = 2[(sin’ x+cos® x) — 3 sin® xcos? x] — 3[(sin® x+ cos?x)% —

2sin®xcos?x] = —1.
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T T
b) B =cos (5 —x> sin <§ —y) —sin(x —y) = sinxcosy — (sinxcosy — sinycosx) = sinycosx.

c) cosdx =2cos?2x — 1 =2(2cos’x—1)> — 1 =2(4cos*x —4cos’x+1) — 1 = VP.
~ . ’ . .2 3 . 4 . 4 T . 4 T . 4 3n N
Cau 4 (1,0 diem). Ching minh biéu thic A = sin” x+sin <x+ Z> + sin <x+ 5) +sin™ | x+ T khong
phu thudc vao x.

Lui gidi.

3
A = sin* x + sin* (x—i— %) +sin® <x—|— g) +sin® (x—i— ;)

= sin*x + sin* (x-l— E) + sin® (E — (—X)> + sin* (E - (—x— E))

4 2 2 4
= sin*x + sin* (x+ %) + cos*x + cos* <x+ g)
=1 —2sin®xcos®+1 — 2sin? <x+ %) cos’ (x+ g)
) T
5 sin® 2x B S <2X+ 5) o, sin® 2x + cos? 2x _ §
2 2 2 2

IX. Pésb5a
Bai 1 (1,0 di€ém).
a) Trén dudng tron c6 ban kinh bang 21cm. Tim dd dai clia cung c6 s6 do bang 15°.

b) Xéc dinh dau cta bi€u thic sau A = sin50°. cos(—89°)

Loi giai.
A Y o L T T
a) So do bang cung 15° chuyén sang rad bang 15.@ =1
T In
Vay do dai cuacung la: [ = R.ox = 21.5 =~ °om.

b) Tacd A =sin50°.cos(—89°) = sin50°.cos89° > 0.

Bai 2 (2,0 diém). Cho cosa = g véi 37” < o < 2m. Tim cac gia tri lugng giac con lai.

Loi giai. Do 3; < a<2m=sina,tana,cota < 0.

Tacé:sina = —v1—cos2a = g = tano = —%,cota = —g.
cota+tanar .

N oA s . 3 N
Bai 3 (2,0 diem). TinhA=————khisina=-val0< a < E
coto —tan 5 2

Loi giai. Do 0 < o < ) = cos o, tan o, cotar > 0.

4 3 4
Taco: cosa = /1 —cos? :§:>tanoc: Z,cot(x: §

i3 25
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N R . . e 5'406—3'206—2 .
Bai 4 (2,0 diém). Tinh gia tri ding cua bi€u thiic A = o 2 khi tan ¢ = /2013.

| | 1 +sin’a
e * % 2,0 _ _ _ 2
Loi giai. Véitana =+/2013 = [ Tan?a 2014 = cos” Q.
Tacé sina = 1 —cos’ .
Vv A — Ssinta—3sinfo—2  5(1—cos?a)?—3(1—cos’a)—2 14093
WA= 1 +sin’a B 2 —cos?a 8110378

. A B B A
Bai 5 (3,0 diém). Cho AABC thda man sin 5 cos’ 5= sin 5 cos> 5

Chitng minh ring AABC cén.

Loi giai.
sinA sinB
A B B A 5 5
Ta co sinE.cos3§=sin§.cos3§<:> 3%4 = 323
cos® —  cos’ —
A( A B B
an2 +1g 5 an2 +tg >
ot (A B><l+t 2A+t 2B+t At B) 0
an| — — — an” — +tan” — +tan —.tan — | =
2 2 2 2 2 2

A B
<:>tan§ :tanz & A =B AABC cantai C.

X. Peso5b
Bai 1 (1,0 di€m).
a) Trén duong tron cé ban kinh bang 20cm. Tim d6 dai ctia cung c6 sb do bang 15°.

b) Xéc dinh diu cta biéu thiic sau A = sin 50°. cos(—30°)

Loi giai.
A N R v T U
a) So do bang cung 15° chuyén sang rad bang 15.@ =1
T 5z
Vay do dai ciacung la: [ = R.a = ZO'E =~ om.

b) Tacd A =sin50°.cos(—30°) = sin50°.cos30° > 0.

Bai 2 (2,0 diém). Chiing minh ring 3(sin* o + cos* ) — 2(sin® & + cos* 6a) = 1 v6i moi goc a.
Loi gidi. Ta cé : sin* o0 + cos* o = (sin? @ + cos? «)? — 2sin? a. cos? a = 1 — 2sin® «x. cos® ax.

sin® ot 4 cos® a0 = (sin? &) + (cos? &) = (sin® o+ cos? &) (sin* ot +cos* ot —sin® ot cos? o) = 1 —3sin® ot. cos?

o

Bai 3 (2,0 diém). Pua tdng sau vé dang tich § = sin® x — sin” 2x + sin” 3x.
2 1 —cos2x—1+cos4x+1—cosbx

x — sin?2x + sin?3x = >

Loi giai. Tacé: S = sin

B 1+cosd4x cos6x—+cos2x

2
= c0s? 2x — cos 4x. cos 2x = cos 2x(cos 2x — cos4x) = 2.cos 2x. sin3x. sinx.

Bai 4 (2,0 diém). Riit gon A = sin?(45° 4 &) — sin?(30° 4 &) — sin 15°. cos(15° 4 2cx)?
Loi gidi. Ta c6: sin®a — sin®b = sin® a — sin® a. sin”> b — sin® b+ sin® a. sin® b

= sin?a(1 — sin?b) — sin? b(1 — sin’ a) = sin®acos’ b — sin> hcos’ a

= (sinacosb +sinbcosa)(sinacosb —sinbcosa) = sin(a+b).sin(a — b).

Tic 1a sin? @ — sin® b = sin(a + b). sin(a — b).
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Vay sin?(45° + a) —sin®(30° + &) = sin[(45° + &) 4 (30° + «)]. sin[(45° + &) — (30° + )]
=5sin75°.sin(15° 4+ 2a) = cos 15°.sin(15° + 2).
Tir d6 ta c6 A = cos 15°.sin(15° +2¢a) —sin 15°. cos(15° 4 2a¢) = sin(15° + 20 — 15°) = sin2a.

Bai 5 (3,0 diém). Chiing minh ring AABC vudng < cos2A + cos 2B+ cos2C = —1.
Loi giai. Ta co:

c0s2A 4 c0s2B 4-c0s2C = —1

& 2cos(A+B).cos(A —B) +2cos’C=0

< 2cosC[—cos(A—B) +cosC] =0

< 2cosClcos(A—B) +cos(A+B)| =0

& 4cosA.cosB.cosC =0

T
A=—
cosA =0 2
& |cosB=0 & B:g < AABC vudng.
cosC=0 T
C=—
2
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