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C6 bao nhiéu diéu bi an ma ban chua biét dén ?! Cau tra 101 I rit rat nhidu va doi khi ban
cam thdy buc boi, kho chiu khi khong thé tim ra mdt 161 giai thich thoa dang cho bi an
nio d6. Nhung ban hiy quan niém rang ding sau bat ki mot diéu gi uén ham chira mot ¥
nghia nhit dinh. V& ciing khong phai ngau nhién ma sy i giai lai duoc hinh thanh. Trong
thé gi6i bat dang thirc ciing vay. Poi khi ban khong thé hiéu duoc tai sao ngudi ta lai co
thé tim ra mot 161 giai trong ¢ vé “ki cuc” nhu thé !!! Phai ching 1 An md va may rui
Em méi tim ra duoc ?

Cau tra 10i lai mOt 1n nita duoc nhic lai: mdi 101 giai déu c6 sy giai thich cua riéng ban
than no. Viéc tim ra 161 gidi d6 phdi di qua mdt qué trinh [p ludn, thr, sai va ding. Trong
chuyén d& nho nho ndy ching t6i mudn gi6i thiéu dén cac ban mot ki thudt co ban nhung
khong kém phan hiéu qua trong viéc chirng minh mdt s6 dang cua bat dang thuc No
khong gitp ta giai quyét tat ca cac bai toan ma chi giip ta tim ra nhirng 101 giai ngin gon
va 4n trong trong mdt 16p bai toan nio d6. Mot sb bai toan tuy dé ddi voi phuong phap
nay nhung lai 1 kho ddi voi k¥ thudt kia. Pay ciing 14 diéu hién nhién va d& hiéu.
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Phin 1. Bai toan mé dau

Bai todn. [Nguyén Thic Vii Hoang]
Cho a,b,c 1a cac so thyc duong théa man a+b+c=3. Chirng minh rang
2 2 2
% + b_12 + Ciz + M >5
Chirng minh. Ta sir dung bt dang thirc sau day
1 2a°_7 2a
= > ==
o a> 3 3 3
That vay bat dang thirc trén twong duong véi
2 2
(a-1)°(2a” +6a+3) 50
v ’ 3a’
Hién nhién dung véi a la s6 thyc duong. ‘
Str dung cac bat dang thirc twong tu v4i b va ¢. Ta ¢6 diéu phai chirng minh.
Dang thirc xay rakhi a=b=c=1.

Chic chin ngay khi doc 10i giai cho bai toan “ don gian” ndy ban c6 phin ling ting va
khong hiéu tai sao lai c6 thé tim ra bat déng thirc phy mot cach “kho hiéu” nhu vay. Phai
chiang 12 dy doan mdt cach “vo hudng”. Hodc ciling c6 ngudi s€ nghi bai toan trén dugc
tao ra tir chinh bat dang thirc phu d6. Cau tra 101 [d hoan toan khéng phai. Tat ca déu di
theo 1 qui luat ctia n6. O cac phan tiép theo chung toi s& phan tich v& mdt k¥ thuat phan
tich gifip tim ra cac bat ding thirc phu va md rong van dé ndy theo chidu hudéng kha méi
meé. Ky thuat ndy c6 tén & U.C.T, 1a viét tat ctia 3 chir cai dau cia cum tir tiéng Anh
Undefined Coefficient Technique. Hay con goi la Ky Thudt Hé s6 bt dinh. Pay a mot ky
thuadt co ban va la nén tdng quan trong trén con duodng tim kiém 101 gidi cho nhitng bat
dang thire kho.

Phin 2. Khéi dau cing mdt s bai toin co bin

Ching ta s& khoi dau ky thudt ndy bing viéc dua ra cach giai thich cho viéc tim ra bét
dang thuc phu trén va nd clng chinh la cach gidi thich cho cdc bai toan sau nay cua
chiing ta.

Bai toan trén cac bién trong ca 2 vé va diéu kién déu khong rang budc nhau didu niy
khién ta nghi ngay sé tach theo ting bién dé ching minh duoc don gian hon néu cé thé.
Nhung rd rang ta chi timg d6 thoi d khong du. Néuta ching minh bét dang thirc sau
2 2

iz+212§<:> (a—l)(a+12(2a -3) 50

a 3 3 3a
RO rang khéng hoan toan ding véi a thuc duong.
Pirng bo cudc tai day boi vi ¢ cach trén ta chua sir dung diéu kién a+b+c=3.
Nhu vay ta s& khong di theo duong 161 suy nghi don gian ban dau nita ma s& di tim hé s
dé bat dédng thirc sau i ding

1 2a?

a2

a 3
Trong d6 m va n la cac hé s chua xac dinh.
Tuong tu vdi bien b va c. Cong ve theo ve ta co

2§+ma+n 1)



1 1 1 2a°+2b*+2c* _5

Sttt > —

a® b® c¢° 3 3 )
Nhu vay ¢ day 2 hé sO m va n phai thoa man diéu kién m+n=0<n=-m. Thé vao (1)
dan dén

m(a+b+c)+3n=§+3(m+n)

1 2a?

5
2 3 2§+m(a—1) @)

Pén day ta chi can xac dinh hé sb duy nhat d m dé bat dang thic (2) i ding.
Cha y ¢ bai toan nay di€ém cuc tri dat dugc tai a=b=c=1 nén ta can xac dinh m sao
cho

a2

2 2

1,2 2§+ m(a-1) < (a-1) (a+1)(2¢231 3 -m (>0

3 3 3a

@+)(2a*-3) _ 2
3a’

thinh dai lrong binh phuong (a—1)? trong biéu thirc. Tir d6 ta s& ching minh bat dang

thirc phu

Khi cho a=1 thi ta c6

tr d6 ta du doan rr:ing m :—é dé tao

Qué trinh di tim bat dang thore phu da duoc phén tich cu thé & trén. Tuy nhién d6 khong
phai la cach duy nhit dé ta tim ra hé sd. Ta ciing ¢ thé st dung tinh chat ciia duong tiép
tuyen tai mot diém cua do thi hay st dung dao ham. Nhung c6 € cach du doan trén la
hitu hiéu va don gian vé mit tryc quan ciing nhu thyc hién. Tuy nhién tit ca ciing chi 1
sy du doan. No khong dam bao rang sau khi tim ra bat dang thirc phu rdi thi bai toan s&
duoc giai quyet Mot sb dang toan nhu vy s& duoc dé cip trong cac phan tiép theo cta
chuyén d& nay. O phan 1 nay ching ta s& chirmg minh mdt s6 bat dang thire co' ban de
hinh thanh trong dau k¥ thudt qua d6 thanh thuc trong viéc phan tich. Ta tiép tuc dén véi
bai toan sau

Bai toan 1. [Vasile Cirtoaje]
Cho a,b,c,d 14 cic sb thuc dwong thoa mén a+b+c+d =4. Ching minh ring

1 1 1 1
2 + 2 + 2 + 2
a“+1 b"+1 c”+1 d°+1
Churng minh. Ta s€ xac dinh hé s6 m dé bat dang thuc sau la ding

@@ na-1) o (a- 1)( :*1 m)zo
+

>2

>1+m(a-1) < -

a’+1 +1
. -~ a+1 , L, 32 , , LA
Khi a=1 ta s¢ c6 ——; 1=—1:> m=-1. Ta dy doan bat dang thirc sau ding va that
a“+
vay
22 >2—-a&e M_
a“+1 a’+1

Tuong tu voi cac bién con lai. Cong vé theo vé ta ¢ didu phai chirng minh.
Ding thirc xay ra khi va chi khi a=b=c=d =1.

Nhan xét.

Ta c6 thé sir dung k¥ thuat “Cosi nguoc dau” dé tim ra bat dang thirc phu trén



2 2
L & 2,2
2 2
a+1 a+1 2a 2

Bai toan 2. [Algebraic Inequalities Old and New Method] .
Cho a,b,c 1a cac so thuc duong thda man a+b+c=3. Chirng minh rang
1 1 1
+
v ~a’+b+c b*+c+a c’+a+b
Chitng minh. O day ta can tim m dé bat dang thirc duéi la dung
1 1 1 a(a-1

5 =— <-+m@-1) < -———
a“+b+c a“-a+3 3 3(a“—a+3)

<1

<m(a-1)

Twong ty nhu trén ta tim du doan rang voi m = —% thi bat ding thirc phu ding. That vay

_1)\2 _ _1\2
: 1 4 a_,.( 21) B-a) L@ 21) (b+c)
a“-a+3 9 9 3(a“-a+3) 3(a“-a+3)

Nhan xét. Bai toan trén co thé giai bang ki thuat “Phan tach Chebyshev” nhung xem ra

cach gidi bang U.C.T lai don gidn hon v€ mat y tudng.

Bai toan tong quat di duoc giai quyét bang dinh i LCF trong “Algebraic Inequalities -
Old and New method” cua tac gid Vasile Cirtoaje
Cho a,a,,..,a, i cic s6 thuc khong 4m thoa min & +a,+..+a, =n. Ching minh
ring
1 1 1
5 +— o <1
a —a+n a,"—a,+n a,”—a,+n

Bai toan 3. [Nguyén Thic Vil Hoang]
Cho a,b,c,d 14 cac sb thuc khong am thoa a® +b? +c® +d? =4. Ching minh ring

2(a3+b3+c3+d3)22+%\/2+ab+ac+ad +bc+bd +dc

Chitng minh. Theo bai ra a,b,c,d 1 cac sd thuc duong thoa méin
a’+b*+c*+d*=4
< (a+b+c+d)?=2(2+ab+ac+ad +bc+bd +cd)
< (@+b+c+d)=./2(2+ab+ac+ad +bc+hbd +cd)
Bét dédng thirc can chirg minh twong dwong voi

2(a3+b3+03+d3)22+g(a+b+c+d)

Ta can xac dinh hé sb m dé bat dang thirc sau dung

2
2a% > 3a2+1+ m(a-1) < (2a+1)2 @=l), m(a—1)
Dé dang dy doan m :% . Ta s& ching minh diéu do, that vay
27 >33+, 9@=D . 5a_1)2(a+2) =0

2
Diéu ndy hién nhién dung. Pang thirc xay ra khi va chi khi a=b=c=d =1.



Nhan xét. Bai toan ndy voi hinh thirc kha “cong kénh” vi chira can thirc. Tuy nhién néu
nhan ra diém méAu chdt ctia bai toan ta d& dang dwa vé don hrong theo bién dé giai quyét.
Bai toan trén con co thé giai quyét theo cach khic bang cach ching minh truc tiép véi 4
bién. Nhung du sao viéc giai quyét theo tirng bién riéng biét vin dé dang hon rat nhidu.

Bai toan 4.
Cho a,b,c 1a cac sd thuc duong théa min a® +b® +c® =3. Chiang minh ring

4(£+1+1j+5(a2 +b? +¢%) > 27

a b c

Chirng minh.
Ta can tim hé s6 m sao cho
(a-1)(5a° +5a—4)
. , a
Ta de dang nhin ra déng thirc xdy ra khi va chi khi a=b=c=1. . )
Khi cho a=1 thita c6 thé du doan rang m=2. Ta s& chirng minh rang véi m=2 thi bat
dang thic phu trén la ding. That vay

4 522 >9+ma’-1) o >m(a-1)(a®+a+1)
a

N\ 2(_ 2
£+5a227+2a3<::>(a D (22 +a+4)20
a a
Do a<%/3=-2a%+a+4>0. Vay bét dng thirc phy trén 1 ding.
Pang thirc xay ra khi va chi khia=b=c=1.
Bai toan 5.

n
Cho a,a,,...,a, la cac so thuc khong am thda mén Zai =n. Ching minh rang
i=1

Lo n
Z 2 sz
iz3a +5 8

Chitng minh. Ta s& tim hé s6 m sao cho
- ~3a,)(a -1
4 < 1+ m(a -1 < (5-3a,)(@ -1)

3a’+5 8 8(3a’ +5)

<m(g —1)

Ta dy doan rang véi m = é thi bat ding thirc phu trén 1 dung. That vay:

3a’+5 8 32 ~ 32(3a’ +5)
Didu nay hién nhién ding. Dang thirc xay ra khi va chi khi cac bién bang nhau va bang 1.
Nhan xét. Qua cic bai toan trén ta ¢ thé thiy ring bat dang thirc khong hé quan tim dén
s6 bién. Ta hoan toan c6 thé tong quat v6i n bién ma khong lam anh hudng dén cach giai.
Pay 1a mot diém thi vi cia U.C.T.
Mot cach tong quét ta dwa ra cach giai quyét cho 16p bai toan c6 dang sau
Bai toan tong quat
Cho céc so thyc khong am a,,a,,...,a, thoa min

h(a,)+h(a,)+...+h(a,)=0

a1, (a-D _,_6+a)a -V’

Chirng minh ring
f(a)+f(a)+..+f(a,)=0



Lop bai toan nay co6 thé duoc giai quyét bang cach phan tach dé chirng minh theo tirng
bién. Vi cic biéu thirc mang tinh d6i xing voi nhau nén thuong thi diém cuc tri dat duoc
tai cac bién bang nhau. Ta s€ phai xac dinh hé s6 m sao cho
f(a,)>mxh(a,)
Pung voi moi bién théa min diéu kién dit ra. Véi cach giai ndy ta s& giai quyét duoc mot
lrong 16m cac bat ding thirc ma cac bién khong rang budc An nhau mdt cach “mat thiét”.
Thuong |2 mot s6 dang diéu kién nhu > af =n. CO thé khai quat tw twong cua k thujt
i1
ndy trong 16p bai toan trén nhu sau: Dé chirng minh bai toan ta s& xic dinh hé sb trong
cac bat dang thirc phu theo tirng bién riéng biét sao cho
f(a)>mxh(a) < g(a)* p(a;) >0
Trong d6 g(a;) =(a, —x,) v6i X, ] diém cuc trj ctia bat dang thirc.
Bai toan s& duogc giai quyét néu p(a,)>0. Trong truong hop p(a)>0 chi ding trong mot
mién nghiém ndo d6 thi ta s& tién hanh chia treong hop dé giai quyét bai toan. Tuy nhién
trong phan 1 nay ta s€& khong dé cap dén nhiing bai todn nhu vdy ma s€ dé cip & phan
sau.
Sau khi da tim ra bat dang thirc phy. Vi nhiéu cong cy nhu dao ham, khéo sat ham sb
hay don gian chi Ia phan tich nhan tir ta d€u co6 thé gidi quyét khong qua khé khan.
Trong phép chirng minh cho céac bat déng thirc phu ¢ trén ta bien doi va qui vé viéc phan
tich nhan tir cua da thirc a, x" +a, XM rax+a,
Ma muc dich chu dao la qu1 vé dang tong cac binh phuong. Viée nhan tich da thirc thanh
nhan tr A mot van d& Pai sb co ban nén xin khong néu ra & day. i o
Qua mdt vai vi du nho nho han phan ndo cac ban da hiéu duoc U.C.T. O cac phan tiép
theo viec xac dinh hé¢ s6 s€ duogc trinh bay mdt cach so lwgc bdi vi nhitng bai toan do
mang tinh phirc tap nhi€u hon ma U.C.T chi don thuén I budc dém d€ di dén loi giai chur
khong thé dua ta cach chirng minh tryc ti€p .

Phan 3. Ki thuit chuin héa va U.C.T

Béy gio ching ta s& budc sang mot khoang khong gian moi voi 1op bat dang thirc thun
nhat ddi ximg ba bién va ki thuat chuan hoa két hop véi U.C.T.

Pa thic f(a,b,c) ddi xing dinh nghia dudi dang: f(a,b,c) = f'(a’,b’,c’) trong d6
(@',b’,c") 1A mot hoan vi tay y ctia (a,b,c). Hay noi cach khac Ia

f(a,b,c) = f(b,c,a)= f(c,a,b)
Tinh thuan nhit ctia mdt da thirc d6i ximg ba bién trén mién D c6 nghia 1a
f(ka,kb,kc) =k"f(a,b,c) voi moi k,a,b,ceD,n=congt chi phu thuéc vao ham
f(a,b,c). Hiéu mdt cach don gidn da thirc thuan nhit néu n6 1 tong cla cac don thirc
dong bac. Do mot sb tinh chit cua ham thuan nhat ta c6 thé chudn hoa diéu kién cta bién
dé don gian hoa viec chung minh. Ta c6 thé¢ chuan hoa mdt da thirc thuan nhat d6i xing
ba bién bang cach dit a" +b" +c" =k,abc= p,ab+bc+ca=r,... Pay la ky thuat rat
quan trong giip ta don gian héa va qui bat dang thire vé chirng mmh theo tirng bién. Hay

cing dén voi mot s6 bat dang thirc thuin nhit d6i xing ba bién dé thdy cong dung cua
UCT



Bai toan 6. [Bat dang thirc Nesbit]
Cho a,b,c 1a cac s thyc khong 4m. Chirng minh rang
a_ b L C 3
b+c c+a a+b 2
Chitng minh. Khong mét tinh tong quat chuin héa a+b+c=3.
Bai toan qui vé viéc chirmg minh

a b C
+ +
. o 3-a 3-b 3-c
Ta can chung minh bat dang thuc
a 1 3(a-1)

EZE‘i-m(a—l)@mZ m(a—l)

>3
2

Dé dang dy doan m= % Ta ching minh bat dang thirc v6i m nhu vy thi uén dung

2
a S 3a—1® 3(a-1) 50
3-a 4 4(3-a)

Diéu nay hién nhién dung.

Str dung twong tu véi cac bién con lai Cong vé theo vé ta c6 diéu phai chirmg minh.
Ping thirc xay rakhi a=b=c.

Nhin xét. bat dang thirc Nesbit 13 mdt bat dang thic dai sb co ban va cé nhidu phép
chirmg minh. Loi giai trén 1d mot 10i giai dep va ngan gon cho bt dang thirc nay.

Bai toén 7. [V3 Qudc Ba Can ‘
Cho a,b,c 1a cac so thuc khong am. Chirng minh rang
(b+c—a)? (a+c—b)? (a+b-c)? >3(a2+b2+c2)
2a® +(b+c)*> 2b*+(a+c)* 2c°+(b+a)> (a+b+c)?
Chitng minh. Chuan hoa a+b+c=3. Khi d6 bat dang thirc can ching minh twong
duong voi

2

2(3-2a)*> 2(3-2b)*> 2(3-2c)’
+ +
‘ a’-2a+3 b?’-2b+3 c?-2c+3
Ta can xac dinh hé s6 m dé bat dang thirc sau la ding

>a’+b%+c

_ 2
22(3—261)2a2+m(a—1)
a“—2a+3
Ta lai co
2(3-2a)® a2 _ (a-1(a+3)(a’ —4a+6)
i a’-2a+3 ~ a’-2a+3
T day dé dang du doan véi m = —6thi bat dang thirc phu trén la dtng. That vay
2(3—-2a) >a2—6(a—1)<:>(a 1)°(6 a)a20

‘ 7 a’-2a+3 a®*—2a+3
bicu nay hién nhién dung do a € (0,3).

Tuwong ty véi cac bién con lai. Pang thirc xay ra khi va chi khi a=b=c.

Bai toan 8. [Dé thi Olympic 30-4, khoi 11, lan XII — 2006]
Cho a,b,c la céc so thuc duong. Chirng minh rang
a(b+c) b(c+a) c(a+b)
2 2 + 2 2 + 2 2
(b+c)*+a“ (c+a)*+b° (a+b) +c

8
5



Chitng minh. Khong mat tinh téng quat, chudn héa a+b+c=3. Ta co bit diang thirc can
chirng minh tuong duong voi
a(3—-a) N b(3-b) N c(3-c¢) <§
9-6a+2a’® 9-6b+20° 9-6¢c+2c° 5
Twong ty nhu trén ta d& dang tim ra bat dang thirc phy sau:
a(3-a) L 21+9a -0< (a—1)?(18a+9)
9-6a+2a’ 25 25(9—6a+2a’)
Diéu nay hién nhién dung Pang thirc xay ra khi va chi khi a=b=c.
Nhan xét. Co thé thay rang hai 161 gidi cho cac bai toan mo dau phan 2 rat don gian va
ngin gon. Pay ciing c6 the xem [d mdt k¥ thuat chinh théng Gip ta giai quyét mot sb
bai toan “cting loai” va da rat quen thudc sau

Bai toén 9. [Darij Grlnberg Old and New Inequalrtles]
Cho a,b,c 1a cac so thuc duong. Chirng minh rang
a b C 9
5>+ >+ 5
(b+c)* (c+a)* (a+b)” 4(a+b+c)
Chitng minh. Khong mét tinh tong quat, gia st a+b+c=3. Bai todn can ching minh
qui vé dang sau

a b C 3
7 T 7 T 22
(3-a)° (3-h)* (3-c) 4
D@ dang du doan bat dang thirc phu sau
2
a S 2a-1 o (a-1)°(9-2a) S
(3-a) 4 4(3-a)’
Didu nay hién nhién ding do a €[0,3).
Str dung bt dang thirc ndy cho b,c rdi cong lai, ta c6 dpem.

Bai todn 10. [Pham Van Thuan, Mathlinks forum]
Cho a,b,c 1a cac s thyc duwong. Chirng minh ring
(b+c—3a)’ . (a+c—-3b)° .\ (a+b-3¢c)* 1
2a’+(b+c)® 2b*+(a+c)® 2c*+(b+a)® 2
Chitng minh. Khong mét tinh tong quat, chudn hoa a+b+c=3. Ta co bat dang thirc can
chirng minh twong duong véi
(3—4a)? (3—4b)® (3—4c)? 21
2a°+(3-a)® 2b*+(3-b)* 2¢°+(3-c)® 2
Str dung bét dang thirc phu sau
(3—4a)’ 5 8a— [N (a—1)%(39 - 8a)
2a’+(3-a)’ 6 6(a® —2a+3)
Piéu nay hién nhién ding vi 0<a<3=39-8a>39-24=15>0.
Tuong tw voi cac bién con lai ta c¢6 diéu phai chirmg minh.
bang thirc xay ra khi va chi khi a=b=c.

Bai toan 11: [USAMO 2003] .

Cho a,b,c 1a cac so thyc duong. Chirng minh rang
(b+c+2a)’ . (a+c+2b)° . (a+b+2c)°
2a’+(b+c)® 2b*+(a+c)® 2c°+(b+a)®




Chitng minh. Khong mat tinh tong quat, chudn hoa a+b+c=1. Khi d6 ta co bt ding
thirc can chirng minh twong dwong véi
(a+1)° . (b+1)? . (c+1)°
2a’+(1—-a)®* 2b*+(1-b)*> 2c*+(1-c)*
Str dung bat dang thirc phy sau
(a+1)? < 12a+4 -0< (3a-1)%(4a+1)
2a’+(1-a)’ 3 2a° + (1—a)?
Diéu ndy hién nhién dung. Pang thirc xay ra khi va chi khi a=b=c.

Phan 4. U.C.T va k¥ thuat phén tich cac truong hop

O cac phan trén ta dd Bm quen v6i mdt sd bai toan khi dua vé& dang
‘ f(a)>mxh(a) < g(a)* p(a) =0 ,

Thi c6 ngay di€u phai ching minh. Tuy nhién khong phai bao gid no6 cling xuat hién
p(a)=0. Trong truong hop p(a)=0 chi ding véi mot mién nghiém nao do thi viéc
chimg minh s& phai di qua mot chiéu hudéng khac, d6 1 xét thém truong hop bién a;
ngoai mién xac dinh dé p(a)=0. Thuong thi budc nay phirc tap va doi hdi nguoi lam
phai c6 nhitng dénh gi4 mang sy tinh ¢ nhitu hon. Ching ta s& dén véi mdt s6 bai toan
tiéu bi€u cho ky thuat nay.

Bai toan 12.
Cho a,b,c 1a cac so thyc duong. Chirng minh rang

a’ b? c? 3
2 2 T2 2T 2 R
a+((b+c)” b °+(a+c)® c“+(b+a) 5
Chitng minh. Khong mét tinh tong quat chuin héa a+b+c=3. Qui bat dang thirc vé
dang

+ + ) P
a’+(3-a)® b*+(3-b)*> c*+(3-c)® 5 4F2a°-6a+9
Ta str dung bét dang thirc phu sau
a’ J12a-7
, ~ 2a®-6a+9 25
Khong mat tinh tong quat gia st a>b>c=a>1>c.
Xét hai truong hop sau

a’ b? c? 3 Z a’ 3
5

< (8a-21)(a-1)>>0

+ Trudng hop 1. cz%:8a—2128b—21280—2120.

+ Truong hop 2. max{a,b,c}s%

Khi d6 ta co:
a’ 1 >49 1

f(a)= = > >
@) 2a’-6a+9 (3 jz 50 5
1+

Do f(a) dong bién trén (0,3] nén diéu nay hién nhién ding.
Vay bai toan duoc chirng minh. Pang thirc xay ra khi va chi khi ba bién bang nhau.



Bai todn 13. [Vasile Cirtoaje - Algebraic Inequalities — Old and New Method]
Cho a,b,c,d 14 cac sb thuc duong thoa min a+b+c+d =2, Ching minh rang
1 1 1 1 16
7 AT a2 1 e o1 T aaz z—
3a°+1 3b°+1 3c°+1 3d°+1 7
Chitng minh. Ta can xac dinh hé s6 dé bat dang thirc sau la ding
1
3a’ +1
D& dang tim ra bit ddng thirc phu sau
2
1 S 52 -48a - 3(2a-1)°(12a-1) 50
3a’ +1 49 49(3a° +1)
Tuong tu voi cac bién con lai.
Xét hai truong hop sau day
+ Truong hop 1.

min{a,b,c,d}> é =12a-1>12b-1>12c-1>12d-1>0

> ;+ m(2a-1)

+ Truong hop 2.
d<t 14302 <4—9:>#2>4—8
) 1 48  1+3d° 49
Xét tuong tu voi cac bién con lai ta tim ra di€u phai chirng minh.

Pang thirc xay ra khi va chi khi a:b:C:d:%.

Bai toan 14. [Vasile Cirtoaje, Algebraic Inequalities — Old and New Method]
Cho a,b,c 1a cac so thuc dwong théa min a” +b® +¢? > 3. Ching minh rang
a’-a’ b° —b? ¢®—c?
5 2 2 + 5 2 2 + 5 2
@ +b"+c” b’+a’+c” c’+b+a
Chirng minh. Bat dang thic trén twong duong voi
1 1 1 3
5 2 2 + 5 2 2 + 5 2 2 < 2 2 2
a’+b“+c° b’+a“+c® c’+b"+a° a‘+b"+c
Tir ddy suy ra ta chi can chimg minh truong hop a’+b?+¢* =3 Ia du.
Ap dung bat dang thirc AM-GM ta co
2a®  2a° 5
=a

@1 afa

it a®> =x,b*=y,c? =z lic d6tacod x+y+z=3 va do d6 ta phai chirng minh

>0

1 1 1
1= 2%° " 2y° o7
—-X+3 -y+3 -z+3
x+1 y+1 z+1
1> x+1 y+1 z+1

> + +
2x° —x*+2x+3 2y —y*+2y+3 27°-7°+2z+3

@Zf;x_ X+1 jzo

e 2x3 —x? +2x+3

oY (x—1)*(—2x* +3x+3 >0
6(2x° —x* +2x+3) )

cyc



Khong mat tinh tong quat gid st x>y >z = x>1>z . Xét hai truong hop
+ Truong hop 1. y+2z>1= x<2 khi do ta co

—2x* +3x+3>0,-2y*+3y+3>0,-2z°+3z2+3>0
Dan dén bai toan hién nhién ding.
+ Truong hop 2. y+z <1=> x> 2 khi d6 ta c

(2x3—x2+2x+3)—5(x+1):2x3—x2—3x—2:x3(2—£—%—%J
X X X

3

(o2 2)X
2 2° 2 2
Tir d6 suy ra —; X;Ll SE nhu vdy ta can chirng minh
2X"—=X"+2x+3 5
z+1 y+1 <ﬂ

+ <
22°-7*+272+3 2y’-y*+2y+3 5
Diéu nay luon luén ding vi véi k €[0,1] ta co
k+1 2

T g S g A 2 (kDK -)

Néu k S% thi bai toan dugc giai quyét.

Néu k 2% thi ta co

4k® —(k +1)(2k —1) > 4k® —2(2k —1) = 2(2k® - 2k +1)
>2(k* =2k +1)=2(k-1)*>0
Te y+z<1=y,z€[0,1].
Vay bai toan duoc giai quyét hoan toan. Pang thirc xay ra khi va chi khi a=b=c=1.
Nhén xét. Bay la mot két qua “manh hon” cho bai toan 3 trong ki thi IMO 2005 cua tac
gid Vasile Cirtoaje. Bai toan goc ban dau 1a voi diéu kién abc >1. Dicu ki¢n cua bai toan
trén chat hon vi theo bat dang thtc AM-GM ta cé
a’+b%*+c®>3=233(abc)* >3=abc>1
Ching ta hiy dén v6i 1o giai coa chinh tic gid bai toan trén, duwgc trich tr quyén
“Algebraic Inequalities, Old and New Method”
Ta qui vé vigc chimg minh bai toan sau:
Cho a,b,c I cac s6 thuc duong thoa min a®+b?+c¢® =3. Ching minh rang
1 N 1 N 1
, 7 a®+3-a’ b°+3-b° c’+3-c
Khong mat tinh tong quat ta gia st @>b>c>0. Xét hai trurong hop sau
+ Truong hop 1. a< J2=ab<2. Tasu dung céc bat dang thirc phu sau
1 3-a’ 1 3-b° 1 3-c’
< , < , <
a®+3-a> 6 b°+3-b° 6 'c°+3-c¢* 6

<1

Lai ¢co
1 3-a° (a-1)°(a’+2a"'-3a’-6a-3)
a®+3-a*> 6 6(a° +3—a%)

Mat khac



a’+2a* —3a? —6a—3=a2(a3+2a2 _3_§_%j
a a

Sa2[2ﬁ+4—3—3«/_—gj=—az [%+\/§J<o
+ Truong hop 2. a>+/2,a2 +b? +¢? =3=>b?+c? <1 khi d6 ta co

1 N 1 N 1 - 1 N 1 N 1
a°+3-a’ b°+3-b* c°+3-c¢® a°+3-a® 3-b* 3-c¢?

Lai co
1 1 ~ 1 3 1
a®+3-a° 2/2a%+3-a%> (V2-Da?+3 (24/2-1)2+3
Nhu vy bai toén s& duoc giai quyét néu

1 1 5
<>

3-b° +3—C2 6

1
< —
6

Théat vay
1 1 5_ 9(b® +¢® —1) —5b?c? -

3-b*> 3-¢° 6 6(3—-b*)(3-c?)
Nhu vy bai toan duoc giai quyét. Dang thirc xdy ra khi va chi khi a+b+c=1.
Loi giai ctia tac gia Vasile Cirtoaje ngay tir dau cling da sit dung U.C.T nhung n6 lai dua
ta dén «cach xét truong hop khd I¢ vi phai so sanh bién véi /2 . Pay i mot bai toan dep
voi nhieu mo rong tha vi.

Bai toan 15. [V5 Qudc Ba Can]
Tim hang so k tot nhat dé bat dang thirc sau dung véi moi a,b, ¢ >0

a’ . b’ . o - /3(a+ b+c)
ka® + (b +c)? kb® + (c +a)? ke? +(a+b)* k+4

Chitng minh. Cho a=b=1,c=0 ta dugc k>5. Ta s& ching minh rang 5 chinh 13 gia tri
can tim, tirc B qui vé& chirng minh

a® N b* . c? - [(@a+b+c)
5a°+(b+c)® \5b*+(c+a)®> \5c*+(a+b)® 3

Str dung bt ddng thirc Cauchy-Schwarz, ta co

2
a’ a’
———— | <(a+b+c e B TE—
(Czyc: 5a2+(b+c)2] ( ){§5a2+(b+c)2]
Ta can chimng minh

Za—2<1
' 5a’+(b+c)® 3

Khong mit tinh tong quét ta chudn hoa a+b+c=1va a>b>c>0suyraa>=->c>0.

1
r 2 N 3
Bat dang thirc can ching minh twong duong voi
a’ b? c? 1
2 t o2 to 2 <3
6a“-2a+1 6b°-2b+1 6c°-2c+1 3
Ta phai xét hai truong hop

+ Trudmg hop 1. cz% taco



B ., 278 (3a 1) (8a-1)
_26 2[2 ' ] 26 a1

cyc a —2a+1 cyc cyc

+ Truong hop 2. CS% ta co

6a’ 6b? 6c? 2a-1 2b-1 6c?
2 T3 t-2 —-2= 2 -3 T2
6a-—2a+1 6b°—-2b+1 6c°—-2c+1 6a-—2a+1 6b°—-2b+1 6c°—-2c+1
a-b-c b-c—a 6c?
= + +
6a’—2a+1 6b°—2b+1 6¢c°—2c+1
B 2(a-b)*(3c-2) +c( 6c 1 ~ 1 j
(6a* —2a+1)(6b> —2b +1) 6c’—2c+1 6a’-2a+1 6b°-2b+1

Ta can chirng minh

6¢c 1 1
< +
6c*—2c+1 6a’-2a+1 6b*—2b+1
Vic< 1 nén ZL <1 vy nén ta s& chimg minh bét déng thirc sau
8 6c°—2c+1
1 1

< +
6a®—2a+1 6b°-2b+1
Néu b s% khi d6
1< 1
6b> —2b+1
Néu b> % , 4p dung bét dang thirc Cauchy-Schwarz, ta chi can chirng minh
4>6(a’+b’)-2(a+b)+2

Piéu nay tuong duong voi
[2(a+b)+c](a+b+c)>3(a® +b?)

Tir gia thiét bz%:>3b2a do do

[2(a+b)+c](a+b+c)>2(a+b)* =3(a® +b*)+4ab—a® +b’
>3(a’ +b?*)+a(@v—a)>3(a’ +b?)

Nhu vdy bai toan dd dugc ching minh. Pang thirc xdy ra khi va chi khi a=b=c hoic
a=Db,c=0 va cac hoan vi. Hang s0 k tot nhat can tim la 5.

Bai toan 16. [Nguyén Vin Thach] o
Cho cac so duong a,b,c théa a+b+c =3, chiing minh bat dang thuc
1 1 1

Ja?-3a+3 "o a3 o303
Chirng minh. Khong mat tinh tong quat, gia st a>b>c¢>0.

<3

Véimoi X>~—=, tach

2
—_ <x+1
Jx?=3x+3

That vay, bat dang thirc twong duong



(x—=D?(x*+x—1) > 0 (fudig)
Tu day, suy ra
J5-1
2
J5-1
2

++, Néu b<1,tach

+, Néu ¢ > , su dung bat dfmg thirc trén, ta c6 dpcem.

+,Néu c < , €6 2 kha nang xay ra

2
a2—3a+3:(a—§j £33
2 4 4

b?2—3b+3=(b-1)>2-b+2>1

2
1_\/52—1] 51, 16

cz—3c+3:(1—c)2—c+22(

—
SR (GRS
Do d6
VI Ly SR
32
++,Néu b>1,suy ra 2>a>b>1, xét ham sd f(x)=; voi 1<x<2,tacod
X2 =3x+3
2_
£1(x) = 8x°—24x+15

<
4(x* —3x+3)*?
Suy ra f(x) 1a him 16m, do d6 theo bat dang thirc Jensen,

a+b 2
f(a)+f(b)<2f( j 2f(t) = ——me——
2 Jt2=3t+3
Ta phai chirng minh
2 1
+ <3
J2-3t+3  /(3-2t)* —3(3-2t)+3
Hay
2 + ! <3
Jt2—-3t+3 4> —6t+3
Hay

36(t —1)*(36t° —252t° + 749t* —1202t* +1099t* — 546t +117)
(t* =3t +3)*(4t* —6t + 3)°

Dé dang kiém tra duoc bat dang thirc ndy dung, vy ta c6 dpem. Pang thirc xay ra khi va
chi khi a=b=c=1

Bai toan 17. [Mo rong tir Poland 1996]
Cho a,b,c 1a cac so thuc thoa man a+b+c=1. Chitng minh rang
a b C 9

<2
a’+1 b2+1 c+1 10

. . ) 1 :
Chitng minh. Khéng mat tinh tong quat gia st a>b>c=a> 3 > C . Xét hai trrong hop

Sau:



+ Truong hop 1. ¢ > —% ta co

_ 2
3_( 2a . 2b . 2c j:z£18_a+£_ 2a j:Z(Sa 1)2(4a+3)20
10 {a*+1 b°+1 c°+1) G\ 25 30 a"+1) & 50(a”+1)

+ Ttrwdng hop 2. ¢ < —% &p dung bt dang thirc AM-GM, ta c6

2a +2b <1
a‘+1 b +1

. <3 o 5 2f<c<-S o ngay didu phai chimg minh.
c?+1” 10 4

Xét truong hop: —5—2/6 > ¢ khi d6 ta c6 3++/6 <a=

Khi d6 néu

< é . Tur day suy ra:
a

+
2a+2b+zcsza+2b S1 1 7 9
a+1 b°+1 c°+1 a"+1 b °+1

5 2 10 10
Vay bat dang thire dugc chimg minh. Pang thirc xay ra khi va chi khi a=b=c= %

Nhan xét. Bai toan gbc cla dé toan ndy 1a voi diéu kién cta truong hop 1. Tuy nhién bai
toan van dung Vé'i‘mc_)i SO ‘ghuc, day Ia mot dicu rat li tha. Co thé chung minh bai toan
trén voi k¥ thuat don bién bang ham 161.

Phin 5. Kéthop bit ding thire Vornicu Schur véi U.C.T

Trong phan nay chiing toi s& gidi thiéu dén cac ban viec két hop U.C.T voi bat dang thirc
Vornicu Schur. C6 thé néi rang khi ta két hop nhuan nhuyén hai k¥ thuat trén thi s& nhan
dugc nhirng 101 giai kha 4n tuwong va dep mét. Trude hét hiy cing dén voi dang phat
biéu, cac dinh i ciing nhu k¥ thuit phin tich vé chinh tic ctia bat ding thic Vornicu
Schur.

Bit dang thirc Vornicu Schur:

Cho a>b>cva A B,C>0 khidé bat ding thirc
A(a-b)(a-c)+B(b—c)(b—a)+C(c—a)(c-b)>0

La dung khiva chi khi

Dinhli 1. A>Bhodc C>B

Dinh li 2. Axa>Bxb

Pinh i 3. BxCc>Cxb (Néu a,b,c la ba canh ciia mét tam gidc)

Dinh li 4. JA++C >/B

Khi d3 nim trong tay cac dinh Ii vé bat dang thirc Vornicu Schur thi chic hin ban s& phai
chi y dén cach bién d6i sao cho qui vé dang chinh tic cia n6. O day xin néu ra 2 phép
bién ddi cuc ki hiéu qua va co cong dung Ion trong nhidu bai toan, giip ban c6 thé dua
bai toan tir dang tong cac binh phuong vé dang trén.
Trudc hét hiy bién ddi dwa bai toan vé hai dang quen thudc sau
Dang 1.

A(a-b)*+B(b-c)*+C(c-a)*>0
Dang 2.

A(2a-b-c)’+B(2b—c-a)*+C(2c—a-b)* >0



Tiép tuc thuc hién phép bién ddi sau
A(a—b)* +B(b—-c)*+C(c—-a)’
=A(a-b)(a-c+c-b)+B(b-c)(b—a+a-c)+C(c—a)(c—b+b-a)
=Y A(a-b)(a-c)+ > A(b-c)(c-a)=> (A+B)(a—b)(a—c)
cyc cyc cyc
Dang 1 Ia dang phan tich chinh tic ctia phwong phap S.0.S mdt phu:(mg phap da [y lam
quen thudc véi nhidu nguol. Tir phép phén tich trén ta c6 thé thay rang moi lién h¢ gitra
phuong phap S.0.5 va b:dt d:cll’lg thire Vornicu Schur 13 rat mat thiét. Tuy nhién trong bai
viet nay khong dé cép dén van d€ nay ma ching ta s€ xem xét dang 2 ¢ trén. Vi tinh ng
dung ctia n6 trong U.C.T 1a nhi€u hon va no6 cling la mdt sy két hop mang nhiu y nghia.
A(2a-b-c)*+B(2b-c—a)’* +C(2c—a—b)?
=2> A(a-h)(a-c)+ > Ala-b)*+> Alc-a)’

cyc cyc cyc

=2> A(a-b)(a-c)+ Y (A+B)(a-b)’

cyc cyc

=2> A(a-b)(a-c)+> (2A+B+C)(a—b)(a-c)
cyc cyc
=2) (4A+B+C)(a-b)(a—c)
cyc
Hay mé gﬁu bang mot bai toan trong co6 vé don gian nhung ciing khong qua d& dé tim ra
101 giai néu khong chon ding duong di

Bai toén 18. [Vasile Cirtoaje] i
Cho a,b,c 1a cac so thuyc khong am théa mdn a+b+c=3. Chirng minh rang
3@* +b* +c*)+a’ +b? +c* +6>6(a’ +b% +c?)
Chirng minh. Theo U.C.T d& dang tim ra bat dang thirc phu sau
3a*+a’+2>3a°-4a+4 <= (a-1)7%*(Ba*-2)=0
Ta qui bai toan vé ching minh
> (a-1)*(3a*-2)=0

cyc
That vay
Y (a-1)*(3a*-2)>0
cyc
< (3a-3)°(3a°-2)>0
cyc
< (3a-a-b-c)’(3a*-2)=0
cyc
< (2a-b-c)*(3a*-2) >0
cyc
<) (4a®+b’+c’—4)(a—b)(a-c)=0
cyc
Khong mét tinh tong quat gia sir a>b>c khi do ta co
43 +b* +¢° —4>4b* +a* +c* —4>4¢° +b* +a’ -4
Lai ¢6

(3-0)*

4c* +a’+b* —4>4c¢” + ~4=4¢"+ —4=

(a+b)’ (3c-1)°
2 2



Theo dinh i 1 ta c6 diéu phai ching minh. Pang thirc xay ra khi va chi khi a=b=c=1

hoac (a,b,c) =(%,g,%)

. - ; 2
Nhan xét. Bai toan s& duoc giai quyét trong trudng hop 3a°-2>0<a> \/; . Truong

hop con lai a< \/; rd rang s€ kho gidi quyet vi vé phai cua dicu kién trong truong hop 2

kha le, nhiéu kha _nang s& dan dén nhirng tinh toan ling nhang khong can thiét. Tuy nhién
can cha ¥ mot dleu 1d ddng thirc cta bai toan ndy xdy ra tai hai diém cuc trj vi vay khong
thé ap dung moi U.C.T vi dang phat biéu cta k¥ thuat nay s€ cho ta duy nhat mot diém
cyc tri can tim. Nhu vy viéc két hop gitta U.C.T va bat dang thirc Vornicu Schur khong
don thudn I g1a1 quyét bai toan mdt cach dep mit ma con hu:ong ta dén vibc giai quyét
tredng hop dang thirc xay ra khi c6 hai bién bang nhau va khac bién con lai.

Bai toan 19. [Nguyén Thic Vil Hoang]
Cho a,b,c 1a cac so thuc duong théa mdn a+b+c=3. Chirng minh rang
2(a° +b* +¢*)+9>5(a’* +b* +c?)
Chitng minh. Ta can xac dinh hé s6 cho bét dang thirc phu sau:
2a’+3>5a’ +m(a—1) < (a—1)(2a*—3a—3) >m(a-1)
Tur day ta sé du doan m=—4 ta co
2a°+3>5a° —4a+4 < (a-1)°(2a-1)>0
Tuong tu voi cac bién con lai ta c6 bat dang thire can chirmg minh twong dwong véi
2(a°+b* +¢*)+9>5(a* +b* +c?)
< (a-1)%(a-)+((b-1)*(2b-1)+(c-1)*(2c-1) =0
< (2a-b-c)*(2a-1)+(2b—-c—a)’(2b-1)+(2c—a—-b)*(2c-1)>0
< 6a(a-b)(a-c)+6b(b—-c)(b—a)+6¢c(c—a)(c—b)>0
Khéng mét tinh tong quat gia sir a>b>c. Khi d6 theo bét dang thirc Vornicu Schur ta ¢6
di€u phai chirng minh.
Pang thirc xay ra khi va chi khi a=b=c hoic a=0,b=c=g cung céac hoan vi.
Nhan xét. Lai mot bai toan don gian nhung diéu tha vi & bai toan ndy ] ding thirc dat
duogc tai 2 di€ém. Néu nhu gai mot cach thong thuong bang U.C.T thi khong thé giai
quyet bai toan mot cach triét dé va mdt lan nita bat dang thirc Vornicu Schur lai phat huy
tdc dung cua no.

Bai toan 20. [Vasile Cirtoaje, Romania TST 2006]

Cho a,b,c 1a cac s thyc duong théa min a+b+c=3. Ching minh ring
12 + 12 +i>a +b%+¢?
a®> b* ¢

Chung minh.

Theo U.C.T d& dang tim ra bt déng thirc phu sau

iz+4a2a2+4
a

Bai toan can chirng minh twong duong véi



3 (a—l)z(lat 2a-a’) >0
@z(Za—b—c);glJrZa—aZ) >0
<Y (4A+B+C)(a-h)(a-c)=0

cyc

Trong d6

A2 _h? A2
A:1+2a2 a ,B:1+2;)2 b ,C:1+2C2 c
a c
Khong mat tinh tong quét gia st a>b>ckhi d6 ta co
1+2b—b2_1+2a—a2_(a—b)(2ab+a+b)>

b? a’ a’b? 20

A-B=

T do suy ra
. o 4C+A+B>4B+ A+C>4A+B+C
Ap dung bat dang thirc AM-GM ta co

a+b+c:323§°/abcc>12§’/abc:>3 - >3
abc
Do do6
4A+B+C:i2+i2+i2+§+g+g—6
a- b ¢ a b c

4 1 1 6 1 11
= 5+5+5+—|+2| —+—+—-3
a b° ¢ a a b c
22(1+1+1—3j22 i—3 >2(3-3)=0
a b c NEI
Theo dinh 1i 1 ta c6 diéu phai ching minh. Pang thirc xay ra khi va chi khi a=b=c=1.
Nhan xét. O bai toan ndy ching ta van c6 thé chia trrdong hop dé gidi quyét. Dudi day I
101 gidi cla tac gid baitoan Vasile Cirtoaje
Sau khi da dwa bai toan vé dang
2 2
Z(a—l) (1+2a—-a“) 50
a2
r 2 cyC A \ r
Khong mat tinh tong quat gid st rang a>b>c khi d6 ap dung dinh li vé dau cia tam
thirc bac 2 ta chia nho bai toan thanh hai truong hop
+ Truong hop 1. a<1++/2 = c<b<a<1++/2trdé din dén
1+2a-a’>0,1+2b—b*>0,1+2c-c*>0

+ﬂuMglwp2.a<1+V§:¢b+C:3—a<2—J§<§:wym

2
<040 1
Khi do
iz+i2+i2>i2+i22£>18> (a+b+c)*>a’+b*+c?
a® b” ¢ a” b" bc
Bai todn dugc giai quyét. Dang thirc xay ra khi va chi khi a=b=c=1.
Con nhicu loi giai bang cac ky thuat khidc cho bat dang thirc trén. Tuy nhién khuoén kho
chuyén dé c6 han nén xin khong néu ra ¢ day.



Phin 6. Mot dang biéu dién thu vi

O day ching t6i muén n6i dén dang biéu dién theo téng cua 1. Pay }a mot tu tudng tuy
don gian nhung s& gitp ta tim ra nhiéu 10 giai 4n twong By gid ta hdy cha y dén ding
thirc sau day
_a“+bf e a . b* N c
a* +b“+c“  a*+b“+c* a“+b*+ck a“+b*+c

Pang thic tudng ching nhu B mdt didu hién nhién, khong mang nhidu y nghia nhung
lai co vai tro khi quan trong trong viéc chimg minh mdt 16p bat dang thirc ma ching toi
s& néu ra dudi ddy. O phan nay k¥ thuit xac dinh hé s6 khong con cé thé thuc hién nhu
trude boi vi & ddy xuat hién Kiy thira p. Néu chi sir dung nhirng bién d6i thong thuong thi
s& phirc tap. Vi viy cong cu ma ching ta chon ¢ ddy s& B dao ham. Trudc hét xin nhic
lai 2 dinh i co ban sau day

Dinh li Fermat. Gia st ham ) f(x) xac dinh trén [a,b] va c6 cuc tri dia phuong tai
X, €[a,b]. Khi d6 néu fco dao ham tai x, thi f/(x,)=0

Pinh li Roll. Gia sit f :[a,b] >R lién tuc va kha vi trong (a,b). Néu f(a)= f(b) thi
ton tai X, € (,b)sao cho f/(x,)=0

Bai toan 21. [V3 Quoc Ba Can] , ,
Tim hang s6 k >0 tot nhat dé bat dang thirc sau la dung véi moi s6 a,b,c Ia cac so thuc
duong

a b c S 3

Jka? +(b+c)? +\/kb2+(c+a)2 +\/kCZ+(a+b)2 ~k+4

Chimg minh. Cho a=Lb=c=0 ta c6 ks%. Ta s& chimg minh d6 1 g trj k ot nhét dé
bét dang thirc [d ding. Bt déng thirc cAn chirmg minh.
a + b + ¢ >1
Jai+2(b+c)?  \b*+2(c+a)* yJke? +(a+b)?
Ta s& phai xac dinh hé s k sao cho bét dang thirc sau 1 dung
k
a > a
JaZ+2(b+c)?  a +b +cf
Q day ta chuan héa b=c=1 dé viée viec xac dinh hé sé duoc don gian hon. Khi d6 ta
can xac dinh hé so k sao cho
k

8> 8 g _a%ia?>Q
Jat+g a“+2
Pat f(a)=a""?-2a* +a’. Laico f(a)>0, f(1)=0 nén theo dinh li Fermat ta c6
f/(1)=0. Tién hanh dao ham f(a) suy ra
f'(@) =(k+2)a“" —4ka®** +2a

Theo trén thi ta co
f’(l):(k+2)—4k+2:0©k:%.

Nhu vy ta s& du doan bat dang thirc sau 1 dung



Ja’+2(b+c)’ “3fat 13t Yt

Sau khi dd hoan thanh xong budc du doan ching ta c6 nhidu con duong dé hra chon.
Thong thuong thi phép bién ddi twong duong én mang lai hiéu qua néu bat dang thirc
phu [d déng. Nén nhd rang bat dang thirc phu trén chi i du doan ma thoi, co thé nd s&
khong dung hodc nguwoc lai. Ting bai toan ta s& “tlly co ng bién”. Tat nhién nhiéu bai
toan khong thé ap dung theo cach ndy. Ching ta tiép tuc quay lai bai toan trén véi phép
chirng minh cho bat dang thirc phu.

4
b;cj tir day ta s€ phai ching minh

Theo bét dang thirc Holder ta co 3/b* +§/C_4 >23 (

bat dang thirc

a NE

>
Jaz+et? a4 23t
<:>§/a_4+ 2§/t_42§/5\/a2+8t2
o &t @a2 -y =0

O day t = b—;rc Vay bat dang thirc ndy hién nhién ding .

4

Pang thirc xay ra khi va chi khi a=b=c hodc a=t>0,b=c=0 Va cac hoan vi.
Nhan xét. Qua trinh tim kiém hé sb k c6 thé thong qua viéc danh gid theo bat dang thirc
AM-GM nhu sau

k
a a
> < a“?-2a% +a’?>0< a“"? +a? > 2a*

Jaii8 a2
Mit khic theo bt déng thirc AM-GM thi a“"2 +a? > 2ya*** . Nhu vy ta c6 can xac dinh
k sao cho

24/a""* =2a% < gkt = a* <:>k+4:4k<:>k=%

Bai toan 22. [IMO 2001]
Cho a,b,c 1a cac so thuc duong. Chirng minh rang

a + b + ¢ >1

Ja?+8bc +b2+8ca +/c?+8ab
Chitng minh. Bang cach lam twong tu, ta thiét lip duoc bat ding thirc sau
4/3
a S a
m IVTERNYIERIE

That vay, st dung bat ding thirc AM-GM, ta ¢c6 b*® +¢c** > 2b%3¢?® = 2t** | ta can ching

minh

a3 4 ot43 > al/sm

PN 4t4/3(a2/3 _tz/s)z > 0 (fiung)
Do d6, bat dang thirc trén ding. St dung tuwong tu cho b,c roi cong lai, ta c6 dpecm. Pang
thirc xay ra khi va chi khi a=b=c=1hoac b—0,c —0.




Bai toan 23. ) ‘
Cho a,b,c 1a cac so thyc khong am. Chirng minh rang

a’ b c?
+ +
\/<':13+(b+c)3 \/b3+(c+al)3 \/c3+(a+ b)*

Chitng minh. Tuong tu nhu trén ta c6 xac dinh duoc bét dang thirc phu sau:

*)

a > a
a’+(b+c)®  a’+b*+c?
C6 thé chirng minh bt dang thirc phu trén theo nhiéu céch:
Cach 1.

(*) < 2a*(b* +¢*) + (b* +¢*)* > a(b +c)°
Piéu nay hién nhién dung, that vay

4 2 6
2a2(b2+c2)+(b2+c2)2zaz(b+c)2+(b+4°) zz,fa (b4+c) —a(b+c)?

Cach2.
Theo bat dang thic AM-GM ta c6

(1+K)+(@1-k+k?) k*

V14K = @+ k) Lk +k?) < =1+
Ap dung bét dang thirc phy trén ta c6
2
\/a3+23+c)32 :J+c o 1 t+c 7= b21+c2:a2+22+c2
/1+ = Wl Y

Ap dung tuong tu voi cac blen con laL Cong vé theo vé ta co ¢co dleu phai chirng minh.
Pang thirc xay ra khi va chi khi 3 bién bang nhau hozc c6 2 bién dan vé 0.

Bai toan 24. Cho a,b,c I cac s6 thue duong. Chirmg minh ring
a’ . b’ . c? 1
a®+(+c)® b’+(c+a)® c+(a+b)® 3
Chitng minh. Str dung bat dang thirc Cauchy-Schwarz, ta co

2
vT>1 Z >1
\a’+ (b+c) 3
Bét dang thirc duoc ching minh. Pang thirc xay ra khi va chi khi a=b=c.

Phan 7. Gidi quyét mot s6 bai toan ma di¢u kién lién quan mét thiét dén nhau

Pa phan cac bai toan xét dén & trén déu c6 diéu kién ma cac bién lién hé v6i nhau ko qua
chit Thuong i diéu kién & dang af +al +...+a", +a“ =n . Ttc [ ta c6 thé tach ra theo
ting bién dé tim bat dang thirc phu. Tuy nhién v6i mot sd bai toan ma diéu kién thiét lap

=1
kho khin vi ta khong thé danh gia theo tirng blen nira. Va dé ap dung U.C.T trong nhiing
bai toan nhu vy ching ta phai ding dén mot sb tinh chat ctia ham sb.

k
n
moi quan h¢ “bén chat” dai loai nhu [H aij thi viéc tim ra bat déng thirc phu twong dbi



Bai toan 25. , ‘
Cho a,b,c 1a cac so thuc duong théa man abc=1. Chirng minh rang
avb+c b\/c+a c\/a+b

) ’ b+c+l c+a+1 a+b+1
Chitng minh. Ap dung bat ding thirc Holder ta co

[an+c +ch+a +c\/a+bJ2[Za(b+c+1)2

-2

b+c+l c+a+l a+b+1) |5t b+c
Do d6 ta can phai chirng minh

Jz(a+b+c)3

b+c+1)?
a+bcy > 2y 20D
( ) ; b+c

=X +3z +32 +6>4Zab+42a+22—

cyc cyc cyc cyc cyc cyc

Ap dung bat dang thic AM-GM ta co

S2eyan Y eyanoy 2o<lyd Iyd

cyc cyc cyc cyc cyc b +C cyc b 2 cyc
Tu do ta co

VT -VP>>a’+> Z Z——4Zab -4% a+6

cyc cyc cyc cyc cyc

>>a’+> ab-4> a+6= Z[a —4a+= +2j

cyc cyc cyc cyc

Xét ham s6 f(x):x3—4x+l+2+2Inxvc’ri x>0 taco
X

f/(x) :(x—l)(3x+3+i2—£j
X2 X

Néu x <1 thi izzl,néu x>1=1> < do do f'(x)=0=x=1
X X X

Tur d6 d& dang kiém tra rang f (x) > f (1) =0,vx>0

Hay
x3—4x+1+22—2ln X, Vx>0
Nhu vay ta co '
Z(a3—4a+l+2jz—zzma:0
oye a oy

Bai toan duoc giai quyét. Dang thirc xay ra khi va chi khi a=b=c=1.

Bai toan 26. [L¢ Hitu Dién Khué, THPT Qubc Hoc, Thanh phd Hue]
Cho a,b,c 14 cac sb thuc duong thoa min abc=1. Chirg minh ring

1 1 1
+ +
3a°+(a-1°> 30*+(0-1)> 3c’+(c-1)°
Churng minh. Xét hai truong hop sau

>1




+ Truong hop 1. Néu trong ba s6 a,b,c ton tai it nhat mot s6 khong Ion hon % Gia sir
sodola a. Taco a< % — 3a% + (a—1)? <1. Khi d6 bat dang thirc hién nhién dung,

+ Truong hop 2. Cabasé a,b,c déu khong nhé hon % khi d6 ta xét ham sd sau
Gibng nhu cac phan trudce ta c6 ciing s& thiét lap mot bat dang thirc phu dang
sl
3X“+(x=1)° 3
O day ta c6 qui vé ham s6 mii va chi ¥ Inx+Iny+Inz=0.
Tiép tuc quan sat thiy dang thirc xdy ra khi va chi khi a=b=c=1. Tir d6 ta co phai xac
dinh k sao cho f'(1)=0.
1 2

1
f(X)=—5———+=Inx-=
() 3x*+(x-1)* 3 3

Véi X>%.Khid(’) ta co

_2(16x*-16x°—x+1)  2(x-1)(16x°-1)
3X(4x? —2x+1)° 3x(4x* - 2x+1)°

f(x)
an / 1
Tu day suyra f'(x)=0< x=1, dox>§

Dé dang kiém tra dugc f(x)> f(1)=0,Vx> % Piéu ndy tuong duong voi

1 1 2 1
2 ——Inx, Vx>~
X +(x-1)° 3 3 2
Str dung bét dang thirc phu trén theo ting bién a,b,c 1di cong vé theo vé ta c6
. 1 o — 1 -+ ! 221—gZIna=1
3a“+(a-1)° 3b°+(b-1)° 3c +(c-1 35
Bat dang thirc dugc chimg minh. Dang thirc xdy ra khi va chi khi a=b=c=1, hoic
a—,b—00,c—0"va cac hoan vi.
Nhan xét. Bai toan trén con mot 10i giai rit 4n twong cua Vasile Cirtoaje. Xin trinh bay
lai 101 gidi do. Sur dung bat dang thirc phu sau day
2
1 S 1 o 2a(a-1) S
3a°+(a-1)° 2a*+1  (4a*-2a+1)(2a%+1)
Diéu‘ nay hién nhién ding vo1 moi s6 thuc khong am. Tuong ty voi céac bién con lai suy
ra dieu phai chirng minh.

Bai todn 27. [Gabriel Dospinescul]
Cho a,a,,...a, 1 cac s6 thyc dwong théa min aa,..a, =1. Ching minh rang

Jai+l4\fal +1+. + a2 +1<2(a +a, +..+a,)

Chitng minh. Xét ham sb sau v6i x>0

f(x) :M—2&+(\/§—%jlnx

Khi do ta co



(x— 1)[ —2x% +x—1-2x «/2(X2+1)J

f/(x) = = f'xX)=0=x=1

XyJ2(x% +1) (V2x2 + /X2 +1)

Qua 1thi f/(x) dbidau tir dwong sang am nén
g sang
f'(x)<f@)=0,vx>0

Di€u do co nghia la

S +1<x/2 - [\/_—Ejlnx Vx>0

Str dung bat dang thirc phu ndy cho n bién va cong vé theo vé ta co

\/af +1+\/a22 +1+..+ a2 +1<42(a +a, +...+an)—(\/§—%J(lna1+ln a,+..+Ina,)

_ {z-LinTTa
=2(a,+a,+..+a,) (\/5 ﬁjlnl:[a,

=«/§(a1+a2 +...+a,)
Vay bét dang thire dugc ching minh. Pang thire xay ra khi va chi khi a, =...=a =1.
Nhan xét. Bai todn trén con co thé giai quyét bang mot bat dang thirc phu quen thude

NG +1<J_(x x+1)<:>0<(\/_ 1)%, x>0

Str dung bAt déng thirc trén lAn Iwot cho n bién cong lai ta co

\/af +1+\/a22+1+...+,/an2 +1<2(a, +a, +...+an)+\/§[n—zn:\/aJ
i=1

< \/E(a1 +a,+..+4a,)
Bét dang thirc da duoc giai quyét hoan toan.

Bai toan 28. [Algebraic Inequalities — Old and New Method] ‘
Cho a,b,c 1a cac sb thuc duong théa man abc=1. Chirng minh rang

a’+b?+c® +9(ab+bc+ca)>10(a+b+c)
Chizng minh. Ta c6 can xac dinh hé s6 k sao cho bat ding thirc sau 1 ding

2> +9bc=a’+ 2 >10a+kIna
a
Tuong tu cic phan trude ta cd tim ra kK =—17. Ta 6 s& ching minh
f(a):a2+g—10a+17lna20
a

That vay
2 _ 3 2
f/(a) = Za_g_lo 17 _2a° 1Oa2+17a 9 _(a 1)(2a2 8a+9)
a a a
f'(a)=0=a=1

Tur day, ta co thé d& dang thiy dugc f(a)> f(1)=0,va>0 hay

a’ +g—10a >-17Ilna
a

Str dung tuong ty v6i b,c 1di cong lai vé theo vé, ta co dpem. Pang thirc xay ra khi va
chi khi a=b=c=1



Phin 8. U.C.T mé rong

Ngay tir dau bai viét ta da xét dén viéc xac dinh hé sé m theo cach

h(a)> f(a)+ma*“+n
Véi diéu kién xc dinh ciia bai toan 1 af +a% +...+a* =n
Tuy nhién véi cach xac dinh do ddi véi mot ,sé bai toan lai khong mang lai hiéu qua.
biu d6 ciing khong phai hoan toan Ia khong tot. Vi né s& thoi thic ching ta tim ra cac
dang xac dinh h¢ s6 khac. Mot cach tryc quan ching ta s€ phan tich mot bai toan cu thé
dé thay duoc nhitng gi da dugc néu ra ¢ trén

Bai toan 29. [Tap chi Crux, Canada] ‘
Cho a,b,c la cac so thuc duong thoa man a+b+c=3. Chirng minh rang

1 1 1<3

+ + <—
o . 9-ab 9-bc 9-ac 8 ) )
Chac han ngay tir dau khi di vao chirng minh bai todn nay ban s€ nghi ngay dén viéc thict
lap mot bat dang thirc phu dang

i£1+mx+n:>isl+m(x—l)
9-X 9-Xx

x 1 14 L . I3 9
D¢ dang dg doan m= 3 Nhung rat dang tiéc voi m nhu vy thi bat dang thirc trén hoan

toan khong dung ké ca tu twong chia trudong hop nhu & phin 3 cing khong thé 4p dung
duoc. That vay

2
LSMQOS— (x-1
9-x 8 8(9—x)
Tuy nhién U.C.T vin c6 tac dung trong truong hop ndy nhung bang mdt ¥ twong moi mé
hon. Hay cha y dén cach thiét 1ap bat dang thirc phu sau

_§_31+mu2—n+nU—D *)
9-x

Viéc xac dinh hé sb trong bat déng thirc trén doi hoi sy chat ché trong lap luan vi doi khi
néi long mién nghiém cua bién s& khién cho bai toan khong dung, Cé nhidu hé sé thoa
min dé tao thanh dai lrong binh phwong (x—1)? nhung ta phai xac dinh sao cho déu cua
bét dang thirc d ding. Ta c6

(*)cOg(x—l)(m(xu)m—gij (%)

—X

TUr phan tich trén rd rang ta phai xac dinh n theo m sao cho xuit hién nghiém x=1 dé
hinh thanh dai lrong (x—1)?, tirc Ia

mU+D+n—§£—:O¢>n:53——mu+D:>n:%—2m

Tur day thé vao (**) ta c6
(%) <0< (x—1)(m(x+1)-2m+1—i
8 9-x
<0< (x—1)%(72m—8mx —1)
D& thiy ring viéc xdc dinh h¢ s6 & ddy khong con don gidn nhu trede. N6 doi hoi ta phai
tim ra nhiing wdc lwong chat ché dé bat dang thirc khong doi chieu. Ta hdy chi y dén
diéu kién cua bai toan dé tim ra wdc lrong “tot nhat”. Chu y rang 3> max{ab,bc,ca}>0



tuy nhién d6 chua phai 1d danh gia “t5t nhat” vi ta con c6 thé lam chat hon nita 13 %z
max{ab,bc,ca}>0. Tuy nhién dbi v6i bai toan niy thi chi can s dung diéu kién yéu
hon ma thoi.
Pau tién ra dua ra mot sd nhin xét sau: Dau tién ta can xac dinh hé s6 m dé bt déng thirc
trén ding voi Vxe[0,3). Ta thiy truong hop m<0 s& nhan duoc mot bt dang thirc
nguoc chiéu néu cho x=0, tat nhién ddy i diéu ta ma khong mong mubn. Vay c6 thé du
doan m>0, do do
2m—-1-8mx>72m—-1-24=48m-1
1
12°
Cong viéc du doan di hoan tit. Bay gio ta s& thir ching minh xem né co dung that
khong. Va that vay ta c6 bat ding thirc phu sau
8 < X* +4x+43 >0< (x-1)*(3-x)
9-x 48 48(9-x)
Diéu nay hién nhién ding
Ap dung bat dang thirc phu trén v6i cac bién ab,bc,ca ta cd
t .t 1 —(azb2 b’c® +c’a’ +4ab+4bc+4ca)+E
. 9-ab 9-bc 9-ac 48 1
Ta can phai chirng minh bat dang thirc sau
a’b® +b’c® +c’a’® +4ab +4bc+4ca <15
Pit k =ab+bc+ca, ap dung bat dang thirc AM-GM va bt dang thirc Schur ta co
4x-9

Ta can ¢ 48m>1c>m>% Vay nén ta s€ du doan m—%:n—

k <3, abc > max {O, } . Ta xét hai truong hop sau

+ Truong hop 1. Néu 4x<9 thi
a’b? +b?c? +c?a® +4ab + 4bc + 4ca = (ab + bc + ca)? + 4(ab + bc + ca) — 6abc

=k%+4k — 6abc<§+9_%<15
16 16

+ Truong hop 2. Néu 4x>9 thi
a’b® +b’c* +c?a® + 4ab + 4bc + 4ca = (ab + bc + ca)? + 4(ab + bc + ca) — 6abc
=k? +4k —6abc < k® +4k —2(4k —9)
=(k-1)(k-3)+15<15
Bét dang thirc duoc ching minh. Pang thirc xay ra khi va chi khi a=b=c=1.
Qua qua trinh nhin xét va phan tich ¢ trén hi vong rang cac ban da hiéu dugc cach tim ra

hé sb. O cac bai toan sau néu khong that sy can thiét, viéc thiét ap bat dang thirc phu s&
dua ra mot cach khai quat hon. Ching ta hily dén véi bai toan sau

Bai toan 30. [Moldova TST 2005]
Cho a,b,c 14 cac s6 thuc duwong thoa min a*+b*+c* =3. Ching minh ring
1 1 1
+ + <
4—-ab 4-bc 4-ca

Chirng minh. V61 0 <X S%, ta luén co



2 2
3 S2x +X+12<:>OS(X_1) (3—2x)
4—x 15 15(4-x)

Lai c6 max{ab,bc,ca}< \/g <g nén tacé

3 .38 3 _ 2(a’b® +b?c® +c’a’) +ab +bc+ca+36

’ 4-ab 4-bc 4-ca 15
Ap dung bat dang thiec AM-GM va Cauchy-Schawrz ta co

a’b*+b’c® +c’a®*<a*+b*+c¢* =3

ab+bc+ca< \/3(a2b2 +b%c*+c*a?) <3
Cong cac cac bét dang thirc phu trén vé theo vé ta c6 diéu phai ching minh.
DPang thirc xay ra khi va chi khi a=b=c=1.
Nhan xét. Pay Ia mot bai toan khong kho va c6 nhi€u cach tiép can khac nhau.

va bat dang thic AM-GM.

Ap dung bét dang thire quen thudc sau 1+1 >
X 'y X+Yy

1( 12+_12]zl( 4 zjz 2___ 1 vabepo2]
2\4—-a~ 4-Db 2\8—-a°-b 8—-2ab 4-ab

Qui bai toan vé chirng minh

Ta c6

1 1 1
+ + <1
o 4-a> 4-p° 4-c?
Str dung bat dang thirc phu sau

1 a’+15
<
4-a® 18 ‘ ,
Ngoai ra ta con c6 mdt cach kha truc quan va dé thuc hién do 1a qui dong va sur dung bat
dang thirc Schur.

Bai toan 31. [Pham Kim Hung]
Cho a,b,c,d 1a cic sb thuc dwong thoa min a’+b?+c?+d? =4. Ching minh ring
1 1 1 1
+ + + <2
3—abc 3-bcd 3-cda 3-dab
Chitng minh. Py i mot bai toan kho vi vy viée thiét lap hé sd phai can nhitng danh gia
chit ché va suy luan hop L. Ching ta hdy cing phéan tich con duong di dén 1vi gidi cla
bai toan nay
Ta s& xac dinh hé s6 m,n sao cho

%sum(xz—1)+n(x—1),vi2x20
—X

343
1 , Lo \ .
Nhu da phan tich & trén ta tim ra n :§—2m, khi do6 bat dang thuc can chirng minh

tuong duong voi
(x—1)*(6m—-1-2mx) >0
Dé dang két luan m>0 do do

6m-—-1-2mx > 6m —1—£m

33

Ta can c6



6m—1—£m20:>m_ 1
33 16
3[
5 s 1 5
Do <J3>—néntachicancOo m>——=—
"3 516 12
5

Tu day ta s€ chon m= % =>n= —% tir 46 ta co bat dang thirc phu sau

2 2
2 S5x —3x+12<:>03(x—1) (8—-5x)
3-X 14 14(3-X)

Didu nay hién nhién ding voi i>%2X20.

33

Str dung bat dang thirc phu trén va cha y 13 max{abc, bed, cda, dab} < % suy ra ta can

chirng minh.
5(a’b’c® +b*c*d* +c*d®a’® + d*a’b®) —3(abc +bcd + cda + dab) < 8

C6 thé chimg minh bt dang thirc trén bang nhitu cach. Sau ddy xin trinh bay mdt cach
dva vao k¥y thuat ham Io1.
a’ +b? K2 = c?+d?
‘ 2 2
can chung minh twong duong voi

f (X) =10x%k? +10yt? —3xy/2y + 2k —3y+/2x+2t? -8

bat t° = ,x=ab,y=cd khi 46, ta c6 t>>x,k®>y. Bat dang thirc

Ta co
£7(x) = 20k2 +——Y >0

J(@2x+2t%)°

f (x) < max{f (t*), f (0)}

Suy ra f(x) | ham 16i, do d6

Taco

f(0) = (ytJ_+1)(5ytJ_ 8)<o do ytﬁsT<g
f (t?) =10y?2 — 6yt +10k’t? —3t,/2y + 2k* —8=g(y)
Tuong tu nhu trén ta cling ¢6 g(y) l ham 10i nén
g(y) <max{g(k*),g(0)}

Ta cling co

0(0) = (ktv2 +1)(5ktv2 ~8) <0 do ktf37<§
k? +12 _1

g(t?) = 4(kt —1)(5kt +1) <0 do kt/2 <
Vay bit dang thirc dugc chirmg minh xong,

Ngay tir ban dau ching t0i da noi ddy ld mot bat dang thire khong d& va doi hoi nhitng
danh gid chat ché. U.C.T ¢ day dong vai tro 1a mot ban dap quan trong dé di dén lo1 gidi.



Bai toan 32. [V5 Qudc Ba Can]
Cho céc s6 thyc a,b,c,d théa a?+b?+c?+d? =1, chimg minh bat dang thirc
1 1 1 1 16
+ + + <=
l1-ab 1-bc 1-cd ,1—da 3 o
Chuirng minh. Tuong tu céc bai toan trudc, ta thiet lap duoc bat dang thuc sau voi moi

1
X< —

i <32x*+10
1-x

Tu day, ta suy ra dugc
t Lt sg(azbz+b202+c2d2+d2az)+4—0

1-ab 1-bc 1-cd 1-da 9 9

40

32 2 2 2 2
=—(@ +c)(b " +d°)+—
9( X ) 5

S%(a2+b2+c2+d2)2+£:%

Tur déy, ta co dpem. Dang thirc xay ra khi va chikhi a=b=c=d = i%.
Nhan xét. Bai toan nay dugc dat ra dé “lam manh” bai toan sau ctia Pham Vin Thuin
1 1 1 1 1 1

+ + + + + <8

l1-ab 1-bc 1-cd 1-da 1-ac 1-hd
voi cling gia thiét nhu trén.
Loi gidi cua tic gia cho bai toan ndy rat dai va phic tap, trong khi dung U.C.T md rong
ta lai c6 duoc mot 101 giai rat ngin gon va don gian!
Ngoai ra, ching ta con c6 mot cach “lam manh” khac cho bai todn cia Pham Van Thuan,
ta co

1 1 1 1 1 1

>+ >+ >+ >+ >+ ><8
) ) ) ) ) )
2 2 2 2 2 2
Bai todn nay da dugc ban ZhaoBmn, m{t sinh vién ngudi Trung Quéc dua ra mdt 101 giai
rat dep bang cach str dung bat dang thirc Cauchy-Schwarz, ¢ ddy, ching t6i xin duoc giGi
thifu mot Io1 giai khac theo tu tudng U.C.T. Sur dung bat dang thirc trong bai, ta chi can
chirng minh
(a+b)* +(a+c)* +(a+d)* +(b+c)* +(b+d)* +(c+d)* <6
That vay, ta co
(a+b)* =2(a* +b* +6a’h*) - (a—b)* < 2(a* +b* + 6a°h?)
Tuong tu voi cac ) hang con lai, ta suy ra dugc
VT <6(a”+b*+c*+d*)* =6
Bét dang thirc duoc chirng minh xong. o
That tg nhién, cau hoi sau dugc dit ra, licu bat dang thurc sau c6 diung?
1 1 1 1 < 16

61+szr b+c2+ c+d2Jr d+a) 3
- = 1|/ 1-| =] 1-
2 2 2 2
That dang tiéc 1a bat dang thirc trén lai khong dung! Cac ban chi can cho a=b=0.4, va

c=d=+0.84.




Bai toan 33. [Vasile Cirtoaje] 7 ‘ o
Cho cac so khéng &m a,b,c,d co6 tong bang 4, ching minh bat dang thirc sau
1 + 1 + 1 + 1 <1
~ 5-—abc 5-bcd 5-cda 5-dab
Churng minh. Ta c6 thé thiet 1ap dugc bat dang thirc sau voi moi 2> x>0

ﬂs x? +x+10
5-X

Do d6
+, Néu max{abc,bcd, cda, dab} < 2 thi sir dung bét dang thirc trén, ta can chirg minh
o a’b’c® +b’*c®d’® +c*d’a’® +d*a’h® +abc+bcd +cda+dab<8
Bat dang thirc nay c6 thé dé dang chirng minh bang don bién hodc dung ham 16i.
+, Néu max{abc,bcd, cda, dab}>2, khong mat tinh tong quat, gia st abc>2, khi do,
chi y rang voi moi x,y>0,x+y<5, taco
1+ i 1 1 Xy(10—x-vy)
5 5-x—-y 5-x 5-y 56-X)5-y)5-x-Yy)

Suy ra

1 1 1
+ <
5—-X 5-y 5-x-Yy
Va do d6, véi moi X,y,z>0,x+y+z<5 taco
S S SR 2

+ + <
5-x 5-y 5-z 5-x-y-z 5
Chu y rang » (a’h’c® +abc) <8 va abc>2 nén bed +cda+dab <5, do d6

cyc

1
+_
S)

1 1 1 1 2
+ + < +—
5-bcd 5-cda 5-dab 5-d(ab+bc+ca) 5
Ta can chirng minh

1 1 3
+ <=
5—abc 5-d(ab+bc+ca) 5
Dit x=4-d, do abc>2 nén 4>x=a-+b+c>3Yabc >392, theo bit ding thirc AM-
GM thi

abcsix3,ab+bc+caslx2
27 3

Do d0, ta chi can chirmg minh

1 1 3
Tt <z
5——x* 5-=x*(4-X)
27 3
Hay
f(x) = x® —4x> —80x> +360x* —675<0
Ta co

f/(x) =6x"(x—4) +4x*(x—12) + 48x(15—4x) <0
Suy ra f(x) 1a ham nghich bién, do d6
f(x) < f(332)=27(48%4-77) <0
Tur day, ta c6 dpem. Pang thirc xay ra khi va chi khi a=b=c=d =1.



Phin 9. Loi két

Sau mdt quéa trinh tim hiéu va phén tich cu thé cac bai toan, chic han rang céac ban ciing
d3 phin ndo cam nhan duoc nét dep cua U.C.T du rang thuc ra day 1 mot ki thuat cuc ki
don glan va d& hiéu. Ching t61 khong xem U.C.T la mdt phuong phap chinh théng ma
don glan nd la mot ki thuat can biét va can nim virng khi ban hoc bat dang thirc. Nhiéu
ngudi quan niém rang U.C.T khong co v nghia gi nhung theo ban than ching t6i n6 nén
duoc khai quat dé sir dung trong mdt s6 truong hop. U.C.T 13 mdt bude dém quan trong
va d6i khi mang nhiéu ¥ nghia trén con duong di tim 10 giai cho bai toan. Mot ki thuat
hay khong nhit thiét nd 1 né giai duoc tat ca céc dang todn ma 14 né phai dua ta dén
nhirng ¥ twong, duong di sang sua, dé nghi, dé nhan thay bang mat tryc quan.

Trong Chuyen d¢ nay nhiéu bai todn hinh thirc cong kénh nhy USAMO 2003, J]MO
1997,... déu 1a nhitng bai toan khong hé kho, nhung néu khong chon dung hudng lim thi
s& dan dén nhitng 161 giai chi chip nhin dung vé mit toan hoc. P6 14 nhitng bai toan co
ban dai dién cho U.C.T két hop v6i ki thuit chuin hoa. Tuy nhién d6 chua phai d diém
durng.

O phén tiép theo, xudt hién nhiéu bai toan mang dam ban sic hon tirc 1 néu chi st dung
moi U.C.T thi s& khong di dich. Cach khic phuc duy nhit I phan chia truong hop dé giai
quyét. Pay ciing chinh [ co s dé tim ra cac khoang nghiém can xét cua bién. Viéc danh
gid & day doi hoi & nguoi lam sy tinh t& va khéo 1éo hon & cac phan trude. Tuy nhién néu
ban ¢6 niém tin moi chuyén déu c6 thé duoc giai quyét.

Sau khi dd nidm trong tay nhitng kién thirc nhat dinh vé k¥ thuat ching ta budc qua mot
khoang khong gian phirc tap hon d6 la ding U.C.T dé giai quyét nhitng bai toan ma diém
cuc tri dat dugc tai 2 chd. Bao gom 2 truong hop do Ia khi tat ca cac bién bang nhau va
trudng hop c6 (n—1) bién bang nhau nhung khac bién con lai. O day ta chi y dén bat
déng thirc Vornicu Schur dé khéc phuc nhuoc diém ctia U.C.T co ban.

Phan Ki thudt phan tach theo tong cua 1 ciing 13 mot dang rat dep cua ky thuat nay, mot
sO bai toan tiéu biéu cho dang phan tich niy [ IMO 2001 va mot s6 bai toan di néu o
trén. Du U.C.T ¢ ddy ding theo mot tu tuwong khac véi cac phan trudc.

Nhu cac ban dd biét U.C.T thong thudng dugc biét dén véi cac bai toan ma bién sd doc
lap khong lién quan dén nhau. Tuy nhién néu chi xét vai I6p bai toan nhur vy thi chua Iot
ta hét nét dep ctia ki thudt don gian nay. Ta van co6 thé sir dung U.C.T dé tim ra nhitng bat
dang thire phy voi dicu kién lién quan mat thiét v6i nhau. Ttc 1 khong thé tach theo don
luong tirng bién dé giai quyét. U.C.T & day doi hoi ban phai c6 nhirng kién thirc co ban
ctia ham sb dé tim ra cac udc luong chinh xac.

Cudi cung ching ta s& da di dén mot s6 bai toan kho ma theo nhiéu nguoi quan niém 1
khong thé giai quyét bang U.C.T, diéu nay & mot diém yéu cua k¥ thuat nay. Khi viéc
thiét 1ap hé s6 duoc thit chit hon thi moi chuyén s& khic. Nhu cac ban da thiy ¢ trén
U.CT mé rong mang nhung dic diém phirc tap horn nhung hi¢u qua mang lai thi qua la
bét ngo. Mot so bai toan rat kho di dugc dua vé dang don gian hon dé g1a1 quyét theo
mot so phuong phap di biét. D6 13 mdt nét méi kha doc ddo cua ky thuat nay. Tuy nhién
chic han d6 van chua phai B U.C.T “chit” nhit. Con rat nhiéu diéu nita & k¥ thuét nay
chd cac ban kham phd. Ching t6i xin két thuc bai viét ndy tai day. Hi vong rang voi
nhitng dong tdm sy cung cac ban vé bat dang thirc d3 phin ndo goi mé cho cac ban mot
cai gi d6 giup cac ban tim thém nhiing y twéng sang tao moi, nhitng hiéu biét méi. Va
hidy luén quan niém rang dang sau 161 giai cho moi bai toan 1 ca mdt qua trinh du doan,
thtr, sai va dung. Hen gip lai cac ban trong mdt ngay khong xa.



Phan 10. Bai tap ap dung

Bai toan 1. [Dién dan toan hoc]
Cho a,b,c,d,e 1 cac sb thuc khong am thoa min a®+b®+c®+d°+e*=1. Tim g tri
nhé nhat cua biéu thirc
a2+b2+cz+d2+e2
1-a* 1-b* 1-¢® 1-d° 1-¢°

Bai toan 2. [Vasile Cirtoaje, Crux Mathematicorum, Problem 3032]
Cho a,b,c I cac s6 thuc khong 4m thoa min a®+b?+c? =1. Ching minh rang
1 1 1
+ +
l1-ab 1-bc 1-ca

2
2

Bai toan 3. [Mathematical Excalibur, Vol 9, Num 1, 8/2004]
Cho a,b,c,d la cac so thuc duong thoa man a+b+c+d =4. Ching minh rang

6(a’+b>+c®+d®) > (a’+b*+c?+d?) +%

Bai toan 4. [Mihai Piticari, Dan Popescu, Old and New Inequalities] i
Cho a,b,c 1a cac so thuyc duwong nho thoa man a+b+c=1. Chirng minh rang

6(a’+b*+c®)+1>5(a’+b?+c?)

Bai toan 5. [Titu Andreescu, Gabriel Dospinescu, Old and New Inequalities]
Cho a,b,c 1a cac s6 thuc duwong nhé thoa man a+b+c=1. Chirng minh rang
1 1 1 27
2T 2t 7 ST
1+a® 1+b° 1+c® 10

Bai toan 6. [Andrian Zahariuc, Old and New Inequalities]
Cho a,b,ce(1,2). Chung minh rang
bva N cvb N avc 51
4bJc—ca 4dcda-avb davb-bic

Bai toan 7. [Vi Binh Quy]
Cho a,b,c 1a cac sb thuc duong théa man abc=1. Chirng minh rang
1 1 1
5 +— +— <3
a“—a+l b°-b+1 c“-c+1

Bai toan 8. [Vasile Cirtoaje]
Cho a,b,c,d 1a cac so thuc duong théa man abcd =1. Chirng minh rang
1+a 1+b 1+c 1+d
>+ >+ >+ > <4
l1+a® 1+b° 1+c° 1+d

Bai toan 9. [Vasile Cirtoaje, GM-B,11,1999] .
Cho a,b,c,d 1a cac so6 thuc duong théa man abcd =1. Chirng minh rang



1 1 1 1
+ + +
l+a+a’+a® 1+b+b*+b® 1+c+c?+c® 1+d+d?+d?

>1

Bai toan 10. [China TST 2004] .
Cho a,b,c,d 1a cac so thuc duong théa man abcd =1. Chirng minh rang
1 1 1 1
>+ >+ >+ >=1
@+a)” (1+b)* (1+c)* (@1+d)

Bai toan 11. [Arkady Alt, Crux mathematicorum]
Chirng minh rang voi moi a,b,c >0 tacod

a b C a2/3 +b2/3 +CZ/3
+ + >
Ya+b 3b+c IYc+a 32

Complete

e V3 Qudc Ba Can
e Nguyén Thic Vii Hoang

Trong bai viét co sir dung nhiéu bai toan trich dan tir
e Algebraic Inequalites — Old and New Method cua tac gia Vasile Cirtoaje .
e Sang tao Bat ding thirc cia tac gia Pham Kim Hing
e Old and New Inequalities ciia cac tic gid Titu Andreescu, Vasile Cirtoaje, G.
Dospinescu, M. Lascu.





