MOT SO PHUONG PHAP
XU LY PHUONG TRINH SAU KHI TRYC

- iy ThS. Nguyén Vin Hoang (0987698877)
GV Truong THPT Chuyén Quang Trung

Tai liéu danh cho cac ban da biét cach nham nghiém triét d& bang may tinh, da biét cach
truc véi s, vai bién... va mong mudn tim kiém thém kinh nghiém trong viéc x& ly phwong
trinh con lai sau khi truc.

PHAN 1. TINH THAN TRUC VA BA PIEM CAN NAM

Truée tién, theo toi can nam tinh than sau:

e Khi nhan thiy cac phuong phap khac déu khong thuc hién dugc thi ta moi nghi
dén truc can, boi vi viéc xir Iy phuong trinh con lai sau khi truc ta khong dinh
hudng trude dugc.

e Mot s6 ki thuat xir Iy phwong trinh con lai ¢6 thé 1a: Bé bét can va biéu thirc
khéng dam, lam chdt mién nghiém, tach hang tir (thém b6t max min cua biéu
thirc), bat dang thirc, xét ham sé tim GTLN va GTNN, siz dung hé tam, chia
khodng. C6 thé c6 thém maot vai ki thuat nira, nhu trén ciing da da dung. Mdi ki
thuat c6 mot loi thé trong timg bai, rat nhiéu bai phai két hop chung voi nhau.
Viéc sit dung ki thudt nao nhiéu khi con tity vao ning luc méi nguwoi.

Thong thuong, Xt Iy phuong trinh con lai 1a chimg minh v6 nghiém bang danh gia: VT <0,
VT >0 hoic VT > A va VP < A. Piéu nay co6 ba diém can nam:

Thir nhat: Lam cho mién nghiém cang chit cang dé danh gia.

Thi hai: Truc nghiém don thi truc véi s6 ciing duoc, truc véi bién ciing duoc, mién 1a viéc
chitng minh phwong trinh con lai vé nghiém dé dang.

Thi ba: Co thé c6 nhiéu cach chimg minh v6 nghiém cho mét phwong trinh, tuy ning luc
mdi ngudi ma lua chon.

Sau déy 1a ba vi du minh hoa cho ba diém can nim ¢ trén.

Vi du mé diu 1: Giai phuong trinh: VX2 —2X+4 +/X* +5 = 2x+1.

Cach 1. (Truc nghiém don véi sé va khéng quan tam viéc lam chat mién nghiém)

Nhan thiy x = 2 14 nghiém ctia phuong trinh , nén ta bién d6i phuong trinh nhu sau:

PT VX2 —2X+4 +/X2+5=2x+1.
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@(M—2)+(ﬁ—3):2x—4
X2 — 2X x> —4

T I 2xid12 A543
X=2

& X N X+2
X —2x+4+2 X +5+3

=2Xx—-4

=2 (%)

X X+2 _5

e \/(x—1)2+3+2+\/x2+5+3_

Ta s& chang minh mdi hang tir & vé trai déu nho hon 1. That vay:

<l x—2<.J(x=1)>+3 diéunay luén dang vi

X
\/(x—l)z +3+2

JX=1)?+3>|x-1|>x-1>x-2.
Tuong tu, \/2)(7;2 <1l x—1<+/x*+5 diéu nay ciing ludn ding.
X“+5+3

Binh luin. Viéc tdch hang ti va chirng minh méi hang tiz déu nhé hon 1 khéng phdi em hoc
sinh nao ciing lam dwoc.

Ciach 2. (Truc nghiém don véi bién va quan tam viéc lam chat mién nghiém)

\/§+;/§—1:

Tt phuong trinh ta c6 danh gia: 2x+1>+/3++/6 < x> x>1.

Nhan thay x = 2 14 nghiém ctia phuong trinh , nén ta bién d6i phuong trinh nhu sau:

PT @(\/m-X)+(\/T+5—(X+1))=O

=0

1 1
4-2
=t X)(\/xz—2x+4—x+\/x2+5+(x+l)J

Vi x>1 thi biéu thirc trong ngoic duong, vay x = 2 1 nghiém phuong trinh.
Binh luan: Lam chdt mién nghiém + truc véi bién thi o1 gidi dep hon. Nhiéu ban chi lam

. 1 o
chat den x> 3 thi van kho khan cho viéc danh gia.
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Vi du mé dau 2. Giai phuong trinh : 3/x? —1+x=+/x*-2.

Céch 1. Truc véi s6
PK. x>32.
Nhan thiy x=3 1a nghiém cta phuong trinh , nén ta bién d6i phuong trinh

PT @ 3x*-1-2+x-3=+/x*-2-5

o (x-3)| 1+ X+3 :(X—3)(X2+3X+9)

(32 -1) +28/xt 1+ 4 VX =245

2
o (x-3)[1+ 2x+3 _\); :3x+9 0
g/(xz—l) +23x2-1+4 VX =245
x—3=0
2
<1y 2x+3 _X :3x+9 ()
g/(xz—l) £ 144 VX-2+5
Xét phuong trinh (2):

Ta s& chiang minh: VT <2<VP . Viéc chiing minh diéu nay ¢é nhiéu cdach, duwéi day la
diing Cosi vi quan sdt bdc cua biéu thire, cdc ban ¢é thé quy dong, dat an phu d@é ching
minh biéu thize duwong ciing duwoc.

Tacs (3¢ -1) +28¢ ~1+422,/2(¢ 1) +4. Khi do

X+3 < X+3
J(x2-1) +28xe 144 22X =D +4

X+3

2/2(x* 1) +4

diéu nay dung véi moi x =32 .

Ta s€ chirng minh <1(*) véi moi x>32 . That vay (*) ©7x*+2x-92>0

X*+3x+9  X*+3x+9 o X2 +3x+9

> . Ta s€ chirng minh —————
VX2=2+5 \/?+5 I +5
x>32 . That vay (**) & x® +3x> 2\/x_3+1 véi moi x=%/2 . biéu nay dung do st dung
Cosi o VP.

Binh luin. Cdch ndy twong déi dai va nhiéu ban thdy phwong trinh con lai “cong kénh”
nén nan chi.

Biéu thirc con lai: > 2(**) véi moi
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CAch 2. Truc véi bién
PK. x>%/2.

Ta co:

M+x:m@[M—(X—l)}—[x/@—(m—l)}:o

o (x_3) X +x X —-x+1 0

I -1+(x-1D) Vx*-2+(2x-1)
P8y —x2+x=x(1-X)<0 v&i moi x=32 va —(x*—x+1)<0 v6i moi x=>32 nén bidu
thac trong ngoac am véi moi x>32.

Do d6 x = 3 la nghiém.

Vi du mé dau 3. (C6 nhiéu cdch chitng minh vé nghiém cho mét bai)

8x° —13x* + 7x = (X +1)Y3x* -2
Thi the 1dn 3 ndm 2016 — Chuyén Quang Trung

Huong dan giai

C6 thé tryc nhu sau:

8x° —13x% + 7x = (x+1)3x* -2
X+1

< (8X°-15x% +6x+1)| 1+
(2x—1)? + (2x - 1)¥3x% -2 + (3% — 2)°

=0(*)

Chtrng minh phuong trinh con lai ¢6 3 cach:
Ciach 1. (Quy dong)

b=233x*-2

Pit 441 Biéu thuc trong ngodc tré thanh:
a=2x-1=x= —

2
(a+b)2+(a+;j 2L

a+3 _ 4 >0

+
2a% + 2ab + 2b? 2a% + 2ab + 2b?

VA x—l'x——1
a’y 1 8

Cach 2. (Xét khoang)
Xét x > —1, biéu thuc trong ngoic ludén duong.
Xét x <—-1thi x+1<0,dodo
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1+ X+l S1e 2 1ip=o0

(2x—1)% + (2x—1)¥/3x% =2 + /(3% — 2)? (2x-1)
Cach 3. (Chdn mién nghiém)

Xét phuong trinh:

1+ x+1 ~0 (%)

(2x—1)% + (2x—1)¥/3x2 — 2 + §(3x% - 2)°

Vi (2x=1)* +(2x-1)33x2 -2+ 3/(3x? —2)? >0 nénsuyra x +1< 0 <> x < 1.
Tir phuong trinh ban dau

2
0=8x>—13x2 + 7x— (x+1)33x% -2 <8x* ~13x + 7x—(x—1)%+1+1 =7x(x-1)?

Piéu nay vo 1y vi X <—1. Vay (*) v nghiém.

Vi du mé dau 4. (Vé dep Ciia ki thudt truc)

3
Giai phuong trinh: 1+ v/X —1(\/5 — 3VX —1) > 0.

Dé thi the ldn 4 nam 2015— Chuyén PH Vinh

Binh luin. Loi giai ty nhién cho phuong phap nay 1a dat an phy roi dua vé dang cap, cac
ban c6 thé tham khao dap 4n trén mang. O day gidi thiéu loi giai bang truc ma it ai nghi dén,
t61 da ngat ngay vai loi giai nay rat 1au.

bK: x>1.

\/x—1(3\/x—1—\/§)3—130
@Jx—{(s\/x—l—\/&)g—1}+(\/m—1)go

oo (1 - (B L o (VT 0
oo [ -8 [2 o) | (b o s oo (Vi) 0

Khi truc nhan tir X — 2 ta duoc

@(x_z{m( 3 2 ][(w— Vx| + a1 J—Hl}

\/x—1+1 2X + 2

2 3
T \2 x>\/x 1> <
2.0 \/ \/ x/2x+2 »\/x—1+1

Viy ta cd X < 2 Két hop diéu kién ta duwoc 1< X < 2.

\/_1+1}<0
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PHAN 2. MOT SO Vi DU MAU

Dué6i ddy 1a mot s6 vi du minh hoa cho cac ki thuat di noi & trén.

Vi du 1. (Bé bt can, bé bét biéu thire khéng dm)
(X+DVX+2 +(X+6)VX+7 > x> +Tx+12.

Binh luan. Day 1a dé thi D2014 khéng xa la véi nhiéu hoc sinh, t6i chon vi du nay dé minh
hoa cho danh gia sau:

A A 4 thuong sit dung khi A>0.C >0.

JB+C C

Nhé rang nguyén tic danh gid la lam cho mau don gidn hon va PP nay thyc hién dwoc diéu

nay rattot.
Huoéng dan giai.
PK. x>-2. Nham duoc nghiém x = 2. Truc véi sb ta duoc:

(X+DWX+2-2)+(X+6)(WX+7 =3) = (x> +2x+8) >0

X+1 X+ 6
< (x-2) +
IX+2+2 x+7+3
Chii y. Muén bo cin dudi miu thi x+1>0, Xx+6>0, nhung vi x>—2 thi chicé x+6>0.
Do d6 diéu ta muén 1a thay thé x+1 thanh x+2, diéu nay thuc hién duoc khi ta thém bét
nhu sau:

—x—4j20

X+1 N X+6 4o X+2 N X+6 w4 1
VX+2+2 x+7+3 IX+2+2 x+7+3 X+2+2

Khi d6 bo bét can ta duoc

X+1 X+6 _4<x+2+x+6_x_4 1

1
+ —X—-4< — =— <0
NX+242 X+7+3 2 2 NX+2+42 NX+2+2

Vay phuong trinh c6 nghiém x = 2.

A
<— ,fta

JB+C C
thuong sir dung khi A>0,C >0. Chang han dap an dau tién trén mang nam 2014 khi cac

Binh luin. Day 1a bai rat dé sai khi danh gia vi nhiéu ban quén mat

em mai thi xong. Bai nay cé thé xét hai khoang, nhung khong tét bang, xin khong dé cap ¢
day.

Vi du 2. (Tdch hang tir va thém b6t max min cia mai biéu thirc)

Giai phuong trinh: 2X+14++/3X+1 > (X +8)/X+3.
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Binh luin. Tach hang tir c6 nghia 1a ta khong danh gia toan bo biéu thirc ma tach ra ting
biéu thtrc, tim min hodc max (Bang Iénh TABLE CASIO) rdi thém bot, ki thuat nay kha don
gian, kha nang thanh cong cao, danh cho cac ban Iuoi suy nghi va it ¢6 ki nang danh gia.

Hudéng dan giai.
PbK. x> —1 .
3

X+8 3

\/x+3+2_\/3x+1+2

Biéu thuc trong ngodc duong (TABLE) , nhan thay

Truc duoc (x —1)[ j <0 (1)

Sg nén ta thém bdt dai

3
N3X+1+2

lugng nay ta dugc:

X+8 3 3 3
‘”‘i’(x‘”@m EHEWDO

Viéc chizng minh biéu thiic trong dwong don gian.

Vay phuong trinh c6 nghiém x =1.

Vi du 3. (Tdch hang tir két hop bé bét can)
Giai phuong trinh: (5x° —5X+10)vV/X+7 + (2X+6)v/X+2 = x> +13x* —6x +32.

Huéng din giai
DK. x>-2.
Truc véi sb ta dugc: (5x° —5x +10)(«/x+7 —3)+ (2x+6)(\/x+ 2 —2) = %3 —2x% +5x—10

Truc xong ta dugc X = 2 hoac
5x*—5x+10  2Xx+6

+
X+T7+3  Ix+2+2

2 2 2
D0x2—2nén5X 5x+10<5x 5x+10<5x 5X+10=x2—x+2

NX+T7+3 \/§+3 2+3

Vi 2X+6 <2X+6:x+3.

NX+2+2 2
Theo danh gia trén thi VT(¥) < x* +5= VP(*).
Vay x =2 la nghiém cua h¢.

=x*+5 (*)
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Vidu 4. (St dung hé tam)

Giai phuong trinh: \7x% + 20X —86 + X\/31— 4X — X* = 3X+2
Dé thi thiz Chuyén Phan Bgi Chdu Nghé An - 2016

Binh luan. Bai nay twong ddi khé vi nham duoc 2 nghiém vo ty ma khong phai cta cing
moét phuong trinh bac 2. Sir dung CASIO ldy duoc hai phwong trinh bic hai d6 la:
X2 +4x—-15=0 va x*+4x—30=0, ta nghi dén truc duoc bac hai thir nhat va st dung hé
tam dé tim nhan tir bac hai con lai. St dung hé tam tc 13 két hop véi phuong trinh ban dau.

Hudéng dan giai.
7x*+20x—-86>0
bK.
31-4x-x>>0

Viéc xét truong hop LLH bang 0 cac ban tu xét. Ta thém bét nhu sau:

(\/7x2 +20x—86 —(2—x))+ x(\/31—4x— X —4) 0

X’ +4x-15=0 (2)
= 6 X

J7X2+20X—86+2—x ~/31—4x—x*+4

Xt 1y (*) bang cach quy dong ta duoc:

6731 —4X — X2 + 24 = X TX% + 20X —86 + 2X — X2

Thay v7x% + 20X —86 = 3x +2 — xv/31—4x— X% + 2x— X2 (tir phuong trinh d4 cho) vao trén
ta duoc:

=0(")

(x2+6) 31-4x—x? =2x*+4x—-24
<:>31—4x—x2+(x2+6)\/31—4x—x2 —x2-7=0
S V31-4x—x* =1 x*+4x-30=0(3)

Giai (2) va (3) két hop diéu kién ta duoc: X =—-2-+/19,x=-2++/34.

Vi du 5. (Xét ham s6 dé tim min max)

Giai phuong trinh: X° —3X+1=+/8-3%*

2__
X" —x-1 0

\8=3x? +2-Xx -

Ta thém bot va truc duoc: x* —2x—1+4
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<:>(x2—x—1)[x+1+ 4 ]:o

\J8=3x* +2—X

Xét f(x)=v8-3x*+2-x tacéd: f'(x)= X
8—3x*
= f'X)=0< —3X =1l X=— g
J8-3x2 3
Ta c6 bang bién thién:
2./ 3 2./6
N 3 3 3
(=) + 0 -
6+ 4./6
3
flz)
. 6+4/6
= f(x)s6+g\/g két hop vai |x|s¥ =0< f(x)< 3\/_
= X+1+ 4 =x+1+ 4 2—2\/€+1+ 4 >0
J8-3x% +2—x f(x) 3 6+46
3
A . a2 +/5
Vay phuong trinh da cho c6 nghiém X° —x-1=0< x= —

Cach 2. C6 thé két hop PT ban dau dwa vé hé tam. Cac ban tu 1am nhé.

Vi du 6. (Chia khodng)
Giai phuong trinh v3x? —2x +3 +24/3x +1= x> —2x? +-5x + 2.

Binh luan. Day 13 bai toan kha hay bai I8 dau cua biéu thic qua nho lam cho viéc
danh gia kho khan, budc long phai chia khoang nhu dudi day.

Huéng dan giai.
DK.XZ—l
3 .

Sau khi truc nghiém x =1 con lai phurong trinh
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3x+1 6

= x?—x+4,
J3X2—2x 4342 NBX+1+2
Khi d6 ta xét hai trrong hop sau:
_—1§x<0\/x>1:>VT<3+ x+1 §3+3X+1<x2—x+4
3 J20¢+1) + (x—1)? 42 X+3

0<x<1. Quay tré lai phuong trinh:
VT > Xx+1423x+1>3x+3> x> —2x% +5x +2

Vi du 7. (Tdch hang tir va thém bét min max cua biéu thirc)

Giai phuong trinh:
2JAX +5 + VX2 —2X+5 = X°* —2x% +5x + 4

Huéng dan giai
bK. x> >
4

Ta thém bdt nhu sau:
2(\/4x+5—3)+(\/x2 —2x+5—2): X3 — 2x% +5x — 4

8 x-1
+
J4x +5+3 \/x2—2x+5+2
Can chang minh biéu thirc trong ngodc ludn am trén TXD.
8 x-1

—_— va
V4x+5+3 \/x2—2x+5+2

<:>(x—1){ —x2+x—4J—O

Nhan thiy < g <1 (CASIO) nén ta thém bét trong

ngoac la:

PREE N R
Vax+5+3 3] |[Jx*-2x+5+2 3
x—-1

VX2 =2x+5+2

Quy dong ta dugc: vVx* —2x +5 > x — 3. Piéu nay dung vi

Viéc con lai 1a chitng minh biéu thtc ~1<0 (*). That vay

\/x2—2x+5:\/(x—1)2+4 SIx—1I>x-1>x-3.
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Vi du 8. (Bat dang thirc)
YX+6+3IYx—1=3+/x=2

Binh luan. Khi truc véi cin bac ba, ta quan sat bac cta né dé sir dung Cosi.

Hudéng dan giai.
DK. x>2.
Truc nghiém x =2 con phuong trinh;
1 1 1
2 * 2 -
Y(x+6) +2x+6+4 Y(x-1) +Yx—1+1 x-2
Ta c6 danh gia:

?Kx—lf-+$x—1+122qx—1+1(C09)
?Kx+6f+2%x+6+422 2(X+6) +4>2/x-1+1

Do do6

(*)

VT (*) <

<VP(*). Vay (*) Vo nghiém.

2
24/x -1
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