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NHAP MON KY THUAT CASIO

K§ thuat CASIO luyén thi THPT Qudc gia 1a 1 tdp hop nhitng thao tic st dung MTBT
CASIO theo cach khéac binh thuong ma thdm chi nhitng ngudi thi Hoc sinh gidi giai toan trén
maéy tinh CASIO ciing chua chac di thyuc hién duoc. Béi vi K thuat CASIO ¢ day duoc sang
tao dudi hinh thtrc luyén thi THPT Qudc gia, ma nhiing bai toan trong dé thi Hoc sinh gidi
gidi toan trén may tinh CASIO thi lai thuéc mot dang khac han.

Ky thuat CASIO hudng dén myc tiéu:

+ Thir nhét: luyén cho cac ban su déo tay khi bAm may tinh trong qua trinh giai todn. Sau
1 thoi gian luyén tap no s& khién cac ban nhanh nhay hon khi cAm mdy trudc 1 van dé du 1a

nho, dan dén tang téc d6 “CONG PHA” trude gidi han cua thoi gian.

+ Thit hai: dua ra cho cac ban nhitng phuong phap bAm may hiéu qua dé tranh nhiing
thao tac thudc loai “trau bo” ma lau nay nhiéu ban van dang bam, xir li dep nhirng s6 liéu
xau, va tim ra huéng giai ngan nhat cho bai toan. Du dé thi ngay cang hudng dén tu duy, suy
luan cao va tim cach han ché viéc bam may, nhung mot khi da hoc Ky thuat CASIO roi thi

con lau B§ mai han ché duoc cac ban st dung may tinh, mién 1a duogc mang may vao phong
thi! ©

+ Thir ba: luyén cho cac ban su linh hoat khi sir dung may tinh. B¢é 1a niém dam mé
nghién ctru kham pha nhiing tinh nang mai, 16i tu duy bai toan két hop hai hoa gitra viéc giai
tay va giai may, va oc sang tao dé tim ra nhitng phuong phap ngay cang ngin gon, nhim dén
t6i wu hoa qua trinh giai todn. Va tir d6, cic ban c6 thé tu nghién ciru mo rong K thuat

CASIO sang nhirng mén hoc tu nhién khac.

+ Thr tu: thanh thuc K§ thuat CASIO két hop voi von kién thirc Toan hoc cua céc ban,
s& tao nén 1 tm 1y virg vang khi budc vao ki thi (tat nhién 13 khéng duoc phép chu quan
dau day! ©).

Dé dat dugc nhimg diéu d6, minh d3 phai suy nghi rat nhiéu khi viét cudn sach nay:



Lam Htru Minh - sherlockttmt@gmail.com

+ Thir nhét 1a phai sir dung cach truyén dat nao dé cac ban dé tiép thu nhat ma lai kich

thich dugc 6c sang tao cia cac ban chir khong phai tinh y lai!

Mubn vay, minh da chét loc mgt lugng VD vira du dua vao, cling nhu phan tich bai toan
& mot murc d6 du dai dé cac ban tiép thu dugce. Du ¢6 1 sd bai minh di chuan bj day du trude
khi viét vao, nhung ciing nhu hau hét cac bai tu bia ngay lic viét, minh phan tich theo dung
tu duy cta 1 ngudi vira méi bat dau tiép xtic van dé méi chtr khong phai 1a da chuan bj dé
n6i lai. Do d6, cac hudng lam dua ra s& c6 dai c6 ngin, c6 hay c6 dé, tham chi tic ciing co!

©

Trong qué trinh phan tich minh s& thudng xuyén hoi cac ban nhimng ciu hoi dé tim ra
cong viée tiép theo phai 1am, va dé rén luyén tu duy thi cac ban nén thir suy nghi né trudc khi

doc tiép.

+ Thit hai: khong nhitng phén tich d& hiéu, ma phai c¢6 thém chat huong vi hai hudc dé

tao hurng tht cho cac ban dam mé kham pha! ©

Viy bam sat nhimg K¥ thuat CASIO nhu thé nay liéu ¢ lam cac ban “suy giam tri tué”
khong nhi?

Cau hoi d6 dang phai tra 101 day! ©

Céc ban sé& tu duy kém di néu nhu mot phép tinh don gian nhu 45 +32; 665 —23;... ciing
16i may bam. Nhitng cai d6 cac ban hiy ¢ ging nham trong qua trinh hoc, tip nham tinh
thudng xuyén s& giup cho dau 6¢ nhanh nhay hon ddy, con trong nay thi khong day may cai
d6. Néu muén céc ban c6 thé search Google tim 30 k¥ thuat tinh nham nhanh nhat ma luyén

tAp moi ngay.

Nhiing k¥ thuat t6i wu hoa trong nay phan nhiéu s& gitip cac ban loai bo nhiing cong viéc
don gian nhung lai mat thoi gian, hodc khong can thiét, VD nhu khai trién da thirc bac cao,

nham nghiém PT,... Nhiing cai d6 s& khong lam cho ban bi dot di. ©

Tuy nhién nhiing k¥ thuat cao hon nhu phén tich PT, hé PT, khai cin sb phirc hay ching
minh BDT d6i xung la nhitng k¥ thuat ma néu lam dung qua muc cac ban sé débt di. Do do,

hay luyén tap giai tay cho 6n rdi hiy tinh dén may tinh. Va vi vy, K§ thuat CASIO s& phu
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hop hon vé6i nhitng HS 16p 12 néi riéng va luyén thi THPT Qudc gia n6i chung hon 1a HS
16p 10; 11.

Nhung du hoc thé nao thi cic ban ciing phai nhé tinh than hoc xuyén sudt cta ching ta,
d6 1a: khong nging sang tao vuon xa! Minh thiét nghi néu c6 thé dua viéce sang tao ki thuat
CASIO vao lam 1 moén hoc trong chuong trinh THPT thi n6 cling khé hon mén Tin hoc hi¢n

tai day! (Thuén miéng noi vui!!! ©).

Bang cach ¢ gang xay dung cau ndi giita nhitng bai todn chuwa tim ra cach giai voi nhitng
van dé tuong dong ma may tinh c6 thé lam duoc, két hop véi viée ap dung nhirng k§y thuat da
c6 san trong nay dé xir 1i thi, thi cac ban cd thé nghién ctru ra dugce ki thuat CASIO cho bai
toan d6. Tir d6 md rong pham vi ap dung ctia n6 dé ky thuat tré nén hoan chinh va hiru ich

hon. ©

Pay chinh 1a phuong phap nghién ciru co ban ma minh d ap dung, va néi so qua 1 chut

cho cac ban ¢6 thém y chi kham pha! ©

Loai may tinh minh str dung trong nay khéa thong dung: CASIO fx-570ES, céc loai khac
chi cn c6 man hinh hién thi tuong tu 1a ap dung duoc (tu diéu chinh lam theo duoc ch?),

tham chi c¢6 nhiéu chirc nang hon nira va nhitng cai dé6 déu dang cho cac ban khai thac.

Tat ca nhiing gi trong cudn sach nay khong phai do minh hoan toan nghién ctru ra, nhi¢u

K¥ thuat da dugc minh suu tam tir nhiéu nguon khéac nhau, tiéu bicu la céac tac gia:

+ Ban Bui Thé Viét: hién 1a admin Fb group: Thii Thuat Giai Toan Bang CASIO. Link
group: https://www.facebook.com/thuthuatcasio

+ Thay Poan Tri Diing: admin Fb group: VIDEO BAI GIANG CASIO MAN. Link
group: https://www.facebook.com/groups/141497249516023

+ Anh Nguyén Thé Luyc: fanpage: Bi Kip Thé Luc. Link fanpage:
https://www.facebook.com/bikiptheluc.com.Nol
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Néu cac ban mudn gioi Ky thuat CASIO, cac ban cling can phai tim toi hoc hoéi that

nhiéu nhu thé!

Lo1 cudi cung minh muon noi, 1a nhitng trang sach nay duogc phép sao chép dudi moi

hinh thte, c6 diéu, hdy ghi rd ngudn va tac gia khi sao chép! ©

Facebook cua minh, c6 gi thac mac cac ban ctr lién hé:

https://www.facebook.com/profile.php?1d=100009537923474

Chiic cac ban hoc tot! ©
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I. M6t s0 k¥ thuét don gidn nhung quan trong

Han nhiéu nguoi s€ cd chit thac mac veé viée chia phan ra lam ky thuat don gian va ky

thuét phire tap nhu thé nay 1am gi cho mat cong, theo ho chic chi can sap xép cac k§ thuat

tir d& dén kho 1a duoc roi.
Minh ciing d4 nghi qua van dé do.

Minh thiy 1am vy ciing hop li, song vi mét i do khac ma minh méi tach riéng ra lam 2
phan va thém cum tir “nhung quan trong” vao, nghe hoi d¢ chut nhung lai danh dau duoc cai

“li do khac” d6. ©

Li do d6 la: nhitng k¥ thuat & phan nay 13 nhitng k¥ thuat s& xuat hién trong hau hét cac
k¥ thut & phan thir hai, nghia 1 chiing duoc dung xuyén sudt trong cac k¥ thuat phic tap

sau nay va la mot thao tac phu trg cho céc k¥ thuat do.

Néi cach khac, chung mang tinh két ndi, va 1 nhitng diém chung cua cac k§y thuat phirc
tap, con vé nhimg k¥ thuat phire tap kia, hau nhu noéi dung khong hé c6 gi lién quan dén nhau

ca. Vi I& d6 bon chung méi dugc “6 nha riéng”! ©

Va ciing vi vy ma nhitng k¥ thuat nhé nay rat “quan trong”, chung 1a 1 thao tac gop
phan ting nhanh toc d9 giai todn ma cic ban can nam k¥ trudc khi linh hoi nhitng k¥ thuat

phia sau.
Bay gio chung ta bat dau! ©

1. Nhap phuong trinh hiéu qua nhit

Cai nay chac chan rat nhi€u nguoi s€ 16 di, nhung ti€c thay ngudi do6 chua chac da biét

cach nhap PT (phuong trinh) thé ndo méi 1a phu hop, thuan tién tinh toan nhat.

Pon gian cac ban nghi rang PT thé nao thi nhap vao thé, nhung néu nhap thém ki hiéu

“=0" vao thi viéc két hop voi cac k¥ thuat cao cap khac & cac phan sau s€ rat bat tién, gay
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cham chap, do d6 cac ban khong nén nhép ki hi¢u “= 0” ma chuyén hét cac dai luong sang

ve€ trai roi nhap minh vé trai vao théi! ©

VD. Tanhdp PT 2(x* +2) =5+/x" +1 vao may nhu hinh sau:

2(x* +2)=5vx’ +1

Khi nhap nhu thé nay, ban s&:
+ Thir nhat: toi uu hoa dugc viée giai nghiém PT & ki xao phia dudi.
+ Thir hai: tinh gid tri cta biéu thirc 2(x* +2) —5vx* +1 véi cac gia tri x khac nhau rat

nhanh ma chi cAn nhan |CALC| ludén khong can quay lai x6a 2 ki ty “= 0” (nhat 1a khi PT

céng kénh), hoac khi stra PT thanh biéu thuc dé tinh v6i |[CALC cling rat nhanh.

2. Toi wu hoa viéc giai nghiém PT

Chuing ta van xét PT trén: 2(x” +2) =5vx’ +1

Sau khi nhép PT theo k¥ thuat 1, cac ban nhéan E , khi d6 ra két qua méy ké no vi ta chi
can gitt lai duoc PT dé giai nhiéu 1an 1a duoc. Cai két qua Ay chang qua chi tai gia trj X ¢
san tir trudc ma thoi.

Khéi dau cac ban nén gan X theo diéu kién (PK) cta x, néu khong tim duoc (hodc ngai
tim) DK thi cac ban ¢t gan X = 0 (néu X chua bang 0), d6 duoc goi 1a gia tri khoi dau cua
viéc do nghiém.

Bai ndy sau khi gan X =0, may cho ta X ~5,541381265, cic ban luu nd vao bién A.

O day c6 1 thao tic minh phai nhic lai vi con kha nhiéu nguoi khong biét lam sao, d6 1a

dé luu nghiém trong bién nay (cu thé 1a X, do ban dau ta dung bién X dé giai) sang bién khac
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(6 day 1a bién A) cac ban nhén: |ALPHA|| X ||SHIFT||RCL|(STO)|(-)| (4), khi d6 man hinh

hién X — 4

Bay gio cic ban nhin @ dé quay lén PT d luu, nhan E con tro s& nam & dau. Tiép tuc

nhén E |SHIFT||DEL|, lic nay con tré s& chuyén thanh hinh tam giac, d6 chinh 1a chuc

nang chén biéu thirc dang xuét hién vao 1 biéu thic khac. Cu thé n6 hién nhu hinh:

>(2(X2 +2)=5JX° +1

Tiép tuc bAm , biéu thirc dang xuét hién dugc chén ngay lén tu s6 cua 1 phan thirc nao

do. Tiép tuc cac thao tac chinh stra ta thu duoc:

2(X*+2) -5V X +1

(X —A) (cht y phai c6 dau ngodc don dudi mau!)

2(X*+2) -5V X +1

(X —4)

Bay gio cac ban tiép tuc cho may giai PT , may hoi gia tri X hay A

dimg c6 thay déi, ctr thé ma [=|[=] cho né gidi thoi! ©

Do ta dua (X — 4) xubéng mau nén tuyét nhién may khong thé hién thi lai cai nghiém da
tim & trén (d3 luu vao A), budc phai tim nghiém khac (néu c6). Va nhu vy ta da t6i da hoa

duoc viéc vét nghi¢ém cua PT.

Nghiém méi ta thu dugc chinh 1a: X ~—5,541381265 . Trudc khi luu n6 vao B céc ban

2 / 3
lai quay lai PT 2X +(§() il) X+l va an E dé luu no lai (két qua may van mic ké! ©).
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AN+ - T

(X -A)(X-B)

Bay gio, thuc hién thao tac tuong tu cac ban strta PT kia thanh

d6 lai cho may giai, khong can quan tim cac gia tri X, A, B lam gi...

20X +2)-5v X +1

Vang, 1an ndy may bao Can’t Solve, nghia 1a PT
(X -A)X-B)

vO nghiém, noi
cach khac, PT da cho khong con nghiém nao khac ngoai 2 nghiém A, B nira ca. ©
Vay v6i PT ¢6 vo s6 nghiém nhu PT luong giac thi sao?

Khi hoc mot k§y thuat, cac ban sé& chi tiép thu tot nhat khi biét dit ra nhimg ban khodn,
thac mac vé mot van dé nao d6 dang duoc ndi dén. ©

V61 PT luong giac, nghi€ém cua né c¢6 dang x =arx + kbx (k€ Z), trong d6 a €(-2;2), do
d6 dé viéc vét nghiém cua PT luong gidc ma chung c6 ich cho viéce giai PT, thi ta chi can vét
hét cac gia tri a 1a dugc, con phan kbz thi khong can quan tim. Va cach vét d6, hoan toan

giong nhu véi cac loai PT khac da noi ¢ trén, v gid tri ban dau X =0

Khi doc dén nhirng phan & phia sau lién quan dén viéc giai PT luong gidc, cac ban s&

dugc hiéu ro hon cac thao tac minh sir dung dé vét nghiém cta né nhu thé nao... ©

3. Nouvén tic thir gia tri tot nhat

Nguyén tac don gian nay la do minh nghi ra, va tir trudc dén nay cling chua thay tai li¢u
vé MTBT nao ¢6 dé cap dén no, nén cac ban xem nhu day la 1an dau tién n6 dugc dua ra

vay! ©

Nhu di noi, nguyén tic nay rat don gian, d6 1a khi mudn kiém tra bang may tinh xem
f(x) = g(x) hay khong, ta s& nhap khoang 1; 2 gi tri X phu hop dé tinh gia trj biéu thirc
F(X)—g(X), néu két qua déu bang 0 thi chimg to0 f(x)=g(x)! ©

Néi ra c¢6 vé budn cudi, nhung thuc ra khong phai cac ban ctr thir 2 gia tri X bat ki 1a c6
thé két luan dugc f(x) = g(x) ngay dau! Thoi gian thi khong cho phép, di 1a ki thuét tdi wu

hoa thi phai lam sao tbi wu dugc ca thoi gian chir khong phai chi minh két qua.
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Cu thé:

+ Néu f(x), g(x) 1 cac ham vo ti (chira can), ta thir voi X 13 cac s6 thap phan hitu han
(nhu 1,364; 5,2235;...).

+ Néu ching 1a cac ham luong gidc, ta thir voi cac s6 nguyén khac 0 (cang 16n cang tot).

+ Cudi cung néu f(x), g(x) khong roi vao 2 truong hop trén, thi ta gan X 1a cac sb siéu

viét (nhu 7;e;...).

Minh quy dinh ra nhitng cach thtr khac nhau nhu vay muc dich 1 dé chi can thir 1; 2 1an
1a da két luan duoc c6 xay ra f(x) = g(x) mdt cach chic chin nhat, viéc d6 don gian chi 1a

dua vao dac trung cia ham ma ta muon thir ma thoi.
Chinh vi nhiing diéu trén ma cong viéc cd vé budn cudi nay méi duge xem la 1 k¥ thuat.
Nhin c6 vé 1a lam phure tap héa van d€ nhung thuc ra khong phai dau, cac ban dung 1 vai
lan s€ quen ngay thoi. N6 s€ bién thanh phan xa tu nhién cua cac ban.

Gidng nhu minh 4y: ding né nhu 1a 1 phan xa tu nhién tir truéc dén gio va chi phan dinh

rach roi ra 1am 3 kiéu nhu vay khi viét sach nay. ©

sinx + cosx = \/Esin(x + Zj
VD. Ta di biét cac dang thuc luong giac sau day 1a dung:

) T
cosxis1nx:\/§cos(x$4)

Thé nhung khi ngdi trong phong thi rdi thi khong it ngudi s& nham 1an khi nhé nhiing
dang thirc ndy. Cu thé néu chung ta chi nhd mang mang thoi thi ta s& 1am sao dé xac dinh

chinh xac duoc cosx—sinx =7
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Gia sir minh nhé mang mang rang cosx —sinx =+/2 cos(x - %j , khi d6 minh nhép vao

may nhu sau: cos(X)—sin(X)— J2 cos(X - %} (lru ¥ néu cac ban da ghi % thi may phai
dat ché d6 radian, néu khong bi sai lai trach minh! ©).
Str dung |CALC| dé tinh biéu thirc f(x) = cosx —sinx —~/2 cos(x - Z) , néu ai khong
biét k¥ thuat nay, thong thuong sé gan X =0 hodc dep nhu X =7, va thu dugc két qua:
f(0)=f(r)=0= f(x)=0< cosx—sinx = 2cos(x—ZJ , hoan toan sai!
Thay vao do, voi ky thuat trén, ta cho X =1 di, thu dugc f(1) =-1,68294197 va két luan

ludn cosx —sinx =2 cos(x - %) (khac nhau thi chi can 1 gia tri 1a du).

Do d6, quay lai biéu thirc dd nhap, minh sira thanh cos(X) —sin(X) — J2 cos(X + %)

(van theo nhitng gi nhé mang mang! ©).

; X= ) .
Vang, 1an nay véi {X 5 thi ta déu thu dugc két qua =0

A A A < < . T
Vay ta két luan chac chan: cosx —sinx =+/2 cos(x + Zj

Qua VD trén cac ban rit ra duoc didu gi?

R rang, chiing ta thay diéu kién tién quyét dé st dung k¥ thuit nay la chung ta phai nhé
mang mang biéu thirc & bén vé phai (c4i ma ta can bién ddi thanh), con vé bén trai thi di c6
trong dé bai rdi (c6 cd san thi ta mdi can dang thirc dé bién d6i chir! ©).

Tha nhé it rdi sira va thir nhiéu 1an, con hon khong nhé 1 ti gi. Dau ap dung thu thuét co

cao si€u dén dau thi cling can co kién thue, du rat it!
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Sau nay khi st dung dén minh sé& viét tit k§ thuat nay 13 “nguyén tic TGTTN” nhé!

I1. Nhirng ky thuat phirc tap

Sau day cac ban s€ duoc hoc nhitng k¥ thuat mang tinh doc 1ap cho ting dang toan, khac

voi sy xuyén suot trong hau hét cac bai toan & phan 1.

Nhiing k¥ thuat nay doi hoi sy phan tich, tinh toan nhiéu budc hon han va quan trong la
can sy linh hoat trong m&i mot hoan canh nhat dinh, don gian 13 vi nhimg k¥ thuat nay nhiéu
budc hon nita minh khong thé ké hét ra cho céc ban tat ca nhimng trudng hop cé thé gap phai,

ma chi néi duge nhitng gi hay gip nhat théi. ©

Hoc tha thuat may tinh ludn can sy sang tao va linh hoat két hop cac phuong phéap khac
nhau, c6 nhu vay méi c6 thé tan dung hét dugc nhimng chirc niang cia may tinh ciing nhu giai

quyét duoc bai toan mot cach nhanh nhét.

1. Xac dinh nghiém dep cia phwong trinh

Nhu céc ban biét, PT mil va loga 13 loai PT don gian nhat trong dé thi THPT Qudc gia
mon Toan, thir nhi 12 PT luong giac, va cudi ciing 1a loai PT thudc phan phén loai HS kha -

gioi, do 1a PT vo ti.
bac trung nghiém cua modi loai thi chi ¢6 3 loai, d6 la:
+ Nghiém 1a s6 hiru ti.

+ Ho nghiém luong gidc x =arx +kbr (keZ).

. b+ ~A
+ Nghiém vo ti thudc dang PT bac 2: x = 2—\/_

a

Vi PT mii va loga 1a loai d& nhét, nén minh s& khong néi thém nita. Cac ban trong qua
trinh hoc ¢6 thé thdy n6 dai, n6 phirc tap hay nhu thé nao diy thi tuy nhung khi thir 1am dé thi
THPT Qudc gia rdi thi méi thiy no that khong dang tinh tién. Néu ching may nd c6 kho dé
xuat hién trong dé thi HSG thi thuong s& kho sau khi chuyén duoc vé PT v6 ti thoi. ©
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Con PT lugng giac, bt dau tir nim 2015 Bo di thé nd bang cau tinh gia tri cta biéu thic
luong gidc, tuy khong hoan toan lién quan dén PT luong gidc nhung minh ciing van viét vi

khong thé tranh duoc trudng hop Bo s& quay lai cho HS giai PT.
a) V& nghiém ciia PT hién thj trén MTBT

Phan nay minh da bd sung vao sau khi suy ngam lai, vi thyc ra lac dau minh ciing nghi

n6 khong quan trong, ai cling biét ca roi. ©
Nghiém nguyén thi khong noéi lam gi roi, nhung néu khong nguyén thi sao?

Trong truong hop do, thao tac nhén dé hién thi lai dang dep (néu c6 thé) cua

nghiém (ma may ty dong luu trong X) 1a céi ai cling lam duogc.

Tuy nhién ching ta can xét thém dén cai sai so ciia may tinh gay ra boi viéc st dung
thuat toan 1ap Newton dé do (dung hon 1a hoi tu nghiém) ctia may tinh bo ti hién nay. Diéu
do nghia 1a khong mdt nghiém nao may giai ra thuc sy 1a chinh xac, noi cach khac cac
nghi¢m nguyén ma cac ban thu duoc thuc ra da dugc chic nang lam tron stra ddi thanh s
nguyén (va thanh nghiém chinh xac), tir cai nghiém thyc su cua qua trinh hoi tu. Va do do,

néu nghi¢m khong hiru ti thi vi¢c hién lai dang dep hau nhu khong thé.

Nghiém ctia qua trinh giai d6 thuc ra 1a két qua ctia 1 phép tinh gidi han! Minh d3 kiém

tra dugc diéu d6 bang cach xay dung lai qua trinh do nghiém bang thuat toan lip Newton noi

trén ciia may, cu thé minh st dung 1€nh tong quat sau dé do nghiém: X = X — %
VDI1. XétPT f(x)=x"+x-6=0
2
Tacod f'(x)=2x+1, khi d6 minh nhdp vao may tinh Iénh X =X — % sau do
+

nhén |CALC|, nhdp gia tri khai dau, chang han cho X = 0 di (twong tu nhu khi giai bang

Solve), sau d6 an E lién tu ti va xem qua trinh hoi tu nghiém dién ra.
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C6 phai cac két qua cac ban thay trén man hinh hoi tu dan vé 2 dung khong? Dén 1 luc
nao d6 (sau 1 thoi gian ngén thoi), gia tri nhan duoc dung bang 2, va d6 1a 1 nghiém cua PT
£(x)=0. Piéu d6 ¢ minh ching cho viéc lam tron nghiém minh da noi trén, va qua trinh

gidi trén thyc ra la tinh gi61 han.

Bay gid thir lai voi biéu thire trén 1an nita, voi gid tri ban du X =—10, c6 phai may lai

hoi ty vé -3 diing khong? Do 1a nghiém thir 2 (va ciing hét nghiém roi).

Vira r61 minh da biéu dién mot cach rd rang cho cac ban thay céch thirc ma may tinh da
str dung dé giai PT cho cac ban bay lau nay. © Nhung dé muc nay cé tac dung nhu da noi,
minh s€ viét thém vai diéu hitu ich nira vé cach sir dung céi sai sO6 cua may tinh, chir céi trén

chi 1a 1 bi mat nho duoc bat mi cho biét, khong ding lam gi. ©

Loai nghiém mang sai sb cao nhit chinh 12 nghiém cua PT vo ti. May khong thé hién thi

lai nghiém chira can khi dung Solve vi 2 1i do:
+ Thir nhét hinh thirc phirc tap.
+ Thir hai: sai sd.

Tham chi do61 khi PT c6 nghiém nhung may khong tim dugc nghiém ctia n6 va bao
“Can’t Solve”, hoac khong thé nao hoi tu duoc nghiém chinh xac hon (sai s6 kha cao). Cu
thé lac do may s& bao “Continue: [=]” (¥ mudn hoi ban cé tiép tuc giai dé viéc hoi tu 1an nita
duoc chinh x4c hon khong), hodc néu khong thi né ciing s& cho gia tri “ L —R ” rat 1a “ngta

4
=490

mat”.

Chang han may hién thi nhu hinh nay:

Continue:[ =]
X = 99,09375454| (L — R tac 1a Left — Right : vé trai — vé phai, tir nghiém X do).
L-R= 102264320.3

D6 1a nhitng gi may dap lai khi ta cho gi tri ban dau X = 0 dé giai PT sau:
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VD2. Giai PT x* + 6x* + 24/x> = 2x+2 =0 (PT nay minh bia ra dé lam VD d6 ma! ©).
O TH nay néu tiép tuc 4n E , may sé& giai 1 luc nita... Va rdi két qua hién thi van nhu cii!
Néi cach khac, may da khong thé hoi ty nghiém tir X = 0, va gia tri X & trén khién cho
x*+6x° +24x° —2x+2 ~102264320,3 nén khong thé nao chip nhan ndi! ®
Pung trude hoan canh nay, cach tot nhat 1a thay d6i gia tri ban dau, cho X = 10 va thir lai.
Viang, 1an ndy may cho X ~—0,881752245 véi L — R =0, day chinh la gié tri ta can. ©
Luu y cai L — R nhé, hiu nhu ai ciing khong dé y t6i ca.

C6 d6i khi L — R khong 16n nhu trén, vi nhu man hinh hién thi nhu hinh sau, ma sau khi

stra gia tri ban dau, né van cho y hét nhu thé. ..

< PT >
X = 4,738342233

L—-R=10,632443x107°

Vay thi luc nay, cac ban ding ban khoan thém nita, 1y ludn céi 4,738342233 lam
nghiém nhé!

Lidola vigia tri L— R trén nhin qua rat “hdi” ©, nhung thuc ra n6 1a 1 sd rat nho, tirc 1a
L—R~0, khi d6 sai s6 ctia nghiém cang nho hon, néi cach khac nd gan nhu 12 nghiém ding,
vi 1& d6, may sé& khong c6 dé xuit “Continue: [=]” va ciing s& khong thé hién thi gia trj chinh
xac hon dugc nita, do d6 cac ban cr yén tdm st dung nghiém nhu thuong. ©

b6 1a cach ma ching ta nhin L - R dé xac dinh nghi¢m co sai s6 nhu thé nao, c6 nén léy
hay khéng. Tuy nhién dang con mot kiéu nita, d6 1a nhin ngay nghiém dé xac dinh nghiém

dung ma khong can biét L — R “mudn ndi gi” véi minh. ©
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Kiéu nay chi xay ra v6i nghiém hiru ti ma thoi. Tt 13 khi may hién X =0,499999999
thi ta biét ngay x = %! Kiéu nghiém nay rat it gip, va ciing rat d& doan, nhin c6 vé la, nhung
khong c6 nghia 1a may khong c6 kha ning hién nhu thé ma khong chiu 1am tron. Theo minh,
16i nay ctia may c6 18 do nghiém X = % da vi pham didu kién f'(X) =0 khi str dung thuat
toan lap X = X — &, cho nén may budc phai hién gia tri xp xi.
f'(X)

>

Vay néu may hién X =1,250000001 thi nghia 13 thé nao? Pon gian r6i, X =1,25= 4

Nhin cai nghiém dang so thé nhung ma no chi 1a loai “thung rong kéu to” ma thoi! ©

Nh6 nhé, sau khi nhin X phai nhin dén L — R, dimg ¢ voi vang ma “hot”! ©

Su sai s6 trén khong chi biéu hién trong viéc giai PT véi Solve méa con trong nhiéu phép
tinh khac nhung hiém thay hon, riéng MODE EQN, trong lich sir str dung may tinh ctia minh
chi bat gip co6 2 1an né mic 15i ndy, do d6 ta hoan toan yén tdm vé chiic ning nay.

Du sao bét ddu tir ddy, bay nay khong con khién cac ban ling ting dugc nira. ©

Trén day la nhitng di€u don gidn nhung con maéi la véi khé nhiéu nguoi, tuy dai vay
nhung van chua hét dau, con nhi€u ki xao cho céc ban hoc 1am! Minh s€ “nhuong dat” cho

nhiing k¥ thuat hay hon vao 2 phan duéi day dé cac ban tiép tuc linh hoi... ©
b) Nghiém PT luwgng giac

Nhu da né1, nghiém c6é dang x = arx + kbrx (k € Z) va ta thuong gap truong hop don gian

~, nhung d6 chi 1a du doan dé ma tap trung vao giai quyét thoi. ©

nhat a 13 phan s6 va {

Nhu huéng dan & muc 2, cac ban nén cho gia tri ban dau X = 0 dé giai, viéc nay cang
quan trong hon véi PT luong giac vi ¢6 ho nghiém, nghia 1a v6 s6 nghiém. Khong tin cac ban

c6 thé thir ngay v6i PT sinx = 1, d& nhét déy, con nit ciing lam dugc! ©
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Ta biét rang sinx=1< x = % +k27 (k€ Z). Néu cho X = 0 thi may cho cac ban nghiém
nhu thé ndo? C6 phai X ~1,570796191 khong? Nghiém kha x4u, va dau thoat ra man hinh
binh thuong rdi nhan cling khong thé chuyén con s trén vé % dugc (d6ng nghia

vo1 viéc nhan 1a v6 ich). Luc nay, trong truong hop may cho s6 nhu vay c6 mdt vai

cach don gian sau c6 thé chuyén duoc no6 vé dang dep:

+ Céch 1: don gian nhat ma ai ciing nghi ra dugc, d6 1a chia ngay cho 7! ©

+ Cach 2: nhap vao bidu thire sin”'(sin(X)) rdi an [=] (st dung [SHIFT dé nhap

sin”', ¢o thé thay sin bang cos).

Bay gio cac ban thur giai lai vdi gia tri ban dau kha 16n xem sao, ma thoi, hoi 1é6n nhu

X =15 thdi cling dugc, c6 phai nghiém 13 X ~14,13716706 khong? Vang, dau cho X 16n
mdy thi may ciing cho dugc nghiém gan gan cai s6 ddy, mién 13 n6 thudc ho x = % + k27 la
dugc. Nghiém trén Gng v6i k = miy? Lay X chia 7 thir xem?

Két qua 1a 4,5 dung khong?
,. T X qa 97[ N cr o4 ar
Vi Y + k27 =4,57 dédang suyra k=2=x= EY la gia tri dang trong X. ©

Cac ban thay cai bat lgi ctia viéc cho gié tri ban dau cia X qua 16n hay qua nho roi cha?

+ Thi nhat: vi nghiém 13 x = az + kbz (k € Z) nén khi cho X = 0 may sé& cho cac ban
nghiém dep nhat cta ho, tng véik =0, tirc 1a X =ax, con X 16n hay nho qua thi hdu nhu
khong c6 chuyén d6. Day 1a cach ma ta do ra “phan chinh” ciia nghiém (theo cach goi ctia

minh d6 ma ©), d6 1a phan ax

+ Thit hai: trudng hop sinx = 1 1a don gian nhit dy, chir con khi vao tran chién rdi thi
nhiéu nghiém tng voi &k # 0 cac ban c6 chia 7 thé nao cling khong xac dinh dugc chinh xéac

nghiém nhu minh da lam ¢ trén dau! ©
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Viéc cho X = 0 khi giai PT lugng gidc ¢ trén chi la nén chir khong cé nghia s€ luon nhan

duoc nghiém dep nhéat, chéng han vé6i PT cosx = 0, may van hién thi X =199,4911335 sau

khoang 10s tinh toan. BAm ta dugc X = 127772. Pay rd rang 1a 1 nghiém khong dep.

Khi gé@p nhiing truong hop nhu vay cac ban dung chia 7 ma nén dp dung céch thu 2

trong s 2 cach xac dinh nghiém dep di néu trén:

+ Néu dung sin: tinh sin™'(sin(X)) ta duoc —%ﬂ'

. 1
+ Néu dung cos: cos ' (cos(X)) = 57[ (179?).
Tai sao lai ¢6 su khac nhau d6?
. . £ 127 . . A1 V4 g
Su khéac nhau nay cho thay X = 77[ s€ thudc 1 trong 2 ho nghiém 1a x = 2 + kb, hoac
x=-24 kb, . © Diéu d6 khang dinh tiép rang cac ban nén dung ca sin 13n cos dé thir.

Vi nhitng nghiém x4du nhu vay, sau khi xac dinh duoc phan chinh az ta s& sir dung ludn

2 P X \ N aA r 127 kb1 =063 A A ~
dé tim phan tuan hoan kbz . O day véi X = 77[ ta duoc b — 64" Do k nguyén, nén ta sé
2 =
xem xét b theo hudng tir nguyén dén khong nguyén.
b=1 b=l
b nguyén thi chi co thé 1a { ~_.dod6 taco 3 TH (truong hop): | b, =1. Ta thay 2 TH
- b, =2

dau thyc ra 1a mot, va TH3 thi bao trong 2 TH dau rdi, vay nén ho nghiém dung 1a

x=Ztkrx ©
2
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N6i tom lai 13 cac ban thdy mot viée twdng nhu don gian nhu thé thuc ra lai kha nhiéu
cong doan lit nhit, nhung néu da quen rdi thi viéc thao tac 2 bude nay chi mat tim 2 phut

(khong ké thoi gian may giai!):

sin”'(sin( X))

| dé tim phan chinh.
cos™ (cos(X))

+ PAu tién chia nghi¢m nhin duogc cho 7 hodc tinh

A N A A 5 , X A o \ £ , ./
+ Néu nghiém nhan dugc khong phai arx, ta tinh kb =——a r61 xét b tir 1; 2 dén cac gia
V4

tr1 hiru ti hay gap (%; %; ...). Trong cac TH cua b, loai nhitng ho nghiém trung nhau hoac bi

bao trong 1 ho khac. Sau khi loai roi, nhitng TH con lai 1dy 2 gia tri k 16n va lién tiép nhau

thay vao PT dé thir roi két luan.
Cac ban 1i€u co6 gi do hoi ban khoan khi doc tom tat trén hay khong?
Néu theo dau cong thi nhat, ta nén cho X = 0 dé giai thi viéc tim az sé& dé dang hon hét.

Nhung theo dau cong tha 2, dé tim dugc b ta lai nén cho X 1én dé nghiém nhan duoc

khong phai 1a ar !

Trong hoan canh nay, cach t6i wu ai cling nghi ra c6 vé 1a giai 2 1an (1 lan tim ax, lan kia

tim b), nhung thyc ra minh van khuyén cac ban nén gan X = 0. Li do 13 vi...
Conniral... ©
¢) Nghiém PT vo ti

b+
Vi nghiém nay chi ra dang x = b;—\/Z nén ta s€ di theo hudng 1at lai PT bac 2 chtra n6
a

sau do s¢€ st dung CT nghiém dé léy dugc dang dep cua nd! Céc ban cr yén tam rﬁng dala
PT bac 2 trong dé thi Qudc gia thi khong c6 chuyén hé sb xau dau, va ciing ching to 1am, do

d6 ma cach nay chac chan ¢6 hiéu qua. ©
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Dé sir dung duoc k§ thudt nay trude hét cac ban phai hiéu 16 vé |MODE||7], tirc chirc
ning TABLE. Cai nay hau hét moi nguoi khong dé ¥ t6i, thé nhung da hoc thu thuat CASIO

thi khong thé nao bo qua duoc mot chirc nang hiru ich nhur thé!

Minh ludn stir dung chirc nang nay ¢ cau vé do thi ham so, va minh khuyén céc ban nén

biét dung vi sau nay ta s& ap dung kha nhiéu.

Pay la chiic ning tinh gia tri cta biéu thirc f(X) véi cac gia tri X chay cach déu nhau
trong 1 khoang nao d6 do nguoi dung tu quy dinh, nhé rang chi c6 bién X 1a may chip nhan.

Cu thé may sé& yéu cau ban phai x4c dinh 1 cac gia tri:
+ Bat dau (Start): gia tri mat dau doan.
+ Két thiic (End): gia tri mat cudi doan.
+ Budc nhay (Step): chinh 1a lugng cach nhau ctia mdi gia tri X trong khoang d6.

Cac ban tiép tuc xem cac VD sau dé hiéu rd hon nhé! ©

1+\/§

VDI. Ta dit gia thuyét rang dang can truy nghiém x = vé dang dep ctia no.

Pay 1a 1 nghiém rat quen thudc. Cac ban hay triét dang dep ciia nd bang cach tinh

[1+\/§

, sau do tinh v Ans va luu két qua vao A, 10 rang lac nay

2
5 j , ta thu duoc 3445

nghiém ta luu chi hién thi dugc 1,618033989 ma khong phai 1a dang dep ban dau, va dé
chinh 14 nhiém vu cta ching ta: 1am sao biét dugc dang dep cua né néu ching may lac giai

PT ta nhan duogc cai “so dién thoai” nhu vay?

DAu tién minh 4n [MODE][7] sau d6 nhap vao f(X)=A> + XA.

Li do nhap nhu vy thi 1a do ta can do cac hé s6 ctia PT bac 2 nao d6 dang can tim ma co
chtra nghiém trén (luu vao A), do d6 minh méi cho X chay vi n6 chinh 1a hé sb cta PT:

A+ XA+¢=0
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Nhu da néi, cac hé s6 PT trén s€ 1a s6 hitu ti dep nén minh “khéng can lo khi cho luén
hé s6 dau tién bang 1” ©, chi can do céc gia tri X trong 1 khoang nho nao d6 dé xem gia tri

nao s& cho ¢ dep, khi do ta sé lay.

By gi¢ 4n |=|, nhap vao gia tri Start =—14, lai [=] va cho End =14 (nhu vay la do

trong doan [ —14;14]), con Step thi né6 mic dinh 1a 1, thoi ctr dé 1 do thir da. ©
An E 1an cudi va ta nhan duoc 1 cai TABLE (bang)...
Bay gio do nao, ta co f(X)= 4>+ XA=—c nénta can tim 1 gi tri hitu ti bén cot f(X). ..

Vang, doan dau rat 13 nan, nhung ma, 6, di c6 1 gia tri dep. Phai, d6 chinh 1a f(-1)=1
©, thay vao f(X)=A4>+ XA tadugc 4* +(-1)A=1< 4> — 4—1=0, day chinh 13 PT can
tim.

1+\/§

2

Dén day giai PT 4> — 4—1=0 d& dang truy ra dugc gia tri dep trong A 13 x = )

Cac ban da hiéu nguyén tac ré1 chir? Tiép tuc nhé!

VD2. Tuong tg VDI céc ban hay pha dang dep cua nghiém x = r0i luu nd vao A va

thao tac thir nao! ©
DAu tién vao [MODE][7], nhap f(X)=A*+ X4

E 1 phét, cho ngay Start =-14, lai E phat nita, cho luén End =14 ludn cho dau mong
d6i xtng! © Con Step = 1 thi cit dé nguyén d6 thudng s& khong phai thay doi dau.

Pang phat cudi! Xem bang va do f(X) nao...

Poan nay nhin ki nhé cac ban, néu khong bé qua mat £ (1) = 0,125 thi tiéc lam do! © S6

hiru ti dep ma.
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2-6

Vay ta dugc A2+A:%<:>A2+A—é:0,t1‘rdé dé dang truy lai dugc Azsz

VD3. Hay thtr véi nghiém x = 3‘4‘% dé thay su khac biét! ©

Tu lam nhé, két qua thé nao cac ban?... ©
Phai ching cac ban khong tim duoc két qua v6i khoang [ —14;14] va Step = 1?
Vay ma minh van c6 két qua né!!! D6 1a: khong tim duoc gia tri f(X) hitu ti nao! ©

Déy dung 1a 1 két qua tdi té cua ky thudt nay roi con gi. Vay ching phai k¥ thuat nay da
thét bai?

Khong dau, hdy linh hoat 1én mot chat nhé, hay nhin lai biéu thirc ching ta da nhap:
f(X)= A + XA, néu truéc d6 cac ban van thdy ban khoan khi minh néi cau “cho ngay hé sd
dau tién 1a 17 thi cac ban da thac mic dung roi d6. © DAy chinh 13 nguyén nhan giy ra viéc

khong cé f(X) nao hiru ti & day!

Vay nén minh s& sira thanh f(X) =24 + X4, lan nay thi ta c6 f(-3)=-0,375= —%

Ok 161 chtr cac ban, chi can dé y céi cong thirc nghiém ctuia PT bac 2 1a ta s& hiéu duogc

day du 1i do su ¢b cua VD3 nay. Cai d6 qua dé thé nén minh khong néi gi thém nira! ©

C6 18 chi can 3 VD 1a cac ban d3 rd cach 1am 1idm rdi, con néu ai ma... kém qua éy ©, thi
it ra ciing d& dang bia ra duoc hang déng VD dé ma thao tac cho quen tay, trim hay khong

bang tay quen ma! ©

Pén day, néu chiu khé suy nghi 1 chut cac ban c6 thé dé dang nhan ra rang ta khong nhat
A+ X

thiét cr phai dung biéu thire f(X)= 4> + X4, ma c6 thé “d6i gio” thanh: f(X)=— y

Céc ban c6 hiéu khong?
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Luc ndy ta do b dé tim ¢ =—£(X), con bay gio ta lai do ¢ dé tim b= f(X), vi PT bac 2

lac nay 1a A° + bA+ X =0. Pon gian thé thoi, chi can cac ban dung 13n 16n b, ¢ (X va f(X))

néu thich “doi gi6¢” 1a dugc! ©
Chac chi can viét thém vai dong tom tat nira 1a xong r6i:

+ Thir nhat nghiém may giai né luu vao X thi cac ban phai chuyén né sang bién khac

(thuong chon A) vi bién X 1a ta dé do trong TABLE.

+ Thir 2 cac ban nén dung khoang chay [ —14;14] va Step = 1 vi ti I¢ thanh cong la 100%.
O VD3 trén, chic chian nhiéu ban da nghi dén viéc thay doi khoang chay nay khi thiy khong
¢6 f(X) ndo hitu ti, nhung thuc ra dau phai thé, chung ta chi cin nang dan hé sb dau cua f(X)

1én (2; 3;...), nhat dinh s& ra thoi. ©

Minh muén Iuu ¥ thém 1 TH nita, day 1a TH hi hitu cta nghiém PT v ti, d6 1a né co

dang luong giac. Néu chang may cau PT thudc mirc kho sau cau BDT trong dé thi, ma sau
1y A N -bENA .. . . .z
khi lam nhu trén cac ban khong tim dugc dang 0, thi hay nén nghi dén dang luong
a
giac.

Khi d6 ta thir dang lwong giac bang cach luu nghiém vao A (B, C,...), roi tinh 3 gia tri

sin”'(A); cos ' (A); tan"'(A4) (=1 & day khong phai mii ma ¥ 1a ham luong gidc nguoc arc).
Vi nghiém lugng gidc c6 dang x = asin @, nén may ra ta tim dugc ¢

Con néu van khong 1am rd dugc “chan tudng” cia nd, thi “danh théi quén lang CASIO”,

thtr lwgng giac hoa ma giai tay bo thoi. ©
Hay tiép tuc doc dé biét duogc rﬁng, k¥ thuat ctia muc nay chua két thuc... ©

2. Tim nghiém phwong trinh chira tham s6 m

Cai nay thuong dung cho ciu hoi phu phan khao sat ham sb. Chang han chung ta ¢6 1 cu

nhu sau:
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VDI. Tim m dé @6 thi ham s6 y = f(x)=x" +2(m —1)x* + (1= 5m)x +2(m—1) (C) cit Ox

tai 3 diém phén biét.

Déi voi loai nay, c6 dén 99% PT f(x) = 0 s& c¢6 1 nghiém hiru ti (khong chira tham sd),
con néu khong co nghiém hitu ti thi chic chan hudng st dung nghiém nay cua ta la khong

dung, nbi cach khac, khi d6 cac ban phai dung Viet. ©

Trude hét ta nhap f(X) vao may: X° +2(M —DX* +(1-5M)X +2(M —1)

Bim |SHIF T | |CALC | cho may giai nghiém vdi M = 0 (gén thé cho don gian) ta dugc

X = 2. Ta kiém tra lai bang cach bAm |CALC| r6i thay ddi M bt ki, giit nguyén X = 2, dé
tinh biéu thirc. Ta thdy rang f(2) =0VM , vy phuong trinh f(x) = 0 c6 nghiém x = 2

T d6 ta phan tich duoc: f(x)=(x-2)(x* +2mx+1-m) ©

Céc ban chi can luu y rang nghiém phai hitu ti 1a duoc.

Ung dung phuong phap trén, cac ban thir tim nghiém bai sau xem thé nao:
VD2. y=f(x)=x"—(m* =2m—1)x —2m+2

Vi M = 0 may giai duoc X =—1, khi d6 f(—1)=m* —4m, khong thoa man vi n6 van

phu thude vao m.

Tiép tuc véi M = 0, may van chi cho X =—1, nhu vdy xem ra f(x) = 0 khong c6 nghiém

cb dinh, bai toan khong thé di theo hudng nay.
Nhung that ra dap s6 lai chinh 1a: x=m —1 (khong tin ct thir lai! ©).
Vay lam sao dé tim duoc nghi¢m chtra tham sb cua PT bf‘?mg MTBT?
Ta lam nhu sau: thay vi cho X =0, ta cho M = 1000 (!) va giai.

Vi M kha 16n, nén chic X ciing 16n, do d6 ta cho gia tri ban dau X = 1000 luon!
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Két qua ta duge X =999
Do M = 1000 nén tra lai vao X ta dugc X =999=M —1, ttr d6 du doan x=m —1

Thir lai véi cac cap gia tri (X; M) =(z—1;7); (e—1;e) (d¢ nhap sd e cac ban nhan

[ALPHA] va [x10'] (bén trai nat [Ans])) ta thAy két qua 1a 0, do d6 nghiém 1a x=m —1

Vay f(x)=(x-m+D[x* +(m—-1)x+2]

Mic du loai nghiém nay hiém gip, song ta ciing phai biét d6i pho véi né néu chang may

x01 phai. ©

Nhu vay néu ngay tir dau khong chic PT ¢6 nghiém cd dinh hay nghiém chtra tham s thi
cac ban ctr gan M =1000 (ddng thoi cling phai chon X 16n 16n néu khong may kho giai):

+ Néu may cho gia tri X hitu ti va |X | <5 (dé thi THPT Qudc gia chi c6 dén thé 1a cung,

khong thi |X|<10) thi dén 99% no la nghiém cb dinh can tim.

+Con néu |X|>100 va hitu ti thi thi ta phén tich n6 thanh x = am + b (|¢| < 5;

b <5), do

chinh 13 nghiém chira tham s6 ctia PT.
Truong hop nao ciing phan tich dugc, trir phi X vo ti. ©

Dic biét khi PT ¢6 bac 2; 3 thi ta cho M = 1000 rdi ding MODE EQN dé giai, s& nhanh

hon rat nhiéu.

C6 1& cac ban con thac mic 1i do tai sao minh lai chon 2 cip (7 —1;7); (e—1;e) dé thur két
qua ma khong phai s khac? Thi thuc ra n6 1a “nguyén taic TGTTN”ma minh da huéng dan
tir 1au roi ddy théi. ©

Hay ludn nhé d&én “nguyén tic TGTTN” nhé!

Phuong phép gan 1000 trén cac ban can nam ki vi s& ¢6 kha nhiéu truong hop ta phai sir

dung dén no. Hay thir 1 VD cubi ciing dé xem ban di nam ki chua nhé! ©
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VD3. Giai PT f(x)=2x"—(m+7)x’ —(m* —m—-4)x> +(m+T)x+m’ —m—-6=0
Dai, so that! Qua thuc cai nay ma khong c6 may tinh thi cling nhoc 1am day! ©
Gan M = 1000 déng thot cho X = 1000 ta dugc nghiém: X =1002 =M + 2

XM +DX —-(M?> M DX +(M+THX+M*—M -6
(X -M-2)

To1 vu hoa viée giai PT:

Giai biéu thurc ndy, ta lai duoc 1 nghiém nita: X = 1, b rat 1a bat ngd! ©

XM +DX —-(M?> M -DHX +(M+DX+M°>—M -6
(X —M -2)(X -1)

Tiép tuc toi wu hoa:

Va ta duoc tiép X =—1. Vay rd rang PT d4 c6 1 nhan tir bac 2: (X —1)

Lz L2XP M ADX (M -M DX M ADX M -M -6,
Neéu tiép tuc voi , Cac
(X —M-2)(X-1)(X+])

ban s& thu duoc 1 sb khién ta mat hing: X =-498,5

N6 4m anh ta chi tai cai hinh thtrc bé ngoai c¢6 vé “khong hop 16” cho lim, nhung khi ta

an thi chan tudng ctia n6 hién ra lai rat dep: X =— 927 = —Mz_ 3 (dé hiéu thdi vi hé

s6 dau tién cia PT 14 2 ma). ©

Vay noi chung f(x) = (x —m—2)(2x +m —3)(x* —1), ma thoi khong can, chi can biét PT

¢6 4 nghiém nhu thé 1a okay rdi, c6 thé roi khoi day! ©

A ma khoan da, n6i cht vé cai to1 uu hoa, & phan I. KV thuat don gian... r0 rang trude

DX V- M+ DX (M - M -DHX +(M+T)X+M*>—M -6
(X —M -2)

khi stra biéu thtrc thanh dé

t61 wu hoa, ta phai luu nghiém dé vao A, B,... gi d6, nhung véi nghiém hitu ti thi khong can
nh¢, lam nhu minh vira 1am trén méi day nhanh duoc toc d6. D6 1a diéu ma bét cir ai chi can

dong ndo ti xiu la ra ngay! ©
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Céc ban s€ duoc luyén tap lai muc nay mdt 14n nita déy! ...©

3. Khai trién da thic nguyén

bay chinh la da thic hé s6 nguyén va ta s€ khai trién n6 ra dang chinh tac, 1a dang sau:
f(x)=ax"+ax""'+..+ax+a,,

Néu da thirc c6 chira tham sd thi tham sé s& nam trong cac hé sd a (i=ln+1).

Day chinh 1 1 trong s6 nhiing k¥ thuat dau tién caa ban Bui Thé Viét dd cho minh thay
nhirng “strc manh bi 4n” cia may tinh CASIO trong Toan hoc, va né di kéo minh vao niém

dam mé nghién ctru cac thu thuat may tinh CASIO.

Con doi véi cac ban, hi vong cac ban da dam mé n6 ngay tir nhitng dong dau tién ctuia

cubn sach. ©
Chung ta cing bat dau thoi nao!
a) Pa thirc khong chira tham s

Cac ban c6 thé khai trién da thirc f(x) = (x —3)’ + (1—4x)(2x —7)* d& dang vé mit toan
hoc, nhung lai khong d& dang vé mit thoi gian néu cac ban chi c6 1 phat. Do d6 k¥ thuat khai
trién trén may tinh 1a mot “dot pha”, né s& khong 1am cac ban “suy giam tri tud” boi vi day

chi 14 viéc con con ma théi, nhung lai can phai 1am nhanh chong. ©
Hiy xem f(x) & trén dugc may tinh khai trién nhanh dén mutrc nao nhé:

VDI. Khai trién f(x) = (x—3)’ + (1 - 4x)(2x - 7)°

Trude hét nhap f(X) vao may va dung |CALC| tinh £(1000), ta dugc két qua:
K, =—-1,489319698x10"

D& thay f(x) c6 bac 3, nén ta xap xi: K, =—14,89319698x10° =~ —15x10° =—15X"
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Do d6 quay lai f(x), stra thanh: (X —3)’ +(1-4X)2X -7)* +15X°, 4n E thu duoc
K, =106803022 ~107 X"

Lai stra thanh: (X —3)’+(1-4X)2X -7)’ +15X° -107X", ta duoc:
K, =—196978 ~ ~197.X

Cudi cing (X —3)' +(1-4X)(2X —=7)’ +15X° —=107X* +197X chota K, =22, nén
(X =3 +(1-4X)2X =7 +15X° —107X> +197X —22 =0, hay:
(X =3 +(1-4X)(2X —7) =—15X° +107.X> —197.X + 22

Nho ¢6 “nguyén tic TGTTN” ma két qua trén duoc xac nhéan 1a dang.

Cac ban théy roi d06, kha 14 nhanh choéng trong mot bai thi Pai hoc vi chi can bam may roi

ghi két qua dan dan, khong dung ti gidy nhap nao ca.

Sau nay minh s& goi ddy 1a phuong phap “xap xi” nhé! ©
VD2. Pathirc f(x)=(x+2)’ +(x* =1)(x* +3x+2)

Véi ta duge £(1000) = K, =1,004007009 x 10"

Liéc mat phat thiy ngay f(x) bac 4, d& qua: K, ~1x10” = X* (nhd 1a X = 1000 nhé!).

Néu ai ma da quen viéc nay, thi tir 10" = X* 1a da lam duoc 10i khong can nhin lai bac. ©
Botdi X* ta duge 1 biéu thire bac 3 méi: (X +2)° + (X -1)(X*+3X +2)- X*
Nhé rang dimg thay d6i X nhé, ta thu duge két qua méi: K, = 4007009006

Meo nhé né, khi két qua dep nhur thé nay rdi, cac ban chi cin phan chia theo nhém 3 chir
s0 mot tir phéi sang tri 1a dé dang x4p xi ngay: K, =4'007'009'006 ~ 4x10° =4X* (viéc

phan chia 3 chit sb chéc tai vi X = 1000 c6 3 chir s 0, phai khong nao?).
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Tiép tuc bot 4X° va nhén [=], thi biéu thie (X +2)° +(X? )X +3X +2)— X* —4X°
cho ta K, =7009006

Néu da “ldo luyén” © thi nhin qua ngay cai s6 nay da biét 1a K,=7X*+9X +6 roi chur

cha can phai x4p xi lam gi nita, tham chi biét dugc két qua sém hon tir K, roi kia. ©
Céc ban hiéu rdi chr?
Vay: f(x)=x"+4x’ +7x* +9x+6 ©
Dit van dé: néu chang may can khai trién da thirc ma hé s6 1a phan s6 téi gian thi sao?

2 2
Ching han nhu da thire: f(x) = (% +2x— 1}@ + %) 279

Khi d6 ma x4c dinh h¢ s6 y nguyén nhu cach trén coi nhu to1 roi!

Nhung vi chiing ta khong thé nao “toi” chi vi van dé “bé con con” nay dugc, do do cach

(x> +4x-2)(3x +1)
18

don gian chinh la: viét lai f(x)=

Nhu vay xem nhu di xong, khai trién da thirc nguyén trén tir roi dem két qua chia cho 18

la ok! ©

Mot chtt ¥ réat 13 hitu hiéu vé mat 1i thuyét cho ki xdo nay 13 véi bac 5 tré 1én ma tri tuyét
d6i cuia hé s6 cao gan 100 (tham chi cao hon nhu hé s6 107 & VD1 ddy), thi ki xao nay bat
dau thanh “quy xao” roi ©, nghia 1a két qua bat dau bi sai! Bic cang cao, hé sd cang to thi cai

sal cang tang, va tang rat nhanh bt dau tir bac 5 tro 1én, chu yéu la ta1 bac.

Do d6 bac 5 cac ban khong nén st dung, va chi tiép tuc tinh toan néu thiy nhiing hé sb
dau tién thu duoc 13 nho ma thoi (ndi chung 1 chung ta van thu nhitng hé sé nho 1am két qua

dugc). Con bac 6 thi thoi han! ©

Minh sang tao dugc thém 6 cach nita cho viéc khai trién da thirc khong c6 tham sb nay,

trong do co6 cach hiru hi¢u dén tan bac 10, nhung vi cac ban s€ khong gap loai da thirc nhu
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viy, nén thoi khong viét thém nira. Ciing 13 do cong viéc nay khong phai 1a quan trong trong
deé thi. ©

S¢ di minh néi “vé mit 1i thuyét” 1a vi trong dé thi THPT QG cuc hiém gip da thirc bac
5 tro 1én, néu chang may cac ban c6 gip thi hau nhu tai phuong phap cac ban str dung khong

dung ma thoi, tiéu biéu trong s6 d6 1a binh phuong 1én méy lan, ic ac! ®
b) Pa thirc chira tham s
VDI. Ta xét da thire f(x) = (x —2)(x* + 2mx +1—m) can khai trién ra dang chinh tic.

D& thdy m c6 bac 1 (hdy xem m 13 1 bién nhu x va cac ban s& nhanh chong nhin thay béc
ctia nd nhu di 1am vdi x), nén ta s& tim cach khai trién né ra dang sau: f(x) = g(x) + mh(x),

ro1 nhom lai theo bac cua x.

Nhiing ban d4 hoc sé phirc c6 thay dang nay kha quen thudc khong? Z =a + bi? T y

tudng ap dung z = a + bi d6 ma cach lam sau dugc minh sir dung:

Truéce hét vao MODE CMPLX ([MODE]|2], danh cho toan sb phtc), dung i (don vi o)
thay thé cho m ta dugc da thire: f(X)=(X —2)(X* +2iX +1—1)

(Khi vao MODE nay, dé nhap don vi do 1, ta nhén ).

Sir dung |CALC]| tinh f(1000) ta dugc két qua K, = 998000998 + 1995002, cai ndy thi

sa0? O! N6 chinh 13 van d& ma muyc a d3 giai quyét: phuong phap xap xi! ©
Taco K, ='998'000'998 +1'995'002i'~ X + 22X’
Do d6 f(X)-X’—(2X%)i=-1'999'002—4'998i ~ —2X* —5Xi

= f(X)-X +2X°-(2X*-5X)i=998+2i~ X +2i

Cudicing f(X)- X’ +2X> - X —(2X*—-5X +2)i=-2
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Vay f(X)= X =2X*+ X =2+ QX =5X +2)i= X +2(=2)X> + (1= 5)) X +2(i—1)
Poilaii=m: f(x)=x"+2(m—1)x*+(1-5m)x+2(m—1)

Day 1a f(x) co bic 3 (can nhd d6 1a bac cia x nhé) va van dang con don gian ddy, bac cao
hon hay biéu thirc phirc tap hon ltic iy cac ban sé& thay duoc phuong phap may tinh nay hitu

hiéu dén murc nao.

C6 1 luu y 13 cac ban c6 thé tim phan g(x) trude roi dén h(x) chi khong nhat thiét phai

lam dong thoi nhu minh vira 1am, minh 1am thé ching qua dé d& ton gidy ma thoi. ©

Khi lam vay ta van xap xi nhu binh thuong c6 diéu chi 1am cho mdi phan s6 998000998
con phan 1995002 ctr mic ké nd, nd khong thay doi gi. Tac dung duy nhit va cing quan

trong nhét chinh 13 tranh duoc sai sot khi lam déng thoi.
VD2. Hay tht strc khai trién da thie f(x) = (x* —mx +2m)(2x* +3) ©
Bic cuia m 1a miy? C6 phai bac 1 khong?

MODE||2| va nhap vao biéu thirc: (X2 —iX +2i)(2X?*+3) (lvu ¥ nha: & VDI minh ¢6
ghi thém "f(X) =" thi d6 chi 1a dt tén cho biéu thirc dé d& goi ma théi, khong phai 1a cac ban
cling nhap vao may la "f(X) =" dau ©).

Véi X = 1000, ta dugc s6 phirc K, =2,000003 x 10" —1996002994i . Néu cac ban thanh
thao phuong phap xap xi roi thi dé dang nhan thay bai nay dé hon bai trudc rat nhiéu, vi két

qua c6 nhicu so 0 vas0 9. ©

Cai 10" lai1a 1 cai dé nita vi né gitip ban x4c dinh duogc bac cao nhat cia x thong qua

viéc X = 1000, nhung & ddy thi khong can, 1 rang ta da biét day 1a da thirc béc 4.
Tién hanh x4p xi ndo:

K, =2,000003x10'> —1'996'002'994i ~ 2x10"> —=2x10°i =2.X* —2.X°i
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Bt di, va tinh biéu thirc méi: (X* —iX +2/)(2X* +3)—2X* —(-2.X°)i, ta dugc:

K, =3'000'000 +3'997'006i ~3X* +4X°i, qua dep! ©

Tiép tuc voi (X* —iX +2)(2X* +3)—2X* —3X% — (-2X° +4X%)i:

K, =-2994i =(-3X +6)i

Vay: (X7 —iX +2)(2X* +3)=2X" +3X° +(2X° +4X*> -3X +6)i

Hay: f(x)=2x"+3x> + m(-2x" +4x* =3x+6) =2x"* = 2mx’ + (4m + 3)x* — 3mx + 6m

Luu ¥ rang cach trén chi ap dung véi m c6 bac 1 ma thoi, do d6 mot cau hoi duong nhién

s€ nay sinh...
D6 1a: da thirc sau s& khai trién nhu thé nao?
VD3. Khai trién f(x)=(x —m+D[x* + (m —1)x + 2]

R3 rang m c6 béc 2 va ta khéng dung duoc cach cii vi i* = —1, nghia 1a néu dung i thay

cho m thi s& 1am mat m* trong khai trién, dan dén sai két qua. Kho nhi! ©

bung trude tinh hudng nay, minh da phai xem lai phan giai PT s6 phurc ¢ mai sau, roi

quay lai va thtr &p dung céch khai trién kho khan dé vao bai nay xem sao.

bay la mét cach kha 1a 1a khé khan, vi n6 doi hoi dau 6c ta phai doan mo nhiéu hon, con

doan c6 co s rd rang thi it. ®

Nhap biéu thirc trén vao may & MODE COMP (str dung bién X va M), rdi cho X = 100,
M = 10000

Dé hé trg dugc tot hon, minh s& nhin ngay hé so6 ctia x° dé khtr luon, diéu do ai ciing thay

ngay. Ttrc 12 ta s& nhap luon vao may nhu nay: (X —M +1)(X> +(M -1D)X +2)- X

Két qua nhan duoc 1a: —9998019898
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Kho khin chinh 1a ddy, ta phai x4p xi con s6 "it 6i" nay thanh 1 hang ttr cia X, M. Trong

d6 chic chin X chi c6 bac cao nhit 12 2 ma thdi, vi ta da khir bac 3 ding dau roi.
Néu vay, chi co thé [a: 9998019898 ~ —10"° = —M*X ma thoi! ©
Do d6, stra lai biéu thire: (X —M +1)(X*>+(M -1)X +2)—- X° + M*X
Ta nhan dugc 1 56 kha “xau”: 1980102 ~2x10°
Suy doan tuong tu nhu trén, ta viét dugc 2x10° =2MX
Tiép tuc sira ddi: (X —M +1)(X*+(M -1)X +2)— X° + M*X —-2MX
Két qua dang tir tir giam dan: —19898 ~ —2x 10"

Cai nay thi chon —2.X? hay —2M 14 pht hop day? Bang kinh nghiém cta minh, minh
doan 1a —2.X°! © Khong sao, cur thir da.

Biéu thic (X =M +1)(X*+(M —1)X +2)— X° + M>X —2MX +2X? cho ta dap sé:
102=X +2

Vayconghiala: (X —M + D) (X +(M - DX +2)- X"+ M’ X -2MX +2X> - X -2=0

St dung “nguyén tic TGTTN” cho thay biéu thirc trén thay doi véo veéo khi X, M thay

d6i, nhu vy kinh nghiém cua minh dd khong chinh xac! ®
Nhung khong sao, thir ma, ta thay cai +2.X° thanh +2M 1a okay lién chir gi!

Lannay thi (X —M +1)(X*+(M -DX +2)- X+ M*X —2MX +2M — X —2=0 chinh

xac voi moi X, M

Vay: (x—m+D)x>+(m-Dx+2]=x"—(m’> -2m—Dx-2m+2 ©
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N6i tom lai, phwong phéap xap xi van kha 1a pro © véi nhitng nguoi chiu khé tu duy! Tuy
rang vi 1a xdp xi nén d& nham 14n, va bac ap dung ciing khong duoc qua cao, nhung du dé

cac ban giai dé thi Qudc gia mot cach ngon o roi!
Xép xi 2 bién nhu trén 1a 1 kiéu Xéip xi kho, do dd, ching ta nén lam thém 1 VD nfra.
VD4. Pa thitc f(x)=(mx* +1)(x* =2x+m" —3)

Nhin qua thay hang tir bic cao nhat 1a mx*, va thap nhat 1a m” —3 rdi, nén dam ra lai qua
dé.
Véi X = 100; M = 10000 thi biéu thirc (MX* +1)(X* —2X + M* -3)-MX* -M* +3

cho két qua: 9,9999797 x 10" ~10'

Hang tir can x4p xi thanh chi chita X v6i bac t6i da 1a 3 ma thoi, vi hang tir bac 4 da bi
triét tiéu rdi, M cling tuong tu nhu thé, do d6 néu chon 10'® =M * 13 hoan toan sai. Hon nita
ta dang x4p xi tir cao xudng thdp nén phai wu tién cho bac cua X trudc.

Vay ta co thé xép xi: 10" = M>X?

Tir d6, biéu thie méi (MX* +1)(X? =2X +M?* =3)—MX* —M?* +3-M>X? s& cho két

qua tiép theo: —2,02999903x 10" ~ —2x10"

. . —2M* X .
Két qua nay thi co thé 1a M nhung kha nang chinh xac cao thi thudc vé cai dudi.

Qua vay, két qua ciia (MX> +1)(X> —2X + M> =3) = MX* = M> +3- M’ X* + 2MX° da

—3MX?

giam di kha nhiéu, nghia 1a kha ning dung dang 1én: —299990300 ~ —3x 10° = A

Vira rdi chung ta da phai doan mo, cho nén gip thém lan nay nita thay khong duoc vui

cho 1am! ® Tuy nhién, chd nay s& khong hin 1a doan bai vi néu chon —3M? thi né 13 hang tir
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tu do, trong khi d6 hang tir ty do ta da xac dinh dugc ngay tur dau 1a M? -3 rdi, do do phai
chon —3MX*

Stra 1an cubi, két qua nhan duoc 1a: 9700 ~ 10000 = X

Vasau cung: -300=-3X

Vay ta duogc:

(MX?+1)(X* =2X+M*>=3)—MX* ' —M*+3-M’X* +2MX> +3MX* - X +3X =0
Cha! Xem ra minh d4 khai trién sai roi, “nguyén taic TGTTN” cho biét. ©

Nhung hay khoan cudng 1én ma sira d6i lung tung, cac ban c6 dé y thay la khi ta dung
“nguyén tic TGTTN” dé thir lai biéu thirc trén thi két qua nhan dugc ludn chinh 1a gia tri X

gan vao hay khong? Noi cach khac, diéu d6 c6 nghia 1a:
(MX? +1)(X* =2X+M*-3)—MX* —M*+3-M’X*> +2MX> +3MX° - X*+3X =X
Vay két qua cua ta la: f£(x) = mx* —2mx* + (m* =3m+1)x> = 2x +m* -3
Day goi 1a sy linh hoat dé tim ra cai dung an trong céi sai! ©

Hién tuong “tring nghiém” & trén 1a 1 hién tugng hiém gap khi ta st dung x4p xi dé khai
trién da thirc, va né 1a nguyén nhan dan dén bi sai nhu trén. Vi ching may cip gia tri
(X;M)=(100;10000) lai trung vé1 1 cap nghiém cua da thuec sai, dan dén n6 lam cho da thirc

d6 bang 0 tai cip gia tri ndy, va khién ta tudng 1a khai trién nhu vay 1a ding rdi.

Gap tinh hudng nhu vay cac ban ding voi quay lai xem minh da x4p xi sai tir budc nao,
ma hdy quan sat két qua nhan dugc tir “nguyén tdc TGTTN”, dé xem c6 tim duogc dugc biéu
thirc lién hé nao gitta nhitng két qua nay hay khong, tir 46 b sung ludn né vao, khong can
stra d6i gi dang trude. Quay lai stra s& gy réi ram cong viée ngay lap tirc, va mat thoi gian 1a

cai chac! ©
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Két thuc muc nay, minh cling muon no6i rang minh da sang tao dugc 1 cach khac dé xur
nhung da thirc ma bac cia m cao hon 1, phtrc tap hon. Nhung cach do6 kha ro1 ram, va dé

thi cling khong yéu cau cao cai do, nén minh sé khong viét thém nira. ©

4. Phan tich phuong trinh

Thuc chit minh di timg ¢t muc nay 1a muc 5, nhung thiét nghi viéc phan tich da thirc
nguyén thanh nhan tir cling thudc ndi dung nay nén minh da “cat khau phan” myc 4 cua riéng

no6 di va “di nhap” n6 vao trong nay cho cac ban dd bi phan tan! ©
a) Phwong trinh luwgng giac

Thir nhat muc nay s€ giai thich cho cac ban 1i do minh viét “Con nita” & muc 1b). Muc ay

da huéng dan cac ban cach xac dinh (ho) nghiém dep ciia PT luong giac. ©

Két thiic muc day minh di khuyén céc ban khi giai PT lwong giac nén cho X = 0 ma
khong phai 1 s6 16n, du sb d6 cling c6 tac dung trong viéc xac dinh chinh xac ho nghiém, 1i

do 1a vi: khong can thiét.

Boi vi khong c6 nghia 13 viéc phan tich PT luong gic trong muc nay sé& nhat thiét phai
tim bang duoc ho nghiém rdi méi tim dugc nhan tir ¢ ma phan tich. Ma chiing ta chi can tim
dugc phan chinh az ciia nghiém 1a chuyén sang budc tim nhan tir dwgc roi, tim thém phan
tudn hoan kbz chi to lam phi cong ma thdi. Ching qua vi muc 1b) d6 c6 tén 1a xac dinh

nghiém dep nén minh méi phai lam thé. ©

VD1 (A -2014). sinx+4cosx=2+sin2x
VD2 (A - 2013). 1+ tanx = 2\/§sin[x+;[j

Giai nao! ©
VDI.

Budc 1: tim nghiém.
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Nhap PT vao may: sin(X)+4cos(X)—2—sin(2X)

Gén X =0 cho may gidi, ta dugc X =%

Bay gio quay lai PT, cho gia tri ban dau X =—X (gi4 tri ddi ctia X trudc do), ta dugce tiép

X = —%. Pay goi 14: thir theo kinh nghiém. ©

Budc 2: Tim nhan ttr.

~ 0 A \ , ) /2N T
Nhan tr nao ma chira ca ng va X:_E?

Dé cho don gian, ta s& tim nhan tir dudi dang sin(ax + b)) hodc cos(ax + br)

X A M A 5 1 , 5 [N A A ~ A s
D¢ thay rang nhan tr cosx — 5 chtra ca 2 nghiém trén, nhu vay ta s€ phan tich PT sao
cho c6 nhan tir 2cosx —1

Budc 3: Phan tich.

Dén day 1a rat dé roi con gi: PT twong duong véi 4cosx —2 =sin2x —sinx

. 2cosx—1=0
< 2(2cosx—1)=sinx(2cosx —1) < , ... ©
sinx =2
VD2.
PK: x¢%+k7z

Budce 1: Tim nghiém.

Trudc hét ta duoc X = i% nhu VD1, nhung PT c¢6 thé c6 nghiém khéc, phai 1am sao dé

tim ra ching?
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Cac ban su dung ki xdo t6i wu hoa viéc vét nghi¢m cua PT, cu thé ta stra PT thanh

1+tanX—2\/§sin(X+7[)

=

lai nghiém X = i% nira.

, 161 gan X = 0 cho may giai. Nhu vy may s& khong thé hién thi

Ta duoc tiép X = —%, gan tiép X =—X vin duoc X = —%. Lic nay cac ban gan
o 3z . A .. 3z
X=X+ (thc gan X :T)’ may cho nghiém méi X :T
Nhu vay PT ¢6 3 ho nghiém (c6 thé con nita, nhung chimng ay 1a di r6i ©):
X:i£+k27z;X:—£+k7z
3 4
Budc 2. Tim nhan ttr.

V6i X = i% + k27 - nhan tir 2cosx —1

‘s T T ‘A , . \
Véi X = 4 + ko : gia st no6 la nghiém cua sin(ax + br) thi:

a=1
sin(ax+b7z):O<:>ax+b7z:k7z<:>x:—é7z+k—ﬂ:> 1
a a b:—
4
sin x + cosx

Do d6 nhan tir cAn tim 14 sin(x + %j (hay 1a

N

Budc 3. Phan tich.
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1+tanx:2\/§sin(x+£j @w :2\/§sin(x+£j
4 COSX 4

\/Esin(x + ZJ

COS X

e

) T
sin| x+— |=0
:2\/5sin(x+£)<:> ( 4j
4 1
cosx

C6 nhiéu ban sé& ngay lap tirc bién doi:

1+ tanx =22 sin(x + %j < 1+ tanx = 2(sin x + cos x), boi vi hau hét ching ta khong

thich cac loai cung lién két va do d6 ludn tim cach pha né ra. Lam nhu vy ciing ra thoi

nhung s& khong nhanh bang cach trén, va rat budn cudi boi vi sau d6 lai phai gop lai:
: : T
sinx +cosx =+2 s1n(x +Zj .
Cudi cung minh mubn n6i mot didu d6 1a néu cac ban thir nhan tir bang cach trén tam 4; 5
1an ma khong ra thi phai tir bo ngay may tinh va lap tirc giai tay.
b) Phwong trinh da thire
Pa thirc ciia B6 Gido duc chi co thé 1a da thirc nguyén ma thoi! ©

Sau khi da dugc hoc céach khai trién da thirc nguyén ¢ muc 3a) roi, liéu cac ban c6 sang

tao ra dugc cach phan tich da thirc nguyén thanh nhén tir hay khong?
Hay 1a nghi phan sau thé chi ciing c6 nén khong nghién ctru gi thém nira? ®

Phan tich PT thyc ra 1a dé trinh bay bai, chi “lam dep” trén may tinh théi thi chang c6 gi
kho, nhung s& mat himg qua! ©

Nhu ta d3 biét bt ctr PT da thtc ndo ciing c¢6 thé phan tich thanh tich cua cac nhi thire

bac nhat hodc tam thic bac hai, va do 1a viée phai lam cua chlng ta trong muc nay.

Do do6 néu da thic c6 nghiém thi s€ rat dé, cu thé nhu sau:
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VDI1. Giai PT x° +2x* —=3x’ +3x* —4x+1=0
Vi X = 0 thi Solve cho s6 x4u: 0,3027756377 ®
Mic ké no6 “dep” dén thé nao, ta cr luu vao A d3: X — 4

Ti wu hoa ta lai duoc X = 1. Cac ban cam thiy sao chtr minh thy nghiém nay 1a khong
thich, vi minh da hi vong n6 1 1 nghiém x4u “twong déng” v4i nghiém A kia! ©
X +2X=3X°+3X%—4X +1

Phai doi dén tiép theo 1a giai PT , minh méi dugc cai
(X —A)(X -1)

nghiém twong dong véi A, d6 1a X =-3,302775638, luu ngay vao B.

Nhu minh dé néi trude d6, L — R =—9,02417x10™* ~ 0 nén khong phai lo ling thém gi

vé nghiém nhén duoc ca. ©
Cubi cung thi PT chi ¢6 3 nghiém d6 thoi.

S6 di minh noi cai nghiém B d6 twong dong v6i A vi nhin qua di thay, phan thap phan
gan nhu giéng nhau, va kha ning chung giéng phan thap phan 1a rit cao boi vi & nghiém B
c6 chit sai s6, do d6 néu chiing c6 chung phan thap phan thi d6 sé& la phan thip phan cua A

ma cac ban hién dang thay.

Khi c6 2 nghiém nhu vy, thi yén tdm la ta da tim dugc 1 nhan tir bac 2 cua PT roi, don

gian vi no 1a “2 nghiém lién hop”, cho nén minh mai noéi “Mac ké no6 ‘dep’ dén thé nao”. ©

_b_\/X-x _—b+\/X
s Ny T

Néu chua 18, cac ban c6 thé xem lai 2 nghiém cua PT béc 2: x, = 5 5
a a

R rang day 1a 2 nghiém lién hop ra s6 dep, va tong ciing dep, vi 18 d6 ma ta d& dang truy
A+B=-3

duoc cai nhan tir bac 2 kia, béng cach Viet: { Be

Vay PT ¢6 nhan tir bac 213 (x* +3x—1) va 1 nhan tr bac 11a (x—1)
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Céc ban con nhé cau két & muc 1¢) (K¥ thuat xac dinh nghiém dep PT vé ti) khong?

S¢ di minh no6i k¥ thuat & muc d6 chua két thic 1a vi ¢ ddy con 1 cach nita xac dinh
nghiém dep st dung Viet, khi c6 dugc nghiém lién hop (& muc dé khong cd nghiém lién
hop), cac ban da thay & trén. Va néu dang giira luc giai PT thi ta str dung luén “nghiém lién
hop” s& nhanh hon do TABLE nhiéu. Do ¢6 ma minh méi dé né sang phan nay chir khong

viét tiép ¢ muc 1c¢).

Nhan day minh ciing bd sung ludn 1 meo nita cho 1¢), ciing st dung Viet dé 1ay nghiém

dep nhanh hon ma khong can phai ghi ra PT béc 2 chtra no.

D6 1a néu tinh A + B va AB ma ra s nguyén, thi tinh lun 2 biéu thirc sau, d6 chinh 1a 2

A+ B+./(4A-B)

2
A+B-J(4- By
2

nghiém can tim: (cai nay chinh la Viet phai khéng? ©).

S& di minh néi s6 nguyén 14 vi hau nhu phan sé khi tinh 2 biéu thirc trén déu khong hién
thi duoc dang dep, lai van ra sé x4u nhu cii. Nhung néi chung meo nay khéng quan trong, vi

cong thuc trén hoi kho nho.

Quay tr¢ lai van dé chinh nhé, nhu vdy nhan tir cuéi cung cua PT chédc chan bac 2, vi PT

da cho co bac 5.
Hon nita nhan tir 46 vo nghiém, vi ta da khong kiém thém duoc nghiém thir 4 nao nira.
Do d6, chia da thirc 1a c4ch nhanh nhat.

5 4 3 2
Dén day, thong minh 1 chut cic ban sé& thay viéc chia X +2x 3x2 30 At hoan
(x=1D(x"+3x-1)

toan c6 thé bAm may, bai vi d6 chinh 1a: phwong phap xap xi! ©
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X +2X* =3X° +3X*—4X +1
(X-A)X-1)(X-B)

Dé nguyén biéu thirc trén man hinh réi gan X = 1000 ta

X°+2X* - 3X°+3X*-4X +1
(X -1)(X*+3X 1)

thu duoc =1000001, va khong kho dé luan ra dugc no chinh
1a nhan tir (x* +1)

Viy sau vai dong phan tich (vi trong bai thi cac ban khong duogc viét ngay két qua cudi

cung cua viéc phan tich), ta dugc:
¥ 42x" -3 43 —dx+l=0 .. -DX*+D)(x*+3x-1)=0

Minh muon néi thém 1 cach khac xac dinh nhan tir bac 2 cudi cung néu trén, nhanh hon

phuong phép chia da thirc néu trén 1 chit, ma linh hoat c4c ban s€ nhin ra, nhu sau:
Ta d3 biét duoc: x° +2x* —=3x* +3x* —4x+1=(x = 1)(x* + 3x = D)(ax* + bx +¢)

Nhin hé s6 dau cudi trong PT, va hé s6 dau cudi cta cdc nhan tir (x —1); (x* +3x-1) ta

dé dang c6 a=c =1, do d6 chi can ding may tim b ma thoi.

: X 4+2xt =3 +3x —4x+1

- =x? +bx+1 nén ta gan vao X 1 gia trj bat ki dé tinh:
(x—1(x"+3x-1)

X5+2X4—3X3+3X2—4X+1_
(X-A)(X-1)(X-B)

xacb=0

X2 -1, rdi chia két qua nhan duoc cho X, luén ra chinh

Gia tri X bat ki, diing khong nao? ©

Trude khi tiép tuc VD2 minh can ndi vai diéu quan trong chd sir dung Viet dé tim nhan

tor bac 2 tr 2 nghiém A, B.

C6 1 sy cb k§ thuat c6 thé xay ra ¢ chd do, 1a khi tich AB dep (ludn ludn dep), nhung

téng xau (sd dién thoai).
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Van dé€ do da khién minh rat thac mac, va cho dén nay minh méi hi€u ra, rang né thuc

ra cling 13 sé dep théi, cu thé 1a phan s6, nhung phan thap phan lai khién ta tuong 1a vo ti.
Viy lam sao tir s6 dién thoai nay c6 thé lién hé dugc dén cai phan s d6? ©

Néu AB ma 14 1 phan sd, thi cdc ban nhan ngay lap tirc cai tong A + B nay véi mau so

clia AB, sé& ra tir s6 cta A + B, thé thoi. ©

Con néu n6 khong 1a phan sé thi... s& khong co chuyén nay! ©
VD2. Giai PT x* +3x’ +x* +4=0

Lan giai dau tién that 1a nan: L — R =102279300,5 ®

Gap truong hop nhu vay nén dat lai gia tri ban dau hon 1a tiép tuc lam theo Iénh

“Continue: [=]”, cu thé minh dit lai X = 10, va chd doi. ..
Hurm, tinh trang van y hét nhu cii! ®

Nhung chua hét dau, ta van con gia tri ban dau X =-10 ma, va qua thuc lan nay, su kién

nhin di dugc dén dap xing dang: con s -2 tron trinh! ©

Tuy nhién kho khin chua dung lai & 6! Bang chimg 1a cac ban khong thé truy thém

nghiém ndo nira du toi uu hoa bang moi cach, phai ching PT chi ¢6 1 nghiém duy nhat???

Trong tinh hudng “tac nghi¢ém” nhu vay, cac ban nén st dung kién thirc vé PT ctia minh

dé xur tiép, cu thé 1a dao ham.

Ta c6 dugc bang bién thién nhu sau:

X —00 -2 —l 0 +00
4
£ (x) — + — +
1029
+00 — +00
f(x) 256
0 4
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Nhin vao d6 thdy ngay PT chi c6 1 nghiém duy nhat x = -2 ma thoi.
Pén day minh dat gia thiét 1a cac ban dang can phan tich PT trén thanh nhan tir, vy
chung ta s& phan tich thé nao khi né chi c6 1 nghiém nhu vay?
R& rang vi PT ludn phan tich dugc thanh 2 tam thtrc bac 2 nao d6, do dé6 -2 phai la
nghiém cua it nhét 1 trong 2 tam thirc d6, nhu vay tam thirc nay c6 nghiém kép, noi cach
khac, n6 chi c6 thé 1a tam thic (x +2)?

43 +xr+4
(x+2)2

Do d6, nhin hé sb ta dwoc nhan tir con lai 1a: x> +bx +1=

Dé dang bamra b=—1
Tu tin dén véi tinh hudng kho nhit nhé:
VD3. Giai PT sau trén tap sb phirc: 2x* + x> +4x* +2x+3=0

Xéc dinh 1a trong bai thi loai PT nay chi c¢6 thé ra ¢ cau sb phirc thdi cac ban nhé, va do

do6 no6 thuong khong c6 nghiém thuc ma chi cé nghiém phure.

Nhung du nghiém gi di nira, thi dén 99% chac chan rang “cac vi” muon céac ban phai

phan tich PT thanh 2 tam thurc bac 2, tir d6 giai ra cac nghiém.
Loai nay minh d3 gip kha kha nhiéu & ciu sb phuc roi. ©

Minh ciing néi luén 1a PT nay khong c6 nghiém thyuc dé cac ban d& Solve nita, bay gid

chi con viéc sir dung may tinh phan tich n6 ra 2 tam thirc bac 2 vo nghiém.
Lam cach nao day?

Minh s€ néu ra day 1 cach dua vao kién thirc va sy linh hoat ma minh da str dung trudce

day, vi khi 4y minh chua c6 cach nao nhanh hon dé phan tich dang nay.
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Thir nhat 1a: hé sb sau phan tich hau nhu ludn 1a sd nguyén nho, d6 1a dic trung cua 1 cai
dé dep: danh vao kién thirc suy luan chir khéng danh vao viée tinh toan xur 1i nhitng sd xau,

va doé 1a xu hudng ra dé ciua BO.

Tt d6 nhin hé s6 dau va cudi cia PT, suy ra hé s6 dau cua 2 nhén tir lan lugt 1a 1 va 2, hé

s6 cudi cua chung 1a 1 hodc 3
Cin cir vao d6 minh bt dau dung may tinh thir 2 truong hop sau:

2X + X2 +4X?+2X +3

Y i BY 13 . Néu v6i X nguyén ¢ dinh, minh cho
+BX +

+ THI1: nhap vao may

B chay trong cic s6 nguyén ma két qua phép chia nay nguyén, thi théa mén, vi von di cac hé

sO nhén tir déu nguyén.

Thir hai: thong thudng 12 B nho, tim trong khoang [ —5;5] nén minh s& gan X = 10 rdi

tién hanh chay B trong khoang nay...

21423 7141 21423 21423 7141

b b b 2 AR

Vang, cac gia tri 14n lwot nhan dugc nhu sau:
21 73 83 31

Néi chung 13 cha c6 s6 nao nguyén cho ca. ®
Do do ta phai xét sang TH2.

2X'+ X +4X? 42X +3

+ TH2: stra thanh 5
X "+BX +1

Phan 4m ciing kh4 nan, nhung dén B = 1 thi két qua rat dep: 193. Vay kha ning 1a ta co

nhéan tir (x* +x+1), va khi d6, dé dang chia ra nhan ttr con lai 1a (2x* —x +3)
Bay gio chi can dung “nguyén tic TGTTN” 14 két thuc van dé. ©

Thuc t€ cac ban da nghi rang, nhd may man ma chi can thir dén TH2 1a c6 dugc két qua
01 phai khong? Vi hé s6 dau cua nhan tir can tim nhén 1 hoac 2, va h¢ s6 cudi cling ¢6 2 cach

chon, nén ddy du ra ta phai xét 4 TH.
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C6 that 13 nhu thé khong? ©

Oh no! Trén thuc t€, vi d€ chi ra hé s0 1a nguyén va dudi 10, nén d€ y mot ti cac ban s€

nhén ra ngay quy luat, do la chi can xét 1 nira cua tong s6 TH 1a xong roi.

bicu nay khong kho dé hiéu dugc, chi can céc ban chiu kho liét ké s6 udc nguyén duong
cua céc soO tu nhién tir 1 dén 10 1a rd. Va chang vi viéc chung minh di€u nay khong quan

trong, nén cac ban chi can nhé léy cai quy luat do 1a duoc roi, minh khong noi thém nira. ©
Tham chi, néu khong biét quy luat nay, thi cac ban chi can thir theo cach sau:
+ Cho hé s dau tién ctia mdi nhan tir chay dan tir thip 1én cao.

+ Ung v&i moi gia tri cia no, ta ghép vai tat ca cac gia tri co thé cua hé so cudi, roi thir

ting truong hop.

Nhu da néi, cac ban cung lam cho hé s6 dau chay hét 1 ntra s6 gia tri ¢6 thé cua n6 la

xong 10i, s& khong phai chay hét tat ca dau.

Cu thé nhé: trong bai phia trén, hé s6 dau c6 thé nhan 1 hodc 2, cudi nhan 1 hodc 3. Nhu

vay:

+ Cho hé sb dau chay lan luot tir 1 dén 2.

+ Ung v6i mdi gia tri 1; 2 d6, minh ghép véi hé s cudi 1a 1 hodc 3, do d6 s& co tit ca 4
TH dé thur.

Va cac ban da thay day, minh chi can thtr voi hé s6 dau bang 1 1a xong roi1, khong can thir

thém sb 2 nira, nghia 1a dang ra ¢6 4 TH nhung chi can mot ntra thoi, 2 TH 1a duoc.

R rang cach nay c6 thé xtr 1i hdu nhu cac bai can phan tich thanh nhén tt trong dé thi
Quéc gia, nhung do nhanh phu thudc vao dé va su linh hoat, kinh nghiém ctia nguoi lam kha

nhiéu, do d6 chua phai la cach t6i uvu.

Va van dé nay, van can phai nghién ctru ti€p...
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Vay la d3 qua dang kho nhét rdi, nhung muc nay chwa xong dau! ©

VD4. Phan tich PT 3x* —2xy— y* —10x -2y +3=0

2 an can lam chu, hoc bay gio luc sau hoc gidi hé PT 2 an sé don gidn hon rat nhiéu day,

vi minh viét theo logic cai sau trng dung cai trudc, nén khong thira dau! ©

“Céac ban s€ dugc luyén tap lai muc nay moét 1an nira day!...”, c6 nhd da doc cau nay &

muc nao phia trude roi khong? ©

Néu khong nhé thi tim lai nhé, thuc ra cac ban da dugc biét cach lam roi day, & muc nay

chi mang tinh luyén tap lai thoi.
Nhép PT vao may, dung Solve giai tim X voi Y = 1000, ta dugc X =1003 =Y + 3
Vay nhan tr dau tién 1a (x — y—3) ©
R& rang véi Y = 1000 thi PT trén bién thanh PT bac 2 4n X, nén ¢6 thé ¢ nghiém nita.
Vang, khong can tdi uu hoa ciing d& dang tim dugc nghiém thi hai:

X =-333 :—9%:—%_1: nhan tir con lai 1a 3x+ y—1)

Két luan: PT < Bx+y—1)(x—y—-3)=0
Nh6 cai mau chét tu duy ctia chiing ta 1a hé s6 thuong nho trong khoang [—5;5], nén méi

viét lai =333 = —@, thi méi c6 thé tim dugc nhan tir hop li. ©

3
VDS5. PT 3x°y —xy° +xy —2y° —=3x =9y +5 =0
Bai nay thi ty lam thoi nhi? Khé hon bai trén ddy, nhung ciing khéng khé 1am! ©
Két qua dé @i chiéu nay: Bx—y—5)(xy+2y—-1)=0

Luu y da tirng néi: nghiém ra ma vo ti thi da thirc khong phan tich dugc thanh nhan tir.
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* Phan doc thém: phan tich PT da thirc 3 4n x, v, z! (doc thém nén khong viét riéng ra ©).

Céch phan tich 3 4n ciing khong phai 13 kho 1dm dé nghi ra vi né twrong tu nhu 2 an théi.
Minh khong truc tiép nghi ra nhung minh thdy né ciing tam tam, nén gidi thiéu vao day. Tur
cai cach d6 cac ban co thé hiéu sau sic duge mo tip chung ma ta dang st dung dé phan tich

da thirc nhiéu an.

Céch d6 nhu sau: ding Solve giai PT 3 an can phan tich theo bién x, trong d6 2 bién y, z
duogc gan lan lugt 14 Y = 10; M = 100 (trong may tinh khong c6 bién z nén thay bang M).
Nhu vay, nghi¢ém X thu dugc s€ phan tich lai theo Y, M, cu thé: X =a¥ +bM +c trong do a,
b, ¢ dugc lya chon sao cho chung thude [ —5;5]

Nhin qua 1a thiy kho khin ting 1én nhiéu so v&i 2 4n r6i. Vi ching ta phai phan tich duoc
1 con s6 thanh 1 biéu thic 2 bién, 3 hé sd. Trong khi d6 v6i 2 an, ta chi phan tich X =a¥ +b
thi chi 14 1 4n, 2 hé sb thoi (ma doi khi con 1am sai nita 1a ®).

Minh khéng 14y VD gi ¢4, cac ban néu mudn thir thi ty bia ra thoi (cach bia: viét 1 da

thirc 3 4n da phan tich, sau d6 dem khai trién bang tay ra, s& duoc cai dé bai dé ma thir ©).
Nguyén tic thi da c6 roi, cho nén... The end!
¢) Phwong trinh vo ty

Vi loai PT nay, ngoai k¥ thuat vét nghiém ma céc ban da biét, thi ching ta con cé thé sir

dung 1 cach khac, d6 1a theo kinh nghiém. Tt 1 nhdp gia tri khai dau phu hop.

Ta gan X lan luot 0;10; —10 cho mdy giai, thi trong hau hét truong hop s& vét dugc hét
cac nghiém cua PT.

Con 1 kinh nghiém khéc, 1 v&i PT v6 ty, néu nghiém 1a vo ty thi s& d& dang giai trén
MTBT hon tat ca cac loai nghiém khac. Piéu ndy c6 vé kho tin?

Chinh x4c! Chung ta thuong that vong khi nhan dugc mot “sd dién thoai” tir viée giai PT

ctiia may tinh. Va khi d6, han cac ban phan nhiéu da “roi may” va giai tay. ®
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Nhung di€u do ciing t6t thoi, nd 1am cac ban it phu thudc vao may tinh va bude céi nao

minh phai chién ddu manh hon. ©
Minh néi that d6, xong phan nay rdi cac ban s& mong nghiém x4u ngay lap tirc! ©

Con 1 diéu “bi an” nira, d6 1a néu PT ma phai dit nhidu diéu kién (it ciing tuong tu), thi
cac ban hiy xem c6 thé dwa duoc nd vé dang khac (PT hé qua) ma sb diéu kién phai dat 1a it
hon hay khong. N6i chung 13 thuc hién 1 bién doi nho giam bot diéu kién, néu c6 thé. Khi do
hay nhap PT hé qua d6 cho may giai chtr dimg dung PT ban dau.

Li do cua viéc lam nay 1a dé nang s6 nghiém 1én, vi PT hé qua c6 thé c6 thém nhiing
“nghiém ngoai lai” ngoai nhing nghiém cta PT gdc (do diéu kién bi giam bét di). Khi cang
c6 nhiéu nghiém, viéc truy nhan tir s& cang dé dang. Con viéc loai “nghiém ngoai lai” thi

khong nam trong k¥ thuat CASIO.

Tiéu biéu trong s6 d6 1a PT c6 chira phéan thire, chi can nhan mau 1én 1a mat luén BK cua
mau, tuy nhién minh néi l1a dé€ luu y luc cac ban lao vao “cudc chién” ma thoi, & day hau nhu

khong ¢6 PT nao phai “bién hinh” nhu vay ca.

Véi kién thire CASIO dén liic ndy thi chac cac ban phai hiéu dugce dén 90% li do viéc 1am

cta chiing ta roi phai khong?
Tét day! © Bay gid moi cac ban xem!

1)) Dang PT chtra 1 cin cta nhi thirc bac nhét

VDI1. 2x* —6x—1=~/4x+5

Pumng quén dat diéu kién nhé: (Xau thé! ©).

@® Céch thir nhét
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t>0 5 2 5
Pit Vax+5=t<1{ ;_s, thuduoc PT hé qua: 2(f ;5j —6(t gsjq:t
X =
4

.....

Cu thé n6 1a cai PT bac 4: (£* —5)* —12(#* -5)—8:-8=0

Tai sao minh lai viét lai nhu thé? La d€ may giai do “ton suc” thoi, chir nhap nguyén cai

trén vao cling dugc, nhung s¢ lau.
Vay ta truy dugc 4 nghiém t.

Do d6 ta phan tich PT thanh: (> —2¢—11)(¢* +2¢t—7) =0 (PT nay da rat gon hé sb). L&

may né vo nghiém thi cac ban ciing biét cach phan tich né thanh nhan tir dugce roi.
Dén day cac ban c6 thé giai t ra nghiém dep rdi thé vao giai x, néu khong thi:
Thé quay lai t =+4x+5 vao ta dugc: (4x—6—-2v4x+5)(4x—-2+2V/4x+5)=0

Rat gon di: (2x—3—~/4x+5)(2x —1+~/4x+5)=0
Cai nhan tir 13 PT co ban rdi, viéc giai né khong phai 1a viéc cia minh. ©
@ Cach tht hai
Céch nay han da c6 rat nhiéu nguoi di doc no roi, trong cac group vé CASIO trén mang.

D6 1a sir dung MODE TABLE (minh d néi tir trudce rdi ma, chirc nang nay rat quan
trong! ©).

Cach nay rat nhanh, boi vi giai truc tiép ludn x bang Solve ma khong phai dit diée gi ca.

x _ X =-0,4142135624—> 4 .
Solve dé dang thu dugc 2 nghiém: (tinh y thi nhan ra dugc
X =3,732050808 — B

nghiém tht nhét chinh 1a 1-2 ©).
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Co so cua cach nay bat ngudn tir vi€éc quan sat nhan tir & Cach 1, cu thé ta viét cac nhan

2x—+4x+5=3

tor nhu sau: , tr do suy ra dang chung 1a ax+cv4x+5=>b (trongdd a, b, c

2x++4x+5=1

déu nguyén).

Nhu vay voi 1 gid tri ¢ ¢d dinh, néu ta co thé dung TABLE do duogc gia tri a nguyén, sao
cho két qua ax +cv4x+5 1a 1 gia tri nguyén (12 b), thi coi nhu da xong.

Gia tri c thi ta lya chon dua vao kinh nghi€m théi. Theo minh, céc gia tri a, b, ¢ d6 chi co
thé thudc khoang [ —5;5] ma thoi, do d6 ta ctr chon tir 0 trude, riéng c thi hé sé cia cin nén

c#0

Truée hét chon ¢ = 1, nhap vao MODE TABLE biéu thitc f(X)=XA++44+5 (nén

nhé X 1a d@é do, A méi 13 bién chira cai nghiém da giai duoc).
Khoang chay khuyén dung trong sach nay la [ —14;14] voi Step = 1

Man chay dau tién rat thuan loi, c6 ngay f(2)=1<24++4A4+5 =1, nhu vay da tim

duoc nhan tr (2x —1++/4x+5)

Man chay thir 2 1a v6i f(X)=XB++/4B+5, ciing dé dang thu duoc f(-2)=-3, vay ta

dugc 2B ++4B+5=-3=2x-3—-+/4x+5)

Qua day cac ban c6 nhan ra 1 diéu 1a khi nhap biéu thirc vao TABLE, ta chi can léiy ctul

dén 5 ma khong can lay cac sd am tir —1 — —5 hay khong? ©

Nhin vao 2 nhan tir cia PT & Céch 1, cac ban hin s& cam tudng réng ta phai chon ¢ ¢ 2
lan chay lan luot 12 1 va —1 thi méi thanh cong phai khong? Nhung thyc ra ca 2 1an déu da
dé ¢ = 1 day thoi, 1i do rat don gian: vi c4x +5 =b—ax nén ta chi cin chon ¢ duong, con
viéc quyét dinh viét dau ciia ¢ Am hay dwong trong nhan tir chinh thirc s& do a, b dam nhan,

minh "khong can quan tam". ©
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Viy qua 2 cach thi hin cac ban s& gat dau lia lia véi Cach 2, vi ding né c6 vé nhanh
hon, nhung minh lai dé Cach 1 1én dau boi né rat 14 tu nhién, c6 thé vira trinh bay vira bam,
va d6 ciing 1a cach xua nay nguoi ta van stir dung, con phan tich thanh nhan tir nhu Cach 2

thi nhanh ddy nhung hoi thiéu tu nhién. ©

VD2. 24/x+3=9x*—x—4

@® Céch thir nhat

Dit Vx+3=t=>x="-3=2t=9(t* -3 - (+* -3) -4

Ta dugc cac nghiém t sau: X =2; X =1,474809634; X = —%; X =-1,808142967

O day 2 nghiém 1é khong cung phan thap phan, nhung van c6 thé 1a 2 nghiém lién hop,
do d6 ma ta van phan tich duoc: (3#* +1—8)(3t* —t —10) =0, khong c6 gi phai n6i thém! ©
@ Cach tht hai

Luu ¥ rang TABLE hau nhu chi hiru hiéu v6i nghiém x4u thoi nhé, d6 chinh 13 nhuoc
diém cta n6 da bit dau "16 dién™! ©
Va do6 ciing 1a li do tai sao minh da noi 1a cac ban s€ thich nghiém x4u hon sau khi hoc

xong phan nay.

Minh chi can do dugc 1 nghiém xdu 4 =—0,8249365445 1a lao vao TABLE ngay, con sb
1 kia thi khong gitip duoc gi.

Voinghiém A: f(X)=X4A++VA+3,tadugc f(3)=—-1=34+JA+3+1=0,d61a
nhan tor Bx++x+3+1)

Vay nghiém 1 con lai 1am sao giup ta do dugc nhan tir con 1ai? RS rang véi 1 ma lam

theo cach trén ta thu duogc tat ca f(X) déu 1a gia tri nguyén.
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Trudc do thi vira do vira cau mong 1 gia tri nguyén nao do s€ mau chong 10i ra dé ma
"bOp" ngay, lan nay ca dong no tuodn ra lai chang ddm lay cai nao nira, du thira biét rang "han

ta" ciing dang gidu mit trong dong do. ©
Con 1 nghi¢m nfra thi chi c6 1 nhan tir nira théi, do do, viéc chia biéu thirc s& cho ta biét!

Minh chua nghi cach nao khac hon ngoai viéc quyét dinh chia biéu thirc chira can 1
phen. Du diéu d6 lam cac ban cam thdy kho khan, nhung minh thi khéng, don gian vi minh

da co 2 tur: Ky thuat. ©

f(x) _9x2—x—4—2\/x+3
g,(x) 3x+/x+3+1

D6 1a "k thuat chia biéu thirc chtra cin": g,(x)=

Trudc tién ta du doan dang cua g,(x), nod thuong cung dang vé1 g,(x), nghia la ta gid st
g,(x)=ax+b+cy/x+3. Thyc ra trong dé thi nhan tir vo ti chi c6 dén thé nay 1a ciing, néu
ching may céac ban c6 gip nhan tir bic cao hon (VD: ax? +bx + ¢ + d~/x + 3 ) thi kha ning 13

cac ban chua phan tich hét thoi. ©

K§ thuat nay minh s& huéng dan ki cang va thyuc hién nd qua may VD sau, vi n6 hoi khé

nhd. BE nam chac no6 cac ban phai hi€u dugc ban chat va thuong xuyén luyén tap.

9X* - X -4-2JX+3

Trudc hét nhap vao may:
P 4 3 X+ X +3+1

CALC| va lwa chon X sao cho gia tri VX +3 13 s6 vo ti (do d6 X + 3 khong thé 1 sb
chinh phuong): minh cho ngay X = 0 1a dep nhét, thu duoc két qua —1— V3

S& di 1am vay 1a vi minh mudn phan dinh rd phan vo ti (—\/g ) va phan hiru ti (—1) trong
két qua dé tién hanh 1am budc tiép theo, mudn thé phai lam sao cho két qua c6 cin, tirc phai

chon X sao cho /X +3 1a s vo ti, thi két qua madi c6 can dugc.
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Tiép theo, vi g,(X)=aX +b+cv/X +3, ma két qua trén lai chinh 13 g,(0), nén ddng

ha a.0+b=-1 5 )
nhat ta co Sb=c=-—
Jo+3=—3

2
Véytaducyc:aX—l—\/X+3:f(X)©aX:9X X -4 2\/X+3+1+

X+3
g,(X) 3X +VX +3+1

9X?>—X-4-2JX+3
+1+

X +3
3X+\/X+3+1

Quay lai biéu thirc d3 nhap, stra thanh

Theo trén, ta tinh biéu thirc méi nay voi X bat ki sau d6 chia két qua nhan duogc cho X,
ludn nhan duoc 1 s6 ¢b dinh, va d6 chinh 14 gia trj ctia a: a=3 ©

K&t luan nhan tir con lai 1a 3x—1-/x +3)

Thé nao? Thay bat ngd chtr? Pay chinh 1a k§ thuat minh thich nhét trong phan nay day!

Noi lai, ¢6 2 diém méu chdt ma cac ban phai hiéu li do cua no:

+ Piém 1: suy doan ra duoc dang cia g,(x) dé sau d6 dong nhat voi két qua.

+Diém 2: dé lay duogc 1 két qua cu thé dem dong nhat vé6i cai dang da biét kia, phai lua

dugc X gan vao sao cho két qua hién rd dugc dang cua g,(x), tuc 1a gilt dugc can.

Du c4c ban c6 dung cach gi dé tim nhan tir kia di nita thi cich ndy van 1a nhanh nhat, it ra

la trong truong hop nay.

Tiép tuc hoc roi cac ban s€ dugc thay n6 con "manh" hon nhirng gi vira xong, khi chirng

kién no "xtr dep" nhitng phép chia nhiéu can phtc tap! ©
VD3. x> —15x—18 —(2x> = 6x—18)Vx+1=0
Minh van thir 2 cach nhé!

@® Céch thir nhét
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Ta chuyén duoc vé PT an t: (> —1)> —15(£> = 1) - 18— 1[2(+* —=1)* — 6(¢* —=1) - 18] =0

Téi wu hoa khong c6 nghia 14 s& khong bo sét nghiém, minh gip ngay 1 phat "Can’t
Solve" dui da ti wu hoa, nhung sau d6 thay doi gia tri khoi dau va nhan thém duoc nghiém
thir 4. Hiy nh¢: k¥ thuat "don phwong doc ma" manh my ciing khong thé danh bai mot

nhom k¥ thuat nhé cung phéi hop.
4 nghiém, va c6 2 nghiém lién hop: 4=0,7320508075; B =-2,732050808; X =1; X :%

Viy chang c6 gi kho dé tim ngay ra 2 nhan tir bac 2 ctia nd: (£ + 2x —2); (262 =3¢ +1)
Nhan tt con lai bac 1, chia 1 xong: (1—¢), 6 viy héa ra khong phai nhu trén!
Y minh 1a phai phan tich nhén ti thé nay méi hop 1y: (26 —1)(#* +2t - 2)(t—1)* =0 ©

Thé can vao: 2Vx+1-1)(x—1+2Jx+1)(1-J/x+1)*=0
Gia sir ta phai chia biéu thirc nhu ¢ VD2 thi d6 qua 1a 1 thach thirc 16n d6! ©

@ Cach thu hai

‘A

2 nghiém: X =0; 4=-0,4641016151 d& dang tim duoc, thé nhung néu giai tiép cac ban
c6 thé s& gip X =1x10~° nhu that! Thuc ra d6 chinh 12 nghiém X = 0 théi, nhung do su sai
s6 nén du d3 tdi vu hoa, may van hién lai duogc nghiém cii, cé diéu phai hién ¢ dang sai sé,

khong thé "tuyén b thang thimg" X = 0 dugc. ©
Véi nghiém A kia, cho TABLE do dugc nhan ta: (X —1+2vX +1)

f(x)  XP—15X —18—(2X*—6X —18)VX +1

®
g,(x) X-1+2vX +1

Vay ta phai chia biéu thirc: g,(x) =

K¢ no, chia nhu trén thoéi, phai thir hét qua cac cong cu da biét ro61 maoi két luan dugce chur!

2,(x) ta van doan dang nhu cfi, coi nhu 1a chua biét gi hon: g (X)=aX+b+cVvX +1



Lam Hiru Minh - sherlockttmt@gmail.com

a+b=11

Chon X =1 cho c@n no vo ti nhé, ta dugce: g,(1)=11 ~8J2 :>{ 9
c=—

Lam sao timra a, b day? RO rang ta can 1 lién h¢ nita cia a, b, mudn vay ta thém 1 gia tri
X nita, van phai dam bao gia tri can 13 so vo ti.
2a+b=16

Chon tiép X = 2 ta duoc: g2(2):16—10\/§:>{ 10
c=-

Sao gia tri ¢ lai thay d6i thé nay??? Clr tudng da biét ¢ = -8 r6i chi?

Diéu ndy minh dua ngay dén viéc nghi rang ¢ khong phai 1a hang s6 ¢b dinh, 1 rang la
4a+b=26

cho X =4 lai nhan duoc 1 gia tri khéc: { 14 vay no c6 dang: c=mX +n
c=-

Tacla g,(X)=aX +b+(mX +n)vX +1

a+b=11 s
Trudc hét ta giai a, b trude da: { 2a+b=16 @{a_
4a+b=26 B

3 PT 2 4n ma c6 nghiém duy nhat nhu vay thi kha ning a, b 1a dung roi do.

m+n=-8 5
. m=—
Bang cach tuong tu, ta dugc 2m+n=—10<:>{
dm+n=-14 "

Vay khd ndng cao 1a g,(x)=5x+6—-(2x+ 6)@ . Lam sao biét chic dugc day?

O, "nguyén tic TGTTN" thoi, chang con gi khéac nita. ©

Vang, chinh xéc: PT < (x—1+2Jx + D)[5x+6—(2x + 6)/x+1]=0

Céc ban nén nhé rang [5x +6— (2x + 6)@ ] chua phai la 1 nhan tr co ban (nhan tr

trudc maéi phai), nén co6 cé thé van phan tich tiép duoc.

Nhung né cé chira nghiém x = 0, day 1 1 nghiém v6 dung dé c6 thé phan tich tiép cai

g,(x). Do 1a mot sy bé tic ctia Cach thir hai khién ta phai ding tai day! ©
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Tuy khong giai quyét dugc hét bai toan nhung né ciing cho cac ban 1 kinh nghiém quy
gia, 46 1a khong nén chia biéu thirc vo ti chi véi viée thir 1 gid tri X, phai it nhat tir 2 trd 1én
(vira roi minh da dung 3 gid tri 1 1; 2; 4), dé dé phong nhan tir nhan dugc chua phai 1a co

ban (con c6 thé goi la nhan tir chua "to1 gian").

2)) Dang PT chita 2 cin ctia nhi thirc bic nhat

Muc 1 va muc 2 nhé nay chi yéu 13 ap dung nhiing gi da duoc hoc tir trude, do d6 khong

kho dé nam bit.
VDI. x—6—+x+2—-4Jx-3+x*—x—-6=0
Day qua thuc 1a 1 PT chira 2 cdn cta nhi thic bac nhat, boi vi x* —x — 6= (x + 2)(x - 3)

Cac ban sir dung cach nao? Giai nghiém tim nhan tr ha?

Néu dung cach ay thi trudc hét phai doan duogc dang nhén tir. Néu né chi chira 1 can thi ta

dung ax+b +cy/x+2 hay ax+b+c/x—3 dé do cling duoc, cong viée rat don gian, nhung

néu no chira 2 cin, tic 12 ax +b + c/x + 2 +d+/x — 3, thi khong don gian vi ta phai c¢6 dinh
ca c 1an d, tirc 2 an, phép thir s& kha lau. Chua ké trong qua trinh hoc cac ban s& thdy nhiéu
PT c6 tir 3 can "tdi gian" khac nhau tré 1én (d6 1a loai can khong thé viét thanh tich cta 2 cin

nho hon), chtr khong phai it can nhu nay dau! ©

N6i cach khac, viéc ding Céch tht hai nhu ¢ truong hop 1 cin gan nhu nam dén 70%

tht bai! ©

Hon nita néu 1am theo Céch thir nhat thi ta da duoc hoc 1 cong cu roi (khong nhiing thé

duogc hoc nhiing 2 1an), do d6 dai gi khong dung.

g {\/x+2 =u
bat

x—-3=v

=V -3-u—dv+uv=0

Viéc viét cai x — 6 thanh v? —3 & ddy minh lam mo 1 chut, néu da thirc 2 4n nay khong

phan tich duoc thi khi d6 stra lai thoi.
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Ap dung cong cu phan tich da thirc 2 4n thanh nhén tt, ta dugc két qua: Failure! ®
Sau khi stra n6 thanh u> —8 —u —4v +uv =0, van bi Fail!

2u* —v* —13

Cudi cung thi cho x — 6 chtra cd ulan v vay: x—6= .
2vi—u"+2

Ta theo chu nghia hé s6 dudi 10 nén s€ lya chon cai nao h¢ s6 nhé, dem phan tich trudc:

W -+ 2—u—-d+uw=0wu+v-Du—-2v+2)=0

Thanh cong, vy PT < Nx+2 +Vx-3-DEx+2-20x-3+2)=0

Nhin qua nhan tir thi théy cling ap dung dugc Céch thtr hai, nhung ai ma biét trude duoc.

VD2, Jx+3+2xVx+1=2x++Jx"+4x+3

_ |VNx+3=u
bat
Nx+1l=v

=u+v(u’ +v —4)=u’> +v* —4+uy (rat kinh nghiém VD1 ©).

Tuyét voi, dugce ngay (v —1)(u* +v> —u—4)=0 (PT nay di phan tich triét dé roi nhé).
Vay PT < (Vx+1-1)2x —+/x+3) =0 (thuc ra bai nay choi tay bo 5 gidy 1a viét xong).
bén day, lai "ha nhuc" Cach thir hai thém mot l4n nita qua 2 diéu:

+ Piéu 1: giai PT trén duoc 2 nghiém 0; 1, diéu d6 da 1am TABLE "chiu chét" roi.

+ Piéu 2: Khong xac dinh dugc dang cua nhan tir. Thong thudng trong PT ¢6 bao nhiéu
can "t6i gian" thi trong nhan tir cling s& c¢6 nhiing cin d6, nhung bai nay thi khong, cho nén

thir &én "Tét Cong Go" ciing khong ra dugc! ©

Két luan cudi cing 14 trong bai thi cac ban nén ding Cach thi nhat. Va sy linh hoat ciia

trf 6c lai duoc thé hién 1 1an nita, didu d6 cho thiy nhiing k§ thuat CASIO khéng phai hoan

toan xo0a dugc viéc tu duy cua cac ban, chung ta phai cé suy nghi thi moi k¥ thuat méi hoat
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dong tdt duoc. Boi vi nhiing k¥ thuat nay 1a 1 sy cach dung may tinh theo hudéng mai,

nhung d6i khi khong tu duy thi van bi méc kiéu "trdu bo"! ©

3)) PT chtra 1 can cua da thure bac cao

R& rang 1a dén loai khé nhat roi! ©
VDI. 2(x* +2)=5vx’ +1
PT chi c6 2 nghiém lién hgp A, B, vay ta dugc nhan tir bac 2: (x* —5x—3)

Han néu cac ban di tim hiéu k¥ thuat CASIO trén mang thi hau hét s& tim cach lién hop

PT cho ra cai nhan tir trén phai khong? Py 1a cach ma nhiéu ngudi co thé nghi ra.
Vang, d6 1a 1 dinh huéng rat hay, vira bAm vira trinh bay dugc.
@ Cach tht 1

Ta thay cai can kia ma lién hop véi s6 thi khong bao gior cho ra nhan tir trén, lién hop voi

da thirc bac tir 2 tro 1én thi luc sau bac lai cao qua, vay chi co thé lién hop voi ax+b
Tirc 14 ta phai tim ax + b dé lién hop nhu sau: v +1—(ax+b) =0 ax+b=~/x +1
DPuong di dén day tiép tuc r& ra 2 nhanh, nhanh nao s& dwa dén thanh cong day:

e Cachthr 1.1

PT nhan tir Vx° +1 — (ax +b) =0 phai chira 2 nghiém A, B kia, no6i cach khéc ta c6 hé

Aa+b=vA>+1
sau:
Ba+b=+B+1

A, B 1a 2 nghiém da luu roi nén khong can lam dep cho no, ta vao EQN nhén két qua

thoi. ©

Két qua tir EQN la a="b = 2, vay ta lién hop v&i biéu thuc 2x +2 1a ra.
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e Céchthu 1.2
St dung TABLE (cho dén luc nay, TABLE van dang chiém wu thé duoc sir dung trong s6

cac MODE chtic nang).

F(X)=XA+~NA +1

déu thu dugc f(-2)=2=-2x+x’ +1=2
f(X)=XB+B* +1

Nhéap vao

Xem ra TABLE nhanh hon nhiéu, vi & day chung ta khong phai ban tam thém vé hé s6 ¢

nhu céc bidu thitc TABLE da lam truéce d6 (18 cai ax+b +cv/x +1,..).
Viéc trinh bay con lai giao cho cac ban! ©
Nhung dirng c6 so sénh ma nghi 14 bai nay da hét réi nhé! ©

@ Céch tht 2

Thuc ra cach nay 1a dé tim ra 1 kiéu trinh bay khac ma théi, kiéu ndy mang tinh dé phong
cai truong hop khi ta lién hop va dat nhan tir chung ra rdi ma phan "cong kénh" con lai &

trong ngoac lai khong chiing minh cho né v6 nghiém duoc.

Tat nhién néu da trot di theo hudng nao thi tuyét ddi khong dugc thay doi, vi thoi gian thi

khong cho phép ching ta nghién ctru thém cai gi méi nita.

FX)  2X2+2)-5X° +1 "

= u khi
g(X)  2x+2-JX’+1

Véi cach nay, ta sé thuc hién phép chia g,(X) =

da tim ra dugc 1 nhan tir g,(X)=2X +2-v X’ +1

Chac céc ban cling biét lam r61, vi nd cling 1 c¢dn nhu lan trudc ching ta da chia, & day

chi mang tinh luyén tap lai th6i. © Cho nén minh s€ chia nhanh.

Dy doan g,(X)=aX +b+cV X’ +1
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Nhap phan thtc trén vao may, cho X =1 dé v X° +1 vo ti, ta duoc 1— J2. Tiép tuc thi

2V65 | 24217
5 b

v6i X =4 va X = 6 ta lan luot thu duoc tiép 2 két qua: 1- s

Céc ban c6 hiéu tai sao minh ldy X = 4 va X = 6 ma khong ldy s6 nho hon hay khong?
Néu X =2=+X>+1=3 khong phai vo ti.

Néu X =3 =X’ +1=2/7 thi céisd 2 & trude /7 diy s& nhan vao hé sé ¢ do d6 khién

cho ta cang kho x4c dinh c
Tuong tu néu X =5=v X +1=314 thi sé 3 trudc 14 ciing gdy phién phirec.
Nén budc 10ng phai chon sb to thoi. ©

Nhin qua 3 két qua ta thdy c thay d6i, ¢ = mX +n, cho nén ta dugc 2 hé:

Gib=1 m+n=-1

a=0 2

4a+b=1<:>{ va {dm+n=——
6a+b=1 a

bm+n=——

7

H¢ sau vd nghiém? Chinh xac, n6 vo nghiém vi phép chia nay khong thyc hién dugc, chir

khong phai vi ta gid st ¢ = mX +n ma khong chon ¢ =mX” + nX + p hay bac cao hon.

Tham chi nhin qua viéc chd ¢ c¢6 chira phan s6 1a da nghi 1dm r6i day chit, nhung minh
van thuc hién xem cac ban c6 phan doi gi khong!!! © Con viéc dat ¢ =mX ‘rnX + p thi
chac chan 1a da c6 nguoi nghi téi, va da giai thu, ra so6 xau. Ngoai ra vé cach tim c ki€u bac 2

nhu trén thi sau nay minh s& cho cac ban 1 cach tim khac nhanh hon thé nhiéu... ©

VD2, x> +5x+7=7Jx* +1
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x,=0
x,=2
x, =—0,9229245996 — 4
x, =37,9229246 > B

Giai PT nay, ta dugc 4 nghiém:

2 cai nghiém 1é ngoac ra diy co 1& lai khién cac ban himg tha khai thic hon 2 nghiém dep

kia phai khong? Pon gian vi ta do duoc nhéan tr (vx® +1 —6x —6) tir n6 rat dé dang.

Nhung kiéu gi thi ta ciing phai thir 2 cai nghiém dep kia chir, 2 cai thi xac xuét nhan tir

kiém duoc 13 ding s& cao hon 1 1 nghiém dep, vi ta s& giai hé PT sau:

ax, +b+.x’ +1=0 =-1
! 1 @{“ — nhan tir 1a (V' +1—x—1)
ax, +b+x; +1=0 1

O day c6 1 sy rac roi nhat dinh! Vi 2 cai nhan tir nay khong thé dong thoi ton tai duoc.

Li do 1a khi nhan 2 c4i nhan tir nay lai ta dugc 1 biéu thirc cong kénh hon rat nhiéu so véi

PT ban dau, vdy lam sao PT dau c6 thé phan tich thanh nhu vay dugc?
Chinh vi thé, minh méi tién hanh 1 phép thir lién hop 2 cai nhan tir kia:

Y _6x_6:x3—36x2—72x—35 :(x+1)(x2—37x—35)
JxP +1+6x+6 Jx +1+6x+6

+m_x_1: x —x*—2x _(x+1)(x2—2x)

\/x3+1+x+1_ I +1+x+1

Vay c4i cho ta 4 nghiém chinh 1a (x* —37x—35) va (x> —2x)

Thé thi tai sao ta lai khong lién hop (ax® + bx +c¢) —vx* +1=0 dé ra cai nhan tir bac 4 1a
(x* =37x—35)(x* —2x) nhi? ©

ba co trong tay 4 nghiém, vi¢c gidi hé bac nhat 3 4n, 3 PT dé tima, b, ¢ 1a khong thanh
van dé. Ngoai ra, theo gidi thiéu & cudi VD1, con 1 cach nita, d6 1a sir dung MODE STAT,
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cach nay minh s& khong lam ¢ day vi cac ban khong hiéu dugce ngon nghanh ctia no, vi thé

minh s& trinh dién lai chd tim a, b, ¢ nay 1 14n nita khi cac ban hoc dén MODE STAT. ©

Lay 1 nghiém 1é va 2 nghiém dep dé lap thanh hé, ta c6 2 hé dé lwa chon giai:

A*a+ Ab+c=+A> +1 B*a+Bb+c=+B>+1
4a+2b+c=3 hoac 4a+2b+c=3

c=1 c=1

Nhung khi giai ta s& giai ca 2 hé, nhu thé huéng lam kia méi chic chan.

Tuyét! Ca 2 hé nay déu cho {5 ==, vy ta s& lién hop (%x + 7x+1j VX' +1=0, hay

ding hon1a x> +5x+7-7Jx’ +1=0

That budn cudi vi ddy chinh 14 PT ban dau cua chung ta! © Khong ngd n6 don gian dén

vay ma ching ta da lam phuc tap hoa van dé! ®

Tir d6, minh ciing nghi ra 1 phép thir khi gap dang nhu thé nay, d6 1a: dbi voi dang PT
f(x)+4/g,(x)=0(2n>m) (n,m 1an luot 13 bac cua da thirc f(x) va g(x)) ma may cho ta 2n

nghiém, thi c6 2 cach nim dén 99% thanh cong:
+ Céch 1: lién hop toan bd vé trai caa PT.
+ Céch 2: binh phuong 2 vé! ©
Sau d6 muén lam phwong phap gi khac thi 1am (néu 2 cach trén khong ra)! ©

O trén ta da 1am cach 1, c6 1 diéu quan trong 13 2 cach 1am trén ¢ ban chat gidng nhau,
do d6 néu dung thi cing ding ma tic thi s& cung tic. VAy néu ta binh phuong 2 vé thi s&

cling thanh cong. Xem nhé.
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PT < (x> +5x+7)" =49(x’ +1) = x* =39x’ +39x> + 70x =0
& (27 =2x)(x* =37x-35)=0

D4y chinh 13 ban chit cta 2 cach: ¢6 chung 2 nhan tir (x> —37x —35) va (x> —2x)

Tham chi trong truong hop khéng nham ra 4 nghiém dugc nhu trén, thi cach binh phuong
van chiém uu thé, biét vi sao khong?

Binh phuong 1én thi diéu kién cta cin mat di, do d6 cai PT sau khi binh phuong ddy c6
thé van cho 4 nghiém, nhung dé yén ma lién hop thi diéu kién cua cin co thé da can bt

nghiém di rdi. Piéu d6, nhu di timg noi, tim dugc cang nhiéu nghiém thi nghia 1a cang c6
nhiéu manh méi, giai tiép cang d&. ©
Thir sang VD tiép dé xem sy cb gay phtrc tap hoa nay c6 lap lai khong nhé! ©

VD3. 16x% —23x+10 = (x +2)V4x* +4x—7

.X'l:

1
Bai nay chi c6 2 nghiém dep 1a 4
3

X, =
Tuong tu VD2, ta tim duwgc nhan tir chira chung, 13 (4x —3 —+/4x” +4x—7)

Vay bai nay quéa dé roi, ta tach ra cai nhan tir trén roi lién hop thoi, nhung khong phai 1a

tach thanh 16x” —19x + 7 — (x + 3)V4x* + 4x -7 =4x -3 —~/4x* + 4x—7 ma 1a tach sao cho

triét dé cai can, tirc 1a: 12x* —28x+16+ (x +2)(4x -3 —V4x* +4x-7)=0 ©

Bai ndy la d& minh hoa cho viéc chi ¢6 2 nghiém hitu ti, loai day thuong d&, nhung khong
tha vi! ©

4)) PT chtra nhiéu cin khéac nhau

Xu huéng dé thi hién nay l1a loai PT v6 ti dang tong hop c6 nghiém dep va it nghiém

(thuong 1a 1). V&i loai dé nhu vy, may tinh s& bi giam tac dung di nhiéu ddng thoi khién hoc



Lam Hiru Minh - sherlockttmt@gmail.com

sinh phai st dung tu duy, suy luan & mirc cao hon trudc day, dé chinh 1a muc ti€u cia B khi

ra mot cai de.

Do d6 bai ¢ day chua yéu 1a nghiém dep. ©

VD1, V222 +8x+6 Vx> =1 =2x+2

Ta tim dugc x =+1, n6 lam cho vx* — :O:>2x+2—\/2x2+8x+6:\/x2—1 =0
No6i cach khac véi x ==£1 thi 2x+2—-+v2x>+8x+6=0

Ta lai thay néu lién hop 2x +2—+/2x* +8x+6 s&ra 1 phén thirc c6 tir bac 2. Ttr bac 2

ma chira 2 nghiém x =+1 thi 12 ding r6i khong con gi phéi ban cii nita.

Vi da suy luan ra thé, nén khong can phai gidi hé bac nhat dé tim xem lién hop can voi

cai nao nira, no6 chinh la 2x+ 2 ro1.

2
Vay: 2x+2 -2 +8x+6 =/’ -1 & 2 1) =V’ -1o..©
2x+2+2x> +8x+6

VD2, V3x% =Sx+1-+x* =2 =3’ —x—1) = /x> —3x +4

PT nay ciing dé nhu thé, n6 chi c6 1 nghiém x = 2, vay ta s& dem nghiém nay thir vao cac

V3x2 —5x+1=\3(x —x—1) =3
\/x2—2=\/x2—3x+4:\/§

cin xem gié tri bang bao nhiéu. Ta duoc: {

Vay dé tao dugc nhan tir (x —2) mot cach don gian nhat, ta s€ chuyén vé ro1 maéi lién

hop:

PT <357 —5x+1-3(x —x—1) =v/x* =2 —/x* —3x + 4

- —2x+4 _ 3x—-6
\/3x2—5x+1+\/3(x2—x—1) \/x2—2+\/x2—3x+4
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3 2

< (x-2) + =
\/x2—2 +\/x2—3x+4 \/3x2—5x+1+\/3(x2 -x-1)

0

Okay! ©

VD3. V2 +x+9 422 —x+1=x+4
0

Nghiém gom: 8

7

Déi v6i 2 nghiém dep thé nay, ta khong thir xem mdi cin bang bao nhiéu tai d6, ma s&

tim biéu thuc lién hop voi mdi can bang h¢ bac nhat.

D& dang tim duoc: (\/2;8 +X+9 —%—3) va (\/2;8 —x+1 —g— 1} la 2 nhan tir, vay ta
phan tich: PT@(\/2x2 +x+9 —%—3}[\/2)8 —x+1 —%—1):0, chi nay thi d& rdi! ©

Dé thi khdi 4—2009 ciing 1a 1 bai trong tw nhu nay: 23/3x -2 +3J6-5x —8=0

Du c6 cédn bac 3, nhung ta nham dugc nghiém x =—-2, nén viéc phan chia ra lién hop van

6(x+2) 15(x+2)
BPT  J6-5x+4

nhu cii: PT < 2R/3x-2+2)+3(V6-5x-4)=0< =0 (BPT la binh
phuong thiéu ©).
3 VD 1a da roi cac ban nhi?

Thuc ra minh mudn dua thém VD dé phan tich duoc triét dé hon, nhung do thoi gian

khong cho phép, cong viéc ban ron, nén minh tam dirng muc nay & day.

Hi vong mét lic ndo d6 c6 thoi gian minh lai s& nghién ctu tiép cac ki thuat CASIO
clng céc ban! Co y kién gi dong gop ctr lién hé voi minh qua dia chi Facebook da cung cap

nhé! ©
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Chuc cac ban nghién ciru tot! ©

5. Giai hé PT 2 4n

a) Hé PT da thirc hé so6 nguyén

Trong myc ndy chung ta s& xir dep mot sd bai trong dé thi cac nam trude (khong nhat
thiét phai 12 nam lién day nhé ©), con lai 14 nhitng bai luyén thi minh suu tam dugc.
re 1A xy+x+1=T7y
VD1 (B - 2009). Giai hé¢ PT sau: { , 5
Xy +xy+1=13y
Minh c6 1 kinh nghiém khi lam loai h¢ nay do6 1a huéng vao phan tich thanh nhan tir, nén

cai "bénh kinh nghiém" dé doi khi lam mat thoi gian! ©

Cu thé céi tu tuéng d6 da lam minh tim ngay xem PT nao cé tiém nang phan tich thanh
nhan tir d& hon. Va din dén minh d3 bap ngay cai PT2 ma quén mat rang ta co thé rat thé
PT1 vao.

Thé nén bai nay s& khong dung dén k¥ thuat phan tich da thirc 2 an thanh nhan tir, ma 1a

cai khac (cai nao cac ban? ©).

Nhan thiy rang PT2 c6 nhitng 2 cai y*, nén ta s& rit x & PT1 thé vao cho don gian.

2
Ta co: PT1<:>x:7y_1:>PT2:y2 Ty-1 +y 7y-1 +1=13y* (nhé kiém tra
y+1 y+1 y+1

nghiém y =-1 trudc khi rat nhé).
Nhan 1én: y*(7y =1+ y(y + )(7y =)+ (y+1)’(1-13y*) =0 (thuc ra vi PT nay van &

dang tuyén tinh, vi thé trude d6 ta c6 thé chi can rat x(y +1) =7y —1 1a duogc).

£ 23 Cas S 1AL a Ay A A 2o 1 A =7 X=
Van dé€ con lai 1a cta solve, va két qua rat tot (duong nhién phai thé): Y 3> {
X
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x(x+y+1)-3=0

VD2 (D - 2009).
vD2 ( ) (x+y)2—iz+1:O
X

y c6 bac 1 & PT1, vy ta c6 thé rt thé nhu bai trén.

Thong thuong nhitng bai c6 thé rit thé thi khong phén tich thanh nhan tir 2 an dugc.

X X X

2
PT1<:>y=§—x—1:>PT2:(§—1) ~2 41=0

Vang, hudng di chuan, rd rang dé bai muén ta dat 1 = ¢, nhung dit hay khong 1a quyén
X
cua minh! ©

5x°y—4xy° +3y° =2(x+y)=0

VD3 (A -2011).
( ){ xy(x2+y2)+2:(x+y)2

Bai nay thi khoi rat roi, trudc hét cac ban hiy xem PT nao phan tich duoc thanh nhan ti,

néu ca 2 déu khong dugc, thi c6 nghia 1a minh s€ dua ra 1 phuong cach hoan toan méi! ©

PT1 phan tich khong thanh cong, thé y = 1000 vao PT2 ta dugc PT bac 3 theo x:

L
1000

1000x’ — x* +999998000x — 999998 = 0, tiép theo d6 dung EQN, thu dugc: x =

< | =

= (xy —1) l1a nhan tu!
Phan tich thanh nhan t 1 4n trudc:
1000x° — x* +999998000x — 999998 = (1000x — 1)(x* +999998)

Tir d6, cai s6 999998 chi c6 thé 1a 1 biéu thirc cta y khong thé ¢ x tham gia vao duogc, vi

n6 14 hé s6 tu do ctia nhan tir (x” +999998) , tic 1a 999998 = y* —2

Vay: xy(x2 +y2)+2: (x+y)2 = (xy—l)(x2 +y2 -2)=0
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Viéc xy —1 =0 thi 6n rdi, van dé 1a x* +y* =2 ¢6 6n dugc hay khong!...

Ta s& khong rat bién nao theo bién nao dé vudng phai cai can xau xi, thay vao do, ta
tim cach thé x* +)* =2 (hodc x* =2 —y” hodc y* =2 —x) vao PT1 that hop li sao cho né co

kha nang phan tich thanh nhan tur.

Nhan thdy PT1 c6 dén 3 vi tri chtra x?, y* do d6 tong cong c6 dén 7 cach dé thé vao nhu

trén, dai gi ma thir ting cai mot?

Do d6 trude hét chung ta thir nhom PT1 theo nao d6 rdi méi tinh dén chuyén thé. Cach

nhom c6 xuat hién x> + y* d& nhan ra nhat 1a: PT1< y(5x* +3y%)—4xp* —=2(x+ ) =0
Bay gid thé x> + y* =2 ta dugc y(2x* +6)—4xy* —2(x+y) =0

Tiép theo duong nhién 1a thir xem n6 phan tich dugc thanh nhan tir khong.

x=2000

Tuyét qua! 1 = taphan tich dugc: (x—2y)(xy—1)=0
X=——
1000

Pén day cac ban xir tiép nhé! ©

¥ =3x"—9x+22=3"+3y" -9y

VD4 (A - 2012). .
x2 +y2—x+y:§

PT1 c6 diéu gi d6 rat 1a dic biét! ©

Thuc ra ta cam giac dac biét éy phat sinh tu sy na n4 nhau cua 2 vé PT1, nhung v&1 may

tinh thi nhitng cai d6 rat it dugc khai khac.
Vao MODE EQN, ta thu dugc 1 nghiém duy nhat X =1001,996004 ~1002 =Y +2

Ra MODE COMP thtr lai thiy ding! ©
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Nhu vay PT1 <(x —y -2)(x* +° +xy —x +y—11=)0

Van dé ban khoan cta viéc phan tich thanh nhéan tir nhu thé nay 1a cai nhan tir thtr hai kia

lidu c6 kho khin dé xt 1i hay khong, vi cai dau (x —y —2) thi lac nao ciing ngon rdi... ©

Trong bai nay thi vin dé d6 1a don gian, nhung cai kho ludn nhiéu hon cai d&, ching ta

s€ phai ban lai né trong moét dip khéc...

H¢ sau chi can thé vao la coi nhu xong:

21
¥+ +xy—x+y-11=0 (> +y" —x+y)+xy-11=0 xyzz
2 2 1 2 2 1
Xy —x+y=— X4y —x+y=— 2, 2 1
2 2 Xty —X+J’—5

Vay su dac biét da nhac t6i ¢ PT1 rat cuc 1a cai gi?

Néu qua that sy dic biét trén chira 1 hudng giai méi nao d6, thi né phai 1a hudng xét

ham, vi 2 vé PT1 kha trong dong. ©
Ta thir hudng d6 xem c6 ra khong nhé!
Nhin vao bac x, y ta dodn ham d6 c6 1€ 1a 1 ham bac 3 £,(r) ma f,(x)= f,(y+2). Hon

nita n6 lai phai don diéu. Vay phai ching n6 c6 dang: f,(t)=a(t+k) +c(t+k)+d? ©

Tx f,(x)=f,(y+2) < a(x+k) +c(x+k)+d=a(y+2+k) +c(y+2+k)+d. Dem

déng nhét v6i PT1 d3 cho ta s& moi duoc a, ¢ (d thi c6 vé 1a hé s6 ao! ©).
D@ thay ngay a = 1, khai trién va bd tri lai ta duoc:

X +3k” + (Bk* +c)x —6k> =12k —2c—8=)" + Bk +6)y* + Bk> +12k +c+12)y
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3k=-3
3k*+c=-9 fe 1
Dong nhat phan con lai ta dugc hé: < —6k° —12k —2c-8=22 < {c D
3k+6=3
3k +12k+c+12=-9

Vay néu dung ham sd, ta s& bién doi PT1< (x—1)° —12(x =) =(y +1)* =12(y +1) sau
do xétham f(¢r)=¢ —12¢

Tiéc thay f(t) lai khong phai 1a ham don diéu! Nghia 12 né van c6 kha niang don diéu néu

ta gio1 han dugc khoang chay cua t.

Dé gi6i han duoc t, ta phai giéi han x —1 va y+1, diéu nay dya vao PT2 vi né 1a dang

cap bac 2.

A, =-4y"-4y+3>0

Ay:—4x2+4x+320’

Xét delta cua tam thirc bac 2 1an luot theo x va theo y ta duoc:

2
3
2

Vardisuyra —2<t<2= f'(t)=3(t* —4) <0, viéc chimg minh da hoan thanh! ©

Nhin qua thi cach dung ham sb nay c6 vé dai hon, mat thdi gian hon cach phén tich nhan

tu, nhung thuc ra 2 cach nay ngang nhau thoi:
+ 1 céach thi phan tich thanh nhan tir nhanh nhung phai giai 2 hé, va 2 hé d6 déu rat dé.

+ Céch kia thi bién d6i thanh dang ham s ciing nhanh (thyc té 1a mo bai nay vin nhanh
hon nhiéu so v&i cach tim ham bang dong nhit hé sé ma minh vira lam ©), va phai tim diéu

kién cua x, y, nhung chi phai giai 1 hé.
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Céc ban c6 thé 1én Google hodc nghién ctru tiép dé tim thém 1 sb cach giai khac cho bai

nay néu ham kham ph4, day 1a 1 bai hé kha tha vi! ©

VD5, x2—32/2—xy+3x—y—1:0
V' +xy—-x+3y=0

D@ dang thiy ca 2 PT déu khong phan tich duoc thanh nhan tir, vy thi nhu da noi o
VD3, minh s€ str dung 1 phuong thire hoi khéac.

Phuong thirc nay ciing 1a phan tich thanh nhan tir, nhung khong phai 1a tirng PT riéng

(PT1)+k(PT2)

thanh nhén tir, cai d6 hau hét ngudi hoc hé déu
k(PT1)+(PT?2)

biét, ma 1a phan tich f(x)= {
da tirng ap dung.
Chung ta c6 2 cach dé tim k:

+ Céch 1: dung may tinh do xem véi k ndo thi f(x) co thé phan tich thanh nhan tir. Cach

nay dua vao kinh nghiém 1a k nguyén va thuong nhan nhiing gia tri gan s 0

+ Céach 2: sir dung co s& toan hoc dé tro gitip may tinh. Cach nay chinh xéac, nhung ta

phai nhé duoc cong thie ap dung: 1 cong thirc la ma thay c6 khong day! ©

Minh khuyén céc ban nén ndm cach 2, nhung ciing phai biét ti cach 1 dé khi quén cong

thirc con biét duong ma mo. ©
Sau day minh s& lam 2 céch:
@ Céch 1

Nhap vao mdy: f(X)=(X>-3Y> -~ XY +3X Y —1)+ AY> + XY — X +3Y)

BAm |SHIFT||CALC

; A=1 3
, 101 cho (loai A =0 di vi ca 2 PT déu da khong phan
Y =1000

tich dugc thanh nhan tir riéng biét rdi), nhu vay f(X) sé& la tong vé trai cua 2 PT, ta phén tich

no thanh nhan tr xem c6 dugc khong...
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Vang, khong thanh cong!

Pon gian chi viéc stra lai 4 =-1 roi tiép tuc thu. ..

Cha, van khong phan tich duoc, xem ra ta phai nang A 1én “bac 2” ©...
Y minh 14 sira tiép 4 =2 xem sao...

Sau hang loat gi4 tri nguyén ciia A dugc dua vao giai, ta co thé két luan ring cach mo nay
rat mat thoi gian, cha yéu 1a thoi gian danh cho may giai vi biéu thie kha dai, Y lai 16n dan

dén X phai dugc do trén dién rong.
. \ \ A a1 A A 3
Ki thuc A trong truong hgp nay khong phai 1 s6 nguyén: 4= 5

Noi cach khac: f(x)=2(x" —=3y" —xy+3x—y—1)+3(y* + xy — x +3y) mdi chinh x4c la
su két hop ciia 2 PT ma c6 thé phan tich thanh nhan tir! ®

Vay néu ban dau ding f(X)=A(X*>-3Y> - XY +3X -Y -1+ B(Y* + XY - X +3Y) dé

do thi ciing tim ra duoc, nhung dau sao { ~~ ma khéng ¢ “quy nhan phu tro” thi ciing lau
lam! ©

Déy 1a huéng dan mo cho cac ban, bay gio ching ta sang cach toan hoc dé tim duoc hé

sd k cho f(x)=(PT1)+k(PT2)
@® Cach?2

P=ax’+by +cxy+dx+ey+ f =0
Céch nay danh riéng cho dang hé:{ Lo Y Texy T4, Y+ 1

P =ax’+by +cxy+dx+ey+f,=0

Dat a=a,+ka,;b=b +kb,;c=c +kc,;d=d +kd,;e=e +ke,; f = f +kf,, taduoc:

P=P+kP, =ax’+by’ +cxy+dx+ey+ f =0
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Dé P ¢6 thé phan tich thanh nhén tir, thi tr P =ax® +(cy +d)x +by* + ey + f =0 phai

biéu dién duogc x theo y & dang x =my +n

Noi céach khéc, P phai c6 nghiém x voi1 moi gia tri thuc cua y. Do do dé tim dugc diéu

ki€u cho y ta phai dung delta thoi (tam thirc bac 2 ma):
A =(cy+d) —daby’ +ey+ [)=(c’ —4ab)y’ +2(cd —2ae)y+d’ —4af >0 VyeR

Nhan thay A, lai la 1 tam thirc bac 2 clia'y, do d6 dé A, >0 Vy € R thi ta can bg diéu

o ¢’ —4ab>0
kién: , , , (%)
A,'=(cd —2ae)” —(c¢" —4ab)(d” —4af)<0

bén day thi may c6 thé giup tatim gia tri k, via, b, ¢, d, e, f trong A,' déu 1a cac biéu

thirc bac nhit cua k roi.
Dé nhanh chéng tim duoc k, ta s& giai PT A,'=0< (cd —2ae)’ = (¢’ — 4ab)(d” - 4af)
Phuong phap 1a thé, ric rdi vi phai nhé cong thic (cd —2ae)* = (¢* —4ab)(d* —4af) ®
Bay gio ta ap dung.

bat a=1b=-3+k;c=—-1+k;d=3—-k;e=-1+3k; f =—1 (may sao c6 2 cai khong
chira k ©), thay vao cong thirc (cd — 2ae)’ = (¢’ —4ab)(d’ — 4af’) ta dugc phuong trinh bac

4: [(k=DB-k)=2@k =D =[(k=1)* —=4(k-3)][(3—k)* + 4]

©

N | W

L61 may ra giai PT nay, cling nhanh thoi: & =

Vay ta s& phan tich: f(x)= (x> -3y’ —xy+3»x—y—1)+%(y2 +xy—x+3y) hay

f(x):2(x2—3y2—xy+3x—y—1)+3(y2+xy—x+3y):(x—y+2)(2x+3y—1)
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4x-y+3{l+y=0
VD6.
4\/x+y+xy+1—6\/l+x+1:O

Nhiéu nguoi nhin mdt lac cling chua chac di khang dinh ngay dugc bai nay c6 thé ap

dung cac phuong phap giai ciia h¢ da thuc hay khong dau, nhung nhin thém moét xiu nira thi

nghi van bat dau hién 1én 6 chd \Jx+ y+xy+1 ©

. .o |Nl+x=az=20 o
Tanhén thay x+ y+xy+1=(1+x)(1+ y), do do dat , hé da cho tro thanh
l+y=02>0

4a’ -b>+3b-3=0

hé da thirc quen thudc:
4ab—-6a+1=0

MO ra duoc s6 k chi 1a 1 phép tht bat dic di, do d6 minh s& khong lam cai Cach 1 gidng
nhu VD35, thay vao do:

@ Cach 1

PT2 < a=

2
thé vao PT1 va giai tiép: 4(Lj ~b*+3h-3=0 ...
- 6-4b
@ Céch2

Nhan théy moi PT ctia hé khong thé doc 1ap phan tich thanh nhan tr dugc, do doé ta s€ két
hop ching lai.

Ngoai giéy nhap, dat A=4;,B=-1;C=4k; D=—6k; E=3; F =-3+k, lép vao cong thirc
(CD-2A4E)’ =(C* —4A4B)(D’ — 4AF) ta dugc phuong trinh tim k:

(=24k* —24)* = (16k”> +16)[36k*> —16(k —3)] <= k = %

Vay vao bai lam, ta s& phan tich PT 4(4a” —b” +3b —3) +3(4ab — 6a +1) =0 thanh nhan
tu: (8a—2b+3)(2a+2b-3)=0
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Thé 1a 6n! ©

Cau hoi binh luan: ¢6 vé nhu trong hé PT it thay viéc nham nghiém trudc khi gidi nhi?
Liéu c6 thé nham nghiém 2 an dugc khong? Va c¢6 cach nao ma chi c¢6 viéc nham nghiém

moi ap dung dugc khong?

Vang, nham nghiém hé PT da thuc trong dé thi Qudc gia hau nhu ludn thue hién duoc,
c6 diéu no cong kénh vi thé xua nay minh it ap dung. Néu c6 nham, thi minh thuong mo cac
cdp sb6 dé roi vao nhét dé thir, trung thi... chua chic di gitp dugc gi, con khong tring thi

giai tay nhu thuong! ©
Chéng han nhu VD6 & trén, cach dé nham nghiém chinh 1a Céch 1, dua vé PT 1 4n rdi

2
dung méy tinh do: 4(6—lbj —b +3b-3=0

Con ¢ VDS, nhin khé hon nhung thuc chitla PT2 < x= y +3y nén thé vao PT1 ta van

1-y
T 243y > +3 > +3
¢6 PT 1 4n d nhAm nghiém: [yl yj —3y2—y(y1 yj+3[y1 yj—y—le
- —y ~y

Xét xubng VD4, c6 vé 1a ta khong thé rat duoc x theo y (hodc nguoc lai)?

Khoéng! Chi 1a rat kho, chir khong phai 1a khong rat dugce. ©

1+/3-4y—4y°

2

nay thé vao PT1 (chon 1 ddu trudc cin thoi nhé), ta dugc 2 PT dé nham nghiém:

3 2
[li 34y4y2J _3(& 34y4y2j —9£1i 34y4y2}r22:y3+3yz
2 2

Str dung delta cho PT2: x> +)* —x+y :%, ta rat dugc: x = , dem cai

-9
) Y

Khong biét may mat bao 1au dé giai PT khung khiép nay?

Vang, nhap PT vao con chang du nita tinh gi dén giai! ®
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Déy chinh 1 li do tai sao minh khéng thich nhAm nghiém cta hé, du nham duogc thi cling

thich that! ©

S¢ di minh néi “nham nghiém hé PT da thirc trong dé thi Qudc gia hau nhu ludn thyuc
hién dugc” 1a vi diéu kién dé rat duoc 1 bién theo bién kia 14 trong PT can rat d6 phai co it
nhat 1 bién c6 bac tir 2 trd xudng, ddy 1a diéu hau nhu ludn c6 trong cac hé da thirc da thi.

Do d6 su that bai hay thanh cong lai ndm & cai may! ©

Con vé viéc st dung nham nghi¢m dé gidi hé, thi cling c6 1 cach, cach nay st dung tinh
chét hinh hoc: nghiém cua hé 1a toa do giao diém cua 2 duong cong c6 PT lan luot 1a PT1 va

PT2 trén mit phang Oxy.

2 diém nay s& xac dinh 1 duong thang, va biét toa do 2 diém, ta ludén tim dugc PT dudng

thang d6: ax + by +¢=0. Va d6 chinh 1 1 nhan tir ciia PT sau khi phan tich. ©
Do vay, cach nay kha dung khi hé cé nghiém va phai nham duoc:
+ {t nhat 2 nghiém hiru ti.
+ Hodc it nhét 1 nghiém vo ti.

Xem VD7 dé ndm cach nay nhé!

VD7, Y +2x° =y +2x=Ty—1=0
2y° +2xy—Ty+1=0
4 \ 2 7y—2y2—1 £ s A ,
Tién hanh nham: PT 2<:>x:2— dem thé vao PT1 r6i cho may giai:
y

7y—2y" -1

Y +y(Ty-2y"-1)—-y"+ —7y—1=0<:>{

+
Vay ta thu dugc 3 nghiém: (x;y) =(2;1), [%;2 3 j

Nhu thé nay thi khong thé nao tim sai nhan tir dugc! ©
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Chiéu theo diéu kién kha dung ciia phuwong phap nodi trén, thi ta s& khong ding nghiém

nguyén (2;1), vay cac ban hiy lap PT duong thang di qua 2 diém [1 +2\/§;2 -3 ) va

£¥;2 + \/§j dé tim nhan tir.

Vang, PT duong thang 13 y =3 —2x, hay nhan tir tim duogc la: (2x + y —3)
Dén day xtr 1i lam sao? Ta van phai tim k dé phén tich f(x) = (PT1)+ k(PT2) ma?

3 2 2 A
Ta nhdn thiy didu ndy: (PT1)+ k(PT2) =0 k=— 10t Y F20 -y +2x=Ty -l
PT?2 2y"+2xy—-Ty+1

Thé y =3—-2x vao ta dugc:

(3-2x) +2x(3- 20~ (3-2x)° +2x-7(3-2x) -1 _
2(3-2x) +2x(3—2x)=7(3-2x)+1

k= -2

Vay ta s& phan tich PT: (3 +2xy” — y* +2x -7y —-1)-2(2y* +2xy -7y +1)=0. Ok! ©
Két qua: 2x+y-3)(y-1>=0 ©
Sang VD cudi cing!

VDS, x'—4x"+y° =6y +9=0
X’ y+x>+2y-22=0

Nham nghiém:

22 — x?
2+ x?

+Rat tr PT2: y =

2\? 2
+ Pem thé vao PTI: x* —4x* +| 2270 | ¢/ 27 |99
2+x 2+ x
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=12
T = () = (2:3), (Z:9)

x:ix/_

+ Solve (giai kha 1au) dugc cac nghiém: {

Tt d6 nhin ngay ra dugc 2 nhan tr 1a (y —3), (y —5)

Ta s& thir tirg cai mot, truée hétla y =3

4 _4 2 — O ,
x * (khong duoc phép rut gon hé so!).

Thé y =3 vao mdi PT cua hé ta dugc: 5
4x°-16=0

PT1 xt—4x? x°
Suyra k=- =—— =——
PT?2 4x° —16 4

Vay k day khong phai 1a 1 s6 nhu ta mong doi, nhung 1a biéu thire ciing ding, va ta van
1am nhu binh thuong: 1ay 4(x* —4x* + 3> =6y +9) —x*(x*y + x> + 2y —22) =0 dem phan
tich thanh nhan t: (y —3)(x* +2x* -4y +12)=0 ©

2
Viéc y =5 cac ban lam tuong tu, k:2 al

=> phan tich duogc: (y—=35)(x* -6y +2)=0

Két luan vé phuong phap nay:
+ Budc 1: nhadm nghiém.
+ Budc 2: tir nghiém tim lién h¢ y =mx+n

v PT1
+ Budc 3: thay y =mx +n vao tung PT cta h¢ roi tinh £ = ——

PT2

+ Buoc 4: dem f(x)=(PT1)+ k(PT2)=0 phan tich thanh nhan ta.

.....

moi, thi hé d6 cling 1a hé da thirc, nén quay lai Budc 2 giai tuong tu. ©
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B6 sung chét: con 1 dang hé da thic nita d& hon dang trén ma cac ban ciing c6 thé gip

ax’+by +cxy+dx+ey=0

trong d¢é thi, 46 1a { (phan biét cho ky nhé ©).

ax’+by +cxy+dx+ey=0

Minh néi ra dang nay dé dua thém 1 phuong phap giai né c6 vé don gian hon nhiing

phuong phap trén dé cac ban luu tim, di nd ¢ thé giai bang nhitng cach trén.
+ Budce 1: xét y = 0 c6 phai 1a nghiém hay khong.

af* +b +ct)+y(dt+e)=0
+Bude 2: v6i y#0 dit x=1y= yz(a12 Fat)+y(di+e)
yi(at”+b, +ct)+y(dt+e,)=0

B dt+e
=—— 1
T d6: alt +b1 + le N dlt + € _ dzt + e,
d,t +e, at’ +b +ct at’ +b, +cyt

ait’ +b, +c,t
Pén day bam may tinh ra t 1a xong! ©

Phuong phép nay giéng phuong phap phia trén & chd ta cling can dung may tinh dé giai 1

hé so, do lat
b) Hé PT vé ti
Loai nay kho cho nén n6 dugc nghién ctru nhi€u va cling vi trong dé thi no6 1a chu yéu.

Loai nay, gﬁn nhu nguoc lai hoan toan vaoi h¢ da thire, do 1a viéc nham nghiém cyc ki kho
khian, xac suat nham dugc bang phuong phap dwa vé 1 an chi khoang 30% (con nham bang

cach thir timg bo s6 thi hé nao ciing nhu nhau ©).

Do d6, thay vi dung nghiém dé tim lién hé bac nhét cua x va y, ta dung 1 cach khac...

J12=y +4y(12-x*) =12
VDI (A - Al -2014). Giai hé PTsau: 4"V =~ Jr2-2)
x3—8x—1:2«/y—2
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RO rang nhin PT2 cac ban c6 thé nghi dén viéc nhAm nghi¢m vi tir né rat dugc y theo x:

3_ _ 2
(x 84x 1) L9

Cir thir thay vao PT1 nham xem c6 ra dugc nhan tr khéng nhé! ©
Nghiém nhén dugc rat 1&, c6 kha nang la dang can trong can, khong truy duoc vé dang
dep hudng gi tim lién hé?
Hé phuong trinh vo ti con c6 1 bat cap nira 1a khong ap dung duoc phuwong phap xap xi
dé tim nhén tu.
Nhin qua hé, minh d3 biét ngay mdi lién hé kia phai dwoc khai thac & PT1, va rdi vé6i
Y =1000 minh bét dau do X...
Két qua 1a sd qué 1on may khong thé nao do ra duoc nghiém.
Do d6, chung ta phai chuyén sang phuong phap ma anh Thé Luc da dang! ©
Phuong phép ndy chim ma chic, nghia 13 thay vi bop 1 phat ¥ =1000 dé tim nhén tir sau
1 1an giai nhu minh (ma 13 rang ¥ =1000 di vi pham diéu kién 2 < y <12), ta cho y chay lan
luot qua cac gia tri nhod va thu thip ting gia tri x tuong tng, sau d6 thdng ké ching vao 1
bang va tim mdi lién hé x, y

2<y<12

Chiéu theo céac diéu kién: , ta nhap PT1 vao may, roi giai tim X khi cho 1an
|x| < \/ﬁ

luot cac gia tri Y di tir 2 dén 12. Két qua ta co bang sau:

2 3 4 5 6

1,414

X | 3,162 3 2,828 | 2,645 | 2,449 | 2,236 2 1,732
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Néu khong thir tiép bang cach binh phuong cac gia tri vo ti d6 cua X 1én xem sao, thi cac
ban s& khong thé 1am tiép cach nay. Binh cac gia tri X trén rdi lam tron két qua, ta dugc bang

tiép theo:

Y 2 3 4 5 6 7 8 9 10

10 9 8 7 6 5 4 3 2

Vang, ta nhan ra duoc quy luat1a y=12—x>, hay x=,/12—-y ©

Thay c4i nay vao PT1, ta dugc: 12— y/12— y + /(12— x*)(12 - x*) =12

Nhin véo déy ta thdy c6 1 cam giac vé sy can xung gitta y va 12— x” (hay giita x va
J12=y).

Su can ximg d6 thuong c6 mit trong phuong phap ham sb hoic danh gia bang BT dbi

xung (hay dung nhét 1a Cauchy).

C6 2 can doc 1ap, do d6 néu dung ham s6 chac chan phai tach riéng ching ra moi1 vé, va
sau khi tdch nhu vay roi thi nhirng bi€u thire con lai, ké ca dau, khong thé nao Iam cho chiing

gidng nhau ¢ 2 vé dugc.
Do d6 ta dung Cauchy danh gia.

Do sau khi danh gi4, ta phai thu duoc y=12—x> va x=./12—y, do d6 ta 4p dung

Cauchy riéng biét cho 2 bd s6: x*;12—y va y;12 —x*, chiung c6 san bén vé trai c roi.

VT = x 12—y +y(12 = x*) = /x* (12— p) +/y(12 = x%)

2 _ 2
X +(122 y)+y+(1§ x):IZ:VP

Dau “="xayra & y=12-x"
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Nhu vay coi nhu on, thay vao PT2 ta nhan dugc PT vo6 ti chira 1 can cua da thure bac 2,

d6 1a dang da hoc réi! ©

l—y)WJx—y+x=2+(x—-y-1
VD2 (B - 2014). (=yWx=y s G-y =1y
2y =3x+6y+1=2x-2y —J4x—5y -3

PT1 cin nhd, biéu thuc ngoai can dang tich nhiéu, phan bd 2 vé kha déng déu, cha bu cho

PT2, do d6 kha ning cao né chira lién hé ta dang tim. Vi thé, ta s& phén tich PT1.
Minh van thir phuong phap xap xi ciia minh trudc! ©

Nhép PT1 vao may, cho Y = 1000, khoi tao gia tri ban dau X = 1500 cho may dé do (vi

diéu kién PT11a x>y >0), rdi cho doi. ..
Vang, “Can’t Solve”! ®

. Y =100
Nhung chua hét dau nhé, khong 1000 thi 100 vay, cho { 0 thur xem...

Y =100 1a gia trj it dung, nhung nhu minh da ting giai thich co ché cua phuong phap
xap xi qua nhimg trang sach trude do, thi né ciing mang tac dung nhu 1000 ¢ diéu yéu hon

thoi.
Vang, 1an nay X = 101, do d6 ta c6 quyén nghi vin mdi lién hé x =y +1

Giit nguyén PT1 trén may, minh tiép tuc nhay Solve v6i nhitng bd gia tri khac nhau tuan

Y:23,4.{Y:98,56'{ Y=rx

; ; ... dé kiém chung.
X=244 | X=9956 | X=r+1

theo mdi lién hé trén: {
Phai, 1dn nao may ciing hién nguyén nghiém la gia tri X da gan vao, diéu d6 ching to
x=y+1 1amdi lién hé ding! ©

Tuy vy, vi PT1 ¢6 cin nén ta can phai tinh tdo luu tim dén 1 méi lién hé khac nira, d6 1a

x—-y=1
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Phuong phép anh Luyc sir dung ciing giéng x4p xi nay & chd tim X theo Y, ¢ diéu su
khac biét 16n nhat 1a n6 cham ma chéc, nhu da néi, do d6 minh khong 1ap bang thir X, Y nhur

VDI nita, chung ta di tiép phan con lai ctia bai toan.

V& trai c6 /x— y, vé phai ¢6 (x—y —1), theo cac ban nhan tir sau cing s& 13 \/x—y =1
hay x—y-1=0?©

Cam bt 1én va bién ddi di no.
PTIe (1= y)fx—y +(y=D+(x-y=D=(x=y-D{y=0
S (r=D=x=3)+(x=y=D1-[y)=0
& =N+ x=y =D+ ({x—y -Dx =y + D1 =[3) =0

Jy =1
@(l—\/;)(«/x—y—l)[(l-l—\/;)+(«/x—y+1)]=0<:> Jr—y=1
\/;+«/x—y+220

Phan con lai dé ca roi! ©

/ 4/ 4 .
VD3(A-A1-2013).{ XLl =gy +2=y

X' +2x(y=1)+y"—6y+1=0

Nhin loang qua, nguoi khong ¢6 kinh nghiém s€ thu PT2 trude, vi nd “gian di moc mac”.
Nguyén nhan ciing 12 do minh day hé da thirc truée d6 rdi nén cac ban rat ty tin v6i da thic

cac loai.

Tuy nhién trong hé vo ti thi kha ning tim duoc lién hé ndm & PT c6 cin cao hon 1a & PT

da thtrc.

Bai ndy str dung x4p xi v6i Y = 100 cho PT1 ra rat nhanh chong: X =100000001=Y* +1
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Trong PT1 ¢6 ¥/x—1 nén lién hé dng cé 1&1a y =/x—1

Tt lién hé d6, chung ta d& dang nghi ngay dén lién hop:

p— 4_
PTIoNx+1 -y +2=y-Ux-1< x—y -1 =y—-3x-1

x+1+\/y4+2

RAlx-1)* -y :y_mC:}(\/4X—l—y)(\/4X—1+y)(\/)C—1+y2):y_4
X414yt +2 ST+ +2

x—1

o (- 4oT) 1+(\“/x—l—i—y)(x/x—1+yz) _

0
x+l44/yt+2

Fx=1+p)Wx—=1+%)
Jx+1+yyt+2

>0 cha?

Cac ban ching minh duoc 1+

Nhin khong can than nhiéu ngudi s€ ngd rang co6 thé két luan luén duoc diéu do roi,

nhung thyc ra ric réi nam & chd Y—1+ y day.
Chung ta c6 cam tudng y duong (vi chiing ta mong nhur thé) khi tim cach chirng minh no.
Vay diéu kién cua y day 1a gi?
Tha thue ban dau minh ciing khong dé y cho dén khi gip doan nay! ©

R rang rat kho tim ¢ PT1, nhung PT2 thi c6 thé. Va khi thay PT2 da dugc dé bai sap xép
1 cach khéo 1éo day 4n y thanh dang tam thirc bac 2 cua x, thi minh tin chic ring diéu kién

cua y s¢ dugc moi moc ra tur cai delta ciia tam thirc nay chtr khong phai cho nao khéc nira.

Thém nita, néu hé ma c¢6 1 PT dang da thuc thi kha nang tim dugc diéu kién (1 phén hoac

tat c4) thudng nam ¢ PT nay.

Vay ta di tinh delta theo x 6 PT2: A '=(y -1’ = (3" -6y +1)>0< y>0
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RAx=1+p)Nx-1+y%) S0 y=x1

Vang, y>0, ta da ching minh dugc 1+
x+1+\/y4+2

Céch lién hop nay danh cho nhimng nguoi khong sang tao cho 1am, hoic 13 lo hét thoi gian

ma chua nghi ra dugc cach khac.

Ciing c6 thé 1a do ngudi d6 da chiu dung cac loai bién d6i “trau bo” kiéu nhu thé quen

roi, hodc 1a hay str dung lién hop dé giai toan.

Boi vi thuc té thi con cach xét ham s6 lam nhanh hon thé nhi€u, c6 may dong:

Bién d6i PT1 o J@x—1) +2+¥x—1=y*+2+y

2

tt+2

Xéthamsb f(£)=t' +2+1(t=0) c6 f'(t)= +1>0V¢>0= ham sb dong
bién = y=4x-1
Thé vao PT2 ta nhan dugc PT da thie: y(3” +2y* +y—4)=0

Phuong trinh nay cac ban da biét cach xir, nén minh khong no6i thém nira! ©

2x7 + " =3xy+3x-2y+1=0

4x2—y2+x+4:\/2x+y+\/x+4y

J2x+y=a>0

JxX+4y=b>0

VD4 (B - 2013). {

H¢ nay tuong tu VD6 ¢ muc a), ta co thé dat { dé chuyén vé hé da thirc.

Nhung néu ¢ day ciing lam thé thi hoa ra VD nay rat phi: chung ta s& st dung cach cua
vo ti.
D@ dang dung xap xi dé phan tich PT1 thanh: (2x— y+1)(x— y+1)=0 va nhu vay da

xong dugc % bai toan! ©
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Phuong phap ciia anh Luc chdm ma chic nén d6i khi n6 hoi mat thoi gian, do d6 minh

khuyén cac ban may diéu:
+ Nén nam ca xap xi cua minh lan 1ap bang cua anh ay.

+ Vi bai hé 2 PT déu c6 can, thi hay quan tdm dén diéu kién trude khi lua chon phuong

cach nao. Vi di€u kién nhi€u do6i khi Iam cho xap xi bi v6 hiéu hoa.

+ Thong thuong van nén ap dung xap xi trudc. N6 khong mét thoi gian 1am nén néu

khong dugc thi xoay sang 14p bang suy doan cling mau thoi.
Chung ta quay lai 1am tiép bai toan.

Lan luot thay y=2x+1 va y=x+1 vao PT2, ta duoc 1an lwot 2 PT chita 2 cin cta nhi

thirc bac nhit: 3—3x=+4x+1+~+9x+4 va 3x* —x+3=~3x+1 +~/5x+4
O! Pay toan dang da hoc rdi, thoi dé lai cho cac ban luyén tap nhé! ©

Vai 101 két luan: hé vo ti tuy kho hon hé da thic, nhung vi né thién bién van hoa nén ky
thuat CASIO danh cho loai nay van chua co6 nhiéu nhu hé da thirc. Dac biét viéc nham
nghiém cta nd thi gan nhu KHONG THUC HIEN DUGC véi CASIO, du nhiéu ngudi rat

mong di€u ay.

Nhung khong sao, hiy giit 14y diéu mong mudn d6 va tu minh nghién ctru, chir dirng ngdi

cho nguoi khéc.

Hay tiép tuc nghién ctru dé danh tan cum tir “KHONG THUC HIEN BPUQC” ma minh

vira mé&i n6i! Cho minh thay diéu do di nao! ©

ITI. Nhirng kv thuat nho khac

Nho khong c6 nghia 12 ngin va don gian dau cac ban 4, chi 13 né khong phai 1a nhiing

van dé dang quan tdm nhiéu nhu miy chuyén dé trong phan I1 d6 thoi. ©
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Mot diéu khac ciing 1a do nhimng k¥ thudt nay it duoc viét dén trong "lang thu thuét
CASIO Viét Nam", c6 thé cac "CASIO man" chua tim ra va ciing c6 thé 1a ho cho rang day
la nhitng dang toan khong lam khé dugc HS hoac HS it khi dung téi (dtng hon 1a khong
mudn ©), nhung v&i mot tai liéu c6 stic CONG PHA nhu thé nay thi minh phai dé cap

toan dién, chtr con phan nay cac ban khong can phai quan tam nghién ctru nhiéu dau.

Cai céc ban nén tap trung la luyén k¥ thuat CASIO hé PT, tu duy giai tay hinh hoc Oxy
va hinh hoc khong gian thuan tay.

Chung ta bat dau! ©

1. Cac van dé cua tap C - s0 phuac

a) Nhirng thao tac dic biét cia CASIO sé phiic

O MODE mic dinh ctia may - COMP ((MODE ), c¢6 1 6 thao tac sau ma rat it ngudi

déy:
VDI1. Chuyén sb phuc sau sang dang luong giac: z =1+

O MODE COMP, cac ban hiy kiém cai phim ndo c¢6 ghi "Pol" mau vang & canh nd, thi ta
s€ dung phim d6. ©

Vang, 1a phim |+| ding khong? Nhitng chtrc ning ghi vang nhu vdy chiing ta nhan

SHIFT| trudc rdi méi nhan dén n6 (vi phim [SHIFT| ciing ghi mau vang).

Nhén [SHIFT)] [SHIFT]|)|[1], trén man hinh s& hién:

Pol(1,1

Hét stc luu ¥ ddu ngan cach giita 2 s6 1 12 ddu phay khong phai chdm nhé, sai cai d6 may

s& bao "Syntax ERROR" (1i cti phap).
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An [=] thu duoc két qua: r=1,414213562; 0 =0,7853981634
Pay chinh 1a gia tri modun va ddi s6 (argument) ctia dang luong gidc r(cos@ +isin @)

Nhung s6 xau thé nay lam sao lay dugc? Co6 cach nao tach riéng dugce két quar va ¢ ma

may hién thi ra 2 bién khac nhau dé tim dang dep hay khong?

Dung lo, may 1am ho ta rdi, hiy kiém tra ngay gia tri 2 bién X, Y khi ddy, cc ban s&

X=42
nhéan dugc: 1

Y=-—r
4

Vay dang lugng giac 1a z = \/E(cos% + isin%j

Néi chung, § MODE COMP, can chuyén dang dai sb sang luong giac cua sd phic
z=a+bi, ta tinh biéu thirc Pol(a,b) (luu ¥ cai ddu phay! ©), sau d6 mo 2 bién X, Y dé xem

lan luot dang dep ctia r va ¢ ma may da tinh.
Thir VD2 dé tim sy khac biét thay rd:
VD2. Chuyén sang lugng gidc w=2+i

Sau khi tinh Pol(2,1) thu dugc r =2,236067977; 6 = 0,463647609 , ta kiém tra 2 bién X,

X =1

Y thi dugc 1 két qua hoi that vong:
Y =0,463647609

.o Y . 1 A < r1r v 3R \ + R . 5
Pon gian vigia tri Y = arctanz , nén chang c6 li do gi dé ma hién thi dang dep ca! ©

A 7 \ , \ 2 2 X )Y . T .. 7T
VD3. D6 cac ban tim ra nit nao dé€ chuyén s6 sau vé dang dai so: z = 2(0053 +isin 3]

Néu chiu khé may mo, thi niit "Rec" s& nhanh chéng 10i ra thoi! ©
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w |y

Céc ban an B % , thi trén man hinh s€ hién: Rec(2,

Xong 4n [=] thu duoc két qua: X =1;¥ =1,732050808

D4y ciing chinh 1a gia tri phan thuc va phan 4o cta dang dai sd, va tuong tu, ta cling mé
X =1

Y =43

X vayY dé xem so chinh xac: {

Vay dang dai s&1a: z=1+~/3i
Ciing nhu 2 VD trudce, néu sd qua x4u thi may ciing khong 1am rd duoc du da mo X, Y dé
2 X . T .. 7 v g AL o oan \ \ A
xem, chang han nhu s6 phirc z = V3 (cos 5 +1isin g) . Va cai s0 xau ¢ day hoan toan khong

thudc dang nghiém cua PT vo ti nhu & phan 11 cac ban d3 hoc dau nhé, nén ding cb truy
dang dep lam gi cho mat cong (mudn thi phai giai tay), va ching trong dé thi chang ai ra quai
g0 nhu vay ca! ©

Két ludn: & MODE COMP, ta sir dung Rec(r,p) va?2 bién X, Y dé tim dang dai s6 cua

sO phiic z = r(cose +isin )
O MODE COMP nhu vay la hét rdi. Néu ban nao lai sang tao ra dugc cach tinh cac phép
tinh sb phirc co ban @ MODE COMP, ching han nhan 2 sb phic z,=1+i;z, =1+ J3i bang

cach tinh Pol(1,1)Pol (1,\/3 ), thi xin hoan nghénh ban! ©

Céi sb 2+/2 ma ban nhan duogc khi déy chi 1a két qua nhéin 2 modun (77, ) cia ching ma

thoi! Nhung du sao biét kham ph4 nhu vay ciing 1a t6t! ©

MODE COMP hét "d4t" cho s6 phirc 1i, do d6 chiing ta chuyén sang | MODE
(CMPLX), day 1a MODE chuyén biét danh riéng cho s phtc, vi viy kha day du chirc ning

tinh toan don gian, nhung may céi phuc tap can trong d¢ thi thi van cu thiéu! ®

Ngoai ra di vao déy roi thi cai Pol véi Rec 8 MODE COMP kia bi khoa khong thé dung.
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Minh xin gidi thiéu may chirc niang chinh ma cac ban nhin thy khi 4n |SHIFT||2| trong
MODE nay:

+ 1 1a "arg": viét tat cuia argument, nén giup cac ban tim dugc doi s6 ¢ cua dang luong

gidc. Chang han tinh arg(l + \/gi) dugc %7[

+21a "conjg": viét tit ciia conjugate, 14 1 chtrc ning khong can dén, vi nd chi tinh cho ta

sO phtrc lién hop ma théi. Chang han: Conjg(\/§ - x/gi) =3 +/6i
+31a">rZp" thi chic cac ban hiéu: chuyén dang dai so sang lugng giac. Chang han

tinh (1+\/§i)l>r4(p ta nhan duoc 24%

+41a">a+bi": nguoc lai véi 3. VD tinh (24%) >a+bi thu duge két qua 1++3i

(hudéng dan danh cho ngudi khong biét gi ©: nhap ki hiéu " £ " bang cach an |SHIFT||(-)]).

Cudi cung, trong menu nay tuy khong c6 chd tinh modun nhung néu mudn tinh |2 + 3z'|

thi cac ban st dung |SHIFT ||hyp| nhu binh thuong.

VD4. Hay tinh (2 +3i)’ trong MODE CMPLX.
Pay la VD cac ban tu lam cho muc a) nay! ©

b) Liiy thira va khai can
Bit dau tir muc nay s& tim cach fix 16i may cai han ché cia MODE CMPLX.
Ldi thtr nhat: may bao "Math ERROR" khi nhap (2 +3i)" dé tinh VD4 & muc a).

Tai sao lai thé? RS rang tinh (2 + 3i)*; (2 + 3i)’ van cho két qua véo véo ma?
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That khong hiéu 1i do tai sao nha san xuét lai thiét ké cho may chi tinh duoc lity thira sd
phirc t6i da 14 3 thoi, tinh tir (2+3/)* tro 1én da khong duoc 1di (nhd rang & day 1a may fx-
570ES nhé).

Pay khong phai 161 ciia may nhung d6i v6i chung ta thi thyc sy 1a 1 16i, do d6 lac nay

minh xir 1i don gian bang cach: tinh timg phan.

Tt 1a thay vi nhap (2 +3i)’, ta nhap (2+3i)*(2+3i)*(2+3i) hodc ((2 +3i)’ )2 (2+30) 1a
ra két qua ngon lanh. Hoi mat thoi gian ti, nhung mién dam bao cac mii nhap vao <3 1a
duoc.

May c6 1 cach rt hay dé cac ban biét duoc cc ban nhap biéu thirc b 16i chd nao, d6 1a
sau khi may bao 131, néu cac ban 4n @ hoac B thi s& thdy con tré nim ngay xung quanh
chd nhap bi 151, tir 46 biét ma sira lai. ©

Lbi th hai: khong thé tinh J=5+12i du rang két qua khong xau: —5 +12i = (2 + 3i)’.
Tham chi ta vu di nhap vao /(2 +3i)’ ciing dap lai "Math ERROR". May sao cin moi s6
thuc van tinh nhu thuong, nhung cai d6 lai chiang can CMPLX lam gi.

Céc ban biét 1i do cua hién twong nay khong? Hoc sé phtic roi s& khéc biét! ©

Bay gio dé co duoc giai phap, minh da dya vao cong thirc tong quat liy can bac n ciia sd

phitc z = R(cos@ +isin @), cong thic ndy nam trong sach gido khoa 12 phan doc thém.

C 2 : 2 —
b6 lanéu gid sir w= 3/;, thi: w= Q/E{cos(2 + k—”jJr ism(z + k—ﬂﬂ (k=0;n—-1)
n n n n
Nhu vay s6 phiic z bat ki s& ¢6 n can bac n khac nhau (vi ¢6 n gi tri k dé thay vao cong
thirc trén). Va dé 1a 1i do may khong giai quyét van dé nay vi no khong biét ta can céi cin

nao (khong nhu s6 thyc chi can tim 1 cén thi ty khac biét can con lai).
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Bay gid ¥ tudng chinh 14 sir dung cong thire trén, nhung s& nhap 1am sao dé gia trj k co

thé dung |CALC dé cho chay tir 0 dén n—1, khi d6 ta sé thu duoc 1an luot duogce n can cia z
Do n cin déu c6 chung 4/R nén chic chén phai nhap /| a + bi |
Phan con lai 1a d6i s6 ctia w, n6 c6 chira ddi sé ciia z nén phai c¢6 arg(a + bi)

arg(a + bi) N 2z

Vay tom lai 14 ta nhap biéu thirc: /| a + bi | 4( M j, trong d6 bién M ta s&

n

dung dé chay cac gia tri cia k

Pugc rdi, bay gio tinh 2 cin bac 2 ciia —5+12i

Minh gan ludn 5 +12i — A dé nhp cho nhanh: /|| z(argz(A) 4 27” )

An |CALC]| tinh biéu thire trén 1an luot véi M = 0; M = 1 ta dugc két qua: 2 +3i;—2 —3i

Don gian chir cac ban? Van dé cua so phirc trong dé thi luc nao cha the, van dé 1a c6 nhé
duogc biéu thirc trén ma nhdp hay khong. Ma mudn nhé thi phai hiéu cac chirc nang co ban

ma minh da giéi thiéu, tir do suy luan xay dung nén.

Thir 1an cudi ndo: tim cac cin béc 4 ciia s6 phirc z = -8+ 8/3i

S6 nay nhap tay hoi 1au, do d6 luu —8 +8+/3i — 4 sau ding cho tién. Bay gid nhap vao
biéu thirc M 4(%(14)4_%]\4) va 4n :

+ Vi M = 0 dugc can thir nhat w, =~/3 +i

+V6i M = 1 duge can thir hai w, = —1+/3i

+ Tuong tu M = 2; M = 3 thu duoc tiép 2 can dbi w, :—\/g—i; w, :1—\/51'

Nhu thé 13 6n rdi, cho phan nay "Do eng" thoi! ©
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¢) Giai PT sb phic

Pay 1a cai 151 thir ba cia CMPLX: khong thé st dung Solve. Trong khi d6 dé thi lai it khi
cho dang da thirc bac 2 hodc 3 dé ma dung MODE EQN. ®

Li nay hién minh chua fix hét duoc, sau day xin dua ra 1 cach giai PT sd phuc chi danh

cho loai rat don gian.
VDI1. Giai PT (1+2i)(3z—i)+(2+i)(z+1)=0
Dai nhung z chi c6 bac 1, rat 1a don gian.

Cam may tinh Ién va lam nhu sau: gia sit z = X + Y7, thé vao PT trén r6i nhdp vao may

biéu thirc: A+20)BX +Y) -+ R2+D)(X +Yi)+1)
Bam |CALC| cho X =100; Y = 10000 ta thu dugc két qua: —69496 + 50700i

Puoc ro1, bay gid cac ban cd doan dugc muc dich (hoac budce ti€p theo) ma minh s€ lam

hay khong? ©

Néu con nhé muyc 3b) thi chic chan cac ban sé doan tring duoc phuong phap xap xi ma

minh s€ ap dung ngay dong dudi nay.
Ta tién hanh xap xi: 69496 + 50700i ~ —70000 + 50000i = ~7Y + 5Yi
Quay lai stra biéu thirc thanh: (1+ 20)(3(X + ¥i)—i)+ (2 +i)(X + Yi)+ 1)+ 7Y —(5Y)i
Biéu thirc nay cho gia tri mé&i: 504 + 700i =~ 500 + 700i = 5.X + 7 .Xi
Do do, ta tiép tuc stra: (1+20)3(X +Yi)— i)+ Q2 +)(X + YY)+ 1)+ 7Y —=5X —(5Y +7X)i
Lan nay nita 1a két thuc, két qua cudi cung 13 4, vay ta duoc:
A+2D)BX +Y)-D)+2+DH)(X+Y)+1)+T7Y -5X -(5Y+7X)i=4

Hay: 1+2)B3(X +Yi)-i)+R2+)(X+Yi)+1)=5X-TY +4+(5Y +7X)i
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Mat khac theo baira ta co: (1+20)3(X +Yi)—i)+(2+)((X +Yi)+1)=0. Do dé vao

g DX =TV +4=0 10 14
MODE EQN xtr li not cai hé laxong: z=—+—i ©
5Y+7X =0 37 37

Céc ban c6 hiéu li do tai sao cach nay chi sir dung cho PT s phirc dang rat don gian nhu

trén khong, cu thé 1a dung khi thay z ¢6 bac 1?
Hay "tiép chiéu" VD sau dé thiy sy "that bai"! ©

VD2. Giai PT s6 phitc (z° +2i)(z+1-i)+2z> =0
Gia st z= X + Yi = nhap biéu thirc: (X + Yi)* + 20)(X + Yi +1—1)+ 2(X + Yi)?
Ta nhan duogc két qua: —3,029699 x10" —9,99594010x 10" ~ —3x10"° —10"%;

Ta thdy néu x4p xi "don bién" thi —3x10"° =-3X" 1a diing chi khong thé xap xi theo
minh bién Y dugc. Nhung c6 diéu nhin vao biéu thirc di nhap ta thiy X, Y déu chi c¢6 bac 3

1a t6i da thoi, do d6 phai x4p xi "da bién" (chinh x4c 14 2 bién) méi ding.

—3x10" = -3XY?

Cuy the 0 .
-3x10" =-3X7Y

. Cach hiéu ¢ duéi khong hop 1€, vi nhin qua ciing thdy khong
c6 hang tr nao c6 bac 16m hon 3

Con —10"% =—=Y? ¢6 thé tam chép nhan.

Vay ta stra: (X +Yi)* + 20)(X +Yi+1-0)+2(X + Yi)* +3XY* = (-=Y°)i

Va nhan dugc két qua: —296989998 + 405990202 ~ -3 x10% + 4x10%i

-3X°’Y X
Tuong tu —3x10° = ¥ chir khong phai 1a —3.X*, nhung nhin biéu thirc thi minh

cam giac —3X°Y diung hon! © Va do d6 minh ciing cho luén 4x10° =4X°Y

Tiép tuc sira: (X +Yi)* + 20)(X +Yi+1—0)+2(X + Yi)* +3XY> +3X°Y — (=Y’ +4X?Y)i
P
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C6 nhitng cai goi 1a "chuyén bay gio méi ké" 1a vi by gio méi dung dén, ¥ minh 1a lac
nay minh méi néi thém 1 meo nita dé kiém tra xem ban c6 dang di ding hudng trong

phuong phap xap xi hay khong. D6 1a can ctr két qua an t6i.
Két qua 1an nay 1a: 3010002 +5990202i ~3x10° +6x10°i

Két qua lan tdi, sau khi xap xi ma thay cai so6 mii ciia 10 nho hon cua két qua trude do, 1a

99% dang xap xi ding. ©

O day con lai 10° 13 rang nho hon 10° trude d6, vay 1a dung. Con néu né bang thi co
nghia 1a biéu thirc ta x4p xi ngay lan trudc 1a dung dang nhung sai hé sé nén két qua van
chua giam mil dugc. Nhu ¢ day ta da xp xi thanh biéu thirc —3X°Y +4.X°Yi 1a ding ca dang
(X?Y)13n hé s6 (-3 va 4).

Quay tré lai ndo, ta cd: 3x10° +6x10% =3 XY + 6.XYi

Két qua nhan duoc 1a 10002 -9798i ~10* —10*i = X* — X%
Haizz! Két qua cudi cing 1a: 2+202i =2+ (2.X +2)i

Vay noéi chung la:

(X +Yi) +2D)(X +Yi+1-0i)+2(X +Yi)
=X’ +3XY +2-3XY? -3XY +(6XY - X’ Y’ +4X°Y +2X +2)i

Bay gid, gia str ma khai trién trén 1a ding 4y, thi ching ta s& phai giai hé PT sau:

X2 +3XY +2-3XY*-3XY =0 . Y
Y, s ) . Con néu khong dang thi phi cong roi! ®

6XY -X"-Y +4X°Y+2X+2=0
Con vé hé nay thi, chic khoi giai! ©

Thuc ra viéc nhin s6 mii cua 10 gidm di d€ doan tinh chinh xac chi hgp véi khai trién 1

bién ma thoi, thém nira & day lai c6 thém sy tham gia cta i, nén cang dé sai.



VIETMATHS.NET

Lam Hiru Minh - sherlockttmt@gmail.com

Qua VD2 nay, cac ban chic da hiéu hét 1i do ta khong nén ap dung phuong phéap nay d6i

v6i PT s6 phtrc ma bac z khac 1.

M6 rong ra, néu PT ma co6 chura cac dai luong nhu

z|, z.z, ... thi cling bé.

Trude khi lam thém 1 VD nita cho thanh thao, minh s& néi thém may diéu luu ¥ chinh

cua van dé PT so phtc nay.

Thir nhit bac cao hay thap thi nd ciing 14 phan cuc ki don gian, thdm chi con don gian

hon ca phan b) nita 4y chir! ©

Thir 2 néu ma bat minh phai giai cho dung cai VD2 kia, thi minh s& choi "tro" khac chi
khong phai 14 cai kiéu "nhoc xac" nhu trén nira dau! © Tro ddy ciing 13 phuong phép xap xi,

nhung don gian hon nhiéu, va s& duoc thé hién ngay sau day.

VD3. Giai PT (22+3—2i)(1+4l-)_j+1:

0

Kiéu bai nay thudc loai "thing rdng kéu to", nhin thé ma z c6 bac 1 thoi. Do d6 minh s&

1am 2 céch, trong d6 Cach thtr 2 1a && minh hoa cho cai "trd khac" da néi ngay trén. ©
@ Céch thu 1
Dit z =X +Yi, nhap biéu thirc (2(X + Yi) +3—2i)(1+4i)(1+ 1) — (X + ¥i) -1
Véi (X;Y)=(100;10000), ta dugc con sd quy gia: —100700 — 68979
Xap xi nhanh: —100700 — 68979i ~ —(100000 + 700) — 70000; = —(10Y + 7.X) - 7Yi
Bo6 sung biéu thirc: (2(X + Yi)+3—20)(1+4i)(1+1)— (X +Yi)—1+10Y + 7X — (=7Y)i
Nhan ngay két qua: 1021i = (10.X +21)i

Sau khi kiém tra, két qua trén 1a dung. Vay budc khai trién phwong trinh da thanh cong
t6t dep! ©
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QX +Y)+3-20)A+4)(A+i) - (X +Yi))-1+10Y +7X — (7Y +10X +21)i =0
S QX +Y)+3-2))1+4)(1+i)— (X +Y)-1=-T7X -10Y + (10X =T7Y +21)i

210

X=—"—
7X +10Y =0
H¢ con lai giao cho EQN: & 149 =>z= _210 + 14—71'
10X -7Y =-21 Y_14_7 149 149
149

Qua thuc lac nhin céi nghiém minh hoi giat minh, s¢ sai, nhung r61 khong sao, vi VD

toan bia ra ca ma! ©
@ Céch thir 2

Céach nay khoi can MODE chuyén biét dé lam gi, thich 1am & COMP hay CMPLX ciing

duoc.

Dé viéc thuc hanh d& dang hon, cac ban nén xem lai VD3 va VD4 ¢ muc 3b) Khai trién

da thirc chwra tham so néu chua nho.

Theo ¥ tudng & muc do, ta s& dung bién X dé nhap z, bién M dé nhap i sau d6 khai trién

o e

no ra, 10i sau d6 giai tiép thé nao thi tuy. ©
Vay ta nhap: (2X +3-2M)(1+4M)(1+M)—- X —1 (thiy quen chu?).
Lan nay gan (X;M)=(100;10000), ta nhan duoc: —7,91978987 x10"

Nén nhé M trong biéu thirc trén co bac cao nhat 1a 3, con X chi bac 1, d6 1a 1 co sd dé ta

xap xi cho ding hudng: —7,91978987 x 10" ~ -8 x 102 = —8M°
Quay lai stra: 2X +3-2M)(1+4M)1+M)—-X —1+8M°
Phan tich két qua méi: 8,02101301x10" ~8x10' =8.XM >

Stra tiép: (2X +3—2M)(1+4M)(1+M)— X —1+8M°> —8XM>
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Ctr thé ma 1am théi: 210130102 ~2x10% =2M>
Két qua sau d6: 10130102 ~10” =10XM (sao dai vay ta? ®).
Con lai: 130102 =130000+100+2=13M + X +2
Chinh xac roi d6 (nho “nguyén tic TGTTN” ca ddy), vy ta duoc:
QX +3-2M)A+4M)1+M)—X —1=-8M> +8XM* +2M* +10XM +13M + X +2
Thé lai i vao M va nhom biéu thiic theo X, ta duogc PT sau khi khai trién 1a:

3 52 .
(8% +10i +1)x 87 + 2% +13i+2 =0 xy= 020 — 13 =2_ 210, 147,
8% +10i +1 149 " 149

Phan nay phai cho két thuc cang sém cang tot, phai khong? ©

2. Tach tich phan hiru ti

S6 phirc da moéi, tich phan cang méi hon nita, vi tir trudc téi gid minh luc tung Google
1én méi chi thay duoc 1 ngudi nghién ciru ra cai nay, d6 chinh 13 Bui Thé Viét (tit nhién
minh khong ddm néi 14 chi c6 mbi ban ay trén doi nay! ©). Va ki thuat sau ddy chinh 13 cta
ban 4y.

P2
VDI. Tinh tich phan 7 = J‘idx

2

JxT=3x+2

Céc ban di hoc so so tich phan khong thé khong biét cach don gian nhét cho bai nay
_ 22
¥ -3x+2 x-2 x-1

chinh 1a tach

Va diéu d6 d& dang thyc hién trén mdy tinh CASIO, rat 1a nhanh chong.

D¢ céac ban hiéu ban chat cach lam nay, minh s€ giai thich n6é nhu sau:

2 4 4 b c6 phai khong?

C4i ta can tim chinh 1a 2 hé sb a, b khi tach 5 =
x =3x+2 x-2 x-1
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Bay gi0 céc ban hay tinh cho minh: lim{#(x - 2)} ?
=2 x°=3x+2

2(x—2) b(x—2) )
—————~=a+———=lm| V———
x =3x+2 x—1 -2 x°—=3x+2

dung khong? ©

C6 phai 1

(x—2)}:lim{a+b(x_2)}=a

x—2 x_l

Tiép theo ta lai c6 lim( 5 2 __4
o\ x"=3x+2 x-2

)(x — 1)} = b, diéu nay hién nhién roi.
Néu cac ban da ddng y thi chiing ta budc vao ky thuat CASIO nhé! ©

Trude hét nhap vao may nhu hinh sau:

2
— - (X2
(X2—3X+2( )

(nhit thiét phai nhap dau ngoic ¢ dang trudc! ©)

Do ta tinh gi¢i han khi x — 2 nén ta s& gan X 1 gi tri rat gan 2, cu thé cac ban cho

X =2+10". Va két qua thu duoc 1a 2
Vay ta duoc hé s6 dau tién: a =2

2 a b

Tiép theo lai co: 5 — = , do d6 dé tim b, twong tu, ta quay lai biéu
x =3x+2 x-2 x-1

2
X?-3X+2

thirc stra n6 thanh: ( —-2+(X - 2)} (X —1) (day chinh 13 li do minh nhic cac ban
phai nhap d4u ngoic phia trudc ngay tir budc dau ©).

An |CALC|, cho X =1+10"° ta nhan duoc tiép —1,99999998 ~ 2 = b

2 2 3 2
x> =3x+2 x-2 x-1

©

Vay:
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3
VD2, Tinh J = | L

X +4x°+x-6

2

Dung EQN, ta dugc x° +4x” +x—6=(x—1)(x+2)(x +3), do do ta s& tach ra 1am 3 tich

. x+1 a b c
phén con: — 5 = + +
X +4x" +x-6 x-1 x+2 x+3
x+1
3 2
X +4x T +x—

Tim a: nhap ( p (x—=1), cho X =1+10"* ta dugc 0,1666666675, nhin cé vé

khong chic chin ldm, cho X gin sb 1 thém 1 chit nita xem sao: nhap X =1+107". Lan nay

dugc 0,1666666667 , 6 sd nay chinh 1a %

Meo nho né, néu cac ban khong nhin ra dugc phan s6 nao tr 0,1666666667 , thi hay su
dung chirc nang 1am tron cia may, nghia 1a cic ban s& nhap lai theo cach thu cong sd

0,166666666... vao may, nhap bao nhiéu s6 6 tuy thich mién 1a nd phai dai hon man hinh

« R . r A r ~ 1N \ 1
hién thi. Sau do6 an E , may s€ lam tron chota a=— ©

Tim b: quay lai stra biéu thuc tha‘mh( 3 le —l+(x—l))(x+2).Cho
X +4x " +x—-6 6

X =-2+10"* ta dugc 0,3333333306, chic la % , nhung néu chua yén tdm c6 thé thir lai

X =-2+10" (hodc nho hon thé nira)... Vang, dung 1a b =— 1.

1
3

x+1 1
. _

Tim c: lai stra tha‘mh( 5
X +4x"+x—-6 6

+(x—1)—%+(x+2)j(x+3). Cho ludn

X =-3+10" cho yén tam, ta dugc: —0,4999999999 ~ —% =c

x+1 _l
X +4x*+x-6 6

Cudi cung kiém chimg biéu thirc: +(x—1)— % +(x+2)+ % +(x+3)
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x+1 1 1 1

Két luan: 3 > = + -
X +4x +x-6 6(x—1) 3(x+2) 2(x+3)

R4t nhanh, phai khong? ©

Céc ban c6 thic méc liéu ta phai lam nhu thé nao néu nhu da thic bac 3 & mau kia cd
dang (x — x,)(mx* + nx + p) ma tam thitc mx’ +nx + p lai vd nghiém, khi d6 tach 1am sao

duoc?
Vang, van dé do ciing don gian thoi!

x> +2x-3
X =3x*+3x-2

1
VD3. Tinh tich phan K = j

0

Pung van dé dang noi: x* —3x” +3x—2 = (x - 2)(x* —x +1). Thuc ra thi dang n6 thay d6i

X +2x-3 _a bx+c
X =3x"+3x-2 x-2 x*—x+1

1a chinh théi chir phuong phép thi cling twong tu:

X +2X-3

Y 3x° +3X—2(X ~2) ta duoc “sb dep”

Tima: gan X =2+107"° cho biéu thirc (

1,666666667 , tirc a :g

2 pa—
Timb,cthilaikhéngnhu’thé.B(’yivitac() bx+C=(x2—x+1)( X +2x-3 a J

x3—3x2+3x—2_x—2

nén minh nghi ngay dén viéc: xap xi.

2 p—
Gan X = 1000, thi biéu thlﬁ:c[ X +2X -3 —§+(X—2)j()(2 — X +1) cho ta gia tri

X -3X*+3X-2 3

1993 2X -7

3 3

Vay:

x> +2x-3 1 5 2x+7
3 2 =5 + ©
x =3x"+3x-2 3\x-2 x"—x+1
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j x’+1
2

VDA4. Tinh tich phan L = ; 5
X +x +3x +x+2

dx

0

Ung dung phuong phap phan tich nhan tir da thirc bac 4 vo nghiém da hoc, ta phan tich

duge x* +x° +3x7 +x+2=(x" +D(x" +x +2)

x*+1 _ax+b  cx+d
4

Vay c6 nghia la phai tach: = +
Y 8 P X3 42 P+l P +x+2

Cai kho nhét bt nguén tr viéc mau bi vo nghi¢ém nhu vay. Li¢u co thé Xép xi dugc nhu
VD3 nira khong?

Nghi cach nao d6 c6 dung xap xi c6 vé kho, nhung néu ching ta chiu kho quay lai va cb
luc lai huéng di twong nhu di bi tic gidng Bui Thé Viét dd lam, thi chic cac ban ciing s&

nghi ra.

Hudng di d6 chinh 1a sir dung nghiém cua mau nhu cac VD trude da lam! Nghiém thuc

thi ca lang tic roi, nhung chung ta con nghiém phirc, phai khong? ©

Nghiém ctia x* +1=0 1a +i, thich c4i nao thi dung.

3
Nhu vay ta ¢6: ai +b=lim| — > *1 (X% +1)
=i X+ X7 +3X + X +2

X +1
X'+ X +3X°+X+2

Nhép may biéu thirc: [ (X?+1) 16i cho X =i+107"° thu dugc
~1,5%107"° = 0,9999999999; , tir do suyra a=-1;b=0 ©

Khoan d4, vira rdi cac ban c¢6 1am dwoc nhu minh hay khong? Hay 1a cho X =i+107"°

xong may bao “Math ERROR”? ©

Vay hiy dé y xem cac ban da nhép 15i chd nao nhé, nhan quay lai sau khi may bao 15i 1a

thay. Con tré ndm ngay vi tri mii cia X* phai khong, nghia 12 16i & cai s6 mil do.
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Nén nhé ring bién X cia ta chia sd phtrc, va theo nhu muc 1b) thi khi tinh liy thira s6
phirc khong duge phép nhap sé mil qué 3, d6 14 1i do tai sao may bao 15i toan hoc (Math

ERROR), thay vi 16i ct phap (Syntax ERROR).

X +1

: — (X*+1)1adn! ©
XX+X +3X"+X+2

Stra lai don gian: {

X +1
XX+ X +3X°+X+2

Vay ta s& x4p xi cho biéu thirc ( + X =(X? +1)j(X2 +X +2)
dé tim ndt c, d

Cu thé cho X = 1000, ta dugc 2001 =2X + 1, tkcc=2;d =1

IR x +1 -X 2x+1
Két luan: 3 5 =+
XTHX+3x"+x+2 x4+l xT+x+2
Binh luan: cach dung nghiém phirc nay cé 1 bat on, d6 1a nghiém phirc ma phtc tap nhu
bai sau day thi viéc do hé sd tir két qua kha mat thoi gian:
l X’ +1
VDS. Tinh tich phan 7 = | dx

0x4+2x2—x+2

Cho trude x* +2x° —x+2=(x" + x+2)(x* —x+1) vanghiém cua 2 nhan tir (x* + x +2)

NG

\ A 1 o 1 3. aia . , .
va (x> —x+1) lan luot 1a iE + 71 va iE F 71 , 101 bay gid cac ban tu minh thir theo cach
trén dé thay sy bat loi ciia nd nhé.

Ttr d6 céc ban tu rat ra kinh nghiém khi lya chon hudng lam cho phu hop: theo hudng

nghiém phure hay 1 quay lai lam theo cach 1am truyén théng.
Cach truyén thong 1a quy dong 18n, thay vai gia tri X dé 1ap hé bac nhat, roi giai.

N6 kha don gian thoi, tham chi cach nghiém phirc ma méc phai nghiém cong kénh thi

con bi n6 vugt mit dy chir. ©
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Giir gin va phat huy truyén thong thi ai ciing phai biét, thé nhung khong biét cac ban da

phat huy n6 dugc thém ti nao chua nhi? ©

3
, , x +1 ax+b cx+d
Hudng tach: — 5 =— +—
X +2x —x+2 x"+x+2 x"—x+1

Quy dong 1én ta duoc: x° +1=(ax+b)(x* —x+1) + (cx + d)(x* + x +2)

Pén day thong thuong 1a thay 4 gia tri x khac nhau dé 1ap hé 4 an, phai khong? Nhung

néu dé y ti thi chi can 2 gia tri thoi.
Cu thé nhin liéc qua hé s6 bac cao nhét va thép nhét cua 2 bén, roi déng nhat lai, ta dugc:

a+c=1 . )
. Tiép theo thay nguoc cai nay vao dang thuec:
b+2d=1

¥ +l=[ax+(1-2d)](x* = x+D+[(1-a)x+d](x* +x+2)

Vay chi can 2 gia tri x 14 dugc cai hé 2 4n. Day chinh 1a 1 budc nho cua viée phat huy

truyén thong! ©
Ngoai ra minh ciing khong c6 gi dé néi thém cho muc ndy nita! ©

3. Hinh hoc giai tich

Muc niy méi thuc su 1a méi nhat! © Chir tich phan thi cling khong phai 1a la 13m.

Thuc ra vi méi khai pha, nén sy phuc vu ctia CASIO d6i véi céc linh vuc hinh hoc van
con tho so lam, va dac bi¢t phai 1a loai hinh hoc c6 chtra s6 li¢u, chir hinh hoc thuan tiy chi

c6 tu duy hinh anh thi van con tic.

Hi vong trong tuong lai cac ban s€ nghién ctru ra ky thuat CASIO é&p dung trong viéc tu

duy, suy luan bai toan hinh hoc thuan tay. ©

Muc nay chil yéu 14 ap dung chirc ning c6 san ciia cac MODE s6 3; 5; 8. Chung ta s& di

vao cy thé 2 loai méi la nhét, trir MODE thir 5 - EQN, 1i do tai sao thi khoi phai noi.
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a) MODE STAT

Trude tién cac ban nhan [MODE||3||AC| dé thdy chit "STAT" nho xiu, rdi minh noi tiép.

Pay 1a MODE giai toan thdng keé, loai toan khong co trong dé thi Quéc gia (tinh dén nam
2015 ©), do d6 minh chi khai thac khia canh phuc vu cho hinh hoc phang Oxy ma thoi.

C6 phai khi cac ban nhan |[MODE||3] thi man hinh hién nhu thé nay phai khong:

1:1-VAR 2:A+BX
3: +CX? 4:InX
S5:e™X 6:4-B™"X
7:4-X"B 8:1/X

Kho hiéu nhi? Céc ban da kham pha n6 bao gid chua?

Néu chua, xin moi cac ban doc lai 1 bang trong sach huéng dan st dung may tinh CASIO

fx-570ES (loai cao hon twong tu):

Céc ban khoi can tra xem chitr "Ho61 quy" 1a cai quai gi (biét roi cang tot), minh s€ hudng

dan luén trong cac VD va cac ban sé biét n6 la cai "quai" gi ngay thoi! ©
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VDI. Lap PT duong thang di qua 2 diém: 4(2;3), B(—1;5)

Bim |MODE (nghia 14 tién hanh str dung cai thtr 2 trong bang trén), may s& hién:

X Y

(Minh tao hinh khéng duoc dep cho lim! ©)

Trong bang nay cac ban nhap vao 1an luot hoanh do X, tung do Y cua 2 diém A, B, nhu

hinh sau:

X Y
1 2 x
5 : (Nh6 nhap ding cho nhé)
3

Vi ta dd chon chirc ning thtr 2 trong bang trén 13 "Hoi quy tuyén tinh", tic A + BX, nén
tir nhitng s6 liéu ndy, sau qua trinh hdi quy may s& cho ta 1 phuong trinh dudng thang co
chta 2 diém A, B nay, va d6 chinh 13 phuong trinh can 14p. N6 c6 cong thirc theo ding nhu
trong bang chirc ning da ghi 5, trc 1a y = 4+ BX (can than nhé, khong phai 13
y=AX + B).

Bay gio0, qua trinh hoi quy vira mdi néi dién ra & dau va lam sao dé xem dugc?

Cac ban tat bang dir liéu vira nhap di, va bam , man hinh s€ hién mot

cai menu la hoac... ©

Dé xem hé s6 A trong phuong trinh y = 4+ BX , cac ban nhén |1| chon tiép céi dau tién

(1a A phai khong?). Sau dé 4n [=].

Ta duoc A4 =4,333333333, tiép 1 phat phim & nhan duoc sé dep ?
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Tuong tu dé xem ndt B, cac ban lai |SHIFT vao menu lac nay, roi chon céi thu 2,
la B thoi.

An IS D duge B--3

Thay vao phuong trinh y = A+ BX ta dugc két qua PT duong thang can lap 1a:

y=?—§x<:>2x+3y—l3=0

Qua trinh hdi quy hiéu ndm na 1a di tim cong thirc chung.

Nghia 13 tir toa d6 2 diém A, B ma cac ban nhap vao, may s& tién hanh tim cong thirc
chung lién hé gitta X va Y cho 2 diém nay, va mbi lién hé d6 chi c6 thé 13 PT duong thing
AB ma thoi.

Va vi két qua hoi quy 1a 1 PT dudng thang, nén méi goi 13 hdi quy tuyén tinh.

Ttr @6, nhin lai bang liét ké chirc niing & trong sach huéng dan duoc trich phia trén, cac

ban cé thé tu suy luan ra cac kiéu hoi quy con lai 1a nhu thé nao roi day.

Vay duong nhién s& ¢ 1 thic mic: néu nhap thém diém C vao bang dit liéu hdi quy day,

liéu nd co thé cho ta PT dudng thang duoc khong?

Gia sir lay diém C(-2;1) bat ki, cac ban mé lai bang dit liéu trén bang cach nhan

, nhap thém toa d6 diém C xubng dudi cung:

X Y
2 3 ST 5 o
| s (dang 1€ minh khong phai v€ hinh nita)
3 -2 1

RO1 quay lai 1am lai cac budc trén dé kiém tra A, B xem sao...
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. 40 3 A T LA A L 4R

Co phai phuong trinh méi la y = ') + Ex ? Tuy nhién PT nay lai khong hé chira diém
nao trong ca 3 diém trén.

Li do thir nhat 1 diém C ta chon bét ki kia von di khong hé thudc duong thang AB c6 PT
2x+3y—13=0 da tim, nén chang co6 thanh nao c6 thé 1ap ndi cai PT dudng thang di qua
dugc 3 diem d6 ca! ©

A% ;. 40 3 £ 1A T T U I

Con viéc may van cho két qua y = 'Y + Ex : day khong phai 1a n6 hién thi btra bai, ma la

tai cai li do thtr 2 ctia toan thdng ké ma cac ban khong can tim hiéu 1am gi. ©

Vay néu ta thay doi C di, chang han C(5;1) (lan nay dang 13 3 diém thang hang roi), cac

ban quay lai bang nay sira dit liéu diém C di roi xem két qua thay doi thé nao...
Vang, két qua lai gidng nhu PT tha nhét: 2x+3y—13=0
Vaytaco?2 két luan:
+ KL 1: néu dix liéu nhap chi ¢6 2 diém A, B, may s& cho phwong trinh dudng thang AB.

+ KL 2: néu dir liéu c¢6 diém thir 3 C, ma PT nhan duoc khac PT AB, suy ra 3 diém A, B,
C khéng thang hang. Con néu van nhan dugc PT AB nhu cii, chimg t6 A, B, C thang hang.

VD2. Lap PT parabol di qua 3 diém: 4(2;3), B(-1;5), C(-2;1)

Céc ban ¢6 do lai duoc cau két cua cai VDI thude muc 4¢)3)) Phan tich PT vé ti chira 1

can cua da thirc bac cao khong?

Minh da néi la: "vé cach tim ¢ ki€u bac 2 nhu trén thi sau nay minh s€ cho cac ban 1 cach

tim khac nhanh hon thé nhiéu", va cach lam d6 s& duoc sir dung trong VD2 nay. ©

Khi phan tich PT vé ti minh ciing hay sir dung cach nay, no chi bat loi & chd phai d6i tir

MODE COMP (dung dé giai PT) sang MODE STAT ma thoi.
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Nguyén li ding giéng VDI, c6 diéu thay vi chon , ta chon ,

dé st dung "Hoi quy bac hai" - tim PT ¢ dang y = 4 + Bx + Cx* (céc ban ding thic méc tai
sao cai PT no lai "trai khoay" nhu vay nhé, cai do tai nha san xuét va minh cling khong co y

kién gi théem! ©).
Hojc ¢ thé nhin dé mé néu dang dé sin MODE STAT rdi.

Va cai bang dir liéu hién ra y hét nhu hdi quy tuyén tinh:

X Y

Hinh thirc n6 giong nhau vi cach nhap liéu khong co gi khac, nhung ban chat chirc ning

da khéac nhau r0 rang.
Cac ban hay tu kham pha ra hudng lam tuong tu nhu VD1 xem nao! ©

Néu két qua PT parabol 1a y = ? + %x —~ %xz thi 1a ding.
Tuong tu VD1, sau khi nhp xong dit liéu, ta tit bang di rdi an |SHIFT roi 1an luot

chon , , dé xem A, B, C.

Va hay nhé cai PT may né cho 1a y = 4+ Bx+ Cx* chttr khong phaila y = Ax> + Bx+C
nhu 1au nay van thay trong sach, viét trong vo. ©
Cudi cing, giéng nhu VD1, néu cac ban c6 thém diém D ma mudn kiém tra xem nd co

thudc parabol di qua A, B, C hay khong, thi ta ciing str dung cai PT lap duoc tir 4 diém A, B,
C, D. Néu né gidng PT nhu khi dit liéu chi c6 A, B, C thi thudc, nguoc lai thi khong.
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Céc dang hdi quy con lai trong bang chirc nang da néu cac ban thich thi voc, khong thi

thoi! © Vi phan hinh phang trong dé thi  MODE nay theo minh chi ¢ ndy thoi.
b) MODE VECTOR

MODE nay thi han nhiéu nguoi biét hon, nén minh s& khong noi nhiéu, vi khi hoc nhiing
céi lién quan dén phép tinh vector trong hinh hoc giai tich Oxyz thi cc ban ciing déu duoc

kham pha, bat nguon tir viéc tinh tich c6 hudng.

Khi c4c ban nhdn | MODE , man hinh xuét hién 3 vector A, B, C dé lua chon, thich cai

nao thi dung.
Gia str minh bam |1| chon vector A, mdy lai héi tiép 1a mudn choi Oxyz hay Oxy! ©

Thong thuong MODE nay chung ta chi dung tinh tich c6 hudng théi, cho nén minh chon

tiép [1] tirc chon loai vector c¢6 3 chi sb toa do (trong khong gian Oxyz ma).

Bay gid man hinh hién nhu thé nay thi ta ¢t nhip vao 3 toa d6 cua vector d(1;2;3) nhu

binh thuong thoi:

Vay ta da nhap xong 1 vector.

Nhung 1 cai thi 1am dugc gi, mubn thém vector 7)(2;—1;1) vao, cac ban nhan tiép

rdi chon |2| (vector B), ri nhap thong tin nhu thudng.

Nhén [SHIFT||5| chinh 1a mé cai menu chic ning cia MODE nay, ¢ d6 cac ban c6 thé
thdy 3 cach dé xem lai di liéu d3 nhap vao 1 vector ndo d6. Cach 1 1a chon |2]| (Data), roi

chon vector mudn xem. Céach 2 1a chon tryc ti€p vector muon xem trong s6 3 phim ; ;

(twong mg 3 vector A, B, C), roi E Céch ngai ding nhat 13 . ©
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Bay gi¢ dén khoan tinh tich ¢6 huéng 7 =[4,b]

Trong may tinh, phép tinh nay dugc viét nhu 1 phép nhan binh thuong, nghia la chi can

nhap vao man hinh Vetd x VetB r6i nhan E la xong. Thao tac n61 chung c¢6 8 phim:

[stirr][3][3] (<] [sHzrT ][] [4][=]
Két qua nhan duoc 1a 7i(5;5;-5), rit dep! ©

Trong menu vira rdi cac ban thay phim thtr 7 14 chirc nang "Dot" c¢6 phai khong? Cai d6

chinh 1a tinh tich v6 hudng.
Cu thé nhap vao: Vetd -VetB rdi E , ta dugc tich vo hudng 1a 3
Vay la da xong cai MODE thir hai. ©
¢) Sang kién giai h¢ bic nhat 4 PT 4 4n
Tai sao cai nay lai nAm & phan hinh hoc?
+ Thir nhit bén dai s6 khong c6 chd nao cho nod "sdng" ca.

+ Thir hai: thinh thoang trong bai hinh giai tich Oxyz ta lap PT mit ciu hay mit phang di
qua 1 s6 diém cho trudc (ma cac ban déu biét may PT d6 déu c6 4 hé s6 phai tim), tuy khong

nhiéu, nhung né cling 1a hé PT bac nhét 4 4n 4 PT, ma ta can giai.

X+y+z+t=0

. 2x—z-2t=1

VDI1. Giai hé PT:
y+2z-3t=2
xX+y+t=-1

Trude hét ta loai di phuong trinh phirc tap nhét trong hé, theo minh 1a PT tht 3, vay ta
X+y+z+t=0
conlaihé: < 2x—z-2t=1 ©
x+y+t=-1
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Minh khéng c6 ¥ dinh sang tao 1 phuong phéap "s6 d&ém" cho giai hé PT loai nay déu,

thue chat van chi 1a xap xi "c6 hiru" ma théi. ©

Tiép theo minh thé 7 =1000 vao cai hé mé&i & trén, thu dugc 1 hé méi hon nita:

x+y+z=-1000
2x—z=2001
x+y=-1001

Bay gio minh sir dung EQN, nghiém thu duoc tng dung phuong phap xap xi dé biéu dién

x=1001=¢+1
lai cac bién x, y, ztheo t: { y=-2002=-2¢-2
z=1

Béy gio, thé hét x, y, Z theo t & trén vao cai PT ta da bo di ¢ hé ban dau, ta duge PT béc

3

C 2 75
nhat 1 an t: (—2t—2)+2—3t=2<:>t=—§:> ‘
y=—g

Két luan: nghiém la (x; y;z;t) = (E;—ﬁ;l;—zj
55 5
Vay tir 1 hé PT bac nhat 4 an, 4 PT ta d3 quy vé 1 hé PT bac nhat 3 4n 3 PT va 1 PT béc
nhit riéng 1¢, théng qua phuong phap xép xi.

Y tudng ctia minh khdi nguon tir cau héi dau tién 1a: 1am sao giai duoc h¢ 4 an bang cach

dung EQN. ©
Pé "giai tri" thém chiit nita, moi cac ban giai thir VD2! ©

2x—y+2z-5t=1
o x+T7y+z—-4t=0
VD2. Giai hé sau:
y—z—t=3

x+y+4z=1
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x+7y+z=4000
Vit ludn cai PT dau tién di, roi thé t = 1000, ta duge hé méi: §  y—z=1003

x+y+4z=1
x:2363:7089:7t+89
3
Giai hé nay ta thu duoc: y:330:?:%
Z:_673:_2019:_2t+19
3 3

Thé n6 vio PT ddu tién ciia hé gbe: 2(7t;89)— (-1 +2(—2t+19)—5t :1<:>t:%

3 3

521

x=""

6
L],
7%

68

z=——

3

7t + 89

Cai chd minh thay lo nhat chinh 1a chd xap xi x = , nhin né khong duoc chic chin

nhu y v6i z, nhung cudi cing, thir ciing chinh xac, néu khong ding thi sira lai thoi. ©

Cai viéc lam sao dé Xr?'lp xi cho ding, thi ngoai viéc hoc céc k¥ thuat va linh hoat ra, con
phai tap nhiéu bai né day dan kinh nghiém. Con vé 1 s6 luu ¥ dé xap xi chinh xéac thi minh da
cho cac ban thay trong nhitng lan str dung truéc do, nén s& chang can thém VD3 1am gi

ntra. ©

Nhu vay néu thém 1 4n nita thi vAn c6 thé giai dugc bang phuong phap trén, d6 14 an tir 5
an xudng 3 4n bang cach thé 2 4n bat ki 1an luot 1a 1000 va 1000000 (1), hodc 100 va 10000,

10i cling xap xi. © Co6 diéu s€ khong ¢ bai nao 5 an ca.

Nhung 6 an thi thoi roi, két thuc ludn!
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4. Chitng minh bat ding thirc ddi xirng

Pay 1a van dé khong phai 1a nho ma 13 khong chiu hoc, ai cling biét thé, va udc mo 9d ¢o

1& 12 nhiéu dbi voi nhimg ban hoc kha, tham chi 1a giéi Toan.

Boi thé, minh ciing khong khuyén khich céc ban hoc nhiéu cai nay lam gi, va k¥ thuat &
day ciing khong giup dugc nhiéu gi, bai vy cac ban can phai hoc 1y nhing kién thire thuan

tuy (khong c6 may tinh).

Viéc hoc BT trong dé thi THPT Qudc gia khong phai 1a khé 1dm vi né khong vo tan va
kinh khung nhu ban chat toan ven ctia BDT Toan hoc, n6 chi c6 miy phwong phéap chinh nhu
mg dung 2 BDT co ban (Cauchy, Bunhia), va dua vé 1 bién rdi dao ham, hiém khi nguoi ta

ra khung.

C6 nguoi thay da ting noi: phuong phap tot nhat dé hoc tdt tich phan 1a hoc cong thirc va
doc that nhiéu bai giai sin. Theo minh dé cac ban c6 kha nang lam duoc BDT trong dé thi

nay, thi ngoai ap dung t6t 2 BDT co ban ciing phai doc thém nhiéu bai giai san nita.
Bay gio ta di vao van dé chinh, str dung phuong phap tiép tuyén ¢/m BDT dbi ximg. ©

Dang toan thuong ap dung tiép tuyén la nhu sau: cho x, + x, +...+ x, =k, chimg minh
rang P = f(x)+ f(x,)+...+ f(x,)=m (hodc co thé bét tim min P). Chiéu nguoc lai ¢/m

tuong tu.
Vé6i BDT ddi xtng, thong thuong diém roi (1a bd gia trj cia bién dé ddu "=" xay ra) la gia

- 5 A 5 ’ <A N A \ ’ - R : 1N k .
tri cua tat ca cac bién bang nhau, cy thé dang nay ta dy doan diémroi la x, =— (i =Ln).
n

Va phuong phap tiép tuyén s& duge ap dung theo cac bude sau:
+ Budc 1: 1ap PT tiép tuyén y = px, +q cia ham s6 y=f (x,) tai diém c6 hoanh do

X, :E (trong do i:I;—n).
n
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n_n

+ Budc 2: ¢/m f(x;) = px, +q Vo1 dau Xayratal x, = —
n

+ Budc 3: cong vé rdi két luan: Pz p(x,+x,+...+x,)+nq = pk +nq

VDI. Cho a, b, ¢ 1 céc sb thuc duong théa man a + b+ ¢ =3. Ching minh réng:

1 2 2 2
724‘724‘72261 +b +cC

a b ¢

Ta viét lai BDT: % —a’+ % -b*+ % —¢* >0, nhu vay 1a ding dang ap dung tiép tuyén

cuachungta: P= f(a)+ f(b)+ f(c)=0

Du doan diém roi: a=b=c=1

O ngoai gidy nhép, ta gia sit f(a)> pa + ¢, bay gio lam sao sir dung may tinh dé tim p
véi q day?

p=r'1

Don gian, vi y = pa+q¢ 1a PT tiép tuyén d6 thi y = f(a) taia=1, nén {
q=f()-p

Cam may tinh 1én va sir dung chirc ning tinh dao ham tai diém: nhin |SHIFT I:. trén

[m]

dung thé khong?

x=07

man hinh s€ hién ra i([:l) |
dx

ro1 nhan E , vay ta

x=1

Mubn tinh (1), ta nhap biéu thirc hoan chinh 1a di(% -~ ij
X

thu dugc p=—4,terdo g=f(1)— p=4
Bay gio trinh bay bai lam: ta s& di ching minh % —a’>-4a+4..
a

Phan viéc ciia may tinh dén do6 hét ro1, con lai cac ban tu ¢/m tiép.
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Tuong tu ta cling c6 iz—b2 2—4b+4;i2—c2 >—4c+4
b c

Cong vé cac BDT lai ta duoc:

Lz—a +bi—b2+i—c >—4(a+b+c)+12=-43+12=0(dpcm) ©
a c

VD2. Cho céc sd duong a, b, ¢, d thoa min a + b + ¢ + d =1. Chirng minh rang;
6@ +b+c+d)za’ +b*+c* +d’ +é
Trude hét xac dinh ham sb can 13y tiép tuyén: f(a) =64’ —d’

Thir hai x4c dinh diém roi: a=b=c=d =i
, , . e J4 .42 1 ,
Thtr 3 x4c dinh ti€p tuyén y = pa+¢q tai diém a = VR ta co:

St dung may tinh tinh biéu thic di(6X3 ~-X?)| tadugc p= g ,trdosuyra g=——
I 1

Vay céac ban di ching minh BDT nhé: 64’ —a” > ga —%

Sau cung cong vé bon chung lai ro61 nhan lay két qua:

6(a+b’+c+d’)—(a*+b° +c* +d*) == (a+b+c+d)——:§—l:—(dpcm) ©

8 2 8

VD3. Cho céc s thuc duong a, b, c. Chirng minh rang:
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Qa+b+c)’ (b+c+a) (2c+a+b) <3
2a° +(b+c)” 2b*+(c+a) 27 +(a+b)

Trong dé thi khong c6 chuyén "chuan hoa", nhung do tinh déi xtmg cia BDT nén ngoai
gidy nhap ta c6 quyén "chuan héa" a +b+c =3 dé du doan diémroi a=b=c=1, r6i timra
huéng giai cho truong hop a + b + ¢ =3, khi bung vao dé chi viéc giai theo cach tuong tu 1a

duoc.

Nhin qua BPT nay, chic chin nhiéu nguoi thay bat luc vai cai tiép tuyén, nhung khi

chuan héa a + b + ¢ =3 roi thi chi stra doi 1 ti 1a s€ ra ham 1 bién ngay, cu thé nhu sau:

Qa+b+c) N (2b+c+a)’ N (2c+a+b)
2a° +(b+c)* 2b*+(c+a)> 2c*+(a+b)

_ (a+3) (b+3) N (c+3)
2a°+(3-a) 26°+(3-b) 22 +(B-c)

_a’+6a+9 N b* +6b+9 N > +6c+9
3¢ —6a+9 3b°—6b+9 3c*—6¢+9

a’+6a+9 b*+6b+9 cz+6c+9<

5 +— +— <24
a —-2a+3 b -2b+3 ¢ —2c+3

Vay ta can ¢/m:

Chu ¥ cai diéu kién a, b, ¢ dwong nén a,b,c €(0;3).

2
J4 A X A+ n e L 1s n o - a +6a+9 .
bén day de roi, tim duoc ti€p tuyén la y =4a +4 vay ta s€ di ¢/m Tﬁ4a+4 va
a —2a+

2 BDT tuong tu.

Vay néu bé n6 vao dé thi thi phai trinh bay nhu thé nao?

Pon gian, chi can chuyén né vé bai toan da giai quyet ngoai gidy nhap la duoc.
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Tacla: dat a=kx;b=ky;c=kz (k>0) saocho x+ y+z=3,khidotaco x,y,ze(0;3)

2 2 2
va BDT can ¢/m trd thanh: (2x+y+2) + Qyt+z+x)  Qztx+y)

2 2 2 2 2 2S8©
2x"+(y+z) 2y +(z+x) 2z +(x+y)

Chung ta s& sang VD4, téng quat hon mét chut.

VD4 nay sé& cho cac ban tiép xtic voi dang tong quat cua phuong phap tiép tuyén chinh 1a

phuong phap hé sb bat dinh (UCT), day 1a 1 phuong phap cuc dé nim bit.

VD4 ta s€ lam c6 dang: cho x,,x,,...,x, 20 thoaman g(x,)+g(x,)+...+ g(x,) =k,

chting minh rang P = SO+ f(x )+ 4+ f(x)zm
Pay 1a BDT d6i xtmg nén diém roi dy doan s& 1a x, = x, (i= 1;n).
., A . k L S .
Ta gia st BDT phu can ¢/m ¢6 dang: f(t)>a| g(t)—— |+—, dau "=" xdyra tai f = x,
n| n
Van dé 1a can tim xem & bang bao nhiéu.
~ £ 1A e k m . c, . ye
Theo trén ta c6 ham s6 A(t) = f(t) —a| g(t) —— | —— s€ dat cuc tri tai ¢ = x,, ndi cach
nl n

khac: h'(xo):()<:>f'(xo)—ag'(xo):()@a:f'(xo)
g'(xy)

Vay BDT phu ta can ¢/m 1a: f(¢) > @{g(;) — f} L
g'(x,) n n

Nhu vay ta s€ co f(x,.)zw{g(xi)—k}Lﬂ trong do i=Ln
g'(x,) nj n
Cong cac BDT phu lai ta dugc: P> %[g(xl) +g(x,)+...+g(x) —k] +m =m (dpcm)
g X

Pay chinh 14 phuong phap UCT. ©
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Trong phuong phap nay, cic ban cn phai nim thém 1 meo nita cua céi diéu kién, d6 1a
néu d& ma cho (hoic ta chun hoa) g(x)g(x,)...g(x,) =k thay vi téng nhu trén, thi dé ap
dung duoc phuwong phap ndy, cac ban can chuyén n6 vé dang téng bang cach 14y logarit 2 vé:

In[g(x)g(x,)...g(x,)]=Ink < Ing(x)+Ing(x,)+..Ing(x,)=Ink
Vay cu hoi dit ra 1a cai BDT phu trén c6 chic dung hay khong?

Pap: n6 khong phai luén ding, nhung hau hét dung trong loai bai ma cac ban sé& thi. Néu
nhd may n6 khong dung, khi do ta phai chia truong hop theo diéu kién rdi xét sy d6i dau, no

kia... dé giai quyét tiép. ©
Pugc rdi, by gio chung ta ap dung lam VD4.

VD4. Cho a, b, ¢ dwong théa min o’ +b” +¢* =3. Tim GTNN cua biéu thirc:

P:3(a+b+c)+2(l+l+1j

a b ¢

f(t):3t+%

gt)y=1

Viét lai Po3a+2+3b+243c+ 2=
a b c

BDT phu ta can ¢/m c¢6 dang: 1 (£)> pt* +¢

Vi diém roi chinh 1a a =b=c =1, do d6 theo cong thirc da chirng minh, ta bAm may dugc

5(3X+)2(j 1 1 9
=& ==~ tirdésuyra g=f(1)—~=—

d .- 2 2

——(X7)

dx x=1

A 2 2.1, 9
Vay néi chung diém quan trong cua bai toan la ta phai ¢/m BDT: 3a+—25a +E

a

1 bién, khong c6 gi 1a khé ca, cac ban tu 1am tiép nhé! ©
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2 2 2
a(a —bc)+b(b —ca)+c(c —ab)>0

VDS. Cho a,b,c > 0. Ching minh: 5 5 5 >
2a” +bc 2b° +ca 2¢c” +ab

Bai nay lai kho hon ca VD3 nita, nhung néu ¢ d6 ta di chuan hoa, vay toi gi & day khong
chuén hoa 1 phat nhi! ©

Nhin theo cum thi ta nhan théy BDT can ¢/m chi chira 2 s6 hang la a va bc, mit khac phai
chuan hoa 1am sao cho n6 ¢6 dang f(a)+ f(b)+ f(c) =0, do d6 ta chuan hoa abc = 1

L G e G e G,
Khi d6, BDT trén trd thanh: a />0

2az+l 2b% + — 2¢° +—
a b c

a(a’ -1) N b(b’ -1) N c(c’ =) 50

Viét gon lai la 3 3 >
2a’ +1 2b°+1 2¢ +1

Diéu kién abc = 1 chua dung dang ta can, vi thé ta ap dung logarit hoa:

In(abc)=Inl < Ina+Inb+Inc=0= diémroila a=b=c=1

3

3
Vay theo UCT, ta phai ¢/m BDT phu: a(a—i) > plna+q, trong do:

2a° +
d(Xx'-x
dx\ 2X° +1
p= p =l=1=¢g=f(1)-In1=0
—(In(X
dx( ( ))x:1
3_
BT ala =1) >Ina cac ban c¢6 ¢/m dugc khong? Vi no chira Ina 1a ham khac loai va

2a° +1

thao tac kho so vo1 ham da thirc nén lic nay chi c6 dao ham 1a ¢/m dugc d& nhét thoi! ©

Muc nay minh chi dua 5 VD cing v6i phuwong phap phd bién nhu vay thoi, phuong phap
nay dé sir dung nén minh khong phai thém ti gi nita, cac ban c6 thé search Google dé tim

thém bai tap dang nay néu mudn luyén tap va kham pha! ©
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LOI KET

Du liéu cua minh 12 cubn sach nay s¢ ra mit vao nam 2014 dé cac ban cung tudi minh
(sinh nam 1997) ¢6 tai liéu luyén thi nam 2015, nhung do 1 s viéc quan trong khac d khién

minh hodn né lai dén tan 23/8/2015 md&i hoan thanh duoc.

Va by gio, n6 trd thanh tai liéu luyén thi cho 98er trd vé sau va la nguén tham khao cho

bat ki ai muén nghién ciru cac ki thuat CASIO dé phuc vu cho viée hoc tp.

Cudn sach nay 1a tim huyét ctia minh trong thoi gian gan 1 nim rudi, né 1a mot cudn
sach tong hop va sang tao nhiing chiéu thirc sir dung may tinh CASIO trong hoc tap rat quy
gia. Minh soan né khong chi vi dam mé nghién ctru Toan hoc ma con hudng dén muc tiéu

gbp phan vao viéc t6i uu hda diém s6 moén Toan cuia nhitng thé hé hoc sinh phia sau.

Do do, hi vong céc ban sau khi hoc xong, hay khong nhiing dung né phuc vu tich cuc cho

viéc hoc tap, ma con dung né truyén cam hirng sadng tao cho nhiing thé h¢ sau cua minh.

Mot ude mo nho nhoi, ¢ vay théi! ©
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