WWW. TOANMATH.COM
Stt dung phwong phap danh gia d€ giai hé phwong trinh.

I. Ly thuyét
Céc bat dang thirc quan trong

Bt dang thitc Cosi.
Véin s6 thuec khong am a,,8, ,a ,....... . ta co
A+ &+ gt et B> Q8,858 ey

Daubang xayrakhi & = a,= = ...... = A

«  Bat dang thttc Bunhiacoxky
V6i2bosd (a5 & ;..;8) va (by; b,;...;h)ta cé:
(+a@+.+4)( B+ B+ + B=(ab 2k +,3p

D4u bang xay ra khi 4a_%_ _8

b, b, b

« Bat dang thtec Svacxo.

2 2 2 2 2
Véi b, b,...h > Cta co: &% % +—z<a1+a?+ &+ .t g .
., b, b, b, h+ b+ B+ ..+ P
Dé’ubé“mgxéyrakhi:ﬁ:iziz ..... G
b, b, Db b,

Cac bat ding thitc phu can ghi nho.

- Véi a,b> (Qtaco: i—l—gz—ﬂr.Dé’ubéngxéy rakhia=Db.
a b athb
1 1

- Véi ab> 1thi + >
- 1+a® 14+ B~ 1 ak

. Véi ab< 1thi bat dang thikc d6i chiéu.

D4u bang xay ra khi a= b=1

II. Cac Vi du va bai tap tu luyén.

Vi du 1: (Dé tuyén sinh dai hoc khdi A- 2014)

J12—y+./y(12— ¥) = 12
Giai hé phrong trinh sau X T y( ) A.

x}—8x—1=2]y— 2




Loi giai
Ditu kién: —24/3< x< 2/3; 2< y< 12

2
a+b2Zab

Vi 2 s6 thuc a,b bat ky ta c: (a—b)’ > 0=

2_
X '—12—y§ X°—y+12

2

Wz = 31z @ <Y
Nen X\/12j/+\/m§ 12 do d¢: (1)@{)(20

y=12—x

Ap dung ta duoc:

Thay vao (2) ta duge X* ~8x—1= 2/10- X & X 8x 3 2110 X)=

2(x+3)

1++/10— xJ:O 3

& (x—3)|X* + 3x+ 1+

2(Xx+3
Do X >0= X*+ 3x+ 1+ (x+3) >0 khi d6 (3) < x= 3= y= 3( Thoaman)

1++10— X

Vay nghiém ctia hé phuong trinh 1a: (X;y)=(3;3)

1, 1 2
Ji+2x 1+ 2y 1+ 2xy

K20 +y(- 29 —2 (3

®)

Vi du 2: Giai hé phuong trinh sau: (X, ye Z)

.....

o
IA
X
IN

Diéu kién:

o
VAN
<
IA
NIk, N|R

Ap dung bat dang thitc bunhiacopxky ta co:

2

1 1 1 1
<2 *
= [1+2x2+1+ 2y2] )

+
122 1t 2y

D&u bang xay ra a1+ 2% :\/1+ 2y & x=y

Ta lai co:




112 2(x—y) (2xy—1)
14+2¢  14+2Y W 2xy (1+25)(1+ 2) (3 2xy
1 1 2
< **
:>1+2x2+1+2y2_1+ 2Xy )

D&u bang xay ra khi va chi khi x =y.
Tir (*) va (**) tasuy ra

2

o4 1 1 2
TH2xy  J1+2¢ 12y 1+ 2xy

1 1
+
i+ 258 1+ 2y

D4u bang xay ra khi va chi khi x =y . Khi d6 (1) < x =y thé xudng phuong trinh (2) ta

duoc:

0+V73_ _ 973

2
1-2 1- 2x) =— =
\/x( x)+\/x( X) 5 & X 36 y 36

9++/73 9++/73
36 ' 36

Vay nghiém ctia hé phuong trinh da cho 1a: (X;y) =

x°*—3x+ 2=y + 3y’
\/x—2+\/x3—3x2+ y+ 2= X — 3y

Vi du 3: Giai hé phuong trinh [

Loi giai
Nhin xét: Nhin vao phuong trinh dau ctia hé ta c6 cam giac ngay la st dung ham s6 dai
dién t* — 3t nhung can c6 diéu kién caa bién. O day bién mudn tim diéu kién ctia bién y thi
chung ta can suy ra tir phuong trinh 2 nhung khé khan nén ching ta phai nghi hudng khac.
O day chung ta c6 thé phan tich thanh nhan tir nén thit di theo hwdéng dé xem sao.
X>2

Diéu kién: | )
X*=3X"+y+2>0

Ta co:




PT()e ¥—3x=(y+ 1 -3 w1
<:>x3—(y+1)3:3(x— y—1)
@(x—y—l)[x“rx(y+1)+(y+1)2}: Ix—y-13
y=x-1 y=x-1
X2+ x(y+1)+(y+1" = 3" §1x2+)(742+x(y+1)+(y+1)2 =3

y=x-1

3 X 2
—x2+[—+y+1] =3
4 2

2 2
Véi x22:>%x223mé [§+y+1] > 0 nén %x2+[§+y+1] >3

2 X=2

. 3.2 X X=2 A , . aea LA

Doddé — X" +|=+Yy+1| =3&1{x & khong thoa man diéu kién.
4 2 E+y+l:0 y=-2

Véi y = X —1th€ xudng phuong trinh (2) ta duoc:

X243 -3¢+ x+1= ¥ — 3x+ 3
X >14++/2
<:\/x/x—2-|-\/(x—1)(x2—2)(-—])::x2—3x—i—3(’j

Ap dung bat déng thikc cosi ta co:

\/X—ZSX—_l 2 3
2 , éVX—Z+JQ—®@@—2X—®§X£_
\/<X—1)(X2—2X—1)§X_—X_2
2
o , 2 x*—3 2 2
Mit khéc: X* —3x+ 3> &x?—6x+9>0&(x—3 > C
x—2=1
Khi dé VP(*)>VT (*) nén (*) < {x? —2x —1=x—1& x=3= y=2
X >14++/2

Vay nghiém ctia hé phuong trinh 1a: (X;y)=(3;2)



x2+xy+y2 +i/x3_’_y3 _
Vi du 4: Giai hé phuong trinh 3 2 7 (xyez)

V2= X +/2x+ 2+ xy= 4

Loi giai
Diéu kién: —1< x< 2

Ta c6 cac bat dang thitc sau:
2 2 3 2 2
X2+ Xy +Yy ZZ(X+y) & (x—y) >0
3 s 1 3

Khi d¢ ta suy ra:

2 2 3 3
2=\/X XYty +§/X Y S xtyexty<2

3 2
” , 22— x<3-x
Ap dung bat dang thirc cosi ta co: — &2 x++/2x+2< 3
2.2/ 2x+ 2< 2%+ 6
(x+y)
Va:xy < n <1khi dé thi: V2— X ++/2x+ 2+ xy< 4
X=Yy
D4u bang xay ra khi: {2—Xx=1 & x=y=1
2X+2=4

Thtr lai vao hé phuong trinh thoa man.

Vay nghiém cuiahé dachola: x=y =1

V2x—1

Vi du 5: Gidi hé phuong trinh X
2x°+3y+4=3¢+ [y (2

+6y’ +8= 3x+§+ y'+8y (2

Loi giai

\ x>
biéu kién: -2
y>0

Tacs: (2) & 26~ 3¢ +1=—4/y- 1 < ¢




Ma 2x° - 3x% + 1> 0& ( 2x+ 3( x+ ¥ > (ding véi XZ%

2 N
Do dé: 2x° —3x*+ 1> — 3(\/_y— ]) ddu bang xay rakhix =y =1
Thay lai vao phuong trinh (1) théa man

Vay nghiém ciahéla: x =y =1

3J3
X—Y+24+ 2|y X=—F—7rcxs
Vi du 6: Giai hé phuong trinh \/ 4 \/y VX=Y+4 (X, yeZ)

X} 2x—1=2—y-2

.....

Diéu kién: 1

pyt JVY X =2

a>0

Bién ddi phuong trinh (1)

J2—a& + 2a= 33 eV2-—2J4-d+ 24 4 a= b

4—&

oVo—3@ a4+ 2d 3 4 &= 9 )

Ap dung bét dang thtrc cosi ta co:

10— 4&

V6-3d 3/ 4- d < ZS_ZaZ:Je—saZJL d+ 2d 3 4 &<
2a/3/ 4- d< 24+ 4
Ja—a =6- 34
Khi d6 (*) < sSa=1= y—-x=1& y= x+1
®) a/3=+4- &

Thay xuéng phuong trinh con lai ta duoc

X h2X—1=2-x—1& R4V 2% L x - 2= (




Xétham s6: f (X) =x°++/2x —14+/x—1-2

Ta co: f '(X) =2x* 4 >0maf (1) =0 nén x =1 la nghiém duy nhat

1 1
+
v2x—1 2/x—1

Vay nghiém ctia h¢é phuong trinhla x =1,y = 2.

O céc Vi du trén chiing ta thdy chi st dung 1 phuong trinh ctia hé dé d¢anh gia. Ching ta di
xét Vi du sau.

1 1 2J/2

+ =
2
Vi du 7: Giai hé phuong trinh VAC+Y AP +x 20+ Y+ Xty

2
XYy —14 y\/x_]_:%(y_l)

(mathlinks.vn)

Loi gidi
biéu kién: x >1,y>1.
Khi d6 st dung bat dang thixc AM — GM ta c6
1 N 1 . 2 .
Vacey Jay x| a1 y)(ay +x)

Suy ra
22 2

>
2+ yP+x+y \/\/(4x2+ y)(4y° + %)

@2\/(4x2+ Y)(4Y + %) > A x+ ) + x+ y
@4(4x2+ y)(4y2+ x>2[2(x+ )ﬁz-l— X+ yr

S 1652y + 40+ )+ xy> (x4 ' 4+ ( x+ y)s-l-%(x—i- y)

1
@(x—y)zlz+x2+y2+6xy—3(x+ y)] <0

& (x=y)

1
(X+y)2—3(x+ y)+ 4xy+Z]§ 0& X=y
Boi vi véi x,y >1ta co
1 1
(x+y) =30t y)+ Axy+5 > (X y)" = 30k Y+ 44> €

Thay y = x vao phuong trinh thit hai ctia hé ta duoc:




2 p—
2x,lx_1:%(xl)

& X2 —4xJIX—1+4(x—1D= 0
<:>(x—2\/x—1)2 =0& X= A Xx—1& x= 2
Vay hé phuong trinh ¢6 nghiém duy nhat (x;y)=(2;2).

X~y =6(1-/xy)
Vi du 8:Giai hé phuwong trinh 6./ 20¢ + °) (mathlinks.vn)
+ = =3+2(X +
X%+ Xy + y ( yz )
Loi giai

biéu kién: xy > 0.

Ta co:

6V20¢ + ) _ 6/20¢+ )= XY+ V) ey

XZ Xy +y? XZ 4+ xy +y?

That vay, ta chitng minh

3\/x4—x2y2+y42x2+xy+y2
& 9x* — 9y + 9y* > (X°+ xy+ yz)z.
@(x—y)2(4x2+7xy+ 4y)> 0

Tt phuwong trinh thit hai ctia hé suy ra 3— X >/ 2(X* + y*) (1).
Tt phuong trinh dau ctia hé stt dung bat dang thite AM -GM ta ¢6

X—y=6-6Jxy>6-3(xt+ y)= 2x+ y> 3 (2.
Cong theo vé€ cta (1) va (2) ta duoc:

X+Y>J2+y) & x=y=x=y=1

Vay nghiém ctiahé dachola x=y=1.

2xy

+ =Xty (1
3/ 2_2 9
Vi du 8: Giai hé phuong trinh X 2XX+ (x,yez)
Yt ——2—— =y +x (2)
Jy?—2y+9

Y tuéng: Day la hé phuong trinh ddi xting loai 2 nén nghiém ctia bai todn sé la X = y nhung
néu lam theo cach thong thuwong thi sé rat kho khan vi c6 sy xuat hién caa can bac 3. Ching
ta thtt két hop 2 phuong trinh lai véi nhau xem duoc nhu thé nao. Khi cong 2 vé'lai véi nhau




thi vé trai xudt hién 2xy va v€ phai xudt hién X* + y*dén day ta nghi téi viéc danh gia tiép

phuong trinh méi dwoc hinh thanh d6.
Loi giai
Véi X =0= y= 0 thoa man hé phuwong trinh.

Véi X,y = 0.Cong (1) va (2) v& theo vé&'ta duoc:

1
X+y+2xy + =x*+y?+x+y
IxZ—2x+9 Yy —2y+9
1 1
& 2Xxy + =x*+y* (3
I —2x+9 Yy —2y+9 3
Suy ra Xy > 0. Mat khac ta cé:
1 _ 1 <1.
I -2x+9 Yx-1+8 2 1 1
= + <1
1 1 1 d—2x+9 Iy —2y+9
Iy’ -2y+9 y-17+8 2

1

= 2Xxy +
IZ—2x+9 Yy —2y+9

<2xy<x*+y? (4)

Tir (3) va (4) suy ra X =y =1. Thtt lai thoa man.

Vay nghiém ctia hé phuong trinh da cho 1a: (x;y)=(0;0) ,(1;])

2x2
x2+1
2y?
y*+1
27
2 +1

y

Vi du 9: Giai hé phuong trinh |

=z (Xx,y,z€Z)

Loi giai
Ta thady x =y =z = 0 la 1 nghiém ctia hé phuong trinh.

Néu X,y,z= 0 thi X,y,z> 0khi d6 nhan 3 vé€ cua hé phuwong trinh ta co:

rmras s R G LA (S B




Ap dung bat dang thirc Cosi ta co:

4+ (v +1)(2+ 1> a/l% 2[y 2 3= Bxyz= 8xyz( x,y.z )

xX,y,2>0

D&u bang xay ra khi <> { < X =Yy =2z=1(thoéa man)

X>=y*=z°=1

Vay h¢ phuong trinh c6 nghiém 1a: (x;y;z)=(0;0;0 ( L1}

(x—1)° +y* = g/x(2x+1)
3x2—x+%= YV X2 4 X

Vi du 10: Giai hé phuong trinh

.....

biéu kién: X,y > 0

(x =2+ y* =3x(2x+1) - (x=2)° +y* = 3x(2x+2)

X2 —2x+1= 2 ¥+ x  |5X*+(x—1) = 24/ ¥ + x

Mt khac 32.4x(2x+ 3 < ZXHZ P2 oxt1

:>(x—1)2+y2§2XT+1<:>2x2—4x+ 24 2y < 2%+ k= 2% — 6x B 29< |

Ta céd: HPT &

Lai c6 theo cosi thi 5X2—|—(X—1)2 =2W X+ X< YV+ X+ x& 58— 3x+ 1 ¥< (

Két hop lai ta duoc:

2(5% — 3x+1- ¥ )+ 2X— 6x+ 1+ 2y< G=( 2% f< @ #%: yag

Vay nghiém ctia hé phuong trinh 1a: (X;y)= [— — .

12 _gxy 2yt ax=Y 4L
Vi du 11: Giai hé phuong trinh {V X X 4xy

4x=.2y+3—.y

Loi giai

biéu kién: y > 0, ttr phwong trinh dau = 0< x < % .

Phuong trinh dau twong duong: ./ 2x<1— 4X2> + 2/ X (1 2% = y—{—4iy :




Ve 7 ? 1 1
Ap dung bat dang thirc Cositaco: y+—>2 [y— =1
p aung 8 y 2y~ ,/ y 2y

Khi d6 ta cé:

J2x(1- 4%) + 2/ ¢ (1- 29> 1

& J2x(1- 29 (Vi 2x+ 24> 1
B2 2 T B 2

& 2x(1- 2% > 14 4x— m

& ax? +2x—2/2x(1 29+ K 0

o (2x (1 29 -1 < 0 21 2§= 1

_—1-45
& 2x(1+ 20 = 1 4%+ 2% = 0= 4
1445
4
Doi chiéu diéu kién ta cd: X = _1:\/3 .
Thtr lai thoa man. Vay nghiém ctia hé phuong trinh la: (X; y) = _1—; V5 ,%] .

x3+y3:xy\/m
wx 1= 9o y- I 2x 2

Vi du 12: Giai hé phwong trinh:

Pieu kién: X >1. Tt PT? = y>1

Tham chi ban biét ring st dung BDT danh gid PT"thi viéc lam duoc diéu do ciing s& mat
khong it thoi gian

Ap dung BDT Cauchy ta cé: X° +y°=(x+ y)(x2 —Xy+ y2> > 2w/xy(x2 — Xy + y2>

Ma x> —xy + Yy’ 2%(x—|—y)2 & (x—y)2 > 0(ludn dung)

2 2 2
Suyra x®+y >2\/_ \/_ X+y \/x_y\/(x +y4+2xy) >
> Jxy,[2xy(x + y?) =ny2 X+ y)

Déng thtic xay ranén X =y . Thay vao PT2 ta dugc:




4\/x+7\/x27—1: o x— YV 2x— 2
Ta cé: PT < 2\/2x+ 2(x=(x+3 =9 x :).\/?:
& 2(m+Jle>: A x— IV %= 1 2J/x+1=(9x— 1/ x—

& 4(x+1) = (9x— 19 ( x- 1= x:g

Vay HPT da cho c¢6 nghiém suy nhat X =y = g

**Ngoai cach trén, ta con c6 mot cach khac kha méi dé dua PT"ra x =y, khi néu ban gip
khé khan (va thuec si la ban sé€ gap khé khan) trong viéc chitng minh tte PT<1), mot y teong

don gian ma ban chat ctia né la PP Lién hop duoc goi ra: ta can nhan ti (X — y) , tao nhu

PT &5+ ¥ — xy(x+y) = xv[m—“* y)}
2(x*+y?)—(x+y)

. oy
\/2(x2+y2)+(x+y)

2(X° +y?) +(x+y)

& (x=y) (x+y) @(x—yf(xw)w

Xy
2<x2+ yz) +(x+y)

=0

& (x—y) <X+y)—J

Xy

\/2<x2+ y?) +(x+y) 7P

Do (x+y)224xy> Xy(vi X,y>1) = X+y—

Nén x=vy.

(x2+1) —8x=2/2y- 1~ &
Vi du 13: Giai hé phuong trinh:

2
y2+1=2/— 9% + 3x+ 1

.....

Dicu kién:{” = 2
—9x®+3x+1> 0
Te Ptaco:VP() < 2y— 1+ 1- 2= 2y- X §+ L 2 §— ma
Y2 —1=2/—9%+ 3x+ 1- 2<— 9%+ 3% H+ + 22— 9%t 3tx?)
= <x2+1)3 —8x3<—9%+ 3xe (x2+ ])3 < — X+ 3x
—x°+3x>0(*)
A E 3 2
(x +1) S(—x +3x) (**)
(** ) ex *+3x *+3x 2 +1 <x® —6x* +9x* < 9x*— 6x°+ 1< C




&3¢ -1 <05 (3% 1= 05 3% & O et

V3

Két hop (*) thdy x = + L thoa man. Khi dé: y=1(t/m).

NE

Vay HPT c6 nghiém: (X; y) = [:I:

b

JAX—2y+ 9+./6y— 2x+ 4= 8

Vi du 14: Giai hé phuong trinh:
X2 +y?—2x— 4y+ 1= 0?

.....

4x—2y+ 9> 0
6y—2x+ 4> 0

4x—2y+ 9= (x+ P° +(3- y
6y — 2x+ 4=(2— X' +(y+ 1

ta duwoc:

Diéu kién: «[

T&(Z) ta co: {

thay vao ®

Jox D+ (3= v (2= X+ (y+ 1 = 8

Dit U=(X+13- y)jva V=(2—-x;y+1tacé: U+ V=(3;4).

St dung BDT |U|+|V| > [U+ V| ta duoc:

JoHD + (3= g (2= X+ (y+ 1 =B+ 4= VIH= VR,
Xx+1 33—y 5-4x

nén(*)xéyra khi va chi khi U= k?/(k> 0)<:>E:m_<:> Ax+ 3y=5& y= 3

2
Thay vao(2)ta cé: X*+ [5_34)(] —2X— 4[ 5_34)(] +1=0.

_3/3-1
o 25X 4+ 10x— 26= (& 5
(_ 33+l
5
* V6i X = m_liyzﬂ(’dm PK)
5 15
**Véix:—s\/i+1:>y:21+l—u/_c(t/mDK)
Vay HPT c6 nghiém (X;y) = 3ﬁ)’_l; 20-13 |- ks s W ¥
5 15 5 15

1

(
X*—X+2=2/-yY+5y-5

2
—X+Yy+3=2/—2y* + 8y— AE)

Vi du 15: Giai hé phuong trinh: l




Loi giai

2
-y +5y—-5>0
Diéu kién: y y=o2
—2y*+8y—4>0
Mot dang hé dang luu y:

Te"ta co: X2 —X+2=2/-y* 4 5y— 5<— ¥+ 5y— 5+ = %+ §— x 5y & 0
— 2 —
Tt ®ta c6: —x+y+3= 2/ 2 + 8y 4< —2Y “Zy A yeyay

=y?—x—3y+3< 0"
Cong vé theo vé€ cac BDT

X2 4+2y?—2x—8y+ 9< 0 (x= ¥+ 2y ¥ < G:){

Ova "ta duwoc:

x=1
y=2
Thtr lai: t/m

Vay HPT c6 nghiém(x;y) = (1;2)

***MOot bai HPT danh gia kho ¢6 2 loai, mot loai dwa vao quan hé tuong ddi vé gia tri cia cac
bién, tirc la ban phai dya cao gid tri ddc biét cuia bién trong hé d€ danh gid, dang thw 2 1a
nhitng hé ché tac tit BDT, ching thuong dé phan biét nhung khé chiing minh, nhat 1a nhitng
bai toan dwgc ché tac rat uyén chuyén, khé doan, d€ minh hoa, t6i xin 1dy vd:

Vi du 16: Giai hé phuong trinh: (\/m_ a/_lx\/_b‘ ;i‘l‘( 3 Z% &

a+ b +a= 3b

Loi giai
Mot bai toan str dung PP danh gia rat dac sdc:
biéu kién: a> 0; b> C.
Ta s& lam vige voi PTY. Nhan thay mot ddu higu rat dic biét: \[b(3— & — hva (3—a°) a
Nén ra sé bung PTra va ghép dé c6(3— & — b) ava dac luongv'3—a — b, va khi d6, bai

toan thuc sy bit dau.

bat a= X, \/_b: y
Bién ddi P'Iﬂ)«:)(y 3- X -y — xy)(y— x)+<3— )(2) X= 2

& XY+ YB3 x =y’ +(3= X = ¥*) x— xy/3- X — ¥

Dit V3—a— b= z= Xy+ ¥ z+ Z x xyz= wéi X2 +y*+2°=3

Ta sé chitng minh: P= X’ y+ Y Z+ Z x— Xyz< 2véi X,y,z> 0 vax® +y*+2z*= 3. That
vay:

That vay:




Giast X>y>2z.Tactd: z(Xx—Y)(y—2)> 0& yZ > YV 7+ 7 % xyz

=P<y(Z+X)=y3 yz):\/m: 2\/§¥ .3_2y2§

3-y , 3 y2]3
2

2
+
y 2 2

27
Déng thiic xay ra khi va chikhi X =y=2z=1= a= b= 1
Vay HPT c6 nghiém duy nhat a= b=1

<2

y+3 5 X+ 3

+x —\y =8

X 2 X+3 3, 9

X Y e Xre y+s,
Vi du 17: Giai Hé phuong trinh: 1Y 2 X

X3

Loi giai
biéu kién: x,y >0
Ta sé chttng minh mot két qua tong quat, mot két qua rat thuong duoc st dung vao ché tac
HPT véi phuwong thirc danh gia, sau day toi xin gidi thiéu mot cach rat nhanh, rat don gian:
X z _X+K K z+Kk
X, ¥,z xtk ytk, z+
y z X y+k z+k x+Kk
St dung phuwong phap S-S:
Khong mat tinh tdng quat, gia st z=min{x,y, z}
2
X— X—2Z —Z
Tace: XY, 2 5 (x2y)  (x=2)(y=7)
y z X Xy ZX
X+ y+k  z+k (x=y) | (x=2)(y-2)
Va —3: +
y+k z+k x+k (x+K)(y+k) (x+k)(z+K)
BDT can chiing minh
P [N (x—y) + 1
xy (x+k)(y+k) zx  (x+k)(z+ k)
Theo gia thiét ta c6 (X —z)(y—2)> 0

(x-2)(y-2)> 0

Tacé:i——]'zOvéi—;zOszO
xy (x+k)(y+k) zx  (x+k)(z+k)
Tt d6 BDT dwoc chitng minh!

Ap dung truc tiép vao bai todn suy ra X =y = 2
Vay HPT c¢6 nghiém duy nhat x =y =2

3
X241 -8 =2/2y— 1- 2
Vi du 18: Giai hé PT: (x*+1) y ‘

Y2 +1=2J-9%+ 3x+ 1

Loi gigi




Ap dung BDT Cauchy ta cé:
(1) —8x— 2.4 2y 1 2 2UF (szy_ ) 5y 2

o (2 +1)° —8xP— 2y+ 2< O

21+ W—9% + 3x+ 1 )_
2

y?4+1=2.14/— 9%+ 3x+ KK —9x*+3x+ 2

&9 —3x+y —1< 0¥

Lay (1) cong 2): < X3 —3x++/ (0 +1)° + y?— 2y+ 1< ¢

Xét f(x)=x°—3x+/(x*+1)* c6 f'(x)=3x2—3+g x*+1.2x= 0

x:%(nhén)

S (X1’ =x*X’+)e -2X+1= X 31
X = ——(loai)

NE

= f(x) >f [%]:o e VT¥>0

Vay HPT c6 nghiém duy nhat (X;y)= [% ;1]

Y2+ (4x— 1P = 3 4x(8x+ 1)
40%° + x= W14x—1

Vi du 19: Giai hé phuong trinh :l

Loi giai
biéu kién : x > 1i4
y? +16X° — 8x+ 1= 3 4x(8x+ 1)
80X* + 2x= 2W 14x- 1

Cong vé theo vé& hai phuong trinh ta duoc :

(Y? —2yN14x— 14 14% D+ 96X— 20% 23 4x(8%
o (y—V1ax—1F + 96% — 20x+ 2= 3 4x(8% 1)

Ta c6: VT >96x° — 20x+ 2:%[3(8x— G+ 8xr ]12% (8% 1

HPT da cho dwoc viét lai thanh: ‘

1 1
:E(16x+ 8x+ 1+ 2)253/ 16x(8% 1).2= 3 4x(8% 1= VP):

1.@]

Déng thitc xay ra khi va chi khi [8’ 2




Ax = /4y+ 3—\/7)/

Vi du 20: Giai hé phuong trinh
12 gy 2T 2x=Y 41
X

X 4xy
Loi gidi
1A 1 2
Dbiéu kién: y > 0; x= 0; ng ;——8x>0
X
Tacs: PTV @ ax———2YF3 o0
JAy+3+42y

, 2 1 2 1
Ap dung BDT Cauchy ta c6: VT? = [£_8x + 21— 2x:—.2,/—— 8x+ 2{—_ }<
p dung auchy ta co x 5 ” ox <
Sl 4—|—[2—8X] + 2X+[i—]]:3méVP(2):X+i 22 X_]':_l

4 X 2X X X 4xy X 4xy X

= VT >VP
Déng thtkc xay ra khi va chi khi X = _1: V5 =y= —;
Vay HPT c6 nghiém duy nhat (X;y)= _11: E ,%]

Vi du 21: Giai HPT:

[x\/8y5+ Y/ 8x— 5:3/24( X+ ¥+ 4

11X° — 6xy+ 3y = 12- x- 4

Loi gidi
Bién doi PT2 ta duoc:
PT? & (3x—y— 2"+ %+ ¥)= 4= 4 %+ ¥)< 4> %+ §< 2
Suyra 2> X2+y22%(x+y>2:>X+y§2

Ap dung BDT Cauchy - Schwarz ta c6:
X\/8y — 5+ W 8x— 5§\/(x2+ ¥ )( 8y 5+ 8x- 55\/ 6 X+ §)(ix+y<2)

Tie PTO = {24 @ + ¥+ 4<[§ 4+ ) & 24 b 9+ 4< 3p %t

©<x2+y2—2)[3(x2+y2)+4]2 0 X+ y¥> 2. Kéthop = x2+y?=2.

Daubang xadyra < X =y =1




@

1
2J2(x-3 Py— 1) =3 3x——
Vi du 22: Giai hé phuong trinh: XN2Ax= 3+ (e Hly—Y X 2

@
VX +14Y —y+1= X = xy+ ¥ i

.....

Diéu kién: x >3
DPay la bai todn chao mirng ngay 20 — 11 ctia truong THPT chuyén Ha Tinh, va nhin vao
dang ctia phuong trinh (2) ta nghi ngay dén viéc sit dung BDT Véc-to. D6 1a nhiing ki thuét
\/ 2 2 .

X2+ X+ 144y erl\/[er 2] s

vé mat phan xa:
+\/[2 y]
T PT(2) = X — xy+ Y 2\/(1+ x— Y + 3
S XP— XY+ Y’ > X2+ Y+ 4+ 2X— 2y— 2Xye Xy— 2%+ 2y- 4> O=( x- Wy B> |
Ma X >3=y>2.Khidé: VT (1)>x+1

Cach 1: Ap dung BDT Véc-to ta cé:
NE

fa

>\/1+x y

Ap dung BDT Cauchy ta cé: X+1——[ (3x+ 1)+ 1+ i>— 3/ 3%+ ;1.13‘.;3/ 3%
Suy ra VT (1) >x+1>3/3x+1> 3 3X—— VA 3
Suy ra PTVN

Cach 2: Toi sé tién hanh danh gia nghiém ctia HPT trén, day la mét phuwong an kha t6i uvu
cho hé dang “ntra ”

Ta PTQ)= (X2 + X +1)+ (¥ — y+ )+ 2/ R + x+ L) ¥ — y+ 1= R~ xy+ ¥

= Xy xy+2+ 2/ + x+ 1Y — y+ 1= C
=X—y+Xy+2<0=(x—1(y+ )< C
Ma x>3=x-1>0= y+1< 0= y< 0= (x+ I y- 1< O

Cﬁngh‘rPT(Z)i( x2+x+1—x)+(\/yz—7y+1+y):m—(x—y)
<x2+x+1)—x2+<y2—y+l)—y2:(xz—xy+y2)—(x2—2xy+yz)
U FX+L1+X Y —y+1ty = xy+ ¥ +(x—y)

X+1 1-vy B Xy
X+ X +1+ X x/yz—y+1+y_\/x2—xy+yz+(x—y)
Dox>0véy<0=>\/y2—7y+1>\/?:|y|2y=>\/y2—7y+l+y>Ovédéthé’y:
X2+ X+1+X>0; ¥ — xy+ ¥ +(x—y)> 0; xy< C
Tir d6 suy ra (X +1)(1- y) < 0?

=




Tir (1) va (2) suy ra PTVN!
Tuy nhién danh gid ra két qua(2) chila mot y nghi trec quan ctia t6i ldc dénh gid nghiém,

trong thi kha cong kénh nhung nd rat ty nhién. Néu két hop véi két qua tie st dung BDT
Véc-to thi sé cho ra mot danh gid dep hon:y > 2va y < 0. D6 1a mau chét ctia bai toan!

Nhan tién day, véi dang PT nhu PT2 ta con c6 mét hudng di, triét d€ hon nhiéu nhung néu

ko can thiét qua thi ko nén dung dén:

6(x—1)—(2x— 3 2y= 2w/ x- 1

Vi du 23: Giai Hé phwong trinh:
V=X 414y —y+1=/ %+ xy+ ¥

Loi giai
Binh thuong st dung BDT véc-to dé danh gia qua nghiém, nghiém duy nhét (X;y)=(2;2),
tir d6 suy ra (X —2)(y—2) < 0. Vi vay sé c§ gang danh gia (x — 2)(y— 2) > Oqua PT1, ¢6
thé dat lai 4n cho \/EVé \/Z_y cho dep Chfmg han. Tuy nhién PT1 chi suy ra duoc y > 2
va cling ton tai nghiém X < 2 nén ko thé danh gia qua nghiém. Khi d6 mdi st dung két qua
sau, manh hon néu can:

Diéu kién: x >1

Ta c6: PT2 6 240 — X+ 1 Y — Y+ 1= xy+ x+ y— 27 ( xy+ x+ y- 2> Q

Xy =a
Dat ta duwoc:
X+y=Db

PT o2+ HF—2aab- a b £ & b
@4(a2+ ¥ — ab- a b )l:( a b 2o3a-b'=0s a= b xyE= X+ )

Dé thdy X =1 khong phai nghiém ctia hé! Xét X =1: Tt d6 ta c6: y = X

x—1
Thay vao PT1 ta duoc: 6(Xx—1)—(2Xx— 3\/3: ZX;(/?_

PT 6(x—)Vx—1-(2x- 3V 2x= 2% § x UV x T Ji=( 2x BV 2¢ |
_X=2 e g2X22) o [ 6(x2D)  A2x-3)

1)\/x——1+1_< X )\/5+2@(X )\/x—1+1 Jox+ 2]_0

Ta cé: XZlnén0<\/a+1<\/5(+ Zzva 6(X—1)> 2( 2X— 3vé 6<X—1)2 0

NE 6(x—1) . 2(2x— 3
en
Ix—1+1" J2x+ 2

Tk do x=2=y=2

& 6(x—

Vx>1




Vay HPT da cho c6 nghiém (X;y)=(2;2)

Ix+Jy -1+ x—y=+5

Vi du 24: Giai hé PT:
‘(x—y+1)(x— 2y+1) x{:\/_5

Diéu kién: x >y >1.
D3tv/x = aj\[y— 1= by/x— y= ¢, HPT da cho tr6 thanh:
a,b,c> 0
a+ b+ c=+/5
)5 )¢ @|=v8
Gia st ¢ = min{a,b,c}. Khi d6 ta co:
a+b=+/5- c<E patP=|(& - B)(B- &)( ¢~ &

vay:
Ap dung BDT Cauchy ta cé:
PP=(a—B)(B- &) (¢ & <a'b(a b (a b <5a'tf(a b’ <

4.ab+(a k)z
5

, ta sé chitng minh P < 5. That

(atbf|

- <5=P</5.

5
<s. <5

Dé&u “=” xay ranén(a;b;c)= ;0. Thiz 1ai thdy khong t/m.

J5+14/5-1
2 2
Vay HPT V6 nghiém

Bai tip bo sung;:

a+ b=1324
1. Giéihéphuo’ngtrinh«(\/a_l_\/?)) 1 1 J_Z (xez)
Ja+3b +/3ar

X+ 432 x—y =3
Yx ++/32— x+ 6y= 24

y=—x"+3x+4
X=2y’—6y—2

2. Giai hé phuong trinh | (X € Z)

(xez)

3. Giai hé phuong trinh {




\/8— xy2<xy2+2): x6+x3y3+E
. Giai hé phurong trinh 2 L (xez)
—\/x2+y2+2(xy+ 2) = y6+x3y3+§
x(x 3 = 2+4Yy +3
. Giai hé phuong trinh 1 ( ) Y y(X,yGZ)
\3\/x—3: Y + 8y
X2 4 xy = 3y? — ya/xy
. Giai h¢ phrong trinh 1 y2 <2—X)2 (XEZ)
-+ =
1+v2-x  1+y
. Giai hé phuong trinh
2
Xy y X (x,yez)

\/(x+l)2+xy+3x+ 2y+5- 2x/ X y+ 3=+ x++/ v+ 3
XyBy— 5+ yWBx—5=¢ 24 X+ ¥+ 4

11xX° — 6xy+ 3y = 12x— 4y

. Giai hé phuong trinh l (X,y € Z)kho)





