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PE CHINH THUC

mx+9

1. Chohamsd Yy = . Tim tat ca cac gia tri ciia tham s6 m dé ham sb nghich bién trén khoang
X+m

(—0;1).
2. Cho ham sé f(X) = x* —6x* +(9—m)x+2m—2. Tim tit ca cc gi4 tri cua tham s6 m dé ham sb

g(x) =|f(x)| c6 ding 5 diém cuc tri.

Tur tap hop tat ca cac sO tu nhién c6 5 chir sO ma céc chir s6 déu khac 0, 1ay ngau nhién mot so.
Tinh x4c suat dé trong so tu nhién lay ra dugc chi c6 mét ba chir s6 khéc nhau.

y(x+y)+ X+y =2x2 +/2x )
xy? —5y? +7x+7y—4=63xy—y+1 (2

Giai hé phuong trinh sau trén tap sb thuc: {

Cho hinh chép S.ABC c6 day 1a AABC vuong tai B, AB = a3, ACB =60, hinh chiéu vudng goc
ctia S 1én mat phang (ABC) 1a trong tAm cuia tam gidc ABC, goi E 13 trung diém canh AC, biét goc
gitta SE va mit phang day bang 30°.

a) Tinh theo a thé tich khoi chép S.ABC va khoang céch tir C dén mit phing (SAB).

b) Tinh goc giita hai mat phang (SAC) va (ABC).

Cho tam giac ABC nhon, néi tiép duong tron (O), c6 duong cao AD (D e BC). Ké DE, DF lan
luot vudng gbc véi AB, AC (E € AB,F e AC). BF NnCE =1,K =BF nDE, L=CE nDF, hai
diém M, N lan luot 13 trung diém cua AD va Al. Chting minh rang:

a) Puong thang KL song song véi dudng thang BC.

b) M, N, O thang hang.

Cho cac sb thuc duong X,y,z thoa min diéukién 3 x+y+z =x*+y*+2°+2xy. Tim gia tri
20

nho nhat ctia biéu thic P = + 20
Jx+z o \Jy+2

+X+Yy+z

Tim tat ca céc s6 nguyén duong n sao cho n* +n?+1 1a s chinh phuong,
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Caul l.

HUONG DAN GIAI CHI TIET

mx+9

1. Cho ham s Yy = . Tim tit ca cac gia tri ciia tham sb m dé ham s nghich bién trén khoang
X+m

(-0 1).
2. Cho ham s& f(X) = x* —6X* +(9—m)x+2m—2. Tim tt ca cic gia tri caa tham s6 m dé ham sb
g(x) =|f (x)| c6 dung 5 diém cuc tri.
Loi giai
1. Tap xac dinh: D=R

m? -9
(x+m)?

Taco: y'=

Ham s6 nghich bién trén khoang (—o0;1) < y'< 0,V x <1
m?-9<0 -3<m<3
f—
—m ¢ (—o0;1) m<-1

& -3<m<-1

Vay voi —3<m<—1 thi ham s nghich bién trén khoang (—o0;1).

2. Ham s g(x) =| f (X)| c6 ding 5 diém cuc tri < Ham s6 f(x) c6 2 diém cuc tri va Y,.Yor <0

A

Céch 1: Ham s6 f () ¢6 2 diém cuc tri va Yep,.Yor <O <> DO thi ham sé f(x) cit truc hoanh tai

3 diém phan biét < x> —6x* +(9—m)x+2m—-2=0 c6 3 nghiém phan biét

< (X=2)(x* =4x+1-m) =0 c6 3 nghiém phan biét < x* —4x+1-m=0 co6 2 nghiém phan biét
A'=m+3>0

khac 2 < ) oS m>-3
2°-42+1-m=0

Vay v6i m> -3 thi ham s g(x) =|f ()| c6 ding 5 diém cuc tri.
Cach 2: Haim s6 f(x) c6 2 diém cuc trj va Ygp-Yor <0
Tacod f'(x)=3x*-12x+9-m

Ham s6 f(x) c6 2 diém cuc tri X, X, < f'(X) =3x*—12X+9-m=0 c6 2 nghiém phan biét X, X,
<SA'=3m+9>0<m>-3 (1)
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Cau ll.
Cach 1

Céach 2

1 2 2m 4m , .
Mit khac f(x)= (5 X — g) f'(x)- (? +2)X+4+ 3 nén phuong trinh duong thang di qua 2 diém

2 4 2
cuc tri la y:—(?m+2)x+4+?m:—(?m+2)(x—2)

Do dd6 Yep-Yor <0 (2?m+2)2(x1—2)(x2 -2)<0 & (Z?m+2)2[x1x2 —2(x,+%)+4]<0

@(2?m+2)2{3—%—2.4+4}<0 @(%mﬂ)z[—g—l}o@ m>—3 ( thoa man Dk (1))

Goi S 1a tap hop tit ca cac sb tu nhién c6 5 chit sé ma céc chir sé déu khac 0.

S6 phan tir cua S 1a: n(S) = 9,

Goi Q 1a khong gian mAu ctia phép thir ngdu nhién: " 14y ngu nhién 1 sé thudc tap S"=> n(Q) =9°
Goi bién ¢ A:" S6 14y ra dugc chi c6 mat ba chir sé khac nhau".

Truong hop 1: S6 d6 c6 mot chir s6 xuat hién 3 1an va 2 chit s6 con lai xuat hién 1 lan

Vay ¢6: ny =C3.C3.C3.2=5040

Trwong hop 2:

S6 d6 6 hai chit s xuét hién 2 1an va chit s6 con lai xuat hién 1 1an

Vay ¢6: n, =C3.C3.5.C5.1="7560

12600 1400

=n(A)=n +n, =12600 = P(A) =———=——
A=n = =" = o561

Goi S 1a tap hop tit ca cac sb tu nhién c6 5 chit sé ma céc chir sé déu khac 0.
Sé phén tir cua S 1a: n(S)=9°.

Goi Q 13 khong gian mau ciia phép thir ngiu nhién: " 1iy ngau nhién 1 s6 thudc tap S" = n(Q) = 9°
Goi bién ¢ A:" Sb léy ra dugc chi c6 mit ba chit s6 khac nhau".

Goi $0 ¢6 5 chir s ma ¢6 3 chit s khéc nhau a, b, ¢ lay tir tap S ={1;2;3;4;5;6;7;8;9}

Truwong hop 1: Ca 2 chir s6 con lai ciing bang 1 trong 3 chit s6 a,b,c: ¢d 3 cach; mdi hodn vi tir
5! hoan vi ciia 5 chit s6 (chéng han) a,a,a,b,c tao ra tir mot sd ty nhién n; nhung ctr 3! hoan vi
clia cac vi tri ma @,a,a chiém chd thi chi tao ra cing mot s6 n, nén trong truong hop 1 nay co:

oS!

3!

C2.3.= =5040 s tu nhién.
Truwong hop 2: 1 trong 2 chit s6 con lai bang 1 trong 3 chir sé a,b,c va chir sb kia bang 1 chir sb
khac trong ba chit s6 d6: ¢6 3 cach; mdi hoan vi tir 5! hoan vi ctia 5 chit s (chang han) a,a,b,b,c
tao ra mot s4 tu nhién N ; nhung cir 2! hoan vi clia cac vi tri ma a,a chiém chd va 2! hoan vi cua
cac vi tri ma b,b chiém ch thi chi tao ra ciing mot s6 ty nhién N, nén trong trudng hop 2 ¢o:

5!

C23.— =7560 s tu nhién.
2121
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Cau I11. Giai hé phuong trinh sau trén tap sb thuc: {

12600 1400

Vay n(A) =5040+ 7560 =12600 = P(A)==""——=""—
ay n(A) (A) & 6561

y(x+y)+~/x+y=2x2+\/§ 1)
xy? —5y2 +7x+7y—-4=63xy—y+1 (2)

Loi giai
Cach 1

x>0

Diéu kién: .
X+y>0

Thay x = y =0 vao phuong trinh (2) thdy khong thoa man, do d6 ta xét voi x+y>0.

Vi x+y>0 nén Jx+y+\/§>0.

Nén tir phwong trinh (1) ta c6:

Y(X+Y)+/x+y =2x2 +2x @ xy - X+ Y2 —x2 +x+y —2x =0

X(y=x)+(y—x)(y+x)+ WN_ < (y- [2X+y+m+\/_]

X=y
1 ®
Xyt =0 ()
JX+y ++/2x
Nhan xét:
vil’2% Loxiysoowa >0 huong trinh (4) vo nghi¢
y suy ra uon I'ln VO ngnicem.
xey>0 Y m+r YT Pone ;

Tur (3) thay x =y phuong trinh (2) ta c6

X3 —5x? +14x—4=63x* - x+1 <= (x—l)3 —2(x—1)(x+1)+9(x—1)+6(1—«3/x2 — x+1)= 0

< (x-1)| x* —4x+8-

6X
-0
1+3/x2 —x+1+«3/(x2 —x+1)2

x=1
5)

| X2 —4x+8— ox ==
1+3x% - x+1+13/(x2 - x+1)
Tur (5) ta c6 nghiém ctia hé 1a (x;y)=(1;1).
Nhéan théy phuong trinh (6) v6 nghiém, that vay:

Taco X —4x+8=(x—2) +4>4

2
Mat khac nhan théy X2 —X+1Z[§—lj +%X2 Z%XZ. Tu do
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2 3
1+3/x? —x+1+$/(x2—x+1)2 >1+ 'SEXZ + 3’(%%) 21+26/(%j x® > /3%

6x _>4-23>0 nén phuong trinh (6) vo nghi¢m.
1+3x2 - x+1+,3,(x2 - x+1)

Vay hé phuong trinh ¢6 1 nghiém (X; y) = (1;1) .

Nén x?—4x+8-—

x>0

Céch 2: Diéu kién: {
X+y>0

Vay hé phuong trinh ¢6 1 nghiém (X; y) =(1;1).

Véi x=0 thihéla:
{y2+\/§_0 <:>{y=0
~5y? +7y-4=63-y+1 -

Véi x>0, taco \/5+\/m;t0

(1) @(\/ﬂ—m)ﬂsz—yz—xy):O

X—y

©@+—m+(x—y)(2x+ y):0

6 Vay hé vo nghiém.

< (X—y) ;+2x+y =0
2x+ x+y
X=y
= 1
C 4 2X+y=0
xi iy
(x>0
Vi
{x+y20
nén A—;+2x+y—;+x+(x+y)>0
V2x + x+y 2+ x+y

Vay A=0 vo nghiém.
Theé X=Yy vao (2) ta dugc phuong trinh:

y*—5y% +14y -4 =63y’ —y+1
< y3-5y? +14y—4=338y? —8y+8

< 338y% -8y +8+(8y? —8y +8) =3(y+1) + (y+1)° (3)
Xéthamsd: f(t)=3t+t%;(teR)= f'(t)=3+3t*>0;VteR
Do d6 ham s6 f (t) dong bién trén R , ham s6 lién tuc trén R va tir (3) ta co:

f («3/8y2 —8y+8): F(y+1)
< J8y? -8y +8=y+1

< 8y? —8y+8:(y+1)3 <y -5y?+11y-7=0 < (y-1)(y> -4y +7) =0

=1
= y2 < y =1. Vay nghiém cta h¢ phuong trinh 1a (x;y) =(31)
y —4y+7=0
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Cach 3:

Cau V.

x>0
X+y=>0
Voéi x=0 thih¢ 1a:

0 =0

d +\/_ {y . Vay hé vo nghiém.
5y?+7y-4=63-y+1 —4=6

Vi x>0,taco V2x+4x+y =0 (1) <:>(\/2X—«/X+y)+(2x2—y2—xy):0

X-y

= xxry
1
@(X—y)[m+zx+ yj—o

X=y

__ 1t

V2x+ x+y
x>0 1 1

Vi nén A= —— 4 2X+y=——"—"
{x+y20 J2x + x+y Y V2x +x+y

Viay A=0 vo nghiém. Thé x =y vao (2) ta dugc phuong trinh:

y}-5y? +14y-4=63y’ - y+l y3—5y2+8y—4:6(\3/y2—y+1—y)

B(y? —y+1-y°)

%/(y2 - y+1)2 + 3/(y2 - y+1).y+ y2

biéu kién: {

+(x=y)2x+y)=0

< +2Xx+y=0

+X+(x+Yy)>0

o (y-1(y2-dy+4)=

6 +1
(-1 ( (y*+1)
1/ y —y+1 +3/ y —y+1 y+y
& y-1=0y=1
6(y* +1)

Vi (y=2)%+ >0; vy >0

?/(yz - y+1)2 + 3/(y2 - y+1).y+ y?

Cho hinh chép S.ABC c6 day la AABC vuong tai B, AB = a+/3, ACB =60°, hinh chiéu vudng goc
ctia S 1én mat phing (ABC) 1a trong tAm cuia tam gidc ABC, goi E 1 trung diém canh AC, biét goc
gitta SE va mit phang day bang 30°.

a) Tinh theo a thé tich khdi chép S.ABC va khodng céch tir C dén mit phing (SAB).

b) Tinh goc giira hai mit phing (SAC) va (ABC).

Loi giai
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c
a) Tinh theo a thé tich khéi chép S.ABC va khoang cich tir C dén miit phiing (SAB).
* Tinh thé tich khdi chép S.ABC.
Goi G 1a trong tAm cuia tam gidc ABC = SG L (ABC).

= (SE,(ABC)) = SEG = 30"

BC = AB.cot ACB = a+/3.cot60° = a
+) AABC vuodng tai B = AC AB

+) ASGE vuodng tai G = SG =GE.tan SEG :%.tan 30° = %.

R 1 a
Vay Vs pgc = é Spasc-SG = E
*Tinh d(C,(SAB)).

+) Trong AABC, ké GN || BC(N € AB)=GN L AB (vi BC L AB).

6 SN _AG _2_ N =2MB=2 (MIatrung diém ciia BC).
MB AM 3 3 3
a3 a
+) Trong ASGN, ké GH L SN :d(G,(SAB)):GH = S(':'GN —= 9 _ 3 _a
VSG? +GN a3 (ay ©

+) Goi F 1a trung diém AB, c6 CG N (SAB)=F =d (c,(SAB)):g—Ed (G.(SAB)).

= d(C,(SAB))=3.d(G,(SAB)) =

N o

Vay d(C,(SAB)):%.

b) Tinh géc giita hai mit phing (SAC) va (ABC).
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Trong AABC, ké BP 1 AC = BP = ——2=BA__ a\/3

JBCZ+BAZ 2
GK L AC
Ké GK || BP = .
GK:%BP:a—f

~ [AC LGK
Ta o, — AC 1 SK :((SAC),(ABC)):SKG.
AC 1 SG

S

Trong ASGK vuong tai G, c6 tan SKG = SG =

2

K 3
Vay ((SAC),(ABC)) = SKG =arctan %

Cau V. Cho tam giac ABC nhon, noi tiép duong tron (O), c6 dudng cao AD (D e BC). K¢ DE, DF lan
lugt vudng goc v6i AB, AC (E € AB,F e AC). BFNCE =I,K =BF nDE, L=CE nDF, hai
diém M, N lﬁp luot 1a trung diém cua AD va Al. Chirmg minh rang:

a) buong thang KL song song véi duong thang BC.
b) M, N, O thing hang.

Léi giai

e

a)
Cach 1
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K_ 1
Ta s& di chimg minh: KB LC
Ap dung dinh Ii Menelaus trong tam giac BIC véi hai cét tuyén D,L,F va D,K,E co:

LI DC FB Kl DB EC N , .
—.—.— =1 —.——.—— =1 suy rata can chang minh:
LC DB FlI KB DC EI

DC FB_DB EC _ (DCY _EC F
DB FI DC El

DB) EI FB
DC
D& chitng minh tir giac FECB noi tiép. Khi do,ta co: EC_ Sl B_AC _sinDAC (1)
FB sinC AB DB
sin DAB
IF FC DC.sinFDC DC.sinDAC
TeET =T T ()
IE EB DB.sinEDB DB.sin DAB
T (1) va (2) suy ra dpecm.
A
H N
M F
0]
K L
S B D c
.
e

Cach 2: 1. Tacd ZAED = ZAFD =90° nén tir gidc AEDF ndi tiép
— /AEF = /ADF =90° - /DAC = ZACB
— /BEF + ZAEF = /BEF + ZACB =180°
= Tt giac EFCB noi tiép
— /BEC = /CFB = /KEL = #BEC -90° = ~CFB-90° = ZLFK
— T gide EFLK noi tiép. = ZILK = ZEFI = Z/BCl = KL//BC

b)
Céch 1: ) 7 7
AA’ 1a duong kinh. Bé chirng minh M, O, N thang hang ta di chung minh 7, D, 4’ thang hang.
[AD]N(0)=AH 4. AHD = 90° = AHA' = H,D, A
Ap dung tinh chét truc ddng phuong cia 3 dudng tron [AD],(O),(BEFC) ta cd AH, BC, EF dong
quy tai S.
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Goi T la trung diém A’D suy ra MT // AO suy ra MT LFE (do OALFE) lai ¢o6
ME=MF =TE=TF. (1)
Lai c0 OT //AD suyra OT L. BC ma OB=0OC =TB=TC (2)

Tu (1) va(2)suyraTlatam (BEFC).

Ap dung dinh li Brocard di véi tir giac BEFC ¢6: T 1a tryc tim tam giac SIA suy ra TI L SA
DoTeDA =TD LSA suyra T,D,A’= dpcm.

Cach 2:
2. Qua B ké dudng thing song song voi DE cit ID tai G. Qua C ké duong thing song song véi
DF cit ID tai G'.

Do BG// KD nén ta cé: c_1B 1)

ID IK

Do CG'//DL néntace: -2 = 1€ ()
D 1L

Ma KL //BC nén ta lai co: 2 = 1< (3)
K I

Tu (1), (2), (3) ta duoc I _1& = G,G" trung nhau.
ID ID
— /ABG = ZACG =90° nén tir gidc ABGC noi tiép.
= G thudc duong tron (O)va AG la mdt duong kinh cua (O).
Do 1,D,G thiang hang va N,M,O lan luot 1a trung diém ciia Al,AD,AG
= Ba diém M,N,O thang hang.

G=G'

Cau VI. Cho cac sb thuc duong X, y,z thoa man diéu kién 3 X+ Yy+2z = X"+ y>+2° +2xy.

. . 20 20
Tim gia tri nho nhat cia biéu thue P = + + X+ y+z
Jx+z o \Jy+2
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Léi giai

2
X z
Taco 3 X+y+z =x2+y*+22+2xy= x+y +2° > Xryvzr

B.C.S 2
o X+y+2°<6 X+y+zZ &Xx+y+z<6(dox+y+z>0)
Mit khac, theo bét dang thic AM-GM ta c6
16 8 8

8
—t X+2Z = + X+2z >33 .
JXx+12 - Ix+z \/x+z \/Jx+z Jx+12

VR JE. R RV W =
Jy+2 Jy+2  Jy+2 Ay 2 Jy+2
Khi do

X+z =12

y+2 =12

20 20
P= + +X+y+z

JX+z o \Jy+2
—E—ig—+x+z+—ig—+y+2

4|x+z Jy+2

5 1 5

>—-12+12 —-6——=26.
4 4 2

Ly, S
4 2

X+y=12
X+z=4
y+2=4
X+y+z=6
Vay gi4 tri nho nhét ciia biéu thirc P bang 6 khi x =1,y =2,z =3,
Cau VII. Tim tit ca cac s6 nguyén duong n sao cho n* +n®+1 1a s6 chinh phuong.

x=1
Dau “=" xay ra khi va chi khi Sy =2.
=3

Loi gidi
\ﬁr1MSénggéndmﬂgrénn4<n4+n3+1<n4+2n3+n2c>ﬂf)<n4+n3+l<(n2+nf.
Theo yéu chu dé bai thi n* +n° +1 codang (n? +k) éi keZ 1<k <n. (%)
n4+n3+1:(n2+k)2¢>n3+1:2n4<+k2c;kz—lzrﬁ(n—2k):>(k2—lyn?
+) Truong hop 1: k? —1=0 < k =1=>n =2 (théa man).
+) Truong hop 2: k? —1>0, tr n’(n—-2k)=k*-1>0=k’-1>n’=k>n (mauthudn (*))

Vay n=2.
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