SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HSG QUOC GIA
KIEN GIANG NAM HQC 2023-2024

PE THI CHINH THU'C Moén: TOAN
Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ngay thi: 30/8/2023
Pé thi gdm 01 trang, 04 bai

Bai 1 (5,0 diém)

. 1
Cho day s0 (x,) xac dinh boi x; = 2 va x,41 = X, + < voi(n € N¥).
n

a) Tim: lim In,

Vn
b) Tim tat c4 cac s6 tu nhién k sao cho day sb (y,,) xac dinh boi:
1\¥ 1\¥ 1 \¥
Yn = (—) + (—) + -+ (—) véin = 1, 1a day bi chan.
X1 X2 Xn
Bai 2 (5,0 diém)
Tim tat ca cac ham s6 f: R = R thoa min

f) ff()—1) = f(x?y) — f(x) véimoix,y € R.

Bai 3 (5,0 diém)
a) Cho p 1a mot s6 nguyén t6 1¢. Chirg minh rang
(2P~2 — 1)P(2P*1 — 2) — 2®P=D* 1 2 chia hét cho p3.

b) Cho n 1a mot sé nguyén 16n hon 7. Chimg minh ring ton tai s6 nguyén duong a sao cho
2a < nva4a®+ n 1a mot hgp so.

Bai 4 (5,0 diém)
Cho tam gidc nhon ABC (v6i AB < AC) ndi tiép dudng tron (0) co I latam duong tron ndi tlep

Puong tron bang tiép goc A cia tam gidc ABC ¢6 tim 14 J va tiép xuc v6i duong thang BC tai diém
D. Goi E, F theo tht ty 1a trung diém ciia ID, JD. Puong tron c6 duong kinh 1a AF cat duong tron

(0) tai diém thir hai G khac A. Chtimng minh rang: 1DB = AGE.

HET

e Thi sinh KHONG dwoc sir dung tai liéu va may tinh cam tay.
e Gidm thi KHONG gidi thich gi thém.



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HSG QUOC GIA
KIEN GIANG NAM HOQC 2023-2024

HUONG DAN CHAM THI  Mén: TOAN
Pé thi chinh thic Thoi gian: 180 pht (khéng ké thoi gian giao dé)
Ngay thi: 30/8/2023
Huéng dan chdm thi gdm 05 trang

I. Hwéng din chung

1. Néu hoc sinh 1am bai khéng theo cach néu trong dap an nhung dung, chinh xéc, chit
ché thi cho dii s6 diém cua cau do.

2. Néu hoc sinh c6 st dung cac dinh 1y, hé qua, cac két qua phu tro ... phd bién trong cac
chuyén dé bdi dudng HSG va néu dugc tén thi giam khao van cham dung.

3. Viéc chi tiét hoa (néu c6) thang diém trong hudng dan chdm phai bao dam khong lam
sai 1éch huéng dan chdm va phai dugc théng nhét thuc hién trong t6 cham.

IL. Pap 4n va thang diém

Bai | Y Néi dung Biu
diém
1 3 . . 0,5
(5.0 d) Bang quy nap, x, > 0 véimoin > 1.
Véimoin € N*, tacd x2,, > x2 + 2. 0.5
T d6 bang quy nap ta dugc: x2 = 2n + 2 véi moi n € N*. ’
) 1 1 e .
Do d6, x2,, <x,21+2+ng,21+2+m vGoimoin € N*,
Thanh thur, 0,5
n-1
A<2n+3+ Z !
n 2k + 2
k=1
Nhén xét 1.
1 (Tl—l 1 ) 0’5
lim — = 0.
a) n—-on e~ 2k + 2
Chitng minh. C6 thé str dung dinh Iy trung binh Cesaro hodc lam
nhu sau:
n n-1
1 1 1
YL Sl Ye
— vk k—1
Do do
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Luu y. Néu HS khong ching minh, thi trir 0.25 &

Ta c6 lim == = 2 va tir Nhan xét 1,

n—-1
lim=( 2 +3+z I
TR\ T Lavz )T

Do do, theo nguyén ly kep:

0,5

x2
lim=2 =2
n

Binh luin.

+/ Hoc sinh c6 thé ching minh day ting, khong bi chin trén dé suy ra
limx, = +oo, tir do suy ra llm(xn+1 xn) = 2 va su dung dinh ly Stolz, s&
ra ngay két qua. Néu lam dung, van cho diém téi da.

+/ Trong chimg minh Nhén xét 1, hoc sinh su dung dinh ly trung binh
Cesaro dé suy ra ngay két qua ciia Nhan xét, 1 dugc diém tdi da.

b)

Dau tién ta c6 nhan xét x,, > 2 v6imoi n > 1. Tir d6 néu k > 3 thi

k> x3 vanbuk < 2thixk < x2. 0,25
Xétk >3.Theoya),x2>2n+3>n+1nénxk>n+
Dvn+1. Tha‘mh thur
+1+ +1<1++1<2 125
Yn = x3 X3 X5 242 nvn
(xem chirng minh trong a)). Vay day (y,,) bi chan khi k > 3.
Xétk < 2.Tacd thix¥ < x2? nén
1 R 1
Yn > X2 X2
Mat khac, theo a), ta co
n-1
5 1 n 0.5
xn<2n+3+ZZk+2<2n+3+Z<6n. s

Thanh thu:

11 1 1
yn>g(—+—+---+—>.

Nhin xét 2. Day (h,) voi

khong bi chan.
That véy, néu (h,) bi chan thi (h,,) ¢6 gi6i han hiru han. Thanh the | 0,23

lim(hy, — h,) = 0.
Tuy nhién

1 1 1
=—+ o +t—2nX—==:

n+1 2n 2n i

mau thuan.
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Vay, (h,,) la day khong bi chan. Do d6, (y,,) khong bi chan.

Tom lai, dap so cua bai todn 1a: moi so tu nhién k > 3.

0,25

Binh luin. V& nhan xét — + —= + -+ + —

PNEAETE r

ma khong lam ro, chi trur 0,25 mot lan.

< 2 néu hoc sinh sir dung & ca hai ¥

2 Gié st f 1a ham s cén tim. Ddu tién, néu f 1a ham hing c thi ¢ = | |
(5,04 ¢ —c. Vay ¢ = 0. Xét f 1a ham khac hing sb. ’
Thay y = 0: ta duogc
fC)(f(=1)+1) = f(0) v6i moi x € R.
Néu f(=1) # —1thi f(x) = f(f()) do d6 f 1a ham hing, loai. 1,0
Vay f(=1) = —-1va f(0) = 0.
Giastta € Rma f(a) = 0: Thay x = a, ta dugc f(a?y) = 0 véi
moi y. Vi f khéc hang so nén a = 0. 1,0
Thanh thir, f(a) =0 & a = 0.
Véimdix # 0: Chony = —thlf(x) f (@ — 1) = (. Theo nhan
xét ngay trén f(x) #+ Onenf(f( 2 1) 0. Tur do f(x) -1=0
hay f(x) = x. 1,5
Do d6 f(x) = x véimoix € R.
Thir lai, ta thdy cac ham f(x) = 0 va f(x) = x thoa min phuong
\ \ N 0,5
trinh ham ban dau.
3 Theo dinh Iy Fermat nhé 2P~* = 1(mod p). Thanh thiy, ta ¢6 thé
(5:0d) viét: 0,5
2Pl =kp+1v6ik € N.
Ki hi¢u biéu thirc da cho 14 S. Ta ¢6
20§ =2.(kp— 1)P.(2kp+ 1) = 2(kp + )P + 4. (kp + 1)
Theo cong thirc Newton 1.0
(kp —1)P = —1 + kp?(mod p3) ’
a) va
(kp + 1) = 1 + kp?(mod p3).
Thanh thir
20. S =2(kp? —1)Rkp+1) —2(1 + kp?) + 4(kp + 1)
= —4kp — 2+ 2kp? —2(1 + kp?) + 4(kp + 1) 1,0

0 (mod p3).
Do p 1a s0 nguyén t6 1é, nén S = 0(mod p3).
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b)

Néun + 1 c6 mot uéc nguyén td 1é p, ta chon a = pT_lthi 2a <
p—1< nva
4a’+n=pP-12—-1+(n+1) =0(modp).

1,0
RO rang
4a’+n=4+n>p,
nén 4a® + n 1a mot hop so.
Néun+1 =2k v6ik > 4.Khido,n+4 =422 +1)va
2%=2 4+ 1 1a mot s6 1¢ 16n hon 1, nén n + 4 s& c6 mdt udc nguyén tb
1¢ p. Tachona =p — 1 thi
n+4
2(a+1)=2p < 5
1,5

nén 2a < n. Bén canh do
4a° +n=4@* -1+ (n+4)
chia hét cho p. Mat khac,
4a’+n=>n+4=>4p>p
Nén 4a? + n 1a mot hop s6.

Binh luin: Truong hop n + 1 = 2%, khi k = 4 tiec n = 15, ta chon a = 3, con voi
k > 5, c6 thé lay a = 2% — 1. Khi d6

40> +n =42*-1)2 +2F-1= (23 + 1)(2*3 +3)

13 mot hop so.

5,0 @)

Goi K 1a trung diém cua IJ. Ta c6 A IBJ vuong tai B nén KB =
KC = KI. Do d6 K la trung diém cung BC cua (0).

1,5
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Goi A’ 1a giao diém ciia GF véi (0) va LAGF = 90° nén AA'la
duong kinh cua (0). Ké duong cao AH.

Do do6 2,5
LKGF = £ KAA' = £ KAH = £ K]D = £ EKI = 2 KEF.

Vay t gidc KEGF ndi ti€p.

Ta co 1,0

2IDB = £ID] —90° = £ EKF —90° =90° — £ EGF = £ AGE.
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SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HSG QUOC GIA
KIEN GIANG NAM HQC 2023-2024

DE THI CHINH THUC Mon: TOAN
Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ngay thi: 31/8/2023
Dé thi gdm 01 trang, 03 bai

Bai 5 (7,0 diém)
Cho 2023 s6 thuc a,, a,, ..., Ayg23 thoa man
a, +a, + -+ azy; =0.
a) Chtrng minh rang, ton tai cac s6 nguyén duong i < j < 2023 sao cho

_ a%+a%+“'+a%023
2023

al-aj <

b) Gia st rang by, by, ..., byoa3 13 cic s6 thyuc sao cho bat ding thirc

(= a)? + -+ (X2023 — G2023)° < (%1 — b1)? + - + (X023 — b2023)°
dung voi moi bo 2023 sb thue (xy, ..., X5023) thod man x; < x, < -+ < Xy,3. Ching
minh rang

a, +- +a, < by +--+ b, vé6imoi k =1,2,...,2023.

Bai 6 (6,0 diém)

Cho s6 nguyén duong n va mot bang 6 vudng (2n + 1) x (2n + 1). Tim sé nguyén duong k 16n
nhat sao cho: c6 thé dat k vién bi vao k 6 cua bang da cho, mdi 6 khong qua 1 vién bi va dong thoi
trong mdi bang con 2 X 2 cuia bang 6 vudng di cho ludn c6 khong qua 2 vién bi.

Bai 7 (7,0 diém)
Cho tam giac nhon ABC (véi AB < AC) ndi tiép dudng tron (0) va co truc tim 1a H. Goi M 1a diém
chinh giita cung BAC ctia dudng tron (0). Pudng thiang qua O song song vi AM cat HM tai K.
Goi E, F tuong ung 1a hinh chiéu vudng gbc cia K trén AC, AB. Goi N 1a trung diém HM. Ching
minh rang

a)B,C,0,K cung nam trén mot duong tron.

b) K, E, N, F 1a cac dinh cia mot hinh binh hanh.

HET

e Thi sinh KHONG dwoc sir dung tai liéu va may tinh cam tay.
e Gidm thi KHONG gidi thich gi thém.



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HSG QUOC GIA
KIEN GIANG NAM HOQC 2023-2024

HUONG DAN CHAM THI ~ Mon: TOAN
D thi chinh thire Thoi gian: 180 phit (khéng ké thoi gian giao dé)

Nagdy thi: 31/8/2023
Huéng dan chdm thi gdm 05 trang

I. Hréng din chung

1. Néu hoc sinh lam bai khéng theo cach néu trong dap an nhung dung, chinh xac, chit
chg thi cho du s6 diém cua cau do.

2. Néu hoc sinh ¢6 str dung cac dinh 1y, hé qua, cac két qua phu tro .

cac chuyén dé boi dudng HSG va néu dugc tén thi giam khao van chim dung

. phé bién trong

3. Vi¢c chi :uet hoa (néu c6) thang dlgm trong huong dan cham phai bao dam khong lam
sai I¢ch huong dan cham va phai dugc thong nhat thyc hién trong t6 cham.

I1. Pap 4n va thang diém

Cho € — 0% ta thu duoc
(xp —a)? + -+ (Xz023 — A2023)* < (g — b)) + -+ +
o (X2023 = b2023)*.
Thanh thir, bat dang thic trén dung véi moi bo bo (x4, ..., X5023)
thod man x; < -+ < Xy023.

Bai | Y N¢i dung Bicu
diém
5 Khoéng mat tinh tong quat, gia st
(7,0 @) m:=a; < a, < < Ayop3 =1 M

Khi d6 véi mdi k = 1, ...,2023 ta co

(ap —m)(a, —M) <0
hay

a:z +mM < (m+ M)a,.
Cong cac bat déng thure lai, ta co

2) 3,0
a? + 4 afoys +2023mM < (m+ M)(a, + -+ + ayp23) = 0. ’
Tur do,
M < ai + -+ a3oz3
9 mt = 2023
Do do, cothé choni = 1,j = 2023.
V6i mbi bd (xq, ..., Xz023) thod man x; < -+ < X053, Xét s6 duong
€ tuy y, va bd (x1, ..., X30,3) dugc xac dinh x; = x; + ie thi
X1 < o < X023
Do do
(x1 = a;)* + -+ (X2023 — Az023)°
b) < (%1 — by)? + -+ (X2023 — bag23)? 0,5
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Dau tién, chon by x; = -+ = x93 = 0 ta dugc

0,5
@i + -+ aGops < bY -+ oo ’
Chon bd x; = -+ = x,0,3 = x, 10i rut gon, ta dugc
2x(by + -+ +byoz3 — Ay — - — Az023) < C
trong do
L C =bf + -+ binos _,a%_”‘_a%ozs- 1.0
Do bat dang thirc nay diing v&i moi sO x nén ’
by + - +byop3 — @y — = Azp23 = 0.
Vay, by + -+ + byg3 = 0.
Voimdik =1,..,2023 tachon x = x; =+ = X VAY = Xpyy =
= Xp023 VO1 X <y bat ki, ta dugc:
(= a)® + 4 (0= @)’ + (7 = @y)® + 0+ (6 — Az023)°
< (x=b)? 44 (x = b)? + (0 — by1)? + -+ (X — byo23)? 1,0
Tu d6
_2A1 X — 2A2y + Zle + 2B2y
< b + -+ bjpp3 — af — - — a3y =:C
TaC6A1 +A2 == OVéBl +BZ = O.DOdé
24, -Bp(y—x)=C
ding véi moi x < .
Néu A, > B, thichicanchoncip (x;y) may —x =1+ Z(AC ) 1,0
1—P1
thi 2(A; — B;)(y — x) > C, mau thuan.
VéyAl S Bl hay a1 + "'+ ak S b1 + tec + bk
Binh luan.
6 Phan hoach bang thanh n? bang con 2 X 2;n+ 1 bangcon1 X 1
(6,0 @) van hinh chtt L dang 1 X 2.
Voin = 2:
o
2,0
o
o
Véin = 3:
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Téng quat: véi bang (2n + 1) x (2n + 1) dau tién ta xép

(n+ Dn

. 2

bang vudng con 2 X 2 & mot phan tu cua bang da cho, c6 goc
vuodng dinh trén bén trai. Tuong tu, ta xép cac bang vudng & goc
dudi cung bén phai tuan ty

142+ +n=

(n—1n

2
bang vuéng con 2 X 2. Tong s6 ¢6 n? bang con 2 X 2. Trén duong
chéo, cac 6 con trong duogc lap boi cac con domino 1 X 1: ¢6 ca thay

n + 1 con nhu vay. Phan con lai lap béi cac con chir L kich c&
1x 2.

1+2++nm-1=

Néu k 12 sb thoa man yéu cau bai toan: trong mdi bang con 2 X 2,
c6 ti da 2 vién bi. Trong mdi hinh chit L ciing c6 t6i da 2 vién bi.
Thanh thir s6 bi dugc dat t6i da la

n?x2+n+1D)+nx2=2n*+3n+1=m+12n+1).
Vay

2,0

k<m+1D@2n+1).

Ta ch1 ra mQt cach dat k, = (n + 1)(2n + 1) bi vao bang thod man

yéu cau bai toan. That vay, xét cac cot I¢ 1,3, 5,..,2n + 1. Ta dat bi

vao tat ca cac 6 cua cac cot nay. Do mdi cot co dung 2n + 1 0 nén

téng s6 bi can dit 1a: 2,0
2n+1)x (n+1) =k,.

Vay s6 nguyén duong k 16n nhat 1a dit k, = (n + 1)(2n + 1).

Binh luin. Hoc sinh c6 thé chirng minh két qua bang quy nap theo n. Trong
d6 bude tir n + 1 quy vé n ¢ thé 1am nhu sau: Chia bang (2n + 3) x (2n +
3) thanh bang con(2n + 1) X (2n + 1) ¢ gbc trén bén trai, sau do6 1a mot
bang (2n + 1) X 2, mdt bang 2 X (2n + 1) va mot bang 2 X 2 & goc duédi
cung bén phai. Sau d6 ap dung gia thiét quy nap, thi sb bi dit dugc s& khong
vugt qua
m+DCn+D+2n+D+2n+1)+2=(mn+2)2n+3) + 1.
Tuy nhién, diu bang khong xay ra, vi néu dat duoc, bang 2 X 2 cubi cing
phai c6 2 bi. Khi d6, 4 6 k& voi bang nay chtra toi da 2 bi (néu 2 bi trong
bang goc 2 x 2 khong nam trén dudng chéo, hiy xét cac bang con 2 X 2
canh 6 goc dudi cing bén phai). Tir d6 s6 bi s& khong vuot qua
(n+2)(2n + 3) — 1 < k,, mau thun.
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(7,0 @)

Goi I 13 trung diém BC, M' 14 trung diém cung BC, T 1a giao diém
cua hai tiép tuyén tai B, C cta (0). Do A AMH ~ A OKM nén

AM AH 201 20C MM’

OK OM o0C OT OT

Tur day suy ra
MA  OK

MM' ~— OT

2,0

Ma AM || OK nén LAMM' = £ KOT.SuyraA AMM' ~ A KOT.
Tuwdo £TKO = £ M'AM = 90°. Do d6 K nam trén duong tron

duong kinh OT. Vay B, C,0,K niam trén duong tron duong kinh OT.

M

1,5

b)

Kéo dai TK cit AB tai G. Theo trén, KT|| AM'.
Ta co
2 ABK = 2B — £KBC =£B—KTO — 2 0TC

1
=AB—AANM—90°+§ABOC

1 1
=LB—§B+ELC+LA—9O°

2,0
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1
=54 A= £ BGK.
Viay A BGK cén tai K. Do d6 F 1a trung diém BG.

Mat khac, 2GTM = £ AM'M = £ ABM. Do 36 BGMT la tr giac
ndi tiép. Pac biét LAGM = 2 BTM = £ OBC = £ ABH.
Do d6é GM || BH. Thanh thtr, FN 1a dudng trung binh cua hinh

thang GMHB. Do d6, FN || BH. Vay, FN L AC.Dodo FN || KE.

Tuong tu, EN || KF. Vay, KENF la hinh binh hanh.

M

1,5
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