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24H HQOC TOAN - CHIEN THANG 3 CAU PHAN LOAI

Gido vién: Doan Tri Diing — Ha Hiru Hai

BAI 6: AM — GM Don bién

I. Gi6i thiéu co ban vé bat dang thitc Cauchy (AM — GM):

u+b22\/E,Va,b20
e B4t dang thtic Cauchy cho hai s6: (
ab <

2 .Péng thitc xay rakhi a=b.
j ,Va,b

a+b+c> 3x3/abc ,Va,b,c >0

e B4t déng thtic Cauchy cho ba s6: ( . Déng thiic xay rakhi a=b=c
be <

a+b+c 3
] ,Va,b,c =0

e Bat dang thic Cauchy tong quat cho n s khong am:
ay+a, +..+a, > n,"[alaz...an ,Vay,a,,..a, >0

n
a, +a, +...+a
1 2 n
“1“2'"%3(—” j ,Vay,ay,..a, >0

. Dang thitc xay ra khi 4, =a, =...=a,

II. Cac hé qua ctia bat ding thitc Cauchy (AM - GM):

o % +b*>2ab,Va,beR.Ding thiic xay ra khi a=b.
o % +b*>-2ab,Va,beR.Ding thitc xay ra khi a=b.

2
. abs(%wj ,Va,beR.Déngthl'rcxéyrakhia:b.

o 22+ +¢8 23abc,Vu,b,c20.Déng thttc xay rakhi a=b=c.

3
. abcs(aJrngcj ,Va,b,czO.Déng thttc xdy rakhi a=b=c.

. 3(ub+bc+ca)§(a+b+c)2 S3(a2+b2+cz),Va,b,ce]R.Déng thtec xay ra khi a=b=c.

o a’+b’ 2ab(a+b),‘v’a,bZO.Déng thitc xay ra khi a=b.
2 2

. %+b—2a+b,Va,b>0.D§mg thirc xay ra khi a=b.
a

IV. St dung bat ding thitc AM — GM dua vé bién cin tim:

Bai 1: Cho cac s6 thue x,y théa man x+y >0. Tim gid tri nho nhéat cua: P = 2(3(3 +y3)—3,;x+y .

1
Bai 2: Cho cdc s6 thye x,y duong. Tim gié trj nho nhét caa biéu thire: P=—————<+ 8\x+y.
Sxy(x +y )
1 1

Bai 3: Cho cac s6 thuc dwong x,y . Tim gid tri nhé nhét ctia biéu thiee: P = -

9x°y° (x3 +y3) xX+y



Bai 4: Cho 4,b,c théa man ¢>0,a>c¢,b>c. Tim gia tri 16n nhét cua: P= \/c(a - c) + \/c(b —c) —24%p?

. UV ab bc ca
Bai 5: Cho cac s6 thuc a,b,¢ >0. Tim gia tri nho nhat cua biéu thic: P=—+—+ ? —2\a+b+c
c a
Bai 6: Cho 4,b,c d6 dai 3 canh mot tam giac. Tim gid tri nho nhat ctia biéu thuc:

= 1 212 2 _
P e afferay) e o).

Bai 7: Cho cac s6 thuc duong x,y,z thoa man xyz=1. Tim gia tri nho nhét cua biéu thic:
P=x*y+ytz+ztx- 3a3/xy +Yz+2zx

2 2 2

.. (o~ . e 1a i a“+bc b +ca ¢ +ab

Bai 8: Cho cac sO thye a,b,c duong. Tim gid tri nho nhat ctia: P = . + + 7 —4Ya+b+c
+c c+a a+

Bai 9: Cho cac s0 thuc duwong a,b,c thoa man a+b+c>3. Tim gid tri nhd nhéat cua biéu thic:

a b c

P=
1+ 1+c% 1+4°

+(a+b+c)3.

513 b3 3

—a+b+c

Bai 10: Cho cac s0 thuc duwong a,b,c . Tim gid tri nho nhat cua: P = + +
2 42 2.2 2. 2
a-+b° b +c° " +a

Bai 11: Cho cac s0 thuc duwong a,b,c thdéa man diéu kién abc=1. Tim gia tri nho nhat cta biéu thic:

3
a+1 N b+1 c+1 +(ﬂ+b+0)
>+1 2+1 a*>+1 54

Bai 12: Cho cac s6 thyc duwong 4,b,¢ . Tim gia tri nho nhat cta: P = 3a + 3b + 3C —24/§+§+§
b>+ab ¢ +bc a’+ca 2Va b ¢

P=

Bai 13: Cho cac s6 thyc duong 4,b,¢ thdéa man abc=1. Tim gia tri I6n nhat ctia biéu thuic:

2
_l+a 1+b 1+c_(ll+b+C)
1+b 14c¢ 1+a 6

DAP AN

Bai 1: Cho cac s6 thuc x,y théa man x+y > 0. Tim gid tri nhé nhat ctia biéu thic: P = 2(3(3 +y3)—3«/x y.

Phan tich

Bién can dua vé: x+v .

Chiéu danh gia can c6: P >.

Chiéu can dénh gid can tim: x° +y° > f(x+y).




e Bién d6i bifu thic: x°+3° =(x+y) -3xy(x+y), do d6 néu mudn st dung danh gis

X +1y°—2>x+y, tasé can xy——x+y.

(x+y)"
e Danh gia can tim: xySTy.
Bai giai
2
(3.3 3 L 4z . X+ ) ,
Tacéd: x” +y =(x+y) —3xy(x+y).Taco danh gia: xy < . Do do:
3 3
3(x+ X+
x3+y3=(x+y)3—3xy(x+y)2(x+y)3——( 4y) <:>x3+y32—( 4y)

3
, x+y)
Déng thtic xay ra khi va chi khi: x=vy. Vay: P=2(x> +1° ) -3 /x+ 2(——3 X+ .
g y y.vay ( y) Y > Xty

Xét ham s& f(t):%t3—3\ﬁ,t>0. Tacs: P> f(x+y). Vi f'(t)=3—t2—i=o@t2f=1@t=1.

2 2t

Do d6 ta c6 bang bién thién:

t 0 1 +00

f(t) +00

0\5

2

T bang bién thién, ta thdy f(t) > —% e (O,‘ +oo). Vay P> f(x+y) > —g . Dang thtic xay ra khi va chi

khi x:y:%.

g , 1
Két lugn: Gia tri nhé nhat cua P la —% tai x=y = E )

Bai 2: Cho cac s6 thuc x,y duong. Tim gia tri nho nhét cta biéu thic: P = ﬁ +8\x+y.
Bxy(x"+y

Phan tich

Bién can dua vé: x+v .

Chiéu danh gia can c6: P >.

Chiéu can danh gia can tim: xy(x2 + yz) < f(x+y).




o Bién d6i bidu thitc: Néu mudn tao ra x+y tr x*+y> va xy, ta chi c6 bién doi:
2
(x+y) =(2xy)+(x2+y2>.

2
e Danh gia can tim: (2xy)(x2 + yz) < (MJ .

2
Bai giai
2
1 1 2xy+x2+y2 x4+ 4
Ta co: E(ny)(szryz)SE( 1 ) <:>xy(x2+y2)$( Sy)

2 o Co i A 1 1
Dang thurc xay ra khi va chi khi: x=y.Vay: P>————+8\[x+y & P2 4+84/x+y.

Xét ham s6 f(t):t%+8\/;,t>O.Tacé: PZf(x+y).

Vi f'(t) __ 2 -i-i =0<t=1.Lap bang bién thién ctia ham s0 ta duoc:

ot

f(t) 00
\9

Tk bang bién thién, ta thay f(t) >9 ,te (O,‘ +oo). Vay PZf(x+y)Z 9. Pang thitc xay ra khi va chi khi

y , O e 1
x =Yy =—. Két ludgn: Gia tri nhé nhat cia P la 9 tai x:y:E.

, . o , 1 1
Bai 3: Cho cac s6 thire duwong x, i . Tim gia tri nho nhat cua biéu thirc: P = —

9x°y° (x3 +y3) x+y

Phan tich
e Biéncandwavé: x+y.
e Chiéu danh gia can c6: P >.
e Chiéu can danh gi4 can tim: x°y° (x3 +y° ) <f(x+y).
e Bién d6i biu thirc: Ta co: x°+y° =(x+ y)(x2 —xy+y2). Nhu vdy mudn dua vé bién x+y .ta xét

tich: x%y° (x2 —xy+ y2). Ciing nhu cac bai todn & trén, ta thay dé tao ra x+¥ ta can c6 hang dang

thitc nhu sau: (x+y)2 :(x2 —xy+y2)+xy+xy+xy.




4
xy+xy+xy+(x2 —xy+y2)
4

e Danh gia can tim: (xy)(xy)(xy)(xz —xy+y? ) <
Bai giai
Str dung bat déng thitc AM — GM cho bdn s8 ta cé: x°y> (x3 + y3) = (xy)(xy)(xy)(x2 —xy + 1 )(x +Y)

2 2\ ?
<:>x3y3(x3+y3)££xy+xy+xy+x —Xyty J (x+y)<:>x3y3(x3+y3)s(x+y) . Dang thtic xay ra khi va

4 256
chi khi: x=vy.Vay: P2 256 5~ ! .Xéthémsé'f(t):£96—1,t>0.
9(x+y) x+y o t
. . 256 1 1 A o v

Ta co: PZf(x+y)V1: f (t):—tT+t—2:0<:>t:2.Lap bang bién thién ctia ham so6 ta duoc:

t 0 2 +00

f(e) |+

0
_é/
9

Tl bang bién thién, ta thay f(t) > —% e (O,‘ +oo). Vay P> f(x+y)2 —%. Dang thikc xay ra khi va chi

Khi x =y =1. Két lugn: Gi4 tri nho nhét ca P 13 —g tai x=y=1.

Bai 4: Cho cac s6 thwe dwong a,b,¢ thoa man ¢>0,a>c¢,b>c. Tim gia tri 16n nhat cua biéu thic:

P:\/c(a—c) +\/c(b—c) —20%b?

Phan tich
e Bién can duwaveé: ab.
e Chiéu danh gia can cé: P <.
e Chiéu can danh gia can tim: \/c(a —c) + \/c(b —c) < f(ab) .
o Bién d6i biéu thitc: Nhin thoang qua, ching ta c6 thé danh gia bai toan dudi dang bat dang thicc AM —

GM nhu sau: \ﬁx/a—c +\Ex/b—cs c+;—c+c+b—c _a+b

2 2

Tuy nhién danh gia ”—;bs f(ab) 1a v cing kh6 khan. Chinh vi vdy d€ 6 danh gia

- b—
\/c(ﬂ —C) +\/C(b—6) < f(ab), ta c6 thé tu duy theo mot hudng khac la: \/C(a C}(Jr;/;( C) <1.Nhu
a




vy ta can tao ra mt danh gia ma sau khi st dung bat ddng thitc AM — GM ta sé triét tiéu toan bod

cdcbién a,b,c. Do d6 tabién ddi: \[c(a—c) +,[c(b—c) =JE{\/§[1_£] +J£(1—%H

a a

Mit khéc theo bat déng thitc AM — GM ta c6:

e S s

Vay day chinh la nhiing danh gia can tim. Do d6 ta cé:

\/c(a—c) +\/c(b—c) S\/E

Bai giai

Ta c6: \Jo(a—c) +Je(b—c) =\E(J%(1—§J+J%(1—%H

Theo bat déng thitc AM — GM cho hai s6 ta c6: (U D Y PN P N P I Y O |
b a a b) 2\b a 2(a b

Vay: \Je(a—c) +Je(b—c) <ab . Déng thiic xdy ra khi va chi khi: %:{1-2},2:(1—%@%%:%
Vay: P<ab—2a%*. Xétham's f(t)=+t —2£*,t >0. Tacé: P< f(ab).
. 1 1
Vi: f (t) =—=—4t=0<t=—. Lap bang bién thién ctia ham s6 ta duoc:
2Vt 4
t 0 1 +00
4
£(t) 3
/8
0
Q0
o N ~ 3 A 3 2 o C o e L
T bang bién thién, ta thay f(t)Sg Jte (O; +oo). Vay PSf(ab)Sg. bang thic xay ra khi va chi khi
ab:1,1+1:1dodc’):a—+b:1<:>c: 1 <:>a=t,b=l,c= ! ,VteR".
4’a b ¢ ab ¢ 4(a+D) 47 a4 41

gy J4 . ’ A 2 \ 3 .
Két lugn: Gia tri l6n nhatcaa P la — tai a=t,b= l,c =—
8 4t 4t +1

trong d6 ¢ 1a mot s thue duong bat ky.



Bai 5: Cho cac s6 thuce a,b,¢ >0. Tim gia tri nho nhét cta biéu thic: P = a bc @ —2\a+b+c

C a
Phan tich
e Biéncan duwave: a+b+c.
e Chiéu danh gid can c6: P>.
ab b
e Chiéu can danh gia can tim: —+—C+%>f(a+b+c).
c a

| < v O
e Chuyrang: — va — c6 mot ddc diém la c6 cung gid tri a & tt sO va biéu thitc con lai la hai phan
c

~ b c NI ‘ A o A .. |abca
s0 dao nguoc: o Do vay néu xét trung binh nhan ctia hai biéu thttc trén ta co: 7 =a giong
c c

v6i mot bién trong biéu thicc a+b+c can dua ve.

¢ Danh gia can tim: %+a—b>2a;%@=2a.
b ¢ b c
Bai giai

Ap dung bat déng thitc AM — GM ta c6: u_b+@>2 a_b@ 2b,E —>24’%% % —>2,f%a—
a

Cong hai v€ cua cac danh gia trén ta duoc:
b be), fbe ) e, >2(a+b+c)
c a a b b ¢
ab bc ca

Do do: —+—+?>a+b+c Daéng thitc xay ra khi va chi khi a=b=c.
c a

Vay: Pz(a+b+c)—2\/a+b+c:(\/a+b+c—1)2—1.V‘1 (\/a+b+c—1)2—12—1 do do: P>-1.

ét ludn: Gid trinhonhdtcta P 1a -1 tai a=b=c==

W | =

Déng thitc xay ra khi va chi khi a=b=c=

Bai 6: Cho a,b,c d6 dai 3 canh mot tam giac. Tim gid tri nho nhat ctia biéu thic:

1
(a+b—c)(b+c—a)(c+a—b)

P= +a’b*c? (abc - 1) .

Phan tich

e Bién can dwa vé: abc.
e Chiéu danh gia can c6: P >.
e Chiéu can danh gi4 can tim: (a+b—c)(b+c—a)(c+a—b)< f(abc).
L . ; . R (a+b—c)+(b+c—a)
e Chuyrang: (a +b- c) va (b +c— a) o trung binh cong;: > =
Nhu vdy mudn tao ra dugc danh gia can tim, ta can tao ra cac trung binh cong cua cac cap s6 véi

nhau. Nhac dén cac bat dang thiic gitta trung binh cong va trung binh nhan, ta nhé dén danh gia:




2
e Danh gia can tim: (a+b—c)(b+c—u)S[<u+b_c)+(b+c_a)J =b2.

2
Bai giai
2
(a+b—c)(b+c—a)< (a+b_c);(b+c_a) = b?
2
Ap dung bt dang thitc AM — GM cho hai s6 ta c6: (b+c—a)(c+a—b)£ (b+c—a);(c+a—b) =¢?
2
(c+a—b)(a+b—c)s (c+a—b);—(a+b—c) =a’

Nhan vé& vdi vé ta cod: (a +b-— c)2 (b +c— a)z (c +a-— b)2 < (abc)z )

Vi a,b,c d6 dai 3 canh mot tam gidc, Do d6 taco: a+b—c>0,b+c—a>0,c+a-b>0

:>(a+b—c)(b+c—a)(c+a—b)£abc.

7 1
Ding thiic xdy ra khi va chi khi a=b=c. Vay: P27+a2bzcz(abc—1). Xét ham
aoc

f(t):%+t3—t2,t>0. Ta cé: P> f(abc) Vi: f'(t)ze,tz_zt_tlz

(t-1)(3F +£ +t+1)
= f'(t) = 2 =0« t=1. Lap bang bién thién ctia ham s6 ta duoc:

t 0 1 +00

f(t) +00 +00

1

Tir bang bién thién, ta thdy f(t)>1,te(0;+x). Vay P> f(abc)>1. Déng thtic xay ra khi va chi khi

a=b=c=1.Keét lugn: Gid trinhd nhatcaa P laltai a=b=c=1.

Bai 7: Cho cac s6 thyc duwong x,y,z théa man xyz =1. Tim gia tri nho nhat ctia biéu thac:

P=x*y+ytz+z%x— 3«3fxy + Yz +2zx

Phan tich




e Bién can dua vé: xy+yz+zx.
e Chiéu danh gia can co: P>.
e Chibu can danh gi4 can im: x*y +y*z+z%x > f(xy +yz+ zx) .
Ta tan dung diéu kién xyz=1 bang cach chiing minh:
4

x4y + y4z +zhr> xyz(xy +yz+ zx) < x4y + y4z +z7x2 xzyzz + xy222 + x2y22

Ta tim cac dai luong m,n,p sao cho: mxty+ny*z+pzty=xty+. . +x*y+ytz+ . +ytz+ 2+ + 2%
—_

m n P

Pong thoi ap dung bat dang thitc AM — GM cho (m +n+ p) s0 ta duoc:

m n p
x4y+...+x4y+y4z+...+y4z+z4x+...+z4x2m+”+’</(x4y) (y4z) (z4x)
%/—J

m n P

Hay: mx*y+ny*z+pztx=(m+n+p) m+"+</(x4y)m (y4z)n (z4x)p

m+n+
o mxty+nytzepzta (m+n+p) f,ix4m+py4”+mz4p+”

dm+p  4n+m  4p+n

Yy

MNP | A D

omxty+ny'z+pzir=(min+p)x

Va tim cac hé s8 m,n,p sao cho: < maxty+nyz+pziy> (m +n+ p)x2y221

dm+p 9
rril+n+p 2m—-2n—-p=0 3
m=
Hay: SR PIN 2n-2p-m=0& P .Do d6 chon m=6,n=5,p=2.
m+n+p 3 —m S5p=2n
dp+n 1 P
m+n+p

6y*z+5z x +2xy 2 13y°2°
Khi d6: 6x*y +5y*z+22*x >13x%y%z . Dong thoi twong tu ta sé c6: yrrozxmexr y=ioy 2 X
6z%x + 5x4y + 2y4z > 1322x2y

Bai giai
6x4y + 5y4z +2z%x > 13x2yzz
Ap dung bat déng thitc AM — GM cho 13 58 ta duoc: {6y*z +52%x + 2x*y > 13y%2%x
62ty + 5x4y + 2y4z > 1322x2y
Cong v€ vdi vé ta dugc: 13(x4y +ytz+ z4x) > 13xyz(xy +yz+ zx) .

Vi xyz=1 do d¢ ta c6 danh gia: My +ytza 2ty xy +yz+zx.

Diéng thiic xay ra khi va chi khi: x=y=z=1. Do d¢: P>xy+yz+zx—33xy+yz+zx .



bat f(t) =t-3%t.Tacé: P> f(xy +yz+zx) . Theo bat dang thitc AM — GM ta c6:

xy +yz +2zx > 33 xzyzz2 =>xy+yz+zx=>3

1 VFE 1
E

Vi 123232 —1230-150 vay f'(t)>0,vt=3. Vay f(t) 1a ham s§ dong bién va lién tuc khi +>3. Vay

Véyxéthémsé’f() -3t voi t>3 taco: f

f(t)zf(3)=3—3§/§. Do do: sz(xy+yz+zx)2f(3)=3—3%. Dang thtic xay ra khi va chi khi:

x=y=z=1. Két lugn: Gia tri nho nhat caa P 1a 3-333 tai x=y=z=1.

Bai 8: Cho cac s6 thuce a,b,¢ dwong. Tim gid tri nho nhat ctia biéu thic:

2 2 2
P:a +bc+b +ca+c +ab_4m

b+c c+a a+b

Phan tich

Bién can dua vé: a+b+c.
e Chiéu danh gia can c6: P >.

A +bc b*+ca c>+ab
+ +

e Chiéu can danh gia can tim: f(a+b+c)
b+c c+a a+b
a+b)la+c
e Chuy rang: +bCJrazL(),do dé ta c6 thé bién doi tuong tu:
b+c b+c
b2+ca+b_(b+c)(b+ﬂ) C2+ab+c_(c+a)(c+b)
c+a c+a " a+b a+b '
e Téi day ta chti y rang trong bai toan s6 5, ta da chitng minh:
a %+C—>a+b+c
c a

Do d6 néu ap dung danh gia nay, ta sé co:

(a+b)(a+c)+(b+c)(b+ﬂ)+(C+a)(C+b) >2(a+b+c)
b+c c+a a+b

Do vay, ta hoan toan c¢6 thé tao ra duoc danh gia can tim.
Bai giai

a2+bc+a=(a+b)(a+c) b2 +Ca+b:(b+c)(b+a)

Ta co: ,
b+c b+c c+a c+a

2
c +ub+c_(c+a)(c+b).

Va teong tu nhu vay ta cling c6 =
a+b a+b

Vv: a2+bc+52+ca+cz+ab_(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)_a_b_c
s c+a a+b  b+c c+a a+b




\ Y ., X z P
Vi ta ¢6 danh gia: —y+y—+ﬁ2x+y+z,Vx,y,z>0.Do do:
X

z Yy

(a+l;)+(¢cz+c)+(b+z)+(12+a)+(c+z)+(z+b) >(a+b)+(b+c)+(c+a)

(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) a®+bc V> +ca *+ab

Hay: + + 22(a+b+c).Véy: + + >a+b+c.
b+c c+a a+b b+c c+a a+b
Diéng thitc xay ra khi va chi khi a=b=c.
Do d6: P>a+b+c—4¥a+b+c.Dat f(t):t—4é/;:>P2f(a+b+c).
Xét ham so6 f(t)zt—ﬁR% vOi te(0;+oo) ta co: f'(t)zl—izoatzl.
4.3
Lap bang bién thién cua ham s6 ta duoc:
t 0 1 +00

f(t) +00

—

Ttr bang bién thién, ta thay f(t) >-3,te (O,‘ +oo). Vay P> f(a+b+c) > -3. Péang thitc xay ra khi va chi

khi a:b:C:%.Kéi‘luén:Giétrinhénhé’tcﬁa P 1a -3 tai lZ:b:C:%.

Bai 9: Cho cac s6 thuwe dwong a,b,¢ thoa man a+b+c>3. Tim gid tri nho nhat ctia biéu thic:

b 3
p=_" —tr—— ¢ 2+(a+lo+c) :
1+b= 1+c¢= 1+a
Phan tich
e Biéncin dwavé: a+b+c.
e Chiéu danh gia can c6: P >.
e Chi¢ “d’h"“ﬁ-a+b+c>(+b+)
iéu can danh gia can tim: 2_fa c).

140> 1+c% 1+a

;o M A? ’ 7 .7 a A « A aA \ A, 7 ~N N N \ A
Chu y rang dé co danh gia 5 >,tacan 1+ b’ < , tuy nhién diéu nay rat khé dé c6 thé thuc hién. Vi vay

1+0b
néu ta can thiét phai di theo hudng 1+b?, ta can lam dao chiéu ctia ddnh gia nghia la 5 Phai thanh
+b
2_ 12 2 2
- 5 - Taco: 4 5 _avab Zab =a- ab 2.V11+l7222b:> ab 23@'
1+b 1+b 1+b 1+b 1+0° 2
bc ¢ ca

22a—a—b,tu0ngtutacé: zzb——, 226——.
1+b 2 1+c¢ 2 1+a 2




Nguoi ta goi cach danh gia trén 1a Ky thuat Cauchy ngugc diu.

D2 oA N w0 b c bc+ca+ab
Khi do6 cong vé vdi vé ta co: T+ >+ >a+b+c——m.
1+ 1+c¢® 1+a

bc+ca+ab >

As N N 7 .7 VN <
Cuoi cung ta can danh gia theo chiéu: — a+b+cebc+ca+ab——a+b+c

Va ta duoc bat dang thitc Hé qua ctia bat dang thitc Cauchy (AM — GM): 3(ub +bc+ ca) < (a +b+ c)2

Bai giai

2 2 2 2
Ta co: a2:a+ab 2ab =q-— ab2.\f1 1+0°>2h= abzﬁﬁ.
1+0b 1+b 1+0b 1+b* 2
. 2y ab , bc ¢ ca
Khi do: 22a——,ttr0ngtutaco: Zzb——, ZZC——.
1+0b 2 1+c¢ 2 1+a 2

Khi 46 cong v& véi v& ta cb: ——+—L 4 sqypyc tetaatab

1+0%> 1+c¢% 1+a

Tt Hé qua ctia bat dang thitece AM — GM (P chitng minh & phan II), ta c6:

3(ab+bc+ca)£(a+b+c)2
a b c bc +ca+ab (ﬂ+b+0)2
Do do: T+ >+ >a+b+c———2a+b+c———.
1+b° 1+c¢° 1+a 2
. . ) . (a+b+c)2 3
Dang thitc xay ra khia=b=c=1. Vay P2a+b+c——+(a+b+c) .

2
Xéthamsg f(t) =t~ +t v6i 23, taco P2 f(a+bc).

7 2 t t(9t_1) A \ \ A OPA o« A \ feA . ’
Ta co: f'(t)=3t —§+1= 3 +1>0,Vt>3. Vay f(t) la ham s6 dong bién va lién tuc khi >3 . Do do

Do dé: P> fla+b+c)= f(3 :z.Dén thttc xdy rakhi a=b=c=1.
> g y

Két ludn: Gia tri nho nhat cua P 1a % tai a=b=c=1.

Bai 10: Cho cac s6 thuc duong a,b,c . Tim gia tri nho nhat cta biéu thic:

3 3 3
P= + b +-C —Jatb+c

2 +b> b +c? P+adt




Phan tich

Bién can dua vé: a+b+c.

e Chiéu danh gid can c6: P>.

SO . a® v’ ¢

e Chiéu can danh gia can tim: St St 2f(a+b+c).
a-+b" b +c® ¢ +a

e Bién ddi can tim (St dung Ky thuat Cauchy nguoc dau):

a’ _a3+ab2—ab2_a_ ab? >a—ﬁ—a—£
a* +b* a* +b* a®+p>  2ab 2
Bai giai
3 3 2 2 2
Str dung ky thuat Cauchy ngwoc dau: 211 5 =2 +Zb 21117 = zab -
a-+b a-+b a-+b
3 3 2 2 2 2
Vi a® +b? >2ab do dé: 2“ zza +§b zab =a-— zab 22a—ﬂ:a—é.
a-+b a - +b a - +b 2ab 2
3 c a
Tuong ti nhu vay ta co: zzb——, 5 22c——.
b* +c 2 c*+a
3 3 3
Do dé: 211 T+ 2b >+ zc 22a+z+c.D5ngthﬁcxéyrakhi:a:b:c.
a-+b° b +c° ¢ +a

2 .
Vay P> a+g+c—x/a+b+c :%(x/a+b+c—1) —%2—%.Déng thitc xay ra khi: a=b=c=%.

Két ludn: Gia tri nho nhat cua P la —% tai a=b=c= % )

Bai 11: Cho cac s6 thuc duong a,b,c thdéa man diéu kién abc=1. Tim gia tri nho nhat ctia biéu thuc:

a+1 b+1 c+1 (ﬂerJrC)3
+ +

pP=
P+1 ®+1 a®+1 54

Phan tich

Bién can dua vé: a+b+c.
Chiéu danh gia can c6: P >.

a+1 N b+1 ks 1
P+l 241 a®+1
Bién ddi can tim (St dung Ky thuat Cauchy nguoc dau):

Chiéu can danh gia can tim:

> f(a+b+c).

b*(a+1 b?(a+1
a—+1=a+1—¥2a+1—gza+1—ab+b
b? +1 b? +1 2b
Bai giai

241 :(a+ab2)+(1+b2)—ab2—b2 :a+1—b2(a+1)

Str dung ky thuat Cauchy nguwoc dau ta co:
&Y yne b? +1 b +1 b? +1




3 b (a+1 b (a+1
Chii § riing: b2 +122b, do d6: 2+ g ler)) L Uakl) L ab+d
b +1 b°+1 2b
Tuong tu ta co: b+1 2b+1—bc+c, C;l >cq1- 8
c+1 2 2 +1 2
Khi do: a;l + bz+1 C2+1 Za+b+c+3_ab+bc+ca'
b"+1 c¢“+1 a”+1 2 2

Ttt Hé qua ctia bat dang thitece AM — GM (Pa chitng minh & phan I), ta c: 3(ab +bc+ ca) < (a +b+ c)z

a+1l b+1 c+1 _a+b+c (ﬂ+b+C)2
+ > +3

Do do: — Tt 2 - . Déng thitc xay ra khi va chi khi a=b=c=1.
b*+1 c+1 a*+1 2 6
a+b+c (u+b+c)2 (a+b+c)3 , Bt
Vay: P> +3- - . Xéthams§ f(t)=——-—+=+3.Taco: P> f(a+b+c).
2 6 54 54 6 2
3 B2t
Vi a+b+c>33abc =3 do dé ta xét f(t)za—g+5+3 voi t2>3.
Ta co: Jf'(t)=ﬁ—i+1=l(t—e,)2 >0. Do d6 f(t) la ham s§ dong bién va lién tuc khi t>3. Vi vy
18 3 2 18 ' '

f(t)zf(B):%. Vay: sz(a+b+c)2%. Déng thiic xay ra khi va chi khi a=b=c=1.

Két Iugn: Gia tri nho nhat ctia P 1a % tai a=b=c=1.

Bai 12: Cho cac s6 thyc duong a,b,c . Tim gia tri nho nhat caa biéu thic:

p=—2% b +—< —E,/§+§+é
V+ab S+be a®+ca 2Va b ¢

Phan tich

VR «1 11
e Bién can dwaveé: —+—+—.
a b ¢
e Chiéu danh gia can c6: P >.
e Chiéu can danh gi4 can tim:

a b c 1 1 1
+ + 2f(—+—+—j
Brab B+bc a®+ca b

e Bién doi can tim (St dung Ky thuat Cauchy nguoc dau):
a 1 b 1 b 1 1
Prab boavb® b 2o b 2Ja

Bai giai

22
Str dung ky thuat Cauchy ngwoc ddu ta co: 3a :a+3b LA S 5
b>+ab b +ab b a+b




a1 b 1 b 1 1
Biab b a+b? b2b\/_b2\/_

Tuong tu ta co: I b T 21+%+1—1(L+L+L],
a c

; S WA

b +ab S +bc a®+ca
Str dung bat dang thite Hé qua ctia bat dang thicc AM — GM:

(x+y+z)2£3(x2+y2+zz)<:>x+y+zs ,3(x2+y2+zz)
1 1 1 1 11 n a b c 1 1 1) 1 1 1 1
Tacé: =+—=+—F<,[3]| —+—+—| chonén: + + 2| —+—+—|-—=, 3| —+—+—
\/a_ \/lj \/E a b c Biab S+bc a®+ca \a b c) 2 a b c

Déng thtic xay ra khi va chi khi: a=b=c=1. Do dé: P> 1 1 1 -2./3] — 1 1 1
a b c a b c

Chu y réng: a+b? >2b\a do do:

Xétham s8: f(t)=t—2y3¢ véi t>0. Ta cé: P>f(1 ; 1)
a c

NG

Vi f'(t)=1—$=o & t=3.Do d6 ta c6 bang bién thién:

f(t) +00

—

Tt bang bién thién, ta thay f(t) >-3,te (O,‘ +oo) Vay P> f{l + ; +1j -3 . Déng thtic xay ra khi va chi
c

khi a=b=c=1. Két lugn: Gia trinho nhatctia P 1a -3 tai a=b=c=1.

Bai 13: Cho cac s6 thuc duwong 4,b,¢ thdéa man abc=1. Tim gia tri 16n nhat cuia biéu thuc:

2
_l+a 140 l+c (a+b+c)
" 1+4b 1+c 1l+a 6

Phan tich

e Biéncin duwavé: a+b+c.
e Chiéu danh gia can cé: P <.
1+a 1+b 1+c
+ +
1+b 1+c¢ 1+a
Bai giai

¢ Chiéu can danh gi4 can tim: < f(a +b+ c)




ba+a) 1eb_y , c(+b) e, all+e)

&}dungkythuétCaudU/nguocdﬁutacé:li£c=1+a—- ,— ,
1+0b 1+b 1+c 1+c 1+a 1+a

b(1+a) c(1+b) a(l+c
Dods Lta 1+b T+c o 0 ( )+ ( )+ (1+¢)
1+b 1+c 1+a 1+b 1+c 1+a

Theo bat dang thixc AM — GM cho 3 s8 ta c6: b(1+a) - c(1+b) + a(1+c) > 3i/b(1+a) C(1+b) a(1+c)
1+b 1+c 1+a 1+b 1+c 1+a

b(1+a) c(1+b) a(l+c)
1+b i 1+c¢ i 1+a

1+a 1+b 1+c¢
: + +
1+b 1+c¢c 1+a

> 33abc =3 Vay <3+a+b+c-3

1+a 1+b 1+c
+

+ <a+b+c.Dang thtic xay ra khi va chi khi a=b=c=1.
1+b 1+c 1+a

(a+b+cf

Vay P<a+b+c— e

=—%(a+b+c—3)2 +%S§.Déng thitc xay ra khi va chi khi a=b=c=1.

Két Iugn: Gia tri 16n nhat ctia P 1a % tai a=b=c=1.





