Phuong trinh tong quat cua duong thang
Nguyén Ting Vi)
(Dated: Ngay 11 thang 4 nam 2020)

I. PHUGNG TRINH TONG QUAT CUA DUGNG THANG

. - — N P N
Dinh nghia 1. Vecto W # 0 ¢6 gid vudng goc vdi duong
thing A goi la vecto phdp tuyén cia duong thing A.
Tinh chat 1. Ta ¢d cdc tinh chét sau:

(a) Cdc vecto phdp tuyén cia cing mot duong thing thi
cung phuong.

(b) Hai dudong thing song song thi vecto phdt tuyén cing
phuong.

(c) Hai duong thing vudng goc thi vecto phdp tuyén vuong
goc.

Dinh 1y 1. Trong mat phdng toa do cho diém I(xo;ys,), vecto
7. Duong thing qua I nhan W = (a;b) la vecto phap tuyén
c6 phuong trinh:

a(x —xo) +b(y —yo) =0

Dinh ly 2. Trong mdt phing toa, moi duong thing déu cé
phuong trinh tong qudt dang

ar+by+c=0

vdi a® + b* £ 0.

Trong d6 70 = (a;b) la vecto phap tuyén clia dudng thing.

Dinh 1y 3. (Phuong trinh doan chin) Phuong trinh duong
thang qua diém A(a;0) va B(0;b) (a,b#0) la

Dinh nghia 2. Xét duong thing A : y = kx +m cit Oz
tat M. Tia Mt phia trén truc hoanh. Goi o la goc tao bdi tia
Mt va tia Ox. Khi dé tan o dugc goi la hé s6 goc cia A va
k = tana.

Cho dudng thang a : 3z + 4y +1 = 0.
(a) Tim mot vecto phép tuyén cta a.

(b) Trong céc diém sau, diém nao thuoc a:

(c) Tim diém thudoc a ma hoanh do bing hai lan
tung do.

(d) Diém M (3;2) c6 thuoe a khong? Néu M khong
thuoc a, hay viét phuong trinh dudng thing qua
M song song véi a.
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(a) Mot vecto phéap tuyén cta (a) 1a : = (3;4).

(b) Thay toa do diém A, B,C vao dudng thing (a)
ta co:
Diém A: 3.(—1)+4.0+1 = —2 # 0 nén A khong
thuoc (a).
Diém B : 3.1 +4.(—=1) + 1 =0 nén B thuoc (a).
Diém C: 3.0+4.1+1 = 5 # 0 nén C khong thuoc
(a).

(c) Goi D la diém thuoc (a) ma hoanh do bang hai
lan tung d6. Khi dé ta c6: zp = 2yp. Thay toa
do didm D vao ta co:

3yD+4yD+1=0(:>7yD+1:0<:)yD:7

Vay toa do diém D la D(TQ; 71)

Thay toa do diém M viao phuong trinh dudng
thing (a) ta c6: 3.3 +4.2+1 =18 # 0 nén M
khong thuoc dudng thang a

Goi (b) la duong thing di qua M va song song
véi (a)

Ta co: f, = g = (3;4)

Phuong trinh dugng thing (b) la:
3(z—3)+4(y—2) =0 3z +4y — —17=0

\.

Vi du 1.2

Cho duong thang (d) : ax + 2y +c¢ = 0.

(a) Tim a biét vecto phap tuyén ctia d ciing phuong
véi W = (2;1).

(b) Tim ¢ biét duong thing qua diém M (—1;5).

Lai giai

(a) Vecto phap tuyén ctia dudng thing (d) la:
g = (a;2)
Do vectd phép tuyén ctia (d) cing phuong véi
7 = (2;1) neén ta co:

2
=—_=qag=4
1 a

e

(b) Diém M thuoc vao duong thing (d) nén thay
toa do diém M vao phuong trinh duong thing
(d) ta co:
4(-1)+25+c=0&c=—6

Vi du 1.3

Cho tam giac ABC ¢6 A(—1;1),B(2,-1),C(0,4).

(a) Viét phuong trinh duong cao AH.
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(b) Viét phuong trinh dudng trung tryc cia BC.

(c) Viét phuong trinh dudng thing AB.

Lai giai

(a) Ta co: BC = (=2,5)
Ma BC L AH nén figg = BC = (~2;5)
Dudng thing AH di qua diém A va nhan B
lam vecto phéap tuyén.
Phuong trinh duong thing AH la:
-2z +1)+5(y—1)=0& 22 +5y—7=0
&2 —5y+7=0

(b) Goi I la trung diém ctia B,C. Khi d6 toa do
diém T la:
rB + xco
Ty = ——— Ty =
_YB 78 yo {
2 2
Duong trung truc ciia BC 1a duong thang di qua
I nhan BC lam vecto phap tuyén. Phuong trinh
duong trung truc cia BC' la:

—2(x—1)+5(y—g):0

11
@—2x+5y—520®4x—10y—|—11:0

(c) Ta c6: AB = (3,—2) khi d6 ta c6: Tas = (2;3).
Phuong trinh dudng thing AB la:
2c+1)+3y—1)=0<22+3y—1=0

Il. VI TRi TUGNG DOI CUA HAI DUGNG THANG

Tinh chat 2. Cho hai duong thing A;
0; A :asw + boy + c2 = 0. Khi dé

ta1x + by + e =

, b .
e A, Ay cat nhau & “u #* b—l; Khi do toa do giao diem
az 2
la nghiém cta hé phuong trinh

ax+biy+c, =0
asx +boy +co =0

b
A f[Ap s oA
as bg Co

a b c
e A =Ny 2L
ag b2 C2

Vi du II.1

Cho dudng théng a : 2z — 3y + 1 = 0 va diém A(1;2).
(a) Viét phuong trinh duong thing qua A song song
véi a.

(b) Viét phuong trinh duong thing b qua A vuong
géc v6i a. Tim toa do giao diém clia a va b.

Lai giai

(a) Goi (d) 1a duong thing di qua A va song song
véi a.

Khi d6: d = @ = (2;-3)
Phuong trinh dudng thang (d):
20c-1)-3y—2)=02x—-3y+4=0

(b) Dudng thang (b) vuong géc véi dudng thing (a)
nén b = (3;2). Vay phuong trinh dudng thing
() 1a:
3z—1)+2y—2)=0<3zx+2y—7=0
Toa do giao diém 13 nghiém ciia hé phuong trinh:

19

2z —-3y+1=0 = ﬁ
3x +2y—7=0 _ 4
Vay toa do giao diém la: (1—3, 1—3)

. BAI TAP

1. Cho tam giac ABC ¢6 A(1;2), B(—1;—-2) va C(—1;3).

a) Viét phuong trinh tong quat clia dudng cao ha tit A

B/s:y=2)
b) Viét phuong trinh tdng quat ctia duong thang BC
D/s:xz=-1)

¢) Viét phuong trinh duong trung trie clia doan thang AB.
(D/s: x+2y=0)

2. Cho tam giac A(—1;3), B(1;5) va C(3; —1).

a) Viét phuong trinh duong trung tryc ciia AB va BC.
Dfs: AB:x+y—1=0,BC:2—-3y+4=0)

b) Tim toa do tam dudng tron ngoai tiép tam gidc

. . —1 5
ABC.(D/s: Tam dudng tron ngoai tiép (T’ 1))

3. Cho duong thing d; : 3z —2y—1=0vady : x+y—2=0.

a) Ching minh A(0;2) thudc do va khong thudc d.
(D/s: Thay toa do diém A vio phuong trinh duong
thing do va dy:
30—-22—-1= -5 # 0 = A khong thudc vao dudng
théng d;
0+2—2=0= A thuoc vao duong thing ds)

b) Chitng minh d; v& dy cit nhau. Tim toa do giao diém
cua dl va d2.
—2 . .
(D/s: 1 #* ER nén hai dudng thang cit nhau.
Toa do giao diém la: (1;1))

¢) Viét phuong trinh dudng thing qua A vi vuong goc véi
dy. D/fsix—y+2=0)

d) Viét phuong trinh duong théng qua A va song song véi
ds.
(D/s: 3z —2y+4=0)



4. Cho tam gidac ABC c¢6 phuong trinh 3 canh lan lugt 1a
(AB) : a4+4y—7=0,(AC) : 2+y—3 =10, (BC) : 3z+8y+1 =
0.

a) Tim toa do cac dinh ctia tam gidc.

5 4 11
b/s: A(=; =), B(—15; — ;—2
®/s: AC: 3. B(-15: 1), C(5:-2)
b) Tim toa do diém dbi xing ciia A qua BC.
(D/s: Toa do diém dbi xing voi A qua BC la:
(ﬁ _508))
2197 219

5. Cho duong thing d; : 2z + 3y — 5 = 0 va diém A(4;5).
Tim toa do diém B € d; sao cho AB = 5.
19 9
b/s: B(1;1), B(—; —
(D/s: B(1:1), B(15: 2)
6. Cho duong thang (d) : 3z — 2y + 3 = 0 va diém A(2,3).

a) Viét phuong trinh tdng quat ctia duong thing qua A
song song véi d. (D/s: 3v — 2y = 0)

b) Viét phuong trinh téng quét ctia dudng thing qua A
vuong goc véi d. (D/s: 2z + 3y — 13 =0)

7. Cho tam giac ABC ¢6 A(1;2), B(—3;4) va C(2;0).

a) Viét phuong trinh dudng trung tuyén AM.
(D/sty=2)

b) Viét phuong trinh duong cao BK.
(D/s:z—2y+11=0)

¢) Viét phuong trinh dudng trung tric ctia AB.
(D/s: 2z —y+5=0)

8. Cho tam gidc ABC c6 A(0;1), B(—2;3) va C(2;0).

a) Viét phuong trinh duong cao AD, BE va tim toa do
tric tam H cia tam giac ABC.
(D/s: AD : 40 — 3y +3 = 0,BE : 20 —y +7 =
0, H(-9;—11))

b) Viét phuong trinh trung tryc cia canh AB, AC va tim
toa do tam I cta dudng tron ngoai tiép ctia tam giac
ABC.

(D/s: Dudng trung tryc ctia canh AB: z —y+3=0

3
Duong trung tryc cia canh AC; 2z — y — 3= 0

. 9 15
Toa do diém I(=; —
oa do diem (2, 5 )
¢) Tim toa do trong tam G cla tam gidc ABC va chiing
minh H,I,G thang hang.

(D/s: G(0; 3)
37 97 37
Cﬁ[} = (—9; 3_3);}7} = (?; ?)

Ta co: 57 = % suy ra 3 diém thing hang)

2 2



Phuong trinh tham s6 ctia dudng thang
Nguyén Ting Vi)
(Dated: Ngay 21 thang 4 nam 2020)

. LY THUYET

. - o . N
Dinh nghia 1. Vecto 0 % 0 ¢6 gid song song hodc trung
vdi A goi ld vecto chi phuong cta dudng thang A.
Tinh chat 1. Vecto chi phuong cé cic tinh chat sau:

e Cdc vecto chi phuong cia mot duing thing thi ciang
phuong vdi nhau va vudng goc vdi vecto phdp tuyén.

e Hai duong thing song song thi vecto chi phuong cia
duong nay la vecto chi phuong cia dudng thing kia.

o Hai duong thing vuong goc thi vecto chi phuong cia
duong thang nay la vecto phdp tuyén cia duong thdang
kia.

Dinh 1y 1. Trong mdt phding toa do cho diém
I(20;yo), vecto U . Pudng thdang qua I nhin @ = (a;b)
la vecto chi phuwong cé phuong trinh tham so:

T =x,+ at
y:yo+bt

Ghi chii. Khi khtt tham s6 ¢ thi phuong trinh trén dugc viét
lai dué6i dang

T — Xo Y—Yo
—_— = b#0).
. 5 (ab#0)

Phuong trinh nay duge goi la phuong trinh chinh tic ciia
dudng théng (trong truong hgp ab = 0 thi duong thang khong
¢6 phuong trinh chinh téc).

Ghi chii. Phuong trinh chinh tic clia duong thing di qua hai
diem A(wa,y4), B(zp,yp) ¢6 dang

r—Ta  Y—Ya

B —TA YB — Ya

(Trong trudng hop trén ta can c6 g # T A,y # Ya)-
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. Vvibu

Vi du IL1

Cho duong théng d c6 phuong trinh tham s6

r=3+2t
y=—1+4t

(a) Tim mot vects chi phuong cta d.

(b) Tim diém thuoc dudng thang c6 hoanh do bing
5.

(c) Tim diém thuoc dudng thing cé6 hoanh do bing
3 tung do.

(d) Viét phuong trinh tham s6 ctia dudng thing qua
A(—1;1) song song vdi d.

Loi giai
(a) Mot vecto chi phuong ctia d 1a: 7 = (2;4)

(b) Goi M la diém thudc duong thing d c6 hoanh
do bang 5, khi d6 toa do diém M c6 dang
M(5,ynr). Thay toa do diém M vao phuong
trinh dudng thang d ta cé:

5=3+42t o t=1
yp =—14+4 ym =3
Vay toa do diém M 1a M(5;3)

(c) Goi N(zn,yn) la diém thudc dusng thing d co
hoanh do bang ba lan tung do , khi dé ta co:
N = 3yN. N
Thay toa do diem N vao phuong trinh dudng
thing d ta co:

3
3yy =3+ 2t t:g
{yN=—1+4t = e
yN*g
7 21
Véi yn = — _ 21
1 YN 5:>£L'N 5
-2 < 21 7
Vay toa do diém N la N(g; 3)

(d) Goi d; 1a duong thzﬁg di gua A va song song
v6i d. Khi d6 ta c6: ugq, = ug = (2;4)
Phuong trinh tham s6 dudng thing d; la:

r=-—-14+2t
y=1+4t
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Vi du 11.2 f

Cho tam giac ABC ¢6 3 dinh la

A(1;2), B(—1;4),C(-2;0).
(a) Viét phuong trinh tham s6 ctia dugng thing AB.

(b) Viét phuong trinh tham s6 ctia duong thing qua
A song song véi BC.

(c) Tim diém D thudc BC sao cho AD vuong géc
véi BC.

Loi giai
(a) Ta co: AB = (—2;2)
Vectd chi phuong citia duong thing AB la:

‘_> _ .
UAB = (1, 71) . i
Phuong trinh tham s ctia dudng thang AB la:

=1+t
y=2-—1

(b) Ta co: BC = (—1;—4) Goi d la duong thang di
qua A va song song v6i BC.
Khi d6: @} = BC = (—1;—4)
Phuong trinh tham s6 ciia dudng thing BC' la:

r=1-t
y=2-—4t

(c) Phuong trinh duong thang BC' la:

T=-2—-1
y = —4t

Ta c6: AD L BC. Khi d6: uap = (4;—1).
Phuong trinh tham s6 ctia duong thing AD la :

£C:1+4t1
y=2-1

= AD N BC. Khi dé:

D
9 t=144t, t=—1
{—4t:2—t1 @{t1:—2
o

it=—1vay toa do diém D 1a D(—1;4)

René Descartes Sinh tai La Haye, Touraine (trude
day 1a mot tinh, nay goi 14 mot vang ciia Phép),
Descartes la con ciia mot gia dinh quy toc nhd, co
truyén théng khoa bang va 1a tin hitu Cong gido Roma.
Lén tam tudi, ong dugc giii theo hoc tai trudng hoc clia
dong Tén tai La Fléche 6 Anjou, 6ng hoc & day sudt 8
nam. Bén canh nhitng mon hoc ¢d dién, Descartes con
hoc toan & cac thay theo trudng phai Kinh vién, mot
hoc phéi chi truong dimng ly luan ciia lodi ngusi dé
hiéu 1y thuyét Kito gido. Thien Chiia gido La Ma c6
anh huéng manh mé dén suét cudc dsi Descartes. Sau
khi ra truong, ong theo hoc luat tai Dai hoc Poitiers,
t6t nghiép nim 1616. Tuy vay, 6ng chua hé hanh nghé
luat; nam 1618 6ng phuc vu cho Hoang tit Maurice
de Nassau, nha lanh dao ctia Lién hiép cac tinh Ha
Lan, v6i ¥ dinh theo dudi mot cudc ddi binh nghiép.
Nhitng ndm tiép theo, Descartes phuc vu cac quan doi
kh4c, nhung ong da bit dau tap trung vao toidn hoc
va triét hoc. Ong hanh huong sang dat Y tit nam 1623
dén 1624, sau d6 tir 1624 dén 1628, ong & Phap. Trong
thoi gian 6 Phap, Descartes chuyén tam nghién citu
triét hoc va lam céc thi nghiém vé quang hoc. Nam
1628, sau khi ban hét tai san & Phéap, ong chuyén sang
song 6 Ha Lan, vd sdng hau hét quang doi con lai
& x1t hoa tuylip. Descartes séng & nhiéu thanh pho
khac nhau ctia Ha Lan, nhu Amsterdam, Deventer,
Utrecht, v Leiden. Dudng nhu trong nam dau tién &
Ha Lan, Descartes da viét tdc phdm 16n dau tién, Es-
sais philosophiques (Cac tiéu luan triét hoc), xuat ban
nam 1637. TAc pham gdm bén phan: mot tiéu luan vé
hinh hoc, mot vé quang hoc, phan thit ba vé sao bing,
va Discours de la méthode (Ban luan vé phuong phép),
trong dé ong trinh bay cic nghién citu triét hoc ctia
minh. Sau d6 lan lugt ra doi céc tac pham khac, c¢6 thé
ké ra Meditationes de Prima Philosophia (Suy ngim
vé Triét hoc Tien khéi, ndm 1641, viét lai nam 1642)
va Principia Philosophiae (Céac nguyén ly triét hoc,
nam 1644). Cubén sau nay ong danh tang cho Cong
chiaa Elizabeth Stuart x@ Bohemia, mdt ngusi ban
than thiét ctia ong § Ha Lan. Nam 1649 N hoang
Christina nuéc Thuy Dién moi Descartes dén gidng
day cho ba vé triét hoc tai triéu dinh & Stockholm.
Cai lanh khic nghiét ciia xit Bic Au da lam 6ng mic
bénh viem phdi va qua doi nam 1650.

. BAI TAP

r=-34+2t

1. Cho duong thang d: { y=1—3t

(a) Tim diém thuoc duong thing c6 tung do bang 5. (D/s:

(555)

(b) Tim diém thudc dudng thing cé tung do bing 3 lan
-7 10
hoanh do.(D/s: (—; —))
9°9
(c) Cho diém A(—1;0). A c¢6 thuoe d khong?Tim diém B
thuoe d sao cho AB = /5.
(B/s: A khong thudc vao d
11 —29

Toa do diém B la B(—3;1) hosic B(——;

13 f))



2. Cho @ = (1;—2). Viét phuong trinh tham s6 cia duong
thang

(a) Qua A(—1;0) nhan % lam vecto chi phuong.

(D/s: Phuong trinh tham s6 la: { ; : :;tJr t )
(b) Viét phuong trinh tham s6 ctia dudng thing qua O nhan
U 1a vecto phap tuyén.

(D/s: Phuong trinh tham s6 la: { v =2

y=t)

3. Cho tam gidc ABC ¢6 A(—2;3), B(0;1),C(2;5).
(a) Viét phuong trinh tham s6 ciia dudng thing AB, BC.

(D/s.AB.{yzl_t ,BC.{y:1+2t)
(b) Viét phuong trinh tham s6 ctia dudng thing qua A song
song v6i BC.
. N PR T T = -2 —+ t
(D/s: Phuong trinh tham so la: { Y =3+ 2 )

r=2-—3t

Y= —1+2t va diém A(—1;1).

4. Cho dudng thang d : {
a) Diém A c6 thuoc dudng thing d khong? Tai sao?
(D/s: Aed)
b) Viét phuong trinh téng quéat ctia dudng théng d. ( D/s:
2x 4+ 3y —1=0)
c) Viét phuong trinh tham sé ctia duong thing qua A
vuodng véi d.

L Jx==14+2t
GN&{y:1+% )

5. Cho dudng thing d :  + 2y — 3 = 0 va diém A(0, 1).

a) Viét phuong trinh tham sb ctia d.

(D/s: {;:i:‘%)

b) Tim diém M thudc d sao cho AM = 1.

(D/s: M(1;1) hoc M(%S; §>)

6. Cho hai diém A(1;3) va B(3;7).
a) Viét phuong trinh tham s6 clia duong thing d 1a trung

trie doan thing AB. (D/s: { ;: g j_t%

b) Tim trén d diém M sao cho tam giac AM B vuong can.
(D/s: M(4;4) hodc M(0;6))

r=-24+1
y=1+-3t
sao cho OM nho nhat trong dé 13 O 1a gbc toa do.

(/s M55 50)

8. Cho tam giac ABC c6 A(—2;4), B(0,2),C(8,6).

7. Cho duong thing d : { Tim diém M trén d

(a) Viét phuong trinh tham s6 cdc duong trung tuyén BM

va C'N.

(D/S:BM:{y:2+t ;CON Y =3+t

(b) Cho diém K(t;2t — 1). Tim ¢ sao cho trung diém ctia
BK thuoc duong thing CN.
17

(D/s: t = E)



Khoang cach- Géc
Nguyén Ting Vi)
(Dated: Ngay 21 thang 4 nam 2020)

I. KHOANG CACH TU MOT DIEM DEN DUGNG THANG

Dinh 1y 1. Cho duong thing A : ax + by +c¢ = 0 va
diém A(zo;yo). Khi dé khodng cach tic A dén A la:

_azo + byo + ¢

Vidul.l

Cho dudng thang d : 3z +4y — 1 = 0 va diém A(—1;2)
va B(0; —2).

d

(a) Tinh khodng cach tit A vd B dén d.

(b) Viét phuong trinh duong thing AB va tinh
khoang cach tit O(0;0) dén AB.

LA e

(a) Khoang cach tit A, B dén d la:
13.(-1) +42-1| 4
d(A,d) = _Z
Bl
3.04+4.(-2) -1 9
d(B,d) = _2
(B.) V3% + 42 5

(b) Ta c6: AB — (1; —4), khi d6 vecto phap tuyén
clia duong thing AB 1a: nag = (4;1).
Phuong trinh dudng thing AB la:
Az—0)+1(y+2) =04z +y+2=0
Khoang cach tit O dén AB la:

4. 2 2 2v1
d(0;ap) = 120240421 _ 2 _ V1T
VETEZ  JIT 17

Vi du 1.2

Cho hai duong thing a : 20—y = 1 va b : 2x—y—4 = 0.
Chitng minh a || b va tinh khodng cach gitta hai dudng
thing a va b.

59 a3 2 -1 -1 N )
Loi giai Ta co: 5= 1 # =) nen hai duong thang
a, b song song v6i nhau.
Lay A(1;1) € a nén

7 |21-1-4] 3 35
3v5

Vay khoang cach giita hai duong théng la:

a)yww.geosiro. com

Vi du 1.3

Cho duong thang a : 5z + 12y — 13 = 0. Viét phuong
trinh duong thing song song véi ¢ v céch a mot
kho&ng cach bing 13.

Lai giai Goi d 1a duong thing song song véi a khi do
ta co: g = ng = (5;12)

Phuong trinh dudng théng d c6 dang: 5z+12y+m = 0

. 2
Lay A(1, g) € a, khi do:

|5.1+12.§—|—m|
d(a,d) =d(A,d) = NIV =13
M:13@| 13+ m |= 169
{13+m169 {m156
134+ m = —169 m= —182

Vay phuong trinh duong thing can tim la:
5z + 12y + 156 — 0 hofic 5z + 12y — 182 = 0

\

Tinh chat 1. Cho duong thing A : ax + by + ¢ = 0 va hai
diem M (zar;yn), N(zn;yn). Khi dé

e M, N ndm cung phia déi véi A khi va chi khi (axp +
bym +c)(axn +byn +¢) >0

e M, N ndam khdc phia doi véi A khi va chi khi (axpr +
bym +c)(axny +byn +¢) <0

Tinh chat 2. (Phuong trinh duong phan gidic). Cho hai
duong thing cdt nhau

di:a1x+b1y+ci,do:acxr+byy+co=0

Khi do phuong trinh hai duong phan gidc cia cdc goc tao boi
dl Va4 dg la:

larx + by + ¢ | _i|a23«"+b2y+32|

Vi du 1.4

Cho hai dudng thing a : 3z +4y—7 = 0,b: 5+ 12y —
17 = 0. Chting minh a va b cit nhau va viét phuong
trinh phan gidc tao béi hai dudng thing a va b.

o8 Q26 .3 4 RN 2 .
Loi giai Ta co: 5 #* 2 nén hai duong thang cat nhau.
Phuong trinh dudng phan giac tao bdi hai duong thang

a,b la:

| 3z + 4y — 7| _i|5x+12y—17|
V3 + 42 V52 4 122
|3z +4y—7| | |bx+ 12y — 17|

5 13
133z +4y — 7) = 5(5z + 12y — 17)
133z + 4y — 7) = —5(5x + 12y — 17)
142 —8y—6=0 Tr—4y —3=0
64z + 112y — 176 = 0 dr+Ty—11=0
Vay phuong trinh dudng phan giac tao bdi hai duong
thing a,bla: 7z —4y—3 =040 +7y—11=0
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Il. GOC GIUA HAI DUGNG THANG

Dinh nghia 1. Cho hai dudong thing a,b cdt nhau tao thanh
4 géc, khi d6 géc nhé nhat trong 4 goc dudc goi la géc ciia hai
duong thing a va b.

Néu hai duwong thing song song hodc/t@ng nhau thi ta quy
udc géc gitia ching bang 0°. Ki hiéu (a,b) hodc (a,b). Ta cé
0° < (a,b) <90°.

Tinh chit 3. Néu W,V lan lugt la vecto chi phuong (hodc
vecto phap tuyén) cia hai duomg thing a,b. Dat a = (U, 7).
Khi do

o (a,b) =a néu0 < a<90°.

e (a,b) = 180° — a néu 90° < a < 180°.

e cos(a,b) = |cos |

Vi du IL1

Cho hai dudng thing a : c+y—1=0,b: 3z +4y—2 =
0.

(a) Tinh goc tao bdi a va b v6i truc hoanh.

(b) Tinh cos géc giita hai dusng thing a va b.
Loi gial
(a) Phuong trinh truc hoanh 13 Oz : y = 0
Vects phép tuyén ctia duong thin a,b, Ox lan
lugt la:
g = (1;1), 7 = (3;4); nos = (051)
Géc tao bdi duong thang a, b véi truc hoanh la:
| 1.0+ 1.1 | 1 V2

cos(a,Ox) = NAEENAVAEERE = \ﬁ =
= (a,0z) = 45°
cos(b, Oz) = [3.0+4.1| _ 4

VE LBV T 5

= (b,0x) = arccos(g)

(b) Géc giita hai dudng thing a va b la:

g |13+14] 7
cos(a,b) = VIZ412.4/32 142

= (a,b) = arccos(i—o)

V2
5v2 10

2

Vi du IL.2

Cho dudng thing a : x —y = 0. Viét phuong trinh
duong thang b qua diéem M (1;2) sao cho géc giita a va
b 1a 45°.

Lai giai Goi nj = (m,n) 1a vectd phap tuyén cia
duong thang b .

Khi d6, phuong trinh duong thang b 1a:

m(x—1)+n(y—2)=0

Ta c6: VIPT ciia dudng thing a 1a: ng = (1; —1).
Goc gitta a, b 1a 45° nén ta co:

| 1.m —1.n | V2
cos(a,b) = = -
V1I2+12./m2 +n2 2
|m—n]|
& ———==1&|m—n|=vm?+n?
vm?2 4+ n? | |
m =0
< 2mn =04
n=>0

V6i m = 0 chon n = 1 khi d6 ta c6 phuong trinh dutng
théng b la y = 2
V6i m = 0 chon n = 1 khi d6 ta c6 phuong trinh duong
thing b la: z =1

. BAI TAP

1. Cho hai dudng théng d; : 22 +3y—1vady: -3z +y =0
va diém A(1;2).
(a) Tinh khodng céch tit gbc toa do O dén dy va dy. (D/s:

13
d(0,dy) = \{—;,d(O,dg) =0

(b) Tinh géc giita hai duong thing d, do.
3V 130)
130

(D/s: (di1,da) = arccos(

2. Cho tam giac ABC ¢6 A(—1;1), B(0,3),C(2; —1).

(a) Viét phuong trinh dugng thing BC.
(D/s: BC:2z+y—3=0)

(b) Tinh do dai dudng cao ha tit A va dién tich tam giac
ABC. (D/S: SABC = 4)

3. Cho duong thing d; : 3z + 4y — 5 = 0.

(a) Tim diém A thuoc Oz sao cho khodng cach tit A dén
N -5
dy bang 2.(A(5;0), (-3 0))

(b) Tim diém B thuoc Oy sao cho khodng cach tit B dén

N -5

dy bang 3.(D/s: B(0;5), B(0; 7))

(c) Viét phuong trinh dudng thing song song véi d; va cach
dy mot khoang bing 1.
(D/s: 3z + 4y = 0;3z + 4y — 10 = 0)



4. Cho duong théng d:x —y — 1 = 0.

(a) Viét phuong trinh dudng thing qua O va tao véi d mot
goc 45°. (D/s: x =0,y = 0)

(b) Cho hai diém A(1;0) va B(—2;1). Xét vi tri tuong ddi
clia A va B d6i vdi d.
(D/s: A thudc d, B khong thuoc d)

5. Cho diém A(—1;2) va B(4;1). Viét phuong trinh dudng
théng d qua A sao cho khoang céch tit B dén d bing /13.
(D/s: 3z +2y — 1= 0,2 — 3y + 8 =0)



Phuadng trinh dudng tron
Nguyén Ting Vi)
(Dated: Ngay 21 thang 4 nam 2020)

I. PHUONG TRINH DUGNG TRON

Dinh ly 1. Duong tron tam I(a,b) c¢é ban kinh R c6
phuong trinh

(z—a)*+(y—b)* = R?

Dinh 1y 2. Phuong trinh dang x2 +y* 4+ 2ax +2by +c = 0 la
phuong trinh clia mot dudng tron khi va chi khi a® + b > c.
Khi dé tam I(—a;—b) va ban kinh R =+va? +b% —¢

Vi du I.1

Cho diém I(1;2) va A(—1;4).

(a) Viét phuong trinh dudng tron tam I ban kinh
R=3.

(b) Viét phuong trinh dudng tron tam I ban kinh
IA.

(c) Xét vi tri tuong doi ctia B(3;1) v6i dudng tron
tam I ban kinh IA.
Loi giai
(a) Phuong trinh dudng tron tam I ban kinh R = 3
la:
(—1)2+(y—2)? =32 & 22 +y?’—22—4y—4 =0

(b) Ta co: TA= (—2;2) = TA =212
Phuong trinh duong tron tam [ ban kinh 1A la:
(x-1)2+(y—-2)2 =8 22 +y>-2x—4y—-3 =0

(c) Ta c6: IB = (2;—1) = IB = V5
IA > IB (2v/2 > /5) nén B nim trong dudng
tron tam I ban kinh I A.

\. J

Vi du 1.2
Cho phuong trinh 22 —2(m—1)z+y? —4my+5m? = 0.
(*)
(a) Khi m = 0, (*) ¢6 phéi la phuong trinh duong
tron khong?Tim toa do tam va tinh ban kinh.

(b) Tim tat cd m dé (*) la phuong trinh ciia mot
dudng tron.

(¢) Khi (*) 1a phuong trinh dudng tron, chiing minh
tam I luon thuoc mot dudng thing cb dinh.
Loi giai
(a) Khi m = 0 thay vao (x) ta co:

?+2r+y* =0 (z+1)2+y? =1
Khi d6: (%) la phuong trinh duong tron.

Tam:(—1;0), ban kinh la: 1.

(b) Dé (x) 1a phuong trinh ctia mot dudng tron:
(—=(m—=1))%+ (=2m)? > 5m?
& m? —2m + 1+ 4m? > 5m?
@—2m+1>0<:>m<§

(¢) Tam I ctia dudng tron (x) la: I(m — 1,2m)
Ta c6: xr = m — 1(1),y; = 2m(2) khi do:
m =z + 1 thay vao (2) ta co:
y[:2($1+1)<:>21‘1—y1+220
Vay diém I luon thuoc vao dudng thang :
2c —y+2=0
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Il. PHUGNG TRINH TIEP TUYEN

s )

Cho dudng tron tam I (a, b) ban kinh R. Khi d6 phuong
trinh tiép tuyén tai diém A(x,,y,) la:

(33 - mo)(-%'o - a) + (y - yo)(yo - b) =0

\. J

Vi du IL.1

Cho duong tron (C) : 22 + y? — 22 + 4y = 0.

(a) Tim toa do tam va tinh ban kinh cia (C).

(b) Viét phuong trinh tiép tuyén ctia (C) tai A(2;0).
Loi giai
(a) Toa do tam, ban kinh ctia dudng tron (C) la:
Tam I(1; —2)
Bén kinh R=v12+22 - 0=}
(b) Phuong trinh tiép tuyén cta (C) tai A(2;0) la:

(z-2)2-1)+(y—0)(0-(-2)) =0
Sr—2+42=0

Ghi chi. Tiép tuyén clia dudng tron tam I ban kinh R 1a
dudng thing cach I mot khoang cich bing R. Ta sit dung
tinh chat nay dé viét phuong trinh tiép tuyén trong mot sd
truong hgp khac.

Vi du I1.2

Cho duong tron (C) : (z —1)2+ (y —3)> =25
(a) Viét phuong trinh tiép tuyén cta (C) biét tiép
tuyén song song v6i dusng thing 4z + 3y = 0.

(b) Viét phuong trinh tiép tuyén (C) biét tiép tuyén
vuong goéc voi 3z + 4y +1 =0.
Nodria:

(a) Phuong trinh tiép tuyén ctia (C) song song véi
duong thang 4z + 3y = 0 nén c6 dang: d : 4z +
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3y +m =0(m #0).

Tam va ban kinh dudng tron (C) 14 1(1;3),R =5
Do d la tiép tuyén ctia duong tron (C') nén ta co:
|41+4+3.3+m|
d(I,d) NZe 5
&[134+m |=25
13 +m = 25 m = 12(N)
1B+m=-25 | m=—33(V)

Vé6i m = 12 phuong trinh tiép tuyén la:
dr+3y+12=0

V6i m = —38 phuong trinh tiép tuyén la:
4z 4+ 3y — 38 = 0.

. BAI TAP
Bai 1. Trong mit phing Oxy cho A(3;4), B(2;—1).Viét
phuong trinh dudng tron trong cac truong hop sau:
(a) Tam A ban kinh R =4. (D/s: (z —3)? + (y — 4)% = 16)
(b) Tam B ban kinh R =5.(D/s: (z —2)? + (y +1)? = 25)
(c) Tam O(0;0) ban kinh OA.(D/s: 22 + y? = 25)
(d) Duong tron dudng kin}zl)) AB.

(Dfs: (o= 52+ (5= 5)7 =

13
5)

Bai 2. Cho tam gisc ABC ¢6 A(—1;0), B(2:2),C(2; —6).
Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

(Dfs: (- 27+ (g +22 = 2)

Bai 3. Cho dudng thang d : 4z — 3y — 1 = 0 va diém A(2;1).

(a) Viét phuong trinh duong tron tam A va tiép xic véi d.
16
D/s: (z—2)2+(y—1
(Dfs: (2 =22 +(y— 1) = 20)

(b) Cho d cit Oz tai B. Viét phuong trinh dudng tron tam

B tiép xtc véi Oy.
1 1
Ofs: (2= 2 47

16)
Bai 4. Cho dudng tron (C) : 22 + y? — 4z + 2y = 0.

(a) Tim toa do tam va tinh bén kinh dudng tron.
(D/s: Tam I(2;—1), ban kinh R = /5)

(b) Chitng minh A(4; —2) thuoc (C) vi viét phuong trinh
tiép tuyén tai A cta (C).
D/s: 22 —y—9=0)

Bai 5. Cho dudng tron (C) : (x — 1)2 + (y + 3)? = 5. Viét
phuong trinh tiép ctia (C) biét tiép tuyén.

(a) Song song véi dudng thang 2z +y — 1 = 0.
D/s:2z+y+6=0;2c+y—4=0)

(b) Vuong goc v6i dudng thing 4z —y + 1 = 0.
(D/s: 2+ 4y + 85+ 11 = 0;2 + 4y — /85 + 11 = 0)

Bai 6. Cho dudng tron (C) :
dudng thang d : 2z +y +4 = 0.

5., 49
- = 2)2 = = v
(x 2) +(y+2) T VR

(a) Tim toa do giao diém A, B cia d va (C).

(D/s: AG,~2), B(-1;-3)
e A1 3B, 2)

(b) Viét phuong trinh tiép tuyén ctia (C) tai A va B. Tim
toa do giao diém ctia hai tiép tuyén.
( Phuong trinh hai tiép tuyén la:
Tr+2y+13=0,3x+4y+9=0,

2

toa do giao diém la: (—1—1; 1

Bai 7. Lap phuong trinh duong tron trong cac trucéng hgp
sau:

(a) Tam I(-1,2) va tiép xtc véi duong thing d : x — 2y —2 =

0. (D/fs: (w10 +(y—2) = )
(b) Tam thuoc dudng thing z +y — 3 = 0, ban kinh bing
1 va tiép xtc Oz.

(D/s: (x =2+ (y - 1)* =

(c) Di qua hai diém A(0,1), B(2
(D/s: (@ =5+ (y—1)° =

(d) Di qua hai diém A(1,2), B(
thang d: 3z +y — 3 = 0.
(D/s: (z—4)2+(y—1)? =

Lr—4)2+@y+1)2=1)

,—3) va ban kinh R = 5.
25, (z +3)% 4 (y + 3)? = 25)
3,4) vi tiép xic v6i duong
3 7 5
1 )2 )2 _ =
00— 24— =)
(e) Di qua gbc toa do, c6 ban kinh R = /5 va ¢6 tam nim
tren duong thang z +y — 1 = 0.
(D/fs: (=2 + (y+1)* =5,(z+1)° + (y —2)* = 5)
f) C6 ban kinh R = /5, di qua gbc toa do va tiép xic
( g
dudng thing 2z —y +5=0
Dfs: (@4+2-2v2)2 + (y— 1 -4v2)? =
(z+2+2v2)2+ (y — 1 +4v2)? = 5)
(g) Tiép xtic v6idy : 2 —3y—2=0,dy : v —3y+18 =0 va
di qua diém A(4, —2).
(D/s: (x —10)? + (y — 6)* = 100, (z +
100)

282 42_
=) (y—5) =

(h) Tiép xtic v6idy : 20 +y —1=0,dy: 2z —y+2=0va
c6 tam thudc dudng thing ds : 2z —y —1=0.

5 3 1
Dfe (1= 3+ =3 = 5.
(z+1)2+(y+1)2 = TO)

(i) Tiép xtic véi d : x —y —2 =0 tai M(1,—1) vad c6 bén

kinh bing 3.
2432 2+3v2

(Dfs: (@ = T 2P 4 (g + =) =9,

-2 2232y

(j) Ngoai tiép tam giac ABC biét

A(_27 4); B(Ga _2)7 C(5 5)
15 24425

Dfs: (@ — DP 4 (y— ) =

31 317 961)



Phuang trinh chinh tac caa Elip
Nguyén Ting Vi)
(Dated: Ngay 21 thang 4 nam 2020)

I. TOM TAT LY THUYET

Dinh nghia 1 (Ellipse). Ellipse la tap hop tit cd cic diém cé
tong khodng cach dén hai diém c6 dinh cho trudc mot khodng
khong doi.

Cho hai diém c6 dinh Fy,Fy vdi F1Fy = 2¢ (¢ > 0) va
$6 2a (a > c). Ellipse (E) la tap hop cic diem M sao cho
MF1 + MF2 = 2a.

(E) = {M: MF, + MF, = 2a}

F1, Fy goi la cdc tieu diém, khodng cdch F1 Fy = 2¢ goi la tieu
cu cia (F).

Dinh ly 1 (Phuong trinh chinh tac). Néu chon hé truc
¢6 Oxy sao cho Fi(—c,0), F3(c,0) thi (E) ¢ phuong
trinh chinh tdc

2 2
S+ =1
a b2
00 b= a2 — 2.
Tinh chat 1. Néu elip c¢6 phuong trinh chinh tdc
2 2
€ Y N
*+bf2—1(a>b>0) thi

o Tinh doi ziing: (E) c6 truc doi ziing la Ox, Oy, tam doi
xiing la goc toa do.

o Truc lon A1 Ay = 2a nam trén Oz, truc bé Bi By = 2b
ndm trén Oy.

e Cac dinh A1(—a,0), As(a,0), B1(=b,0), Ba(b,0).
e Hai tieu diém Fy(—c,0), Fy(c,0).

e Phuong trinh cdc canh hinh chi nhat co sé: ¢ = *a,y =
+b.

b
0<e<l Vi—=+1—¢€2néne

a
cang gan 0 ellipse cang “tron”, e cang gan 1 ellipse cing
{(d'ep”.

: c
e Tam sai e = —,

e Bdn kinh qua tieu ciia diém M (xo,yo) trén (E)

MF, =a+exqg; MFy =a— exg

Vi du L1

Vé céc ellipse sau. Xac dinh tam déi xtng, truc doi
xing, phuong trinh dudng chuén, tiéu cu, tieu diém,
tam s2ai

(@) = +y2=1.

T (b) 922 + 4y = 36

a)yww.geosiro. com

Lai giai

(a) Tam ddi xing O(0;0)
Tryc déi xtng la z = 0;y = 0
Phuong trinh duong chudn la: . = +4,y = +1
Tieu cu Fy Fy = 2/15
Tieu diém: F)(—/15;0), F5(v/15;0) Tam sai:
c V15
a 4

, 22 42
(b) 927 + 4y =36 < U= 1(1)
Do a < b(2 < 3) nén (1) khong phéi la phuong

trinh chinh tic cua elip.

\.

Vidu 1.2

Tim phuong trinh chinh téc elip biét réng hai tiéu
diém la (v/3,0) and (—v/3,0) va di qua diém A(0, 3).

Loi giai Goi phuong trinh chinh tic elip can tim c6
dang:

thda man a® — > =c?,a > b >0
Elip c6 hai tleu diém la (v/3;0), (—/3;0) nén ¢ = /3.
Khi d6 ta c6: a®> —b* =c? =3 (1)

9
Elip di qua A(0, 3) nén: e =1eb=9
Thay b2 = 9 vao (1) tacé: a®> —9=3 & a? =12
Vay phuong trinh elip can tim la:

z? b
29
Vi du 1.3
2?2
Cho elip ¢6 phuong trinh (E) : 5 + 5= 1.

(a) Tim toa do hai tieu diém Fy, Fy ciia elip.
(b) Tim diém M thuoc elip sao cho M Fy = 2M F,.
(c) Tim diém M thudc elip sao cho ZFy M F; = 90°.

Lai giai

(a) Ta c6: a® = 6,b% = 3 khi do:
=a>-b0=6-3=3
Vay toa do hai tieu diém la:

Fi = (—V3;0), F> = (v/3;0)
(b) G;)i M(Q;M,yM). Do M € (FE) nén:

e U~ 1 & 308, + 693, = 18(1)
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Mt khac ta c6: MF, = 2MF, & MF? =
4MF3
& (=V3—zm)” +yi, = 4(V3 - 2)* + v3/]
& 34+ 2v3xy + 2%, + 93 = 4(3 — 23z +
2 2
T3+ Yar)
& 323, + 3y3; — 10v3zy = —9(2)
Lay 2 * (2) — (1) ta co:
Ty = 6\/§

2v3
3
V6i 25 = 6+/3 thay vao (1) ta co: y2, = —51(L)
2 21
Véi xp = ? thay vao (1) ta c6: ypr = :l:g
Vay toa do diém M 1a:
Z\f V21, . 2v3 V21
M( )7M( 3 )
3 3 3 3
(¢) Goi M(m,n). Do M € (F) nén ta co:
2
%+%:1@m2+2n2:6(3)
Goc FyMFy = 90° nén ta co:
MF, L MFy < Fi1M.FoM =0
S (m+V3)(m—+v3)+yy=0
em?—-3+n*>=004)
Tt (3),(4) ta c6: hé phuong trinh:

m? +2n% =6 PN m2 =0
m2+n? =3 n?=3

Vay toa do diém M 1a M (0; \/3),

373, — 203z +36 =0 &
Ty =

M(0; —/3)

1. BAI TAP

Bai 1. (Noi that) Phia trén cia mot clta sb 1a nita trén cta
mot elip. Phuong trinh chinh tic clia elip biét gbc toa do 1a
trung diém canh trén ctia cita sd(hinh 1).

Bai 2. NHA TRANG. C6 mot viing dat phia nam Nha Tring,
goi 1a cong vien téng théng, nhu hinh vé. Viét phuong trinh
elip 14y goc toa do la tam cta elip.(hinh ?7).

Bai 3. THIEN VAN HOC. Quy dao ctia mot hanh tinh quay
quanh mat troi 1a mot dudng elip v6i méat troi 1a mot tieu
diém ctia quy dao. Khodng cach clia mat trai so véi tam elip
13 21.24 trieéu km, khi gan nhat hanh tinh cich mat trdi mot
khodng 1a 206.75 (xap xi), khodng cdch gan nhat ctia hanh
tinh cach tam elip khoang 226.94 tr km. Viét phuong trinh
elip va vé mo ta elip do.

Bai 4. THIEN VAN HOC Khi gan nhét, Trai dat cdch mat troi
91.4 tr km vi xa nhat 14 94.5 tr km. Gia st tam quy dao
13 gbc, mat trsi thuoc truc hoanh va ban kinh mat trai 1a
400,000 dam. Viét phuong trinh quy dao clia trai dat. (hinh
4).

Bai 5. Dau truong Colosseum 6 Rome 13 mot hinh elip véi
do dai tryuc 16n 1a 190m vi truc nhoé 1 155m. Viét phuong
trinh chinh tic ctia diu trudng.

Bai 6. Cho (E) : % yz = 1. Tim diém M trén (E) sao cho:
7[ 4/15. 7V3 415
(a) My = 2MF, (Dfs: (T 200, (2 -1V
(b) M nhin hai tieu diém dusi mot goc 60°.
35
b ;£
s (£2;43)

Bai 7. Cho ABCD la hinh thoi ¢6 cac dinh trung véi cac
dinh cfia elip. Ban kinh dudng tron noi tiép ctia hinh thoi
la /2. Viét phuong trinh chinh tic ctia elip biét tam sai la
e = 7 Bai toan c6 thé giai duge khong néu ta chi biét 4

dinh ctia hinh thoi ndm trén elip?
22y

T4

E4Loy

Bai 8. Cho (E) :
2=0.

%+%—1Vadu6ngthéngd:x—y\/§+

(a) Chiing minh (d) luon cit (E) tai hai diém A,B. Tinh
AB. (AB = 3V/2)

(b) Tim diém C trén (E) sao cho dién tich tam giac ABC
16n nhat.

(C(2, -2 hodc C(—2;1/2)

22

Bai 9. Tim trén (E) : 7), % — 1 hai diém M, N sao cho
tam gidc [y MN déu.

8v3 13 8v3 13
M2, 220y N, =2 hos
(M=), N(—==+) odic
N

11 11 11 11
1.2 y2

Bai 10. Cho (E) : T + T = 1. Tim A, B thuoc (E) c6

hoanh do duong sao cho tam giac OAB can tai O va c¢6 dién
tich 16n nhat.

f V2
x? y2 )
Bai 11. Cho (F) : —6 = = 1. Tim diem M trén (E) sao
cho:
15 15
1 1 6 2v/2 /238
(b) MF, MF, FF (M(+ 3 '+ 6 )
(c) MF} + MF3 = 182 (M(i2;ig)

2 42 .
Bai 12. Cho (E) : %~ + 7 = 1 va diém M(2,1).

(a) Chitng minh M nam trong (E)

(b) Viét phuong trinh dudng thang di qua M va cit (E) tai
hai diém A, B sao cho M la trung diém AB.
(8z+9y —25=0)

(c) Tinh khodng cach tit cac ticu diém dén dudng thing

85 + 25 —8v/5+25
AB. (d(F,,AB) = W@(FQ,AB) - W)



Bai 13. Cho (E) : 2242y? = 2 va dudng thang d : z+y+m =
0. Tim m dé:

(a) Duong thang (d) cit (E) tai hai diém phan bigt. Khi
do:

(i) Tim tap hgp trung diém ctia AB.
(ii) Tim m dé do dai AB 1én nhat.

(iii) Tim m dé khoang cach tit gbc toa do dén AB bing
ntta do dai doan AB.

(b) Dudng thing (d) c6 mot diém chung duy nhét véi (E).
(M = +£1)

22y
Bai 14. Cho (F): -+ % =1,a>b>0.

a? b2

(a) Goi A, B la hai diém trén (E) sao cho OA vudong goc
1 1 1
+ =

OB. Chitng minh ring oEZT OB " 2 + 0

(b) Chitng minh réing dugng thing AB luon tiép xic véi
mot dudng tron cb dinh.

2 2

Bai 15. Cho (E) : 2—2+Z—2 —1,a>b>0. Goi F\,F> 1a hai

tieu diém va Aq, Ao 1a hai dinh trén truc 16n. M 13 mot diém
tuy ¥ trén (E) c¢6 hinh chiéu trén Ox la H. Chiing minh rang:

(a) MFi.MF, +OM? =a® 4+ b?

(b) (MFy, — MFy)? = 4(OM? — b?)
[ —
(C) MH2 = 7¥HA1.HA2

2 2

Bai 16. Cho (E) : % + % = 1. Goi A, B I hai diém tréen
(E) sao cho OA vuong OB. Xéac dinh vi tri clia AB sao cho

tam gidc OAB c6 dién tich 16n nhét.
(OA; OB nam trén hai truc toa do)

2 P .
— + 75 =1,a>b>0 va dudng thang

Bai 17. Cho (E) : =

a
d:Ax+ By+C =0.

(a) Tim diéu kién ctia a,b, A, B,C dé (E) va d ¢6 duy nhét
mot diém chung, khong cé diém chung.

(b) Khi (E) va d khong c¢6 diém chung. Tim nhitng diém M
thuoc (E) sao cho khoang cach tit M dén d dat GTLN,
GTNN.

2 2
Bai 18. Cho (E) : =5+ = 1,a > b > 0 va diém M (a0, yo)

nim tren (E).
(a) Ching minh a < OM <b
(b) Chiing minh |z + yo)| < Va2 + b2

(c) Tim nhitng diém thudc (E) sao cho khoang céch tir diém
d6 dén tieu diém phai 16n nhat, nhé nhét.

Quy dao ctia Trai Dat la duong di clia Trai Dat
xung quanh M3t troi. Trai Dat quay trén quy dao
quanh Mat Troi v6i khoang cach trung binh 150 triéu
km hét 365,2564 ngay Mat Trdi trung binh (1 nam
thién van, s6 lieu do duge dén nam 2006) Quy dao cta
Trai DAt xung quanh Mit Troi goi 1d dudng hoang
dao. Trén duong hoang dao c6 céc didm dac biet 1a
: diém can nhat, diém vién nhat, diém xuan phan,
diém ha chi, diém thu phan, diém dong chi. Géc giita
diém can nhat va diém xuan phan hién nay khoang
77° (mdi nadm goéc nay gidm khodng 1°02"). Quan sat
tt Trai Dat, chuyén dong biéu kién ctia Mat Troi thé
hién bing su thay ddi vi trf tuong ddi so v6i céc ngoi
sao, v6i van toc goc khoang 1° /ngay, hay mot khoéng
cach bang dudng kinh géc ciia Mat Trang hay Mit
Troi cit sau mbi 12 gis vé phia dong. Vi chuyén dong
ndy, trung binh né mat 24 gio - mot ngdy Mt Troi -
dé Trai Dat hoan thanh mot vong tit quay quanh truc
sao cho Mat Trai lai tré lai dudng Ty Ngo (kinh tuyén
thien cau).



Bai tap tong hop
Nguyén Ting Vi)
(Dated: Ngay 21 thang 4 nam 2020)

I. BAI TAP VE TAM GIAC - TU GIAC
Vi du 1. Cho tam giac ABC c¢6 A(0;3). Xac dinh toa do
B, C biét:

(a) Phuong trinh hai dudng trung tuyén tit B,C 1a 4x —
Jgy—1=0vax+3y—2=0.

b) C6 hai duong caott BvaClax—y+1=0va 2z +
g Yy
y—3=0.

Lai giai

(a) G la trong tam tam gidc ABC, khi d6 ta c¢6 toa do
diém G 1a nghiém ctia hé phuong trinh:

4x—9y—1=0® z=1
x+3y—2=0 Y=
Suy ra G(1 :@

Goi M(:vM,yM) la trung dlem BC, khi d6 ta cé
—
AM = (IM,UM 3).

oowM—

Ta co: A(i fAM
2
Fom =1 _3
2z 8 @{xM_Q
gl =3)=—3 Y

C thuoc dudng trung tuyén tit dinh C nén toa do diém
C c6 dang C(2 — 3a;a) khi d6 toa do diém B c6 dang
B(1 + 3a,-2 — a). Diém B thuoc vao dudng trung
tuyén tit dinh B:
A(1+3a)—9(-2—a)—1=0ca=—1

Véi a = —1 toa do diém B(—2;—-1),C(5; —1)

(b) Goi H(zm,ym) la truc tam cta tam giac ABC.
Toa do diém H la nghiém cta hé phuong trinh:

2
z-y=-1 T3 2.5
{2x+y=3 < _§ = H(3:3)
V=3
Goi B(b,b+1) = AB = (8,0-2)

nog = (2;1). Ta ¢ AB,ncw ,ncg cung phuong nén ta co:

b b2
3= 1 ©b=
= B(4;5)
2 4
Ta c6: AH = (5,—3)- Ma AH 1 BC = BC = (1;-2)

Phuong trinh dudgng thang BC la:
l(x—4)—2(y—5)=02—-2y+6=0
Toa do diém C 1 nghiém hé phuong trinh:
r—2y4+6=0
2r4+y—-3=0

Vi du 2. Cho tam gidc ABC c¢6 A(—
z+ 2y +2 =0 va trung tuyén BM : x — 3y —

1;2), dudng cao CD :

3=0.

(a) Viét phuong trinh dudng thing AB. Tim toa do diém
B.

(b) Tim toa do diém C.

a)yww.geosiro. com

Loi giai

(a) Vecto phap tuyén ctia duong thang CD langp = (1, 2).
Khi d6 vecto chi phuong ctia dudng thing CD la uc =
(2;-1).
AB 1 CD khi d6 vecto phap tuyén cia dudng théng
AB W iiag = CD = (2 —1)
Phuong trinh dudng thang AB la:
2+1)—-1(y—2)=02r—y+4=0

(b) M € BM. Goi toa do diém M 1a M (3b+ 3,b).
M 13 trung diém ctia doan AC khi dé toa do diém C la
C(6b+ 7,20 — 2).
C € CD thay toa do diém C vao duong thing CD ta
co:
1
6b+7+2(2b—2)+2:0<:>10b+5:0<:>b:—5

1 .
Véi b = ~5 toa do diem C(4;—3)

Vi du 3. Lap phuong trinh cic canh cia AABC biét

B(—2,1), duong cao va dudng trung tuyén xuat phat tit mot
dinh c6 phuong trinh lan lugt 1a dy : 5z +4y — 1 = 0,d> :
8z +y—7=0.

Loi giai

Thay toa do diém B vao d; ta c6:

5.(=2)+4.1—1=-7#0.

Khi d6 B khong thudc vao dy.

Gia st dq,do 1a dudng cao, dudng trung tuyén xuit phat tu

dinh A.

Khi d6 toa do diém A la nghiém ctia hé phuong trinh la:
S5c+4y—1=0 r=1

{8m+y—7=0 < { y=-1 7 ALY

Ta co: B—1>4 = (3;—2). Khi d6 vecto phap tuyén ctia dudng

thing AB 1a nap = (2;3).

Phuong trinh dudng thang AB la

2 +2)+3y—1)=0<2x+3y+1=0

Vecto phap tuyén ctia dudng thing d; la 77-11) = (5;4) nén

vecto chi phuong ciia dudng thing dy 1a g, = (4;—5)

Ta c6: d; L. BC. Khi d6 vecto phap tuyén ctia duong thang

BC la npé = g, = (4;-5)

Phuong trinh dudng thang BC la:

Az +2) =5y —1) =04z —5y+13=0

de (N BC = M. Toa do diém M la nghi¢m ctia phuong trinh:

1
dr—b5y+13=0 I 1
{8x+y—7=0 @{yzg = M(3:3)

M 1la trung diém ctia BC suy ra toa do diém C la: C(3;5)
A = (2;6). Vecto phap tuyén ctia dudng thang AC la:
—> _ .

nac = (3;—1) .

Phuong trinh dudng thing AC' la:
3z—1)—1(y+1)=03z—-—y—4=0

Vi du 4. Cho hinh vudong ABCD c¢6 dinh B(4,1) va phuong
trinh duong chéo AC : x 4+ 3y — 11 = 0. Hay tim toa do céc
dinh con lai.

Lai giai

Vectd phép tuyén ctia dudng thing AC 1a: nad = (1;3) nén
vecto chi phuong ciia dudng thing AC 1a: uad = (3; —1).
Do ABCD la hinh vuong nén ta c¢6: AC 1L BD. Vay vecto
phép tuyén ctia duong thing BD 1a: nps = uac = (3;-1)
Phuong trinh dudng thing BD la:
3z—4)-1y—1)=0<3z—-—y—11=0

Goi I 13 giao diém hai dudng chéo. Khi dé toa do diém I 1a
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nghiém ctia hé phuong trinh:

22
30 —y—11=0 z=— 22 11
{x+3y—11:0 ey 1 TG
5
24 17

I 1 trung diém BD nén toa do diém D 1a D(— 3 —)

Goi vectd phap tuyén ctia dudng thang AB 1a: nag = (a,b).
Ta c6 goc gitta hai duong thing AB va BD la 45° nén:

| maB-nBp | = cos(45)
| nag | .| nBD |
| 3a—b | V2
fm_T@‘Sa—b‘: 5(a2+b2)

& 9a% — 6ab + b? = 542 + 5b% < 4a? — 6ab — 4b%> =0
a=2b
< (a—2b)(2a+b)=0< { 9% — —b
e V6i a = 2b chon b = 1 = a = 2. Khi dé phuong trinh dudng
thang AB la:
2 -4 +1y—-1)=0<22+y—9=0.
A = ACN AB. Toa do diém A la nghiém ctia hé phuong
trinh:

16

2r+y—9=0 T == 16 13

{x—l—Sy—ll:O “ y:§ =A%)
5

28 9

5’ 5) .

e VGi 2a = —b chon a = 1,b = —2. Phuong trinh dudng thang
AB la:

llx—4)—2(y—1)=02—-2y—2=0

Toa diém A la nghiém ctia hé phuong trinh:

I 1 trung diém ctia AC nén toa do diem C la: C(—

28
z—2y—2=0 = 28 9
)
16 1
I 1 trung diém ctia AC nén C( 56 53)
Vay toa do cac dinh con lai cta hinh vudng la:
24 17 16 13 28 9
Di.i Ai.i - e
S e 6 19
hoac D A(—; = — =
s D210, A2 ), O 1)

Il. BAI TAP DUONG TRON
Vi du 5. Cho dusng tron (Ch) :
Lap phuong trinh dudng tron (C

(a) (02) doi xiing vdi (Cl) qua I(3
clia hai dudng tron néu cé.

22 +y? 20 —4y+1=0.
2) biét
3,

4). Khi d6 tim giao diém

(b) (Cq) dbi xting véi (C) qua dusng thingd : z—y—1 = 0.
Khi d6 tim giao diém ctia hai dudng tron néu co.
Loi giai
(Cr): 22+ -2z —dy+1=0& (z— 1)+ (y—2)? =4.
Khi d6 tam va ban kinh dudng tron (Cy) la: O1(1;2), Ry = 2.
Goi Oz, Ry 1an lugt 14 tam va ban kinh duong tron (Cy).

(a) (Cq) dbi xtng v6i (C1) qua diém I nén ta c6 I 1a trung
diém ctia 0104 va Ry = Ry = 2 . Khi d6 toa do (O2)
1a Oz = (5;6).
Phuong trinh dudng tron (Cs) la

(0= 5+ (y — 6)° =

Ta c6: 0102 = 4v/2 > Ry + R, nén hai dudng tron
khong ¢6 giao diém chung.

(b) (Cq) ddi xing véi (C1) qua dudng thing d nén d la
dudng trung truc clia doan thing 0,0,.
Vecto phap tuyén ctia d 1a ny = (1,—1), nén vecto chi
phuong ctia dudng thing d la: uy = (1;1).
d L 010, nén vectd phap tuyén ciia duong thing 0,0,
1a: no,o0n = ug = (1;1)
Phuong trinh 0105 1a:
lr—1)4+1(y—2)=02+y—3=0
Goi M la giao diém ctia d v6i 0105, khi d6 M 1a trung
diém ctia O10,.
Toa do diém M la nghiém ctia hé phuong trinh:
{zrv7320 « {127 s mew.
M(2;1) nén toa do diém Oy la: 02(3;0)
Mait khéc ta lai ¢6:Ry = Ry = 2, khi d6 phuong trinh
dudng tron (Cs) la:

(m73)2+y2:4

Vi du 6. Cho hai dudng tron (C)
25, (CQ) : (:17 —

(a) Chiing t6 A la diém chung ciia hai dutng tron.

c(r—4)2+ (y—6)2 =
52+ (y+1) =5 va diém A(4,1).

(b) Viét phuong trinh duong thing di qua A va cit hai
duong tron theo hai day cung c6 do dai bing nhau.

Lai giai

(a) Thay toa do diém A vao phuong trinh hai dudng trong
ta co:
(4—-4)2+(1-6)2=5%2=25
(4-524+(1+1)%*=144=5
nén A la diém thuoc hai duong tron hay A la diém chung
ctia hai duong tron.

(b) Tam va ban kinh dudng tron (C1), (C2) lan lugt 1a: Oy =
(4;6), R = 5,02 = (5;-1), Ry = V/5
Gol d 1a duong thing d di qua A va cit hai dudng tron
theo hai day cung c6 do dai bing nhau.
Goi I la trung diém O;0, suy ra toa do diém I la:

95

Tit Oy, O 1an lugt ké Oy M, Oy N vuodng goc véi d.

Khi d6 M, N lan luct la trung diém ciia hai cung nén

AM = AN.

Xét OlOgNM co:

O1M//O2N ( cung vuong goc véi d).

= T gidc O102 N M 1a hinh thang.

Xét:

AM = AN N . .

O] = Oq = Al 14 dudng trung binh hinh thang
010:NM.
Suy ra: AI 1 d.

— 1 3

Ta c¢6: [A=(—=;—=).

a ¢ ( 5 2)

Vecto phap tuyén duong thing d 1a: ng = (1;3).
Phuong trinh dudng thang d la:

Il —4)+3y—-1)=02+3y—7=0

Vi du 7. Cho duong tron z2 + 4% — 2z + 4y — 4 = 0 va diém
M(1,-1).

(a) Viét phuong trinh duong thang d di qua M va cit dudng
tron tai hai diém A, B sao cho M 13 trung diém AB.

(b) Viét phuong trinh dudng thing d di qua M va cit dudng
tron tai hai diém A, B sao cho dién tich tam giac IAB
16n nhat véi I 13 tam dudng tron.



Lai giai

(a) (C):2?+y?—20+4y—4=0& (z—1)2+(y+2)% =
Toa do tam va ban kinh duong tron (C) 1a: I(1;-2), R
3.
Ta c6: IM =1 < Rnén M nim phia trong dudng tron.
M 1a trung diém AB nén ta c6: IM 1 AB ( mdi quan
Iigifra day cung va duong kinh)
IM :i)); 1). Vectd phap tuyén ctia dudng thang d la:
ng=1IM = (0;1).
Phuong trinh dudng thing d la:
Oz—1)+1(y+1)=0&y+1=0

(b)

Il w©

. BAI TAP

Bai 1. Cho hinh binh hanh ABCD c¢6 phuong trinh canh
AB : 2x —y = 0,AD : 4z — 3y = 0 va tam I(2,2). Lap
phuong trinh canh CB,CD.
(BC:2x—y—4=0;CD: 4z —-3y—4=0)

Bai 2. Cho hinh vuong ABCD c¢6 dinh B(4,1) va phuong
trinh dudng chéo AC : x + 3y — 11 = 0. Hay tim toa do cac

dinh con lai.

1613, 28 9. 2 17

TR
C(g% E)v (gv g)a (57 E)

Bai 3. Cho tam gidc ABC c6 trong tam G(-2,0). Biét phuong
trinh AB :4dx4+y+14=0,AC : 22 + 5y — 2 = 0. Tim toa do
céc dinh tam giac. (B(—3;—-2),C(1;0))

Bai 4. Lap phuong trinh dudng thing di qua P(2,-1) sao cho
duong thing dé cing véi hai dudng théng dq : 2x —y +5 =
0,ds : 3z + 6y — 1 = 0 tao thanh mo6t tam giac can ¢6 dinh la
giao diém cta dy, dy.

3z +y—5=0 hoac z — 3y — 5)

N 1
Bai 5. Cho tam giac ABC c6 dién tich bang 3 va ¢6 toa
do A(2,-3), B(3,-2). Trong tam G ctlia tam giac thuoc dudng
théng 3z —y — 8 = 0. Tim toa do dinh C.
( C(1;15) hodc C(4;16))
Bai 6. Cho 3 duong thing d; : x +y =0,ds : . +2y = 0,d3 :
z—2y+1 = 0. Viét phuong trinh cac canh clia tam giac ABC
biét A la giao diém cta dy,ds; B,C € d3 va tam giac ABC
vudng can tai A.

(B 2),0(=3;-1) hoge B(-3; 1), C(

-1 3

Bai 7. Trong miit phing toa do cho hai dudng thing d; :
rz—y=0,ds:2x+y—1=0. Tim toa do cac dinh hinh vuong
ABCD biét dinh A € dy,C € dy vi B, D € Ox.

(A(1;1),C(1; -1), B(0;0), D(2;0)

hoac A(1;1),C(1;-1), B(2;0), D(0;0) )

Bai 8. Cho dudng thing d : x — 2y + 2 = 0 va diém A(0,2).
Tim trén d hai diém B, C sao cho tam gidc ABC vuong tai B
2 6 47
a AB =2BC. (B(=; = - =
W C. (B2 9,00 1)
1
Bai 9. Cho hinh ch* nhat ABCD c¢6 tam 1(5,0), phuong

trinh dudng thing AB 1a o — 2y +2 = 0 vi AB=2AD. Tim
toa do cac dinh hinh chi nhat biét dinh A c¢6 hoanh do am.
(A(=2;0), B(2;2),C(3;0), D(—1; -2))

Bai 10. Cho dudng tron (C) : (z — 1)2 + (y +2)2 = 9 va
dudng thing d : © — 4y + 1 = 0. Tim diém P nim trén dudng
thing d sao cho c6 thé vé dugc hai tiép tuyén PA, PB dén
duong tron ma:

(a) Tam giac PAB déu.
7+64v2 64162

(P(—7 ’\[17 )\[
T 64v2 6 16v2
hotic P(—7—i ——7—))

(b) Tam gidc PAB vuodng tai P.
7+ 41206 6+ /206

Pl =7 ) hoge
7 - 4206 6 — /206
L T T

Bai 11. Cho dudng tron (z — 1)2 + (y + 2)? = 9 vi dudng
thang d : 3z — 4y +m = 0. Tim m dé trén d c6 duy nhat mot
diém P ma tit d6 ké dugc hai tiép tuyén PA, PB dén duong
tron sao cho tam giac PAB déu. (m = 25;m = —35)

Bai 12. Cho duong tron (O) : 22 + 4> — 22 — 6y +6 = 0
va diém M(3,1). Goi T1,T5 1an lugt 1a cac tiép diém ctia tiép
tuyén ké tit M dén (C). Viét phuong trinh duong thang T1T5.
(T :z—y=0)

Bai 13. Cho dudng tron (C) ¢6 phuong trinh (z —5)2 + (y —
4)? = 25 v P(m,0) la mot diém thay ddi trén truc hoanh.

(a) Tim m dé tit P ké duge hai tiép tuyén dén dusng tron.
(m > 8 hodic m < 2)

(b) Véi diéu kién clia cau a, gid st hai tiép tuyén 1a PA,
PB. Chitng minh AB luén di qua mot diém cb dinh khi
P di chuyén tréen truc hoanh, tim toa do diém cb dinh
doé. 9
(Toa do diém c6 dinh la (5; —1)

Bai 14. Cho dudng tron c6 phuong trinh (z—2)%+(y—1)? =
25 va duong théng d : y = k(z +4) + 3.

(a) Chitng minh d luon di qua mot diém c6 dinh.
(Toa do diém cb dinh 1a (—4;3))

(b) Tim k dé d cat (C) tai hai diém phan bigt.
—12 4+ 515 —12 — 515
(m > T2V o <—)

11 eaem 11
(c) Khi duong thang d cit duong tron tai A, B. Ching
minh trung diém I ciia AB luén thuoc mot dudng tron
¢ dinh, viét phuong trinh duong thing do.
(Phuong trinh dudng tron la: (x + 1) + (y — 2)? = 10)

Bai 15. Cho duong tron (C) : 2% +y? — 42 — 2y = 0 vh duong
thing d : * +y + 2 = 0. Goi I 1a tam ciia (C), M la diém
thuoc d. Qua M ké hai tiép tuyén MA, MB dén (C). Tim toa
do diém M biét tit giac MAIB c6 dién tich bing 10.

(M (2; —4) hosc M(-3;1))

Bai 16. Cho dudng tron (C) : 2?2 +y? + 4z + 4y +6 = 0 va
dudng thing d : © +my — 2m + 3 = 0. Goi I 1a tam dudng
tron. Tim m dé d cit (C) tai hai diém A, B sao cho dién tich
tam gidc IAB 16n nhét.

(m:Ohoacm:%)



Bai 17. Tim toa do diém M thudc duong tron z2 4 y? — 2z —

8y +12 = 0 sao cho khoang cach MA dat gia tri 16n nhat, nhé
nhat. Biét:

(a) A(-5,1) (D/s: MA dat GTLN khi M(3;5), GTNN khi
M(~1;3))

(b) A(-1,5) (D/s: M A dat gia tri 16n nhat M(1;13), MA
dat GTNN khi M = A)
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