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O Conic through 5 Points (d
wng

Ta bit dau tir cAu héi: tai sao phdn mém Geogebra cé chikc nding

dwong conic di qua 5 diém) va do thi conic sé luén dung dwoc néu trong 5 diém da xét, khong

c6 3 diém thdng hang? Mong ring qua bai viét ndy, ban doc c6 thé tw tra 101 dwoc cau héi do.

Ta xuét phat tlr bai toan nhe nhang nhw sau:

Bai toan 1. Cho ham sb f(x) = x? —2x, tim diéu kién ctia tham sé6 mdé f(f(..(x)..))=m c6
2022

2°°” nghiém thuwc phan biét.

Lovi gidi. Ta vé dd thi C cta f(x) nhw bén dudi va di bién luan tir f(x)=m (*). pé phwong

trinh nay c6 hai nghiém phan biét thi dwong thing ndm ngang y =m phai cit d6 thi C tai hai

diém, dwa vao C thi d& thdy m > —1. Ta dit hai nghiém twong trng la x;, X,.

[&]

3 2 4o i /2 4
|

Lai xét tiép f(f(x))=m, dé phwong trinh nay c¢6 2° =4 nghiém thi truéc d6, (*) phai co 2

nghiém phan biét, datla x, X, nhw trén. Ta viét lai

FCF(x) =m < (F(x) =x)(f(x) -x,) =0.

Mo6i phwong trinh f(x)—x =0, Vi=12 lai phai c6 2 nghiém phan biét nén ta coi cac sb X
nay co6 vai tro nhw tham sb m & trén va diéu kién cho cac sb nay la x, > -1. Tiép tuc dwa vao
dd thi, ta thiy (*) c6 hai nghiém phan biét x, > -1 khi ~-1<m<3.

Néu xét tiép f(f(f(x)))=m c6 2°=8 nghiém thi twong tw trén, cin tim m dé (*) c6 hai
nghiém X, phan biét théa man —1< x, <3. Pay la diém miu chbt ctia bai toan, ta quan sat d6
thi va thdy rang, duwong thing y =3 cit C tai (-1;3) va (3;3). Vi thé voi didu kién -1<m<3
thi (*) ciing sé& c6 hai nghiém phan biét x, ciing théa man —1< x, <3. V&i sy “may man” nay,
diéu kién cho cic phwong trinh chira ham hop nhiéu 13n hon sé khéng thay dbi. Vi thé nén dé

f(f(..(x)..))=m, k>3 cé 2“ nghiém phan biét
%’—/

k

thi diéu kién1a —-1<m< 3.
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¥ C6 mot cdu héi ddt ra la véi diéu kién ndo ctia a,b,c thi tam thirc ax®> +bx+c ¢é ddc diém
twong tw trén? Tiép theo, ta xét mgt bai todn khdc cling rdt thii vi vé tam thikc bdc hai.

Bai toan 2. Cho tam thitc bac hai hé s6 thwe f(X) =ax*+bx+c véi a=0.

a) Biétrang f(f(x)) =X c6 nghiém thwc duy nhit X = x,. Tinh gid tri cia f'(x,).

b) Gia stt rang do thi hAm s6 y = f(x) va x = f(y) citnhau tai b6n di€ém phan biét tao thanh

t& gidc ABCD. Chirng minh rang AC L BD va ABCD khong phai 12 hinh thang.

Loi giai.

a) Dwéi day, ta xét ba cach giai cho bai toan nay:

Cach 1. Theo dé bai, f(x)=x phai c6 nghiém duy nhit vi:

*Néu f(x)=x v6 nghiém thi phai cé6 f(x)>X, VX hodc f(x)<x, Vx. Truwong hop thir nhét
sékéotheo f(f(x))> f(x)>X, Vx dan dén phwong trinh ban dau vo nghiém. Trwong hop sau
cing twong tuw.

*Néu f(x)=x c6 2 nghiém phan biétla x,x, thi f(f(x))=f(x)=x va f(f(x,))=x, nén
f (f(x)) = x c6 it nhat hai nghiém, ciing khéng théa man.

Do d6, f(x)=x c6 nghiém duy nhat, tirc la nghiém kép, cling chinh 1a nghiém x, ban dau. Suy
ra f(x)—x=a(x—x,)>. Pao ham hai vé dwoc f'(x)-1=2a(x—Xx,) nén cé ngay f'(x,)=1.
Cach 2. Ta c6 két qua tong quat hon: néu da thirc P(x) bac chin c6 nghiém duy nhét x, thi dé
cling 1a nghiém cta P’(x). That vay, theo dinh ly Bezout thi P(x) = (X—x,)Q(x) v&i Q(x) la da

thirc bac 1é. Khi d6, Q(x) phai con nghiém nita, va nghiém d6 phai trung voi x, nén ta dat tiép
P(x) = (x—X,)*H(X). Tir day dao ham hai vé dwoc P'(x) = (x—X,)*H'(X) +2(x - X,)H (X) nén

tiép tuc c6 nghiém X = X;.

Cach 3. Goi (C) 12 dd thi ctia y = f(x) va ta chia né 1am hai phan (C).(C) 14n lwot ndm bén

trai - phai cta truc d6i xtng. Khi d6, dd thi (C') ctia x = f(y) sé gdm hai phan (C}),(C;) lan
lwot 13 d6i xtrng cia (C).(C,) qua duong thing (d):y=x.

Pé f(f(x))=x c6nghiém duy nhit thi (C),(C’) phai tiép xtic nhau tai mét diém | nao d6. Do
tinh dbi xtrng truc thi | € (d) nén (d) 1a tiép tuyén chung ctia (C),(C'). Cudi ciing, ta biét rang
dé tim hé sb goc cha tiép tuyén, ta xét dao ham tai diém d6, vi thé nén f'(x,) chinh I hé sb
gbc clia tiép tuyén (d), ciing chinh1a 1.

b) Khong mét tinh téng quat, ta gia st a > 0. Ta biéu dién nhuw hinh vé bén duéi, trong dé

A=(C)N(C;), B=(C)n(C), C=(C,)n(C), D=(C,)n(C;).

Khi d6, do tinh d6i xtng truc (d) thi A,C dbi xirng nhau qua (d) nén AC L d. Ngoai ra, ciing
c6 B,D ed néntacédngay AC L BD.

Tiép theo, vi A B e (C,) 1a nhanh nghich bién ctia d6 thi nén hé sb géc ctia AB 1a 4m; twong
tw hé s6 géc ctia CD 1a dwong nén AB,CD khéng thé song song nhau. Do BC, AD dbi xtrng

véi AB,CD qua truc (d) nén hai dwong nay cling khong song song.
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Vay nén taluén c6 AC L BD va tir gidc ABCD nay khong phai la hinh thang.

¥ Bai todn tiép theo dwoc tdng qudt tir dé thi IMO Shortlist cdch ddy nhiéu ndm. Vai tro cia do

thi trong bai todn nay la khd nhiéu, tuy dé khong phdi la dé thi ctia da thirc ma la phan thire.

Bai toan 3. Cho da thirc hé s6 thyc P(x) bidc n>2 cé n nghiém thwc phanbiét a, <a, <...<a,.

V&isd k >0 cho trwée, goi D 13 téng dd dai khoang nghiém ciia ELX)) > k. Chitng minh D = E
X

Lo giai.

Theo dinh Iy Bezout thi ta c6 thé viét P(x) = a(x— a)(x—a,)---(x—a,), khidé

P'(x) 1 1
= + +eeet
P(x) x-a x-a, X—a

,datla f(x).
Ta quy vé xét bat phwong trinh f(x)>k.

Tacé f'(x)= —lem <0 nén ham sé nghich bién trén tirng khoang xac dinh. Ta c6 thé vé
bang bién thién hoic dd thi ciia ham s nhw hinh bén duéi:

4

3

)

-4

Khéng mét tinh tong quat, gia sit k >0 (trwdong hop k <0 thuwc hién twong tw). Khi dé, trén
mdi khoang (a,a,,),1=12,...,n-1 va (a,;+©) thi f(x)=k c6 ding mot nghiém. Pait cac
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nghiém doé theo thr tw la b,,b,,...,b,. Khi d6, cic khodng nghiém la (a,,b,) véi1<i<n va téng
d6 dai cac khoang nghiém la

n n n

D=>(b-a)=>b->a.

i=1 i=1 i=

N

Cacnghiém b, 1<i<n & trén ciing déu la nghiém ctia % =k < kP(x)-P'(x) =0.
X

Pit P(x)=c¢ X"+, X" +---+CX+C, thi P/(X)=c nx""+c _,(n-1)x"? +---+¢, thay vao:
c,n-x"*+c,,(n=)x"?+---+¢, =k(c,x"+c, X" +---+CX+C,) hay

ke, x" + (ke , —c,n)x" " +---+(kc, — 2¢,)x + ke, =0.

Theo dinh ly Viete thi

b +b,+---+b, :—%:E—%:E+(ai+az+m+an)

Twr d6 ta c6 ngay D :E.

¥ Tiép theo, ta xét bai todn rdt thi vi va thir thdch trong dé kiém tra trwong Poéng 2022:
Bai toan 4. (trwong Déng Vinh 2022) V&i n nguyén dwong, xét da thirc hé sé thwe P(X) bac
n, monic sao cho ton tai cac s6 thuc r,s,t phin biét c6 tong la —2023 théa man
P(k) e{r,s,t} véimoi k=1,2,3,...,3n-1,3n.

a) Véi n =2, tim tit ca cac da thiec P(x) thoa man dé bai.
b) Héi c6 ton tai hay khong s6 n >3 dé c6 da thirc P(x) théa man dé bai? Vi sao?
Loi giai.
a) Ungvéi n=2, tacé P(k) e{r,s,t} véi k=1,2,3,4,5,6.
Do deg P =2 nén c6 khdong qua 2 s6 k dé P(k) =r.Twong twvdi P(k) =s, P(k) =t. T do suy
ra moi phwong trinh trén phai c6 ding 2 nghiém.
Chu y rang ca ba phuong trinh déu c6 chung hé s6 x*> va x nén téng cic nghiém clia cac
phuwong trinh 13 bang nhau. Mt khdc, tit ca cadc nghiém ctia chingla 1,2,3,4,5,6 c6 téng bang
21, tir d6 suy ra moi phwong trinh sé c6 téng cac nghiém 12 7. Khi d6, 6 nghiém & trén sé chia
theo cac cap (1,6),(2,5),(3,4). Ta cé thé gia st

P(x)—r=(x-1)(x—-6)

P(X)—s=(x-2)(x-5),

P(x)-t=(x-3)(x—4)
tr dé suy ra 3P(xX) —(r+s+t)=(x-1)(x—6) +(x—2)(x—-5) + (x—3)(x—4) hay

3P(x) +2023 =3x* —21x +28.

T d6 tim dwoc P(X) = x* —7x—665 va r,s,t lan lwotla —671,-675,-677.
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b) Gia st ton tai P(x) bidc n>3 théa man dé bai, khong mat tinh tong quat gia st r <s <t.
Theo l4p ludn & trén, mdi phwong trinh

P(x)—r, P(x)—s, P(x)-t
sé& c6 dung n nghiém phan biét 13y tir {1,2,3,...,3n}. Ngoai ra, theo dinh ly Viete thi do mdi
phwong trinh déu chung nhau it nhit1a ba hé s6 dau tién téng cac nghiém va téng binh phwong
cac nghiém ctia chiing phai déu bang nhau.
Xéthamso f(x)=P(x)—r c6 n nghiém phan biét nén theo dinh ly Rolle thi f'(x) = P'(x) phai
c6 n—1 nghiém phan biét, ky hiéula c, <c, <...<c, ;. Phwongtrinh P(x) =r sé c6 nghiém duy
nhat trén tirng khoang (—«;c,),(c,,c,),-..,(C,;,+%). Twong tw véi P(x) =s, P(x) =t.
Ta c6 hai trwong hop sau:
(1) Néu n 18 thi dé thiy & khoang dau tién, P(x) dong bién nén P(x)=r, P(x)=s, P(x) =t sé&
Ian lwot nhan cac nghiém 1,2,3. O khoang tiép theo, ham s& nghich bién nén chiing sé Ian luot
nhan cac nghiém 6,5,4, va cir nhu thé, dén khoang cudi cing sé la 3n—2,3n-1,3n.
Khi d6, dé thdy tdng cac nghiém cta ba phwong trinh trong n—1 khodng dau 1a bang nhau,
riéng khodng cudi thi méi phwong trinh nhin mot nghiém khac nhau nén téng cac nghiém cua
ching la khac nhau, khong théa man.

(2) Néu n chén, dat n=2m thi ba phwong trinh s& ¢ cadc nghiém 1a 1,2,3,...,6m va twong tu
1ap luan trén, P(x) =r sé cé cac nghiém la
{1,6,7,12,...,6m—>5,6m}.

Tong binh phwong cac s6 nay sé la
D" (6k —5)* +(6k)* = > (72k* — 60k + 25)
k=l P

5. m(m+1)(2m +1)
6
=12m(m+1)(2m+1) —30m(m +1) + 25m = m(24m? + 6m + 7).

_7 60 . MMED L oe

Mit khéc, tdng binh phwong tit cd 6m s6 1a
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6m(6m+1)(12m+1)
6

m(6m+1)(12m +1)

nén moi phwong trinh phai cé téng binh phwong cac nghiém la % gia tri nay. Suy ra

3m(24m” + 6m+7) = m(6m+1)(12m +1)

hay 72m* +18m+21=72m? +18m+1, vo ly. Diéu nay cho thiy trong moi trudng hop, ta khong
thé c6 da thirc P(x) thoa min dé bai.

¥ Bai todn trén cé thé néi la két hop ctia cdc bai todn sau ddy:
1) Tim tt ca cac da thirc P(x) bic ba monic sao cho
IP@)|=|P(2)|=|P(3)|=|P(B)|=|P(6)|=|P(7)|.
2) Xét cac sb nguyén dwong m,n va gia st ton tai P(x) hé s6 nguyén sao cho
P(x) = P(x,) =+++=P(x,) =61 va P(y,) = P(y,) == P(y,) = 2020,
VOT X, Xy Xy Voo Youoeoh Y, 12 cac ) nguyén doi mot phan biét. Tim gia tri lon nhat cda mn.
3) Tim tt ca cac da thirc P(x),Q(x) hé sb nguyeén sao cho
P(Q(X))=(x-1)(x—2)---(x—9) v&imoi XxeR.
O’ cGu b) ctia badi todn, viéc dung do thi dé minh hoa ré thit tw sdp xép cua cdc nghiém la rat quan
trong, gitp ta cé thé chi ré dwoc cdc nghiém ban ddau dwoc phdn hoach ra nhw thé nado va tw do
dung dinh ly Bezout, Viete.
Bai todn 5. (Arab Saudi TST 2015) Cho tap hop S ={(a,b)|a=b,1<a<4,1<b<4} laciccip
s6 nguyén. Xét da thirc hai bién f(X,y) hé s6 nguyén sao cho f(a,b)=0, V(a,b) eS.

a) Tim gia tri nho nhit cia bac cua da thirc nay.

22580

b) Gia st f,(x,y) 1a mot da thirc c6 bac nhé nhit. Chirtng minh rang f, [E, 5

Lovi giai. Bai toan ndy c6 nét twong tu da thirc nguyén tdi tiéu, néu 1ap lusn theo hwéng dai sb
triec tiép thi vAn dwoc nhung kha ric réi. Trong phan nay, ta sé biéu dién cac diém lén mit
ph:fmg toa do, quy viéc tim da thirc vé viéc xac dinh dd thi di qua duorc tAt ca cac diém nay.

4 L 2 L

L
L

L 3

L
L

0 b )]

Trwée hét, ta thdy ring néu chi ding dwdng thiang thi cin it nhit 4 dwong méi di qua hét 12
diém nay, néu chi c6 1,2, hoic 3 dwong thi khéng du. Ta xét cac trudong hop sau:
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(1) Néu deg f (x, y) =1 thi ta c6 dwong thang dang ax+by + ¢ = 0 nén khong théa man.

(2) Néu deg f (x,y) =2 thiloai trwedng hop tich ctia hai da thitc bic nhat, néu day 13 da thic
bac hai thi phwong trinh sé c6 dang f(x,y) =ax® +bxy +cy’ +dx+ey+g.

Ta sé& chirng minh conic dang nay s& khong di qua ba diém thing hang. Gia st ring né di qua

dwoc ba diém P,Q,R cung thudc duwong theng mx+ny+ p=0. Gid st m=0, ta coi day la da

thirc bac nhit theo bién x va coi f(x,y) 1a da thtrc bic hai theo bién x thi thwc hién phép chia
f(X,y) =(mx+ny+p)g(x,y)+ Ay’ + By +C

Vi f (X, ¥p) = f(Xg,¥o) = f(X:, ¥r) =0 nén y,, Yo, Y labanghiém phan biét ctia Ay’ +By+C

nén ré rang phai c6 A=B =C =0.DPiéu nay kéo theo f(x,y) cb thé phan tich thanh tich cta

hai ham s bac nhit theo bién x, y, khong thé 1a dwdng conic khéng suy bién dworc.

Tré lai bai toan, ta thiy trong 12 diém di cho, c6 nhiéu bé ba diém thing hang nén khéng thé

c6 conic khéng suy bién ciing ldc di qua tit ca cac diém dé.

(3) Néu deg f (x, y) =3, ta chi xét treong hop mét dwdng thang va mot conic bac hai. Quan sat

db thi, ta thiy rang: dwong thing qua dwoc t6i da 4 diém; con theo phan (2) & trén thi & mdi

tung d6 y =1,2,3,4, dwdng conic sé qua tdi da 2 diém nén tdng cong qua dwoc tdi da 8 diém.

Do do, téng cong dd thi qua tbi da 12 diém va dau bang phai xay ra. Ta vé dwoc duy nhit mé
hinh gdm mot dwdong thiang va mot dwong tron nhw bén dwdi:

™ N

AN

=1 o 2 4

3_5+\/5j20.

Khi d6 ta c6 dwoc f,(X,y) =k(x+y-5)(x*+y*—5x—5y+10) va c6 ngay f(? 5

#¥ Cudi cung, ta xét hai bai todn rdt thii vi vé y nghia hinh hoc ctia cdc bai todn vé da thikc, bai
ddu tién trong dé chon doi tuyén ctia Iran, con bai sau chiing téi twong tw héa lai tir bai ndy.
Bai toan 6. Cho P(x) 1a da thtrc hé sb thuc khac hing théa min: ton tai vo s6 cip s6 nguyén
m,n sao cho P(m)+ P(n) = 0. Chitng minh rang do thi cia hAm s y = P(x) c6 tAm d6i xing.
Loi giai. Ta biét rang P(x) c6 tam ddi xtrng 1a (,, Y,) néu nhu

P(X+X,)+P(=x+X,) =2y, v&i moi x e R.
N6i cach khac, néu dit Q(x) = P(x+x,) - Y, thi Q(x)+Q(-x) =0 hay Q 13 ham sb 1&. Nhu thé,

mau chot cua bai toan nay la chi ra trong vo so cdp so nguyén da cho, phai c6 v so cdp so
nguyeén co6 tong la hang so6 nao doé.
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Khéng mat tinh téng quat, ta c6 thé gia st ring P(x) monic, vi néu P(x) thoéa man thi P(x)/c
cling thoa man.

Né&u nhu deg P(x) chin thi v&i x c6 gia tri tuyét déi da 16n, P(x) > 0. Cu thé 13 ton tai cac sb
thwc p,g sao cho p<0<q ma P(x)>0,Vxe[p;q]l. Xét S={seZ|se[p;q]} third rang S
hitu han. Xét cip sd nguyén (m,n) sao cho P(m)+P(n) =0 thi gia stt P(n) <0, kéo theo neS.
Nhu thé, véi moi cip sé nguyén (m,n) théa man dé bai thi cé it nhat mét s sé thudc S. Vi tinh
hiru han cda S nén phai c6 mot sb S, €S ng voivo sb cap (m, s,) ma P(m) =-P(s;), kéo theo
P(x) 1a da thitrc hang, khong théa man. Nhw vay, deg P(x) 18.

Bay gi¢ chid y rang ké tir mot s6 x di lon nao do6 thi P(x) don diéu ting khi X — 400 (ta chi
can chon x lén hon diém cuc tri 16m nhit ca P(X) 1a xong). Hon nita, véi moi s6 nguyén n,
ton tai hitu han cac s6 nguyén m sao cho P(m)=—P(n) (vi da thirc chi c6 thé nhan mot gia tri

nao do6 & hiru han diém, khong vuot qua bac cta no).

T d6, ta thiy rang v&i moi sd thuwe C du lon, ton tai cdp s6 m,ne Z sao cho P(m)+P(n) =0,

trong d6 m va n khac diu va c6 tri tuyét d6i lén hon C. (*)

Gia st ring deg P(x) =k 1é va dit P(x) = x* +ax** + H(x) véi degH <k —1. Tiép theo, d& dang
chon dwoc s6 thue d sao cho P(x—d) khuyét hé s ctia bac k —1. That vy,

P(x—d)=(x—d)*+a(x—d)**+H(x—d) = x* —kdx**+ax** + H(x—-d)
va nhu thé, ta chi cin chon d =E. Bay gio ta chirng minh rang diém (d;0) chinh 13 tAm ddi
xtrng cia do thi ham s6 y = P(x).
bit P(x—d) =Q(x), ta quy vé chirng minh ring Q(x) = -Q(—x), vVx e R.

Nhu thé, Q(x) = x* +bx* 2 +H(x—d) va ton tai vd han cip sé m,n sao cho Q(m)+Q(n) =0 va

m—d,n—d 12 s8 nguyén. Theo (*), ta chon nghiém c6 gia tri tuyét dbi da 16m véi m>0,n<0.

Bay gitr gia st |[m| <|n|, gid st n=—m—c véi c e Z". Khi d6
Q(m)+Q(n) =Q(m) +Q(-m-c)

=m* +bm* 2+ H(m)+(-m—-c)* +b(-m—-c)* 2+ H(-m—c)
=—kc-m**+R(m),
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trong d6 deg R(x) <k —2. N&u m di1én, s6 kec-m“™* s& 16n hon nhiéu so v&i [R(m)| va nhw vay

tong —kc-m“* +R(m) sé& nhé hon 0. Twong tw, khong thé ¢6 |m|>|n| voi |m|,|n| du lon.

Do do, ton tai vd s6 cac s6 m sao cho Q(m)+Q(-—m) =0, tic la da thirc Q(x) +Q(—x) cb vo sb

nghiém. Piéu nay c6 thé xay ra khi Q(x) +Q(-x) =0, Vxe R va nhu thé, da thirc Q(x) 1a ham

sb 1& va c6 db thi d6i xtierng qua diém (0;0).

Vay d6 thi y = P(x) d6i xtrng qua diém (d;0).

Bai toan 7. Cho P(x) 1a da thtrc hé sb thuc khac hing théa mén: ton tai vo s6 cip s6 nguyén

m=n sao cho P(m) = P(n). Chrng minh rang d6 thi cia ham s6 y = P(X) c6 truc déi xirng.

Lovi giai. Bai toan nay néi chung giéng bai trén, trong i gidi, ta chi cAn ddi ddu cho P(x) tai

mét sb vi tri thich hop. Ta biét rang P(x) c6 truc déi xirngla x =X, néu nhw
P(X+X,)=P(=x+X,) v&imoi xeR.

N6i cach khéac, néu dit Q(x) = P(x+x,) thi Q(x)=Q(-x) hay Q la ham sb chn. Khong mat

tinh tong quat, ta ciing gia st P(x) monic.

Néu deg P(x) 1é thi r rang lim P(x) =0, lim P(x) =+o. Nhu thé, c6 thé chon x, du 1om thi

P(x) s& dong bién trén (X5 +) va P(X) =Y, ludén c6 nghiém duy nhit véi moi Y, > P(X,).Do

d6, khong thé ton tai cip sé m=n nhw dé bai. Do d6 deg P(x) chin.

Xét deg P(x) chan thi twong tw trén, véi moi s6 thwe C du 16m, ton tai cdp s6 m,n e Z sao cho
P(m) = P(n) trong d m va n khac diu va co6 tri tuyét déi 1é6m hon C. (*)

Pit P(x)=x* +ax“?+H(x) v6i k chin, degH <k —1. Chon d dé P(x—d) khuyét bac k-1.
Ta chitrng minh ring dworng thing x =d chinh 1 truc d6i xing ctia 6 thi ham s6 y = P(x).
bit P(x—d) =Q(x) thi Q(x) = x* +bx*?+H (x—d) vatdn tai vé han m,n sao cho Q(m) =Q(n)

va m—d,n—d déunguyén. Theo (*), ta chon nghiém c6 gia tri tuyét di du1én véi m>0,n <0.

Ta cling sé di chirng minh m=-n. Bay gi® gia s |m| <|n|, gid s& n=—m—c v&i ceZ". Khido

Q(m)-Q(n) =Q(m)-Q(-m-c)
=m*“+bm“?+ H(m)—(-m—-c)* —=b(-m-c)**—~H(-m—c¢)
= —kc-m“*+R(m),
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trong d6 deg R(x) <k —2. Dén day s& c6 v6 ly. Twong tw néu [m|>|n| cling c6 vd 1y, va vi thé nén
m+n=0.

Vay nén Q(x) =Q(—x) v&i vo s6 x nguyén, kéo theo Q(x) = Q(—x), Vxe R nén Q(x) cé truc

d6i xtrmgla x =0, va P(x) c6 truc ddi xtrng 13 dwong thang x =d.

Bai tap rén luyén.

1) (VMO 2018) Trong mit phing toa dd Oxy, cho C 13 d6 thi chaham s y = f/x_2 Mot dwong
thang (d) thay dbi va cit C tai ba diém c6 hoanh d6 phan biét 14n lwot 12 Xps Xy, Xg.

. s . XX XXy XX ixas %
a. Chirng minh rang dai lwong i/ - +i/ 23 +i/ 2L 1a hang so.

2
X X X

2 2 2
b. Chirng minh rang i/ a +i/ a2 +§/ X B
X2X3 X3X1 X1X2 4

2) (Bai todn friendly circles) Cho cac sb thwc a,b,c d6i mot phan biét va khac 0. Chtirng minh

ring ba dwong tron sau khi vé trong mit phing toa do Oxy thi ludn cé it nhit hai diém chung
(x—a)*+(y—b)*=¢c®
(x—=b)*+(y-c)*=a’
(x—c)*+(y—a)’ =b?
(diém chung & day dwoc hiéu 12 giao diém cta {t nhAt hai trong ba dwdng tron trén).
3) (AIME 2022) Cho a,b, x, y 13 cac s thuc (trong d6 a>4,b >1) thda min
X—§+ 2y2 _ (XZZO)Z . (y—gl)z _1
a~ a" -16 b -1 b
Tim gi tri nhé nhit cia T =a+b.
4) (Pé THPT QG 2019) Tim diéu kién cia m dé phwong trinh sau c6 bén nghiém phan biét
Xx—2 x-1 X X+1
x—1Jr X " x+1+ X+2

Tai liéu tham Khao.
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