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L1 NOI PAU

N

%;ong thoi gian vita qua, dugc sy gitp d& ctia Nha xudt ban
- Gido duc Viét Nam, trudng Trung hoc phd théng chuyén Leé
Héng Phong TP. H6 Chi Minh d& bién soan b sach “Gidi toin
danh cho hgc sinh 16p chuyén” theo dinh hudng bam séat sich
gido khoa, b8 sung cdc chd dé nang cao theo trinh d§ trudng
chuyén va cidc ndi dung thi dai hoc. Bd sdch da dugc dong ddo
hoc sinh va gido vién cdc trudng chuyén st dung va tin cay.
Trong qué trinh d8i mdi gido duc, ddp Ung yéu ciu méi
- ctda sdch gido khoa chuyén ban, xady dung phuong phép kiém
- tra két hop gitta 'tq luan va tric nghiém khéch quan, ching t6i
bién soan lai bd sdch Gidi todn danh cho hoc sinh cac trudong
chuyén va hoc sinh kh4 gidi & cdc trudng Trung hoc phé thong
trén toan quéc. B sach “Gidi todn 12” dugc bién soan nhim
dap dng t6t nhdt cho cdc ki thi T6t nghigp THPT va dic biét 1a
ki thi Tuyén sinh Pai hoc — Cao didng. Bo sach nay gom nam

quyén :
' — Giai toan 12 - Ham s& mi — l6garit va sd phiic ;

— Giai toan 12 — Phuong phép toa dé trong khéng gian ;

— Giai todan 12 - Khdo sat ham sé ; '

— Giai toan 12 — Khéi da dién va khéi tron xoay ;

— Giai toan 12 - Tich phan - nguyén ham.

No6i dung quyé’n “Gidi todn 12 — Tich phidn — Nguyén ham”
bdm sat theo cdu tric ctia sdch gido khoa Gidi tich 12 (Nang
cao) va dugc trinh bay theo bon chuong nhu sau : ‘

e Chuong I : Nguyén ham ; .

o Chuong II : Tich phan ;

o Chuong III : Ung dung tich phan dé giai todn ;

o Chuong IV : Céc bai toan téng hop.



Trong ba chuong dau, & mdi bai hoc, ching t6i xay dung
hé théng bai tap ren luyén dua theo cdc van dé cu thé, mot s&
bai tdp 1a cdc dé thi dai hoc d€ ban doc tham khdo, ¢6 cung
cdp dép 4n va hudng dan gidi so luge cia mot s6 bai tap tieu
bi€u nhdm gidp cdc ban doc 6n tap, nang cao kién thic, rén
luyén ki nang giai todn. Chuong IV la cic bai toan téng hop,
giup hoc sinh van dung sau kién thic da hoc, ¢ goi ¥, huéng
dan giai. ‘

Hi vong quyén sich niy ciung v8i nhiing quyén sach ctia Bo
sach Gidi todn 12 s& gidp ich cho cac ban hoc sinh trong qua
trinh hoc tap, réen luyén nang cao kién thic, ren ki ning mon
Toan 16p 12, chii dong va tu tin budc vao ki thi Tuyén sinh Pai
hoc — Cao dang dé dat dugc két qua t6t nhét ; Bo sach nay cling
1a tai litu hd trg cho gido vién Toan cac trudng Trung hoc phé
thong trong cong téc dao tao hoc sinh gidi.

Moi ¥ kién déng gép xin dugc gii vé dia chi sau :

® Jwiong Trung hoe phé théng chuyén Lé F6éng Phong,
235 Nguyén ‘Odn @i, Quén 5, TP. F66 Chi Minh.

o Ban bién tip Todn — Tin, Cong ty ob phin Dich vy xudt ban
gido due Gia Dih — Wha xudt ban Gido due OVigt NHam,
231 Nguyén Vdan Ci, Quéan 5, Tp.TCCM.

Trén trong cdm on !

CAC TAC GIA



§1. DINH NGHIA NGUYEN HAM
VA TINH CHAT CUA NGUYEN HAM

A. TOM TAT GIAD KHOA

I KHAI NIEM NGUYEN HAM
1 Blnh nghia

Cho ham sb f xac¢ dinh trén K (K 13 mot khoang, mot doan hodc mot nira
’ khoang nao do).

Ham sb F dugc goi 12 mot nguyén ham cua ham s6 ftrén K néu F’(x) = f(x)
. v&i moi x thudce K.

Chiiy : NéuF 1a nguyén ham cua f trén kho’éng (a; b) va hai ham fva F lién
tuc trén doan [a ; b] thi F cling 12 nguyén ham cua f trén doan [a ; b].

2. })mh Ii
Gia st ham s F 1a mot nguyen ham cta ham s6 f trén K. Khi d6 : ,
a) Vi mdi hang s6 C, ham sdy=Fx)+C cung 12 mdt nguyén ham cua f'trén K.

b) Nguoc lai, v&i mbi nguyen ham G cua f trén K th1 tdn tai mot hing sb C
sao cho G(x) F(x) + C v&i moi x thudc K. :

Nhu vay, néu F 13 mot nguyén ham cua ham sb ftrén K thi moi nguyén ham ctia
ham s6 ftreaneucodangF(x)+Cvo1C € R.Khidé:Fx)+C,Ce R

duoc goi 14 ho tit ca cac nguyen ham cia tren K k1 hiéu la .ff(x)dx
[fx)dx =F(x)+CvéiC e R.

Chu y :

o (fr@ax) = o)

e Moi ham s6 lié(z titc trén K déu ¢6 nguyén ham trén K.
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II. NGUYEN HAM CUA MOT SO HAM SO THUGONG GAP
1) fodx =C |
) fax = flax =x+C

o+l

3) [x% dx = =—+C (ax-1)
| a+l

4) j-l);dx =In|x|+C

5) [sinxdx=-cosx+C ; [sinkxdx = - COSKX | ¢ (k% 0)

6) jcosxdx =sinx+C ™ J' coskxdx = s;nkkx +C (k#0)
o

7) [exdx=e*+C ; felrdx = ——+C (k # 0)

aX ‘
8) jade=—+c (0O<a=l)
Ina

9) j 12 dx = J(1+ tan? x)dx = tanx + C
: COs” X ‘
10) j . 12 dx = j(1+cot2 x)dx=-cotx +C
sin“ x

L. MQT SO TINH CHAT CO BAN CUA NGUYEN HAM
Pinh li. Néu f, g 12 hai ham s6 lién tuc trén K thi :

a) i teldx = [foodx + fat)dx
b)Véik e R" : [kftx)dx =k [fx)dx

 B. PHUONG PHAP GIAI TOAN

| % van as 1 |
Chirng minh F(x) 12 mdt nguyén ham ciia f(x)




1. PHUO'N G PHAP

Pé chimg minh F(x) 14 mdt nguyén ham cia f(x) trén D, ta ching mmh
F’(x) = f(x), vx eD.

2. Vi DU
. Vidul

a) Chung minh ring ham sb F(x) = —1nlcos x| 1a mot nguyén ham cta ham sb
f(x) = tanx.

b) Chitng minh ring ham s F(x) —1n|s1n xl 14 mdt nguyén ham ctia ham sb
f(x) = cotx. :

) Chu’ng mmh rang ham s6 F(x) =va? —x? 1a mot nguyen ham cia ham sb
-X

f(x) = .
VaZox2
Gidi

~(cosx) smx anx = f(x)

a)Tacod: F(x)= -

COSX  COSX
nén F(x) 12 mdt nguyén ham cuia ham so f(x).

(sinx)' cosx

b)Taco: F(x)= = cotx = f(x)

sin x sin X
nén F(x) 12 mdt nguyén ham cua ham so f(x).

c)Taco:F(x)= (\/a -X ) 2\/ 2% ’2=\/2—Xf2=f(x)
a®—x a“—x

nén F(x) 12 m6t nguyén ham cua ham s6 f(x).

Vi dy 2. Cho a # 0. Chitng minh ring :

a) Ham s6 F(x) = L1n AT% s mdt nguyén ham ctia ham so f(x) )

2a Jja-—x a2 —x2’
. : - , ‘ 1
b) Ham s F(x) = 1n|x +x2 +22 l 1a mot nguyén ham ctia ham s6 f(x) = ———
ﬂ x2+a?
‘ c)HémséF(xF 1n|x+\fx2 —azl lémétnguyénhémcﬁahémsé f(x)= =
. . v X< —a“«
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Gidi |
(a+x)' s
a)TaC(S:F’(x):?l-__E_Z’_‘___ 1 2a  a-—-x

a+tx —Z'(a—x)z'awx
- a-—x
1 1
= = =fX
(a—x)a+x) a2-x2 *)

a‘—x
nén F(x) 12 mot nguyén ham ctia ham sb f(x).

- X
. (xe2ea?) B
b) Tacod: F'(x)= =— NX_ +ta

- - =)
x+Vx2+a?  x+yx2+a?  Vx2+a?
nén F(x) 14 mdt nguyén ham ctia ham sb f(x).

X
LS vt = — X~ —a~ _ o
¢)Taco: F'(x)= = — = =f(x)
x+\/x2—a2 ,x-{j\/xz—az \/xz—a2 ‘
nén F(x) 14 mdt nguyén ham ciia ham sb f(x).

Vidu 3.

2) Tim a dé ham s6 F(x) = 21

12 mot nguyén ham ciia ham sé f(x) = L

, | (x-5)?2"
b) Xéc dinh a, b, ¢ sao cho F(x) = (ax* + bx + ¢)+/2x -3 1a mdt nguyén ham
. | 2w )
ciia ham s6 f(x) = 20x” —30x+7

trong (—3-'+oo)
V2x -3 2’ '

Gidi
2) Véi moi x # 5, ta 06 : F'(x) = —20 1
_ - (x—5)2
F(x) 12 mot nguyén ham ctia ham sb f{(x)
—Sa-1 1

= L VxES o -Sa-l=lea=-2,
(x=5)?%  (x-52"

b) Véi moi x e(%;ﬂ-oo),tac():



F(x) = (2ax +b)2x =3 +(ax? + bx+¢) \/5_1__5

_ (Qax+b)(2x—3)+ax? +bx+c _ Sax?+(3b—6a)x +c—3b
N2x -3  J2x-3
F(x) 1a mdt nguyén ham ctia ham sb f(x)
5ax? +(3b— 6a)x +c—3b 20x2 -30x+7 [3 )
= = , Vxe|—;+w
V2x-3 J2x =3

< 5ax? +(3b—6a)x +c—3b=20x2 -30x+7, .Vx e(% ; +w]

5a=20 (a=4

©{3b-6a=-30 & b=-2
C"'3b:7 C:l
Y van dé 2

Tim ho nguyén ham ctia ham so

1. PHUONG PHAP
Tinh [f(x)dx.

 Phén tich f(x) thanh tong clia cac him co ban. Ap dung céc tinh chét va cong
thirc nguyén ham co ban.

Chi: y : Tim nguyén ham cia mot ham s du’orc hiéu 14 tim nguyen ham trén
tap xéc dinh cia ham sb do.

2.ViDy |

| Vi dy 1. Tim cac ho nguyén ham sau :

3 S5 _ '

2) Jj(x +5)(x° -3) d
X7

)

"o
LN e

2 . ' ‘
c) Jx +==| dx trén khoang (0 ; +o).
) o i

dx trén khoang (0 ; +o0) ;
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Gidi
x3+5(x5-3) . x8+5x5-3x3-15 ( 5 3 15)
) dx = ——dx = dx
— = J

2
= j(x+5x“2—3 —15x”7)dx =£—~—5—+—1~+—5—~+C
2 x x3 2x

o RER e R (33

. : 3
= 1-———3——+3—-x 2 dx=x—6\/;+3lnx+‘——2—-
x i

+C

=

2 - 2 2
€) \/;Jr——l—— dx = || x+2x6 +x 3 |dx =L+£x6x+3%/; + C
Ix 2 7

Vi dy 2. Tim cac ho nguyén ham sau :

a)j [15—20e de; b) f9x(5x+x73“2x+7‘x)dx. [

Gidi

dx = [(15¢% —~—}dx= j(15ex—20x—5)dx=15e><+-x—54—+ C

206

a) jexas_
b) J[9x(5"+x73'2"+7"‘)]dx= 45*+x7+(—J dx
; 7
45%  x8 (9)" 1
= +—t| = —5 * C
mn45 8 \7 1117

Vi du 3. Tim cac ho, nguyén ham éau :

a) ~IcosSx.cos3x.sin 2x.dx ;

+
_0052 X © sin? X

24 2 in2 2 '
b) J-(Scos x—3cot“x 2sin” x+4tan x]dx»;



c) J‘[(sinx+cosx)2+(tanxv-— cotx)z]dx;

d) jﬁ(sin4 X +cos? x)dx ;

J{ dx
1+sinx’
gldl ‘\./Vv‘
a) jcosSx.cosSx.sian.dx = —;— j(cos 8x + cos 2x)‘. sin 2xdx
=% I(cosSx.sin2x'+ cos 2x.sin 2x ) dx
=%_[(cosSx.sian+cos2x.sin2'x)dx B
=% J.(sin10x —sin 6x +sin 4x)dx
=l(——1—00510x+—1-cos6x—lcos4xj +C
40 10 -6 -4 _

= ——l—coslox +ico‘s6x—icos4x+c
40 24 16

el v 2 ) 2
b) J‘{Scos x —3cot x+251n'x+4tan X)dx=j(7-— 3 . 4 )dx

cos? x sin x - sin? X cos? x
- =T7x+3cotx+4tanx+C
9) ﬂ:(sin x +cos x)? +(tanx — cotx)z'] dx
= .ﬂ:sin 2x -i—(tan2 X +1) +(cot2 X +1) —3]‘dx

=—-§—¢0$2x+tanx—cotx~3x+ C

d) I(sin" x +cos? x)dx = J.(l —2sin? x.cos? x)dx = J-(l —-12—sin2 2x)dx

= J{l.—fl—(l'—cos4x)‘ dx = j(—%+lcos4k)&;(=3x+—1—sin4x+C"
% 44 416 ,

1
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% Van de 3 .
Tim m§t nguyén ham cia ham s6 thod mén dleu kién cho trude

1. PHUONG PHAP
Tim mot nguyen ham F(x) ctia ham sb f(x) thoa min diéu kién F(a) =b

Ta thuc hién 2 budc sau :
— Tim ho nguyen ham' cia f(x) 1a : F(x) = G(x) + C
— Giai diéu kién F(a) = b <> G(a) + C =b< C=b-G(a)
~ Két luan F(x) = G(x) + C, véi C tim duoc & trén.
2.viDy
Vidy 1. Tim mot nguyen ham F(x) cta f(x) thoa diéu kién cho trudc :
a) f(x) =2x> - 3x*+4x + 5 ; F(2)=3; ' '
b) f(x)-e"“"w F(l)=e. |
Gidi

x4
a) Tacd: [f(x)dx =——2—-—x3 +2x2 +5x+C=F(x)
F2)=3<8-8+8+10+C= 3<:>C~~15

v x4

Vay F(x) =-—2—~~—x +2x% +5x-15.

b) Tac : fix)=e"M0=¢* 0 =10.¢"
= [f(x)dx =10e* +C=F(x)

F(l)=e<>10e+C=e<>C=-9¢
Vay F(x) = 10e* - 9e.

Vi dy 2. Cho f(x) = 3x* - om - 1)x + 2m. X4c dinh m dé nguyen ham F(x)
cua f(x) thoa mén diéu kién F(0)=3 va F(l) = 185.

12



Gidi

2
Taco: .[f(x)dx =x3-(2m- 1)—+ 2mx +C= F(x)

FO) = 15 1= yomiec=15" |2m=21" m==-
, 21
Viym=—.
1y 5
C. BAI TAP
Tim céc ho nguyén ham sau :
6x3 — 4x2 +1i j
- 3x-2 —7x2 +6
X ' 1
30— 4. : dx;
jx‘*(1~~x2) . '[(4x2‘—12x+9)(4x2~12x+5)

5. J. ! dx
X(x=2)(x +2)

7. dx;
x.Inx
9,
lnx
uj- COSZ}TdXQg

sm XC0s™ X

13. Jsin 7x.¢0s 5. cos xdx ;

15. dx; |

sin 2x

17.
cos* x

L

6. dx;
j\/2x+1~+\/2x—1 |

8.

x.1n3 x
. s X X
10. .[sms—cos——dx;

12 3+200tx

sm X

14 J-1+231nx cosx

sinx +cosx
16. dx;
coS2x
18.
cos® x

13



19. :
, l1—cosx

20. I(tanx + 1)2dx;

21. J‘COSX sin X

T+sin2x 22, j[(l +sinx)2 + (1 + cosx)z:ldx

23. .[(sin Z+cos4§-)dx; 24, _[(4" —3.7%).2%dx ;

2

)

-

§2. MOT S6 PHUONG PHAP TIM NGUYEN HAM
A. TOM TAT GIAD KHOA
I. PHUONG PHAP POI BIEN SO

Dinh li 1. Cho ham sdu= u(x) c6 dao ham lién tyuc trén K va ham s6 y = f(u)
lién tuc sao cho flu(x)] x4c dinh trén K. Khi do

Neu F 1a mdt nguyén ham cua f, turc la: If (w)du=F(u)+C thi:
| flu(x)]u'(x)dx = Flu(x)]+C )
II. PHUONG PHAP NGUYEN HAM TUNG PHAN
Dinh Ii 2. Néu u, v 1 hai ham sb c6 dao ham lién tuc trén K thi :
B ju(x)v'(x)dx =u(x)v(x) - Iv(x).u '(x)dx (2)

- Cong thirc (2) c6 thé viét gon dudi dang : judv =uv— Ivdu

B. PHUONG PHAP GIAI TOAN

% vén dé 1
Phwong phap déi bién s6

14




Biét _[f(u)duzF(u)+C.Tiﬁh jf(u(x)).u'(x)dx *)

- Dbit : t=u(x) = dt =u’(x)dx

~Khido:(*)= [f(t).dt=F(t)+C=Fux)+C

DANG 1. Nguyén ham cac ham s6 don gidn

1. PHUONG PHAP

e Diing phwong phap déi bién sb va ap dung két qui sau :

Néu [f(x)dx =F(x)+C thi [f(ax+b)dx = L p@ax+b)+C
. a

e Bang nguyén ham cdc ham don gidn :

u 12 ham sd theo x

" Truwong hop dic biét : u= ax +b

o Idu=u+C
o+l a+l
| utdu==—+C (@D |, [ax+b)dx _L @xab* o
o+l ) ' a a+l

jit—‘..—_ln|u|+c (u(x) # 0)

e

dx 1
=— C
o J.ax+b alnlax+bl+

<

j%:zﬁim W(x)>0)

,j du ‘=-1—2\/ax+b+C
a

ax+b

e Luu ¥ cach phén tich :

- 2.ViDU

_.._1____,1(_1___ L
A(A+k) k\A A+k

) Vk#0

Vi d 1. Tim cac ho nguyén ham sau :

a) N(S-3x)5 dx trén khoang (—oo : —f}-) SR

1 2 )
) I((3x+1)3 N de ’

c)
9— 4x2’

15
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1 2 1 , 2
b dx = -
)J((3x+l)3+\/’4x—3j'x I(3x+1)3 dx+f\/4x-3

Al
| Gidi
a) Trén khoang (——oo ; —2—] ,tacod:

; \
.N(S 3x)°dx = I(S 3x)2dx=———(5 3x)—2— %+C=—§2-1- (5—3?()7‘*»C

dx

2 11 |
dx =——, +v4x-3+C
Jax -3 6 (3x +1)2

dx . dx . 1 1 1
c) I =—.f . =—-—J.( - )dx
9—4x2 (2x-3)(2x+3) 6\ 2x-3 2x+3

= f(3x+1)“3dx+ J'

=—l.(llnlzx—3|~—11n|2x+3|)+c=-1-1n X3¢
62 2 12 [2x-3]
Vi du 2. Tim cac ho nguyén ham sau :
) 2
X xc -1
—dx; ‘c dx.
)I(I—x)wo ey
Gidi

a)Deftt:t=x4:>dt=4x3dx:>x3dx==9—E

x3 0 1pdt 1 1
= dx=— =— —=dt
‘ jx8—8 4 Jt2—8 - 4 '[(t—2\/2)(t+2\/2)

1 1 1
" 1642 I(t—2ﬁ~t+2\/—2—)dt
N O N P N1
16J_ |t+2«/_f 16\/— Ix +2\/—l

+C

dt=—dx=>dx=-dt

b) Pit t=1-x :>{
X=1~—t



:>I x2 (1-t)>dt _ (1-2t+t?
(1- X)IOO J. 100 ...“' 1100

1 1 2 1 1

1 2 1
dt= I( 100 99 T 98
1
-2'9—7—
1 1 1

999 98 %8 97
o112
99 (1-x)%° 98 (1-
1
1——
i—ldx=j X dx
xT+1 x2 4
X2

ooy 1
2 =x2 +—+2= x%+
2

- +C
X)98 97 (] _ X)97

1_2' ‘
= =t2-2

X

o

:>J'X2—1dX=J' dt =." dt _ 1 1 3 1 Jdt
x4 +1 22 Je-V2)t+v2) 242 \t-v2 t+42)

1
L “’,‘;“EL L2224
2f t+f =27 L2 2f % +x«/_+1|
X
Vi du 3. Tim cac ho nguyén ham sau :
a) J-——-————-6X dx;  b) ,I—————-————dx? ; c) I————1+1nxdx.
Jx2 14 " x.Inx.In(Inx) ‘ X

S SRR Gidi

a) Dat: t=\/3 x2 +4 = t3 = x2 +4:>3tzdt’:

2
jg—flf..jmdt:%ﬂ +c-—%(\/3 x2+4) +C

vty
’ dx

b) Dét: t=In(ln»)=>dt= 1
xInx

2A.G.TOAN12-TPNH

2xdx = 6xdx = 9t2dt
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j‘ dx dt

X.In x.In(In x) t

c‘)‘Bét: t=vl+Inx = t :1+.1nx:>2tdt=—1‘—dx
: ‘ X

= |—=In|t|+C=In|n(nx)|+C

= ——%———Qx: 2tedt =—t° + C=—+/(1+Inx)° +C
R = ora=20 +c=2 furmx?

X

»

. DANG 2. Nguyén ham ciia ham s§ mii

1. PHUONG PHAP

ula ham sb theo x " Truomg hop dic bigt: u=ax +b (a+#0)
° jeuclu =l 4+ C . J’eax+bdX - l.eax*b +C
a
al . aMmX-+n ‘ :
,Ia“du = —+C (0<a=#l) ,"“ja“”?“du = +C (0<a=1,m=0)
- Ina ‘ m.lna ‘
2vioy
Vi du 1. Tim cac ho nguyén ham sau :
‘ a) j(e?*““ —62‘5"““) dx; | b) j(x+1)ex2+2xdx;
dx . e2*dx
©) j X_ %’ ) I x '
et —e l+e
Gidi
’ a) j(e?.x+4 _e2-5x )dx =le2x+4 ;‘_leZ—SX +C
. 2 5

b) Pit : t=x%+2x =dt= (2x + 2)dt :>(x+1)dx=£12—t

: ¢ (x242x)
= '[(x+1)e"2+2xdx= Jetg:f—+ =2 T4cC
2 2 2
dx L eXdx
c) Iex_efx = er -1

18
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Dit:t=¢"= dt=e"dx

de ) t | 1 1 1
ItZ 1 I(t 1)(t+1)=—ij(t—l_t+'l)dt

-1l X _
- 1——1+C=llne 1+C
2 |t+l 2 |e* +1
o dt — aX d
d)Pit: t=l4+eX = O K
| - leX=t-1 :
2x X oX
= [ @:ffdxjalm (th
1+e* 1+e*

=t~~lil|t"|+C=1+ex ~1n(1+e")+C

Vi du 2. Tim cac ho nguyén ham sau :

X 2x » .
a) x6 dx ; b) J dx : ) J'esmx+1 cosxdx.
,9 -4 \/l+e" +\/l~-ex : -
| Gidi
. "
Ny (5) »
a) ng _4x dx = J. dx

(3" ,
5) I dt. 1 dt 1 {1 1
el
2 2 — 3 . —
VW, w7l 3D g 3Nl e

3 X
‘ (_J - |3x 2%|
) 131“5'1“:: i 2= x|+ C
2> It+l 2m2 |3,  2m |3 +2%|
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b) Pat: t =eX = dt = e¥dx

j‘ e2Xdx j j\/l—;— \/—
Ji+eX 41— \/1+t+\/1 t 2

:l(J(1+t)3 +\/(1—t)3)+c

(J(1+eX)3 +4(- ex)3)+C
c.Datt=sinx+ 1 =>dt= cosxdx

= IeSin x+1 cos xdx = _[etdt —et 4 C=esinxtl
DANG 3. Nguyén ham ciia ham phén thic hiru ti
1. PHUONG PHAP

y =’f(x) - P (P(x), Q(x) 1a da thuc)
| Q(x)
v Néu béc P(x) < bic Q(x)
‘T‘a bién déi f(x) v& tong (hiéu) cac ham s6 don gian rdi tim nguyén ham.
v Néu b P(x) > bic Q(x) | ’

Ta thuc hién phép chia da thic P(x) cho Q(x) rdi blen dbi f(x) vé tong (hiéu)
céc ham sb don gian va tim nguyén ham. ‘

Luu y cach phén tich sau :
o Néu tam thtrc ax? +bx +c¢ c6 2 ngiém Xp> Xy thi :

ax2 +bx+c=a(x ——xl).(x—xz)

OJ- 1 dx = 1 j- 1 3 1 dx
a(x —x)(x—x,) calX, —x) Y X—-X, X=X -

o Cho P(x) = a_x"+a xn 1 +ax+a

-1

Q) =b_x®+b__x" 14+ . +bx+b
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)
an =b1’l
4p-1= %1 ‘
P(x) = Q(x) (VX€R) < {.orveerenee. (Phuong phap dong nhét thirc)
a =b1
129 =byg
2. Vi DY |
Vi du 1. Tim cic nguyén ham sau :
dx , dx
¥ [ 2 ’ b) |- 2 :
(x* —4x +3)(x° —4x+4) X(x+1D(x*+x-2)
‘ gia’i ; |
dx
Y I(x2 4x+3)(x2—4x+4) j 2 -4x+3 I —4x+4
—j(x Dx - 3)~'[(x 2)2 - (x 3 x- 1) I(x 2)2
LS e
2 |x-1 x-2 _
. dx dx 1
b) | =

B 1 |
=— - d
x(x+1)(x2+x—2) : I('x2+x)(x2+x—2) 2j(x‘2+x—2 ,x2+xj *

S
(x— 1)(x+2) 2 x(x+1) 6\x-1 x+2 X x+1
=—1 ST R S e |

|x+2| |x+ﬂ

Vi dy 2. Tim céac nguyén ham sau :

4 2x-3
a) {(———————dx ; b) |————dx;
) IX4_7X2~+6 ) j3x2—2x-1
. 4 :
C —dx ; o d ————-—————dx.
)'[XG——X 3.2 . )I x4 -5x2 +4

21



Gidi

4 4 4 1 1 |
a —_—dx = dx =— - dx
)‘[x4—7x2+6 I(x2—l)(.x2—6) 5"(){_2-—‘6 x2-1) :

,i 1
"J(x f)(x+«/")dx_' I<x—1)<‘x+1)dX
j( } _2 _l;_;l_)dx
T 576 Nx—6 X+J_ x-1 x+1
n[x=8|_2
5[ |x+\/—|

2x -3 6x —2— 7 4 6x —2
b) 22 dx=— -2 o 9x
' )j3x2 2x-1 stz 2x — 1 jst 2X — 1 3I3x2—2x—1

2 _ 9y _1}!
=_1_I(3x 2x-1) d 7 dx
3

——1 +C

x+1

2 v
3x% -2x -1 3 3(x—1)(x+—§)

2 _ v :
___lj-(3x 2% — -1 x———7— 3 L1 dx
37 3x2-2x-1 9 47 x-1 1

~In[3x2 -2x-1|——1In

Il

~In}3x2 -2x-1|——1In|=

c) Cach 1 :

: 5 <5 5 5)
I———~—————————6 X3 ‘dx=j X dx——-l ;( ——-—————;( dx
x6—x3-2 B +DE3-2) 30 x3-2 x3+1
1¢ x5
- dx =A-B
Ix3+1

1l
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Tinh A :
3 dtl=3x2dx:>xzdx=-(1'E
bat: t=x"-2= 3
x3‘=t+2

5 .
:)A:lj X dx:..l_j(t+2.)dt=_1. (1+_2_)dt
39x3-2 37 3t 9 it

=-;—(t+2lp|t‘)+C=-;—(x3 —2+21nlx3 “2’)+C,
Tinh B : |

| dt= 3xzdx:>x7‘dx~~dt
bat: t= 3 +1= 3

x3=t—1 ‘ : o ,
o oL e(t- l)dt _1 1
=B= jx +1 - j : J( ,t)dt
>=—;—(t—1n|t|)+C=—l-r(x3+1—1n|x3+1|)+C
Suyra: [ = 20242 -2)) 5[ +1-mfed ) e
, x6—x3 -
=%ln(’x3+1l.(x3~—2)2)+c
Cach 2 :
x3 x2
J‘x6—x3-— - I(x3 _}_52 '__9_dx |
4
: x?‘(lxzfl—E
Deflt:t=x3~-1—:>dt=3x2d§(:> 3
2 x’3=t+%
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| 1
3.2 (t+—)dt
:I—x")'(_—‘“d)(:—l- 2 :-}-J‘ t dt+zj______.._1.____dt
wolp 9 3T 9 370 9 3702t-3)(2t+3)
2’ 4 4 4

'=-1-j 2t dt+lj(—l——— 1 )dt
602 9 9l\2t3 243
4

Ll o8y L3,
6 4] 18 [2t+3

3_
'—--—1—1n|x6—x3—2|+—1—1nX 2+C
2 18 |x3+1

4 4 4 4

X X 1 X X

d) dx = dx =— —— dx
) e I<>«r~_2—1)(x2—4) 3j(x2,-4 xz—lj

=lj.|:(x2+4+ 16 j—-(x2+l+' ! de
-3 x2 -4 x2 -1
=——j(3—~ + 16 )dx’

-1 x2-4

-1 [3ax—= J'————l———~—~dx+l j__Jf_dx
3 3 (x-1)(x+1) 37(x-2)(x+2)

L
x-1 x+1 3NAx-2 x+2 ‘

-x__mlx | 4 k-2,
|x+1| lx+2|

Vi du 3.

| 1

a) Cho f(x) = ———— . Tinh {f(x dx.

),()(1)()(2) [f(x)

b) Cho f(x) = | Tinh jf(x)dx

x+1)(x-1)2
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. Gidi
a) Cach 1 :
f(x) = — 1 =1(1_1)= 11
x(x—fl)(x—Q) x\x-2 x-1) x(x-2) x(xfl)

_1( 1 __1_)_(__1__1 Jror v i
20x=2 x) {x-1 x) 2'x-2 x-1 2'x

- jf(x)dx=-;-1n1x.~z|_m|x_1|+%1n|x|+c=%1n|x(x_z>|_1n|x_1|+c

Céch 2 : (dung phuong phap ddng nhét thirc)
1 A B C
+

f(x)_x(x-—'l)(x—-Z)::x x—1 x-2
_AGx-D(x-2) +Bx(x—2) +Cx(x=1)

x(x —1)(x—2)
_(A+B+O)x?-(3A+2B+C)x+2A
' x(x-1)(x-2)
Nhu vay voi moi x € R\{0, 1, 2}, ta phai c6 hé sau :
. ’A_l
A+B+C=0 D)
3A+2B+C=0<{B=-1
2A =1 C=_1_
| 2
11 1 1 1
Vay f(x) === ———+—.
EO= T e |
= 'J'f(x)dx#—12—1n|x|-—1n|x—1l,+-;—1n|x—2|+C=%1n|x(x—-2)|-—1n|x~1|+C
b) Cach I : |

1 11 (1 1y
f(*)~(,x'+1)(x—1)‘2f2}(—1(7{-—1 : x+1)'

I S S 11 __1_(-1___.1__)

T2 x-D2 2 (x-Dx+D)  27(x-1? 4 x-1 x+1




?

;>jf(x)dx=—%. S|

+C
x—1 |x+1l

Cdch 2 : (ding phuong phap ddng nhét thic)
1 _ A  Bx+C_ A(x ~1)2 +(Bx+C)(x+1)
(x +1)(x—1)2 x+1 (x-1)2  (x+1)(x-1)2

f(x)=

(A+B)x +(B+C-2A)x+(A+C)
(x+1)(x ~1)2

Nhu viy véi moi x e ]R\{—l, 1}, ta phai c6 hé sau :

| (a-1

A+B=0 4
—2A+B+C=O<::><B=~—i—

A+C=1 ]

C==

4

1 1 x-3 1 1 1(x=-D=2
fx)= = _L )2
4 x+1 4 (x-1)* 4 x+1 4 (x-=1)

1 I 1 1

1
- — + - +C
4 x+1 4'x-1 2'(x-1)2

X
:jf(x)dx__zll +1’ 2 x-1

DANG 4. Nguyén ham cic ham ciin thire

1. PHUONG PHAP |
© Mot s6 luu y khi tinh nguyén ham c6 chita ddu cin nhu sau :

— Duing cong thirc bién déi cin : Yu™ =un (u>0)
— Khir déu biing bing cach nhan luong lién hop
- — Thuong d6i bién : dat t="3u(x) = t" = u(x) = n.t"ldt = u'(x)dx

u 13 ham s6 theo x Tru't‘mghop'ddc bié‘t'u=ax+b:
du , ,
° ITJZZJGJ“C ux)>0 |, _[ '_“-ax+b =;2\/ax+b+C
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2. ViDU

Tim nguyén ham cac ham s0 sau :

dx ‘1' . dx
én khoang | ~ ; +o0 | ; b) [—;
? j,\/3x,+1+\[3x-1 trén hodng (3 ’+°°j’ );Ixxll'+x3
X xdx
c) dx; ‘ d) |————=
'[\/1+«/; | | I (1+x2)3

Gidi

dx 1 i
a)‘J‘\/3X+1+\/3x_1-—2_‘-(\/3x+1 3x l)dx |
| 1 1
=.;. Ii:(3x+1)5—-(3x—l).2—}dx
=-19-[\/(3x +1)3 —\/(3>;—1)3}+c

. x2dx.
b)
J‘xx/1+x 3\/1+x

o,
- | 2tdt =3x2dx = x2dx == tdt
. Pat t=v1+x3 :>t2=1+x3:> ‘ 3

x3=t2-1
Y S A —— (__L___‘l__)dt
J1+%3 3 (t2 ~Dt 3=+ 3t-1 t+1
_ 3_
=—1-mt,—1+c=11n—1-i*x——1+c
30t+1l 3 (143 41
c) bit : t=\/1+«/;:>t2=1+«/;
2tdt—- ~1)dt
J_ t21
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:}Im X =

2 2 2
d —j(t ) ;“(t : 1)dt=4j(t24~1)3dt

4j(t6—3t4+3t2 1)d 4t7—%t5+4t3 4t+C

| -=%,/1+\/— ——\/1+\/‘ +4 1+J—) —4 1+J§+c'

d xdx d
) I\/<1+X2)3 I(1+x2) NEhe
Dat:tr 1+x2 = dt:\/1+x2 o
t2 =1+x2
' a1 1
—~+C=- C
:>I (1+x2)3 jtz t+ \/1+x2+'

DANG 5. Nguyén ham cac ham s6 hrong gidc

1. PHUGNG PHAP

u la ham so theo x

* Trudng hep dic biét : u=ax + b (a = 0)

o ~fcovsudu =sinu+C

o _‘-cos(ax +b)dx = lsin(ax + b) +C
a

. jsinudu =-—cosu+C

. j sin(ax +b)dx = ——l—cos(ax + b)‘+ C
a

du= J-(1+tan u)du
cos? u

o fem

=tanu+C

° jmdx = _[[I+tan2(ax+b)]dx

=—1—tan(ax+b)+C
. a ) '

° I du= j.(l + cot? u)du

sin?y
=—cotu+C

1 ‘ ,
—————dx = |[1+cot?(ax +b)]dx
¢ J'sinz(ax+b) ‘[[ ( , )

= ——1—cot(ax +b)+C
a
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e Tinh jf(x)dx véi

F(x) = as1nx+[3cosx u(x)

, (a2+B2¢O,a2+b2¢0)
asinx +bcosx v(x) , :

Av(x)+B.v'(x)
v(x)

A(a sinx +bcosx)+ B(a COSX — bsm X)

Bién d6i : f(x)=

asinx +bcosx
_(aA-bB)sinx + (Ab+aB)cosx
asinx+bcosx

Dung phuong phap dbng nhit thirc
(aA —bB)sinx + (Ab +aB)cosx = asinx +Bcosx, VxeDy

aA-bB=a .
= suy ra A va B.
{Ab+aB=B
Suyra:
jf_(x)dx=jA'V(X)+BV(x)d jAdx+Bj )dx Ax+Bln|v(x)|+c

v(x)
Nhiic lgi mt s6 cong thuc lu’o’ng gidc thuong gap
s sin2a = 2sina.cosa ‘

° cos2a=cos? a—sinZa =2cos?a—1 =1—2sin_2a

sina =

1+t2

a 1-t2

e t=tan— = qcosa= 5

2 ‘ 1+t

‘ 2t

tana = 5

L 1-t
‘ 3cosa+cos3a
e cos3a= 4cos’a—3cosa ; cos3a=—————4————-——
e . . ‘ . 33ina—sin3a
o sin3a= 3sina—4sin®a ; sm3a=————-—4————-—'———

e cosa.cosb = %[cos(a - b) + cos(a+b)]

29



2. ViDU

e sina.sinb =é—[c0s(a -b)- cos(‘a +b)]

e sina.cosb = %[sin(a —b) +sin(a+b)]

Vidul. Tinh cdc ho nguyén ham sau :

a)J' ;o b) J-sin"' X.cos> xdx ;
cos® x —sin*x ’ : o

c)‘ IV 1+ cos? x.sin 2xdx ; d) j éos5 xdx.

Gidi

“‘I __I cos2x dx
CoS2x 1-sin? 2x

a)J. =j'

COS X - Sll’l X COS X~ Sll’l X

bit: t= sig2x = dt =2 cos 2xdx = cos 2xdx =512—t '

o2 g Lpdt 1 1 I(_L_L)dt
1~sin22x 291-t2  27@-D@+D)  4t-1 t+1

1 +C_____l_ansm2x—1

=—=ln|—= = -
4 4 Isin2x+1

b) Pt : t = sinx = dt = cosx.dx

+C

t+1

= [sin? x.cos3 xdx = Isin“ x.(1—sin? x).cosx;dx = J't4 (1-t2)dt

o S
= fot -ty =S bpo S dnx

c) Pat: t=v1+cos? x = t2 =1+ cos? x = 2tdt = —sin 2xdx = sin 2xdx = ~2tdt ‘
sl
= \/1+coszx.sin2xdx=-—2ft2dt=—-§—’t3+C=—§ (1+cos2x) +C

d) bit : t = sinx = dt = cosx.dx
= Icos5 xdx = I(l —sin2 x)?.cos x.dx = J.(l ~t2)2dt = .[(l —2t2 +t%)dt

‘=‘t—i2-t3 +—1—t5 +C =sinx——2—sin3 x+lsin5 x+C
-3 5 3 5
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Vidu 2. Tivnh‘ cac ho nguyén ham sau :

1
a) |—dx; b c) |————
sinX ) J.sm x‘ ) J‘sin4xcosx
d) ‘[tan“ xdx ; - €) Itan xdx ; f) j.tans xdx.
Gidi
a) Cach 1 : 4 ;
[ = = [ ——ax
S x - 2sin—.cos— 2tan—.cosZ =
2 2 2
d(tan—)-z(—) .
= j—————;—zln tan—‘)—(— +C
tan— -2
2
Cach 2
1 s1n2——+cos?~—}i —)-(- ' 1 cos—
[——dx= | 2X 2dx——_[ 2d = | )%dx
Smx Zsm— cos— cos—— 2 sin—
2 2 2
d(cds—’i) d(sin}—)
=—j 2 +j; 2
‘ X . X
CcoS— sin—
2 2
= —Inlcos |+ Inlsin =+ C =In tan~+C ..
: 2 2 2
Céch 3 :
I - dx: J’_._Sl.l.:l_x___dx
sinx 1-cos? x
Dat:t=cosx:>dt=—sinx dx
:>j ,1 dx = I 5 j (—1————1—-]dt
sin’x t2-1 J(t- l)(t+1) 2 t—1 t+1)
=lln—t-:l +,C=lln C(,,)SX~1 +C=—1—ln tan? = +C Inftan >
2 jt+l1 2 cos’x+1 2 2

dx ;

+C
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32

b) dx = I(l +cot? x)2. dx = ——I(l +200t2 X + cot* x)d(cotx)
sin® . sin2x
w23 L .5
=—cotx—-§cot Xx——cot’x+C
c) f dx = I oS X dx

sin® x cos x sin? x(1 —sin? X)

bit : t = sinx = dt = cosxdx

| 1 dt 11 111
= dx = = || = =——|dt=—[+| =———|dt
Isin4xcosx J’-t“(l—tz) '[(tz tz(t2-~l)) tz(tz -1 tz)

1 1
.___Imduj dt=— ﬁ-—dtfj dt+ -t-4-dt

Sl D g (Laes (Lar
( t+1) I t4

Jt-1 1 1
=—=Inl—y|-————+
t+1] t 363
=“__l_lnsmx 1| 1 +C
2 smx+1| sinx  3sin’ x

d) jtan‘4 xdx = I(pan“ x—-1).dx+ J'dx = I(tan x —1)(tan? x + l)dx + J.dx

= .f(tanz x —1)d(tan X)+ J‘dx = tar;3 X —tanx + Xj—C
€) j'tan6 xdx = I(tanﬁ X+ l)dx - Idx
= I(tanz x+1)(tan4 X —tan2 x+1)dx—- .[dx
= f(tan“ X —tan? x+l)d(tan X)) - J‘dx

_ tan5 X _tén3 X

+tanx—-x+C
5 )
5 sin® x sin*x . .
) Itan xdx = j 5 dx = j s —sin xdx
cos® x cos” X ,

Dit : t = cosx = dt = — sinxdx



| L2 g
= [tan3 xdx:—jﬂ—tts——)_—dw—jl—%t—ﬁ—dt:— tisdt+2 —-—dt—-j—dt
1 1 1 1
;m-——§——ln|t|+C=4cos4x—c.oszx—ln|cosx|+C

Vi du 3. Tinh cac ho nguyén ham sau :

‘ a)f dx bdk; | b) j dx ;
’ \/-3_cosx—sinx‘ 4sinx+3cosx—5

d) _[ : dx.
3cos x+s1n x+4smxcosx

.cos(x+£)dx
J' 6
1—sin2 (X+E)
- 6

c) J.
sin? x —5sin x.cosx

Gidi

a) J' X : dX=*1—I dAX ) =_1_
\/gcosx—.smx . 2 cos(x+£) 2
_ - 5

bit : t:sin(x +§J =>dt= cos(x +-g—)dx

dx 1 ¢ dt 1 1 1
dx=—-—|—=— || ————|dt
'jﬁcosx~sinx 2".t2—-1 4'[(t—1 t+1)

. T
sin| x+—|-1]
( ‘GJ

—-—i—ln—t—i+c=——l—ln +C
H,l sin-(x+£]+1
' 6
dt=—;—(l+tan2—)2£]dx:'>dx=12it2
b) Dit t = tan > = ' T
2 1-t2
sinx = , COsSX=
+12 1+12
dx 1 2dt
= |— = ;
j4sinx+3cosx—5 I 2t 1-t2 (1+1t2)
4 +3—— -5
‘ 1+t2 1+t

33
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=] dt 1 1 1.1
412 —4t +1 t-D2  22t-1 2’

c) dx
J‘smzx 5sinx.cos x J‘cos x(tan X —Stan x)
bit: t=tanx = dt= dx
cos? x
= = —=
' J-sm?‘x 5sinx.cosx J't2 5t SI(t—-S tJ
=—1-ln-——--——t > C=—1-1n tanx —> +C
5 t tan x -
1 I
d) dx = ' dx
: J.3 cos? x +sin? x +4sin x.cos x jcosz‘ x'(3 +tan? x + 4 tan x)
=J- d(tanx) :l_[( L )d(tanvx)
(tanx +1)(tanx+3) 2 -\tanx+1 tanx+3
=l " tan x +1 +C
2 |tanx+3
Vi d'u4 Tim nguyenham de
sin X +2cos X
Gidi

34

Dung phuong phap ddng nhét thirc ta 6 :,
J- sinXx —cosx . _ J-A(sm X +2cosx)+ B(cosx —2sin x) dx

sin X +2cosx sin X +2Cos X
_,J-(A—ZB)sin x,+(2A+B)cosde
sin X +2cosx
Ddng nhit hé s : (A—2B)sinx +(2A +B)cosx = sinx —cos X
, 1
- [(A-2B=1" A"“E
= =S

2A+B=-1 3
B=*—'—5‘

3B G.TOAN 12-TPNH



J-sinx—-c_osx s1nx+2cosxd (smx+2cosx
e

X

sin X +2cos X sinXx +2cosx sinx +2cos x

;—%x—%ln|sinx+2cos x|+C

G vén dé 2
Phwong phap nguyén ham ting phén

"Tacd: !udv =uv - J-vdﬁ

DANG 1. Tim nguyén ham : [P(x).InQ(x)dx

1. PHUONG PHAP

o Pit {u =InQ(x) - {du =?
dv =P(x)dx v="2

° IP(X).an(X)dx =uv-— Ivdu

2. Vi DU
V4 dy. Tinh :

o )
a) Ilnz xdx ; b) J'x.ln(1+x2)dx; ) Ilg%—z—jdx;

C ' , ' ,/ 2
)I X.Inx 9 j-ln(sinx)dx. . ) Jxln(x+ T+x )dx
(x2 +l)2 vsinzx ’ 1+x2

g‘za’l
—1n2 —n ‘ :
. a)bit: u=in X du=2 X dx :>Jln2xdx=x.‘ln2x—2jlnxdx
: dv=dx \

V=X

1
Tt: {u— nx du dx
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= jlnz xdx = x.In? x—-2[xlnx— _fdxilr-x.lnz x—2xlnx+2x+C

14 x2 du=12X2dx
by Dt : u=In(1+x*) +X
dv =xdx 1+x2
: ‘ V=
2
o 1+x2 v 1+x2 | x2
= |x.In(1+x%)dx = In(1+x2)— [xdx =——In(1+x%)—=—+C
Ixn({X)x 5 n( X)I > n( X)‘Z
‘ ’ 2x ‘ .
u=In(x*-1) du= 5 dx
¢) Dt : ) = x“ -1
dv=_—2dx ' v=——1—
X X
In(x2-1) . 1, 1
= J‘de—’-;ln(x ""1)+2IX2 __1dx

:-_’--’l—lq(xz )+ ——1————1——)dx
X

X_‘,]- x+1
X x+1
u:lnx »du:—l—dx
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- 15.

X ; - 10
x+1-1)2 ,
‘ 2x . ' 1
1. [——dx; 12. jwdx;
eX +3 , | x(1+x) :
el 1 | dx
13. |——=sin—cos—dx; 4. |—————
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=sinx —cosx +C

dx = f(l +tan? x)d(tan X)
cos?x

1
= tanx+—3—tan3 x+C

I g dx—.‘.(1+tan x)2 dx

cos® x cos“ X
=\J‘(1+2tan2x+tan4x)d(tanx):tanx+'—§-tan3x+étan5x+c

j dx =_[ d?‘ =—cot=+C

’1—-cosx 2

JCOS X —sin x
1+sin 2x

J.[( 1+ smx

2sin? —)i
2

. J.(tanx + 1)2dx = I(tanz X +1+2tan x)dx

—I dx ZId(COSX) tanx-—Zlnlcosx|+C

cos? x cosX
sinx+cosx)' | - 1

dx —j( )2 dx=—————+C
(sin x +cos x) SIn X + cos X

1 + c:osx)2 }dx = I(3 +2sinx + 2 cos x)dx

=3x-2cosx+2sinx+C




23. j[sin4—2—+cos4 —Z—de = I(l—Zsinzg-coszg-de
- j(l—-—l-sin‘2 x}dx = I(l»——l—:g)i%}—)dx
2 ; 4
= I(§—+—l—lcos2x)dx =§—.x+lsin 2x+C
4 4 4 8 :

24. j'(4?(_3'7X).2de‘= J'(g 3 14X)d =—1-§(§-311n4lx4

j(\/_ J_) j{x ‘11+x 2}dx=—\/_+2\/;+c

§2. MOT SO PHUONG PHAP TiM NGUYEN HAM

+C

- - |dt=dx
1. Pat: t=2+x>
, ) x=t=2

N jx(2+x)12dx= j(t—z).tudt: j(t13 —2t12)dt

_Lpa 23 +c—— (2+x)14 (2+x‘)13 +C

14 13
1
—x2 2
2 j41 X2 dx=——j X dx
X x% +1 X2+-1—-—1
2
X

1-x

— ‘ 1 L
| = Ix4‘--x2,+1dx j1[2—3dt I(t~\/§)(t+\/§)‘t

t— «/—

——-1

_2\1/5 I(t_lx/?”_ t:ﬁ)dt =35




46

1 ' |x —x\/_-i—l
=——=In|—2% +C= +C
243 1 ZJ_ |x +x+/3 +1
X
< N 11040 10,0 _ dt
Dat:t=x +l=dt=11x"dx = x "dx= —
‘ : %, ) .
' | ' 13 11 1)13
:_"xw"(x“+1)12dx=}—ft12dt= LIS CShd)) +C
. 117 - 11.13 143
X3 - x2 ,
Dat: t=—-1 = dt =——dt = x2dt = 6dt
18 6
5 3 6
= [x2 ——-1 Jdx= [tS6dt=t0+C=| —~1| +C
18
J. x4 -3 ‘ I (x*-3)x3
x(x8 +3x4+2) x*(x8+3x%+2)
-Dét:t=x4:>dt=4x3dx
. |
X" -3 t-3 1 t—-3
= |— 3 = f 2( Lt - I ——=dt ™
x(x° +3x +2) t(t +3t+2) 4 Ct(t+1)(t+2) ‘
Duing phuong phép ddng nhét thirc:
t-3 _A B . C _(A+B+O)t2 +BA+2B+C)t+2A
tt+D(t+2) t t+1 t+2 O t(t+D)(t+2)
(
‘ 3
A+B+C=0 |A773
‘ t-3 3 4
=43A+2B+C=1<{B=4 =»>———=—" (**)
: t(t+1D(t+2) 2t t+1 2(t+2)
2A=-3 5 :
‘ C:_E

4 |
*), (**)3‘[ x'-3 dle __3;+_4___ > dt
x(x¥3+3x*+2) 470 2t t+1 2(t+2)

= —31n|t|+1n}t+1|--5-1n|t+2]+c = —31n1x4|"+ In|x* +1| x4 +2|+c
8 8 8 8



6. Dat:t=x-1=dt=dx

:»j( dx-j”ldt—j( )dt—l |t|—-+c_1n1x 1|———-—+c
X —
5 4 dt=4x3dx€.:>x3dx=—éE
7. bat: t=1+x"= : 4
x4 =t-1
x7 t—1, 11 1
X _dx dt=— | 2=
:>'[(l+x4)2 I4t2 t‘ 4-[(t t2]dt
| =—ln|t|+—1—+C=‘—lnll+‘x4|+ : +C
4 a4 C4(1+xty
8 I x3dx '___J' x2 xdx |
,(x2~+1)3\/x2+1 (x2+1)3 yx2 41
, | d;= X dx
- Pat:t= x2+1= Wx?+1
t2=x2+1:?x2;t2—1
' - x3dx t2 -1 ( )
= dt= [ -——|at
'[(x2+1)3\/x2+1 I '.- )
‘=1n|t|+—-l—~+C-—-vln\/x2+l+ L
2t2 1 2x2+0)

x+1=(t+D)2 = dx=2(t+1dt

9. Pit: t=\/x4—1—1:>{

Vx+l=t+l
[x+1 | 2 2
I 1 dx j‘2(t+1) dt_ j‘t +2t+ld |
Wx+1 -1 t2

—2_[(1+ +t2)dt-2t+4ln| |——~+C

=2(J§ﬁ—1)+41n|\/m,‘—i|~%+'c

47



10.

11.

12.

13.

14.

Pit:t=x>+1 ::>.dt=3x2dx:>x2dt=

= szex +1d I t— %e(x3+1)+c
- dt =eX d
Diit: t=3+¢% = o
e* =t—3
IZXdX Ie dx I(t 3)dt . I(I“J di
3+eX 3+e
=t-3In|t|+C=3+e* -3In(3+e*)+C
Dé»tft=ln(l+x)—1'nx:>dt=(ll ——l-jdx=— (ldx )
‘ : +X X X1+ X
2
jln(”x) InX jx = jtdt:--t-—+c.. —[In(14 x)~Inx]+C
x(1+x) 2
5 1 1
bit : t=——:>dt=——§-dx
- X X

= -“—}— sin—l-cos—l—dx =—{sint.cos t.dt = —‘—1— .fsin 2tdt = lcos 2t+C
2 X X ‘ 2 4

=—1—cos—2—+C
"

j J- cos xdx

sin*xcosx ’sin? x(1 —sin? x)

bit : t = sinx = dt = cosxdx

| = fsin"’xcosx - ‘[t“(l—tz) ,

- 48

t+1f 1 1
=—Ih|—|—=——4+C ket ud Vi du 2¢, Dang 5
o T ey (kétq g5)
'=—1¥lh anx+1!_ '1 L 1 +C
2 smx—ll sinx  3sin3 x



dt = —2sin x cos xdx

lcosZx =t—1

; 3
sinxcos°x .1 p(t=1dt 1 1

15. Pit: t=1+cos? x ::>{

1+cos~ x

=—lt+lln|t]+C =—l(l+'cos2 x)+—1—1n|l+cos2 x|+C
2 2 2

16. J-sm Xdx—J-tan x(1+tan? x) dx
cos® cos® X
bit: t=tanx = dt=———dx
- cos“ X ‘
‘jsm Xd It2(1+t2)dt I(t2+t4)dt—£+t5+c
cos® 35
5
. , =tan x+‘tan X+C
3 5 ,
sin xdx sin xdx .
R =l =]

sin X\/l +cosx  “sin 2xJ1+cosx 7 (1—cos? X)V1+ cos x

2tdt = —sin xdx

cosx =t2 -1 ‘

Dat t—\/1+cosx = t2 —1+cosx:>{

dx . 2tdt _ dt
- J-sinx\/l+cosx - J‘[l—(tz——l)z]t 2jt?‘(tz -2)

1 1, dt dt
- I(E“?]dt B J(t—\/i)(wx/i)_ Ja

_[( ) dt
2\/— t—/2 t+\/—
t \/_ l\/1+cosx «/_l 1 +C
2\/— t+3/__ 2\/_ |\/1+cosx +\/—| \/1+cosx
18. batt= 1+ COSX = dt — sinxdx = Iﬂlnx ln(l + cosx =— _‘-ln tdt

4A G.TOAN12-TPNH

49



19.

. u=Int duzldt
bat . =1 t
1dv =dt
v=t
= sinx.l'n(1'+con)dx=—[tlnt——Idt]=—tlnt+t+C |

, =(1+cos'x){:1—1n(l+cosx)]+C ,
Jx.sinx,coszxdx = 1 .[x sin x(1+ cos2x)dx = 1 Ix sin xdx + 1 Ix sin x cos 2xdx.
. 2 2 2
1 L, o Lo 1 .
=— J'x sin xdx +— jx(sm 3x —sinx)dx =— jx sin xdx +— Jx sin 3xdx
2 47 4 47 _

o {u-“—X {du*-:dx
Dgt: =

dv =sin xdx VvV =—COS X

:>}— Ixsin xdx =l[——x cosSX + Icosxdx] =—lxcosx +lsinx+C
4 : 4 : 4 4

‘ | du =dx
u=x
Bat:{ = 1

20.

50

dv =sin3xdx |v=—=cos3x

= l jx sin 3xdx =~1— —X cos3x +—1- IcosBxdx =——1—xcos3x.+-1——sin 3x+C
4 4| 3 4 36

TR =TT Ix3exdx = eXx3 ~—3J'xzexdx
|dv=eXdx v =eX : ’
" u=x2 du = 2xdx
bat : A = ‘ ,
dv = e*dx v=eX ° , -

:>‘ J-x3exdx =e¥x3 — B[exx2 ;2 Ixexdx] = e 3:3 —3eXx2 +6 Ixef‘dx

u=x . fdu=dx
bat : =
dv=eX*dx |v=¢*
= fx3exdx = eXx3 —3eXx? +6[xeX - J‘exdx1
= e¥x3 —3e*x2 + 6xe* —6e* +C

4B G.TOAN 12 - TPNH



9 | du =2xdx
21. Pit : {“‘X
§

dv = cos 2xdx V= é-‘sin 2x

= Ixz cos 2xdx =?12—x2 sin2x — Ix sin2xdx |

- U=x du=dx
Dit : i = 1
dv =sin 2xdx V=—ECOS2X

= 'fxz cos2xdx = —;—xz sih 2X — [—% X COS 2X +% cos 2xdx}

,‘,=—1-x2sin2x+—1—xc052x.———1—sin2x+C
2 2 4
du=—1—dx‘ '
22. Pit {uzlnx SO
.Dit: ; 3
, dv=«/;dx =
V=.§. 2= % %%

:>Ixf—lnxdx=—x\/_1nx——I\/—dx——x\/_lnx———x«/;+c |

7 du = —dx
u=In2x N 2x
23. bat : = ‘
dv = x2dx x3
VeI

! - 3 1
= J'xz In(2x)dx = i'{3——ln(2x) —é szdx = %——1n(2x) BT x3+C

' B _cos(lnx)
24. Dit {u’sm(mx) o dus—
- dv=dx ‘

= Isih(lnx)dx =’xéin(1n x)- Icos(lnx)dx

: 1 in(lnx) .
bt {“:COS(IHX) an=-S2llnx) o

=> X
dv=dx
. v=Xx

51



:? J.sih(lnx)dx ='xsin(1n x)%l:x cos(Inx)+ Isin(lm%)dkil

. 1r . |
| = ISln(lnx)dx = E[X 31n(ln x)— xcos(ln x)] +C

u=In(x+1) . du=—"dx
: = x+1
dv=(Qx+Ddx )

ZS.Dét-:{
V=X“+X

= [@x+1).In(x+1)dx = (x2 + x)In(x +1) - [xdx

. 2
= (x2 +x)ln(x+l)~2(-2——+C

) u =In(In x) du = 1 dx
26. bat : 1 = xlnx .
dv=—dx ‘
X v=Inx

In(In x)
=

dx =Inx.In(ln x)¥ jldx =Inx.In(Inx)+Inx+C
X
) du=2ln(x+1)
u=In“(x+1) x+1
=

dv = xdx ~x2~1
2

dx

27.Dat: {

In2(x+1) - j(x ~1)In(x +1)dx

= Jx.lnz(x+l)dx X

" |du= dx
' =In(x+1) - ‘
Dét:{u n(x+1) S : x+1 '
Cdv=(x-1)dx v_x2—2x;-3_(x+1)(x-3)
2 2

2
= [xIn?(x+1)dx == 2“1'.1n2(x+1)—-12-[(x+1)(x»—3)1n(x+1)~J’(x—3)dx} |

2 _ _
=’j“2 1.1n2(,x+1)——;j(x+1)(x—3)ln(x+1)—{-%x2—~3x+C

52



28. [(1-1nx)* dx = [(Inx~1)* x

lnx——ldx

— '_ 2 =
f)‘ét:{u—(lnx ) - du=2 X

1dv=dx v=x

= I(lnx-l)z dx = x(lnx—l)2 —ZI(Inx —1)dx

" {uzlnx—l : du=—1—-dx
bat : = X

v=X

dv=dx
= J-(lnx —-’1)2 dx = x.(ln’x_—l)2 —2[x(1nx -- J‘dx]

= x(Inx —1)* =2x(In x ~1) + 2x +C

(v =In(cos x) ~ sinx

| | du=—2% gx = _tan xd
29.bat: ¢ 1 = " COS X * an R
dv= dx o
cos? x v =tanx
= J-ln(qozs ?() dx =tanx In(cos x) + vJ.tanz‘xdx
COS“ X’
= tan x In(cos x) + I(l+tan2 x)dx—j-dx
=tanxIn(cosx)+tanx —x+C
u=lnvx du=—dx
30. bat : 4 1 d =q  2x
: V—-j—-; X V=2\/;

jh"/—dx 2% In/x — IJ_dx 2\/—ln\/_ 2«/;?+c
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§1. DINH NGHIA TiCH PHAN
VA TINH CHAT CUA TiCH PHAN

A. Tt’JMTAT GIAD KHOA

I. KHAI NIEM TiCH PHAN

II.

Dinh nghia
Cho ham s6 flién tuc trén K via, b € K.
Néu F 12 m6t nguyén ham cia f trén K thi hiéu sb F(b) — F(a) dugc goi 1a tich

phén ciia ftir a dén b va ki hleu Lbf (x)dx

b .
f f(x)dx =F(x)| =F(b)—F(a) (Céng thirc Newton — Leibniz)
. F(a,

E F(x)dx = f f(t)dt= [ f)du ... = F() é—‘F(a)

CAC TINH CHAT CUA TiCH PHAN

Gid strcacham s0 f, glién tuc trén K va a, b, ¢ € K. Khi do ta co :

1) J:f(x)dx =0
2) f f(x)dx = — E f(x)dx

3) f fedx + [[EGo)dx= J:f(x)dx

4) f [£(x) £ g(x)]dx = f f(x)dx + [: g(x)dx
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B. PHUONG PHAP GIAI TDAN

L vén dé 1
Tinh tich phan bang cong thirc Newton — Leibniz

1. PHUONG PHAP

Dung cong thirc Newton — Leibniz f f (x)dx F(x)] =F(b)~F(a)

2. Vi DU
Tinh c4c tich phén sau :

32x3—x2+2x%1
a) J;

Qe b3

4 dx ; b) tan2 xdx ;
x2
r
2 eX , ‘ ) 8 v
C) I dx; d) j(sin6x+0036 x)dx ;
1e"+1 A 0 : ’ V
€
L rsin(ln x) o o ~ dx
¢ -dx; : -—
) 1'“ X : f 6[\/X+9'7\/;
| Gidi |
32x3 —x +2x+1 2 1 '
a)l= dx = 2x —1+—+— |dx
) ,[l 2 e .ﬁ( X ij
' B
=(x2—x+2lnx-—1—) =@+21 3
X ) 3.
r r r -
4 4 4. r - -
Itan 'xdx = I(tanz x+1)dx— Idx:tanxlg ——4—.:}72
0 0 0
e2 41
c)j jd(e Do nfe +1" Nk
e"+1 eX+1 e+1.



r r _’E
8 ‘ 8 3
d) J(sm6 X + cos® x)dx = j(l —3sin? x.cos x)dx = I(l —Zsm2 2x)dx
0 0 .0

. . —E :
3 8
{1——-(1 cos4x] I( += cos4x)
8
]
T

857c3

(5 3.8
=| —X +—sin4x
8 32

o~_...,oo |a

o 04 32 |
e'sin(ln X)
€) j

. dx; jsin(mx).d(ln x)=—cos(1ﬁ X)|] =—cos1+1
1 1

X+9+\/— 12
fr; 7" f( : "73‘(“’””3 J“)

G Van dé 2

Tich phén ¢6 chira dfu trj tuyét dbi

| b |
Tinh tich phan : 1= [|f(x)|dx
o
1. PHUONG PHAP

Xét ddu biéu thirc f(x) trén doan [a ; b] rdi mé déu tn tuyet dbi ctia f(x). Néu
f(x) c6 dbi dau tren doan [a ; b] tai nghiém ce(a; b) thita ding tinh chit sau :

ij(x)dx - [+ j:’ £(x)dx
2. Vi DU |
Tmh céc tich phan sau :

2 5
a) _ﬂcosxldx; b) _ﬂl x[dx c) J‘|x+1|dx; d) ﬂxz
0

——5x+6ldx. ‘
-2 1
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' Gidi

T

7‘ 2 s n
a) ﬂcos x|dx = jcos x.dx — jcos x.dx =sinx|2 —sin xl?t =
-0 0 n 5
2
N 2 1 2 : 2 2
b) ﬂl—dex: J.(l——x)dx I(l x)dx_(x———} _.( ___2_
0 - 0 1

-1
©) j|x+1|dx=~j(x+1)dx+ J(x+1)dx—~(——+x} (% )
=2 , , -2

d) Sﬂxz 5% +6|dx =%[(x2 ~5x +6)dx —-}(xz —5x46)dx + sj( ~5x+6)dx

1 1 2 3
3 : 5
3 3 3
= —7(—-_—5—x2+6x X——§->(2'+6x + —)S—-—ix2+6x
3 2 : 3 2 3 2
2 3
5 11417
6 933
Y vén dé 3

Chimg minh bét ding thirc tich phin

1. PHUONG PHAP
Ap dung céc tinh chét sau :
- a). Néu ham s6 flién tuc trén [a; b] vaf(x)=0,Vx € [a; b] thi If (x)dx =0

a

b) Néu hai ham s6 fva g lién tuc trén [a ; b] va f(x) 2 g(x), Vx € [a; b] thi:

b - b v
© o [fx)dx = [g(x)dx
J EC

a

57



¢) Néu ham s6 f1ién tuc trén [a ; b] va m < f(x) <M, Vx & [a; b] thi:

b
m(b—a) < j f(x)dx < M(b —a)

a

2. ViDU
Chung minh céc bit déng thuc sau :

T : T -

2 v 2
a) Chimg minh  [sin 2xdx <2 [sinxdx ;

.0 0
2n
‘ 3
b) Chimg minh =< | ___..‘,12‘_..___<__
75 . 10+60cos?x 30
'3— .

Gidi

T

o 2
a) Vx e [O ; —Tﬂ , ta ¢0 : sin2x = 2sinxcosx < 2sinx = fsin‘2xdx <2
0

b) Vxe[ﬁggﬁ],tacé:
33}

‘ —%:Scosxﬁ%@ OScoszx’Si— = 10510+60¢os?‘x325

3 3 o 3
Sl L1 1 1]
25 10+60cos’x 10 25 : - 10+60cos?x 10
. 3 3 3
¥
2n
3 dx 0
=< J'_________<
75 n10+60cos x 30
: ,
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Bai 1. Tinh céc tich phén sau :

1.

11.

13,

15.

17.

1 ) 3 o

X, _ 2 .
6[(6 +x+1)qx’
o
J.(xz-e_zx)dx;
-2

) :
3 __1__2d .
1J"(\/§+\/;{—) X;

(sin X sin 2x sin 3x)d3( ;

1+lnxdx;

e 0 O 3

X

|3 eiola
l_
o
>

dx

TS Ty
sin? xcos?x -

ade—wila

sin® x

BN R L
c\h—l
o
>

C. BAI TAP

g
b >

‘ Lol
R N R i,
By
|
-

N
CLN
s

6. (cos5x.cos3x.sin2x ) dx ;

0

r

6
8. [ dx

o 1+sinx

-1
10. j—-——dx——3-;

" 210+3x%)
12. | ——dx;
T I x24x-2

T
4
14, [——dx;

16 J’ —dx;
‘ T
7

T
4 .

SinX —COSX .
[F=——dx;
0

sin X +cos X
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P
2

Cteemy |3 Pl Wiz

21.

23.

25.
27.

1 o
29. J-(Zx—l—lxbzdx ;

31.

33.

Bai 2. Chimg minh c4c bat déing thirc sau :

2 2 ‘
1. jexdx < Jexzdx;
1 1

60

= S— la

N
»~

Q

Q

©
(=N
kel

N

@,
=
tel

cos’ xdx ;

2
‘J“lxz—lldx;

3

J(pe+1]=fx 1) ax;

-3

-1

ejlm dx;

7 x

N

4

ﬂxz —2x~—3|dx';

0

Q| A

20.

22,

24,

26.

28.

30.

(=]

32.

34.

dx

(=N

J3 cos x —sin x

TC

Cotx .
j~—dx
~sin? x

3-2cot? x

dx;
cos“x

Ceemd H|Fe|a |3

N3

sinl0 xdx < jsinz xdx ;

0

cos x|v/sin xdx ;

dx;



. |
2 | | 11 |

3. l‘-szj-—-fl‘———sg-; 4 542 [(VxFT +4lT-x)dx <108;
0 ‘ o .

-7
1 , 1 |
5.2< IexdeSZG; ‘ - 6. J. 3+e7*dx<2;
-1 0
r
1
7 ES?V3+2sin2xdx$£@; 8 Esj dx 5—2-,
27 4 97 J84+x> 7
4 ,
12
9,2 4< exz_deSZez
0

§2. MOT SO PHUONG PHAP TINH TICH PHAN
A. TOM TAT GIAD KHOA

L. PHUONG PHAP DOI BIEN SO

b , u(b)
Taco: [flu()ui(x)dx = j f(u)du
a ‘ u(a) k

trong d6 ham sé u = u(x) c6 dao ham lién tuc trén K, ham s y = f(u) lién tuc
sao cho ham hop flu(x)] x4c dinh trén K vaa, b € K. '
Cé 2 quy tic doi bién so :

o Quy tiic dbi bién s6 loai 1
Tinh tich phan : 1 = Ef [u(x)].u'(x)dx talam nhu sau :

1. Dit t=u(x) = dt =w(x)dx
x=a=>t=u(@)=a

2. Pbi can :
{x=b3t=u(b)=[3
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3. Thay vao I, ta-dugcl= ff[u(x)]\.u'(x)dx = Ef(t)dt *)

4. Tinh tich phén (*) ta dugc tich phan cin tim.
e Quy tic dbi bién sé loé,ui 2 '

Tinh tich phén : 'I = E f(x)dx Vi f(x) 1a ham s lién tuc trén [a;b].

1. Dat x = u(t)
2. Tinh dx = w’(t)dt
X=a=>t=a

3.Déicén:
. x=b=>t=p

4. Thay vaol, ta duoc : 1 = Lbf(x)dx = _’Sf[u(t).u '(H)dt = Eg(t)dt
Tinh tich phén (*) ta dugc tich phan I cin tim.

II. PHUONG PHAP TiCH PHAN TUNG PHAN

Cho cac ham u, v c6 dao ham lién tuc trén K via, b € K. Ta c6 :

b o b '
_"u(x)v'(x)dx = [u(x).v(x)]|: ~ Iv(x)u '(x)dx

b '
~ Cong thirc trén con viét duéi dang : _[udv = [uv.]ls - jvdu ,
a a -’

B. PHUONG PHAP GIAI TOAN

*)

O vén dé 1
Phwong phap ddi bién loai 1

1. PHUONG PHAP
" e Tinh tich phan : I = f flu(x)].u'(x)dx ta lam nhu sau -
1. Pat t = u(x) = dt = v’(x)dx |

x=a=>t=u(d)=a

2. Dbi can :
ol can {x:b:>t=u(b)=[3
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3. Thay vao I, ta dugc I = Lbf[u(x) u'(x)dx = ﬁf(t)dt *)

4. Tinh tich phén (*) ta duorc két qua can tim.

Chi:  : Trong mét s truong hop viée tinh dt kha khoé khan ta c6 thé dung
“phuong phéap the” nhu sau : :

Tinh tich phan dang I = j:’ F(x)dx ta lam nhu sau :

1: Pt t = u(x). Tim x theo t rdi tinh dx theo dt.
2.Pdicin:x=a=t=u(a)= o '
x=b=>t=ub)=p

3. Thay vao ta duge [ = ﬁ g(t)dt (*)

4. Tinh tich phan (¥) ta dugc két qua cin tim.

2 VIDU
Tlnh cac thh phén sau :
. NE) 3
a)A Ix x2 +3dx ; ‘ b)B= J‘ 5 -dx ;
1 \[i‘X -1
1 \/Exz—l
c)C=.[x15 1+3x8dx ; ' - d)D= I 7 dx;
X7 +1
0 1
r r
' 2 3 . 2
e)E= jmdx; HF= jcoss xdx.
nsinzx o 0
6

) ,
a) A= jx x2+3dx_
1

Pt t =vx2 +3 = t2 =x2 +3 = 2tdt = 2xdx = tdt = xdx

. x=1=t=2 ﬁz ts\ﬁ 77 -8
Poican: < : . > A= jtdt=——- = ,
\x=2:>t=\/v:7—‘ 5 32
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NI
b)B:j8
R

Pit:t=x*=dt= 4x3dx':> x3dx = dt

=\/5:>t=4
=3=t=9

dx
1

r . X
- Poicén: {

9 9 9
~Bo dt 1 dt zlj(_____j
LA 1) 4D+ 8\t t+1
el 1 4
=—Inf—-d ==In—
8 |t+1 4 8 3

. 1 1
¢)C= fx15 1+3x8dx = IxS\/l+3x8 xTdx
0o .0 o

: | 2tdt = 24x 7 dx = x7dx = -ti%t—
Pit:t=v1+3x8 =2 =1+3x8 =
| g t2-1
X® =—
3
, =0=>t=1
Pdican: 4"
' x=1=>t=2
}_ti__l_ ﬂ_ﬁ(z; )a-i[E L) 2
; 36 ; “36\ 5 3 270

1 o
t2»=x, — 2= xt+—=t2 -2
' x2 X



DZ.
0i cin k=T ot
3 3
:D—\? dt 1 ‘/IE 1
5 t2-2 22 5 \t= 2 t+\/—
ERE (N
1 [t=2[V2 1 ﬁ
=——In In
242 [t+42 22 |3,
r r _’E
2 3 2 2
cos’ X cos“ X
e)E= '[sinzxdx= J'sinzx‘COSde— I
14 T T
' s s
bit : t = sinx = dt = cosxdx
X nbt ! 1
Péican:{ 6 2 oE=[la-
x=Zot=1 1 t
2 2

|3

0

Dat : t = sinx = dt = cosxdx

x=0=>t=0

Da6i cén :

1 1

=F= j(l—,t?)%t: j(t‘»"—‘th H)dt:

£5
(5 3

0. 0

5A G.TOAN 12- TPNH

x=£:>t=i
2

2+«/—)

1f51n

.__l~2+1=__
5 3.

2\/—)

8
15
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% van dé 2

Phwong phap dbi bién loai 2 (d6i bién dang lwgng gidc)

B .
DANG 1. Tinh tich phan : 1= IP(X,\/az—xz)dx
1. PHUONG PHAP

e Dit x = asint = dx = acostdt , te [—-g- ; —g—]

; : .o
L |x=o=t=arcsin—

e Dbi cé\l\l: a
x=[3$t=arcsin—B—
a

e Thay vao I va tinh tich phén theo bién t.

2.vViDU
a
" Yidu 1. Cho a> 0. Tinh tich phan : I= Lz

Gidi

bat x = asint = dx = acostdt , te [———723 ; g}

x=0=>t=0

Pbi can : a -
X=—ot=—
2 6

= E \/a acost dt = J-O6 acostdt_ Edt__

—a2sin?t acost
. \/5 2
Vidy 2. Tinhtichphan: 1= [ ———=dx
‘ . ' 0 V,47"X2

dx
Ja2 —x2

5B G.TOAN 12- TPNH



Gidi

* Dt x = 2sint = dx = 2costdt te[-—-g‘; “;E]
x=0=>t=0
Dmcan

\/—::>t-—
4

n u n

4 . 9 , 4 .4

f 4sin” t 2costdﬁ=I4Sin2tdt=‘2.{(1—0082t)dt
0

== [ ———
5 \4—4sin?t

1?.'

=21dt-2 costht--——sttl0 -——1.
2 2

S b la
o.__.,-M:i

DANG 2. Tlnhtlchphan I= J'P(x (a2 +x2))dx hay I = J'P( Va2 +x2)dx

-0l , [0}
1. PHUONG PHAP

e Djt x = atant = dx =a(l+ tan’t)dt, te («—g; g—]

o
X =0 = t=arctan—
a

x=f=>t ='arctanE
a

e P06i can :

o Thay vao I va tinh tich phéan theo bién t.

2. ViDU |
Vidy 1. Cho a> 0. Tinh tich phan : I =f azﬁ-‘—z—.
Gidi
Dit x = atant, dx ="a(1 + tan’t)dt, t e.(—g ; __211_:)
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T T

x=0=t=0 " -
2: A ’ 4 a(l+tan? t) Yt n
Doi cén : n =>1= _.é___..........._dt= ___—_Z_
x—a:bt—z 02 +a tan? t 02 a
. gﬁ = \
Vidy 2. Tinhtichphan: 1= [ ——dx
5 X +4
Gidi

Dit x = 2tant, dx = 2(1 + tan’t)dt, te ["725 ; ‘g)

T T Y
X=2=t=— 3 3
Pbi can . 4 =I= de _—;-Id =—2%
x=23=>t=" E4tan t+4 x
3 4 4
% van dé 3

Phwong phap tich phan timg phﬁn

' DANG 1. Tinh tich phan : = LbP(x).ln xdx
1. PHUONG PHAP
=In =7
Dt - u=Inx :>'dl‘1 >
, dv=P(x)dx v="?

~Taco: judv = [uv]|a - ].vdu.

2.ViDy
Tinh c4c tich phéan sau :
e ; . . 2
a)l= _[(3x2 +2x)Inxdx; b)I= Ix In(x +2)dx ;

1 1
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b _ . T

' 2 3 .
1= [sinxIn(l+cosx)dx; d)I= jl‘-‘-(—s-‘g—’fld
0 n COs™ X
' . 6
Gidi
| {u=lnx  qu=Lax
a) bt : g = X
T ldv=(3x2+2x)d
( * x) * v=x3+x2
e © 342 | e

1—4.‘- " dx=e3+62—'[<x2+x)dx

:>I=[(x3+x2)lnx:|
. 1 ‘ 1

e ‘ ‘ »
3 2 : 3 2 ~ 2 :
x? X e e 5 2 e 5
=e3 +¢2 —(—+——— =e3+e2—[—+—J+——— &3 bt =

32 ) 3°2)6 3 26
e ‘ ‘ '
- |du= dx
=In(x+2
b) Dit : w=InCx+ ):.>< X2
dv = xdx ; x2 -4
‘ V=
{ 2
2 2 ’ 2
2 _ 2_
S 1= "4k 12) - = 4 dx=§-ln3—lj(x—2)dx
: 12(x-x-2) 2 21
3 1( 2)22 3 1
=2In3--2 =2In3+—
2 22 | 2 4
‘ —-sinx
u =In(l+cosx du=—+—dx
. c¢)bit: ( ‘ ):> 1+cosx
dv = sinxdx
V=—COSX
T o ‘
| : = Esinxcosx : 2 sinx cos z
= I=—[cosx.In(l"+cos x)]l2 - j———dx =In2- I—————idx
: 0 0 1+cosx ‘ 0 l+cosx

Dit t = I+cosx = df = — sinxdx
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x=0=>t=2

Pbdican: - .
x=—=t=1
2

, o, -
(i PO G W 2
:>1_1n2—j—-r-dt_1nz lj(,l—z}dt_ln2~(t-1n;)|l =2In2-1

u = In(sin x) du = 2%

dx
d) Pat : 1 =4 Smx
dv= dx , sin X
‘ cos? x v=tanX=COSX
r
(Y
=~ 3
=1I= [tanx ln(smx)]lft f \/—1 £+—\/———1 2-I
6 I :
p .\

DANG 2. Tinh tich phan : 1= J:’ P(x).[ekX,cos kx,sin kx] dx

1. PHUONG PHAP

' u="P(x) {
Dat: =
dv= [ekx , coskx,sinkx ]dx v="7

b ' b b
Tacod: judv = [uv]lal - jvdu. '

a a
2. Vi DU
" Tinh céc tich phéan sau : .
« T
1 ' 2
a)l= _[(x +x) e*dx; b) 1= J.xz cos xdx ;
0o 0
T 2 \
: 1
cl= Iex cosx.dx; dI= j(—+ln x)exdx.
0 1
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e

o Gidi
o fu=x2+x [du=(2x+D)dx
a) bat : =

dv = eXdx v=e*

::>'I =[(x2 +x)ex}

u=2x+1 du=2dx
bit : =
dv=¢e* b |v=eX

11 1
- [ex+1)erdx =2~ fex+1yexdx
0 : o

0 0

1

= 1=2e-[(2x+1)* | !

+2 fe*dx =2e—(3e—1)+2¢*| =e-1
0 0
A 0
| =x2 du = 2xd
b)bit: u=x = Y ,X *
. dv = cosxdx v=sinx
- x .
’ s 2 2 2 .
:Iz( 2sinx)l2 ‘—2J.xsinxdx=—————2!xsinxdx
0 4
0 4 0
Pt : u x' _|du X
dv = sin xdx V=-—COSX
| ) T
2 L ) r 2
=>I1=""-2 (—xcosx)|2+2“>cosxdx =-7—t—~2sinx§=————2
4 0 4
-0
—eX ‘du = eX
¢) it : u=e N ‘du =e*dx
\ dv = cosxdx v =sinx

T T
=1 =(ex‘s’in X)'O - fex sin xdx = — J. e* sin xdx
' 0 0

. u=eX du =e*dx
bat : _ =< ,
: dv = sinxdx V=-C0SX



T
T
' :>I=(€:x cosx)lo - Ie" cosxdx =—e™"-1-1 = 2l=-€"-1=1=
0

|

o2 2 2
dIi= j-(-l—%—ln x]exdx = Ilexdx+ J'ex Inxdx =1, +1, (*)
X X
1 : 1 - 1
) ‘
Xét: I = J.ex In xdx
1

u=Inx , du=—1—dx
bit : = X
dv = e*dx x
v=e

) v
2 .
=1, =(ex 1nx)l,1 - J‘%e"dx=e2 In2-1, (**)

Thé (**) viio (%), ta duge : 1= &’ln2

L vén dé 4
Mot s6 dang diic bit

b
DANG 1. Tich phan ham hiru ti ‘I, = J——-———l———-—dx

i ax? +bx+c

1. PHUONG PHAP

o Néu miu sb 6 2 nghiém x, X, (X; <Xp) thi ta ‘phén tich mAu s : a(x = x;)(x — X)

p 1 1o 1
Khido: I, = | dx = - dx
a(x—x (X —x,) a(xrz—'xl)al X—X, X-—X;

a

o Néu mAu sb c6 nghiém kép 12 xo thi ta dua mAu sb v& hing déng thirc a(x — xq)®
‘ b : b
g ; 1 -1 1
Khido: I, = —————de=-—~.
: aa(x—xo) ca | x-x,

a
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v 2 v
P . x 3 b :
e Néu mau v6 nghiém thi ta dua mau v€ dang: a {(x +§—) + Az}
‘ a

1 ® 1
Khi do : I1 =—'I dx.

2
a
a(x+£J +A?
2a

Dung phuong phap dbi bién loa1 2.Dbat: x+ -él?- = A tant, te (—% g}
a

2.ViDy
" Tinh c4c tich phén sau :

3

dx
al= |—————— pl= | ———
) j‘2x2 9x+7 ) J- 2+2x+10

1 dx 4 dx
lej 2 ) ; dI= I 2 3 ’
C@xZraxtD(x2 +4x+4)” e 6x+5)(x —6x+10)

2

2
b) I=
: I2+2x+10 Il(x+1)2+9

Pt x+1=3tant=> dx =3(1+tan? t)dt, te(——g;g-) |

73



74

TmhIl I —j

™ - T

x==l=2t=0 Z n
Pbi can : n =>I= J.-—de —lJ‘dtz—E—
x=2::>t=z 09tan t+9 30 12

! dx O 1
c) I=J' ' =— - : dx
o (4x% +4x +1)(4x2 +4x +4) 3.002x+1% (2x+1)2+3

1
_— I*I
: 3(1 2)
1 1
Tinh1;: I, = | dx 2-_:_1,‘ L
| g@x+1? 2 2x+1)y 3
Tinh I, : Dit : 2x+l=x/§tant:>dx=i2§—,(l+tan2t)dt, te(——g;g)
: T
x=0=t=—
Péi can : 6 11 mB) 1 w3
il T 303 36 ) 9 108
3

y dx 14 1
1= [ Jax
5 (x% —6x+5)(x —6x+10) 52 —6x+5 x2—6x+10

1| 1
Elf(x 1)(x 5) (x 3)%1} §

4

—_— ( jdx::lln
2(x 1)(x 5) 4 x5 x-1 4

- Tinh I, : Dt : x—3=tant:>dx=(1+tan2t)dt, te(—g—;g—)

.ln‘
xz2:>t=—E
4

4
. - (1+tan~ t)dt
Péi cén : =1, = J'(—ar—l———)— kid
tan2 t +1 2
Xx=4=t=— _=
4



:1:1(-11n9—3J=—;-1—1n9—1
54 2) 20 10

,[ ocx+[3 dx

DANG 2. Tich phian ham hiru ti I
ax2 +bx+c

1. PHUONG PHAP
Viét lai biéu thirc ax +p vé dang dao ham cta mau cong véi mot héng sb :

ox+B = %‘[(2ax+b)+y]
a

ax +bx+c)+q(dx
ax +bx+c

y1

Khi d6: 1 =———J'(

1n’ax2 +bx + c
Chuy:
. b u(x) | | L
Néu I= j 7—)—dx trong d6 bac-clia u(x) 16n hon hay bang béc cta v(x) thi ta
v(x , ‘ .

thuc hién phép chia da thirc u(x) cho v(x) rdi phén tich I thanh tdng cac tich phan.

2.ViDy |
Tinh céc tich phén sau :
) 2

a)l= —-?—Eiz—dx; : b lI= _"-—5—}-(—1-)-(——,
qXTHx=2 5 4x%+12x+9
1.3 ) 7
x° +x+1 X

¢) I= |—5—dx; . d) [= |——=dx.
(! ,x2+1 : , ) (')‘.(1+x4)2

Gidi
0

o | |
)I_I(2x+1)+1d_ 2x+1 s | dx

+x-2 '_1x2+‘x—2 _l(x—l)(x+2)
0, . i
o 1% » _ 2
_ =ln|x2+x—-2“ +—1—J' L dx=—1—ln x ! =—=In2 .
-1 3_1 x—-1 x+2 3x+2), 3
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b I"‘f Bx+12-12  _ f 8x+12 lzf
? 4x? +12x+9 4x +12x+9 8 2 ( 2x+3)2
2
=—-1n|4x +12x+9“ 0 =11n49+é |
) 8 2x+3|_, 8 7

1 3 1 Y :
c)I=jX——i§~ﬂd --_[(x+ 21 )dx:’x— +‘J‘Adx =l+J

3 x2 +1 0 x2 +1 2, 0x2+1 2

b

bit : x=tant:>dx=(1+tan2t)dt, te(—g- ; —g—]

' n
x=0=>t=0

Péi can : - :>J_j'(l+tan t)dt K 1-__~_l+_7f
x==1::>t:~4—- tan? t+1 - 4 2 4

' 4' dt = 4x3dx = x3dx =—qE
dybit: t=1+x"= 4

x=0=>t=1
=l=t=2

lj(ttzl) =-j(-f—~)dt——(1nt+%)

2
= l(ln 2 —l) |
1 4 -2
DAN G 3. Tich phian ham lwgng gidc
b .

- b . 4.
;I=J.sinnxcosm xdx  hay 1=j8m X dx

a

D6i cén : {

1. PHUONG PHAP

, b
e Trudng hop n 1¢, ta phan tich : 1= J‘sinn,‘1 x cos™ x sin xdx
- a

va dit : t = cosx = dt = — sinxdx
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‘ b ‘ A
e Trudong hop m 1€, ta phan tich : [ = j.sin“ x cos™~1 x cos xdx
’ a

va dat : t = sinx = dt = cosxdx
e Truong hop n vam deu 1¢, dat t = sinx hoac t = cosx

e Truong hop n vam déu chén, ta thuong ding cong thuc ha bac hoac dua vé
ham theo tanx va 601 bién, datt = tanx. :

2. ViDU

Tinh cac tich phan sau :

r r
2 2 g3
: . cos” X
a) I= Jsms x cos? xdx ; . b) I= j—' 5—dx;
0 » SinT X
2
r r
3 .3 ' 4
sin” x ; .
¢)I= J‘—Tf-dx - d) I= fsmz x cos* xdx.
cos” X : ' .
0 0
Gidi
r .
2 .
a) I= jsin5 x cos* xdx = '[(1 —cos? x)? cos? x sin xdx
0 0

it : t = cosx = dt = — sinxdx

x=0=>t=1
Déi cén : s :
o X::Eﬁt:()

1 ) } 1 ' 1
=1= [0t tde= [1-2¢2 + thttde= (et -200+£5)de
-0 | 0 o 0 :
1o 2, 1) 8
5 7 9 315

0
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T

b)sz )

T

2 cos x 2 cos? x
dx = I

e x sin“ x

sin? x
6 6
bit: t=sinx = dt= cosxdx

cos xdx

VA 1
q X=s>t=35 bi-¢2
Dobi can :>I=j
T t2
X=—=t= 1
2 2

x=0:>t=1
Pbi cén : n 1
X=—>2t=—
3
1 1/
1-t2 1 1
=t e [53)
1 1
2 2
n
4 .

.

6 .

=——1——(x +lsin2x—-—l-sin4x) 4
2 4 Jo

1
32

E+1]_—1—(—1—sin6x+%sin2xj

X r
14 L4
d)I= jsin?‘ x cos? xdx = 2 j sin? 2x cos? xdx = — I(l —cos4x)(1+cos2x)dx
0 0.

r
4

- L .[(1 +C0s 2X — cos 4X — cos 2x cos 4x )dx
0

K2

4 ‘

I(cos 6x +cos2x)dx

0
i
4 l(n lj 1 n 1
o 16\4 2) 96 64 48




b
DANG 4. Tinh tich phidn : I= IR(sin X,cos x)dx

a

1. PHUONG PHAP

2) Déi bién b, dit t = tan%, dua tich phan v& dang tich phan ham hitu ti.

1-t2
sinx =——, COSX=——
Khi dé ta c6 : 1 I+t I+t .
,dt=——(1+tan2v—x—]dx:>dx= L
2 2 1+t
b 1
b) Pua tlch phan vé dang : [ = jR(tan x) 3 dx

cos” X
a -

D4i bién sb, dat t = tanx = dt = dx, dua tich phan vé dang tich phan

. cos“ X
- ham hitu ti.
2. Vi DU
Tinh céc tich phén sau :
r ‘ N r
2 6
d
B 1= [ b) 1= [——
0 I+sinx +cosx o €08 x(sin x —cos X)
i o
4
dx
o)l=
6f aZsin? x +b2 cos? x’
Gidi
) X
a) bat t =tan—
' 2
sinx = COSX = 1-¢
IR ER 1+t2
| ' ” ! & 2
dt :l(l +tan? }—) dx=>dx = dt
2 2 1+t
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x=0=>t=0

Ddi cén : T
' X=—=t=1
=I . 2t = I dt =ln]t—l~1u1 =In2
0+ 142 1= 2] gt+l o,
STRTARTNY)

n

b) = J;f dx ‘ _ L6 ) dx
’ cos x(sin x — cos x) cos? x(tan x —1)

Pitt=tanx = dt= 5 dx
cos“ X ‘
: =0= 0 J§
5i can : 3 \/5
Dbi can : - I—L -ln|t 1“0 miY2 1
X=—=2>t=—
6 3
T : I
1 . dx __.4 ‘ dx ,
;C) ~J' a2 sin2 x+bzcoszx_j a2
.0 0b2cos? x| —tan? x +1
b2
oDit: t="tanx = dt =2 ! dx = ! dxz_b_dt
b : b cos? x cos’x a
a
=0 fred e
T o o1t
Doi céan : T a :>I=__j
4 b 0
st - 2 T T
*Dit: t=tanu=dt=(1+tan“ u)du, u e i
t=0 =0 arctan-—- .
e - b (tan2 u+1)dt 1 b
Doi cén : a a :>I— f —arctan—
L tan u+1 abﬁ‘ a

t=— = u=arctan—
b b



‘ DANG 5. Tich phan ham cé chira ciin thirc
1. PHUONG PHAP

Ta thuorng dit 4n phu t =Yu(x) = t“ = u(x) = nt*~1dt =u'(x)dx de dua tich
phéan ve dang tich phén ham hu’u ti. ~

2.ViDy |
Tinh céc tich phén sau:

V3 B

a)l= b) I= dx
'[\/x +1 o (')[\/4—)(2

c) 1=jx2\/x3+1dx; o a) I_fwdx;

0 | |

X
e)I—JJ?_}_‘_i}_.. - QI_?___(}_)_(__
a) Dat : t=\/xz—+1=>dt4=‘ xdx

| x2 +1
A x=0=>t=1 2 , |
 Dbicn: =1= [4dt=4[t]; =4

‘,b) Dat X = 2sint = dx = 2costdt, te [—-—125 ; —723}

T : r
x=0=t=0 E) sin? ¢ 3 -,
Pbi cén : n == |——=———=—=costdt = 2sin? tdt
‘/—Qt_g 6“\/4 4sin?t 6[

V4

'3— o .
3

= [(1-cos2t)dt = t—lstt) ]

; 2 . 4

6A G.TOAN 12- TPNH . ’ 81



c) bat: t:\/x3+1:>t2. :x3+1::>,2tdt=3x2dx:>x2dx=%tdt
x=0=>t=1 32 o 52
- oa-2op -2

Déicém: ,
x=2=t=3 9

1

d)Pat: t=v1+In2x = 3 —1+1n? x = 3t2dt =22 % dx

X
= 10X gy =3 2dt
X 2 R
, x=l=>t=1 3 2 ‘
Dbican:{ s :>I=§j‘“ft3dt=-?-’-t4| =-3-(2J5—1)

e) Pt : t=vx2+1= 3 =x2 +1=>3t2dt = 2xdx = xdx :%tzdt

DA c x=0=t=1
Oican:
=\/7:>t=2
32¢2a 32 1 3( 2 33 3
== —'—=—J(t—1+———-—)dt=— ——t+1n|t+1|‘ =—+4=In—
271+t 2; t+1) 2(2 L4202
A Pit: t=Yx =10 =x = 6t3dt = dx
PO x=1=t=1
Poi cén
x=64=>t=2
2 5. 2.3 2 .
= 1= J.—~6«E~dt=6j—L—dt=6j(t2-t+l——}—)dt
t2 +3 1+t 1+t
1 1 1 | |
' 2
32
6| L e | =114+6mm2
32 T |

82,
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% vén dé 5
Mt s dang dbi bién dic bigt

Vidul1. ’
a) Chimng minh ring néu f13 ham s lién tuc trén [0 ; 1] thi : -
™

E f(sinx)dx = E f(cos x)dx.

- b) Tinh céc tich phén sau :

. T . T !
— Ce n . —— n
sin® x : cos™ x *
I=L2_ dx;J=L2_ . dx (ne N).
sin® x + cos™ x sin® x + cos™ x .
Gidi
T

a) Xét tich phén : E f(sin x)dx: |

it : t=‘—g—x‘:>dt=—dx

R T T T

2 f(sinx)dx = (26| sin[ St |]dt = [2 feostyat= 2
= L f(sin x)dx_jo f[sm(z tﬂdt— L f(cost)dt jo f(‘cos x)dx
b) Xét tich phan I :

Dit : t=—§——x::>dt=—dx

x=0=t=—"
D6i céan :

T
X=—=t=
2

o N3
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Matacd: I+]=

84

COS X

o sin™ E—X

‘ dx = L?-
sinn[g—-x)+cos (Eﬁxj ‘ sin™ x + cos™ x

sin® x +cos™ x
- dx =
sin® x +cos™ x

dx =

T r=J=
2 .

S e |a
' OL—.,N[;i

Vidu?2.

a) Chiing minh ring néu £12 ham s6 lién tuc trén [0 ; 1] thi :

oy T :
E[ xf(sinx)dx = 5 Ef (sin x)dx.

b) Tinh tich-phén sau: 1= El—x—slr—l——;— dx.
+Ccos“ X
Gidi

‘ ¥
a) Xét vé trai : [= j: xf(sin x)dx
bat: t=n—-x = dt=-dx
x=0=>t=m

Pbi cén :
; x=n=>t=0

I= E(n—’t).f’(sin(n—t))dt = K(n— t)f (sint)dt |
= nﬂf_(sint)&t— [ tf (sint)dt = [ (sint)de—1

n : Xy
=I= 5 gf(sm t)dt=véphai (dpem)

f T Xsinx
b) Tmh‘. [= Ewl+cos2xdx

bit: t=n—-x=>dt=-dx
x=0=>t=n

Pdi can : ,
x=n=>t=0

T
4



Izg(n t)sin(mt— t)d K(ﬁ—t)sintdt

1+ cos?(r— t) 1+cos? t

Ez sint _smt gx t.sint j;rr smt2 dt—I
1+cos?t 1+ cos? t 1+cos“t
20 14+cos?t

Dit : u=cost:>du=¥~sintdt

t=0=u=1 wd du

Dédi cén —1="=
t=n=>u=-1 2 11402
Pit : u=tanv= du=(l+tan? v)dv, ve[-—-;f;—g-]
T T
u=-lv=-— 4 . .9 >
Péi can : 4 -k fﬂ“zan V) gy Em_m
u=l=y=T 2 7 tan” v+l 22 4
: 4 | = ;
(Vid'u 3. ‘ | v ‘ AN

a) Chimg minh ring néu f 12 ham s lién tuc trén [a; b] thi:
f F(x)dx = J;" fa+b—x)dx.
= |

2
b) Tinh tich phan sau: I = J‘ In(1+ cot x)dx.

s

4
Gidi
a) Xét vé phai: 1= f f(a+b—x)dx
bit:t=a+b—-x=>dt=-dx

x=a=>t=b

Pbi can : { == Lb f(t)dt = vé trai (dpcm)
: x=b=>t=a

b) Pat : t=34’3—x:>dt=—dx’
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T T
X=—=>t=—
Pbi can 4 2
T T
X=—>t=—
2 4
> Ld
2 2 _ _
=1I= Iln 1+cot(—3—n——t) dt = jln 1_|.1 cott dt
4 cott+1
4 4
2 2 2
= jln[ dt ::J' 2dt—-jln(l+cott)dt=——ln2 I
1+cott 4
r n n
4 7 4
=1="1m2
8
G vén dé B

Phu’(mg phap tich phﬁn truy héi

1. PHUON G PHAP

Pé thiét 14p cong thirc truy h01 cta tich phéan, ta phéan tich ham sb duorl déu
tich phan mot cach thich hop 1di 4p dung phuong phap tich phén tirng phéan.

2. ViDU

T

2
Vidyl.cho I = _fcos’fl xdx (n e N").

0
, . N . " n+l
a) Ching minhrang: I, = — L.
b) Tir d6 hdy tinh L.
Gidi
oy kid
2 2 '
a)Tacd: 1 = Icos‘”z xdx = j'cos““ Xx.cos xdx
0

;O
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 [u=cosn* x = —(n+1)cos™ xsi
Bat:{ j{du (n+1)cos™ x sin xdx

dv=cosxdx |v=sinx
T
L)
L= (sin x.cos™ x)'g- + J(n +1) cos™ x.sin? xdx
0
i » ud o
2 12 2 ‘
I ,=@+]) jCOSn x.(1-cos? x)dx = (n +1 _[co‘sn xdx — J‘cos“““.2 xdx
0 0 0

<L ,=@+DI —(+DI ,

& @+, =0+l

_n+l

: I
n+2 n+4+2 0

b) Ap dung cong thirc truy hdi & cau a) ta cb :

=3

no

g 2 8 . 58

[, =— J.cosxdxz-——sinxlo = e
15377 TS 15

53 o

5 5 3
Vidu 2. Cho I, = §(3—x)n.exdx,(n e N#),
a) Tim hé¢ thitc lién hé gitta [, va L.
b) Tinh I5.
Gidi

3 o ;
= L(3—x)n.exdx

=(3-x) du=-n(3- n——ld ‘
Bé‘f!{u (B-x) 2{u, n(3-x) /x .

dv=e*dx v=eX

=1, =(e*3-%)") S+ [ G-orletdx=—3"+nl, |

Viy : I = —31 +nl
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i u= — 7 _dx
Dit : 1+ x2)n [ Ca+ x2)ﬂ+1
e
0

1 9 _
<l =—1——+2nj—)—{-——:r—-1-—-—-1—~dx‘=—'—l—-+2n j
n on. 07(1+X2~)n+1 ~on

b) Ap dung cong thirc truy hdi & cau a)tacod: |

=133 -
Iy =-33+31) =-27+31,

I, =-3%+2I =-9+2I,

3 .
= I(3 —x)e*dx
0
u=3-x du =-dx
bat :
dv = eXdx v=eX

3 3 3
=1, =(e" (3—~x))|0 + [erax=—3+eX| =—4+e’

=1, =-9+2(-4+¢e>)=-17+2¢>
= I, =—27+3(-17+2¢%) =78+ 6¢>

1 :
‘Vitfu 3. Cho tich phél’l Ih= .[)(—1%-')}-{ (n
+X

a) Lap hé thirc lién hé gifta I va L.
b) Tinh L.

Gidi

dv =dx

=1
n (1+x2)n

(1 + X2 )n+1
il
0

1
@In_-,2-;4‘211(11;1“1

e N*).

1
(1+x2)n Oj(1+x2)n+l

) eonl =E;+(2n—l)ln



i1,
= In+l = 5;[—2—{ +(2n —1)11'1]
b) Ap dl_mg cong thirc truy héi & cdu a) ta c6 :

1

111 11 1
I,=—|—+3I ; I =— —+L ;L= —dx
3 4[4 2] 2 2[2 1} ! (')[(1+x2)

Tinh I}, _
- , {
'Dat:’x=tant:>dx=(l+tan2t)dt te(——g,g)
‘ Y
x=0=>t=0 4
Pbican: n,:pllzj'g_’f_t.@_t)d
x=1:>t='z 0 tan?t+1 . 4

11 n} 1 =«
=>L=c| ot =77
~ 212 4] 4 8

11 1,3(1,m)_1,5m
== +31, —+— |=—+—=
4|4 "6 44 8) 4 32

'C.BAITAP
Bai 1. Tinh cac tich phéan sau :
3 X3 o 1 . ‘
[——dx; | 2. [x+xtydx;
-16 . | K
In</3 | 2 L
3. I ————~———,x'dx - 4. Iex X;
0 € +3e ' 1x
4 0% .
5. j3 dx; J.
‘ i \/; ’ : xx/1+1nx
Iéz(l%lnx)'z ! e
7. J-————dx; o 8. IXS 1—-xdx;
X R



9.

11.

13.

15.
17.

19.

20.

21.

22.

23.

90

3x2+l
|—=—dx;

JVX+1

4

1
0Y@x+1)? +2x+1

2
I 4-x2? dx;

r

7, )
sin 2x +sin x

[sn2xising

0

V1+3cosx

r

2 sin2xcosx ,

[ [sin2xeosk
0

1+cosx

I—lnf dx
3 eX +2e*-3

dx ;

V3 d
St
1 xvV1+x?

n2 -

10.

IJ06+X23

12. ...
0 eX +1 -
. ,
0 )

(D2 thi DH khéi A —2005)
(D2 thi PH khéi B — 2005)

(P& thi PH khdi D - 2005)

(P& thi PH khéi B - 2006)



24,

[~
I= Ixz’lnz xdx
1
r
25 I—?tvan4xdx
o Jeos2x
0
o . B
4 sin(x—zt—)dx
26. 1= [ 4)
0s1n2x+2(1+sinx+cosx)
27 1—-2j1nxd
° — _3_ ot
r
2
28. 1= _"(0033 X —‘l)cos2 xdx
0
3 .
-3+Inx
29. 1=j > dx
1(x~|~1)
; ,
30. 1= | dx_
eX —1

1
Bai 2. Tinh céc tich phan sau :

1 e3x
1. 1= I-————dx va
. . eX +e-—X
-1 .
o
2 . ;
sin X 5
2. 1= I——— —dx va
: o Sinx+cosx
—TE .
23 ,
sin” X .
3. 1= I.—————————dx va -
o SinX+cosx ‘

(D2 thi PH khéi D - 2007)

(D2 thi PH khbi A —2008)

(D thi PH khéi B — 2008)

(Dé thi PH khéi D — 2008)

- (D? thi DH khéi A —2009)

sin X + cos X

sin X +Ccos X

(D& thi DH khéi B — 2009)

(D2 thi DH khdi D — 2009)

COSX

dx

co S3 X

dx
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b3 n
4. 1= j(x sin x)% dx va J= .f(x cos x)%dx
0o 0 '
Bai 3.
1. Chimg minh ring néu f(x) lién tuc trén [~a;a] thi:
a) [ f(x)dx=2.["f(x)dx néu f1a ham s5 chin.

b faf(x)dx-:o néu f 12 ham sb 1&,

2. Ap dung tinh c4c tich phén sau :

T

1
Z 5 3 ' ‘ 2
a) I= J'u%’f_izdx; b) I= Icosx.lnﬂdx.
@ €0s“x 1 X
4 | 2

Bai 4.
Cho a> 0, f(x) 12 ham sé chdn v lién tuc trén [-a;a]

f (x)

a .
2) Chitmg minh : f dx = [feodx  (0<b=).
0

4

.4, o 1 X
b) Tinh tich phan sau : I= ngx " X
Bai 5. :
a) Cho f 13 ham tudn hoan véi chu ky T, xac dinh va hen tuc trén R. Chu’ng
minh ring : E f(x)dx = L f(x)dx.

20107

" b) Tinh: I= I v1—cos 2xdx.
0

Bai 6. :
Chting minh rang néu f(x)liéntuc trén [a; b] vafa+b —'x) = f(x) thi :
f xf(x)dx =2 “2* b J:’ £(x)dx.
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T

> :
Bai7.Cho I = jsinn xdx, neN.

0 .
a) Tim hé thirc lién h¢ gitta I, va Inso.
-b) Tinh I,.

4

4 4

Bai8.Cho I = jtann xdx, neN,
0

Tim hé thirc lién hé gitta I, va L.
. :
7

BAI9. Cho I = [~—

gl+e

* Tim h@ thic lién hé gitta I va In 1.
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K r
4 4

97

7A G.TOAN 12 - TPNH



r r r
6 6 3
20. If dx dx:_.;_j___ii.’_&___%_jji_
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0 0 .

: 4 dt=4x3d>x:>x3dx=gt- ‘
bit:t=1+x" = : 4
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[sin2 tcos? t} dt

Bl w3

at = at = ‘a4 1 g at
=——L2 sin? 2tdt = —-—Lz(l—cos4t)dt=-— t—-—sin4t) =
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0 0 :
Tinhlzi
. _
5 r
; 8
I, = I(l+cost)dx= x+-—1-sin2x)2 =T :>I=£—l r.2. T
A 2 0 2 15 22 15 4
29. (D2 thi DH khéi B — 2009)
u=3+Inx du=ldx
. X
DIt gy = 112‘dx:" o1
(x+ ) x+1
33 3
1 1 :
:>I=———-—1——(3+lnx) +j 1; dx=—-—1—(3+]n3)+3+1(———————)dx ~
x+1 1 1x(x+1)‘« 4 . 2 J\X x+1
301 S P 31 3
=———In3+In|—| =—-—=In3+In—-
4 4 x+1f, 4 4
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30. (Dé thi PH khéi D — 2009)
eXdx
I = I
Her-1)

‘ Dit: t=e* = dt = eXdx

x=1l=>t=e
Doi cén : S
x=3=>t=¢> A
e ¢ 1v e 3.1
j j( —-——jdt—lnt =1ne —
(t-1) t—1 t . e e-1
€ .
1 e +e+1 In(e2 1) )
‘—n——‘—?———— (C +e+
Bai2
1 3% ‘ ‘ : 1 ¥3x
1. I= j—‘i———dx va  J= I-—‘—Ee————dx
- et e cet e
' ' 1 eBx
e Ta xét tich phén: 1= I————-———dx
n_le"+e‘x /
bit t=—x=dt=-dx .
\ ‘ -1 1
, x=1=t=-1 -3t 3t
Pdican:{”  ~  =1=-] dt= [
x=—1=>t=1 -t et _let+e‘
—3x 1

' : 1 3x
oeTacd: [+1= [T —dx= (2 ~1+¢2%)dx
e* +e7* ' .

-1 -1

8A G.TOAN 12- TPNH

@
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Pt tzg—x:dtzmdx |

x=0::>t=§
Ddi can : ‘
‘ T '
X=—=>t=0
2
114

r r : '
2 : 2
sin X o cos
2. I= j——;———————-————dx va J= J.—,—.(-)———x—dx
o SIX +cosx o SN X +c08X
T
2 sinx
e Ta xét tich phén: I= J.—-_-——————e————-dx
o SN X +cosx
o i
Dit t=—2—-x:>dt=—~dx
T
X=0:}>t‘=5
Pbi can
T
Xx==—=1t=0
2
T T b
DR sin E_X ‘ 2 cos ;
_ ’ x )
=1= ' dx= [———dx =] (1)
. (m _ yis COS X +sin X
0sin| ——Xx [+cos| ——Xx 0
2 2
oz L
2 sinx +cos x % T -
Tacd: [+J= j-__—-—-——-——dx_: Jax== )
sin X + oS X 2
0 ' 0
S \ _ DU 1
Tu (1) va (2) suy ra I=J=Z
r 2
2 3 ‘ 2 3
: sin’ X - cos’ X - |
3. I=[————dx va J= [————dx
o SIX +cosx o SinX +c0sX

8B G.TOAN 12-TPNH



T ™

5 sin3(—-—~x) ) 3 :
: 2 coS” X
=1= | dx= [————dx =)
0 0

€os X +sinx

(M

@)

r r r
’ 2.3 3 2 ‘ 2
Taco: I+]= Iw;dx= j(l—-sinxcosx)dx = I(l—lsinZX)dx
‘ sin X +cos X - 2
0 0 0
T
( 1 2 n 1
=l X+—=cos2X | =——=
4 0 2 2
Tir (1) va (2) suyra [=J =~ =L |
4 4

T ‘ b
. I= I(xsinx)zdx va J= J(xcosx)zdx-

/

o - , 0
| L n BF 3
Tacod I+J—~:J'[(xsinxr)2+(xcosx)2]dx=szdx=—,—— = —
’ 3 3
0 , 0 0
T 7
J-I= _f[(xsin x)? —(x cos x)z]dx = Ixz cos 2xdx
0 - 0
9 du = 2xdx
.. Ju=x
bat:{ - =97 1.
{dv =cos2xdx |v= S sin 2x
: 1 T T L Tm :
=J-I=—x2sin2x| - _‘-x sin 2xdx = ——Ix sin 2xdx
2. 0
0 0
4 du =dx
bat . . = 1
{dv = sin 2xdx V= 5 cos 2x
. T T : "
=>J-1=- ——lxc032x +-1— cos2xdx =£—~1—sin2x .

(1)

)
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T (1) va(2)suyra: I=~;—[£~E} | =l{:—3~+£}
BAi3. | _
L Tacs: [ f(x)dx= favf(x)dx + [0 G
Xét tich phan : fa F(x)dx

biat: t = —x = dt = ~dx

x=-a=sit=a_, jf(x)dx_jf( £)dt

Pdi cén :
. x=0:>t

—a

a) f1a ham sb chén trén [-a; a] nén : Vte[-a; a]: f(-t) =f(t)
0 a a g , o

= [f(tydt= [f(t)dt= [f(x)dx | )
-a 0 0 _ S

T (1) va‘i (2) suyra Ea f(x)dx =2.,£ f(x)dx (dpem)

b) f1a ham sé 1€ trén [-a ; a] nén : Vte[-a ;a]: f(-t) = —f(t)

-0 a a '
= [f(ydt=-[fdt=-[f(x)dx | (3)
-a 0 0

Tir (1) va (3) suy ra Ea f(x)dx =0 (dpcm)

2. Ap dung tinh céc tich phan sau :

a)I_ J‘4 X IOX +2 I4 X "'IOX J‘4 .
cos? x ~ cos? x ._cos x
T . T
r 5 3 : T
— [4 X———ﬂ)-(—-dx+ 2tanx)|4 =J+4
-.;f cos? x ( )I_.% o
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| 5_10x3
Xét f(x)zx__lf)x_ , xe{_ﬁ;_"_}
_ cos? x 44

Vxe‘[——T£ —j, f(- )‘ (=%)° ~10( x)3 x> —10x3
4 cos?(— —X) cos? x

bl

=113 ham sb 1& trén [—E LI
4 4

A

: Y
r P . 5 —
Ap dung két qua caub) tacé : [ F(x)dx=0=>7T= j 4 E‘——J-Q-’i-dx =0

T cos? x
4

a2 —

=1=4

Chu y : Trong khi lam bai, néu ding két qua cta cau b) thi pha1 ching mmh
lai. Néu khong ap dung thi lam truc tiép nhu sau :

Tlnh, tich phan

J_j4 x> —10x3 i —f_ -10x L4x5 -10x° dy = JH

_.;5 cos2 x cos? x cos? x

XétJlr
bat: t=—x=dt=-dx

==l
Doi can T4 T4
x=0=>t=0
r | r , vl‘.
4 .5 3 4.5 103 4.5 _ 3
:>J1=j t2 +10t dt=—J.t 10t dt_____"'x 1.20)( dX=-—J2
T cos2(~t) 0 cos? t o Cosx
=J=0 =1=4

b)I= _[2 COSX. lnl—_—;dx
2
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Xét ham s6 : f(x)=cosx.1nlj—)—(— trén '—~—1—;—1-
1-x 2°2

Vxe[——}— —1—} f(—x) = cos(—x). ln———=—cos>{.1n1+x=—f(x)
o 272 1+x 1

- X

=> f1a ham sb 1¢ trén [‘—l : 1
2’2

1

ﬁt_.-b-lr-i

Ap dung két qua caub) taco : f(x)dx=0=1= I COS X. ln—dx 0

1-x
4 '5
Bai 4. o ‘
a) bat : Vétrai = I=f —f—gcl-dx= -—f—(}f—)—dx+JAOa f(x) dx=1+1, (1)
apX +1 apX +1 b* +1 .
Xét tich phén : I, = abfx(X)ld
: +

bit: t=—x=dt=-dx

. Xx=—a=>t=a
Pdi cén :
{x=0:>t=0 , .
f(x) f(-t) bif(t) ( 1 ] ‘
=1 = dx = dt= dt="{ | 1——— |f(t)dt
b lapx g 'Eb tel E1+b‘ E 1+bt ®
(f1a ham so.chan trén [-a ; a] nén f(-t) =f{(t),Vte[-a; a])
Ef(t)dt E—f@—dt_ﬁf(t)dt-dz | ©)

(Hva@Q) =>1= [ f(x)dx =véphai (dpcm)
- ' 0 :

b) Xét f(x) = x* trén doan [1 ; 1]

Ta c6 flién tuc va 13 ham sb chén trén [-1 ; 1]

- . | 1
-~ Apdungkétquacaua)taco: I= L
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Bais. .
T T T
2)Pit [= f* £00dx = [ £(x)dx+ f fx)dx =1, +1,
a+T -
Xét 1, = j f(x)dx
bat : x=t+‘Tv':>’dx = dt
x=T=t=0

Déi can :
- x=a+T=t=a

' a a ' ' .
=1, = [f(t+T)dt = [f(t)dt (f1a ham tuin hodn véi chu ky T nén f(t+T) = ()

0 0
. T T -
=1= L f(x)dx + Ef(x)dx =.L f(x)dx
R 20107
b) Tinh: I= j J1-cos2xdx
0o |
Xét ham sb f(x) = 4/1-cos2x, (xe R)
2n In 2010m

Tacéd: 1= j F(x)dx + [ £Gdx+ j f)dx+..+ [ fex)dx

0 b 2n ; 2009w

Tacod: f(x+7t)=\/l‘—cosz(x+n) =+/1-cos2x =f(x)

2 20107
Ap dung ciu a) tacod: If(x)dx = j f(x)dx = I f(x)dx =..= J f(x)dx

0 i - 27 » 20097
Y ’ . T TC"'
— 1=2010 [vI=cos 2xdx = 2010 [v2 sin xdx =-2010+/2 cos x|0 = 402042
0 0 :

Bai 6.
Vétrai=1= J:’,xf(x)dx "

biat:t=at+b-x=>dt=-dx
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2. . [x=a=>t=b
Doican :
X=b=>t=a

== ﬁ(a+b—t)f('a+b-—t)dt= Lb(a+b—t)f(t)dt

~(a+b) Lb F(t)dt— Lb t(t)dt = (a +b) ff(t)dt—d

S T= a"’z'b ff(x)dx —véphii (dpcm)
Bai7. |
L2 ks
2 2
a)Tacd: I .= J.sinn+2xdx = Jsin‘”rl x.sin xdx
0 0

o |u=sin?*tlx du=(n+1)sin® dx
Datv:{ ‘ . 3{ u=( )sin™ xco s x;

dv = sin xdx V=-C0SX
4
E 2
L.,= (—-cos x.sin®+1 x)‘g + I(n +1)sin™ x.cos? xdx
0
r I r
_ 2 ‘ 2 2 o
L,,p=@+1) fsin® x.(1-sin? x)dx = (n +1) fsin® xdx — [sin?*2 xdx
0 ' 0 0
<:>In+2=(n+1)In—(n+1)1n+2‘¢:>(n+l2)InJ-r2=(n+1)In
n+l
<:>In+2 =n+21n
b) Tinh I,
i ANt n-1
Ap dung ciu a) ta co : I =—1I1_,
‘n
* Truong hop n chin : n =2k
. 2k-1_ - 2k-1 2k-3 2k-1 2k-3 2k-5
Tacd: I =——-7I g = ——I 4= = . .
noo2k BT 2k. 2k-2 7 2k 2k-2 2k-4
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[ =

T
0 dX=—2-

O |

(2! .TE_' n(2k)!
BT @kkn2 T2 2k (1)

*Trufémghqpnlé:n=2k+1
_ 2k 2k-2 2 |
Do ok+1 2k-1"31

T .
I = Is1nxdx——cosx|0
0
kk|2 2k (1. 1\2
2k 2%k-2 2 (2- ) 22k (kY
nTokel 2k—-173 (2k+1)!  (2k+1)!
Bai 8. | |
r r
4 . 4
L.,= Itannfz xdx = I tan® x. tan? xdx
0 0
g x
4 4
= Itannx(tapzx+1)d Ian xdx (1)
0 ‘ 0 ‘
. 1;_ hl
. 4 ‘
Xét tich phan : A = J‘tan‘? x(tan2 X +1)dx
- 0 -
., |u=tan"x {du:‘ntan“"1 x(1+ tan? x)dx
bat: {4 . : = , ,
dv = (1 +tan? x)dx v=tanx
_ . .

w3 v
= A =tan"*! x‘g -n Itan“ x(l‘+tan2 x)dx =1—n(In‘+In+2) (2)
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Tr()va@) =1, ,=1-n(1, +1 ,)-1
‘ 1
= @+DL =l-(n+DI =1 ., =;‘—;~I——In ;
Bai 9.
L L3
4 o ' 4le™* +1)-1 ‘
I =I € e(n-Dxgy = J'—-—-—-—-—-—-( ) e~ (n-Dx gy
boglve® o e
r r
4 . 4 ~(n-1)x
= Ie"(n‘l)xdx— IE————_;-—dx
0 0 I+e
1 5 .;.c. 1 (n-Hm
a ~(n-1 R B P
-—-;l————le (n )Xo —In_l—-—ﬂ“1 e 4 -1|-1
© (n-Dhm
Vﬁy In""—v-—r;—:-l‘ (& 4 -1 —In~1
Bai 10.

: 1
Taxéttichphan: I ., = I‘xn“\/l —xdx
: 0

u = x0+l du =(n+1)x"dx
bit : = 2
{dv=\/l—~xdx V,=~—3~(1—x) 1-x

) 1

= Inﬂ:—gxthl (1-x)v1-x

1
+§(n+1) j.x“ (1-x)~1-xdx

0 0
T n+l
10 0

T 1 |
=-§(n+l)[fxnmdx—_[xn“\/l———deJ:%(n“)(In I )

,_2n+21
2n+5 1"

2
=Ly =50 =1 ) =1,
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S1. UNG DUNG TicH PHAN
DE TiINH DIEN TICH HINH PHANG

A. TOM TAT GIAO KHOA

-~ L. Cong thirc 1 ‘
Néu ham sb y = f(x) lién tuc trén

- doan [a; b] thi dién tich S cua hinh
phang gi6i han boi dd thi ham sb
y = f(x), truc hoanh va hai duong
thingx=a,x=b(a<b)la:

b
s= [IfColdx (1)
a (L

R 4

II. Cong thirc 2

Néu hai ham sb y = f(x) va y = g(x) lién tuc trén doan [a ; b] thi dién tich S
cta hinh phang gidi han bdi dd thi ham sb y = f(x) db thi ham sb y = g(x) va
- hai dudng thang x=ax=b(a< b) la:

S= ﬂf(x) g(x)] ax @
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~ B. PHUONG PHAP GIAI TOAN

% vén dé 1
Tinh di¢n tich hinh phing giéi han béi bén dwong :
(©) : y =f(x), truc Ox, x=avax=b (a<b)

1. PHUONG PHAP |
> Ap dung cong thirc (1‘) ta c6 dién tich hinh phing cin tim 12 :
| s= [Jfeodx

» Xét dau f(x) trén [a ; b], tir 6 bo déu tri tuyét dbi ta s& tinh duoc gi4 tri cia
tich phéan.

2. ViDU |
Vi dy 1. Tinh dién tich S cia hinh phing gi6i han béi db thi ciia ham s :
y = f(x) = x’ — 1, dudng thing x = 3, truc tung va truc hoanH.

Gidi
A a1 2 Ao 1 3| 3
‘Dién tich hinh phing can tim 14 S = le —li.dx
Vivéix e [0;1]thix’—1<0vavéixe[l;3]thix’~1>0nén:

S= 'ﬁ(l—x3)dx+ £3(x3f1)dx
] 5]
=|x-2—| 4| —-x
4 0 4 1

= 1___1_+(§_1__3 _(1_1) e (dvat).
4 \ 4 4 4

Vidu2. Tinh dién tich hinh phing gidi vhan boi cac dudng y = sinx, y =0, x =0
vax =2m. ‘ '

- Gidi
A . ) 2 A e \ 2n, . ‘
Dién tich hinh phang can tim1a S = L [sm x‘dx
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Vivéix e [0 n] thi sinx > 0 va véi x € [n; 2n] thi sinx < 0 nén
, |
S= J:;sin xdx + an(—sin x)dx = [-cos x]g +[cos x]ift
=1- 1)+ 1= (=1) =4 (dvdD).

Vi dy 3. Tlnh dién tich hinh phang gidi han bdi cac duorng

y= x*—x%,y=0,x=-1vax= 2

Gidi .
Dién tich hinh phang cintim1a S = L lx - xz‘dx

Taco x xz*x(x —l)nenvmxe[—l 1]th1x - X <Ovavmxe[1 2]
thi x* - x* > 0 nén

S= El(x.z —x4)dx+ ‘[12();4 —xz)‘dx‘

Chii § :

Mubn tinh S= J]f(x)|dx thi thuong phai xét ddu f(x) trén doan [a ; b] dé khir
: | |

dAu tri tuyét déi.

Tuy nhién c6 thé dua vao tinh chét : “Néu ham sb f lién tuc tren doan [a; b] va
phuong trinh f(x) = 0 khdng co nghiém trén (a ; b) thi f(x) khong ddi ddu trén
(a;b)” dé tinh S don gian hon. "

Ta thuc hlgn nhu sau :
Giai phuong trinh f(x) = 0 trén (a ; b).
Gia st chc nghiém thudc (a ; b) clia phuong trinh la

C1, Coyes k(@< << ...<cp<h).

f £(x)dx| .

Thé thi: S = l j:l £(x)dx|+ j:z £(x)dx|+...+
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i dy 4. Tinh dién tich hinh phing gi6i han béi cic duong (C) : y=x>— 3%+ 2x,
y=0,x=-1,x=2. _

- Gidi
A s . D S 2.3 2 1
Dién tich hinh phang can tim 14 S = L'x -3x°+ 2x,dx~

Técé:x3f—3x2+2x=0<:>x=0hayx=lhayx=2.
Do d6 - |

S = Jﬂ (x3 =3x2 +2x)dx|+ + -

ol | 1 2
4 , 4 4
X X X -
= =—=x34x? | |+ ==x34x2| |+ == x3 +x2
1 PR 4

0 1

1
L (x3=3x2 + 2x)dx

2
£ (x3 ~3x2 +2x)dx

Y vén dé 2 ,
Tinh dién tich hinh phzzmg gi¢i han béi cic dwong
©O):y=1x),(D):y=g(x),x=avax=b(a<bh)

1. PHUONG PHAP |
Ap dung cong thirc (2) taco S = Lb[f(x) - g(x)l dx.
Xét déu bicu thire F(x) = f(x) — g(x), bo ddu trj tuyét déi, tir d6 tinh dugc S.
2.ViDU |
Vi dy 1. Tinh dién tich cta hinh phéng gidi han bdi cac dudng :
C):y==x*+4;(D):y=x>+3x+4;x=—1vax=1.
Gidi

Dién tich hinh phing cén tim 14 :
1 o
= —x2 {3 = 3 2
S Lll( X< +4) (x +3x+4))ldx le +X +3xldx
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" Tacd F(x) =x° +x% + 3x = x(x* + x + 3).
SuyraF(x) <0véix e [-1;0]vaF(x)>0véix € [0;1]

v ]
Do d6S= fi’(~x3 —x2 —3x)dx'+ L(x3 +x2 +3x)dx
: 0 1
IS SOl I E S S
4 3 2 1 4 3 2

4 3 2 4 3 2 2
Vi du 2. (Dién tich hinh elip).
2 y2
272

Tinh dién tich cia hinh phéng gi6i han boi elip :

S}
o

- Gidi

Ta c6 thé xem hinh elip trén 12 hinh giéri» han bai cac dudng sau :

x=—a.;)‘(=a;y=—'——b—\/v a2 —x2 Vﬁy=3\/a2—x2.
: a a
ZE\Iaz—xz

Dodé:S= Ea "

b

dx = 4-]’0" a2 —x2dx
a

bit x = asint = dx = acostdt

Pdican:x=0=>t=0

. T
x=a=>t= —
2

’ | ’ U ’ ~ | ' U
~SuyraS= 40 LZ Va2 —aZsin? tacostdt = 4ba LZ cos? tdt
u
sin 2t ]2
“Jo

T

= 2ab E(Hcoszt)dt = 2ab[t+

= 2ab B— + 0] = mab (dvdt)

+2-=1(a>b>0).
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% van dé 3 | |
Tinh di¢n tich hinh phing giéi han béi hai dwdng y = f(x) va y = g(x)

1. PHUONG PHAP

Bén duong gom b thi ctia hai ham s hen tuc f, g va hai dudng thing x = a,
X =b lubn x4c dinh dugc mot hinh phéng. Tuy nhién, déi khi chi véi hai dd thi
ciia hai ham sb lién tuc f va g cling du xac dinh mdt hinh phang, chang han
nhu trong hinh v& bén. Trong trudng hop nay thi hinh phang dugc ké soc
trong hinh v& 13 hinh phéng gii han béi hai dd thi fvag.

YA

»y

Muén tinh dién tich hinh phéng nhu véy ta thuc hién cac bude sau :

— Lép phuong trinh hoanh d¢ giao diém ciia hai duong

fx)=gx) e x=a;x=c;... ;x=b(a<c<..<b).

— Dién tich hinh phing cAn tim la : S = Elf (x)— g(x)] dx

2. VIiDU

‘Vi dy 1. Tinh dlen tich S clia hinh phing gii han boi dudng parabol (P) : y =2~ X2

va duong thang (d):y=-=x.
| Gidi
Phuong trinh hoanh d6 giao diém cta (P) va (d) 1a :
2-X"=3x&Xx-x-2=0 :
, X =2,
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Dién tich hinh phing c?m tim 14 :
5= fll(z-x?) ~ (0] dx = fl\|¥x2 +x+2]dx

2 ‘
= LI(—~X2+x+2)dx(vi—x2+x+220\fc'ri moi x e [1 ;2])

.

{ x3  x2 } 9

= | ——t—+2x| ==
3 2 )
-1
Vi du 2. Tinh dién tich S cta hinh phing gi¢i han bdi dudmg parabol (C) *
y=x>-2xva duong théng (d):y=3x"-2x.
C Gidi

Phucmg trinh hoanh do giao dlem cua ©C)va@dla:

[x=0

x° —-2x=3x X e X -3=0c
: ' | x=3.

Dién tich hinh phéng cin tim 1a :

S = ﬁ'(y)@ —2x) —(3x2 —2x)'dx = ‘ﬁ x3 ~3X2|dx

3
= L(3x2 ~x3)dx (vix® =32 <0 v6imoix e [0;3])

b vén dé 4 | |
Tinh di¢n tich hinh phéng giéi han béi nhiéu hon hai dd thi

1. PHUONG PHAP
Cong thire (2) chi sur ‘dung dé tinh dién tich cua hmh phing duoc xac dmh boi
db thi cta hai ham s6 f, g va hai duong thing x =a, x =b.

Trong trudng hop hinh phing (H) duoe x4c dinh boi nhiéu hon hai @ th1 cla
ham 86 : y = f(x) ; y = g(x) ; y=h(x) ; . ‘
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Khi d6 mubn tinh dién tich cta (H) thi ta phai v& hinh (H) (tic 1a v& chc
dudng xac dinh (H)) Duya vao hinh v& cga hinh (H) ta chia hinh (H) thanh céac
hinh don gian hon ma ta d3 biét cach tinh ¢ trén.

2. ViDU

Vidu 1. Tmh dién tich hinh phing gi6i han boi cac dudng : (Pl) y=x*+x-2;
(Py) : y X*va(d):y=x+2.

Gidi

DO o e

ol 4

Phuong trinh hoanh d giao diém cta (Py) va (Py) 1a :
C+x—2=xx=2.

Phuong trinh hoanh d6 giao diém cua (P,) va (d) la :

’ ,X2=x+2<:>X2—x—2©x=—lhayx=2.

Phuong trinh hoanh d6 giao diém cta (d) va (Py) 1a :
x+2=x2+x——2¢>x2—4¥0c>'Xéi2~.

Theo hinh v& ta suy ra dién tich hinh phéngb??m tim la

‘ 1 2
S= [, (g -vyp)dx+ [ (vp, ~vp)dx

- [;(4¥x2)dx+ E1(2—'x_)dx

-1 2
<3 2
= [4){—&—} +{2X~%J = §—z
3 s 1 6
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i dy 2. Tinh dién tich S ctia hinh phing (H) gi6i han boi dd thi (C) : y = VX ,
dudng thing (d) : y = x — 2 va dudng thing (D) : y =—x. .

27 (®)

&.-_______
kY

_2 < \ ‘
yd (D)
- ’s T
Phuong trinh hoanh d6 giao diém ctia (C) va (d) 1a: Vx =x-2 & x =4
'Phuong trinh hoanh d6 giao diém cia (d) va Dla: =x=x-2<x=1.

Phuong trinh hoanh 9 giao diém cia (D) va (C) 1a : Jx =—x &x=0.

Theo hinh v& ta suy ra dién tich hinh phéng cin tim 13 :
. .
S= [(e~yp)dx+ [ (ye ~yddx
|
= [ +x)dx+ f(&—x+2)dx
‘ 2xvx  x2 L 2xvx  x2 *
= +—1 + 3 —*-5'+ 2x

3 2 0 )

13
>

Y van dé 5 |
Tinh di¢n tich hinh phing giéi han béi cic dwong
x=f(y),x=g@),y=avay=b(a<b)
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1. PHUONG PHAP |
Trong cdc bai toan & cac vén & 1, 2, 3, 4. Dién tich hinh phéng dugc bicu thi
bing céc tich phin ma bien tich phan 1a x.

Tuong ty v6i cac truong hop ta da biét & trén, trong nhidu trudng hop néu ta

coi x 12 ham cta bién y thi dién tich S ciia hinh phing giéi han béi cac dudng

cong x = g(y), x = h(y) va hai dudng thingy=a,y=b(a<b)la

d .
8= [le(y)-h(y)|dy. (3)

C

- 2. VIDU

Vi dy 1. Hay tinh dién tich hinh phing trong vi du 2 (Vé4n dé 4) bang céch
- dung cong thire (3).

Gidi

Ta c6 thé xem hinh phang da cho 12 hinh phang gidi han bdi duong cong (C) :
X = y2 dudng thing (d) : x =y + 2 va dudng thing (D) : X=-y.

Do d6 ta c6 thé tinh ngay S theo cong thirc (3) nhu sau :
S= fl(xd —xp)dy+ jo (x4 =xc)dy

= [ ey +ay+ [v+2-y2)ay

y Yi > y 30 3

Vi dy 2. Tinh dién tich S ctia hinh phang gl(n han béi cac dudmg (P) : y* = 4x
va (d) y=2x-4.
Gidi

‘ 2 o
Tac():(P):y2=4x<:>x=%— ;(d):y=2x—4<:>x=z—+—i.

Phuong trinh tung d6 giao diém cua (C) va (d) :
2

. ~2
Yyt 2 oy g- 0|7
4 2 y=4.
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Dién tich hinh phéng cin tim 13 ;

4lv2
s=£2-¥4—--——

- 14
1 2 | BRI
= — -y +2y+8)dy = —| ——+y~ +8 =90,
4f2(y y+8)dy 4[ 3" y_2 |

C. BAI TAP

Bai 1. Tinh dién tich hinh phing giéi han béi céc duomg :
l.y= 3x% + 6% — 9,y=0,x= Ovax 2;
2. y = 4xsin2x, truc Ox, truc Oy va duorng X=T1;
3.y=3xe", trucOx ; x=0vax=3;

4.x:0,x=n,y=0ve‘1y=sin2x;

5.y=—1—,y=0,x=1véx=2;‘
’ X

o sin X —cos X T
6.y=0,y=— 4,x Ovax=—;
(sin x + cos x) 2

7.y= x4\/x5—|—4,x'=_0,x=2vétfuCOx;
8.y=xln(x+1);x=0;x=3vatrucOx;

1

9 y=-€—:—x—'x=l ;x=1vatruc Ox ;

° XZ- ’ 2 1 k1
;trucOx ;x=0vax =—[—,

,/ 2 3

11.y= \/___ ;truc Ox ;x=-1;x=1;
cosx+sinx oW

12.y= ———— ;x=0;x=— vatrucOx. -

* 3 +sin2x 2 ,

Bai 2. Goi (D) 12 hinh phing gidi han bOl (P) : y=x*+m, truc OX va hai duang
thing x =0, x = 1. Tim m d& dién tich cta (D) dat gia tr1 nho nhét.
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Bai 3. Tinh dién tich hinh phing gi6i han bdi 4 dudmg x =0, x = % , truc OX va

' Bai 4. Tinh dién tich hinh phing gi6i han boi céc duong :

y= sinzxcos3x, y=0,x=0vax=

N[A

Bai 5. Tinh dién tich hinh phing gi6i han béi cac du’émg
Ly=x"-2x,y=2x,x=-2vax=2. ‘
2.y=3x2~x3,y=x2—x+2,x=Ovéx=3.
3.x=—1,x=2,y=3x2véy.=4x3.
4.y=3x~x3,'y=—x,x=——2 vax=2.
5. Duong elip (E) : 9x* + 16y* = 144,
6.y=sin-’£cosx,y=cosx, x=0vax= r

2 ‘ 2

7.x#—l,x=2,y=xVﬁy%X2—2x: o

8.y=5"2x=1,x=4viy=3-x

9.(C):y= xVx2 +1, truc Ox va dudng thing x = 1.

Bai 6. Hay v& va tinh dién tich hinh phéng gidi han béi cac dudng :

1.(C):y= X—i% , Xx=-1, x=0 yé dub*ng tiém cin ngang cua (C).
, x2-3x e A A in
2.C):y= — x =~1,x =1 va dudng ti€m cén xién.

3.(C):y=x+l‘+——l——,x=2,x=3véduéngtiémcénxién.
X.—_
Bai 7. Cho ham sb y = 4x — x> (0<x<2).

Xéc dinh m dé dudng thing y = mx chia hinh phing gisi han boi (C) va truc
Ox thanh hai phén c6 dlen tich bang nhau.
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Bai 8. Tinh dién tich hinh phing gidi han béi cac du’ong
lL.y= 4vay x*
2.y—x +2,y——3x;
3.x=e,y=0vay=Inx;
4y=0vay=x(x—1)(x-2);
5.y=x,y=x ;
6.y=2x"vay =x* - 2x? trong mién x>0 ;

T.y=J4—x2 véx2~3y=0'
_ —2x+
x+1
9.y=x2véy=\/;(_;

10.y=2+sinxvay=1+ cos’x véix e [0 ;.

! va duodng thang y= ——2— +1;

Bai 9. Xéc dinh a > 0 sao cho dién tich S gi6i han boi hai parabol :
4a2 - ~-x2 2 . t i A, ar
y= a”—Jax-x , y= X c6 gi4 tri 16n nhat va tinh gia tri 16n nhat do.
1+a* 1+a* :

Bai 10. Tinh dién tich hinh phéng gisi han'b("yi cac dudng cong
C x24x3 +1

SENE Ty =x27X L
y Y

Bai 11. Cho a > 0. Tinh dién tich hinh phing giéi han boi cac duong cong (C) :
L2 2 2 ] o
y=XH2 37 @y s y=2"% Tim a dé dién tich hinh phing
] 1+a% 4 ‘ o e
16n nhat. '

1+a

Bai 12. Hay v& va tinh dién tich hinh phing gidi han boi céc duong :
1.P):y= x? — 2% + 2, truc Oyva tiép tuyén véi (P) tai diém M3
2. (P).: y = x> — 2x va hai tiép tuyén ciia (P) v& tir diém A2 ; -9) :
3. (P): y=x*—1 va hai tiép tuyén ctia (P) tai 2 diém A(-1; 0) v/ B2:3);
x2 27 -

4y X y——é—ivay——;—,
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3 :
5. y=x% y=“—)-(-— viy= §- -
, 8 X
6.y =[] va dudng y=x>-2
Bai 13. Tinh dién tich ctia hinh phing giéi han boi dd thi cac ham sb
= lxz —4x+3| vay=x+3.

Bai 14. Tmh dién tich hinh phéng gi6i han boi cac duodng (P) y=x"—4x+5va

hai tiép tuyén cta (P) tai hai diém A(l;2)vaB@;9). '

Bai 15. Xét hinh phing (H) gii han boi cac duong (P) 1y =(x + 3% y=0,x=0.
Viét phuong trinh hai dudng thang di qua diém A0 ; 9) va ch1a (H) thanh ba
“phén bing nhau.

Bai 16. Tinh dién tich hinh phing gi6i han béi cac du’&mg :
L.x=y,y=1vax=38.
2.y =2x,27y* = 8(x - 1)°. |
3.y = 4xv01y<02x———y2+6yv0’1y<2vax 4.

Bai 17. Cho parabol (P) ¥ = 6x va dudng tron (C) x> +y* = 16. (P) chia hinh tron
(C) thanh hai phdn, tinh dién tich cta m3i phan

§2. UNG DUNG TiCH PHANR
PE TINH THE TICH VAT THE

A. TOM TAT GIAO KHOA

' I Tinh thé tich vat the

Cho mot vat thé trong khéng glan toa d§ Oxyz. Goi B 1a phan clia vit thé d6
giéi han béi hai mit phing vudéng goc voi truc Ox tai cac didm avab (a<b)..

Goi S(x) 1a dién tich thiét dién cia vat thé bi cit bai mat phing vudng goc véi
truc Ox tai diém c6 hoanh dd x (a<x <b)

Gia sir S = S(x) 1a mdt ham sb lién tuc. Ngudi ta chung minh duoc rang thé
b
tich cha vatthé B1a V= IS(x)dx (D

a
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Z 4

>y

-/

IL. Thé tich khéi tron xoay'

Cho ham s y = f(x) lién tuc va
‘khéng &m trén [a ; b]. Hmh phing
gioi han baoi dd thi ham sb y = f(x)
truc hoanh va hai dudng thing
X = a, X = b quay quanh truc hoanh -
tao nén mot khdi tron xoay (xem
hinh v& bén). Thé tich cia né dugc
tinh theo cong thirc

b
V=n jf2(x)dx 2)

YA

Twong tw

Cho duong cong x = g(y), trong do

g(y) 1a ham s6 lién tuc trén. [c ; d].
Hinh phéng gi6i han boi dudng cong

x = g(y), truc tung va hai dudng
thing y = ¢, y = d, quay quanh tryc

tung tao nén mot khdi tron xoay

(xem hinh v& bén). Thé tich V ciia né

duoc tinh theo cong thuc

d
V=r[gl(y)dy ()

C
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Chuy:
Goi (H) 12 hinh phing gi6i han boi dd thi cia hai ham s6 lién tuc trén [a;b]la

y = f(x), y= g(x) (v6i f(x) va g(x) cing déu trén [a ; b]) va hai dudng thing
x=a,x=b.

~ Thé tich ctia vét thé tron xoay sinh ra khi (H) quay quanh truc hoémh la

b ‘ .
\Y =~7c_ﬂf2(x)~g2(x) dx.

B. PHUONG PHAP GIAI TOAN

% vén dé 1
Tinh thé tich cia vat thé T

1. PHUONG PHAP
— Gi6i han T boi 2 mit phing song song (c) va (B).
— Chon truc Ox vudng goc voéi (), (B) taia vab (a <b).
— Dung mit phing (P) vudng gbc véi Ox tai x, a < x <b.
_ Tinh dién tich thiét dién S(x) tao boi (P)va T.

—Khido V= LbS(x)dx

2. ViDU
Vi du 1. Tinh thé tich ctia khéi chép (C) cé dién tich ddy 1a B va chiéu cao la h.
o Gidi o0 |
Goi O 1a dinh hinh chép. |

Gi6i han hinh chép boi hai mat phang
(Q) chua day chép va (R) qua O va
song song (Q). |
Chon tryc Ox vudng goéc véi (R) va
(Q) lan luot tai O va h.

‘Dyng mét phing (P) vudng goc Ox tai
X, cat hinh chdp theo thiét dién c6 dién
tich 1a S(x).
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., S(x)  x2 x2 .
Tac) —==—=5(X)=B.—.
© B TR (x) 2

h :
3 . . Lo s . x2 B|x3 1
Thé tich ctia khéi chop ddchola: V= J:B.-——.dx =—|—| ==Bh.
\ h? 13 3
‘ 0
9 dy 2. Tinh thé tich ciia khdi chép cut (T) c6 chiéu cao 1a h va dién tich hai
daylaBvaB’ (B> B). |

Goi O la dinh cta hinh chc’)p sinh ra hinh chép cut va h 1a duong cao hinh .
chép cut. '

Gi6i han hinh chép cut béi hai mit phing (o), (B) 14n lugt chira déy 16n va
day nho ctia hinh chép cut. ‘

Chon truc Ox vudng goc (B), (@) 1an luot tai hy va hy (hy <hy)

. C4t hinh chdp cut bdi mp(P) vudng goc Ox tai x (h1 < x < hp), ta dugce thiét
dién c6 dién tich 1a S(x). .

, S(x) B x2 2

X
"Tach ——~=—=>S(x)=—B
| B hl ¢ h3
| h
. . 2 ~ 3%
Thé tich khéi chopcutla: vV = J:Z B2 dx =—B— L
‘ ! h% h% 3 Iy
o L2y,
B NCERT h, h}
= 2 [13 —h3|==Bh, -h)(1+—L++-5)
, 2~ M 27 M 2’
3h§[ | ] 30 h, h3
1 JB' B 1
= _Bh(l+-~—+—)=—h(B++B'B+B).
3 ( f]g B) 3( : )
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Nhin xet Khéi chép duogc coi 12 khéi chop cut c6 B’ = 0 .Vi vay, nén ta dé
dang kiém ching cong thirc thé tich V cua khéi chop ¢6 chidu cao h va dién

tlchdayBla V= EBh

L vén dé 2
Tinh thé tich khéi tron xoay

1. PHUONG PHAP _, |
— X4c dinh hinh phang giéi han boi 4 duong tao ra khéi tron xoay.
— Xéc dinh cdng thirc tinh theo bang sau :

Hinh phéng gi6i han Quay quanh Thé tich vat thé

bdi cc dudng : : ‘truc tron xoay
x=a, Xx=b(a<b) f )
y=0vay=f(x) . Ox V=g | F9(x)dx

y=a, y=b(a<b)
x=0vax=1(y)
. x=a, x=b(a<b) - -
=) vay=g(Q) Ox |yop [IF20-g2(0kdx
voi f(x) 2 g(x) 2 0 :

Oy Ve=r Efz(y)dy

— Tinh tich phén, tir 46 suy ra thé tich V.
2. ViDU
Vi dy 1. Tinh thé tich khéi tron xoay sinh ra khi quay hinh phing gi6i han boi
cacduongx=1,x=e,y=0vay= — =2 quanh truc Ox.
\/BZ /

Gidi

In? x

X

dx

Taco:V=rn fyde =T f

Détt=1nx:>dt=—l—dx
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Pbicinx=1=t=0;x=e=>t=1.

1 3]
SuyraV=m Ltzdt =nl| =Z (dvtt).
» : 3(') 3

Vi dy 2. Tinh thé tich khéi tron xoay sinh ra khi quay hinh phéng gi6i han boi
cac duongx =0,x=2,y = e* vay=e “**2 quanh tryc Ox.

Gidi
TacoV=mn K‘(exy)z —(é“”z)zldx =7 ﬁ e

2x _ et e72%| dx

Vif(x)=e>—¢'e 2

e4x‘ {>Okh1x>1
nén

,ezx <0 khi x <1

V=nx [ E(e 2x+4 2X)dx+£ (62)( ‘ —2x+4)dx]

e2x+t_g2x T [e2x 4 g2x4d |
¢ 1

—e2 —e? +et+1 et r1-e2-¢?
=T : +
2 : 2

= (e — 1)% (dvtt).
Vi dy 3. Tinh thé tich khdi tron xoay smh ra khi quay hinh phéng gi¢i han boi

cac duongx=0,y=2,y= 4vay————(x>0)quanhtruc0y

gzaz
, 4
Tacé:V=m J; 2dy nE2ydy n[ 2}2 = 127 (dvtt).
| . | | . x2 y?
9% dy 4. Tinh thé tich khéi tron xoay sinh ra khi cho Elip (E) : 7+—§5 =1
. a \

quay quanh truc ‘Ox. : ,
Gidi

Ta co ‘;hé xem khéi tron xoay trén la do hinh gioi han boi 4 dudng
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X=-a,x=ay=0vay= E\/az —x? quay quanh truc Ox tao nén.
a

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

 Bai7.
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C. BAlI TAP

Tinh thé tich ctia vét thé nam gifta hai mit phing x = -1 vax = 1, biét rang
thiét dién coa vat thé bi cét béi m3t phing vuéng géc véi truc Ox tai diém

¢6 hoanh d6 x (—1< x <1) 1a mét hinh vudng canh 13 2+/1—x2

Tinh thé tich cta vat thé nam gilta hai mit phang x=0vax=m, blet rang
thiét dién cua vat thé bi cét bai mit phing vudng g0c vai truc Ox tai dlem
¢6 hoanh dd x (0< x < 1) 1a mdt tam giac déu canh 12 2/sin x .

(Thé tich k_héi‘ chom céu). Cho kh(‘)’i chom c?‘lu ban kinh R va chiéu cao h.
Chimg minh rang thé tich V cta khoi chom céu d6 1a

Vr-‘nhz(R-%J.

T d6 hay suy ra thé tich ctia khoi ban ciu va thé tich cua khdi cau.

Goi (H) 1a hinh phang gidi han boi tryc Ox va parabol (P) : y = 2x — x%
Tinh thé tich khdi tron xoay smh ra kh1 (H) quay quanh truc hoanh.

Goi (H) 1a hinh phang giéi han boi db thi (C) : y= \/— truc tung va dudng
thang y = 1. Tinh thé tich cua khdi tron xoay sinh ra kh1 (H) quay quanh
truc tung.

Cho paraboll ®):y= x* , A(=1; 1) va B(2 ; 4) 13 hai diém thudc (P). G01 |
(H) 1 hinh phing gici han badi (P) va day cung AB cua né. Tinh thé tich
khéi tron xoay sinh ra khi (H) quay quanh tryc Ox.

Cho hinh phing (H) giéi han bdi cac duorng y=0,x=4 vay= Jx -1,

Tinh thé tich cia kh01 tron xoay sinh ra khi quay hinh (H) quanh truc

hoanh.



Bai 8. Tinh thé tich khdi tron xoay sinh ra khi cho hinh phéhg (H) quay quanh
truc Ox, v6i (H) 13 hinh phéng gi6i han béi cac duong :

l.y=x.¢e,y=0,x=0vax=1.
2.y=Ilnx,y=0,x=1vax=e.
3,y=sin2x,y=0,x=0véx=n-.
4.y= \,/sirn6x+cos6x ,yio,x=0véx=g.
_ . . , x2 ,
‘Bai 9. Tinh thé tich khéi tron xoay sinh ra khi quay hinh elip —4—+y2 <1 quanh

“truc Ox.

Bal 10. Cho hinh phang (H) gidi han boi cac duong y = —2—, y=1,y= 4 va truc

Oy. Tinh thé tich ciia khéi tron xoay tao thanh khi quay hinh (H) quanh truc
tung. -

Bai 11. Cho hinh tron (C) tam I(2 ; 0) ban k1nh R= 1 quay quanh Oy. Tinh thé
tich khéi tron xoay sinh ra.

| : x néu0<x<l
Bai 12. Cho ham s xé4c dmh frén'[Ol; 3]voiy=1(x) =41 néul<x<2
- 3-xnéu2<x<3

1. V& dd thi cia ham sb f(x).
3
2. Tinh I = L f(x)dx..

3. Tinh the tich cta hinh tron xoay sinh ra khl quay hmh (H) giGi han boi dd
thi ham sb f va truc Ox quanh truc Oy. .

Bai 13. Cho hinh phang (H) giéi han boi hai duong (C) : y =x —3x+2va
®):y=2x+2. N
Tinh thé tich ctia khéi tron xoay nhén duoc khi cho (H) quay quanh truc Ox
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HUGNG DAN GIAI VA DAP SO

§1. UNG DUNG TiCH PHAN PE TINH DIEN TiCH HINH PHANG
Bail. | |

, 2
1. Dién tich hinh phing 1a S= |3x2 +6x-9dx

X 0 1 . 2

3x%+6x-9 - 0 +

' 1 2
Vay S = —~L(3x2 +6x —9)dx + j (3x2 +6x —9)dx

= —[x3 +3x2 -—9x:|:) +[x3 +3x2 —9)(}12

=—(1+3-9)+(8+12-18)— (1 +3 - 9) = 12 (dvdt)
2. y=4xsin2x, truc Ox, u;uc Oy va dudng x = 7.
T

S= K|4x sin 2x|vdx = Lz 4x sin 2xdx + E(—4X sin 2x)dx
, 2 ,

bat u=4x:>u’$4

V' =sin2x = v= 4—;—cos2x

T T
Suyra S = [-2x cos2x]2 + J;)z 2 cos 2xdx —| [-2x cos 2x]" + EZCOSZXdX
3 | 9
z

=T+ [sin 2x]g —| —2m—7+[sin 2){]7:c

2
,, =n—(-3n)=4n.
3. y=3xe" trucOx,x=0vax =3, -
3 3
S= L|3xex dx = L3xexdx
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bt u=3x=u =3

V== v=¢

SuyraS = [3xe’f ](3) - _[f3exdx = 9¢’ —[36" ]Z = 6¢’ + 3.

. . . Y
S = J;zsin2 xdx =% K(l——cos 2x)dx = %{x'-— szx]o '=.72E,

2
[1nx] =In2.
l I N ) T
sin X —cosx 7 COSX —sinX (5 SinX-—cosx
Lz cos x = [4 .Osx . 1% ' ‘4dx
l(smx+cos x)4| (sinx+cosx)* 7 (sinx +cos x)

Dt t = sinx + cosx => dt = (cosx — sinx)dx

‘Déicin:x=0=t=1

X = —}:>t=\/§

Cx=Zot=1
2

Suy ra

S— J‘-\/Edt [/_91=2[_L]ﬁ_2(_._1_+1) _2&—1:‘4—J§
4 W24 33 62 3 32 6
. y=x*Vx3+4;x=0;x=2vatruc Ox.

dx = sz“\/ x5‘+4d>;

oy = )
Ditt=+/x>+4 :>At2-=x5+4:>2tdt=5x4dx:>x4dx= gtdt

S= x*x5 +4

Pdican:x=0=>t=2
X=2=t=6"

6
Suyra'S = j;thdt 2 3(216;8);~=ﬂ.
515 15
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8. y=xIn(x+1);x=0;x=3 vatruc Ox.

S = ﬁ|xln(x+1)]dx= ;E’xln(xﬂ)dx(vi xIn(x + 1) > 0 véi moi x € [0 ; 3])

\

bit u=ln(x+1):$u’=—1——

x+1

2 xz
VEXDVE —
2

_ 3 .

2 2

X 13 x

SuyraS=|—In(x+1)| —— | ——dx
Y [2 ( )L 7hia

' 0
= 91n2—l —9———3+ln4J = 8In2 — i
o 212 4
1
eX 1 ; ‘
9 = —:;x=—;x=1vatruc Ox.
y ) >
1
le; ' 1 1 1
S= }i|—ldx = jleX.——dx.
5 x2 5 x2

Batt=}- :>dt=——15dx.
X X

Déicari:x=—;—:>t=2;x=1:>t=1.
i - 1
= [atidn = _at] —a2_
Suyra’S Le( dt‘); [ e]z e“—e.

2 R

strucOx;x=0vax=—.

10. y=
x2 +1
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_\/.?.’_. 2
dX— L3 X dx
x2+1

S= £3
| Dé.t X = tant = dx = (1 + tan’t)dt.
V3 n

Déicén:x=0:>t=0_; x=73t=_6..,

Tt‘, 5
sin? t -~ SIn“ X
dt= |6 T—dx

cos t Ccos” X~

Suyra$ - L6 (1+tan? t)dt = Lé

\/1+tan t

bat t=sinx = dt = cosxdx

Ao A T 1

D01can:x=0::>t=0;x=g:>t=——.

1 '2 2

‘DOdOS“L—*—————-—— LZ l_if_l_i.t___l_ dt
(1- t2)2 27 (t-1)(t+1)

1 2
(t—-1 t+1

A=

1 1 2
+ + dt
(t-% (t+1)?2 (t—l)(t+1)]

Il
B
el

Il
N
&f‘?l'—‘

1 1 11
+— + -
=12 (t+D2 t-1 t+1
1

1 [t=1][2
- - +In
-1 t+1 lt+ﬂ
—1—(2—2+ln—1—J =l(i—ln3j
4 3 3) 4\3

\~/——— ;truc Ox ;x=-1;x=1.:

o

N

11 y=
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7]
|

1 ;
) L1x+\/x +1 fx+\/x +1 dx+'[3x+\/x +1
fl-x3(\]x2+1—x)dx+Lx3(Vx2+l—x)d){

= flx4dx— ﬁx4dx- fix3\/x2+ldx+ Ex3\/x2+ldx' |
5 0 5 1 o
[2] 2] oo
-1 0 : B

5
| 1
=— flx3\/x2+1dx+£)x3\/x2+ldx
Pitt= Vx2+1 = £ =x>+ 1 = tdt = xdx.
Déicén:x=—l:>t=\/§;x=0:>t'é1;x=1v::>t=x/§.
d 2
= _ 2 _ 2 _
Suyra$ = Iﬁ(t Dt.tdt + ﬂf (2 - Dtadt

N
= 2£ﬁ(t4 —t2)dt= 2[—?——?}

-1

(M 27 ) f(_J}_Q

5 3 5 3 15
cosXx +sinx i
12. y= ——————e;x=0; x-~—vatrucOx
Y V3 +sin2x ' 2
¥
g= [2 cosx+smx‘dx_ 2[cosx+smx
: L L /3 +sin2x

A3 +sin2x
n ‘ .
2] COS X +sin X }
=.L . X

\/4~(sm X —cos X)2

Diit sinx — cosx = 2 sint = (cosx + sinx)dx = 2costdt

T
Dowanx O:>t——£;x=£:>t=—-
6 2 6
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’ . . Y
Suyra$S= j6 _ 2costdt g dt=

- _T]6 =F
\/4 4sin? t J;-TE ‘[t]~z v3.

Bai2. Taco: S= lﬂx2 ﬁ;mldx = }(X2 +|m|)dx =; 3
0 0

oA , N <A .y . 5 A ' 1 |
Dién tich cia mién D dat gi4 tri nhé nhat < S =3¢ Im|=0<m=0.

1

Bai 3. Ta c6:S= ‘/— ——|dXx = ‘/— dx
L \/1 X L \/ x
Dit x> = sint = 2xdx = costdt
.Déicén:x=O:>t=O;x=—1f-:>t=ﬁ'
, V2
‘ n
Dodo = ,[)6 costdt L6dt l:_t_}@“n.
JV1—sin? 12
Bai 4.
s Y

S= Lzlsm X cos xldx— 4[)2 sin? x cos? xdx = Lzsm x(1 —sin? x) cos xdx

bit t = sinx = dt = cosxdx

Péicin:x=0=>t=0; x=—275:>t=‘1

. ' ) b ; 1 ’ .
| o B 11 2
SuyraS= | t2(1-t3)dt = | (t2-thdt = | —-—| ==-==—.
wyra§ = [0-thit = [ -thdt =) S O |
Ba15 '

1. y=x>-2x, y 2x,x=-2vax=2.
Dién tich hinh phing cén tim 1a

S= [2Joc -2 -2xax = [} —anfax
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Bang xét ddu

X -2 0 \ 2

x—4x o + ' 0 L 0

Véy S= L (x3 —4x)dx + L (—x3 +4x)dx
0 2
, 4
+[—~}—— + 2x2]
4 .
-2 .

' 0

=0—(4—8)+(—4+8) =8 (dvdt)
2. f(x) 3x°—x>, y= g(x)‘x—-x+2x Ovax 3.

TacoS= Ll(3x 2 _x3)—(x2 —x+2)'dx

I

ﬁl(—x3 +2%x2 +x ——2)| dx = ﬁl(x ~2)(x2 =1) dx

Bang xét déu

X 0 1 2 3

(x-2)x*-1) + 0 - 0 +

Do dé : o v
S= L( x3 —2x2 —x+2)d f(x3—2x2~x+2)dx+E(x3—-2x2—x+2)dx

1321315255

12 3 12 4 3 12°
3. x=—~1,x=2,y=3x2véty=4x3.

3
. S= EI3X2“—-4X3ldX = E(3x2—4x3)dx E(3x —’ )
2 2 27 27 1307
oo Zona-2) 28
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. y=3x-%x,y= Xx,x=-2vax=2.

S‘= f2|(3x—‘—x3)+xldx = ﬁzl4kéx3|dx

= fz (—4x +x3)dx +'ﬁ (4x —x3)dx

0 : 2
: 4 4
{2_} [2.._} \
4 3 -
-2 0
=0-(-4)+4=8.
R ) ) o x2 }‘,2'
. Duong elip (E) : 9x +16y2=144<:>—1—g+—9—~=1

Ta c6 thé xem hinh elip trén 13 hinh giéi han béi cdc dudng sau :

x=-4;x=4; y———\/42—-—x Vay-——-\/42—x

Dodo:S= j:l \/42—x dx~3£t 42~—x dx

Dit x = 4sint = dx = 4costdt
‘ Dmcan.x O::>t—»0

X=4=t=—

™ ¥
SuyraS=3 Lz J16-16sin? t.4costdt = 48 L’- cos? tdt

T

=24 sz (1+cos 2t)dt
I

o 24[t+sm2t} 2
,2

0

=24 E + o} =12n (dvdt)

X ‘ T
. y*smzcosxy cosx,x=0va x= —2-
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n

dx = E

. X
cosx—-s1n—2—cosx dx

I
Sl x
S= Lz sm—i—cosx—cosx dx

. X
cos x| sin—-—1
( 2 )

i
2

=k

7 , ‘
= Teinx 12 = [26in X 2X_11,
[sm x]IO L smz(ZCos 5 1]dx

T

=1 Lz (ZCOSZ—)S—l)SinidX
2 2
batt= cos—;— =>dt= ——l—sin—)-{-dx

Pbicin:x=0=t=1; x=_7.t.>:>‘t=_2
' 2 2

. V2
V2 4¢3
S=1- 112 (2t2 -1).(-2)dt =1 - {Zt'—‘tj—} .

=1- [«/’2’--‘/32-—2;&} = 5"2‘/5.

3 3

7. x=—1,x=2,y=xvédu6mgy=x2—2x

2 2 |

- 2 _ne)_ - 2_

S Lll(x 2x) xldx Ll‘(x 3x)|dx
= fl(x2—3x)dx+ jo (3x —x2)dx
0 2 '

x3  3x2 3x2 %3 1 3 _ 8 31

=l —— +|—=—-—| ==t=+b——=—.
3 2,12 3 3 2 3 6

8 y=5"2x=1,x=4viy=3-x.

-
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4
2 x—2 x—2 2
= |3 -X_3 T X
2  In5 In5 2 )
—6~2———1—— +l+ ! +£—12+8—~~L+6-2 :—3—+ 116.
In5 2. 5In5 IS5 In5 ; 2 5In5

9. (C):y=xVx2+1, truc Ox va duong thang x = 1.

Phuong trinh hoanh d6 giao diém cua (C) va Oxla x x2+1=0 <x=0

S= Lxm dx= L(xm)dx

Détt=\/x +1 =P =x*+1= tdt = xdx
Pdican:x=0=t=1;x=1=t=+2.

2 3 -
Suyra S = J:rt.tdtz L =2ﬁ 1.
3 3
_ 1 :
Bai 6.
x+1 N s s ea A | , '
1. O):y=— ' x = -1, x = 0 va duong tiém cin ngang cua (C).
s 2
Tacod:y '(x—l)z. _ y A

Ti€m cdn dimg : x =1
Tiém cdn ngang : y = 1. ,
Hinh biéu dién hinh phang nhu hlnh bén. ‘ 2T
Dua vao hinh v€ ta co :

Szfl(yTCN—yC)dx \'// o [T
=‘fl(1_£ﬂ)dx | = “ N‘% |

><i]

x—1 )

A\

| 2 o
- fl(ﬁ)dx = [~2m1x—1|]|_1 = 2In2
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x2 -3x

2. (C):y=": S X = —1,x =1 va dudng tiém can xién.
2 _
Tac():y’=—————-——————x 4x+6;
. ,(x—2)2

Tiém can dimg : x =2 ;
Tiém cén xién : y=x —1.
Hinh biéu dién cita hinh phidng nhu hinh sau.

=y

1 _
\Yec = Yrex
1 .
=I_(x—1— 2 —x+1\de
| 1 X—2
=‘L 2 dx
- o=lx -2

= [-2inx-2]], =2m3.

Dign tich hinh phing 1a S = [ (

3. \(C):y=x+1+——1¥, x =2, x =3 vadudng tiém can xién.
x__

x2 —2x B
(x-1?%’

Taco:y =
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Tiémcin ding : x =1

Tiémcéﬂxién ry=x+1..

Hinh biéu dién caa hinh phing nhu hinh sau.
y A

() e e

Nt —————————

>V

vDién tich hinh phang lfc‘t S= E(y}c/— nyX )dx
= jj(x+l+;%{—x—1)dx
E——-—dx =[ln|x—1u|z

- =In2.
Bai 7. Cho ham sb y = 4x — X (O<x<2)
Phuong trinh hoanh do giao diém cia (C) va (d) 1 y =mx la:

- 3 5 B x=0 ,
4x~,x —mxc>x(x +m—4)-0<:> 2 1)
o A =4-m

Vi (d) chia hinh phéng gidi han bdi (C) va Ox thanh 2 phan nn0<4-m<2
< 2<m<4.
Khi d6 :

(1)< x=0hayx=4-m €(0;2).
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N 4— . D ‘
Yéu cau bai toan < ‘ " (4x —x3 —mx)dx =—;~ L (4x —x3)dx

4-—m 2
_ 2 4 .4
o |@-mE X L2 X
24 2 4

—m)2 —m)2
. (4—m) __’(4 m) =l(8~—4)
2 4 2

A2
_ (4-m)
4

©4-m=2V2 em=4-22.

Véay m thoa yéq ciu bai todn <> m = 4—2+/2.

=2 < (@4 -m)P=38

Bai 8.

1. y=4vay=x° , A ,
Phuong trinh hoanh d¢ giao diém ctia hai dd thi dd cho 1a: x> =4 <> x = + 2.
Dién tich hinh phing can tim 14 :

S% f2l4—x?!dx= f2(4—x2)dx = [4){——’?}

2. y=x*+2, y = 3X.
Phuong trinh hoanh d¢ giao diém ciia hai db thi da cho 1a -

)
32

3

—2

x2+2=3‘x<::>x2—-3x+2=0<:>x=1hayx=2.
Dién tich hinh phang cén tim 13 :

S = flxz —3x+2ldx = f(—~x2 +3x —2)dx

3. x=e¢,y=0vay=Inx. :
Phuong trinh hoanh 9 giao diém ciia dudng y = Inx va dudong y =014 :

Inx=0&x=1.
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* Dién tich hinh phing cén tim 14 : S= f |Inx|dx = fln‘xdx
bit u=lnx =>u’ = —1—;
X

vVi=]l>v=x

SuyraS= xlnx fdx—e— °=1.

. y=0vay=x(x-1)(x—-2).

Phuong trinh hoanh d6 giao diém cta hai 0 thi da cho la:
' x(x—1)(x=2)=0<>x=0hayx=1hayx=2.
Dién tich hinh phéng cin tim I :

S= [x(x-D(x-2)dx =

oAl 2
4 4
X X
= 3 x| 4| ——-x3+x? | | =
4 0 4 1

cy=+x,y=x

Phuong trinh hoanh d6 giao diém ctia hai 6 thi d4 cho la

Jx = \/— <::>x=AOhayx=1.

Dién tich hinh phéng cin tim a:
S= |\/— 3x l dx =
Dt x = t° (t > 0) = dx = 6t°dt

D(“’)icén:x=,0:>ft=0;x=1:>t=1

1 1 : 6t° 6t8 |6 6] 1
S = 3_t2y6tdt]=| [ (6t8 —6t7 dt| = || ———— S =
Ijo(t t)é_t ‘ |L( -6_‘ ) 9 8 || l9 8 12

‘ , _ |
E(X3 —3x2 4+ 2x)dx|+ J; (x3 —3x%+2x)dx

SR

L(«/— ~3¥x)dx

. y=2x*vay=x*-2x*trong mién x > 0.
Phuong trinh hoanh d9 giao diém ciia hai @ thi da cho 14 :
2x2=x4~2x2¢:>5{4—4x2=0<:>x=0hayx=:t2.
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[/3 [
S = \/3_ —
1| /3 x3
=-3~ J—:/\;g?) 4-—X2dX—,['—3—}

Dat x = 2sint = dx = 2cost dt

1
- Su raS=——
Yy ] 3

158

Dién tich hinh phing can tim la :

o~ [

—4ledx=

ﬁ(x“ ~4x2)dx| =

(©):y=+4-x2 vax’-3y=0.

Phuong trinh hoanh d9 giao diém cua hai db thi d cho la :

4—x2’=ﬁ
3

S x=+4/3.

Dién tich hinh phéng cin tim 12 :

4

2
dx =

X
x2 -2
3

2. A . T
Dmcanx=—\/§:>t=—§;

5 -

Il

W |-

T
_[3n 3\/4—4sin2 t.2 costdt —2\/?7
3

-;- [53(3\/4—)(2 —x2)dx
J3
A

x=\/§:>t=§

Vs
I3n 12 cos? tdt —24/3

3

L

3

4n+343-24/3| =

j3 6(1+ cos 2t)dt —24/3 ——[6(t

4n+\/§
T

SI4-xH=x'ox*+9x*-36=0

sin 2t

_|32 32

I

T

3

-243|



10.

2x+1
x+1

y= védu(‘)'ngthéngy=~—§-+l. '

" Phuong trinh hoanh d6 giao diém ciia hai @ thj da cho 13 :

—2xt1 =Xl o ax+2=xP-x+2x+2
x+1 2 ,

o xP-5x =0<>x=0hayx=5.
Dién tich hinh phéng cin tim 1 :

5|-2x+1 x 5 3. 0x
S= - +==1|dx = 24— —=1)dx| -
'() x+1 2 IO( x+1 2 )
X25
= —3x+31n|x+1|+-'——
4
0
=1-15+3In 6+—2—5~ —2—31 6

4 4

y=x*vay= \/_

Phuong trinh hoanh d6 glao diém ctia hai do thi da cho la

/ x> =/x ©x=1hayx=0.
Dién tich hinh phéng cén tim la :

s—jo| —x|dx = ( ‘z)dx=[zxﬁ—£}

3.3

y=2+sinxvay=1+cos’x véix € [0; 7).
Phuong trinh hoanh db giao diém ciia hai d thi da cho 1a:

_ 2+sinx=1+coszx<:>2+sinx=2-—sin2x<::>sin2x+sinx=0

sinx =—1

St ,,
o [Smx e x=0hayx=n (dox e [0; )

Dién tich hinh phéng cin tim 12 ;
= g|2+sinx—(l‘+¢osz x)ldx :“[;l(sinxfsinz x)dx

Ez/ . 1—cos2x x 1. " T
= sinX + ————= [dx = | —cosXx+——=sin2x || =2+—.
\ 2 2 4 0 2
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Bai 9. Phuong trinh hoanh d§ giao diém cita hai dudng da cho 1a :
4a2 ~2ax—x2'__ x2
1+a* 1+a4

X=a

<:>2x2+23x—4a2=0<:>[
X =-2a

Dién tich hinh phéng cin tim 13 :

f l2x +2ax — 4azl 1
Za 1+a% ’d 1+a%

' 372 3
-1 [4a2x—ax2——2—x——} - 22
: 3
—2a

a(4a2 —2ax —2x2 )dx

1+a% 1+a*

9a3  27a3 2787 27

Taco:S= = < = .
4 3t+at+at+at 4§‘/3a12 433

_1+a

Déu “= =" xXadyra<>a= 3/_3-

Véy véia= i3 th1 dién tich hinh phang dat gia tri 16n nhit va maxs = p \/— .

Bai 10. Phuong trinh hoanh d6 giao diém cua hai dudng cong 1a :

2./.3 x=0
TNX+ +1=x.2“"‘<:>{

24 L xVx3 +1 =24.27% ()

Vi (*) c6 ve trai 1a ham so tang va vé phai 12 ham s6 giam nén (*) c6 duy nhét
nghiém la x = 2.

2 3 1

X X"+

) 2
Dién tich hinh phéng la : S = L —x27%|dx

‘L 24x3 +1dx — L24x2‘xdx

1
24
Tinh1=j0 x4 +1dx
DPiatt= /x3 +1 =P=x+1 = 2tdt = 3x%dx = x’dx = %tdt

Pbicin:x=0=t=1;x=2=t=3.
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3
2 3 3

Do d6 1= Lx24x3+1dx=j;—7:t2dt= Cial S

3 9 | 9

)
Tinh J = ['24x27*dx
Pt u=24x = v’ =24
—X

V=20 =y==
In2

'2 .
24x.2fx] , P42

. 2.
=J= L24x2—de =|- dx
n2 In2

‘ 2 . : ,
12 {24.?:*] 12 18

In2 | In22 In2 In?22
|
249 In2 m22]
Bai 11. Phuong trinh hoanh do giao dlem clia hai 46 thi la :
2

x2 +2ax +3a2 _at-ax
1+a* 1+a4

Dién tich hinh phéng 1a

< X%+ 3ax + 2a° f-=0<¢x=—ahayx=—2a.

‘x +2ax+3a a —ax
2a| 1+a% 1+a% ld

x +3ax+2a2|d

1+a

. 3 ) | a
SR S LSS P %
3 2

-2a

[ a3 1843 3 _19a3
__1 f[-a’+8a> 3a 21_2a ——2a3+4a3}

1+a% 3

K 6(1+a%)

11A G.TOAN 12 - TPNH ; ‘ ‘ ‘ 161



P
23+a*+a* +a4) _ 2.4ﬂ3a12 843

Déu “=” Xéy racsa=133.

Tacd:S=

Vay voia= i‘/— thi dlen tich hinh phang dat gia tri l(m nhit va max$S =

8\/—
Bai 12.
1. (P):y=x*—2x+2, truc Oy.va tiép tuyén véi (P) tai didm M(3; 5).
Tacoy =2x—2 = y'(3) =4
Phuong trinh tiép tuyén ctia (P) taiM 1la (d) : y-5=4(x-3) <> y=4x-7. '
Dién tich hinh phang cén tim 13 :

S = E'(xz——2x+2)-—(4x—7)ldx

2. (P): y=x”-2x va hai tiép tuyén ctia (P) v& tir diém A(2 ; -9)
Goi (o ; Yo) 1a tiép diém cua tiép tuyén (d) véi (P).

| YA

l4"j

124

10 4

o B O ®
1 1 1 1
L] T L] L]

N —————

xV

Tacé : (d) 1y =y’ (xo)(x —Xo) + Yo = (2X0 ~ 2)(x = X0) + X§— 2%o.
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Ma (d) qua A nén -9 = (2%~ 2)(2 - x0) + x2-2x0 <> x3—4x9—5=0

- Xo=-1
X =5
Do d6 c6 hai tiép tuyén quaAla:
(d):y=—4(x+1)+3=—4x-1
(d2) :y=8(x-5)+15=8x —25.
Dién tich hinh phing 13 :

S = fl[(x2 —2x) ~(~4x —1)]dx + E [x2 —2x — (8x — 25)]dx
= ﬁl(x+1)2 dx + f(x—_—S)z dx

2 ‘ 5
3 _a\3 [~
31, 3], 3 3

. (P):y=x"—1va hai tiép tuyén cta (P) tai 2 diém A(-1 ; 0) vA B(2 ; 3).

Phuong trinh tiép tuyén cua (P) tai A lad : |
y=yYEDE+1)==2(x+ 1) =-2x-2.

~ Phuong trinh tiép tuyén ciia (P) tai B1a A ;

y=y@2)x-2)+3=4(x~-2)+3=4x-5.

>V

163



- Dua vao hinh v& ta c6 dién tich hinh phéng la:

1
S= [2(x2 1~ (-2x~2)dx + [f (2 =1 (4x - 5))dx
2
= P eanaxs [g(x—Z)zdx

- lbe]

1
2;
2
4

(x+1)°
3

X . 27
4. (P)):y=x,(P):y=— va(Ps):y=—.
- ; 27 X

, w2
Phwong trinh hoanh do giao diém ciia (P1) va (Py) : x* = -’-2‘—7- o x=0.

_ - )
Phuong trinh hoanh d¢ giao diém cua (Py) va (P3) : 32(—7— -2 & x=9.
: : X
| e 27T
Phuong trinh hoanh d6 giao diém cua (P3) va (P): — =x" & x=3.
X

YA

T
>V
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Dua vao hinh v& ta ¢6 dién tich hinh ph%mg 1a:

2 ‘ 2
S=ﬁ XZ—L dx+f —2-7-—'£— dx
27  x 27

T2 3 3 3 9
=[ X } +|:271n|x|——x—}

81 |, 81 |,
‘=-2§6-+271n9—271n3—9+§

= 27In3.
2 X3 o\ ;
. y=EXT,y=—vay= —.
I 8 . X
Tuong ty bai 4. Pap s6 : S = 8In2.
. y=I|x| vadudngy=x*-2
Phuong trinh hoanh do giao didm ciia 2 @ thi 13 : x| =x* — 2 < x =2,

A

Dua vao hinh v& ta ¢6 dién tich hinh phingla:

S = 2I?(X—X2+2)dX'
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Bai 13. Phuong trinh hoanh d9 giao diém ca hai duong d4 cho la:

‘ ‘ x+320
lf~4xfﬂ=x+3¢> x2 —4x+3=x+3
—4x+3=-x-3

x2-3
=
x=0hayx=5

c>x=5mwx=0

T e -

Theo hinh v& ta ¢6 dién tich hinh phing 14 :

S—‘L(x+3 X2 +4x — 3%hﬁ-£(x+3+x2—4x+3%m

+£(x+3~x2+4xf3%kA

- jol(sx—x2)dx,+ £3<x2—3x+,6)derE(Sx«xz)'dx

-3 5
x3 5x2 x3
X X ——-——————+6x L
L 2 3

2_ 125 27 _ 109

+ .
6 6 2 6

3

13 27
= _+..‘..__._...
6 2
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Bail4. Taco:y =2x— 4::>y(1)———2 y’'(4)=4.
Phuong trinh tiép tuyen cua (P) talAla d:y- 2——2(x—1)<:>y=—2x+4
~ Phuong trinh tiép tuyén cia (P) tai Bla: A:y—5=4(x—4) < y=4x— 11.

Giao diém cia A vad ¢ hoanh d§ lax = =.

YA

P

ol 4

Dua vao hinh v€ ta é() dién tich hinh phing 13 :
S= f(xz —-4x+5+2x—~4)dx+ E(xz —4x+5-4x+11)dx
o 2 | | .

5

- _[E(x~1)2dx+§(x—4)zdx

2 .
:w2+w=g
s
. ~ 2

Bai 15. Goi B(b ; 0) va C(c; O) 1an luot 12 giao diém cia hai duorng thang d; va d,
thod yéu ciu bai toan. (-3 <c<b <0).

Dudng thang d; qua A va B ¢6 phuong trinh 12 :
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=V

I S c/_i/Bo

cr A . 9 _1 2
Theo gia thiét ta cd : f(f.-bx+9)dx—3 f3(x+3v) dx

| o2 | 1 4 $1° o 2
o | -9 | == &xH3)” S-——=3Sb=—,
2b . 3 3 3
b -3
Dokdédl:y=%2x+9.
Pudng thing d qua A vi C nén ¢6 phuong trinh i+%=1 =N y=—2x+9
c c

Theo gia thiét ta c6 : f(—-gx + 9) dx = 2 _[(_) (x +3)2dx
. c 33

2
= !ﬁ———g—%—— +9x}
2¢ ‘

Dodédy:y= 27:7x+9.

0 o ' 3 0

:_{(x+3)} -
3 3

c 3

e

6 <:>c=—i.
3

Bai 16. |
1. (C):x=y,y=1va(d):x=8.
Phwong trinh tung d6 giao diém cia (C) va(d)1ay’ =8 o y=2.
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Dién tich hinh phéng cAn tim 1a :

4
S= _Hy S'dy (8 y)dy {Sy 4}1 e
. (P): Y =2x, (C):27y* = 8(x — 1)°.
Toa b giao didm cta (C) va (P) thoa hé :
2x 2=2x
y o Y
27y? =8(x~1)*  [27.2x=8(x-1)?
= 4(x* = 3x>+3x - 1) -27x =0 < 4x> - 12" — 15x — 4 =0
& (x- @ +4x+1)=0
‘ <:>x=4hayxf-——% (loai)
Vay (C) va (P) ¢6 hai giao diém la A(4 ; 2) va B(4 ; -2).
Dién tich hinh phing cin tim 14
| . 2 _ 2 y2 33 9
S= Lzle——xcldy = Lz—i-—-(H—i\/y dy

e (2 33 | B 3 3y

B LZ(? A - Y

. y2=4xvé*iySO,2X=—y2+6yvé*iy32véx=4.

Ta c6 hinh biéu dién ctia hinh phing nhu hinh sau.
YA '

18\/—.
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” . 2 ) [ 2 t
Dién tich hinh phing 12 : S = ﬁ(4~2".}_)dy+k(4_ y 2+6}’]dy

' 0 . 2
3 3 2
4y_.¥__ 4y+_z___§.z_.
12, 6 2
0
= 16—ﬁ+8+§—6 14.
12 6

Bai 17. Phuong trinh tung d(f)! giao diém caa (P) va (C) 1a:
2 2
y 2 4
(E—j +y2 =16 © y*+36y° =576 =0

eyY=12ey=23.

A

Dién tich ctia phan c6 gach soc la :

Dit y = 4sint = dy = 4costdt

Déicany= 243 =>t= -—-7;

y= 2\/§:>t=§
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T ‘ 1 ) v
8\/5 = P 16 cos? 8f

Do d6 S = P 16 —165sin2 t4costdt——§—~ tdt — =
3 3
' r .
= j3 8(1+c052t)dt—i = [8t+4sm2t]|3 —8_*[3

161c 4\/~_8\/— 16n+4\/—

3
Dién tich phan’con lai :

S2 = Shinhtron — S1 = 167 — 16“;4\/5 = 32“;4\5- '

s2. UNG DUNG TICH PHAN
DE TINH THE TICH VAT THE

| | -
Bai 1. Ta o6 thiét dién 1a hinh vuong ¢6 dién tich 1a S(x) = (2 1—x2 ) = 4(1 - ).

Thé tich ctia vat thé can tim 14 :

¥ ' 1 : x3 16
_ _ 2y = X 2L
\% LIS(x)dx Ll4(1 x2)dx {4[x 3 H -3
Bai 2. Ta cb thiét dién Ia tam gide déu c6 dién tich 12

(2\/;1—11_)( )zx/— -3

3sinx.

S(x)=
Do d6 thé tich cua vét the da chola:
V= ES(x)dx f;\[?;smxdx = \/—[ cos x] =23,

Bai 3. Goi O 14 tam ctia khéi ciu sinh ra khéi chom cAu. Gi6i han khéi chom chu
boi hai mit phing : mat phang (o) chira dudng tron ddy ctia chom cAu va mat
phing B tlep xtc chom céu tai M va song song v6i ().

Chon truc Ox la truc qua M, truc Ox cit(a) va (B)taiR—hvah.
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Goi (P) 1a mat phing vudng goc truc Ox tai x (R-h<x<h).
Ta c6 (P) cét chdm cAu theo hinh tron c¢6 béan kinh r = VR2 —x2 nén c6 dién.
tich Ia : S(x) = n(R% —x2)

* Do d6 thé tich khéi chom ciu 14 :

: = |
V= E—h S(Xk)dX = th:_h (R2 - x?)dx = W[sz __)_{___}

3 R-h

~7{R3 RZ(R -h)- 3 -(-ll;‘—)ﬂ

h[RZ +R(R~h)+(R;h)2]

=n|R%h - -
3

= -’-‘;—‘[3112 ~R2-R(R-h)-R?2 +2Rh-‘h2} |

= 7th? [R m-lg-] (dpcm).
Khéi bén cu bén kinh R dugc coi 1a khéi chom cu ban kinh R, chidu cao h =R.
Vi vy thé tich khéi ban cAu ban kinh R 1 :

: 3
V = nR2 (R—E) 2mR”
3 3

U Tt W . 47R3
- Do dd thé tich ctia khdi cauban kinh R 14 V= .

Bai 4. Phuong trinh hoanh d¢ giao diém cta (P) va Ox la
‘ | 2x—x2=0<:>x=0hayx=2.
Thé tich khéi tron xoay tao thanh 13 :

V= n'[)z‘(Zx —x2)2dx = ‘nﬁ(4x2 —4x3 +x4)dx

o Lo6.2) 16
3 5 15
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Bais. Phuong trinh tung 'dcf) giao diém ctia du:émg y= x/;( vatruc Oy la:
y2=0 < y=0.

Thé tich khi tron xoay tao thanh 14 :
' 1

1 1 >
V= anzdyzn_[)y"’dy:n{—)—;—:l
: 0

Bai 6. Dudng thing AB qua A va c6 vecto chi phuong 1a AB=(3;3)=3(1; 1)
nén:AB: l(x+1)-1(y-1)=0&x-y+2=0y=x+2
Thé tich khéi{trc“)n xoay nhén dugc khi quay (H) quanh Ox la :

2
2 . | (x +2)3 x>
V= nLl[(x+2)2fx4]dx = TC[ 3 ———-5~] |

T

5

. 64—1_32+1}_72n

3 5 5

Bai 7. Phuong trinh hoanh d9 giao diém cita duongy = x —1 va dutmgy=01a:
\/_>Z—1=O ox=1. ‘

Thé tich khi tron xoay tao thanh la:
' 4

2x\/)_c-‘ }
3 +X |

1

V=:nf(\/;-1)2dx = nf(x—Z\/;H)dx = n[ij——z.

Tn
=

Bai 8.
1. y=xe,y=0,x=0,x=1;
|
V= n_{)xg.ezxdx

bat u=x’=u =2x

e2x )

v’ =e*, chonv= BN

1 \ A
2 g |
} - leezxdx = n[%"— xezxdx}
0 ; ~ o ’

x232){

SuyraV = m [
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Pit u=x=u’ = 1

er

2x = V=

V“C

2 ' 2x
Dodo V= 1 —e——{xez ]
S (4]

v 1
e2 ‘62 er
+.—.—.
2 2 4
0

2. y‘=1nx,y=0,x=1,x=e;

i

11 5,
+L—2—e dx

It
3
l
|
I

_ m(e?-1)

V= nflnz xdx .

'Dat u= 1nx:>u "21nx-1—
X

v=1 =v=x .
Suy réV= Tc([xlnz x]‘:— fZlﬁ xdx)

Dit u=Inx :>u’=—1—
: : X
v’ =2, chon v =2x
v 1.2
Do @6 vV HTC(I:XII’I :”1 2xlnx dexJ

3. y*smxy Ox Ox TT.

2
V= ng(sin x)zdx = ngt(_l_—_c;)iZ_x_) dx

| =3£‘(1—2cos2x+-li—°9i@‘-)dx
4 T2

: : . m 2
== 3x—23in2x+sm4x] =§—n——-.
8 4 | 8
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4. y \/sm x+coslx,y=0, x=0,x=

SEN

Ia

2
V= Lz(\/sm x+cos6x) dx

T
gy
=§L2(5+3cos4x)d
o .
= E[5x+zsin4x}2 "—“§n—.
] NT

Bai 9. Ta c6 khéi tron xoay do elip d& cho quay quanh Ox tao nén ciing chinh la
khéi tron xoay tao ra khi cho hinh phang gi6i han boi cac duomg sau quay
quanh Ox tao ra : :

x2
o x=-2;x=2;y=0vay= 1—-—;;—.

~ Do d6 thé tich khi tron xoay can tim 1a :

5 5 2 3
V= n‘[_zyzdx=n£2(l_-——%—}dx = n[x—%}

Bai 10. Ta c6 thé tich vét thé cin tim 1a :

V- nfxzdw“f(‘fi)dx - “[%T

. ,

N L L
: 12 3
2 :

=n(- 1+4)-—3
Balll Taco(C) (x—2) +y2-1©(x 2y _1“}’2

SX= Zi\h y2 (ye[—l 1])



Ta thiy khéi ron xoay d4 cho chinh 13 khi tron Xoay nhén dugc khi quay
~ hinh phing gi&i han bai cac duong:y=+1;x=2+ \/1\—' y2 quanh truc Oy.

Do d6 thé tich ctia khéi tron xoay 1a :
1 - 2 ) 2 ‘ ) !
V= nLl{(2+\/1—y2) —(2—,/1-y2) }dy = nLIS\/I—yzdy

Dt y = sint = dy = costdt

péi cany=-1 :>t=—£; y=1l=t= E.
: 2 2
n r
DodoV = nP 8v1—sin? t.costdt = nJ‘Z 8.cos? tdt
T T
2 . 2
T ) ' n
= 41tf2 (1+cos2t)dt = 4n[t+sm2tJ2 =472,
T ' 2 |z
; 5 , >
Bai 12.
1. V& db thj cia ham s f(x) (hinh sau)
| ‘ YA
3L
2__.
A B
1.-
(3 - 1 2 3 ;f

2. Tacdl= L f(x)dx chinh ]a dién tich cua hinh phiing (H) chin bdi d6 thi ham
s6 f(x) va truc Ox. D6 chinh 13 dién tich cta hinh thang OABC.
‘ | (1+3).1
2

2.

Dodé1l= ij(x)dx = SoABC =
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3. Tinh the tich cla hmh trdn xoay sinh ra khi quay hinh (H) gidi han b&i do thi
ham sb f va truc Ox quanh truc Oy.

Ta cé (V= nﬁ(x%c——x%A)dy = n"ﬁ[(S—y)z—'}’z]d}’

= nL(9 6y)dy = n[9y 3y } —6m.
Bai 13. Ta c6 phuong trinh hoanh d9 giao diém cta (C) va(P) la:
o3k +2= V2x +2 © x* = 3x= 2x (¥)

x>0 ;
Sx>A3
x3-3x20

Diéukién:{

Tacc’)(*)<:>(x3—3x)2=2x<:>x5—6x3+9x——2=0hayx=0
o (x-2)(x* +2x° —2x* —4x+1)=0hayx =0

(x=0 |

S |x=2 . (

Lx4+2x3—2x2—-4x+1=0 (**)

[x=0

[ x=2

<=

M (%) & (€ — 1)+ 2x(x* —2) +1 =0 vd nghiém do vé trdi > 1 v6imoi x> v/3).

Do d thé tich vét thé cin tim 1a :
V= nﬁ[(\[ﬂ)z _(X3' '3X~)2]dx | y A

= nﬁ(Zx’— x6 +6x% —9x? )'dx

= | X* ——+—-3X
7 5 0
ol 42812 o]t
L 7 5 35

P mm

><V

177



Bai 1. Tim nguyén ham cia cac ham s6 sau :

1.y=2x2('l -x7); | 2. y'='8x— —2-24;
. x'g
13 . o
3.y=x2sin(x2 +1); 4.y= w;
cos? (2x +1)
5.y= ——lé-cos(l—l); 6.y=x(1+x%;
X X ) '
v 2x v
7.y= Xe ; ‘ 8. y=x%";
3 .
. 2
9, y= _hl(_ﬁi)_‘; ‘ 10. y= cos? xsin3 x ;
%2 4+6x+49 .
1ly= 4X+5 12. y=e8irf3"c0‘s3x.

x2—2x+1" . ,
Bai 2. Tim ham sé y = f(x) néu bibt dy = 12x(3x* - 1) dx va (1) =3.

b
Bai 3. Xac dinh s0 b duong dé tich phén j(éx —3x2)dx c6 gié tri 16n nhét.
0

' 9 9 9
Bai 4. Cho biét [f(x)dx=-1, [f(x)dx =5, {e(x)dx =4 . Hay tim
1

7 7 :
9 9 ,
1. [-2f()dx; B 2. [[f(x) +g(x)ldx;;
1 ' 7
9 7 |
3. [[2f(x)-3g(x)]dx ; 4. [f(xydx.

7 1
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Bai 5. Tinh cac tich phén sau :

‘ 2
1 jx2(1+\/x3+1)dx;

0

sin2xv
—_—dx;
14+cos™ x

2 d
5, szzf

w
Oc__._.t\llﬁ

f x«/1+1nx

T

L6 dx .
" 90 cosx(3sinx —cosx) ’

i ;
11. L4 sin? (%——x)dx ;

n

13 E‘ SinXCoSX -
) 2

a2 sin? x + b2 cos

g e2%
14. j:: ¢ dx;
3 eX +1

16.

=2

f (Inx)2dx ;

0

18. [ (2x-3-Jx))2ax

dn4
20. f)n |e2x —eXtlidx.

3 9.

2.6[ — dx ;

N

>
+

sinx
4.

dx ;
1+cosx

o.._.,wl:

6. .E6' dx

Jx+9+J;’ !

 sin(mtln x)
8. f R dx.

10. J~3 4sin? X+C082de;%

sin? x cos? x

/3

12. ff ;
X\/1+X

dx (a;éibvaa b#0);

2
15.. f}_i_ln__)idx

e2+1nxy
2
17 P P ax
3|x+4|
13
19. § 4hn\x dx;
o X
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Bai 6. Chimg minh céc bat déng thirc :
, |
1. L 3+e*dx<2;

4. 243 < L f(x)dx <246 véi f(x) = \/x+2 ++/10-x.

Bai 7. Tinh dién tich hinh phing g10'1 han béi :
1. Db thi cac ham s§ y = 10 — x* ,Y=2-2x;
ZCacduorngcongx—l—Zy 3y2x 5-2y- y ; _
3. b thi y= X — 2x +2, tiép tuyén ctia n6 tai didm M(2 ; 6) va truc tung ;

4. Parabol y =—x*+4x— 3 va cac tiép t_uyen clia né tai cac diém A(0 ; -3) va
B(@3;0).

Bai 8. Tinh thé thh cua vét the nam gifta hai mat phing x =0 vax =2, blet rang
thiét dién ctia vat thé bi cit boi mit phang vudng géc voi truc Ox tai diém c6
hoanh d6 x (0 <x <2) 1a mdt ntra hinh trén cé duomg kinh 8x>.

Bai 9. Xét hinh phing giéi han bdi dudng hypebol y = 2 3 va cac dudng thing .

X

.y=-1,y=4vax=0.Tinh thé tich cua khbi tron xoay tao thanh khi quay
hinh phang d6 quanh truc tung. _

Bai 10. Cho hinh phing (H) gii han boi dd thi ham sb y = vcos2x+2
0<x< g) va hai tryc toa do. Tinh thé tich khdi tron xoay tao thanh khi hinh
(H) quay quanh truc hoanh.

Bai 11. Cho hinh phéng A gi6i han béi duong cong (C) : x(y> + 1) = 2.[y va céc
dudng thing x = 0, y = 0, y = 4. Tinh thé tich khéi tron xoay tao thanh khi
A« quay quanh truc tung. ,
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Bai 12. Cho hmh phang (H) gi6i han béi duong cong ¢6 phuong trinh x — y2 0
va cac duong thang y 2,x=0. Tlnh thé tich khéi tron xoay tao thanh khi (H)
quay quanh :

a) truc hoanh ;
b) tryc tung.
| 1 x x

Bai 13. Cho hinh phéng (H) dugc gi6i han boi dd thi ham s y= x2|e2 +e 2

VA chc ‘duong thing x = 1, x =2, y = 0. Tinh thé tich kh01 tron xoay tao thanh
khi (H) quay quanh truc hoanh

Bai 14. Cho hinh phing (H) gi6i han boi duong cong ¢6 phuong trinh (C) : y2 2x°
© va duong thang x = 2. Tinh thé tich kh01 tron xoay tao thanh khi- (H) quay quanh

a) truc hoanh ;

b) truc tung.
 HUGNG DAN GIAI VA DAP SO

Bai 1.
, 3
1. — 2% 21n|x|+C

3

—3— .
105 |

2. 4x° -

¢

+C

3 L1 1 |
3. bit t= x2 +1::>dt=,—;-x2dx::> x2dx=%d‘cb

1 3 ‘
Taduge [x2sin| x2+1 dx=%jsinvtdt’

3
= —%cost+C=——£32—cos[x2 +1}+C
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4. Diatt=cos(2x + 1) = dt = -2sin(2x + 1)dx = sin(2x + 1)dx = —%.

Do dé J-s1n(2x+rl)dx _ I’" dt =i+C= , 1 +C
7 cos?(2x+1) 2t2 2t 2cos(2x +1)
y 1 1 1 ..
5. batt=—-1 :>dt=~-§~dx = —2—dx = —dt
X X X

Do d6 j‘-lz—cos(l‘—l)dx = j(—cos t.dt)=—sint+C= —sin(—l-—l}rc
. X X B ' X

6. biatt=1+x'= dt=4x’dx = x3dx = -1—dt

1+xH

‘ 4
:>_[x3(l+x4»)3dx=:1t-jt3dt={-—6—+c= T +C

7. Patu=x=du=1dx

5 ‘e2x
dv=exdx:>V:—2—-

2x 2x 2x : 2x 2x
- Ixe dx:___l{x._e___"-g_z___d{'=xe ——?————‘+C

30 32 6 . 12
|u=x2 du = 2xdx
8. Dbat = ,
: ldv=eXdx v=e*

= J-xze?‘ = x2¢X —ZIxexdx

u=x du=dx 1] o2x .o2x 23X o2x
- bat = . 1 x.e———j—G——dx X T e
dv =e*dx v=e* 3 2 2 6 12

= J“xze2 = x 2e¥ —2[){6:x - Iexdx] =x2e* —2xe* +2e* +C

9. Datu= 1n2(x +3) ::>‘ du= ‘21n(x + 3).—1—'3dx
, X

dv= ! dx =>v=-—
(x+3)% X+3
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2 ‘
Do d6 I = _In (x+3)+j 21n(x+3)dx

X +3 (x+3)%
Datu%lh(x+3):>du= dx
' X+3
1
dv=— -dx =>v=—
(x+3)? ‘ x+3
2(x: '
SuyraI=_ln (x+3)_21n(x+3)+J o2 dx
x+3 Xx+3 (x+3)2
' 2
=V_In (X+3)+21n(x+3)+2+c
- x+3

10. Bat t = cosx = dt = —sinxdx

: ; ; 7 5 » 7 5
Dodol= J.t4(1—t2)(“dt)=-t—7—---t75-+C=cos X_COS X

7 -5

+C
9
11.I =4lnx - 1|- —+C
‘ ‘ x—1
12. it t = sin3x = dt = 3cos3xdx.
ot eSin3x

1= | Letgt= yc=
3 3 3

Bai2. Tacé: f(x)= jlzx(3x2 ~1D3dx

+C

Pitt=3x>—1 = dt = 6xdx

" . 4 2 _ 14
Suy ra f(x) = j2t3dt =%+C=(3X : 1) +C

. ' _ 4 ' ) . o 1
Vif(l)=3 < (3 21) +C=3 & C=-5.Vayf(x) = —2-(3x2 ~1)*-5.
| o | b
Bai3. Taco: [(6x-3x2)dx = [3x2~x3]0=3b2~b3=F(b).
0 : .

Ta c6 F’(b) = 6b—3b*; F’(b) =0 <> b=0hay b =2.
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Bang bién thién

b 0

2 , +oo

F(b) | n

0o -

(R > P —

Viy véi b = 2 thi F(b) dat gi tri 16n nht va max F(b) = 4.

‘Bai 4.

9 ~ -9
1. j —2f(x)dx = —2 j f(x)dx =-2(-1)=2
1 1

9 9 9
2. [lf(x)+g(x)ldx = [fe)dx+ [g(x)dx =5+4=9
7 ’ '

7 7

9 ‘ 9 9
3. [[2f(x) -3g(x)]dx = 2 [f(x)dx -3 [g(x)dx =2.5-3.4=—2

7 7 7
7 9 . 9 ‘ ;

4. [f(x)dx = [£(0dx— [f(x)dx =-1-5=—6
1 . 1 7

Bais. |

1. Piatt=x3+1 = 2tdt = 3x%dx

Pdicinx=0=t=1;:x=2=1t=3.

37 3 2tdt 8 | 2¢3 : 76
DOdéI: ")‘(‘-‘ + t— =t —— | = —
| 3 1, 3 3|9 9

. 1
2. ‘Détt=‘\/x+l = dx = 2tdt.
Pdicanx=0=t=1;x=3=>t=2.

i
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2132 o, - |
Do d6 1= .g(t———l—)—ﬁtht=2£ (t* —2t2 +9)dt
5 3 '
_ o B 20 | 19
3 REEE

3. bat cos’x = tant = —sin2xdx = (1 + tanzt)dt

2. A yis y
D01canx=0:>tv=—;x=12t-:>t=0.' .

_ 4(1+tan tydt ey _
Suyral= L 1+tant Ldt

sin x
1+cosx

dx

N
.
I
o-._.awla

bit t = cosx = dt = —sinxdx

D(‘)icén,')(:o:zt:1;x:_72£:>t':o_

Dod I= ————--1 t+1 =In2.
[ =[mfe1]g

2 dx A 2(x+4) (x 4)
Lz 2_16 LZ (x+4)(x—4) LZ( —4 X+4de

172 ,
=l In *—4 =“,'~l-1n9 =—~—ln3.
8 x+4]]_, 8 4.
16~ dx 1
6 ‘ : — | (Vx+9 \/_
L \/x+9+\/—£ 9L ( )
. 16
=—1~—2—[ (x+9)3 xﬂ _ 88
93 0o 27
7.fDatt=x/1+lnx =t —1+1nx:>2tdt-—»9—x—
X

Déicénx=1:>t=l;x=es:>t=2.
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2
Suyral= [*24t J;Zdt 2.

8. Batt=1nx:>dt#i’i.f)éican:x=1:>t=,o;x=ef_—>t=1.
| X %

1, 1, 1
D A — = e § T e
| odol ! sin Tftdt = [COS TCt]O =

n : T

9° '[)6 dX - — .[)6 . dX )
cos x(3sin X — COS X) cos? x(3tanx —1)

Pitt=3tanx -1 = dt= dx .

0082 X

Pdican:x=0=>t=-1 ;x=%:>t=x/§—1.

| 1 it 1 NS
Suyral= 3L —:[—=§|:1n|t|]_1 .=—3—1n(\/§—-1v’)‘.

10. J-3 4sin? x+cos2x -‘-3( )dx‘
< sin? x cos? x sm X cos X

. .
-—:[—-cotx+3tanx]l13t = §§
6
T nl— cos(——Zx)
11. L"’ sin? x)dx— I}“ - 22 dx
T , ‘ n
1 4 . -1 cos2x 4 1
— — — — t = -
2'[)(1 sin2x ) dx ‘2( + > )0 5

12.Patt=~1+x2 . Dap sb : —%m3(3—2\/§) .
13. Dat t = a’sin*k + b%cos’x = dt = 2(a* — b?)sinxcosxdx.
2

PP . i
D01can:x=0:>t=b2vax=— =t=a".
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@t ~ 0 a2 1
Podo1= [ 222t a?-b? M]"z el +ol

14. Pat t= vJe* +1 = 2tdt = ¢"dx |
Pdicanx=In3 = t=2;x=1n8 = t=3.

' 3
Suyral= L_——tht —z——t——2t =§—2—.
3 ) 3

15.B€1tt=1nx:>dt=~q—)£;
X
Pdicanx=1=>t=0;x=e=>t=1

CAl+t2 1 8T 4
=1= L 62‘ qt=e—2‘ t+3* Ozg.

16. Ddtu = (lnx)2 = du= 21nx.—1—dx ;
~ X
dv=dx=>v=x

Ta dugc I = I:xln2 X:Le - fZln xdx

Datu=lnx::>du=ldx;
X

dv=2dx = v=2x.

SuyraI—e—[lenx dex=e 2e+2e—2=e-2.

17L

1- x)dx 2 (x—1dx
- L

3 x+4 x+4

= f_ (-—-1+ > )dX-FJ; (l— > ]dx
3 x+4) X+4,

= [—x+51n|x+4|]13 +[;x—5ln|x+4ﬂ12

x+4

= _4+5In5 + 1 — 5In6 + 5ln5 = 51n365— -3,
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18. E1(2x~3—|xl)2dx= fl(éx—3+x)2dx+£(2x~3—x)2dx

- fl(3x—v3)2dx+ J;(x—3)2dx

-(3x—3)3] l:(x 3)3J _82
KN

3 ' : 3
ax= fi f”‘:{ X.de+f41‘; X dx .
[+

N

41n3x
X

19.1=E

€

Batt=1nx::>dt=ldx.
X

Dods 1= f1—4t3dt+£4t3dt=[—t4]_l [t4] =2.

dx = ﬁ(e"*l —ezx)dx+ J;ln4(e2" —e*+)dx

20. 482x_ex+1
: 1 In4
2 2
= [exﬂ___e___x_} _*_[E_i_exﬂjl
2h L2 !
=€ ~Se+l-7—
2
Bai 6.

1. V10<x<1:> 1<—x<0:>3+e <4:>\/3+e‘x<2

= L 3+eXdx<2.

2. Tacé:—}éxsg ——\/2—_% <sinx <1 :>3<\/3+12s1n X<\/—
| ™ L |
= J;%B»d .[n \/3+12$1n xd 'fn \/~dx
4 4 4.

T \/i—g

3ﬁ<j2 3+2$1n xdx <
4

4
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| 1 1 .
3. Taco 1<x<1::>1< 1 <l:£ld <L'dx d
: 8 5+3x3 2 18 1543%3 12 _

L15+3x3 B

‘4 Xét ham s6 f(x) = \/x+2+\/10 x trén[-2; 10] c6
1.1
2Wx+2 2410-x

PX)=0ex=4; f(-2) =f(10) = 24/3 vaf(4)= 276 .
Do d6 2J§<f(x)<2f Vxel2: 10].

Suyra L 2f dx < L f(x)dx< L 2Wedx = 2443 < L f(x)dx<24\/_

Bai 7. R
1. Phuong trinh hoanh d6 giao diém cta hai dudng 1a

Fix)=

a2 2 | x=-2
10-x"=2-2Xx &x -2x-8=0
: : ‘ x =4
' Dién tich hinh phéng 12 :
: A o . il
S= f|x2—2x—8|dx = [E——'xz—Sx} =36
21, 3 ) :

2. Phuong trinh tung 4 giao diém cita hai duong :
1—2y 3y =5- 2y - y<:>y —3y -4=0oy=4%2.
Dlen tich can tim 14 : g '
| 2 ~ y3 21 6
_ 4_ 202 Yy _3_ =20
\% Lzly 3y~ 4|dy [5 y 4yl2 5
3. (C)‘:y=x3‘—2x+2
Tacd:y =3x2-2=y(2)=10.
Phuong trinh tiép tuyén cta (C) tai M 1a
d):y-6=10(x-2) < y=10x - 14.
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Dién tich hinh phing 13 :

S = ﬁ|x3-'2x+2—10x.+14]dx - E|x3—12x+15|<ix.

) : X4 i 2 :
= L(x§—12x+16)dx = —,4———6x2+16x‘ =12.
0

4. Parabol y = — x* +4x — 3 va cho tiép tuyén ctia né tai cac diém A(0 ; -3) va
B(3;0)

| Y =-2x+4 =y (0)=4,;y(3)=-2.
Phuong trinh tiép tuyén ctia (P) tai Ala d : y=4(x — 0) —-3=4x-3
Phuong trinh tiép tuyén ctia (P) tai B1a A : y = —2(x 3)=-2x+6.

Hoanh d9 glao diém cta d va A 12 nghiém cia 4x 3= —2x +6<>x=

le

Hmh biéu dién nhu hinh v& sau.
YA

LN

Dién tich hinh phing 14 :
2 | 3
S= L?- (4x-3+x2 —4x+3)dx+ [(-2x+6+x2 —4x+3)dx
) . 2

3 ‘ ~
3,1 3 o4
‘ 2
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Bai8. Taco:

Dién tich thiét dién 1a S(x) = —;:Tch = %n(4x2)2 =8nx*.

2
L i o2 2, | 8mx>
Do d6 thé tich vat thé 1a : V= ['S(x)dx = Lsnx“dx:[g“’sx } =255.6“.
: ' : 0

Bai 10. Ta c6 thé tich vat thé 1a :

T

. Y T ' —
ud r -
V= nL2 y2dx=1t'()2 (cos2x +2)dx = T{sm X ,’Zx]2 =n2.
, > .
Bai1l. |
| 2
Taco: (C):x(y’ +1)=2.y &x= 2‘/;
| _ y* +1
| A aydy
Do(‘I(’)thétichveflt‘[hé12‘1:V==11":)t ———2———y— dy=mn ———2—}—,—)1—2—
ly“+1) (y=+1)

Patt=y" +1 = dt=2ydy.
Pdican:y=0=>t=1;y=4=t=17.

17
‘ 17 32
SuyraV= RL Et—; —n[ﬂ =n(-——g—+2) 2T
: 1

- Bai 12.

a) Thé tich vat tron xoay nhan duge khi cho (H) quay quanh Ox la:

‘ 4
V= nﬁ(Zz—X‘)dx:nl}tx—%} = 81.

0

14
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Hinh biéu dién cta (H) nhu hinh sau.
YA

b) Thé tich vat tron xoay nhan dugc khi cho (H) quay quanh Oy 14 :

2
2 2 >
V= nL xzdy=1t£) ytdy = n{y?} —%—Z-E

0 5
Bai 13. Ta co thé tich vat thé 1a

1 X X 2

V= nf x? e?l-+e_5 dx
=-7tfx(e"+e“x+‘2)dx

Ditu=x=du=dx

dv=(+e™ +2)x = v=e"—e"+2x.
1 2 2
SuyraV = n([x(e." —-27X +2x]1 - j; (e* —e7X +2x)dx)
o | 5
=n|2(e? ~e 2 +4)—(e—¢"! -l—‘2)~'—|:~2x +e7* +.x2]1 ]

= | 2¢? ——{-_—e+l+6-e2 —-l-zf'—4+e+l+1}
€’ € e e

e4+33"+2e—3j
- .

»
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Bii 14. a) Phuong trinh hoanh do giao didm ctia (C) va truc Ox 12 2x° = 0 <> x =0.

Thé tich v4t thé nhan duogc khi cho (H) quay quanh Ox 1a :
| 2 2 | x4 2 '
—_ [ 2 - 3 — S P
V nLy dx TCLZX dx’ R[Z} . 8.

=V

B ESSS A

ST
b) Phuong trinh tung d giao diém cita (C) va dudng thing x =2 1a
\ y=16ey= 44, | |
Thé tich vat thé nhan dugc khi cho (H) quay quanh Oy 1a :

4

30,
V=~nf4(4—x2)dy=nﬁ 4—%’—J—Z- dy

- 4

'}’C - .

C=32n - == j:y3dy
Ta s

-74
. 3y23
e 2

3
i
3y 967 _ 128m
7 7
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§1. Pinh nghia nguyén ham v tinh chit cta nguyén ham
A. Tém tit gido khoa :
B. Phuong phép giai toan
C. Bai tap
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