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CHUO‘NG3 VECTO TRONG KHONG GIAN. QUAN
HE VUONG GOC

BAI 1. VECTO TRONG KHONG GIAN. SU DONG PHANG CUA
CAC VECTO

A. TOM TAT Li THUYET
1. Vecto trong khong gian.
(D Quy tac ba diém: Véi ba diém bat ki A, B, C ta c6 AB + BC = AC.
@ Quy tic hinh binh hanh: Néu OABC 1a hinh binh hanh thi OA + OC = OB.
3 Quy tac phan tich mét vecto thanh hiéu cta hai vecto cung géc:
AB = OB — (—)71), véi moi diém O.
(@) I1atrung diém doan thang AB khi va chi khi

— OA+OB
2

[A+IB=0 <0l = , véi moi diém O. ()

(® G latrong tdm tam gidc ABC khi va chi khi

GA+GB+GC=10 <0G = OAJF%BJ“OC, véi moi diém O. (i)

Luu y. Khi gap tong hai vecto cting gbc hodc tong ba vectd cling
glc ta thuong st dung (i), (ii).

(® Quy tac hinh hop (dé c()ng ba vecto khac 0 khong déng phing):
Cho hinh hop ABCD A’B'C'D’. Khi d¢:
AC' = AA" + AB + AD.

@ @ cingphuong b (b # 0)< FkeR: @ =kb.

2. Sy dong phang ctia cic vecto. Piéu kién dé ba vecto dong phang.

Dinh nghia 1. Ba vecto goi la dong phang néu gia cda chiing cling song song v6i mot mat
phang.

bDinh li 1 (Dleu kién dé ba vectd dong phdng).

Cho ba vecto @, b, T, trong dé @ va b khorig ciing phuong. Diéu ki¢n can va du dé @, b, C dong
phiing la ¢6 cdc s6 m, n sao cho € = md + nb. Hon nita, cdic s6 m, n la duy nhat.

Chua y 1. Ba vecto OA, OB, OC d()ng phéng khi va chi khi bon diém O, A, B, C déng ph;fmg,
tirc 1a ba duong thang OA, OB, OC cting ndm trong mot mat phang.

Dinh li 2 (Biéu thi mdt vectd theo ba vects khong dong phéng).

_)_)

Neu ab,c la ba vecto khong dong phang thi véi méi vecto d, luén ton tai cdc s6 m,n, p sao cho

—

d=md+nb + p'¢. Hon nifa cdc s6 m, n, p la duy nhat.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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B. MOT SO DANG TOAN

Dang 1. Ching minh cic dang thirc vecto. Biéu thi mot vecto theo cac vecto khong
dong phang.

Phuong phap. Dua vao cic quy tac, tinh chat va cac hé thic vecto thuong dung.
Bai 1. Cho hinh hop ABCD.A’B'C’'D’. Hay biéu dién cac vecto AC’, BD', CA’, DB’, BC', A’'D
theo cac vecto AB = @, AD = b, AA' = .

@ Loi gidi

Taco .,

AC' = AB+BB +BC =7 +7+b.
BD' = BA+AD+DD = ~7+b +C.
CA'=CD+DA+AA = -7 b +7.
DB =DC+CB+BB =3 —1b +C.

BC =BC+CC =b + <.
AD=AD +DD=0b -2,

Bai 2. Cho tu dién ABCD. Goi G la trong tdm ctia tam gidc BCD va O la trung diém doan
théng AG. Chung minh rﬁng:

a) 30A + 0B+ 0C+0D = 0.

b) 3BMA + MB + MC + MD = 6 MO (M la diém bét ki trong khong gian).
(¢ Loi gidi

a) ViG la trong tam ctua tam giac BCD nén 30G = OB+0C+0D.ViOla trung diém doan
thang AG nén OA + OG = 0. Do dé

30A + OB +0OC + 0D = 3(0A + 0G) = 0.

b) Theo quy tic ba diém ta c6

3MA + ME + MC + MD
—3(MO + OA) + MO + OB + MO + OC + MO + OD
—6MO + 304 + OB + OC + OD = 6MO.

Luu y. C6 thé giai cau b) nhu sau: Do G 1a trong tam ABCD nén

MB + MC + MD = 3MG.

Do do

3MA+MB+MC+MD=3MA+3MG:3<MA+MG) — 6MO.

Bai 3. Cho tu dién ABCD. Goi M la trung diém AB va G la trong tam tam giac BCD. Dat

AB=1b,AC = T, AD = d.Phan tich MG theo ?;, 2.d.
@ Loi gidi

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Ta co 1
MC = = (MB + MC + MD)
=%EAB+(MA+A_C))+(W+E)}
1/l-> 1-» o, 1> -
1- 15, 1-
——gb—FgC—i‘gd

Bai 4. Cho hinh chép S.ABCD.

a) Chung minh rang néu ABCD la hinh binh hanh thi

SB+ 5D =S4 + 5C.
biéu ngugc lai diing khong?
b) Goi O la giao diém ctia AC va BD. Chiing t6 rang ABCD la hinh binh hanh khi va chi
khi SA+ SB + SC + SD = 450.
(¢ Loi gidii
a) Ta co su tuong duong;:
SB+SD = SA+5C & SB—SA = 5C — SD
&AB = DC < ABCD la hinh binh hanh (do ABCD da la tir gic rdi).

Véay néu ABCD la hinh binh hanh thi SB+SD = SA + SC. Chiéu ngugc lai cing dung.

b) Gia st ABCD la hinh binh hanh. Khi dé:
SA+SB+S5C+SD
=50 + OA + S0 + OB + 50 + OC + 50 + OD
=450 + (OA + OC) + (OB + OD) = 450.
Gia st SA + SB + SC + SD = 450. Goi I, ] theo thit tu 1a trung diém ctia AC, BD. Khi d¢6:
SA+SB+SC+SD
=450 4 (OA 4 OC) + (OB + OD) = 450 + 2(OI + 20]).
B&i vay: O + O] = 0. Suy ra O la trung diém I]. Suy ra I € BD va | € AC. Do d6
I = J = O. Vay hai dudng chéo AC va BD c¢6 cung chung trung diém. Suy ra ABCD la

hinh binh hanh. N .
Cach khac. Ta c6 OC = kOA, OD = mOB. Do d6:

SA + SB+5C+SD =450
(SO + OA) + (50 + OB) + (S0 + OC) + (S0 + OD) =
+ +m

—>

S

I

<0A+0B+0C+0D =0 < OA
& (1+k)OA+(1+m)OB=70

—_—  —>

OB +kOA

o)
0

sl

1+k=0 —_— = . .
(:){ l+m=0 (do OA va OB khong cung phuang)

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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L k=-1 _ [ 0OC=-04 _ [ Olatrungdiém AC
m=—1 OD = —OB O la trung diém BD

< ABCD la hinh binh hanh.
Ta c6 diéu phai chiing minh.
Bai 5. Cho hinh hép ABCD.A’B'C'D’ tam O. Chiing minh:

a) OA+OB+0C+0D +O0A’+0B +0C' +0D' = 0.

b) Goi Dy, Dz, Dj 1an luot 1a diém dbi X_ﬁ cta diém D' qua A, B/, C.
Chiing t6 ring BD; + BD; + BD3 + BD' = 0.

£ Loi gidi

a) Do O la trung diém ba doan thang AC’, A'C, BD', B'D
nén tac_o’:) N

OA+0C = 0,0B+0D' =0,

OC+0A’=0,0D +0B = 0.
Cong lai ta dugc diéu phai chitng minh.

b)_f))ét:
AA =7, AB=1, AD = C.
Khi do:
BD1+BD2+BD3+ﬁ:(ﬁ{+§57>+<B_D§+B_D§>.
Ma
BD, + BD = 2BA = —27,
BD,=BB +BDy =7+ (-C+ 1),
BD;=BC+CDs=C—a+b
nén ta co:

(@{Jrﬁ)Jr(B_DEJrB—DQ):—2E’+E’+(—?+E’)+?—Zz’+?:6.

Dang 2. Xac dinh vi tri cic diém thoa diéu kién vecto, ching minh cac diém triung
nhau, cic diém thang hang.

Phuong phap.

@ Thuong dua vé cac hé thitc quen thudc lién quan dén cac diém nhu trung diém doan
thang, trong tam tam giac . ..

& Luuy rang:
«x AB=0 < A=B.
« Ba diém A, B, C thing hang <> AB va AC cung phuong.
* Khi gap tong hai vecto ciing gdc ta thuong dung:
MA + MB = 2MI

vdi I 1a trung diém AB.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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+ Khi gap tong ba vecto ciing gbc ta thuong dung:

MA + MB + MC = 3MG
voi G la trong tam tam gidac ABC.
Bai 6. Cho ti dién ABCD.

a) Xac dinh diém O thda man OA + OB+ OC + 0D = 0. (1)
(Piém O thda diéu kién trén goi 1a trong tam ctia ti dién ABCD).

b) Xac dinh diém P dé |PA + PB + PC + PD| c6 gié tri nhd nhat.
@ Loi gidi
a) Goi M va N lan lugt la trung diém ctia AB va CD. Goi I la trung diém MN. Ta c6:

OA + OB + OC + OD = 20M + 20N = 2(OM + ON).
Vay diém O théa man (1) khi va chi khi:

—

OM+ON=020=0<0=1
Do d6 O la trung diém MN.
b) Goi O la trong tam cua ta dién ABCD. Ta c¢:
PA + PB + PC + PD
—PO + OA + PO + OB + PO + OC + PO + OD
—4P0 + OA + OB + OC + OD = 4PO.
Do d6 didu kién cn va di dé |PA + PB + PC + PD| dat gia tri nhd nhét la:
PG=0<P=0.
Bai 7. Chotudién ABCD, Mva N la hai diém lan lugt thuoc AB va CD saocho MA = —2MB

ND = —2NC Cac diém I, J, K 1an lugt thudc AD, MN, BC sao cho TA = kID ]M = k]N
KB = kKC (k #1).

a) Biéu dién 7] J theo AM, DN biéu dién ]_K) theo MB, NC.
b) Chung minh rﬁng cacdiém I, J, K thfmg hang.
(£ Loi gidi
a)
Ta co
Il = IA + AM + J
Ij = D + DN + NJ.
kIl = kID+kDN+kN]

kI] = T4 + kDN + MJ,
(1—k)Ij = AM — kDN.

Suy ra:
Ij = LAM - LDN
1k 1—k
Chung minh tuong tu nhu trén ta co: ]_) = ﬁﬁé — %I\TC) .

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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b) Do MA = ~2MB, ND = —2NCnén I] = —=—MB — 1—_kch.

Nhu vay IJ = 2JK, suy ra ba diém I, ], K thang hang.

Dang 3. Piéu kién dé ba vecto ddong phang. Chitng minh bén diém cliing nam trong
mot mat phang, duong thang song song voi duong thang, duong thang song song
voi mat phang.

Phuong phap.

@ Tir dinh nghia 1 suy ra ba vecto @, ?, ¢ doéng phang néu ching nam trén ba mat phang
do6i mot song song hoac trung nhau.

& Bon diém A, B, C, D ddng phang < ba vecto AB,AC, AD dong phang.
@ Tirdinhli 1 suyranéu @ =m@ +nb thiba vects 7, b, ¢ déng phang.

& Dé chiing minh AB || CD ta ching minh AB = kCD va diém A khong nim trén dudng
thang CD.

@ D€ ching minh MN || (ABC) ta ching minh ba vectd MN, AB, AC dong phang va M
(hoac N) khong thuode (ABC).

Bai 8. Cho ti dién ABCD. Trén canh AD lay diém M va trén canh BC lay diém N sao cho
AM = 3MD, NB = —3NC. Chitng minh rang ba vecto AB, DC, MN dong phéng.
@ Loi gidi
Ta c6 MN = MA + AB + BN.
Theo gia thiét ta co:
MA = —-3MD, BN = 3NC. Vay:
MN = -3MD + AB+3NC

— AB -3 (MC +CD) +3NC

~ AB+3DC+3 (NC+CM)

= AB +3DC +3NM.

— — — — 1—

Suy ra4MN = AB +3DC < MN = ZAB +
Do dé6 ba vecto AB, DC, MN ddng phing.

Luu y. Ta ¢6 cach 1am ngan gon hon nhu sau: Trén canh AC lay diém K sao cho AK = 3KC.
Khi dé:

3

°DC.
;DC

MN = MK+ KN = A—}DC—{—ZAB.

Suy ra AB, DC, MN déng phang.

Bai 9. Cho hinh lang tru tam gidac ABC.A’B’C’. Hay chung t6 ba vecto AC’, BA’, CB’ khong
dong phang va biéu thi vecto AA’ theo ba vecto dé.
(¢ Loi gidi

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Pat AA' = X, AB = 7, AC = Z. Ta sé biéu dién cac vecto
zﬂ, BA’,CB' theo X, v/, Z. Ta c6:

AC'=%+7. (1)
BA' =% -7 )
CBP=X+vy—-7Z. (3)

Gid st phan ching | rang ba vectos AC', BA’, CB’ dong

phang Khi d6 do BA' va CB' khong cting phuong nén ton
tai cac s6 &, B sao cho:

AC' = a BA' + BCB’
eX+z2=a(X-Y)+B(X+¥—-72)
Sw+p-1)X+(—a+p) T+ (-p-1)Z=0. (4)

Do ¥, i/, Z khong dong phang nén tir (4) ta phai c6:

x+B—-1=0
{uc+,50 (5)
—-B—1=0.

Dé thay hé (5) vo nghiém. Vay ba vecto AC’, BA’, CB’ khong ddng phang. Tix (1), (2), (3) ta co:

- e R 1
AC' + BA'+ CB = 3% = 344 = AA' = 3 (Ac’ + BA + CB’) .

Luu y. Khi gép hinh lang tru tam giéc, ta thuong chon mot bd ba vectd c6 chung diém dau va
khong dong phang (trong 16i gidi bai tap 9 1a ¥, i/, Z) lam co sd va biéu dién cac vecto lién
quan theo ba vecto do.

Bai 10. Cho tui dién ABCD, goi I, | lan luot 1a la trung diém AB, CD. Xét P 1a mot diém thuodc

AC, N la mot diém thudc BD sao cho % = IZ\\]]B Chting minh rang:

a) 21] = AC + BD.
b) Bbn diém I, ], P, N thudc cing mdt mat phang.
@ Ligid N
a) Taco: AC = Al + 1] +JC, B + B. Do dé:

AC + BD _f+§1’)+21_]’+

|

I
=l >

b) Gia st AC—kAP BD = hBN. Khi d¢:
sz AP+ PC 1+PC 1_ PC 1)
AP AP AP PA
_BD_BN{ND_,  ND_, ND
BN _ BN BN NB

.. PA NB
Tir gia thiet ¢~ ND vatu (1), (2)suyrah = k.

Theo cau a) ta co:

I_f:%(/l_(f)nLBD) SAP+BN) ;(E+Tﬁ+1§?+l_ﬁ)
:%[(ZI’H?Y)H?HN} §<IP+IN>

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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- —> —>

To ﬁ = g <I_15 + m>, suy ra ba vecto I], IP, IN dong phang, suy ra bén diém I, ], P, N dong
phang.

Bai 11. Cho hinh hop ABCD. A'B'C'D'. Gia st diém M thudc AC, diém N thudc DC’' va
AM = xAC, DN = yDC’

a) Biéu dién céc vectd BD’, MN theo BA =7, BC = b, BB = ¢.

. MN
b) Tim x va y sao cho MN || BD’, khi d6 tinh ti s0 M

BD'"
£ Loi g|0| N
a) Ta c6 BA = @, BC = b, BB’ = €. Khi dé theo quy tac hinh D! c
hop ta cé:
BD’-a-i—b—i—c A A
Ta co MN = BN BM. " R
Tu DN = yDC’ ta co D15 e
BN — BD = y (BC’ — gﬁ), suy ra _—f";nﬁ/‘;:‘: >
—> — — — i a
BN—(E’+b):y(b+E’—E’—b> A B
BN=(1-vy)7+ b +y<.
Tir AM = A_C)suyram—B—A):xOS’_(f—ﬂ) Vay
W—ﬁ’:x(?—a’) = BM = (1—x)7 +xb.
Do do
1—y)ad

b) Didu kién dé MN | BD' 1a MN = kBD' hay
K(F+T+0) = (=97 +01-x)7F +y<. *)
Do @, b, ¢ khong ciing phuong nén tir (*) suy ra
k=x—-y
211
{ilx & (yk) = <3 Y 3>
y

. . . s e T 22— 1l—
Vay M va N dugc xac dinh bai AMZEAC, DN:§DC.Luc nay

— 1= MN 1
= _BD' = = k| = =.
MN = 3 BD’ = [kl 3

Bai 12. Cho hinh lang tru tam giac ABC.A'B'C’. Goi G va G’ lan luot 1a trong tam ctia tam
giac ABC va A B 'C’'. Goi I 1a giao diém ctia hai duong thang AB’ va A’B. Dat AA = 7
AB = b AC =

a) Hay tinh cac vecto GI, CG' theo 7, E), c.

b) Chiing minh rang cac duong thang GI va CG’ song song v&i nhau.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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@ L&i gidi

a) Goi M 1a trung diém BC. Khi d¢:

AG_—AM—§%<AB+AC>

3

=3 (F+7).
Al =248 = (7+7).
Gl = 4l f_c’j%@’ V)2 (F+e
vay Gi = 41 28 1)
Ta co
AG = %(AA’+AB’+AC’)
:%<E’+H+TJ+?+E’):E’+%<F+?)
Do dé: CG' = AG' — AC—E’+3(b+E’>—E’:M. 2)

b) Tir (1) va (2) suy ra C CG' =261 Ngoai ra diém G khéong thudc duong thang CG’. Vay GI va
CG’ 1a hai duong thang song song.

Bai 13. Cho hinh hop ABCD.A'B'C'D’. Goi M va N lan luot la trung diém ctia ctia CD va
DD'. Goi G, G’ lan lugt 1a trong tam cua cac ti dién A’'D'MN va BCC'D’. Bat AB = @
AD=b,AA =C.

a) Hay tinh GG’ theo Z, 0,7
b) Chiing minh rang duong thang GG’ va mp(ABB’A’) song song véi nhau.
@ Loi gidi
a) Vi G’ la trong tam cua ti dién BCC'D’ nén
E— 1 /— —> —> a—t
AG' =3 (4B +AC +aC + aD')
va G la trong tam cua ti dién A’D’MN nén \lV,A'
— 1 —_—> —t — —
AC = (A4’ + AD' + AM + AN). Tur do

@:z@—A_G):%L<A’B+D’C+MC’+ND)
1
8

=1 a—ct+a—c+za+c+zc )=

- = (57 - T).

b) Theo céu a) ta co: GG = % <5A—B) — 17127) Diéu nay ching to AB, ;\—/?, GG doéng phang,.

Mat khac G khong thuoc mat phang (ABB’A’) nén dudng thang GG’ va mit phang (ABB'A’)
song song vdi nhau.

Bai 14. Trong khong gian cho tam giac ABC.
a) Chung minh rang néu diém M thuoc (ABC) thi cé ba sb x,y,z ma x +y + z = 1 sao cho

OM = xOA + yOB + zOC, vé6i moi diém O.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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b) Ngugc lai, néu c6 mot diém O trong khong gian sao cho
OM = xOA + yOB + zOC,
trong d6 x + vy + z = 1 thi diém M thudc mat phang (ABC).
(¢ Loi gidi

a) Vi M thuoc mat phang (ABC) nén ba vecto CM,CA,CB dong phang. Do d6 ton tai cac sd
x,y sao cho:

CM — xCA + yCB  OM — OC = x(OA4 — 0C) + y(OF — 00)
ﬁm:xO_A)—kyO_Blk(l—x—y)O_C).
Patz =1—x—ykhidé x +y +z = 1 va ta c6 diéu phai ching minh.
b) Giésﬁ5_A7I:x(—)_g—i—y(—)_é—l—z(_)_atrongdéx+y+z:1.Khidé:
W:x(jﬁﬁ—y@—k(l—x—y)()_é
&0OM — OC = x(OA — OC) + y(OB — OC)
«CM = xCA + yCB. *)

Vi CA va CB khong cuing phuong nén tut (*) suy ra CM, CAvaCB déng phang, do d6 M
thudc mat phang (ABC).
Luuy.

& Két qua bai tap 14 rat quan trong, diing né ta sé gidi dugc nhiéu bai tap khac, chang han
nhu 15, 30, 31, 32.

& D6i v6i cau a), khi M thudc mat phang (ABC) thi sé c6 rat nhiéu lya chon nhitng bo ba
vecto dong phang dé suy ra diéu can chiing minh, chdng han nhu:

MA, MB, MC; CA, CB, CM; MA, MB, AB...

Nhung dé thay rang t6t nhat nén chon nhitng bo 3 vecto dong phang trong dé diém M
chi xuat hién 1 1an va vectd c6 chira diém M mang hé s6 1 nhu da trinh bay & 1i gidi cau

a).
Bai 15. Cho hinh chép S.ABC, mat phang (P) cat cac tia SA, SB, SC, SG (G la trong tam

;S

AABC) lan lugt tai A’, B/, C’, G'. Chiing minh rang

SA+SB+SC _3SG
SA’ © SB’  SC'  "SG'

& Loi gidi
.. SA SB sC  SG v 1 . . .
bat SA/ =a, B =, @—C, e = d. Ta phéi ching minh a + b + ¢ = 3d. Vi G la trong

tam tam giac ABC nén
SA+35B+5C =35C & aSA' +bSB' + ¢SC' = 3dSG. (1)

Vi A/, B',C!, G’ cling thudc mét phang (P) nén theo bai tap 14a) & trang 11 suy ra c6 cac s6 m,
n,pmam-+n+p = 1saocho

SG' = mSA’ +nSB + pSC. @)

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Thay (2) vao (1) ta duogc
aSA' + bSB + cSC' = 3dmSA + 3dnSB’ + 3dpSC’. 3)
Tom lai ta da co SA , SB' , sC’ khong dong phang va
3dSG’ = aSA’ + bSB' +cSC'
34SG’ = 3dmSA’ + 3dnSB' + 3dpSC’.
Vay theo dinh li 2 & trang 3, suy ra

a=23dm,b=23dn,c=3dp=a+b+c=3d(m+n+p)=23d (dpcm).

[ Dang 4. Dung vecto dé chitng minh dang thic vé d6 dai.

Phuong phap. St dung cong thirc: AB? = AB2.
Bai 16. Cho hinh chop S.ABCD c6 dédy la hinh chit nhat. Ching minh

SA% + SC% = SB? + SD?.

(£ Loi gidi
Goi O la tam cua hinh chtt nhat ABCD. Ta ¢6
04| = 08| = |oc| = |0B

—\ 2 — —\2 —_— —

SA? — (SA - (so 4 OA) — SO? + 0A2 +250.04
2 — —\2 — —>
SB) - (so 4 OB) — SO%+ OB? +250.0B

(
SC? = (s_c’)2 - (s_o’+ &:’)2 — SO? + 0C? +250.0C

SD2 (§5)2 - (§5+ 55)2 — 502 + OD? +250.0D

SA2+5C2—SBZ—5D2:2§5(6‘A’—6§+6€—5§). (1)
Vi ABCD 1a hinh chi nhat nén BA 4+ DC = 0, béi vay
OA—OB+0C—0D = BA +DC=0.
Do do tur (1) ta co

SAZ+SC%?—SB2—SD? =0 < SA%2+SC? = SB? + SD?.

Cach khac. Goi I, | 1a trung diém AB, CD. Ap L B
Ta ¢6 su tuong duong sau:
SA? +SC? = SB? + SD? kb d.

@5—42_5_13}2:S—D)2_S_C>2 J
& SA? — SB? = SD? — SC2

<:>(§A’—§§) (§Z+§§>:(§§—?) §5+?)

& BA.2SI = CD.2S] < BA.

& BA.SI = BA.S] & BA(SI-5)) =0

- -

& BAJI =0 (ding).

<l

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



14 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Bai 17. Cho t dién ABCD. Goi E, F 1an lugt 1a trung diém ctia AB, CD. Goi G la trung diém
cua EF.

a) Chﬁngminhé_g+é§+éé+é_5:6.

b) Chiing minh rang véi moi diém M trong khong gian, ta co

MA + MB + MC + MD = 4MG.
¢) Ching minh rang v6i moi diém M trong khong gian ta c6 "cong thirc Lep-nhit" sau:
MA? + MB? + MC? + MD? = 4MG? + GA? + GB? + GC* + GD~.

d) Xac dinh vi tri ctia diém M dé dai lugng MA? + MB? + MC? + MD? dat gia tri nhd nhét,
tim gid tri nho6 nhat do.

(¢ Loi gidi
a) Ta 6 GA + GB = 2GE, (?f—l—@zZ(ﬁiVéy

GA+GBE+GC+GD =2(GE+GE)=2.0 = 0.

b) V&i moi diém M trong khong gian, ta co:

MA + MB + MC + MD
=MG + GA + MG + GB + MG + GC + MG + GD
—4MG + GA + GB+ GC + GD
—4MG + GA + GB + GC + GD = 4MG.

—
a

¢) Theo cong thirc binh phuong vo hudng (7)? = |7)? ta ¢6:
MA? + MB? + MC? + MD?
=(MA)? 4+ (MB)? + (MC)? + (MD)?
—(MG + GA)? + (MG + GB)? + (MG + GC)? + (MG + GD)?
—4MG? + GA% + GB* + GC2 + GD* + 2MG (54’+§§+G_C’+G_D’)
—4MG? + GA% + GB% + GC? 4+ GD? + 2MG.0 (theo cau a)
=4MG? + GA* 4+ GB? + GC?* 4+ GD>.
d) Theo cau c) ta co:
MA? 4+ MB? + MC? + MD? = 4MG? + GA? + GB* + GC? + GD>.

Do dé6 MA? + MB? + MC? + MD? bé nhat khi va chi khi MG nho nhét, tizc 1a MG =0 <
M = G. Vay MA? 4+ MB? + MC? 4+ MD? nhé nhét 1a bang GA? 4+ GB? 4+ GC? + GD?, dat
duogc khi va chi khi M trung véi G.

Bai 18. Chiing minh rang dién tich S ctia tam gidc ABC c6 thé tinh theo cong thic:

S = %\/ABZ.ACZ - (ZE.Z&)%

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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@ Loi gidi o
Goi « 1a goc gitra hai vecto AB, AC. Ta co:
— —>\2 — — 2
AB2.AC? — (AB.AC) — ABL.AC? — (’AB‘ . ’AC‘ cos oc>
— ABLAC? (1 — cos? a)

2
= AB2.AC?sin?x = 4 (%AB.AC sin a) — 48.

1 2
Suyra S = E\/ AB2.AC? — <AB.AC> .

Bai 19. Chiing minh rang dién tich ctia ti gidc 16i ABCD la:

1 2
SapcD = —\/ACZ.BDZ - (AC.BD) .

2

@ L&i gidi

Goi « la goc gitra hai duong chéo AC va BD. Khi do:

1 —> —>\2

_ 2 2 _

2\/ AC2.BD <AC.BD>

- %\/ACZ.BDZ— [AC.BD.cos (A_’, @’)}2

C
= 3\/Ac2BD2 [1 - cos? (a8, BD)

_ %\/ACZ.BDzsinZ (A_c', ﬁ)’)

— %\/ AC2.BD2sin2a

1
= EAC.BD. sin a. (1)
Mat khac:

Sascp = S1ap + Sic + S1aB + Sicp

=  [IA.ID + IB.IC + IA.IB + ID.IC] sina

— N -

— Z[IA(ID + IB) + IC(IB + ID)] sina

NI = DN

= ~[IA.BD 4 IC.BD]sin«

= %BD(IA + IC)sina = %AC.BD.sinzx. (2)

— > —\2
Tir (1) va (2) suy ra: Sapcp = %\/ AC2.BD? — (AC.BD) .

Bai 20. Cho ti dién ABCD. Goi N la diém thudc canh CD (N khéc C, D) sao cho NA = NB.
Chung minh rfmg:

NC  |CA%—CB?|

ND |DAZ - DB?|

& Loi gidi
Ta co:

CA%2— CB? = (m_m)z_ (AWB’—W)Z

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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= NA% —2NA.NC + NC* — (NBZ — 2NB.NC + NC2>
—2NC (1@’ . Wx’) — 2AB.NC.
Tuong tu, ta co:
DA% — DB? = (I\TL{— I\W)’)Z - (I\W-}’— Aﬁ’)z
— NA2—2NA.ND + ND? — (NBZ — 2NB.ND + ND2>
— oND (ﬁs’ - ﬂ) — 2AB.ND.

Mat khac, do N, C, D théng hang nén:

NC.ND = NCND:>NDNC_—NCND:>NC_—z—gND
Tu do: NC NC
2 2 _ AR N _ _n NV _ N 2 2
CA? — CB? = 2AB.NC = -2 ABND = 5 (DA DB )
Suy ra:

CA? — CB? NC _ NC |CA?2-CB?|

DA2_DB2_ ND _ND |DAZ_DB?[

Cach khac. Ta co:

CA2—CB?| | CA?-CP? (W+N—Z>2 - <5ﬁ+ﬁ>2
DA?-DB| DA -DB| | (N +NA)' - (DN + NB)’

CN2 +2CN.NA + NA2 — (CN2 +2CN.NB + NB2>

DN2? 4+ 2DN.NA + NA? — (DN2 +2DN.NB + NB2>

2CN (NA-NB)| |eN.BA| |CN.BA.cos(CN,BA)

~ |DN.BA|

2DN (N4 — NB) DN.BA.cos (DN, BA) |
Vi N, C, D cting ndm trén mot dudng thang nén:

’cos (C_)N, B_A)>‘ = ‘cos (I_D_ﬁ, B—A)) ‘ .

Vay tu (*) suy ra: CA? - CB* _ N
Y Y ' DA2 _DB2| ~ DN
. . .. .. |cNBA| |cN| cn
Luuvy. Sé la sai lam neu bien d0i | ——| = | —=| = ——, vi khong c6 phép chia vecto.
Y DN.BA' |DN‘ DN & OPIP

. BAI TAP ON LUYEN
1. Dé bai
Bai 21. Bavecto 7, b, € c6 dong phang hay khong néu mot trong hai diéu sau day xay ra?

a) C6 moét trong ba vects d6 bing 0.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



17 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

b) C6 hai trong ba vecto d6 cung phuong.
Bai 22. Cho hinh tt dién ABCD. Chitng minh ring AC + BD = AD + BC.
Bai 23. Cho tua dién ABCD.
a) Chiing minh rang ton tai duy nhat diém G sao cho
GA+GB+GC+GD=0.
Hay xac dinh vi tri diém G do.

b) Chung minh rﬁmg ba doan théng ndbi trung diém cta cac cap canh débi dién caa ti dién
dong quy tai mot diém.

Bai 24. Cho ba tia Ox, Oy, Oz khong dong phang. Chiing minh rang cac dudng phan giac
cta goc z0x, zOy va duong phan gidc ctia goc ké bu véi goc xOy dong phang.

Bai 25. Cho hai tit dién ABCD va A’B'C’'D’. Goi G va G’ lan lugt 1a trong tam ctia hai ti dién
d6. Ching minh rang:

GG <= (AA'+ BB +CC'+DD').

!
4
IE)ZG Cho hinh lang tru tam giac ABC.A'B'C’. Goi G’ 1a trong tam cuia tam gidc A’B’'C’. Bat
AA = AB = b AC =

a) Hay biéu thi vecto AG' theo cdc vecto @, b, T.

b) Goi G, I 1an lugt la trong tAm ctia tam giac ABC va ACC’. Chitng minh (GG'I) || (BB/C'C).
Bai 27. Cho hinh hép ABCD.A'B'C'D’. Bat:

AB=4,AD=b,AA =¢.

Cac diém M, N, P lan lugt la trung diém AD, BB/, C'D’.

a) Chung minh (BDA’) || (B'D'C).

b) Ching minh: 2MP DD’ + AC, 2MN AB + DB/,
Biéu dién MN + MP theo ba vecto a, b C.

¢) Chuang minh ba vecto C'D, MN, MP dong phang, tir d6 suy ra rang C'D || (MNP).
. . 1 .
Bai 28. Cho hinh hop ABCD.A'B'C'D’. Biém M chia doan AD theo ti sO v diém N chia

OP — kOQ

Z 2 ° 2 A A N
doan A’C theo ti s6 —3 <Diém E goi la chia doan PQ theo tiso k # —1 neu OE = T %

v6i moi diém O) . bat

a) Hay tinh MN theo 7,0, C.
b) Ching minh rang MN || (BC'D).

Bai 29. Cho ti dién ABCD. Ki hiéu M, N lan luot 1a trung diém ctia AB, CD. Trén cac duong
thang CM va BN ta chon cac diém tuong tung I va K sao cho IK || AD. Dt IK = xAD. Tim
gid tri cua x.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Bai 30. Cho hinh chép ti giac S.ABCD c¢6 day ABCD la hinh binh hanh. Goi B/, D’ 1a trung
diém cac canh SB, SD. Mat phang (AB'D’) cat SC tai C’.

a) Trinh bay cdch dung diém C'.
b) Ching minh rang SC = 3SC'.

Bai 31. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Goi K la trung diém canh

: ; s . B D
SC. Mat phang qua AK cat tia SB, SD lan luot tai M va N. Chung minh rang SS_M + E—N = 3.

Bai 32. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Mot mit phang (P) cat cac

. A B D
tia SA, SB, SC, SD theo thu tu tai K, L, M, N. Ching minh rang: z—K + % = E—L + g_N

Bai 33. Cho t dién S.ABC va cac diém M, N, P lan luot thay d6i trén cac tia SA, SB, SC sao

SA SB sC , . S N 2 A 2 Ay 3R A
cho T 2@ + 3S_P = 10. Chung minh rang mat phang (MNP) luén di qua mét diém co

Bai 34. Cho ta diérﬁén déu ABCD (AB = CD, BC = AD, AC = BD). Goi G la trong tdm
ctua ta dién (GA+ GB+ GC+ GD = 0).

a) Chung minh réng G cach déu 4 dinh A, B,C, D.
b) Tim M sao cho MA + MB + MC + MD dat gia tri nho nhat.

Bai 35. Ching minh rﬁng véi sau so thuca, b, ¢, x, Y,z tuy y ta co:

2
ax+by+cz+\/(a2+b2+c2)(x2+y2+zz) > §(a+b+c) (x+y+z).

2. Loi gidi, huéng dan
Cau 21.

a) Néu trong ba vecto @, b, ¢ c6 mot vecto bang 0, chang han @ = 0 thiba vecto 7, b, T
dong phang vi dang thitc sau ludn dung

1.7240.0 +0.2 =0.

Cach khéc. Tir diém O tiy y, vé OB = b, OC = C, OA = 7. Néu @ = 0 thi A tring v6i
O. Nhu vay cac diém O, A, B, C cing thudéc mot mat phang, tic 1a ba vecto @, b, ¢ dong
phang.

b) Néu hai trong ba vecto @, b, ¢ ciing phuong, ching han b va ¢ thi b = k€ (xét ¢ # 0
vinéu ¢ = 0 thi theo caua), ba vecto @, b, ¢ dong phang). Khi d6 ba vecto @, b, ¢ dong
phang vi dang thitc sau luén dung

07+1.b—-kd=0.

Céach khac. Néu b va ¢ 1a hai vecto ciing phurong, tir diém O tity ¥, vé OB = b, OC = ¢,
OA = @ thihai duong thang OB va OC triing nhau. Khi d6 cac diém O, A, B, C ciing thuoc
mot mat phang, tic 1a ba vecto @, b, € dong phang.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Cau22. Tacé AC+BD = AD + DC + BD = AD + (B_D>+D—C)> = AD + BC.
Cau 23.
a) Goi E, F 1an luot 1a trung diém cta AB,CD. Goi G la trung diém ctia EF. Khi d6

GA+GB+GC+GD =2(GE+GF) =2.0 = 0.

Gidstt G'A+G'B+G'C+G'D = 0.Khidé
2(GE+G'F)=0 & GE+GF=0.
Vay G’ 1a trung diém EF, suy ra G’ trung véi G. Vay ton tai duy nhat diém G sao cho
GA+GB+GC+GD=0.
Diém G chinh 1a trung diém ctia EF.

b) Goi P, Q lan luot la trung diém cta BC va AD. Goi I la trung diém cta PQ. Khi d6
IA+IB+IC+ID = (IA+1D)+ (IB+1C) =2(I0+1P) =20 = 0.

Suy ra I trung v6i G. Goi M, N lan lugt la trung diém ctia AC va BD. Goi J la trung diém
cia MN. Tuong tu nhu trén ta ching minh duoc | trung v6i G. Vay ba doan thang noi
trung diém ctia cac cdp canh dbi dién ctia tit dién dong quy tai mot diém.

Chu y 2. Diém G duy nhéat thod man diéu kién GA+GB+GC+GD =0 goi la trong tam
cua tu dién.

Cau 24.
Tren cac tia Ox, Oy, Oz lan lugt xét cac vecto 7, j,

¥ c6 do dai bang 1 va 1an lugt cing hudéng vGi cac tia
Ox, Oy, Oz. Khi do tia phan gidc Oa ctia goc zOy cung
hudng véi @ = ] + k tia ‘Phan giac Ob cua goc z0x
cung hudng véi ,B =7 +k, tia phan gidc Oc cua goc
ke bu véi goc xOy cung phudn_g Véi A = ] — 7. Do

A=7z-— ,B nén ba vecto «, B, 7 dong phang. Do
dé céc tia Oa, Ob, Oc dong phang. Diéu phai ching
minh.

Cau 25. Vi G va G’ la trong tdm cuda ti dién ABCD va A’B'C'D’ nén:

GA+GB+GC+GD=0,GA +GB +GC +GD =0. (1)

Mat khac ta co:

GG =GA+ AA + A'G @)
GG =GB+ BB + B'G 3)
GG =GC+cC +CG )

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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GG = GD + DD + D'G'. )

Cong (2), (3), (4), (5) va st dung (1) ta dugc:

— — —> 11— —> —> —
4GG' = AA' + BB + CC' + DD’ = ‘GG’ :Z‘AA’+BB’+CC’+DD’ .

Tir d6 suy ra: GG’ < — (AA’+ BB’ + CC' + DD').

=

Cau 26.

a) Goi M’ 1a trung diém cta B'C’. Ta c6
2 1 — ——

A/G/ — 514/]\4/ — g(A/B/+A/C/)

= (T +7).

—> 1 - —>
Vay AG' = AA'+ A'G' =7 +§(b + 7).

b) Goi hai diém M, N lan lugt la trung diém ctia BC va
CC'. Ta ¢6 GG’ | BB’ C (BB'C'C), GG' ¢ (BB'C'C), suy ra

GG' || (BB'C'C). (1)
v AG AL 2
Mat khac AM - AN 3/ Swra GI || MN.
Ma MN C (BB'C'C) va GI ¢ (BB'C'C), nén GI || (BB'C'C). )

Lai c6 GG'NGI = G va GG/, GI cing nam trong (GG'I) nén tir (1) va (2) suy ra (GG'I) song
song véi (BB'C'C).

Cau 27.

'/ '/
) Tacs { BD I B C (B'D'C)

BD ¢ (B'D'C).
Suyra BD || (B'D’'C). (1)
Ta o6 { A'B || CD’ c (B'D'C)

A'B ¢ (B'D'C).
Suyra A'B || (B'D'C). ()
Ma A’B va BD la hai dudng thang cat nhau cing nam trong
(A’BD) nén tu (1) va (2) suy ra (BDA’) || (B'D'C).

b) Theo gia thiét AB=%,AD =1, AA = 2. Ta co:

MP = MD + DD’ + D'P. 3)
MP = MA + AC' + C'P. (4)
Cong (3) va (4) ta duoc:

O2MP = DD’ + AC' = MP

:%[?+<3+?+?)}:%<7+?+2?>. ®)

Ta co:
MN = MA + AB + BN. (6)
MN = MD + DB + B'N. )

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Cong (6) va (7) ta duoc
2W=E§+D_B7¢W:%[E’+<H—?+?)}
1 —> - —>
—§<2a—b+c>. (8)
Cong (5) va (8) ta duoc
W+W=1(7+?+2?)+1(2ﬁ’—?+?):§(7+?). 9)
2 2 2
¢) Ta co
CD=CD +CC=-d-¢c=—(ad+7). (10)

—_—> 2—> 2—> 2 —> —> 2
T (9) va (10) suy ra C'D = —gMP — gMN. Vay ba vecto C'D, MN, MP dong phang. Do dé
ba duong thang C'D, MN, MP nam trén ba mat phang d6i mot song song hoac triing nhau.
Nhung do MN, MP déng phang va diém C’ khong thudc mat phang (MNP) nén C'D ||
(MNP).

Cau 28 L
a)Tac6 BD=d +¢,BC"'=b +C,
L, 1
. . BA+-BD
BA'=3+b,BM = 41 )
142
m:4BA+BD_5a+c
s BAH3BC 3pa’ 1 2BC
a2 5
3 —
TirdéBN=3a+35 i C.Suyra

b+7C

MN = BN — BM = s _

37 +3b +2¢ 50+¢C  —2@+3
5 5

b) Trudc hét ta ching minh ba vecto MN, BD, BC/ dong phang, tic 1a ton tai hai s m, n sao
cho MN = mBD + nBC', tic 1a

z —m(a+c)—|—n(b—i—c>
27 +3b+7C - N 23
& a+5 T T +nb+(m+n)c < (mn) = (_5;5)'

—_— 2———» -_—> —_— —— T R 2 ”
Vay ta ¢c6 MN = _EBD + gBC', suy ra ba vectd MN, BD, BC' dong phang. Ma diém M

khong thuoc (BDC') nén suy ra MN || (BDC').

Cau 29.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC
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Goi E la trung diém AC, ta ¢c6 NE || AD. Vi IK || AD

nén NE || IK va I, K thudc (BNE). Do d6 I 1a giao diém

ctia hai duong trung tuyén BE va CM nén la trong tim

AABC. Trong ABNE, ta co:

IK BI 2

NE BE 3 I .

Mat khac, AD = 2NE va cac vecto AD, IK cung chieu
2 1 — 1-—

nén tu IK = gNE = gAD ta co IK = gAD, suy ra

ng.

Cau 30.

a) Goi O = AC N BD. Trong mat phang (SBD), goi O’ 1a giao
diém ctia B'D’ va SO. Trong mét phang (SAC), ta c6 diém C’
chinh 1 giao diém ctia hai duong thang AO’ va SC.

b) Do bén diém A, B/, C', D' dong phang nén theo bai tap
14a) & trang 11 suy racécacsdba, B, ymaa+ B+ = 1sao
C@ R —_—> —_—>

SC' = aSA + BSB' + vSD'

=aSA+ ZSB+ =SD.
oS +25 +2S

Dat ¢ = m. Ta can chiing minh m = L Ta co
s T & ~3
SC’:mS_):m<§§+B_C>>:m(S_B>—|—Iﬁ)
:m<_B)+S—D)—S_A) :—m§+m§+mﬁ.
Tém tai ta da c6 ba vecto SA, SB, SC khong dong phang va
5C = oS4+ B3+ 15D
S_C7:—m574)+mS_B)+me)).
Vay theo dinh 1i 2 & trang 3, suy ra
_ . B _ _ _1
x = m,E—m,E—m:>1—a+,B—|—’y— m+2m+2m:>m—§.
Cau 31.
DétS—B—m S—D—n
“SM 7 SN

Ta can ching minh m +n = 3.
Taco 5M = - 5B,5N = 5D,
Vi A, M, N, K cung thudéc mot mat phéng nén ton tai cac sod
a, B, yvéia+ B+ = 1saochoSK = aSA+ BSM+ ySN.Khido

SE—aSA+ PsB 1 73B.
L m n
Laico
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s_’:%sc_;(ﬁs’+1%_c:’> :%<§§+A—D)> :%<SB+SD SA)

Vay ta da c6 ba vecto SB, SD, SA khong dong phang va

5 :aSA+—§§+%S—B

1 g 19 1 _ 1 m n _
a=—p, =5 =y l=atfry=—s+ o+ mtn=3
Céug%i SC SB
Dats—sz,mzy,S—szln,s—Nzn.Ticanchunngh
x+y:m+n.TacéS_)K:—S—A),S—M):—S_C),S_L):—S_B),
X y m

— 1= 2 R
SN = —SD Vi L, M, N, K cung thudc mat phang (P) nén ton
talcacsoa Byvoia+p+y= 1 sao cho

SK = aSM + ,BSL + ySN.

Khidé 5K = *5¢+ P54 3B
y m n
Mat khac

1

SK:;SA:a_B’JrE{) :%(STBHLC_D’) :%(ST#ED’—S_’).

—> —> —>

Vay ta da c6 ba vecto SB, SD, SC khong dong phang va

|

SE=%¢4+ P33 73B
y m n

SK

1> 1= 1—
——-SC+ =SB+ =SD.
X X X

1 1 1 )
Vay theo dinh li 2 ¢ trang 3, suy ra g ——, b _ -, T = > Vithé
y x'm x'n X
y m n

1:(x—|—,3-|—7:—;-l—;-l—;:m—l—n—y:xém—l—n:x-i—y.
Cau 33.
bat: s
SA SB sC

M-V N Y
Kh1dox+2y+32—10 M

SA = xSM, SB = ySN SC = zS5P. P
Trong (ABC) xét dlem I sao cho:

TA +2IB+3IC=0. 1 4 c
Diém I hoan toan xac dinh va duy nhat. Ta c6 (1) tuong duong:

<§4’—S7)+2(S_B’—§>+3(S_C’—§f) ~-0
& 651 = SA+25B+35C < 651 = xSM +2ySN +3z5P.  (2)

= Z.
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Trong mat phang (MNP) xét diém | sao cho: xJM + 2y]7\7 +3zJP = 0. Khi dé:
xSM + ZyS_N) +325P
—x <§7+]T/I’> +2y (§7+]_I\7) 13z <§7+]_’)

=(x+2y+ 32)§7+ x]—]\71+ Zym + 32?
=1085]. (3)
Tir (2) va (3) suy ra: 651 = 10S] < S = gﬁ Do d6 diém ] cé dinh. Vay mit phing (MNP)

luén di qua diém J c6 dinh.
Cau 34.

a) Goi P, Q, K lan luot 1a trung diém AB, trung diém CD, trung diém PQ.

Tacé:GA+GB+GC+GD = 0.
Lalco N
0 = (GA—l—GB) (GC—l—GD)

— 2GP +2GQ = 2(GP + GQ) = 4GK.
Suy ra G = K. Vay trong tdam G cuaa tu dién chinh la trung
diém K ctia PQ. Ta c6 ACBA = ADAB, suy ra PC = PD, do
d6 duong trung tuyén PQ ctia APCD cling la dudng trung
truc cua CD. Vay KC = KD. Tuong tu ta co:
KC = KB,KB = KA, KA = KD.
Vay KA = KB = KC = KD = R.
Hay G cach déu 4 dinh A, B,C, D.

b) Ta co:

R.MA = MAKA > MA.KA
— (KA — KM)KA = KA? — KM.KA = R — KM.KA.

Tuong tu ta co:

R.MB > R?2 — KM.KB,
R.MC > R%® — KM.KC,
R.MD > R? — KM.KD.

Dodo’véluuyréngla)—k@—l—K—C)—klzl—j: 0 neén ta c6:

R(MA + MB + MC + MD) > 4R? — KM(KA + KB + KC + KD) = 4R>.
B&i vay MA + MB + MC + MD > 4R. Dau "=" xdy ra khi va chi khi M = G.
Do d6 MA + MB + MC + MD dat gia tri nho nhat khi M = G.

Cau 35. Xét ba vecto don vi « B) 61 mot vudng goc voi nhau. Dat:
+

T=ad+bf+c7, T=xd+yf+2z7, T=0C+F+7

Khi do:

UT = <a&’+bﬁ+c'—y’) (x&’—kyﬁ-l—z'_y’) = ax + by + cz.
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7% = (a@ + 0B +c7) (T+B+7) =a+b+c
70 = (xd+yf+27) (T+E+7) =x+y+2
W2 = (a& +bf +¢7) (a@ +bF +¢7) = a? + b2+ ¢
7= (x@ +yB +27) (T +yf+27) = P+ 2 + 2

Nhu vay: |#| = Va2 + b2+ 2, |T| = \/x2 + y*> + 22, |&| = V3.

Bat dang thtic cAn chiing minh trg thanh:
—>— - = 2 >\ o>
uv+]u||v\2§(uw)(vw). (1)
& Néu || = 0 hoac || = 0 thi (1) dung.

& Giasu |i| > 0va |7| > 0. Khi dé:

77 2 (7% (3B)
][] 3|ul[v]
L 0T 2(i%) (3T)
= 1= =
il |o] @ 7] | 7
Uv uw Tw
w7} [ul|w] |o]|w]

Datba vecto i, T, W c6 chung goc O va xét ba tia Ox, Oy, Oz lan luot c6 huéng @, T, @.
Dat: ag = xOy, Bo = xOz, 79 = zOy. Khi do:

(2) & 14 cosay > 2cos Bpcos yo
& 1+ coswag > cos (Bo+ Yo) + cos (Bo — 7o) - 3)

Theo bai tap ?? (6 trang ??), ta c6 ap < Bo + Yo < 271 — ap, suy ra
cos &g > cos (Bo + o) -
Nhu vay:
14 cosag > 1+ cos (Bo+ 7o) > cos (Bo — Yo) + cos (Bo + 7o) -
Do d6 (3) dung, ta c6 diéu phai chitng minh.

D. BAI TAP TRAC NGHIEM

1. Bé bai
Cau 1. Tinh chat nao sau day la sai?
A Td+b=b+7. B.7-b=0b-7 .
C ad—-b=d+(-D). D.(@d+b)+C=d+(b+7)

Cau 2. Cho diém M chia doan thang AB theo ti s6 k, vi k # 1 thi ta c6: MA = kMB. Khi d6
vdi diém O tuy y ta co:

A OM = 9ATKOB B. OM = 94— kOB

_1-k_ _I+k

c om = 9ATkOB D. oM = 94— kOB
1+k 1—k
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Cau 3. Cho tui dién OABC. Goi G 1a trong tam cta tam giac ABC. Phan tich nao sau day la

dung?
—> 1 —> — —> — —> —> —>
A. OG = -(0A +0B +0C). B. OG:%(OA+OB+OC).
C. OC = OA + 0B +0C. D. cfzg@ncﬁﬂﬁ.

Cau 4. Didu kién cAn va dtt déba vecto 7, b, € khong déng phing la:
A. Gia ctia chiing khong cting thudc mot mat phang.
B. Gid cta chiung cung thudc mot mat phéng.
C. Gid ctia chiing khong cling song song v6i mot mit phang.
D. Gid ctia chiing ciing song song mot mat phang.

Céu 5. Cho ba vecto @, b, . Didu kién nao sau day khéng két luan duoc ba vecto d6 dong

phang?

A. Mot trong ba vecto d6 bang 0.

B. C6 hai trong ba vecto d6 cung phuong.

C. C6 mot vecto khong cung hudng vai hai vecto con lai.
D. C6 hai trong ba vecto d6 cung hudng.

Cau 6. Cho hinh lap phuomg ABCD A181C1D1 Hay phan
tich vectg BD theo cac vecto AB AD AA1

A. BD— —AB+AD+0AA1 D,
B. BD = AB+AD+AA1

C. BD AB AD+OAA1
D

. BD = ~AB+ AD — AA.

————

Cau 7. Cho hinh lap phudng ABCD A1B1C1D1 Hay phan
tich vectd AC; theo cac vecto ¢ AB AD AA1

A. AC] = AB+AD — AA;. D,
B. AC1 = AB — AD —l—AAl.

C. AC, = AB+ AD + AA,.
D

| AC, — AB - AD - AA,.

————

Cau 8. Cho lang tru tam giac ABC.A'B'C’. Pat

Trong cac ménh dé sau, ménh dé nao dung?

A. —b+c B.
Cb—c+d O D.

i

Bq

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



27 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Céu 9. Cho hinh hop ABCD.EFGH c6 AB = 7, F
AD = b, AE = C. G01 I 1a trung diém cua doan > T_ G
BG. Hay biéu thi vectdg Al qua ba vectd @, b <. as | I e
> 1., l -7 >
A Al=20+ b +37C. Ef— e c
— N — - BI__:::: L H
B. Al =34 +§b+c : f /,v—--__-________ --_Je
-7 — 1> 1., ;L
C Al=a+-b+<c. ;. >
2 2 L b
D. Al=a+=b + ZC D
Céau 10. Cho hinh lang tru tam gidc ABC.A’B'C’ ¢6
AA = 7,AB=T,AC = .
Hay phan tich vecto B'C theo cdc vecto 75,7
ABC—a+b+c B. BC=-d—-b+7C
C BC=F-0-¢C D.BC=d—-b+7

Cau 11. Ménh dé nao sau déy la sai?

Vecto khong 1a vecto c6 diém dau va diém cubi trung nhau.

Hai vecto c¢6 d¢ dai bang nhau va cing phuong thi hai vecto d6 bang nhau.
Gia ctia vecto la duong thang di qua diém dau va cudi ctia vecto do.

. Do dai vecto 1a do dai doan thang c6 hai dau miit 1a diém dau va diém cudi cta vecto
do.

oNnwp

Cau 12. Ménh dé nao sau day la dung?
A. Ba vecto dong phang thi c6 gia song song voi nhau.
B. Ba vecto dong phang thi c6 gi cling nam trong mot mat phang.
C. Néu gia ctia ba vecto cling song song véi mot mat phang thi ba vecto d6 dong phang.
D. Néu gia ctia ba vecto doi mot vuong goc thi ba vects d6 dong phang.
Cau 13. Hay chon ménh dé dung trong ca cac menh de sau day"

A. Cho hinh chép S.ABCD, néu c¢6 SB+SD = SA + SC thi t gidc ABCD la hinh binh
hanh.

B. T gidc ABCD la hinh binh hanh néu AB = BC.
C. Ti gidc ABCD 1a hinh binh hanh néu AB + BC + CD + DA = 0.
D. Ti gidc ABCD la hinh binh hanh néu AB + AC = AD.

Cau 14. Cho cac ménh dé sau:
(I) Vecto ¥ = 7@ + b + € luén déng phing véi hai vecto 7, b.

(II) Néu c6 ma@ +nb + pT = 0 va it nhat mot trong ba sé m, n, p khac khong thi ba vecto
@, b, ¢ dong phang.

(II) Néu ba vecto @, b, € khong déng phingvamad +nb +p¢ = 0 thim=n = p = 0.
Cé bao nhiéu ménh dé dung?
A. 0. B. 1. C. 2 D. 3.

Cau 15. Cho hai diém phan biét A, B va mot diém O bat ki. Hay xem xét ménh dé nao sau day
la dung?

A. Diém M thuoc duong thang AB khi va chi khi OM = OB = kBA.
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B. Diém M thudc duong thang AB khi va chi khi
OM = OB = k(OB — OA).
C. Diém M thudc duong thang AB khi va chi khi
OM = kOA + (1 —k)OB.
D. Diém M thuoc duong thdng AB khi va chi khi OM = OA + OB.

Cau 16. Cho 4 diém A, B, C, D trong khong gian. Hoi c6 bao nhiéu vectd khéc 0 c6 diém dau
va diém cubi 1a 4 diém do6?

A. 3. B. 6. C. 9 D. 12.
Cau 17. Cho hinh hop ABCD.A’B'C'D’ véi tam O. Hay chi ra dang thtic sai trong cac dang
thacsaw:, Yy s —

A. AC' = AB+ AD + AA, B. AB+BC' +CD+D'A= 0.

C. AB+AA'=AD+ DD’ D. AB+BC+CC'= AD'+ D'O+ 0C'.

Cau 18. Cho tam gidc ABC. Lay diém S nam ngoai mat phang (ABC). Trén doan S A lay diém
—_—> —_—> 2 » = 1 —_—> 4 > ~
M sao cho MS = —2MA va trén doan BC lay diém N sao cho NB = _EN C. Biet biéu dien

MN = mAB + nSC la duy nhét. Tinh m + n.
A. 0. B. 1. C. 2 D. 3.

2. Bdp an va 16i gidi

DAP AN TRAC NGHIEM
1B 3B 5C 7C 9C 1B 13A 15C 17C
2D 4C 6A 8C 10B 12C 14D 16D 188B

LOI GIAI CAU HOI TRAC NGHIEM

Caul. Tinhchitsaila:7—b =b — 7.
Chon dap an

OA — kOB

Cau 2. Tacém:km,suyram: T %

Chon dap an @
Cau 3. Piém G la trong tdm cta tam gidc ABC khi
— 1 —> — —
OG = §(OA + OB +0C).
Chon dép an
Cau4. Bavecto @,b,¢C dong phéang khi va chi khi gia ctia chiing cling song song v6i mot
mét phang.

Chon dap an (C)

Cau 5. Hai vecto con lai ¢6 thé khong cting phuong nén ba vecto c6 thé khong dong phang.
Chon dap an (C)
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Cau 6.
Theo quy tac hinh binh hanh, ta cé:
BD = AD — AB.

______

Chon dép an (A)

Cau?7. TaC(’)A_Cl): z@—i—zﬁ—i—AAl.
Chon dap 4n (C)

Chon dép an (C)

Cau 10.
Ta ¢o:

A/ C/

+BC B/
+ (AC—AB)
+

|
ol <
Q)

Chon dap an

Cau 11. Hai vecto c6 do dai bang nhau va ciing huéng thi hai vecto d6 bang nhau.
Chon dép an
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Cau 12. Néu gia ctia ba vecto cling song song v6i mot mat phang thi ba vecto d6 dong phang.
Chon dap an (C)

Cau 13. Néu SB + SD = SA + 5C thi:
SB—SA=5C—-SD < AB = DC.
Suy ra tua giac ABCD la hinh binh hanh. Ménh dé@sai vi:
AB+ AC = AD & AB = AD — AC < AB = CD.

Chon dép an (A)

Cau 14. Do X duogc biéu thi qua hai vecto @ va b nén (I) ding. Xét ménh dé (II): gia s
m + 0, khi dé:

m m

ma+nb+pc=0ed=—b-L2

Suy ra ba vecto @, b, € ddng phing. Vay ménh dé (II) dting. Do ménh dé (III) tuong duong
vdi ménh dé (IT) nén ménh dé (I11) dung.

Chon dép an (D)

Cau 15.
Chon dap an (C)

Cau 16. Léy Alam g6c ta duoc 3 vecto A_B), A_(f, AD. Tuong tu d6ivéiB,C, D tadugc4.3 =12
vecto.

Chon dép én (D)

Cau 17. Theo quy tac hinh hop thi A dung.

cl

A D

Do ;1_B>, 55 d6i nhau va B—C7 , ﬁ db6i nhau nén B dung.

Do AB + BC + CC' = AC', AD’ + D'O+0OC’ = AC’ nén D diing.
Do?ljé—#@;ﬁ,ﬁ—i—ﬁ:@nén_c}sai.

Ta thay ménh de C tuong duong véi AB = AD (sai).

Chon dap an (C)

Cau 18.
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Theo gia thiét ta co:
MS = ~2MA, NB = NC.

LAy diém P trén canh AC sao cho PC = —2PA. Khi dé:
MN = MP + PN

1— 2—
= -SC+ -AB.
32 Jr31

Va =—_,n=—.
aym=z,n=z
Dodéom+n=1.

Chon dép an
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BAI 2. HAI DUONG THANG VUONG GOC

A. TOM TAT Li THUYET

1. Géc gitra hai duong thang.

Dinh nghia 1. Géc gitta hai duong thang A; va A; la géc giita 8
hai duong thang d; va 6, cting di qua mot diém va lan lugt song /
song (hodc trung) véi Ay va A,. /0 5

A;

2. Hai duong thang vuéng géc.

Dinh nghia 2. Hai duong thang dugc goi la vuong goc véi
nhau néu géc gitra chiing bang 90°.

Nhan xét 1. Mot duong thang vuong géc véi mot trong hai dudng thang song song thi vuong
goc voi duong thang con lai.

B. MOT SO DANG TOAN

Dang 5. Tinh géc « giira hai duong thing a va b.

Phuong phap. St dung mét trong hai cach sau:

@ Tim cac vecto chi phuong 7 va T cta a va b rdi tinh ¢6c a gitta hai dudne thine a va b
phuong i va T goca g g thing
theo cong thic cosa = |cos(u, U)|.

& Dung goc a 16i tinh s6 do géc a bang cach dung tich vo hudng gitra hai vecto hodc cac
hé thuc luong trong tam giac (thuong dung dinh 1i ham so cosin).

Cht y 3. Géc « gitta hai dudng thang phai théa man 0° < a < 90°.

Cht § 4. Cho hai duong thang c6 vecto chi phuong lan lugt 1a %, 7. Goi « la goc gitta hai
duong thang d6. Ta co:

o= (u,7), khi (1,7) <90° & =180°— (u,7), khi (¥, 7) > 90°.

Cht ¢ 5. ViBC = AC — AB = BC2 = AC2 — 2AB.AC + AB? nén:

AB? + AC2 — BC?

AB.AC = 5
Chu y 6 (Dinh li c6sin trong tam gidc). A
Trong tam gidc ABC v6i BC = a, AC = b, AB = ¢, ta c0: b
a2 = b? + % — 2bccos A ¢
b? = 2 +a? —2cacos B
2 =a?+b?—2abcosC. B C

a
Bai 1. Cho hinh chép A.BCD c6 M, N theo thi ty 1a trung diém cta BC va AD. Biét rang
AB = 10;CD = 6, MN = 7. Tinh géc gitta hai duong thang AB va CD.
(¢ Loi gidi
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Loi giai 1. Goi P 1a trung diém AC. Ta ¢
1
PM | AB, PM = S AB =5

|
PN || CD, PN = 5CD =3.

Do d6 géc gitta hai duong thang AB va CD la géc gitta hai duong
thang PM va PN. Ta ¢6
PM? + PN? — MN?
cos MPN = PPN
_9+25-49 1

30 2
Suy ra MPN = 120°.
Vay goc gitta duong thang AB va duong thang CD la 180° — 120° = 60°.
Loi giai 2. Ta c6:

2MN = MN + MN
_ (W+ﬁ+ﬁ)+(ﬁ+@’+ﬁ)

- (MB+MC> n <AN—|—DN> T (ELH@’)
— BA + CD.
Do do:
AMN? = (E{ T (:_15)2 — BA? 4+ CD?+2BA.CD
=196 = 100 + 36 + 2.10.6 cos (ﬂ’, ﬁ)’) - cos (EL{, ﬁ)’) - %

Vay goc gitta duong thang AB va dudng thang CD 1a 60°.

Bai 2. Cho tu dién SABC ¢6 SA = SB = SC = AB = AC =avaBC = av/2. Tinh goc gitra
hai dudng thang SC va AB.
(@ Loi g_ic:ui_)
Ta c6 (SA, AB) = 120°;
AC? + AB? = BC>.
Suy ra ACLAB. Tg_c}é__) e
cos(ﬁ, z@») _ iC.Ai _ (SA_T AC_).)AB

‘SCHAB‘ )SCHAB‘

2

PR S 3 B SR a
_ SAAB+ACAB —7 10 1

2N 2 2
Suy ra (SC, AB) = 120°. Géc gitta SC va AB 1a 180° — 120° = 60°.
Cach 2. Goi M, N, P lan lugt 1a trung diém cta SA, SB, AC.
Khi d6 MN || AB, MP || SC. D€ tinh géc gitta hai duong
thang SC va AB, ta can tinh NMP.

2

MN:MP:g, SPzz%.
»  BA*+BC* AC* 54

BP —

2 2 24 24 2
PN? = Ps —iz_PB —Sf = ?%. Cosm =
MP? + MN? — PN?

1 — o <ra
SMP.MN =5 Suy ra cos NMP = 120°. Vay

goc gitta hai duong thang SC va AB bang 60°.
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Luu y. Xin nhéc lai cong thitc tinh d6 dai dudng trung tuyén ctia tam gidc trong hinh hoc 16p
10. Trong AABC ta co:
, D24t a?

7= P —

2
2 c2+a2 ljjé
,  a*+b? éji
mC:T_Z'

Bai 3. Cho hinh chép S.ABCD c6 tat ca cac canh déu bang a, ddy ABCD la hinh vuéng. Goi
N la trung diém SB.

a) Ching minh rang cac tam gidc SAC, SBD la cac tam giac vuong.

b) Tinh géc gitta hai duong thang: AN va CN; AN va SD.
(¢ Loi gidi
a)

Vi ABCD 1a hinh vudng canh bang a nén

AC = BD =aV2.

Xét cac tam giac SAC, SBD ta co:

SA? 4+ SC? = 24> = AC?%;

SB? 4+ SD? = 24%2 = BD?2.
Vay ASAC, ASBD vuéng tai S.

av/3

b) Tacé AN va CN la dudng cao ctia cac tam giac déu SAB, SBCnénta c6 AN = CN = —

AN?*+CN* - AC* 1
) 2AN.AC -3
Goi a 1a goc gitra hai duong thang AN va CN. Khi d6

Trong tam giac ANC ta c6 cos ANC =

— 1 1
cosa = |cos ANC| = 3 & & = arccos o~ 70°31".
Goi B 1a goc gitra hai duong thang AN va SD. Khi d6

s AN.SD
COSﬁ = ’COS(AN, SD)‘ = m

Vi BNLSD va SDC = 60° nén ta c6:
AN.SD = (AB + BN)SD
— AB.SD + BN.SD = AB.SD
= —D—C)D—S) = —DC.DS.cosSD/\C

1
2 o 2
= —a“cos60° = ——za .

1 1
Vay cos p = — = B = arccos — =~ 54°44/.

V3 V3

Bai 4. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thoi, SA = SC. Goi M, N lan luot 1a
trung diém cua AD va CD, P la diém trén canh SB sao cho BP = 3PS.
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a) Tinh goc gitta hai duong thang AC va SD.
b) Xac dinh thiét dién tao bdi (MNP) védi hinh chép.
(¢ Loi gidi

a) Goi E 1a trung diém ctia canh SB. Ta c6 ASAB =
ASCBviSA = SC, AB = CB, §B chung. Do do6 hai
trung tuyén tuong ting bang nhau: AE = CE. Tu
d6 ta thay tam gidc ACE can tai E. Suy ra OE L AC.
Tam gidc SBD c6 OE la duong trung binh nén OE
song song SD. Vay ACLSD.
b) Goi I = MN N BD.
Trong (SBD) Goi ] = IP N SO.
Ta co { MN || AC

MN C (MNP),AC C (SAC).
Suy ra (MNP) cat (SAC) theo giao tuyén HK qua
J va HK || AC (H thudc SA, K thuoc SC). Tir d6 ta
thay thiét dién tao thanh la ngii gidc MNKPH.
Luu y. C6 thé giai cau a) cach khac nhu sau: Ta c6:

(1)

o (D) - 2D A0 AR
DC? = (A_c’ - A_D’>2 — AC? + AD? - 2AC.AD
2AC.AD = AC? + AD? — DC? = AC?
SC2 = (ﬂ?’ - A_s’)2 — AC? + AS* —2AC.AS
2AC.AS = AC? + AS? — 5C% = AC2.

nén tur (1) suy ra cos (A—C), S_D)) — 0= ACLSD = ACLSD.
Bai 5. Cho tt dién ABCD c6:
AB=CD =4,AC=BD =b,AD =BC =c.

a) Tinh cosin ctia goc tao béi hai duong thang AB va CD.

b) Goi G la trong tam AABC. Tinh khoéang cach tit D dén G.
(¢ Loi gidi 7
a) Goi « la goc gitra hai duong thang AB va CD, ta c6:

A5

Xét AB.CD = AB. (AD — AC)
— AB.AD — AB.AC.

cosux =

Ta co:

L 22 g2
AB,ADZ%;
— —> 2 _ 2
AB.AC:%,
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a2+c2—b2_a2+b2—02

2 12
5 5 c b-.

Tir d6 ta tinh duoc: AB.CD =

2 12
Do do: cosa = M
a

b) Do G 1a trong tdm AABC nén: DA + DB+ DC = 3DG. Suy ra:

— — —\ 2
9DG2 = (DA + DB+ Dc)
— DA? + DB?+ DC?+2DA.DB +2DB.DC +2DC.DA
S S % SN SR S R SR - N St SRt SR Sy v
=2(a® + b* + ¢?).

V2(a% + b2+ c2)
3 :

Do do6: DG =

[ Dang 6. Chitng minh hai duong thiang a va b vuéng géc véi nhau.

Phuong phap. C6 thé st dung mot trong cac phuong phéap sau:

& Néu hai duong thang a,b duge dua vé cing mot mat phang (P) thi sit dung cac cach

chitng minh hai dudng thang vudng géc trong hinh hoc phang.

& Dung dinh nghia goc ctia hai duong thang trong khong gian va chiing minh géc d6 bang

90°.

& Tim hai vecto chi phuong # va ¥ cta hai dudng thang a,b va ching minh 7.7

Pic biét, néu AB.CD = 0 thi ABLCD.
™ S dung nhan xét 1 § trang 32.
Bai 6. Chung minh nhan xét 1 ¢ trang 32.
& Loi gidi

Gia st a || b va cLa. Lay diém O bat ki trén ¢ sao cho O ¢ a, ké
duong thang a’ di qua O va song song véi a. Khi d6 cOa’ = 90°,

Dé thay a’ || b nén cOa’ chinh la géc gita hai duong thang ¢ va
b.Dodétacoclb. "

b

Bai 7. Cho hinh hop ABCD.A’B'C'D’ 6 tat ca cac canh bang nhau. (hinh hop nhu thé goi 1a

hinh hép thoi). Chiing minh rang AC L B'D’.
(¢ Loi gidi

Tt gidc ACC'A’ ¢6 cap canh dbi AA’, CC' song song

va bang nhau nén 1a hinh binh hanh, do d6 AC song
song vdi A'C'. Theo gid thiét, ti gidc A’B’C’D’ 1a hinh

thoi nén A’C’ vuong goc véi B'D’. Nhu vay:

AC || A'C’
{ B,D,”L o = BDLAC,
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Bai 8. Cho tit dién déu ABCD. Goi I, ] lan lugt 1a trung diém ctia AB, CD. Ching minh rang:
@ 1] LAB; @ I].LCD; @) ABLCD.
@ Loi gidi

(D Tac6 AACD, ABCD la hai tam gidc déu va bang nhau, do
d6 A] = BJ.Suy ra AAJB can tai J. Ma I 1a trung diém AB
nén I] | AB.

(2 Tuong tu cau (1).

3 Tacé:

AB.CD = (A] + JB).CD

— AJ.CD + JB.CD = 0.
(do JALCD, JBLCD). Vay ABLCD.
Cach khac. Goi a 1a d6 dai canh ta dién. Khi d6

AB.CB — (AC -+ CF) CB - AC.CB + CB.ED
a?  a?
= AC.CD.cos120° + CB.CD cos 60° = 5 + > = 0.

B&i vay ABLCD = ABLCD.

Bai 9. Cho hinh hop ABCD.A’B'C'D’ ¢6 tat ca cac canh bang a (hinh hop nhu thé goi 1a hinh
hop thoi) va ABC = B'BA = B’BC = 60°. Tinh dién tich tu gidc A'B'CD.
(£ Loi gidi

Ta co:

A'B"||C'D' [ CD | C'D
{ A'B'=C'D'’ { CD=C'D'.
Vay A'B’ || CD va A'B’ = CD, suy ra tu giac
A’B’CD la hinh binh hanh. Ngoai ra B'C = a = CD
nén A’B'CD la hinh thoi. Ta sé chung minh A’B'CD
la hinh vuong. That vay, ta co:
CB'.CD = (@’ + ﬁ) BA
= CB BA BA + BB’ BA
— BB .BA — BC.BA
= a.a.co0s 60° — a.a.cos 60° = 0.
Vay CB' LCD, do d6 A’B’CD la hinh vuong canh a.
Tir d6 dién tich hinh vuéng A’B'CD bang a>.
Bai 10. Chirng minh rang véi bén diém A, B, C, D tuy y trong khong gian ta co:

AB.CD + AC.DB + AD.BC = 0. (*)

Tir d6 suy ra réng néu moét ti dién c6 hai cip canh ddi dién vudng goc thi cdp canh déi dién
tha ba cting vuong goc.
(£ L&i gidi
Ta co:
AB.CD + AC.DB + AD.BC
—AB(CB + BD) + AC.DB + AD.BC
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—AB.CB+ AB.BD + AC.DB + AD.BC
—(AB.CB + AD.BC) + (AB.BD + AC.DB)
—(AB.CB — AD.CB) + (AB.BD — AC.BD)
—CB(AB — AD) + BD(AB — AC)
—CB.DB + BD.CB = CB(DB + BD) = 0.

Gia s ta dién ABCD co:

AB1CDvaBCLAD.

Khidh

AB.CD =0vaBC.AD = 0.

Vay it (*) ta c6 BD.AC = 0. Suy ra BD_LAC. Do d6
ta c6 diéu can ching minh.

Luu y. Bai tdp 10 nay khong khé nhung rat ¢ y
nghia, duogc dung dé gidi mot s6 bai tap khac. Vi vay
ban doc nén nhé dé str dung khi can.

Bai 11. Cho tit dién ABCD. Chiing minh rang:
a) AD_BC khi va chi khi AC? + BD? = AB?+ DC>.
b) Néu AD 1 BC va ACLBD thi ABLCD.

( L&i gidi

a) Ta co:

AC? + BD? = AB*> 4+ DC? & AC? — AB* = DC? — DB?
&AC?— AB? = DC? — DB?
& (AC — AB)(AC + AB) = (DC — DB)(DC + DB)
2BC.Al = 2BC.DI < 2BC(Al +ID) = 0
&BC.AD =0 < BCLAD.

b) Do AD1BC va ACLBD nén theo cau a) ta co:
AB? + DC? = AC? + BD?, AB*>+CD? = AD* 4 BC?.
Tir d6 AC? + BD? = AD? + BC?. Cling theo cau a) suy ra ABLCD.

Bai 12. Cho hai duong thang ct nhau b va ¢ cing ndm trong mat phang (P). Ching minh
rang néu duong thang a vudng géc véi ca b va c thi né vuong goéc v6i moi duong thang nam
trong (P).
(¢ Loi gidi
Gia str d 1a mot duong thang bat ki trong (P). Ta can chiing minh a Ld. Goi #, ¥, @, 7 lan lugt
la cac vecto chi phuong cuaa,b,c,d. Do b,c,d d6ng phéng va b, c khong cung phuong nén ton
tai cac sd m, n sao cho:
7 =m7 + nw.

Boi vay:

UT =U(mT+n®0) =mud.T+nd.W=0= U Ll7 = ald.
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. BAI TAP ON LUYEN
1. Bé bai
Bai 13. Cho vecto 77 khac 0 va ha1 vecto 7, b khong cung phuong. Ching minh rang néu 7

vudng goc vdi ca hai vecto @ va b thibavecto 77, 7, b khong dong phang.

Bai 14. Chiing minh rang néu ba vecto cling vuéng goc véi vectd 7 # 0 thi dong phang. Tir
d6 suy ra néu ba dudng thang dy, dy, d3 ciing vudng goc véi mot duong thang d thi ba duong
thang dy, da, d3 cling song song v&i mot mat phang.

Bai 15. Cho hinh chép S.ABCD c¢6 day la hinh thoi, canh bén SA = AB va SA1BC.
a) Tinh géc gitta hai duong thang SD va BC.
b) Goi I, ] 1an luot 1a cac diém thudc SB va SD sao cho I] || BD. Ching minh rang goc gitra
AC va I] khong phu thudc vao vi tri cta I va J.
Bai 16. Cho ti dién déu ABCD canh a. Goi M, N lan lugt 1a trung diém ctia cac canh AC, BC.
Tinh géc gitra cac cip duong thang AB va DN gitta AN va DM.

Bai 17. Cho tit dién ABCD trong d6 goc gitta AB va CD bang a. Goi M la diém bat ki thudc
canh AC, dat AM = x (0 < x < AC). Xét mat phang (P) di qua diém M va song song vdi AB,
CD.

a) Xac dinh vi tri cta diém M dé dién tich thiét dién cta hinh ti dién ABCD khi cat béi
(P) dat gia tri 16n nhat. Tim gia tri 16n nhat dé.

b) Chung minh ré“mg chu vi thiét dién néu trén khong phu thudc vao x khi va chi khi
AB = CD.

Bai 18. Cho hinh tit dién ABCD, trong d6 ABJ_AC ABJ_BD G01 P va Q lan lugt 1a cac diém
thuoc cac duong thang AB va CD sao cho PA = kPB, QC = kQD (k #1).

a) Chiing minh rang ba vecto PQ, AC, BD dong phang.

b) Ching minh rang ABL PQ.

Bai 19. Cho t& dién déu ABCD ¢6 cac canh béng a. Goi M la trung diém AB. Xac dinh vi tri
diém N trén duong thang AC sao cho DN L.CM.

Bai 20. Cho hinh chép S.ABC c6 day ABC la tam giac déu canh bang 41/2, SC = 2, SC vuong
g6c véi CA va CB. Goi E, F 1an lugt 1a trung diém ctia AB, BC. Tinh géc gitta hai duong thang
CE va SF.

Bai 21. Cho ti dién ABCD c6 cac canh bang a. Goi M, N, P lan luot la trung dlem ua cac
doan thang AB, BC, AD. Goi G la trong tam tam gidc BCD. Dat AB=1b,AC=7, AD=4d.

a) Biéu dién cac vecto MG, NP theo b , C, 4.
b) Tinh géc gitrta hai dudng thang MG va NP.

Bai 22. Cho ti dién ABCD c6 tich cac cap canh dbi béng nhau. Goi a, B, v l1an lugt 1a géc
tao bdi cac cap duong thang AB,CD; AC,BD; AD, BC. Chiing minh rang trong ba gid tri
cos &, cos fB, cos 7y c6 mot gid tri bang téng ctia hai gid tri con lai.

Bai 23. Cho ba tia Ox, Oy, Oz khong dong phang. Goi & = y/@, B = z0x, Y= x/O\y Chung

minh réng: cosa + cos B+ cosy > 5
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Bai 24. Cho tir dién ABCD. Diém M bat ki trong khong gian nhin cac canh ctia ti dién dudi
cac goc ay, ap, a3, k4, 5, k6. Chiing minh rang

COS w1 + Cos ap + cos a3 + cos iy + COs a5 + cos g > —2.

2. L&i gidi, huéng dan
Cau13. Néu 7, @, b déng phing thi ton tai céc sé thuc x va y sao cho 77 = x@ + y b. Tir d6
7t = (xmy?) T=xd R +yb.i=0=>71=0,

diéu nay mau thuan véi gia thiét. Suy ra ba vects 77, @, b khong dong phang.

—

— —
Cau 14. Gia st ba vecto cing vudng goc vdi vecto 7 # 01a @, b, €, tic la

- —> >

in=b1 =

NéuzZvab cting phuong thi @, Z, ¢ dong phang. Néu @ va b khong cung phuong thi ba
vecto 1, @, b khong dong phang (theo bai tap 13). Khi d6

C=xq+yb +2z7.

Suy ra

Tt = (xa’+y?+zﬁ) T=xdRAyb 7+ 272 =27t *)
Ma T L7 néntir () suyrazii2 = 0,suyraz = 0, tiic1a @ = x@ +yb. Vayba vecto @, b, ¢
dong phang. Néu ba duong thang d, do, d3 cting vuong géc véi mot duong thang d thi theo

két qua trén suy ra ba vecto chi phuong ctia dy, d, d3 dong phang, tic 1a ba duong thang dy,
dy, d3 cung song song v4i mot mdt phang.

Cau 15.

a) Vi BC || AD nén géc gitta SD va BC bang goc gitta SD
va AD. Tix gia thiét ta c6 SALBC nén SALAD. Mat khéc
SA bang canh ctia hinh thoi ABCD nén SDA = 45° 1a goc
phai tim. Vay goc gitta SD va BC bang 45°.

b) Do ABCD la hinh thoi nén AC LBD. Mat khac I] || BD
nén AC_L 1], tic 1a géc gitra I] va AC bang 90° khong déi.

Cau 16.
Tam gidc ABC c6 MN la dudng trung binh nén MN || AB. Nhu thé

goc gitta AB va DN la goc gitta MN va DN. bat DNM = a. Tam

giac DMN co:

MN:g,DM:DN:%g.

St dung dinh i c6sin cho ADMN ta c6:

DM? = DN? + MN? — 2DN.MN cos a

MN?> MN 5 1

2DN.MN ~ 2DN ) /3 23

S 2

> 0.

Suy ra cosa =
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1 .
Vay « la goc nhon va goc gitta AB va DN la a = arccos m Goi P la trung diém NC, khi d6

MP || AN, vay goc gitta AN va DM la goc gitta MP va MD. Tu dinh li c6sin cho tam gidc
PMD ta co

3 30 (3 @
COSP/@_MDZJrMPZ—PDZ_ 4 16 4 16) 1
N 2MD.MP B 50 3 av/3 6

2 4

. 1
Vay goc gitta hai duong thang AN va DM 1a arccos e

Cautr (P) N (ABC)
. S
7) Ta c6 { AB C (ABC), AB | (P). A
Suy ra giao tuyén ctia (P) va (ABC) la duong thang Mz qua M va
song song v&i AB. Goi N = Mz N BC. Tuong ty, giao tuyén ctia (P) R
va (BCD) la duong thang NQ || CD, véi Q € BD. Vay thiét dién la
hinh binh hanh MNQR. Do MN || AB va NQ || CD nén gbc gitta g
ABvaCD béng goc gitta MIN va NQ, do do sinm = sina (do w A
bing hodc bit véi MNQ). Dién tich hinh binh hanh MNQR la N

SMNQR = NMNQ sin «.

Ta co MN  AC AB
— X
MR AM  «x

CD AC AC

Lai co: NQ = MR,

cD )
= MR = E.’C. Do do:

AB cD . AB.CD .
SMNQR = ac (AC — x).A—Cx. sina = — = (AC — x) x.sina
Vi % khong déi va theo bat dang thirc Co si thi
— 2 2
(AC —x).x < (AC 2x—|—x> = A4C :

Vay Synor 1on nhéat 1a bang sin &, dat duogc khi va chi khi

AC—x:x(@x:%@Mlatrungdié’m/lc.

b) Chu vi ctia thiét dién la:

AB CD CD — AB
2(MN + MR) =2 | %= (AC —x) + —2x| = 2= =—x +2AB.

Vay chu vi cta thiét dién khong phu thudc vao x khi va chi khi

CD—-AB=04& AB=CD.
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Cau 18.

a) Ta co:

PG = PA + AC + CQ. (1)
PQ = PB4 BD+DQ. )
kPG = kPB + kBD + kDQ. _ 3)

Tu (1) va (3) ta co: ( )PQ
= PA kPB B+ AC kBD BD + CQ kDQ
Do PA = kPB QC = kQD nén:
1 — k ——

(1-— k)PQ = AC —kBD & PQ mAC — EBD (do

k # 1). Nhu vay ba vecto PQ AC BD dong phang

b) Theo cau a), ta c6: (1 — )PQ AB = AC AB — kBD.AB.

Theo gia th1et ta ¢ 6: ABLAC = AC. AB =0, AB1BD = BD.AB = 0.
Vay (1 —k)PQ.AB = 0, ma k # 1 nén PQ.AB = 0 = PQ_LAB.

Xét diém N thudc AC va gia st NA = tNC, t # 1. Khi do:

ﬁ—DN:t(ﬁf—DN);»DN:—:DN: .
1—t¢ 1—t¢
Vay:
aZ aZ aZ aZ 2 le 2 1

Cau2o.
PiatCA=49,CB=b,CS=7C
Khi do: [7] = | b| =42, €| =
vaE’.E’ b.C =0,

l
ai I

|. ‘b‘cosACB =16.
Goi ¢ la gbc gitta hai duong thang CE va SF.

| e st
Khi dO: Cos @ = Wl
Tacé: SE = CE—CS = E?—
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1> L\ 19 >
SFzz(Eb—c) :sz—b C+C2=8+4=12= SF =2V3.
. A —_—> > —_> 2 2_).——)
cE-CAtCB _a+b  pp_ @ H2ab4b %, 1
2 2 4 4
— —> 1 /> _ s —
CE.S _Z<b—2c)<a+b)
> 5 P2 - > - 7
b.a+b —2c.a —-2¢.b
= :12.
4
Vay: cos ¢ = L = L = ¢ = 45°, titc 1a gdc gitta hai dudone thang CE va SF ban
4527 ¢ 2\/§.2\/6 \/E 4 ’ goc g g g g

Luu y. Nhu vay, quy trinh dé gidi mot bai todn hinh hoc bang phuong phap vecto la:
& Chon mot bo ba vecto khong dong phang lam co s6.
@ Biéu dién cac vecto lién quan theo co sG do.
& Tra 16i cac yéu cau deé bai.

Ngoai cach gidi bang phuong phap vecto nhu trén ta con c6 thé gidi bang "Phuong phap dung
g6c" nhu sau: Goi G 1a trung diém EB, khi d6 FG || CE nén

(CE,SF) = (FG, FS).

Ta co
SA2+SB2 AB?Z 36+36 32
5 2 4 2 4 8
SE2+SB? EB?2 28+36 8
2 J— P — _——_ = —_— =
SG? = 5 I 5 1 32 —2 = 30.
Do do
COSSF/E_P52+PG2—SG2_12+6—30 -12 -1

2FS-FG  2.2v3-v/6 418 2
Vay SFG = 135° = (CE, SF) = (FG, FS) = 108° — 135° = 45°.

Cau 21
Taco N
’b :|?|:’d =ava
??:‘?’.|?|COSABC
2
2 o a
= 60° = —.
a“ cos >

— = _a_

cd=db =g

a) Taco: MG = AG — AM

:% E+R+E)—A_’M

_b4T+d _1p

L3 2

—b+2c+2d

- M)
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R

b) Goi ¢ 1a goc gitta hai duong thang MG va NP. Khi do:

()

3)

Ta co:

Al
Z
3
I

=
()
N
I

=Rl Bl Bl Rl

([ +az 4] 477 4570 -47.4)

(6]
QO
N

\O

)

N

|
e N L o Bl et

Thay vao (3), ta dugc:

cos ¢ = g : <g : %) = %ﬁ = \/?E = ¢ = arccos\/?z ~ 76°22'.
Cau 22. Theo bai tap 10 (& trang 37), ta co:
AB.CD + AC.DB + AD.BC =0
< AB.CD. cos (ZE, 55) + AC.BD cos (1716, ﬁ)

+AD.BC cos (Zﬁ, Eﬁ) — 0. )

Theo gia thiét ta co:

AB.CD = AC.BD = AD.BC.

cosa = |cos (AB, CD> |.

cos B = |cos (A_(f, ﬁ) |-

cosy = |cos (z_‘l—ﬁ, Eé) |. &

Do dé6 (1) tré thanh:

cosx £ cos B cosy = 0. ¥

™ Truong hop 1: cosa + cos  + cosy = 0. ()
Do cosa > 0, cos B > 0,cosy > 0 nén tu (2) ta co:

cosx =0, cos p = 0,cosy = 0 = cosa = cos f + cos 7.
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™ Truong hop 2: cosa — cos f — cosy = 0. Khi d6 cosaw = cos B + cos 7.
@ Truong hop 3: cosa + cos B — cosy = 0. Khi d6 cosy = cosa + cos B.

© Truong hop 4: cosa — cos B + cosy = 0. Khi d6 cos B = cos a + cos 7.
Nhu vay ta c6 diéu phai chiing minh.

Cau 23. Trén ba tia Ox, Oy, Oz lan luot dit ba vecto don vi @, T;, T lan luot cung huoéng véi
tia chira no. Do ba tia Ox, Oy, Oz khong d6ng ph:fmg nén a,b,C khong d6ng phéng, suy ra
a4+ b+ C# 0.Dodé:
— 2 — — —
0<<7+¢w+?):=ﬁ?+b2+??+2ﬁzb+bj%+?7>
:W+W+W+4Ww
=3+ 2(cosa + cos  + cos

?‘cosy—f— ‘?’ | C|cosa+|C]. |7|cos/5}
7)

3
Suy ra cos« + cos B + cosy > —5

__)_)

Cau24. Xét cac vectodonvi @, b, C, d lan luot c6 hudng trung véi cac tia MA, MB, MC,
MDQHhﬂfkq?p{ZFﬂ)KMdé
7.0 =7 ‘F‘ .COS (7, 3) = cos AMB.
Tuong tu, suy ra
Tb+7C+dd+b.2+b.d+7cd
=C0S®1 + COS &y + COS &3 + COS &4 + COS &5 + COS Kg.

Ta co

0§(7+?+?+3Y
=724+ D24+ P24 2
+2(FE+@C+7d+ 0.2+ b.d+72.d)

=4 + 2 (cosag + cosay + cos a3 + COS iy + COS 5 + COS i ).

Suy ra cos g + cos ap + cos a3 + cos g + cos x5 + cosag > —2.

D. BAI TAP TRAC NGHIEM
1. D& bai

Cau 1. Cho ba duong thang phan biét a, b, c. Ménh dé nao sau day diing?
A. Néu a song song v6i b va ¢ vudng goc véi a thi ¢ vudng goc voi b.
B. Néu ¢ vudng goc v6i a va ¢ vudng goc v6i b thi a song song vdi b.
C. Néu a va b vudng goc véi c thi a va b khong thé chéo nhau.
D. Ca ba ménh dé trén déu sai.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



46 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Cau 2. Ménh dé nao sau day ding? 7
A. Hai duong thang cung vudng goc vdi duong thang thit ba thi song song.
B. Hai duong thang cting vudng géc v6i duong thang thit ba thi vuéng géc véi nhau.
C. Hai duong thang ciing vuéng géc vdi dudng thang thit ba thi c6 thé vudng géc v6i nhau.
D. Hai duong thang ciing vuong géc véi mot duong thang thit ba thi hodc song song véi
nhau hoac vuong gbc voi nhau.
Cau 3. Trong cac ménh dé sau ménh de nao dung? ?
A. Goc gitra hai duong thang a va b bang goc gitra hai duong thang a va c khi b song song
voi c (hoac b trung vdi c).
B. Géc gitta hai duong thang a va b bang géc gitta hai duong thang a va c thi b song song
VOl C.
C. Géc gitra hai dudng thang 1a géc nhon.
D. Géc gitta hai duong thang bang goc gitra hai vécto chi phuong ctia hai duong thang do.
Cau 4. Ménh dé nao ding trong c\éc ménh dé sau? ]
A. Goc gitta hai duong thang bang goc gitra hai vecto chi phuong cta hai duong thang do.
B. Goc gitta hai duong thang la géc nhon.
C. Goc gitta hai duong thang a va b bang goc gitra hai duong thang a va c khi b song song
vdi ¢ (hoac b trung vdi c).
D. Goc gitta hai dudng thang a va b bang géc gitta hai duong thang a va c thi b song song
Vdi c.
Cau 5 (HK2 Toan 11, f)}i’C Tho, Ha Tinh 2018).
Goc gitta hai duong thang bé}t ky trong khéng gian la goc nao trong cac goc dudi day.
A. Goc gitra hai duong thang cat nhau va khong song song vdi chung.
B. Goc gitta hai duong thang lan lugt vudng géc véi ching.
C. Goc gitra hai duong thang cung di qua 1 diém va lan lugt song song véi chiing.
D. Géc gitta hai duong thang cat nhau va 1an lugt vudng goc vé6i ching,.
Cau 6. Trong khong gian cho ba dudng thang phan biét a,b,c. Khang dinh nao sau day
sai?
A. Néu a va b cing vudng goc véi c thia || b.
B. Néua | bvaclathiclb.
C. Néu goc giita a va c bang goc gitta b va c thia || b.
D. Néu a va b cing nam trong mp(a), («) || ¢ thi géc gitta a va ¢ bang goc gitra b va c.
Cau 7. Cho hai dudng thang a va a’ 1an lugt c6 vecto chi phuong 1a @ va ’. Néu ¢ 1a géc
gitta hai duong thang a va a’ thi

A ¢p= (ﬁ’,t?). B. o =m— (7,17).
C. cos ¢ = cos <7,L_t7). D. cos¢p = ’COS (U,L?) :

Cau 8. Cho hinh chép OABC ¢c6 OA = OB = OC = 1, cac canh OA, OB, OC d6i mét vuong

goc. Goi M 1a trung diém ctia AB. Tinh tich v hudng cua hai vectd OC, MA.

A. 0. B. 1. C. 1. D. %

Cau 9. Cho ti dién O.ABC trong d6 ba dudng thang OB, OC, OA d6i mét vuong goc. Trong
cac ménh dé sau, ménh dé nao sai?
A. Hai canh déi nao cta ti dién ciing vuéng géc v6i nhau.
B. Mbi canh OB, OC, OA ctia tt dién déu vudng goc v6i dung ba canh khac cta ti dién.
C. Tam gidc ABC la tam giac vudng.
D. Tam gidc ABC c6 thé la tam giac deu.
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Cau 10. Cho hinh chép O.ABC c6 OA = OB = OC = 1; cac canh OA, OB, OC d6i moét vuong
goc. Goi M 1a trung diém ctia AB. Tinh géc gitra hai vecto OM va BC.

A. 0°. B. 60°. C. 90°. D. 120°.
Cau 11. Cho hinh lap phuong ABCD.A1B1C1D;. A
RN 1
Tinh cos <AC1, BD). 5 C B
A 1. B. 0. C. —1. D. % D1 L
,'_'_'_'_'_'_::::== B
D C

Cau 12. Trong khong gian cho 2 dudng thang song song a,b va mot diémM. C6 bao nhiéu
duong thang di qua diémM, vudng goc v6i a va b dong thoi cat ca a vab?

A. Khoéng c6. B. C6 mot va chi mét.

C. c6vo so. D. C6 mét hodc khong co.
Cau 13. Trong khong gian cho duong thang a va diém M. C6 bao nhiéu duong thang di qua
M, cat a va vudng goc vdi a?

A. Khong co. B. C6 o sb.

C. C6 mot va chi mot. D. C6 mot hodc vo sob.

Cau 14. Cho hinh chép S.ABC c6 SA = SB = SC va ASB = BSC = CSA. Géc giita cip vecto
SAvaBCla

A. 120°. B. 90°. C. 45°. D. 60°.
Cau 15. Cho hinh chép SABC ¢6 AB = AC,SAB = SAC. Tinh sb do goc giita hai dudng
thang SA va BC.

A. 45°. B. 60°. C. 30°. D. 90°.

Cau 16. Cho hinh hop ABCD.A’B'C'D’. Gia st tam
gidc AB'C va A’'DC’ déu c6 3 géc nhon. Goc gitra
hai duding thang AC va A’D 1a géc nao sau day?

A. ABC. B. DA'C'
C. BB'D. D. BDB'.

Cau 17. Cho t dién déu ABCD. S do goc gitta hai duong thang AB va CD bang

A. 90°. B. 30°. C. 45°. D. 60° .
Cau 18. Cho hinh lap phuong ABCD.EFGH. Géc giita cip vecto AF va EG la
A. 60°. B. 30°. C. 45°. D. 90°.

Cau 19. Cho tit dién ABCD. Chiing minh ring néu AB.AC = AC.AD = AD.AB thi ABLCD,
AC1BD, AD 1 BC. biéu ngugc lai ding khong?
Sau day la loi giai.
& Budc 1: Ta c6 su tuong duong:
ZE.R:Z&E@R(ZE—Z@) =0
&AC.BD =0« ACLBD.
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@ Budc 2: Chung minh tuong tu ta c6: ADLBC, ABLCD.

@ Budc 3: Nguoc lai ding, vi qua trinh chiing minh & budce 1 va 2 1a qua trinh bién déi
tuong duong.

Bai gidi trén diing hay sai? Néu sai thi sai § dau?

A. Sai & budce 3. B. Dung. C. Sai ¢ budce 2. D. Sai ¢ bude 1.
Cau 20. Cho hinh lap Ehu’dng ABCD.A1B1C1D; ¢6 canh a. Goi M la trung diém AD. Tinh
tich vo hl.l’él’lg BlMBDl
2 2 2
a ” 3a 3a
A.2. B. a°. C.4. D.2.

Cau 21. Cho hinh hop ABCD.A’B'C'D’ ¢6 tht ca cac
canh déu béng nhau. Trong cdc ménh dé sau, ménh
dé nao co thé sai?

A. A'C'LBD. B. A'B1DC".

C. BB'1BD. D. BC' LA'D.

Cau 22. Cho |7| = 3,

?‘ = 5, gbc gitta @ va b bang 120°. Chon khang dinh sai trong cac

khang dinh sau?
A |7+7| = Vo B. [7-%|=7
C. |7 -2 = vi®. D. |7 +2b| =9
Cau 23. Cho t dién déu ABCD, M la trung diém ctia AB. Goi « la géc gitra hai duong thang
CM va DM, khi d6 cos« béng
2 V3 1 1
A. 5. B. 7. C- §. D. 6.

Cau 24. Cho tu dién déu ABCD, véi I va | lan luot 1a trung diém AB va CD. Tinh cosin ctia
goc gitra hai duong thang CI va AJ.
2 -2 1 1
A . B. —. C . D. -.
3 3 3 6
Cau 25. Cho t dién déu ABCD, I 1a trung diém AB. Géc gitta hai duong thang IC va AD ¢6
cosin bang

A 2 g V3 c L D V3
3 3 3 6

Cau 26. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat, biét
AB =a,AD = SA = aV/3.

Hai mat bén SAB va SAD la cac tam giac vuong tai A. Goi ¢ la goc gitta hai duong thang SB
va AC. Tinh cos ¢.

V3

5

Cau 27. Cho ti dién déu ABCD, M la trung diém ctia CD, N 1a diém trén AD sao cho BN

. C. cosq)z?. D. cos¢ =

I

1
A. oS P = 3. B. cos¢ =

. DN
vuong goc voi AM. Tinh ti sO DA
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2
A -
3

1 1
B. -. C. -
3 2

Cau 28. Cho ti dién ABCD c6 trong tim G. Chon khang dinh ding?
A. AB?>+ AC? + AD? + BC?* + BD?* 4+ CD? = 3 (GA? + GB* + GC? + GD?).

N

D. AB? + AC?2 + AD? + BC?2 + BD? + CD? =2 (GA? + GB2 + GC2 + GD?).

B. AB*>+ AC? + AD? + BC? 4+ BD? + CD? = 6 (GA? + GB? + GC* + GD?).
C. AB*+ AC? + AD? + BC? 4+ BD* + CD? = 4 (GA? + GB? + GC% + GD?).
( )

2. Dap an va 1o gidi

1A 4 C
2C 5C
3 A 6 A

DAP AN TRAC NGHIEM

7 D 10 D 13 D 16 B 19 B 22 D
8 A 11 B 14 B 17 A 20 A 23 C

9 C 12 D 15 D 18 A 21 C 24 A

LOI GIAI CAU HOI TRAC NGHIEM

25 D 28 C

26 B

27 B

Cau 1. Khi cho ba duong thang phan biét a, b, ¢ thi ménh dé: "Néu a song song véi b va c
vudng goc voi a thi c vuong goc vai b" la ménh dé dung.

Chon dap an @

Cau 2. Ménh dé ding la: Hai duong thang cting vuéng goc véi duong thang thit ba thi c6
thé vuong goc vdi nhau.

Chon dap 4n (C)

Cau 3. Ménh dé dung la: Géc gitra hai duong thang a va b bang géc gitrta hai dudong thang a
va ¢ khi b song song vdi c (hodc b trung vdi c).

Chon dap an @

Cau 4. Ménh dé duing la: Géc gitta hai duong thang a va b bang goc gitra hai duong thang a
va ¢ khi b song song vdi ¢ (hoac b trung véi ¢).

Chon dap an (C)

Cau 5. Dua vao dinh nghia géc gitta hai duong thang.

Chon dap an (C)

Cau 6. Ménh dé dung la: Néu a va b cing vudng géc vdi c thia || b.

Chon dép an @

Cau 7. Do géc gitta hai dudong thang bang hodc bi1 v6i goc gitta hai vecto chi phuong ctia

ching nén dap an dung la (D).

Chon dap an (D)

Cau 8.
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Ta co: .
11— /— —>
= 50¢C (OA _ OB)
1— — 1— —
— OC.OA - ;0C.08
—0-0=0.
Vay OC.MA = 0.

Chon déap an @

Cau 9.

Tam giac ABC lu6n la tam giac nhon.

Chon dap an (C)

Cau 10.

Ta co:

OMBC = ; (04 +OB) (OC - OF )
— OB? 1

C:——:——
2 2

_%
os]

Nhu vay:

s (09,77 =0
)=

CcoS (OM BC

OM BC

Do do (OM BC | =120°.

\/

Chon déap an @

Cau 11.
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Ta co:
AC1.BD Ag Bq
- <AA1 + Ac) (E)’ - AB)
_ 4C.AB - AC.AF

= AC.BD

—0. .

Vay AC1.BD = 0. B

Chon dap an

Cau 12. C6 1 néu M thudc mat phang chira a va b, khong c6 néu M khong thudc mit phang
do.
Chon dap an @

Cau13. C61néu M khong thudc a, c6 vo s6 néu M thudc a.
Chon dap an (D)

Cau 14. Ta co:

SA.BC = SA(SC — SB) = SA.SC — SA.SB

—|SA|.|SC| cos ASC — |SA|.|SB| cos ASB = 0 = SA_LBC.

Chon dap an
Cau 15. Ta co:
BC.AS = (A_c’ _ Ea’) AS
— AC.AS — AB.AS
— AC.AS.cos SAC — AB.AS.cos SAB
— 0 (do AC = AB,SAB = SAC).

Suy ra géc gitta hai duong thang SA va BC bang 90°.
Chon dép an @

Cau 16.

Do ACC’A’ 1a hinh binh hanh nén AC song song
voiA'C.Dodo;

(ac,aD) = (a'c’, D).

Nhu vay:

(Ac, A/D) — DA'C'.

Chon dép an
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Cau 17. Goi a la do dai canh tir dién. Khi do
AB.CD = (A—C’+E§> CD = AC.CD + CB.CD
— AC.CD.cos120° + CB.CD cos60° = — = + % — 0.

Boi vay ABLCD = ABLCD.
Chon dap an (A)

Cau 18. Dé thy rang tam gidc ACF la tam gidc déu va EG = AC.

P G
-H‘.
i H"=.\
!
[
E -t
~H
.I'; I "l-.u
b -
) -
-
i -.__._.,—
.'f - ,_,a--""
! /'f _.__..-"'J-F
i -
L
A D

Nhu thé goc gitra cap vecto AF va EG la:

(AF,E€) = (AF, AC) = FAC = 60"

Chon dap an (A)
Cau 19. Loai giai da cho la 16i giadi dung.
Chon dap an
Cau20.
Tac6 BDy =BA+ ADy, | Aq B
Hay BD; = —AB + AA; + AD. , A1
Tac6 BiM = BijA + AM. D, | &

—_— — —_ 1— <. H
Hay BjM = —AB — AA; + EAD' T
Do do: ) ’i,
BD{.BiM = AB? — A1 A% + ~AD? ' [

e g2 ? M. ____,-________—_-_-_—_—_‘_‘::
Hay BD1.BiM = —. T

) P
D C

Chon dép an @
Cau 21.
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Dé thay cac phuong an @, , @ ding. Phuong

an @ sé bi sai trong truong hop hinh hop c6 canh
bén khong vuong goc voi mat day.

Chon dap 4n (C)

—

- 7 — - — 1 .
Cau22. Tacéd:a.b = |a|.‘b‘cos<a, b> = 3.5¢c0s120° = —?S.Dodo:

=)

—\ 2 ) - -9
+b> — 2427 b+ b2 =9-15+25=19

— —\ 2 —> — 7 o>
a—b) — 72 27 b+ b2=9+15+25=49
_ —\ 2 - > )
(a—2b> — 247D +4B2=9+430+100 = 139
— —\ 2 —2 > —)2
(a -|—2b> — 24470 +4b2=9—30+100 = 79.
Nhu vay @, , @ dung, con @ sai.
Chon dap an (D)
Cau 23. Goi a 1a do dai canh ctia ti dién deéu. Khi do:

CD:a,MC:MD:%g.

A

D
B
c
Ap dung dinh li cosin vao tam gidac CMD ta duoc:
2 2 2 307 a? s
——— MC*+MD-—-CD o 7 1
CMD = = = = -.
o8 2MC.MD 322 32 3
2 2
. 1
Vay cosa = 3
Chon dap 4n (C)
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Cau 24.

Gia st canh tu dién déu bf!mg a. Khi do: A
—_— —> N N 2

AB.AC = AC.AD = AD.AB = %
Tacé:zf:%ﬁ+%ﬁ. I

6:1@_1@’:%@’_1@’.

\/_

Talaico A] =CI = — 4

Suy ra cos(CI, A]) = ?

. 2
Vay cosin goc gitta hai duong thang AJ, CI 1a 3
Chon dap an @
Cau 25.
Gia st canh ti dién déu bﬁng a. Khi dé: A
N 2
AD.AB = a2 cos 60° = %
—_ > az
Tuong tu: AC.AD = > I
Ta co 1
Do do: ) ) )
ICAD=%+ _% _%© D B
IC.AD = 7 "1 4_) .
‘IC.AD‘
=1 1ne C
Ma cos (IC AD : IZC\-/éD nén
ac a3 1
IC,AD = —.
cos (IC,AD) = T 5= = 7=
Chon dap an @
Cau 26.
Ta co: e
SB.A SB.A
cos(SB AC) c_ C.

SB.AC . 4a?
SB.AC = (SA+ AB).AC |
SB.AC = SA.AC + AB.AC.
Taco- — _, _, _,
AS.AC = AS (mAB T nAc> — 0.
AB.AC = .24 cos60° = a2,

Do d6 cos(SB, AC) = 7 Vay cos ¢ = —

Chon dap an

Cau 27.
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)3t AB=b,AC = ¢, AD = d.Tacé A
|b]|=|C|=|d|=AB=a,

b,2)=(2,d)=(d,7) =60
69295

Suyrab-c=c-d=d bz?'

Giasit AN = k- AD. Khi d6

BN=BA+AN=—b +kd.
Vi M 1a trung diém ctia CD nén
2AM=AC+AD=7¢+d.
Khi d6 BN 1 AM < BN - AM = 0.
Hay (~b+kd)-(¢+d) =0 C
Dods T T kT ko0 k=
) 22 2 DIZ\I 1 R I

Chon dap an
7

Cau 28. Theo cong thitc binh phuong v6 huéng (@)% = | 7|? ta c6:

MA? + MB? + MC? + MD?

=(MA)? + (MB)? + (MC)? + (MD)>?

=(MG + GA)* + (MG + GB)? + (MG + GC)? 4 (MG + GD)?

—4MG? + GA? + GB? + GC2 4+ GD? + 2MGC (64’+@’+&:’+@’)

—4AMG? + GA? + GB® 4+ GC2 + GD? + 2MG.0

=4MG? + GA? + GB% + GC? + GD?.

Lan lugt chon M trung A, B, C, D ta dugc:

AB? + AC? + AD? = 5GA?% + GB? + GC? + GD?
BA? + BC? + BD? = 5GB? + GA? + GC? + GD?
CA? + CB%2+CD? =5GC? + GA2 + GB% + GD?
DA? + DB? + DC? = 5GD? + GA% + GB% + GC?

Cong bén dang thic trén theo vé ta dugc:

AB% + AC? + AD? + BC? + BD? + CD?
—4 (GA2 L GB2+GC2 + GD2> .

Chon dap én (C)
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BAl 3. PUONG THANG VUONG GOC VOI MAT PHANG

A. TOM TAT Li THUYET

1. M6t s6 dinh nghia va tinh chat.
Dinh nghia 1.

DPuong thang d goi la vudng goc véi
madt phang (P) néu n6 vuéng goéc voi

moi dudng thang a nam trong (P), ki 2 |
hiéu d_L(P). \ |

Dinh Ii 1.

=)

Néu duong thang d vudng géc vdi hai o
duong thang cit nhau a va b ciing nam :
trong mit phing (P) thi d L (P). Y \ |

2\

\
N

Dinh Ii 2.

C6 duy nhit mot mét phing (P) di qua

mét diém O cho trudc va vuéng goc vdi |
mot duong thang d cho trudc. / o) !
|

Dinh li 3. C6 duy nhit mot duong thang d di qua mét diém O cho trudc va vuéng goc véi mot mit
phang (P) cho trudc.

Dinh nghia 2.

Cho doan thang AB c6 trung diém la
I. Mat phang vudéng géc v6i duong
thang AB tai diém I goi la mat phang
trung truc ctia doan thang AB.

Luu y. Trong khong gian, cho doan
thang AB. Khi d6 MA = MB khi va
chi khi M nam trén mat trung truc A
ctia doan thang AB.

2. Lién hé giira quan hé song song va quan hé vuong goc ctia duong thang va mit phang.
Dinh li 4.
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Mt phing nao vuéng géc vdi mot trong
hai duong thing song song thi ciing
vudéng goc vdi duong thing con lai. Hai
duong thing phan biét cing vudéng gdc
mot mit phing thi song song véi nhau.
Nhu vdy:

{ a| b (P)Lb Zig; | b
= ; =a .
(P)La 0% b

Dinh li 5.

Duong thing nao vuéng goc voi mot a
trong hai mdt phang song song thi ciing

vuéng géc véi mit phang con lai. Hai — A
mgt phang phdn biét ciing vudng gdc
mot duong thang thi song song vdi nhau. @
Nhu Uﬁy.‘ |

|

(
P) || (Q |
{ al(p) Q) { @Le = ®1©@

Dinh 1i 6.

Cho duong thang a va mp(P) song
song vdi nhau. Duong thang nao vudéng
goc voi (P) thi ciing vuéng goc vdi
a. Néu mot duomg thing va mot mit
phang (khong chita duong thing do) M
ciing vudng goc vdi mot duong thang thi P
chiing song song voi nhau. Nhu vdy:

a ¢ (P)
a || (P) :
{ b.L(D) =bla; { c(zljj_)bj_b =a || (P).

3. Dinh li ba duong vudéng goc.
Dinh nghia 3. Phép chiéu song song lén mat phang (P) theo phuong ¢ vuéng géc véi mat
phang (P) goi 1a phép chiéu vudng goc 1én (P), hay dugc goi don gian 1a phép chiéu lén (P).

Pinh li 7 (Dinh li ba dudng vudng goc).

Cho duong thang a khong vudng goc vdi
mgt phing (P) va duong thang b nam
trong mdt phang (P). Diéu kién cin va
di dé'b_La la b vuéng géc véi hinh chiéu
a’ ciia duong thing a trén (P).

4. Géc gitra duong thang va mit phang.
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Dinh nghia 4.
Néu duong thang a vudng goc véi

mat phang (P) thi ta néi rang goc MN_ 5

gitta duong thang a va (P) bang 90°. TN\

Néu duong thang a khong vudng géc

v6i mit phang (P) thi goc gitra a va / - o
hinh chiéu 4’ ctia né trén (P) goi la P a' N
goc gitta a va (P). N

B. PHUONG PHAP GIAl TOAN

Dang 7. Chitng minh duong thang a vuéng goc véi mp (P). ]

Phuong phap.
Cach 1. Dung dinhli 1 § trang 56: Chiing minh dudng thang

a vudng goc véi hai dudng thang cat nhau cting ndm trong 2

(P). Tuc la:
alb C (P) c b
alcC (P) al(P). b/ .
{ ccath 7P / X
l

al b
bl (P)
Bai 1. Cho hinh chép S.ABCD c6 SA L (ABCD), ddy ABCD la hinh vudéng. Goi M, N lan lugt
1a trung diém ctia canh SB, SD. Chiing minh:

(1) BCL(SAB); @) MN_L(SAC).

Cach 2. Chung minh { = al(P).

(& Loi gidi
(1 Tac6 SAL(ABCD).
Ma BC C (ABCD) nén BC vudng goc véi SA.
BCLBA C (SAB)
Vay

BCLSA C (SAB) = BCL(SAB).
BANSA=A

(2 Vi MN la duong trung binh ctia tam giac SBD nén MN || BD. Ta ¢c6 SAL(ABCD) ma
BD C (ABCD) nén BDLSA. Vay

BD1AC C (SAC)
BD1SA C (SAC) = BD1(SAC) = MN_L1(SAC) (do MN || BD).
ACNSA=A
Bai 2. Cho ti dién OABC c6 OA, OB, OC do6i mot vuong goc voi nhau. Goi H 1a truc tam tam
giac ABC. Ching minh rang OH_L (ABC).

(Z L&i gidi
Ta co:
OH.AB = (&:’Hﬁ’) AB = OC.AB+CH.AB = OC.AB
—0oc (0B - OA) — OC.OB—OC.0A = 0.
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Suy ra OH L AB. Tuong tu, ta <6 OH_LBC. Ma AB va BC l1a hai duong thang cat nhau ciing
nam trong (ABC) nén dan dén OH L (ABC).

Bai 3. Cho hinh chép S.ABC c6 ddy la tam gidc vuong tai B, dudng thang SA vudng goc véi
(ABC). Trong tam giac SAB ké duong cao AH, trong tam giac SAC ké duong cao AK, trong
tam gidc ABC ké duong cao BM.

a) Chung minh: BCL(SAB), AHL(SBC).
b) Chung minh: SCL(AHK).
¢) Chung minh: BM || (AHK).
(¢ Loi gidi
BCLBA C (SAB)
a) Tacé { BCLSA C (SAB) = BCL(SAB).
BANSA=A
Ta c6 BCL(SAB), ma AH C (SAB) nén BC vudng goc véi AH.

AH1SB C (SBC)
AHL1BC C (SBC) = AH.L(SBC).

SBNBC =B
b)
Tac6 AHL(SBC).
Ma SC C (SBC) nén SC vudng goc voi AH.
SCLAK C (AHK)
SCLAH C (AHK) = SCL(AHK).
AKNAH=A
c) Ta c6 BMLAC ma AC la hinh chiéu cta SC trén (ABC)
BM1SC
nén BM_LSC. Nhu vay: { (AHK)LSC
BM ¢ (AHK).

St dung dinh 1i 6 (& trang 57) suy ra BM || (AHK).

Bai 4. Cho hinh chép S.ABCD ¢6 SA = a, day la hinh vuéng canh a, SAL (ABCD).
a) Goi Dy 1a trung diém SD. Ching minh rang AD; L (SCD).

b) Goi O la tam hinh vuéng ABCD, M la diém thay déi trén SD. Ching minh rang hinh
chiéu ctia diém O trén CM thudc duong tron cb dinh.

@ L&i gidi

a) ViSA = AD = ava Dj la trung diém ctia SD nén AD; 1 SD.
Mat khéc, ta ¢6 CDL(SAD) nén AD; LCD. Vay AD; vudng
goc vdi (SCD).

b) Trong (AD;C), ké OH || ADs, khi d6 H la trung diém CD;
va OH 1 (SCD), ngoai ra H c dinh. Goi K 1a hinh chiéu cta
O trén CM, khi do theo dinh li ba duong vudng gbc suy ra
HK_LKC. Tir d6 suy ra diém K thudc duong tron dudng kinh
HC trong (SCD). D6 1a dudng tron c¢b dinh chira hinh chiéu
cta tdm hinh vuéng lén (SCD).
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Luu y. C6 thé chiing minh KH L KC nhu sau:

= CKLKH.

CKLOK
CKL1OH

Dang 8. Chitng minh hai duong thang vuéng géc véi nhau.

Phuong phap.
Cach 1. Chitng minh dudng thang nay vudng géc véi mat phang chita duong thang kia.
Cach 2. Cho AABC. Khi d6 d.LAB = d 1 BC.

dLAC

Cach 3. St dung dinh li ba duong vudng goc.

Cach 4. Néu hai duong thang d6 cat nhau thi ta c6 thé dung cac phuong phéap ching minh da
biét trong hinh hoc phang nhu: 4p dung dinh 1i ddo cac hé thic lugng trong tam gidc vudng,
hai dudng chéo hinh thoi, hai canh ké ctia hinh chit nhat, géc noi tiép...

Mot s6 hé thitc lugng trong tam giac thuong dung.

DPinh 1i. Néu tam gidc ABC vuong tai A c6 dudng cao AH, trung tuyén AM thi ta c6 cac hé

thuc sau: A

(1) AM = 2BC,

(2) BC? = AB>+ AC?%;

(3) AH? = HB.HCG; _

(4) AB? = BH.BC (AC? = CH.CB); 2 Hom ‘
(5)

AH.BC = AB.AC (: ZSAABC);
6 1 1 1

(6) AH? _A32+AC2' )

Pinh li dao. Neéu tam gidc ABC c6 duong cao AH vdi H thudc canh BC; trung tuyen AM va
thod man moét trong sau hé thic trén thi tam gidc dé vuong tai A.

Pinh li c6sin trong tam giac. Trong AABC ta c6:

a®> = b + ¢* — 2bccos A;
b? = ¢® + a® — 2ca cos B;
¢? = a®> + b* — 2abcos C.

Bai 5 (Két qud bai tap nay dudgc phép st dung ma khong can chiing minh lai).

Chuing minh rang néu mot dudng thang vudng géc véi hai canh ctia mot tam giac thi né cting
vuong goc voi canh thi ba.

(¢ Loi gidi

Gia st duong thang A vuéng goc véi canh AB va AC ctia AABC. Khi do:

ALAC C (ABC) = AL(ABC).

ALAB C (ABC)
ABNAC = A

Ma BC C (ABC) nén A_LBC.
Bai 6. Cho hinh chép S.ABCD ¢6 SAL(ABCD), day ABCD la hinh vuéng.

a) Ching minh rang cac mit bén ctia hinh chép 1a cac tam gidc vuong.

b) Ha AHLSB tai H. Chung minh SCLBD va SCLAH.
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@ L&i gidi

a) Tir gid thiét SA L (ABCD) ta ¢c6 SA1AB, SALAD, suy ra
SAB va SAD la cac tam gidc vuong tai A. Lai c6

CD1DA

CDLSA = CDL1DS.
Suy ra ASDC vuong tai D.

. | CBLBA

Ta co CBLSA = CBLSB.
Suy ra ASBC vuong tai B.
b) Ta c6

BD1SA C (SAC) = BD1(SAC) = BDLSC.
ACNSA=A

Ta c6 CBL(SAB) ma AH C (SAB) nén AHLCB. Vay
{ AHLSB C (SBC)

{ BDLAC C (SAC)

AH1CB C (SBC) = AHL(SBC) = AHLSC.
SBNCB=B

Cach khac. Ta ¢c6 BD 1L AC, ma AC la hinh chiéu ctia SC trén (ABCD) nén BD L SC. Ta c6
AH_1.SB, ma SB la hinh chiéu cta SC trén (SAB) nén AH L SC.

Bai 7. Cho hinh chép tam gidc S.ABC c6 day ABC la tam gidc déu va cac canh bén bang nhau.
Goi G 1a trong tam tam giac ABC va H la truc tam tam gidc SBC. Ching minh rang SG_LBC
va AH L BC.

(¢ Loi gidi

Goi E la trung diém ctia BC. Do tam gidc ABC déu nén
ba diém A, G, E thang hang va AELBC. Do tam giac
SBC can tai Snén SE_1BC.

BCLEA C (SAE)
Nhu vay: ¢ BCLES C (SAE)

EANES =E.
Suy ra BCL(SAE).
Ma SG C (SAE) nén BCLSG. Ré rang H nam trén
SE nén AH nam trong (SAE), ma BCL(SAE), nén
BCLAH.
Luu y. C6 thé ching minh SG_1 BC céach khac nhu sau:
Goi O 1a hinh chiéu cta S trén (ABC). Khi d6 cac tam
giac vuong SOA, SOB, SOC bang nhau, suy ra OA =
OB = OC, hon nita vi tam giac ABC déu nén O = G.
Nhu vay SGL(ABC), suy ra SGLBC.
Bai 8. Cho hinh lang tru ABC.A’B'C’ ¢6 hinh chiéu vudng géc ctia A trén (A’B'C’) trung voi
truc tam tam gidc A’B'C’. Ching minh rang tir giac BCC'B’ 1a hinh chir nhét.
(¢ Loi gidi

Goi H’ 1a truc tam AA’B'C’. Theo gia thiét thi AH' L (A’B'C").
Ta c6 B'C' LA’H’, ma A’H’ 1a hinh chiéu ctia A’A trén mat
phang (A’B'C’) nén theo dinh li ba dudng vudng géc suy ra
B'C'LAA’. Do AA’, BB/, CC’ la ba canh bén cta hinh lang tru
nén AA’ || BB' || CC'. Ma ta da chung minh dugc B'C' L AA’
nén suy ra B'C' L BB’ va B'C’ LCC’, do d6 hinh binh hanh
BCC’B’ 1a hinh chir nhét.
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[ Dang 9. Dung mit phang (P) qua diém O va vuéng goc véi duong thang d. ]

Phuong phap. Ta dung hai duong thang a va b cat nhau va

d

cling vudng goc véi d, trong d6 cé it nhat mot duong di qua O. | -

Khi d6 (P) chinh la mp(a, b). A\/ .9$<b’ /
1

Bai 9. Cho ti dién SABC c6 ABC la tam giac déu va SAL(ABC). Xét diém M canh SC sao
cho M khéng trung vé6i S va C. Goi (P) 1a mat phang qua M va vudng géc véi AB.

a) Xac dinh mat phang (P).
b) Mt phing (P) cit tit dién SABC theo thiét dién 1 hinh gi?

(¢ Loi gidi

Phan tich. Dbi v6i cau a), dé xac dinh mat phang (P), ta can vé hai duong thang a va b cat
nhau va cting vuéng goc véi AB, trong d6 c6 it nhat mot duong di qua M. Khi d6 (P) chinh
1a mp(a,b). Do da c6 SAL(ABC) nén trudc hét ta vé duong thang a qua M va song song
véi SA, khi d6 a L (ABC), suy ra a L AB. Gia st a cat AC tai N, khi d6 MN L AB. Tiép theo ta
lay b 1a duong thang qua N va vudng goc vi AB tai P, ltic nay (P) chinh 1a mat phang (MNP).

a) Goi I 1a trung diém AB. Khi d6 CI L AB. Trong ASAC, ké MN s
song song v6i SA, cat AC tai N. Ta co:

{ gﬁjﬂ(]é[i](:) = MN_L1(ABC) = MN_LAB.

Trong AABC, ké NP song song vdi CI, cat AB tai P. Khi d6 vi CI LAB
nén NP1 AB. Vay mit phang (MNP) qua M va vudng goc véi AB, ARg
do d6 mat phang (P) chinh 1a mat phang (MNP).

b) (MNP)N (ABC) = NP, (MNP) N (SAC) = NM. Bé tim giao
tuyén ctia mat phang (MNP) v6i (SAB) ta stt dung dinh 1i 22 & trang
?? (xem thém dang ?? & trang ??). Ta co:

{ P € (SAB) N (MNP)

MN || (SAB) = (SAB) N (MNP) = Px,
MN C (MNP)

v6i Px 1a duong thang qua P va song song véi SA. Goi Q = Px N SB. Khi d6 thiét dién 1a ta
giac MNPQ. Vi MN || QP, MN L NP, QP 1 PN nén thiét dién l1a hinh thang vuéng tai N va P.

Bai 10. Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a va SA = SB = SC = b. Goi
G la trong tam tam giac ABC.

a) Ching minh rang SG1 (ABC). Tinh SG.

b) Xét mit phang (P) di qua A va vudng goc voi dudng thang SC. Tim hé thtrc lién hé gitra
a va b dé (P) cat SC tai diém C; ndm gitra S va C. Khi d6 hay tinh dién tich thiét dién
ctia hinh chép S.ABC khi cat béi (P).

@ L&i gidi
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a) Ké SH1(ABC). Do SA = SB = SC nén ba tam giac
SHA, SHB, SHC bang nhau theo truong hop c-g-c. Do dé
HA=HB=HC. Mat khac AABC déu nén H truing vdi trong tim
G cta tam gidc d6. Vay SGL(ABC). Trong tam gidc vuong
SGA ta co;

SG*> = SA* — AG?

2
=% %M :bZ_f
3" 2 3’

2
Tir d6 SG = /b2 — % Vi 302 > .
b) T ,{ABLGC

acéy aplgg = ABLSC Ké duong cao AM ctia tam gidc SAC. Vi (ABM) chia A

va vudng goc vdi SC nén (P) chinh la (ABM). Do ASAC can tai S nén M nam trong doan
thang SC khi va chi khi ASC < 90°. PBidu nay tuong duong véi AC? < SA? + SC? hay a® <
2b?. Trong trudong hop nay, thiét dién cta hinh chép S.ABC khi cat bai (P) 1la AABM. Vi
AASC = ABSC (c-c-c) nén MA = MB, vdy AABM cén tai M. Goi N la trung diém AB. Ta c6

1
Saapm = 5AB.MN = g.MN. Mit khac 25,snc = MN.SC = SG.NC.

2 a? a\/3
Suyra: MN—SCGNC_ V7 572 _avsh-oa

sC b 2b
. a%y/3b2 — 42
Vay Saasm = 1

Bai 11. Cho hinh lang tru ABC.A’B'C’' c6 AA’ vuéng géc véi (ABC) va AA' = a\/3. Day
ABC 1a tam gic can tai A, AB = AC = a, BAC = 120°. Goi E la trung diém canh AC. Mot
mét phang (P) qua E va vudng goc v6i duong thang B'C. Tinh dién tich thiét dién ctia mat
phang (P) vé6i hinh lang tru ABC.A’B'C’ theo a.
(¢ Loi gidi
Phan tich. D€ xac dinh mat phang (P), ta cAn vé hai dudng thang a va b cit nhau va cung
vuong goc v6i B'C, trong d6 c6 it nhat mot duong di qua E. Khi d6 (P) chinh 1a mp(a,b). Do
day ABC la tam gidc can tai A nén ta c6 AD LBC (v6i D 1a trung diém BC), suy ra AD vudng
gbc véi mat phang (BCC'B’) chita B'C. Nhu vay ta sé lay a 1a duong thang qua E va song song
v6i AD, cat BC tai F, Iic nay EF | B'C. Duong thang b phai cat EF va vudng goc véi B/C. Tir
gia thiét bai todn thay rang ti giac BCC'B’ 1a hinh vuong, do d6 B'CL BC’. Nhu vay ta lay b 1a
duong thang qua F va song song véi BC'.
Giai. Do AA’ 1 (ABC) nén BB’ va CC’ déu vudng goc vdi A
(ABC), suy ra cac mat bén cua lang tru la nhing hinh
chit nhat. Dinh li ham sb cosin trong AABC cho ta:
BC? = AB? 4+ AC? — 2AB.ACcos BAC

= a* + a* — 2a% cos 120° = 3a°,
Suyra BC = a/3 = AA’ = BB'. Do d6 matbén (BCC'B’)
1a hinh vuong, dan t6i BC' L B'C. Goi D la trung diém BC.
Do tam giac ABC can tai A nén AD 1 BC.

{ ADLBC - Ap1(BcCBY).

AD1BB
Ma B'C C (BCC'B’) nén AD LB'C. Goi F la trung diém
DC. Qua F vé duong thang song song v6i BC', cat canh
CC’ tai G. Ta c6:

/
gg,[g,% = GFLB'C.

EF || AD
AD1B'C

= EF1B'C; {
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Nhu vay (EFG) qua E va vuong goc véi B'C nén (EFG) chinh la (P) va thiét dién ctia (P) véi
lang tru ABC.A’B'C’ 1a tam gidc EFG. Ta co:

{ EF || AD = EF1(BCC'B') = EFLFG.

AD1(BCC'B')

1
Do d6: Sgpg = —FE.FG. Trong tam giac vudéng ADB, ta co:
> g g 8

AD = ABsin ABC = asin30° =

E.
1
Do EF la duong trung binh cuia AADC nén: EF = EAD = Z.

FG CF 1 1 1 av/6
! _+ r_ = / _4vPb
FG||BC' = o = g5 = 1 = FG = ;BC 4BB\/§ T

) 1 1 a av6 a>V/6

Nhu vay: Sprg = SFEFG =54+ — = = — .

Dang 10. Dung duong thang di qua mét diém A cho trudc va vudng géc véi mat
phang (P) cho trudc; Tinh khoang cach tir mot diém dén mét mat phang.

Phuong phap.

& Budc 1. Chon trong mat phang (P) mot duong thang
d r6i dung mat phang (Q) qua A va vudng goc véi d
(xem dang 9 & trang 62).

® Budc2. Timc = (P)N(Q).
& Budc 3. Trong (Q) dung AH L c tai H.

e Khi d6 AH la dudng thang can tim.

e Khoang cach tir A dén (P) bang do dai doan
thang AH: d(M, (P)) = AH.

Luu y. Gia sit duong thang A cat mat phang (P) tai M. Trén A
T T d(A () AM :D\:A_
layha1d1emAvaB.Kh1dod(B;(P)) = M K /

Bai 12. Cho hinh chép S.ABCD c6 ddy ABCD la vudng canh a. Biét SA vudng goc véi ABCD)
va SA = av/3.

a) I(—Iéy du;ng duong thang qua trung diém cta canh SC va vudng géc véi mat phang
ABCD).

b) Hay dung dudng thang qua A va vudng géc vdi mat phang (SBC). Tinh khoang cach tir
A dén mat phang (SBC).

¢) Tinh khoang cach tir tim O ctia hinh vuéng ABCD dén (SBC).
(¢ Loi gidi
Phan tich. Do SA vuong goc v6i mat phang (ABCD) nén dé giai cau a) ta cAn phai vé duong
thang qua M va song song véi dudng thang SA, khi d6 duong thang nay sé qua M va vudng
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gbc voi mat phang (ABCD). Déi véi cau b) khé hon nén ban doc hay lam tuan tu theo cac
budc da trinh bay & dang 10 (6 trang 64).

Giai.

a) Goi M, O lan lugt la trung diém cta SC, AC. Khi dé6
MO || SA ma SAL(ABCD) nén MO_L(ABCD), vay O la
hinh chiéu ctia M trén (ABCD), hay néi cach khac MO 1a
duong thang qua M va vuong goc véi (ABCD).

b) Trong (SBC), chon duong thang BC. Ta c¢6 (SAB) la mat
phéang chita A va vudng géc véi BC, giao tuyén ctia (SAB)
va (SBC) la SB. Trong tam giac SAB ké duong cao AH (H
thudc SB). Khi dé:

AH1BC C (SBC) = AHL(SBC).

AH1SB C (SBC)
SBNBC =B

Vay AH la duong thang qua A va vudng géc véi mat phang (SBC). Vi AH la duong cao ctia
tam giac vuong SAB nén

1 1 1 1 1 4
= = AH—\/_

AHE - a5 T ap 32 2 a2
a\/—
Vay khoang cach tir diém A dén mat phang (SBC) 1a AH =
¢) Trong tam giac CAH, vé OP || AH, khi d6 P la trung diém H C va dudng thang OP qua O,
vudng goc véi (SBC). Khoang cach tir O dén (SBC) la

1 a\/—
OP = -AH =
2 4

Luu y. Dang toan 10 (& trang 64) rat quan trong, dugc st dung dé giai nhieu bai toan hinh hoc
khong gian lién quan dén hinh chiéu, géc, khoang cach.

Bai 13. Cho hinh thoi ABCD tam O, canh bang a va AC = a. Tit trung diém H ctia canh AB,
dung SH vuong goc véi (ABCD). Cho SH = a.

1) Hay dung duong thang qua H va vudng géc v6i (SCD), tinh khoang cach tir H dén
(SCD), tir d6 suy ra khoang cach tir O dén (SCD).

b) Tinh khoadng cach tir A dén (SBC).
@ Loi gidi

Vi tam gidc ABC déu va H la trung diém doan thang AB nén
CHLAB,maCD || ABnén CHLCD. \ AB=BC=CA=a
a) Ta ¢c6 SHL(ABCD) = SHL1CD. Trong mp(SCD) chon \
duong thang CD. Ta c6:

CD1CH C (SHC)

CD1SH C (SHC) = CDL(SCH).

CHNSH=H
Vay (SHC) 1a mat phang chira H va vuéng géc véi CD.
Laico (SCH) N (SCD) = SC.Ké HK vudng goc voi SC tai K.
Khi dé

HKLCD C (SCD) = HKL(SCD).

HKL1SC C (SCD)
SCNCD=C

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



66 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Vay HK la duong thang qua H va vuéng goc véi (SCD). Vi HK 1a dudng cao ctia tam giac

1 \
vuong SHC nén e — O + ez Ta c6 HS = a, do HC la duong cao cua tam gidc déu
canh a nén HC = #.

;1 1 4 7
Vithé: — = 5 + == = =—.
'R T 2 T3 T 3
V21
Suy ra: HK = a3 d(H,(SCD)) = HK = V2.

7 7

Ké duong thang qua O, song song véi HK, cat KI tai F. Khi d6 F 1a hinh chiéu cta O trén

(SCD), do dé
d (0, (SCD)) = OF = % - ”‘122—1.

b) Trudc hét ta tinh khoang cach tir H dén (SBC). Ta sé tim hinh chiéu ctia H trén (SBC).
Trong (SBC) chon duodng thang BC. Vé M 1a hinh chiéu ctia H trén BC. Ta c6

BCLSH C (SHM) = BCL(SHM).

BCLMH C (SHM)
HMNHS=H

Vay (SHM) la mat phang chia H va vuéng goc v6i BC, giao tuyén ctia (SHM) va (SBC) la
SM. Vé E la hinh chiéu ctia H trén SM. Khi d6

HE1SM C (SBC)
HELBC C (SBC) = HEL(SBC).
SMNBC=M

Vay E 1a hinh chiéu ctia H trén (SBC), do d6 d (H, (SBC)) = HE. Do HE la duong cao cua
tam giac vuong SHM nén

111 11 1 1 4 419

HE?2 HS?  HM? a2 HB? HC? a2 a2 322 342
Tu day HE = ﬂ = a_\/5_7. Vi duong thang AH cat (SBC) tai B nén

J19 19
d(A,(SBC)) AB 2a+/57
=2 =2 A =24 (H = .

T(A (sCy) — mp — 2~ ,(SBC)) = 24 (H, (SBC)) = =
Khoang cach tir A dén (SBC) la: d (A, (SBC)) = 2”19\/5—7.
Bai 14. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tim O, canh bing a, ABC = 60,
SO vuéng géc v6i mat phang (ABCD) va SO = g

a) I(—ééc}ijd)ung duong thang qua O va vuédng goc v6i (SCD), tinh khodng cach tir O dén

b) Goi E la trung diém canh SA. Chiing minh ré“mg duong th:fmg SA vudng goc voi mat
phang (BDE) va tinh khoadng cach tir trung diém M ctia canh BC dén mit phang (BDE).
(¢ Loi gidi
Phan tich. Trong (SCD) chon duong thang CD. Ta can dung mit phang qua O va vudng géc
v6i CD. Do da c6 OS_LCD nén ta chi can vé OK_LCD tai K sé dugc mat phéng qua O va vudng
goc vai CD la (SOK).
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Giai.

a) Vé OK vudng goc voi CD tai K. Khi
dé CD vuodng goc véoi (SOK). Ta ¢o
giao tuyén ctia hai méat phang (SOK)
va (SCD) la SK. Vé OH vuong goc voi
giao tuyén SK tai H. Két hgp voi OH
vudng goc voi CD suy ra OH L(SCD).
Vay OH la duong thang qua O va vuéng
goc véi (SCD) tai H. Khoang cach tir O
dén (SCD) la: d(O, (SCD)) = OH. Ta
c6 ABC va ACD la nhiing tam giac déu.
Trong tam giac vuong OCK, ta co:

OK = OCsin OCK

= gsin 60° = ﬂ.
Trong tam giac vuong SOK, ta co:

11 N 1 _4+16_28
OH2 0S2  OK?2 a2 3a2 34

Vay khoang cach tir O dén (SCD) 1a OH = a 23_8

BD1AC
b) Ta co: { BDLSO = BD1(SAC) = BDLSA.

) AC
Tam giac SAC c6 trung tuyen SO = g =5 nén ASAC vuodng tai S. Vi OE la duong trung

binh ciia ASAC nén OE || SC, suy ra OE_LSA. Ta c6:

SALBD C (BDE)

SA1OE C (BDE) = SAL(BDE).

BDNOE =0
Do AEL(BDE) nén d(A, (BDE)) = AE. Tam giac vuoéng SAC c6 trung tuyén SO AC nén
tam giac SAC vudng can tai S, suy ra:

sa=AC _ % _ A, (BDE)) = AE =

ViV
Goi G = AMNBO = G = AMN (BDE) va G la trong tdm tam gidc ABC. Do dé:

Z((X:((ggg)))) - ((;;]X = % = d(M, (BDE)) = %d(A, (BDE)) = M_

Luu y. C6 thé chiing minh SA vudng géc v6i mat phang (BDE) cach khac. Ta ¢6
2 342
SD =502+ 0D2 =/ + 22—,
4 4
nhu vay tam gidc SDA can tai D, suy ra SALED. Tuong tu ta cing c6 SA_LBE. Tém lai:

SALEB C (BDE) = SAL(BDE).

SALED C (BDE)
EDNEB=E
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Dang 11. Xac dinh goc ¢ (v6i 0° < ¢ < 90°) giita dwong thang a va mit phang (P). ]

Phuong phap. St dung dinh nghia 4 & trang 57, cu thé nhu sau: 4
™ Budc1l. Tim O =an(P). /
p :|._
® Budc 2. Chon M € a. Dung H la hinh chiéu cia M trén (P). H
Khi d6 ¢ = MOH. e

Bai 15. Cho hinh chép S.ABCD c6 day 1a hinh thoi canh a tim O, goi I la trung diém AB. Biét
BAD =60°, SA = SB = SD = a/3,

a) Tinh géc gitta duong thang SA, SB, SC, SD véi day (ABCD).
b) Tinh goc gitta SB, SD véi mit phang (SAC).
¢) Tinh géc gitta SC véi mat phang (SDI).

(¢ Loi gidii

Goi H 1a hinh chiéu ctia S trén mat phang
(BAD). Khi d6 ba tam gidc vuéng SHA,
SHB, SHD bang nhau, suy ra HA =
HB = HD hay H la tim cta tam gidc déu
ABD, nhu vay H la giao diém ctia AO va
DI. Do SH L (ABCD) nén hinh chiéu ctia
SD trén (ABCD) la HD, suy ra goc gitra
SD 1a (ABCD) la goc gitta DS va DH, tuc
la goc SDH. Ta c6:

DH—%DI—% M:@
3 3 2 3
_—  DH a\/§ 1
cosSDH = — <D= 3 .a\/g— -

Suy ra SDH ~ 70°32".
Tuwong tu, gbc gitta SA, SB véi (ABCD) la =~ 7032’. Hinh chiéu cta SC trén (ABCD) 1a HC,
do dé6 goc gitra SC va (ABCD) la goc gitra CS va CH, tuc la SCH. Ta ¢6:

8a? 2\/_61
3

CH=CO+O0OH = Ao+;Ao_éAo_‘f M_2a\/§

3 3 2 3
SH 2V2a 3
CH \/§ 211\/5

Vay goc gitta SC va (ABCD) 1a SCH ~ 54044’.
b) Do ABCD la hinh thoi nén BD L AC. Ta c6: SHL(ABCD) = SH1BD. Nhu vay:

SD? — DH? = 3a2— =

tan SCH = — /2 = SCH ~ 54%44/.

BD_LAC C (SAC) = BD_L(SAC).

BDLSH C (SAC)
SHNAC=H
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Hinh chiéu ctia SB trén (SAC) 1a SO. Géc gitta SB va (SAC) la géc gitta SB va SO, tuc la goc
BSO.

—— BO a 1
sin BSO = = —~ = BSO ~ 16°47".
SB 231 23
Vay goc gitta SB, SD véi (SAC) bing nhau va bang BSO ~ 16%47".
c) { g?JACBD = DILCD. Ta c¢:

CDLSH C (SDI) = CDL(SDI).

CDLDI C (SDI)
DINSH = H

Nhu vay hinh chiéu ctia SC trén (SDI) 1a SD, do d6 géc gitta SC v6i mat phang (SDI) 1a CSD.

tanCSD = SP _ 4 — CSD = 30°.

SD a3 \/_
Vay goc gitta SC va mat phang (SDI) bang 30°.

Bai 16. Cho lang tru tam gidc ABC.A1B1C; c6 ddy la tam gidc ABC vudng can tai A, canh bén
AA; vudng goc véi day. Goi M, N lan luet la trung diém ctia AB va B1Cy. Biét MN = a va goc
gitta MN v6i (ABC) la a.

a) Tinh canh déy va canh bén cua lang tru.

b) Xac dinh goc a biét gbc gitta MN va mat bén (BCC;By) la 30°.

@ Loi gidi

a) Goi P la trung diém ctia BC. Khi d6 NP_L(ABC). Ay

Nt thé PMN = a. T 46 N
cosa =

W

sing = VN
MP = acosu

NP = asina.
AB = AC =2MP = 2acosu,
AA1 = NP =asina. AN
BC = AB\/§ = Za\/ﬁcos o.

AP1BC C (BCClBl)
b) Tacé { APLNP C (BCC;B)

BC cat NP.
Suy ra AP (BCC;B1). Goi K la trung diém cta BP thi MK || AP. Vi thé MK vudng gbc v6i
(BCC4By). Thanh thtr gc gitta MN va mét phing (BCC;B;) 1a MNK = 30°. Ta c6

Suy ra

MK 0_
sin MNK = VN = MK = MN.sin 30 2
Mat khac, vi MK = %AP = %BP = KP nén AMPK vuédng can tai K nén
MP 2
MP = MKV/2 = —\/—:>coszx— :£:>oc:450.

MN 2

Luu y. C6 thé dung hinh chiéu vudng goc cua M trén (BCC1By) béng cach van dung dang
toan 10 (& trang 64) nhu sau:
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& Trong (BCC;By), chon dudng thang BC.

& Mat phang qua M va vudng goc véi BC 1a (MKQR), v6i K, Q, R 1an luot 1a trung diém
cua BP,BlN, A1B1.

& (BCCiBy) N (MKQR) = KQ.

@ Hinh chiéu ctia M trén KQ 1a K
Khi d6 K 1a hinh chiéu ctia M trén (BCC By), suy ra goc gitta duong thang MN va (BCC;B;)
1a (NM, NK) = MNK.
Bai 17. Cho hinh chép S.ABCD c6 day la hinh chit nhat, BC = a, SA vudng goc v6i (ABCD).
Biét rang SC tao v6i (SAB) mot g a va tao véi mat day goc B. Chirng minh rang:

AB — a/cos( +.,B) cos (o — [3)
sin

@ L&i gidi

Vi SAL(ABCD) nén hinh chiéu ctia SC trén (ABCD) la

AC,do d6 B = SCA.Tac6 BCLBA, BCLSA ma BAvaSA

la hai duong thang cat nhau cling nam trong (SAB) nén

suy ra BCL(SAB), do d6 hinh chiéu cta SC trén (SAB) la

SB, boi vay o = BSC. Trong tam giac vuong SBC, ta co:
a

sing = — = —% — §C. Mt khéc: AB = v/AC? — BC2.
SC sin «
Ma cos = SC nen:

20082
AB =+ AC? - BC? = \/Sczcoszﬁ a2 =)L (,105 b_ a?
sin®a
B \/u2 (cos?p—sin’a) @

cos2p — sin’w

sina ~ sina
a 14+ cos2f 1—cos2a a 1
- sintx\/ 2 a 2 T sina \/5 (cos 2a + cos 2)
_ay/cos(a+ ) cos(a — B)
B sin a '

Ta c6 diéu phai ching minh.
Bai 18. Cho hinh chép S.ABCD c¢6 ABCD la hinh vuéng tam O, canh a, SOL(ABCD). Goi
M, N lan lugt la trung diém ctia SA va BC. Cho biét géc gitta dudong thang MN va (ABCD)
bang 60°. Tinh géc gitta duong thang MN va (SBD).

(¢ Loi gidi

Cach 1. Ké MH_L (ABCD), dé thay H la trung diém canh
AO. Khi d6 MNH = 60°. Xét tam giac NCH, ta co:

NH? = ch2 + NC? —2HC.NC.cos NCH

= (Za\/i) + (g)z —Z.Z.a 2.%.cos450

_9a®> a* 3a*  5a?

~ 8 4 1 8§

Suyra NH = &g.
2v2
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HN 1
Xét tam giac vuong MNH, ta co: MN o8 600 = 5= MN = a\/\/z_—
. V15
Vay MH = HN tan 60 N Goi I, ] 1an lugt 1a trung diém ctia OB, SO. Khi d6 MJ || IN

va MJ = IN, MN cét I] tai K thi JK = E1 J. Vi INL(SBD) nén MJ L(SBD). Vay hinh chiéu
ctia MN trén (SBD) 1a J1, do d6 géc gitta MN va (SBD) 1a MK]J. Ta ¢6

2
2 1 2
I = JO*+ O = MH? + OI2 = 5; +<’Zf> _ 16 o

8

2
Ter d6 I] = av/2 va IK = %_.Suyra

M av2 av2 1 —— 1
. —= = ~ = MK]J = arctan =.

K~ 4 2:> J arcan2

Cach 2. Ta c6 MN = MS + SC + CN, MN = MA + AB + BN.

Suy ra:

tnMK\]—

—>

1 /— g 1 /— e > g
MN = - (SC+AB) =3 <SO+OC+AO+OB>
1 /— —> —>
=5 (so+ AC+OB).
Tir d6 va do SO, AC, OB doi mot vuong goc nén

e 1 e s 1 542
2 _ 2 _ - 2 2 2) — = 24
MN—MN—4<SO +AC +OB> 4(so+2).

1 2 R 2
Suy ra MN = EV SO? + %. Ta c6 AC 1a vecto phép tuyén cua (SBD). Goi « la goc gitta MN
va (SBD). Khi do:
1
MN.AC| 5 |(s6+4cC+0B) aC
sina =
W] Jac] L fsor 5% 0
2 2
B AC? _ 2a )
B 2 V2507 4542
502 + %.aﬁ e

Ta 6 SO 1a vecto phép tuyén ctia (ABCD). Do géc gitta duong thang MN va (ABCD) bang
60° nén:

— 1
~|(sG+ AC+OB) SO
et NS0 @Q_ZK +4C +08) 50|
‘MN’ )SO‘ \/soz+5150
o V3
/ 5a 2 1 /
24 2% Z sl
SO + —.50 2 2
8502 = 2502+5a & 250% = )
. . . 2a 1 )
Tir (1) va (2) suy ra sina = 15&2——1—5L12 = % = a = arcsin ﬁ
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. BAI TAP ON LUYEN
1. Dé bai
Bai 19. Cho tu dién OABC ¢6 OA, OB, OC déi mot vudng goc voi nhau. Goi H la hinh chiéu
vudng goc cda O trén mp(ABC). Chung minh rang:
a) BCL(OAH).

1 _ 1 11
OHZ ~ 0AZ ' OB ' OC*

b) H la truc tam cta tam giac ABC va

¢) Cac goc ctia tam giac ABC déu nhon.
d) Tim tap hop cic diém M trong khong gian sao cho
MA? + MB? + MC? = 3MO?.
Bai 20. Cho hinh chop S.ABCD c6 day la hinh chit nhat. Cac tam gidc SAB, SAD vudng tai

A. Trén canh AB ta ldy diém M, trén canh AD ta lay diém N va trén SB lay diém E sao cho
MN LAC va ME 1 SB. Chitng minh rang SC | (MNE).

Bai 21. Trong mat phang (P) cho AABC vudng tai B véi
AB = aV/2,BC = 2a.
Diém O nam ngoai mat phang (P) sao cho OA L (P) va OA = aV/2.
a) Tinh géc tao bdi cac dudng thang OB, OC véi (P).
b) Tinh géc gitta duong thang OA véi (OBC).

Bai 22. Cho hinh chép S.ABCD c6 day la hinh vuéng ABCD tam O va c6 canh SA vudng
gbc voi mat phang (ABCD). Goi H, I, K 1an lugt 1a hinh chiéu vudng géc ctia diém A trén cac
canh SB, SC, SD.

a) Chung minh BCL(SAB), CDL(SAD)va BDL(SAC).

b) Chung minh SC_L(AHK) va diém I thuoc (AHK).

¢) Chung minh HKL (SAC), t d6 suy ra HK L AI.

d) Chung minh rang ti gidc AHIK noi tiép mot dudng tron.

Bai 23. Cho hinh chép S.ABC c6 SA L (ABC) va AABC khong vudng. Goi H, K lan lugt 1a
tryrc tAm ctia tam gidc ABC, SBC. Chiing minh rang:

a) AH, SK, BC dong quy.
b) SCL(BHK).
¢) HKL(SBC).

Bai 24. Cho tam giac ABC can dinh A ¢6 BAC = 120°, canh BC = a/3. Ly diém S & ngoai
mét phang chita tam gidc ABC sao cho SA = a. Goi O la tim dudng tron ngoai tiép tam giac
SBC.

a) Chung minh rang: AOL(SBC).
b) Tinh AO khi tam giac SBC vudng tai S.
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Bai 25. Cho hinh lang tru ABC.A'B’C’ ¢6 canh bén vudng géc vdi mat day va tit ca cac canh
déu bang nhau. Goi M la trung diém CC’. Ching minh rang A’B_LB'M.

Bai 26. Cho ti dién S.ABC c6 SAL(ABC). Goi H, K 1an luot la truc tAm cta cac tam giac
ABC va SBC.

a) Chiing minh rang ba duong thang AH, SK va BC dong quy.
b) Ching minh rang SC_L (BHK), HKL(SBC).

c) Kéo dai SA cat HK tai R. Chung minh réng ti dién SBCR c6 cac cdp canh dbi vuong
goc.

Bai 27 (bé thi DH khdi D nam 2010).
Cho hinh chép S.ABCD c6 day la hinh vudng canh 4, canh bén SA = g, hinh chiéu cta S trén

. 1 PTG
(ABCD) la diém H thudc doan AC ma AH = Z_LAC' Goi M la chan duong cao ké tir C cta tam
gidc SAC. Chiing minh M 1a trung diém ctia doan thang SA.
Bai 28. Cho tu dién ABCD, ¢6 DA1(ABC), AB = AC = a, BC = ga. Goi M la trung diém
BC. Ve AH vuodng goc v6i MD tai H.
a) Chung minh rang AH L (BCD).

b) Cho AD = ga. Tinh géc gitta hai duong thang AC va DM.

¢) Goi Gy, Gy 1an lugt 1a cac trong tdm ctia tam giac ABC va tam giac DBC. Chiing minh
rang G1G, 1 (ABC).

Bai 29. Cho hinh chép S.ABC ¢6 SAL(ABC), day la tam gidc ABC vudng & B. Biét BSC = 30°.
Déit ACB = &. Goi I 1a hinh chiéu cta B 1én SC. Xac dinh a dé BI hop v6i mét phang (SAC)
g6c 60°.
Bai 30. Cho hinh chép S.ABCD c6 déy la hinh chit nhat ABCD véi AD = 2a, AB = av/3.
SH1(ABCD) (H la trung diém cta AD). Biét goc gitta SB va (ABCD) la 60°.

a) Tinh do6 dai SH.

b) Tinh goc gitta SC vdi (SAD).

c¢) Tinh goc gitta CH v6i (SAB).
Bai 31. Cho lang tru ABC.A’B'C’ ¢6 d9 dai canh bén bang 24, ddy ABC la tam giac vuong tai
A, AB = a, AC = a+/3. Hinh chiéu ctia A’ trén (ABC) la trung diém ctia BC. Tinh cos &, & day
o la goc gitta AA’ va B'C'.
Bai 32. Cho hinh chép S.ABC c¢6 day la tam giac vuong tai B, AB = a, AC = 2a, SAL(ABC),
SA = 2a.Goi (P) 1a mat phang qua A va vudng goc véi SC. Xac dinh thiét dién ctia hinh chép
véi (P), tinh dién tich thiét dién.
Bai 33. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang vuéng tai A va B v6i

AB =BC =a,AD =2a,SA1(ABCD),SA = 2a.

Goi M 1a mot diém trén canh AB, dat AM = x (0 < x < a). Mat phang (a) di qua M va vudng
goc vai AB.

a) Tim giao tuyén cta («) va (SAB).
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b) Tim thiét dién ctia hinh chép khi cat béi («). Thiét dién 1a hinh gi?
¢) Tinh dién tich thiét dién theo a va x.

Bai 34. Cho hinh thang ABCD vuong tai A va D v6i AB = AD = a, DC = 2a. Trén duong
thang vuong goc véi mat phang (ABCD) tai D lay diém S v6i SD = a+/3. Goi M la diém trén
canh AB véi AM = x (0 < x < a). Goi (P) la mat phang qua M va vuong géc v6i BD, (P) cat
cac canh DC, SC, SB lan luot tai N, L, K.

a) Ching minh rang BC L (SBD).
b) Tu gidc MNLK la hinh gi? Tinh dién tich ti giac do.

2. L&i gidi, huéng dan
Cau 19.

OALOB C (OBC)
a) Tac6{ OALOC C (OBC) = OAL(OBC)= OALBC. (1)
OBNOC =0
Ta c6 OHL(ABC), suy ra OH_LBC.
Két hgp vdi (1) suy ra BCL(AOH).

b) ViBCL(AOH)nén AH_1BC. Tuong tu ta chiing minh dugc
BH 1 AC. Vay H la tryc tam ctia tam gidc ABC.
Goi I = AH N BC. Vi OH la duong cao cia tam gidc vuong
1 1 1
AOI nén O — OAZ-I_OIZ' (2)
Vi Ol 1a duong cao cua tam giac vuong OBC nén
1 1 1

or ~ 0B T ocT
T (2), (3) suy ra

(3)
11
OHZ ~ 0AZ ' OB ' OC*

c) Xét AABC, ta c6
AB? + AC? — BC?

CoSA =" AB.AC
o A — OA? + OB? + OA% 4+ OC? — (OB? 4+ OC?)
B 2AB.AC
2
& Ccos A = > 0= goc A nhon.

AB.AC

d) Goi G la trong tam AABC. Goi I la diém cach déu bén diém O, A, B, C (I chinh la giao
diém ctia duong thang di qua trung diém ctia BC va song song vdi OA va mit trung truc
cua OA). Ta co:

MA? + MB? + MC? = 3MO?
@(W+I7i)2+<W+I_13’)2+(W+I_C’>2:3(W+I_o’>2
©2MI (TA + 1B +1C) + 1A+ IB* + IC? = 6MI.I0 + 310?
©2MI (TA+ 1B +1C) = 6MLIO (do 1A = IB = IC = I0)

S6MILIG = 6A7f.1_()’<:>1\71’(1_c;’—1_()’) —0
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=MIOG =0 < IMLOG.

Vay diém M thudc mat phang di qua I va vuéng goc v6i OG, mat phang nay ¢ dinh vi I
c6 dinh va duong thang OG ciing c6 dinh.

Cau 20.

Ta co:
SAL1AB C (ABCD)

SALAD c (ABCD)
ABNAD = A.
Suy ra SAL(ABCD), do d6 SA vudng goc véi moi
duong thang nam trong (ABCD).
Ta c6 MN_LAC, ma AC 1a hinh chiéu ctia SC trén
(ABCD) nén MNLSC.
BCLBA C (SAB)
Tacé: ¢ BCLSA C (SAB)
BANSA = A.
Suy ra: BCL(SAB), ma EM C (SAB) nén BC_LEM. Ta co:

{ EMLSE - Emisc.

EM1BC

SCLMN C (MNE)
Nhu vay: { SCLEM C (MNE) = SCL(MNE).
MNNEM =M

Cau 21.

a) Hinh chiéu ctia OB, OC 1én mit phang (P) 1an luot 1a AB

va AC.Ta c6 tanOBA = oA a\/— = 1.Suyra OBA = 450,
AB 42

Vay goc tao boi OB va mp(P) 1a 45°. Ta co:
AC? = AB* + BC? = 2a* + 4a* = 6a”.
Suy ra AC = a+/6. Trong tam gidc OCA ta c6:
tan0CA = 24 = 1 . 6c4 = 300,

AC /3
Vay géc gitta OC va mp(P) 1a 30°.
b) Trong AOABha AHLOB (H € OB).Tac6 BCLAH (vi BCL(OAB))nén AHL(OBC).Nhu
thé OB la hinh chiéu ctia OA lén (OBC). Vi tam gidc OAB vuéng can tai A nén AOB = 45°.
Vay goc gitta duong thang OA va (OBC) 1a 45°.

Cau 22.
a) Vi SAL(ABCD) nén SA vudng goc v6i moi dudng thang
nam trong mit phang (ABCD). Vay ta c6:
BCLAB C (SAB)
BCL1SA C (SAB) = BCL(SAB).
ABNSA=A
CDLDA C (SAD)
CD1SA C (SAD) = CDL(SAD).
DANSA=A
{ BD1AC C (SAC)

BD1SA C (SAC) = BD_L(SAC).
ACNSA=A
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b) Ta c6 BCL(SAB) ma AH C (SAB) nén BCLAH. Vay:

AH1SB C (SBC)
AH1BC C (SBC) = AHL(SBC) = AHLSC.
SBNBC =B

Tac6 CDL(SAD) ma AK C (SAD) nén CD L AK. Vay:

AKLCD C (SCD)
AKLSD C (SCD) = AKL(SCD) = AKLSC.
CDNSD =D

SCLAH C (AHK)
Tac6{ SCLAK C (AHK) = SCL(AHK).Goi] = SCN (AHK),khidé AJ C (AHK), ma
AHNAK=A
SCL(AHK)nén AJLSC,suyral =], vay I € (AHK).
¢) Ta c6 hai tam gidc vudng SAB va SAD bang nhau vi chiing ¢6 chung canh SA va AB = AD
(c.g.c). Do d6 SB = SD, SH = SK, suy ra HK || BD. Vi BDL(SAC) nén HK1(SAC) va do
Al C (SAC) nén HK L AL
d) Ta c6 AHL(SBC) = AHLHI, AKL(SCD) = AK_LKI. Vi tu gidc AHIK c6

AHI = AKI = 90°
nén nodi tiép duong tron.
Luu y. Trong cau b), c6 thé chitng minh bén diém A, I, H, K dong phang nhu sau: vi AH, Al,
AK la ba duong thang ciing di qua A va vuong géc véi SC nén ching cling nam trong mat
phffmg qua A va vudng goc véi SC, do do bén diém A, I, H, K cung thudc mat phffmg nay.

Cau 23.
a) Goi | = AH N BC, ta can ching minh SK di qua J, tic la ching sy
minh BC_LS]. Ta cé: \
BCLAJ C (SA])
BCLSA C (SA]) = BCL(SAJ).Ma SJ] nam trong (SAJ) nén
AJNSA=A
BCLS]. Do d6 AH, SK, BC dong quy tai J.
BH1AC C (SAC)
b) ¢ BHLSA C (SAC) = BHL(SAC).
ACNSA=A

SCLBK C (BHK)
Ma SC C (SAC) nén BHLSC. Vay { SCLBH C (BHK) = SC.L(BHK).

BHNBK =B
c¢) Theo cau b), ta c6 SCL(BHK), ma HK C (BHK) nén SCLHK. Lai ¢6 BCL(SA]), suy ra
BCLHK. Nhu vay:

HK_LSC C (SBC)
HK_LBC C (SBC) = HKL(SBC).

SCNBC=C
Cau 24.
a) Goi M la trung diém BC. Khi dé:
AMLBC, MAC = 60°, MC = %5
Suyra: AB= AC = 'CMO =a.
sin 60

Nhu vay: AS = AB = AC = a. Goi K 1a hinh chiéu vuéng géc
ctia A trén mat ph:fmg (SBC), khi d6 ba tam giac KAS, KAC, KAB
bang nhau (c-g-c), suy ra KS = KB = KC, hay K la tim duong tron
ngoai tiép tam gidc SBC. Dan dén K = O, suy ra AO_L(SBC).
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b) Khi tam giac SBC vudng tai S thi O = M, do d6

AO = AM = BM cot BAM = BM cot 60° = - = g
Cau 25.
Goi N la trung diém B'C’. Trong hinh vuéng BCC'B’ € —2 B
ta c6 B'M_ L BN. Mat khéc theo gia thiét
A'NLB'C' c (BCC'B) N .
A'N_LCC' c (BCC'B)
{ B'C'NCC' =C/ i X
-

Suy ra A’N_L(BCC'B), ma B'M nam trong (BCC’'B)
nén A’N_LB'M. Nhu vy ta co:
{ B'MLBN C (A’BN)

B'MLA'N C (A'BN) = BML(A'BN) = B'M_LA'B.
BNNA'N=N

Cau 26.
Goi E la chan duong cao ha tit A ctia tam giac ABC. S
a) Tac6 SAL(ABC) = SALBC. '

BCLAE C (SAE)

BCL1SA C (SAE)

AENSA = A.
Suy ra BCL(SAE) = BC_LSE. AR
Suy ra S, K, E thang hang. Do d6 ba dudng thang AH, SK va BC
dong quy tai E.
b) Taco SAL(ABC) = SALBH. Do dé

{ BH1SA C (SAC)

R

BHLAC C (SAC) = BHL(SAC) = BH.LSC.
SANAC=A

SCLBK C (BHK)
Nhu vay { SCLBH C (BHK) = SCL(BHK). Tiép theo ta c6
BKNBH = B

HK1SC (do SCL(BHK))
{ HK_LBC (do BCL(SAE))

c) Trong ti dién SBCR, ta c6 BCLSA = BCLSR. Taco
RB C (BHK) = SCLRB (vi SCL(BHK) chtia RB).

o kR = SBL(RKC) = SBLRC. Nhu vy t dién SBCR c6 BCLSR,

SCLRB, SBLRC, suy ra diéu phai chitng minh.

Cau 27.
Vi ABCD la hinh vuéng canh a nén AC = av/2. Do dé:

— KHL(SBC).

Tiép theo ta c6 {

1 2
AH = L_LAC = aT. Ta c6 tam giac SAH vuodng tai H, suy ra:
SH = \/SA2 — AH2 = /a2 — % _1 414.
3a\/§

Taco’HC:ZAC: 1
Vi tam giac SCH vuong tai H nén

SC = v/SH2? + HC? = a+/2.

Nhu vay CS = CA, suy ra ASCA céan tai A, dan t6i M la trung diém cua SA.
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Cau 28.
a) ViBCLAM, BCLAD
nén BCL(DAM), ma AH C (DAM) nén BCLAH. Vay
AH1BC C (DBC)
AH1DM C (DBC) = AHL1(DBC).
BCNDM =M
b) K& MN || AC (N € AB), khi d6 goc gitta DM va MN bang
hodc bu véi g(’)c DMN. Ta c6:

MN :/%AC =5 AN = AZB g
Dan den:
DN? = DA? + AN? = %2#1—2 = %‘102
AM? = AB? — BM? = a2 92“5 1;;12 = AM = %.
DM? = AD? + AM? = 1;;2 + 1§g2 = 35;2 = DM = 4”5@

DN? = DM? + MN? — 2DM.MN. cos DMN
89a 3222 42 4a\/—

RET I g COsDMN
2 2 S -
@61%% = a5\/§.cos DMN < cos DMN = ¥

: 2v2

Vay goc gitta hai duong thang AC va DM la arccos T\/—

MG, MG, 1 X A
) MA - MD —3° G1G2 || AD.Ma AD_L(ABC) nén G1G, L (ABC).

Cau 29.
Ha BHLAC. Ta ¢c6 SAL(ABC), suy ra BH1SA. Két hgp voi
BH_LAC ta dugc BHL(SAC). Suy ra hinh chiéu cta BI trén

(SAC)1a HI. Vay géc giita BI va mit phdng (SAC) 1a BIH = B.
Ta cing c6 BCLBA va BCLAS nén BC_LBS. Dat BC = a. Theo
gia thiét ACB = a ta c6 BH = a.sina. Tam giac SBC vuong tai
B va BSC = 30° nén:
SB = BCcot30° = aV/3,
BI = SBsin30° = %5
Vay B = 60° < BH = BIsin60° < asina = BIsin 60°.

3 3 . .
Do désina = T Khi sina = i thi duong thang BI hgp véi mat phang (SAC) géc 60°.

Cau 30.
a) Dé thay goc gitta SB va mat phang
(ABCD) 1a SBH = 60°. Do tam gidc ABH

vuong & A nén:
BH? = AB® + AH?.

Suy ra BH = 2a.
T do
SH = HBtan 60° = 2a/3.
b) Ta cé:
CDL1SH
{ CDLAD = CDL(SAD).
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Nhu thé goc gitta SC v6i (SAD) 1a goc CSD. Ta c6:
— CD a\/_ V3

_— 0 /
sinCSD = — SC - 4 1 iCSD 25°39°.

¢) Trong tam giac vuéng SAH, ha HILSA (I € SA). Taco

{ HI1SA

HrLag = HIL(SAB).

Kéo dai CH cét AB tai K. Vay géc gitta CH va (SAB) 1a géc HKI. Ta c6

1 _ 1 n 1 _ 1 —i—l: 13 HI—2a\/39
HI? HS? HA? 1242 a2 12a2 13
HI — v39

Dé dang tinh dugc HK = CH = 2a. Vay sin HKI =
Goc gitta CH va (SAB) 1a 28°42'.

KH 13"

Cau 31.
Trong (ABC), qua diém A ké dudng thang A song song véi BC.
T do A || B'C'. Suy ra goc gitta AA’ va B'C’ chinh la géc gitra hai
duong thang A va AA’. Goi M 1a trung diém BC. Theo gia thiét
M 1a hinh chiéu ctia A’ trén (ABC). Trong (ABC), ké MH LA tai
H.Ta cé A’M1(ABC), suy ra A’M 1A, ma A’M la hinh chiéu
cia A’H trén (ABC) nén theo dinh i ba duong vuong goc suy
ra AHLA, trd6 o« = A’AH, suy ra cosa = AH

Ta c6: BC* = AI%2+AC2 = a® 4 3a* = 4a*.
Suy ra AM = §BC = a. Ta ¢c6 MH bang do dai duong cao ké tir A cia AABM, nhung vi

av/3

AABM déu canh a nén MH = — Do do:

AA"

32 2
AH? = AM? -~ MH2 =2 - 22 =% o pg =1
4 4 2
a
y AH 5 1
B a = = —=— = —.
Givay cosa = ——5 =2 =4

Cau 32. Phan tich. Theo dang 9 (4 trang 62), dé xac dinh tuong minh mat phang (P) ta can
xéac dinh hai duong thang cat nhau cling vuéng géc véi SC trong dé c6 mot duong di qua A.
Nhu vay trudc hét ta phai dung K 1a hinh chiéu ctia A trén SC.
Giai. Vé AK vuong goc voi SC tai K. Vé AH vudng goc véi s
SB tai H. Ta c¢:
BC1BA C (SAB)
BCLSA C (SAB) = BCL(SAB).
SANBA=A
Ma AH C (SAB) nén BCLAH.
AH1SB C (SBC)
AH1BC C (SBC) = AHL(SBC).
SBNBC =B
Ma SC C (SBC) nén AH_LSC.
{ SCLAK C (AHK)

SCLAH C (AHK) = SCL(AHK).
AHNAK = A
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Nhu vay (AHK) la mat phang chira diém A va vudng goc v6i SC hay (P) = (AHK). Thiét
dién can tim la tam gidc AHK. Ta co:

AH1(SBC) = AHLHK

) 1
nén dién tich thiet dién: S sy = EHA.HK. Ta tinh duoc:

1 1 1 _ 1. 1_5 2a
AH? ~ AS2 " AR 42 ' a2 4a? V5

1 1
AK = -5C = 5\/4012 +4a2 = av/2.

HK = VAR — ARR — (202 — 202 _ [68 _ av6
5 5 5

1
Vay: Samx = ;HAHK = 5 - = - == = .

2 V5 5 5
Cau 33.
(x) LAB
a) Taco: ¢ SALAB = SA | (a).
M#A

M € (a) N (SAB)
{ SA C (SAB), SA | (w).
Vay giao tuyén ctia (#) va (SAB) la duong thang Mx qua
M va song song voi SA.
b) Trong (SAB), goi N = Mx N SB.
M € (#) N (ABCD)
Tuong tu: { AD C (ABCD)

AD || (w).

Suy ra (a) N (ABCD) = My, v6i My la dudng thang di qua M, song song véi AD, cat CD tai

Q. Giao tuyén cta («) va (SBC) la dudng thang Nz qua N, song song véi BC, cat SC tai P.
Thiét dién 1a ti gide MNPQ. Ta c6: MQ || AD | BC || NP = MQ || NP.

MN || SA

{ 5AL(ABCD) = MNL(ABCD) = MNLMQ

Thiét dién 1a hinh thang MNPQ vudng tai M va N. Dién tich thiét dién la:

(MQ + NP)MN
SMNPQ = > :
Ta co:
MN BM a—x B a—x 2a(a—x)
15 " BA- 3 = MN = SA. = p =2(a—x).

NP SN AM x X
BC SB_ AB a  NP=BCo=x
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Goi I 1a giao diém AB va CD. Khi d6 dé thay rang BC la A 2a D
duong trung binh cta tam giac IAD. Ta c6: [ /
MQ % _ 2a-—x

AD IA  2a
Suy ra:
MQ = AD.

Nhu vay: a

(MQ + NP)MN
SMNPQ = 5

_ (2a—x —|—2x)2(a —%) _ 2a(a — x).

2a — x Bj C
= 2a — x.

Cau 34.

a) Goi I 1a trung diém ctia doan thang CD.

Khi d6 ADIB Ia hinh vudng.

Suyra BI = IC = ID = a.

Tir d6 ta c6 BCLBD.

Lai c6 SDLBC (vi SDL(ABCD)).

Vay BC_L(SBD).

b) Truéc hét nhan xét rang (P)LBD, BCLBD,
SD1BD,suyra (P) || BC, (P) || SD. Ta co:

{ (P) || BC

BC C (ABCD)

(P) N (ABCD) = MN.

Suy ra MN song song voi BC. Ta c6
(P) || SD,SD C (SCD)

{ (P)r(scp)y =N~ NELISD.

Goi H la giao di€ém ctia BD va MN. Ta c6:

{ (P) || SD,SD C (SBD)
H e (P)N (SBD).

Suy ra giao tuyén cta (P) va (SBD) 1a HK || SD. Cudi cting

{ (P) || BC C (SBC)

(P)r (sBC) = k. — KLII BC.

Do SD1LMN (Vi SDL(ABCD)) nén NLLMN. Vay thiét dién la hinh thang vudong MNLK.
Goi S la dién tich MNLK. Ta co:

1
S = 5(MN + LK)NL.

Ta c6 ABID la hinh vudng canh a nén MN = Al = a+/2. Xét tam gidc SBD c¢6 HK || SD nén
HK _BH _BH _1BM _AB—AM _ .. _ V3(a — x)
SD BD 20B 2BA  2AB B 2

& day O la giao diém ctia Al va BD. Tam giac SBC c6 KL || BC nén

ﬁ_%_BD—BH_l_BH_1_1@_1_1AB—AM
BC SB DB 20B 2°"BA 2" AB

T do tinh duoc

KL = BC (1—”2;") =a\/§.”tlx: (””)‘@.
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Nhu thé dién tich hinh thang vuong MNLK la

—_
N
S

S = =(MN + LK)NL =

N
NI —

<a\/§—|— (a +x)\/7§> (a—x).

V6
= ?(a —x)(3a + x).

D. BAI TAP TRAC NGHIEM
1. D& bai

Cau 1. Trong cac khang dinh sau, khang dinh nao 1a khang dinh sai?
A. Néu duong thang d | («) thi d vuéng géc véi hai duong thang nam trong («).
B. Néu duong thang d vudng géc véi hai duong thang nam trong (a) thi d L ().
C. Néu duong thang d vudng goc v6i hai duong thang cat nhau nam trong («) thi d vuong
gbc voi bat ki duong thang nao nam trong mat phang ().
D. Néu d 1 («) va duong thang a || («) thid La.

Cau 2. Trong khong gian cho duong thang A va diém O. Qua diém O c6 bao nhiéu mat phang
vuong goc v6i duong thang A.
A 1 B. 2. C. 3. D. Vb so.

Céu 3. Trong khong gian, tap hop cdc diém M cach deu hai diém c6 dinh A va B la:
A. Mt phang trung truc ctia doan thang AB.
B. Duong thang trung truc ctia doan thang AB.
C. Mat phang vudng géc véi AB tai A.
D. Duong thang qua A va vuong goc véi AB.

Cau 4. Ménh dé sau, ménh dé nao ding?

A. Géc gitta duong thang va mat phang bang goc gitta dudng thang dé va hinh chiéu ctia
né trén mat phang da cho.

B. Goc gitta duong thang a va mat phang (P) bang goc gitta duong thang b va mat phang
(P) khi a va b song song (hodc dudng thang a trung vdi duong thang b).

C. Goc gitta duong thang a va mat phang (P) bang géc gitta dudng thang a va mat phang
(Q) thi mat phang (P) song song v6i mat phang (Q).

D. Géc gitta duong thang a va mat phang (P) bang goc gitta duong thang b va mat phang
(P) thi a song song voi b.

Cau 5. Cho hai duong thang phan biét a,b va mat phang (P), trong d6 a_L(P). Trong cac
khang dinh sau, khang dinh nao la khang dinh sai?

A. Néub || (P) thi b La. B. Néub L(P)thib | a.

C. Néub || athibL(P). D. Néublathib || (P).

Cau 6. Trong cac k}}:fmg dinh sau, khang dinh nao dﬁng?
A. Hai duong thang cung vudng goéc véi mot mat phang thi song song véi nhau.
B. Hai duong thang phan biét cing vudng géc v6i mot duong thang thi song song véi
nhau.
C. Hai duong thang phan biét cling vudng géc v6i mot mat phang thi song song véi nhau.
D. Hai dudng thiang phan biét ciing vudng goc véi mot duong thang thi vuong goc véi
nhau.
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Cau 7. Cho ba duong thang phan biét a,b, c va mit phang (P). Trong cac khang dinh sau,
khang dinh nao sai?

A. Néualbvablcthial c.

B. Néua| bvablcthialc.

C. Néual(P)vab | (P)thialb.

D. Néu a_lb, cLbvaa catc thi b vudng goc v6i midt phang chira hai duong thang a va c.

Cau 8. Trong cac khang dinh sau, khang dinh nao 1a khang dinh sai?
A. Hai duong thang phan biét cling vudng géc véi mot mat phang thi song song véi nhau.
B. Hai mat phang phan biét cting vuong géc véi mot duong thang thi song song véi nhau.
C. Hai duong thang phan biét cing vuong goéc v6i mot dudng thang thit ba thi song song
vOi nhau.
D. Hai duong thang phan biét cling song song v6i mot duong thang thit ba thi song song
véi nhau.

Cau 9. Trong khong gian cho dudng thang a va diém M. C6 bao nhiéu dudng thang di qua
M va vudng goc vdi a?

A. C6 mo6t va chi mot. B. Co6 hai.

C. C6vo sb. D. C6 mot hodc vo sb.

Cho hinh lap phuong ABCD.A'B'C'D’. Hay tra

EI
1oi cac cau 10, 11, 12, 13. c'
A l
: D’
|
B | c
O
A D
Cau 10. Tinh goc gitra hai vecto AA va AC.
A. 90°. B. 0°. C. 60°. D. 135°.
Cau 11. Tinh goc gitra hai vecto AD’ va BC.
A. 45°. B. 0°. C. 60°. D. 135°.
Cau 12. Tinh goc gitra hai vecto AA' va BC.
A. 0°. B. 60°. C. 90°. D. 135°.
Cau 13. Géc gitta hai vecto AD’ va CB la
A. 0°. B. 135°. C. 60°. D. 45°.

Cau 14. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O, tam giac SAB vuong
tai A va tam gidc SCD vuéng tai D. Trong cac khang dinh sau, khang dinh nao sai?

A. AC =BD. B. SO L (ABCD). C. AB 1 (SAD). D. BC | AB.
Cau 15. Cho hinh lap phuong ABCD.A;B;C;D;. Chon khang dinh sai?
A. Goc gitta B;D; va AA; bang 60°. B. Goc gitta B;D; va AC bang 90°.
C. Goc gitta AD va C; B bang 45°. D. Géc gitta BD va CA; bang 90°.

Cau 16 (Dé chinh thitc THPTQG 2019, Ma dé 101).
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Cho hinh chép S.ABC c6 SA vudng géc v6i mat phang (ABC), S
SA = 2a,tam gidc ABC vudng tai B, AB = v/3ava BC = a (minh hoa
nhu hinh vé bén). Géc gitta duong thang SC va mat phang (ABC)
bang
A. 90°. B. 45°. C. 30°. D. 60°.

B

Cau 17. Cho hinh chép S.ABCD ¢6 SA L (ABCD) va ddy ABCD la hinh thoi tam O. Ménh
dé nao sau day sai?
A. SA 1 BD. B. SC L BD. C. SO 1L BD. D. AD 1 SC.

Cau 18 (HK2 khoi 11, 2017 - 2018 S& Gido Duc Ha Nam).

Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tam I, canh a va BAD = 60°. Biét SC = %@

va SC 1 (ABCD). Goi H la hinh chiéu vudng goc ctia I trén duong thang SA. Tinh do dai
doan thang TH.

av'15 a\/g a\/ﬁ a\/5
0 B. IH = 15 C. IH = 0 D. IH = 5
Cau 19. Cho hinh chép S.ABCD, day ABCD la hinh chit nhat va SA_L(ABCD). Ménh dé nao
sau day la ménh dé dung?
A. Mat bén ctia hinh chép la nhitng tam gidc can.
B. Mat bén ctia hinh chép la nhitng tam gidc vudng.
C. Mat bén cua hinh chép la nhirng tam gidc vudng va tam giac thuong.
D. Mat bén ctia hinh chop la nhiing tam giac vudng can.

A. [IH =

Cau 20. Cho tam gidc ABC vuéng tai A va c6 hai dinh B, C nam trén mat phang (P). Goi C' la
hinh chiéu vuéng géc ctia dinh C 1én mp(P). Trong cdc ménh dé sau, ménh dé nao dung?

A. Tam giac ABC' vuong. B. Tam giac ABC’ ¢6 ba géc nhon.

C. Tam gidac ABC' c6 mét goc tu. D. Tam gidc ABC’ c6 mot goc bang 60°.

Cau 21. Cho tam gidc ABC vuéng tai A va c6 hai dinh B, C nam trén mp(P). Goi A’ 1a hinh
chiéu vuéng géc cta dinh A 1én mp(P). Trong cdc ménh dé sau, ménh dé nao dung?

A. Tam giac A’BC la tam giac vudng.

B. Tam gidc A’BC la tam giac nhon.

C. Tam gidc A’BC la tam gidc tu.

D. Tam gidc A’BC c6 goc A’ khong bé hon goc vuodng.

Cau 22. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi, O la giao diém ctia 2 dudng chéo
va SA = SC. Trong cac khang dinh sau, khang dinh nao ding?
A. SA 1 (ABCD). B. BD 1 (SAC). C. AC L (SBD). D. AB L (SAC).

Céau 23. Cho hinh chép S.ABC c6 SAL(ABC) va day ABC la tam gidc vudng tai B. Goi AH
la duong cao ctia tam gidc SAB. Trong cac khang dinh sau, khang dinh nao la khang dinh
sai?

A. SA1BC. B. ABLBC. C. AH1LAC. D. AH1SC.

Cau 24. Cho hinh chép S.ABC c6 SA L (ABC). Goi goc gitta SB va mit phang (ABC) 1a a (don
vi 1a do). Trong cac khang dinh sau, khang dinh nao ding?

A. « = SBA. B. « = BSA. C. a=90° D. « = 180° — SBA.
Cau 25. Cho ti dién ABCD c6 AB = AC va DB = DC. Trong cac khang dinh sau, khang
dinh nao la khang dinh diing?

A. DB1(ABC). B. ACLBD. C. CDL(ABD). D. BCLAD.
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Cau 26. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tam O. Biét SA = SCva SB = SD,
trong cac khang dinh sau, khang dinh nao la khang dinh sai?
A. SOL(ABCD). B. ACLBD. C. BDL1(SAC). D. CSLAC.

Cau 27. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng canh bang a va SAL(ABCD),
SA = @. Tinh géc gitta dudng thang SC va mat phang (ABCD).

3
A. 459, B. 309. C. 600, D. 909,
Cau 28. Cho hinh ti dién ABCD c6 AB, CD, BC d6i mét vuong goc. Khi dé
A. ABL(ACD). B. BCL(ACD). C. CDL(ABC). D. ADL(BCD).

Cau 29. Cho hinh tit dién OABC c6 AO, BO, CO ddi mét vudng géc. Néu I 1a hinh chiéu ctia
diém O trén mat phang (ABC) thi I la:

A. trong tam tam giac ABC.

B. tructam tam giac ABC.

C. tam ctia dudng tron ngoai tiép tam giac ABC .

D. tdm ctia dudng tron ngoai tiép tam giac ABC.

Cau 30. Trong mat phang (P) cho tam gidc ABC, M la diém khong nam trén (P) sao cho
MA = MB = MC, d 1a dudng thang di qua M va vuong géc véi (P). Khi d6 duong thang d
di qua:
A. truc tam tam giac ABC.
B. trong tam tam giac ABC.
C. tam duong tron ngoai tiép tam gidc ABC.
D. tdm dudng tron ndi tiép tam giac ABC.
Cau 31. Ménh dé nao sau day khéng diing?
A. (P) 1a mat phang trung truc ctia doan thang AB néu né di qua 3 diém phan biét cach
déu A, B.
B. (P)la mat phang trung truc ctia doan thang AB néu né vuong géc véi AB tai trung diém
cta AB.
C. (P) l1a mat phang trung truc ctia doan thang AB néu né di qua 3 diém phan biét khong
thang hang cach déu A, B.
D. (P) la mit phang trung truc ctia doan thang AB néu né chira hai duong trung truc khéc
nhau ctia doan thang AB.

Cau 32. Cho hinh chép S.ABC c6 ABC la tam giac déu canh a va SA = SB = SC = b. Goi G
1a trong tAm tam giac ABC. D6 dai SG bang
1 s 4b* — 34 1 o= 3b* — a?
A. E 4b? — 35[2. B. T C. § 9b? — 3(12. D. 3 .
Cau 33. Cho tit diéen OABC c6 OA, OB, OC d6i mot vudng goc. M la diém bat ki thudc mién

. MA*>  MB*  MC?
trong tam gidc ABC. Tim gia trinhd nhatcaa T = oAz T oz T oct

A. minT = 3. B. minT = 2. C. minT = 4. D. minT = 6.

2. Bap an va 1oi gidi

DAP AN TRAC NGHIEM
1B 5D 9C 13B 17D 21D 25D 29B 33 B
2A 6C 10A 14B 18A 22C 26D 30C

3 A 7 A 11 A 15 A 19 B 23 C 27 B 31 A
4 B 8 C 12 C 16 B 20 A 24 A 28 C 32 C
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LOI GIAI CAU HOI TRAC NGHIEM

Caul. "Néu duong thang d vuong goc vé6i hai duong thang nam trong («) thi d1(a)" la
khang dinh sai, can thém diéu kién hai duong thang nam trong (a) cat nhau ntta thi méi
thanh khang dinh ding.

Chon dap an

Cau 2. Trong khong gian cho dudng thang A va diém O. Qua diém O c6 diing mot mét phang
vuong goc v6i dudng thang A.
Chon dap an @

Cau 3. Trong khéng gian, tap hop cac diém M cach déu hai diém c6 dinh A va B la mat phang
trung tryc ctia doan thang AB.
Chon dép an @

Cau 4. "Goc giita duong thang a va mat phang (P) bang goc gitta duong thang b va mat
phang (P) khi a va b song song (hodc duong thang a triung v6i duong thang b)" 1a khang dinh
dung.

Chon dap an

Cau 5. "Néu b lathib || (P)"lakhang dinh sai vic6 thé b C (P).

Chon déap an @

Cau 6. "Hai duong thang phan biét cling vudng géc v6i mot mat phang thi song song véi
nhau" la khang dinh dtng.
Chon dép an (C)

Cau7. "Néualbvablcthia |
Chon dép an (A)

¢"1a khang dinh sai, vi c6 thé a cat c.

Cau 8. Khang dinh "Hai dudng thang phan biét cing vuong géc véi mot dudng thang thi
ba thi song song v6i nhau' 1a khang dinh sai, vi hai duong thang d6 c6 thé cat nhau.
Chon dap an (C)

Cau 9. Trong khong gian cho duong thang a va diém M. Goi (P) 1a mat phang di qua M va
vuong goc voi a. Khi d6 moi duong thang nam trong mat phang (P) va di qua M déu vudng
goc voi a.

Chon dap an (C)
Cau 10.
Do AA’ L (ABCD) nén goc gitra hai vecto B
AA' va AC 12 90°. c'
A :

l D'

I

l

E,J:'— ----------------- c
=2 C
A D

Chon dép an (A)
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Caull. Taco (AD/,BC) = (AD',AD) = 45"
Chon dép an @

Ciu12. Taco (ELV, ﬁ:’) — 90°.
Chon dap 4n (C)

Cau13. Taco (AD',CE) = (BC,CE) =135
Chon dap an

Cau 14.

Taco
(CD,SA) = (AB,SA) = 90°.

CD 1L SA
CD 1 SD.
Suyra CD L AD, do d6 ABCD la hinh chtt nhat.

Dan tdi cac phuong an @, @, @ dung. Phuong
an (B) sai, vi néu SO vudng goc (ABCD) thi

{ CDL50 CD 1 AO, day la diéu vo 1i.

Suy ra

CD1SA

Chon dép an

Cau 15. Dé thay rang , @, @ dung.

Phuong an @ sai vi (Bm1> = 90°.
Chon dép an @
Cau 16.

Do SA L (ABC) nén géc gitta SC va (ABC) chinh 1a géc SCA. Theo
dinh li pytago, do tam gidc ABC vudng tai B nén ta c6

2
AC = VABZ+ BC2 = 4/ (aﬁ) a2 =2

Xét tam giac SAC vuong tai A co
=5 SA 22

Suy ra (SC, (ABC)) = SCA = 45°.
Chon dép an (B)
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Cau 17.

Ta c6: SA L (ABCD), suy ra SA vudng goc voi BD.
Do tit gidc ABCD 1a hinh thoi nén BD vudng goc
vdi AC, ma SA vudng géc véi BD nén BD L (SAC),
suy ra BD L SCva BD L SO. Dé thdy AD khong
vuong goc SC, vinéu AD vudng goc véi SC thi AD
vuong goc voi AC, vo li.

95]

Chon déap an @

Cau 18.

Ta c6 tam giac ABD la tam gidc déu nén

Al = Tf = AC = av/3.

Vi ASCA ~ AITHA nén

SC SA SC IA

IH 1A, < = ()

Xét tam giac vuong S CA ta co

SA =+/SC? + AC? = \/—+3 24

Tir (1) suy ra
av'3 a\/—
o SCIA 5o _aV/15
- SA 415 10
2
Ch(_)ndépén@
Cau 19.

Do SAL(ABCD) nén hién nhién ASAB, ASAD la
nhirng tam giac vuong. Tacé CD_L DA, ma DA la hinh
chiéu ctia DS trén (ABCD) nén CD vudng gbc véi DS,
suy ra mat bén SDC la tam giac vuodng tai D. Tuong
tu ta co mat bén SBC la tam gidc vudng tai B. Nhu vay
chi co khéng dinh "Mat bén cta hinh chép 1a nhing
tam giac vuong" 1a chic chan dung. Ta chon phuong

in (B).

Chon dap an

Céau 20. Vi(’ trung vdi C nén tam giac ABC' vuong tai A.
Chon dép an @

Cau 21. Néu A nam trén (P) tic A’ tring A thi tam gidc A’BC c6 goc A vudng, néu A khong
nam trén (P) thi

A'BA'C=A'AAC+ AB.A'C = AB.A'C = AB(A'A + AC)
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_y —

— ABA'A = —AB.AA <0,

suy ra goc BA'C la goc tu.
Chon dap an @

Céau 22. Tacé: SA = SC, suy ra SAC la tam giac can. Mat khac O 1a trung diém cua AC (tinh
cht hinh thoi) nén AC L SO.

Ta 6 ACLBDiACJ_(SBD)
49 4c 1 so '

Chon dap 4n (C)

Cau 23.
Ta c6 dudng thang SA vudng goc véi mat phang (ABC), ¢
ma duong thang BC nam trong (ABC) nén SA vudng goc
voi BC, suy ra @ ding. Hién nhién dung. Nhu vay:
BCLBA C (SAB)
BCLSA C (SAB)
BANSA = A.
Suy ra BCL(SAB).

Do d6 BCLAH.
, { AH1BC
Ta co

AH1SB. A C
Suy ra AHL(SBC) = AH.LSC. Vay (D) ding. D& thy
rang AH 1 AC 1a khang dinh sai. Vay chon @

N

Chon dép an (C)

Cau 24.

Ta c6 duong thang SA vudng goc v6i mat phéang (ABC)
nén hinh chiéu ctia duong thang SB trén mat phang
(ABC) la duong thang AB. Do d6 géc gitta duong thang
SB va mat phang (ABC) bang goc gitta hai dudng thang
SB va AB, ticlaw = SBA.

Chon dép an (A)

Cau 25.
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Goi M 1a trung diém BC. Khi d6, do ABC, DBC A
lan lugt 1a nhitng tam giac can tai A, tai D nén BC

vudng goc vdi MA va BC vudng goc vai MD. Suy

ra BC vuéng goc véi mat phang (ADM), vi thé nén

BC vudng goc voi AD.

Chon dép én (D)

Cau 26.

Do SAC, SBD lan lugt la nhitng tam giac can tai
S nén SO vuodng goc vdi AC va SO vuong goc voi
BD. Suy ra SO vuéng géc v6i mat phang (ABCD).
Dé thay rang

SOL(ABCD),

ACLBD,

BDL(SAC)

la nhiing khéng dinh dung.

Chon dép an @

Cau 27.

Vi SA 1 (ABCD) nén suy ra hinh chiéu ctia SC trén (ABCD)
1a AC. Goc gitta SC va mét phang (ABCD) 1a SCA. Ta c6:

tan (SC, (ABCD)) = tan SCA = %
av/6
_ 3 _ V3
- av/2 3°
Suy ra SCA = 30V,
Chon dap an
Cau 28.
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Ta co: A
CDLAB C (ABC)
CDL1CB C (ABC) = CDL(ABC).
ABNCB =B

Vay @ dung.

Ménh dé (A) sai vinéu ABL(ACD) thi ABLAC, vo 1.

Ménh dé (B) sai vi néu BC_L(ACD) thi BCLCA, v6 li.

Ta ¢c6 ABL(BCD) nén ménh dé @ sai vi nfu g¥ D
AD 1 (BCD) thi dan t6i B trung D, vo 1i.

Chon dap an (C)

Cau29. Vi AB1OIva ABLOCnén AB1CI, tuong tu BCLAI
Vay I la truc tam tam giac ABC.

Chon dap an

Cau 30. Goi M’ la giao diém ctia duong thang d va mat phang (P) thi M’ 1a hinh chiéu ctia
M trén (P) nén tt MA = MB = MC suyra M'A = M'B = M'C.

Chon dap an (C)

Cau 31. Ménh dé sai la: "(P) 1a mat phang trung truc cia doan thang AB néu né di qua 3
diém phan biét cach déu A, B".

Chon dap an @

Cau 32. Gia st H la chan dudng vuong goc ha tir S xudng mit phang (ABC). Khi d6, do SA,

SB, SC bang nhau nén HA = HB = HC hay H la tAm dudng tron ngoai tiép tam giac ABC,
ticla H = G. Vi tam gidc ABC déu canh a nén

GC = M oSG =/SC2—GC2 = \/9b2 32,

Chon dap an (C)

_— > —

Cau33. Dt OA = 7,0B=1b,0C = ¢.Khid6 OM = x@ +yb +z7C, véi x,, z laba sb c6
tong bang 1. Ta c6:
AM=0M-0A=(x—1)7+yb +z¢
SAM? = (x — 1272 + 12 b2 + 2222

“oar - WUV E T,

Tuong tu ta dugc:

]\4B2 2 2 MC2 2 2612 2b2
o R - e i
Do dé:

T MA? N MB? N MC?
- 0OA? ~ OB*  OcC?

1 1 1 1 1 1
= () o (o) 2 ()
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+(x—1P2+ @y —-172+(z—1)

1 1 1
_ (g_2+ﬁ+c_2) (x2a2+y2b2+zzc2)

(PP 2) H a1 (-1 1)
_ l l l 2 2 212, .22
_<a2+b2+c2)<xa +y°b +zc)
—2(x+y+z)+3.

Ta biét rang H 1a chan dudng cao ké tir dinh O cua ti dién vuéng OABC khi va chi khi H 1a
truc tdm cua tam gidc ABC. Hon nita

1 1 1 1
S+t 5= g 0P 28 = OM

. MA?  MB* MC* OM? £ un R
Dodd T = A2 + OB + 0c2 = O +1>1+1 = 2. Dau "= xayrakh1vach1k7h1
OM = OH hay M trung H. Vay min T = 2, dat dugc khi M trung H hay M la truc tdm cua
tam giac ABC.

Chon dap an
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BAI 4. HAI MAT PHANG VUONG GOC

A. TOM TAT L THUYET
1. Géc gitra hai mit phang.

Dinh nghia 1. Géc gitta hai mat phang la goc giita
hai duong thang 1an lugt vudng géc véi hai mat
phang doé.

avyayi

Dinh li 1 (Dinh 1i hinh chiéu). Goi S la dién tich da gidc () trong mit phing (P) va S' la dién
tich hinh chiéu (A') ciia (A°) trén mit phing (P'). Khi d6 S' = S. cos ¢, trong dé ¢ la gc giita hai
mdt phing (P) va (P').

2. Hai mit phang vudng géc.

Dinh nghia 2. Hai mat phang (P) va (Q) goi la
vudng goéc véi nhau néu goc gitta chiing bang 90°.
Ki hiéu (P)L(Q).

Dinh li 2. Néu mét mit phing chita mot duong thing
vudéng goc véi mot mét phing khdc thi hai mdt phing do
vubng goc voi nhau. Viy:

A P
{ Af(é)) = (P)L(Q). b

Dé xéac dinh chan dudng cao cta hinh chép, ta
thuong dung dinh 1i 3 sau day.

Dinh li 3. Néu (P)_L(Q) thi bt cit duong thing A nao
nam trong (P), vudéng géc vdi giao tuyén ciia (P) va (Q)
déu vuong goc vdi mdt phing (Q). Vay:

(P)L(Q) P oIA

(P)N(Q)=a = AL(Q).

AC (P), Ala

Hé qua 1. Néu (P)L(Q) va diém A € (P) thi
duong thang a di qua A va vuong goc véi (Q) sé b

nam trong (P). a/ 0

Hé qud 2. Néu hai mit phang cit nhau va cting vudng géc véi

mat phang thit ba thi giao tuyén ctia chiing vuong géc véi mat
phang thi ba. Vay P
(P)N(Q) = a .
(P)L(R) =al(R).
(Q)L(R)
/\
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Hé qud 3. Qua dudng thang a khong vudng géc véi mit phang (P) ¢ duy nhat mot mat
phang (Q) vudng géc v6i mat phang (P).

3. Hinh lang tru dung. Hinh hop chur nhat. Hinh lap phuong.

Dinh nghia Hinh vé Mot so dac trung
Hinh lang tru dung Mat bén 1a hinh
La hinh lang tru chtr nhat. Cac mat
c6 canh bén vuong bén vuong goc
goc voi mat day. voi mat day.
Hinh ling tru déu Cac mat bén la
La hinh lang tru dung nhing hinh chtr
c6 day la da giac déu. nhat bang nhau.
Hinh hop dung Mat bén 1a hinh
La hinh lang tru chir nhat. Cac mat
dung co6 day la bén, canh bén vuong
hinh binh hanh. goc vai mat day.
Hinh hop chu nhat Cac madt bén va
La hinh hop dung mat day la
c6 day la hinh chir nhat. hinh cha nhat.
Hinh lap phuong | Miit bén va mit
La hinh hop chtt ! RTINS .
Ap 2 iAro2 | day la nhtrng hinh
nhat co tat ca cac bommmmme - A v
R ;. vuong bang nhau.
canh bang nhau. 4[/

4. Hinh chép déu va hinh chép cut déu.
Dinh nghia 3. Mot hinh chép duoc goi 1a hinh chép déu néu ddy ctia né 1a da giac déu va cac
canh bén bang nhau.

Luu y. Trong hinh chép déu, chan dudng cao tring véi tim ctia day.
Vi du. Hinh chép ti gidc déu:
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chiéu cao: SO NC canh bén: SA = SB=SC = SD

—~

D 4 // b c goc gitta mat bén va day: STO

day: hinh vuong ABCD

Dinh nghia 4. Khi cat hinh chép déu bdi mit phang
song song vGi dday dé duge mot hinh chép cut thi hinh
chop cut d6 dugc goi la hinh chop cut déu.

k.

B. MOT S& DANG TOAN

Dang 12. Xac dinh géc giira hai mit phang. Dién tich hinh chiéu ctia mét da giac.

Phuong phap. Dé dung géc ¢ (v6i 00 < ¢ < 90°) gitta mat phang (P) va mat phang (Q) ta
lam nhu sau:

& Budc 1: Xac dinh giao tuyén A ctia hai mét phang (P)

va (Q).
& Buéc 2: Dung mat phang (R) vudng goc v6i dudng
thang A tai O.
, R)N(P) =Ox
& Budc 3: ( = ¢ = (Ox,0y).
{ {1 (0) - oy ¢ (0

& Budc 1: Xac dinh giao tuyén A ctia hai mat phang (P)
va (Q).

& Budc 2: Chon diém O € A. Vé dudong thang Ox nam
trong (P) sao cho Ox_ 1 A. Vé duong thang Oy C (Q)
sao cho Oy_LA.

® Budc 3: Khi d6 ¢ = (Ox, Oy).
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Truong hop dac biét: Véi ti dién ABCD c6 dac diém AB L CD, néu mudn tim goc gitta (DAB)
va (CAB) thi ta thuc hién:
& Dung mat phang (P) chita CD va (P) LAB.

& Néu (P) cat AB tai I thita cé CILAB, DILAB.
Do d6 goc gitta hai mat phang (ABC) va (ABD)
la goc CID.

Cha y 7. Ta ¢6 thé dung cong thirc dién tich hinh
chiéu cta da gidc & dinh 1i 1, trang 93 dé:

& Tinh dién tich hinh chiéu da giac.

& Tinh goc hgp bdi hai mat phang va khong can
vé hinh do. )
Bai 1. Cho ta dién ABCD v6i ABL(BCD) va AB = a, ABCD déu canh 2a. Tinh géc ¢ gita
hai mat phang (ACD) va (BCD).
(¢ Loi gidi

Ta c6 (ACD) N (BCD) = CD.
Ké AH_LCD tai H. Khi dé:
CDL1HA

CDLAB — CD_1BH.

(ACD)N (BCD) =CD
Tom lai:

AH C (ACD), AH1CD

BH ¢ (BCD), BHLCD.
Suy ra ¢ = AHB la géc gitta mat phang (ACD) va mit phang
(BCD). Do tam giac ABH vuong tai B nén:

AB_ @ V3 s
BH ™ 3 3

2
Luu y. C6 thé dung géc gitta hai mat phang (ACD) va (BCD) cach khac nhu sau:
(ACD)N(BCD) =CD
(ABH).LCD
(ABH) N (ACD) = HA
(ABH) N (BCD) = HB

tan @ =

= ((ACD), (BCD)) = (HA, HB) = AHB.

Nhu vay dé dung goc gitta hai mat phang, viéc dau tién la ta phai tim giao tuyén ctia hai mat
phang dé.
Bai 2. Cho AABC déu canh a va BC ndm trong mot mat phang (P). Chiéu AABC trén mp(P)
thanh tam gidc A’BC vudng tai A'.

a) Tinh géc gitta duong thang AB véi mat phang (P) va goc gitta duong thang AC v6i mat

phang (P).

b) Tinh dién tich tam gidc A’BC réi suy ra géc gitta mat phang (P) va mat phang (ABC).
(¢ Loi gidi ,
a) Goi ¢ (v6i 0° < ¢ < 90) la goc gitra dudng thang AB va
mp(P). Khi d6 ¢ = ABA’ = ACA’. Vi AB = AC = anén
AA’BC vudng can tai A’. Do d6

BC a

BC? =2A'B2 = A'B= —& = —.
V2 V2

Trong tam giac vuéng ABA’ ta c6
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— 2
cos ABA' = 1 g = £, suy ra

V2 2
P = ABA! = 450, Tuong tu, goc glua duong thang AC v6i mat phang (P) 1a 45°.

b) Goi Sva §’ lan luot 1a dién tich cia AABC va AA’BC. Ta ¢6

23 o, 1 1 1a> a2

= = _-A'BAC=-AB>=Z.— =—.

S 4 7 5 2 B.AC 2 B 22 4

Goi a (v6i 00 < a < 90°) 1a gbc gitta mat phang (P) va mp(ABC). Ta ¢6
S'=5§ cosoc:>cosoc—s—/—£ 4 —L:Nx—arccos—
' SR NN Vi

Bai 3. Cho ti dién ABCD c¢6 AB = CD, AC = BD, AD = BC va s6 do cac goc tao bdi cac
mat phang (DBC) (DCA), (DAB) v6i mat phang (ABC) tuong ung la a, B, 7. Gia st chan
duong cao cta ti dién ké tir D nam trong AABC. Ching minh rang cos « + cos f + cosy = 1.
(£ Loi gidi

Ta c6 AABC = ADBC = ADCA = ADAB (c-c-c). Ki hiéu dién
tich cac tam giac nay l1a S. Goi H, K, N, M theo thu tu 1a hinh
chiéu vuong géc ctia D trén mét phang (ABC), BC, CA, AB nhu
hinh vé. Khi d6

DKH — a, DNFI — f, DM = .

Theo dinh li hinh chiéu:

Sypc = Sppc.cosa = S.cos .

Tuong tu:

SHCA = S.COS‘B, SHAB = S.COS’)’.

Do diém H nam trong tam gidc ABC nén

Sapc = SHpc + SHcA + SHAB-
Tir d6 ta dugce
S =S (cosa+ cos B+ cosy) < cosa + cos f+ cosy = 1.

Bai 4. Cho hinh chép tam giac déu S.ABC. Ki hiéu « 1a géc gitta SA va (ABC), B 1a goc gitra
(SAB) va (ABC). Ching minh rang: tan = 2 tan a.
(¢ Loi gidi

Goi H 1a hinh chiéu vudng goc ctia S trén (ABC), khi d6
3 tam giadc vudong SHA, SHB, SHC bang nhau nén HA =
HB = HC hay H la tAm ctia tam giac déu ABC. Ta ¢6 hinh
chiéu ctia SA trén (ABC) 1a AH, do d6 « = SAH. Goi M
1a trung diém AB. Khi do6:

(SAB)N (ABC) =

(SMC)_LAB

(SMC)N(SAB) = MS

(SMC) N (ABC) = MC.
Suy ra: p = SMC. Ta c6:

tan B — SH

Ar P = yvm ) .
Do tam gidc ABC déu nén H la trong tdm ctia AABC, dan t6i: MH = ECH = EAH' Nhu vay:
SH 2SH
MH ~ AH

tana =

tan B = = 2tana. Ta c6 diéu phai ching minh.
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Bai 5. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chitnhatva AB =4,BC =b (b > a > 0).
Canh SA vudng goc véi ddy va SA = c. Ki hiéu « la goc gitrta SC va BD; B la goc gitta (SBC)
va (ABCD). Chtiing minh rang:

K> —1 . b
cosw = , VO k = —.

\/k2—|—1—|—tan2,6.\/1—|—k2 a

@ L&i gidi

Dé thay rang B = SBA. Trong tam giac vuong SAB, ta s
c \

cortanf = pt
SC.BD|

SC.BD
Mat khac, ta co

SC.BD = (ﬂ?’ - A_s’) BD
— AC.BD — AS.BD
— AC.BD
— (AB+ BC) <ﬁ5 - E’)
— —AB?+BC.AD
= —a’ + B_C)B_C)

= —a®> 4+ BC? = b*> — a?.
Lai c6: BD? = AB? + AD? = a? + b?. Do tam giac SAC vudng tai A nén:

Ta co: cosa =

(*)

SC2 =SA%2+CA%2 =%+ a% + b2

Thay vao (*), ta duogc:

b2
cosa = —
Va2 + 2.2 + b? + 2 v? v 2
a a a
B K> —1
VITR/1+ K2 + tan?p

Ta c6 diéu phai chiing minh.

Dang 13. Ching minh hai mat phang (P) va (P') vuéng goéc véi nhau.

Phuong phap.

Cach 1. Chiing minh géc gitta hai mat phang bang 90°.

Cach 2. Van dung dinh 1i 2 § trang 93 : Chiing minh trong mat
phang nay c6 mot dudng thang vuong géc v6i mat phang kia,
tacla

A C (P)
{350 = (L@,

<
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Bai 6. Cho hinh chép S.ABCD c6 day ABCD 1a hinh chit nhat, SAL(ABCD). Ching minh
rang (SCD) 1 (SAD).
(¢ Loi gidi

Tac6 SAL(ABCD) = SALCD. Vay
CDLDA C (SAD)
CDL1SA C (SAD) = CDL(SAD).
DANSA=A

Ma CD C (SCD) nén (SCD)L(SAD).

Bai 7. Cho hinh chép S.ABCD c¢6 cac mit phang (SAB) va (SAD) ciing vudng géc véi (ABCD),
day ABCD la hinh vudng tam O. Goi H va K lan lugt hinh chiéu ctia A trén cac canh SB va
SD. Ching minh rfing

@) (SAC)L(SBD); @ (SAC) L(AHK).
@ Loi gidi
(SAB)L(ABCD)
Tacé{ (SAD)L(ABCD) = SAL1(ABCD).Suyra SALBD.
{ (SAB)N (SAD) = SA

BD1SA C (SAC)
O ¢ BDLAC C (SAC) = BD1(SACQC).
SANAC=A
Ma BD C (SBD) nén suy ra (SBD) L(SAC).

BCLSA
@ { BelAp = BCL(SAB) = BCLAH.

Vs {AHLSB
Y1 AHLBC
_ { DCL1DA

DCL1SA

Vg { AKLDC

= AHL(SBC) = AHLSC. (1)
= DCL(SDA) = DCLAK.

i Axlsp = AHL(SDC) = AKLSC. )

Tir (1) va (2) suy ra SCL(AHK) = (SAC) L(AHK).
Luu y. C6 thé gidi cAu b) cach khac nhu sau: ta chitng minh dugc:

{ HK|BD . HKI(SAC) = (AHK)L(SAC).

BD_1(SAC)
Bai 8. Cho hai tam giac ACD va BCD ¢6 AC = AD = BC = BD = a, CD = 2x va hai tam
gidc nay nam trén hai mat phang vuéng géc v6i nhau. Goi I, | 1an lugt 1a trung diém ctia AB
va CD.
a) Tinh AB va I] theo a va x.

b) Véi gia tri ndo cta x thi hai mat phang (ABC) va (ABD) vudng géc véi nhau?

@ L&i gidi
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a) Vi J 1a trung diém cta doan thang CD va AC = AD
nén AJLCD. Do (ACD)L(BCD) nén AJL(BCD).
Mat khac AC = AD = BC = BD nén tam giac AJB
vuong can, suy ra AB = AJv/2va AJ?> = a® — x2.

Do doé: A] = Va2 — x2.

Vay AB = \/2(a? — x?), véia > x.

Do I 1a trung diém AB, tam gidc AJB vudng tai J nén C ¢
2(a? — x2)

— 5

b) R6 rang la CI va DI vudng goéc voi AB. Vay
(ABC)_L(ABD) khi va chi khi

1
JI = 5AB, ticlal] =

__ D 22— 2
CID:9OO<:>I]:C2 o (”2 )y
)

Dang 14. Cho trudc mit phang (Q) va duong thing a khéng vuéng goc véi mit
phang (Q). Xac dinh mat phang (P) chta duong thang a va (P)_L(Q).

Phuong phap. Tir diém M thudc duong thang a, ta dung

duong thang b qua M va b1 (Q). Khi d6 (P) la mit phang J
chaaavab, tacla (P) = mp(a,b). b
Luu y. Dé dung duong thang b ban doc can xem lai dang toan .

10 (6 trang 64). /. _________
Q

Bai 9. Cho hinh chép S.ABCD ¢6 SAL(ABCD), SA = a, day ABCD la hinh vuéng canh g,
tam O. Dung va tinh dién tich thiét dién qua SO va vudng goc vdi (SAD).
(¢ Loi gidii

Goi H, K 1a trung diém BC, AD. Ta co6:

OKLAD C (SAD)

OKLAS C (SAD) = OKL(SAD).

ADNAS=A
Ma OK C (SKH) nén (SKH) L (SAD). Vay mat phang qua SO
va vuodng goc voi (SAD) 1a (SKH). Ta ¢6 KH LSK, suy ra thiét
dién la tam giac vuong SKH. Ta co:

2 2
SK2:SA2+AK2:a2+aZ:5%
:SK:M KH = AB =a.
2
Dién tich thiét dién1a S = Sgpx = —SK KH = % g = \/ia .

Bai 10. Cho hinh chép S.ABCD c¢6 ABCD la hinh vuéng canh a, SA1(ABCD), SA = a+/3.
Goi (a) 1a mat phang chita AB va vudng géc v6i (SCD). Hay xac dinh mat phang («). Mat
phang (a) cat hinh chép theo thiét dién 1a hinh gi? Tinh dién tich thiét dién.

(¢ Loi gidi
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Dung AH1SD (H € SD). Ta c6
DCLAD C (SAD)
DCLSA C (SAD) = DCL(SAD).
ADNSA=A
Ma AH C (SAD) nén DCLAH. Vay
AHLDC C (5CD)
AHLSD C (SCD) = AH.L(SCD).
DCNSD =D
Ma AH C (ABH) nén (ABH)L(SCD).
Vi («) 1a mat phang chita AB va vuéng géc véi (SCD) nén («) chinh 1a (ABH). Ta c6 (ABH) N
(SAD) = AH, (ABH)N (SAB) = AB. Lai c6

AB C (ABH) = (ABH) N (SCD) = Hx,

H € (ABH) N (SCD)
{ AB || (SCD)

v6i Hx 1a duong thang qua H va song song v6i CD (do dinh 1i 22 & trang ??). Goi K = Hx N SC.
Do do
(ABH)N (SCD) = HK, (ABH)N (SBC) = BK.

Vay thiét dién can tim 1a ti gidc AHKB. Ta c6 HK || AB. Hon nita
AB1(SAD) = AB1AH, HK || AB= HKLAH.

Do d6 thiét dién Ia hinh thang vudng tai A va H. Ta c6 dién tich thiét dién la

(AB+ HK)AH
SAHKB = > .
Vi ASAD vudng tai A nén
1 1 1 1 1 4 av/3
— = — _— = — AH = —.
A2 A2 TAD: 32 T2 T 32T 2
Ta co: ) ) )
A
SA? — SH.SD = SH — 24~ _ 3a _ s _ %
SD  AD?+ AS2  4a2 2
Lai co:
3a .
SH HK SHCD 5% 3a
sp-cp  RK=—Qp = 71
Vay:

(AB+HK)AH 1 3a\ a3  7v/3a?
SAHKB = > =5\t T )5 =

Chti y 8. Ta con c6 thé tim giao tuyén ctia mat phang (ABH) va (SCD) bang cach van dung
hé qua ?? ¢ trang ?? nhu sau:

AB C (ABH), CD C (SCD) = (ABH)N (SCD) = Hx,

H € (ABH) N (SCD)
{ AB || CD

v6i Hx la duong thang qua H va song song véi CD.
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Bai 11. Cho hinh chép S.ABCD ¢6 day ABCD la hinh vuong. Mat bén SAB la tam giac déu
va nam trong mat phang vuéng géc véi mat phang day (ABCD). Goi I 1a trung diém AB, goi
(P) 1a mat phang chita DI va vuéng géc véi (SBC).

a) Tim thiét dién cia mat phang (P) vé6i hinh chép. Gia sir (P) cat SC tai M, tinh i s6 ((::—AS/I

b) Xac dinh hinh chiéu ctia C trén mat phang (P).
(¢ Loi gidi
Phan tich. Trén DI, ta sé chon mét diém r6i dung duong thang di qua diém d6 va vudng goc
vdi (SBC) (theo dang 14 & trang 100). Do gia thiét (SAB) L (ABCD) nén ta sé chon diém I. Do
da c6 IB_LBC nén theo dang 10 & trang 64, trong (SBC), ta chon BC va dung mat phang qua I
va vudng goc v6i BC. Va nhu vay, theo dang 9 & trang 62, ta chi can vé thém mot duong thang
cat BI va vuong goc véi BC.
Giai.
a) Goi E, J lan lugt 1a trung diém cta cac
doan thang SB va EB. Ta c6 hai mét phang
(ABCD) va (SAB) vudng goc voi nhau
theo giao tuyén AB, ma BC vudng goc véi
AB nén BC vuédng goc vGi (SAB), suy ra
BC vudng géc vdi I]. Do tam gidc SAB déu
nén AE vudng goc voi SB. Taco I] LSB (do
I] 1a duong trung binh cia AABE). Nhu
vay:
{ IJ1SB C (SBC)

IJLBC C (SBC) = IJL(SBC).
SBNBC =B
Do dé (DIJ)L(SBC) = (P) = (DIJ). Goi K = DIN BC, M = KJ N SC. Khi d6 thiét dién 1a tir

1 X o
giac DIJM. Trong tam gidac KCD, ta c6 BI || CD va BI = ECD nén B, I 1an lugt la trung diém

ctia cac doan thang KC, KD. Qua ] dung dudng thang song song véi BC cat SC tai N. Ta c6:
SN JN S§] 3 B .
JN 3 _ MN _M] ]

CK 8  MC MK CK 8
-1

_CN_MC-MN_, MN_, 3_5

CM ~ CM MC ~ 8 8
8 8 1 2

= CM=ZCN = 5C=ZSC.

Nhu vay ((::—];/I = %

b) Theo cau a), ta c6: (SBC)L(P), (SBC)N (P) = JM. Nhu vay, ti C vé CH vudng goc vdi
JM tai H, khi d6 CH vudng goc véi (P) = (KDM) tai H, hay H 1a hinh chiéu C dén mat phang
(P).

Dang 15 (Lién hé dang nay v3i dang 10 &§ trang 64, gl@ng 17 8 trang 135).

Xac dinh chan duong vuong goc ha tir mét diém xudng mot mat phang : Cho mat
phang (P) va diém M khong thudc mat phang dé. Xac dinh hinh chiéu ctia M trén
(P).

Phuong phap. Sau day ta sé phan loai, xét mot s6 trudng hop thuong gap va dua ra phuong
phép giai ching.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



103 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Trudng hgp 1. Trong (P) c6 mét diém A va mot duong M
thang d khong di qua A sao cho MA_Ld.

Cach giai.
d
& Trong mat phang (P) ké duong thang d’ di qua A va H /
d'Ld. - 4

& Trong mit phang (M,d’), dung MH Ld'. Khi d6 H la
diém can tim. . )
Bai 12. Cho hinh chép S.ABC c6 day ABC la tam giac deu va hinh chieu H ctia S trén mat
phang (ABC) trung v6i tim ctia tam gidc ABC. Xac dinh chan duong vudng goc ha tir A dén
mat phang (SBC).
(¢ Loi gidi

Vi tam gidc ABC déu nén H la truc tdm cta né. Vi
ba tam gidc vuéng SHA, SHB, SHC bang nhau nén

SA =SB =S5C.Taco
BCLSH C (SAH)

BCLAH C (SAH)

SHNAH = H.
Suy ra BCL(SAH).
Do d6 BCLSA. Ve SI vuong goc voi BC tai [. Khi do I
1a trung diém BC. Vé AD vudng goc véi SI tai D. Khi
d6 D la diém can tim. That vay, vi

AD1SI C (SBC)

AD1BC C (SBC) = ADL(SBC)

SINBC =1

nén D (chan dudng cao ké tir A ctia tam giac SAI) la hinh chiéu ctia A trén (SBC).

Truong hgp 2. Trong (P) c6 hai diém A, B sao cho
MA = MB.
Cach giai.

& Trong (P) ké dudng trung truc d ctia doan thang AB.

& Trong mat phang (M, d), dung MH Ld. Khi d6 H la
diém can tim. —
Bai 13. Cho hinh chop S.ABC, ddy ABC la tam giac can tai A va SAB = SAC. Xac dinh duong
thang chira chan dudng cao ctia hinh chép.
(¢ Loi gidi

Hai tam gidc SAB va SAC bang nhau (do
AB = AC, SA la canh chung, SAB =
S/fﬁf), suy ra SB = SC. Dung duong
cao AM ctia AABC. Khi d6 AM la duong
trung truc cta doan thang BC. Trong
(SAM), ké SH vuodng goc véi MA tai H.
Khi dé:

BCLMS C (SMA)
{ BC1LMA C (SMA)

MSNMA = M.
Suy ra
BCL1(SMA) = BCLSH.
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SHLAM C (ABC)

Tac6 { SHLBC C (ABC) = SH.1(ABC).Chan dudng cao H ha tir S ctia hinh chép ndm
AMNBC =M

trén AM.

Truong hop 3. Ton tai mot duong thang a vuong géc véi mat

phang (P). Q
Cach giai.
& Goi (Q) la mat phang di qua M va dudng thang a. Tim N
giao tuyén ctia hai mat phang (P) va (Q). H ;
P

@ Ké duong thang qua M va song song vdi 4, cat giao tuyén
tai H. Khi d6 H 1a diém can tim.
Bai 14. Cho hinh chép S.ABC ¢6 day la tam giac ABC vudng tai C. Cho SA vudng goc voi
mat phang (ABC). Xac dinh chan duong vuéng géc ha tir diém M thudc canh AB xubng mat
phang (SBC).
(¢ Loi gidi

Goi K 1a hinh chiéu ctia A trén SC.
BCLAC C (SAC)

Tac6: ¢ BCLSA C (SAC)
ACNSA = A.

Suy ra BCL(SAC).

Ma AK C (SBC) nén BCLAK.
AKLSC C (SBC)

Tacé: ¢ AKLBC C (SBC)
SCNBC =C.

Suy ra AKL(SBC).

c
Mat phang (AKB) chita M va duong thang AK, lai c6 (AKB) N (SBC) = KB. Trong (AKB) vé
duong thang qua M, song song v6i AK, cat KB tai H. Vi MH_L (SBC) nén H la diém can tim.

Truong hop 4. Piém M thudc mit phang (Q) vuéng géc véi

mit phang (P). Q
Cach giai.
< . M
@ Tim giao tuyén d cta hai mat phang (P) va (Q).  __f--
@ Chon trén d diém H sao cho MH 1 d. Khi d6 H 1a diém can 5 H N\ :
tim.

Bai 15. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh chit nhat. Cho duong thang SA vuong
goc vai (ABCD).

a) Ching minh rang (SAB) L(SBC).

b) Xéac dinh chan dudong vuong goc ha tir diém M nam trén dudng SA xudng mit phang
(SBC).

¢) Goi O la giao diém ctia hai duong thang AC va BD, goi («) la mat phang qua O va song
song v6i duong thang BC. Xac dinh chan dudng vuong goc ha tir S xubng ().

@ L&i gidi

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



105 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

BCLSA C (SAB)
a) Tac6{ BCLAB C (SAB)
SANAB = A.
Vay BCL(SAB).
Ma BC C (SBC)
nén (SBC)L(SAB).
b) Ta cé:
(SAB)N (SBC) = SB.
Trong mit phang (SAB), vé dudng thang qua
M, vudng goc v4i SB tai H. Vi MH1(SAB)

nén H la diém can tim.
c) Ta co:

{ O € (x) N (ABCD) = ()N (ABCD) = Ox,

BC C (ABCD), BC || («)
v6i Ox la duong thang qua O va Ox || BC. Goi P va Q lan lugt la giao diém ctia Ox v6i AB
va CD. Khi d6 vi PQ C («) va PQL(SAB) nén (a) L(SAB). Diém S thudc (SAB), do d6 chan
duong vuéng goc ha tir S xubng (a) nam trén giao tuyén ctia (a) va (SAB).

. BAI TAP ON-LUYEN
1. Bé bai

Bai 16. Cho hinh chép S.ABC ¢6 day la tam gidc vuong tai B, SA vuodng goc véi (ABC). Goi
B/, C’ 1an lugt 1a hinh chiéu vudng goc ctia A xubng SB, SC. Ching minh rang:

a) BCL(SAB).
b) AB'1(SBC).
c) (AB'C")L(SAC).
d) T giac BCC'B’ néi tiép duong tron.

N . s s s aVs o
Bai 17. Cho hinh chép tu gidc déeu S.ABCD, canh day bang a, canh bén bang — Tinh goc
gitta cdc mit phang

@ (SAB) va (ABCD); @ (SAB) va (SCD).

Bai 18. Cho hinh chép S.ABC c6 déy la tam gidc vuong tai B, AB = a, SAL(ABC), BAC = a,
SA = a. Goi H va K 1an luot 1a hinh chiéu ctia A trén SB va SC. Géc gitta hai mat phzfmg
(SAC) va (SBC) la B.

a) Chuang minh BCLAH, SCL(AHK).

b) Chiing minh rang tan a. tan = &.

Bai 19. Cho AABC c¢6 BC = 2a va duong cao AD = a. Trén dudng thdng vuong géc véi
mp(ABC) tai A 1y diém S sao cho SA = a+/2. Goi E, F 1an lugt la trung diém ctia SB, SC.

a) Chuang minh BC_L(SAD).

b) Goi H la hinh chiéu ctia A trén EF. Chiing minh AH nam trong (SAD). Hay cho biét vi
tri cia diém H doi véi hai diém S va D.
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¢) Tinh dién tich tam gidc AEF.

Bai 20. Cho hinh chép S.ABCD c6 day la hinh vuéng canh a, tam giac SAB déu, SC = a/2.
Goi K 1a trung diém ctia AD. Chiing minh rang

@ (SAB) L(ABCD); @) ACLSK,CKLSD.

Bai 21. Cho tt dién ABCD c6 ABLCD. Goi H 1a truc tdm tam gidc BCD va K la truc tdm tam
giac ACD. Ching minh rang (AHK) vudng géc véi (ACD) va (BCD).

Bai 22 (DH-2002A). Cho hinh chép tam giac déu S.ABC, c6 d6 dai canh day bang a. Goi M, N
lan luot 1a trung diém cac canh SB, SC. Tinh theo a dién tich AAMN, biét rang (AMN) L (SBC).
Bai 23. Cho hinh chép S.ABCD, ddy la hinh vuéng canh 4, SA1(ABCD), SA = x. Xac dinh
x dé hai mat phang (SBC) va (SDC) tao vé6i nhau géc 60°.

Bai 24 (DH-2008B). Cho hinh chép S.ABCD, ddy la hinh vuéng canh 24, SA =4, SB = av'3,
(SAB) L (ABCD). Goi M, N lan lugt 1a trung diém canh AB, BC. Tinh cosin ctia géc tao béi
hai duong thang SM, DN.

Bai 25. Cho hinh lap phuong ABCD.A’B'C'D’ canh bang a. Trén cac canh DC, BB’ 1an luot
lay cac diém M, N sao cho DM = BN = x, v6i 0 < x < a. Ching minh rang AC' L MN.

Bai 26. Hinh hop ABCD.A’B’C’'D’ 1a hinh hop gi néu thod man mot trong cac diéu kién sau?
a) T dién AB'CD’ ¢6 cac canh dbi bang nhau;
b) T dién AB'CD’ c6 cac canh dbi vudng goc;
c¢) T dién AB'CD’ 1a tit dién déu.

Bai 27. Cho hinh hép ABCD.A'B'C'D’ ¢c6 AB =4, BC =b,CC' =c.

a) Ching minh rang tong binh phuong tt ca cac dudng chéo ctia hinh hop bang téng binh
phuong tat ca cac canh cta hinh hop.

b) Néu AC' = BD' = B'D = Va2 + b2 + ¢2 thi hinh hop d6 c6 phai 1a hinh hop chir nhat
khong? Vi sao?

Bai 28. Cho hinh lap phuong ABCD.A’B'C’'D’ ¢6 canh bang a.
a) Ching minh rang AC’ vudng géc véi hai mit phang (A’BD) va (B'CD').

b) Cat hinh 1ap phuong bsi mét phang trung truc ctia AC’. Chitng minh thiét dién tao
thanh 1a mot luc giac déu. Tinh dién tich cda thiét dién dé.

Bai 29. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a va diém K thudc canh CC’ sao
cho CK = %a. Mait phang («) di qua A, K va song song véi BD.

a) Tim giao tuyén cta («) va (BDD'B’).

b) Chitng minh rang thiét dién ctia hinh lap phuong bi cat bdi (a) 1a hinh thoi.

¢) Tinh dién tich cta t& gidc BCKM, véi M 1a giao diém ctia mat phang () v6i dudng
thang BB'.
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Bai 30. Cho hinh hop dung ABCD.A'B'C'D’ ¢6

av/3 —

AB=AD =4, AA' = TBAD_600

Goi M, N lan luot la trung diém ctia cic canh A’D’ va A’B’. Goi S 1a diém dbi xtiing ctia A qua
A’. Chiing minh rang dién tich ctia t gidc BDMN bang ba phan tu 1an dién tich ASBD va
AC'L(BDMN).

Bai 31. Cho hinh lap phuong ABCD.A’B'C'D’. Cac diém M, N lan lugt thudc cac canh AD
va BB’ sao cho AM = BN. Chting minh ring ba vects MN, AB, B'D déng phing.

Bai 32. Cho hinh ldp phuong ABCD.A'B'C'D’.
a) Tinh géc gitta hai dudng thang AC va DA'.
b) Ching minh BD1 AC'.

Bai 33. Cho hinh lap phuong ABCD.A1B;C1D; ¢6 canh béng 1. Léy M, N, P theo thu tu trén
cac canh BB;, CD va A1Dq sao cho

1
BiM=CN=DiP= ¢

a) Tinh MN theo céc vecto A_B), zﬁ, AA;.Suy ra do dai MN.
b) Ching minh rang AC; L MN.

Bai 34. Cho hinh lap phudng ABCD.A’B'C'D’. Goi M va N lan lugt la cac diém thudc AD’
va DB sao cho MA = kMD', ND = kNB (k #0, k #1).

a) Ching minh rang MN || (A’BC).
b) Khi MN || A’C, chiing t6 rang MN | AD’ va MN L DB.

Bai 35. Cho hai mat phang vudng géc (P) va (Q) c6 giao tuyén A. Lay A, B cting thuoc A va
lay C € (P), D € (Q) sao cho ACLAB, BD1 ABva AB = AC = BD. Xdc dinh thiét dién cua
tir dién ABCD khi cat bdi mat phang (a) di qua diém A va vudéng goc v6i CD. Tinh dién tich
thiét dién khi AC = AB = BD = a.

Bai 36. Cho hinh chop S.ABC c6 cac mat bén hop v6i mat day goc a.

a) Ching minh rang hinh chiéu vuéng goc ctia S trén (ABC) la tim clia duong tron noi
tiép AABC.

SaBc

b) Chu inh = :
) Chung minh Ssap + Sspc + Ssca = =

Bai 37. Cho hinh chép tam gidc déu S.ABC c6 canh AB = 2a, gbc gitta mat bén va mat day
bang «. Mot mit phang di qua AB tao véi mit phang (ABC) goc B (a > B) cat canh SC tai D.
Tinh dién tich ctia tam gidc ABD theo « va .

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



108 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

2. L&i gidi, huéng dan
Cau 16.
a) Ta co:
BCLSA C (SAB)
BCLBA C (SAB) = BCL(SAB).
SANBA=A
b) Do BCL(SAB), ma AB’ C (SAB) nénsuy ra BCLAB'.
AB'1SB C (SBC)
Vay { AB'1BC C (SBC) = AB'L(SBC).
SBNBC =B

¢) Do AB' L (SBC) nén AB’ L SC. Nhu vay ta c6
{ SCLAB' C (AB'C')

SCLAC' C (AB'C') = SCL(AB'C)).
AB'NAC' = A

Ma SC C (SAC) nén tur (*) suy ra (AB'C") L(SAC).
d) Theo trén ta c6 BCL(SAB) = BCLBS. Ta ¢

SCL(AB'C') = SCLC'B.
Nhu vay ti gide BCC'B’ c6 CBB' + CC/B’ = 90° + 90° = 180° nén néi tiép dudng tron.

Cau 17. Goi O 1a hinh chiéu cta diém S trén (ABCD).

@ Ta c6 OA, OB, OC, OD lan luot la hinh chiéu cta SA, SB, SC, SD trén (ABCD), ma
SA =SB =SC = SDnéntacé OA = OB = OC = OD. Vay O la giao diém cua AC va

BD.

Ta c6 (SAB) N (ABCD) = AB. Goi a (v6i
00 < a < 90% la géc gitta hai mit phang
(SAB) va (ABCD). Goi M la trung diém AB.

Ta co
{ OM C (ABCD), OM_LAB

SM C (SAB), SM_1AB.
Suyraa = SMO. Laic6 OM = ? nén
5a%>  24® B 3a?

2 _cp2_(p2_ >4 _ 4
SO* = SB*— OB 1 1 T

Trong tam giac SMO ta co
SO  aV/32 0
tan(x—m—T.E—\/gé[x—60 .
2 Goip (v6i0? < B <90%, N=MONDC.Tacé

AB | CD = (SAB)N (SCD) = Sx,

S e (SAB)N (SCD)
{ AB C (SAB), CD C (SCD)

v6i Sx 1a duong thang qua S va song song v6i AB. Ta c6

(SMN)LSx (do ABL(SMN), AB || Sx)

(SAB) N (SCD) = Sx
{ (SMN) N (SAB) = SM, (SMN) N (SCD) = SN.

Vay goc gitta mat phang (SAB) va (SCD) la goc gitra duong thang SM va SN. Vi ASMN

can tai S va c6 SMN = a = 60° nén ASMN déu, suy ra B = MSN = 60°.
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Cau 18.
a) Ta c6 SAL(ABC), ma BC nam trong (ABC) nén g
SA1BC. Nhu vay:

BCLSA C (SAB)

BCLBA C (SAB)

SANBA = A.
Suy ra BCL(SAB).
Ma AH C (SAB) nén BCLAH.

AHLSB C (SBC)

AHLBC C (SBC)

SBN BC = B.
Suy ra AH1 (SBC).
Ma SC C (SBC) nén AHLSC.

SCLAH C (AHK)

SCLAK C (AHK) = SCL(AHK).

AHNAK=A
b) Ta co: { (SAC) N (SBC) = SC, (AHK)LSC

"\ (AHK) N (SAC) = KA, (AHK) N (SBC) = KH.

Suyraf = AKH. Ta c6:

¢ ¢ _ BC AH AH BC __ AB
ana.tanf = 1B HK — AB HK,cosa— YT
R AH A
Do tam giac HBA dong dang véi tam gidc ABS nén: a8 = z—B
.. N .. ., . BC SB
Do tam giac SHK dong dang vdi tam giac SCB nén: X~ SK°

SA SB_SA a

Cau 19.
a) Tac6 SAL(ABC). Vay ?Eﬂ%
Suy ra BCL(SAD).

b) Ta c6 AB = AC = a\/2,SB = SC = 2a, AE = a = AF.
Suy ra AAEF can tai A, do d6 H 1a trung diém EF. Do tam
gidc ABC can tai A nén D la trung diém BC. Bdi vay SD di
qua trung diém H cta EF, do d6 H € (SAD), suy ra AH C
(SAD), hon nita H la trung diém SD (do EF la dudng trung
binh ctia ctia tam giac SBC).

a*/3

4

¢) AAEF déu canh a, do d6 c6 dién tich 12 Spapr =

Cau 20. Do ASAB déunén SB = SA = AB = a.

(@) Tac6 SB? + BC? = 242 = SC2.

Vay ASBC vuodng can tai B.
Do do
{ BCLBA C (SAB)

BCLBS C (SAB) = BCL(SAB).
BANBS =B
Ma BC C (ABCD) nén (ABCD)L(SAB).
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(2) Goi H la trung diém AB. Khi d6 SHLAB, ma (SAB) L (ABCD) nén SH1(ABCD) (do
dinh 1i 3), ma AC C (ABCD) nén SH L AC. Ta ¢6

ACLSH C (SHK) = ACL(SHK) = ACLSK.

ACLHK C (SHK)
HKNSH =H

Trong hinh vuéng ABCD ¢6 CKLDH. Lai ¢6 CKLSH, suy ra CKL(SDH). bdi vay
CKLSD.

Cau 21.
Goi M 1a giao diém cta BH va CD. Ta c6:

CDLBM C (ABM)

CDLAB C (ABM)

ABNBM =B
Suy ra CDL(ABM) = CDLAM. Nhu vay ba diém A, K,
M thang hang. Do d6 mat phang (AHK) ciing chinh la
mat phang (ABM). Ta co:

CDL(AHK)
{ CD ¢ (AcD) = (ACD)L(AHK)

CDL(AHK)
{ ChC (Bcp) = (BCD)L(AHK).
Cau 22.
Goi K la trung diém canh BC va I = SKN MN. Tu gia

, 1 ,
thiét suy ra MN = >BC = g MN || BC, I 1a trung diém

clia SK va MN. Ta c6 ASAB bang ASAC, do d6 hai trung
tuyén tuong ting AM = AN, dan t6i AAMN can tai A4,
suy ra AILMN. Ma (SBC) L(AMN) nén AIL(SBC), suy
ra AI1SK. Vay ASAK can tai A, suy ra SA = AK = #.
Ta co: , o )
3ac a a

2 _¢gp2_pr2_ >4 4 _ a4

SK* = SB” — BK 1 -7

2 2
Tir dé Al = /SAZ — SI2 — \/SA2— (STK) _ 3

a
4 8
1aaVv1i0  a%V/10
224 16

1

Cau 23.

Ta c6 (SBC) N (SDC) = SC. Trong (SAC) ké OILSC (I €
SC).Do AC L BD ma AC la hinh chiéu ctia SC trén (ABCD)
nén BD1SC. Suy ra SCL(BID). Vay goc gitta hai mat
phang (SBC) va (SCD) 1a géc gitra hai dudng thang ID va
IB. Do hai tam gidc SCD va SCB bang nhau nén ID = IC,

suy ra [OLCD. Mat khac vi IOLBD, OI < OC ma OC =
OB nén OI < OB, suy ra BIO > 45° (vi tam giac BOI
vuong tai O). Tuong tu ta c6 DIO > 45°. Vay dé hai mat
phang (SBC) , (SDC) tao voi nhau goc 60° tuong duong voi

viéc tim x dé BID = 120°. Do ABID cén tai I nén ta can tim
x dé BIO = 60°. Ta ¢6
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B Ol B SA
sinOCI = oc < 0Ol =0C.sinOCI & 01 = OC.Q.

A

Vay:
BIO = 60° < tan BIO = V3

@%?:ﬂ@BO:OI\/g

&BO = oc.%ﬁ & SC =SAV3

&/SA2 + AC2 = SAV3 & Va2 + 242 = /3x

et =3 e P= e x=a
Diéu kién hai mat phang (SBC), (SDC) tao véi nhau goc 60° 1a x = a.
Cau 24. Phan tich. Gid thiét cho (SAB) L (ABCD)nén ta sé stt dung dinh li 3 § trang 93. Géc
gitta hai duong thang SM va DN dugc quy vé goc gitta hai duong thang cat nhau SM va ME,
v6i ME || DN.
Giai.
Cach 1. Ha SHLAB tai H, khi d6 SH vudng goc
v6i (ABCD). Vi
SA? + SB? = 4a*> = AB? B
nén ASAB vuong tai S, dan dén SM = - =

Do d6 ASAM déu canh a, suy ra SH = %g.

Vé ME || DN, véi E thuoc doan AD, khi d6
AE = 2. Ta 6 AELAH, ma AH la hinh chiéu
cta SA trén (ABCD) nén AELSA, suy ra:

SE — \/SA? + AE2 — #,ME — VAM? + AE2 = #

Tam giac SME can tai E nén

cos (SM,DN) = cos (SM, ME) = cos SME
_ MS2+ ME?2-SE? a2 5
~ 2MS.ME aaV5 5

Cach 2. Ta sé biéu thi hai vecto S7\Z, DN qua ba vecto ZE, Zﬁ, A—g :

oy e ——— —y 1—
SM:SA+AM:—AS+§AB,
ﬁﬁ:ﬁ+@’:ﬁ_%fp’.

o

Vay cos(SM, DN) = “svipN Vol SM =a, DN = Va2 4 a2 = a+/5.

SM.DN = (—AS + EAB) (AB — EAD> = —AS.AB + EAB2
1
— —AS.AB.cos 60" + EAB2 = —a% +2a% = a%

a? V5

a.a\/gz 5°

Do d6: cos(SM,DN) =
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Cau 25 L
bit AA'=7,AB=0b,AD=7
Khi d6;
@ =% =121=a,
BN=27,DM="2b.

a a
TLC)(’)I _—> —> —> g
AC'=AA'"+AB+AD =4+ b +7C.

MaMN:AN—AM::(_§+
(

Vay AC' LMN = AC' LMN.

Cau 26.

a) Tacé B'D' = BD. Vay AC = B'D’ & AC = BD, khi d6
ABCD la hinh chtr nhat. Tuong tu ta cing c6 ABB’A’ va
ADD’A’ 1a hinh chi nhat. Vay khi ti dién AB'CD’ ¢6 cac
canh déi bang nhau thi ABCD.A’B'C’D’ 1a hinh hép ch
nhat. Ngugc lai néu ABCD.A’B'C’D’ 1a hinh hop chi nhat
thi dé thay t dién AB'CD’ c6 cac canh dbi bang nhau.

b) Ta 6 BD || B'D'. Vay AC_LB'D’ khi va chi khi ACLBD.
Khi d6 ABCD la hinh thoi. Tuong tu nhu trén ta ctng
c6 ABB’A’ va ADD’A’ la nhing hinh thoi. Vay hinh
hop ABCD.A’B'C'D’ 1a hinh hop thoi (tic la sdu mat
ctia hinh hop 1a hinh thoi). Ciing dé thiy rang hinh hop
ABCD.A’B'C'D’ 1a hinh hop thoi thi ta dién AB'CD’ ¢6
cac canh dbi vudng goc.

c¢) Khi AB'CD’ 1a tt dién déu thi cac canh déi dién vira bang nhau vira vudng goc. Vay tir két
qua cau a) va cdu b) suy ra ABCD.A’B'C'D’ la hinh 14p phuong. Ngugc lainéu ABCD.A’B'C'D’
1a hinh lap phuong thi AB'CD’ 1a ti dién déu.

Cau 27.

a) Trong hinh binh hanh BDD'B’, ta ¢6
D'B? + B'D? = 2(BD? + B'B?).

Trong hinh binh hanh ACC'A’, ta ¢
A'C? + C'A%? = 2(AC? + A’A?).

Tir d6 suy ra

C'A?+ A'C? 4+ D'B? + B'D?

= 2(BD? + AC? + B'B? + A’ A?)

=4 (a®+b* + ).

Vay ta c6 diéu phai ching minh.

b) Néu AC' = BD' = B'D = /a2 + b2 + ¢2 thi theo cau a) suy ra

a2 4+b2+c2= A'C=AC' =BD' =B'D = va? + b2 + 2,

tirc 1a bon duong chéo ctia hinh hop bang nhau. Do ACC’ A’ 1a hinh binh hanh va AC' = A'C
nén ACC’A’ 1a hinh chit nhét, suy ra AA’ L AC. Tuong tu nhu trén ta ¢6 BB’ 1L BD, ma BB’ ||
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AA'nén AA’ L (ABCD). Tuong tu ta c6 ABL(ADD'A’). Do d6 ABCD.A’B'C'D’ 1a hinh hop
ch nhat.

Cau 28.

a) Vi ABCD.A'B'C'D’ 1a hinh 1ap phuong nén
AA'=AB=AD=4,C'A'=CB=CD=aVv2

Suy ra A va C’ nam trén truc dudng tron ngoai tiép tam giac
A’BD, bédi vay AC' L(A’BD). Tuong tu ta ching minh dugc
AC'L(CB'D').

b) Goi M la trung diém doan thang BC, khi d6 MA = MC’ (vi

cting bang %ﬁ) nén M thudc mat trung truc («) cia AC'.
Tuong tu ta ching minh dugc N, P, Q, R, S cting c6 tinh chat d6 (N, P, Q, R, S lan luot la
trung diém ctia CD, DD’, D' A’, A’B’, B'B). Vay thiét dién ctia hinh 1ap phuong bi catbdi (a) 1a
luc gidc MNPQRS. Dé thay d6 la luc gidc déu canh bang %ﬁ. Vi MA' 1a dudng trung tuyén
cua AMAC' nén

MA*+ MC? AC? 54 3a*> a?

22 - - -
AM® = 2 4 4 4 2

Tir d6 ta tinh duogc dién tich ctia thiét dién 1a

1 23 33
6SAAMN = 6.—.A/M2 Sil’1600 = 3a—£ == iaz.
2 2 4
Cau 29.
a) Goi O = ACNBD, 0’ = A'C'NB'D. o .
Trong (AA'C'C), goi I la giao diém ctia OO’ va AK. o
Taegd 1€ (@) N (BDD'B) = .
AK € (@), («) || BD. 2 N/
Suy ra giao tuyén ctia mat phang (a) va (BDD'B’) la Nt
\ 2 ” ol -
duong thang Ix qua I, song song vdi BD. ARt %
b) Goi N = IxnDD', M = IxnBB. Khi d6 i
mp(a)=mp(ANKM). Ta 6 BM = DN = OI = g A
bay ABCD la hinh vuéng suy ra BD1LAC ma AC la ,»_-" 9
hinh chiéu ctia AK trén (ABCD) nén BDLAK. Laic6 A B

BD || MN nén suy ra AKLMN. Ta c6 I la trung diém
ctia MN va AK nén thiét dién AMKN 1a hinh thoi.

¢) Ta c6 MB = OI = %CK: g
Vi BCKM la hinh thang nén dién tich cta ti gidc BCKM la:

a_ 2a\a _a
3 3)2 2°

Cau 30.
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Goi O 1a tam cda hinh thoi ABCD, goi S la diém déi xting
cia A qua A’. Khi d6 S, M, D thang hang va M la trung diém
ctia SD; S,N, B thang hang va N la trung diém cta SB. Ta
a\2/§ A

c6 ABAD la tam gidc déu canh 4, suy ra AO = C =

2A0 = a3 = SA,CC' = # = AO. Hai tam gidc vuong

SAO va ACC' bang nhau, suy ra:
ASO = CAC' = CAC' + AOS = 90°.

Do dé AC' L SO. (1)
. ( BDLAC o .
Tacé < pp an = BDL(ACC'A') = BDLAC. )
Tix (1) va (2) suy ra AC' L (BDMN).
3

ViSaspun = ZSASBD nén SgpMN = ZSASBD-

Cau 31. N

Pat AB = @, AD = b, AA’ = 7. Ta sé khai trién cic
vecto MN, AB, B'D theo ba vecto @, b, €. Mubn vay, dat
MA = kAD. Khi d6 NB = kBB'. Theo quy tac hinh hop ta

co
—

B'D = —@ + b — ¢. Nhu vay:
MN = MA + AB + BN
— kb +AB—k¢C
— AB+ k(b — ) :A_B’+k(%’+a’)

— (k+1)AB + kB'D.
Tir MN = (k + 1)1@ +kB'D va hai vecto AB, B'D khong cung phuong, suy ra ba vecto MN,
AB, B'D ddng phang.

G,
batAB=1d, AD=1b, AA' =7C.
T‘i»CO/ — — —
AC=AB+AD=7d+b,
DA'=AA'—AD=7C-b.
Do do: N
—_— AC.DA’
cos (AC, DA’) = —
ac||pa’
(7+70) (e
= > = . - (*)
’a + b‘. c—0»
Gia st hinh 1ap phuong c6 canh bang x, khi do6 tir (*) ta co
— — —\ 2
o AT-FE+5e-(F) e
AC,DA/ = — —_— ——
cos (4€,DA') NI 2 =72

—

o 7LF, T17, 717, (F) = 7] = ). vay

(4C,DA") = 120° = (AC,DA") = 180° — 120° = 60".
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— —_— —

b)Tac6 BD = AD—AB=0b — 4@, AC'=AC+CC' = b + @+ C. Vay

s ]

BD.AC = (b — 7)( )

b — 30— ()P-FT =22 =0
Suy ra BD LAC'.
Cau 33. a) Trudc hét dé dang nhan thay rang:

B=—ZBB, = —ZAA; CN = —-DC = —~AB.
M 3771 3441, C 3PC 3

Tix do:
MN = MB+BC+CN

2— > —> 1—
— _ZAA +AD — -AB.
A4t 3

2
MN? = MN? = <—§AA1 + AD — %AB)

- §AA§ + AD? + §AB2 — 3AALAD

_ %E’.AD + gAAl.AD.

Do AA;, AB, AD d6i moét vudng goc nén

AA|.AB = AB.AD = AD.AA, = 0.

Vay MN? = % = MN = g
b) Dé dang thay ring AC; = AA; + AB + AD. Vay:

AC,.MN = (AB L AD + AAl) (—gAAl +AD— §AB)
1 2 2 2 2
= ——AB2 4 AD?—ZAA? =0.
3 3
Do d6 AC; vudng goc véi MN.

Cau 34, | L
a)Pat AA' = @, AB=b, AD = ¢
Khido @.p = b.¢= 2.4 =0
vadr="b>=¢>

Vi MA = kMD’ nén:
MA = k (MA + AD/)

;»m’:k_l(a’+?).
Tﬁﬁzkl\ﬁ, ta co:
AD—AN:k(AB—AN).

AD —kAB -k - 1

Suy ra: AN = T % :1—kb+1—k

MN = AN - AM = —C 74 ! ?—( k (E’+?)>

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



116 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

1—|—k kK /1~ =
e Tt e Catdl
. T 1+k— k Sa 2 52 5 Al aA 2 . . R

Vay MN = 1 _kBC—|— 1 _kBA Suy ra ba vectod MN, BC, BA" dong phang. Cac diém M, N

lan luot thugc AD', DB, VO'lk # 0,k # 1 nén MN khong thudc (A'BC). Suy ra MN || (A’BC).

b)TacoAC— ~ @+ b+ 77, A'Cva AD' chéo nhau, ACVaBDcheonhaumaMEAD’

N € BD.Do d6 dudng thang MN song song véi duong thang A’C khi va chi khi MN = mA'C C,
tacla

1+k ko 2>\ - - -
1—% +ﬂ(a—b>——ma+mb+mc.
Do 4, ?, ¢ 1a ba vecto khong dong phang nén dang thic trén xay ra khi va chi khi

¢ k -
1ok 1
= —k=1-kek=_
1—k m = = 5
1+k_m
( 1-k

= T~ 1 — VIO T -1 1 - — N N 2 .
Vay MN.AD' = -3 (@2 —772) =0, MN.DB = -3 (—b2+ cz) = 0. biéu nay khang dinh
MN_1AD' va MN LDB.

Cau 35.

Goi I 1a trung diém cua BC, khi d6 AILBC. Do BD_L(ABC)
nén CB la hinh chiéu vudng goc CD trén (P), vay theo dinh
li ba duong vuéng goc suy ra AILCD. Trong (CDB), ké I]
vuong goéc voi CD (] € CD) thi mét phang (AI]) chinh la mat
phang («) va thiét dién phai tim 1a AAI]. Dé thay AAI] vudng

1
tai I. Vay Spap = EIA'U' Ta c6

1 a\/_ IJ CI

Al=2BC=—= pg = \[ \/_
Cl a _a

I] = .DB= —— —_—
Suyra I] D 211\/_ G

) 1av2ave a*V3
DOdOSAAI]ZE > 6 = 1
Cau 36.

Goi I 1a hinh chiéu vudng géc ctia S trén mat phang (ABC). Goi
M, P, N 1an luot 1a hinh chiéu vuéng géc cia I trén BC, CA, AB.
a) Ta can chiing minh IM = IN = [P. Ta ¢6 BCLMI, ma MI la
hinh chiéu ctia SM trén (ABC), nén theo dinh li ba dudng vuong
goc suy ra BCLSM. Tir do suy ra SMI = a. Tuong tu ta duoc

SNI =«,SPI = «. Taco

SI SI  SI
tantx—m—IN P = IM = IN = IP.

Nghia la I cach déu ba duong théng AB, BC,CA,do do I la tam
ctia duong tron noi tiép AABC.
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b) Vi hinh chiéu ctia ASBC trén (ABC) la tam giac IBC nén theo dinh li hinh chiéu ta c6
Siec = Sspc.cos a. Tuong tu

SICA = SSCA.COSDC, SIAB = SSAB.COSOC.
Ma diém I nam trong tam gidc ABC nén

S1aB +SiBc +Sica _ Sasc
COS X COS

Ssap + Sspc + Ssca =

Cau 37.
Phan tich. Dé bai cho hinh chép tam giac déu thi ta phai
chi y dén tinh chat: trong hinh chép déu, chan duong cao
triing vdi tdm ctia ddy; trong tam giac déu thi tam duong
tron ngoai tiép va trong tdm tring nhau. Con viéc dung
cac goc «, B, ban doc xem lai dang 12 & trang 95.
Giai. Goi H 1a hinh chiéu cta S trén (ABC). Khi d6 HA,
HB, HC la hinh chiéu ctia SA, SB, SC trén (ABC), ma
SA =SB =SCnén HA = HB = HC. Tir day két hgp véi
gia thiét tam gidc ABC déu suy ra H la tdm ctia tam giac
ABC. Goi E la trung diém AB. Ta c6:

(SAB)N (CAB) = AB

CE C (CAB), CELAB

SE C (SAB), SELAB.
Suy ra géc gitta hai mat phang
(SAB) va (CAB) la: a = (SE,CE) = SEC.
(DAB)N (CAB) = AB
Ta c6: (SCE)LAB

") (SCE)Nn(DAB) =ED
(SCE)N(CAB) =EC

= B = (ED,EC) = DEC.

HC
HS

—= HE
Dat ¢ = SCE, khi d6 ¢ la goc nhon. Ta c6: cota = s’ cotp =
Ma HC = 2HE nén cot ¢ = 2 cota. Trong tam giac DCE, ta co:

ED CE _ CEsing  ay/3sing

sing  sin(B+ ¢) = Eb= sin(B+¢) sin(B+¢)

1 2 /3
Do ABL(SEC) nén ABLDE. Nhu vay: Sagp = ~ED.AB = a”y3sin g

= ——— " Tiép th é tinh
> sn(B+ 9) 1ep theo, ta se ti

sin ¢, cos ¢ theo a. Ta co:

1 1
cot? = 4cot’n = — —1:4(_2 —1)
sin“¢ sin“«

1 4 _4-3sin’a . sina
——3 5 sing =

=5 = =5 = T
sin“p  sin“w sin“w V4 — 3sin%a

Tiép theo, ta c6:

2 2

.2 sin“w 2 sin“a
SIH(P:—.2¢>1—COS§0:—.2
4 — 3sin“u« 4 — 3sin“n
2 sina 2 4 — 4sin’a
s p=1-———5 S cosp=—"—F—
4 — 3sin“w 4 — 3sin“a
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4cos?u 2 cos

2
SCOS" P = —————5 = 0SSP = —F———.
V4 — 3sin’a

4 — 3sin’a

Nhu vay:

3sing a®\/3sina

sm(,B + (P) V4 — 3sin?« (sin B cos @ + cos Bsin @)

3sina
2sin,8cosoc+cosﬁsinoc'

SABD =

D. BAI TAP TRAC NGHIEM
1. D& bai

Cau 1. Ménh dé nao diing trong cdc ménh dé sau?

A.
B.

C.

D.

Goc gita hai mat phang luon 1a géc nhon.

Goc gitta mat phang (P) va mat phang (Q) bang géc gitta mat phang (P) va mat phang
(R) khi (Q) || (R) (hodc mat phang (Q) trung véi mat phang (R)).

Goc gitta mat phang (P) va mat phang (Q) bang goc gitta mat phang (P) va mat phang
(R) thi (Q) song song vdi (R).

Ca ba ménh dé trén déu ding.

Cau 2. Cho hai mat phang (P) va (Q) vudng géc v6i nhau. Ménh dé nao sau day 1a ménh dé

sai?

A.

B.

C.

D.

Néu duong thang a vuong goc véi giao tuyén cta (P) va (Q) thi a vuong goc véi mat
phang (P) va vuéng géc vdi mat phang (Q).

Mot dudng thang di qua mot diém ctia mat phang (P) va vuong géc v6i mat phang (Q)
thi ndm tron trong mat phang (P).

Mot duong thdng nam trong mit phang nay ma vuédng goc vdi giao tuyén thi vudng goc
v6i mat phang kia.

Trong mat phang nay c6 mot duong thang vudng géc véi mat phang kia.

Cau 3. Cho mat phang (P) va (Q) vudng goéc véi nhau, dudng thang a vudng goéc véi mat
phang (Q). Khi d6

A.
C.

a vuong goc voi (P). B. asongsong vdi (P).
anam trén (P). D. andm trén (P) hodc song song véi (P).

Cau 4. Cho (P) va (Q) la hai mit phang vudng goc voi nhau va giao tuyén cua ching la
duong thang m. Goi a, b, ¢, d 1a cac duong thang. Xét cic ménh dé sau:

(1) Néua C (P)vaalmthial(Q).

(2) Néublmthib C (P)hodch C (Q).

(3) Néuc || mthic || (P)hodcc | (Q).

(4) NéudLmthidl(P).

C6 bao nhiéu ménh dé dung?

A.

1. B. 2. C. 3 D. 4.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



119 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Cau 5. Hai mat phéng vudng goc voi nhau khi va chikhi i
A. c6 hai duong thang vuong goc voi nhau va lan lugt nam trong hai mat phang do.
B. c6 mot duong thang nam trong mat phang nay va vuéng goc véi mat phang kia.
C. moi dudng thang nam trong mit phang nay déu vuong goc vdi mat phang kia.
D. géc 16n nhét gitra hai duong thang 1an lugt nam trong hai mat phang dé la géc vuong.

Cau 6. Cho hai mét phang (P), (Q) la hai mat phang vuong goc v6i nhau c6 giao tuyén la
duong thang m va a,b,c,d 1a cic dudong thang. Trong cac khang dinh sau, khang dinh nao
sai?

A. Néua C (P)vaalmthial(Q). B. Néublmthib C (P)hodch C (Q).

C. Néuc || mthic| (P)hodcc || (Q). D. Néudlmvad | (Q) thidL(P).

Cau 7. Diéu kién nao sau day khong phai la diéu kién can va dt dé hai mat phang (P) va (Q)
vuong goc voi nhau?
A. C6 mot duong thang song song v6i (P) va vuong goc véi (Q).
B. M6i dudng thang a ndm trong (P) déu c6 dudng thang b ndm trong (Q) sao cho a vudng
goc voi b.
C. C6 mot dudng thang nam trong (P) ma hinh chiéu vuong géc ctia né trén (Q) tring véi
giao tuyén caa (P) va (Q).
D. C6 hai dudng thang a, b vudng géc véi nhau, lan lugt nam trén (P) va (Q) sao cho a va
b déu vudng goc vdi giao tuyén cua (P) va (Q).

Cau 8. C6 bao nhiéu mat phang di qua mot diém A cho trude va vudng goc véi hai mat phang
phan biét (P) va (Q)?

A. Khong co. B. Co mot.

C. C6vo sb. D. C6 mot hodc c6 vo s6.

Cau 9. Cho duong thang a va mat phang (P). C6 bao nhiéu mat phang di qua a va vuéng géc
v6i mat phang (P)?

A. Khong c6 . B. Co mot.

C. C6 V0 sb. D. C6 mdt hodc ¢ vo so.

Cau 10. Cho hinh chop ti giac S.ABCD c6 day la hinh vudng va mét canh bén vudéng goc voi
mat day. C6 bao nhiéu mat bén vuoéng goc vai mat day?
A. Khong c6 mat bén nao vudng goc vai mat day.
B. C6 dung mot mat bén vudng goc véi mat day.
C. Co6 dung hai mat bén vudng goc voi mat day.
D. Co6 dung ba mat bén vudng goc vai mat day.
Cau 11. Ménh déﬁéo sau day dung? 7
A. Hai mat phang cung vudng goc voi mot mat phang thi song song voi nhau.
B. Hai mat phéng cung vuong goc voi mot mat phéng thi vuong goc véi nhau.
C. Hai mat phéang cling vuéng goc v6i mot mat phang thi ciing song song véi mot duong
thang.
D. Hai mat phang cting vudng goéc véi mot mat phang thi cing vudng géc v6i mot dudng
thang.
Cau 12. Cho ba mat phang (P ).
A. Néu (P) L(Q) va (R)L(Q) thi (P) || (R
B. Neu (P) || (Q) va (R).L(P) thi (R) || (Q).
C. Neu (P)L(Q) va (R) || (Q) thi (P) L(R).
D. Neu (P) || (Q) va (R) || (Q) thi (P) L(R).

Cau 13. Cho hai mat phang (P) va (Q) cat nhau theo giao tuyén A. Goi ¢ la goc gitra (P) va
(Q). C6 tat ca bao nhiéu ménh dé diing trong cac ménh dé sau?

~—

, (Q) va (R). Ménh dé nao sau day dung?
| (R).

A/‘\Zo
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& ¢ bang goc gitrta hai duong thang a va b ciing vudng goc voi A.

& ¢ bang goc gitra hai duong thang a va b ciing vudng goc véi A, 1an lugt ndm trén (P) va

(Q).

& ¢ bang goc gitta hai duong thang a va b dong quy véi A, cting vuong goc véi A, 1an luot
nam trén (P) va (Q).

A. 0. B. 1. C. 2 D. 3.

Cau 14. Cho hinh chép S.ABC ¢6 SAL(ABC) va day ABC la tam giac vuong tai B. Hay xac
dinh géc a gitta hai mat phang (ABC) va (SBC).
A. a = SBA. B. a = BCA. C. a = SCA. D. a = SBC.

Céau 15. Cho hinh chép S.ABC ¢6 SAL(ABC) va ddy ABC la tam giac vudng tai A. Hay xac
dinh géc a gitrta hai mat phang (ABC) va (SBC).
A. a = SBA. B. a = BCA. C. a = SCA. D. « = SMA.
Vé&i M 1a hinh chiéu ctia A trén BC.

Céau 16. Cho hinh chép S.ABC ¢6 SAL(ABC) va day ABC la tam giac can tai A. Hay xac dinh
gbc a gitta hai mat phang (ABC) va (SBC).

A. « = SBA. B. a« = MSA. C. a« = SMA. D. a« = SCA.
Véi M 1a trung diém BC.
Cau 17. Cho hinh chép S.ABCD c¢6 day la hinh vuong tam O, S

SA vuéng géc véi (ABCD). Géc gitta hai mat phang (SBD)
va (ABCD) la
A. AOS. B. ADS. C. ABS. D. BSO.

B &= C

Cau 18. Cho tu dién ABCD vdi cac duong thz?mg AB, AC, AD d6i moét vudng goc, H 1a truc
tam tam giac BCD. Géc gitta mat phang (BCD) va mat phang (ACD) bang gdc nao trong cac
goc sau day?

A. ACB. B. ADB. C. ABH. D. BAH.

Cau 19 (HK2 khoi 11, 2017 - 2018 S& Giao Duc Ha Nam).
Cho hinh chép S.ABCD c¢6 ddy ABC la tam gidc déu canh a. Biét SA L (ABC) va SA = 3a.
Goi « gitta hai mat phang (ABC) va (SBC). Tinh tan a.

V3

A. tana = 2. B. tana = 2\/5. C. tana = DR D. tana = 3\/5.

Cau 20 (HK2 nam hoc 2016-2017, THPT Chuyén Long An, Long An).
Cho hinh chép ti gidc déu S.ABCD c6 O la giao diém ctia AC va BD, canh bén va canh day
déu bang a. Géc gitrta hai mat phang (SAC) va (SBD) bang:

A. 90°. B. 30°. C. 60°. D. 45°.

Cau 21. Cho tit dién OABC véi cac duong thang OA, OB, OC d6i mot vudng goc. Bo ba mat
phang vudng géc v6i nhau tirng déi mot la

A. (OAB),(ABC),(OCA). B. (OAB),(OBC),(OCA).

C. (ABC),(OBC), (OAB). D. (ACB),(OBC), (OCA).
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Cau 22. Cho ti dién ABCD véi cac dudng thang AB, BC,CD déi mot vuong goc. Goc gitta
mét phang (BCD) va mat phang (ACD) bang géc nao trong cac goc sau day?

A. ACB.

B. ADB.

C. AIB, trong d6 I 1a trung diém ctia CD.

D. ABG, trong do G la trong tam tam giac BCD.

Cau 23 (TT LTPH Diéu Hién 11/2017, Can Tho).
Cho hinh chép S.ABC c¢6 day la tam giac vudng tai B,SA L (ABC),SA = V3cm, AB =1cm,
BC = v/2 cm. Mt bén (SBC) hop véi ddy mot goc bang

A. 30°. B. 90°. C. 60°. D. 45°.

Cau 24 (HK2 nam hoc 2016-2017, THPT Chuyén Long An, Long An).
Cho hinh chép tit giac déu S.ABCD c6 O la giao diém ctia AC va BD, canh bén va canh day
déu bang a. Goc gitta duong thang SC va (ABCD) bang:

A. 45°. B. 30°. C. 60°. D. 90°.
Cau 25. Goi S 1a dién tich ctia tam gidc ABC trong mét phang (P) va S’ 1a dién tich hinh chiéu
ctia AABC trén mét phang (P') (tic 1a S’ 1a dién tich ctia tam gidc A;B;C; trong mat phang
(P')), goi « 1a géc gitra hai mat phang (P) va (P').

Trong cac ménh dé sau, ménh dé nao ding?
A. S=5".cosu. B. §’ = S.sina. C. S = S'.sina. D. S’ = S.cosa.

Cau 26. Cho hinh chép S.ABCD c6 day la hinh vuong, ASAB la tam giac déu va nam trong
mit phang vuong goc véi mat phang day. Goi H 1a trung diém AB. Tinh géc gitra dudng thang
SH va mat phang (ACD).

A. 30°. B. 45°. C. 60°. D. 90°.
Cau 27 (Dé thi thir, THPT Phan Chau Trinh, Da Nang, nam 2018).
Cho hinh chép S.ABC ¢6 SA L (ABC). Tam gidc ABC vuong tai A c6 AB = a, BC = 2a. Tinh

gbc gitta hai mat phang (SBC) va (ABC), biét rang SC = a\gﬁ.

A. 60°. B. 30°. C. 45°. D. 75°.
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Cau 28. Cho hinh chép tu gidc déu S.ABCD c6 canh ddy la a, goc gitta canh bén va mat day
bang B (0° < B < 90°). Tinh tan géc gitta hai mat phang (SAB) va (ABCD) theo B.
A. V2cot B. B. V/3tan B. C. V2tan B. D. V3 cos B.

Cau 29 (HK2 khéi 11, THPT chuyén Luong Thé Vinh, Dong Nai 2018).
Cho hinh chép tit gidc déu S.ABCD c¢6 canh ddy bang 2, canh bén bang 3. S6 do cua goc gitra
canh bén va mét day bang (lam tron dén phut)

A. 61°52". B. 69°18'. C. 28°8. D. 75°2'.

Cau 30 (Pé TT-THPTQG, Chuyén Bién Hoa, Ha Nam 2018).
Cho hinh lang tru déu ABC.A’B’C’ ¢6 tat ca cac canh bang a. Goi M 1a trung diém ctia AB va
a 1a gbc tao boi duong thang MC’ va mat phang (ABC). Khi d6 tan a bang
7 2 7 3

Cau 31. Cho duong thang d cat va khong vudng géc véi mat phang (P). Goi (Q) 1a mat phang
thay d6i nhung luén chira d. Goi ¢ 1a géc gitra (P) va (Q). Chon ménh dé ding trong cac ménh
dé sau.

A. Chi ton tai gia tri 16n nhat, khong ton tai gia tri nho nhat cta g.

B. Chi ton tai gia tri nho nhét, khong ton tai gia tri lon nhét ctia ¢.

C. Khong ton tai gia tri lon nhat va ciing khong ton tai gia tri nho nhat ¢.

D. Ton tai gia tri 16n nhat va gia tri nhé nhat cta ¢.

Gia thiét sau dung cho cac cau 32, 33, 34, 35.
Cho hinh chép S.ABC c6 ddy ABC la tam giac

déu canh a, SAL(ABC) va SA = g

Cau 32. Goc gitta hai mat phang (SAB) va (ABC) bang

A. 00, B. 459, C. 609, D. 90Y.
Cau 33. Goc gitta hai mat phang (SAB) va (SAC) bang

A. 00, B. 459, C. 609, D. 90Y.
Cau 34. Goc gitta hai mat phang (ABC) va (SBC) bang

A. 00, B. 300 C. 459, D. 60°.
Cau 35. Tt A ha AH L SM. khi d6 goc gitra SAva AH bang:

A. 300, B. 450, C. 900, D. 1500,

Cau 36. Cho hinh hop ABCD.A’B'C'D’. Xét tht ca cac hinh binh hanh c6 dinh 1a dinh ctia hinh
hop d6. Hoéi c6 bao nhiéu hinh binh hanh ma mat phang chita né vuéng géc véi mat phang
day (ABCD) ?

A. 4. B. 6. C. 8. D. 10.
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Gia thiét sau dung cho cac cau 37, 38. B' c
Cho hinh 1ap phuong ABCD.A'B'C'D’. ;
A' : D'
]
A D
Cau 37. Mat phang (ACC’'A’) vudng géc v6i cac mit phang
A. (BDD'B'), (ABCD), (BCC'B'). B. (BDD'B'), (ABCD), (ABB'A').
C. (BDD'B'), (ABCD), (A'B'C'D’). D. (BDD'B'), (AA'D'D), (A'B'C'D').
Cau 38. Mat phang (A’BCD’) vudng géc v6i mat phang
A. (ABCD). B. (ADC'B). C. (BCC'B)). D. (ABB'A').

Ciu 39. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6

/
canh bang a. Tinh dién tich thiét dién ctia hinh lap é B’
phuong bi cat béi mat phang trung truc (a) ctia doan i .
AC'. D’ L C
2 2 2 2 :
P A R i
2 4 4 2 ;
Al B
D C

Ciu 40. Cho hinh hop chit nhat ABCD.A'B'C'D’' ¢6 AA” = 4AB = 2AD. Tinh sin cta goc tao
bdi mat phang (A’BD) véi mat phang (ABCD).
A 245, 21/105 V21

B. TR C. SR D. 1V5.

2. Bap an va 1oi gidi

DAP AN TRAC NGHIEM
1B 5B 9D 13C 17A 21B 25D 29A 33C 37C
2A 6B 10C M14A 18D 22A 2D 30D 34B 38B
3D 7B 11C 15D 19B 23C 27A 31D 3D 39B

4 B 8 D 12 C 16 C 20 A 24 A 28 C 32 D 36 B 40 B
LOI GIAI CAU HOI TRAC NGHIEM
Cau 1. Ménh dé @ sai vi goc gitta hai mat phang c6 thé 1a géc vuong. Ménh dé dang.

Ménh dé @ sai vi hai mat phang (R) va (Q) c6 thé triing nhau.
Chon dép an
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Cau 2. Ménh dé sai 1a: Néu duong thang a vuong goc véi giao tuyén cta (P) va (Q) thia
vuong goéc v6i miat phang (P) va vudng goc v6i mét phang (Q).
Chon dap an @

Cau 3. Cho mat phang (P) va (Q) vuong géc v6i nhau, duong thang a vudng goc véi mat
phang (Q), khi d6 a ndm trén (P) hodc song song véi (P).
Chon déap an @

Cau4. (1):dung; (2):sai; (3):dung; (4):sai.
Chon dap an

Cau 5. Hai mat phang vuong géc véi nhau khi va chi khi c6 mot duong thang nam trong mat
phang nay va vuong goc voi mat phang kia.
Chon dap an

Cau 6. "Néu bLmthib C (P)hodcb C (Q)"la khang dinhsai vic6thé b ¢ (P)vab ¢ (Q).
Chon dap an

Cau 7. Mdi duong thang a nam trong (P) déu c6 dudng thang b nam trong (Q) sao cho a
vudng goc voi b, khi d6 (P) va (Q) c6 thé trung nhau.
Chon dap an

Cau 8. C6 mot khi (P) va (Q) cat nhau, c6 vo s6 khi (P) || (Q).
Chon déap an @

Cau 9. C6 mot khi a khong vudng goc véi (P), 6 vo s6 khi a vudng goc véi (P).
Chon dép an (D)

Cau 10.
Gia st SAL(ABCD). Khi d6 c6 dung 2 mat bén vuong goc
v6i mat ddy la SAB, SAD.

Chon dap én (C)

Cau1l. Ménh deé @ sai vi hai mat phfmg d6 6 thé cat nhau. Ménh dé sai vi hai mat
phang d6 c6 thé tao vdi nhau nhitng géc khac 90°. Dé thiy ménh dé @ ding. Ménh dé @
sai vi trong trudong hgp mp(P) va mp(Q) cung vudng goc vdi mp(R), (P)L(Q) thi khong thé
c6 duong thang nao cting vuong goc véi (P) va (Q).

Chon dép an (C)

Cau 12. Vi mot mat phang vudng géc véi mot trong hai mit phang song song thi sé vuong
goc voi mat phang con lai.
Chon dap an (C)
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Cau 13. a va b chi can 1an lugt ndm trong (P), (Q) cling vudéng goc voi A la dd, thém dong
quy véi A cang tot nén c6 tat ca 2 ménh dé dung.

Chon dap an (C)

Cau 14.

Ta c6 giao tuyén ctia hai mat phang (SBC) va (ABC) la
BC. (1)

Ta c6 dudng thang SA vudng géc voi mat phang (ABC),
ma dudng thang BC nam trong (ABC) nén SA vudng goc
voi BC. Ta co:
BC1BA C (SAB)
BCLSA C (SAB)
BANSA = A.
Suy ra (SAB)_LBC. (2)
Lai co:
{ (SBA) N (ABC) = BA -
(SBA)N (SBC) = BS.
T (1), (2), ) suyraa = SBA.

Chon dép an @

Cau 15.
Ta c6 giao tuyén ctia hai mat phang (SBC) va (ABC) la
BC. (1)
Ta c6 dudng thang SA vudng géc véi mat phang (ABC),
ma dudng thang BC nam trong (ABC) nén SA vudng goc
vdi BC. Ta ¢6 BC vudng goc voi AM tai M. Nhu vay:
BCLMA C (SAM)
BCLSA C (SAM)
MANSA = A.
Suy ra (SAM)_LBC. (2)
Lai co:
{ (SMA) N (ABC) = MA .
(SMA) N (SBC) = MS.
Tix (1), (2), (3) suy ra @ = SMA.
Chon dap an (D)

Cau 16.

Ta c6 giao tuyén cta hai mat phang (SBC) va (ABC) la
BC. 1)
Ta c6 dudng thang SA vuong goc véi mat phang (ABC),
ma duong thang BC nam trong (ABC) nén SA vudng goc
v6i BC. Do tam gidc ABC can tai A va M la trung diém
BC nén BC vuong goc voi AM tai M. Nhu vay:

{ BC1LMA C (SAM)

BCLSA C (SAM)
MANSA = A.
Suy ra (SAM)_LBC. (2)
Lai co:
{ (SMA) N (ABC) = MA 3
(SMA) N (SBC) = MS.
Tix (1), (2), (3) suy ra @ = SMA.
Chon dap 4n (C)
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Cau 17.

Ta c6 hai mat phang (ABCD) va (SBD) cat nhau theo giao
tuyén BD. Lai c6 AO nam trong (ABCD) va vuong goc véi
BD tai O; SO nam trong (SBD) va vuéng géc vé6i BD tai O.
Do d6 goc gitta hai mit phang (SBD) va (ABCD) bang géc
gitta hai duong thang OA va OS, tiic 1a géc AOS.

Chon dép an @

Cau 18. Dé thdy rang BA1(ACD), AH1(BCD), suy ra goc giita mat phang (BCD) va mat

phang (ACD) bang goc gitra hai duong thang BA va AH, titc 1a bang géc BAH.
Chon dap an

Cau 19.

Ta c6 (ABC) va (SBC) c6 giao tuyén la BC. (1)
Goi M la trung diém BC, suy ra AM L BC. ()
Ma SA L BCnén BC L (SAM) suyra SM L BC. 3)

T (1), (2) va (3) suy ra
« = ((ABC), (SBC)) = (AM,SM) = SMA.

Xét tam giac SAM vuodng tai A ta c6

tana = 54 3a = 2\/5.

AM ~ 43
2
Chon dap an
Cau 20.
Tac6 BD L (SAC) nén (SAC) L (SBD). S
Chon dap an @

Cau 21. Dé thay rang OA L (OBC), OBL(OCA), OCL(OAB), suy ra phuong an dung la B.
Chon dép an
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(ACD)N (BCD) = CD

A U ABC)LCD
Cau 22. De thay rang: gABcg N(ACD) = AC
(ABC) N (BCD) = BC.

Nhu vay goc gitta mat phang (BCD) va mat phang (ACD) bang goc gitta hai duong thang

=

AC va BC, tic 1a bang géc ACB.

Chon dap an @

Cau 23.

DoSA L (ABC)nen 4 L 4P
© 954 1 BC

Mat khac BC L AB nén BC L SB. Vay goc gitra (SBC) va day
la goc SBA = . Tam giac SAB vudng tai A nén

SA .
tanoc—@—\/g:MX—@.

Chon dap 4n (C)

Cau 24.

Goc gitra SC va (ABCD) la goc gitta SC
va OC. Ta c6: SO = OC nén ASOC vuong
can. Vay goc gitta duong thang SC va
(ABCD) 1a goc SCO = 45°.

Chon dap an (A)

Cau 25. Ménh dé dungla S’ = S.cosa.

Luu y. Ta ¢ két qua t6ng quat hon (Dinh li hinh chiéu) nhu sau: Goi S 1a dién tich da giac
() trong mat phang (P) va S’ 1a dién tich hinh chiéu (J#”) cta () trén mat phang (P').
Khi d6 S’ = S.cos &, trong d6 a 1a goc giita hai mat phang (P) va (P').

Chon dép 4n (D)

Cau 26. Do tam gidc SAB déu canh a nén SH L AB, ma (SAB) vuong goc v6i (ABCD) theo
giao tuyén ABnén SHL(ABCD). Nhu thé ta chon D.

Chon déap an @

Cau 27.
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Dung AH 1 BC tai H.

Khi do:

BC L (SAH) = BC L SH.

Ta co:
(ABC) N (SBC) = BC
BC1LAH,BCLSH
AH C (ABC),SH C (SBC).

Suy ra ((ABC), (SBC) ) = SHA.

Ta c6: AC = av/3; AH = #;
va SA = 3;. Suy ra:

SA

tan@:A—iz \/g = @ = 60°.
Vay <(ABC), (SBC)) = 60°.
Chon dap an @

Cau 28.
Goi O 1a hinh chiéu ctia S trén (ABCD). Khi d6 vi cac tam
giac SOA, SOB, SOC, SOD béng nhaunén cac canh OA, OB,
OC, OD bang nhau hay O 1a giao diém ctia AC va BD. Hinh
chiéu ctia canh bén SB trén mat phang (ABCD) la OB, do
d6 SBO = B. Goi M la trung diém AB. Khi dé:

(SAB)N (ABCD) = AB

MS C (SAB), MS_LAB

MO C (ABCD), MOLAB.
Suy ra goc giita hai mat phang (SAB) va (ABCD) la SMO.
Ta co

tan% =

SO OBtanf ay/2tan B B
oM~ 051 —  a ~ V2tnp

Chon dap an (C)

Cau 29.
Goc gitta canh bén SB va mat phang (ABCD) 1a géc SBO S
(O la tam caa hinh vuéng ABCD). Ta ¢6
BD _ 2\2/2 _ 3

OB = —-
OB 2

SBO = — = Y2 — SBO = 61°52..
cos SBO B 3 = SBO = 61°5

Chon déap an @

Cau 30.

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



129 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Ta c6 MC 1a hinh chiéu ctia MC' trén mét phang (ABC) nén
C'MC la géc gitta duong thang MC’ va mat phang (ABC).
Do d6 &« = C'MC. Tam giac ABC déu canha c6 CM la duong
av/3
2 o
Tam giac C'MC vuong goc tai C c6 « = C’MC nén

C'C _ a 2\/_

A/

caonén CM =

tana = CM . \/_ 3
2

Chon dap an @

Cau 31.

Goi I la giao diém ctia d va (P). Liy diém A trén d khong
trung voi I. Goi H la hinh chiéu vudng goc cua A trén (P).
Goi Ala giao tuyén cta (P) va (Q). Goi K1a hinh chiéu vuong
goc cua H trén A. Ta c6 goc gitra (P) va (Q) 1a goc ¢ = AKH.
Khi (Q) thay déi thi A va K thay déi con A, H, I c6 dinh. Ta
co:

HK < Hl
AH AH
tri nho nhat. Gia tri 16n nhat ctia ¢ 1a90° khi (Q) L (P).

cotg = = cot ¢p. Suy ra ¢ > ¢o. Do do6 ¢ c6 gia

C/

Chon dép an @

Cau 32. Chuy SA vuong goc véi (ABC), ma SA C (SAB) nén (SAB)L(ABC).

Chon dap an (D)

Cau 33. Chu y SA vudng goc v6i mat phang day va tam gidac ABC déu.

S

(SAB)N (SAC) — SA
Eﬁggﬁ (SAB) = AB = ((SAB), (SAC)) = (AB, AC) = 60°.
(ABC) N (SAC) = AC

Chon dap an (C)
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Cau 34. Goi M la trung diém ctia canh BC, khi d6 AM vudng goc BC.

(ABC) N (SBC) = BC
(SAM)_LBC
(
(

ABC) N (SAM) = am = ((ABC), (SBC)) = (MA, MS) = SMA.

SBC)N (SAM) = SM

av/3 SA
— — A= 0
Taco AM = —5 s suyra tan SMA = AM = \/_ = SMA = 30°.
Chon dép an
A ) 3a?
Cau35. Tac6 SM = \/SAZ+ AM? =/ — —|— — =

4
Ta c6 SA?2 = SH.SM = SH =

u>.| S

Do do:

11 N 1 _4+4 16
AH2  AS2  AM?2 42 342 342
at 342 42
o ASP+AHP-SH> 4V 16 _ V3
-

AH = -
cos S 2AS.AH /3

"y
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Suy ra SAH = 30°. Vay goc gitra hai vecto SAva AH bang
180° —30° = 150°.

Chon dép an @

Cau 36. Bdn mat bén va hai mat chéo.

Chon dap an

Cau 37. Mat phang (ACC’'A’) vuong goc v6i cdc mat phang
(BDD'B'), (ABCD), (A'B'C'D').

Chon dép an (C)

Cau 38. o

<.+ | AB'LA'B
De thay AB/J_A/D/ B' cC'
Suy ra AB’ L (A’BCD’). /

Do d6 (ADC'B') L (A’BCD). ;o .
A — D

- S -~

A D
Chon dap an
Cau 39.
Goi M la trung diém cta BC. Ta ¢c6 MA = MC' =
%@ nén M thudc mit phang trung truc caa AC'.

Goi N, P, Q, R, S lan luot trung diém ctia CD, DD/,
D’A’, A’B’, BB'. Chiing minh tuong tu trén ta c6 cac
diém nay déu thudc mat phang trung truc ctia AC'.
Vay thiét dién cta hinh lap phuong bi cat boi mat
phang trung truc (a) ctia doan AC’ 1a hinh luc gidc

N N 2
déu MNPQRS c6 canh bang %_. Dién tich S cua
thiét dién can tim la:

2
S—6. (“ﬁ> V3 _ 3

2
Chon dap an

4 4

Cau 40.
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Gia s A’
AA/ - 4AB ~ 2AD - 4a. my /
Khi dé AB —=a D’ . :“ \\\\ B
199N AD =24, T o
Goi H 1a hinh chiéu ctia A 1én BD. Khi d6 ta co: P N \
AH 1 BD FEE
. = BD L (AA'H). , N .

AA" 1 BD SoAL N ] .
Dod6 A'H L BD. Vay géc gitta (A'BD) v6i (ABCD) |/ .-~ "4 - B
la goc A’HA. Ta cé: e I c

I 1 N 1 5
AHZ ~ AB2 " AD? 442
Suyra AH = 2a5\/§.

Do d6 A'H = VAA? + AHZ — 2V5105,

. — AA" 2105
Vay sin A’HA = TH -

Chon dap an (B)

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



133 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

BAI 5. KHOANG CACH

A. TOM TAT Li THUYET

1. Khoang cach tir mét diém dén mot mit phiang, dén mét duong thang.

M
Dinh nghia 1. Khodng cach ti diém M dén mat M | .
phéng (P) 1a d(M; (P)) = MH, v6i H 12 hinh chiéu L Ny aE 4
ctia M trén mat phang (P). H i

Dinh nghia 2. Khoang cach tir diém M dén duong
thang A la d(M;A) = MH, vé6i H la hinh chiéu ctia
diém M trén A.

Nhan xét 2. Gia st duong thang A cat mp(P) tai M. Trén A lay ) R

. 2.2 N . ,_d(A}(P)) _AM K M /
hai diém A va B. Khi do: i(B;(P)) _ BM' S ~

2. Khoang cach giita duong thang va mat phang. Cho duong thang d song song véi mat
phang (P). Khi d6 khoang cach gitra d va (P) bang khoang cach tir mot diém bét ki trén d dén
(P).

3. Dung doan vuéng géc chung ctia hai duong thing chéo nhau a va b. Khoang cach giira
hai duong thang.

Cach 1 (St dung cho truong hop a_Lb).

® Dung (P) chua b va vudng goc vdi a tai A.

& Dung AB vuong goc voi b tai B. Khi d6 doan AB 1a doan / AL% /
vuong goc chung cua a va b. &

Cach 2.
& Dung mat phang (P) chita duong thang b va song song 2
v6i duong thang a.

& Dung a’ 1a hinh chiéu ctia a trén mat phang (P) nhu sau: / B .
H
b
e Chon M trén a, dung MH L (P) tai H. ¢ N :

e Tir H, dung duong thang a’ || a, cat dudng thang
b tai diém B.

& Tu B, dung dudong thang song song v&i M H, cat a tai A.

Khi d6 doan AB la doan vuong goc chung cta a va b.
Chu y 9. Tir cach 2 thay rang: d(a;b) = AB = MH = d(a; (P)).

& Do d6 néu bai toan chi yéu cau tinh d(a;b) thi ta c6 thé tinh d(a; (P)), véi (P) la mat
phang chita b va song song vdi a.

& Khoang cach giita hai duong thang chéo nhau bang khoang cach gitta mot trong hai
duong thang d6 va mat phang song song vé6i né, chita duong thang con lai. Khoang
cach gitta hai dudng thang chéo nhau bang khoang céach gitra hai mat phang song song
1an lugt chira hai duong thang dé.

Nhu vy, néu dung chi y 10 thi ta c6 thé tinh khoang cach gitta hai dudng thang chéo nhau
mot cach gian tiép ma khong can dung doan vudng goc chung.
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Cach 3.

& Dung mat phang (P) chita dudng thang b va song
song vai a.

& Dung mat phang (Q) chita a va vudng géc véi (P). Xéc
dinh ] = (Q)Nb.

& Tir ], dung duong thang c L (P), khi déc C (Q) vac
cata taiI.

Khi d6 doan I] la doan vudng goc chung ctia a va b.
Cach 4.
& Dung mat phang (P) vuong goc véi duong thang a tai
diém O.
@ Dung hinh chiéu b’ ctia b trén (P).

& Dung hinh chiéu H ctia O trén b'.

& Tir H, dung duong thang song song véi a, cat b tai B.

& Tir B, dung duong thang song song véi OH, cat a tai
A.

Khi d6 doan AB la doan vuong goéc chung ctia a va b.

B. MOT SO DANG TOAN

Dang 16. Tinh khoang cich tir M dén duong thang A.

Phuong phap.

Cach 1. Dung dinh nghia 2 & trang 133.

Cach 2. Néu c6 mat phang (P) qua M va vuéng goc véi A tai H thi d(M; A) = MH.

Bai 1. Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh thoi tim O, SA = AB = 2a, ABC = 60°
va SAL(ABCD).

a) Chung minh BD 1 SC. Tinh d(O; SC).
b) Tinh d(O; SB) va d(D; SB).
(@ Loi gidi

a) Tac6 SAL(ABCD) = SA1BD. Mat khac ABCD la hinh thoi
nén ACLBD. Vay:

{ ggiﬁg = BD1(SAC) = BD_LSC.

Goi I 1a hinh chiéu ctia O trén SC.

Vi ACAS dong dang v6i ACIO nén s ﬁ
' cCO IO

Do d6 OI = A%SO. Suy ra:

Ol — 2a.a _ 24 _a
VSAZ+ ACZ A2+ 442 /2
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Vay d(0; SC) = %

b) Ké OH vuédng goc véi SB tai H. Khi d6 d(O; SB) = OH. Vi BDL(SAC), ma SO C (SAC)
nén BD 1 SO. Vay ASOB vudng tai O. Do OH la dudng cao cta tam giac vuéng ASOB nén

11 N 1 1 N 1 1 N 1
OH2 OB2 (0S§2 3\2  SA2+ AO? 342 5a?’
(201.%)

Vay d(0; SB) = OH =~ 430.
Ké DK vudng goc véi SB tai K. Khi do
d(D;SB) = DK = 2HO = 2”‘{1% - ”\é%.

Dang 17 (Héay lién hé dang nay v8i dang 10 & trang 64, dang 15 & trang 102).
Tinh khoang cach tir diém M dén mat phang (P).

Phuong phap.
Cach 1. Dung dinh nghia 1 § trang 133.
Cach 2.

& Budc 1. Tim mot mat phang (Q) chita M va (Q) L(P). g
Timd = (P) N (Q).

& Buéc 2. Qua M ké MH Ld tai H. Khi d6 vi MHL(P)
nénd(M; (P)) = MH.
Luuy.

M

P
& Néu duong thang A song song vdi N K — /
mp(P) thid (A; (P)) = d(M;(P)), véi
M la diém bat ki trén A.
& Néu mat phang (P) song song véi mat 4 /}/ S /

phang (Q) thi khoang cach gitta hai
mat phang (P) va (Q) la:
d((P);(Q)) =d(M;(P)) =d(N;(Q)), véi M € (Q),N € (P).

Bai 2. Cho hinh chép S.ABC c6 déy la tam gidac ABC vudng can tai B va SA 1 (ABC). Biét
AC = 2a,SA = a.Goi M, N, P lan lugt 1a trung diém ctia AB, BC, SB.

a) Chuang minh MP || (SAC). Tinh d(MP, (SAC)).
b) Chiung minh (MNP) || (SAC). Tinh d((MNP), (SAC)).
c¢) Tinh khoang cach gitta SA v6i (CMP).

(¢ Loi gidi

.. | MP ¢ (SAC SN
a) Ta c6: { MP | S(A - ESAC).
Suy ra MP || (SAC). (1)
Goi I 1a trung diém ctia AC. Do tam gidc ABC can tai Bnén BI L AC.
Lai c6 SALBI. Tir d6 suy ra BI L (SAC). Goi H la trung diém AI thi
MH || BI. Do d6 MHL(SAC). Vay AR
MH = d(M; (SAC)) = d(MP; (SAC)).

a
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. _BI  AC a
TacoMnggA;) 1
MN
b){MN | Ac C (sac) = MN | (S4C). )

Ma MN va MP la hai duong thang cat nhau cing nam trong (MNP) nén tir (1) va (2) suy ra
(MNP) || (SAC). Tir d6

d((MNP); (ABD)) = d(M, (SAC)) = MH =

NS

SA ¢ (CMP)
SA || MP C (CMP).
Suy ra SA || (CMP) = d(SA, (CMP)) = d(A, (CMP)).

c) Ta co:

Ha AKLCM (K € CM). Ta c6: { ﬁii;ﬁg = AKL(CMP). Stt dung tinh chat dong dang
. . . AK  AM _ AM.BC _. .. . _
cua tam gidc ta co BC oM~ AK = oM De dang tinh dugc:

AB = BC = av/2, AM = %

2
CM = +BC2+BM2 = (/222 + L — av10

2 2
—a\/ia 2
Tir do AK — AM-BC _ 5 _ aV/10
CM av/10 5
2
Vay d(SA, (CMP)) = d(A, (CMP)) = AK = a\éﬁ_

Bai 3 (DH 2014B). Cho hinh lang tru ABC.A’B'C’ c6 ddy la tam gidc déu canh a. Hinh chiéu
vuong goc ctia A’ trén (ABC) la trung diém canh AB. Goc gitta duong thang A’C va mat day
bang 60°. Tinh theo a khoadng cach tir diém B dén mat phang (ACC’'A’).

(¢ Loi gidi

Goi H la trung diém AB. Theo gia thiét ta
c6 A’H1 (ABC). Do d6 hinh chiéu cta A'C
trén (ABC) la HC, suy ra goc gitta A'C va
mit déy 1a: A’CH = 60°.

A’H = HC.tan A’CH.

A'H = 32_a. Goi I 1a hinh chiéu vuéng géc

cta H trén AC. Khi do:
{ ACLIH C (A'IH)

ACLA'H C (A'IH)

IHNA'H=H
Suy ra ACL(A'IH), ma AC C (ACC'A’)
nén (ACC'A") L (A'TH). Mat phang (A'TH)
vuong goc véi mat phang (ACC'A’) theo
giao tuyén A’I nén néu ké HK vudng goc
v6i A'I tai K thi K 13 hinh chiéu cta H trén
(ACC'A’), do dé6: d (H,(ACC'A’)) = HK.
Ta co:

V3 aV3,

HI = AHsin[AH = ;
Sin 2 4

NSRS
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1 1 1 16 4 52 3a

R - HE "HAZ 32 o2 T o2 ™ >J13
3v13a
3

d (B,(ACC'A")) = 2d (H,(ACC'A")) = 2HK =

Bai 4. Cho ta dién OABC c6 ba canh OA, OB, OC d6i mot vudng goc. Pat OA = a, OB = b,
OC = c. Goi K 1a hinh chiéu vudng géc ctia O trén BC. Chiing minh rang khoang cach d tir O
1 1 1 1

dén mat phang (ABC) bang khoang cach tir O dén AK va 2-atpta
(¢ Loi gidi
Ta c6 AOL(OBC).

Suy ra OALBC. Vay:
BCLOK C (AOK)
BCLOA C (AOK) = BCL(AOK).
OKNOA =0
Ma BC C (ABC) nén (ABC)_L(AOK).
Ta co:

{ (ABC)L(AOK)

(ABC) N (AOK) = AK = OH_L(ABC).
OH C (AOK), OHLAK
Do d6 d (O; (ABC)) = OH = d (O; AK). Ta c¢:
1 1 1 1 1 1 1 1 1 1

£ OH2 OAZ oK oA OB o Z pTa

Luu y. Két qua bai toan 4 nay dugc sit dung nhiéu.

Dang 18. Dung doan vuéng géc chung ctia hai duong thing chéo nhau a va b.
Khoang cach giwra hai duong thang.

Phuong phap.
Cach 1 (St dung cho truong hop a_Lb). 2

& Dung (P) chita b va vudng goc véi a tai A. / L7/ /
A b
& Dung AB vuong goc voi b tai B. Khi d6 doan AB 1a doan P °
vudng goc chung ctia a va b.
Cach 2.
& Dung mat phang (P) chita duong thang b va song song d

vdi duong thang a.

& Dung a’ 1a hinh chiéu ctia a trén mat phang (P) nhu sau: / | . /
H
b
e Chon M trén a, dung MH_1 (P) tai H. P

e T H, dung duong thang a’ || a, cat duong thang
b tai diém B.

& Tir B, dung duong thang song song véi MH, cat a tai A.

Khi d6 doan AB la doan vudng goéc chung ctia a va b.
Chu y 10. Tir cach 2 thay rang: d(a;b) = AB = MH = d(a; (P)).

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



138 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

& Do d6 néu bai toan chi yéu cau tinh d(a;b) thi ta c6 thé tinh d(a; (P)), voi (P) 1a mat
phang chita b va song song vdi a.

& Khoang cach giita hai dudong thang chéo nhau bang khodng cach gitta mot trong hai
duong thang d6 va mat phang song song véi né, chita duong thang con lai. Khodng
cach gitta hai duong thang chéo nhau bang khoang céch gitta hai mat phang song song
1an lugt chita hai duong thang do.

Nhu vay, néu dung chi y 10 thi ta c6 thé tinh khoang cach gitra hai duong thang chéo nhau
mot cach gian tiép ma khong can dung doan vudng goc chung.
Cach 3.

& Dung mat phang (P) chita dudng thang b va song
song vdi a.

& Dung mat phang (Q) chita a va vudng géc véi (P). Xéc
dinh ] = (Q)Nb.

& Tir ], dung duong thang c L (P), khi déc C (Q) vac
cata tai I.

Khi d6 doan I] la doan vudng goc chung ctia a va b.
Cach 4.
& Dung mat phang (P) vudng goc véi duong thang a tai
diém O.
& Dung hinh chiéu ¥’ ctia b trén (P).

& Dung hinh chiéu H ctia O trén b'.

& Tir H, dung dudng thang song song vdi a, cat b tai B.

& Tir B, dung duong thang song song v6i OH, cat a tai
A.

Khi d6 doan AB la doan vuéng goc chung ctia a va b.

Bai 5. Cho tu dién OABC, trong d6 OA, OB, OC d6i mot vuong goc va OA = OB = OC = a.
Goi I 1a trung diém BC. Hay dung va tinh d¢ dai doan vuong goc chung cua cac cap duong
thang:

(1) OA va BC; @) 1A va OC.
@ L&i gidi

(D Tac6 OALBC. Mat phang (OBC) chira BC va vudng géc véi OA tai O. Ké OI vudng goc
vdi BC tai I, khi d6 I 1a trung diém BC. Vi OI vudng géc vdi OA va BC lan luot tai O va
I nén OI la doan vudng géc chung ctia hai duong thang OA va BC. Ta ¢6

o7 — BC _ VOC2+0B2  Va2+a2  aV2
T2 2 -2 2
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Tac6 (OAB) LOC (tai O).Ké I] vudng goc
voi OB tai ], khi d6 | l1a trung diém OB va
IJL(OAB) tai J. Vay A]J la hinh chiéu cta
Al trén (OBC). Chiéu vuong goc O trén
AJ thanh H. Dung HE | OC(E € AlI).
Dung EF || OH (F € OC). Khi d6 EF la
doan vudng goc chung caa Al va OC va
EF = OH. Trong tam giac vuong AO] ta

CO:
i1
OHZ ~ O2 ' 0A?
4 15
a2 a2 a2
2
SuyraOHZZ%;»OH:%g.vayEP:%g.

Luu y. Dbi v6i cau b), hinh chiéu ctia Al trén mat phang (OBC) chita OC 1a OI, ma OI khong
vudng goc vai OC nén Al khong vuong goc voi OC. Do do6 ta khong sir dung cach 1 ma phai
dung doan vudng goc chung trong truong hop tong quét (cach 4). Cing c6 thé dung doan
vuong goc chung theo cach 2 nhu sau:

& Dung mat phang chita AT va song song véi OC la (AIJ).

& Trén OC chon diém O, khi d6 hinh chiéu ctia O trén (AI]) chinh 1a hinh chiéu H ctia O
trén AJ.

& Vé HE || OC, E thudc AI. Ve EF || OH, F thudéc OC. Khi d6 EF la doan vudng goc chung.

Bai 6. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a. Goi I, M, N, P lan luot la
trung diém cta AB, BC, SD, SB va gia st SI L (ABCD). Hay dung doan vudng goc chung va
tinh khoang cach gitra hai dudng thang MN va AP.

(¢ Loi gidi

Goi | 1a trung diém SA. Khi d6 [N va BM cung
song song va bang mot nira AD nén BM N/ 1a hinh
binh hanh, do dé:
MN || B] C (SAB), suy ra MN | (SAB). Vay
mp(SAB) chira AP va song song v4i MN. Vi
BCLBA C (SAB)
BCLIS C (SAB)
BANIS =1
nén BCL(SAB). Goi G = AP N BJ. Vé duong
thang qua G, song song véi BM, cat MN tai Q. Ta

C{O:BCL(SAB)

GQ | BC
Ma AP C (SAB) nén GQLAB. Lai c6 {

= GQ.L(SAB).

MN || (SAB)
GQ.L(SAB)

gbc chung ctia AP va MN. Khoang céch gitta hai dudong thang MN va AP bang GQ = g.

= GQLMN. Vay GQ la doan vuong

Bai 7. Cho hinh chép S.ABC ¢6 SA vuéng goc véi mat phang (ABC), SA = a, day ABC la
tam gidc déu canh a. Hay dung doan vudng géc chung ctia hai dudng thang AC va SB va tinh
khoang cach gitra hai duong thang nay.

(¢ Loi gidi
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Phan tich. Hinh chiéu ctia SB trén mat phang (ABC) chia AC 1a AB, ma AB khong vuong
goc voi AC nén SB khong vudng goc voi AC. Do d6 ta khong sit dung cach 1 ma phai dung
doan vudng goéc chung trong trudng hgp tong quat (cach 4).

Giai. S
e Dung mit phang vuéng goc véi AC. Goi
D la trung diém AC, khi d6 BDLAC. Vé
duong thang Ax qua A va song song vdi
BD. Khi ds: { 4% 1 BD

' " | ACLBD
Suy ra ACLAx.

A ACLAx

Nhu'vay { ACLAS.
Suy ra AC vudng goc véi mp(S, Ax) tai A.
e Dung hinh chiéu ctia SB trén mp(S, Ax).
Ta c6 mp(S, Ax) cat SB tai S. Vé duong
thang qua B song song véi AC, cat Ax
tai E. Khi d6 BE Lmp(S, Ax), suy ra hinh
chiéu cta SB trén mp(S, Ax) la SE va
mp(S, Ax) = mp(SAE).
e Dung F la hinh chieu cua A trén SE.
e Vé duong thang qua F song song v6i BE cat SB tai H.
e Qua H vé dudng thang song song v6i AF cat AC tai K.
Ta c6 KH vuong goc voi AC tai K va vudng goc vdi SB tai H nén HK la doan vudng goc chung
ctia hai duong thang AC va SB.
Ta c6 AFHK la hinh cht nhat nén HK = AF. Mat khac AF la dudng cao ctia tam giac vudng
SAE nén:

1 1 1 1 1 4 1 7

AR T AR TAS B T2 T3 T2 T
Khoang cach gitta hai duong thang SB va AC la:

d(SB, AC) = HK = AF = a\@ - “\éﬁ.

Luu y. Néu dung doan vuong géc chung ctia hai duong thang AC va SB theo cach 2 thi ta tién
hanh nhu sau:

& Mat phang chia SB va song song véi AC 1a (SBE).
@ Hinh chiéu ctia AC trén (SBE) duoc dung nhu sau:

e Trén AC chon diém A. Hinh chiéu ctia A trén (SBE) 1a F.
e Tir F vé dudng thang song song vdi AC cat SB tai H.
e Khi d6 FH 1a hinh chiéu ctia AC trén (SBE).

& Tir H vé duong thang song song voi AF cat AC tai K.
& Khi d6 HK la doan vuéng géc chung ctia hai duong thang AC va SB.

Cach khac (st dung vecto). Gia st HK 1a doan Vuon‘_goc chung ctia hai duong thang AC
Va S B le H thudc SB, K thudc AC. Ta sé biéu dién KH theo ba vecto khong ciing phuong
AB, AC, AS.

KH = KA+ AS + SH = xAC + AS + ySB
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:x26+2§+y<2§—2§):xZE+(r—wZ§+yZ§
Ta co:

KH1AC < KH.AC =0
=3 [xza)—l— (1—y);1—5)+]/2§} AC=0
&xAC? +yAB.AC =0
&xAC? 4+ yAB.AC.cos60° = 0
a’x + %azy =0

<2x+y=0.
Lai co:

KH1SE « KH. (4B - 43) =0
@(Zﬁ—ﬁ).[xﬁ+(l—y)2§+yﬁ} =0
@%azx-l—yaz— (1-y)a®>=0
ex+2y—2(1-y)=0
Sx+4y = 2.

She: | Xty =0 R
Tacohe.{x+4y:2 @(x,y)—( 7,7>.
3 4

—> 2—> ey g
Nhu vay: KH = —;AC + §AS + ?AB'

Doan vuéng géc chung ctia hai duong thang AC va SB1a HK véi H thuoc SB, K thude AC va
3

KH = —ZAC + 2AS + ~AB. Do dé:
. C—|—7 S+7 B. Do do
7KH = 3AS + 4AB — 2AC
— —> — — >\ 2
@%MH2=<&w+4AB—LMj
&49KH? = 9AS? +16AB% 4+ 4AC% — 16AB.AC
&49KH? = 942 + 1642 + 4a% — 84

21a°
KH* = =—.
< 49
V21
Do dai doan vuong goc chung la: KH = 1 7

Bai 8 (THPT Qudc gia nam 2015). Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong
canh a, SA vuéng géc v6i mat phang (ABCD), géc gitta duong thang SC va mat phang
(ABCD) bang 45°. Tinh theo a khoang cach gitra hai dudng thang SB va AC.

(¢ Loi gidi

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



142 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Do SA vuoéng géc véi mit phang (ABCD)
nén hinh chiéu cta SC trén (ABCD) la
AC, do d6 goc gitta duong thang SC va
mat phang (ABCD) la géc gitra hai duong
thing CS va CA, tic la goc SCA = 45°.
Trong tam giac vuong SAC, ta co: SA =
ACtan45°, Hay SA = av/2. Goi E la diém
dbi xing ctia D qua A, khi do6:

AC SBE
e A |sr) = AC I (SBE)

Khoang cach gitta hai duong thang SB va
AC la:
d(AC,SB) = d (AC,(SBE))

=d (A, (SBE)).
Ké AH_LBE tai H, ké AKLSH tai K. Khi do:
AK1SH
{ AKLBE = AKL(SBE) = d (A, (SBE)) = AK.
Do AK la duong cao cua tam gidc vudéng SAH nén: L1 + !
graocuatams & VAKZ T A2 T AHZ
Do AH la duong cao cua tam giac vuong ABE nén:
S S S S
AH?  AB?2 ' AE?2 a2 a2 a%

1 1 2 5 242 av/10

v —— =+ = = T s AK? =" = AK = .

VY e T T2 T T 5 5
av/10
=

Khoang cach gitta hai duong thang SB va AC la: AK =

Bai 9. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh khoang céch gitra hai hai
duong thang AC va DC'.
(¢ Loi gidi

Goi I 1a tAm hinh vuéng ADD’A’. Vi AC || A’C' ma A'C’ ndm A

trong (A'C'D) nén AC || (A'C'D). Vay

d (AC;DC') = d (AC; (A'C'D)) = d (A; (A'C'D)).

Vi giao diém ctia AD’ va (A’C'D) 1a I nén ta c6:

d(A;(ACD)) 1A

d(D’;(A'C'D)) ID'

Tir day ta suy ra .

d (A; (A'C'D)) = d (D’; (A’C'D)). P |
z

Do tu dién D’A’C'D ¢6 ba canh D’A’, D'C’, D'D vuéng gbc v6i nhau déi mot nén theo bai
toan 4 & trang 137 ta co:

1 1,1 1 3
[d(D’; (A’C’D))]2 ~ D'A?  D'C? D'D?2  a?*
Vay d (AC; DC') = d (D'; (A'C'D)) = @

Luu y. Mot trong cac cach tim khoang cach gitra hai dudng thang chéo nhau a va b 1a ta dung
mp(P) chita b va (P) || a. Khi d6
d(a;b) =d (a; (P)).
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Bai 10. Cho lang tru dung ABC.A’B’C’ ¢6 day la tam giac vudng va AB = BC = a, canh bén
AA' = av/2. Goi M la trung diém ctia BC. Tinh khoang céach gitra hai duong thang AM va
B'C.

(¢ Loi gidi

Goi N la trung diém BB'. A C
Khi d6 MN | CB' = CB' || (AMN). N>

Nhu thé ta c6: ‘r

d (AM; B'C) = d (B'C; (AMN)) = d (B'; (AMN)).

Vi dudng thang BB’ cat méat phang (AMN) tai diém N nén A C
d(B;(AMN))"_ BN __ a
i(B;(AMN)) _ BN B

Suy rad (AM;B'C) = d (B'C; (AMN)) = d (B; (AMN)). Vi ti dién BAMN c6 BA, BM, BN
do6i mot vuong goc nén theo bai tap 4 & trang 137, ta co:

11 N 1 N 1 _1+2+4_7
d2  BA2  BM2 BN2 42 g2 g2 g%
a7

7

Bai 11. Cho hai duong thang a va b chéo nhau nhan AB lam doan vudng géc chung (A € a,
B € b). Cac diém M, N lan lugt thay déi trén a va b sao cho AM.BN = ¢ khong déi. Tim vi tri
ctia M, N sao cho MN nho nhét.

(¢ Loi gidi

Phan tich. Ta can tinh MN theo AB, AM, BN. Mét suy nghi rat tu nhién la sé tao ra mot doan
thang xuat phat tir M hodc N va c¢6 d6 dai bang AB. Nhu vay ta sé vé duong thang c di qua
M va song song véi AB. Dén day sé ndy sinh nhu cau cAn phéi vé dudng thang qua B va song
song v6i AM, cat ¢ tai P. Khi d6 MP = AB. Dén day ta da c6 thé tinh MN theo AB, AM, BN
va géc PBN, sau d6 dua ra nhitng danh gia bat ddng thic dé im gia tri nho nhat ciia MN.
Giai. Ké duong thang a’ qua B va song song véi a. Khi d6 AB vudng M _2
gbc voi b va vuong goc véi a’ nén AB vuong goc véi mat phang A
(b,a’). Lay P thudc a’ sao cho MP || AB. Goi ¢ la géc tao bdi hai —]
duong thang a va b. Ta co:

MN? = MP? + NP2

= AB? + BP? + BN? — 2BP.BN cos PBN

= AB?+ AM? + BN® — 2AM.BN cos PBN

> AB? + AM? + BN? — 2AM.BN cos ¢ >B
> AB? +2AM.BN — 2AM.BN cos ¢ P
= AB? 4 2c — 2ccos ¢ = AB? +2¢(1 — cos ¢). b
Déu dang thiic xay ra khi va chi khi

Vay d (AM;B'C) =d

AM = BN = /¢, (W,W):@Nz(p.

Vay doan thang MN nhé nhét 1a bang /AB2 + 2¢(1 — cos @), dat duge khi AM = BN = /c
va (m, ?]\7) = ¢.
Cach khac (dung vecto). Ta co:

—> e —> —> — —\ 2
MN = MA + AB + BN = MN? = (MA+AB-|—BN> .
Nhu vay:

MN? = MA? + AB? + BN? + 2MA.AB + AB.BN + 2MA.BN
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= AB? + MA? + BN? + 2MA.BN

— AB? + MA? + BN2 + 2MA.BN cos (MZ, ﬁi’)

> AB? + (MA? + BN?) — 2MA.BN cos (279) (1)
> AB2 +2MA.BN — 2MA.BN cos (?b) ?)

— AB? 4 2MA.BN [1 — cos (ﬁ)}
= AB? +2¢ [1 — Cos (E,\b)] .

Do d6 MN > \/ AB2 4 2¢ [1 — cos (ﬁy)] déu "=" xdy ra khi va chi khi ddu "=" & (1) va (2)

cung xay ra hay:

{ Ccos (Aﬁ BN) = —Cos (cﬁ)
AM = BN =

Vay MN bé nhét 1a bang \/AB2 +2c [1 — cos H dat duogc khi va chi khi

&
(o (78.59) = e i)

AM BN

. BAI TAP ON LUYEN
1. Dé bai
Bai 12. Cho ti dién OABC ¢6 OAL(OBC). Goi K 1a hinh chiéu vudng goc cua O trén BC.
Chting minh rang khoang cach tir O dén mat phang (ABC) bang khoang cach tir O dén AK.
Bai 13. Cho ti dién OABC ¢6 OA_ L (OBC), COLCB. Chitng minh rang khoadng cach tir O dén
mét phang (ABC) bang khoang cach tir O dén AC.
Bai 14. Cho hinh chép tam gidc déu S.ABC c6 canh AB = a va dudng cao ha tir S bang h.
Tinh khoang cach tir A dén (SBC).
Bai 15. Cho hai diém A, B ndm cting phia v6i mit phang (P). Trén doan AB lay diém M sao
cho % = 3. Tinh khoadng cach tir M dén (P), biét khoang cach tir A va B dén (P) tuong ting
laavab.
Bai 16. Cho hinh chép S.ABC c6 SA = av/2 va vudng goc v6i day. Day la tam gidc vudng tai
B va c6 AB = a; M la trung diém AB. Tinh khoang cach gitta SM va BC.
Bai 17. Cho tit dién ABCD c6 AC = BC = AD = BD = a, AB = ¢, CD = ¢'. Tinh khoang
cach gitra hai duong thang AB va CD.
Bai 18. Cho hinh chép S.ABCD c6 day la hinh vuéng canh a. Mat bén SAB la tam giac can
tai S va (SAB) vuong géc v6i (ABCD), canh bén SC tao v6i mat phang ddy géc . Tinh:

a) Chiéu cao ctia hinh chép S.ABCD.

b) Khoang cach tir chan duong cao hinh chép dén mat phang (SCD).

c) Dién tich thiét dién ctia hinh chép S.ABCD khi cat bdi mat phéng trung truc cta canh
BC.
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Bai 19. Cho hinh hop ding ABCD.A’B'C'D’ ¢6 déy 1a hinh thoi canh a, A = 60°, géc gitta
duong chéo A’'C va mit phang day bang 60°.

a) Tinh duong cao ctia hinh hop do.

b) Tim dudng vudng géc chung ctia A’C va BB'. Tinh khoang céch gitra hai duong thang
do.

Bai 20. Cho hinh lang tru ABC.A’B'C’ ¢6 tt ca cac canh déu bang a. Goc tao bdi canh bén
va mat phang day bang 30°. Hinh chiéu H ctia diém A trén mat phang (A’B’'C’) thudc duong
thang B'C’.

a) Tinh khodng cach gitta hai mat phang ddy.

b) Chtiing minh rang hai duong thang AA’ va B'C’ vuéng goc, tinh khoang cach gitra
ching.

¢) Tinh géc gitta duong thang BC va AC.

d) Tinh goc gitrta (ABB'A’) va (A’B'C’).

Bai 21. Cho hinh hdp chir nhat ABCD.A’B'C'D’ ¢6
AB = AA" =a,AC' = 2a.

a) Tinh khoang céch tir diém D dén mat phang (ACD').

b) Tim dudng vuong goc chung ctia cac duong thang AC’ va CD’. Tinh khoang cach gitta
hai duong thang ay.

Bai 22. Cho hinh chép S.ABCD, ddy la hinh chit nhat va AB = 24, BC = a. Cac canh bén cta
hinh chép bang nhau va bang av/2.

a) Tinh khoang cach tir S dén (ABCD).

b) Goi F, E lan luot la trung diém cta cac canh AB va CD, K 1a diém béat ki thuoc duong
thang AD. Ching minh rang khoang céach gitta hai duong thang EF va SK khong phu
thudc vao vi tri cia K trén dudng thang AD. Hay tinh khoang cach do theo a.

Bai 23. Cho hinh chép t gidc déu S.ABCD c6 AB = SA = a. Goi M la trung diém ctia SC.
Ki hiéu (P) 1a mat phang di qua AM va song song v6i BD. Tinh khoang cach tir S dén (P).
Bai 24. Cho hinh 1ap phuong ABCD.A’B'C’'D’. Goi M, N lan lugt 1a trung diém ctia cac doan
thang AB, B'C'. Xac dinh doan vudng géc chung ctia AN va DM.

Bai 25. Cho hinh chép S.ABCD ddy la ntra luc gidc déu, SA = a va SA vudng goc vdi mat

phang (ABCD), AB = BC = CD = a. Xac dinh doan vuéng géc chung ctia BD va SC. Tinh
do dai doan vuong goéc chung do.

2. L&i gidi, hudng dan
Cau 12.
Ta c6 AOL(OBC), suy ra OA_LBC.
BCLOK C (AOK)
Vay { BCLOA C (AOK) = BCL(AOK).
OKNOA =0
Ma BC C (ABC) nén (ABC) L(AOK).
Ta co:
(ABC)L(AOK)
(ABC)N (AOK) = AK = OH_L(ABC).
OH C (AOK), OHLAK
Do d6 d (O; (ABC)) = OH = d (O; AK).
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Cau 13.

Ta c6 AOL(OBC), suy ra OA_LBC. A
BCLCO C (AOK)
Vay { BCLOA C (AOK) = BCL(AOC).
OCNOA=0 A
Ma BC C (ABC) nén (ABC)L(AOC).
Ta co:
(ABC)L(AOC)
(ABC)N(AOC) = AC = OHL(ABC).
OH C (AOC), OHLAC
Do dé6d (0; (ABC)) = OH =d (0; AC).

Cau 14. Phan tich. Dé bai cho hinh chép tam glac déu thi ta phai chu y dén tinh chat: trong
hinh chop déu, chan dudng cao triing voi tam ctia ddy; trong tam glac déu thi tam duong tron
ngoai tiép va trong tam trung nhau. Con viéc xac dinh hinh chiéu cta A trén (SBC), ban doc
xem lai dang 17 & trang 135 va dinh 1i 3 & trang 93.
Giai. Goi H la hinh chiéu cta S trén (ABC). Khi d6 HA,
HB, HC la hinh chiéu cta SA, SB, SC trén (ABC), ma
SA = SB = SCnén HA = HB = HC. T day két hop
Vi gia thiét tam giac ABC déu suy ra H 1a tim ctia tam
giac ABC. Goi E 1a trung diém BC. Khi d6:

BCLAE C (SAE)

BCLSE C (SAE)

AENSE =E.
Suy ra BCL(SAE). Do d6 (SBC)L(SAE). Nhu vay
(SBC) vudng goc vdi (SAE) theo giao tuyén SE nén tir A
vé AK vudng goc véi giao tuyén SE, ta sé co:

AKL(SBC) = d (A, (SBC)) = AK.

Ta ¢0: 2554 = SH.AE = AK.SE = AK = SH'AE. Trong do:
SH = h, AE = @
2 12h2 + a2
2 2 2 S S
B T P e ez
Vay khoang cach tir A dén (SBC) la:
ha+/3 2v/3 B 3ah

d (A, (SBC)) = AK = : _ ,
(A ) 2 V122 + a2 /12K2 + a2

Cau 15.
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Phan tich. Tir gia thiét thiy rang can phai
vé cac duong thang lan lugt di qua A, B,
M vudng géc véi mat phang (P) va cat (P)
tuong ung tai A’, B/, M'. Khi d6 AA" = g,
BB’ =b.

Giai. Goi A’, B/, M’ lan lugt la hinh chiéu
ctia A, B, M trén mit phang (P). Khi dé6
do ba diém A, B, M thang hang nén A’, B/,
M’ thang hang; AA’, BB/, MM’ 1a ba duong
thdng song song v4i nhau va ciing ndm
trong mat phang vuéng goéc véi (P). Nhu
vay ti gidc AA’B’'B 1a hinh thang vuong tai
A’ va B'. Goi K 1a giao diém cta AB’ va
MM'. Ta can tinh MM’ theo a va b.

MK_AM_ng _3BB'_3b
BB’ AB 4 4 47
KM BK BM 1 AA’ a
= = = - = KM = KM = —.
AA’ BA BA 1 T 1
3b a 3b+a
I r_ oY 4
MM—MK+KM—4—|—4 7
b+a

Vay khoang cach tir M dén (P) la: MM’ =

Cau 16. Phan tich. Do SA | (ABC) nén hinh chiéu ctia SM trén (ABC) la AM, ma BC vudng
goc v6i AM nén theo dinh li ba duong vudng goc suy ra BC vuong goc voi SM. Nhu vay bai
todn nay roi vao trudng hgp dac biét nén viéc dung doan vudng géc chung la dé dang. Ta can
xéac dinh mat phang chita duong nay va vudng géc véi duong kia.

Giai. Ta c6:

SAL1(ABC) = SALBC.

Nhu vay:
BC1BA C (SAB)

{ BCL1SA C (SAB)
BANSA = A.

Suy ra:

BCL(SAB) = BCLSM.

Ta c6 (SAB) la mat phang chia SM va vuéng
goc voi BC tai B. Tix B vé BH vuodng goc voi SM
tai H. Do BC_L(SAB) ma BH nam trong (SAB)
nén BCLBH. Nhu vay BH cung vudng goc va
cat hai duong thang SM va BC nén BH la doan
vuong goc chung cta hai dudng thang nay. Ta

S

co:
1 1 a?
S = -SA.AB=-av2a=—.
ABS = 3 V2. 7
Do M la trung diém AB nén:
1 > SM.HB  a? a2\/2
MBS = 55485 = 5 7 > Wi 3V
Lai co:
2 2
2
SMZ:AM2+A52:2a2+aZ:9%:>SM:32—LZ:>HB:%.
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Khoang cach gitra hai duong thang SM va BC la:

d(SM,BC) = HB = Y=,

Cau 17.
Goi | 1a trung diém ctia CD. Vi AACD can tai Anén AJ L CD. Vi
ACBD can tai B nén BJ LCD. Vay mat phang (ABJ) vuong goc
v6i CD tai J. Tir day suy ra CD L AB va (ABJ) 1a mat phang chira
AB va vudng goéc véi CD tai J. Ké JI vuodng goc voi AB tai I. Khi
do6 I] la doan vuong goc chung ctia AB va CD. Ta ¢6

2

A = /AD?—DJ2 = a2—cz
/2

VBT = - S

Vay ABJ A cén tai ], suy ra I 1a trung diém AB. Do d6

IJ = AIZ_AIZ— QZ_f_é_\/4a2—(c/2_|_02)

4 4 2

/2 + C2)

42— \
Vay d(AB; CD) _ V4 (véi diéu kién 4a2 > ¢2 + ¢2).

Cau 18.

a) Goi H la trung diém AB, khi d6 SH1AB, suy ra
SH 1 (ABCD). Vay khoang céch tir S dén (ABCD) la SH, do
d6 SH la chiéu cao ctia hinh chép. Vi hinh chiéu ctia duong
thdng SC trén (ABCD) 1a HC nén SCH = a. Trong ASCH,
ta co:

SH = HC tan . Mat khac:

HC2 = BH? + BC? = 52.
Suyra HC = \2/_
av/5

Vay SH = - tana.

b) Goi K 1a trung diém cua CD. Khi d6

CDLHK C (SHK)

CDLSH C (SHK) = CDL(SHK).

HKNSH =H
Suy ra (SCD)L(SHK). Vi (SCD) N (SHK) = SK nén néu ké duong cao HI ctia ASHK thi HI
vudng goc véi (SCD) tai I, do d6 khoang cach tir H dén (SCD) la HI. Ta ¢6

11 1 4 +l_4—|—5tan2cx

HI2  HS? HK? 5a2tan’a a2  5a2tan’a
SuyraHI:M.
V4 +5tan?«

¢) Vi SH va CD cuing vuédng goc véi BC nén SH va CD cling song song voi mit phang trung
truc (R) cua BC. Khi d6 (R) N (ABCD) = MN, v6i MN || CD va M, N lan lugt la trung diém
ctua BC, AD. (R) N (SHK) = EF, v6i EF || SH va E 1a trung diém ctia HK. (R) N (SCD) = PQ,
v6i PQ di qua diém F va PQ || CD. Thiét dién 1a hinh thang MNPQ. Ta c6

a\/_ ne = 3a2\/§tanuc
4 16

1
Smwpg = 5 (MN + PQ).EF = 2( +2)
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Cau 19. -
a) Vi AC 1a hinh chiéu ctia A’C trén (ABCD) nén A’CA = 60°.
Do ABCD la hinh thoi canh a va A = 60° nén AC = 240 =
/3. Pudng cao ctia hinh hop ABCD.A’B'C'D’ chinh1a AA'.
Mt khéc: AA’ = AC tan A/CA.
Vay AA" = a\/3tan 60° = 3a.
/ /
b) Ta c6 { gg, |§|Z/(lil4ACC2A’AC). Suy ra BB’ || (A’AC). Goi
O la giao diém ctia AC va BD. Khi d6
BOLAC C (A’AC)
BOLAA' C (A'/AC) = BOL(A'AC).
AANAC=A

KéOI || AA' (I € A’/C)vakélI] || BO(J € BB').Khid6IJL(AA'C)(doI] || BO,BOL(A’AC)),
ma theo trén thi

J € BB',BB' || (A’AC),A’C C (A’AC).
Do d6 I] chinh 1a doan vuéng géc chung ctia BB’ va A’C. Khoang cach gitta hai duong thang

BB va A'C 1a
2
[J] = BO = /AB2 — AQ? = \/az—% - g

Cau 20. -

Do AH_1(A’B'C’') nén AA’H chinh 14 goc gitta AA’
vamp(A’B'C’). Theo gia thiét thi AA’H = 30°.

a) Khoang cach gitra hai mat phang day la

AH = AA'sin300 = g

b) Taco A’H = VA’A2 — AH2.

2
Vay A'H = \/az—% - #

Do AA'B'C’ déu canh a, diém H € B'C' ma A’H =

# nén A’H la duong cao cia AA'B'C’ va H
la trung di€ém B’C’. Mt khac AHLB'C' nén B'C’
vuong goc voi AA’. Ta c6 (AA’H) 1a mat phang
chita AA’ va vuong goc véi B'C’ tai H. Ké duong
cao HK ctia AAA’H, khi d6 HK chinh la khoang
cach gitta AA’ va B'C'. Do AA.HK = HA".HA
nén

a
AHAH 375  aJ3
A’A a 4

¢) Vi BC || B'C’ nén géc gitrta BC va AC’ bang géc gitra C'A va C'B’, tic 1a géc AC'H. Ta ¢6

AH a a —
!/ — — — . — ! = 0
tn ACH = =5 = (5:3) =1= ACH = 45".
d) Taco (ABB'A’) N (A’B'C’') = A’B’. Trong (ABB’A’) ké Al vudng gbc vai A’B’ tai I. Khi d6
A'B'LAI I/
{ g ap = ABLIH.
Vay goc gitta (ABB'A") va (A’B'C’) la goc gitra IA va IH. Ta c6
— ——  AH 2 —
1H = BHsinIBH = °Y2, anath = 25— 2 _ 470 ~ 9%
4 HI /3
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Cau 21.
a) Goi H 1a hinh chiéu cta D trén (ACD'). Xét tt dién DACD’
c6 DA1DC, DCLDD’, DD' L DA, vay theo bai tap 19 & trang
721ta co:

1 1
DH2 _ DA? ' DC? T DDZ’
Tacé DC = a, DD’ = a.
Theo dinh li Pitago ta duoc:
DA? = CA? — CD?, vi thé suy ra:
DA? = (AC” — CC?) — a* = 24°.
Gy L1l 1, 1_5

Yom T T2 2T e
Khoang céch tir diém D dén (ACD')1a DH = a\/ﬁ.
b) ViCD = DD’ = anén CD' LC'D. Métkhéc AD L (CDD'C’) nén CD’ L DA, suy ra CD' L AC’
va (AC'D) la mat phang chita AC’, vuéng goc v6i CD’ tai I = CD’ N C'D. Trong (AC'D), ké
IJLAC' tai J. Khi d6 I] la doan vudng goc chung ctia AC’ va CD'. Vi AC'JI dong dang véi
AC'DA nén

I Ic (D

ap ~ ac - U=4Poaa
o o a2 _a
MaC'D=a 2nenI]—a\/§.—2.2a =5

Cau 22.

a) Goi H 1a hinh chiéu ctia S trén (ABCD).

ViSA =SB =S5C=5D=ay2

nén ASHA = ASHB = ASHC = ASHD.

Suy ra HA = HB = HC = HD, ma ABCD la hinh
chir nhat nén H la giao di€ém ctia AB va CD. Khoang
cach tir S dén mat phang ABCD la SH. Ta c6:

2
SH2=SA2—AH2:SA2—%
AB? 4+ BC?
—GA2_ - T
5 4
4a2 + 42 342
=24 — =,
4 4 1
VéySH:?)%.

b) ViEF || AD C (SAD) nén EF || (SAD), mat khac SK nam trong (SAD) nén khoang cach
gitta EF va SK chinh la khoang cach gitta EF va (SAD), d6 cling chinh 1a khoang cach tor H
dén (SAD). Vay khoang cach gitra EF va SK khong phu thudc vao vi tri cia K trén duong
thang AD. Tiép theo ta tinh d (EF; SK)). Goi I 1a trung diém AD. Ké dudng cao HJ ctia tam
giac vuong SHI, khi d6 H] L (SAD). Do d6d (H; (SAD)) = HJ. Ta c6

2 7 2
HJ.SI = SH.HI, SI? = SA? — A2 = 24% — ”Z - %.

Tir d6 HJ =

. Nhu vay khoang cach gitta hai duong

av/21

7

SH.HI a\/§a _aﬁ_ax/ﬁ
SI 2 ) 2 7

thang EF va SK khong phu thudc vao vi tri ctia K trén duong thang AD va bang

Cau 23.
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Do S.ABCD 1a hinh chép déu nén hinh
chiéu cua S trén (ABCD) trung vdi tam O
ctia hinh vuong ABCD. Ta cé:

BD1AC C (SAC)

BD1SO cC (SAC)

ACNSO = 0.
Suy ra BD vuéng géc v6i mat phang
(SAC). Nhu vay:
{ BD1(SAC)

(P) || BD.
Suy ra (P) vuong goc vdi (SAC) theo giao
tuyén AM. Do d6 hinh chiéu cta S trén (P)
chinh 1a hinh chiéu H cta S trén giao tuyén
AM. Khoang céch tir S dén mat phang (P)
lad(S,(P)) = SH.

™ Ta co: ZSASAM = SH.AM.

@ Mat khac do AM 1a trung tuyén cia ASAC nén 2S5xs4pm = Sasac (do hai tam giac nay
c6 cung duong cao ké tir A va SC = 2SM).

& Tacé: SA? + SC? = 24> = AC?, suy ra tam gidac SAC vuong can tai S, do d6
i

1
Sasac = 5SASC = 7

@ ASAM vuong tai A nén theo dinh li Pitago, ta co:

2 2
AMZ:SA2+SM2:a2+aZ:5%.

Nhu vay:

2 2
SH.AM:%@SH.%gzb%@\/BSH:a@SH:—.

aa

Khoang cach tir S dén (P) 1a: (S, (P)) = SH = av5,

5
Luu y. C6 thé tinh SH nhu sau:

S

L TR A
SH? SA2  SM2 a2 g2 g2 B '

Cau 24.
Phan tich. Trudc hét ta can xét xem hai dudng thang AN va DM A M B
c6 vudng goc véi nhau hay khong. Ban doc can nhé lai mot két 2 1 H
qua quen thudc ¢ hinh hoc THCS d6 la DM _LAP, véi P la trung
diém BC. Khi d6 ta dé dang chiing minh dugc DM vudng goc véi P
(ANP), do d6 DML AN va ta sé st dung cach 1 dé dung doan
vudng goc chung.

Két qua DM _L AP dugc ching minh don gian nhu sau: D C
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Ta c6 AABP bang ADAM.
Suy ra D1 1/4\1 Do do:
Al + M1
= D; + M; = 90°.
Suy ra DM1AP.
Giai. Goi P 1a trung diém ctia doan thang BC. Khi dé:
DM_LAP C (APN)
DMLPN C (APN)
APNPN =P.
Suy ra DM1(APN), do d6 DM_LAN. Goi E la giao
diém ctia DM v6i AP. Vé EF vudng goc vii AN tai F.
Khi d6, do DM vudng géc véi (APN), ma EF nam trong
(APN) nén DM vuéng goc voi EF. Nhu vay EF la doan
vudng goc chung cia DM va AN.

Cau 25. Phan tich. Day ABCD la ntta luc gidc déu nén AD la dudng kinh cta dudng tron
ngoai tiép ti giac ABCD, AD = 2a. Déy réng DB BA. Hinh chiéu ctia SC trén mat phfmg
(ABCD) chia BD la AC. Do AC khéng vudng goc v6i BD nén SC khéng vudng goc véi BD,
nhu vay dé dung doan vudng goc chung ta khong st dung cach 1 ma st dung cach 2, 3, 4.

Do ABCD la ntra luc giac déu nén DBA = 90° (goc S
noi t1ep chan ntra duong tron). Ta co: \

BD_LBA
{ BDlsA = BDL(SAB).

Vé duong thang qua C song song v6i BD, cat AB
tai K, khi d6 CK vuong goc vdi (SAB). Hinh chiéu
cta SC trén (SAB) la SK. Vé BH vudng goc vdi SK
tai H. Ve HJ song song v6i BD (J thudc SC). Ve JI
song song voi BH (I thuoc BD). Khi d6 I] 1a doan
vuong goc chung ctia BD va SC. Tiép theo ta tinh
do dai I]. Do BHJI 1a hinh chit nhat nén I] = BH.
Ta c6 tam gidc ADB dong dang véi tam giac BCK
va AD = 2a = 2BC, suy ra

AB = 2BK = BK = ; Tam gidc KHB ddng dang
voi tam giac KAS, suy ra:

]

=
/]

BH KB SA.KB
SA ks U BH= x5
2 2
Tacé: SA = a, KS = \/SA2 + KA2 = \/ 9“ %.
R SA.KB a \/ a
Nhu vay: I] = BH = S —a.2 \/—1_3

Luu y. Néu stt dung cach 2 thi ta tién hanh nhu sau:
& Mit phang chia SC va song song v6i BD 1a (SCK).
& Ta xac dinh hinh chiéu ctia BD trén (SCK) nhu sau:

e Trén BD chon diém B.

e Ta c6 (SCK) vudng goc véi (SAK) theo giao tuyén SK nén chi can vé duong thang
di qua B va vudng goc vdi giao tuyén SK thi sé c6 BH vudng géc véi mat phang
(SCK) tai H hay H 1a hinh chiéu ctia B trén (SCK).

e Vé duong thang qua H song song véi BD cat SC tai J.
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4

4

Khi d6 hinh chiéu ctia BD trén (SCK) 1a Hf va H] N SC = J.
Vé duong thang qua ] song song v6i BH cat BD tai I.

Khi do6 I] cung vudng goc véi BD va SC nén la doan vuong goc chung ctia hai duong
thang nay.

D. BAI TAP TRAC NGHIEM

1. Dé bai

Cau 1. Tim ménh dé ding trong cac ménh deé sau:

A.

B.

C.

D.

Duong vudng goc chung ctia hai dudng théng chéo nhau thi ndm trong mat phing chita
duong thang nay va vuong goc véi duong thang kia.

Duong vudng goc chung cta hai duong thang chéo nhau thi vuéng goéc voi mat phang
chira duong thang nay va song song voi duong thang kia.

Mot duong thang la duong vuodng goc chung ctia hai duong thang chéo nhau néu né
vuong goc voi ca hai duong thang do.

Cac ménh dé trén déu sai.

Cau 2. Tim ménh dé sai trong cdc ménh dé sau:

A.
B.
C.

D.

Cau 3. Gia st duong thang A cat mat phang (P) tai M. N

Khodng cach giita duong thang a va mit phang (P) song song v6i a 1a khoang cach tir
mot diém A bat ki trén a dén (P).

Khoang céach gitta hai mat phang song song la khoang cach tir mot diém M bat ki trén
mat phang nay dén mat phang kia.

Khodng cach gitta hai dudng thang chéo nhau a va b 1a khodng cach tir mot diém M
thuoc mat phang (P) chita a va song song v6i b dén mot diém N bat ki trén b.

Néu hai duong thang a va b chéo nhau va vudng goc véi nhau thi dudng Vuong goc
chung cta chiing ndm trong mit phang (P) chita duong thang nay va vuéng goc v6i
duong thang kia.

. d(A;(P))

B
Trén A lay hai diém A va B. Khi d6 ——-——22 ban jﬁ—\
Y d (B; (P)) & / m \M
P :

A —.

2A A A 2A
M B M M D M

BM " 2BM CBM " 3BM’ ~

Cau 4. Hinh ti dién ABCD c6 AB = AC = AD = 3 va AB, AC, AD d6i mot vuong goc voi
nhau. Dién tich ctia tam gidc BCD bang:

9v/3 9v/2 27
A. — B. 3 C. 27. D. 5
Cau 5. Cho hinh chép tu gidc déu S.ABCD c6 tt ca cac canh déu bang a. Chiéu cao ctia hinh
chép bang:
a2 B V3. c 3, p. V2,
3 2 4 2

Cau 6 (Cau 21, dé tham khao lan 1 b6 GD-DT, 2018).
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Cho hinh ldp phuong ABCD.A'B'C'D’ ¢6 canh bang a (tham khao  , D
hinh vé bén). Khoang cach giita hai duong thang BD va A'C’ ‘
bing B/ C
V/3a |
A. /3a. B. a. C = D. V2a. |
AN -~ Br
B’ \\C'

Cau 7. Cho tir dién ABCD c6 BCD la tam gidc déu canh a, ABL(BCD) va AB = a. Tinh
khoang céach tir diém D dén mat phang (ABC).
A 3 B 2. c 23 p. V2
4 2 2 3
Cau 8. Cho tir dién ABCD c6 BCD la tam gidc déu canh a, ABL(BCD) va AB = a. Tinh
khoang céch tir diém B dén mat phang (ADC).

A. a.\ﬁ. g, 2 C. a3 p. W2l
3 14 2 7

Cau 9 (HK2 khéi 11, Chuyén Luong Van Chanh, Phu Yén, 2018).
Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a4, SA vuong géc v6i mat phang
(ABCD). Tinh khoadng céch tir diém B dén (SAC).

A 42 B, “V2 c? p. Y2
2 4 2 3
Cau 10. Cho ti dién déu ABCD c6 canh a. Tinh khoang céch tir diém A dén duong thang
BC.
NS B “Y° c 2 p. Y2
4 3 2 3

Cau 11 (Thi thit THTT-Lan 7 nim 2018).
S6 mat phang cach déu tt ca cac dinh ctia mot hinh lang tru tam gidc 1a
A 1 B. 2. C. 3. D. 4.

Cau 12. Cho hinh chép S.ABCD c6 déy la hinh vuéng canh a, ASAB 1a tam giac déu va nam
trong mat phang vuong goc véi mat phang day. Tinh khodng cach tir diém S dén mat phang

(ACD).
A 3 B 23 c 3 D. 2.
3 2 4 2
Cau 13. Cho ti dién déu ABCD c6 canh a. Tinh khodng cach tir A dén mat phang (BCD).

Cau 14 (Pé HK2 khéi 11, 2017 - 2018 S& GD & PT Ha Nam).
Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuéng. Biét SAB la tam giac déu va (SAB)
vuong goc v6i (ABCD). Tim khang dinh ding trong cac khang dinh sau:

A. d(S,(ABCD)) = d(A, (SBQ)). B. BD 1 (SAC).

C. Goc gitta (SCD) va (ABCD) bang 45°.  D. AC L (SBD).
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Cau 15. Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6

Dl
ba kich thuéc AB = a, AD = b, AA" = c. Trong cac ~ c'
két qua sau, két qua nao sai?
A. BD' = Va? +b? 4 2. A '-I : ~%:
B. Khoang cach gitta hai duong thang AB va CC’ ¢\ ‘\(,»“”
bang b. PN
C. Khoang céch tir A dén (BB'D) ban, _a b.” %:; _____ AN s c
. g , & /a2 + 1?2' /,’ ____:::"(::\1:\
D. Khoang cach tt A den (BB'D'D) bang Sl M
abc A a B
Va2 + b2 ¢

Cau 16. Cho hinh hop thoi ABCD.A'B'C'D’ ¢6 BAD = BAA' = DAA’ = 60° va cac canh déu
bang a. Tinh khoang cach giita hai mat phang day (ABCD) va (A’B'C'D’).

A M. B. ﬂg. C. ”\/ﬁ. D. 2“@.
3 2 /12 3

Cau 17. Cho hinh chép S.ABC c6 SA = SB = SC = a, ASB = BSC = 60°, ASC = 90°. Tinh
chiéu cao ctia hinh chép theo a.

a\/§ a\/§ a 2a
A. T. B. T. C- 5- D. ?-
Cau 18. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong canh bang a va SA L (ABCD),
SA = %6. Tinh khoang céch gitta hai duong thing SC va BD.
av/2 aV/2 av/2 a
A. T. B. T. C. T- D. 5.

Cau 19. Cho hinh chép S.ABCD c6 déy la hinh vuéng canh a, ASAB la tam giac déu va nam
trong mat phang vuong géc véi mat phang day. Tinh khoang cach tir diém A dén mat phang
(SCD).

A 2 . 22Vl c. W7, p. ©V3,

7 7 21 3

Cau 20 (HK2 khéi 11, THPT chuyén Luong Thé Vinh, Dong Nai 2018).
Cho hinh chép S.ABCD c6 ABCD la hinh vudng canh a4 va SA vudng goc v6i mat day. Biét
SA = 2a. Khoang céch gitra hai dudng thang AB va SC bang

A av2 B. ©5, c. 25, D.

2 5
Cau 21 (Pé TT-THPTQG, Chuyén Bién Hoa, Ha Nam 2018).
Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong canh bang a, SA | (ABCD), SA = a+/3.
Goi M 1a trung diém ctia SD. Tinh khodng céch gitra hai duong thang AB va CM.
3a a\/§ a\/§ 2a\/§

A. Z. B. T. C. T. D. 3 .
Cau 22. Cho hinh hép chit nhat ABCD.A1B;C;D; c6 day la hinh vuéng canh g, chiéu cao
AA; = 2a. Tinh khodng cach tir A dén (BDD;By).

a2 B. 2. c . p. Y2

V3 2 V3 2

Cau 23. Cho hinh hop chit nhat ABCD.A1B1C1D; c6 ddy la hinh vuoéng canh 4, chiéu cao
AA; = 2a. Tinh khoang cach tir D; dén (DA;Cy).

A Y2 _— c p 3

3 e 3 5

NS
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Cau 24. Cho hinh hép chit nhat ABCD.A;B1C;D; c6 day la hinh vuéng canh 4, chiéu cao
AA; = 2a. Tinh khoang cach tir B dén A;C.
av/'30 av/ 30 av/'30 av'10

3 . e

A. B. C. D.

6 12
Cau 25 (HK2 khoi 11, Chuyén Luong Vin Chanh, Pha Yén, 2018).
Cho hinh lang tru dung ABCD.A’B'C'D’ ¢6 ddy la hinh thoi canh a, BAD = 120° va AC' =
a+/5. Khoang cach gitta hai duong thang AB’ va BD la

A 6a 8a 2a 10a

Cau 26. Cho hinh chép S.ABCD, day ABCD la hinh chitnhat, AB = a, AD = a+/3,SD = a\/7
va SA1(ABCD). Goi M, N lan lugt 1a trung diém ctia SA va SB. Tinh khoang cach tir S dén
mat phang (MND).
A 22 B L c 2 p. 23
3 /3 2 4
Cau 27 (Pé KSCL Toan 12 1an 2 nam 2017 - 2018, Phan Chu Trinh, Pk Lac).
Cho hinh chép S.ABC c6 day ABC la tam gidc déu canha, SA | (ABC), géc gitta dudng thang
SB va mit phang (ABC) bang 60°. Tinh khoadng cach gitra hai dudng thang AC va SB.
a\/§ a\/ﬁ av'7

Cau 28 (Dé chinh thitc THPTQG 2019, Ma dé 104).

Cho hinh chop S.ABCD c¢6 day la hinh vuéng canh a,
mat bén (SAB) la tam giac déu va nam trong mat phang
vuong goéc véi mat phang day (minh hoa nhu hinh vé
bén). Khoang cach tir B dén mat phang (SAC) bang bao
nhiéu?

A. #

B. a 21. C. a 21. D. av/21
28 7 14

Cau 29. Cho hinh chép S.ABCD c6 day 1a hinh thoi canh a, canh bén SA vuéng goc voi day,
BAD = 120° M la trung diém ctia canh BC va SMA = 45°. Tinh theo a khoang cach tir diém
D dén mit phang (SBC).
A. ﬂ. B. M. C. M. D. u.
4 4 2 2
Cau 30. Cho hinh chép S.ABC c¢6 ddy ABC la tam gidc vudng can tai A. Mat bén SBC la tam
giac déu canh a va (SBC) vudng goc v6i mat day. Tinh theo a khoadng cach gitta hai duong

thang SA va BC.
A. %5. B. %6. C. #. D. %5

Cau 31. Cho hinh chép S.ABCD ¢6 day 1a hinh vuéng canh a va SAL(ABCD), SA = h. Goi
M la trung diém ctia SD. Tinh khoang cach gitta hai duong thang AB va CM theo a va h.

A h.a B h.a C 2h.a D 2h.a

2. Bap an va o gidi

DAP AN TRAC NGHIEM

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



157 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

1B 5D 9 A 13 B 17 B 21 B 25 C 29 B
2 C 6 B 10 C 14 A 18 A 22 D 26 C
3C 7 C 11 D 15 D 19 A 23 C 27 B
4 A 8 D 12 B 16 A 20 C 24 B 28 C 31 B

30 C

LOI GIAI CAU HOI TRAC NGHIEM

Caul. Xem lai dang 18 & trang 137 (cach 2) thy rang ménh dé B diing.
Chon dap an

Cau 2. Xem lai dang 18 & trang 137 (cach 2) thiy rang ménh dé C sai. Xem lai dang 18 & trang
137 (cach 1) thiy rang ménh dé D dting. Dé thiy cdc ménh dé A, B 1a nhitng ménh dé dung.
Chon dép an (C)

Cau 3.
Chon dap an (C)

Cau 4. Do ABCD la tam giac déu canh v/18 nén c6 dién tich 1a

183 _ 93

SABCD = 1 >
Chon dap an (A)

Cau 5.

Do S.ABCD la hinh chép ti gidc déu nén day
ABCD la hinh vudng va cc canh bén bang nhau.
Goi O 1a hinh chiéu ctia S trén mat phang (ABCD).
Khi d6 cac tam giac SOA, SOB, SOC, SOD béng
nhau nén bén doan thang OA, OB, OC, OD bang
nhau. Suy ra O trung véi tam cta hinh vuéng
ABCD, hay O la giao diém ctia AC va BD. Vay
chiéu cao cta hinh chép la:

2
SO=+/SB2—0B2=/a2— L

2
B az_a\/i
V2 2
Chondépén@

Cau 6.
Do BD va A'C’' 1an lugt nam trén hai mat phang (ABCD) va A

D
(A’B’C'D') song song véi nhau nén ‘
d(A'C’, BD) = d((ABCD), (A'B'C'D")). B/ 1 \C
Ma ABCD.A’B'C'D’ 1a hinh 1ap phuong nén ta c6 |
d((ABCD),(A'B'C'D")) = AA" =a. |
Vay d(A'C’,BD) = a. A ::Iij:::li\,::\
B/ \C/

Chon dép an
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Cau7.

Goi I 1a trung diém BC. Ta c6:
DI1BC
DI1BA

Suy ra DI L(ABC).

Do do:
d(D; (ABC) = DI = %5

Chon dap an (C)

Cau 8.
Goi M la trung diém DC.
CD1BM
CD_LAB.
Suy raCD1(ABM) = (ABM)L(ACD,).
Laic6 (ABM)N (ACD) = AM.
Ké BH1 AM tai H. Khi d6 BHL(ACD).
Boi vay: d(B; (ACD)) = BH.
Trong tam giac vuong ABM, ta co:
1 1 1

BH? _ BA2 ' BM?
1, 1 1.4 _ 7
a2 a\/gz_az 3a2 342

2

. 3

Do d6 d(B; (ACD)) = BH = a.\/;.

Chon dap én@

Cau 9.

Goi O la tdm hinh vuéng ABCD.

ViSA L (ABCD)nén SA | BD.
Do ABCD la hinh vuéng nén BD 1 AC.
Do d6, BD L (SAC).

BD av2

Chon déap an @

Cau 10. Trong mat phang (ABC), ha AM vudng goc v6i BC (M € BC). Khoang cach tir A

dén BC1a AM = %g

Chon dap an (C)
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Cau11l. Co64 mat phéng cach déu tat ca cac dinh ctia mot hinh ling try tam giac.

=
bt

Chon dép an @

N

\

Cau 12. Goi H la trung diém ctia AB. Do tam gidc SAB déu canh a nén SH1 AB va SH =

a\z/_ ma (SAB) vuong goc vdi (ABCD) theo giao tuyen ABnén SH1(ABCD). Vay khoang
cach tir S dén (ABCD) 1a SH = \/_

Chon dap an

Cau 13.

Goi M la trung diém BC. Goi O la hinh chiéu ctia A trén (BCD).
Do AB=AC=AD nén AAOB = AAOC = AAOD (c-g-c).

Suy ra OB=0OC=0D, suy ra O la tam ctia ABCD. Do ABCD déu
nén O clng la trong tdm cua ABCD, suy ra O € DM. Khoang
cach tir A dén (BCD) lé OA. Vi ABCD déu canh a nén:

DM = \/— = 0D = §DM = \3/—
St dung dmh li Pitago cho tam glac vuong OAD co

2 2 2_ o0 _ 2 \/—
OA* =AD" —-0OD"=0a"— - = — = 0A = ——

3 3 3

Vay (4, (BCD)) = “Y©
Chon dép an
Cau 14.
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Goi H la trung diém ctia AB. Vi tam giac (SAB) déu nén S
SH L AB

(SAB) L (ABCD)
Goi K 1a trung diém ctia SB. Vi ASAB déunén AK | SB
va AK = SH. Ta co

BC L AB = BC 1 (SAB) = BC 1 AK.
BC L SH
Suy ra AK L (SBC) = d(A, (SBC)) = AK. (1)
Mat khac SH L (ABCD) = d(S,(ABCD)) =SH. (2)
T (1) va (2) = d(S, (ABCD)) = d(A, (SBC)).
Chon déap an @

SH 1 AB.Vi { nén SH L (ABCD).

Cau 15.
Khang dinh A ding, day la cong thic tinh do dai
duong chéo cta hinh hop chit nhat. Khoang cach < c'
gitta hai duong thang AB va CC’ bang do6 dai doan
vuong goc chung BC = b, do d6 B dung. Goi H la
hinh chiéu vuéng géc ctia A 1én BD, khi d6 dé chiing
minh dugc BH vuong goc véi (BB'D’D). Tam giac :
ABD vuong tai A véi duong cao AH, ta cé: )%,»’ \
1 1 1 1,1 o+ b

frnd —|— —_ — + _— = —
AH?2 AB?2  AD? 42 12 a2b?
Vay khoang cach tit A dén (BB'D) la:

-\ B
.

ab
Va2 12
Nhu thé khang dinh C ding. Do (BB'D) = (BB'D’D) nén khang dinh D sai. Ta chon D.
Chon dép an (D)

d(A,(BB'D'D)) = AH =

Cau 16.

Luu y rang khoang cach gitra hai mat
phang song song bang khoang cach tir mot
diém bat ki trén mat phang nay dén mat
phang kia. Tir gia thiét ta suy ra cac tam
giac A’AD, BAD, A’ AB1a cac tam gidc can
cling c6 goc & dinh bang 60° nén ching la
cac tam gidc déu. Vay ti dién A’ABD c6
cdc canh ciing bang a, hay A’ABD 1a ta
dién déu. Khi d6 hinh chiéu cua A’ trén
(ABCD) chinh la trong tdm H cua tam
gidc déu ABD. Khoang céch gitta hai mat
phang day (ABCD) va (A’B'C’'D’) chinh
la do dai A’H. Ta co:

2
3 a2 242 av/6
WHR = AA2 A= (W3) _ o @20 gy V6
¢ 3 © Ty 3
Chondépa'n@
Cau 17.
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ViSA = SB = SC = a,ASB = BSC = 60° nén ASAB,
ASBC la cac tam giac déu, suy ra AB = BC = a. ViSALSC
nén AC?2 = SAZ + SC? = 242, suy ra AC? = BA? + BC?,
do d6 AABC vuodng tai B. Goi H la hinh chiéu cta S trén
(ABC). Khi d6 HA, HB, HC lan lugt 1a hinh chiéu cta
SA,SB,SC trén (ABC), ma SA = SB = SC nén HA =
HB = HC, hay H la tim ctia dudng tron ngoai tiép AABC.
Vi AABC vuong tai B nén H chinh la trung diém cta AC.
Véy chiéu cao ctia hinh chép la

= V/SA? — AH? \/_
Chon dap an

Cau 18.

Ta c6 (SAC) la mat phang chita SC va vuong géc vé6i BD.
Goi O la giao diém ctia AC va BD. Trong (SAC), tit O,
ké OKLSC tai K. Vi BD1(SAC) ma OK C (SAC) nén
BD_1OK. Vay OK la doan vuéng goéc chung cuaa SC va BD.
Khoang céch giita hai duong thang SC va BD bang d6 dai
ctia doan vuong goc chung OK. Ta c6:

=V AS?+ AC? = \/——1—2912

_ 8__\/g
V3 V3

Vi ACKO déng dang vdi ACAS nén

CO _OK _ L, _COSA _a 2av6  a*V2./6./3  aV2
SC ~ SA ~SC  23S5C  62v2a 4
Chon dép an (A)
Cau 19.
Goi H, I lan lugt 1a trung diém ctia AB va CD. Do tam giac SAB

déu canh 2 nén SH1AB va SH = %g

vdi (ABCD) theo giao tuyén AB nén SH 1 (ABCD). Ta c6 CD1IH
va CD1SH, suy ra CD1(SHI), ma CD nam trong (SCD) nén
(SCD)L(SHI). Trong ASHI, ké HK vudng goc véi SI tai K, khi dé
vi (SHI) vudng goc voi (SCD) theo giao tuyén SI nén HK L (SCD).
Tacé AB || CD C (SCD), suy ra AB || (SCD), do do:

d (A, (SCD)) = d (H, (SCD)) = HK.

, ma (SAB) vudng goc

o 5 1 1 4 1 7
Trong tam giac vuong SHI, ta co: e — o2 + HE = 32 + =37
V21
Do dé: d (A, (SCD)) = HK =~ —.
Chon dap én@
Cau 20.
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Ta c6 AB || (SCD) nén
d(AB,SC) = d(AB, (5CD)) = d(A, (5CD)).
Ké AH | SD tai H. Ta c6

€D L AD = CD 1 (SAD) = CD 1 AH
CD L SA ’
Suyra AH 1 (SCD)nénd(A, (SCD)) = AH.
AH — AS - AD _a-2a _Za\/g
VAH?2 + AD? /a2 + 4a? 5
Vay d(AB, 5C) = 2”5\/5 .
Chon dap an (C)
Cau 21.

Ké AH L SD tai H.

Khi d6 AH L (SCD).

ViAB || CDnén AH || (SCD).

Do do

d(AB;CM) = d(AB; (SCD))
=d(A; (SCD)) = AH.

Xét tam giac SAD vuong tai A co

SA = a\/g, AD = a. Suy ra:

11 N 1 1 +1
AH2  AS2 ' AD? 342 g2
DodéAH:#.
Chon dap an (B)

Cau 22.

Trong (ABCD) ta c6 OALBD (O € BD). Vi AO cung vudng goc
vdi BD va OO; nén OA L (BDD;By), suy ra:

d(A, (BDD;By)) = OA.

Tam giac vuéng can ABD cho ta

BD av?2
AO ==~
Chon dép an @
Cau 23.

Goi Oy la tam caa hinh vuéng A1B1C1D1. Vi A1D = C1D = a2
nén tam gidc DA1Cq can tai D. Tir d6 A1C; LO;D. Trong tam gidc
O1D1D,ha D{H1O1D (H € OlD) Ta co:

DyH1O;D
{ D{H1ACy = DlHJ_(DAlCl)

Nhu thé d(Dq; (DACy)) = D1 H.
Tam giac O1D;D vuodng tai D nén:

1 1 1 1

D2 DD2 T D102 4a?

_|_

1
2 gz~ Pif
p)
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Chon dap an (C)

Cau 24.
Ha BKLA;C (K € A,C).

Khi d6 d(B; A;C) = BK.

Ta co:

A1B? = A1 A% + AB?

= 44? + a? = 54°.

Chd y rang tam giac BCA; vuong tai B.
Tf{ do:

1 1
BK2 ~ BCZ ' BAZ

1 1 6
“2ts2 52
Suy ra BK = a\é%.
Chon dép an (B)

Cau 25. Goi O, 0’ lan lugt 1a tdm ctia cdc hinh ABCD, A’B'C'D’. Dung OK | AO’ (K € AO').
Vi ABCD la hinh thoi va ABCD.A’B'C'D’ 1a lang tru ding nén

BD L (ACC'A’) = BD L OK. .

Talaic6 BD || B'D' = OK L (AB'D).

Tacé BD || (AB’D’) nén

d(BD, AB') = d(BD, (AB'D')) = OK. A’ D’

Do ABCD la hinh thoi va BAD = 120° nén AABC la tam
gidc déu canh a. Ta c6 B

0'0 =C'C = +\/C'A2 — AC?
= /542 — a2 = 2a. N

Xét hai tam gidc dong dang AOKA va AO'OA ta c6 ti sd o
OK OA AXSIrT] =D

00 = oA N T

(_0A-00 0400 5 c
Ok = OA  JOAZ+ 002
a
5'251 _ 2a .

2
() e V7

Chon dap an (C)

Cau 26.
. | ABLSA

Taco:y JpiaAp = ABL(SAD).

Ma MN || ABnén MN_L(SAD).

Ké SH1DM tai H. Vi (MND) L(SAD),
(MND) N (SAD) = DM, SH1DM
nén SH1(MND), do dé:

d(S,(MND)) = SH. Ta c6:

SA%Z = SD? — AD? = 742 — 3a% = 442

Suy ra MA = % = a.
Do dé: /3
AD  av3
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Nhu vay SMH = 60°. Tam giac SHM ¢6 SHM = 90° = SH = SM. sin SMH = #

Chon dap an (C)

Cau 27.
ViSA L (ABC)nén A la hinh chiéu ctia S xuéng mat phéng
(ABC). Do d6 goc SB va (ABC) la goc gitta SB va AB bang
ABS = 60°. Tac6 SA = ABtan ABS = av/3. Goi D la dinh
thi tu ctia hinh binh hanh ACBD. Ta c6 AC || BD nén AC ||
(SBD). Do d6 d(AC, SB) = d(AC, (SBD)) = d(A, (SBD)).
Goi M la trung diém BD va H la hinh chiéu ctia A 1én SM.
Vi AABC déu nén ABD ciing la tam giac déu. Ta c6
BD 1 AM
BD 1 SA
Laic6 AH 1L SM.Chonén AH | (SBD).
Vay d(AC, SB) = d(A, (SBD)) = AH.

= BD 1 (SAM) = BD 1 AH.

SA?- AM?>  a\/15 aV/15
Tacd AH = = . Va A B) = .
7o SATAME 5V d(ACSE) =5
Chon dap an
Cau 28.
Goi H va I lan lugt 1a trung diém AB va AD. Ta c6 S

HI | AC tai M. Ta c6 ASAB déu nén

SH_M m— BD _av2

4 4 -
Ké HK J_ SMtacod(H;(SAC)) = HK.
Ta c6 d(B; (SAC)) = 2d(H; (SAC)) = 2HK.

Ta co
1 1 1 1

HKZ ~ SH2 T HMZ

28

1
o @2 3a
8

1 W
X[

av'21
14

Suy ra HK =

av'21

7

Vay d(B; (SAC)) =
Chon dap an (C)

Cau 29.

Ta c6 AABC la tam gidc déu canh a, tam gidc SMA vudng can
tai A, AM = ”’f = SA.Tacé AD || BC, ma duong thing BC
nam trong mat phang (SBC),suy ra AD || (SBC), do do:

d (D, (SBC)) =d (A, (SBC)).

Vi BC vudng goc voi AS va AM nén BCL(SAM), dan téi
(SAM) vudng goc véi (SBC) theo giao tuyén SM. Nhu vay
d (A, (SBC)) = AK, véi K 1a hinh chiéu ctia A trén SM. Tém

lai:
\/ﬁ
4(D, (SBC)) = AK — Ly — VASHAMZ _ Va2 _ av6
2 T2 4

Chon dap an
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Cau 30.
Goi H la trung diém BC.
Khi d6: SHLBC, AH = % _ g

Ta c6 (SBC) vuédng goc voi (ABC) theo giao tuyén BC,
duong thang SH nam trong (SBC) va vudng géc véi
giao tuyén BC nén SH vudng goc véi (ABC). Goi K la
hinh chiéu vudng goc ctia H trén SA. Khi d6 KH LSA.
Ta co:

BCLSH C (SHA)

BCLAH C (SHA)

SHNAH =H
= BCL(SHA) = BCLHK.
Nhu vay HK la duong vudng goc chung ctia BC va SA,
do d6 khoang céch giita hai duong thang SA va BC la
d(SA,BC) = HK. Trong tam giac vuéng SHA, ta co:

1 1 1 4 4 16 av/3
A - HE THAZ 32 @ 32 NT g
Nhu vay: d(SA, BC) = HK = %5.
Chon dép an (C)
Cau 31.
Taﬁ\é: 7 (SCD) S
B D !
{ AB | CD c (SCD) = AB || (SCD). H y
Nhu vay (SCD) 1a mat phang chia MC va song song v6i AB " ‘
nén: L
d(AB,CM) = d (AB, (SCD)) = d(A, (SCD)). AR D
Vé AH vuong goc voi SD tai H. Khi d6 CD vuodng goc véi DA a
ma DA 1a hinh chiéu ctia AH trén (ABCD) nén CD L AH. Ta c6: ’
AHLCD C (SCD) ) _ /
AHLSD C (SCD) = AH.L(SCD).
CDNSD =D
Nhu vay: d(A, (SCD)) = AH. Trong tam gidc vuéng SAD, ta co:
1 1 1 1,1 h+a? h.a
AR - Aae A Tt e T e T AR N
Tom lai: d(AB, CM) — — -
o 4 az _'_ hz'

Luu y. Dé thiy rang (SDC) vuéng géc véi (SDA) theo giao tuyén SD nén van dung dinh 1i 3
(&6 trang 93), ta chi can vé duong thang qua A va vuong goc véi giao tuyén SD tai H la ¢6 ngay
AHL1(SCD,).

Chon dap an
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ON TAP CHUONG

.BODPESO 1
1. D& bai

Cau 1 (Ham Rﬁng - Thanh Héa, Lan 1, 2018).
Cho a, b, c 1a cac duong théng. Ménh dé nao dudi day dung?
A. Néua | bvamat phang («) chita a, mat phang B chira b thi («) L (B).
B. Choa L b. Moi mit phang chira b déu vudng géc vdi a.
C. Choa L b,a C (a). Moi mat phang (B) chira b va vuong goc a thi (B) L («).
D. Cho a || b. Moi mat phang («) chia ¢, trong d6 ¢ L a,c L b thi déu vudng goc v6i mat
phang (a,b).

Cau 2 (Pé HK2, S GD va DT, Thai Binh, 2018).
Trong khong gian, ménh dé nao sau day dung?
A. Césin ctia goc gitta hai duong thang trong khong gian c6 thé 1a mot sb am.
B. Goc gitta hai duong thang thudc khoang (0°;90°).
C. Goc gitta hai mat phang bang géc gitta hai duong thang 1an lugt vudng goc vé6i hai mat
phang dé.
D. Goc gitta duong thang va mat phang bang goc gitta dudng thang dé va mot duong
thdng ndm trong mat phang.

Cau 3. Trong cdc ménh dé sau, ménh dé nao dung?

A. Duong vuéng goc chung ctia hai duong thang chéo nhau a va b la mét duong thang d
vita vuong goc vdi a vira vudng goc voi b.

B. Doan vuong goc chung ctia hai duong thang chéo nhau 1a doan ngan nhét trong cac
doan néi hai diém bat ki 1an lugt thuoc hai duong thang ay.

C. Puong vuodng goc Chung cta hai duong thang chéo nhau a va b luén ludn nam trong
mit phang vuong goc véi a va chita dudng thang b.

D. Dudng vuéng goc chung ctia hai dudng thang chéo nhau a va b 1la mot dudong thang d
vita vudng goc vdi a vira cat b.

Cau 4. Cho hai mat phang (P) va (Q) cat nhau theo giao tuyén a. Géc gitta hai mat phang
(P) va (Q) phai la géc nao sau day?

Goc gitta hai duong thang lan lugt vudng goc v6i hai mat phang do.

Géc gitra hai dudng thang 1an lugt ndm trong hai mat phang dé va cat duong thang a.

0w p

Goc gitra hai duong thang b va b/, trong d6 b nam trong (P), vuong goc véi a, con b’ 1a
hinh chiéu vuéng goc ctia b trén mat phang (Q).
D. Géc gitta dudng thang b vudng géc v6i (P) va hinh chiéu ctia b trén mat phang (Q).

—>

Cau 5. Cho hinh lang tru tam glac ABC.A'B'C' c6 AA' = @, AB = b, AC = C. Hay phan
tich vecto BC' theo cacvecto @, b, C.

BC’—a+b+c B.IEZ:—E’—_)?+E’.
CBC’—E’—b— D.BC'=9d—-b+7¢

Cau 6. Cho duong thang a song song v6i mat phang (P). Ménh dé nao sau day la ding?
A. Duong thang nao vuong goc véi a thi vudng goc véi (P).
B. Duong thang song song vdi a thi song song véi (P).
C. Duong thang nao vudng géc véi (P) thi vudng géc véi a.
D. Dudng thang nao vudng géc véi (P) thi cét a.
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Cau 7 (Pé HK2, S¢ GD va PT, Thai Binh, 2018).

Cho hinh chop S.ABC c6 ddy la tam gidac ABC vudng tai B, canh
bén SA vudng goc v6i mat day (ABC). Goi H 1a hinh chiéu vudéng
gbc clia A 1én SB. Ménh dé nao sau day sai?

A. Cac mat bén cta hinh chép 1a cac tam gidc vuong.

B. AH || BC.

C. AH 1 SC.

D. Tam giac SBC vudng.

Cau 8. Cho hinh chép déu S.ABC c6 tat ca cac canh bang a.
Tinh tan cta goc gitta mat bén va mat phang day ctaa hinh
chop.

A. 2V2. B. ? C. V2. D. V3.

Cau 9 (HK2 nam hoc 2016-2017, Chuyén Ha Noi - Amsterdam, Ha Noi).
Cho tu dién S.ABC c6 ABC la tam giac vuong tai B va SA L (ABC). Goi AH la duong cao
cua tam giac SAB. Trong cac ménh dé sau, ménh dé nao sai?

A. AH 1 SC. B. AH 1 BC. C. SA L BC. D. AB L SC.

Cau 10 (Pé HK2, S¢ GD va PT, Thai Binh, 2018).

Cho hinh chop S.ABCD c6 day la hinh vuéng, canh bén SA
vuong goéc voi mat ddy; SA = AB = a. Goi ¢ la goc gitra SB
va mat phang mp(SAC), tinh ¢?

A. ¢ =60°. B. ¢ =30°.

C. ¢ =45° D. Dap an khac.

Cau 11 (Pé thi HK2 khéi 11, Lvong Phd, Thai Nguyén 2017).
Cho hinh chép tam giac déu S.ABC c6 canh déy bang 3a, canh bén bang 2a. Khoang cach tir S
t6i mat phang day la
3a 2a
Cau 12 (Ham R6ng - Thanh Héa, Lan 1, 2018).
Tinh s6 do goc gitta hai duong thang AC va BD cta ti dién déu ABCD.
A. 90°. B. 30°. C. 60°. D. 45°.

Cau 13. Cho ti dién ABCD. Goi I 1a trung diém BD, G la trong tam tam gidc ABC. Vé hinh
binh hanh ADC E. Péang thuc nao sau day la dung?

— = —>

A. IE = 3IG. B. IG = 3IE. C. IE =2IG. D. IG = 2IE.
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Cau 14. Cho hinh chép ti gidc déu S.ABCD c6 tat ca cac canh déu bang a. Khoang cach tir
tam O cta day dén mot mit bén la:
NG B ©Y2 c 2 p. Y3
6 2 6 4
Cau 15 (Dé Toan PEN I, dé 01). Cho tit dién déu ABCD c6 khoang cach tir A dén mit phang
(BCD) bang a. Canh ctia ti dién c6 do dai bang?
A 2 B. ©Ve. c o2 p. ©V2,
3 2 3 2
Cau 16 (Ham Rong - Thanh Héa, Lan 1, 2018).
Cho hinh chép S.ABC ¢6 SA L (ABC) va tam giac ABC vudng tai B, AH la duong cao cua
tam gidc SAB. Khang dinh nao sau day sai?
A. AH 1 BC. B. AH L AC. C. AH L SC. D. SA L BC.

Cau 17. Cho hinh lap phuwong ABCD.A’B'C'D’. Géc gitta hai duong thang BA’ va CD bang

A. 45°. B. 60°. C. 30°. D. 90°.

Cau 18 (Chuyén Bac Ninh, Lan 2, 2018).
Cho hinh chép S.ABC c6 SA = SB = SC va tam giac ABC vuong C. Goi H hinh chiéu cia S
lén (ABC). Xac dinh vi tri cua H.

A. H la trung diém cta AB. B. H la trong tam tam giac ABC.

C. H la tryc tam tam giac ABC. D. H la trung diém canh AC.

Cau 19. Cho ti dién ABCD c6 AB = AC = AD = BC = BD, Goi M va N la trung diém ctia
AB va CD. Khi d6 CD vuéng géc v6i mét phang

A. (ABD). B. (ABC). C. (ABN). D. (CMD,).
Cau 20 (Cau 25, ¢é tham khao 1an 1 bé GD-DT, 2018).
Cho hinh chép ti gidc déu S.ABCD c6 tat ca cac canh bang a. Goi S

M la trung diém ctia SD (tham khao hinh vé bén). Tinh tan ctia géc
gitta dudng thang BM va mat phang (ABCD).
V2 V3 2

A. 7. B. 7. C. g. D.

W =

B C
Cau 21. Cho hinh chép S.ABC c6 day la tam gidc déu ABC canh 4, canh bén SA vudng géc
v6i mat phang (ABC) va SA = g. Tinh géc gitta hai mat phang (ABC) va (SBC).
A. 30°. B. 45°. C. 60°. D. 90°.

Cau 22. Cho hinh chép S.ABC trong d6 SA = AB = BC = 1va SA, AB, BC do6i mét vuong
goc. Khoang cach gitra 2 diém S va C nhan gid tri nao trong cac gia tri sau?

A V2 B. V3. C 2 D. ‘/75
Cau 23. Cho t dién ABCD c6 AB, AC, AD do6i mét vuong goc v6i nhau. Tinh gid tri cta
AB A AC  AD

AB T AC T AD
A. T =3. B. T =+/3. C. T=1. D. T =+2.

Cau 24. Cho hinh chép S.ABCD c6 déy la hinh vuéng canh a, ASAB 1a tam giac déu va nam
trong mit phang vudng géc voi mat phang ddy. Tinh khodng cach tir trung diém H cta AB
dén mat phang (SCD).

T = bang
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A.

a\/ﬁ B Za\/ﬁ C ﬂ D M

7 i 7 TR L3
Cau 25. Cho tit dién ABCD. Goi E, F 1an luot 1a trung diém AD va BC; M, N 1an luot nam
trén AB va DC sao cho AM = 2MB; DN = 2NC. Biét biéu dién EF = mEM + nEN la duy
nhat. Tinh m + n.

1 3 3
A. 5 B. 5 C. 1 D.

|

2. Bap an va 1oi gidi
DAP AN TRAC NGHIEM

1C 4 A 7B 10 B 13 A 16 B 19 C 22 B 25 B
2C 5D 8 A 11 A 14 A 17 A 20 D 23 B
3B 6 C 9D 12 A 15 B 18 A 21 A 24 A

LOI GIAI CAU HOI TRAC NGHIEM

Cau 1. Diéu kién can va dt dé hai mit phang vuong goéc nhau la mat phang nay chita mot
duong thang vudng goc vai mat phang kia.
Chon dép an (C)

Cau 2. Theo dinh nghia géc giita hai mat phang.
Chon dép an (C)

Cau 3.
Chon dap an

Cau 4. Dé thay C, D sai trong truong hgp (P) va (Q) vudng géc véi nhau.
Chon dap an (A)

Cau 5.

Taco: _, |
BC' = BB’ + BC
7+AC—AB
T+7C—0.

Chon dap an @

Cau 6.
Chon dap 4n (C)
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Cau 7. Theo gia thiét ta c6 BC | (SAB) == BC | AH. Vay khang dinh “AH || BC” 1a sai.

Chon dap an

Cau 8.

Goi M 1a trung diém BC. Khi d6 BC vuong goc véi MA va
vuong goc v6i MS nén géc gitta mat phang (ABC) va mat
phang (SBC) 1a SMO. Ta c6:

AM = a3 CAO = ”\/5.
2 3
OM = ”‘F S0 = aﬁ.
SO
Vay tan SMO = VO

Hay tan SMO = a\/g a\/_

6
Hay tan SMO = 2v/2.
Chon dap an @

Cau 9.
BC L SAdoSA L (ABC). S
Vay SA 1 BC dung.
AABC vudng tai B= BC 1 AB.
BC L AB
BC 1 SA
Suyra BC L AH.
Vay AH 1 BC dung.
AH 1 SB
AH 1 BC
Suyra AH L SC.
Vay AH L SC dung.
Do d6 AB L SC sai.

= BC L (SAB).

= AH 1 (SBC). 4

Chon dép én (D)

Cau 10.
Goi O = AC N BD. Theo gia thiét, ta c6 BD L ACva BD L SA
nén BD | (SAC). Do d6, goc gitta SB va (SAC) la goc BSO. Xét
tam giac BSO c6

D 2
op—BD _ a2

2
Xét tam giac SAB co
SBZ = SA? + ABZB: 242 = SB = a+/2.

1
Do do, smq)—(S)B :§:>qo:300.

Chon dap an

Cau 11.
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Goi I 1a trung diém canh BC, H la hinh chiéu ctia S trén
(ABC).Khid6 SH L (ABC).Taco

Al = 3“;/5 — AH = %Alza\/@.

Vay SH = d(S; (ABC)) = v/SAZ — AH? = a.

Chon dép an @

Cau 12.
Goi I 1a tdm ctia tam giac déu ABC. D
Khi d6 DI L (ABC). Goi M la trung diém AC. Ta c6

AC L BM

AC 1 DI(do DI L (ABQC)).

Suy ra AC L (MBD) = AC L BD.
Vay (AC, BD) = 90°. C B

Chon dap an (A)

Cau 13.
Ta co A
¢ = (A+1B+1C).
3

I\_/[)étklﬁi)c: .
IE = ID + DE E

— IB+DC+DA

— B+IC—ID+IA-1D

—TA+IB+1IC =3IC.

— D

Nhu vay IE = 3IG.

Chon dap an @

Cau 14.
Chon dép an (A)

Cau 15.
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Goi G la trong tam tam gidc déu ABC, suy ra GAL(BCD). A
Goi M l?a trung diém cta BD. Dat AC = x thi
2 x\/_ x\/§

GC‘§CM“§ > T3

Ta lai c6 AC? — GC? = GA?.
Suy ra

Chon dap an

Cau 16.

Tacé AH L (SBC).

Suyra AH | BCva AH 1 SC.
Tac6SA L (ABC) = SA L BC.
Vay khang dinh saila AH L AC.

Chon dép an

Cau 17.
Do CD || AB nén D C

(BA',CD) = (BA', AB).
Do ABB’A’ 1a hinh vuong
nén (BA’, AB) = 45°.

D - -- C’

A’ B’
Chon dap an @

Cau18. Vi SA = SB = SC nén hinh chiéu ctia S 1én (ABC) trung véi tam dudng tron ngoai
t1ep tam g1ac ABC. Hon ntra, tam g1ac ABC la tam giac vuong tai C nén tam dudng tron ngoai
tiép tam gidc ABC chinh la trung diém ctia canh AB. Hay H la trung diém ctia AB.

Chon dép an (A)
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Cau 19.

Hai tam giac BCD va ACD déu la tam giac can
c6 day BC nén CDL1BN va CDLAN, suy ra
CD_L(ABN). Do CDL(ABN) nén (A) va

sai. Do CD C (CMD) nén @ sai.

Chon dap 4n (C)

Cau 20.

Goi O = ACNBD va H la trung diém OD. Ta c6
SO L (ABCD) va MH || SO. Suy ra: S
MH L (ABCD)

(BM, (ABCD)) = MBH.

SO = VSBZ— OB = %ﬁ

50 _av2
0_ a2

4
3 3av/2
BH = —-BD = .
R
Vay tan MBH = ———.

BH
av/2 S
1 C

4
3av/2 3

MH =

Hay tan MBH =

S

Chon dép an @

Cau 21.
Goi H la trung diém ctia canh BC. Ta c6 BC 1. AH. (1)
ViSA 1 (ABC)nén SA | BC. (2)
Tir (1) va (2) suy ra BC L (SAH) nén BC L SH. Vay goc gitta
hai mit phing (ABC) va (SBC) bing SHA.
bat ¢ = S/H\A, ta co

a

SA 3 1 V3

tangp = — = = .
YTAHT o3 V3 3
2
Ta suy ra ¢ = 30°.
Vay goc gitta (ABC) va (SBC) bang 30°.
Chon dép an (A)

Cau 22.
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Ta c6 CBLAB, CBLAS suy ra CBL(ABS). Do dé
CB_1SB. Nhu thé
SC = \/SB2 + BC2

— \/SA2 + AB? 4 BC?
— /3.
Chon dap an
AB AC AD

Cau 23. Vi cac vecto c6 do dai bang 1 va doéi mot vudng géc voi nhau nén:

AB’ AC' AD

AB AC AD

— — —\ 2
AB AC AD
( ) =3& E+A_C+E_\/§'

A8 T ac T ap

Chon dap an

Cau 24.
Goi H, I lan lugt 1a trung diém ctia AB va CD. Do tam gidc SAB

déu canh a nén SH 1 AB va SH = %g

v6i (ABCD) theo giao tuyén AB nén SH 1 (ABCD). Ta c6 CD1IH
va CD1SH, suy ra CD1(SHI), ma CD nam trong (SCD) nén
(SCD)L(SHI). Trong ASHI, ké HK vudng goc véi SI tai K, khi d6
vi (SHI) vudng goc véi (SCD) theo giao tuyén SI nén HK 1 (SCD).
Trong tam giac vuong SHI, ta cé:

, ma (SAB) vudng goc

11 N 1 4+1 7
HK2 HS?2  HI2 3a2 42 342

Do dé: d (H, (SCD)) = HK = ”\éﬁ.
Chon dép an @
Cau 25.
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Taco _, |
— D
EP:ABL

2
_ AE+EM + MB + DE + EN + NC
o 2
_ EM+ MB +EN+NC
N 2
Yy 1> ——> 11—
EM + 3 AB + EN + 3 DC
- 2
EM + ;AM + EN + DN
- 2
— 1 /— — —
EM+§<AE+EM>+EN+
2

L (o)

33— 3F-—

- —E
:2EM+2 N:§
23 34 3
Nhuvéym:Z,n:—,suyram—knz—.

2
Chon dap an

ﬁ/ﬂZE_’N.

=~
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B. BO BE SO 2
1. D& bai

Cau 1. Chira ménh dé dung trong cac ménh dé sau.
A. Ba vecto dong phang 1a ba vecto cing nam trong mot mat phang.

B. Néu ba vecto @, ? ¢ dong phang thic6 @ =md +nb véi m,n 1a cac s6 duy nhat.

C. Cho ba vecto a, b C, khi dé6 véi d 1a vecto bat ki, luén ton tai cac sb m, n, p sao cho
d=md+nb + pc.

D. Ca ba ménh dé trén déu sai.

Cau 2 (HK2 chuyén Luong Thé Vinh, Dong Nai, 2017).
Khang dinh nao sau day la ding?

() # (B

Ad@Le) =@le). B {EP)) RN
L(6) L (P)
() L (8)

C. Jqac(a) =allb D. {0(102 txgﬁ) =al(B).
b

Cau 3. Cho mdt hinh chép déu. Xét cac tinh chat sau:
1) Khoang céch tir dinh dén mdi canh déy ctia hinh chép bang nhau.
2) Cac mat bén hop v6i ddy nhiing géc bang nhau.
3) Hinh chiéu ctia dinh xudng day la trong tam ctia day.
4) Néu déy cta hinh chép 1a tam gidc thi hinh chop 1a ti dién deéu.
5) Déy cta hinh chép la mot da gidc ndi tiép dugc.
6) Goc § day cua mat bén 1a goc hop boi mat bén va mat day.

S6 tinh chat duing trong cac tinh chat trén la:
A. 6. B. 5. C 4 D. 3.

Cau 4 (Dé HK2 T11, Long Thanh, Kién Giang 2018).
Cho dudng thang d vuéng géc véi mat phang (a) va dudng thang A khac d. Chon khang dinh
sai trong cac khang dinh sau.

A. Duong thang A || d thi A L (a). B. Duong thang A || d thi A || («).
C. Duong thang A || («) thi A L d. D. Duong thang A | (a) thi A || d.
Cau 5 (Pé HK2 T11, Long Thanh, Kién Giang 2018).
Cho hmh hop ABCD.EFGH (tham khao hinh vé). Tinh tng ctia ba H
vecto AB + AD + AE. . .
A. AC. B. AH. C. AF. D. AC. E Q G
A C
B
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Cau 6 (Thi HK2, THPT Pong Ha, Quang Tri, 2018).
Cho hinh chép S.ABC c6 SA L (ABC), tam gidc ABC cén tai A, H la trung diém canh BC.
Khang dinh nao sau day dung?

A. BC L SB. B. BC L SC. C. SB 1 AH. D. BC L SH.

Cau 7 (Pé HK2, nam hoc 2016-2017, S& Gido duc & Pao tao Binh Phudc).

Cho hini lémuong ABCD.A'B'C'D’ ¢6 canh bang a. Tinh tich vo D C
huéng AC - B'C'. .
A.E-ﬁ:\?az. B. AC.-B'C/ =a 4 i b
C. AC-BC =222 D. AC-B'C' =242 Q{l---- A
e

Cau 8. Cho hinh lap phuong ABCD.EFGH. Goc gitta cap vectd ABvaEGla
A. 30°. B. 90°. C. 45°. D. 60°.

Cau 9. Cho hinh chép S.ABC c6 SA1(ABC). Goi géc gitta SC va mit phang (ABC) 1a B.
Trong cac khang dinh sau, khang dinh nao ding?

A. p=SBA. B. p=CSA. C. B=mn—SCA. D.B=SCA.

Cau 10 (HK2-Lop11-LientruongTPVinh-NgheAn-2018).
Cho hinh chép S.ABCD c6 day ABCD la hinh vudng va SA vudng goc véi mat phang (ABCD).
Khi d6

A. AB 1 (SAC). B. AB 1 (SBC). C. AB 1 (SCD). D. AB 1 (SAD).

Cau 11. Cho hinh chép S.ABC c6 SAL(ABC) va day ABC la tam gidc vuong tai C. Hay xac
dinh géc a gitta hai mat phang (ABC) va (SBC).
A. a = SBA. B. « = BCA. C. « = SCA. D. « = SBC.

Cau 12. Cho hinh chép S.ABCD, day ABCD la hinh chitnhét, AB = a, AD = av/3,SD = a\/7
va SAL(ABCD). Géc hgp béi cac mat phang (SCD) va (ABCD) gan nhét véi két qua nao sau

day?
A. 50, B. 49°. C. 51°. D. 48°.
Cau 13. Cho hinh ldp phuong ABCD.EFGH. Phan tich nao sau day la dung?
A. AE = J(AF + AH - 40). B. AE = ;(AF - AH - AC).
C. AE — AF + AH - AC. D.ﬁ:%(ﬁ—A_’H—A_c’).

Cau 14. Cho mét tit dién déu ABCD véi trong tam G. Goc gitta duong thang GB va mp(BCD)
c6 cosin bang
A 22 B V2 c L p. V2
3 3 3 3
Cau 15. Cho hinh chép ti gidc déu S.ABCD c6 tat ca cac canh bang nhau. Géc hop béi hai
mat phang (SAB) va (ABCD) c6 cosin bang
Al B V2 c L p. V2
4 3 3 3
Cau 16 (Pé KSCL HK?2 Toan 11 nim hoc 2016-2017, Chuyén Bién Hoa, Ha Nam).
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Cho ling tru déu ABC.A'B'C’ ¢6 canh dédy bdng 24, canh bén bang a. 4 B
Tinh géc gitta mat phang (AB’C’) va mit phang (A’B'C’).
T V3 T

3
A. ra B. arcsinT. C. 3 D. arccos I

C/
Cau 17. Cho hinh chép ti gidc déu S.ABCD c6 tat ca cac canh bang nhau. Géc hop bdi hai
mét phang (SAB) va (SAD) c6 cosin bang
A. 1 B. ﬁ C. 1 D. Q
4 3 3 3
Cau 18 (HK2-Lop11-LientruongTPVinh-NgheAn-2018).
Khoang cach tir mét dinh dén mat ddi dién ctiia mot ti dién déu canh 4 1a

av/3 av/6 a a6
A. T. B. T. C. E. D. T.
Cau 19. Cho hinh chép S.ABC c6 day la tam gidc déu ABC canh 4, canh bén SA vudng géc
v6i mat phang (ABC) va SA = g. Tinh dién tich tam gidc SBC.

2 2
a 5 3a

A. 3 B. 5 C. a. D. 5

Cau 20. Cho hinh chép S.ABCD c06 day la hinh thoi canh 4, canh bén SA vudng goc voi day,

BAD = 120°, M 1a trung diém ctia canh BC va SMA = 45°. Tinh theo a khoang cch tir diém

A dén duong thang SM.
av/3 av/6 av/6 av/3
A- T- B. T- C. T. D. T-

Cau 21 (HK2-Lop11-LientruongTPVinh-NgheAn-2018).
Cho hinh chop S.ABCD c¢6 day ABCD la hinh chit nhat va canh bén SA vudng gbéc v6i mat
phang (ABCD). Biét SA = AB = a, AC = 2a. Géc gitta SD va mat phang (SAB) la

A. 90°. B. 45°. C. 30°. D. 60°.

Cau 22 (HK2-Lop11-LientruongTPVinh-NgheAn-2018).
Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA L (ABCD), SA = x. Xac
dinh x dé hai mat phang (SBC) va (SCD) tao v6i nhau goc 60°.

a 3a

A. —. B. 2a. .= D. a.
> a C > a

Cau 23 (Toan Hoc Tudi Tré-Lan 6-2018).
Cho hinh chép S.ABC ¢6 day ABC la tam giac vudng tai B, canh bén SA vudng gbc vai day

va SA = 2a, AB = BC = a. Goi M 1a diém thudc AB sao cho AM = 2?51. Tinh khoang cach d
tir S dén duong thang CM.

A d:2ax/110. B 4" 10. C J— a\/110.

5 5 5
Cau 24. Cho hinh chép S.ABC ¢6 ddy ABC la tam gidc vudng can tai A. Mat bén SBC la tam
gidc déu canh a va (SBC) vudng goc véi mat day. Goi H la trung diém BC. Tinh theo a khoang
cach tir diém H dén duong thang SA.

A W3 g W3 c W3 p. W6
8 4 2 4

Za\/ﬁ
5

D. d=
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Cau 25. Cho tr dién ABCD ¢6 AB, AC, AD d6i mot vuong goc voi nhau. Cho diém M thay
déi trong khong gian. Gia tri nho nhét ctia biéu thic P = v/3MA + MB + MC + MD 1a

A. AB+ AC+ AD. B. V3AB+ AC+ AD.

C. AB+V3AC+ AD. D. AB+ AC + v/3AD.

2. Bap an va 1oi gidi
DAP AN TRAC NGHIEM
1D 4B 7B 10D 13A 16A 19B 22D 25A

2B 5 A 8 C 11 C 14 A 17 C 20 B 23 C
3C 6 D 9D 12 B 15 B 18 D 21 D 24 B

LOI GIAI CAU HOI TRAC NGHIEM

Cau 1. Dé thay @ sai. Ménh dé (B) sai khi 7 va b ciing phuong con ¢ khéng ciing phuong
vGi @ va b. Ménh dé (C) sai khi @ = AB, b = AC, ¢ = AD, d = AA’,v6i ABCD.A'B'C'D'
la hinh lap phuong.

Chon dép an @

Cau 2. Mot mat phang vuong goéc véi mot trong hai mat phang song song thi sé vuong goc
vOi mat ph:fmg con lai.

Chon dap an

Cau 3. Tinh chat 1),2),3),5) dung; tinh chat 4), 6) sai. Do d6 chon C.

Chon dép an (C)

Cau 4. Ménh dé sai la “Duong thang A || d thi A || («)”.
Chon dap an
Cau 5. Theo quy tac hinh binh hanh ta c6
AB 4 AD = AC, AC + AE = AG
nén AB + AD + AE = AG.
Chon dap an (A)
Cau 6.
ViSA 1L (ABC)nén SA L BC.
Tam gidc ABC can tai A c6 AH la trung tuyén nén AH la

duong cao. Do d6 BC L AH.
ViBC L SAvaBC 1. AHnénBC L (SAH).Dodé BC L SH.

Chon dap an (D)
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Cau 7
Do AD = B'C' nén
_— D C
(4C,B'C’) = (AC, D) = CAD = 45°. .
Suy ra A : B
A_C)-B'C’:’R‘- ! -COS(A—C),B/C,) E
2 D/"' _____ Wy C,
2-a-cos45° = a“.
A’ B’
Chon dap an

Caus8. Ta céE—G) = A_C)

Nhu thé géc gitra cap vecto ABva EG la:

Chon dap an (C)

Cau 9.

Ta c6 duong thang SA vubng goc voi mat phang (ABC )
nén hinh chiéu cia duong thang SC trén mat phang
(ABC) 1a duong thang AC. Ta biét goc gitta duong thang
SC va mat phang (ABC) bang goc SC va hinh chiéu ctia
né trén (ABC), tic la goc gitta hai duong thang SC va

AC. Vay B = SCA.

Chon dép én (D)

Cau 10.

(E’, ﬁ}’) - (E’, Kj’) — BAC = 45°.
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Tacd AB L AD va AB 1 SA.
Suyra AB L (SAD).

Chon dép an @

Cau 11.

Giao tuyén cta (SBC) va (ABC) 1a BC. (1)
Ta c6 duong thang SA vuong goc véi mat phang (ABC),
ma dudng thang BC nam trong (ABC) nén S A vudng goc
voi BC. Ta co:

BCLCA C (SAC)

BCLSA C (SAC)

CANSA = A.
Suy ra (SAC)LBC. ()
Lai co:
{ (SCA) N (ABC) = CA .
(SCA)N (SBC) = CS.

T (1), (2), () suy ra « = SCA.

Chon dap an (C)

Cau 12.

Ta co:

(SCD)N (ABCD) = CD,

AD C (ABCD),

AD1CD,

SD C (SCD),

SD1CD. -

Vay ((SCD), (ABCD)) = SDA;
=5  AD av/3 - \/ﬁ

DA = = = .
cos S /52 a\/7 ~

Suy ra cos SDA = 49°¢'.
Vay ta chon B.

Chon dap an

Cau 13.
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Ta c6 su tuong duong: F
,ﬁ:%<ﬁ+,ﬁ_,ﬁ)

©2AE = AF+CH "~
&AE+ (AE — AF) =CH s
©AE+TFE =CH .
Y B - >C
<BA+ AE = CH 7;;;\—
BE = CH (ding). -~ =T
Véychon@. A

Chon déap an @

Cau 14.

Goi O 1a tdm cda tam gidc déu BCD. Khi dé6
AOL(BCD) va trong tam cua tu dién chinh la
giao diém ctia AO véi MN, hon ntta G 1a trung
diém MN. Gia st canh tir dién déu c6 do dai la
a. Ta co:

AO = MA% — MO?

_[3a* 1 3a?
4 9 4
_2V2 a3 a2
3 2 3
Do do:
Go—lao_W2_ a_
4 43 2V6
op_2.0V3 _a
3 2 V3
— 1 .
VéytanGBO:@:L-é:—.TacéhinhchiéucflaBGtrén(BCD)léBO.Dodé
OB 26 a 22

goc gitta duong thang GB va mp(BCD) c¢6 cosin bang

I 1 2V 2
cosGBO= | ———— = _ _\/_
1+ tan2GBO 3

Chon dap an (A)

Cau 15. Goia la do dai canh day.
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Cach 1.

Goi M la trung diém AB, goi H 1a chan dudng cao ha tir dinh S ctia hinh chép va B 1a goc gitta
hai mat phang (SAB) va (ABCD) thi

—— HM
= cos SMH = =
cos B = cos SM

2 _ 1
av3 V3

N

Cach 2 (khéng can dung goc). Do hinh chiéu ctia ASAB trén mat phang (ABCD) la AHAB
nén

S =S cosﬁ:cosﬁ—SAHAB—é' P _ 1
AHAB = SASAB- Sasap 4 2V3 V3
Chon dap an
Cau 16.
Goi M 1a trung diém ctia B'C’. Ta ¢6 A B
B'C" L A'M R
. , = B'C' L AM. \
B'C' L AA \

Vay goc gitta mat phang (AB’C’) va mat phang (A’B’C’) chinh S

——

1a gbc gitra hai dudng thang A’M va AM bang AMA’. Ta lai ¢6 :

AA’ a 1 N
tan AMA’ = = = —. s
A'M 233 /3 3
2 R

Suy ra AMA’ = % Vay goc gitta mat phang (AB'C’) va mat

phang (A’B'C’) bang %

Chon dap an @

Cau 17.
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Goi I la trung diém SA. Khi d6

(SAB)N (SAD) = SA

(DBI)LSA

(DBI)N(SAB) = IB

(DBI)N(SAD) = ID.
Nhu vay goc B can tinh la géc gitra hai
duong thang IB va ID. Ta c6

~— _ IB*4ID*> - DB?

cosDIB = >1B.ID
3a? ”
2 1
= e
1
Do dé6: cos = 3
Chon dap an (C)
Cau 18.
Goi G 1a trong tam tam giac BCD, ta c6 A
d(A, (BCD)) = AG = v AB?> — BG?
o6
=
B C
D
Chon dép an (D)
Cau 19.
Goi H la trung diém ctia canh BC. Ta ¢6 BC 1. AH. (1)
ViSA L (ABC)nén SA L BC. (2)

Tir (1) va (2) suy ra BC L (SAH) nén BC L SH. Vay gdc gitra
hai mat phang (ABC) va (SBC) bang SHA.
Dat 9 = SHA, taco

a

SA > 1 V3

tang = — = - ==
YTAHT o3 V3 3

2
Ta suy ra ¢ = 30°.
Vay goc gitta (ABC) va (SBC) bang 30°.
Vi SA 1 (ABC) nén tam gidc ABC la hinh chiéu vudng géc cta tam giac SBC. Goi S, S lan
luot la dién tich cta cac giac SBC va ABC. Ta c6:

S 2 a’V3 a2
82_51COS¢:>51_COS([)_%. 1

Chon dép an

Cau 20.
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Ta c6 AABC la tam gidc déu canh 4, tam gidc SMA vudng can tai
A, AM = % = SA. Goi K 1a hinh chiéu ctia A trén SM. Khi d6
khoang céach tir diém A dén duong thang SM la:

VAS2 2
AK:%SM: AS ;_AM.
/342
Vay d(A, SM) = Vaa® ﬂg.
2v2 4
Chon dép an (B)
Cau 21.

Dé thdy AD L (SAB).
Suyra (SD, (SAB)) = ASD.

Ta co
AD AC2 — AB?
tan ASD = 1S — 1S
_3_

a
Vay (SD, (SAB)) = 60°.

Chon dap an (D)
Cau 22. Dung OM L SC. Theo dinh li ba duong vuéng goc SC L BD, suy ra SC L (MBD).
Khi do, - -

| cos BMD| = cos((SBC), (SCD)) = |2 cos* BOM — 1|

S 1 N S B
Suy ra |2 cos? BOM — 1| = 5 mat khac BOM nhon nén BOM = 30° hoac BOM = 60°.
Hai tam giac vuong OMC va SAC dong dang nén

OM:%:}OM:SA~OC: xav/2 .
SA  SC SC A2+ 222
— OM X
Ta cé tan MBO = =
OB Va2 + 242
_— — X N
e V6i BOM = 30°, tan MBO = ————— = /3 < 2x2 + 642 = 0 (khong tdn tai x).
VT (khong ton fai )
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— — X 1
e V6i BOM =60° tan MBO = — = —= & x = 4.
VaZ4+2a2 /3
Chon dép én (D)
Cau 23.
Trong (SMC) ké SH 1 MC tai H.
MC L SH
Ta co
MC 1 SA.

Suy ra MC L (SAH).

Do dé6 MC L AH.

Dién tich tam giac ABC la
1 2

Sapc = 5AB-BC = %

Dién tich tam giac MBC la

1 2
Smc = 3 MB - BC = T

=
Suy ra
Samc = Sapc — SMmBc
a2 a? 42
2 6 3
Ta c6 MC = MB2 1 B2 = Y200,
2SAMC 261\/
D6 hAH = = .
0 dai can MO 10
Xét AAHS c6 SH = VAH? + SH2 = — 110
Chon dap an (C)
Cau 24.
Ta co: BC
a
H.1BC, AH = —,
S C, > =3

Ta ¢6 (SBC) vudng goc voi (ABC) theo giao tuyén
BC, duong thang SH nam trong (SBC) va vuéng géc
v6i giao tuyén BC nén SH vudng géc v6i (ABC). Goi
K 1a hinh chiéu vuéng géc ctia H trén SA. Khi dé
d(H,SA) = HK. Trong tam giac vuong SHA, ta co:

T S S B '
HK? ~ HS?  HA? 342 a2  3a%
Suy ra HK = af
Nhu vay: d(SA, BC) = HK = #.
Chon dap an
AB AC AD
Cau 25. Vi cac vecto — 1B’ AC’ AD c6 do dai bang 1 va doéi mot vudng géc voi nhau nén:

i i D
AB AC AD

— — —\ 2
<£+£+A_D) PN _ .

AB AC AD

Tir d6, véi moi diém M, ta cé:

P = v3MA + MB + MC + MD
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AB AC AD )AM‘ MB.AB , MC.AC  MD.AD
AB TAC T AD AB AC AD
@+£+A_D m+MB.AB+W.R+m.ﬁ
=\AB " AC T AD )" AB AC AD

(m—km)A—B) (m’+2\7<:’)14_c’ (AM+MD) AD
N AB + AC + AD
_ ABAB ACAC AD.AD
=" AB T Ac T ap
AR ACS AD
=AB T AC TAD
_AB*  AC?  AD?
= AB T AC
= AB+ AC+ AD.

Vay min P = AB + AC 4 AD, dat duoc khi M trung A.
Chon déap an @

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



188 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

.BODPESO 3
1. D& bai

Cau 1. Cho hai mat phang song song (P) va (Q) va a la dudong thang nao dé. Ménh dé nao
sau day la sai?

A. Néua || (P)thia | (Q). B. Néu a nam trong (P) thia || (Q).
C. Néu anam trén (Q) thia || (P). D. Néu a cat (P) thia cat (Q).

Cau 2. Cho hai mat phang song song va mot mat phéang thir ba cat ching. M 1a mot diém
khong ndm trén ca ba mét phang. C6 bao nhiéu duong thang di qua M va song song v6i ca
ba mat phang da cho?
A. Khong co. B. C6 duy nhat mot.
C. C6 0 sb. D. Khong c6 hodc c6 vo sb.
Cau 3. Qua mot phép chiéu song song, mot dudng thang sé song song véi hinh chiéu ctia n6
néu thda diéu kién:
A. Duong thang d6 song song v6i phuong chiéu.
B. Duong thang d6 khong song song v6i phuong chiéu.
C. DPuong thang d6 khong song song véi phuong chiéu va ciing khong song song véi mat
phang chiéu.
D. Duong thang d6 khong song song véi phuong chiéu nhung song song v6i mat phang
chiéu.
Cau 4 (Dé thi HK2 khéi 11, 2017-2018, THPT Ly Thanh Tong, Ha N6i).
Duong thang (d) vudng géc véi mit phang (P) khi nao?
A. (d) vuong géc véi it nhat 2 duong thang nam trong mat phang (P).
(d) vudng géc véi diing 2 dudng thang ndm trong mat phang (P).
C. (d) vuong goc vé6i 2 dudng thang cat nhau.
(d) vudng géc 2 duong thang cat nhau va nam trong mat phang (P).

Cau 5 (Pé thi HK2 khéi 11, 2017-2018, THPT Ly Thanh Tong, Ha N6i).
Cho hinh lap phuong ABCD.A'B'C’'D’. Mét phang nao vudng géc v6i mat phang (ABCD)?

A. (A'B'C'D). B. (ABC'D"). C. (CDA'D"). D. (AA'C'C).
Cau 6 (Dé thi HK2 khéi 11, 2017-2018, THPT Ly Thanh Tong, Ha N6i).
Hinh chép S ABCD cé day ABCD la hinh vuéng tam 0. Héy chi ra ménh dé SAI?

A. SA—I—SC-ZSO B. SB—!—SD-ZSO
C. SA+5C =SB+ SD. D. SA+SC+5B+5D=0.
Cau7 (bé th1 HK2 khéi 11, 2017-2018, THPT Ly Thanh Tong, Ha Noi).
Hai vectd 1 U, i 1an lugt 1a vecto chi phuong caa hai dudng thang d, d’. Khidé d L d’ khi?

A U, W cung phuong. B. u =1
C. cos ( ) =1 D. cos (T[,L?) = 0.

Cau 8 (Dé thi HK2 khéi 11, 2017-2018, THPT Ly Thanh Tong, Ha Néi).
Hinh chop S.ABCD c6 day ABCD la hinh chir nhat, canh bén SA vuéng goc vai day. Chon
ménh dé PUNG trong cac ménh dé sau?

A. SC L (ABCD). B. BC L (5CD). C. DC L (SAD). D. AC L (SBC).

Cau 9 (HK2-Lop11-LientruongTPVinh-NgheAn-2018).
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Cho hinh hop ABCD.A’B'C'D’ ¢6 tht ca cac canh déu
bang nhau. Trong cac ménh dé sau, ménh dé nao

duang?
A. A'C' 1 BD. B. A’'B’ L BC.
C. CC’' 1. AB. D. BB’ 1 BD.

Cau 10 (Dé thi HK2 khéi 11, 2017-2018, THPT Ly Thanh Téng, Ha Noi).

Cho ba vecto @, b, © khong ddng phéng. Xét cac vects ¥ = 27+ b; ¥ = @ — b — C;
Z = —3b —27. Chon khing dinh diing?

A. Bavecto ¥, ¥, Z dong phang. B. Hai vecto ¥, @ cling phuong.

C. Hai vecto ¥, b ciing phuong. D. Ba vecto X, i/, Z d6i mot cung phuong.

Cau 11 (Thi HK2, THPT Pong Ha, Quang Tri, 2018).
Cho hinh chop S.ABC c6 day ABC la tam giac can tai C, AC = BC = a+/10, mat bén SAB la
tam giac déu canh 2a va ndm trong mit phang vudng goc véi ddy. Tinh goc gitta dudng thang
SC va mat phang (ABC).

A. 30°. B. 45°. C. 90°. D. 60°.

Cau 12 (Pé HK2 T11, Long Thanh, Kién Giang 2018).

Cho ldng tru ding ABCD.A'B'C’ c6 day AA'B'C’ vudng tai B’ (xem 5, !
hinh vé). Héi dudng thang B'C’ vudng goc v6i mit phang nao dudi
day?
A. (BB'A’).  B. (AA'C'). C. (ABC).  D. (ACC)). n
B i
\/C
A

Cau 13 (Thi HK2, THPT Pong Ha, Quang Tri, 2018).
Cho hinh chép S.ABCD, ABCD 1a hinh thang vuéng goc tai A va B, AD = 24, AB = BC =
a,SA L (ABCD). Trong cac khang dinh sau, khang dinh nao sai?

A. CD 1 (SBC).  B. BCL(SAB).  C. CD L (SAC). D. AB L (SAD).

Cau 14 (HK2-Lop11-LientruongTPVinh-NgheAn-2018).
Cho ti dién ABCD c6 AB vudng goc véi mat phang (BCD). Trong ABCD vé cac dudng cao
BE va DF cat nhau & O. Goi K 1a hinh chiéu vudéng goéc ctia D trén AC. Khang dinh nao sau

day sai?
};\. (ADC) L (ABE). B. (BDC) L (ABE).
C. (ADC) L (DFK). D. (ADC) L (ABC).

Cau 15 (Thi HK2, Chuyén DHSP Ha Noi, 2018).
Cho hinh lang tru diing ABC.A’B'C’. Ménh dé nao sau day sai?
A. d((ABC), (A'B'C')) = BB
B. Cac mit bén cta hinh lang tru ABC.A’B’'C’ déu la cac hinh chit nhat.
C. d(B,(ACC'A")) =d(B', (ACC'A")).
D. d(A, (BCC'B')) = AB.
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Cau 16 (Thi HK2, Chuyén DHSP Ha Noi, 2018).
Cho hinh lap phuomg ABCD.. A’B'C'D’. Hé thuc nao sau day dung7
AC’ AB+AC+AA’ B. AC’ AB+CB+AA'.
C. AC = AB +AD + AA. D. AC' = BD +AC+ AA

Cau 17 (Thi HK2, Chuyén DHSP Ha Noi, 2018).
Cho hinh chép S.ABC c6 SA L (ABC). Goi H 1a hinh chiéu vudng géc ctia A trén BC. Khang
dinh nao sau day dung?

A. BC 1L SH. B. BC L SC. C. AC L SH. D. AH 1 SC.

Cau 18 (Thi HK2, Chuyén DHSP Ha Noi, 2018).
Cho hinh chép S.ABCD c6 ddy 1a hinh chit nhat va SA vudng goc vdi day. Khi d6 sé mat bén
ctia hinh chép 1a tam giac vuong bang

A 4 B. 1. C 2 D. 3.
Cau 19 (Dé thi HK2, Luong Thé Vinh, Ha Néi 2018).
Tit dién ABCD déu. Goi G la trong tAm tam gidc BCD. Tim ménh dé sai trong cdc ménh dé
sau.

A. Goc gitta dudng thang AB va phang phang (BCD) la géc ABC.

B. AB L CD.

C. AG L (BCD).

D. AB + AC + AD = 3AG.

Cau 20 (Pé thi HK2, Luong Thé Vinh, Ha Néi 2018).
Hinh chép déu S.ABCD c6 tat ca cac canh bang nhau. Cosin cta goc gitta mat bén voi mat

day bang
V3 Ve V2 1
A. ?. B. 7. C. 7. D. E.

Cau 21 (Pé thi HK2, Luong Thé Vinh, Ha Néi 2018).
Hinh chép S.ABCD c¢6 day la hinh vuéng canh a, SA = a, SA L (ABCD). Khoang cach tur
diém A dén mat phang (SBD) bang

p. Y3

A. 2a. B. a. C. a\/i. 3

Cau 22 (Dé thi HK2, Luong Thé Vinh, Ha Néi 2018).
Khoang cach gitta hai dudng thang chéo nhau bang
A. Do dai doan thang néi mot diém ctia duong thang nay véi mot diém ctia duong thang
kia.
B. D9 dai doan vuong goc chung ctia hai duong thang do.
C. Khoang cach tir mot diém ctia dudng thang nay t6i mit phang chita dudng thang kia.
D. Khoéng céach gitta hai mat phang 1an lugt chira hai duong thang d6.
Cau 23 (Thi HK2, Chuyén DHSP Ha Noi, 2018).
Cho ti dién déu ABCD. Géc gitra hai duong thang AB va CD bang
A. 60°. B. 90°. C. 45°. D. 30°.
Cau 24 (Thi HK2, Chuyén DHSP Ha Noi, 2018).
Tim khang dinh ding trong cac khang dinh sau:
A. Néualbvaal(P)thib| (P).
B. Qua mot diém c6 vo sb dudng thang vudng géc véi mot mit phang cho trude.
C. Hai duong thang phan biét cing vudng géc v6i mot mat phang thi song song véi nhau.
D. Hai mat phang phan biét ciing vuong géc véi mot mat phang thi song song véi nhau.

Cau 25 (Thi HK2, Chuyén PHSP Ha Nbi, 2018).
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Cho hinh chép tit gidc déu S.ABCD c6 tt cd cac canh déu bang a. Tan cta goc gitra mat bén
va mat day bang

A. V2. B. ‘/TE C. ? D. V3.

2. Bap an va 1oi gidi
DAP AN TRAC NGHIEM

1A 4 D 7D 10 A 13 A 16 C 19 A 22 B 25 A
2B 5D 8 C 11 A 14 D 17 A 20 A 23 B
3D 6 D 9 A 12 A 15 D 18 A 21 D 24 C
LOI GIAI CAU HOI TRAC NGHIEM
Cau 1. Néu duong thang a song song song véi (P) thi a van ¢ thé nam trong (Q). Nhu vay
chon A.
Chon dap an @

Cau 2.

D6 la duong thang di qua M va song song véi giao tuyén a, b ctia cac mat phang da cho.
Chon dap an

Cau 3.
Chon dap an (D)

Cau 4. Néu (d) vuong goc 2 dudng thang cat nhau va nam trong mét phang (P) thid L (P).
Chon dép an @

Cau 5. Mat phang (ABCD) la mat day ctia hinh lap phuong nén sé vudng goc cac mat bén.
Do dé6 (ABCD) L (AA'C'C).
Chon dap an (D)
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Cau 6. Do O la tam cua ABCD nén SA + SC
Dod6SA+SC+SB+SD =0 =450 # 0.
Chon dép én (D)

Cau 7. DodJ_d’nénﬂ’J_u’:>Tt’-u’:0:>cos<ﬂ’,u’> = 0.

Chon dap an @

SA 1 DC
AD 1 CD

Chon dap an (C)

Cau 8. Taco { = DC L (SAD).

Cau 9. Do ABCD la hinh thoi nén AC 1. BD, ma A’C’ | BD suyra A’C’ L BD.
Chon dép an (A)

Cau 10. Gia st ton tai hai s6 thuck, m dé ¥ = ky +m?Z.

k=2
k=2
Suy ra —k—2m:O(:>{

= -1
—k—3m=1 "
Vay X = 2% — Z nén ba vects dong phang.
Chon dép an @
Cau 11

Goi H 1a trung diém ctia AB. Khi d6 SH L AB. Ta c6
AB = (SAB) N (ABC)
SH 1 AB = SH 1 (ABC).
(SAB) L (ABC)
Suy ra (SC, (ABC)) = (SC,HC) = SCH. Ap dung dinh
ly Pytago vao AAHC vuodng tai H, ta c6
CH = VAC?2 — AH? = /1042 — a2 = 3a.
Ap dung dinh ly Pi-ta-go vao ASAH vuéng tai H, ta c6
SH = /SA? — AH? = \/4a%2 — a? = a\/3.
Trong ASHC vuong tai H, ta ¢6
— SH a3 1
tan SCH = CH- 31 — 7
Suy ra SCH = 30°. Vay (SC, (ABC)) = 30°.

Chon dép an @

Cau12. Ta c6 B'C’ L BB’ vi ABCD.A’B'C’ 1a lang tru dung. Ma BB’ L B’A’ do AA'B'C’
vuong tai B'. Tit d6 suy ra B'C’ L (BB'A’).

Chon dép an @

Cau 13.
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Ta co

- {BCLAB

BC 1 (SAB).
BC 1 sa ~ BC L (SA4B)

= AB L (SAD).

< AB 1 AD
AB 1 SA

& Dung hinh vuéng ABCI. Khi d6
Cl=AlI=1ID = %AD.
Suy ra AACD vuong tai C.

- {CDLAC

op L g = CD L (SAC).

& Vay khang dinh sai la CD L (SBC).
Chon dép an (A)

Cau 14.
Giasu (ADC) L (ABC),ma DK L (AC)suyra DK L (ABC).Mat
khac dé thdy DF | (ABC), tir d6 suy ra K trung F (mau thuan).

Chon dép an @

Cau 15.

Do ABC.A'B'C’ la lang tru dung nén

d((ABC),(A’B'C')) = BB'.

Cac mit bén ctia hinh lang tru ABC.A’B’C’ déu la cac hinh chit nhat.
Ta c6 d(B, (ACC'A’)) = d(B', (ACC'A")). Ké AH L BC tai H, khi d6
AH L (BCC'B') nén d(A, (BCC'B')) = AH.

Vay d(A, (BCC'B’)) = AB la ménh dé sai.

Chon dap an @
Cau 16.
r&e}o qui tic hinh hop, co B c!
AC' = AB+ AD + AA'. |
A’ ! . & D’
B e
AL D

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



194 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Chon dap an (C)

Cau 17.
ViSA L (ABC)nénSA L BC.
{BC 1 SA

O

1 SH.
BCJ_AH:>BC SH

Chon dap an (A)

Cau 18.

Do SA L (ABCD) = SA L ABvaSA L AD, nén ASAB va
ASAD vudng tai A.

Do SA 1 (ABCD) = SA L DC (1)
Lai c6 ABCD la hinh chit nhatnén CD L AD (2)
Tir (1) va (2) suy ra CD L SD, hay ASCD vuoéng tai D.
Chung minh tuong tu c6 ASBC vudng tai B.

Vay hinh chép ¢6 4 mat bén la cac tam gidc vudng.

Chon dép an @

Cau 19.
Ké AH L (BCD) tai H. Khi d6 HB, HC, HD 1an luct la
hinh chiéu vudng géc cia AB, AC, AD lén (BCD). Ma
AB = AC = AD nén HB = HC = HD. Lai ¢c6 ABCD
déu nén H ciing la trong tim ABCD. Suy ra H = G hay
AG L (BCD).

(cDp 1 BG
“1cp L ac

SuyraCD L (ABG) = AB L CD.
ViG la trong tam AABC nén

6+ AC + AB = 3AC.

Ta c6 BG la hinh chiéu vudéng géc ciia AB 1én (BCD) nén
(AB,(BCD)) = ABG. Vay ménh dé sai la “Géc giita
duong thang AB va phang phang (BCD) 1a géc ABC”.

Ta

Chon dap an (A)

Cau 20.
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Goi O la tam hinh vuéng ABCD.

Khi d6 SO L (ABCD).

Goi M la trung diém ctia AB.
(SAB) N (ABCD) = AB

Tac6 ¢ SO L (ABCD)

OM L AB.
Suy ra ((SAB), (ABCD)) = SMO.
sm— Y3
Diat AB = a.Ta ¢ a2
MO /3
Suy ra cos SMO = SM- 3
Chon dép an @
Cau 21.
Goi O la tam hinh vuéng ABCD = AO = %ﬁ S
BD L AO
Ta co

BD 1 SA(doSA L (ABCD).)

Suy ra BD L (SAO).
Ve AK 1 SO taiK, taco

AK 1 SO

AK 1 BD (do BD L (SAO).)
Suy ra AK L (SBD) = d(A, (SBD)) = AK.
ASAQO vuong tai A c6 AK L SO.

SA-AO a\/_

VSAZ + AO? 3

Suy ra AK =

Chon dap an (D)

Cau 22. Khoang cach gitta hai duong thang chéo nhau bang do dai doan vudng goc chung
ctia hai dudng thang do.
Chon dap an

Cau 23.

Goi I 1a trung diém ctia CD va H la trong tam tam giac déu BCD. A
Taco AHLCD va HBLCD.

SuyraAH CD =0va HB-CD = 0. Xét

AB-CD = (AH +HE) -CD = AH-CD + HE - CD = o.
Suy ra AB1CD. Do d6 gbc gitta AB va CD bang 90°.

Chon dép an
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Cau 24.
Chon dap an (C)

Cau 25.

Trong (ABCD), goi O = ACNBD valla
trung diém cta BC. Ta ¢6 goc gitta mat bén
(SBC) va déy ABCD la SIO. Khi dé6 ta ¢6

tanS/IB o g e M
0ol Ol
2
a3\ (E)Z
2 2
= E —_= \/5.
2
Chon dép an (A)
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D.BO BE SO 4
1. D& bai

Cau 1 (Dé thi HK2 khéi 11, THPT Chuyén Phan B6i Chau, Nghé An 2008).
Trong cac ménh dé sau. Hay tim ménh dé dung.

A. Hinh hop c6 day la hinh chir nhat.

B. Hinh lang tru déu c6 déy la tam giac déu.

C. Hinh lap phuong c6 6 mat la hinh vuong.

D. Hinh chép déu c6 tt ca cac canh bang nhau.

Cau 2 (Dé thi HK2 khéi 11, THPT Chuyén Phan B6i Chau, Nghé An 2018).
Trong cac ménh dé sau. Hay tim ménh dé sai.
A. Trong kh(?ng gian hai duong théng phén biét cing vuong goc vdi mot mat phéng thi hai
duong thang do6 song song v4i nhau.
B. Trong khong gian mot dudng thang vudng goc véi hai dudng thang cat nhau ctia mét
phang (P) thi dudng thang d6 vudng géc véi mat phang (P).
C. Trong khong gian hai duong thang phan biét ciing vuong géc v6i duong thang thi ba
thi hai duong thang song song véi nhau.
D. Trong khong gian hai mat phang cat nhau va vudng géc voi mat phang thi ba thi giao
tuyén ctia chiing ciing vudng géc voi mit phang thu ba.

Cau 3 (Dé thi HK2 khéi 11, THPT Chuyén Phan Boi Chau, Nghé An 2018).
Chon ménh dé sai trong cdc ménh dé sau
A. Néu ba diém phan biét ciing thudc hai mit phang phan biét thi ching thang hang.
B. Néu hai mit phang c6 mét diém chung thi ching c6 v6 s6 diém chung.
C. Hai mat phang phan biét c6 mot diém chung thi chiing c6 mot duong thang chung duy
nhat.
D. Hai mit phang c6 hai diém chung thi ching c6 mot dudng thang chung duy nhét.

Cau 4 (HK2 khéi 11, trusng Chuyén THPT Phan Boi Chau, Nghé An 2018).
T dién ABCD déu. Goi G la trong tdm cta tam giac BCD. Trong cac ménh dé sau. Hay tim
ménh de sai.

A. Goc gura dudng thang AB va mit phang (BCD) 1a goc ABC.

B. AB+ AC + AD = 3AG.

C. AG L (BCD).
D. AB 1 CD.

Cau 5 (HK2 khéi 11, THPT Chuyén Phan Bdi Chau, Nghé An 2018).
Cho hinh 14p phuong ABCD.A'B'C'D’ canh a. Dat ¥ = AA’ + AC'. D6 dai ¥ bang

A. (1+\/§)a. B. #. C. aV6. D. av/?2.

Céu 6 (HK2 Toan 11, Puc Tho, Ha Tinh 2018).
Cho hinh chép S.ABCD c6 ABCD la hinh thoi tam O va SA = SC, SB = SD. Trong cac ménh
dé sau, ménh dé nao sai ?

A. AC L SA. B. SD 1L AC. C. SA 1 BD. D. AC L BD.

Cau 7 (HK2 khéi 11, trusng Chuyén THPT Phan Boi Chau, Nghé An 2018).
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Cho hinh hop chir nhat ABCD.A’B'C'D’. Tinh khoang cach
gitta hai duong thang BB’ va AC' biét AB = a, AD = a+/3.
A av/3 av3 av/2
. T . 2

A’ B’

D/ C/

Cau 8 (Dé thi HK2 khéi 11, 2017 - 2018 truong THPT Phan Boi Chau, Tinh Nghé An).

Hinh chép S.ABCD c6 day la hinh vuéng canh a, SA = a, SA L (ABCD). Khoang cach tur
duong thang AD dén mat phang (SBC) bang

A. av2. B. . C. 2a. D. #
Cau 9 (Pé KT HK2 T111, Phan B6i Chau, Nghé An 2018).
Cho hinh lap phuong ABCD.EFGH, géc giita hai vecto AC, BG la

A. 45°. B. 30°. C. 60°. D. 120°.

Cau 10 (T11, Chuyén Phan Boi Chau, Nghé An 2018).

Cho tit dién ABCD ¢6 AB = CD = a. Goi M va N lan luot 1a trung diém cta AD va BC. Xac
dinh do dai doan thang MN dé géc giita hai duong thang AB va MN bang 30°.

a av/3 av'3 a
A. MN—E. B. MN—T. C. MN—T. D. MN_ZL'

Cau 11 (Dé HK2, S§ GD va DT, Thai Binh, 2018).
Cho ti dién ABCD déu, goi G la trong tdm tam gidc BCD. Ménh dé nao sau day sai?

A. cosABG = \/Tg B. AB 1L CD. C. AG L (BCD). D. ABG = 60°.

Cau 12 (Pé thi HK2, Luong Thé Vinh, Ha Néi, 2018).
Tt dién OABC c6 OA = OB = OC va d6i mot vudng goc. Tang cta goc gitta dudng thang
OA va mat phang (ABC) bang

A 2. B. V2. C 1 D. g
Cau 13 (Dé thi HK2, Luong Thé Vinh, Ha Néi, 2018).
Cho hinh chép déu S.ABCD. Goi H la trung diém ctia canh AC. Tim ménh dé sai?

A. (SAC) L (SBD). B. SH L (ABCD).
C. (SBD) L (ABCD). D. CD L (SAD).

Cau 14 (Dé thi HK2, Luong Thé Vinh, Ha Néi 2018).
Cho hinh lap phuong ABCD.A’B'C'D’. Géc gitra hai duong thang CD’ va AC’ bang
A. 30°. B. 90°. C. 60°. D. 45°.

Cau 15 (Dé thi HK2 khéi 11, 2017 - 2018 truong THPT Phan Boi Chau, Tinh Nghé An).
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Cho hinh chép S.ABC ¢6 canh SA vuéng goc véi mit phang S
(ABC), biét AB = AC = a, BC = a+/3. Tinh géc giita hai mat
phang (SAB) va (SAC) ?

A. 120°. B. 60°. C. 150°. D. 30°.

B

Cau 16 (HK2 khéi 11, THPT Chuyén Phan Boi Chau, Nghé An 2018).

Cho hinh chop S.ABCD c6 day ABCD la hinh vuoéng
canh a c6 SA | (ABCD) va SA = av/2. Goi M la trung
diém SB. Tinh tan cta goc gitta duong thang DM va
(ABCD)

2 V5 V2 V10
A. g. B. ?. C. ?. D. ?.

Y- TS

Cau 17 (Dé thi HK2, Luong Thé Vinh, Ha Néi, 2018).

Hinh chép déu S.ABC. G la trong tam tam gidc ABC. Biét rang SG = AB = a. Khoang cach
gitta hai duong thang SA va GC bang

av/5 av/3 a
Cau 18 (HK2 T11, Chuyén Phan Bgi Chau, Nghé An 2018).
Cho hinh lang tru ding tam giac ABC.A'B'C' c6 ddy ABClatam !
gidc can AB = AC = a, BAC = 120° canh bén AA’ = a+/2. Tinh
goc gitta hai duong thang AB’ va BC. g
B
A. 60°. B. 45°. C. 90°. D. 30°.

Cau 19 (HK2 T11, Chuyén Phan Boi Chau, Nghé An 2018).

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



200 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat. Tam
giac SAC nam trong mdt phang vuong goc véi day, khoang
cach tir diém C dén duong thang SA bang 4. Biét AB = 3,
BC = 4. Cosin goc gitta hai mat phang (SAB) va (SAC)
bang
A R g W 2 3V
17 17 17 34

2. Bap an va loi gidi
DAP AN TRAC NGHIEM

1C 3D 5C 7B 9C 11 D 13 D 15 B 17 A 19 D

2C 4A 6A 8D 10B 12D 14B 16D 18B
LOI GIAI CAU HOI TRAC NGHIEM

Cau 1. Ménh dé ding la "Hinh lap phuong c6 6 mat 1a hinh vudng".
Chon dap an (C)

Cau 2. Ménh dé "Trong khong gian hai dudng thing phan biét cling vudng géc vdi dudng
thang thit ba thi hai duong thang song song véi nhau' 1a sai.
Chon dép an (C)

Cau 3. Ménh dé sai la "Hai mét phang c6 hai diém chung thi ching c6 mot dudng thang
chung duy nhét". Xét truong hgp hai mit phang triing nhau thi ching c6 vo sé6 duong thang
chung.

Chon dép an @

Cau 4.

Goi I trung diém BC. A
Tacé AG L (ABC) tai G nén

(AB, (ABC)) = ABG # ABC.

Chon dép an @

Cau 5.
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Goi I’ 1a trung diém ctia A'C'. Tac6 ¥ = 2AT.

2
AL = AA” 4+ A'T? = 3% = Al = a\/g.
Vay | X| = av/6.
Chon dép an (C)
Cau 6.

SA = SC nén tam giac SAC can tai S, suy ra SO L. AC
(Vi O la trung diém AC). Ta c6 SB = SD nén tam giac
SBD can tai S, suy ra SO L BD (Vi O la trung diém
BD).Suy ra SO 1 (ABCD).Ma ABCD la hinh thoi nén
AC L BD

Chon dép an (A)

Cau?7.

Goi H 1a hinh chiéu cta B lén AC.
Ta c6 d(BB/, AC') = d(BB', (ACC')) = BH.
4

Ta co = 1 1 = —
BH2 AB2 BC2 342
Vay BH = Y3,
2
Chon dap an
Cau 8.

AI

B/

A/

B/

C/

C/
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Ta c6 AD || BC nén
d(AD, (SBC)) =d(A,(SBC)) = AH,
vOi Pll la hin}i chiéu %ﬁa A trén SB. Ta co

A2~ SAZ T AB?
e 2
AH? g2
a\/_
2

SAH =

Chon dép an @

Cau 9.
Ta co (R, ﬁ) = <A_C), zﬁ) — HAC = 60° (do tam giac AHC la E H
&

tam gidc déu). ha

Chon dap an (C)

Cau 10.
Goi P la trung diém cta AC ta c6 NP || AB. Suy ra goc gitra hai A
duomg thang AB va MN la PNM.

Ta c6 PM? = NP2 + MN? — 2NP - MN cos (PNM).

CD a AB a
Trong d6 PM = - =5 NP = - =7

3 3
Suy ra MN2 — \g_MN—0:> MN = %_

Chon dap an

Cau 11.

Goi I 1a trung diém canh CD. Ta c6:

CD L BI;,CD L AG=CD L (ABI) = CD L AB.

Theo gia thiét AG L (BCD).

Gid st tir dién déu ABCD c6 canh bang 1, suy ra trong tam
2,2 V3 _ V3

AB BG=:Bl=5Z — =—.
giac ABG c6 BG 3 3 3 .

— B
Vay cos ABG = ig \/?g = ABG # 60°.

S

Chon dép én (D)
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Cau 12.

Ké OK L BC (K € BC).

Ma BC L OA (do OA L (OBC))

nén BC L (OAK).

Ké OH L AK (H € AK).

Ta lai c6 OH L BC (do BC L (OAK)).
Vay OH L (ABC).

Khi d6 géc gitta OA va mat phang (ABC)
la goc OAH = OAK.

Ta ¢6 OK = %BC — %.
) — OK 2
Chon dap an (D)

Cau 13.
Theo tinh chat ctia hinh chép ti& gidc déu, ta c6 SH
vudng goc vdi (ABCD). Ma SH thudc (SBD) nén suy
ra (SBD) L (ABCD). Ta lai c6
AC L SH
AC 1L BD
Hay (SAC) L (SBD).
Vay ménh dé CD | (SAD) la sai.

= AC L (SBD).

Chon déap an @

Cau 14.
L jepie

°YcD’' L AD (do AD L (CDD'C')) A D’
— CD' 1 (ADC) ,
= CD' L AC' b
Vay (CD’, AC') = 90°.

Chon dap an

Cau15. Taco

SA = (SAB)N (SAC)
BA L SA,BA C (SAB) = ((SAB),(SAC) = (AB, AC).
AC L SA, AC C (SAC)
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—  AB%?+ AC? - BC? 1 — .
cos BAC = Y AB.AC ——§:>BAC—120.
Vay ((SAB), (SAC)) = 180° — 120° = 60°.

Chon dap an

Cau 16.
Goi H la trung diém ctua AB. Tac6 MH L (ANCD). S
Vay (DM, (ABCD)) = MDH. Ta c6

SA a2

C;MH—2 —

2
& DH? = AD2+AH2_5%¢DH:#.

MH\/_

& tan MDH = —— DH- 5

Chon dap an @

Cau 17.

Tir A ké dudng thang song song véi GC cat BC
tai F. Khi do

d(SA; GC) = d(GC; (SAF)) = d(G; (SAF)).
Goi M la trung diém AB.

Tir G ké GK || AB (K € AF), thé thi GK L AF.
Tu Gké GH L SK (H € SK).

Khi d6 AF L GK,AF L SG = AF 1 (SGK).
Ma GH 1 SK,GH 1 AF (do AF 1L (SGK)), B
suy ra GH L (SAF) hay GH = d(G; (SAF)).
Xét tam giac SGK vuodng tai G ta co

GK:AM:%AB:a.

a
SG-GK §
Suyra GH =
y VSG2 + GK2 / ( g
2
Chon dép an (A)
Cau 18. Taco

a5 .5¢ (AB+BB')-BC Z§.BC+BB.BC  AB-BC
AB'.BC AB’ - BC N AB’ - BC ~ AB’-BC’

cos (Z—l?, B_C)) =

Trong do

BC = Va2 + a2 —2a-acos120° = av/3.
2
AB' = /a? + <a\/§> = aV/3.

. 2
AB-BC = —AB-BC-c0s30° = —a-av/3 - cos 30 = ia.

Vay cos (zﬁ, BC) = —% = (AB',BC) = 120° = (AB', BC) = 60°,
Chon dép an

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



205 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Cau 19.

Ké BH 1 AC.Khido

BH 1 (SAC) vi (SAC) L (ABCD).

Ké CK L SA; HE L SA, (K, E thudc SA).

b 4 0 o] SA L HE
1AM 54 | BH(BH L (SAC)).

Suyra SA 1 (BHE) = SA 1 BE.

Vay goc gitta hai mat phang (SAB) va (SAC) 1a goc
HEB. Tinh géc HEB:
Tacs: BH = 25 BC _ 12

=
Vi HE || CK nén AAEH ~ AAKC.

Z.4
AH-CK 5 36
HE = = =5

A 5
Ta co ABH lg vuong tai H nén:

m\/(_)()_f

5 25 25
36
. —— HE 25 3v/34
Vay cos HEB = = = .
Y BE 12,31 34
25
Chon dép an @
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E.BODPESO5
1. D& bai

Cau 1 (Dé HK2, S¢ GD va DT, Thai Binh, 2018).
Trong khong gian, cho hai duong thang a va b chéo nhau. Ménh dé nao sau day sai?
A. Ton tai mot mat phang chita a va song song véi b.
B. Khoéng céach gitra a va b bang do dai dudong vudng géc chung ctia a va b.
C. Ton tai mot mat phéng chua b va song song voi a.
D. Ton tai duy nhat mot cip mat phang lan lugt chita a, b song song véi nhau .
Cau 2 (Dé HK2, S¢ GD va DT, Théi Binh, 2018).
Trong khong gian, cho duong thang 2 va mat phang (P). Cé bao nhiéu mat phang chita duong
thang a va vuong goc véi (P)?

A. C6 duy nhat mot. B. C6 vo sb.
C. C6 mot hodc vo so. D. Khong c6.
Cau 3 (Pé HK II, THPT Lé Hong Phong, Khanh Hoa 2018).
Cho hinh lang tru tam giac (xem hinh bén), chon khéng dinh sai?
A. Hai ddy ndm trén hai mat phang song song. v
B. Cac canh bén song song véi nhau.

C. Hai tam gidc ddy bang nhau.
D. Cac mat bén la cac hinh chir nhét.

Cau 4.
Cho hinh hop ABCD.A’B'C'D’, tong ctia DA+ DC+DD'1a

vecto nao dudi day?
A. DB'. B. DB. C. BD. D. BD'. D

Cau 5 (HK2 khéi 11, THPT Ly Thanh Téng, Ha Néi 2018).
Cho hinh chép S.ABCD 6 ddy ABCD 1a hinh thoi, AB = 22, BAD = 60°. Hinh chiéu vuéng
gbc ctia dinh S 1én mat phang (ABCD) 1a trong tam H ctia tam giac ABD. Khi d6 BD vudng
gbc voi mat phang nao sau day?

A. (SAB). B. (SAC). C. (SCD). D. (SAD,).
Cau 6 (Thi HK2, THPT DPong Ha, Quang Tri, 2018).
Cho hinh chép S.ABCD c6 day la hinh vudng canh 4, canh bén SA = a va vuong gboc voi mat
day (ABCD). Tinh s6 do goc giita hai duong thang SB va CD.

A. 30°. B. 45°. C. 60°. D. 90°.
Cau 7 (Pé HK2, S& GD va DT, Thai Binh, 2018).
Cho hinh lang tru ABC.A’B/C’ déu. Ménh dé nao sau day sai?

A. Lang tru da cho la lang tru dung.

B. Cac mat bén cta lang tru la hinh chir nhat.

C. Hai mat day ctia lang tru la cac da giac déu.

D. Tam giac B'AC déu.

Cau 8 (Dé HK2 khéi 11, 2017 - 2018 S GD & DT Ha Nam).
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Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai A va SA = SB = SC. Goi H la hinh
chiéu vuong géc ctia S trén mat phang (ABC). Tim khang dinh ding trong cac khang dinh
sau.

A. H la trung diém ctia BC. B. H la trong tim tam gidc ABC.

C. H la trung diém cta AB. D. H la truc tam tam gidc ABC.

Cau 9 (Dé HK2 - THPT Nhir Vin Lan, Hai Phong, 2018).
Cho hinh chop 5.ABC. Hay xac dinh goc gitta cap vecto SB va AC biét rang SA = SB = SC

va ASB = BSC = CSA.
A. 45°. B. 90°. C. 60°. D. 120°.

Cau 10 (Pé HK2 - THPT Nhir Vin Lan, Hai Phong, 2018).
Cho hinh chép S.ABC ¢6 SAL(ABC) va AB L BC. Géc giita hai mat phang (SBC) va (ABC)
la géc nao sau day?

A. Goc SIA (I 1a trung diém BC). B. Goc SCB.

C. Goc SBA. D. Géc SCA.

Cau 11 (Dé HK2 khéi 11, 2017 - 2018 S& GD & DT Ha Nam).
Cho hinh ti dién ABCD c6 ddy BCD la tam gidc vudng can tai C. Biét BD = 2a va AB L
(BCD). Khoang céch tir diém D dén mit phang (ABC) bang

A. a B. #. C. 2a. D. a\/ﬁ.
Cau 12 (Pé HK?2 khoi 11, 2017 - 2018 S(ES;D & Dll)—la Nam)
Cho hinh ti dién ABCD, dat AB=17,AC = b, = . Goi M la trung diém cta CD. Tim

ménh dé dung trong cac ménh dé sau.

A.ETAZ:%@JF?)—E’. B EM:%(E’JF*) b.
c.W:%(‘b’—?)—a’. D.m’:%(ﬂ 7) -z

Cau 13 (Dé thi HK2, Luong Thé Vinh, Ha Nbi, 2018).
Cho t dién déu ABCD. Thiét dién ctia ti dién ABCD va mat phéng trung truc caa canh BC
la

A. Hinh thang. B. Tam giac vuéng. C. Hinh binh hanh. D. Tam giac can.

Cau 14 (HK2 khéi 11, THPT Chuyén Phan B6i Chau, Nghé An 2018).
Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuéng canh bang a, (a > 0) biét SA | (ABCD)
va SA = av/2. Tinh géc gitta duong thang SC va mat phang (ABCD)

A. 90°. B. 45°. C. 30°. D. 60°.

Cau 15 (Pé HK2, S& GD va DT, Thai Binh, 2018).

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a,

canh bén SA vudng goc v6i mat ddy, SA = 2a. Ménh dé nao sau ?
day sai? :
A. AC L SD. B. Tam giac SBD can. |
C. (SB;CD) = SBA. D. SC L BD. |

A

Cau 16 (Pé HK2, S¢ GD va DT, Thai Binh, 2018).
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Cho hinh chép S.ABC c6 day ABC la tam gidc déu canh 2a, canh S
bén SA vuong goc voi mat day, SA = av/'3; goi M la trung diém
AC. Tinh khoang cach tir M dén mp(SBC).

A. d(M, (SBC)) = B. d(M, (SBC)) =

i AN
NENE
(@) W
N AN
oSS
W (@)

C. d(M, (SBC)) = D. d(M, (SBC)) =

Cau 17 (Dé HK2, S& Giao duc & Dao tao Binh Phudc 2017).
Cho hinh chop S.ABCD c6 day ABCD la hinh chir nhat, canh bén SA vuéng goc vdi day.
Khang dinh nao sau day sai?

A. (SBD) L (SAC). B. (SCD) L (SAD). C. (SAC) L (ABC). D. (SBC) L (SAB).

Cau 18 (Dé HK2, S¢ Giao duc & Pao tao Binh Phudc 2017).
Cho tir dién ABCD. Goi M, N lan lugt 1a trung diém ctia BC va AD. Biét AB = CD = a,

MN = %g. Tim goc gitta hai dudng thang AB va CD.
A. 60°. B. 90°. C. 30°. D. 120°.

Cau 19 (Pé HK II, THPT Lé H6ng Phong, Khanh Hoa 2018).
Cho lang tru ding ABC.A’B'C’ c6 ddy la tam giac déu va chiéu cao lang tru bang a, mit phang
(A’BC) tao v6i day (ABC) gbc 60°. Goi S 1a dién tich tam gidc ABC, gia tri cia S bang
2\/3 a2\/3 02\/3 a2\/3
3 B.S—4. C.S—z. D.S—9.
Cau 20 (Pé thi HK2, Luong Thé Vinh, Ha Néi, 2018).
Cho lang tru déu ABC.A’B'C’ ¢6 khoadng céch gitra hai duong thang A’'B va CC’ bang a+/3 va
AA’ = a. Tinh dién tich cia AABC.
2 2
A V3. B. > 4‘/5. c ;/3. D. 2a2\/3.
Cau 21 (Thi HK2, THPT Pong Ha, Quang Tri, 2018).
Cho hinh lap phuwong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh khodng cach tir diém B dén mat
phang (AB'C).
A D2 B. ©V3 c o3 p. 26,
3 2 3 3
Cau 22 (Thi HK2, THPT Pong Ha, Quang Tri, 2018).
Cho tir dién déu ABCD c6 canh bang a. Goi M la trung diém canh AB, « 1a gbc gitra hai duong
thang BD va CM. Tinh cos a.

1 V3 V3 V2
A. E. B. T. C. ?. D. 7.

Cau 23 (HK2 khéi 11, THPT Chuyén Phan B6i Chau, Nghé An 2018).

A §S=

Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh vudng canh a va S
SA 1 (ABCD),SA = x. Xac dinh x dé hai mat phang (SBC) va
(SDC) tao v6i nhau mot goc bang 60° ?

A.x:g. B. x=ay3. C. a\/_ D. x =a.
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Cau 24 (Dé HK2, S GD va DT, Thai Binh, 2018).
Cho hinh chép S.ABC c6 day ABC vuong can tai A, AB = av/2; tam gidc SBC déu nam trong
mét phang vuong géc véi day. Tinh khoang cach gittra hai duong thang AC va SB.

A a\/721. B. 2a\7/21. C. 2a\3/21. D. a\1/421‘

Cau 25 (Chuyén Phan Boi Chau, Nghé An 2018).
Cho hinh 1ap phuong ABCD.A’B'C'D’ ¢ canh bang a. Goi K la trung diém ctia DD’. Khoang
cach gitra hai duong thang CK va A’'D bang

A &5 a 2a/3 av/3

3 B. g. C. 3 . D. T.

2. Bap an va 16i gidi
DAP AN TRAC NGHIEM
1B 4A 7D 1D 14B 17A 20A 23D
2 C 5B 8A 12A 15A 18A 21C 24B
3D 6 B 9 B 3D 16B 19D 22C 25B
LOI GIAI CAU HOI TRAC NGHIEM

Cau 1. Dinh li: “Cho hai dudng thang chéo nhau. C6 duy nhat mot mét phang chira duong
thang nay va song song vdi duong thang kia”.
& Khang dinh “Ton tai mot mat phang chira a va song song véi b” 1a ding.
& Khang dinh “Ton tai mot mat phang chita b va song song véi a” 1a ding.
v Kh:fmg dinh “Ton tai duy nhat mot cdp mat ph:f\ng lan luot chia a,b song song voi
nhau” la dung.
& Vay khang dinh 1a “Khoang cach gitta a va b bang d6 dai duong vudng géc chung ctia a
va b” 1a sai.

Chon dap an

Cau 2. Néu duong thang a | (P) thi moi mat phang (Q) chita a déu vudng géc v6i mat
phang (P). Néu a || (P) hodc a C (P) hodc a cat va khong vuong goc vé6i (P) thi cé6 duy nhat
mot mat phang chira a va vuong goc véi (P).

Chon dép an (C)

Cau 3. Theo dinh nghia hinh lang tru thi cdc mat bén la hinh binh hanh. Vay khéng dinh “Cac
mat bén la hinh chir nhat” la sai.

Chon dép an @

Cau 4. Theo quy téc hinh hop thi DA + DC + DD’ = DB'.
Chon dap an @

Cau 5. Do H la trong tdm cua tam gidc ABD nén H € AC. Ta ¢6

BD L AC
{ = BD L (SAC).

BD 1 SH

Chon dép an
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Cau 6.

Tac6 CD || AB.

Suy ra (SB,CD) = (SB, AB) = SBA.
Do ASAB vudngtai Ac6 SA = AB =a
nén ASAB vuong can tai A.

Suy ra SBA = 45°.

Vay (SB,CD) = 45°.

Chon dap an

Cau 7. Theo dinh nghia: Lang tru déu la lang tru ding c6 day la da gidc déu. Tir d6, suy ra
"Tam giac B’ AC déu" 1a khang dinh sai.

Chon dép an @
Cau 8.
ViSA =SB =SCvaSH L (ABC) nén S

ASHA = ASHB = ASHC.
Do d6 HA = HA = HC hay H la tim dudng tron ngoai tiép
AABC. Vi AABC vuong tai A nén H 1a trung diém ctia BC.

B C
Chon dap an @
Cau 9.
EC(’)—» — —>  —> S
SB-AC = SB(SC — SA)
—SB-SC-SB-S4
— SB-SCcosBSC — SB-SAcos ASB = 0.
Vay SB L AC. A
C
B
Chon dap an
Cau 10.
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Tac6CB L (SAB) vi(CB L BCvaCB L SA). S
Mat khéc (SBC) N (ABC) = BC.

Trong mit phang (SBC) ¢6 SB L BC.

Trong mat phang (ABC) c6 AB L BC.

Suy ra, ((SBC), (ABC)) = (SB, AB).
Vay goc gitta hai mét phang (SBC) va (ABC) la géc SBA. A C

Cau 11.

_[DC 1L BC
“°\Dc L AB
Vay d(D, (ABC)) = DC.

Vi ABCD vuéng can tai C nén
2CD? = BD? < 2CD? = 442 < CD = aV/2.
Nhu thé d(D, (ABC)) = av/2.

Ta = DC L (ABC).

ChQndépén@
Cau 12.
Ta co , A
BM = (BC+BD)
]_ — —> —>
ZE(AC—AB—I—AD—AB) . .
- % (?+?—2a’)
1 /> - —
:E(b+c>_a B D
M
C
Chondépén@
Cau 13.
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Goi I la trung diém cta BC. A
,{AILBC
ac

sn BC L (AID).
pr 1 pc Men BC L (AID)

Vay (ADI) chinh la mat trung tryc ctia BC va thiét dién la
tam gidc ADI. Dé thay
IA=1D = ABZ\/?

Vay thiét dién 1a tam gic can.

Chon dép an @

Cau 14. -
Ta c6 (SC, (ABCD)) = SCA = 45°
(ASAC vudng can tai A,SA = AC = av/2)

Chon dép an

Cau 15.

Goi O 1a tdm cua hinh vuodng.

Theo gia thiét, suy ra BD 1. AC.

Giasa AC L SD, suy ra

AC L (SBD) = AC L SO.

Diéu nay mau thuan vi tam gidc SAO vudng tai A.

Chon dap an @

Cau 16.
Goi I 1a trung diém doan BC, H 1a hinh chiéu vudéng goc ctia A lén S
SI.Tac6 AH L (SBC) = d(A, (SBC)) = AH.

Suy ra, d(M, (SBC)) = %d(A, (SBC)). Lai ¢6

11 11 12
AH?2 ~ SAZ ~ AI? 342 342 342
Suyra AH = \2/6

Vay d(M, (sBC)) = “Y°.
Chon dép an (B)
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Cau 17.

Khang dinh @ sai khi ABCD khong phai la hinh vuoéng.
That vay, goi H la hinh chiéu vuong goc cia B trén AC
(do ABCD 1la hinh chir nhat va khong la hinh vuéng nén
H khong trung véi tam cta hinh hinh chit nhat ABCD).
Khi d6 BH L (SAC), suy ra (SBH) vuoéng goc (SAC). Vay
néu (SBD) L (SAC) thi giao tuyén ctia (SBD) va (SBH)
la SB phai vudng goc voi (SAC). Diéu nay khong xay ra vi
S.ABCD la hinh chép. Vay khang dinh (SBD) L (SAC) la
sai.

Chon dép an @
Cau 18.
Goi I 1a trung diém ctia AC. A
Khi do6 ta co ,
a
I|| AB,MI = -AB =
va NI || CD, NI = 5CD = g
Suy ra (AB,CD) = (MI, NI). B D
Trong AMNI c6
——  MI*+ NI* — MN?
= X C
cos MIN M- NI 2
a2 a2 av/'3
GG _<_2 ) .
Hay cos MIN == R = —~ = MIN = 120°.
2
2. 55
Vay (AB,CB) = (MI,NI) = 180° — 120° = 60°.
Chon dép an @
Cau 19.
Goi M 1a trung diém ctia BC. Tam gidc ABC déunén AM LBC, A/ B/
laic6 BC L AA'nén BC 1 A’M. T d6 suy ra goc gitra hai mat -
phéng (A’BC) va (ABC) 1a géc A’MA = 60°. Tam gidc A’ AM
AA' )
vuong tai A nén AM = = L. Goi d6 dai canh déy la
tan60° /3
x, tam giac MAC vuong tai M nén
2 2 2
2T a2
AM—B—AC CM-=x 4—4:>xz3. A
1
Vay dién tich tam gidc ABC1a § = ~BC - AM = a ;@.
Chon dép an @
Cau 20.
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Taco CC' || (ABB’A’) nén
d(A'B,CC") =d(CC’, (ABB'A"))

— d(C, (ABB'A")) = aV/3.
Goi I 1a trung diém cta AB. B

CI L AA
Vay CI = a+/3.
AB+/3
2 4

ClI L AB
Ta c6 = CI L (ABB'A’).

nén AB = 2a. A

2,
AB4\/§:a2\/§.

MaCI =

Tir d6 co SAABC =

Chon déap an @

Cau 21.

Goi O la tAm hinh vuéng ABCD. Goi K 1a hinh chiéu ctia C’
B1én OB’. Ta ¢6

AC 1 OB
.= AC L (OBB') = AC 1 BK. /
AC 1 BB

BK L OB’
Ta c6 "o

1 R R ey 'R

OB = BD = - - VAB? + AD? D TIEN
1 2 - S
OB:i.\/az_ng:%_. 4 O R

Tam gidc OBB’ vudng tai B ¢6 BK 1a dudng cao nén

L S S OB?-BB?
BK2 OB? BB? ~ \OB2+BB2

[ BK L AC A
Ta ¢ = BK L (AB'C). P

N[ —
~
\\
LN
\
\

Vay d(B, (AB'C)) = BK = #
Chon dap an (C)
Cau 22.
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Goi N la trung diém AD. Khi d6 MN la duong trung binh
trong tam gidac ABD do d6 MN || BD.

Vay a« = (NM,CM).

BD a a\/§ - a\/§

D

TaCONM:T—EZ,CM :ZT,SN \/_2

. ~—= MN-"+MC*—-NC> 3
Vay cos NMC = > MC . MN =
Dodc’)oc:N/M\C,v?acosac:\/?g.

Chon dap an (C)

Cau 23.
Ké AH 1 SBtai Hva AK L SD
tai K. khi do ta co

AH 1 (SBC)

AK L (SCD)
= ((SBC),(SCD)) = (AH, AK).
Khi d6 ta c¢c6 A = AK va

—

(SBC), (SCD) = HAK.
GoiO = ACNBC,I = HKNSO.

Taco AI L HKva

1 1 1 x2 4+ g2 x2a?
A2 - A2 T ABR T w22 214
HK? x?

¥ AAHK déunén HK = AH nén BDZ = 1)

& SB% = AS? + AB? = x%2 4 42

4
Tac6 SA? = SH-SB = SH? = .
2 * ' SEa HK _ HK? 4
SH X X
VA = . Mat khac =— = = :
Vg T (a2 S T BD T BDZ T (32t a2)2
x° x* 2 _ .2 2
Ta ¢6 phuong trinh ) = 2+ a2 S22 =x"+a" & x=a.
Chon dap an (D)
Cau 24.
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Goi D la diém thu tu cia hinh vuéng ABDC va H 1a trung
diém canh BC. Khi d6 SH | (ABCD). Ta c6
d(AC,SB) = d(AC, (SBD)) = d(A, (SBD))

= 2d(H, (SBD)).
Goi K 1a trung diém canh BD, ké HI L SK, suy ra
d(AC,SB) =2d(H, (SBD)) = 2HI.
Xét tam giac SHK vuong tai H, ta co

HK_AZB ”\f ,SH = BC- ‘/——_ /3.

1 1 1 7 a/21
i d6 . — _ L IH= .
Khidd rrs = s Tz —32 = 7

2a+/21
Vay d(AC, SB) = =2 =
Chon dép an
Cau 25.
Goi M la trung diém BB’. Ta c6 A’M || KC nén

d(CK,A’'D) =d(CK,(A'MD)) =d (K, (A'MD)). -
bétd (CK, A'D) = x . Ta c6: g

A’ D’

Vampx = Vkamp = §5A'MD X B'| / c’

1 /’ E \\\\ K
= §SA/DK -d (M, (A,DK)> ! : AN

1 (a a> . a M-
3 \2 2 127 A
ll A*:: ——————————— =y

DOdéSA/MD X = — i .7 TTeell
Ha DI vudng goc A’ M. - =

Khi d6 AI vuong goc A’M nén
Al-AM = AA"-d (M,AA") =a’ = Al =

442 9a2 3a
Do dé DI? = DA? + AI? = 4> = DI="—.
0 do + a-+ — 5 5 = \/5
) 1 o1 3a a5 342

Nhu thé d (CK, A'D) = x = g
Chon dép &n
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F. BAI TAP TU LUAN ON TAP CHUONG
1. Dé bai
Bai 1. Cho hinh chép SABC c¢6 day la tam giac déu ABC va
SA.SB = SB.SC = SC.5A.
Chung minh rﬁng: SA =SB = SC.
Bai 2. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vudng canh bang a va SA 1 (ABCD).
a) Chung minh BD 1 SC.
b) Chiung minh (SAB)_L(SBC).

c) Cho SA = #. Tinh géc gitta SC va mat phang (ABCD). Tinh khoang céch gitra hai
duong thang SC va BD.

Bai 3. Cho hinh chép S.ABCD, ddy ABCD la hinh chit nhat, AB = a, AD = a+/3, SD = a/7
va SAL(ABCD). Goi M, N lan lugt 1a trung diém ctia SA va SB.

a) Chiing minh rang cac mat bén ctia hinh chép la cac tam gidc vudng.
b) Tinh géc hgp béi cac mat phang (SCD) va (ABCD).
¢) Tinh khoadng cach tir S dén mat phang (MND).

Bai 4. Cho hinh chép t gidc déu S.ABCD c6 canh day bang 2a, dudng cao SO = a+/3. Goi I,
M, N lan lugt 1a trung diém cta SO, CD, CB.

a) Ching minh rang O = ACN BD, CD1(SOM), (SOM) 1 (SCD). Tinh khoang céch tir
dén mit phang (SCD).

b) Tinh géc gitta cac mat phang (SBC) va (SCD).
¢) Tinh khoang cach gitra hai duong thang AC va SD.
Bai 5. Cho hinh chop ta giac déu S.ABCD. Goi M, N lan luot 1a trung diém cua SA va SC.
a) Chung minh ACLSD.
b) Chung minh MN _L(SBD).
c) Cho AB = SA = a. Tinh cosin cua goc gitta (SBC) va (ABCD).
Bai 6. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng tdm O, canh bang 4, hinh chiéu
av/6
¢

vuong goc ctia S trén mat phang (ABCD) trung véi trong tam H ctia AABC, SH =

a) Ching minh rang SH1.CD va AC1(SBD).
b) Tinh géc gitta duong thang SO va mat phang (ABCD).
¢) Tinh khoang cach gitra hai dudng thang AB va SC.

Bai 7 (DH-2004B). Cho hinh chép tit gidc déu S.ABCD c6 canh day 1a a, goc gitta canh bén va
mit day bang B (0° < B < 90°). Tinh tan géc gitta mt phang (SAB) va mit phang (ABCD)
theo B.
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Bai 8 (HK2 khdi 11, 2017 - 2018 S& Gido Duc Ha Nam).
Cho hinh chép S.ABCD c¢6 day ABCD la hinh chit nhat v6i AB = a, AD = 2a va canh bén
SA 1 (ABCD). Goi E la trung diém BC.

(D Chung minh tam gidc SCD la tam gidc vuong.
(2) Chung minh (SAE) L (SDE).

(3) Biét khoang cach tir diém A dén mat phang (SDE) bang a. Chiing minh rang tam giac
SAE la tam giac can.
Bai 9. Cho hinh chép tit giac déu S.ABCD c6 canh day bang a va canh bén bang a+/2.
a) Tinh khodng cach tir S dén (ABCD).
b) Tinh khoang cach gitta duong thang AB va (SCD).

¢) Tinh khoang cach gitra hai duong thang AB va SC.

)

)

)

d) Goi (P) 1a mat phang di qua A va vuodng géc v6i SC, hay xdc dinh thiét dién cda hinh
chop khi cat bdi (P). Tinh dién tich thiet dién.

e) Tinh géc gitta duong thang AB va (P).

Bai 10 (PH 2007A). Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a4, mat bén
SAD la tam gidc déu va ndm trong mit phang vuong goc véi day. Goi M, P 1an lugt 1a trung
diém ctia cac canh SB, CD. Chiing minh rang AM L BP.

Bai 11 (DH-2011A-Phan Chung). Cho hinh chép S.ABC c¢6 day ABC la tam gidc vudng can
tai B, AB = BC = 2a; hai mit phang (SAB) va (SAC) ciing vudng géc véi mit phang (ABC).
Goi M la trung diém ctia AB; mat phang qua SM va song song v6i BC, cat AC tai N. Biét goc
gitta hai mat phang (SBC) va (ABC) bang 60°. Tinh khoang céach gitta hai duong thang AB
va SN theo a.

Bai 12. Cho tt dién ABCD ¢6 AB, AC, AD d6i mot vuong goc.
a) Chiing minh cac mat phang (ABC), (ACD), (ADB) d6i mot vuong goc.

b) Goia, B, vlan luotla goc gitta (BCD) v6i cac mat phang (ACD), (ADB), (ABC). Ching
minh rang cosax + cos?f + cos?y = 1.

Bai 13. Cho ta dién ABCD c6 AD = BC =4, AC=BD =b, AB=CD =c.
a) Tinh khoang céch gitra hai duong thang AD va BC.
b) Goi a la goc giita hai duong thang AC va BD. Tinh cos a.

Bai 14. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vuéng, mit bén SAB la tam gidc déu
canh a va (SAB) L(ABCD).

a) Chung minh ASCD la tam giac can.
b) Tinh s6 do géc ctia hai mat phang (SCD) va (ABCD).

¢) Xéc dinh va tinh d6 dai doan vuong géc chung gitta AB va SC.

Bai 15. Cho & dién ABCD c¢6 AB = 1, AC = 2, AD = 3 va BAC = CAD = DAB = 60°. Tim
dudng vudng géc chung ctia hai dudng thang AD va BC.

Bai 16. Cho ti dién ABCD c6 AB, AC, AD d6i mot vuong goc véi nhau. Cho diém M thay
déi trong khong gian. Tim gia tri nho nhét cta biéu thic P = /3MA + MB + MC + MD.
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Bai 17. Cho tirdién S.ABC v6i SA = SB = SC = 1. Mat phang («) thay d&i luon di qua trong
tam G cua ti dién cat cac canh SA, SB, SC 1an luot tai D, E, F.

a) Ching minh rang duong thang SG di qua trong tdm S’ ctia tam gidc ABC va G = ?15_57 .

b) Tim gia tri lon nhat ctia biéu thuc:

1 1 1

P=3psE T35EsF T SEsD

Bai 18. Cho hinh S.ABC v6i SA = a,SB = b,SC = c. Mat phang («) thay d6i ludn di qua
trong tim G ctia ti dién cat cdc canh SA, SB, SC lan lugt tai Ay, By, C;. Tim gia tri nho nhat

ctia biéu thuc:
1 1 1

= +—+ ==
SA?  SB?  SC?

P

Bai 19. Xét ti dién SABC c6 SA,SB,SC d6i mot vudng goc. Cac mat bén (SBC), (SCA),
(SAB) theo thu tu hop véi mat (ABC) nhing goc a, B, 7.

a) Chiing minh rang: cos’a + cos?f + cos?y = 1.
b) Tim gia tri nhd nhat ctia biéu thuc:

M = tan®a 4 tan?B + tan?y + cot?a + cot?B + cot?.
2. Loi gidi

— —> —>\ 2 — >
Caul. Tacéd: AB? — AB? — (SB _ SA) — SB2—2SA.SB + SA2.
—» SAZ+4+ SB%Z— AB?

Suy ra: SA.SE = > . Tuong tu:
R 2 2_Be2 ., ., 2 2 _ A2
SB.SC:SB —I—S(zf BC,SC.SA:SC -I—Sz;l AC.

—_—> —> —>

Str dung gia thiét: SA.SB = SB.SC = SC.SA, AB = BC = CA, ta dugc:

{ SA? + SB? = SB? 4 SC? { SA% = SC?

SB? 4 SC2 = SC2 4 S A2 spr=sq2 OSA=SB=5C

Cau 2.

a) Vi ABCD la hinh vuéng nén AC_LBD (1)

Ta c6 SAL(ABCD), suy ra SALBD. (2)

Vi SANAC = A nén tu (1) va (2) suy ra BDL(SAC), do dé

BD_1SC.

b) BC.LAB (do ABCD la hinh vuéng). 3)

Vi SAL(ABCD) = SALBC. (4)

Tir (3) va (4) BC_L(SAB) ma BC C (SBC) nén (SAB)L(SBC).
¢) Vi SAL(ABCD) nén suy ra hinh chiéu ctia SC trén (ABCD) o
1a AC. Géc gitta SC va mit phing (ABCD) 1a SCA. Ta ¢6
a\/'6
tan (SC, (ABCD)) = tan SCA = SA_ 3 _ V3 = SCA = 30°,
’ AC~ /2 3

>
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Ta ¢6 (SAC) 1a mit phang chira SC va vudng goéc véi BD. Goi O = AC N BD. Trong (SAC),
tir O, ké OK_LSC tai K. Vi BD 1 (SAC) ma OK C (SAC) nén BD LOK. Vay OK la doan vudng
goc chung cua SC va BD. Ta ¢6

| 2a? | 84 \/§
SC=+VvAS*+ AC 3 +2a 3 a3

Vi ACKO dong dang vdi ACAS nén

CO _OK _ jp_COSA _a 2av6  a*V/2./6./3  aV2
SC SA ~SC  23S8C 62V 47
Caus. SALAB
a) SAL (ABCD) = SALAD.
Suy ra cac tam giac SAB, SAD vuong tai A.
Ta c6 BCLAB
BC1SA.
Suy ra BCLSB, do d6 ASBC vudng tai B.
Ta o6 CDLAD
CD1SA.

Suy ra CDLSD, do d6 ASDC vudng tai D.
b) Taco (SCD) N (ABCD) = CD,

AD C (ABCD), ADLCD,

SD C (SCD), SDLCD.

Vay ((SCD), (ABCD)) = SDA; cos SDA =

AD av3 V21
SD a7 7 °

Suy ra cos SDA ~ 49%/.
ABL1SA . A

L Ap = ABL(SAD).Ma MN | ABnén MNL(SAD).

Ké SH_L DM tai H. Vi (MND)L(SAD), (MND) N (SAD) = DM, SHLDMnén SHL(MND),

do d6 d(S, (MND)) = SH. Ta c6:

¢) Ta co:

A
SA? = SD?> — AD? = 7a* — 3a> = 4a*> = MA = ST =a.
——AD 3 —
Suy ra tan SMH = 2= = a3 _ /3 Do d6 SMH = 60°.

Tam gidc SHM c6 SHM = 90° = SH = SM.sin SMH = #

Cau 4.
a) ViSA = SB = SC = SD nén
ASOA = ASOB = ASOC = ASOD.
Suy ra OA = OB = OC = OD, ma ABCD la hinh vudéng nén
O =ACNBD.Taco
CD1OM C (SOM)
CD1OS C (SOM) = CDL(SOM).
OMNOS =0
Ma CD C (SCD) nén (SCD) L (SOM). Goi K 1a hinh chiéu ctia
O trén SM, ta c6
{ OKL1SM C (SCD)

OKLCD c (SCD) = OKL(SCD).
SMNCD =M
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Goi H la trung diém SK, khi d6 IH || OK, do d6 IHL(SCD) va [H = % Vi OK la duong

cao cua tam giac vudéng SOM nén

1 1 1 4 /3
= = 2 S ok=""_ 4(1(scD)) = IH = Y2
oe " omE 502 32 70 ;= d4(1,(5CD))

b) Ké MQLSC tai Q. Vi ASMC = ASNC (c-c-c), nén tor MQLSC suy ra NQLSC. Lai c6
(SCD) N (SCB) = SC, suy ra goc gitta hai mat phang (SCD) va (SCB) la goc gitra hai dudong
thfing QM va QN. Taco

SM? = OM? + SO? = a? + 3a® = 44>

1 1 1 1 1 5 )
= - = oM
MOE - MR T M R 2 ae T MR

- 2 2 _ 2
:>cosMQN:MQ T NQ" — MNT _

s
5

1
s N = 104°.29'.
2MQ.NO g 7 MQN =104.29

Vay goc gitta hai mat phang (SCD) va (SCB) bang 75°31".
¢) ACLBD, ACLSO C (SBD) (do SOL(ABCD)), suy ra ACL(SBD). Trong SOD ha OP_LSD
thi cing c6 OP L AC.

1 1 1 1 1 5 av/30
OP2 ~SO2 T OD? 32 T2~ e~ HACBD) = 0P = '

5

Cau 5.

a) Goi O 1a hinh chiéu ctia S trén (ABCD).
ViSA = SB = SC = SD nén
ASOA = ASOB = ASOC = ASOD.
Suy ra OA = OB = OC = OD, ma ABCD Ila hinh vuéng nén
O = ACNBD. Ta co:
ACLBD C (SBD)

ACLSO C (SBD) = ACL(SBD).

BDNSO =0
Ma SD C (SBD) nén ACLSD.
b) T gia thiét M, N la trung diém cac canh SA, SC ta c6 MN || AC.
Ma ACL(SBD) nén MN L (SBD).
¢) Vi S.ABCD la hinh chép t gidc déu va AB = SA = a nén ASBC déu canh a. Goi K 1a trung
diém BC. Khi d6 OK_LBC va SK_LBC. Goi ¢ la géc gitta (SBC) va (ABCD). Ta ¢6 ¢ = SKO.
Tam giac vuong SOK c6

OK

. av/3
SK = ——,cos¢ = cos SKO = K=

a
27 2

O8]
=5
(O8]

Cau 6.
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a) Ta c6 SH 1 (ABCD) (theo gia thiét) ma CD
nam trong (ABCD) nén SH 1 CD.

Ta c6 ACLBD (do ABCD la hinh vudng).
ACLSH (vi SHL(SACD)).

AH, BD cat nhau va chtta trong (SBD).

Suy ra ACL(SBD).

b) Do SH1(ABCD) nén OH la hinh chiéu
cta SO lén (ABCD), suy ra goc gitta SO va
(ABCD) 1a SOH.

Ta co:

HO = 1po=1pp = %.

3 6
, —  SH av6 aV2
Do do: taii)H “OH 6 ' 6
Hay tan SOH = V3 = SOH = 60°.
c) Ké HILCD tai I. Ta ¢6 SHLCD, suy ra CDL(SHI) ma CD C (SCD) nén (SHI)L(SCD)
theo giao tuyén SI. Tir H ké HJ 1 SI tai J. Khi d6 HJ L (SCD) hay ] 1a hinh chiéu cta H trén

(SCD). Ta cé:
AB ¢ (SCD)
{ AB | CD c (scp) = ABI(SCD).

Ma SC C (SCD) nén khoang cach gitta hai duong thang AB va SC la
d (AB,SC) =d(AB,(SCD)) =d(B,(SCD)). (1)
Do duong thang BH cat (SCD) tai D nén:

Do ] 1a hinh chiéu ctia H trén (SCD) nén d (H, (SCD)) = HJ.
HJ la duong cao ctia tam giac vudéng SHI nén:

1 1 1 1 6 9 2a

HE SmTHE CHPR 2 i VT a5 @)

g

Tir (1), (2), (3) suy ra d(AB, SC) = = 1133.

Cau 7.
Goi O la hinh chiéu ctia S trén (ABCD). Khi d6 vi cac tam
giac SOA, SOB, SOC, SOD béng nhau nén cac canh OA,
OB, OC, OD bing nhau hay O la giao diém cta AC va
BD. Hinh chiéu ctia canh bén SB trén mét phang (ABCD)
1a OB, do d6 SBO = B. Goi M la trung diém AB. Khi d6
(SAB)N (ABCD) = AB
MS C (SAB), MSLAB
MO ¢ (ABCD), MOLAB.
Suy ra goc gitta hai mat phang (SAB) va (ABCD) la SMO.
Ta co

tan% =

SO OBtanp av2tanp
oM~ 081 — a4~ Vianp
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Cau 8.

M Tac6 CD L AD va CD L SA suy ra
CD L1 (SAD), do d6 CD L SD. Vay
ASCD vudng tai D.

(2 Taco
AE? + DE? = (AB? + BE?) + (DC? + EC?)
— 2AB? + 2BE? = 44?
= AD?.
Do d6 DE | AE.

Ma DE L SAnén DE | (SAE).
Suy ra (SDE) L (SAE).

3 Goi H la hinh chiéu vudng goc ctia A lén SE.
Vi DE | (SAE)nén DE L AH (do AH C (SAE)).
" (AH L SE

T
49N AH 1 DE

= AH L (SDE). Vay d(A, (SDE)) = AH = a. Xét AAHE ta c6

—  AH a V2
nAEH =~—"— = — = Y=,
S AE g2 2

Do d6, AEH = 45°. Ma ASAE vuéng tai A do d6 ASAE vuéng can tai A.

Cau 9.

Goi H 1a hinh chiéu ctia S trén (ABCD).

Vi SA = SB = SC = SD nén cac tam giac ASHA,
ASHB, ASHC, ASHD béang nhau. Suy ra

HA = HB = HC = HD. Ma ABCD la hinh vuéng
nén H la giao diém cta AC va BD.

a) Khoang cach tir S dén (ABCD) la SH. Vi SH la
duong cao cua tam giac SAC déu canh av/2 nén

SH = a\/i.\/?g = %6.

b) Goi E, F lan lugt l1a trung diém ctia AB va CD.

vi { AB £ (SCD) nén AB || (CSD). Vay d (AB; (SCD)) = d (E; (SCD)). Trong ASEF
AB || CD c (SCD) Ve ' ' : /

goi K 1a hinh chiéu ctia E trén trén SF. Khi d6

EK_LSF C (SCD)
EKLCD C (SCD) = EKL1(SCD) = d (E; (SCD)) = EK.

SFNCD =F
2 2
Ta 6 SF2 = SD? — FD? = 242 — % - 7%. Lai c6
SH.EF av/6 a7 av42
EK.SF = SH.EF = EK =~ = ( 5 .a) =
c) Vi AB va SC chéo nhau, AB || (SCD) nén
av42

d (AB;SC) = d (AB; (CSD)) =
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d) Goi C1 1a trung diém SC, do ASAC déu nén AC; L SC. Mat khac BD L SC nén (P) chinh la
mat phang chita AC; va song song véi BD. Goi Hj 1a giao diém ctia AC; va SH. Khi d6 giao
tuyén cta (P) va (SBD) la B;Dy, trong d6 B;D; di qua H; va song song véi BD (B; € SB,
D; € SD). Vay thiét dién ctia S.ABCD cét béi (P) la ti gidc AB;C1D;. Ta ¢6 BDL(SAC),
BlDl || BD nén BlDlJ_(SAC), suy ra B1D1J_AC1. Tur do

1
SAB,C,D; = EAcl'BlDlz

2
voi ACy = %_ B1Dq = §BD (do Hj la trong tam ASAC. Vi vay

e) Trong (SAC), ké HI song song v&i CCy cat ACy tai I thi HIL(P) (vi SCL(P)). Ta lay diém
J sao cho BHI]J 1a hinh binh hanh thi BJ L (P), tir 46 BA] 1a géc gitta BA va (P). Ta ¢6

— B] HI CC _ SC _av2 V2 o oOan/
= BATBA - 2BA - IBA- 41 — 4 = BAI=0.

Cau 10. Phan tich. Gia thiét cho (SAD) vudng goc véi (ABCD) theo giao tuyén AD nén ta
sé stt dung dinh 1i 3 (& trang 93) dé suy ra ABL(SAD) => ABLAS. Ta sé biéu dién AM va BP
theo ba vecto khong cung phucmg (CO sd) Do ABLAD, ABLAS, SAD = 60° nén trong bai
tap nay co sd tot nhat la ba vecto AD, AS, AB.
Giai. Ta c6 (SAD) vudng goc voi (ABCD) theo
giao tuyen AD va AB Vu()ng goc vOi giao tuyen
AD nén AB vubdng goc véi (SAD), suy ra AB
vudng goc voi AS. Ta sé biéu d1en AM va BP
theo ba vecto khong ciing phuong AD, AS, AB.
Ta co:

AM = 3 (43 + 4B),

BB = BC + CP = AD —  AF.

Do do:

AM.BP =

(AS AD — %AB )

(AS+AB> (E)’— %A_B’) - %

(AS AD.cos SAD — %ABZ)

1
2
1
2

1/, o 1)
—Z(a cos 60 Ea ) =0.
Nhu vay: AMLBP = AM1BP.

Cau 11. Phan tich. Gia thiét cho hai mat phang (SAB) va (SAC) cling vuéng géc v6i mat
phang (ABC) nén ta sé st dung hé qua 2 & trang 93. Dé xac dinh vi tri ctia diém N can xem
lai dinh 1{ 22 & trang ?2. Bai tap nay yéu cAu tinh khoang cach gitta hai duong thang AB va SN
theo 2 ma khong yéu cau dung doan vudng goc chung nén ta c6 thé sit dung chii y 10 & trang
137.
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Giai.
Céch 1. Tix gia thiét suy ra SAL(ABC). Ta c6 BC_LBA ma BA 1a hinh
chiéu ctia SB trén mat phang (ABC) nén BC L BS.
(SBC) N (ABC) = BC
Vay ¢ BA C (ABC), BALBC
SB C (SBC), SBLBC.

Tir d6 goc giita hai méit phing (SBC) va (ABC) 1a SBA = 60°.

SA
Ta c6 tan 60° = 1B = SA = ABtan60° = 24+/3.

Tix gia thiét suy ra MN || BC, do d6 N la trung diém AC.
Trong (ABC), goi d la duong thang qua N vad || AB. Ha AQ vudng goc v6i d tai Q. Ta c6:

AB || (SQN) = d(AB;SN) = d(AB; (SQN)) = d(A; (SQN)).
Ha AH vuong goc voi SQ tai H. Ta ¢

NQLQA C (SAQ)
NQLSA C (SAQ) = NQL(SAQ) => (SQN)L(SAQ).
QANSA=A
Tir d6
(SON)N (SAQ) = SQ = AHL(SQN) = d(A; (SON)) = AH.
AH C (SAQ), AHLSQ

Trong tam giac vudng SAQ, ta co

{ (SQN)L(54Q)

1 1 1 1 1 13 2a+/39
_ _ — — 2 — d(AB;SN) = AH = .
AH?  AS? + AQ? 124 + a2 1242 ( ) 13

Cach 2. Goi I] la doan vudng goc chung cta hai duong thang ABva SN (diém I thudc duong
thang AB Va diém ] thudc duong thang SN). Ta sé biéu thi Ij J qua ba vecto khong cung phuong

AB,AC,AS.
I] =IA+ AN+ NJ :

2
:mAB+%Z_C’+pZ§—gZ§
— mAB + 1_Tp/l_é + pAS
IJ LAB IJAB=0
Ta co — p Al
IJLNS I[JNS=0
Nhu vay
2mAB + (1—p)A_C)-|—2pz?5) AB =0
2mAB + (1 — p)AC +2pAS| NS =0
2mAB? + (1 — p)AB.AC =
M —> —> —> 1—> —>
<\ [2mAB + (1 - p)AC + 2pAS <—§AC + AS) =0
8ma? + (1 — p)2a.2v/2a.cos45° = 0
< — — 2
~mAB.AC — % +2pAS? =0
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o 8ma® + (1 — p)4a® =0
—4ma® — 4(1 — p)a® + 24pa*> = 0

{2m+(1—p):0
m+(1—p)—6p=0

- 2m—p = —1 o (m;p) = _El
m—7p=—1 P =\"13'13)

Dodé: I = —2AB+2ac+ L

13 3 13AS.Suyra:

5 —_— —> —\ 2
16912 = <6AC — 6AB + As)
— 36AC2 +36AB2+ AS2 — 72AB.AC
— 28842 + 144a® + 12a% — 28842 = 15642.

156 , 2v/3%

1690~ 13

Luu y. Khi lua chon bd ba vecto khong cung phuong (lua chon co sd) ta nén chon ba vecto
ciing gdc va gia ctia ba vectd d6 vudng goc voi nhau. Truong hop tot nhat 1a gia cta ba vecto
cd s6 doi mot vudng goc v6i nhau. Trong bai tap 11 nay ta khong cé dugc cd s6 tot nhat nhung
van du dé xi 1i d6 1a ASLAB, ASLAC, BAC = 45"

Khoang céach gitta hai duong thang AB va SN 1a: I] =

Cau 12.

a) Vi BALAC, BALAD nén BAL(ACD). Mat khac BA la giao
tuyén ctia hai mat phang (ABC) va (ABD) nén géc giita hai mat
phang (ABC) va (ABD) bang géc giita hai duong thang AC va
AD, ma ACLAD nén (ABC)_L(ABD). Tuong tu nhu trén ta cting
c6 (ABC)L(ACD), (ACD)L(ABD).

b) Ké duong cao AH cta tam giac ACD, do ABL(ACD) nén
ABLCD, tu dé

CD1AB C (ABH) = CD1(ABH)= CDLlBH.
AHNAB=A

{ (BCD)N (ACD) =CD
Ta co

{ CDL1AH C (ABH)

AH C (ACD), AHLCD
BH C (BCD), BHLCD.
Suy ra goc giita hai mit phing (BCD) va (ACD) 1a BHA = «. Ki hiéu AB = b, AC = ¢,
AD =d.Taco
1 1 1 , V(P H+d?)
—:C_2+ﬁjtan“:T
= L = cd” = cos’n = cd”
1+ tan?a  b2c2 + c2d? + d2p2 - b2c2 + 242 4 d2p?°

tana =

Tuong tu
b2c?
b2c2 + 242 + J2p2°

b?d?
p2c2 + 242 + 2p2’

Tir d6 cos?a + cos?B + cos?y = 1.

cos’p =

cos?y =

Cau 13.
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a) Goi M, N, P lan luot 1a trung diém cta cac canh AD, BC,
AB. Ta ¢c6 AABC = ADBC (c-cc) suy ra AN = DN. Do dé
ANAD can tai N, suy ra MN_LAD. Tuong tu chiing minh duoc
MN_1BC, do d6 MN la doan vudng goéc chung cua AD va BC.
Str dung céng thitc dudng trung tuyén cho tam giac ABC ta c6:
2(AB?+ AC?) — BC*  2(®+1?) —a?

AN? =
N 4 4
MN? = AN? - Ang? = 2 +Zz) S 2_2
P+t —a?
i m—
A » . .~ . N 2 N Y b2 + C2 — az
Vay khoang cach gitta hai duong thang AD va BC bang MN = —

b) Do MP || BD va NP || AC nén géc gitta hai dudng thang AC, BD bang goc gitra hai duong
thang PM, PN, vay:

|PM? 4+ PN? — MN?|

Cosx = ‘cosm‘ =

2PM.PN
b2 +b2 B b? + 2 — g2
_ 14 4 2 _ |2
bb b?
2.—.—
22

Cau 14.

Goi I, M 1an luot la trung diém cta AB va CD.
a) Do ASAB déu nén SI vudng goc vdi AB.
Ta c6 (SAB) vudng goc voi (ABCD) theo giao
tuyén AB va SI nam trong (SAB), SI vudng
goc v4i AB nén SI vudng goc véi (ABCD). Ta
6 hinh chiéu cta SC, SD trén (ABCD) 1a IC,
ID, ma IC = ID nén SC = SD, do d6 ASCD
can tai S.

b) Ta co:
(SCD) N (ABCD) = CD
(SIM)LCD
(SIM) N (SCD) = SM

(SIM) N (ABCD) = IM

Suy ra ((SCD), (ABCD)) = (SM, IM) = SMI.

SI El\/g \/5 " , .~ . o 2
M- 2 4T o Vay goc gitta hai mat phang
(SCD) va (ABCD) 1a SMI = arctan ? ~ 40°54'.

c) Ta sé dung doan vudng goc chung gitta AB va SC theo cac budc nhu da trinh bai & cach 4
cta dang 18 (& trang 137):

Do ASMI vubng tai I nén tan SMI =

& Mat phang (SMI) vuong goc v6i AB tai I.

& Hinh chiéu ctia SC trén (SMI) 1a SM (do CM_L(SMI)).
& KéIJLSMtai].

& Vé JE || AB, cat SC tai E.
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& V& EK || ]I, cat AB tai K.

Khi d6 duong thang KE vuong goc v6i AB tai K va vudng goc véi SC tai E nén KE la doan
vuong goc chung cta AB va SC. Ta cé:

L _1 1 _4+1_7:>Uz_3a2
]2 1S2 " IM? 342 a2 342 7
V21
vay:KE=I]=”7 .
Cau 15.

Ki hiéu M, N tuong ung trén AD va BC sao cho MN vudng goc
voi AD va BC. Giasu__
AM = xAD, BN = yBC = y (Ac AB)

I<—hl>d0'—> —_—  —> —_—  — —

MN = MA + AB + BN = —xAD + AB + yBC.
bo [ MNLAD MN.AD =0
°Y MNLBC ™\ MNBC =0

—xzﬁnLﬁ—i—yA_é—yﬁ AD =0

Vay: s s (*)
—xAD + AB+yAC —yAB ) BC =0

Ta co:
(—xz_LX_B+ ZE—}—yZ& - yZE) AD = —9x +3cos 60° + 6y cos 60° — 3y cos 60"
——9x—|—§+§
- 2" 2”
va
(—xﬁJrﬁ—kyA_(f—yﬁ)(A_(f—@)
3 3
:—3x+1+4y—y+§x—1—y+y:—§x+3y.
2
—9x+§+§y20 X=—
Vay (*) tuong duong véi: 3 22 & 111

Két luan: duong vudng géc chung ctia AD va BC 1a MN voéi
AM = 2 AD, BN = —-BC
I F R

Luu y. Dung doan vudng géc chung bang phuong phép vecto nhu trén da dugc trinh bay &
cach 2 cta 16i giai bai tap 11 (6 trang 218), ban doc hay xem lai dé cing c6 phuong phap.

AB AC AD

Cau 16. Vi cac vecto — 1B’ AC’ AD c6 do dai bang 1 va doéi mot vudng géc véi nhau nén:
— — —\ 2
AB AC AD AB AC AD
<E+A_C+E> =3¢ |ag T ac tap| = V2

Tir d6, véi moi diém M, ta cé:

P = v3MA + MB + MC + MD
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AB AC AD
AB AC AD

AB AC AD\ -— MB.AB MC.AC MD.AD
> + +

MB.AB n MC. AC MD.AD

)AM‘ AB AC AD

a8 T ac T ap ) Mt 4B AC AD

(ﬁJrzT/fE) AB (H/LLATC’) AC (AM+MD) AD
- AB * AC + AD
_ ABAB  ACAC | AD.AD
~ T AB AC AD

—2 —2 —2

AB AC°  AD

~AB T AC T AD
_AB*  AC?  AD?
~ 4B T AC

= AB+ AC + AD.

Vay min P = AB + AC + AD, dat duoc khi M trung A.

Cau 17. Phan tich. Lién quan dén trong tdm ti dién va trong tim tam giac, ta c6 cac hé thic
vecto sau:

GS+GA+GB+GC =0,

S'A
SA

SB+SC=70,

+
+ SB+ SC = 3S§".

D€ tim gid tri 16n nhét ctia biéu thirc

b 1 N 1 N 1
~ SD.SE  SE.SF  SF.SD

ta can tinh duoc gia tri ciia mot biéu thic nao d6 lién quan dén SD, SE, SF. Mubn vay, ban
doc hay chu y bai tap 14 (& trang 11), stt dung diéu kién x +y +z = 1 désuy ra d;fmg thuc
ma ta can.

Giai.

) Do G 1 la trong tam tu dlen S.ABC nén:
GS+GA+GB+GC— 0
<:>4GS’—|—SS—|—SA—|—SB+SC 0
& 4GS’ + S S = O
& 4GS +485' +55=10

—

& 4GS +355 =0

& 45G =355 (1)
& SG = ?ISS’ . (2)
Tir (2) suy raba diém S, G, S’ thang hang va ta c6 diéu phai
ching minh.

b) Theo (1), ta co:
45G = SA+ 5B+ SC

— SA— SB— SC—
— A — B —
eiC=Apy By £SF. 3)

45D 4SE 4SF

CHUONG 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC



230 | Bién soan: Thay Nguyén Tai Chung; DT 0968774679

Do diém G thudc mat phang (DEF) nén tir (3), st dung bai tap 14 (& trang 11) suy ra:

SA+SB+SC—1<:>L+L+i—4
4SD ' 4SE = 4SF SD  SE SF

Str dung bat dang thitc 3(ab + be + ca) < (a + b+ ¢)?, ta dugc:

po L o, 1 11 1+1+12_16
- SD.SE ' SE.SF = SF.SD — 3\SD SE SF 3"
n 16 3
Nhu vay max P = 3 dat dugc < SD = SE = SF = 1 (DEF) || (ABC).

Cau 18.
Do G la trong tam tua dién S.ABC nén:
C8+GA+CE+CC—70
<465+ 5A+5B+5C =0
& 4SG = SA+ SB+ SC

SA — SB_— SC

15C = A ga B epy St
& 45G SAls 1+SB1531+SC15C1

_, SA —» SB —» 9C —»

G- A gay S5 apry o sa
< 15A; "M 15,70 T age oM

Do diém G thudc mat phang (A;BC;) nén stt dung bai tap 14 a
(6 trang 11) suy ra:
SA L SB L sC
4SA;  4SBy 4SC;
a b c
— 4, 1
SA1+SB1+SC1, ] @)
Ta chitng minh duogc bat dang thic: v6i ay, by, ¢, az, ba, ¢ duong ta co:

1

=

(a1by + axby + azb3)? < (a% + a5 + a%) (b% + b3+ c%) :

ay ap 4z

D,’\ n_n 2 — = == D ,:
au "=" xay ra b b, bs 0 do
6= (2 + by 2<(a2+b2+62) T
~ \SA; SB; SC;/) — SA% SB% SC%

= > .
5A§+SB§+Sc§ ~ a2+ b2+ 2

Dau "=" xay ra khi:

aSA1 = bSBy = ¢SCy < 4aSA1 = 4bSBy = 4¢SC;. (2)
Tir (1), ta co:
baSA caSA do (2)
2 1 1 2 012 4 2
=4aSA; & b =4aSA;.
a“ + SB1 + SC1 a 1 a” + +c a 1
Vay 4aSA; = 4bSBy = 4cSC; = a? 4+ b% + ¢2. Do d6 gia tri nhd nhat ctia biéu thic P la
16 .
m, dat dIIOC khi
2 212 224 2 22412
5A1:w<a,531:u<b,5q:u<c
4a 4b 4c
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Cau 19.

a) Goi H 1a hinh chiéu ctia S trén (ABC), goi M la giao

diém ctia AH va BC. Tuong tu nhu bai tap 19 (4 trang

72), ta chiing minh dugc H la truc tam AABC, BCLMS,
1 1 1

BCLMA va = . 1
5 T AT 5R2 T 5C W
Ta co6:a = SMA = HSA. Do dé:
cosa = —— = cos’a = S—HZ
 SA T, - SAZ
Tuong tu, ta co:
cos’p = S_HZ cos?y = SH*
~ s T 5
Nhu vay:
cos® & + cos?p + cos>y = SH? ! + ! + !
SA%?  SBZ  SC?
do (1
o:( )1

SM  SM.BC _ Sspc
AM  AM.BC  Supc’

S S
Tuong tu: cos p = 25€CA cosy = 2548 Do do:
SaBc SABC

Cach khac. Ta co: cosa =

(Ssac)® + (Ssca)® + (Ssap)’

cos’a + cos?B + cos’y =

(Sapc)?
_ SB2.SC? + SC2.SA% 4+ SA%.SB?
4(Sapc)”
_ SB2.SC?+SA2.BC*  SMZ2.BC?+ SA%.BC?
4(Sapc)” 4(Sapc)’
_ BC*(SM%+SA?) BC2AM? _ )
4(Sapc)” 4(Sapc)”

b) Data = cos’a > 0, b = cos?B > 0, ¢ = cos?>y > 0. Khi do:

a+b+c=1
2 sinfv 1 — cos’ 2 l1—-a b+c
tan“a = 5o = 5 = tan“a = = .
cos“a cos“a a a
c+a a+b
Tuong tu: tan®g = %, tan®y = —ic_ .

Theo béat dang thitc Cosi, ta co:

b b
tan’a + tan?p + tan’y = :C+Cj;a+a+

C
_ (b, @ (E+ D)4 c, b
~\a b a ¢ b ¢
>2+4+2+2=6.

Dau "=" x4y ra < a = b = c. Mat khac, ta chitng minh duoc:

b c 3
t? t2 P >
cot“a 4 cot”B + cot™y b+c+c—|—a+a+b_2
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Déau "=" xay ra & a = b = c. Nhu vay:

tanZa + tanzﬁ + tanzf)/ + cot?a + c0t2,8 + cotzfy > 6+ ; = —.

Gia tri nhé nhat ctia M 1a %, dat dugc khia = b = chay SA = SB = SC.
Luu y. Bat dang thic 7 j_ ; + p i . + . _T_ 5 > g, Va,b,c > 0 dugc goi la bat dang thirc Net-bit,
va dugc chiing minh nhu sau:

T b e () () () s
b+c c¢c+a a+b \b+c c+a a+b

1 1 1
=(a+btoc) <b+c+c+a+a+b> -3

1 1 1 1
=3 [(a+b)+ (b+c)+ (c+a)] (b+c+c—i—a+a+b> -3
1., . 1
25'3\/(a+b)(b+C)(C+a)‘3'\/(a+b)(b+c)(c+a) ~3
9,3

Sau day 1a mot 1oi giai khéac cho cau b). Ta dé dang ching minh dugc: véi a, b, ¢ duong thi

1119
a b ¢ a+b+c

n_mn

diu "=" xdy ra khi va chi khia = b = c. Ta c6:

1
1+tan2x: —_ 1—|—c0t2x:

cos?x’ sin?

-
Do dé:

tan?a + tan”B + tan®7y + cot’a + cot?f + cot’y

1 1 1 S SR S
cos’w  cos?f - cos?y  sin’w sin’f sin’y
9 . 9 -
—cos?a 4 cos?B + cos>y  sin’a + sin?B 4 sin’y
9 15
=9+-—-6=—.
+ 2 2

1
Ccosa = Cosf =cosy = —

Déu "=" x4y ra khi va chi khi: V3
sina = sinf = sin‘y =

[6)

15
2

2
3

Vay gid tri nho nhat cia M 1a —, dat dugc khi o = B = ¢ ~ 54044’
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